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LOI CAM ON

Trudc tién, 61 xin chan thanh bay t6 long biét un sau sic dén
thiy hudng dan, GSTS David E. Daykin, thudc truong Dai hoc
Reading, England, ngudi thiy kha kinh, du xa x8i cach tré, nhung
bing cich niy cich khdc da tan tinh hudng dén t6i titng budc trén
con dudng nghign citu todn hoc vdi tat ca nitm say meé. Nhitng két
qué trong luan dn nay khong thé c¢é dugc néu khong co sy tan tam
clia thay.

Tei cling xin vo clng bigt on thhy ddng hudng dan, GSTS
Nguydn Hitu Anh, d& tan tinh gidp do 61 trong qua trinh thyc
hien lugn an nay.

Toi khong thé khong noi 1en long biét on sau séc dén GSTS
Dang Dinh Ang, ngudi thhy di truyen dat khong chi cho t6i ma
cho biét bao thé hé nhitng kién thitc todn hoc hét sitc gid tri va
nigm dam mé khong he biét meét mdi ddi vdi T'oan hoc.

T6i xin chan thanh cadm on cdc thhy gidi thieu luan an da doc
va cho nhitu y kién thiét thyc.

Toi xin chan thanh ¢dm on Ban Giam Hiéu, Phong Sau Dai
Hoc Va Hgp Téc Qudc Té, Khoa Toan-Tin hoc c¢ha Truong Dai
Hoc Khoa Hoc Ty Nhien Tp Hb chi Minh cung cac thay <o va céc
ban dbng nghigp, dac biet 1a cdc dong nghiép trong Bo mon Dai s8,
d3 tao muoi didu kien thuan lgi va gidp dd tai rdtl nhi2u trong qué
trinh thyc hien luan dan nay.

Tac gia luan an.



LOI CAM DOAN

Toi xin cam doan day la cong trinh nghién cttu cla rigng toi
hosc cling vdi Gido st hudng din. Cac s8 litu va cac két qua trong
luan &n ndy la trung thyc va chua titng dugce ai cong bd trong bat
ky mot cong trinh nao khac.

Tac gia ludn an
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BANG KY HIfU

N : Tap hgp cdc s& nguyen khéng am

B(n) :  Tap hop cdc vécto Bool n chitu

V(n) :  Tap hop cdc vécto nguyén khong &m n chieu
B Tap hop tdt ca cic vécto Bool

|4 Tap hop tdt ca cdc véctd nguyen khong &m

z <y : y la trdi tryc tigp clha »

zt Troi tryc tidp cla

r(z) : Hang cia z

Az : Béng cliazx

|a| : S8 phin tit cla a

and :  Phin giao ciaa va b

alUb : Phin hoi cia a va b

a—>b : Phhn hiéu ctaa va b

a+b : Phhn higu d&i xitng cla a va b

(:) Té hop n chap k

C(A) : Phin nén cha A

Ci(A) : Phin nén thit i cia A

PC . Part compressed: Bi nén titng phin

P, : Mitc thit & clia poset P

ISi(a) : Taphygpcdcz € P saochoz <a

d;x : Vécto ¢é duge sau khi xda thanh phin thit j cta x
Va : 58 nguyén h sao cho ap_; > ap, ap, <--- < a,
a* : Vécto dpa véi h = va ,

wa :  Trong lugng cla a va bing a; + -+ a,

pua : max{a;:1<i<n}
‘va : S8 cac i thoa a; = pa

Aa : min{a;: 1 <7< n}

L :  Vécto zero n chidu

gn : Vécto n chieu vdi t€t ca cdc thanh phlin bing 1
Asd : Tap hop cdc vécto cha A C V(n) cé thanh phin thit ¢ bing d
Ad : Tap hop cdc vécto cla cé dang xd vdi x € A
dA : Tap hop cdc vécto clia cd dang dx vdix € A
B(n,k} : Tap hop cdc véctox € B(n) véi wx =k

A'a : {f;a:1<j<nvaa;=0}

afa,b) : min{j:a; # b;}
w(a,b) : max{j:a; #b}
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Chuang 1.

TONG QUAN VE K-POSET

1.1 Do6i nét lich sit vé K-poset

Ciing nhu trong dinh ly kiéu KK, trong thuat ngit K-poset, chit K
gén litn vdi 2 cdi ten Kruskal va Katona, con “poset” dé chi mot tap hgp
¢6 thtt tv bs phan. Nam 1963, Kruskal cong b bai bao “The number
of simplices in a complez” [24] nhung chua ai hidu r6 ¥ nghia cta no.
Nzm 1966, Katona tim lai két qua trén nhung ching minh cta ong [23]
r&t phitc tap va c¢d sai sét. Tir dé cai téen dinh ly Kruskal-Katona hay
dinh Iy KK ra doi, va di cé nhieu ching minh cho dinh ly nay, trong dé
¢ ching minh ciia Daykin, D.E. (1974), Hilton (1979) va Frankl(1984).
Dinh ly KK da trd thanh mot dinh 1y co ban ctia Combinatorics va tu
dinh 1y niy c6 thé suy ra mot s8 cic dinh Iy khac nhu Dinh ly EKR,
Dinh 1y Kleitman...Nhitng sich gido khoa chuyén nganh thuong danh
rieng mot chuong cho dinh Iy KK nhu trong [9] va [13]. Vi vay that dé
hidu khi cdc nhd todn hoc trong nganh thudng quan tam dén viéc tim
kiém nhttng két qua twong ty.

Nam 1969, trong bai bdo “A generalization of a combinatorial
theorem of Macaulay”, Clements va Linstrém da thanh céng trong vigc
mé rong dinh 1§ KK cho da tap hop [14] (céi ten Macaulay lien h¢ dén
mot vi du ma Macaulay da tim ra nam 1927). Mot cach ty nhién, cic
nhd todn hoc d nghi dén vigc ching minh dinh 1y Kruskal-Katona cho
céc poset khdc nhu poset cac vécto Bool. Nam 1984, vGi thuat ngd
K-poset, Daykin, D.E. da gidi thiéu tdng quat v& cdc bai todn kidu KK
[17], trong d6 Streh! va Winkelmann d& dua ra mot tht ty tuyén tinh
trén poset cic vécto Bool va vécto nguyén khong &m va gia dinh ring
vdi thit ty tuyén tinh gy, dinh 1y kidu KK cling ding.

Nzm 1994, ching t6i da chitng minh dinh 1y kidu KK cho cic vécto
Bool va gtii dén Journal of London Math. Soc. Nhung not ngudi phan
bien di bdo cho ching toi biét 13 bai todn da dugc gia quyé&t nim
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1992 bdi Bezrukov va Gronau trong bai bao “A4 Kruskal-Katona type
theorem” [12], dong thoi giti cho ching t61 ban sao bai bdo nay. Sau
mot thoi gian nghién citu, ching t6i phat hién ra rdng chitng minh caa
Bezrukov va Gronau la sai, khong thé stta chita dwgc va Math. Reviews
da cé phy luc dinh chinh b3ng phan vi dyu cia ching t6i (Math. Reviews,
1995 m, Errata and Addenda to earlier issues, p.7148). Ngay sau dé cdc
cong trinh ciia ching toi d4 dugc nhan ding (1994). Sau nay, Ahlswede
va Cai da dua ra mot chiing minh khéc [10] ma Daykin d& nhanh chéng
chi ra sai sét clta ho. Ahlswede va Cai da sita chita lai va dugc ding nhy
trong [11].

1.2 Cdc khdi niém co ban

Goi IV 1a tap hogp cdc s8 nguyén khong am. Trudc tién ching ta
nhéc lai mot s6 khdi niem ve poset, K-poset.

1.2.1 Dinh nghia. (i) Poset (pariielly ordered set) ld mgt tgp hop
vdi thi ty bo phan, téc P = (S,<) vdi < la mgt quan hé thd ty bo
phdn trén S.

Vdiz, y ld hai phéin tit cda poset P, ta bdo y ld tréi tryc tiép cia
T né€u x <y vd khong ¢d z # 2,y sao cho z < z < y; khi dy ta viet
r<yvizr=y, y=zt.

(ii) Gid s cd mot dnh zg vt poset P vdo IN thda r(p) = 0 néup
la phdn t t07 ti€u cia P vd r(p) = r(q)+1 néu ¢ < p. Khi &y P goi
ld mgt poset cé hang (ranked poset), v got la ham hang (rank function)
va vdi k=0,1,2,..., ta dinh nghia mic thit k (level k) cida P ld

Py={p€ P:r(p) = k}.
(iii) Cho P ld I poset cd hang vdi cic mic Py, Py, Py, ... Vdik > 1
vd p € Py, bong (shadow) cia p dugc dinh nghia ld
Ap={q€ P_1:9<p}
vd bong cia AC B, la

AA = |} Ap.
peEA
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Sau day 13 mot s8 vi du v& poset c6 hang ma ta sé diing dén trong céc
phin ké& tiép. Nhu thong ¢, ky higu |A| dé chi sd phan tit cla tép hop
A. Vi dé don gidn ky higu, vécto (24, 2y, . .., ) duege viét la 375 ... 24
néu khong cé gi nham lan.

Vi dy 1.1 Poset P(S) céc tap con cia S = {1,2,...,n}.
Phén ti: Tap con cua S.
Thaf ty b6 phin: a <b& aChb.
Ham hang: 7(a) = |a|=sd phan tt cta a.
Miéc thit k: P(S) ={a C S :|a| = k}.
Bdng cia a € Py(S): Aa={bCa:|b|=k—1}

Vi du 1.2. Poset cic da tap hgp P = S(ki, ks,...,k;) trong do
ki<...<k,, k€N

Phén ti: X = 21Z5...2, v61 0 < z; < k; va z; € IN.
Thié tue bo phan: Véix = 21T5...2,, Y = y1¥a- .- Y thi

x<y&or; <y, Vi=1,...,n

Him hang: r(x) =2+ 2o+ -+ 2,

Mic thié k: P, = {x:r(x) = k}.

Béng clax=1z...2, € P Dat O,x =y, ...9;...¥n.
vdiy; =x; néui#jvay; =z;—1thi

Ax_:{ﬁjx:lngnv%Lmj>0}.

Vi du 1.3. Poset P = B cic vécta Bool.
Phén td: z,2,...24, k € INVa z; € {0,1}.
Thef ty b6 phan: Véi X = 2;%9...Tp, ¥ = Y192 .- -Yn thi x <y néu

kﬁnvé.iiil,...,ik:il<.;'.<ik Vé'm1=yi1ﬁ"'!mk=yik'
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Him hang: Véix. z; .z) thir(x)=Fk=dimx.
Mic thi k: sz{xe.". "limx=:k} va, Poz{m}
Bing cila x = z1...2; € Pyt Goi d;x la vécto co dugce
tit x bang cich bo z; thi
Ax = {6,-x:15j§n}.
Vi dy 1.4. Poset P =V céc vécto nguyén khong am.

Phé&n td: zy...x, voi z;, n € IN.

That ty bo phin: VX = 212... T, VAY = Y1¥3- .- Y thiX < y néu

k<mnvaii,...,ip: il<"'<ikv‘>1$1=yi17-“:$k:yik-

Hiam hang: Véi x = z; ...z thi r(x) = k = dimx.
Mic thi k: P, = {x € V :dimx =k} v& Py ={0}.
Bdng cia x =1;...7; € Py Goi 4,;x 1a vecto c6 duge
tit x bng cdch bo x; thi

Ax={4x:1<j <n}$

Ta viét (:) dé chi td hop n chap k, tic la
™ _ ok M

(k) Cn ki(n — k)!

n
vai (k) =0 néun <k.

T nam 1928, Sperner di ching minh ring, néu A C P.(S) véi
S ={1,...,n} thitacé

(Jaa= ("
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Véan de ty nhién dwgc néu ra la tim chan dudi Idn nhat cha |AA|.
Mot cach tdng quat, vdi P, 13 mic thi k cla poset c6 hang P va m la
s6 ty nhién cho sin, tim A C P, sao cho |A|=m va

|AA| = min{|AB|: B C P, va|B|=m}.

Dé gidi quy@t bai todn nay, thuong nguoi ta tim mot thit ty toan
phlin trén P, k= 1,2,... ma ta goi la thit tu tuyén tinh va ching minh
réng tap A phai tim gdbm m phan ti dau tién cha P trong thi tu tuyén
tinh dy. D6 1a noi dung chu yéu cla dinh ly KK ma ta se xét & phin
duwdi.

1.2.2 Dinh nghia. Cho P la mgt poset cd hang vdi cdc mifc Fy, Py,
P, ... Gid si trén P cd mgt thi ty goi ld thi ty tuyén tinh (linear
order) < sao cho P, dugc sdp toan phén vdi moei k > 1. (Vay trén
Pcd 2thd ty - < va <;) vé ta viet (P, <,<;).

(i) Tap I C P, goi ld mgt doan dbu (initial section) ciia Py, ky hiéu
IS, néu I gdm nhifng phén ti ddu tién cia P, trong thé ty tuyén tinh.
NG cdch khdc, ¢d a € P, sao cho I ¢d dang I = {z € P, : 2 <y a}.

(it) Cho A C Py vdi |A| = m. Phln nén (compression) cia A, ky
hi¢u C(A), ld tap con cida P, gdm m phin t ddu tién cia P trong
thit ty tuyén tinh.

(111} Ta bdo A bj nén (compressed} néu C{(A) = A.

Vay theo dinh nghia ta co

ABIS & C(A) =4
& cba€ Pysaocho A={z € P, :z < a}
& z<yvaye€ Athiz e A

Cé thé c6 nhieu thd ty tuyén tinh trén P nhung ta chi quan tam
dén thd ty tuyén tinh t8i wu hay thich hgp nhu trong dinh nghia sau.

1.2.3 Dinh nghia. Cho P la mgt poset cd hang vdi cdc miéc Fy, Py,
P,, ... Mot thi ty tuyén tinh trén P got ld t8i vu (optimal) hay thich
hop (suitable} néu

|AC(A)| < |AA|, YA C P, (1.1)
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Khi ay P goi ld poset Macaulay.

Hién nhién, néu AC(A) C C(AA) thi vi |C(B)| = | B| véi moi B nen
|AC(A)| < [C(AA)] = |AA] v do dé (1.1) thoa.

Bay giv ta cé thé dinh nghia K-poset, déi tugng chinh cta ching ta.

1.2.4 Dinh nghia. Che P ld mgt poset c¢d hang vdi cdc miée Py, P,
Py,.... Ta goi P la mot K-poset néu cd mot thi tu tuyén tinh trén P
8a0 cho vdimoi k> 1 ta cd

(i) AP, = P,_y;

() Bong cia mot IS cia Py la mot IS cia P,_q;
(1) |AC(A)| < |AA|, VA C P,.

Ta viet (P, <,<;).

Lien he dén K:poset, ta cé cic bai toan sau day.

1.2.5 Dinh nghia. Cho (P, <,<;) lé mgt K-poset. Vdia € P, ta
gt ISy(a) = {2 € P, iz <pa}. Cdc bdi todn sau goi ld cdc bai toan
vé bidu dién cidae K-poset.

Bai todn 1. Cho a € P,. Tim m = |15,(a)| vé Am = |AIS(a)|.
Bai todn 2. Cho m € IN. Tim a € Fi(S) sao cho |IS,(a)| = m.

Vi du dau tien va co ban vé K-poset 13 Dinh Iy KK [17] ma ta sé
xét dudi day.

1.3 Dinh ly KK

Goi P(S) la poset c¢6 hang cha tdt cd cdc tap con cla
§={1,...,n} thi theo Vi dy 1.1, miéc tht & cta P(S) Ia

Py(S)={acC S:|a = k}.

Ta sé dinh nghia mot tht ty tuyén tinh tren P(S) dé& P(S) 13 mot
K-poset,.

Tit day ta ciing dung ky hiéu. < hay < dé chi thit ty tuyén tinh vi
Tyz...seé dwge viét thay cho {z,y,2,...} khi khong c6 gi nhim 15n. Ta
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Vit o — b dé chi hiéu clia hai tap hgp a v3 b con a + b dé chi phin hisu
ddi xing: a+b=(a—b)U(b—a) = (aUb)~(aNbd). Vay,néuanb=10
thia+b=aUb.

' 1.3.1 Dinh nghia. Vifia,b € Py(S), ta dink nghia:
a < b & max(a - b) < max(b — a) ¢ max(a + b) € b.
Thif ty ndy goi ld thit ty don (squashed order).

Vi dy 1.5. Vdi S = {1,2,3,4,5} thi cdc phin ti cla Py(S),
k=190,1,...,5 xép theo thit ty don tang din nhu sau

Py(S) : 12345.

Py(S) : 1234,1235, 1245, 1345, 2345,

Py(S) : 123,124,134, 234, 125, 135, 235, 145, 245, 345.
Py(S) : 12,13,23, 14,24, 34,15, 25, 35. 45.
P(S): 1,2,3,4,5.

Py(S): 0.

Nhan xét rdng, phan t ldn nh&t cla P (S) trong thit ty don 1a
{n—k+1,...,n—-1,n}.

Dén day ta 6 thé phét bidu Dinh Iy KK md ching minh cta né cé
thé tim thay trong [9] va [21].

1.3.2 Dinh ly KK. (Kruskal 1963, Katona 1966). Cho tdp hop
S = {1,...,n}. VJi the ty bs phdn ld th tw bao him vd thi ty
tuyén tinh la thi ty don thi P(S)} la K-poset.

Nhu vay [AC(A)| < |AA|, YA € Py(S), k > 1 nén Dinh Iy KK chi
ra rang, trong sd cdc tap con gdbm m phan t& cha Py(S) thi m phin tir
- dau tién trong thi ty dbn <6 béng bé nhit.

Vi du 1.6. Vdéi S = {1,2,3,4,5}, ldy A = {124,234,245} va
B = {123,124,134} thi B = C(A) gdm |A| = 3 phin t{ diu tién trong
P3(S) (xem Vidu 1.5) va ta ¢é

AA = {12,23,14, 24, 34, 25, 45).
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AB = {12,13,23,14, 24, 34}.
Ta cé6 AB la mot IS vdéi

|AB| = |AC(A)| = 6 < |AA| =T.

Dinh ly KK khing dinh ring, tdt ca t4p con gbm 3 phin t cla P3(S)
deu ¢é bdng vdi kich thudc (sd phln tit) 16n hon bay bing 6 = [AB|.$

Véi m, k nguyén dwong cho sdn, ta goi ny, n,_q,... lan lugt la céc
s6 nguyén ldn nhat sao cho

L3
m2=( )Sm-—ml

k-1
Ny
my = (17%) < = m

---------------------------------------------

Tiép tuc qua trinh trén ta cé

1.3.3 Dinh 1y. Cho m, k ld cdc s0" nguyén duong. Toén tei duy nhat
cde 80" nguyén ny,Mg_q,...,"Ny $a0 cho

N> Npg > > >t >1 (1.2)

me (B4 () () e

Ching han véim =22 va k =4 thi

m= )+ )+ )

1.3.4 Dinh nghia. Céng thiéc (1.9) thda diéu kien (1.2) goi ld biéu
dién k-nhj thirc (k-binomial representation) hay mot k-cascade cia 5o’
nguyén m. |
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Bay gio ta xét cac bai toan v& biu dién trong K-poset P(S). Nhic
lai rdng vdi a € Fy(S) thi ta viét ISy(a) dé chl tap hop cic phin ti
b € P,(S) sao cho b < a trong thit tit don.

Trudc tign ta xét Bai todn 1, titc la tim m = |IS,(a)] vdi a cho sin
va Am = |AIS(a)).

Néuk =1thia={r} véil <r <nthi Aa= {@} va hidn nhien

et )

Xétk>1viak {a,...,aq4} véia, <--- < q.

Néuajy; = 14a;, i = 1,...,k — 1 thi IS4(a) = P(S") va
AISy(a) = P, 1(S") v6i §'={1,2,...,a;} nén

o (i ()

Nguge lai, dat n; = e, — 1. Nhan xét réing néu b € P(S) vA
maxb < ng thi b < a nén b € IS (a). Dat Sy = {1,2,...,n,} va
Go = {b € P(Sp) : maxb < ny} = P(S,), ta ¢

g
Gy C ISi(a) va |Gyl = (k)
Nhitng phan t& con lai ciia 1., (a) (néu cd) chita a;, nén cé dang bU {a;}
véibe Py (S)vabc{l,...,a,_1}. Dat np_y = a4_y — 1 va G 12 t&p
con cia Py(S) gdm nhitng phin tit ¢é dang cU {a;} véi |c|] =k — 1 va
cC Sl = {1,2,. ..,nk_l} thi

k-1
Néu ISy(a) — (Go U Gy) # 0 thi nhitng phln t cla né cé dang
d U {ax_1,az} trong dé |d] = k-2, d C {1,...a;_3}. Nhu tren,
vOi my_y = a;_3 — 1 va Gy gdm nhing phin ti clia P,(S) cé dang
dU{ay 1,0} trong d |[d| =k —2vad C S, ={1,...,m_,} thi

G1 C ISy(a) va |Gy = (”"”1).

Gg C ISk(a) V‘& |G2| "—" (:k__;)
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Bing cach tiép tuc qud trinh trén, cudi cung ta co £ > 1 sao cho

ISk(a) =G0UG1U...UGk,_t

\ re \ n"
vav01r=1,...,k—tth1|G,.|=( )nén

m = |ISy(a)| = (’;:) + (:’“_‘11) +et (';‘)

véin, >np_1 > > 2t 21,
Vi Gy = Py(Sy) véi So = {1,...,ms} nén
AGy = P, _1(So) = {b € P(S,) : [b] =k —1}.
Véir=1,.. k—tthGy+ - +G,151S. Dat
Hy = P;_1(S)
Hy = {bU{ar}: b € P_y(51)}
Hy = {cU {ak-ha{e} i ¢ € B_3(5,)}

------------------------------------

Khi gy
A(Gy+ Gy) = Hy+ Hy
A(Gg + Gy + Gq) = Hy + Hy + Hy
A(Go+---+G3)=Hy+ -+ Hs
AlISi(a) = Hy+ -+ -+ Hy_,
Hon nita

L° N1 N3
Ho| = |Hy = Hy| =
ol = () 1t = () vl = ()

Tit dé suy ra

Am = |AIS,(a)| = (lﬁ 1)-+ (:’i_‘lz) Foot (t ’1‘1) (1.4)
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Nhén xét rang Am suy tit m bdng phép bién ddi (7) — (,7,) trén
mdi s hang cla m.

K&t qua trén cung vdi Dinh ly 1.3.3 cho ta cdc thuat todn dé gidi
quyét cac bai todn vé biéu dién trong K-poset P(S) véi S = {1,...,n}.

Thust toan 1. Cho a = {ay,...,a,} ld mgt phén t& cia P(S) vdi
ap < - < ag. Timm = |I5'k(a)| va Am = |AISL(0,)|

Bit diu. m:=0, h=k.
Budc 1. Neuh=1haya; .1 =1+a;, i=1,...,h—1 th

a, .
m:=m+ s Dung.
Nguoc lai dém Budc 2.

, . np
Budc 2. nhzah—lvam::m+(h).

Budc 3. h:=h —1, tro lai Budc 1.

Vidy 1.7. Cho S = {1,2,...,8} vk a = a,aya304a5 € P5(S) (ta viét
a = 412030405 thay cho a = {a;,0a,,0a3,04,a5})

(i) Véi a = 13568 thi Thuat todn 1 cho ta

ng = ag—1 = 7
ng = ag—1 = 5
nyg = az3—1 = 4
Mg = ag—1 = 2
ny = a =1

Do dé

wesion= () )+ () -

Vay a la phin tir thi 32 cia P5(S) trong thi ty don va ta cé

snetsn= () () () ) ) -
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(ii) Véi a = 34578 thiay = 1 + a4, a3 = 1+ a5 va ta ¢d

ng=as—1=T, ng=0a4—1=06, nyg=5.

st ()+()+ )

Do dé a 13 phan tir tht 46 clia P5(S). Hon nita,

m=tatsyal= () () + () =

Thuat todn 2. Cho S = {1,2,...,n} vé m, k nguyén duong. Tim
a € P,(S) sao cho |AIS (a)|l =m

Bit ddu. a:=0, h=k.

Vay

d
Budc 1. Tim d Idn nhdt sao cho (k) < m.

|

Budc 2. Neum =0 thia:=aU{d,...,d — h+1}. Ding.
Néewm >0 thi a:=aU{d+1}. Dén Budc 3.
Bude 3. h:=h —1 tré vé Budc 1.
Néi cach khac, néu k-cascade cia m la
o)) o)
N >Np_1>>mu2>2t>1

thi ta cé

a={l+n,1+n_g..., 40,00 —t+1} (1.5)

Vi dy 1.8. Cho S = {1,2,...,7} va m = 22. Ta sé tim a € P(S) sao
cho |IS(a)l =m
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6 4 3
Ta viét m = 22 = (4) + (3) + (2) ."Suy ra a = 2357.

Vidu 1.9. Ta tim phén tit thit 32 trong a € P5(S) véi S = {1,2,...,9}.

Ta co
32 = 7 -+ ° + 4 + . !
5 4 3 2) T\1)
Cong thitc (1.5) cho ta a = 13568.

Ta thdy ring cac tinh toan trén day tuong ddi phuc tap nén ta cin
mot cong thitc don gian hon. Nhung trudc tién, ta ndi rong dinh nghia
clia hé s8 nhi thuc.

1.3.5 Dinh nghia. Cho z la 36" thuc khong am va k € IN. Ta dinh

nghia
. 1 néu k=0
= -1 (z—-k+1
(k) z(@ ) kl(a: +1) nfuz>k—-12>0

Hé thitc Pascal cung ding trohg tredng hop nay:
T z -1 z—1
g\ k)T ke-1)

Hon nita, ham f(z) = (Z) 1a ham tang, lien tuc nén véin, k€ IN

n—1

cho sdn va m € IN sao cho ( L

n -~ ’
)<m<(k) thi sé c¢6 z € IR sao

ho (*
cho = m.
k

Dinh ly Lovasz [9] dudi day sé cho ta mot cong thidc don gian hon
dé nhanh chdéng x4c dinh chén dudi clta |AA| vdi A C P(S).
1.3.6 Dinh 1y. (Lovasz, 1979). Cho S = {1,2,...,n} va A C F(S).
z T
u |A| = >k thi |[AA| > :
Néw |A| (k),a:_ i l_(k—l)
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1.4 Dinh ly Clements-Linstrom

Vi du thtt hai vé K-poset 1a dinh ly Clements-Linstrom. Ve thyc
chét, dinh ly nay 12 mot md rong cha dinh ly KK.

Trong phin nay, ta xét poset c¢6 hang P = S(ky, ks, ..., k),
ky, < ky < .-+ < k, nhu trong Vi du 1.2 vdi midc tht k la
P.={zz9...2,: 21+ -+ z, =k}

1.4.1 Dinh nghia. Vdix=225...2,, ¥ = ¥1¥2-- - Un [d hat phdn te
cda P, ta dinh nghia
X<y<=z;<y;, t=min{j:z; #y;}.
Thi ty nay goi la thi ty ty dién (lezicographic order).
V1 dy 1.10. Sau day la cdc vécto & mitc 2 va mic 3 cia P = 5(2,3,3)
xép theo thi tu ty dién ting dan vdi cdc phan tit cé dang z;z,2;.
P, : 003,012,021,030, 102,111,120, 201, 210.

P, : 002,011, 020,101,110, 200.

Vdi A = {012,102,201} thi C(A) gobm |A| = 3 vécto dau tién cla F;
trong tht ty ty dién nén C(A) = {003,012,021} va ta co
AA = {002,011, 101,200}, AC(A) = {002,011,020}. Vay

AC(A) € C(AA) = {002,011,020, 101}
1.4.2 Dinh 1y. (Clements-Linstrém, 1969). Vdi thi tu tuyén tinh la
thi ty ty dién thi P = S(ky,...,k,) ld mot K-poset.

Dinh ly Clements-Linstrém l& mot mé rong cta Dinh ly KK. That
viy, vdi a ¢ S = {1,...,n} ta bidu dién o b&ng mot vectd Bool
a=aay...a, Vi

= lndun—t1+1€a
"1 0néun—i+1¢a

Chéng han véi a = {1,2,4} C {1,...,5} cd thé bidu dién béng vécta
01011.
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Véi a,b € P,(S), a bidu dién bdi a = aqa,...a, va b biéu dién bdi
b = bby...b, ta dit i = min{j : a; # b,;}, va b = max{j : j € a + b}
thi -
a<b & .q;,<b
& a;=0,b=1
& h=n—-it+leb
& a<b
Vay a < b trong thit ty dén néu va chi néu a < b trong thit ty ty
dién. Nhw thé€ Dinh ly KK chinh 13 Dinh ly Clements-Lindstrom vdi
ki=ky=---=k,=1

1.5 Cdc van de dat ra trong ludn an

Trong lugn 4n nay, ching tai sé chitng minh dinh ly ki¢u KK cho
poset B cdc vécto Bool sau khi chi ra nhitng sai sét clia Bezrukov va
Gronau. D& chitng minh B 13 K-poset, ditu quan trong nhét la xdc dinh
mot thit tu tuyén tinh thich hop trén B, thit ty tuyén tinh £y khong thé
I3 thi ty BG [12) vi thit ty ndy khong thich hgp, nhw ching t6i sé chi
ra. Nhitng van de nay sé dugc giai quy&t trong Chuong 2.

Tiép theo, ching toi sé dua ra cdc thuat todn dé gidi quydt cdc bai
tosn ve bidu din trong K-poset B. Ching téi cling ching minh dinh ly
kidu Lovasz gitip x4c dinh nhanh chéng mot chan dudi ciia |AA4| véi A
13 mot ho cdc vécto Bool n chidu va |A] = m vdi m cho sin.

Sau ciling, chiing toi sé neu len nhitng két qud ma ching toi da dat
durgc trén poset V cdc vécto nguyen khong am trong nd le ching minh
dinh 1y kidu KK trén V.
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Chuong 2.

PINH LY KIEU KK

Trong chuong nay ching t6i sé ching minh rdng tap hop B céc vecte
Bool la mot K-poset, titc 1a chitng minh dinh ly kidu KK tren B. Céc
két qua cla ching t6i trong chuong ndy da dugc cong bd trong [5], [6]
va [T).

2.1 Ky hiéu.

Goi IN 1A tap hgp céc s8 nguyén khong &m. Vi n € IV thi ky higu
V(n) d& chi tap hgp céic vécto a = aay.. .4, a; € IN:

V(n) ={a0;...a,: q; € IN} véi V(0) = {0}.

Twong tw, B(n) la tip hop cdc vécto Bool n chigu:
B(n) = {ajay...a, : a; = 0 hay a; = 1} véi B(0) = {0}.
Ta ¢é B(n) C V(n).

Céc vécto sé dugc thd hign bing chit c6 nét dam va chit thudng sé
dugc diing dé chi cic thanh phin ctia né, chdng han nhu:

a=a0;...0, a*=ajaj...a}.

Choa=ajay...a, € V(n), n>1.
e Va la s8 nguyén xac dinh nhu sau

1 nduag;<---<a,
Va=<{ n néua,_|>a,
h néuay,_ 1 >a,vaa,<---<a,
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e §;a la vécto trong V{n — 1) cé dwgc tit a bang cach bd thanh phan
tha i clia a, tuc la

fha = Qg .- .0y,
J.na = a1...8x1,
(5,‘3 = Q1...-0;_ 10110y, 1 <1 <n.

e a*, wa, pa, va Aa dugce dinh nghia nhu sau

a* = d,avdih=Va
wa = ay+a+---+a,
pa = max{a;:1<i<n}

va s8 céc i thoa a; = pa
Aa = min{e;:1 <7< n}.

Néu a € B(n) thi a* = §ia = §,a vdi h = Va va k = max{i : a; = 0}
nén ta cé thé gid st va = k khi tinh a*.

Ta goi wa la trong lrgng cna a.

o Vécto zero cia V(n) la vécto c6 trong lugng bang 0 va dwgc ky
higu z, (vdi zy = ).

e Vécto c6 trong legng n trong B(n) dugc vidtlag,. Vayg, =1...1
(vdi go = ) va g, 1A vécto c6 trong lugng lén nhdt cha B(n).

e ad, da vdi d € IN lin lugt 1& cdc vécto sau day ctia V(n + 1)

ad =a;...a,d, da=da;...q,.

Ngoai ra, vdi A C V(n) thi ta viét
A* = {a* : a € A}.
Aig={a10g...a, € Aia; =d}.
Ad={ad:a€ A} Cc V(n+1).
dA={da:ae€ A} CV(n+1).
Vay véi A C B(n), n > 2 thi A c6 thé viét
A=MO+N1 véi M, NCB(n—1).

[HU VIEN TRUNG TAM DHQG - HCM

40000080

|
!
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e Néua=ay...a, vab = b...0 thi ab = a;...a,by...b, (vay

ab = a néug=0vaab=bnéup=0).
e Néu A C V(p), B C V(q) thi

AB={ab:acAbeB}cV(p+yq).

oeVéia=aqa,...a, vab=>0;...b, la hai vécta cla V(n) ta dat

o(a,b) = min{i : a; # b;}.

Nhu ta da biét trong Chueong 1, V = | V(n) la mot poset cé hang
' n>0
véi mitc thit n 1 V(n), béng claa € V(n) la Aa={§a:1<7 < n}
v béng ciia A C V(n) 1a AA= |J Aa. Tuong ty cho B = UJ B(n).

acA n>0

2.2 Thit ty BG 14 khong thich hgp

Nhut di néi & phin tren, nam 1992 Bezrukov va Gronau cong bd bai
bdo “A Kruskal-Katona type theorem” [12], trong dé ho cho ring dinh
Iy kiéu KK cho poset cic vécto nguyén khong dm da dugc chitng minh
(va do d6 bai todn cho vécto Bool ciing dugc gidi quyét). Ching toi da
chi ra céi sai clia bai bdo trén trong [6].

Bezrukov va Gronau da dua ra thi ty tuyén tinh sau day ma ching
toi goi 14 thit tu BG.

2.2.1 Dinh nghia. (Tht ty BG). Ta sdp thi tu V(n) bdng qui nap
nhu sau:

Vdin =1 thi V(1) = IN dugc sdp ty nhién
0<1<2<3<4<b5<6<7<8<9...
Xétn > 1 vd gid st trén V(n —1) dd cd thet ty.

Cho a, b ld hai vécto cda V(n) vdia= a10;...0n, b = byby...b,.
Pat h=max{i:a; = Aa}, k=max{i:b;= Ab}. Ta viet a < b néu

(i) pa < pb, hogc
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(i) pa = pb vd §a < d;b trong V(n — 1), hoge
(#i) pa = pb va dpa = d;b va wa < wb, hodc

(vi) pa = pb vd dpa = &b va wa = wb vd a; > b; trong dd
j = a(a,b).

Dinh nghia trén va vi du sau day dugc trich tie [12].
Vi du 2.1. Trong V(3), 27 phin tir dsu tién theo thit tv BG tang dan
la: |
000, 100, 010, 001, 110, 101, 011, 111, 200,
020, 002, 210, 201, 021, 211, 120, 102, 012,
121, 112, 220, 202, 022, 221, 212, 122, 222.

Nhéc lai réng néu A C V(n) thi A;4 la tap hop t&t ca cac vécto clia
A co thanh phin thit ¢ bing d.
2.2.2 Dinh nghia. Gid s trén V da cd mgt thi tu tuyén tinh, tic
ld trén V(n), n > 1 dd ¢d mot thi tu todn phdn. Vdi A C V(n), goi
Ci(Aiq) la |Asg| vécto ddu tién cia V(n) cd thanh phén thi i bing d
vd p = max{ua:a € A}.

(1) Phin nén thi ¢ (i-compression) cie A duwgc dinh nghia ld
P
Ci(4) = dU0 Ci(Asa)-

(ii)) Néu C;(A) = A thi ta bdo A cd bj nén d thanh phln thi 4
(i-compressed).

Vi du 2.2. Xét V(3) véi tht ty BG. Cho A = {122,212,222} thi
A = Az, nén C;(A) gbm 3 vécto diu tign trong tha ty BG cd thanh phin
thit 3 bang 2. Theo Vi du 2.1 thi 3 vécto dau tien dy 1a 002, 102, 012,
titc 1a C3(A) = {002, 102,012}.

Vi du 2.3. Xét B(5) vdi thit ty BG. Ta dat

{00000, 10000, 01000, 06100, 00010, 00001, 11000}
{10001, 01001, 00101,00011}
{10100, 01100, 01010, 01001}

E
G
H

I
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Véi A = EUG th Cy(Ay,) gdm 8 vécta diu tien cia B(5) <6 thanh
phin thi nhdt la 0 va Cy(Ay,) gdm 3 vécto dau tién cd thanh phin tha
nhét 13 1. Vay phin nén thi nhdt cha A la

Ci(A) = C1(Aro) UCi(Arn) = EUH.

D& ¥ ring, trong vi du nay A bi nén & thanh phan thi 5. Trong
[12], Bezrukov va Gronau cho ring thi tw BG la thich hgp trén V(n).
Chiing t6i da chi ra ring ditu ndy khong ding bdng phan vi du sau:

Phan vi du 1. Xét V(3) véi thit ty BG va A C V(3):
A = {000, 100,010,001, 110, 101,011, 111, 200, 210, 201, 211}.

C(A) 15 tap hop |A| = 12 vécto dau tien cia V(3) trong tha tv BG
(xem Vi du 2.1) nén

C(A) = {000, 100,010,001, 110,161,011,111,200,020, 002, 210}.

Ta cd :
AA = {00,10,01,11,20,21}.

AC(A) = {00,10,01,11,20,02,21}.

Vay |AC(A)| = 7 > |AA| = 6 nén thit ty BG la khong thich hgp.

Vi ban than thit ty BG khong phai 13 thi ty thich hgp neén bai béo
[12] khong thé sta chita. Trong bai bdo gy, Bezrukov va Gronau da
“ching minh” vh st dung “bé de” sauw

|AC,(A)| < |AAl, i=1hayi=n,YACV(n).
Di2u nay sai tréen B(n) véi i = 1 va sai trén V(n) vdi ¢ = n, nhu
trong cc phan vi du sau:

Phan vi du 2. Cho A = {122,212,222} C V(3) thi theo Vi dy 2.2 ta
¢6 C3(A) = {002,102,012}. Do dé

ACs(A) = {00,10,01,02,12} va AA = {12,21,22}.
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Vay |AC3(A)] =5 > |AA| = 3.
Phan vi dy 3. Xét B(5) vdi tht ty BG vAa A = EUG C B(5) nhu
trong Vi du 2.3. Dt M = {0000, 1000, 0100, 0010, 0001, 1100} thi

AA = M U{1001,0101,0011}

ACy(A) = M U {1010,1001, 0110, 0101}
Vay |AC;(A)] = 10 > |AA| = 9.

Sai lam cha Bezrukov va Gronau cho thdy ring viec chitng minh dinh
Iy kidu KK khong phai 13 didu don gidn.

2.3 K-poset cdc vécto Bool

Trong phén nay, ta sé ching minh ring B 14 K-poset bing cich
chitng minh rang thi ty v 13 thich hgp trén B. Nhic lai ring & day ta
¢é Va = max{i: a; = 0} véi a € B(n).

2.3.1 Dinh nghia. (Thit ty V). Cho a va b ld 2 vécto khdc nhau cda
B(n).' a=ay...a,, b = b]bz ‘e bn. Ta viét a < b néu

(i) wa < wb, hogc
(i) wa = wb vd a; =1> b; =0 vdi i = o(a,b).

Vay z, = 00...0 1a vécto nhoé nhdt va g, = 11...1 la vécto 16n nh4t
cia B(n). Ngoai ra, dat B(n,k)={a€ B(n) :wa=k}, 0 <k <n th
ta co

2.3.2 B6 de. Néw a = min B(n,k) vd b = max B(n, k) thi

A= QrZy _k, b= Z, 18k (21)

Chitng minh. Néu & = 0 hay k¥ = n thi (2.1) 13 hidn nhién nén ta
chi xét 1 < k£ < n. Cho ¢ € B(n,k). Néu c # a thi ¢é i nhé nhdt,
1<i<k,saochoc;=0. Vigj=---=¢g,=1néna;=1>c¢;, =0vdi
i=a(a,c). Suy ra a < c. Vay a = min B(n, k).

Phin con lai chitng minh tuong ty.
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Vi du 2.4. Cic vécto ctia B(4) dugc sép theo thit tir tang din nhy sau

B(4) : 0000, 1000, 0100,0010, 0001, 1100, 1010, 1001,
0110,0101,0011,1110,1101,1011,0111, 1111,

Ta c6 1100 = min B(4,2), 0011 = max B(4,2).
Tir dinh nghia, ta ¢é ngay két qua sau day:

2.3.3 B6 d&. Vdia € B(n) vd x, y € B(r) thi ax, ay, xa, ya ld
cic vécto cia B(n+r) va ta cd

X<y&ax<ay & xa<ya (2.2)

Nhéc lai rdng a* = §pa véi h = Va = max{i : a; = 0}.
2.3.4 Bé de. Vdia e B(n) ta cd
a* = max{Aa} = max{da,...,d,a} (2.3)

Chitng minh. Néu wa = n tic 1a a = g,, thi két qua 13 hién nhién.
Coi a # g, va cho x = d;a € Aa, a* = §za véi h = Va # j. Néu
a; = 1 thl vi wx < wa* nén x < a*. Ta chi xét truong hgp a; = 0
va do dé wx = wa* = wa. Do dinh nghia cta h , ta cé j < h va ta
cé thé glé, sir aj+1 =1 (V\l néu aj = aj+1 = 0 thi 613 = Jj“a). Khi éy
j=a;3=1>aj =a; =0vaj=a(x,a*) nén x < a*.

Vay a = max{Aa}.$
2.3.5 B6 de. Vdia€ B(n) ta cd

| a0 = min{b € B(n+1):b*=a} (2.4)

0a = max{b € B(n+ 1) : b* = a} (2.5)

Chitng minh. Coi b € B(n + 1) sao cho a = ;b = b* vdi h = Vb va
ta c6 thé gia st 2 = max{7 : b; = 0}.

Néu h = n thi b = a0 nén ta xét k < n, do dé b, = 0 v by, = 1.
Vib* =antna, =by =1>b =0vitacéb > ald. Vay
a0 = min{b € B(n+1) : b* = a}. Ta di ching minh (2.4).
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Xét (2.5). Dat r = min{j : a; = 1} vAu = 0a. Vi a = §,b vdi
h=Vbnénr <h Néur=~hthibj=---=b,=0nénb =u Né
'r<hth‘1tacéb,.=a,.=1>u,.=0v‘ar=a(u,b)nénb<unghialé
u=0a=max{be B(n+1):b*=a}.$

2.3.6 B6 de. Vdia, be B(n) vd a#b ta od

a<b = a*<b*
a*<b* = a<hb

Chitng minh. Ta bié ring a* = §,a, b* = &b trong dé
h=max{i:a; =0}, k =max{i:b;=0}. NNub=g, thib*=g,_; va
ta cd ngay két qua nén ta chi xét tredng hgp b # g, vi do dé wa* = wa
va wb* = wh.

(2.6)

Néu wa < wb thi a* < b* vi wa* < wb*. Gia sit ring wa = wb thi
via<btacda, =1>b;=0véii=a(a,b). Via; =b; véi j < i va
wa = wb nén cé t > i sao cho a, = 0. Vay h > i. Hién nhién k > i. Néu
k= h hay k > i thi a(a*,b*) =i vha} =1 > b = 0 nén a* < b*. Néu
k=1thib; =1, Vj>iviha; =1, Vj>1, j+#kneéntacéa* = b

Bay gio gia st a* < b* thi wa = wa* < wb* = wb. Néu wa* < wb*
thi vi wa < wb nén a < b. Ta xét trudng hgp wa* = wb*. Vi a* < b*
nén af =1 > b} =0 vdi i = a(a*,b*), vd do dé cé t > i sao cho a; = 0.
Ma h = Va, k = Vb va theo B4 d2 2.3.4 th a* = max Aa, b* = max Ab
nén h >t >ivak2>i Suyraal =a; bf =5 nén a(a,b) =i vdi
a;=1>b;=0vadodéa<b.

2.3.7 B6 de. Cho a € B(n) vd b, ¢ la nhing vécto trong B(n) sao
choc<a<b. Tacd

b — { ullg,z, ; néu a=ulzyg, @.7)
Br+1Zp-1 DN€u a= Z,8,
— ) Zp+18r-1 néu a= Brp
€= { v10z,g, néu a=v0lg,z, (2:8)

trong dd p,r cd thé la 0.

Chiing minh. Chd y ring mot vécto a € B(n) cé mot trong hai dang
trong (2.7) ho&c trong (2.8). Vi (2.8) 1a h¢ qua clia (2.7) nen ta chi
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can chitng minh (2.7). Néua=1z,8. véip>1lvap+r =nthi ala
vécta 1dn nh&t c6 trong lwgng bing r nén b 14 vécto diu tien cé trong
lugng 7+ 1, do dé b = g,,12,_; theo Bé d& 2.3.2. Ngugc lai, a phai cé
dang a = ulz,g. véip > 1var > 0. Dat x = ullg,z, ; ta sé ching
minh a < x titc la x = b. Hién nhién a < x. Gid st c6 y € B(n) sao
cho a <y < x thi wx = wy = wa. Ta viét y dudi dang y = ef véi
dime = dimu. N&u cé ¢ sao cho e; > u; hosic e; < u; thi y < a hoic
y > x. Ca hai treong hop deu vo Ii nén e = u va tir (2.2) ta suy ra
d = lz,g, < f <01g,z, ; = h. Néu thianh phin diu cia f 13 0 thi ta
6 f' = §;f < 1g,2z,_; = h' va vi wf’ = wh' nén theo (2.1) ta phai ¢é
f'!=h = f=h=y=x. Néuthinh phlin diu cta f 15 1 thi Iy lusn
teong ty nhu trén ta ¢é6 y = a. Vaya<y<x:>y—xhoacy-—a
néna<xttclax=b.¢

2.3.8 B& de. Cho A C B(n). New A la mot IS thi AA ciing lé mot
IS vd hon ntta, néu A =G0+ H1 thi

(i) G, H la cdc IS trong B(n-1).
(ii) AA=G = A*={a*:a € A} (2.9)

Chitng minh.(i) Cho x < y va y € G, ta sé ching minh x € G. Dt
u=x0, v=y0bthiviy e Gnénve GO C A Tacédu < v theo
(2.2). Ma Alamot ISvAveE Anenu € 4, tu’claxOGGDnenxeG
Ching minh tuong ty cho H.

(ii) Hién nhien G € A* C AA. Cho x € AA thi ¢6 a € A sao cho
x€Aa. Ditu=x0thiu*=x<a*nénu<aviviAlamot IS nén
u€ A Vay x = u* € A*. Hon nita x0 € GO nén x € G. Ta da chitng
minh AACA*CGvadodé AA=A*=G.$

2.3.9 B6 de. Cho A la mgt IS cia B{n), n >3 vdi A= GO0+ Hl.
Né'u G = GUO+ G11 'UC‘T. H = H00+H1]. thi

HCG va HICHUCG1CGQ (210)

Chitng minh. Theo Bd d& 2.3.8 thi G, H, Gy, Gy, Hy, H, deu 14 IS.
Véix € H thi x1 € H1 C A va vi X0 < x1 nén x0 € A, ticla x0 € GO
nén X € G. Ta da ching minh H C G.
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Bay gid ta ching minh Hy C G;. Cho x € H, thi x0 € H neén
x01 € H1 C A. Vix10 < x01 nén

x01€A=3x10€cA=>x1eG=2xeG).
Theo phan diu thi H; C Hy vd G| C G, nén
H, c Hy C G, C.Gg.o

Vi dy 2.5. Cho A = B(5) thi A = GO + H1 véi Gy, Gy, Hy, Hy nhut
trong bang sau

(G, ]G, [ G0 | H1 [H,[H
00 | 0000
10 | 1000
01 | 0100
00 0010

0001 | 00
11 | 1100
10 1010 | -
1001 | 10
01 0110
0101 | 01
0011 00
11 1110
1101 | 11
1011 10
0111 01
1111 11

Bang 2.1

Bang tren cho ta thdy cdc vécto dwge sép theo thit ty V cha B(2)
trong Gy, Gy, Hy, Hy, clia B(3) trong G, H va clia B(4) trong GO+ H1.
Hon nita, Bang 2.1 ciing cho ta thdy (2.10) diing vdi moi IS trong B(4).
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2.3.10 Dinh ly. Cho G, H ld IS cida B(n) ,n > 2 vdi H C G vd
A=GO0+ Hl. NéuG =Gy0+ Gyl va H = Hy0 + H,1 thi
G Ilél.l HUCGI
GOO + Hgl néu G] C Hg

Ching minh. Vi G, H la nhitng IS cha B(n) nén theo Bé ds 2.3.8
tht AG =Gy, AH = Hy vAvi H C G nén ta cé

AA = GU(AG)OUH U (AH)1
= GUOUGIIUH(]].
Vay néu Hy C Gy thi A4 = G0UG1 = G vhnéu G; C H, thi

2.3.11 DPinh nghia. (i) Vécto bi cda a € B(n) duge dinh nghia ld
éxalaz...&n vd'i

AA = { (2.11)

= 1 néu a;, = 0
%= 0 néu a; = 1
(ii) Phén bt cia A C B(n) la A= {a:ac A}.
Hién nhien |A] = |A| va ta cé -
A(A) = A4, |A(A)| = |84 (2.12)

2.3.12 Dinh ly. Néu h¢ thitc AC(X) C C(AX) ding vdi moi tép con
X cda B(n—1), n>2 thi ta c¢d

|AC,(A)] < | A4, YA C B(n) (2.13)

Chiing minh. Vdi A = MO+ N1 € B(n) thi C,(4) = GO + H1 véi
G = C(M), H = C(N). Theo (2.12) ta c6 |A(A)] = |B4| = |AA]
Bang céch thay A bdi A néu chn ta cd thd gia sit |N| < |M]| va do dé
H =C(N) C G =C(M). Theo gia thiét, AG Cc C(AM), AH C C(AN)
nén ta suy ra

|AG| < [AM|, |AH| < |AN].

Ngoai ra, (AM)0 + (AN)1 C AA nén
|AM| + |AN| < |AA].
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Theo (2.11) thi

G néu Hy c G

ACH(A) = { G()O + Hol néu GI C HD

Vay néu AC,(A) = G thi |AC,(A)| = |G| = |M| < |AA|, cdn néu
ACn(A) = G{]O + Hol thi

|AC,.(A4)] |Go| + |Hol = |AG| + |AH]|
|AM| + |AN|

|AALS

INIA

2.3.13 Dinh nghia. Ta bdo A C B(n) ld bj nén ting phdn hay PC
(part compressed) néw C,(A) = A, nghia la A ¢d dang A = GO + H1
vdi G, H la nhitng IS cia B(n —1).
2.3.14 Dinh nghia. Goi I' ld tgp hep cdc vécto cia B(n) cd dang
uz,l vdi u = @ hodc thinh phén cué’i cdau ld 1 vé p > 1. Vdi
a=uzy,l € I' ta dgt ya = ulz,. _

(i) Anh xa don ¢ tir A C B(n) vdo B(n) duoc dinh nghia nhu sau

_Jrya nduael'vayagd A
¥(a) = { a néu ngugc lai
(ii) A C B{n) goi 1a ¥-déng (¢-closed) néu ¢y(a) = a, Va € A

Nhgn xét rang ¢(a) < a nén ¢ “ddy” A v phia trudc (trong thi ty
V), do d6é néu A 1a mot IS thi A la 9-déng.

2.3.15 Dinh Iy. New A C B(n) ld PC thi

Ap(A) C Y(AA) (2.14)
v do dd

| A (A)] < |AA] (2.15)

Chitng minh. Chn chi y ring ¥ & v€ trdi clia (2.14) 13 4nh xa tit A
vao B(n) con ¢ & v€ phai la dnh xa tit A4 vho B(n —1). Hon nita, néu
X € AA va x = ¢x thi x € Y(AA).
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Vi A 1a PC nén ta c6 thé viét A = GO+ H1 véi G, H 14 cic IS
cia B(n —1). Nhu trong chitng minh ctia B8 d& 2.3.12, ta c6 thé gid st
HcCG.

Chox € A¢Y(A) thicé b = 9(a) € ¥(4), a € A sao cho x € Ab titc
la x € Ay(a). Ta sé ching minh x € Y(AA). Néua € GO thi¢(a) = a
nén x € Aa. Dtu=x0thiu<a ViGlaIStacéue GO nen
x € G va P(x) = x titc la x € Y(AA). Vay ta chi cin xét a € H1 véi 3
truong hop: a¢ I',ae I'vayae A,ae I'vaya g I'.

Truong hgp 1. a ¢ I

Truong hop nay a cd dang a = uz,g, véip > 0, dimg, = r > 2 va
b=4%(a)=antnxe AA. Néur >3 hay x = d;(uz,)g, thi 2 thanh
phan cudi cta x la 11 nén x = 9%(x) € P(4AA). Gid st a = uz,l1 vi
X =uz,l véi p > 1. Dat ¢ = ulz,l thix € Ac. Hién nhiegn c < a € H1
vavi Ala PCnénce HI. Suyrax =uz,l va ulz, ddu & trong AA va
vi vy x = 9(x) € ${AA). Trudng hgp 1 cd thé dugc tém tit nhu sau

a x Ly do x = ¢(x) Ghi chd
uz,g, | uz,g,_; | Dinh nghia cia ¢ |r >2
uz,l11 [ w1l Dinh nghia cia ¢ |r =2, v € Auz,)
uz,11 | uz,l c<a€A=ceA|r=2 c=ulgl
= yx =ulz, € AA :

Bang 2.2

Trudng hgp 2. b=a=uz,l1 € I'vaya= ulz, € A

Nhéc lai réing thanh phan cudi cliia u la 1 hosic u = @ va vi ¥(a) = a nén
7a = ulz, € A. Truong hgp nay ta cling ¢é ¥(x) = x, Vx € AA nhu
duge thé hi¢n ¢ Bang 2.3 ma ¢ dong thit tu ta ¢d yx = v'11z, € AA
vi b = vllz, € A. Con trong dong cudi cling ta cé a = wz,1z,1 =
va=wzllz, € A= wlz, 1z, € A (vi A 12 PC va wlz, 1z, < ya) nén
wlz,.z, € AA.
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a x Ly do x = ¥(x) Ghi chd
uz,l uz, Dinh nghia ciayp |[p>1
u01 ul Dinh nghta ciayp |p=1
uz,1 uz, ;1 [yx=ulz, ;€ AA {p>2 ya= ulz, € A
viz,l vzl |yx=v'1lz, € AA |u=vl, v/ € Av
wz, 12,1 | wz,z,1 | yx = wlz,z, € AAlu=wzl, r>0

Bang 2.3

Trudng hgp 3. a=uz,1 € I' va b =ulz, ¢ A.

Trudng hgp nay ta cé x = ¢(y) véi y € AA nhu dugc thé hien trong
bang sau

a b X y Ghi chd
uz,l ulz, ulz, ; |uz, ;1 |p>1
ull ull ul X xe AA, p=1
viz,l |vllz, |v'llz, |v1z,] [lu=vl, v € Av
wilz,1 | w0llz, | w0lz, |x x € AA, u= w01
Bang 2.4

Trong Bang 2.4, & dong d3u ta cé x = ¢(x) néu x € AA vax = ¢(y)
néu x ¢ AA.

Phan cudi cliing ta phai cning minh la (2.15), nhung he théc ndy 13
hidn nhien vi [$(AA)| = [AA].

2.3.16 B8 d. Cho A= GO0+ H1 C B(n) vdi A lé PCvi H C G thi
AA=A*={a*:ac A} (2.16)

Chitng minh. Do 4A* C AA nén ta chitng minh chidu nguge lai. Vi A
la PC nén G, H la nhiing IS cia B(n—1). Véix € AAthicéac A
sao cho x € Aa, titcla x = d;a vdi mot j va x < a*.

Gidstae GO. Datc=x0thic<a*0=antnceGOC AV AL
PC. Vay x = ¢* € A~
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Xét treong hgp a € HI, tidc 1a a = ul vdi u € H. Trudc tien, xét
X=0,a=u€HCG. Tacéul € GO nén x = (ud)* € A*. Gia sut
X=vl=4daviij#n Ditb=v0lthib*=vl=x<a*néenb<a
suyrab € A (do A 14 PC). Vay x = b* € 4*.$

Ta da chitng minh AA C A* va do d6 AA = A~

2.3.17 B6 de. Cho A =G0+ Hi1 C B(n) vdi H C G vd A la PC
nhung khong la 1S. Goie = eje;...e, ld vécto nhd nhdt cia B(n)
khong 0 trong A va £ = fify... [, ld vécto ldn nhdt cia A. Ta cd

(i) Ae — {e*} C AA vé neue, =1 thi e* € AA, tiéc la Ae C AA.
(ii) (Af ~ {f*}) C A(A — {£}) vd neu f, =0 thi f* ¢ A(A - {f}).

Chitng minh. (i) Véi x € Ae, dit a = x0 thi ta ¢ a* = x < e*.
Néu x # e* hodc x = e* va e, = 1 thi a < e nén a € A4 do dinh nghia
clia e va do dé x € AA. Vay ta cd (i).

(ii) Cho x € Af, x < f* thix € AA—{f*}. Vi AA = A* theo (2.16)
nenx € A—{f*} =3 x=a* Via* =x<f*ntna<f=aec(4A-{f}).
Vay x = a* € A(A — {f}) va do 46 (Af — {f*}) C A(A ~ {f}). Ngoai
ra theo B6 d& 2.3.5 thi néu f, =0tacé f* ¢ A(4A - {f}).0

Nhic lai ring néu y 1a trdi tryc tiép clia x thi ta vidt x < y.

2.3.18 Dinh nghia. (i) Mot doan-zero (0-slice) cida B(n) la mot day
vécto cia B(n) lién ti€p nhau ay < ay- -+ < a, sao cho thanh phin thi
nocua ay,...,a, ld 0 vd nfuun=1uy...u, <a; vd a, <v=10y...7,
tht u, = v, = 1.

Dinh nghia tuong ty che doan-mét (1-slice).

(i) New I la dogn-zero va J la dogn-mot thi ta viet I < J hay
J < I tuy theo I & ngay trudc J hay J 0 ngay trudc I, tiéc ld

I <J mnéu max] < minlJ,
J<I néu maxJ < minl.

2.3.19 B4 de. Cho I ld mot doan-zero, J ld mot doan-mot cda
B(n), n>2 vdia=max] va b=minJ. Ta cd
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(i) a=ug,0 vdir >1 vi u="0 hay u cd dang u = v0. Hon nita
r=1 <= |I| >2,

r>22 & |I|=1.

(i) b=-ez,l vdip>1vie=0 haye cd dang e = f1. Hon nita
p=1 < |J|>2,

p22 <= |J|=1

Vi du 2.6. B(4) dugc phan hoach thanh cdc doan-zero vi doan-mot
theo thtt ty ting din nhu sau

Doan-zero Doah-fn(f)t
0000
1000
11 0100
0010
0001 } J,
1100
f { 1010
1001 } J,
I; { 0110
0101
0011 } /s
I {1110
1101
1011
o111 [ V4
1111
Hinh 2.1

Odaytacd Iy <Jy<Iy<Jy<1Iy<J3 <1 <J, Hon nita

L =1e |0 >1, s=1,...,4
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Ching minh 2.3.19. Trudng hgp n = 2 13 hién nhién neén ta chi xét
n > 2.

(i) Néu a = a4ay...0a, vdia, ; = a, = 0 thi a cé dang a = wlz,
vdip > 1. Datc-—w01zp_1 thi ¢, —Ovaa<ctheo(27) nencGI
theo dinh nghia cla I, ditu nay mau thuin vdi tinh 16n nhdt cia a. Vay
an—1 =1 va ta c6 thé viét a = ug,0 vdi » > 1 vi u = @ hay u ¢é thianh
phan cudi la 0: u = v0. Dgt d = a~ titc d < a.

Néur=1thia=v010 (vin >3)thid=v100 nénd € I va do dé
1] > 2.

Gia st 7 > 2. Theo (2.8) thi

__ | 00g,_, néu u==49
"] vi00g,_; néu u=v0

Truong hgp nay thi thanh phin cudi cia d 13 1 nén
dgl=1={a}
tirc la |I] = 1.
Phan (ii) degc ching minh hoan toan tuong ty.

2.3.20 BS de. Cho I, J ldn lugt lo dogn-zero vé dogn-mot cia
B(n), n >3 sao cho I < J. Ta cd

1] =1 <= |J]| >2 (2.17)

7|22 e [Jj=1 (2.18)
Chitng minh. D4t a = max/ v b = min J thi a < b.

Gid stt I = {a}. Theo B4 d& 2.3.19 (i), a cé thd viét a = ug,0 vdi
r 2 2 va hon nita, a < ug,_;01 < ug,_,011 nén ug,_,01, ug,_,011 € J,
nghia la |J| > 2.

Dao lai, cho |J| > 2. Theo Bé d& 2.3.19, ta ¢ thé viét b = v101 =
a = v110. D4t ¢ = a-, nghia ld ¢ < a. Néu vll = g,_, thi theo Bé
de 2.3.2, a la vécto dau tien ctia B(n,n — 1) va c 13 vécto cudi cing
cia B(n,n — 2) nén ¢ = 00g,_, = ¢ ¢ I. Ngugc lai, ta cé thd viét
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a = wz,g.0 véip > 1, r > 2 va theo (2.8) thi ¢ = wz,_,100g,_, =
cgl VayI={a}tucla|l]=1.

(2.18) 13 ph&n dao cta (2.17).9

2.3.21 Bé de. Goi J ld tap hop tat cd cdc doan-mét ciia B(n), n > 3.
Ta cd

|J*=1, VJeJ (2.19)

Ching minh. Ta chi ¢in xét trudng hgp |J| > 2. Cho x, y € J vdi
x<ythix*<y* Gidstx* <y*. Dt w=y 0thiw#yviy, =1
va theo (2.4), ta c6 w < y. Hon nifa, w* = y* > x*. Viyx < w < y.
bigu nay khong thé x4y ra vi J 13 doan-mot ma thanh phin cufi cta w
1a 0.0

2.3.22 Dinh ly. Vdimoi A C B(n) ta cd
AC(A) C C(AA) (2.20)

hay tuong duong 7
|AC(A)| < |AA| (2.21)

Chitng minh. Chd ¥ ring (2.20) va (2.21) twong dwong vi AC(A) I3
mot IS theo B6 de 2.3.8 va |AA| = |C(AA)]

Ta chitng minh dinh ly bing qui nap theo n. Trudng hgpn= 2cé
thé dugc kidm chu’ng mot cich d& dang. Gid st n > 3 va dinh Iy ding
vdi n — 1, ta sé ching minh dinh 1y cling ding vdi n.

Néu A la IS thi hién nhién dinh ly ddng nén ta chi xét A khong 13
I5. Ta sé ting budc chuyén A thanh C(A) ma & mdi budc, ta chuyén
A thanh D vdéi |AD| < |AA].

Budc 1. Dat A® = A, Al = C,(A), A? = (A1), 43 = C,(4?),
At = 9(A3). .., tuc la

Art — C.(A7) néur chén
1 ¥(A7) ndurlé

vdi C,(Ar) la phan nén thit n cha Ar v ¢ la 4nh xa ddn. VI A 14 hitu
han nén ton tai ¢ sao cho A¢ 14 PC va ¢-déng. Do cdc Dinh Iy 2.3.12 v
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2.3.15 ta cé |AAI < |AAI1| < --- < |AA|. Bing cich xét A¢ thay cho
A, ta c6 thé gid sit A 14 PC va ¢-déng, titc1a A = GO+ H1 v6i G, H 1a
cac IS ctia B(n—1) ,H C G v ¢y(a) = a, Ya € A. Hon nita, AA = A*
theo B4 de 2.3.16.

Budc 2. Neu H =@ thi A= G0. Dat F = C(A) thi AF = F* theo Bé
de 2.3.8 nén

|AC(A)} = |F*| < [F| = |A] = |G| < |AA|
va do dé dinh Iy dugc chitng minh. Vay, ta cé thé gid st H # 0.

Budc 3. Goi e = eje;...e, 13 vécto nhé nhit clia B(n) khong & trong
A f = fify...f,1d vécto 16n nhdt ca Atacée < fvi A khéng la
IS. Hon nfta, e, # f, vi néu ngugce lai thi e € A do A 13 PC. Dat
D = (A~ {f}) U {e} thi hién nhien D 13 PC vi 9-déng. Ngoai ra,
AD = D+,

Néue, =1, f, =0 thi theo B d& 2.3.17 ta ¢
Ae C AA= A*vaf* ¢ A(A - {f}).

Do d6
AD =D* = A* — {f*} = AA - {*} = |AD| = |AA4| - 1.

Lap lai qué trinh nay (vdi A := D) cho dén khie, =0, f, = 1.

Budc 4. e, =0, f, =1. Goi J la doan-mot chita £ va I 13 doan-zero
ngay trudc J (Licla J < J) vh a = maxI, b = minJ. Theo B da
2.3.19 thi b c6 thé viét b = uz,1 vdi u = @ hoic u cé dang u = v1. Do
P(A) = A ta 6 yb = ulz, € A. Ngodi ra yb = min/ do (2.8). Néu
e¢glthhe<ybvaviAlaPCnenec Avoly. Vayee I.

Néu p = 1 titc 13 b ¢6 dang b = v101 va do B3 d& 2.3.19, ta cé
|J| > 2 va theo (2.17) thi |I| = 1, nghia 13 I = {a} vdi a = ul10. Vi
¥(b) = b nén yb = ull0 € A4, ticla a € A. Suy ra, A 13 mot IS, tréi
gia thiét va do dé p > 2. Theo (2.18) thi [J|=1nen b=f va J = {f}.
ViD= (A-{f})U{e} tacd DIa IS nghia la D = C(A) vk theo B3
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de 2.3.17 thi AD = (AA- {f*}) U {e*} = |AD| = |AAl. Vay dinh ly
dugc chitng minh.$

Vi du sau day sé cho ta thdy mdt ing dung cta két qua trén.

Vi du 2.7. Gia sit ta ¢6 r < 27 cong viec dugc ma héa bang r vécto
dau tien ctia B(n) trong th¢ ty vV (mdi cong vigc twong dng vdi mot
vécta) va nhitng cong viéc nay chn céc thiét bi, méi thiét bi dugc ma
héa bing mot vécta trong B(n — 1). Cong viéc cé ma la a can cdc thiét
bi ¢6 ma 1 cdc vécto trong Aa. Véi m < r cho sdn, mot nhén vién sé
duegc xem 4 hoan thanh nhiém vy néu thyc hign dugc m trong r cong
viec da cho, va sé dugc thudng néu thyc hign m cong viec nay vdi s8
thiét bi it nh&t. Hoéi nhan vien nay phai chon m cong viéc nao dé hoan
thanh ma dugc nhan thudng?

Hinh 2.2 dudi day mo ta truong hop n = 4.

oo i G0 @GR EDHE) () - @)@

Thiét bi : 011] [111

Hinh 2.2

Theo Dinh ly 2.3.22, nhan vién nay sé dugc nhan thudng néu chon
m cong viee ¢6 ma la m vécto dbu tien ctia B(n) trong tht ty V. &

Déi chidu véi Dinh nghia 1.2.4 v& K-poset, ta c6
2.3.23 Dinh 1y. Tdp hop B cdc vécto Bool la mgt K-poset.

Chéng minh. Ta da biét B 1 mot poset ¢é hang vdi mic thit n la
B(n). Véin > 1 thi hién nhien AB(n) = B(n —1). Vdi thi ty tuyén
t{nh 13 thit ty V thi theo B d& 2.3.8 ta ¢ AA 14 IS néu A 13 IS va hon
nita, |AC(A)| <'|AAj theo Dinh 1y 2.3.22. Do d6 B la mdt K-poset.$
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Chuong 3.

CAC BAI TOAN VE BIEU DIEN
VA PINH LY KIEU LOVASZ

Trong Chuong 2, ta da biét ring vdi thi ty tuyén tinh la tha ty Vv thi
B 13 K-poset. Nhu trong Pinh ly Kruskal-Katona, gén lien vdi K-poset
B 14 cic bai todn v bidu difn ma ta sé xét trong chuong nay, ddong thai
ta ciing chitng minh dinh ly kidu Lovasz. Cac két qua nay da dugc cong
bd trong [1], [2], {3], [6] va [8].

3.1 C4c bai todn ve biéu dién trén B
Goi B(n, k) la tap hgp cic vécte cia B(n) cé trong lugng béng k.

Hién nhién ta cé |B(n, k)| = (:) va

B(n) = B(n,0) + B(n,1) + - -- + B(n,n).
Ngoai ra, nhu trong chuong trudc, vdi u € B(s) cho sdn, thi
uB(n,k) = {ux:x € B(n,k)}.
Ta biét ring bai todn ve biéu dién 1a bai todn tim vi tri clia a € B(n)
trong thit tuy V va dao lai, tim a khi ta biét vj trf cia né.
Trudc tien ta xét Bai toan 1.

Bai todn 1. Tim m = |IS(a)| va Am = |AIS(a)| vdi a € B(n) cho
sdn. o - o

Theo két qua & Chuong 2, ta cé AIS(a) = IS(a*) nén ta viét 15(a*)
thay cho AIS(a).
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Néu a = z, thi IS(a) = {2,} = I5(a*) = {zn_1}, do d6

1S(a)| = 'g-).;.
s = (75 )

Néu a = g, thi IS(a) = B(n) = 1S(a*) = B(n — 1) nén

ps@i = () -

k=0 k
us@y = 3 (") =

=0\ k

T day ta gid st a # 2, vaa # g, ticlaa € B(n,k)véi0 < k <mn.
Nhan xét ring moi véctd a € B(n, k) deu 6 the viét

A= 2. 8:%r,8s - Ze, 85, Zh+1 | (31)

trong do

( h

):Si=k

i=1

5,‘>0, Vi:l,...,h

riy, Thpr 20, VAT >, Vi=2,...,h
Bt h

Yorit Y s=n
i=1

\ =]

Ching han a = 0111000010011 = z;832481%282%0-

Néu x € B(n) va wx < k thi x < a nén Ay C I5(a) vdi

Ay = {x€B(n): wx<k-1}
= B(n,0)+ B(n,1)+---+ B(n, k- 1).

Ta co

Ay = {xeB(n-1): wx<k-1}
B(n—1,00+B(n—1,1)+---+ B(n—-1,k-1).

<
!
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Do do
k-1 {m
Sl %(J‘)
i:l n— 1 (32)
4= 5 (")
i=0 J

Néu ry > 0 thi vdi 0 < 7 <7y, ta dat
AI(J) = zle(n~j-l,k—1)
Ay = A(0)+ -+ Ay(r - 1),

Néu0 < j<rvax=z;luvdiu € B(n—j—1,k—1) thi hién nhién
x < a nén A;(j) ¢ IS(a). Hon nita A;(j)* = 2z;1B(n — j — 2,k —1).
Do d6, néu dat ny = n, k; = k thi

ol fng—j—1
4 = 5 ( )

=0 k] s 1 L ;
|A] = (”1 -] 2) (33)
i E\ k- |

Ta qui wdc A; = 0 néur; = 0.

Nhitng vécto tiép theo cha 1S(a) cé dang u;z;1u vdi u la vécto tly
ycia B(ng—j—1,kp—1) va

ul = zr1g31
Ng = M1 —T1 — 5
’Cz = kl — 5

Ta dit
Ag(]) = llle].B(n2 — _] - 1,k2 - 1)
Ag = AQ(O) + -4 Ag('rg - ].)

—i—1
VA 0 < § < 7y ta c6 Ag(5) C IS(a) va |Ag(f)] = ("‘k ] 1 ) Hon
2 —
nita,
Ag(j)* = {ulelu* u c B(nz —j - 1,’62 — 1)}
) ulelB(nz —"j —_ 2, kg - 1).

It
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Do d6 A, C IS(a) va
| =l fmg—j—1
Aol = X ( ’ )

L Tl n2_J...
Al =
4 Jg-—:ﬂ( ke — 1 )

Mot céch tdng qudt, vdi 1 <1 < hva 0 < j <7y, ta dat

¥ = W;_12,,8s;, = 27,84, - - - Zr; B,
ng = Ni_1—Ti_1— Si-1
ki = ko1 —si
A,(J) = u,-_ilzle(n,- — j - 1$ki — 1)
e
N Ai - Z A,(]), %=1,,h—1
par! it

: r;—1
Hién nhién ta cé A; C IS(a), Af = Y, A;(5)* va
=0

nlfn—j5-1
A = -
4 Jgf) ( k;—1 )
izl fng—j—2
Al =
=5 (")
Cuéi cling, dst Ay(ry) = {a} va
Ap = An(0) + Ap(1) +--- + An(Th)

Nhar thé |
IS(a) =A0+A;+1--:|- Ap.

Ta xét hai truong hop. ;
Trudng hgp L. 74,41 =0

D& y rAng ny — ), = s = ki va ta .C(_')

An(ry) = {Up-1Zr,Bay}
= uh_lz,.hlB(nh —Th— 1, kh - 1)

8p — 1
= |An(ra)l = "

Sh—-l )

39

(34)

(3.5)
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Hon nira

Ah(rh)* = {uhalzrh-—lgsh} C Ah(rh - ]')"l

= Apx = Ah(O)* + Ah(l)* +--+ Ah-('rh - 1)*
Suy ra

ra—1 nh—j—l Sh_]-
A =
4 32:31( kp —1 )+(Sh_1)
e nh_j"z)
A*
14 zﬂ( -

Céc he thic tir (3.2) dén (3.6) cho ta

115(a)| = LAiﬂ + |4, |;L + | Al , 1
- ’ T n — J — Sh —_
- + +
fg}(]) zz—jlg;o( ki—1 ) (Sh““l
[18(a*)] = |A§|+|Af]+ -+ A

_ "f(”‘.l)d:’;t )

§=0 J i=1 =0

Trudng hgp 2. 7541 > 0

40

(3.6)

)

Dit t = 74,y thi a = u,z, = a* = u,z,_; va theo (2.4) (Chuong 2)

thi a* ¢ (Au(ry — 1))*. Hon ntta
el = (o)
-1
lAh(Th)*L = to )
Vay
h . =l nh_j_l t
al = Bl =5 (M7 ()
rh _ =l fn, —7—2 t—-1
il = SIAGr = ( U )+( :

i= j=0
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Cac he thic tir (3.2) dén (3.5) cung vdi (3.7) cho ta
115(a)] = |Aol +1As}+ - -+ |A)]

S50 550040
IS(2)] = 1Azl +145]+ -+ 143

CECEE L)

Néu dit
k=1 (n horzlfin, —5—-1
i:o J 15:1 j_—..h lk,- -1 .
-1 /n — — n;, — j —
S0\ ] i=15=0 \ k;—1

va chd y r3ng (:) = 0 néu n < 0 thi trong ca hai trvong hgp ta cé
| 8
rs@)=a+ (°);

|AIS(a)| = ¢ + (s - 1).
vidis=r=s5,-1néur,;=0vas=t=r4,, r=0n& r,, >0.
Tom lai, ta da chitng minh:
3.1.1 Dinh ly. Cho a ld mgt vécto cia B(n) vdi wa =k
A= 1285%r,88, - - ZryBsnZryyy
vdi 8;>0Vi,r;, >0Vi=2,...,hvdry rpy 20,
Ditny=n, ky =k va vdit > 2

{ni = niy —(ric1 + 8i-4)
ki = ki1
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Ta co
k-1 {n h il in, —9—1 s
IS(a)] = (,)+zz:(1 g )+()
j=0 3 i=1 j:ﬂ ki - ]' r (3 8)
k-1 /n —1 h ri-ling —3—2 s—1
[15(a*)| = + +
=0\ J i=1j=0 \ k;—1 r
trong dd

s=r=3,—1 néurp,;=0
s=7Tpy1, r=0n8urp #0

Vi du 3.1. Tim m = |IS(a)| v& Am = |IS(a*)] vdi a = 010011010.
Odayn=9k=wa=4vatacoda=zg %8282 Vay

h=3, ri=ry=ry=1,13=2, s =83=1, 85 =2.

Suy ra
=9 n = n—(r;+8)=7 n3 = nyg—(ro+sy) =3
= 11.'.2'—32—1

ki = 4, ky = ky— s =3, ky =

Ap dung (3.8) ta cé

sl = 50+ () + 2 (757 o) o)
50+ 6 6+ 06+
15(a*) ) EG (j) +(Z)+(Z)+(§)+(é)+ (g)

Vay a la vécto thit 213 clia B(9) con a* 1a vécto thi 146 cua B(8).
Vi du 3.2. Tim m = |IS(a)] v& Am = |IS(a*)] véi a = 00100011.
0 day a E B(8) Tacdk=wa=3vaa= ZoZ123892. Vay

h=2, r =2, 'r2=3,- r3 =0, s; =1, s9=2.
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T d6
n = 87 Ny
k1 =3, ky

ny— (7‘1 + 81) = 5;
k} — 81 = 2.

ol

Theo (3.8) thi

1S(a)| = g G)+J§) (8‘;“1)+§ 5“{"—1)+(i)
2004007000
e = £+ )+()-()+0) )

Do dé

4 3+2+1_5

TR CT AN YRR Y B P

3 2+1_4

i) Tl 1/ = \2/)

Vay ta cé thé viét :
175 (a) 8+8+8+7+6+5-
@E= 1o/l o) {2 2] T \a)
IS(ar N () () (5 +(5)+ 4
I(a)l—0 . ) X X )
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Ta sip x&p cac phin ti cla tam gidc Pascal dudi dang

bk, ) o) ©) ) (o 3%:(3%"“(3%

TREL 6 00 0/0:0) G
(N6 6 AR 0 0
b YO 060

Hinh 3.1. T'am gtdc Pascal

U000
NN RN

44

N&u ta ndi cic s6 hang cla p trong tam gidc Pascal vdi nhau ta sé
duge mot doan thing cé do déc 1 1(géc 45°) ma ta cd thé tudng tugng
nhu phfa bén trdi cia mot thung ling (valley), con phia bén phai clia
thung ling 4y c6 dugc bing cich ndi cic s6 hang cua g, ¢ chinh la mot
cascade. Ta ciing cé két qua nay cho truong hgp téng quat vdi cong

thitc (3.8)

k=1 (n hord fng —§—1 s
p=>1.]) 9= 2. +1_ ]
i=0 \J i=1j=0 \ ki—1 T

Vi vay (3.8) dugc goi 13 mot n-valley. Hon nita, d& c6 Am = |AIS(a)],
ta chi cin thyc hién phép bién ddi sau day cho médi sd hang cla p va ¢:
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s s—1 S vaen = | ..
(t) — ; ) , titc 12 "déi” mdi s hang sang ben phai mot cot trong
tam gidc Pascal ¢ Hinh 3.1.

Trong Hinh 3.1, m dugc thé hign bing nét litn con Am duge vé
b&ng cac ddu chdm: .......

Bay gio ta xét Bai toan 2.

Bai todn 2. Tim a € B(n) sao cho |IS(a)] = m vdim cho sdn vd
1<m<2n.

Hién nhién ta cé
{ z, néum=1
a =

g, néum=2

Vay céthé gidst 1 <m < 2" vaa # z,, a #g,. Goitlasd nguyen

ldn nh4t sao cho
N (s () <
0 1 ' g) =™

e (3§}

Néu m = m' thi

m= |B(n’0)| + |B(n, 1)‘ +---+ IB(na t)l

Vay a la véctg cudi cing cia B(n,t) nén a = z,_,g, theo BS de
2.3.2.

Gidstm>m/ thimy=m-m'>0vaac B(nk)vdik=t+1.
Dat
F,(a) ={x € B(n,k) : x < a}.

Ta can tim a € B(n,k) sao cho |F,(a)| = m;. Vay Bai todn 2 trd
thanh '
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Tim vécto a € B(n, k) sao cho |F, (a)] = m vdi m cho sdn vd

7
1<m< .
<ns (i)

Ta tim a bing qui nap nlue san.

Trudng hop n = 2 ¢é thé dugc kidm ching mot cich dé dang. Xét
n > 3 va gia st bai todn da dugc gidi quy#t vdi moil < n.

Néu k = 1 th) hién nhién a =z, 1z, véir =m—1va s =n—m.
Vay xét k > 1 vdi céc truong hgp sau

n—1
Trudng hop 1. < m.
rudng hgp (k‘ B 1) m

Goi p 13 s§ nguyén lon nhat sao cho

1<p<k
_1 _
Hién nhién ta co
1Bm-1k-1)] = [*7
T ~ k-1
01B(n — 2,k — 1)] o2

---------

2, 1B(n— 1,k —1)| = c;p)

Do dé (3.9) cho thay

z,1B(n—r—1,k-1)C F,(a), r=0,...,p— 1

Ta biét cdc phan ti cla z,1B(n—r— 1, k—1) ditng trudc cic phan tit
ctia z,1B(n—s—1,k—1) trong thit ty V néur < s va phin t cudi cing
cla z, 11B(n—p—-1,k—1)1ab =12, 1248 viid=n—-p-k+ 1.
Hon nita néu b < ¢ thi ¢ = 2,18, 13, vdig=n—p— k.
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Néu m = m' thi a chinh la vécto b = z, ;1z4g;_; vdi d nhu trén.

Néum >m'thia>cnénac€z,1B(n—p—1,k~1), tidcla acé dang
a=12,lu, ue Bn-p-1,k-1).

n—1
Trudng hgp 2. m < L1

Goi r 12 58 nguyén ldn nhédt sao cho

1<r<k
it = n—r <m (3.10)
k—r)

Vi|B(n—-rk—r)|= (: T) nén (3.10) cho thay

—r
g.B(n—rk—1)CF,;(a)
Ngoai ra, phin tit 16n nhét cla g, B(n —r,k —r) la e = g2, 18,

Néu m = m" thi a I3 vécto cudi cing clua g,B(n —r,k —r) nén theo
Bd de 2.3.2,tacda=e = g2, 1Bk

Gid st m > m”. Goi f 1a vécta k€ tiép cua e, titc la e < f, thi theo
B3 de 2.3.7 (Chuong 2) ta ¢6 f = g,_101g;_r%,g—1. Suy ra a la mot
vécto clia g,_101B(n —r — 1,k — 7}, téc 1a a cé dang

a=g, ;0lu,ueBn—r—-1k-r).
Trong ca hai trudng hgp a deu cé dang xu vdi x la mot vécto da
biét, u € B(ny, ki) véi ny < n va ta phai tim v € B{ny, k) sao cho

| Foy i (V)| = my (véi my = m —m' hay my =m — m"). Theo gid thiét
qui nap, ta cd thé tim dugc vécto v nhv thé nén ta tim duge a = xv.

Tém lai, ta da ching minh

3.1.2 Pinh ly. Cho m, n ld s6 nguyén duong vdil <m < 2. Ta co
thé tim dugc a € B(n) sao cho [15(a)| = m.

K&t qua clia cdc Dinh 1f 3.1.1 vi 3.1.2 cho ta cdc thuat todn sau day.
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3.1.3 Thuat todn 1. Tim m = |IS(a)| vd Am = |IS(a*}] vdi a ld
mot vécto cda B(n) cho trudec.

Theo (3.8) thi tir cong thic tinh m ta cé thé suy ra Am mot cich
d& dang nén ta chi can tinh m.

Budc 1. Xdec dinh k = wa vd cdc r;, s; sao cho

A= 2y, 85, 2,80y -+ - ZrnBanZrag

Vding=mn, ky=k, 2<i<h, tinh

n‘: _ni—lﬂ_ (ri—l + 5:’—1), ki = ki...1 — 8 1.

sute 2. mi= (1) + (1) +-+ (1)

i=1.

Budc 3. Xdc dink m;.

trong do
{p=t=sh—1 néu .y = 0;
P =The1s t= 0 néu T'h+1 # 0.

Budc 4. m:=m+m;, t:=t+1.
Néw i > h thi ditng. Néw i < h thi trd lai Budce 3.

Vidy 3.3. Tim m = |/S(a)| vdia = 00101100010.
Budc 1. O day a = 2,g,2182238121, h =3 vh k = wa = 4.

_T1=2, 31=.1, n1=11, k1=4
1‘2—‘—-"1, 32—"22, ’1_'12:8, k2=3
T3=3, S3=1, ‘n3=5, k3=1
ry=1.
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11 11 11 11
Budc 2. m := 0 + 1 + 9 + 3 =1+11+55+165=232.

Bude 3. Xac dinh m;.

10y (9
m, = +{,) =120+84 =204

=21

+(3 T TP g

mg = = 4.

’ 0/ \o/ \o/ " \0

Budc 4. m = my + mq +my + mg = 232 + 204 + 21 + 4 = 461.

Vay a la vécto thit 461 cha B(11).

3.1.4 Thu4t todn 2. Tim a € B(n) sao cho |IS(a)] = m vdim, n
cho sdn.

T i Y

Budc 1. Tim t ldn nhdt sao cho

e () e )

m = m — my.
Néeum =0 thi a = z,_;8. Dung.
Néwm >0 thi dgt k=t + 1 vd dén Budc 2 vdia:=1.

B [/ T/ F

Néumy < m thi dén Budc 3. Néumy > m thi dén Budc 4.
Budc 3. Tim p idn nhdt sao cho
1<p<k

n—1 n—p

Newm =m, thi a:= ae vdie =12, 112481, d=n—-k—-p+1L
Ditng. "
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Néum > my thi a:=ae vdie =z,1. Tro lgi Budc 2 vdi
n:=n—-p-1;, k:=k—-1;, m:=m—m,.

Budc 4. Tim t nhd nhdt sao cho
1<t<k

n—t
mg = k-t <m

Néw m = mg thi a .= ae vdi € i= g%, 18— Ding.
Néum > mgy thi a:=ae vdie =g, _,01. Trd vé Budc 2 vdi
n:=n—-t—-1, k:=k—1t, m:=m —m;.
Vi dy 3.4. Tim a la vécto thi 101 cia B(9).
pute 1. (0) + (1) + (5) =40 <100 < (o) + () + 3) + )
0 1 2 0 1 2 3
Suy ra k = wa = 3.

m = m — 46 = 55; a := 0. Dén Budc 2.

8
Budc 2. m; = (2) = 28 < m. Dén Budc 3.

3_1/ " 31

8 7
p=2vétac6m2:(2)+(2) = 28 + 21 = 49.

Vim > my nén a = ae = e = 2,1 = 001. Trd v& Budc 2 vdi

8—1 8 —
Budc 3. Gia tri ldn nh&t cia p sao cho ( + --+( p) <mla

ni=n—-p-1=6, k:=k—-1=2 m:=m-m;=6.

6 — 1 5
Budc 2. m; = (2 1) = (1) = 5 < m nén dén Budc 3.

5 5—
Budc 3. S8 nguyen p ldn nhdt théa m, = 1 SR = lp £

p=1= my =5 Do dé a:= ae vdi e = 01, titc la a = 00101. Trd v&
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Budc 2 vdi
ni=n—1-1=4 k=k-1=1, m:=m-my=1

n -1

k—-1)
a := ae = 001011000. Ditng.

Vay vécto thit 101 caa B(9) la a = 001011000.
Vi dy 3.5. Tim a I3 vécto thi 888 cia B(11).

3
Budc 2. m; = ( ) = m. Suy ra e = g;23 = 1000 va

0

Budc 1. S8 nguyén t 14n nhét sae cho

11 . 11 R 11y _ 488
my = = 888.
0 0 1 g ) =™
5 £ = 4 vi mp = 562.

Suy ra k = wa = 5.

m:=m — 46 = 326; a := 0. Dén Budc 2.
10 | :
Budc 2. m; = (4) = 210 < m. Dén Budc 3.
Budc 3. S8 nguyén p 1dn nhdt sao cho
11 -1 11 -p
Mg = A R o 4 <m.

, 10 .
lép=1vétac6m2=(4)=210<m.

Vay a = ae = e = z,1 = 01. Trd v& Budc 2 vdi

ni=n—-p—1=9, k:=k—-1=4, m:=m-my =116
8
Budc 2. m; = (3) = 56 < m = 116 nén dén Budc 3.

Budce 3. S8 nguyen p 1dn nhdt thoa

9-1 ' 9—-p
R ‘+ ik o O 3 <m.
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la p =3 vatacé my =111 < m. Do dé a := ae = 010001 vi trong
tredng hgp nay thi e = z,1 = 0001. Trd ve Budc 2 vdi

ni=n-—-p—1=5 k=k—-1=3, m:=m-—m,=5.

5—1

Buoc 2. my =\,
3—1

) = 6 > m. Pén Budc 4.

o—1
Budc 4. S8 nguyén ¢t nhé nhdt théa my = 5y <mlat=2vata

cd my =3 <m. Vay e = g, 101 = 101 va a := ae = 010001101. Trd
ve Budc 2 vdi

ni=n—-t—-1=2, ki=k—-t=1 m:=m-—my3=2,
2—1
1-1
Budc 3. Sd nguyen p ldn nhdt thoa

2-1 2—-p
Mg = 0 +- 0 < m.

lap=2vatacdmy=2=m. Dodéa:=aevdie =1z, 11248, = 01,
trongddd=n—-p—k+1=0, k—1=0, tac la a = 01000110101.
Dirng.

Budc 2. my = ( ) = 1 < m. Dén Budc 3.

Vay vécta thit 888 ctia B(11) I3 a = 01000110101.
3.2 Dinh ly kiéu Lovasz

Trong Chuong 1, ta da biét Dinh ly Lovasz nhanh chdng cho ta mgt
chan dudi cua |AA| véi A C P(S), trong d6 S = {1,...,n}. Trong
phan nay, ta sé chitng minh mot két qua twong ty cho cic vécto Bool.

Cho A C B(n) vdi |A| > 1 thi tén tai 1 € k < n sao cho

> o)+ () 2)

nén cé s8 thyc z > k théa

e[ (2
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Ta mudn ching minh dinh ly kidu Lovasz, titc |4

VTR i P L DU o D L 3.12
=\ 0 1 k-1 k (3.12)
Ta da biét [AA| > |AC(A)| nén ta 6 thé gid sit A 1 mot IS. Dt
D = B(n,0) + B(n,1) + --- + B(n,k — 1) v& E = A B(n, k) thi
A= D+ E vdi E la mot doan du cia B(n, k). Ta c6 AA= D*+ E*
vl
D*=B(n-1,00+B(n~1,1)+---+B(n—1,k—1)

o= (" )+ (1) s (000,

Vay dé chiing minh (3.12) ta chi cin chitng minh
~1
| B > (m L ) (3.13)

Dé ¥ ring
E*={6a: a=aay...0,€ Eva a; = 0} (3.14)

Vdi céc y&u t8 trén, bai todn trd thanh:

Cho A C B(n,k) vdi |A| = (z), z > k. Ching minh rdng

1A A 2(3: ; 1).

Do (3.14), & day A'a dugc dinh nghia nfm sau:
3.2.1 Dijnh nghia. Vdia = a;a;...a, € B(n,k) ta dinh nghia
Aa={fa: a;=0}
“vd vdi A C B(n, k) thi |
AA= | Aa.

acA
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Nhu trong Chuong 2, mot IS cia B(n, k) 1a mot t4p con gom nhitng
vécto diu tien ctia B(n, k) trong thit ty V.

3.2.2 B6 de. Néu A la mgt IS cia B(n, k) tht A'A cing lé mot IS
cia B(n — 1,k). Hon nia, néu A =G0+ H1 thi AA=G.

Chitng minh. Tuong ty nhu trong 2.3.8.0

3.2.3 B& de. Cho A C B(n,k) vdi |A| = m vd got F(A) ld tagp hgp m
vécto ddu tién cia B(n, k) trong thi tv V. Ta cd |A'F(A)| < |A'A.

Ching minh. Dat D = B(n,0)+ ---+ B(n,k~ 1) va E = D + A.
Trén B(n) ta c¢6 C(E) = D + F(A).

Vodix=4da, ac Athixe D*néua;=1vax € A'A néu a; =0.
Ngoai ra, AD = D* va D*NA'A = @ vi trong lugng clia cdc vécto trong
D* va trong A'A la khéc nhau. Vivay AF = D*UAA = D*+ A'A. Ta
biét ring AC(E) = (C(F))" = D*U F(A)* = D* + A'F(A). Ma ta ¢
|AC(E)| < |AE| nén suy ra | .

|D*| + |AF(A)] < |D¥| + |AA] = |A'F(A)] < |A'4]
va Bé de dvgc ching minh.$

Dén day ta cd thé phat biéu vi ching minh dinh 1y kidu Lovasz nhu
sau

3.2.4 Dinh ly. Cho A ld mét tép con khdc réng cia B(n, k). Néu
-1
Al =(5), e>kmijaa > ("7 7).
k k

Chitng minh. Ta ching minh bdng qui nap trén n. Truedng hgp n = 2
13 hién nhien nén ta xét n > 3 va gid sit dinh 1y ding cho n — 1.

Cho A= GO0+ H1 C B(n.k). Do B3 d& 3.2.3, bing céch thay A bdi
F(A), ta c6 thé xem A la mot IS cla B(n, k).
Trude hét xét k = 1. Khi 4y |A| = (‘f) véi z = |A|. Goi b Is phin

tt Ién nhét cia A. D2 ¥ ring phén t& duy nhat trong B(n, 1) cé thanh
ph&n tht » bdng 113 2z, ;1 = maxB(n,1) nén néu b € GO thi H = §
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va vi vay |A'A| = |A} = z 2 (a:l ) =x—1, con nfub € H1 thi
z—1

- A= B(n, )nénx—’nv&aﬁ'}l B(n—11)=>|A'A| ( )

| dinh ly ding véi k = 1.
Tu day gia sit kil o

)- Vay

Goi y, z 13 nhtmgad thm:aao cho IG] = (:), |H| == (k z 1). Vi
|A| = |G|+ |H| nen "

(z:) 042 e

Theo Bd de 3.2.2 thi A’A = G nen
A A = (Z) (3.16)

Néuy >z —1th (Z) > (a: L ) nén theo (3.16) ta cé

Iﬂﬂzf_j.
k
Gia st y < 2 — 1. Theo gia thiét qui nap ta cé
|A'G| > (y . ) |A'H| > _(k _ i) (3.17)
M4t khéc, hidn nhien (A'G)0 + (A'H);l..c A'A nen |
|ATA| > |AG| + |AH| > (y;l) + (; ~ 1) (3.18)

‘Tir (3.16) va (3.18) ta suy ra

HE O K]
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y y—1 y—1
) he thi = ta cé
St dung hé thace (k) ( k ) + (k— 1) acé

y—1 y—1 y—1 z—1
>
S Rt 2 Gy R iy
y—1 z—1 |
>
“(o)2 (0
& Y2z
Vay z<y<z-—1vadodd

G202
G- )
0 IS L N R

Theo (3.18) thi

|ATA| > y-1 + 2=l
- k k—1

Y y—1 + z z—1
-~ \k k-1 k-1 k—2

Y z y—1 z—1
= |4 +

k-1 \k-1 k—2)

aa > (1) -(12,)- ()

- ()G -G - Gza)
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Vay dinh ly dugc ching minh.$
Véi nhitng két qua trén day ta cé
3.2.5 Dinh ly. Cho A C B(n) vdi

e (e )20+

trong dd = lé mot s6" thue, ¢ > k. Ta cd

AA| > n—1 N n—1 P n—1 z—1
a4] 2 0 1 eyt )

57
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Chuong 4.

CAU TRUC CUA THU TU v
VA CAC BAI TOAN MO

Trong chuong nay, ta sé xem xét cdu tric cla thi ty V trong poset
cdc vécto nguyen khong am. Ta sé tim mot dang d& dp dung hon cia
V-vécta, nhdt la trong viec xdc dinh |IS(a)|. Cudi cling, ta sé néu lén
mdt s8 bai todn md (open problems) lign quan. Céc két qua ciia chwong
nay da dugc cong bd trong [2], [3], [4], [5]-

4.1 C8u tric caa thit tye Vv

Nhu trong cdc chwong trudce, vdi a = aya;...a, € V(n) thi ta dat
pa = max{a; : 1 <i < n} vavald s6 cic i théa a; = pa. Ngoai ra, Va
la s8 nguyén dugc dinh nghia nhy sau

1 nédug; <---<a,
Va=<{ n néua, ;>a,
h néua, ;>a,vaa,<---<a,

va ta d4t a* = §,a.

Hon nifa, hdm w xdc dinh nhy sau: véi a,b € V(n) vh a # b thi
w(a,b) = max{j : a; # b;}.

Nhan xét réng vdi r € INva a € V(n), ta cé

v ] T@* néuay<rhay va>1
(ra)* = { a nfur<a va Va=1 (4.1)
a*r néua, <r
(ar)* = { a néua,>r (4.2)

4.1.1 Dijnh nghia. Cho a € V(n) vd k € IN thi a* duoc dinh nghia
nhv sau

al = a, al = a*, a? = (a*)*,..., a* = (ak-1),
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Hién nhien (a*)* = (a*)e.
Vi duy 4.1. V§i a = 422361 thi
al = 42236, a? = 4236, a3 = 436, at = 46.

4.1.2 Pinh nghia. (Tha tu V). Tae sdp the ty V(1), V(2),... bdng
qui ngp nhu sau: ' S o '

V(1) chinh ld IN vé dugc sdp mot cdch ty nhién:

0<1<2<3<4<3<6<7<8<9<I0<...

Gid su trén V(n— 1) dd cd thié ty. Vdia,be V(n), tavicta<b
néu

(i) a* < b* trong V(n — 1), hodc

(ii) a* = b* vd a; < b; vdi i =w(a,b).

Thi ty nay got ld the ty V vd khi @y, mdi vécto cua V(n) duge
got mot V-vécto.

Vi du 4.2. Nhitng vécto dau tien cta V(2),V(3) theo thit ty V tiang
din dugc thé hién trong bang sau:

V(2): 00,10,01,11,20,21,02,12,22,30,31,32,03,13,23,33,40,41 ...
V(3) : 000,100,010,001,110,101,011, 111, 200, 210, 201,211,020, 021
002,120, 121,102, 012, 112, 220, 221, 202, 212, 022, 122,222 . ..
Ta kidm ching dé dang rng vdi r € INva x,y € V(1) ta c6
X< Ty S Xr<yr&ax<y (4.3)

4.1.3 B de. Choa € V(n) va r € IN vdi pa < r. Né€u ton tai
4y 1< j < n sao choa; #1 thi ta cd

ra < ar (4.4)

Chitng minh. Truong hgp n = 113 hién nhién nén ta xét n > 2 va gia
sit ring (4.4) ding vdi a € V(n —1). Vi pa <7 nén ay,a, < 7. Theo
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(4.1) thi (ra)* = ra* va theo (4.2) thi (ar)* = a*r. Néu a* # r...r thi
theo gid thiét qui nap, ta cé
ra* < a'r = (ra)* < (ar)* = ra < ar.
Néu a* =r...r thirae* = a*r vi ra < ar do him w.¢

4.1.3 B6 de. Cho a,b. Ta ¢d a < b néu
pa < pb, hodc pa = ub va va < vb (4.5)

Ching minh. Trudng hgp n = 2 ¢ thé dugc kidm chiéng mot cich
dé dang. Xét n > 3 v gid sit bd dd ding véi n — 1. Hidn nhien
pa* = pa, pub* = ub.

(i) Néu pa < pb thi pa* < ub* nen theo gia thiét qui nap a* < b+
va do dé a < b.

(ii) Gia sit pa = pb vd va < vb. Ta c¢6 pa* = ub* va va* < vb*.

Néu va* < vb* thi a* < b* theo gid thiét qui nap nén a < b. Néu
va* = vb* thi va = n — 1, vb = n. Truong hop nay ta cé a < b do
a; < b,‘ Vil 1 = w(a,b).o

4.1.4 B8 de. Néux,y € V(n) vdi x + y va px,py <p. Ta cd
Xp<ypex<y (4.6)

PXL<PYy & X<y (4.7)
Chitng minh. Trudng hop n = 1 1a hidn nhién nén ta xét n > 2 vi gia
sit (4.6) va (4.7) ding vdi n — 1.
Trudc tien ta xét (4.6). D3t a = xp, b = yp thi vi ux,py < p nén
a* = x*'p, b* = y*p. Blng cdch xét ham w khi a* = b* ta ¢

a<b & a* <b*(dinh nghia)
& x* <y* (gid thiét qui nap)
& x <y (dinh nghia)
& x<y (Vix#y).

Ta chitng minh twong tv cho (4.7)0
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Moi vécto a vdi p = pa ddu cé thé viét a = upx vdi x = @ hay
px < p.
4.1.5 B8 de. Vdin > 1, zét X,y ld hai vécto khdc nhau cia V(n) sao
cho ux, puy < p vd u ld mgt vécto cida V(r) vdir >0 va pu<p. Ta
cd
upx < upy & x<y (4.8)
xpu< ypu&x <y (4.9)
Chitng minh. D3t a = upx,b = upy vd i = w(a,b). Véin =1 thi
(4.8), (4.9) 12 hién nhien. Vdi n > 1, ta ¢ a* = upx*, b* = upy*.
Ta chitng minh (4.8). Néu t = w(x,y) thi ¢; < b; &= =, < y;, do d¢6
a<b & a*<b* (dinh nghia)
& x* <y* (gid thiét qui nap)
& x <y (dinh nghia)
& x<y Mx#y)0

(4.9) dugc ching minh tuong ty.¢

4.1.6 B& ds. Cho n > 2 vd a,b ld hai vécto khdc nhau cia V(n)
vdi pa = pb = p, va = vb. Gid st a = xpu, b = ypv sao cho
px <p, py <p vé s=dimy —dimx > 1 (v cd thé la B). Ta co

a<bex<y? (4.10)

Ch#ng minh. Truwing hgp n = 2 cé thé dugc kiém ching dé dang,
Xét n > 3 va gia sit bd dé ding vdi n-1.

Vi dimx < dimy nén dimu > dimv. Hon ntfa, vi va = vb nén c6
7 sao cho u; < p vd do dé a* = xpu*. Ta xét hai truong hop.

Trudng hgp 1. v=10. . o |
Khi dy a = xpu va b = yp nén ta suy ra a* = xpu*, b* =y*pvae; < b;
vdi i = w(a,b). Do do

a<h & a* S b* {dlﬂh ﬂghia)
& x < (y*)e! (gid thiét qui nap)
e x<y* (dinh nghia).
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Trudng hgp 2. v # 0. o o .
Néu v = p...p thi ta c6 két qud nhu trong Truong hgp 1. Néu
v #p...pthi b* =ypv*. Tacé a* #b* vidimx # dimy. Vay

a<b & a*<b* (dinh nghia)
& x<y* (gia thié& qui nap)
4.1.7 Dinh 1. Vdia € V(n) ta cd
a* = max{Aa} (4.11)
Chitng minh. Véi n = 2 thi (4.11) ¢é thé dugc kidm ching mot cach
d& dang. Gia sit n > 3 va dinh ly ding vdi moi [ < n.
Dastp=pa. Néuva=nthia=pp...pnetna*=p...peV(n-1)
vi Aa = {a*} nén a* = max{Aa}. Vay gid st va < n vatacé va* = va.
D4t k = max{i : a; = p}. Ta xét 2 trudng hop sau:
Trudng hgp 1. k& = n.

Khi 4y a = xp = a* = x*p. Hon nita néu dgt B = {yp:y € Ax} thi
Aa = {x} U B v max{Aa} = max{x,b} vdi b = max B.

Vivx =va—1 < va* nén x < a*. Vdiy € Ax thi theo gia
thiét qui nap, y < x*. Theo (4.6) thi yp < x*p nén b < a*. Suy ra
a* = max{Aa}.

Trudng hgp 2. k < n.
Ta cé thé viét a = upx vdi ux < p va dimx > 1, do dé a* = upx*. Ta
co

yEAX = y<x* (gid thiét qui nap)
= upy < upx* (do (4.8))
= upy < a*.

Bay git xét vpx vdi v € Au. Ta co

veAu = v<ut (gid thiét qui nap)
= vpx <upx (do (4.9))
= vpx <upx* (do (4.10))
= vpx <a*.
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'Ngoai ra, hién nhign ux < a*.
Vay a* = max{A4al.{$
4.1.8 Bé de. Vdix,ye V(n) vdix#y vd a € V(k) thi
| ax <ay &x<y (4.12)

xa<ya&x<y (4.13)
Chitng minh. Céch ching minh cho (4.12) va (4.13) twong ty nhau
nén chi cin ching minh (4.12).

Trudc tien xét truong hgp k= 1. Khidya=r e IN. Ndun =1
thi(4.12), (4.13) chinh 13 (4.3) nén ta gid sit n > 1 va bd de ding vdi
n-— 1.

Dit u = rx, v =ry, ta c6 cdc truong hop sau:

Trudng hgp 1. u* = rx*, v* = ry*.
Dé y ring w(u,v) = w(x,y)+ 1 nén
u<veuwrs<verx*<ry*ex*<y*eox<y.

D4u twong duong thit ba 13 do gia thiét qui nap.

Trudng hgp 2. u* =xvav* =y.
Khidyu<veuwviex<yex<y.
Trudng hgp 3. w* =x va v* = ry*,
Ta cédrx* < x = u*, y < v* = ry*. Néu ca hai ddu bing xay ra
thi ta lai cé6 Trudng hop 1 hoac Trudng hgp 2 nén ta cé thé gid sit
y<vt=ry*

Néu x <y thi

uw=x<y<viu<yv.

Péo lai, cho u < v. Néu u* = v* thi y < ry* = x va theo két qua
vita ching minh thi v =7y <u=rx, vo ly. Vay u* < v* nén
rx* < w<<v =71yt
= x* <y* (do gid thiét qui nap)
= x<Y.
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Trudng hgp 4. u* =rx*, v* =y.
Nhu trén, ta cé thé gid st x < rx*, ry* <y. Néux < y thi x* < y*
nén theo gia thiét qui nap ta co

rXx* <ry*<y=uw<<vi=u<v.

- Pao lai, néu u < v thi

W <viaxt<y=x<rx*<y.

Bay giv xét k > 1. Ta cé thé viét a = rb vdi r = a; va ta cd
ax<ay & rbx<rby -
& bx < by (do truong hgp k = 1)
& X<y (do gia thiét qui nap).
Vay bd dé dwgc chitng minh.{
T (4.12) va (4.13) ta suy ra
4.1.9 Pinh Ij. Chox,y € V(n) vdix £y vi a,b e V(k), k>0 thi
axb<ayb& x<y (4.14)

4.1.10 Dinh ly. Cho a,b € V(n), n > 2 vdi a = xpu, b = ypv,
trong dd pa = pb =p, va=vb vd ux, py <p (X, ¥, u, v cd thé la
B). Ta cd a <b néu va chi néu

(i) dimx=dimy vd X<y, hay x =y vd u < v, hodc
(ii) dimx < dimy vd x < y* vdi s =dimy — dimx; hog¢c
(i) dimx > dimy > 0 vé xt <y vdi t =dimx — dimy.

Chitng minh. Truong hgp n = 2 kiém chitng mot cdch dé dang. Gia
stt n > 3 va dinh ly ding vdi n — 1.

Do céc Bé d& 4.1.5, 4.1.6 va 4.1.8, ta chi c&n chitng minh trudng hgp
dimx > dimy > 0. Khi 8y dimu < dimv va vi va = vb nén c6 j sao
cho v; < p, do dé b* = ypv*. Ta phén bigt 2 treong hop:
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Trudng hgp 1. u =0 tidc la a = xp.
Trudong hgp nay ta cé a* = x*p. Vay

a<b & a*<b*
& X*p <ypv*
& (x)t-1<y (do gid thiét qui nap)
& xt<y.

Trudng hgp 2. u #£ 0. a -
Néuu = p...pthi a* = x*u. Ly luan nhu Trudng hgp 1, ta cé két qua.
Xét usp...p. Khidy a* =xpu* vd vi x # y nen a* # b*. Suy ra

a<b & a*<b*
& xput < ypv*
& xt<y (do gid thiét qui nap).
Dinh ly dugc ching minh.$

4.1.11 Dinh nghia. Cho a € V(n) vdi pa=p, va =k thi a cd thé
viét dudi dang :
a = X PpXop . . - X PXpy1 (4.15)
trong dd cdc vécto x; thda: px; < p hay x; = 0.
Dang (4.15) goi la dang chinh tdc cia V-vécio.

K&t hgp cdc B3 d& 4.1.3 va cdc Dinh 1y 4.1.9, 4.1.10, ta c6 két qua
sau day, goi 12 dang chinh téc cla thir ty V.

4.1.12 Dijnh 1Iy. Cho a,b € V(n) vdi pa = p, pb = q va
va=h, vb =k vdia vi b viet dudi dang chinh tdc

a=X(PXoP ... XpPRryty D =Y1q¥2q- - Yrd¥isr-
Peti=min{j:x; #y;}, x=%;, Yy =Y;, ta ¢d a <b khi va chi khi
(i) p<gq; hodc
(1) p=qvd h <k hogc
(iti) p=gq, h=kvax<y* néu s = dimy — dimx > 0; hogc
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(v)p=¢q, h=kvixt <y néut=dimx—dimy > 0 vé dimy > 0.

Truong hop a € B(n), a # 2, thi pa =1 va va = wa va trong cong
thitc (4.15), mdi x; & mot vécto zero, titc la x; = 2, vdir; > 0. Vay,
vdi a,b € B(n) va a,b # z, thi pga = pb = 1 va dang chinh tic cla
ching 13

a=1z,1x,1...2, 1z b=1z,1z,1...2,1z

Thil? Sk41”

Vdi x,y nhu trong Dinh ly 4.1.12 thl vi ching deu la vécto zero nén
ta khong thé ¢é6 xt < y, t = dimx ~ dimy, con ditu kign x < y* cé
nghia 13 a; = 1 > b; = 0 vdi i = a(a,b). Vay Dinh ly 4.1.12 4p dung
cho B(n) sé cé dang

wa < wh, hoic

a<be wa=wbvag;=1>b;=0, vdi i = afa,b)

Day chinh la dinh nghia cla thit ty V trén B(n) cla ching ta trong
Chuong 2.

4.1.13 Dinh Iy. Cho A la mot IS cia V(n). Ta ¢d AA cing ld mot
IS cia V(n —1). Hon nife, néu A=Gy0+ G114+ ---+ Gpp thi

AAd=A* =Gy (4.16)
Suy ra,néu A = 15(a) thi AA= IS(a*).

Chitng minh. Cho A la mot ISvax <y vdiy € AA. Ta se ching
minh x € AA. That vay

veAA=>1dbeA: ye Ab=y <b*
Diat a = x0, ta cd

aA*=x<y=>a*<b*=>a<b=acA
Ddu = cudi cling do Ala IS va b € A.

Véi x € AA thi cé v € A sao cho x € Av = x < v*. Nhu trén, d4it
u=x0thhw=x<v*=2ulv=2>2uc Avidlals. Vagyx=u* € 4.
Ngoai ra, vi u = x0 € G40 nén x € Gy. Do d6 AA = A* = (G(.¢
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Do (4.16), néu A = 1S(a) thi AA = 15(a*) nén ta cé thé viét 1.S(a)
thay cho AIS(a).$

4.1.14 Dinh nghia. Cho a € V(n) vdi va = h.
(i) Ta dinh nghia a=* ld vécto b = bby...byyq € V(n+1) zde dinh
nhu sau

a; néfui<h+1

b;={ a;_1 n&ui>h+1lvah<n
ap néuzzh—l-l

(1) Vdi k € IN ta dinh nghia
al=a, al=a", a?= (a—l)—*, . ,a—k = (a‘(k-l))—*,
Nhu vay a—* c¢é dugc tit a bing cdch l4ap lai thanh phan thi A cia

a mot I3n nita & vi trf thit A + 1. Chdng han nhu vdi a = 4236 thi
a—+ = 42236, a-2 = 422236, a3 = 4222236, ...

Nhan xét riing ta cé (a=*)* = a.

4.1.15 Dinh nghia. Béng trén (shade, upper shadow) cia a € V(n)
dugc dinh nghia la

Va={xe€V(n+1):x*=a}.
4.1.16 Dinh ly. Vdia € V(n) ta ¢d
Va={xeV(n+1l):a0 <x<a*} (4.17)

Chitng minh. Goi B la vé phai cta (4.17), ta sé ching minh B = Va.
Hién nhien B C Va. Dao lai, cho x € V(n + 1) vdi x* = a, ta ching
minh x € B.

Néu x = u0 thi u = x* = a nan a0 la vécto duy nhdt cia Va t&n
cung bing 0. Hon nita, néu z,,; > 0 thi a0 < x nén a0 = min Va.

Dt k = Vx thi a = x* = ,x. Néu k = 1 thi

a= J__c* =T9...Tplpy)] = &% =I3Tg...Tny1-
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Viz;<zonénx<a* Vdik>1tach
o Tkl > Ty T S0 S gy
Aa=X'" = Tp... T, 1Tpy1-. - Tpyy-
Néuz, <z vah=vathil <h<k-1vaw(x,a*) =k vdi
ay* =Tp_1> T NN X < a—*.

Néuzp_; > zpthih=vVa=kvia™ =2,...0, 1Tt 1Thsq ..

"Tryl
Vig, <z, nénx<a*
Dinh ly duyc chitng minh.$
4.1.17 Bé de. Vdia,b e V(n) ta ¢d
a<b=a*<hbo (4.18)

Ching minh. Ta sé chiing minh néu a—* < ¢ < b0 thi ¢ = a-* hay
c = b0.

Via*<c<b0ntna<c*<b. Doa<bnentacéc*=ahay
c* = b. Néu c* = a thi c € Va va theo (4.17) thic < a—* nénc = a—*.
Néu c* = b thi ¢ € Vb nén ¢ > b0 vi do dé ¢ = b0.

Vay (4.18) dugc chitng minh.$

4.1.18 Djnh nghia. Cho a = aya,...a, € V(n) vdi va = h. Ta dinh
nghta

o(a) = ) néu 1<h<2
T )l ay...a5_5 néu h>2
s(a) = mas{] : any = ay)
T(a) = a....a,%, trongdé r=h+s+1, vd s = s(a).

vdi qui udca,...a, =0 néus=n-h.
Chd y réng s(a) = 0 néu ay, < a4 va khi &y z, = 0.
Mot 88 vi du vé o(a), s(a), v(a) dugc thd hien trong Bang 4.1.

D& trdnh nhim lan, trong mot sfi-trufimg hgp ctia Dinh 1y 4.1.19 dudi
day (trit trong Bang 1), vécto 2,2y . ..z, sé dugc viét 1a (2, 2,, ..., 2,).
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4.1.19 Dinh ly. Vdia € V(n), ta dat u=o(a), s = s(a), v=r(a).
Néu Va = h vi a < b-tht vdi qui vde (u,a,_1) =0 néuh=1ta cd

b= { (u,ah_1,1+ah,v) néu h=1 hoic ap_1 > 14 ay

(ui 03 a’h—lav) néu ap_1 = 1+ ap (419)

Bang 4.1 sau day gidi thigu mot s6 vi dy dé lam 16 dinh ly tren.

- a h=Va|s=s(a)|u=oc(a)|v=r(a) b
1223 1 0 ) 223 2223
2222 1 3 ) 000 3000
123025 4 0 12 25 123125
2341116 4 2 23 600 2342600
5421032 7 0 94210 0 5421003
01432256 i) 1 014 560 | 01403560
Bang 4.1

Chitng minh. Vi Va = h nén a* = §,a
ap <@y <o <a, vaa, > ay, néuhb>1 (4.20)

Vi a* = §,a nén

. < 4 —
a}:{a’“ ndu h<j<n-1 (4.21)

a; néu 1<j<h-1
Suy ra a; = aj_; néu j > h.
Dé y ring, trong (4.19) ta ludn ludn cé b, = 1 + a,,.

Ta sé chifng minh réng néu a < c < b thitacéc=a hay c =b.
Vdi ¢ nhu thé thi a* < c* < b*. Ngoai ra, néu k = Ve thi

e <--<Sepvacgey>c,néuk>1 (4.22)

\ F
va ta co

ci =

J

{Cj+1 néu k<j<n-1 (4.23)

¢c; néul<j<k-1

Vay ¢; = ¢j_y néu j > k.



Chuong 4. Cdu tric cla thit tu V va cdc bai todn md 70

Ta xét cac truong hgp sau.

Trudng hgp 1. s =0, nghia la a; < ap,y.
Khi gy ta ¢6 v = 7(a) = (apy1,-.-,¢,). Hon nita, b* = a* va vi
a*<c*<b*néna*=b*=c*vidodd

aj=b=c},j=1,...,n—1 (4.24)

Néu h < k < n thi tit (4.21), (4.22), (4.23), (4.24) ta c6

R S .
a;j =0}y =cjy=c;néuj>k
Q) = @f_y = Cf_1 = Cp—y > Cj

Vay k = w(a, c) vdi a; > ¢, nén a > c, vﬁ'lj’r". Vay k< h.”
Truong hop 1.1. h=1hay ay_y > 1 + ay.
Oday b = (u,ay.1,1 + ap,v). Néu h = 1thivik < htacd

k= h =1 Xé trudng hgp ap_; > 1+ a,. Néu k < h thi theo (4.21),
(4.23), (4.24) ta co $

c; = cjlj=aj_1=a;= b;,- vdi 7 > h (néu co)

Ch = Cho1=0ahy =1 > 1+ a,=1b

Suy ra h = w(c,b) vdi ¢; > by, nén ¢ > b, mau thuin.
Vay k = h.

Tir (4.21) va (4.23) tacd a; =¢j, Vj # h. Honntavia<c<b
nén

lep=a C =
ahscthh=1+ah=> [c:=1h+ah = [C—

Truong hop 1.2. a)_; =1+ ay,.

Truedng hgp nay ta cé b = (u,0,1 + a5, v) nghia & b; = a; vdi
j# h—-1hvab,_y =0, b, =1+a, Hon nita, vi a;, < a4 nén
b, =1+ a; < apyq = bpyr- Vay c6 thd gid st Vb = h —~ 1 va do dé
b* = §,_yb.
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Néu k = h thi

ct=b*=a* = fc=46_,b=¢,a

_Ja; vdi j#h
= CJ‘{ b; véi j#hh—1

Via<c<bnén
apScpSbhy=1+a,=¢ = a hay ¢, = 1+ ay.
Néuc,=1+4ay="0b, thivic,_ 1 =ayy vac;=b;, Vj >h ;lén
c<b=2c 1<b,_ 1=0=cp1=0=2a_;=0
trai gid thiét (viap,_; =1+a; > 0).
Vay ¢, = a, vado do ¢ = a.
Xét1<k<h-1 Tacodc*=Db*=dc=25,_,bnén
cj=cj_1=0bj_y=0b;vdij>h |

Hon nita
c<b=2c¢ 1<b_1=0=¢,_,=0.

Vi k& = Vc nén
e ==c¢p_1=0=c*=§,_;cC.
Ngoai ra, cj_; = by_; = 0 nén
c*=b*=§_jc=6_b=>c=b.

Trudng hop 2. s > 0 nghiala ay = apyy =+ = apy,.
Ta c6 ap < apypp1s V= T(2) = (@hiosis---r0nr %) N€U S+ A < n va
v=r(a) =2, néu s+ h=n.

Dat x =as*, y=b* thix-** =a, y** =b vib = yz,. Theo
Truong hgp 1 thi x <y va theo Bbd de 4.1.16 ta cé

X<yl =2x21<yl0=> - 3 x*<y00...0=yz,=a<b.
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Dinh ly dvegc ching minh.$

Dén day ta da chitng minh duge nhiu tinh chdt quan trong clia thit
ty V. Bay git ta xét cac bai todn v bidu dién.

4.2 Cdc bai toan vé biéu dién
Ta viét p, dé chi vécto clia V' (r) cé tdt ca cdc thanh phin bing p.
Ta kiém chitng dé dang két qua sau day

4.2.1 B6de. Cho A={x€eV(n): px =p,vx =k} vdi k > 0. Pat
a=minA, b= mazA, ta cd

n n—1

: — n—k # = n—1—k

@M= (s 1wl = (M)

(i) a = ppzn. b = (p—1),_rPs
4.2.2 Dinh nghia. Chon, k, pe INvi0< k <n. Gid st ¢d h > 1
vd cd ny > k;, 1 <i< hsao cho
_ n=n1>n2>~-->nh21'ué. ’C=k1>k2>‘>kh_>_].
Ta dinh nghia '

(p+1)* néu k=n |

Tinkp) = { 0" o b=t

vd vdi oy cho sdn, 0 < k <n thi

k-1 n h ni— J — 1 )
Tk = % (Tt £ a7 ks
i=0 \J =1 j=0 ki—1
Di nhign ham 7 phy thudc vao h va cic s6 nguyen a;;, nhung dd
don gidn ky hieu, ta viét nhu trén.

4.2.3 Dinh ly. Choa € V(n) vdipa =pvdi va =k > 0. Ton
tat nhitng 56’ nguyén s, n;, k;, p; sao chon =ny > --- > n, > 1,
ki <mny pyr>-->p,20va

-}

};; T(”i, ki:pi)
‘IS(&*)' = ET(ni_Lkiapi)

115(a)l

(4.26)
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Chitng minh. Trudng hgp n = 1 13 hién nhién nén ta gid st n > 1 va
dinh Iy ding vdi mei ! < n.

Trudng hap 1. k= n.
J day ta cd

IS(a)={xeV(n): ux <p} va IS(a‘;) ={xeV(n—-1):ux < p}.
Do dé
[IS(a)l = (p+ 1)* va |IS(a*)| = p".

Trudng hgp 2. k < n.
bat Fy = {x € V(n) : px = p, 0 < vx < k}. Theo Dinh ly 4.1.12 thi
Fy c IS(a) va Bd de 4.2.1 thi

- 5

By = X=Z( 1) 1o ‘ (4.27)

Nhitng vécta v con la1 ctia IS(a) cé y.v = p, vv =k, tdclacé da.ng
chinh t4c "

.
fI

V=X PXoD -« XpePXey

Bling cich loai bd x; néu 2 < i < k va x; = @ ddng thoi dénh s8 lai
cac x; néu chn, ta c6 viét v dudi dang
V = X1€1X9€q... xhehth
trong d6 h < k, X;, Xpy1 c6 thd 12 0 va
px; < p, dimx; = ;21 véi 2<i<h
pe; = p, dime; = s;=ve; 21, 1<i<h
Nhu vay sy + -+ sp = k.
Dat ug = 0,u; = (W, x5,8), dg =t =0 vad; =1+ 41y
ti-81+"'+85t}ﬁt366 '

dim W = 0

u =90, u;= (xl,el,---,x{;ei) = { dimuw. =4d; + ¢t
L SR ) H
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Hon nita vu; = s; + -+ 5; = 1.
Véil <i<h,dst

my = N, My = Mg — (?‘i—1+5i-—1) = n- (d£w1+tsm1}
iy = k1 = li1—384 = k—t4.
Véi i > 1 coi = (%_1,%,p¥) véi px < p, pu = p va vu = k. Néu
dimx = j thi

dimy = n—dimu,—_lmj——1=n—~(di,,1+ti_1)—j—1
= -»-j--l
vy = k—Vﬁi_iﬂlzk"—ti_i—}.zli—l.
Ngoai ra

j=dimx<n—k—dy=n—(dig+tiq)—(k—tiq)=m -1

Véi1l<i<hva0<j<m;—lI;, trit truong hop xp,q =D va i = h,
ta dat
A(j) = {{xGV(g) X/~ < x;} néu jr
: {xeV({):x<x 71 néu j<

Néu xg = @ thi A1(7) =8, Vj
~ Trong trudng hop x;,; = @ thi ta dat
ApG) = {x e V(§) : x < x}* '} néu j < .
Nhan xét ring vdi 1 < r; < h va r; > 0 thi 4;(0) = {0}.
M3i A;(7) 12 mot IS vdi dimA;(j) < n nen ta cé thé tim duge
= |A(5)]-
Ngoai ra, dat
Gi(i)={yeV(mi~j-1):py=pvy=L~ 1};
Hy(5) = {wi_yxpy : x € Ai(4), ¥ € Gi(4)}-
Theo Dinh 1y 4.1.12 thi H;(j) C IS(a}. Hon nita

) = AlG = oo™ )
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v H(j) N Hi(i") = 0 néu j # 5.
Giast j=m;—l;. VéiyeGi(j)thim;—j—~1=1[,—1=vynén

Hi(j) = {ui_yxp...p:x€ A())}
= (H;(7))" = {uwxp...p:xe A4()}
= (Hi(5))" c (H(5-1).

Véij<m—Lithhm—j—-1>1L~1=vy, y¢€ Gij) nen néu
u = u;_1Xpy € H;(j) thi u* = u;_;xpy*. Vay

) | = 1 G = ag (™, ) Hpmeroas

Hién nhign (H;(5))' 0 (H{(#)) =0 nduj < 5 < m; - I;.

mi—L {
Dat F; = (U H;(j) thi vdi qui udce ( ) =0néul<0tacé
q

i=0

|Fil = mfi |H;(5)] miiiaij(mi*j#l);

— . = Zt-}-

o) . et mi—1—j—1 (4.28)
F = TG = T8 (™)

j=0 j=U i

h h
Bay gio dat F' = |J F; thi F C IS(a) va |F| = Y |F;|. Hon nita
1=0 i=0

h
|F*| = 3 | F?| nen theo (4.27) va (4.28) ta ¢

ez ‘
k=1 (n _ h mi-l; m;—7—1 .
|F| = Z( .)P"_’ +3. 2 aij( _ )Pm"_"'"’___ |
=0\J/ =1 j=0 li=1 o
= T(nlakljpl): l ]
k-1 fn — 1 o Am-h fmo1—§-1 ‘
i=0 J i=1 =0 -1

= T(?’li - hkngi)

(4.29)
trong dény =n, ky =k, p; =p.
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Néu x;,; = 0 thi dinh I} dugc ching minh. Gid st riing x,,1 # 0.
Dat B = IS(a) — F thi nhiing ph¥n tir con lai cia I5(a) c6 dang u,x
vdi x € V(rpy1) va x < Xpyq

Dt ¢ = Xp4q, Ny = Thy1, P2 = pC, kg =veva

B={xeV(ny):x<c}=15(c).

Theo gia thiét qui nap, ton tai nhirng s8 nguyen s, n;, k;, p; voi k; < n;
vang>--->n,>1, pp>--->p, > 0sa0cho |

|B| = ZT(niakiaPi)
52 (4.30)
|B*| = Z%T(ni"" I:khpi)

Néu dst Fryq = {upx:x € B} thi [S(a) = F + Fj;; va hién nhien
IS(at) = F* + Fp,,. Tir (4.29), (4.30) ta c6

1S(a)] = gT(n;,ki,pi);

|18(a*)] = g:lT(ni—l,knPi)-

v\l n=1mn > g = Thy1 vb,pz Ha > ux]1+1 nén

n:n1>n2>--->n,21, k,’ﬁﬂi, p1>p2>'-->p,20.

Vay dinh ly dugc chitng minh.$
Vi du 4.3. Tim |IS(a)| vdi a =123 € V(3).
Tacéda=xpx, véipa=3=p, va=1=kvax; =12, xp=0.

(i) Dat Fy = {x € V(3) : ux < 2} thi Fy C IS(a) tacé. .

‘ N . )
= (Yo wit= (o
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Tacd A;(0) = {0}, Ai(1) ={xeV(1):x<xi=2}vavix, =0
nénAl() {XGV() X<X2} Vayam-l 0!11—3 C¥12-—8

Vai0<j<2dat Gi(j) = {er(z ]) ,uy<2}va
H\(5) = {x3y : x € A1(4),y € G1(j)}

) 2—73 .
= |Hy(4)| = azj( 0 )32"-

|F| =J§,|Hl(j)| - (3)32+3( )31+s(0)3n.

Cudi cung ta ¢6 IS(a) = Fy + Fy = |IS(a)| = |Fyl + |Fy| va

3 2 1 0
[IS(a)] = 0 33+ 0 32+3 0 31+8(0)3°=53;
2 {0
I1S(a*)| = 32 31+ 3| 130 =15.
5@l = ()o+ (o)ot+3(]

Vi dy 4.4. Tim |/S(a)| vdi a = 214434123 € V(9).

Trubng hgp nay ta ¢6 a = xje;xye;x3 trong dé x; = 12,
=3, x3 = 123, e; = 44, e2"4 Vayh—2p pa=4 k=va=3
va vdi r; = dimx;, s; = dime; thi ta cé

r1=2,m=1r3=3, 8 =2, 5=1.

(i) bat Iy = {x € V(9) : ux = 4,vx < 2} tht Fy C IS(a) v&

2 (9 '
[ Fol = > () 49 (4.31)
j=0 \J ‘
(ii) Ta dat
m = n=9,m = m—~(ri+5)=>5

ll" k‘=3, 12 = l1—31=1.
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Ngoai ra uy = 0, u; = x;e; = 2144, u; = uy;x,e, = 214434,
Ta tim nhitng vécto cta 1.5(a) cé dang x4y vdi j = dimx sao cho’
X 2<x;néuj>r=2vix<x;'néuj<2=r,.
Ta dat
A1(0) = {0}, Aj(1) ={xe V(1) : x < x}{ =2}
vavdi2<j<m;—1I;=6th
A7) = {x e V(j) : -2 < x; = 21}.
Ap dung (4.18) ta c6
A7) ={xeV(j):x < 2z;_4}
trohg do z;_, 1a vécto zero cia V(j — 1). Suy ra

ap=lLa;=14+2,1<7<6.

Vé6i 0 < j <6, ta dat

Gi(j) = {yeV(@B-j): py=4vy=2}
Hy(j) = {?4)’ :x € A1(4),y € Gi(h) }s

o= U H(5).

§=0

Theo Dinh ly 4.1.12 thl F} C IS(a) va theo B8 d& 4.2.1 thi

= (879 gous . 87\ . .
i = (5 7)o = it = * )
va do d¢ _
6 87\ ..
|F1| = Ealj( 5 )46‘“1
6 - 8—3 . (4.32)
+Z.(1+2J')( ) )46—3

I
(3
s
1=
[=-1
ey
il
—
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(iii) Tiép theo, ta tim nhitng vécto clia IS(a) cé dang 2144x4y véi
dimx < my — k; = 4. Ta dat 4,(0) = {#} va vdi 1 < j < 4 th
Ay(j) = {x € V(j) : x* < x3 = 3}. Cu thé hon, bing cich 4p dung
(4.17) ta cé

A1) = {xeV(1):x<2}; A2 = {xeV(2):x<22)
Ay3) = {xeV(3):x<222}; Ay(4) = {xeV(2):x<2222).
Vay ay; =3/, 0<j < 4
Vi 0 < 7 <4, ta dat

Ga(j) = {yeV(4d—-j):py=4,vy =0}
= {yeV({d-j):py <4}
Hy(5) = {3144:»:43’ (X € Ay(7), ¥y € Ga(i)};

Fy = J H,y(5).

J

Nhu trén ta ¢é Fy € IS(a) v

: 47 : , 4—37 ’
Ga)l = (o7 )+ 1] = (" Jor
va do d6

|Fy| = J}::Oag,- (4 ;3) fei = 3 3 (4 ; j) 44-i (4.33)

Fe=

(iv) Cudi cling, dat Fy = {214434x : x < x3 = 123} thi theo Vi du
4.3, ta co

|F3| = (g) 33+ (3) 32 + 3({1}) 31+ 8(2) 30 =7(3,1,3) (4.34)

3

Hién nhien /S(a) = ) F; nen do cdc he thic tir (4.31) dén (4.34) ta cé
i=0

2 {9 . (8 8 (8~ ,

lIS(a)] = ¥ ( ,)4§"‘3 + (2)4§ + 31+ 23)( ) ])45‘3

et

1
f4—73 . 3 2 1 0
3 S A E I g FY IR Y S FANIPY P
t o) +(0) '*’(0) * (0) * (0)3

= T7(9,3,4) +7(3,1,3).
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Do do
2 (8 i 7 o [T =73 )
|15{a*)]| Z (,)48“1 + (2) 45+ 3 (1+ 23)( ) J) 457
=1

=0 \J

+23:( EJ) 437 + @32+ ((1))31+3(g)30

= 7(8,3,4) +T(2,1,3).

fl

Nhsn xét ring vdi z,, # a € B(n) thi pa = 1, va = wa thi cdc x;
trong Pinh 1y 4.2.3 13 cac véctd zero z,, va do dé

0 néu j>r;
A7) = Lot
i(9) { {z,,_;} néu j<r,
Nhu vay a;; = 0 hay a;; = 1 thy theo j > r; hay j < r;. Ngoai ra
chd ¥ rdng néu ry = 0 thi ay; = 0 Vj va néu rp,¢ = 0 thi
my, — I, =7y = dimz,,

va do dé cong thitc (4.27) tr& thanh céng thic (3.8) (Chuong 3).¢

Vigc tim |/S(a)| bing qui nap theo Dinh Iy 4.2.3 18t phitc tap, dgc
biet 13 khi n va p 1dn. Do dé, dudi day ta sé dwa ra cic thust todn vé
biéu dién don gian hon.

Nhéc lai ring vdi a € V(n) thi a+ suy tir a bing Dinh Iy 4.1.19. va
p, 13 vécto clia V(r) cé t4t ca cic thanh phan bang p.

4.2.4 Thujt todn 1. Tim m = |IS(a)| vdia € V(n) cho sdn

k-1 {n )
Budc 1. Timp=pa, k=va vé m:= ), ( _)pﬂ—J.
i=0 \J

Patb :=ppz,_-

Budc2. m:=m+1. Neub = a thi dung.
Néub +# a thi dén Budc 3.

Budc 3. b:=a+. Tro lai Budc 2.

4.2.5 Thugt todn 2. Tima = aa3...a, € V(n) sao cho |[1S(a)] = m
vdi m cho sdn.” S
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Budc 1. Tim p Idn nhdt sao cho p» < m.
Néupr =m thi a;=p—1, Vi. Ding.

Ngugc lai dén Bude 2 vdi m := m — pr.

k
Budc 2. Tim k idn nhat sao cho R= Y (T?)p"—i <m.
. j=1 ¥

Néu R=m thi a= (p—1),_+Ps.

Néeu R# m thi m:=m — R. Dat ¢ = pyy12n_i_;. Dén Budc 3
vdim:=m-—1.

Bude 3. . Tim b :=c+.
Budc 4. m:=m —1.

Neum =0 thia=b. Ding. Neum >0 thi tré lai Bude 3 vdi
¢c:=bhb.

Vidu 4.5. Tim a la vécte thi 115 cia V(3) trong V the tu.
Budc 1. S8 nguyen p ldn nhét sao cho p? < 115 13 p = 4.
m:= 115 — 64 = 51,

k(3
Budc 2. 53 nguyeén k ldn nhat sao cho R = 3 ( _
j=1

)43—:' <N B k=1
2

- m:=m-—-HR=51—-48 =3,

Dén Budc 3 vdic =440, m:=m—1= 2.
Busc3vaBudcd b=ct=44l;m:=m—-1=1.
ci=b=441=b=cr=442; m:=m—-1=0. Ding.
Vay vécto phdi tim la a = 442.
4.3 Cac bai todn mé

Sau day. la m¢t sd bai todn md (open problems) lien quan dén d& tai
ludn dn, d6 14 K-poset. Pitu khé khan nhat trong viéc ching minh mot
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poset P la mot K-poset 14 tim A C P sao cho |[A| =m vA
|AA| = min{|AB|: B C P v4 |B| = m}.
1/ Ching minh rdng thi ty V ld thich hop trén tdp hop cdc vécto
nguyén khdng am.

2/ Cho Myxn ld tdp hop cdc ma trdn vdi he s6 trong IN. Vi
a € Myyyn, 90t d;a ld ma tragn cd dugc ti a bdng cdch b3 cot thi j§
cia a. Bdng cia ma trén a dugc dinh nghia ld

Aa = {4,a,6:a,...,6,a}
Vdim cho sdn, tim A C M, sao cho |A| =m va

|AA| = min{|AB|: B C Mpyn va |B| = m}.

3/ Cho Mpyn nhu trong 2/. Vdia € Moy, 90 80 la ma trgn
cd dugc tr a bdng cdch b6 dong thi ¢ va cot thi j cia a. Bdng cia
ma trgn a dugc dinh nghia ld

Aa={5ija:1§i§m,1$j§n}.
Vdim cho sdn, tim A C M, sao cho |A| =m vd
|AA| = min{|AB|: B C My, va |B| = m}.
Trong 1/ va 2/ cé thé budc diu ta chi xét ma tran Bool.
4/ Tim A C B(n) sao cho |A| =m vd

|AA| = maz{|AB|: B C B(n) va |B| = m}.

5/ Tim A C B(n) sao cho

|A] = min{|X|: X C B(n) v&4 AX = B(n — 1)}
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Trong luan an nay, ching t6i da gidi thieu téng quan vé K-poset va cdc
bai todn lien quan trong Chwong 1. Cac chwang con lai trinh bay nhitng
két qua ma ching toi da dat dwgc, la nhitng két qua sau:

1/ Chitng minh rang thit ty BG khong thich hop va chi ra mot thit
tw tuyén tinh thich hgp trén tap hop B cic vecto Bool va ching minh
duge ring vdi the ty tuyén tinh dy, B 13 mot K-poset, nghia li ching
t61 da xay dung dwoc mot K-poset mdi.

2/ Giai quy#t dugce nhitng bai todn ve biéu dién trén K-poset B nhu
trong Dinh i KK,

3/ Ching minh duwoc ring vdi thit ti tuyén tinh 1a thit tu v, ta cling
c6 Dinh I kidu Lovasz.

4/ Dua ra mot thit ty tuyén tinh (la the ty V) trén tap hop V cédc
vécto nguyén khong am va chitng minh mot sd tinh chdt quan trong cia
thit ty nay. Ching t6i nghi ring the ty V 1a thich hgp va nhirng tinh
chét &y cin thiét dé ching minh V 14 mot K-poset, dbng thai cling giai
quyé&t mot phan cic bai todn v& bidu dién.

Mot 1dp cdc bai toan mé dugc néu ra nhu 13 mét hudng phat trién
tiép theo clia luan dn. Do cling la mot “mo vang” cho chiing ta tiép tuc

khai théc.
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