DAI HOC QUOC GIA TP. HO CHI MINH
TRUONG DAI HOC KHOA HOC TU NHIEN

LE MINH LUU

THU VIEN TRUNG TAM PHQG -HCM
&e0000004Y

TGI UU HOA PA TR] PHY THUQC THAM s6.
PIEU KIEN CAN TOI UU VA BAT
PANG THU C BIEN PHAN

Chuyen nganh: Giai tich
Ma s8: 1.01.01

LUAN AN TIEN s TOAN HQC
Nguii hudng dan khoa hoc:

GS.TSKH. Phan Qudc Khanh, TS. Tran Hué Nuong.

TP. HO CHf MINH-2002



LOI CAM ON

Tac gia bay té long kinh trong va bidt on sau séc td Thhy GS. Phan Qudc
Khanh va C8 TS. Trin Hué Nuong da hét long giip d&, hudng dan tac gia
trong sudt thon glan thuc hién luan an. Tac gia tran trong cdm on cac thy,
¢t Khoa Todn-Tin hoc, Ban gidm hiéu, Phong sau dal hoc va hgp tdc quéc
t& trudng Pal hoc Khoa hoc Ty nhién, Dal hoc Qudc gia TP. Ho Chi Minh
da gang day va gidp 46 téc gid

Tac gia tran trong cam on GS. Nguyén Van Hién thuoc Dai hoc Namur
Vuong qudc Bi va GS. Phan Qudc Khanh thuoc Pat hoc khoa hoc tu nhién,
Dat hoc Quace gia TP. Ho Chi Minh phy trach chuong trinh " Ta1 vu héa-Toan
ing dung’ trong hop tac khoa hoc gida Dai hoc Qudc gia TP, Hb Chi Minh
va hor dong cac truong Pal hoc dung tiéng Phap, Vuong quée Bi ( CIUF -
C.UD. / CU.I) da khich l& gop nhigu ¥ kién quy gia vé chuyén mon, nhat 1a
trong 3 thiang tac gla thuc tap trong khuan khd chuong trinh nay tal Namur.
St bidt on ciing xin duge gin dén GS. Pham Thé Long, GS. Hoang Xuan
Pha va TS. Ta Duy Phugng phu trach Chuong trinh "Maot s8 van dé chon
loc cua Iy thuyét toi uu va tinh todn khoa hoc” (Vien Toan hoc) vé nhing
dizu kien thuan lgn hd trg viec hoan thanh luan an cia tac gla.

Nhan dip nay, téc gid cdm on PGS, Nguyén Hou Déc Higu trudng, céc
dong nghiep Khoa Toan-Tin hoc va Phong san dai hoc Pai hoc Da lat da
déng vien va tao ditu kién dé luan d4n duge hoan thanh.



LOI CAM DOAN
Ta1 cam doan day 13 cong trinh nghién citu cla toi dudi sy hudng dan cud

GS.TSKH. Phan Qudc Khédnh va TS. Trin Hué Nuong.

Céc k&t qua, s8 liéu néu trong luan dn 14 trung thuc vi chua timg duoc
cong bs trong bédt ky mdt cong trinh cia tic gia nao khic,

TP. H Chi Minh 14/07/2001

Le Minh Luu.



MUC LUC

MG PAU 4
NOI DUNG | 7

C‘hm:mg 1.Ditu kién chin téi vu cho tdi um hod da tri phuy thuosc
tham s8 vdi rang budc ding thitc don trj

11 DatvaEn d& . 7

12Cacdimhnghiacoban ... .. ... L 8

1.3 Didu kign chn cuc tr] cho bai todn vdi rhng buoc ddng thic don try 12

Chirgng 2.Dieu kién cin tdi wu cho t8i wu hod da tri phy thuge
tham s8 véi rang buoc bao ham thire

2.1 Dibu kidn chn t81 UU .o .. 33

2.2 Cdethidu ..o 43

Churong 3. St tdn tai nghi¢m cud bdt didng tnfc bién phan va
gia bat didng thitc bién phan

3.1 B4t ding thic bién phan vamdrong .................. ... ... 48
3.2 Sy tdn tai nghiém cud b&t ding thitc bién phan ...... ... .. .. .. 51
3.3 Su ton tal nghiem cud bit ddng thic bién phan suy rong . ... .. 53
3.4 Sy ton tai nghigém cud bat ddng thac bidn phan (VI) va (SVI) .. 53
3.5 Su tbn tal nghidm cud gid bdt ddng thic bién phan ... . . €3
3.6 Ap dung cho bai todn gia bt ........... ... 69
3.7 Ung dung vio bai todn can bing giao thong .................. .. 70
Chuang 4. Sy 8n dirth nghiem gid bat ding thatc bién phan

4.1 Sut &n dinh cud nghiem b&t dang thic bién phan ............... 73
4.2 Tinh nda Ilen tuc theo tham s cud nghiem gid bat ding thitc bién

DAL L 74

4.3 Ap dung cho bai todn gla bl .......... ... 79
KET LUAN 81
CAC BAI BAO LIEN QUAN TRUC TIEP TOI LUAN AN 83

TAI LIEU THAM KHAO 85



MG DAU

Cac ham da tri dugc nghién cdu nhigu tit thap nién ba muo thé ky 20,
T8 wu hod ¢6 chita céac ham da tri, gol t4t la t81 uu hoéa da tri, bit dau dugc
nghian ciftu hé thdng ve 1y thuyét tir [Corley 1981], da phat trién rét manh,
trdr thanh ot linh vuc dng dung gidl tich da tri nhigu nhat

Ly thuydt v& dizu kien chn t81 uu déng val trd nén mong va da rét phong
phi. Bidu kien 44 81 ou thudng chi duge xust hign kem theo, hodc gin vé
I thuyét d&i nghn. K&t qua phd bién 1 & dang khing dinh ring dien kién
chn t6i wu $é trd thanh didu kien dd khi ¢é them cde gia thidt 11 nso d6. Vi
vay O day ching to1 chi tap trung xét dieu kién chn,

Didu kien chn td wu ¢d didn nhat, nhung cling |2 ca s& cud mol két qua
hien dai th dinh 1§ Fermat khing dinh rdng cuc tri dia phuong 2y cusd ham
f: R = Rkhé vi tai z; phai théa digu kien can t& wu V f{zg) = 0. Dinh Iy
Weierstrass ¢ didn md rong ra digu kién chn dé f : R” -» R dat cyc tiéu tal
iy trén tap F (61 trong B 12 {—=V f(zq), 2 —2) > 0, Yz € B Néw zy € inth
thi dieu kien nay lai guay v& V f{zg) = 0.

Bai toan b&t ding thdc bign phan cd didn b tim 20 € E C B (Ia tap By,
déng, khéc trong) sao cho (t{zy),z — ) > 0, Ve € E. O day t: Rn = R»
[ ham d4 cho. Nhu vay bdt déng thiic bién phan dng véi ¢ = —~V f chinh [a
dieu kien chn t8i wu Weierstrass cho f trén £. Vi vay tiép theo Chuong 1 va
2 nghien citu digu kien t8i wu dang Fritz John va Kuhn-Tucker, mé rong cia
digu kien Fermat va Welerstrass ra trudng hop tap £ dugc xac dinh bang
céc rang bude ddng thie vh bat ddng thdc, Chuong 3 nghien ¢du su ton tai
nghiem ciia bdt ding thdc bign phan va ca dang rdt téng qudt la gia bat
didng thic bién phan (quasi-variational inequality}.

Déng gdp chinh cla chuong nay & cdc dinh 1y thn tai khd téng quat, bao
ham va cai tién nhigu két qua cud céc tdc gia nudc ngoal mdi cong bd trong
thot gian 1897-1999, nhét 13 gidm nhe duwoc céc gid thiét don disu. Dong tha
ching toi cling dua ra dang b&t ddng thiic bién phan va bai todn bi mdi

Céc bai toan phu thusce tham sd da dugc quan tam tir nhiew thé ky. Co
hai nguyén nhan chinh dén dén phai xét bai todn phu thudc tham so. Mot
I3 bal todn thuc t£ thudng ¢é nhidu bién quan hé véi nhau rét phic tap ma



khi mo hinh hod todn hoc cin phén biet bién ddc lap chinh va bign doc lap
1% tham s8. [loffe-Tihomirov 1979] nghien cdu ditu kien <dn téi uu & cdc
bai toan tham 8 nhut vay cho t& vy vé hudng va iing dung vao digu khién
h¢ dong. [Khanh-Nuong 1988, 1989] md rong ket qua d6 cho t&i vu vecto.
Trong Chuong 1 va 2 ching toi m& rong nghién citu nay ra cho bal toan to
v da tri ¢4 tham s3.

Disu kign chn t&i wu kidu Fritz John cho bai todn t8i un da tri (khéng cd
tham s8) dugc xét trong [Corley 1981, 1988, 1989], Gia thiét ning va cdt yéu
trong cac nghien ciu 44 1& ndén thd ty cla cdc khong gian duge xét deu <é
phin trong khac tréng. Nhung véi mé hinh bai todn tdl wu nhu vay khong
thé 4p dung cho cdc bhi todn dizu khign $81 vu duoe, vi ¢ cdc phuong tnnh
vi phan ho3c bac ham thic vi phén. Dé cail thién tinh hinh dé ching tai
phai xét bai todn cd rang busc ding thitc, khi 46 ndn thid tu b phin trong
bing @. Chinh ditu nay gay nén ghn nhu toan bo khé khan va do1 héi mot
¢d may ky thuat phitc tap ma trung tam & dinh ly Lusternik.

Nguyén nhan thit hai d&n dén bal todn ¢ tham s 1a dit kign cud mor ba
toan thuc té chi [A ghin ding va chiu bién dong nén md hinh cua bai toan
¢é phu thute tham s8. Do dd cich ti8p can tham s3 thi hai 13 xét sut 4n
dinh cud nghidm theo tham s8. Chuong 4 cud lugn an nghién aitu tham 88
theo cach tiép can nay va cu thé 1a danh cho tinh nud lién tuc trén cud tap
aghiém b&t ddng thic bidn phan. Day )b mot hudng m& +& nghien afu tinh
&n dinh.

Ciing cin ndi them ring bdt ddng thitc bién phan, duge nghien cdu he
théng dhu tign tir 1969 bdi Stampacchia, d& phdt tridn rat manh thanh mot
linh vizc doc lap. NS ¢ nhigu Lén quan vi dng dung nh&t dén hai chuyén
nganh t81 uu hda va phuong trinh dao hbm rigng.

Ngoai viec bat ddng thidc bign phan la bidu hien dibu kien 661 wu nhur tren
d& ndi, cdc m&i quan hé chinh véi té wu héda la nhu sau.

1. Bai todn bat ding thite bién phan 1& tuong duong véi vige tim cuc tidu
khong rang budc cua ham merit (ho#ic got khac ham gap} duge dinh nghia
pht hop vdi bai todn bt ddng thitc bién phan.

2. Trudng hop tap xét 1a ndén, bai toan bat ddng thiic bign phan la tuong



duong véi bai todn bl (complementarity problem}.

3. Nghigm can bing theo nghia Wardrop cua bal todn mang gae thong
chink 1& nghiém end bai todn bt ddng thitc bién phan dutge dinh nghia tuong
ung véi bal toan mang.

4. Nghigm bai todn bat ddng thide bign phan chinh I mot hinh chidu theo
nghia chudn nhé phdt., Cu thé 14 z, 14 nghism bét ddng thic bién phan ¢
dién

(t(.‘L‘u), - ‘TD) 2 0, Vz € E:
khi va chi khi 2 = Pylzg — at{zg)) véi o > 0 <& dinh bat k¥, & day Pg(z)
13 phép chidu cud z trén tap 16t dong K.

Trong luan as ndy céc quan he 2 vA 3 dugce phan tich kha k¥ trong cdc
muc 3.6, 3.7 vh 4.3 khi nghién citu cdc dng dung cud cdc dinh ly 44 thu dugc.



NOI DUNG

chutong 1

PIEU KIEN CAN TOI UU CHO TOI UU HOA
DA TRI PHU THUQC THAM SO VOI RANG
BUOC PANG THUC BON TR

1.1 Bat van 42

Muc nay v Muc 1.2 nh3m xac dinh 16 van dé duge xét vb dinh nghia cac
khai nigm cin thiét & hai Chuong 1 va 2.

Bai todn t8i uu nhidu muc tigu da tri, phy thude tham &, tdng quat, dugc
phat bidu nhu sau. Gid st X, Y, 7 va W 12 cdc khong gian Banach, trong do
Y v Z duoc sép bdi cac nén lo1 K va M, tuong dng, chia dinh 0 va ¢ phan
trong khdc réng. Gid st U b tap bdt ky. Gid st F, G va P la cac dnh xa da
tri tt X x U vio Y, Z va W, tuong ing. Ching ta xét hal bai toan sau

min Flz,u),

Glz,u) C -M, (P}
b€ P(:I:, u);

min F{z u),
Glz, ) N{~-M)# 8, (P)
g€ Plz,u).

O day "min” ¢6 nghia 12 ching ta tim cuc tida y&u hosc cuc tibu (Pareto).
Céc khai nigm nay cud t8i wu nhigu myc tigu duge dinh nghia nhu sau.

PINH NGHIA 1.1.1. Anhxadatn F: X ~ Y dugc goi la ¢b cuc ti€u
{todn cuc)tai {z4; fu), S day fo € Flzy), tren tap A C X néu

F(A) - fy Y\ (-K)\ K). (1)



néu (1.1) duoc thay b
F(A)— fy C Y\ (~int K), (1.2

thi ta nd1 F cd cyc tiéu (toan cuc) yéu tai (zg; fy) tréen A. Néu ¢é mot lan
can N cla x4 sao cho (1.1) (hoge (1.2)) thod vé F(A) thay bdi F{AN N)
thi ta né1 F ¢d cuc tiéu dia phuong {ho#&c cuc tiéu yéu dia phuong, tuong
ung) tai (zq; fo)-

Vi tap tham s8 U 1a tap bat ky, khéng cin ¢d céu tric gi (dé bal toan ¢é
dang téng quat) nen khi 4p dung dinh nghia tren cho bii todn (P) va (P) ta
col to pd trén X x U la to pd tich v to pd trén U 1 £6 pod thm thuong chi
gom @ va U.

Chd ¢ rang néu G la dnh xa don tri g thl ca hai ring buse Gz, u) C ~M
va Gz, u) N (—M) # 0 deén trd thanh g(z,u) < 0. Néu P Ja anh xa don trj
2 thi rang busc 0 € P(z, u) trd thanh p(z,u) = 0. Vi vay (P) v (P) chinh
13 m& rong bhi todn t8i vu hda v&i rang budc bat ding thitc va ddng thitc ra
truong hop da tri. Cing chd y rAng ching ta dung ky hiéu < chung cho ca
thit tu trong Y va Z dé don gian, vi nglt cdnh sé chi rd 44 la thit tu nao.

JIoffe v Tihomirov da xét bai toan (P) va (F) trong trudng hop tdi vu
mdt mue tieu don tn, tac la F,G va P ¢d dang tuong ung f - X x U
R, g: XxU=SZ p: X xU- W vh chitag minh di2u kién cha t8i uu Fritz
John va Kuhn-Tucker cho trudng hop 181 dia phuong chinh quy, la truong
hop p kha vi lién tuc theo z, f va g khd vi dBu theo moi hudng va cing véi p
thoa mot gia thiét kidu gidng 15t {convexlike). Nh& cdc gid thidt nhe va thich
hop cac dieu kien t81 wu nay duoc ap dung cho baj toan digu khién t8i vu ¢
rang budc trang thai dé rdt ra nguyen Iy cuc dai Pontryagin. O day tham
6 u chinh [a bién dizu khién. Trong [Khanh-Nuong 1988,1989], cdc két qua
nay dugc md rong ra bal toan t81 wu nhigu muc tiéu, titc 1a bal toan vdi ham
muctitn la f: X xU Y.

Trong Chuong 1 va 2 ching téi xét bai todn t&i wu da tri (P) va (P). O
Chuang 1 ching toi xét rigng bai todn véi anh xa P = p la don tri. Céc
bal todn nay rat thudng gap vi rang busc ding thic p{z, u) = 0 thudng 1A
phuong trinh mé ta trang thai cua he, cdc digu kien dhu va digu kien bien.

Chuong 2 md rong két qua ra truong hop P Ia anh xa da tri, tdc 1a bai



toan da tr1 hoan toan. Dang hay gip cua bai toan nay la 0 € P(z,u) ¢d
dang bac ham thic vi phan. Ching té&1 ching minh ditu kign chn t6 wu
Fritz John va Kuhn-Tucker. Tuy nhién vidc dp dung vao cac bai toan dieu
khidn t&i uu hée dong con dang la van de nghién ciu sip tdi cua ching o1
Vi sy phitc tap clia bai toan da tri trong trudng hop nay, lugn @n chua the
bao ham cac nghién cdu nhu vay.

1.2 Cac dinh nghia co ban

Ky hieu Z* la khong gian ddi nghu té po cua Z, tixc la khong gian cac
phi€m him tuyén tinh hén tuc tréen Z. Go1 M* la non lién hgp cua nén M,
fic la

Mo={peZ* {uz)>0 Vz€ M}

Cho (zy, ug

)1
G{zo, up) N (-~

% mot didm chdp nhan duge cud (P) vh (P) va véi g4 €
M)

c8 dinh. Khi dé ta dinh nghia

My = {y(z +g0) : vy € Ry, v € M},

M= {u € M*: {4, g) = 0} = (My)*.

Db thi grF va mién hidu qua domF cud dnh xa da tri 7 : X ~» Y duge dinh
nghia nhir sau

grF = {(z,y) e X xY 1y € F(z)},
domF ={z € X : F{z) # 8}

Dac ham Clarke cia 7 tai (:zrg, fo) € grF, ky hieu & DF(xy; fo) |3 mot anh
xa da tri cing tit X vho Y 6 db thi la

gr DF(zg; fo) =

{(v,w)GXx v Vn, fp + taw, € Flz, + t,vp) ’
& day =57 nghia B {z,; f,) € gr F va (=, fu) = (20, fo}. Duoc biét ring
DF(zg; fo) luon la mot qda trinh i ddng, tic la dnh xa da tri ¢6 db ths



HE

13 nén i déng khde irdng. Ta clng dung ky higu p.{ze, ua) cho dac ham
Fréchet cud dnh xa don tn pl., ug) tal xy.

Trong nghién ciu cua ching toi chi ¢6 tinh kha vi theo hudng theo z sau
d8y chn gia thigh cho F va G,

DINH NGHIA 1.21. Gid st X va Y |3 cde khong gian Banach, Y duge
sdp bdi ndén K. Anh xa datri F: X ~ Y duoc goi b K - khd vi déu theo
hudng € X tai (z¢, fo) € grF néu véi moi lan can V cia 0 trong Y, ton
tal lan can NV cla T va 6 thuc 4 > 0 20 cho Vy € (0,),Vz € N Vf €
Flzg +yz), V[ € DF{zq; fo)7T,

(- f)-rEV-K

F duoc got & K -kha vi d2u tai (24, f5] néu tinh khd vi way ddng cho mol
hudng = trong DF (g, f5).

Ve st ign tyc theo bifn z ching ta se chn tinh nia lign fuc sau day cho
cac anh xa da try.

DINH NGHIA 1.2.2. Gid st X, Y vd K nhu & Dinh nghia 1.2.1 v& F:
X~ Y Giastt g € domF va T C Flag) # 8. F dugc goi & K-nita hien tuc
dudi manh (K-sl.s.c.) theo T tat 24 néu véi mol lan c&n V cla 0 trong Y,
tbn tai lan can N cia zy sao cho Ve € N, 3f, € Flzj,

fo~TCV-K.

Néu 3f, € F(z), duoc thay bdi ¥f, € F(z) thi ta cé dinh nghia cud tinh
K-nlra hién tuc dudt deu {K-uls.e.).

Chd ¥ ring néu z; € intdomF, th) K-uls.c. suy ra K-sls.c. vanéu F
& K-sls.c. theo F{zg}, thi F{.} + K 1& nita hién tuc dudi theo nghia thong
thuong cha dnh xa da tri.

Bay gio ndi vé bién u. Tuy tap U khong cb cdu tric gl nhung ching ta ciing
chn cd cdc gia thidt md rong (va giam nhe) cud tinh gidng [ (convexlike) cd
didn cud {Fan 1953 | nhu trong ba dinh nghia sau day.

DINHNGHIA 1.2.3. Gidsd U tap, con Y vd Z 1 cde khong glan tuyéa



it

tiah dugc sy b cde ndn B K v M, tuong 1ing.

(i} F: X~ Y duge goi th K.gidng 161 trong (U3, B} néu ¥, € UL U C
LYf € f{ﬁi}i i=1,2¥y € {33 }“]3 Jugl afz € jr{ﬁ}?

(1'-'?)}‘1 "*"Yfz—fueff'

(i) (F,6) 1 U~ ¥ % Z duge goi 16 K % M gifng Bi manh 431 v&1 §
péu Yy, € U VS, € F(w), Ve € G(w),1 = 1,2,%y € [0,1], 3y € UVy, €
G(u), 37, € Flu},

(1-nh+1h-f €K,
(I-Mg+1p2—9. € M.

Chi ¢ r3ng, gifng nhu tradmg hop I, bt cdc tinh chilt trén 3y choi = 1,2
suy va ching cling ding cho i =1, ...7 v&i meoi a8 tu whitn m,

Tl nay ta 96 dinh nghia don hinh £™ C B ahu sau

bicd
e o= {(aii X3, “'7{2”&) : Eai S:-z 11 L H g Q}

PRy

DINH NOHIA 124 Anhxa daty (F,P): X x ¥~ ¥ x W duoc gol
a K x {0} -gidng 1bi yéu trang (U, {ue}] tat z;, manh ddi vdi P, ndu v
mol tap hity han {uy, .., u,} C U, thn tal [8n can N cia z, sao cho ¥z €
N Y{ay, . ap) € £2,3f8 € Flo, g,V € Ple,g},d = 0, ,m3u €
U,3f¥ € Flz,u},3p% € P2, u),

% 4 3o - 1) - fe € K,

gl

m
P 4 3 o{pF e pi*) ~ p¥ = 0.
=1
M& rong sau &y cud tinh gifag Wi cling hidn quan dén 3 bifn 2 va u nhu
Pinh nghia 1.2.4. Né ¢é dang khd phic tap chung 15 mot Hinh chét kha nhe
vh khong khé kidm fra nhie Thi dy 1.3.2 dudi day chi ré.

PINH NGHIA 1.25. B todn {P) vdi énb xa P = p dom tri durge goi [
gibng B 2dp 1 tai (g, up) ndu v mot t8p hite han {4y, ... %} C U, v&ima
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§>0,tontpie >0, ¢tintailancan Velazgvidnhxav i WxexX® — U, tbn
taie € K vhg & MuaochoVa,2' €V, 3/ € Flz,u;), ¢ € Gla,u;), i =
0,1,...,8, Yo,of € eT°, Vy, € Gz, v(z,a)), 3f, € Flz, vz, a}) thoi

U('Jci 0) == 0,

+E:a;(fs — ) 8l - ml|+ 3 @ e~ f, € K,

=1

g=° + _Z aj(gs’ — &) + 8{lle - asl| + 2 ;)8 = 9: € M,

3= i=1

lp(z, o(z, @) — pla", u(a’, 0')) — ps(za, o)z = o) — 33 (g — (o, u)l

=1

"3

&
< d(ljz — 2'l| + Z;; |oe; ~ a;-|).
f=

O day dac ham plzg, 1y} duoc gid thidt 1 tha tai

Chit ¥ rdag néu piz u) = 0, F va G 1a don trl va dink nghia chi doi k&
thod véi & = 0, thi dinh nghia trén chinh & tinh K x M-gigug i clia snh xa
dan tri F' % (7 theo nghia cia [Fan 1953}

Dé lam viec vdi bao ham thuc 0 € Pz, u) & Chuong 2, ta chn dinh nghia
sau.

DINH NGHIA 1.26. Gid st F : X ~ Y, 24 € domF, f3 € F(zo). Anh
xa don tri f 1 X = Y xéc dinh trong ln can N cla 24 duge goi 1 ldt edt
dia phuong chinh quy cla F tal (g, fy) néu f(zo) = fy, flz) € Flr) véi
wmet £ € NNdomF v filze) X = Y F dugc gol 1A Idt od¢ dva phuong duds
chinh quy néu fi{zy) X = Y duge thay b fi{eg)X = D, Flzy)X va cb d&
chibu hitu han.

1.3 Dieu kién cin cyte tri cho bai todn vdi
rang budc ding thitc don tr]

Trong muc nhy ta xét trudng hop hai bii todn {P} va (P} c6 rang bude
0 € Piz,u} & dang 0 = plz, u), tdc |5 P = p 13 dnh xs don tri. Trude tien
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ta xét bai todn (P).

DINH LY 1.3.1 (Didu kign chn Fritz John che {P)}. Gid sit rdng

(1] vdi méiu € U, p(. u} khd vi lién tuc tai Ty 6 PL{2q, Ug) ld dnft za
len, ¢ day (xq,uy) 1 di€m chdp nhan dugc cia (P);

(1) F(,up) vd G{. ug) la K-khd vt dbu tai (zg,up; fo) va Mekhd v déu
tai (g, uo; 9o), Ewng dng, & diy fo € F(zg, ug), g0 € Glzn, ug) N (~M);

(iii) vdi mbi u # wuy, F{,u) (G, u), tuong ¥ng) ld K-s.ls.c. theo
Flzg,u) (M-slsc theo Qzg,u)) tot 24, Hon nia, F{ uy) (G )} a
~H-s.d.s.c. theo fy (—M-s.ls.c. theo gy, tuong ¥ng) tas x,;

(i) voi motx frong mot lan can 'V cud xy, (F, G, p}{x, .} Id K x M x{0}-
gidng 161 trong (U, {ug}). Hon nita, (F, G, p)(zy,.) ld K x M x {0}-gi6ng
161 trong (U, U),

Neu (zg, ug; fy) ld cuc tidu ye'u dia phuong cda (P ), thi thn tai (X, po, vy) €
K* x My x W« \ {0,0,0} sao cho, vdi mot (x,u) € X x U,

(Ra, BoFlzg, 1ug; fo)z + Flzg, 4} ~ fo)
+pg, D G{2q, up; go)x + Glzg, u} ~ g0)
+{o, b2(0, Yo)Z + plag, u) ~ p(zo, o)) T Ry (1.3)

Chiing minh: Néu
s g dom DD F(zg, up; fo) (N domD G4, ug; 90),
thi v£ fral cud (1.3] la tréng va vo rang (1.3} ddeg. Vay ta cd thé gid thidt

ring z 13 thudc phdn giao nay. Tuy nhién, d& don gidn céc ki hisu ta van
vigt r € X.

Gia st (' la tép bao gdbm tat ca cie (y,z,w) € ¥ x Z x W sac cho
3(1‘,2}) € X x U} ﬂf;f € DIF(xUJ tig, fﬂ}m? ﬂf.‘l‘f‘o € F(xﬂp u):
39.{": € DIG(‘Z‘U! Uo;gn)ﬁ, agga € G(.I'n, U)}
i+ — fo—y € —nikK, (1.4}
g+ g — 99— 2 € —iniM, (1.5}
p{za, uple + plzg, ) = w. (1.6)
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Ta sé chi ra C' 14 tap 101. Thuc vay, néu (y;, z;, w,) € C, i = 1,2, thi, vdi cach
ki higu tuong tu trong (1.4)-(1.6), ta 6, tit méi v € [0, 1],
i A=t fe + U=~ fo <+ L=y, (17)
vg5, + (1~ )k, +v95 + (1~ 7)gzl — go < yor + (L = 7)z2,  (1.8)
2%, ug)(vzy + (1 = ¥)39) + ¥p(20, 1) + (1 — 7)p(Z0, tg)
= ywy + (1 — 7)w,. (1.9)

Bdi tinh 51 cud dao ham Clarke, dit 7 := vz, + (1 — y)z, ta thdy rdng
fro=afl, + (L~ 9L, € D F(zg, up; )7,
95 = gk, + (1 = )¢k, € D.G(zg, up; 95)7-
Do tinh K x M x {0}-gifng Ibi cla (F, G, p)(zg, .) trong (U, U) tacd u €
U, JE € F(z,,1) va g¥ € G{zg,T) sao cho
f& £y fas + (1 —71) [z,
g%, < gz + (1 —7)gz,
p(xg, @) = yp(zo, ug) + (1 — v)p(zq, ua)-
Bé& vay, (1.7)-(1.9) dbng thot chiraia
(7,7, @) = v{y1, 21, wy) + {1 = 7){y2, 20, wo) thudc €, tic la C Toi.

Tiép theo ta ching minh ring intC £ §. gia sd la (7,Z, w) € C. Thi v&
e > 0 dd bé v <8 dink

fo+ fE — fo—TF+eBy C —intK, (1.16)
9;—4‘ ggs-—gg-—~7+eBZC *i?ZtM, (}_11)
Pz (2g, Ug)T + plxg, u) = @, (1.12)

b day By, By va By 1a cac qua chu don vi mé& trong X, Y va Z, tuong ung.
Ban tinh K-kha vi deu cud F(., uy) trong gia thiét (n), 36 > 0,3y, >
0,¥z € T+ 8By, ¥y €(0, %), Y/ € Fzo + vz, up),

- f)-fre By -K (113
¥ 4
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Bay gid tt mdi z € 7+ ¢By va mdi fi € D, F(zy, ug; fo)r suy ra ring,
Ve,3y € (0,1), 32" € 2 + 3By, 3f € F(zo + vz, up),

fi=—(f - f) € ;Br. (1.14)

]
¥
(1.13) va (1.14) dbng thai chi ra ring Vr € £ + £By,

Vfi € D F(zg,up; fo)z,37 € (0,7),32' € z + {Bx,3f € F(zg + 7', up),

1
7
Dung (1.10),(1.15) ta thay la, véi mbi z € f+%BX va fi € D F(zg, uy; fo)z,

e f= = (=R U~ ) - €SB — K. (119

€
fat S - Hh—-F+ —2~By C —K — intK C —intK.
Tuong tu, véi mdi z € T+ %BX va gt € D,G(xy, up; 90z,

E
g+ g%, — g —Z+ §By C —intM.

Béi (1.12), ta thdy tir gid thiét (i) réng p, (2, uo)(Z+ $Bx) +p(ze, u) chita
lan can mdé w + €; By cud w. Bay gio dé kiém tra ring

¥+ 5By) x (2 +Bg) x (w+e.Bw) C C,
titc a intC # 8. Néu

C N {(=intK) x (—intMg*) x {0})} = 0, (1.16)
thY béi dinh 1y tdch ta thu duoc (1.3).

Dé ching minh (1.16), ta giad stt nguoc lai la ton tai (#,4) € X x U, f €
D.F(zo, ug; fo)2, 95 € DGz, ug; 90)%, f& € F(z, 1) va gi, € G(zg, 4) sao
cho

fit+ fi - fie—int K, (1.17)
g3 + 98, — go € —int MF*, (1.18)
P20, ug)2 + p(zy,0) = 0. (1.19)
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Ta dinh nghia dnhxa P: X x R -5 W bdi

Plz,a) = ap(zg + z,4) + (1 ~ a)p(zg + 2, ug). (1.20)

Ta thdy rang P(0,0) = 0, P*(0,0){(z, o) = p.(zy, uglz + ap(zy, 4) va
P¥0,0){Z,1) = 0. Hon ntta, bé dinh 1y Lusternik, ton tai 2 > 0 va anh xa
t = 2(t),t = &(t) cud [0,] vho X va R, tuong dng, sao cho &(t) = 0 va
&(t) -+ 0 khi ¢ tién t6i 0 va, t méi t € [0, 9],

Ptz + (8, {1+ &(t))) =0. {1.21)
Dat z(t) := z¢ + #(Z + 2(¢)), tir (1.20) va (1.21} ta tha duoc
H1+&())p(z(), &)+ (1 — {1 + &(O)pl=(t), up) = 0.
Vi vay, bdi (iv), tit m3i ¢ di bé, tdn tai u(t) € U sao cho
ple(t), ult)) = 0.
Néu ta chi ra ring véi £ di bé, ton tai f, € F(z(t), u(t)) sao cho

Glz(8), u(t)) N (~-M) # ¢,
fi— o€ —int K,

thi ditu nay sé méu thuln véi tinh cuc tidu cud (zy, ug; fy).

Bl ga thidt (in), vdi ¢ di bé va vdi ¢, ton tal 95{:} € G(z(t),4) va
gty € G(2(2), up) thod

gy — 9% € Bz~ M, (1.22)
—g:&)+ggE£Bsz. (1.23)

Bdi tinh M-kha vi deu cua G(., ug) gia thiét trong (1), vér moi & va ¢ di bé,

td
920 € 90 + 195 + ng - M. (1.24)
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Két hop véi {1.18) chon & bé dé

g: +gs —go+6By; — M C —int M. (1.25)
Bay gio udc luong g,¢;) + t{1 + a(t ))(gm(t) dziy) ta <o, bai (1.22), (1.23) va
a(t) = 0,

t1 +&(8)) (95 ~ 9ete)
= {1 + al{t))( 9%,y — 98, — 938y + 90} + Had, — g0} + ta{t){gs, — 50)
€ {1 +6&(t))(2¢Bz ~ M)+ t{g§, — go) + teBy C t{gd, — g0 + 3Bz ~ M)

véi moi ¢ > 0 di bé. Didu nay clng véi (1.24) cho ta b} € 6Bz vamt e M
sao cho

92 (Tt t1 +aft ))(9:(:) - 9:?:)) = go + tHgs + 98, — go + b5 —m*). (1.26)

Hon nita, tit (iv), ton tai g, € G(x(#), u(t)} sao cho

go+igi+gd —go+bf—m)E g+ M {1.97)
Té viec kidm tra Glz(t), u()) N (~M) # 0 véi mor £ > G di bé | ta gla su
nguoc lar rang 3t, o 0% 3p, € M* lull = | (9a st ring u, hoi tu -yéu

t6i @ € M), {pin, g¢.) > 0. 7 la thuoc Mg, Thuc vay, Néu @ & My, ton tai
B > 0 sao cho {71, go) < —f. Mat khac tix (1.27) suy ra

(s 96.) < (tins 90) + talttn, 8 + 98 — 90 + b5 — m'=). (1.28)

Vay, vdi t, di bé, {p,, g:.) < 0, |2 mau thudn.
Bay gid ti 7 € Mg, va {1.25} suy ra, véi n di 1dn,

zn(i‘m §,f§ + .?.:z}e - o éj;* — m"‘) < 0.

Vay (1.28) mau thuan vé1 {u,, 9, ) 2 0.

Str dung chiing minh & trén cho F thay thé cho G ta <d f; € F(z(t), u(t))
sao cho (tuong tu nhu (1.27), {1.25))
h—hhe-K+dfi+fi— f+b5—F)
C—-H—int K =~int K.

THY VIEN TRUNG TAM BHQG-HCM

4e00000L4AY
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Vay, {1.16) 1A ding va ching minh két thic.O

CHU Y 1.3.1. Dibu kién chn i uu {1.3) ¢é dang quy thc nhan t& 3
dién. Mot dang khdc da dwoc ding trong [loffe-Tihomirov 1979],[Khanh
1995,,1995,], [Khanh-Nuong 1988,1989] cho trudng hop F,G va P la cdc

by

anh xa don tri. Vé6i bal toan (F) dang tuong duong 46 cua (1.3) la

() (Ao, Do F(zg, ug; fo)a) + (psg, DGz, ug; 90)7)
+(‘Vmp:!:($8: U{})x) - R_;. V T E X,

(6) (X0, fo) + (se, 90) + (Vo o)
= minuGU{f(Aﬂa Iy, U) + 9(#9; Lo, U) +P(Vg, Za, U)},
O day ps = plzo,up) = 0, f{Xo, 2o, 8) = min{{X, 9); ¥ € Flzg,u}},
#lita, 2o, u) = min{{pg, 2); 2 € Glzp, u)} va p(ug, xq, u) = {#, plzo, W)}
Bay gid ta chuydn sang didu kign chn t& uv Kuhn-Tucker. Ciing nhu
trudng hop b didn, b sung tham dinh tinh rhng busc kidu Slater ta duoc
DINH LY 1.3.2 (Diku kién cin Kuhn-Tucker cho (P)). Vdi cdc gid thit
cud Dinh Iy 1.3.1, gid sit rdng py(zq, ) X -+ p(zg, U) chifa lan cgn goc tog
d6 va ton fai (£, 8) € X x U, gk € DGz, uy; 99)% vd § € G(xg, ) sao cho
gi -+ g — gg € ~int M3*,
pz('rﬂa uﬁ)ﬁ +p(xﬂj a) = 0.
Khi d6 Xy khdc 0.
Ching minh: Gid st Ay = 0. Néu pg = 0, thi w5 # 0. Tl py(2q, wg) X +

plzo, ) chita 1an can cud géc toa do, ta ¢b thé chon (z,,u;) € X x U sao
cho

{vo, pa{®0, tojzy + p(20, u1)) <0,
13 mau thuln véi (1.3). Do dd gy # 0. Nhung khi 46 (%, &) kheng thod {1.3).
Bavay, Ag #0. O
Tidp theo hiy xét bai todn (P). Thay tinh gidng b1 trong (U, {y,}) d gd
thigt (iv} cud Dinh Iy 1.3.1 va 1.3.2 bdi tinh gidng i trong (U, {ug}) manh
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d8i vdi G duoc dinh nghia dudi day ta dé dang ching mink toong tu trén
day dé duoc dibu kizgn cBn t8i uu ding nhu ¥ Dinh Iy 1.83.1 va 1.3.2.

DINH NCHIA 131, Gidsd F, G vh p xéc dinh nhu trong bai todn (P). Ta
néi (F, G, plz, ) Ia K x M x {0}-gidng 101 trong (U, {ug}) manh theo G néu
Y, € U V{1, 91} € Flz,u ) x Gz, u; ), Y{f2, g9 € Flz,ue) X Gz, ug), ¥y €
0,1}, 3u e UVgs € Glz,u),3fv € Fz,u),

YA+ {1 ~y)f - feeK,
¥t + (1~ gt~ g € M,
yp(z, uy) + {1~ yip(z, 4) = plz, u).

CHU Y 1.3.2. Vi dién dat cod cdc gia thidt & hai dinh Iy trén khé phic
tap ta hay phan tich them. Gia thiét (i) 1a chat nh&t nhung lh khong tranh
khéi véi cich tiép can v sit Iy rdng busc déng thic bing cdch ap dung Dinh
Iy Lusterntk. Tinh khd vi deu & (ii) 15 md rong che dnh xa da tri cud cac
khdi niem tueng dng cud [{offe-Tihomirov 1979]. Thi du dudt day cho ta dnh
xa da tri thod dbng thai (ii) va {iii). Tink K x M x {0}-gidng i trong (iv)
12 yéu hon K x M x {0}-I5} thudng gap trong cac trudng hop B

THIDU 131. Gidsd X =R U=Rvhz,€X. Giast G: X xU~ R

xac dinh theo
Gz, u) = (x — zq)*(|ul[0,1] - 1).

Ta kidm tra {11} v (i) v6i (zg, %) 1= {&g, ~1}.

{i) Cho ¢ > 0 v&a ¥ € X ta xdc dinh § > 0 sao cho, Yz € {3y — 6,29 +
5),?9" € DIG(‘T"UJ Uy, 90)3"—: Vﬂf > 0:

G(x[) + YL, uﬂ) - o "fy; C W(_E: E) - R+J (129)
& day go € Gzo,ug) = {0}. Dhu tien ta chi ra 1a D, Glzg, up; 0)7 = {0}
¥z ¢ X. Béi dinh nghia |, g € D,Gleq, up; 017 nghia la Yg, &+ 0,Vz,
Q:D:th — 0+, dz, = 7, 39:& — gf,V'ﬂ,
Fnt tnf?;i € G(:"n + gafm uﬁ} = ["'" fxn + éngn - 338)25 9]'

Chon ¢, = 0,3, = z4 ta duge gh € [~£,%5,0] Vn, Vithe, th gh = ¢, ¢, & 0F
vaE, —E ¢ =0 Dodd, (1.29) 3

{_'?'23*‘21{}} < ’}’(”‘51 ey — Ry,
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judn luan ding {tt méi § > 0 vh ¢ > 0).
(i) V& mai u # uy vh € > 0 ta tim duoe § > 0 sao cho , ¥z € (zy— 4, 25+
8),

Gla,u) — Glag, 8) = [0, (z — ol — (& — 20)? C (~¢,6) = Ry.

(Tinh chdt ndy 1a manh hon Ry-sls.c. vdi G(z,,u).) 6 c6 thé ldy I lﬁ-
i

Bay git ta kiém tra lai tinh ch&t manh hon - Reslsc. vét gy = 0 cud

G(., up). Véi mdi € > 0, ta xdc dinh 4 > 0 sa0 cho , ¥z € {xg — §, 24 + 4,
Gz, up) = go = [—(2 ~ 24°, 0] C (—¢,¢) + Ry

B&i vy ¢ thé chon § = /e

Nhan xét ring Dinh If 1.3.1 va 1.3.2 chis céc két qud tuong ing trong
[iloffe-Tihomirow 1979] cho bai todn (P) vi (P) don tri véi gia thidt p{zs, ug) X =
W nhu trudng hop rigng. (Gia thigt nhy kha nang, han ché kha ning dp dung
15 ret. Ching han khi 4p dung vho didu khidn t&8i wu doi hoi gidm nhe gia
thidt nay thanh p.{zg, up)X cé ddi chidu hitu han. Dong thoi gid thiét (iv)
ve gidng b ciing 1A mot trd ngai chn gidm nhe xudng yéu chu v& gidng 6
x8p xi theo Dinh nghia 1.2.5. Di theo hudng nay ta chn bd d& sau.

BODE 133 Gid s¢ X v& Y [ cdc khong gien Banach, Y dugc sdp
b¢i non 161 K va F - X ~ Y la K-khd vi d&u igi (=g, fy) € grF. Khi do
Yo e X,Ve> 0,36 >0,Vz! € x + 0By, ¥V, € DF(zy; fo)z,

DF(zo; fo)#' C fi +eBy — K,
& dsy Bx 1a quéd chu don vi md trong X.

Chifng mink: B& F 1a K-kha vi dbu tai (20, fo), Yz € X, Ve > 0,36 >
0,3y > 0,y € (0, %),Vzy € 2+20Bx YV € Flzotyzy), Vi € DF{zy; fo)e,
f=Jo

i
Mat khdc, adu fl, € DF{zq; fo)o!, thi

(2o +v2") - .fg

~fl€ %By ~K. (1.30)

F
Hminf  d{f%.

=0t 2" 2!

) =0,
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Tt dé 3z, = ', Iy, =+ 0%, 3f, € Flg +1aza), L8 L,
va do d6 3N, Vn > N,

o fa—he

g
T

€ By, (1.31)

Tn € $,+5BX1 Tn < Yo
T (1.30),(1.31) tacd V! € z+6Byx ¥ fi € DF(xy; fo)x, Y1l € DF(zg, fy)z!, ¥n >
NU:
Jo = J, fn
fo—fh= o~ b s
Tn Tn
E“;“By-l-%By-"KCﬁBy*K.D

D4 thdy ro hai bai todn (P) vh (P) ¢6 quan he mat thiét, khac vdi phin
trén, bay gio ta xét (P) trudc. Ta sé gidm nhe gid thidt (i) va (iv) theo
hudng tren. Tuy vay ta phai that chat them & (i) va (1) tli tinh nita lién
tuc dudi manh thanh nda lién tuc dudt deu nhu sau.

DINH LY 1.34 (Ditu kien cln Fritz John cho (P)). Gid sé rdng:

(1) tuw moiu € U, p(.,u) la khd vi lién tuc tai g vd p,(zg, ug)X b d6%
chiéy htfu han;

(1) F(., up) va G(.,ug) la K-khd vi déu tai (zq, f) va M-khd vi déu ta:
(%0, 90), twong wng;

(1ii) vdi méi u # ug, F(,u) va G(,,u) ld K-uls.c. vdi F(zgu) va M-
uls.c. vd Glzg, u), tuong dng; Fl ug) v G( u) &6 —K-uls.c vdi fy
va —M-u.ls.c. voi gy, twong vng (tat cd tai zy);

(iv) bai todn (P) ld gid'ng 151 28p i tai (x4, ug).

Khy &6, néu (2q,ug; fo) la cuc ti€u yeu dia phuong cda bai todn (P), thi
ton tai (Mg, po, vy) € K* x My x W*\ {0,0,0} sao cho, ¥(z,u) € X x U,

{(Xo, Do F(zo, u0; fo)z + F(zo, 1) — fo)
+(ru'0> D:EG('T:O: Ug, gﬂ)x + G('T"Q} U) - gf})
“}M(Vmp:v(xﬂ: Uu)-'ﬂ + p(xﬂr U) —p('rﬂs U{])) c R+‘ (132)
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Ching minh: Dit
L =p(zq,u)X, B =1L+ convp(zg,U).

(O day conv chi bao Ibi vh span chi bao tuyén tinh.) Néu spanB # W,
spanB ¢6 d8i chizgu hiru han nén tbn tai vy € W*, 14 # 0, sao cho, véi moi
(z,u) e X x U,

(¥, P20, ug)z + p(zg, u)) = 0.

Bdi chon Ay = 0 va yy = 0 ta thu dugc (1.32). Bay g1, gia st ring
spanB = W va got /T la phép chiéu chinh téc tt W vao W/L. Tu II(B)
la b1 va Spanll(B) = W[L , ta ¢é intllI(B) # 0. Do dd intB # 0, vi
H-YII{B)) = B. Néu 0 ¢ intB, sit dung dinh Iy tdch ta cd thé téch 0 va
B b vy € W yy #0, tiac la véimoi (z,u) € X x U,

(v, P20, ug)z + plag, u)} > 0.
Vay (1.32) 1 thod man vdi Ay = 0, yg = 0.

Néu 0 € intB, ta xét tap C gbm tdt ca (y,z,w) € Y x Z x W sao cho
dz € Xza {uiz“‘:um} cU 3 372 > 0;;3’}’92 >0 5 af: € F(xﬁ}ui) 3 35}, €
Glzo, w) , 3f) € D F (2o, uy; fo)z , gt € D G2, ug; g0),

i+ ilfy.-(fi — fo) —y € —intK,

w
g+ > 7ilgi — 90) — 2 € —intM,

1]
Pe(To, uo)z + 3 viplao, ) = w.
i=1
Bai tinh 151 clia dao ham Clarke ta d& thay ring C la tap loi. T Bd de 1.35
dudi day, intC # @. Néu C khong giao véi (—intK) x (—intMF*) x {0}, thi
bdi dinh ly tdch ton tai Ag € K* | ug € MP* = Mg va vy € W*, khong dong
thon bing khong, sao cho (1.32) ding.

Bay gid ta gia s nguoc lai 13 hal tap ndi trén giao nhau, tic 1a ton tai
Yo1 > 0:'“170!110 >0 y Ugl, -y Yo, e U ) z' € X ) fjﬂ € F(xﬂluﬂj) ) .g_? €
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G(xﬂi uﬂj) ) .? = 1: -, My, f! € 'DxF(xU) Uy; fﬁ)‘r, V‘a. g' € DIG(‘I"Ol uﬁ;gl))xlsa'o
cho

Mo
'+ 3 v;(f) = fo) € —intK, (1.33)
5=1
g+ Z; Yo; (97 — 90) € —intMg*, (1.34)
J:
Mg
pz{zo, up)z' + 3 ¥o;0(x0, ugj) = 0. (1.35)
i=1

Tit 0 € intlI(B) va Spanll(B) = W/L la htu han chigu, tdn tai 21, ..., z; €
II(B) sao cho Span{z,..,z} = W/L va z; + ... + z, = 0. Bdi dinh
nghia cud B cd z; € X, 71 > 0,.,%im, > 0,071 > 0,0, Vi, >

0, w11, Utm,s ) Yk1, -y Ugm, € Usao cho
Mg
H(Y ygip(zo, ug)) =24 ,¢=1,..,k, (1.36)
=1
E ™My
Pz (‘Iﬂ: uﬂ)xl + Z 2217qip(x0: uqi) = 0; (137)
g=1r=
Span(L{{p(zg,ug) 19 =1,..,ki=1,.. ,m}) =W (1.38)

Tit (1.33) suy ra tdn tai € > 0 sao cho
g
f' + Z ’)‘(]j(f_.? - fg) + 2EBY C —intK.
5=1

Do Bé d& 133, véi méi ff € Y, véi mbi § > 0 di bé va méi T €
sz(xﬂauﬂ;fﬂ)(x’-l_exl): ta Cé

mao k Ty
T + X:l ’Yoj(f,o - fo) + ZI(EI 374!“(1? =~ fo))
= ==

€ S+ Y 1i(f* - fo) + 2By = K C ~intK — K = —intK.  (1.39)
j=1

Tuong tu, L (1.34) vh B3 de 1.3.3, véi mi gf € Z, méi & > 0 dd bé vh tir
mbi §' € DGz, ug; go)(x' + 6x,), ta c

fhig k
7+ Z ’Yuj(gg - go) + 2_(
q=1

my
1=1 '

Z; 0v4i(9i ~ 90)) € —intMg*, (1.40)
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Di’tt z= .1!,"4‘“93.'11 Uy = Ugy, -“pﬁmg = uﬂmgaﬁmo—%l = g, ., Uy x_umg-i-m;-}::i—mk =
“imy_ﬁf} = Yo1, -'-zaam_g_ = 78??}0:&'{:33‘%1 = 97}}; oy g = B'Ykmg?fl == fID; fmg =
oo Tt = Jh oo = fhvh tuong tu v6i Fp, ..., 7, thi (1.39), (1.40),
(1.35) cling vdi (1.37), vk (1.38) dugc vigt lai la

T+ Y a,(F; - f) € —intK, (1.41)
i=1
7+ Zl #,(7; — go) € —intMy", (1.42}
J:’
px(..’l;’g, uﬂ)f_t_ Z:lep(x%ﬁ}) = U’ (143)
J":
Spand L\ {p(zp, ;) j=1,...,8}) =W (1.44)}

Déi véi 4y, ..., T, va 8 > 0, mb ta chon thich hop dudi day, sac cho phu hop
véi gia thidt {iv), ta cé cdc bidu thitc trong Dinh nghia 1.2.5 (vé1 4y, .., 4, &
ch® cud uy, ..., u,).

Ta dinh nghia anh xa P va anh xa tuyén tinh gidi nol A cua lan cén
(z4,0) € X x B® vao W nhu sau

§
P(z,a) = p(z, v(z, o)) + 3 ajplz0, T)),
=
§
Az, o) = p,(zy, uplz + ) ajp(xu,ﬁj),
. 3=1
§ day of = maz{a;,0} 0] == a; —af , ot = {(af, ..,af). Bdi bidu thic
cudi trong Dinh nghia 1.2.5, tit mdi (z, @) va (z*, ) trong V x e £° ta cd

P(z, @)~ Pla!, o) — Az, o) + Alz', &)
= {lp(z, vz, o)) — p(a’, vz!, &'*)) ~ pa(2, wo)(z — ')
- Sota o pleo I <Slle =2+ oy =ail). (149
Tit (1.44) ta cd A(X x R*) = W. Bidu thi 4: (X x R*)/KerA =+ W la dnh
xa mot mot tng véi A. Néu & chon bé sao cho SIIATY) < 1/2, thi bsi dink

I Lusternik, ton tai £ > 0,4 > 0 vk 4nh xa t = (2(t), a(t)) cva [0, vao
X % R¢ sac cho, véi mdi ¢ € [0, ],

Pxg + % + z(8), t&@ + aft)) = 0,
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lo(e)] + z jo;(8)] < k[P (20 + t7, ta)|
- k”P(&‘?g + tf] ta‘") o P(.’L’g, 0) e A(.’IIQ + t:’f, tﬁ) — A(i‘g, 0)”

< thé(|lzl) + 3 ;) (1.46)
s=1

Bdi vay, #(t) va a(t) hot tu td1 0 khi ¢ tién té1 0. Tiép theo, néu § di bé sao cho
kS(l|zl|+ Sy &) < min{ay, ..., @,} , thi (1.46) suy ra [z (8)]| + T}, lo;()] <
tmin{@,, ..., d,}. Vay t&; + a;(t) > 0 véi moi j va t > 0 di bé. Tiép theo,
ta cd
Pz, t@ + a{t)) = plz, v(z, o + a{t)}).
Dat
T(t) = zo + T+ z(t) , (t) = v(=(}), ta + aft)),
thi
p(z(t), a(t)) = 0.
Bay gid ta udc luong G(Z(t), u(t)) dé thay (z(¢), u(t)) 1a diém chdp nhan dugc
vdi moi ¢ &0 bé. Tu tinh gidng bi xdp x1 ta cb, vdi méi 7, € G(T(¢t),w(t)),

ot + 2o (t3; + (1) (g ~ o)
+8(tz + (O + X (6, + oy (D)g - 7 € M. (1.47)
j=1

Ta udc hrong mdi s8 hang trong {1.47) nhu sau. Cho 8> 0 va o > 0, ta xét
§ &0 bé dé ,
k(I + X ay) < o,
J:

va, béi (1.46), |lz(¢)|| < to néu ¢t di bé, va
8
k(lzll + 32 @,)(3: — 90) C BBy, v6i i=1,..,3.
Ful

Theo gid thidt (ii1), ton tai lan can N cua z, sao cho (tir Z(t) € N véi ¢ di
bé}
gz ~§; €BBz - M, j=1,.,3,
—-g:'c‘? + gp € ﬁBz - M.
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Vi @, (trong (1.41)-(1.43)) c6 thé xét bé hon néu chn , (1.46) cho ta t(@; +
g@)<t1 J‘zlj"'}s

Bay gidy ta udc lugng 88 hang thit hai trong (1.47):
(ta; +a;(t)) (9= — g%!)
= (ta; + a;(t))(g=! — F; — g7 + go) + t7;(F; — go) + o;(1) (95 — ge)
€ (ta; + o;(t))(fBz — M+ BBy — M) + ta;(3, — g0) + t6Bz
C H{28Bz — M) + t&;(g; — g0) + 8Bz
C t{a;(7; — 90) +30Bz — M).
Tir day, vér 8 du bé, ta théy

i(mj +a;{t))(gal — g57) C t(f) @;(g; — 90) + %Bz - M).

j=1 3=1

Nhu vay, tbn tai b} 4 € Bz va m! € M sao cho
g 8
Z(taj + 0’;( )(.'?I: .9::0) = t(Zl aj(?j - 90) + b;/s - mt)’ (1-48)
-.-__ }m
Bay gidy véi 88 hang thit ba trong (1.47) ta cd, bai (1.46),

S(lle + ()l + S (e, + ay (1)

j=

< (lell + 3+ £ (a(0ll + 3 lo(0))

< 5 + k)i +§ ). (1.49)

Vdi s§ hang thit nhét trong (1.47), bdi tinh M-kha vi deu ced G, véi maoi ¢
du bé, ton tai ¢l € $B; vant € M sao cho

950 = go + H{g' + ¢} )5 — 7). (1.50)

Thay thé (1.48), (1.49) v& (1.50) vio trong (1.47) suy ra ton tai d; , € $By
va pt € M sao cho

L]

g0+t + > (g —g0) + 45— PY)

=1



108+ k) (el - S a;)g - € M. (151)
=3

Do 6 Ia bé, nén {4 + kd?)(||7]| + £5, &) € B, Vay ton tal hyr € $Bg
sao cho (1. 51) trd thanh

&
g+ Hy' + Z:lgj{gj —go) + Al —p)~G €M (1.52)
Jx

Tiep theo ta kiém tra ring, véi moi ¢ dd bé thi G(%(¢),u(t)) € —M. Gia
s ngugc lal, ¢ day t, = 0 va p, € M* gl = 1, p, hoi tu *-y&u téi 7, sao
cho {n, 30} 2 0 v8i g, € G(Z(t,),ult,)). Tachiraring @ € M} Thuc vay,
néu 7 khong thuoc Mg thi ton tai 8 > 0 sao cho {7, gp) < —8. B& (1.52) ta

cd, véi moi n du 1én,
§

{#rz 5}: ) < {Qn;gﬁ} +¢ (;'2’33 + Z:] {gg f}g} + }2(;/3 2“) < 0,
7

& mau thufn.

Mat khic, tir 7 € My, va bidu thie (1.42) suy ra la (véi o va t bé)
<fv‘m Z ( ”i” ha/? )) < 6, (1-53)

Bdi vay, (1.52) suy ra, véi n d0 160, {u,, 7. ) <0, la khong thé xay ra.

Ly luan nhyu trén véi G 4p dung cho F, b f, € F(z{#), w{t)) sac cho
{tuong tu {1.52) va (1.53}, &, € 2By, &' € K)

Fomfo€ ~K+ T + S w(f, — fo) + )y — k) € K — intK = —intK.
=1

Nhut vay ching ta ¢6 sy méu thufn véi tinh cuc tidu yéu cud {zq,ug; f5) va
ching minh két thic.O

BO DE 1.35. Tap C dinh nghia trong chiéng minh cud Pinh Iy 1.3.4 ¢
phén trong khdc réng.

Chid'ng minh: Tu (1.36) ta cd
k ™My k

(50 5 Yaplas, ug)) = 3 7, =

g=1 sz} g=1
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Thay déi cach ki hien t8t ca cdc v, bd &; va tdt ca cac u
1,...,m, thi ding thitc nay duge viét lai la
"
H(Zi G;p(Te, u;)) = 0.

J=

[ .
o DOV uj, J =

Tuong tng véi (1.37) la

m
po (2o, uplrr + Z; &;plzo, uy) = 0.
Jm
Bay gié ta chon diém cud C nhu sau. L&y tuy v k, € intK,m; €
intM, f! € D F(zg, ug; fo)z1, f; € Flze,v5), 90 € DGz, wp; 9071, 9
Gz, u;) va dat

m

m
g:=f+3a(fi - f)+k,
$=1
~ m [a]
2i=g' 4 21 &i{g; — go) + m1.
b

Khi 46 r6 rang (§,2,0) € C.

Ta c6 thé 14y ¢ > 0 sao cho
fr+ 3 &;(f; = fo) = § + 3By C ~intK.
=1

Boi B de 1.3.3, cho x; vh ¢, ton tal § > 0 sao cho Vz € =z, + By, V[l €
BxF(xe:U{;; folw,
fi € f'+€eBy ~ K.

Dat

B(&; .-},) = {Ct’ = (a}s '-';Qm} . {I}' > 0} I%af}fn la} - é}l < ’}(}:

s& c6 €; sao cho Y% (o, — &,){f; — fo) € ¢By vdi moi o € B(&,¢;). Do dé

m

i+ Zl oi(f; — fo) — 7+ eBy
J:

C P+ 326;(f; = fo) = §+ By

i=1



+ (0~ &;)(f; - fo) +eBy — K

s=1

m
Cf+% 6;(f;— fo) - §+3eBy — K C —intK — K = —intK.
=1

Ciing tuong tu nhu & trén, Yol € D, G(zqg, ug; fo)2,
m
g + Ziaj(gj ~— gg) — g +€Bz C —intM.
"".—'

Bi (1.38) tap hap
Q=

(§—eBy)x (£ —eBg) % {p (2o, to)(z1 +0Bx)+ 21 a,-p(xn, “j) ra € B(a, )}
J‘:
cé phin trong khic réng. Nhung rd rdng Q C C. Vay irtC # 8.0

DINH LY 1.3.6 (Pitu kien Kuhn-Tucker cho (P)). Ngodi cdc gid thigt
cud Dinkh Iy 1.3.4, gid sd them rdng p,(zq,ug) X + p(z, U) chifa lan cdn
goc tog d¢ va tbn tai (£,4) € X x U, gz € D,G(xy, tg; 99)F vd § € Gz, &)
sao cho

93+ § — g0 € ~int Mp*,
pe(2q, ug)& + p(xg, &) = 0.
Khi 46 Xy khdc 0.
Chifng minh: Tuong tu chdng minh cud Dinh Iy 1.3.2. O

Chuyén sang bai todn (P) ta ¢6 thé gidm nhe tinh gidng Ibi x4p xi nhu
sau

DINH NGHIA 1.3.2. Bai todn (P) vdi dnh za P ;= p don tri dugc goi
la gidng 151 zdp zi y&u tas (zg,ug) n€u vdi moi tap hifu han {uy,...,u,} C
U vdi mos § > 0, tdn tgi ¢ > 0, tbn tai ldn cdn V cda zo vé dnh
za v VXxeXt — U, tdn tai e € K vd ¢ € M sao cho Vz,2' €
V, 3f" € Flz,u;),92 € Glz,u;),j = 0,1,...,3, Va,a' € ¢T* 3g; €
G(z,v(z,a)), If; € F(z,v(z, a)) thod

U(.’L‘.‘, 0) = Uy,
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5 L)
gu+zaj( :!l:h— f°)+5(||x—xu||+2crj)e-fzEK,
J=1 j=1

s _ 8
gz° Z}%‘(Qz’ — 92°) +8(||lz — o]l + Z} o;)qg — g, € M,
= J=

llp(z. v(z,@)) = p(a’, (2", &) = po(a, wo) (z — 2') — 3 (@; = o5)plzo, ws)]

3=i

<8l = 211+ X la; — o)

Viec kiém tra ring Dinh 1y 1.3.4 vh 1.3.6 vAn diing cho bii todn (P), vdi
tinh gigng 161 x8p xI dugc gidm nhe thanh tinh gidng [ x8p xi yéu & gia
thiét (iv} khong khé khan nén ching 6ot khong trinh bay cu thé & day. Hai
dinh 1y nay la md rong cud Pinh ly 2.1 cho bai todn t& wu don tri trong
[Khanh-Nuong 1988]. Nho nhitng gidm nhe vB gid thidt & {i) va (iv) nén ¢
[Khanh-Nuong 1988] da ap dung Dinh ly 2.1 d& rit ra nguyén ly cuc da
Pontryagin cho bai todn digu khidn tai wu vdi rang buoc trang thii. Nghien
citu ap dung nhu vay cho bai toan vé anh xa da tn la van de ching té)1 dang
quan tam dé phat trién tiép sau lusn vin nay.

o

Clng chi ¥ rang [Corley 1988] da xét bai toan da tri (P} nhung khong cé
rang budc ddng thic va khong ¢4 tham s8. Két qua cua Corley khong thé ap
dung dugc cho trudng hop cé rang busc déng thitc (tham chi ¢ khi khong
c6 tham s8) vi & dd phat gia thiét ndn thi tu trong tich tat ca cac khong gian
anh phai cé phin trong khac tréng.

Ching ta da ly giai rdng gia thiét cud Dinh 1§ 1.3.4 la khd nhe. Nhung
phat bidu khé cbng kénh cla nd 1 mot yéu didm chua khic phuc duge, vi
tham chi véi trudng hop rieng 1a bai todn don tri cud t8i wu vo hudng trong
{loffe-Tihomirov 1979] dang cud dinh Iy cling da tuong tu. Tuy vay, thi du
sau day cho thdy cdc gia thiét cud dinh ly khong phai la khé kidm tra,

THIDU 132 Gidstu X =Y =Z=W=RvwvK=M=R, Gést
f R — R la kha vi trong 18n cén cud zy. Gid gt U = [-1, 400). Gia st
g: U — R la Lipschitz vé hang Lipschite £ > 1. Xét ba toan
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min{f(z) + u),
(z = z)*(|ul0,1] - 1) C —Ry,

(z — z9)g(u) = 0.

Ro rang néu f(x) > flzg) véi moi z € R thi (zq, —1} 12 cuc tidu tdan cuc cud
bai todn. Ta kiém tra ring (zy, ug) = (2, —1) thod t&t ca cdc gia thigt cua
Dinh Iy 1.3.4. (i), (ii) v (iti) 1 dé kidm tra ( xem, Thi du 1.3.1). Xét (iv).
Cho {uy,...,u,} CU va é > 0. Chon ¢ = min{;}ﬁz, LWV = (zg —¢€,25+¢),
Sday M = mez{ly;] 1 j = 0,1,..,s},e = 1,¢ = 1 vh v(z,a) = y +
$3=1 @j(u; —up). Choxz € V, vi f don tri nén biéu thiic dng vdi F trong Dinh
nghia 1.2.5 [aro rang. D&i véi bidu thic dng véi G talby gz’ = —(x—z4)? vdi
moi j =0,1, .., s. Tiép theo, —{z —x;)? € {z — 2)?(|w][0, 1] - 1) = G(=z, u;)
v moi j. Hon ntta, moi s& thue cud tap

5
9z° + 3 a;(gz’ — g2°) — G(z,v(z,a))
7=

= (e =20l + 3 (s = wo)l0, 1

la khong bé thua —(z — 2¢)?|ug + Sy aj(u; — ug)] 2 —f—;:ﬁ-”:: - zoll := .

Vay vé trai cuad biéu thitc dng véi G la khong bé thua
]
v+ 8(llz — zoff + 2. ),
J:

nén se la khong am.
Bay gid ta kiém tra bidu thiéc dng véi P. Cho z,2' € V va o, 0! € ¢33,

ta danh g1a vé trai cua biéu thitc nay nhu sau

}(aj - a})P(Iu, UJ‘)”

Hp(:f:, U(:L‘, a)) - p(xf, U("EI: ar)) - p:.-:(xﬂa uﬁ)(x - :I,") .

H

&

= ||(-’f—370)9(uo+Jg aj(uj““un))—(x'“%)g(ucﬁ'g Cf}(“j"Uo))—g(“e)(ﬂf—x')‘“ou

< Ilf(z—zo)|L ;(aj-—a;xu}»—ugm+u<x-xf)<g<ue+}§ o (50} = g (o D)
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< UMz ~ 24| g lo; — o] + 2L M}z z‘“él o]

< (Sl — el + e - #1).

=1
Vay moi gla thiét cia Dinh ly dugc thoa.
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Chuong 2

PIEU KIEN CAN TOI UU CHO TOI UU HOA
DA TRI PHU THUQC THAM SO vdI
RANG BUOC BAO HAM THUC

Trong chuong ndy ta sé nghién ciu bal toan (P} va (P) téng quét, véi
rhng budc 0 € P{z,u) la rang budc bao ham thdc thuc su. Céc bai todn
thuc té cling hay c6 dang nay, chdng han trang thai cua he dong hoc c6 digu
khién cé thé duoc mo ta bdi bao ham thic vi phan ma khong dira vé phuong
trinh vi phéan dugc.

2.1 Ditu kién chn téi wu

Muc nay danh cho viec md rong céc digu kien chn dang Fritz John va
Kuhn-Tucker nhan dugc & chuong trudc cho trudng hop rang buéc déng
thitc p(z, u) = 0 ra cho truong hop rang budc bao ham thite 0 € P{z,u}. Ta
xét bai toan (P) trude,

DINH LY 2.1.1 Gid s rdng (zg, ug) ld diém chdp nhan cda (P) vd

(ir) tit m6i T € X,pt € D, P(2q,u;0)F, P, ug) <6 ldt cdt dudi chinh
qui p(., ug) tai (zq,0) khd vi lien tuc sao cho pf = pi(zg, )T,

(iy) Vi moi u # ug va p € P(zg,u), P(,,u) cd ldt cdt dia phuong khd
vi lign tuc p(.,u) tat {zq,p);

(i3) F(., up) va G(.,up) & K-khd vi d&u tai (zg, up; fo) va M-khd v ddu
tai (zg, up; go), tuong dng, o day fo € Fzo, w), 9o € Gz, up) N~ M);

(431) tir mBru # uy, F(, u) (G, u), twong ¥ng) id K-sd.s.c. vdi F{z, u)
(M-sls.c vdiGlzg, u)) tat zo. Hon nia, F{ u) (G(,up)) ld —K-sls.c
vt fo (—M-s.l.s.c. vdi gg, tuong ng) tai xo,

(iv) te méi z trong lan can cia zq, (F, G, P){z,.) la K x M x {0}-gio'ng
151.

New (xq, ug; fo) 1 cuc ti€u dia phuong yéu cua (P), thi thn tai

(/\Q,}tg,vg) € K* x Mg X W*\{0,0,0}
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sao cho, vdi méi {x,u) € X x U,

(’\DJ DzF(xl): Up, fo)-'B + F(xﬁ) U) - fﬂ)
+{g, DGlxy, ug; go )z + Glzg, u) — g)
(v, Do P2y, ug; 0)z + Pzg,u)) C R*. (2.2)

Ching minh: Gia su
L =D, P(zg,uy;0)X, B=1L+ P(z,U),

thi B Ia o1 (vi Pz, U) 1a o1 do (iv)). SpanB la khong gian con cé déi
chizu hitu han. Néu spanB # W thl tdn tal vy € W+ \ {0} sao cho, ti mbi
(z,u)e X x U,

{va, DoP(zg, ug; 0)a + Plzy, uj) =0

va (2.2) la thdéa man vdi Ay = 0, ue = 0.

Bay gio gia sit ring SpanB = W va ki hieu IT 13 phép chidu chinh téc tir
W vao W/L. Do II(B} la i va Spanfl{B) = W]/L | ta c6 intll(B) # ¢.
Vi IiI-Y(lI(B)) = B, intB # 0. Néu 0 ¢ intB, 0 cé thé tach tu B bdi
vg € W\ {0}, tic 1& véi mdi (z,u) € X x U,

(vo, D P(zg, uy; 0)x + Pz, u)) > 0
va (2.2) Ia ddng vdi Ag = 0, pg = 0.

Bay gio xét trudong hop 0 € intB. Gor C latap moi {y, 2z, w) € Y x Z x W
sao cho Iz, u) € XxU, Aff € D F(zy, uy; fo)z, 9. € D, G(xy,ug; go)z, !, €
DIP(xU:uU;G)x: 3 f-’Pg E F(ID!U) ) aggg € G(wﬂlu) apgg € P(xU: U),

f.': +f;:jo - fﬂ -y € '-'?:RfK,
ge + g%, — g0 — 2 € —intM,
pr+pd, —w=0

Twong tu nhir trong chitng minh Dinh 1y 1.3.1, bdi tinh i cla dao ham
Clarke va gia thiét K x M x {0}-gidng [o1 trong (iv} ta thdy C' |4 mot tap
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151,
Do tinh kha vi dgu theo hudng cla F{. ug) va G, up) trong (11}, blng Iy
luan tuong tu nhu trong B8 de 1.3.5 khong kho kiém tra ring intC $# @. Néu
C{(—intK) x (—intMg*) x {0}} = @, (2.3)

thi bdi dinh ly tach ta ¢ (2.2). Bay gid ta ching minh (2.3). Gid s& ngugce
lai, ton tal (£, 1) € X x U, fL € D F(xy, wy; fo)Z, gi € D, G20, uo; 90)Z, p €
D, Pz, u; 02, f3, € Fzo, 4), 9§, € Glzy, i) va p}, € P(zo, it} sao cho

i+ fi—fo€—~int K, (2.4)
95 + 95, — go € —int M}, (2.5)
Py +pd = 0. (2.6}

V& 2 va pl, do (i), thn tai lat cit dudi chinh qui p{., up) tat (24, 0) s20 cho
pi = pi(zo, up)d.

T4 0 € intlI(B) vd SpanlI(B) = W/L I3 hitu han chidu , ton tai
21, o, 2y € TI{B) sao cho Span{zy,..,zp} = W/L vaz; + ...+ 2, = 0. Bo
dinh nghia cta B, tén tai z; € X, y; € U, pz) € P(zy, 1), =1,...,m, gao
cho

{pz;) = 2,
pe(zo, up)zy + Ty pro = 0,
Spar(LU{P(zg, ) :i=1,...,m})=W.
Do gla thiét (¢;) se ton tai cdc lat c&t dia phuong p(., v;) sao cho p(xg, u;) =
pz;.
Bé&i {2.5), ta ¢c6 & > 0 sa0 cho
g+ 98 —gy+8By; — M C —intMy, (2.10)
& day Bz 13 qua chu don vi md cila Z.
Do tinh M-kha vi deu cia G(., ug) trong (i1) ta cé lan can N cla 2 va
t] > 0 sac cho V2 € Nl,Vf € (6, tl),ng € G(.’L'D + tz, Ug),

é
9: € gottgs tit Bz - M (2.11)
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Chon ¢; sa0 cho & + ¢y € Ny, Lay tuy ¥ g% € Glzg,w), i =1, ..,m, v ¢
sao cho ey S (g2 — go) € %32. Dt € = min{e,, 65} va

Plz, ag, g, ..., )
- p(xs UU) + au(p(m, ﬁ) - p(l‘, u(l))
+€§aa‘(}’($; u;)) — ple, up)).

Ta cé
P(24,0, ..,0) = 0,

m
P’(ZL‘O, Dv ve U)(CL‘, qp, Oy, ~~:am) = pi"(mﬂr uﬂ)x + aﬂp(xﬂa ﬁ) +e Z Cfl'p(ﬂ')g, ui)r

gz ]
1]
P2y, 0,.,0}{Z +exy, 1., 1) = phlzy, us)(2 + €2y + plag, &) + ¢ 3 plzg, w)
i=1
= phizg, u)Z + plzg, 4) + elphlag, ug)zy + ¥ plag, w)) = 0.

1=
vay (5 +exy,1,..,1) € KerP!(zy,0,...,0). Hon nita, theo dinh Iy Lusternik,
se ¢6 anh xa t = F(t),t = ayt), ..., t 2 a,(t) cia [0, %] vho R sao cho
Z(t) = 0,04(¢) 2+ 0,1 =1, .., m, khi t = 0+ vd

P& + exy +2(1)), {1 + o{8), ., {1l + 0, {8))) = 0. (2.12)
Néu dgt 2(t) iz zg + 42 + exy + E(2)), thi (2.12) dugc viét lai 12
p(:z:(t), uﬂ) + t(i + aﬂ(t))(p(x(f]: ﬁ) - p($(f), uO))

+e 3 1+ o) (p(e(8), u) — plz(t), ug)) = 0.

=1
Theo tinh ntta lien tuc dud manh gid thidt & (344), véi =(8) va & sé cb
§§{t} € G(z(t},{i}, §:fr) € G(x(g}s&ﬁ}: f;‘(t) £ F{x(t):ﬁ) va :fz} & F(x(t);uﬁ)
sao cho, vdi moi t va ¢ du bé,

giy — 98, € By — M, (2.13)
~Jely + 90 € eBg — M, (2.14)
fiog—fh € By - K, (2.15)
iy +fo€ By - K. (2.16)
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Do tinh gidng Ibi & gia thidt (iv) lai c6 u(t) € U, f, € F(z(t), u(t)), va
g9: € G(z(¢), u(t)) sao cho
Soty + 1+ ao(t) (f3e) = faly)
+e Dy 11 + ou(8))(fogy — Soly) — fr € K, (2.17)
o(y + H{1 + ao(t) (95 — 92ty
+e T 1 + ol ) 950y — 92(n) — 9 €M, (2.18)
0 € P(z(t), ult)). (2.19)

Dén day ta sé di dén mau thufin véi (2, ug; fo) 1a cuc tiéu y&u néu ta co thé
chitng minh ring, tir méi £ 44 bé, g, € —M va f; — f4 € —intK.
Ta sé chitng minh véi g, con vé f; 1a tuong tu.
Xét cée s8 hang trong (2.18). Bdi {2.13),(2.14) vd tir o,(¢) 13 bé khi ¢ d0
bé, véii =0, ...,m vh € dl bé, ta co
H1 + ao(8)) {98 ~ 928n)
= (1 + o (8)) (93y — 98, = i) + 90) + {98, — g0) + toxo () (5, — 50)
C t{1 + ag{t))(2¢By — M) + t(g2, —~ go) + teB,
C t{gh, — go+ 4By — M).
Tuong tu, v i =1, ..., m,
t(1 + ai(£)) (9o — gatny) € t9mi — 9o + 5, Bz — M), (2.20)
K&t hop (2.11) vé1 z = & + ez, + Z(1) va (2.20) ta thdy vé trai cia bidu thac

(2.18) chita trong vé& tril cha bao ham thic

m
go + t{gs + 9%, — go + e 295 — 90)

i=1
d é é
+-4~Bz + EBZ + ZBZ - M) — g
C go+tgs+ 98— 9o+ 8By — M) — g
Bdi vay, tit mdi b} € By va m* € M, thi (2.18) ¢d thé viét lai la

do+ g +gd ~go+ b —m!) —g. €M (2.21)
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Dé kiém tra g, € —M vé1 nhitng ¢ > 0 du bé, ta gia st nguoe lai la 3¢, —
0, Jp, € M*, sl = 1, (v6i p, hot tu *yéu téi @ € M*), {up, g¢,) > 0.
Dé thay rang @ € M§. Thuc vay, néu @ ¢ Mg thi ton tai § > 0 sao cho
(i, go) < —B. Dong thai, (2.21) suy ra

{1, 96 ) < {btn, 90) + talttn, 9% + g8 — go -+ b5 — mia). (2.22)

Do dd, {pin, 9;.) < 0 v6i ¢, di bé. Day la mau thuén. Bay giy véi 5 € My
va bidu thite {2.10) ta cd, khi » di 16n,

tnlitn, 95 + 93, — go + by —mb) < 0.
Bdi vay, (2.22) suy ra véi n &0 Wn, (p,, 9., } < 0, 12 khong thé xay ra.

Ly lugn nhu trén vé g, 4p dung cho f; ta o
fo~fo€t{fi + fh ~ fo+b—k) - K

C —K —~intK = —int K.
Didu nay mau thuin véi gla thidt (zg, ug; fo) 12 cuc tiéu yéu cla bal toan va
dinh ly duge chitng minh. I
Ciing nhu & Chuong 1, dén day ta lai ¢ thé ap dung dinh tinh rang buoc

kidu Slater dé suy ra dieu kién chn t81 wu kiu Kuhn-Tucker nhu sau.

DINH LY 2.1.2 Néu them vdo cdc gid thiét cia Dink Iy 2.1.1 cdc gid
thiet Do P{zg, up; 0)X + P{zy, U) chifa lan can g6c toa d6 va ton tai (£,4) €
X x U, g; € D,G(zq, ug; 99)%, 05 € Do Plwo, ug;0)3, g8, € Glag, 1) va p, €
P(zy, &) sao cho

g5+ g3, — 90 € —int M§*,
Py +p4, =0,
thi, Ay # 0.
Chafng minh: Tuong ty chdng minh ceda Dinh Iy 132 O

NHAN XET 2.1.1. Pinb Iy 2.1.1 13 m& rong cia Dinh Iy 1.3.1 ra cho
trudmg hop bac ham thic O € P{x, u). Hon nita & d&y con c6 mét cai tién la



39

p(., up) chi chn la dudi chinh qui, nhe di nhi¢u so vor gia thiét ve chinh quy
&Dinh ly 1.31. Da bu lai, & (iv), dnh xa (F G, P)(z, ) chn gid thiét them 12
K x M x {0}-gidng & trong ca U, khong chi trong (U, {ug})). Tuy nhién su
han ché them nay cé thé dugc ndi ldng néu ta thay tinh nda lien tuc manh
& (1) b tinh nia lén tuc deu nhu sau.

DINH LY 2.1.3 Gid s ¢ (44), (35) wa (12) nhy trong Pirh ly 2.1.1. Gid
thiet them la

(1127} vdi mbs u F ug, F{,ul{G( u),irong ¥ng) &6 K -uilsc wdi
Flzg, u)(M-uls.c. odi Glzg,u)) tai zo. Hon nda, F(., uy) (G(. uy)) la
—K-uls.c vbify (—M-ulsc vdig,, tuong ¥ng) tai z;

(') (F, G, P){(zy,.) la K x M x {0}-gi¢'ng I6i. Hon nifa, (F, G, P)(.,.)
la K x M x {0}-gid'ng 15¢ yé'u trong (U, {up}) tat zg, manh d67 vdi P.

Khi dd ket lugn cda Pinh ly 2.1.1 védn ding.

Ching minh. Tuong tu ching minh Dinh Iy 2.1.1, véh mot val thay ddi
nho. O

Bay gi& viec chuyén két qua vira nhan duge cud bai todn (P) sang cho
(P) chi la thay déi mot s8 ky thuat cu thé tren con dudng da quen biét nhu
da néi & chuong trudc. Ching toi da kidm tra cy thé rdng ba Dinh ly 2.1.1,
2.1.2 va 2.1.3 van ddng cho bal todn (P) néu ta thay tinh giong lo1 va g1éng
b1 yéu gid thidt & (iv) va (iv’) bdi tinh gidng 11 manh 46t véi G (xem Dink
nghia 1.2.3).

Cudi cung, dé hoan thien nghién cu ve ditu kién chn té1 vu cho t61 uu
hod da tri cé tham s theo cdch tiép can da d4t ra, ta phal md rong cac Dinh
ly 1.3.4 va 1.3.8 ra truong hop bao ham thitc. Tic la phai thay gia thiét ve
gidng 151 bd gid thigt ve gidng 1ot x8p xi. Nhu da ndi & chuong trude, viec
nay 12 quan trong cho kha nang 4p dung, nhat 1a vao didu khidn t3i vu. Dé
ton them tinh "d8 xiing” bdn chét cuad da s8 cdc md hinh toan hoc, bay gid
ta lal trinh bay cu thé cho bai toan {P).

DINH NGHIA 2.1.1. Bai toan {P), hosc bo ba dnh xa da tri (F,G, P),
duoc gol la gidng 161 x8p xI tal (zg, ug) néu tbn tai 18t cit p(.,.} cud P(., )
sac cho véi moi u € U, B(.,u) la khd vi lien tuc tai xg va plzg, ug) = 0;



ddng thdi véi moi tap hirw han {uy,...,u} CU , vdi moi § > 0, tbn tai
e >0 1an can V cla zy, anh xa v : V x¢%% —3 Ue € K,qg € M sao
cho Yz,2' € V, Afe’ € F(z,y;), 97 € G(z,y;),7 = 0,1,...,8, Va,a' €
e’ Vg, € Glz,v(z,a)), 3f, € F(z,v(z,a)), VI € D, Plzy, uy;0)(z -
z'), ¥pz) € P(zq,u;), ta cé ba he thitc dbu cho v, F v4 G nhu & Dinh nghia
1.2.5, con hé thifc cho P thay bdi

lp(z, v(z, &) - Bla, v(z', o)) — 7' + Z(a — o)pn |
<6(le - ) + z o, — o). (2.25)

Bay gio gid sit (zg, ug) 1a diém chap nhan dugc cia (P) va f; € F(zg, ug), g0 €
G(.’L’g, Ug).

DINH LY 2.1.4 Gid si cd gia thiet (iy), (i) va (iti’) nhu trong Dinh Iy
2.1.3. Hon nda qid thiét la (iv”) (F,G, P) la gid'ng 161 zdp =i tai (xg, ug).
Khi dd két luan cia Dinh ly 2.1.8 van ding.

Ching minh. D4t

L = D, P(zy,uq;0)X, B =L+ convp(zy, U).
Néu spanB # W, 0 ¢ intB, thi ddng nhu trong ching minh cda Dinh ly
2.1.1 ta ¢ két luan cia dinh Iy

Trudng hop 0 € intB, xét tap C gom t8t ca (y,z,w) €Y X Z x W sao
chodr e X, 3 {uy, ...,unt CU, Iy >0, 3fi,q,0:) € (F,G, P)zq,u;), 1 =
1: sy T, af;: € DIF(xﬂy Ug, fﬂ)‘r: ag.,t € D.‘L‘G(‘rﬂ: U’D;gﬂ)rﬁ
39t € D, P(z0, up, 0)z,

fL+ 3™, %(fi — fo) —y € —intK, (2.26)
g+ 22 %ilgs — 90) — 2z € —intM, (2.27)
P+ IR vp —w=0. (2.28)

Tuong tuy nhu trong ching minh Dinh ly 1.3.4, C la tap 161 v&1 phbn trong
khéc réng. Néu C khéong giao véi {—intK} x {—intMg*} x {0} thi bdi dinh
Iy tach ta cd két luan clia dinh ly.

Bay gio, gia st hai tap ndi trén giao nhau thi ton tai =/ € X, ugq, ..., Ugp,
€ U: Yo1 > 0:"':70”10 > 0: (f;lﬂg_?:p_(}]) € (Fﬂ GJP)(IUJUUj) :j = 1: ey g, fI €
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DIF(xUJ Up; fﬂ)x! ) gi € DxG(“rUs u(};g[l)xf ? pf € sz(xg, Up, 0)$i; sao cho

f'*Z’YoJ( — fu) € ~intK,

Do Spanfl{B) = W/L la hitu han chidu, sé ¢b z;,..., 2 € [I{B) sao cho
Span{zy,...,zxy = W/L vd z; + ...+ 2z = 0. Tu dinh nghia cia Btacdz; €
X: T > 0: o Vimy > 0: YR > 0: vy Yhmy > 0: U1l o5 Yy o0 Yk, oo Yk, €
U, pb, € DyP(xg,ug;0)zy, va Py € Plag,u,), ¢ =1,k vai=1,mg
sao cho

H(E:?-lfl 7qipqi) == Ze 0= 1., k,
Py + Ty T2 il = 0, (2.29)
Span(LU{pu =1, ki=1 .. m}) =W (2.30)

Tuong tut nhu trong ching minh Dink Iy 1.3.4, bdi B4 d& 1.3.3, (2.26),(2.27)
vh (2.28) chi ra réng v4i moi { f’,gf) €Y x Z, véh moi & > 0 da bé, to
tai f € D,F(zg,uo; fo)(z' +02,), T € DzG(xe;ua;ga)(&" +0z;), va p'
p'+ 8pt, € D, P(xq, uy; 0)(2’ + 8x,), sac cho

P4 Sl - 1)+ S owlfl - f) € —imK, (231
g+ Z Yo; (95 — 90) + 2}1(2 0749l — 90)) € —intMg*, (2.32)
P+ Z '70_;393 + Z ZH'YQqus =0. (233)

g=11i=1

Dat ¥F = 2}"+9$1}§1 S oUgy, -

Uy = Umgtm +.+me — ukmk:al = Yo1y -- C_{on = Yomg) Tmg+1 = 611y, 0y =
9’}'};;73&, f} f}:fmg fmg>fmﬁ+i f}:“*:fs :ffjrcngé tﬁi}ﬁg t{.! Ch{} ?3"“1?8}
va Py, ..., P, Khi dé (2.31), (2.32), (2.33) cung vdi (2.29) va (2.30) dugc vigt

o Uy = Ugpse ;s Upng g3 = Ug1, -5
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lai la
7 +2ia(7; - fo) € —intK, (2.34)
g + L1 @;(7; — g90) € —intMg”, (2.35)
P +Tiaap; =0, (2.36)
Span(LU{p;  j=1,. . s} =W (2.37)

Tu gia thiét (iv"), sé cé @y, ..., d, va § > 0 di bé dé nhan dugc (2.25) va
cac he thitc ving vé1 F va @ trong Dinh nghia 1.2.5 (vé %, ..., 1, thay cho
Uy, ..‘,%3}.

Bdi gid thigt (i,), v T va B, 8é 6 14t ¢t dia phuong p(., we) véi plzg, ug) =
0 va B = pt(zg, 1g)T. Ta dinh nghia anh xa P va anh xa tuyén tinh gid n
A cia lan can {2y,0) € X x R* vao W nhu sau

&

P(x,a) = plz, vz, at)) + El a;p;,

]
Alz, o) = ph(z, ug)z + Y @75,
i=1
& day of = maz{a;,0};0f == a;~af , ot = (af,..,a7). Bdi (2.25), vdi

mdi (z, @) v (&, ') trong V x eX? ta ¢
WPlz, ) = Pl{z!, a'} ~ Alz, o) + Alz’, & }]}
= ||p(z, v(z, et)) - Pz, v{a!, o t)) — ph{ze, up)(z — ')
- Yerf )l < Sl =11+ gla;-ail)- (2.38)
Do (2.37), A(X x R*) = W, Ky hieu A : (X x R*)/KerA = W 14 4nh xa
m6t mot tng véi A. Néu § chon bé sao cho 8||A7"|| < 1/2, thi béi dinh 1y

Lusternik, ton tai I > 0,k > 0 va dnh xa ¢ = {2(f), a(#)) cla [0, ] vio X x Re
sao cho, véi méi ¢ € [0, 1),

Plzg ¥ 17 + 2(8), t7 + alt)) =0,

0+ 3 e8] < lIPLeo + 7, @0
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- f:"?{xﬁ + 1E, f&) - ?(xg, 9) - A(i'f-'[l + {%, tﬁ) - A{xﬂ: 9)"
< ths(llzl + 3 ). (2.39)

Bdi vay, z(t) v u(t) hoi tu tdi 0 khi ¢ tién tdi 0. Néu & dd bé sao cho
kS(Izl 4+ =4 T;) < min{@,, .y Ty}, b1 {2.39) suy ra Jlz{t)ll+ = leri(2)] <
tmin{@;, ..., &%, }. Vay t&; + a;(t) > 0 véi moi j va t > 0 di bé. Hon nita,

Pz, ta + aft)) = B(z, v{z, ta + alt))) € Pz, vz, ta + oft))).

Dat
T(t) = o + tT + z(t) , u(t) = v(E(t), ta + a(t)),

ta co

0 = p(=(t), u(8)) € P(=(t),5(t)).

Bay gid nhu trong ching minh Dinh 1y 1.3.4, ta thu dugc, vdi mot ¢ du bé,
G(z(t), u(t)) C ~M va ton tai f, € F(z(t), w(t)) sao cho f, — fo € —intK.
Ditu nay mau thuin véi (zg, wy; fo) 18 cuc tidu y&u va ching minh két thic.
(]

Ciing tuong tu nhu § Chuong 1, d& kidm tra dugc la Dinh 1y 2.1.4 van ding
cho bai toan (P), tham chi cd thé ndi Idng & (iv”) tit ¥ Vg, € G(z, v(z,a)} "
thanh 7 g, € G(z, v(z,a))".

2.2 Céc thi duy

Vi dang cdc dinh ly trong chuong nay phic tap, dé thuyét phuc doc gia
ring thuc ra céc gid thié 13 nhe va khong khé kidm tra ta hay xét hai thi
du minh hoa viéc dp dung hai dinh Iy chinh.

THI DU 2.2.1 (Minh hoa Binh Iy 2.1.1). Gidsdt X =W = C[}]’ﬁ, Y =
Z=U=RviaK=M=R, Giaal f: X = Riakha vilién tuc trong lan
can cla z, thda 2¢ # const va z(0) = 0. Xét bai todn tdi uu vé bao ham
thic vi phén sau

min(f§ f(z(t))dt + u?), (2.40)
llz — zoli2(full0, 1] - 1) C —Ry, (2.41)
7 € {fatadoso—ades . g ¢ B} z(0) = 0. (2.42)

azxs+1



RO rang ring néu tha tal lan can V clia oy sao cho f{z) 2 f(zy) vl ma
z € V, thi {zg,uy) := (24,0} 15 cuc tidu dia phuong ciha Bai toan (2.40)-
(2.42). D& dua bai todn niy v& bai todn & dang (P) ta thdy ring (242) la
tuong duong v

0 € {azay + & — Ty — 2azgxy + adoz : a € R}, 2(0) =0,

hosc, tuong duong,

d
0 € {§[(x —zgilazg +1)}: e € R}, 2{0} =0
Vay (2.42) tuong duong vdi
0 € {{z ~ zo){azy + 1) : a € R},

¢é dang 0 € P(z,u) (nhung P la khong phy thuse u).

Liy fo = I} f(z(£))}dt vi go = O chiing ta kiémm tra rdng 185 ca cdc gia thiet
cua Dinh [¢ 2.1.1 cho <& hai bii todn (P} va () la théa man.

Vi F Is don tri, céc gia thidt (if) va (i67) d6i vdi F I v6 rhng con d6i véi
G ta da kidm tra & Thi du 1.3.1. Bay gi% téi kiém tra (i)). Glasdt 7€ X va
pL € D, P(zo, 0,007 Khi dé 14t cht

r— néu T =0,

P(J;;uﬂ) = { &;;{IHQ:D) ndy *f?(:gi

1% thoa gia thiét {¢,). Bay gib kidm tra {3;), dé th8y ring Plz,, u) = {0} v&r
moi ¥ € U. Vay 14t it Pz, u) = z — 2y 13 théa min (i), Cudi cling t&
kiém tra (iv). Vz € C{{,J],V u €U, Vug € U, ¥y € [0,1], 18y u =0, f, =
R F(e(0)dt v g, = —[js - 2]} ta c3

(1 -7 fla()dt + o) + (7 Fle(t)dt + uf) = [§ fz(t))dt
= (1~ 7)ui +yuj € Ry,
(1= 7illz = 2ol (us][0, 1] = 1) + vllz ~ zolf2{Juel0, 1] — 1) + {2 — zff?
= (1~ y)liz — zlf*lus {0, 1] + Iz — 25l12ul{0, 1] C Ry,
(1 —y)P(z,uy) + yP(z,uy) = Plz, u).
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Vay, (iv) 1a ding.

THI DU 2.2.2 (Minh hoa Dinh Iy 214). Giast X =Y =Z = W =
U=KvaK=M=R,GidstF . X~Y v: XY w:U=-Y v
P U~ W la cac anh xa da trl. Gid st 2y € X va ug € U. Bai todn duoc
xét nhu sau

min[(z — 29)2F(u) + v(z) + w(u)),
(z — 20)?(|w ][0, 1] + uy) C - Ry,

Gia st cac gia thiét sau la théas man.

(a) F(u) la gidi ndi vdi moi u € U. F(.) cé 14t cdt f(.) sao cho sup{|f(u)] :
u € N(ug)} := A la hitu han, & day N(ug) 13 lan can cla u,.

{b) v{.) 1& khd vi ta1 zp vd w{.) 14 ham tuydn tinh.

(¢) 1 € P(u) véi moi u € U v P(ug) = {1}.
Bay gio ta kiém tra cdc gid thiét clia Dinh 1y 2.14, véi f = v(zy) +
'Zi}('&g)} Fa = 0.
Tinh toan cac dao ham Clarke ta duge

D P(zy, ug; O)fm {z}, (2.43)

DzF(xUs Uy, fl])f = {v’(xg)f}.

vol moi T € R. Do (2.43), (7;) la dé kidm tra vdi 14t cdt p(., uy) = 2 — x,.
Cac gia thiét (i) va (i’) d&i vt G dugc kidm tra tuong tu nhy trong Thi
du 1.3.1. Xet gia thiét (i) d6i véi F. Gid st 7€ Rva e > 0. Ta chira 13,
v4i mdi v > 0 dd bé va mdi r ghn 7,

1
;(F(xu + 72, ug) = fo) — v'{xg)T C (—¢,¢) ~ Ry

Digu nay la ding bon (a) va (b), vi v& trai bidu thic trén viét lai duoge la

)+ v(zg + yz) — v(ag)
¥

ya? Fuy — v'{zy)7.
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Bay gidr xét tinh nita lien tuc dudi deu clia F(., u) trong {'). Cho ¢ > 0, ta
6

Flz,u) ~ Flzg,u) = (z — 20)2F (u) + vz} — v(zo) C (¢, ¢)
véi £ khd ghn 2g, do Flu) & gidl nol vh o) 1& lign tue. Vay P u) o
R, -ulsc. véi Fzy,u) tail . Tuong tu, F({.,u) la —R,-ulsc vdi fy tal
R:ﬁ.

Bay gid kiém tra (iv’). Chon p(z,u) = z ~zy. Gld st uy,...,u, vad la da
cho. Dat M = maz{|u], i = 1,..,8}, @ = maz{A 1, maz{]f(w)], i =
0,..,8}}, € = min{é—ﬁ, fg, 1}, V = (25 — g, 24 + ¢}, vz, 0) = u +
Sigafu; ), e=1lvag=1Vdiz 2 eV ially fo' = (z~2,)2 fu;} +
viz) + wly) va g8 = (z — z4)?uy. Tiép tuc, tit mdi a,a’ € €T7 ta ldy
fo = (= 20)2 f(v(x, @) + v(z) + w(v{z, a)). Hon nita, trong thi du nay thi
P =z —a' va P = 0. He thitc ing vdi F trong Dinh nghia 1.2.5 dugc kigm
tra nhu sau

20+ Dhg o far = [0 = fo 4+ 0{je - 2ol + Ta @)
= (2~ 2g)*(flug) — flug + Tiar oty — 4g}))
+(z = 22 Dl ol fw) — flue)) + 8|z — zo + Ty o)
> —{z ~ 20)22Q — (2 — 26)2Q Tiay o; + 8|z — zo| + Ty i)
> Al — 2| = E500 0 + (| — 2| + Doy ) 2 0.

Tiép theo, hé thitc ung véi G duge kidm tra tuong tu nhu trong Thidu 1.3.1.
Cudi cung, (2.25) 1 ro rang vi lat cit p(z, u) = z — =,.
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2.3 Nhan xét cudi chuong

Pisu kign chn t&i uu kifn Fritz John cho bal todn t8i un da tr] ciing duge
xét trong [Corley 1981, 1988, 1989], [Luc-Malivert 1992}, [Sach-Craven 1991a,
1991b], [Sach-Yen-Craven 1994]. Gia thiét n&ng va cdt y&u trong cdc nghién
citu d6 13 ndn thd tu clha cde khong gian duge xéb d8u b phhn trong khidc
trdng. Viec loai bd gia thiét ndy da 13 nguyen nbhan chinh tao nén su phic
tap trong ching minh cua cdc dinh ly.

Trong chuong nay ching ta d& md rong két qua & Chuong 1 tu trudng
hop rang budc ddng thic trd thanh bao ham thic 0 € P{z,u). Tuy vay
ching ta vin chl han ché trong trudng hop énh xa da tri P ¢d cde [t cdt don
tr1 thich hop. Ching 61 nght rdng wigc loal bé han <h€ nay ¢6 1 lign quan
dén cdc md rong cud dinh 1y Lusternik ra trudng hop da tri, Chang han nhu
trong [Khanh 1986,1988,1889]. Day la mot hudng phat trién tiép cud luan
an.

Mot huéng nghien ciu tiép theo khéc la dp dung cdc két qua cua hai
Chirong 1 va 2 vho bal todn dige khidn 8 vu he déng, ke ca trudng hop hé
md ta béng bao ham thic vi phan,

Viee 4p dung két qud fwong dng cho trudmg hop rieng 14 bai todn 61 wy
don tri vo ditu khién d5 dugc thye hign thanh cong trong [loffe-Tihomirov
1979], [Khanh-Nuong 1988,1989] [Nuong 1989], [Khanh 1995,,1995,]. Vi vay
sghien citu &p dang cho truong hop da trl 1a kha thi, tuy tinh phic tap v&
k¥ thuat 1a cao.
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Chuoang 3

SU TON TAI NGHIEM CUA BAT PANG THU C BIEN PHAN
VA GiA BAT DPANG THU C BIEN PHAN

3.1 Bat ddng thitc bién phan va md rong

3.1.1 B4t ddng thhtc bién phan

Bat ding thitc bién phan dugc d4t ra va nghien citu dau tien bdi [Hartman-
Stampacchia 1966]. Sut quan tam nghién ctu b&t déng thdc bién phan phét
trién cuc ky nhanh chéng, do ¥ nghia 1én v thm quan trong cua bai toan
nay trong nhidu linh vuc nhu £8i uu hda, phuong trinh dao ham rieng, todn
kinh té, didu khién hoc....

Nhéc lai bai todn bat ddng thitc bién phan cd dién trong khong glan
Fuclide R7 {d4 ndi & Muc 0.2) 1a cho E C Rr 1a tap o dong, khac tréng va
t: Rt = Br tim z, € F sao cho

(t(xﬂ)rx - xﬂ) > 0, Vre k. (31)

Mot tdng quan kha dhy di va sau sic ve ca ly thuyét, thuat todn va dp
dung cho bai todn hitu han chidu nay | [Harker-Pang 1990}

M& rong ra trudng hop khang gian Banach vo han chidu X cua bat déng
thic bién phan la thay Re bdi X vt - R* — R bdit 1 X — X* véi
H{z) = Vf{z) thi (3.1) chinh I ditu kien chn dé z, & nghiem bai todn t&
uu v hudng trong khong gian Banach

min f(z). (3.2)

RS rang la dé bat ddng thitc bién phan tuong ung digu kién chn £61 wu cho
bii todn tdi vu vecto {bic la t&i uu da muc tigu) ta phdi xét ¢ X = L(X,Y)
&day Y 13 mot khong gian Banach dugc sép bdi nén 151 déng K <6 intK # 8,
L(X)Y) Ia khong gian cdc todn tit tuyén tinh lien tuc tit X vao Y. Liic nay
bai todn bat ddng thidc bién phan vecto la tim 2y € & sao cho



49

3 day {¢,z) 1 ky higu gid tri cud todn £ tuyén tinh { tal o
Néu t{z) = Vf{z} € L{X,Y) 13 dao ham Fréchet cud f: X — ¥ thi (3.3]

13 didu kidn cin 48 24 b cuc tidu yéu cud bai todn t3i uu vecto cing <é dang
(3.2). Tuong tu, néu thay (3.3) bdi

(t(xa), 2 — mq) € Y\(-K\K) (3.4)

thi bat d&ng thic bién phan (3.4) chinh 13 ditu kien chn dé z4 12 cuc tidu
(Pareto) cua bai todn t3i wu vecta. Cho dén nay bat ddng thic bién phéan
vecto (3.4) ghn nhit chua dugc xéb té, mdi chi ¢6 (3.3) duge xét.

Chd ¢ them r¥ng trong t3i wu héa da muc tiéu con cé khai niém quan
trong nita la cuc t1idu thuc su. C6 rdt nhigu dinh nghia khac nhau (nhung
tuong duong véi nhau néu xét bai todn trén tap 1o déng trong khong gian
hitu han chitu) v& cuc tidu thuc sy, xem ching han [Sawaragi-Nakayama-
Tanino 1984] | [Khanh 1992]. Da xust hién bhi bao dhu tien nghien ciu bat
ding thic bién phan vectd tugng Ung vdi cde dinh nghta nghiem thuc su d6
13 [Liu-Gong 2000].

Gan day bat ding thitc bign phan véi todn tir da tr da bit dan duoc
quan tam nhidu. Y nghif thuc té cud cdc bdi ding thic bign phan da tn la
rét 16 rang. Chi xét ngay bai todn t&i uu vo hudng trong £ C R* (3.2), néu
f: R* = R Ibi nhung khong kha vi ma chi ¢é dudi vi phén 8 f thi dien kign
chn (vh 40) 42 z; 15 nghiem (3.2) 1a véi moi z € E, ton tai a* € §f(zy) sao
cho

(x*,il‘ - xﬂ) % 0.
Do d6 dan dén bdt ddng thitc bién phan véi toan tu datri T E ~+ L(X,Y)
véi X.Y 1& cdc khong gian Banach, ¥ duoc sép bdi nén 161 déng K van
intK # 9, va E C X 13 tap 161 ddng, khac tréng la:

(V) : Tim z; € F sao cho Vz € F, Aty € T(zq),

(ty,z —xg) € Y\ ~ intK. (3.5)
Dong thdi ta cling cé thé xét bai todn chit hon la
(SVI) : Tim z4 € E sao cho Yz € E, Vi € T{zy),

(t, 2 — x5) € Y\ — intK. (3.6)
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{{SVI]) la viét 14t cla Strongly Varnational Inequality). Ta cung co thé xét
hai bai toan nhu vay tuong dng vé cuc tiéu Pareto, tic ia thay Y\ — intK
béi ¥{—K\K).

3.1.2 Gia bat dang ilnfc bién phan

[Bensonssan-Lions 1979] d3 dua ra bal todn gid bat ddng thdc bién phan
(quast vanational inequality problem) vl dng dung trong bai todn didu khién
xung (impulse control problem). Tl d4 bai toan nay da duoc nghién citu trén
nhitu khia canh va md rong, ching han trong [Chan-Pang 1982], [Shih-Tan
1985}, [Kim-Tan 1999], [Ding-Luo 1993]. Ngudi ta cling théy céc bai todn
nay dugc ing dung kha nhigy trong Iy thuyét trd choi, todn kinh té va quy
hoach toan hoc. O Chuong 3 va 4 ching toi x8t bai todn tdng qudt nay.

Gia st X va Y la cdc khong gian Banach, A C X 1a tap o1, khac trong
va compact, K : A ~+ ¥ 13 anh xa da trl ¢6 4nb & ndn, 163, ddng, # Y vacd
phin trong khdc tréng. Gid st T: A~ L(X,Y). Gidst E: A~ X i énk
sadati vl Fi={zx e A,z €cdBE(z)} #£8, vag: A~ Aladanh xa (don
tri} lien fuc. Hai bai todn gid bat ding thic bién phan chdng toi xét duoe
phat bigu abu sau

{QVD) : Tim a5 € A sao cho 2y € ANclE (7)), ¥z € E{zy); Fy € Tlxy),
(to, z — 9(z0)) € Y\ ~ intK(zy),

(SQVI) : Tim z4 € A sao cho zg € ANclE(xq), V2 € E(zy); Vi € T(zg),
(t,x — glze)) € ¥\ —intK(zg).

Trong [Kim-Tan 1999] xét trutmg hop rieng cud (QVI) var T = ¢ 1a 4nh
xa don tri v ding thuat nglt gid b8t ddng thitc bién phén suy rong vi bai
toan da tdng quat hon cdc nghien eitu trude dé. Ching toi ba tit “suy rong”
cho gon,

Trong ba tuyén tap cdc bai bdc dung tén chung ngoai bia bdi editors
[Glannessi-Mauger: 1995], [Pillo-Giannesst 1996] vb [Giannessi 2000] xust
hign <5 loat ban v gid bat ding thic bidn phan va bat ding thite gidng bidn
phan (variational-like ineguality), chld yéu nghién cifu v& su thn tal nghigm.
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Ngoai ra céc vdn d2 nhu 4p dung cho céc bai todn ditu khién tuyén tinh
[Cubiotti 1995], bai toan can bing giao thong [Luca 1995}, [Maugeri 1995],
chc dinh 1y téch vi ham 15 hdng (gap functions) [Giannessi 1995],...cling dugc
d® cap dén. Tuy nhign ching téi chua th&y bai todn (SQVI) duge xét dén.

3.2 Sit tdn tai nghiém cna b4t ddng thitc bién phan

Su tbn tai nghiém | vén d% trung tam va duoc xét dén dhu tién trong ly
thuyét bgt ding thiic bién phan nén cdc két qua cho dén nay da kha phong
phi.

[Yao 1994] chitng minh su tbn tai nghiem cud bt ddng thic bin phén
(3.1) trong khang gian Banach, truong hop ¢ la todn & don tn tua don
dieu {psendomonoctone) va lign tuc trén cdc khong gian con hitu han chieu.
[Crouzeix 1997] chimng minh cho trudng hop t Ia toan tir da trn tua don digu
vh nira lien tuc trén. CA hai tée gid d2u nghién cttu bat ding thite bign phan
khi tap nghiém cua né tring vdi tap nghiém cud bét ding thitc bién phan
Minty. Day ciing 13 mot 1§ do chinh d& gid thiét ve tinh don digu nao dd la
8t yéu. Bii todn bdt ding thitc bién phan Minty, chiag han tuong dng v&i
(VI), 1a

(VIy) : tim x4 € E sao cho Vz € E; Yt € T(z),
{(t,z—z4) €Y\ —ntK.

Trong [Had)isavvas-Schaible 1996] d4 thu duge su tdn tal nghiém cho bat
ding tintc bién phan véi todn tir gid don digu (quasimonotone}. [Konnov
1998] d4 chi ra ring két qua tuong tng nhu vay cho (V /) la khong ding,
titc la gid thiét T 13 g1a don dieu khong ddm bdo (VIy) c6 nghiém. Hon
nita Konnov d& chitng minh dugc su tbn fai nghiem cud (VIy) khi T la
gid don dieu chat (strictly quasimonotone), mot khdi nigm duoc dinh nghia
trong [Hadjisavvas-Schaible 1993] cho todn tit don tri va trong Konnov cho
todn tl da tri. [Daniilidis-Hadjisavvas 1999] chiing t ring c6 thé giam nhe
mot chiit gia thidt v gid don digu chit thinh gid don diéw thyc sy (properly
quasimonotone), khai niem dugc dua ra trong [Daniilidis-Hadjisavvas 1997].

[John 1999] ching minh ring gid thiét vé gia don dieu thuc su la khong
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gtam nhe duogc nita, cu the la (V1) ¢ nghiém trong moi F 1bi, compact khi
va chi khi 7 la ga don dign thuc su.

[Peng 1997] chitng minh sy tdn tal nghiém cla b&t déng thic bién phan I
diém ding cud mot ham merit (merit function) do tdc gia dua ra dé chuyén
bai toan bt ddng thitc bién phén v& bai toan citc tidu ham merit.

[Lin-Yang- Yao 1997] nghign ciu su t6n tai nghiém khi giam nhe ga
thiét tua don dieu khong theo hudng gid don diéu ma theo hudng khéc, khi
dliing dinh nghia K-tua don digu m& rong (generalized K-pseudomonotone).
Khai nidm nhy dugc goi 1a tua don dién yéu {weakly pseudomonotone) trong
[Hadjisavvas-Schaible 1998].

[Zhao-Han-Qi 1999] nghign ciu b&t ddng thdc bién phan don tri (3.1)
trong R* khi E dugc cho bdi cdc bét ddng thic i va didng thitc affine va
ching minh réng (3.1) c¢é nghieém khi va chi khi E khéng ¢d ho d¥c biet, mot
khai niém duogc [Isac-Bulavski-Kalashrikov 1997] dua ra v dugc mo rong &
day.

[Fu 1997] dua ra khél niem cdp anh xa don dicu va ding gia thigt ve cip
nhu vay dé ching minh sy tbn tat nghiem cud c4p bgt ding thic bign phan.

[Hadjisavvas-Schaible 1998] nghién citu su ton tal nghiém cho bai toan cén
bing tdng quat va suy ra syt tbn tal nghiém cho bat ddng thic bién phan véi
toan tir gid don diéu yéu {weakly quasimonotone), mot tinh chat gidm nhe
tu gid don digu tuong tu nhu tya don digu y&u nhan duge tu tua don dien
nol trén.

Trong t&t ca nghien clitu néi trén, cdc gia thiét don dieu la 8t yéu, cd the
giam nhe & mic do nhat dinh nhung khong bé duge. Digu nay cling dé hiéu
vi tinh don digu (hoic don dieu gidm nhe nao dé) la rét quan trong, ca v ky
thuat todn hoc ciing nhu dé dam bdo cd dugc két ludn cuad vén de. Chi viec
chi y rdng, chdng han xét trudong hop ham vo hudng f : X = R cho don
gian, thi f 14 161 (tua 101, gia Ioi,..., tuong ung) khi va chi khi £ = V f ]a don
dieu {tua don disu, gid don digy,..., tuong dng). Da biét tinh 151 (ho#c gidam
nhe) 14 quan trong nhudng nao cho bai toan t&i wu (3.2), nén cling dé thay
tinh don digu {hoic gidm nhe} 13 quan trong cho bt ddng thdc bién phan



53

(3.1), bidu thi didu kien t6i vu cho (3.2).

Nghién citu sy tdn tai nghiem bét ddng thic bién phan véi todn tit khong
don dieu con r&t {t. [Guo-Yac 1994] xét bai todn nay trong khong glan
Banach phin xa vh gid thiét todn t ¢ lien tyc trong cdc khong gian con hiru
han chitu v thudce 16p (S),, mot tinh chdt d4m bao su hdi tu manh cua day
hoi tu yéu, duoc dinh nghia trong [Browder 1970]. Nhir gid thiét nay tac gia
dua bal todn vE xét trong khong gian hitu han chigu, khi dé nghiem ton tai
chi chn todn ti 1a lién tuc, khéng chn don diéu.

3.3 Sit tdn tai nghiém cud bédt ddng thite bién phan suy rong

Ghn day da xudt hien nhigu nghien citu ve sy tdn tai mghiém cud cic bat
ding thic bién phan suy rong, thudng goi 14 gid bt ddag thitc bién phan
(quasi variational inequality) v bat ddng thitc gidng bién phan (variational-
like inequality) v4i cdc dinh nghia khd da dang, khong hoan toan trung nhau,
va thuat ngit ciing bién dong déi chit, chdng han ca loat bai cua Ansari, Yao,
Chang, Thompson, Yuan, Chen, Goh, Yang, Ding, Fu, Tarafdar, Giannessi,
Mastroeni, Pellegrini,... trong [Giannessi 2000}, cua Giannessi trong [Pillo-
Giannessi 1996), [Ding 1997], [Kim-Tan 1999}, {Chadh-Riahi 2000]...

Da sd cac bii tren d8u diing dén céc khéi niem don diéu nao dé da nhéc dén
tren day. Ngoai ra con mot sd khdi nidm mdi nhu C-don digu (C-monotone),
n-tua don didu {n-quasimonotone),C;-tua don digu (C,-quasimonotone}....
Mbat 53 dinh 1y thn tai cho bdt ding thitc gidng bién phan vdi fodn tir khong
don digu duoc chitng minh trong [Ding-Tarafdar 2000].

3.4 Sy ton tal nghiem cud bat ding thic bién phan
(VI) va (SVI)

Trong muc ndy ching téi nghien citu sy tbn tai nghiem cia bit ddng thic
bién phan trong khang gian Banach, téng quét hon (VI) va (SVI} dinh nghia
3 3.1.1 vh d& don glan cdch goi ta cling goi ching la (V1) va (SVI), tuong dng.
Cu thé, bai toan 1 Cho X v Y 1A céc khong gian Banach; B C X la tap
151, khac tréng, compact yéu; K : E ~ Y la anh xa c6 anh [a ndn I ddng,



khdc Y va c6 phln trong khde tréng T - B~ LIX Viva f - Ex E Y.
Hai bal toan dat ra la:

(VI) : tim z4 € E sao cho Yz € E, Ity € T(zy),
(tﬁx I - xf}) + f(.‘E,.’ZZg) € V\ - ”?’tK(xQ))

(SVI) : tim xy € E sao cho Ve € E, Vt € T(zy),
(t,z — zo) + f(z,20) € Y\ — intK(z);

Néuw f =0 va K{z) = K, ¥z € E, thi hai bai todn nady chinh la (VD) wva
(SVI} dinh nghia & Muc 3.1.1.

Trudc hét ta hay nhéc lai mot s8 dinh nghia co ban cua gat tich da tri.
Dinh nghia dhu tien 13 v2 tinh heén tuc

DINH NGHIA 3.4.1. Anh xa da tri F: E~ Y duoc goi la

(i) m¥a lién tuc trén (upper semicontinuous) viét tit la usc tai 2y € domF
néu véi moi tap md U D F(xg) ton tai tdp md N 3 x4 sao cho F(N) C U,
nira lién tuc trén trong A C domF néu F nira lién tuc trén tai mor z € A
(néu A = domF thi khong chn néi "trong A");

(1) déng (closed) néu graphF la déng trong X x Y,

(iti) nita lien tyc dudi (lower semicontinuous) viét t4t 1a Isc tai z; € domF
néu véi moi U méd U N Flxy) # @, tdn tai N md chita z; sao cho, vdh
moi z € N, UNF(z) # 0§, phat bidu tugng duong la Yy € F(zy), Vo, €
domF, z, =+ 149, Jy, € F(x,,), ¥ —* yo; nta lien tuc dudi trong A néu nira
lien tuc dudi tal moi z £ A,

(iv) lién tuc tal 2o néu nd vita usc tai ay via lsc tai zg;

(v) nita lién tuc trén theo tia (upper hemicontinuous), viét tit 1a uhc, tai
zg néu vdi moi z € F, anh xa da tnn tz [0,1] vao Y,

arr Flaz + (1~ a)zg) (3.7)
la usc tar 0F;

(vi) nira lien tuc dudi theo tia (lower hemicontinuous), vidt tét la lhe, tal



35

zp néu (3.7} 13 lsc tat 0+

(vii)) Néu K 13 nén trén Y thi f: X — Y got la K—1ot trén £ C X néu
V.‘rl,.rg € X, z\ € [0, 1],

Af(ze) + (1= N f(zg) = fAz +(1 = A)zy) € K.

Chd y rang tinh déng cud F rat ghn v tinh nita hén tuc trén cua F tren
domF. (Vi vay nhigu téc gia dung thust ngit usc cho tinh ddéng.) Mai quan
hé cu thé 13 (xem [Aubin-Frankowska 1990], hodc [Konnov 2001] Proposition
2.1.1).

MENH DE 34.1 Xét dnh xadatri F: E~ Y,
(1) Néu F la usc va cé gia tri déng thl F déng;

(ii) Ndu F ddng vh moi tap compact A C domF b anh F{A) compact
thi F usc.

DINH NGHIA 3.42. Cho énh xa f : E x E — Y thl 4nh xa da tn
T .E~ L(X,Y) dugc goi la

(i) f—don digu tren E néuVz, y€ E, Vs € T(z), Vi € T(y),
(t—s,y—z)+ f(y,z) € Y\ —intK;
(1) f-tua don dieu (pseudomonotone) trén K néu Vz, y € E,¥s €
T(z), Yt € Tly),
(s,y —z)+ fly,z) € Y\ —intK =
(t,y —z)+ fly,z) € Y\ — intK,

(1) Truong hop K : E ~ Y thi T dugc goi la f~tua don digu trén E
néuVz, ye K,

Hs € T{z),{(s,y—z)+ fly,z) EY\ — intK(z]}] =
[Vt € T(y), (t,y — =) + f(y, z) € Y\ ~ intK(z)];
(1i1) f—tua don digu yéu tren F néu Vz, y € E,
[HBeeTlz),{s,y—21+ fly,z) €Y\ — K] =
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[Ete T(y), (t,y — 2} + fly, z) € Y\ — intK];

(iii’) Trutmg hop K : E ~» Y thi T duge goi la f—twa don digu y&u tren
EnéuVz, ye E,

[As € T(z),(s,y — 2} + fly, 2} €Y\ —intK(z)} =

[B3t € T(y), (t,y — 2) + fly,2) € Y\ — intK(z)].
Trong ¢ac khai niém trén, néu f = 0 thi khong cin néi ” f-".

DINH NGHIA 34.3. Anhxa F: E~ L{X,Y) dugc goi 1 ntta lign tyc
dudi (trén, tuong ing) theo tia suy rong (generalized lower hemicontinuous),
viét t4t 13 glhe {guhc, tuong dng), tai 74 € £ néu véi moi = € E, anh xa da
tri ti {0,1] vao Y

v =+ (Flyz + (1 —7)e), 2 — 7o)

nda lign tuc duéi (tren, fuong vng) tai 0+, F la glhc trén A C E néu glhe
tal moi z € A.

Ceng cu chinh ching t6i ding ¢4 ching minh sy ton tai nghigm i3 Binb
Iy KKM-Fan sau day, xem {Fan 1961}

DINH NGHIA 3.4.5. Gid sit E 13 tap con cua khong gian t6 p6 tuyén tinh
X. Anh xa da trj F: E ~ X duac goi 13 4nh xa KKM trén £ néu vdi moi
tap hit han {z,, ..., 2,} trong E, ta cd co{zy, ..., 2.} C UL, F(z;), ¢ day cod
1% ky higu bao Ibi cud t4p A.

DINH LY 3.4.1 (KKM-Fan). Gid sid E ld tdp con cud khong gian t6 p6
tuyén tinh Hausdorff X v F : E ~ X ld dnh za KKM cd dnh ddng. N&u
cé {t nhdt mot z € E d€ F(z) compact thi Neep F(z) # 9.

D&i vdi bai toan {VI) ching ta ching minh dinh ly sau ve tbn tai nghiém,
khong chn gid thigt don dieu.

DINH LY 3.4.2. Gid s¢

(i) T : E ~ L(X,Y) ld nida lien tyc trén trong E vdi t6 p6 y&u va
L(X,Y) vdi t6 p6 chudn, cd dnh compact khdc tréng;

(ii)¥z,y € E, ¥z, 3 z, Jzg(iudi con), Ju € —K{z)+f(y, 2), Fly,z5) 2
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(1i))Ve € E, f(.,z) la K(z)-15ivd f(z,z) € K(z)N—-K{z);

(iv) Y\ — intK(.) la dong y€u (tic lad khi zét X va Y vd1 16 po yeu).

Khi &6 (VI) ¢6 nghiem.

Chifng minh: V&1 mbi y € F, ta xac dinh anh xadatn F: ¥~ E bd
Fly)={re E 3teT(z), (t,y—z)+ fly,z) € Y\ - intK(z)}.

Viy € Fy) nén F(y) #9. Néu T € Ny F(y) thi ro rang 7 la nghiém cua
(VI). Vi vay ta chi chn ching minh Nyep F(y) # 6.

Trudc hét ta kiém tra F' la anh xa KKM trén E. Gia sit phan ching la 6
y= S %20, T w=1 s €E, y §UL Fly) K dé y & F(y)
véi moi 1, titc la, véi mol ¢ va mo1 s € T(y),

(s, — y) + f(yi,y) € —intK(y).

DO dé n 7
0=(s,y—y)=(s, ;'Yiyi - ;'ny)

e

..
Il
—

{5, — ) + flye,v)] - }:Zlmf(y.-, y)

M

..
i
S

lls, 5~ v) + flun )]+ f(i?l s ¥)

- ;%f(y;, y) — fy,y) € —intK(y).

Suy ra K(y) = Y, mau thuin véi gid thiét cua bai todn bat ddng thic bién
phan. Vay F la anh xa KKM trén E.

Tiép theo ta chi ra ring F(y) la compact yéu vl moi y € E. Gia st
t, € F(y), 7, hol tu yéu téi 2y € E. Theo dinh nghia cua F(y), Yo, 3¢, €
T(z,),

(ta) ¥ — Zo) + (Y, Ta) € Y\ — intK(z,). (3.8)
Vi T la usc trén E, Ve, IN(z;) (1an can y&u cua zg) sao cho

T(N(zg)) C B(T(zp), ¢},
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& day B{T{zghe) = {t € L{X,¥) : 3t € Tlzg), fft — tl] < ¢} Doz,
hot tu ydu d8s 5, khong mat t3ng quit col z, € N{zg),¥o. Tu dé Ve, €
T(zq), 3tk € T(mp), it — Bl < €

Bdi timh compact cud T{zg}, sé ¢ Iudi con t% hot by 8 mot didm &y €
T(eg). Ta c6
llts = tolt < lltg — BBl + (18 = toll < € + |1t — &oll.

Cho ¢ = 0F ta duoc {lts — &l = 0. Vigg € L{X,Y), 4, ciing [a 4nh xa lién
tuc i X vio Y khi xét hat khong gian ndy vdi ta po véu. Do dd, {tg, y — 25)
hoi tu yéu 61 (ty, y — o). Mt khéc, do

(ts — to, v — zp)lly < Itp — tallx lly — =5llx

vi [y — z4llx g6 0ot (do x4 hoi tu yéu), ta b {t5 — 4,y — 25} = O (mank]
trong Y. Vi vay

{(ts.y—za) = (tg —to,y — 23} + (Lo, ¥ — 25}
hﬁi tﬁ yéﬁ téi Eig,y — E{}J,

T gig thidt (i) lud x5 b Iudi con ma ta van ky hieu la zg sao cho
fly,25) 3 u e ~K(zy) + f(y,2z0). Do (3.8) v& tinh déng yéu cud Y\ ~
intK (.}, ta cé

(to,y — xp) ¥ u € Y\ = intK ().

Vay

{ég)y_xﬂ) ”+“f(y:x0) = {fg,y"xg)"f‘“'tl"i‘“f(y,xg) —u € Y%—an}{(dfg)

Vi the zo € Fy), tdc la F(y) i tap con déng yéu cud tap compact yéu £
Vay F(y) compact yéu vdi moi y € E. Theo Dinh Iy 3.1.1 cud KKM-Fan,
Nees F(y) £ 8, téc 5 (VI} ¢ nghigm. U

Dinh Iy 3.4.2 1a két qua méi. Trong trudng hop f = 0 thi dinh Iy nay cai
tién Dinh Iy 3.1 [& dinh Iy chinh trong [Lin-Yang-Yao 1997]. Ban than Dinh
I¥ 3.1 12 m& rong vk suy ra dugc cde két qua trong [Yao 1994a, 1994b], va
[Cottle-Yao 1992]. (3 Pinh ¥ 3.1 nhy 7 phai tiza don dicu y&u. Dinh 1y 3.4.2
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khong chn gid thiét ndo ve don dien. Cung chi ¥ rdng néu f Len tuc yéu
theo bifn thd hai thi § thoa gia thiét (i) cud Dinh iy 34.2.

DINH LY 343 Gid s# {3}, (i1} va (iv) nhu trong Dink I§ 3.4.2 vé gid
thiet (i) thay bds

('} T id niba lien iuc trén theo g suy rong trong E, ia f- tua don
dieu yé'u trong E, ¢ dnh compact khdc trdng.

Khi d6 (VI) o6 nghiem.
Chifng minh: V61 mbi y € E ta dit Fly) nhu irén va
Fi(y) ={z € E:3teT(y), (t,y~s)+ fy, &) €Y\ ~intK(z}}.

Do tinh tua don dieu yéu ta cé F(y) € Fi(y). Vi F 1a anh xa KKM nén F;
ciing 13 4nh xa KKM. Ta chitng t& Fy{y) I compact yéu vdi moi y. Gid sit
z, € Fi(y), z, hoi tu yéu té& zo € E. Theo dinh nghia cud Fy, vdi méi a sé
0 i, € T(i"}s

(o, — 2o} + fly, 24} €E Y\ — intH {2,

Tt gid thiét (i), lud z, o6 lwdi con ma van ky higu la z, sac cho

f(y; xa) Lﬂ? u € MK(IG) + f(yixﬂ}'

Tit tiah compact cud Ty} s€ ¢ ludi con 45 hoi Ly 18 mot didm £ nao 4
thuoe T{y). £ € L(X,Y) nén ciing lién tuc theo t6 po yéu cia X va Y. Vi
vay (f,y — 75} hot tu yéu tdi {f,y — &), Mat khac ta 6

lts — &9 — zpilly <l ~ Wl nlly — 25llx.
Do t5— T vh [y — |l x gi6i noi, nén
{tg,y—zp) =g —~t,y—2g) +{Ey — 2p)
hoi tu y&u téi (F,y — z4). T tinh ddéng yéu cud Y\ — intK (), suy ra
(f,y ~z4) +u € Y\ ~ intK{zq).
Vay

(to,y — zg) + fly, zo) = (Lo, 4y — @a) +u+ fly, 7o} — u € Y\ — intK(x,},



tic 1a 29 € Fi{y), va Fi{y) ddng yéu v do 46 compact yéu. Theo Dinh Iy
KKM-Fan, se cé

ze ) Fily)

yeE

Bay gi¢ ta ching ¢ # 14 nghiem (Vi). V& méi y € F, xét anh xa G :
[0,1] ~ Y xé&c dinh bdi

G(v) = (Tlyy+ (1 ~ )z}, y — 7).

Xét day «,, = 0t. Do dinh nghia Fi(y) sé ¢d ¢, € T(ypy + (1 ~¥,)Z) sao cho

9n = (im.zf_f) "*”f(ysf)

= ~1—[(t,,, Yoy + (1 = 1) =) + f(yny + (1 —%,)F, 7))

Yn

1
'i'f(&?; “3"») - ?_f('}'ny + (}* - Afn)gs f)

= —L[(tm'yny + {1 = 1)Z = Z) + flvay + (1 —7,)%, 7)]

Tn

1 f(3,7) + (L= 1) (2,3 — fomy + (L = 1), )]

fi

1”'7n

f(z,7) €Y\ — intK(z).

n

Do tinh nira lién tuc trén theo tia suy réng cud T, G la usc tai 0. Dat
9o = (tn,y —T) = o~ f(y, 7). Tacé, Yk =1,2, .., Iy,

o, € Glrm,) € BG(0), )

Khi 46 sé ¢ ¢8, € G(0) sao cho ||gn, — ¢3,]| < 1. Do G(0) compact sé cé day
con, vin ky hieu la g3, dé g8, — ¢° € G(0}). Vi

g — 8°1 < Hlgn, — gR.11 + 98 — &°l
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nén g, 2 g0 va g, — ¢°+ f(y, 7). iY\~intK(T) déngnen g%+ f(y,7) €
Y\ — intK(%), chitng to # & nghiem (V1) O

Chuyén sang bal todn (SVI) ching ta ching minh dinh ly sau day, phai
gia thiét tua don digu theo (i) ndi trén. Bai todn (SVI) nay chua dugce ai
nghién ciu, theo ching toi duge bidt.

DINH LY 3.4.4. Gid st (ii), (ii1) va (iv) nhy trong Dinh Iy 3.4.1 vd gid
thiet (1) thay boi

(i7) T la nia lién tuc dudi theo tia suy rong trén E, la f— tya don
dieu trén F.

Khe &0 (SVI) cd nghiem.

Ching minh: V& méi y € E ta xdc dinh hai dnh xa da try bdi
Fly):={z € B3t e T(x), (t,y )+ [y, 2) € Y\ — intK(z)},
Bly)={z€E: (T(y)y—2z)+ fly,z) CY\ ~intK(z)}.

Theo chdng minh Dinh 1y 34.2, F 13 anh xa KKM trén E. Do tinh tua
don digu F(y) ¢ Fy(y) vdi mot y nén F, cling la dnh xa KKM. T3 ching

minh Fy(y) la compact yéu vé& mot y. Gia st z, € Fy(y), z, hot tu yéu td
zo € E. Theo dinh nghia cud F;, véi moi ¢t € T(y) ta cd
(t,y = z4) + fly, 20) € Y\ ~ intK(z,).

Vi ¢t lign tuc khi xét X va Y véi t6 pd yéu nén (t,y — z,) hoi tu yéu té
(t,y — z4).

Tit gid thidt (it) lwedi 2, ¢6 ludi con ma van ky hieu 1a z, sao cho f(y, z4) =
u € —K{zg)+ fly,zg). Do Y\ — intK{.) déng yéu nén

(t,y — z0) + u € Y\ — intK (z,), Yt € T(y).
Vay
(to, y = xo) + fly, 20) = (to, y — o) + u+ fly, 20} — v € Y\ — intK (),
tic 1& zg € Foly), va Fyly) déng yéu va do dé compact y8u. Theo Pinh Iy
KKM-Fan, se cé
z € () Faly). (3.9}

yekE
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Cu&t cing, ta kiém tra rAng 7 13 nghiem (SVI). Véi méi y € F, ta xdc
dinh énh xa G : [0,1]~ Y bdi

G(y) = (Tlyy + (1 ~y)x), ¥y ~ 7).

Do tinh nita hign tyc dudi theo tia suy rong cud 7, G 14 lsc ta) Ot tic la
Vg € G(0), Vv, = 0%, g, € G(1n), gn — 9. Dait y, = 1oy + (1 — y,)% thi sé
cé t, € T(y,) d& g, = (t,,y — Z). Theo (3.9) véi moi n ta cé

(tn; Yn — T) + flyn, %) € Y\ — intK(Z).
Do dé

gn+ fly,T)
= (tn:y m&“) +f(y,ff)

zgﬂm%y+ﬂwﬁdf—@+fwﬁ)

n

= %[(z,,, Yo — T} + flyy, T)) ~ if{ym‘f} + fly.7)

= i~[(I§'mj Yo —T) + fyn, —'f)]

n

+$hama+a—%vmw

—fvay + (1 — )% )]— ) € Y\ — intK (7).

"

Vig, & g va Y\ — intK{Z) déng nen g + f(y,Z) € Y\ — intK{¥). Do 44,
voimol y € F,

(T(z),y - 7)+ fly, %) = GO} + fly,7) C Y\ ~ intK(z),
tic la 7 1a nghiem (SVI). O
Dinh Iy 3.4.4 12 mé vi bal toan (SVI) chua duge nghién citu,
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3.5 Sy tdn tai nghiem cud gid bt ddng thite bién phan

Trong muc nay ching ta xét hai bai todn gia b&t ddng thirc bign phéan
{QVT) va (3QVI) dinh nghia & Muc 3.1.2, nhung trong khong gian 16 pd
tuyén tinh Hausdorf, tic b X va Y 1a cdc khong gian nhu vay. Ching ta se
md réng cic két qua & Muc 3.4 da xét cho (VI) va (SVI) trong khong gian
Banach.

DINH LY 3.5.1 Gid s, d6i vdi bai todn (GVI),

(i) E(z) 165 va khde tro'ng vdi moi @ € A, E~Y{y) mo trong A vdi mo:
y € A v& dnk za clE{)} & usc;

(it) nés £, = 2, Yo = y, trong A vé ¢, € T(z,), s€ cd t € T(z) vd oo
cde ludi con 2, ty € Tlag), sao cho (ig,y5) = (L y);

(1) Y\ — intK(.) ld dnh za ddéng va ¥z € A, 3t € T(z),
(t,x — g(z)) €Y\ — intK(z).

Kht 6 (QVI) ¢6 nghiem.
Chiéng minh: Vi mol & € A ky higu
Plz):={y € A: (T(x),y ~ g(x)) C —intK(z)}.

Dat
F . ={z € A z€cE(z)}

F 13 tap déng. That vay, vi ofE() 1a usc va c6 dnb ddng nen clE(.} ¢6 db
thi déng. Do d6 Yz, € A,

clE{xy) = limsup E{z,).
P & 41

Do d8, néu z, € F, tie la z, € clB(z,), va x, — 2y thl 7 € clE{zg). Vay
s €F. Vaiz e A y& A, dat

_{ B(e)nP{z) néu 2€F,
) = { E(z)  néu z€ A\F,

Qly) := A\ (y),



ta se ching t6 @ 1a dnh xa KKM. Gia sif phan ching 8 7 = £ oy, o; >
0, “haoy =1, y, € Amd T € UL, Qy;), tic 13 T € $-1(y;) vl moi i. Do
déy, €®(7), i=1,..,n

Néez e Fthi 9(z) = A@EINP(E) Suyray; € P(E), i=1,..,n ticld
(T(F),y; — (7)) C —intK(Z}.
T d6 ta ¢é

n

), 2 ilyi — 9(z)))

i=i

e ,E:ZI {!,‘(T(‘f), ¥ 3‘}(?)) C "intK(quji

méu thudn vdi (). Vay chi con kha nang # € A\F. Khi d6 theo dinh nghia
cud F, ¢ E(Z). Vivay,véii=1, .., n,

y; € B(x) = E(z).
Do dé 7 = Ty oy, € E(7), 1a mau thuln, Vay @(.) 1 d4nh xa KKM.

(T(z), 7 - 9(z))) = (T(

&

Bay g0 ta chiing to, vdi mdi y € 4, Qy) 1a déng. Ta b

d-Uyy ={ze A yeda)}
={zeF:ye Elz)NPlz)}U{z € A\F :y € E(z)}
={reF e BN\ Pyt e e AANF 1z € BV )}
=[FOE NP HIUAFINE (y)]
=[(FNP ) VAF)]NE (y)
=[{(AAF)UPHyINE )
Do dé
Qly) = A[(AF)UPy]NE ()
= {AN(AFU Pyl UAE - {y)]
=FPNAPH ) UIAE )] (3.10)
Bay gi¢ ta kiém tra A\P-}(y} dong trong A véi moi y € A. Tu dinh nghia
cua P{z) suy ra

Pl y) ={r € A: (T(z),y ~ g(z)) C ~intK(z)}
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AP-Uy) = {z € A:HeT(z), (ty— g(z)) € Y\ — intK(2)}.
Gid st ¢6 Wi 7, € A\P-1(y), 2, — 25. Khi 46 ¢6 £, € T{z,) véi
(ta ¥ — g(2a)) € Y\ — intK(z,).
Do {ii) s c6 lu6i con 24 vh £ € T(£,) va 6 & € Ty} s20 cho
(ta,y — 9(zp)) — (to, y — g(z0)).
Do Y\ - intK(.) dong nén
(to,y — 9(x0)) € Y\ — intK(zy).

Vay 2o € A\P~!(y), chiing t& A\P~}(y) déng trong A. Theo (3.10), Q(y) 14
tap con ddéng cua tap A compact nén ciing compact. Theo Dinh ly 3.4.1 cua
KKM-Fan ton ta

e N (AP Hy)) = AU ¢7{y)),

yeA yc A
ticla & & Uyea @ {y). Do dd, #(2) =@ Ta phai xét hai kha nsng. Néu
# € A\F thi, theo dinh nghia @, $(%) = E(%) # §, [2 m4&u thuln. Con néu
e F,ticla g € clE(2), tacd
0 =#(z) = E(z)\P(2).
Suy ra Vy € E(2) thi y & P(2), tuc la
3 € T(z), ({y~g{d)) € Y\ ~ intK(2).

Ditn nay cé nghia ta £ [2 nghigm cua (QVI). O

Dinh Iy 35.1 15 m& rong Dinh Iy 1, dinh I co ban trong [Kim-Tan 1959]
ra trudng hop T 12 dnh xa da tri vé mot cai tign 13 & gid thiét (1) ching tor
chi chn tn tai ludi con zp d8 cd tinh chdt hoi tu d6. Dbng thoi cach ching
minh ciing khéc.

CHU Y 3.5.1. (i) Néu trong phét bidu cud (QVI) ta bd gia thiét A 14 tap
compact, thi Dinh Iy 3.5.1 vAn ding nhung phai them mot trong hai gia thigt
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5an

(a) Thu tat § € 4 san cho ALE1F) compact va tan el 8p con compact
khéc tréng B C A4 seo cho wdi mol z € A\B th (T(z},§— 2) ¢ —intK{z).

(b} Top F = {z € A : 2 € clE{z}} compack va bn tat ¥ £ 4 sa0 cho
A\E~3{7] compact.

That vay, trong trudng hop {2) theo {3.10) ta chi viec cining minh la
A% P-1(3) compact. Theo (a) thi AR € P~4{g) nén A\P-Hy} C B. Theo
ehitng minh dinh 1y th A\P-1(7) déng. Do 46 t4p nay compact va tir do
({#) compact vh ta vin dp dung dugc dinh 1§ cud KKM-Fan.

Troug trudng hop (b} thi vi AP} déng nén F (A\P1(7)} compact
va (3.10) cling cho thiy @Q{F) la compact,

(ii) Theo ching minh Pinh ¥ 3.4.2, néu X va Y lh cac khong gian Banach,
T 1d usc trong A vh 6 anh compact th gid thigt (1) cud Dinh 1y 3.5.1 thod.

(i3 thigt cuad Dink I¥ 5.5.1 tuong 461 d& kidm tra {xem Thidy 4.2.1}.

Bay git chuyén sang x& bii tosn (SQVI) véi hanché la ¥z £ 4, sz} ==,
trong kbong gian 16 pd Luy8s tinh Hausdordl.

DINH LY 35.2 Gid si, 481 vdi bdi tedn (SGVI),
iy} vdiméiy € A, E-Yy) md irong A vé olB{) 1¢ usc;
(i) ¥z € F, ¥y € Bz}, X € (0,1], Ay+ {1~ Az € B(z);
(i) T g glhc trén A vé tya don digw frin A;
(1ii) Y\ — intK{.) l& dnk za ddng,
Khi 46 {SQVE} ¢4 nghigm.
Chifng minh: i
Fo={2 €A 2 €dEz)},

vaviimeta & A4t

Pilej =y € A: T}y —2) C —inth{z}},
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Blzy={ye A:3t, € T{y), {t,,y—=z) € —intK{z})}.

Cling nhu chitag mink Dinh I§ 351, F 13 tap déng. Ta lat dit, véi 1 = 1,2
vavéimdiz € 4, y € A,

&,(z) = E(zynF(z) néu z € F,
BETT E(D) néu z € A\F,
Qily) = A\ (y).
Theo dinh nghia cua P; ta cd, védi mdi y € A,
AP y)={zeA:TteT(z), (t,y~z) €Y\ —intK(z)},
AP (y)={z€ A: (T(y),y—z) CY\ - intK(z)}.

Theo chitng minh Pinh 1y 3.5.1 ta ¢, vdi moiy € A vai=1,2,

Qi(y) = [F (AP () UIAE ()],
va (0 13 d4nh xa KKM. Do T Ia tua don digu trén A nép, vGimoi y € 4,

A\PTHy) C AVPT (),

va vi thé
Q1(y) C Quly)-
Do vay @, cing la 4nh xa KKM.

Tiép theo ta ching t& A\Py ' (y) ddng trong 4 véi moi y € A. Gid sit ¢§
wdi z, € AAP;1(y), 24 = 24 Tacd Va,¥t € T(y),
(ty —z,) € Y\ = intK(z,).
Vi Y\ — intK(.) déng nén
(t,y —zp) € Y\ — intK(xy).

Vay z, € A\P; '(y) va tap nay déng trong A . Theo bidu thic cud Qu(y) ta
th8y né déng vk do 46 & compact véi mol y € A, Tir dinh Iy KKM-Fan se
c6

€ ) Qly) = NIAS; (g)) = 4\ U 95 (v)

g A yc A pc A
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Vay 7 € Uyea 85 (y). Titc 13 #,(%) = 0. Lai xét hai kha nang. Néu 7 € A\F
tht, &,(z) = E(z) # 0, 12 mau thuin. Néu € F, tic la 7 € clE(z), thi

Suy ra, Yy € E(%), y & Py(T).
Véi mdi y € E(Z), ta xdc dinh anh xa Z : [0,1]~ Y bdi
Z(v) = (Tlyy +(1 = v)z),y — 7).

Do T 14 glhe tai Z, 4nh xa Z 14 lsc tai 0+, Tu dé ¥z € Z(0), ¥y, = 0%, 32, €
Z(%a), #n = 2. D8 F, = 1y + (1 — 7a)T. Do 2, € Z(), 88 ¢6 1, € T(T,)
véi mdi n sao cho z, = (t,,y — ). Vi Z, € E(Z) nén T, ¢ Po(Z), tuc la

(T(Z,), T, —T) C Y\ — intK(T).

Suy ra (t,, T, — 7) € Y\ — intK (7). Xét z,, ta thay

Zy = (g, ¥y — T)
1
= ;;—(fn,*rnyﬂl - Yn)T — T)
1
= —(t,, T, — 7) €Y\ — intK(Z).
“n

Do z, = 2 va Y\ — intK(.) déng neén z € Y\ — intK(Z). Vay Z(0) C
Y\ - intK(z), tic la

(T(x),y ~ ) C Y\ - intK(7),
véi moi y € E(7), cé nghia la 7 1a nghiem (SQVI). O

CHU Y 35.2. Tuong tu nhu & Chd ¥ 35.1, néu trong phét bidu cud bai
todn (SQVI) khong cd gia thiét A la tap compact thi Dinh 1y 3.5.2 van ding
véi mot trong hai digu kien bd sung:

(a) Ton tai § € A sao cho A\E~!(y) compact va ton tai tap con compact
khéc tréng B C A sao cho Vz € A\B, 3t € T(y), ({,§— z) € —intK(z).

(b) Tap F compact va tbn tai § € A sao cho A\E~!(7) compact.
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3.6 Ap dung cho bai todn gia bii

Bai toan bu (phi tuyén), tiéng Anh 1& (nonlinear) complementarity prob-
lem duge [Karamardian 1971] dua ra la nhusau. Xét XY K, ¢, E nhu & dinh
nghia bgt ding thitc bién phan vo hudng (3.1) trong khong gian Banach. Bai
toan dat ra la

(CP): Tim zy € & sao cho
Hze) € —E°, {Hzg), 25y =0,
& day EY 1a tap 431 cuc (polar set) cud F, tuc la
EV:={fe X*: (f,z) <1, Vz e E}.
(Chi ¥ ring néu E la nén thi E0 = —E* vdi E* 13 nén lien hop duong cua

[Karamardian 1971} d& ching minh rdng néu £ la ndn 161 dong thi tap
nghiem cud bai todn bu (CP) tring vdi tap nghiem cud bat ddng thic bién
phan (3.1).

Céc bai todn bst ddng thic bién phan tdng quat hon cing thuong dugc
nghién cu tuong \ing véi cdc bai todn bu tdng quat hon (CP). Bai toan gia
bl con it duoc xét dén. [Noor-Oettli 1994] va [Fu 2000] dinh nghia va nghién
adu céc bai todn ndy trong méi lién quan vdi céc gid bat ddng thirc bién phan
tuong Ung.

O day ching toi dinh nghia mot bai todn gid bl mdi cho trudng hop anh
xa da tri, tuong tng véi gid bt ddng thic bién phan (SQVI) va xét sy tdn
ta1 nghiém.

Giast X, Y, A K, E, g va T nhu & dinh nghia (SQVI) trong muc
3.1.2 cho trudng hop vo hudng, tic la Y = R véi dang ddc biet K(x) =
R+> g(x) =z

Gidst S A~ X lhdnhxadatn Baitodngabula _

(QCP): Tim 7 € A sao cho V3 € ANS(z), Vt € (-AY)NT(T),

(£, ) = 0.
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Néu S() v E() thoa he thic Bzl =z - ANS(z) + A, ¥z € Atk dp dung
Dinh 1§ 3.5.2 vE sy thn tal nghiem cua gid b&t ding thitc bidn phan (SQVI)
fa c6 két gud vE thn tal nghitm cud (QCP). Ching t2 chn dén bd de sau v&
sy tuong duong chia (V1) vh (OP), suy ngay tit [Karamardian 1971]

BO DE 36.1. Gid s¢ X la khong gian Hanach va A C X 14 ndn 15
dong. Khi ddT € A* va 7 € A thda 5 & A, (,%) = 0 khi vd chi kha
(fz—-33>0, Vz e A

DINH LY 3.6.2 Gid sé d61 udi bai todn (QOP) cde gid thigt (3) vé (1)
cud Dink If 3.5.2 thod. Ngodi ra, A l& ndn 161 ddng va mot trong hai didu
kien fal), (b) 6 chid § 3.5.2 thod. Khs d6 (QUP) c6 nghugm.

Ching minh: Theo Dinh 1y 3.5.2 vk Chdl # 3.5.2, bai todn (SQVI) cé
nghiem Z, tdc 14 7 € AN E(F) sao cho Vz & E(%), VI € T(z), {f,.z %) 2 0.
Viz € E(z) = %~ S(z)+ A nen ANS(F) # 0. Xét 5 € AnS(7) va
Te ANT(z) bat k¥ Ye € Athi T — 5+ § E(F) nén

fa-3)={L{T~¥4a)~T) 20

Thee B4 48 36.1, ta ¢d

Dinh Iy dugc ching munh. O
3.7 Ung dung vio bai todn can bang giao thong

Bai todn tim dong chin bing (theo nghia Wardrop) clia mang giac thong
litn quan d8n bhi todn tim nghiem ciia bét ding thic bién phan. [Luca 1995]
d4 xét ms hinh mang giao thong véi ham cudc phi da i

Trong muc niy ching tai phét tridn § tudng cia [Luca 1995] va m& rong
dinh nghia can bing Wardrop cho him da tri vh dng dung cdc két qia & Muc
3.9 dé ching minh zi tbn tai dong can bling cla mang giao thong vér ham
cudc phi da tr1,

Bhi todn mang glao thong & day duge xét nhu sau. Gla sit NV i thp cdc
ndt, L 1 tap chc cung vd W= (W, ., W;) 14 t8p cée cap Dhu-Cudi {O/D,
origin-destimation pairs). V& méi j ky higu P; [a tap céc dudng cia Wy (5
chita r; > 1 dudng). Glasdt m = rq + ...+ r; &ic 12 mang giao thong <6 m



71

dudng. Gia st F = (F, ..., F,) 1a vector dong trén dudng. Gila sit vector
cude phi T(F) = (Ty(F),...,T(F)) la ham da &1 T : BT ~ R7. Glast [
la tal nang cua duong R,, ¢ = 1,...,m. Vay vector dong dudng thoa rang
buéc

C<F,<TI,, s=1,...,m (311}

Ching té1 m& rong dinh nghia can bang Wardrop nhu sau.
DINH NGHIA 3.7.1.

(1) Dong H dugc gor 13 dong can bing yéu néu YW, VR, € P;, VR, €
P;, At € T(H),

ty<ty, = Hy=1I, hoac H =0

(1) Dong H dugc goi la can bang manh néu trong (i) thay thé "3t € T(H)"
bé&i "Vt e T(H)”.

Gidstnhucducha W, la p;, =1, .. théap; < Tr,ep, s Vector dong

trén duong gol la chdp nhan duoc néu nd thoa (3.11) va théa vector nhu chu

Z l‘ws - pJI ] = ]., ;l
R, 6P,

bt F la tap vector dong trén dudng chdp nhan duge thi ro rang £ la mot
tap 161 va compact cua R™,

T Pinh Iy 343 ta cd

HE QUA 3.7.1. Néu T 13 guhc trong E, tua don digu yéu trong £ va ¢6
anh compact khac trdng, thi mang giao thong cé dong can bing yéu.

Chifng minh: Tu Dinh ly 343 baitoan (VI} v&i £, Tva Clz) = R, ¢6
nghiem H € E. Gia st H khong 13 dong can bing yéu, tic la, 3W;, IR, €
P;, 3R, € P;, Yt € T(H),

ty <ty nhung H <, va0 < H, LT,
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Chon dong F nhu san.
Néuw H, + H, > Iy, chon

H, ndu p#q, p#s,
F, = H%H -, néup=s,
Pq néu p=yq.

Néu H,+ H, < I', ta chon

[ H, néupé#qgrp#s,
D

Fp, = néu p=-s,

H,+H, néu p=gq.
Rorangring F e F.
Tit H 15 nghiem cia (VI), tit F € E, ta ¢6 T € T{H) sa0 cho
& F—H) >0 (3.12)
Mat khdc, néu H, + H, > I, suy ra

GIFMH) _ZtF HP)
_t(}? +H,-T,~H)+4,{I,—H)
= (¢, - t,)(H, I‘)<0

13 mé&u thudn vdi (3.12). Néu H, + H, £ I, If luan cling tuong ty. Vay H
}a dong can béng yéu. O

Ciing tuong ti {véi viec chon F) vd dp dung Dinh 1y 3.4.2 v 34.4 ta o

HE QUA 3.7.2. Néu T 13 usc trong E vi cé gid tri compact khac trdng,
thi mang giao thong cd ddng can bing yéu.

HE QUA 3.7.3. Néu T Ia glhc trong E vi tya don digu trong E, thi mang
giao thong cé dong can bing manh.
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Chuong 4

SU' ON PINH CUA NGHIEM GIA BAT
DANG THU'C BIEN PHAN

4.1 Sit n dinh cua nghiém b4t ding thitc bién phan

Sau sy ton tai nghigm, nghién cdu ve én dinh (stability} cud nghiem hosc
cing gol la phan tich do nhay cdm (sensitivity analysis) hay nghién afu
nghiem dudi tdc dang nhiéu (under perturbation), cho bdt déng thidc bién
phan va md rong cling rat phat trién. Day la mot vdn de Iy thuyét quan
trong nhung cling ¢o y nghia thyuc tién lén vi chi cdc nghiém 6o dinh mé
¢4 thé dung trong thuc t€, do cde dit kien thuc t& chi la x4p xI va ludn bién
dong.

[Gwinner 1995] xét nhiéu cua (VI) don tri, vo hudng trong khéng gian
Banach phan xa & dang day bai todn (V1,): tim zf € E,, sac cho, ¥z € E,,,

<tn(x3):$ - 3“8) > 0,

v& day tap £, hél tu theo nghia Mosco (Mosco Converge) dén F va day anh
xa t, don diéu hoi tu dén ¢ theo mot kigu thich hgp dua vho chudn. Tédc gia
chi ra r&ng sé ton tai day nghiém z} hoi tu y&u, vh thém mat gid thidt bd
sung sé hot tu, dén mot nghiem z, cua (VI).

[Lignola-Morgan 1999] cling xét nhidu cud (VI} theo nghia hoi tu Mosco
nhit trén cho trudng hop cac dnh xa T,,, T da tri, don diéu hosc tua don
dieu. O day T, hai tu téi T theo mot nghia khéc, thong qua tinh gidi noi
deu cud céc T,. Anh xa T gid thigt 1b ¢ tinh chét kidu nita lien tuc dudi.
(éc tdc gia chiing minh riing néu day nghiém z% cua (V1) hoi tu yéu tdi zy
thi zy la nghiem cua (VI).

[Noor 1997] xét (VI) don tri, vo hudng phu thudce 88 A véi (z, A) € X x X, &
day X la khong gian Hilbert va nghién ciu tinh lien tuc va lien tuc Lipschitz
cua nghiém zy{A) thong qua phuong srinh Wiener-Hopf, tuong duong vé
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(VI) (cling cd tac gid got phuong trinh nay la normal maps). Gia thidt & day
Ih cdc dit kien cud bai todn ciing, tuong ing, lien tuc hodc lien tuc Lipschitz.

[Domokos 1999] xét (V1) don tri, vo hudng trong khong gian Banach phan
xa phu thuodc hai tham s8 & dang #., w), E{A) v w, A thudc hai khéng gian
metric. Véi gid thigt chinh 1a #(., ) lien tuc, ¢, w) don dieu chat va E()
thoa mot digu kien twa Lipchitz giam nhe. Tdc gid ching manh su ton tal
duy nh&t nghiém, lien tuc theo tham 86 & lan can mot nghiem da cho.

Nhitu tdc gid st dung phuong phdp chidu dé nghien citu sy o dinh cua
b&t ding thic bién phan trong khong gian Hilbert nhu [Dafermos 1988],
[Mukherjee-Verma 1992], [Noor 1992], [Yen 1995].. [Robinson 1995] s dung
céi gol 1a "normal mappings” nghign cttu sy én dinh cho bt ddng thic bidn
phan thoa didu kién di tron, thong qua céch tiép can ham an.

4.2 Tinh nita lién tuc theo tham s6 cud nghiém gia
bat ddng thite bién phan

Nghién cita v& &n dinh cud gid bdt ddng thic bidn phan con rat it, ching
t61 mdi chi gap mot bai [Ding-Luo 1999). O day da phat trién phuong phip
chidy cud [Dafermos 1988] vho nghien cdu tinh lien tuc va lizgn tyc Lipchitz
theo tham s8 cua tap nghiém gia bdt ding thitc bién phan (trong khong gian
Hilbert X) theo khoang cédch Hausdorfl H(A, B) gitta céc tap A, B C X, va
cd theo khoang cdch 8(4, B) := sup{lle ~ b|l : « € A,b € B}, Céc gia thiet
chinh & day cling 1& tinh lién tuc va lién tuc Lipchitz theo khoang cach H va
8 tuong ung va tinh don digu manh.

Trong muc ndy ching t5i nghign cdu tinh nda Hén tuc trén theo tham 8
cuk tap nghiem gid bt ding thic bién phan trong khong gian t0 po tuyén
tinh Hausdorff, ndi cu thé hon la tinh ddng cua dd thi. Ky thuat & day khac
h&n bai bdo trén. Nghien citu v tinh nlta Lién tuc cua tap nghigm, ca cho
trudng hop rieng 1a bat ding thdc bién phan ciing chua xust hign. Ching
tol mdi chi thiy xét dén su hoi tu cud nghiem cud day bai todn bt ding
thiic bién phan bi nhiéu dén nghigm cud bal todn ban dhu trong [Gwinner
1995] va [Lignola-Morgan 1999]. Day [a céc tinh chédt ghn véi tinh nia lien
tne ciia tap nghiem. Nhu & néi tren day trong thuc t8 chn phai 6 tink &n
dinh cua tap nghiem. Trong nhigu trudng hop su én dinh nay chi can & mic
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nita ligén tuc theo tham s8 la di, khong c¢Bn lien tyc hodc lign tuc Lipchita.
Chéng han dé cidc mo6 hinh kinh t& thi truong canh tranh Walras-Ward va
Arrow-Debren-Mckenzie co trang thai can bang thi chi chn tinh nita lién tuc
trén theo bang gid p cud tap vecto sdn phém Y{p) va tap vecto gid vt tu
W(p). Day l4 hai tap nghiém t3i vu cud mot cap quy hoach tuyén tinh d&i
ngau. (Xem [Lancaster 1968].) Hon nita, ching ta da biét réng tap nghiém
t& un cud bal todn t8 wu 161 chinh 13 t4p nghigm cud bdt ding thite bién
phan tugng dng (biéu thi digu kien t3i vu}. Vi ¥ do nay ching tai thdy viec
nghien oty 8n dinh theo nghia nia lien tuc cud tap nghiem 13 rét chn thigt,
T4t nhien dé cd két luan 8n dinh theo nghia nhe nhu vay, cac gid thiét cing
phai nhe va dé thod mén trong thuc té. O day chiing t6i ciing chi cn dén céc
gia thiét vé tinh nta lien tuc cud cac dit kien cua bai toan. Hon nita, ching
t61 cing khong chn cac gia thiét v tinh don digu nhu trong [Gwinner 1995]
va [Lignola-Morgan 1999], mac dit ching t&l xét bai todn gid bét ddng thic
bién phan 13 téng qudt hon, va trong khong gian tdng quat hon la khong gian
t6 pd tuyén tinh,

(Gia s X, Y 12 cac khéng gian t6 pd tuyén tinh Hausdorff, U 13 khong
gian t6 pd Hausdorfl, 4 C X th tap I, dong, khac tréng; K 1 A~ Y la anh
xa da tri cd anh 13 ndn 101 ddng, o phhn trong khac trdng, T U x 4 ~
LX,)Y), E.UxA~ A cong:UxA- Alaanh xa don tri Lién tuc.
Ching t6i xét hai bat foan gia bdt ddng thitc bién phan sau day:

(PQVD): Tim g € U va T € clE(%, 7) sao cho Yz € E(u,T), 3t € T(%,%),
(t,z — g(w, 7)) € Y\ — intK(x),
(PSQVI): Mimu e U vhx € clE{%, 7) sao choVr € B, 7), V1 € T(%,3),
(t,z - g(z,7) € ¥\ — intK(F);
Gia sit hai bai toan nay 6 nghiem (%, ), ta ky hieu
Swy={z €A (g7 langhiem (PQVI),

Sy(a) = {x € A: (4,7 la nghiem (PSQVI).
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Trong muc nay ta xét tinh déng cud cdc dnh xa da tr1 S} v 5;{.). Ta
sé khong xét sut thn fal nita nén gid st véi moi u (trong mot t8p Uy ¢6 phin
trong khac tréng) S{u} # 8, Si{u) #8.

Ditu nay xay ra chdng han khi véi méi u trong mien dang xét, cac gia
thigh cua cac dinh I & muc 3.5 hodc & cac dinh 1y tdn tai & cac tai hieuw khac
da nhic dén duge thoa man.

DINH NCGHIA 4.2.1. Anhxadatn F . X ~ Y duge goi 1 nia lign tyc

duéi yéu tal zg néu

V:Ba — Tq, Vfg ¢ F(l‘g) EI:z:;; {luﬁ% 00??-), Bfﬁ ¢ I(i‘ﬁ), f;g —> fg‘

D& they réng véi anh xa don tri th) cdc tinh chdt nta lien tuc dud, nira
lien tuc dudi yéu, nite hién tuc trén déu trung v tnh hen tyc.

D& véi gid bat ddng thie bién phan (PQVI) ta oo
DINHLY 421, Gid s
(1) E{., .} 1 isc trong {ue, A) va clE{., ) Ig usc trong {uy, A},

(11) Yuy = vy, Y2, = 2o, Yo — Yo, Vig € T(uq, 24}, Ats (I0di con), 3ty €
T(u{?;zf})f

(tg,ya) = (o, ya);

(i) Y\ — intK(.) dong.
Khi d6 5(.) ddng tai ug, tfc la Vu, — uy, Vz, € S(uy) : 2, ~+ 29, Tg €
S(UG).

Chifng minh: Xét cic ludi uy = uy, T, € S(uy), , = o bat ky. Gia
st phan chidng xp € el E{up, zp), e 1o ¢6 N{zp) 5 lan cdn gy vacd V 1a lan
can cud tap ¢lE(ug, z4) sao cho

N{zg)(\V = 6. (4.1)

Do ¢lE{.,.} b usc tai (v, 2g), ¢ thé col Ia 2z, € clB(z,, 2, CV va 2z, €
N{zy}, 13 mau thuadn véi {4.1). Vay 24 € clF{ug, zy). Lail g1d st phan ching
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1 zg & S{ug), 8t 1B ¢é yy € E{up, zy) sao cho

(T, %), 9o ~ glto, Tp)} C —intK{zq). {4.2)

Do E{, ) 1a lsc tal {ug, 7q), s& <8 3, € Elu,, 2.}, va = #o- V124 € Sty
nén voi y, ndy 88 cb t, € T{u,, z,) 880 cho

(tar Yo — 9(Uar o)) € Y\ —~ intK(z,).

Theo gia thiét (i), phai ton tai &) € T{ug, zq} vA ludi con f5 sao cho
(ts,ys — glug, 24)) = {t, o — 9{uo, Za)).
Do tinh déng cha ¥\ — intK{.} ta th8y
{19, yo — 9(ug, o) € Y\ ~ intK{ap),
mau thade vai (4.2}, Vay =4 € S{ug), bic 15 5{) ddng tai u. 13
Chuyén sang gid bat ddng thitc bidn phan (PSQVI) ta ¢d

DINH LY 4.99. Gid s ta ¢4 (i) va (i1) nhy ¢ Dinh I £.8.1 vé (i)
thay bot

{11}’ Ank xa do try (T(., ), ) nud hien tuc dudi y&u trong (g, A, A).
Khi dd 8,(.) ddng fa1 u,.

Ching minh: Xét céc luéi u, = up, 2, € S1{uy), 24 = 2o, bat ky. Ciing
nhut & chiing minh tren ta phdi ¢6 2y € £{ug, zy). Gid st phin ching Ia
xg & Slug), tie Ia Jyg € Elug, 20}, g € T(ug, ),

(iﬁﬁ Yo — §{ﬂf}: 28}} € ‘2%‘#}-{{29) (ég}

Vi E(., .} lsc tai {ug, #q), cling nhut trén ta ¢b g, € Elu,, 24), v = %0 Do
{(T(.,.), ) nira lign tuc dudi y&u tai (g, 1, o) sé cd ludi con t3 € T{us, 2p)
va ¥ sao cho

(f;b ¥p — 9(“,3, 33;3)) ~* (50, Yo — 9(“0, &?n)}-
Vi @ € Si{ug) nén

{ts, yp — glug, 25)) € Y\ ~ intK(zp).
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B&i Y\ — intK(.) déng, thi
(s, yo — 9(tio, 2o)) € Y\ — intK(zg),
mau thudn véi (4.3). Vay g € Si(ug), tuc la 55(.) dong tai u. O

THI DU 421, Xét bii todn (PQVI) v6i X = Y = U = R, A =
[0,1], K(z) # R, g(u,z) = z. Hon nita, céc dnh xa da tri & vd T dugc cho
bdi, véi mbi u € U,

u-r

E(u,z) =0, ), ¢ €0,1],

R néu =0, z=1,

Tlu,z) =3 [~u,u] néu z€(0,}]
w422 néu z€(31)

RS rang cac dinh 1y cud [Dinh-Luo 1999] khong 4p dung duge vi cac gia
thiét khong thoad, chdng han dnh xa T khong lién tyc. Ta ching té Dinh ly
4.2.1 4p dung duge va do d6 tap nghiem S(.} 1& ddng, tai uy bat ky thudc
Us = (0,1), bing cach kidm tra cdc gid thiét. (i) thod vi r6 rang E(., ) nia
lien tuc dudi va elE(., ), usc tal moi {(u,z) € Uy x A.

Xét (i) tagid st cou, — vy, T, = Tq, Tp F T, Yn — Yo va iy, € Tlu,, x,)
bat ki, Néu 8 < g < L vd 0 < z,, < 2 thi ¢, € [~uy, up] C -y — 6,4 + 4]
vdi § 8 dinh khi n d& 18n. Do dé sé cd day con t,, € [—u,,,u,), 1, — 4 €
[~ug, ug]. Khidé

{tre: Une) = folo-

Néu z,, > 7 thi to = ul + 1% s ud +2d =t

Néu 1 <z <1 thl T(u,z) = u? + z? la dnh xa don tri nén (i1) thoa rd
rang.

Néu 2y, = 0, vi z,, # xy, nén ta g&p truong hop tuong tu nhu 0 < 73 <
%, 0<z, < %

Néu zy = 1 thi T(u,, z,) = u2 + 2% |4 anh xa don tri nén ro rang (ii) thoa.
Con (i) ta rd rang vét K(z) = R,

Vay moi gia thidt cud ching tot deu thod vh tap nghiem S(.) ¢ db thi
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déng. Vi A 1a tap compact nén S{.) cling nira lien tyc trén.

Nhu da ndi truzde Dinh I¥ 4.2.1, khi xét 3n dink, ta d& gia st ton tal
zzghiém & lan can uy;. Bay @ ta ching t& didu nay bing cdch kidm tra céde
gid thidt cud Dinh 1y 3.5.1 v& tdn tai cho mot ug € (0,1). () gid thigt (i), do
clE{., .} ta usc, ta chi con kidm tra E-{ug, y) md trong AvsiYy € A Tacd

g’i‘&')}-

E-Nuy,y)={r€A:y&0, -~ ;
Véi 28 € E-(up,y) bt ky, tiic 1a 0 € y < ¥EE 6 6 € > 0 sao cho
0€y< %ﬁ‘iwe Liy 8 < 2¢thi vdi o € (o' —46,2'+48) tacd 0 < y <
4 “ —e= ““*‘; 2t < ¥22 nghfa Ja o € E-Mup,y). Vay tap ndy md trong
.f-i Do (ii) va {jii) cia Dlnh 1§ 4.2.1 d& thoa nen (i) va (m) cud Dinh Iy 3.5.1

thoa. Ap dung Pinh Iy 3.5.1 ta dutgc su ton tal nghiém cla thi du dang xét.

4.3 Ap dung cho bai togn gia bu

Gla st X, U, A, T vh E nhu trong b2l todn (PSQVI) cho trudng hop
vo hudag, tic A Y = R. Vi cde diY kien khdc, ta xét trudug hop dgc biet
Kiz)y==z, glu,2) =2, Yue U Glast H:Ux A~ X I bhn da tr. Bai
toan gla bl ¢f tham s¢ dng vér (PSQVI) duve xét nhu sau

(PQCY: Tim {,7) € U x A sac cho YR € ANH(H, 7},
Vi e (—AYNYT (G, 7}, {i,h) = 6.
() day A? 1a tap d8i cuc cla A
Tuong tu Muc 3.6 ta ¢6 két qua sau

DINH LY 43.1. {a) Néu E trong (PSQVI) va H trong (PQC) théa he
thitc¥{u,z) e Ux A, E(i,z) = z — AN H{u, 2] + A vé néu A la ndn 151
ddng, thi (U, ) la nghi¢m cda (PSQVI) khi va chi khi (W, 7) la nghiém cia
(FGC).

(b} V&: cing gla thiel nhy & (o), n€u H{. .} cd gid try dong va hen fuc
trong (ug, A) vé n&u {T1.,.), ) Id wisc trong (us, 4, A), thi dnh za zdc dinh
bdiuw e U,

Wiu) = {x € A: (u,z) la nghiem che {(PQC}}



la dong tas u;.

Ching minh: (a) Gidst (7, Z) la nghiem cta (PQC), ticlhVz € E(5,7), 3k €
ANH(@,T), Ja€c A, =T -k +a. TuBS d23.6.1 tacé, ¥t € T(4, 7),

(t,.z-%)=(ta—-h)20,
tic la (@, Z) 13 nghiem cia (PSQVI).

Nguoc lai, néu (#, 7) 1a nghiém cla (PSQVY), thi tit VA € ANH(5, %), Yz €
A z:=T-h+a€ E(G7), véimditeT(y 1) tacd

0<(t,(T-h+a)~7)=(t,a—-h)
Tir B4 d& 3.6.1 th {, k) = 0, tidc 1a (¥, 7) 1a nghiem cta (PQC).
(b) Ap dung Dinh Iy 4.2.2 ta nhan dugec W{.) 1a déng tai uy. O
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KET LUAN

Céc dédng gép chinh cui lean do

1} §& dung céc phuaong phdp cla gidi tich da tri v dinh 1§ Lusterntk
ching mink cds digu kien can t8i wy Fritz John va Kuhn-Tucker cud td1 wu
da tr ¢4 tham 58 cho bhi todn cb rang budc ddng thic plz, u) = 0 véi cac
gia thiét nhe v tinh 1vi va tinh kha vi (Pinh 1§ 1.3.1, 1.3.2),

2) M& rong cdc kéb qud & 1) cho trudng hop pi(zg, up}X cb ddi chidu hin
han, Pang thdi tinh gideg i dugc gidm nhe thanh tinh gitng B xdp ¥l
(Dinh 1§ 13.4, 1.3.6).

3) Mé& rong céc ditu kien can dang Frikz John vd Kuhn-Tudker & 1) cho
trudmg hop rang buoc bao ham thite 0 & Pz, u). Dbng thdi gidm nhe duge
gia thiét chinh qui thanh gid thigt dwdi chinh qui (Dinh ly 2.1.1).

4) Mé& rong cic két qua & 2) cho trudmg hop bao b thic 0 € P(z,u)
{Binh 1y 2.1.4).

5) Ding Dinh I¥ KKM-Fan vh cong cu gidl tich da i chiteg minh cac
dink Iy ve tn bai nghigm cud cde bét ddng thic bién phan (VI} va {5V
tdng quat vdi cdc gia thigt nhe trong khong gian Banach (Dinh Iy 3.4.2, 343,
3.4.4) va 4p dung cho bal toan can bing glao thong (He qla 3.7.1).

§) M& romg cée két qua & 5) cho ¢do bal todn gid bat ddng thite bién phan
(QVI) v& {3QV1) trong khong gian 16 po tuyén tinh Hausdorff (Piak Iy 3.5.1,
3.5.2), va 4p dung cho bal todn gid bl tuong dng (Dinh 1y 3.6.2).

73 Nghien cidu tinh nita ign fuc trén theo tham s cud t4p nghiém cub cde
bii todn gia bat ddng thitc bign phan (PQVI) vh (PSQVI) trong khong gian
t6 pd tuyén tinh Hausdorff (Dinh 1y 4.2.1, 4.2.2) va 4p dung cho bai todn gia
bu ¢d tham 8 (Piinh Iy 4.3.1}.
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Mot s8 vEn 42 mé lien quan dén cde hudng o thé
phat trién ti€p cul lugn én

1. Ap dung 4i%u kién chn t8i uu cho bdi todn da tri v4i ring budc ding
thic don tri & Chuong 1 vio didu khidn nbu thé nao? CS6 md rong nguyén
1¥ cuc dai Pontryagin ra trudng hop nay duoc khong?

9. Xét bii todn vdi rang budc bao ham thitc & Chuong 2 cho trudng hop
"thue sit da tri” hon 1a khang cd cic 14t cAt chn thiét nhu la d4 gia thiét.

3. Ung dung cdc két qua & Chuong 2 vho bii todn ditu khidn 161 wn <o
bao him thic vi phan.

4. Nghién citu sy tdn tai nghiém cud b&t ding thic bidn phan (VI) va
{SVI} & Myc 3.4 cho bii todn tuong dng véi nghiem Pareto, khong pha
nghigm y&u, tic 1a thay ¥\ — intK{z) b&i Y\(-K{z)\K(z)).

5. Xét sz tbn tai nghiam chia bai todn {SQVI) t3ng quéit hon & Dinh ly
352 véglz) # 2.

6. Xét bdi todn gla bl tuong ing véi gia bdl dlng thitc biga phan (QVI).

7. Mé& rong k&t qua cho gid b&t ddng thidc bién phén (QVI) va (SQVI) &
Muc 3.5 cho bii todn tuong dng véi nghidm Pareto, titc 1a thay ndn thit tu
nhit trén.

8. Xét sit n dinh nghigm tuong ty nhy & Chuong 4, nhung cho bai toan
(PQVT) va (PSQVI) \ing véi nghiem Pareto, tiic Ia thay nén thit ti nhu tren.
(5 thé hinh dung rdng trong trudng hop nhy ta nhén duoc tinh nita lien tuc
dudi cud tap nghigm. Cé cach ndo k&t hop vdi két qua da ¢d & Chuong 4 48
nhan dugc trudng hop tap nghiém lign tuc khong?

9. Ap dung cdc két qua &n dinh di nhan dugc vio bai toan cén bing
mang.
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