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TOM TAT

B&o c4o nghién clru bai toan tim ludng cuwc dai trén mang. Trén co s& cac két qua trong
céng trinh [15,16], Thuat toan dich hwéng ngudn tim ludng cwc dai dwoc dé xuat. Y tuéng
thuat toan 1a tim dwéng di tdng ludng tir dinh dich dén dinh nguén (thuat toan Ford-Fulkerson
tim dwérng di tang lubng chi tiv dinh ngudn dén dinh dich). Trong vi du minh hoa, két qua tinh
toan cho thay thuat toan dich hwéng ngudn thuc sy hiéu qua hon han thuat toan Ford-
Fulkerson.

ABSTRACT

This paper deals with the maximal flow problem. On the basics of results of [15,16], The sink
towards source algorithm is proposed. The idea of the algorithm is to find augmented paths
from the sink vertex toward the source vertex (the Ford-Fulkerson algorithm finds augmented
paths only from the source vertex towards the sink vertex). In case of the illustrated example,
calculus shows that the proposed algorithm is absolutely more effective than the Ford-
Fulkerson algorithm.
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Trudc tién ta nhéc lai cdc khai niém va két qua co ban vé bai toan tim ludng cuc dai. Doc gia ¢6

thé xem chi tiét trong [15, 16].

e Mang (network) la don trong d6 c6 huéng G=(V, E, c¢) thoa man
1) C6 duy nhat mot dinh, goi 1a nguon.
(ii) C6 duy nhat mot dinh, goi 1a dich.
(iii)  Trong s6 c¢; cua cung (i,j) la cic s6 khong am va goi la khd ndng thong qua ciia cung.
(iv) Do thi lién thong (yéu).

e Luong. Cho mang G v6i kha nang thong qua c;;, (i,j)€G. Tap céc gia tri

{fij | (1.)eG}
goi la luong trén mang G néu thoa man

o) 0<f;<c;V(ijeG
(ii) V6i moi dinh k khong phai nguon hoac dich
2 fu= 20
(i.k)eG (k,j)eG
Dinh 1y sau cho phép ta dinh nghia khéi niém gia tri ctia ludng.

e Dinh Iy 1. Cho f;,(i,j) €G, la luéng trén mang G véi nguon a va dich z. Khi dé

2fi- 2 M= 20 - 2N
(a,i)eG (i,a)eG (i,2)eG (2,1)eG
Chitng minh: xem [15], dinh 1y 1.

Gid tri cua luong. Cho luong f trén mang G. Gid tri cua luong f dugc dinh nghia la dai lugng



v(f) = Zfai_ Zfia= Zfiz— Zfzi

(a,i)eG (i,a)eG (i,2)eG (2,i)eG

e Phdt biéu bai todn luéng cuc dai. Trong thuc t€ ta thudng gap bai toan goi 12 bai todn tim ludng cuc
dai nhu sau: Cho mang G véi nguon a, dich z va kha nang thong qua c;, (i,j)€G. Trong s6 cic luong
trén mang G tim luong c6 gia tri 16n nhat.

e Dinh Iy 2. V6i méi mang G=(V, E, ¢) luon luon ton tai ludng cuc dai.

e Luodng cuc dai va ldt cdt cuc tiéu. Cho mang G =(V,E,c) v6i ngudn a va dich z. Véimoi S, T < V, ky
hiéu tap cac cung di tut S vao T 1a (S,T), tdc
STH={0,j)eE|ieS&jeT}
Néu S, T V1aphan hoach cia V (SUT =V & SNT = ) va ae S, zeT, thi tap (S,T) goi 1a
lat cat (nguon-dinh).
Khd ndng théng qua cta lat cat (S, T) 1a gid tri
CS,T) = >
ieS jeT
Cho ludng f va lat cét (S,T) trén mang G. V6i moi S, T < V, ky hiéu

fsm= . f

@i,J)e(s,T)

e Dinh ly 3
Cho mang G=(V,E,c) v6i nguon a va dich z, f = {f; | (i,j)€G} la luong trén mang G, (S,T) la lat
cét cua G. Khi d6
v(f) = (S, T) — {(T,S)
Chitng minh (xem [16], dinh 1y 5)

o Dinh Iy 4
Cho mang G=(V,E,c) véi nguon a va dich z, f = {f;; | (i,j)€G} la luong trén mang G, (S,T) 1a lat
cat ctia G. Khi d6 kha nang thong qua cua lat cat (S,T) khong nho hon gid tri ctia ludng f, tic 1a
C(S, T) =2 v(f)
Chiing minh (xem [16], dinh 1y 6)

e Dinhly 5

Cho mang G v6i nguén a va dich z, f = {f; | (i,j)eG} 1a luéng trén mang G, (S,T) la 14t cat cia
G. Khi do,

(a) Néu

CS, T) =v(f)
thi luéng f dat gid tri cuc dai va 14t cat (S,T) dat kha ning thong qua cuc tiéu.

(b) Déng thitc C(S, T) = v(f) xdy ra khi va chi khi

(1) fij =G V(i) € (S, T)

(ii) f;=0 V(1)) € (T.S)

Chitng minh (xem [16], dinh 1y 7)

Y tudng xay dung ludng cuc dai nhu sau: xuét phat tir luéng nao d6, ta tim duong di (khong
dinh huéng) tir a dén z cho phép hiéu chinh gia tri ludng trén dudng di d6 sao cho ludng mdéi c6 gia tri
16n hon. Néu khong tim duoc duong di nhu vay thi ta ¢6 ludng cuc dai.

Gia su

P=(a,u,...,1,j,..., v, 2)

la duong di khong c6 hudng tir a dén z.

Néu canh (i,j) 1a cung trén P thi cung d6 cung huéng véi P. Ngugce lai néu (j,i) 1a cung thi cung
d6 ngugc huéng véi P.

Tap céc cung cung huéng véi P ky hiéu la P,.



Tap cac cung ngugc huéng véi P ky hiéu 1a P_.
Duong di P goi 1a duong di tang ludng.
Co s6 clia cac thuat giai 1a dinh 1y sau.

e Dinh Iy 6. Cho f 1a luong trén G. Gia st

P=(a, u,...,1,j,..., v, 2)
la duong di khong dinh hudng tir a dén z thoa

) Vé6i méi cung (i,j) cing hudng véi P
f; < ¢
(ii) Véi méi cung (i,j) nguoc huéng véi P
0 <f;
Dat

d:=min{ x| x € M} >0,
trong d6 M la tap cac gia tri ¢;— 1, (1,)) P, va f;, (i,))eP_.
Ta xay dung ludng f* nhu sau

fy V(ijeP
f; -0 V(,)jeP-

Khi d6 luong ' c6 gid tri 16n hon gia tri cta luong f mot lugng 1a d, tic 1a
v(f’) = v(f) + o.
Chitng minh: xem [15], dinh 1y 3.

Ford—Fulkerson da xay dung thuat todn néi ti€éng tim ludng cuc dai (xem [15]). Diém méu chot
cta thuat todn Ford-Fulkerson la tim dudng di tang trudng, xudt phét tir dinh nguén hudng t6i dinh
dich. Cong viéc nay doi hoi tiéu ton nhiéu thoi gian trong qué trinh gidi. Vi vay viéc giam khoéi lugng
tinh todn & cung doan nay s& lam ting ding ké hiéu qua thuat toan. Thuat todn hoén chuyén nguén dich
trinh bay trong [16] 1am giam déng ké kh&i luong tinh todn so véi thuat toin Ford-Fulkerson. Y tudng
ctia phuong phép trong bdo cdo nay 1a gdn nhan cdc dinh xuat phat tir dinh dich huéng dén dinh nguon.
K&t qua tinh todn trong vi du minh hoa cho thay v6i mot s6 dang mang, thuat todn nay hiéu qua hon ca
thuat toan hoan chuyén nguén dich.

e Thudt toan dich huéng nguon:
+ Dau vao. Mang G = (V, E) v6i nguon a, dich z, kha nang thong qua C = (c;), (i,j) €G.
Cic dinh trong G dugc sap x€p theo thit tu nao do.
+ Dau ra. Luong cuc dai F = (f), (i,j)eG
+ Cdc buoc.

1. Khditao
Luong xuat phat: f;;= 0 V(i,j)eG
Pbat nhan cho dinh dich

Z( D, )
Tao lap tap T goém céc dinh di c6 nhan nhung chua dugc dung dé sinh nhan, T’ 1a tap
dinh dugc gan nhan nhd cac dinh cua tap S
T:={z},T:=0

2. Sinh nhdn
2.1. Chon dinh sinh nhan
e Trudng hop T # &: Chon dinh v € T nho nhat (theo th ty). Loai v khoi T, T:= T\ { v
}. Ky hiéu nhan cta v 1a (q, B) va B 1a tap cdc dinh chua c6 nhén lui va ké dinh sinh nhan
1ui v.



Sang budc 2.2.
e Truonghop T=FvaT #J: Gan T:=T va T := . Quay lai budc 2.1.
e Truong hop T=J va T =, thi két thic, luong F la cuc dai.
2.2. Gén nhan cho dinh chua c6 nhan va ké dinh sinh nhan
e Truong hop B = &: Quay lai budc 2.1.
e Truong hop B # &J: Chon t € B nho nhat (theo thit tu). Loai t khoi B, B:= B\ { t }. Gin
nhan cho t nhu sau:
Néu (t, v)eE vaf, < c,, dat nhan dinh t 1a (v, min{B, ¢, — f,}).
Néu (v, t)eE vaf,, > 0, dat nhan dinh t 1a (v, min{p, f, }).
Néu t khong duoc gan nhén, thi quay lai budce 2.2.
Néu t dugc gdn nhan va t = a thi sang budc hiéu chinh tang ludng 3.
Néu t dugc gén nhan va t # a, thi bd sung t vio T', T':= T U { t }, va quay lai bu6c
2.2.

3. Hiéu chinh tang luong
Gia str a ¢6 nhan (p, 8). Ta hiéu chinh luéng f nhu sau.

3.1. Khéi tao
ii=a,j=p
3.2. Hiéu chinh
Néu cung (i, j) € G, thi hiéu chinh f;; = f;; + &.
Néu cung (j, i) € G, thi hiéu chinh f; = f; - 6.
3.3. Tinh tién
Néu j = z thi xo4 tit ca nhan cua cdc dinh trén mang, trir dinh dich z, va quay lai budc
2.
Néu j # z, thi dat i:= j va j:= p, v6i p 1a thanh phan tht nhét cua nhan dinh i. Sau dé
quay lai bude 3.2.

e Dinh Iy 7. Néu cic gid tri thong qua c; 1a s6 nguyén, thi sau hitu han budc qua trinh gidi két thic.

Chitng minh

Theo dinh ly 1, qua mdi budc hiéu chinh luong, gid tri luong tang lén it nhét 1 don vi (do c;
nguyén, kéo theo & nguyén duong). Mat khac gia tri ludng bi chan trén bdi tong cdc kha nang thong qua
ctia cdc cung di khoi dinh nguén. Vi vay qua mot s6 hitu han budc qua trinh giai phai két thic.

e H¢ qud. Néu gia tri thong qua c;; 1a s6 hitu ti v6i moi (i,j) € E, thi sau hitu han budc qua trinh gidi két
thic.

Chitng minh

Quy dong mau s6 cdc gid tri thong qua c;;. Gia st mau s6 chung 1a M. Theo dinh 1y 1, qua moi
budc hiéu chinh luéng, gid tri luéng tang lén it nhat 12 1/M. Mat khéc gid tri luéng bi chan trén bdi tong
cdc kha nang thong qua cta cdc cung di khoi dinh nguén. Vi vay qua mot s6 hitu budc qua trinh giai
phai két thic.

e Dinhly 8
Cho mang G=(V,E,c) v6i nguon a va dich z, f = {f; | (i))eG} la luéng nhan duoc khi két thic
thuat todn tim luong cuc dai. Khi d6, f 1a luong cuc dai.
Hon nita, néu T 1a tap cdc dinh mang nhan thi (V\T, T) 1a 14t cat cuc tiéu.
Chitng minh

Goi T 1a tap cac dinh mang nhan khi két thic thuat giai.



Xét cung (i,j) v6i ieV\T, jeT. Vi j mang nhin nén ta c6 f; = c;;, n€u khong & budc 2.2 cua thuat
todn ta da dat nhan dinh i.

Xét cung (j,i) v6iie VAT, jeT. Vi j c6 nhan ta phdi c6 f; = 0, n€u khong & budc 2.2 cua thuat todn
ta da dat nhan cho i.

Theo dinh ly 5, luéng f 1 cuc dai va lat cat (V\T, T) la cuc tiéu.
+ Vi du. Cho mang G sau
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trong d6 s6 dinh 1a (2.n+1)*+1 va cdc cung cho nhu hinh v& véi trong s6 déu 1a 1.

Ap dung thuat todn Ford-Fulkerson tim ludng cuc dai clia G, ta phai duyét qua (2.n+1)? dinh va
nhan duoc ludng cuc dai la ludng trén dudng di
(a>1-92>... 5>n—>7)
vGi gid tri luong bang 1.

Ap dung thuat toan dich huéng nguén tim luéng cuc dai cia G ta ciing nhan duge Ludng cuc
dai 1a ludng trén dudng di
(a>1>2—>... 5>n—>7)
vGi gid tri ludng bang 1.
Tuy nhién, ta chi phai duyét qua 3n dinh dé xét gén nhan lui.

Nhu vay khéi luong tinh todn chi bang khoang 1/n khoi luong tinh todn theo thuat toan Ford-
Fulkerson.

e Két luan

Bai bdo dé xudt thuat todn dich huéng ngudn tim ludng cuc dai trén mang. Thuat todn c6 thé 4p
dung mot cach hiéu qua cho nhiing mang ¢6 s6 cung lan can dich it hon s6 cung lan can nguén. Khai
luong tinh todn c6 thé gidm nhiéu 14n so vé6i thuat todn Ford—Fulkerson truyén thong.
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