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PHUONG PHAP KEO LUONG SAU TiM LUONG CUC PAI
POSTFLOW-PULL METHODS TO FIND MAXIMAL FLOW
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TOM TAT

Bai toan tim Iu6ng cwe dai trén mang 1a mét bai toan quan trong cé nhiéu trng dung
trong thwc t&. Nhidu thuat toan tim ludng cuc dai trén mang da dwoc nghién clru va phat trién
(xem [1], 2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12]). Cdng trinh nay nghién ctu mot cach
tiép can khac giai bai toan tim luéng cuwc dai trén mang. Két qua chinh clia bai bao la phwong
phép kéo ludng sau tim ludng cuwc dai. Y twdng clia phwong phap nay la can bang hoa ludng
vao va ludng ra tai cac dinh léch bang cach lubng dw dwoc day xudi theo cac cung vao hodc
day nguoc trén cac cung ra. Qua trinh can bang héa dinh léch dwoc 13p lai cho dén khi khéng
con dinh léch thi ta nhan dwoc lubng cuc dai.

ABSTRACT

The maximal flow problem is an important probem having many practical applications.
Many algorithms for solving the maximal flow problem have been studied and developed (see
[11, [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12]). This paper deals with a new approach to the
solution of the maximal flow problem. The main result of this work is the postflow-pull method.
The idea of the method is to balance the input and output flow of unbalanced vertex by pulling
the residual flow. The maximal flow is obtained by repeating the balancing process until there is
no unbalanced vertex.
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1. Cac khai niém co ban
0 Luong sau (post-flow)
Cho mang G = (V,E,c) véi dinh ngudn a va dinh dich z. Luéng sau 1a tap
hop cac ludng trén cung f={f{i,j) | (ij) € G} thoa man
(1) 0 <f(ij) <c(ij) ¥(ij)€E
(i1) Vo1 moi dinh £ khong phai ngudn hoac dich, luong ra khong nho hon luong

vao, tuc la
Zfik < kaj

(i,k)eG (k,j)eG
Nhiing dinh c6 lué)ng ra 16n hon lué)ng vao goi la dinh léch (unbalanced). Hi¢u
ludng vao va ludng ra tai cac dinh 1éch goi 1a do léch luong (excess).
0 Mang thang du Gy.
Cho ludng sau ftrén mang G. Mang thing du Gr={V, E; ¢} vO1tap cung Erva
khd nang thong qua ¢, dugc dinh nghia nhu sau: (i,j) € E khi va chi khi
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(i) €E & ¢cr(ij) = c(i,j) — fi)) > 0
hodc
(i) €E & ¢/(i)) = fj,i) > 0

Y tuong cia phuong phép ndy la can bang hoa ludng vao va ludng ra tai cac

dinh 1éch bang cach ludng du duoc day xudi theo cac cung vao hodc ddy nguoc trén cac
cung ra. Qua trinh can béng hoa dinh 1éch dugc 1dp lai cho dén khi khong con dinh 1éch
thi ta nhan duoc luéng cuc dai. Céac dinh 1é€ch dugc luu trong hang doi. Mot cong cu goi
13 ham do sau duoc st dung dé gitip chon cung trong mang thing du dé loai dinh 1éch.
Bay gio ta gia thiét tap dinh cia mang duoc ky hiéu V={0,1,...,|V/—I}.
O Ham dé sau (depth function) cia ludng sau trong mang G=(V,E,c) 1a tap hop cac
trong s6 dinh khong am d(0), ..., d(|V| 1) théa d(a) = 0 v6i dinh nguén a va  d(u) +
1 > d(v) v6i moi cung (u,v) trong mang thang du. Nhitng cung (u,v) théa d(u) + 1 =d(v)
goi la cac cung wu tién.

Mot ham do sau tim thuong 1a d(0) = d(1) = ... = d(|V] — 1) = 0. Sau d6 néu dat
d(z) = 1, thi moi cung ludng duong di dén z 14 wu tién.

Ta xdy dung ham d¢ su thu vi hon: d(v) 1a khoang cach ngin nhét tinh theo s6
cung tir dinh nguén a dén dinh v. Ta c¢6 thé xac dinh ham d6 sdu nay bang phuong phap
duyét d6 thi theo chiéu rong xuét phat tir . Him nay thuc sy 1a ham d6 sau vi d(a) = 0
va véi moi cung (u,v) trong mang thing du Gy d(u)+1 > d(v), vi duong di tir a dén v két
thiic boi cung (1,v) (d(u)+1 khong thé ngan hon dudng di ngin nhat tir a dén v 1a d(v)).

e Ménh dé 1. Cho ludng sau f trong mang G va ham d6 sau d twong tung. Khi d6
d6 sau d(v) cua mdi dinh v khong 16n hon do dai dudong di ngén nhét tinh theo s6 cung
tir dinh ngudn a dén dinh v trong mang thing du Gr.

Chirng minh

Cho dinh v. Gia st / 1a d6 dai duong di ngan nhit tir dinh ngudn a dén dinh v
trong mang thang du G.. Khi do sé ton tai duong &i (a, vi, va, ..., vy =v) tra dén v. Ta
co

dwv) =dv) =<dv.)+1

<d(vi) + 2

<dwv) +1-1<d(a)+1=1
Vai tro ctiia ham do sdu nhu sau: Néu do siu cua dinh 1éch nho hon do sau cia
dinh dich thi ¢6 thé déy luéng vé hudng dinh nguén; nguoc lai, néu d6 siu cua dinh 1éch
16n hon d¢ sau cta dinh dich thi can phai day ludng xudi vé dinh dich.
e Hé qua. Néu d6 sau cua mot dinh 16n hon |V] thi khong t6n tai dudng di tir
dinh ngudn dén dinh d6 trong mang thing du G,.
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2. Phuwong phap kéo ludng sau tong quat

Bay gid ta c6 thé mo ta phuong phap kéo ludng sau téng quat nhu sau:

1. Khoi tao: Xay dung ludng sau xuit phat voi cac cung di dén dinh dich co ludng
bang kha ning thong qua, con cac cung khac c6 luong bang 0. Chon ham d6 sau

d nao d6 trong mang G.

2. Tiéu chuan dung: Neu khong c6 dinh I€ch thi dung, ludng sau f* tr¢ thanh ludng
cuc dai.
3. Xu ly dinh 1éch: Chon dinh 1&ch v.

Néu ton tai cung vu tién (u,v) € Gy thi kéo trén cung (u,v) mot ludng co gia tri

min{—delta, cu,v)}, trong d6 delta (< 0) 1a do 1éch luong cua dinh v.

Néu khong ton tai cung wu tién di dén v, thi ting do sau cua dinh v nhu sau:

dv) =1+ min{d(u) | (u,v) € G}

Quay lai budc 2.

O Ghi chi. Trong phuong phép kéo ludng sau tong quét ta chua cu thé hoa viée
chon ham d¢ sau xuat phat, cach chon dinh I¢€ch va cach chon cung uu tién. Viéc cu thé hoa
cac cong viéc nay s€ sinh ra nhiéu thuat toan cu thé thudc phuong phap kéo luong sau.

e Ménh dé 2. Phuong phap kéo ludng sau ludn bao toan tinh chat ciia ham d¢ sau.
Churng minh

(i) Trudng hop ton tai cung wu tién (u,v) € Gr: Tacd d(u) + 1 =d(v). Sau khi
day trén cung (u,v) mot ludong co gia tri min{delta,cAu,v)}, ticc

fu,v) = flu,v) + min{delta,cAu,v)},
thi néu (v,u) € Grta van c6 d(v) + 1 = d(u) + 2 > d(u).

(ii) Truong hop khong ton tai cung vu tién di dén v: Ta co
Vi: (u,v) € Gr = du) + 1> dv).
Sau khi tang d(v)
dv) =1+ min{d(u) | (u,v) € Gz}
tri d(u) van thoa man
Vi, (u,v) € Gr:d(u) +1=>d(v)

e Ménh dé 3. Trong qua trinh thuc hién thuat toan kéo ludng sau, ludn ton tai
duong di dinh hudng tir dinh dich dén moi dinh 1éch trong mang thang du, va khong ton
tai duong di dinh hudng tir dinh nguén dén dinh dich trong mang thang du.

Churng minh

Chtrng minh quy nap theo céac 1an hiéu chinh ludng sau.

Ludng sau xuit phat c6 cac cung di dén dinh dich ¢ ludng bang kha ning thong
qua, con cac cung khac co luong bang 0. Khi dé cac dinh dau cua cac cung di dén dinh
dich 1a 1éch. Vi moi dinh 1éch u ta ¢6 (z,u) €Gyva (u,z) ¢ Gy (Vi flu,z)=c(u,z)), suy ra
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ton tai duong di co6 hudng tir z dén u, va khong ton tai duong di dinh hudng tir dinh
ngudn a dén dinh dich trong mang thing du Gr. Nhu vy ménh dé ding voi ludng xuat
phat.

Tiép theo, dinh 1éch m&i u chi xuat hién khi mot ludng duoc ddy dén mot dinh
1éch cii v trén cung uvu tién (u,v). Khi d6 mang thing du s& c6 thém cung (v,u). Do ton
tai duong di c6 hudng tir z dén v trong mang thing du theo gia thiét quy nap, nén ciing
ton tai duong di co hudng tir z dén u trong mang thang du.

Dé ching minh khong ton tai dudng di dinh huéng tir dinh ngudn a dén dinh
dich z trong mang thang du Gy ta 1ap luin nhu sau.

Trudc tién, véi cac dinh u ké dinh dich z, (u,z) € G, do ludng xuat phat trén cung
(u,z) bang kha ning thong qua, nén muén (u,z) € Gy, thi ¢ budc nao do phdi thyc hién
thao tac dy ludng nguogc tir z vé u, con v6i nhitng dinh u ké dinh dich z, (zu) € G,
muén (1,z) € Gy thi & budc nao d6 phai thuc hién thao tac day ludng xudi tir z vé u. Khi
d6 (z,u) 12 canh wu tién, tac d(z)+1 = d(u) > d(z). Nhu vay moi dinh ké z c6 thé dén duoc
z trong mang thdng du phai cé do sdu 16n hon dd sau cua z.

Cho dinh bat ky u dén dugc z trong mang thang du. Ton tai duong di c6 hudng
tir u dén z trong mang thing du:

(U—u—>u,— ... u—z)
Lap luan tuong ty nhu trén ta co
d(u) > d(ug) > ... > d(ur—;) > d(uy) > d(z)

Nhu vay moi dinh dén duoc z phai c6 do sau 16n hon z. Mat khac do sau cua
dinh ngudn 13 0, nén nd khong thé dén dugc z.

e H¢ qua. DJ sau cac dinh luén nho hon 2|V].

Churng minh

Ta chi can xét cac dinh léch, vi do sau dinh khong 1éch hoac khong thay doi,
hodc chi tdng 1 so v&i do sdu khi no 1a dinh 1éch & thoi diém g?m nhét. Lap luéan tuong
tu nhu chung minh ménh dé 1, duong di tr dinh dich dén dinh léch trong mang thang
du Gy dam bao rang d6 sdu cua dinh 1éch khong 16n hon d6 sau dinh dich cong |V] -2
(dinh ngudn khong thé nam trén dudng di). Do do sdu cua dich khong thay d6i, va
khong 16n hon | V], nén d¢ siu dinh léch khong 16n hon 2|V] — 2. Suy ra d6 sau dinh bat
ky khong 16n hon 2|V].

e Pinh 1y 1. Thuit toan kéo ludng sau 1a ding.

Chirng minh

Trude hét ta chimg minh thuat toan dimg sau hitu han budc. Ta khing dinh rang
sau hiru han budc s& khong con dinh 1éch nita. Ta chtirng minh bang phan chimg. Gia st
day céc dinh 1éch 1a v6 han thi s¢€ tdn tai dinh u ndao d6 xut hién vo han lan trong day
d6. Vi s dinh ctia mang 1 hitu han nén sé& ton tai dinh v # u sao cho ¢6 ludng duoc kéo
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trén cung (1,v) va (v,u) vo han lan. Do (1,v) va (v,u) 1a cac cung wu tién trong mang
thang du v6 han 1an nén tir quan hé d(u)+1 = d(v) va d(v)+1 = d(u) suy ra do sdu cta u
va v s€ tang vo han, va diéu d6 mau thuln véi hé qua trén.
Khi thuat toan dung ta nhan duoc luéng. Theo ménh dé 3, khong tdn tai duong
di tir ngudn dén dich trong mang thing du. Theo thuit toan duong di ting ludng, day 1a
luéng cuc dai.
Tuong ty nhu phuong phap day ludng trudc, ta co
e D¢ phitc tap ciia phuong phap kéo ludng sau 1a O(|V)’|E]) (xem [2] tr 402).
3. Thuit toan kéo ludng sau dinh
Pay 1a thuat toan cu thé thudc phuong phap kéo ludng sau. O day cac dinh léch
duoc ddy vao hang doi. V&i mdi dinh 1éch iy tir hang doi, ta s& kéo ludng vao cac cung
wu tién mot cach tdi da cho t6i khi dinh tré thanh khéng 1éch hodc khong con cung uu
tién nita. Néu khong con cung uu tién nira va dinh con 1éch thi ta ting do sau va ddy no
vao hang doi.
Bay gio ta ¢ thé mo ta thuat toan kéo ludng sau dinh nhu sau:
1. Khdi tao: Xay dung ludng sau xuit phat voi cac cung di dén dinh dich c6 ludng
bang kha niang thong qua, con cac cung khac c6 ludng bang 0. Chon ham do siu
d(v) 1a @6 dai duong di ngan nhét tir dinh ngudn a dén dinh v.
Pay cac dinh 1éch vao hang doi O.
2. Tiéu chuan dimg: Néu Q = @, ludng trudc f tré thanh ludng cuc dai. Két thiic.
Néu O # &, sang budc 3.
3. Xir Iy dinh léch: Lay dinh léch v tir hang doi.
Duy¢t cac cung uu tién (u,v) € Gy. Kéo trén cung (1,v) mot ludng c6 gia tri
min{—delta,c{u,v)}, trong d6 delta (< 0) la d¢ l¢ch luéng cta dinh v. Néu dinh u
1a dinh 1éch moi, thi ddy dinh u vao hang doi O.
Néu dinh v van con 1éch, thi tang do sau cua dinh v nhu sau:
dv) =1+ min{d(u) | (u,v) € Gp}
sau d6 ddy v vao hang doi O. Quay lai budc 2.

O Vidu. Tim luéng cuc dai cia mang G sau

o,
N
(¢}

Hinh 1

Thirtu cacdinh laa, b, ¢, d, e, z.
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O Ghi chit. Tai mdi dinh v ta ¢6 hai tham s& w(d(v),e(v)), trong d6 d(v) 1a d6 sau
cua v va e(v) 1a dg 1&ch ludng cua v.
Qua trinh giai duoc mé ta bang cac hinh v& sau:
o Khoi tao:
b(1,0) 2,0 c(2,-4)
3,0

a(0,0)
5,0

d(1,0) 2, e(2,-4)
Hang doi Q: ¢ | e

o Can bang c:

d(1,-2) 2,0 e(2,-4)
Hang doiQ:e|e|b|d

o Can bang e:
b(1,-2
3,0 4.4

a(0,0)

d(1,-4) 22 e(4,-2)
HangdoiQ:e|e|b|d]e

Hinh 4

Ghi chii: sau khi kéo ludng gia tri 2 tir dinh d vé e, dinh e van con 1éch va chi c6
duy nhat mot cung (z,e) € Gy, nhung n6 khong phai cung wu tién. Vi vy ta phai ting do
sau cua dinh e theo cong thirc

de) =1+ min{du)|(ue) e Gf=1+dz)=1+3=4

o Can bang b:
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d(1,-4) 2,2 e(4,-2)
Hang doi Q:e|e|b|d|e

Hinh 5
o Can bang d:
b(1,0) 22 c(2,0)

* 2(3,8)

d(1,0) 2,2 e(4,-2)
Hang doi Q:e|e|b|d]|e
Hinh 6
o Can bang e:
b(1,0) 2,2 c(2,0)
3,2
a(0,-6)

d(1,0) 2,2 e(4,0)
Hang doi Q:e|e|b|d]|e

Hinh 7
Dén day hang doi Q = @, thuat giai két thuc va ludng cudi cing 13 ludng cyc dai
v6i gia tri ludng 13 6.

4. Két luan

Bai bao trinh bay phuong phép kéo ludng sau giai bai toan tim ludng cuc dai
trén mang. Thudt toan di dugc cai dit bang ngon ngir C cho két qua thir nghiém tt
(xem [13]).
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