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MO PAU

1. Ly do chon dé tai

Nhu da biét, cac bat bién topd tuyén tinh cua cac khong gian Frechet co
vai trd rat quan trong trong Iy thuyét cac khong gian Frechet, ndi riéng, trong
cac dinh 1y phan rd. Cac bat bién topd tuyén tinh (DN) va (Wda duoc
D.Vog gi6i thiéu va nghién ctru sau sic. Vog da sir dung cac bat bién topd
tuyén tinh d6 dé chtimg minh dinh 1y phan ra d6i v6i cac khong gian Frechet
trong truong hop khong gian hach va truong hop khong gian Frechet -
Hilbert. Pong thoi di cho dic trung ddy du ciia cac bét bién topd tuyén tinh
(DN) va(W.

Tt nim 1990 M.Poppenberg d3 gidi thiéu va nghién ciru cc tinh chat
(DNDZ) va (WDZ)trong 16p cac khong gian Frechet phan bac. Ong da gi6i
thiéu khai niém 4nh xa tuyén tinh tame giita cac khong gian Frechet phan bac
va thiét 1ap dinh 1y phén i trong pham tri cac khong gian Frechet phan bac
va cac anh xa tuyén tinh tame. Tiép theo, trong trudng hop khong gian hach,
Poppenberg di cho dic trung ddy du cta cc tinh chat (DNDZ) va (WDZ).
Theo huéng nghién ctru nay, ching t6i chon dé tai : " Bdc trung ciia cdc tinh

chat (DNDZ) va (WDZ) trong I6p cdc khéng gian Frechet ".

Theo chung t61 dé tai nay c6 tinh hién dai va tinh thot1 sy duoc nhiéu
nguoi quan tdm nghién clru.
2. Muc dich va nhiém vu nghién ciru
2.1. Muc dich nghién ctru. Luan vin nghién cru vé dic trung cua cac

tinh chat (DNDZ) va (WDZ) trong 16p cac khong gian Frechet phan bac.

2.2. Nhiém vu nghién ctru. Trén co s muc dich da dat ra, luan van tap

trung vao cac nhiém vu sau day:
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- Trinh bay tong quan va hé théng cac két qua vé cac tinh chat (DNDZ) va
(WDZ) trong 16p cac khong gian Frechet phan bac cung dac trung cua
céc tinh chat (DNDZ) va (WDZ).

- Chung minh chi tiét mot s6 két qua vé cac tinh chat (DNDZ) va (WDZ)
trong 16p cac khong gian Frechet phan bac cung dac trung cua cac tinh
chat (DNDZ) va (WDZ) .

3. Phuong phap nghién ciru
Pé giai quyét cac nhiém vu dit ra ching toi d4 tién hanh:

- DPoc tham khéo cac tai lieu trong va ngoai nudc, trao ddi, tham khao
va hoc tap cac chuyén gia cung linh vuc nghién cuu.

- Ap dung cac phuong phap truyén thong cuia giai tich ham, giai tich
hién dai va cac phuong phap cua 1y thuyét vé cac bat bién topod tuyén
tinh. Cu thé ¢ day chung t6i da ké thira cac két qua va phuong phap
gan day cua Vogt, M.Poppenberg dé giai quyét cac bai toan cu thé da
néura o trén.

4. B0 cuc ciia luin vin. Noi dung luan van gém 52 trang, trong d6 c¢6 phan

mé dau, hai chuong ndi dung, phén két luan va danh muc tai liéu tham khao.

Chuong 1 cta luan vin trinh bay tong quan va hé théng cac két qua vé cac

tinh chat (DNDZ) va (WDZ) trong 16p cac khong gian Frechet phan bac

cung dic trung cua cac tinh chat (DNDZ) va (WDZ).

Chuong 2 cta luan vian ciing 1a chuong cudi véi ndi dung chinh 1a trinh bay

ching minh chi tiét cac két qua caa N.V.Khué, L.M.Hai va B.D.Tic vé cac

tinh chat (DNDZ) va (WDZ) trong 16p cac khong gian Frechet phan bac

cung dic trung cua cac tinh chat (DNDZ) va (WDZ). Phan cubi cling cua
chuong nay danh cho viéc trinh bay cac két qua vé tinh on dinh cua céc tinh

chat (DNDZ) va (WDZ) d6i v6i khong gian ddi ngiu thi hai.
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Cubi cing 12 phan két luan trinh bay tom tat két qua dat dugc.

Béan luan van duoc hoan thanh tai truong Pai hoc Su pham - Pai hoc
Thai Nguyén dudi sy huéng din tdn tinh cta TS. Pham Hién Bang. Nhan
dip nay t6i xin bay t6 10ng biét on thdy vé su hudng dan hiéu qua cing nhiing
kinh nghiém trong suét qua trinh hoc tap, nghién ciru va hoan thanh luan van.

Xin chan thanh cam on Ban chi nhiém Khoa Toan, cac thdy co gido
trong td Giai tich, cac théy cO gido trong truong Pai hoc su pham - Pai hoc
Thai Nguyén, Vién Toan hoc va truong Pai hoc Su pham Ha Noi da giang
day va tao diéu kién thuan loi cho t6i trong qua trinh hoc tap va nghién ctru
khoa hoc.

Xin chan thanh cdm on truong Pai hoc Su pham - Pai hoc Thai
Nguyén, truong Cao Pang k¥ thuat mé Quang Ninh cung cac dong nghiép
d3 tao diéu kién gitp d& to6i vé moi mit trong sudt qua trinh hoc tip va hoan
thanh ban luan van nay.

Ban luan vin chic chan s& khong tranh khoi nhitng khiém khuyét vi vay
rat mong nhan dugc su dong gop v kién ciia cac thay cb gido va cac ban hoc
vién dé luan van nay duoc hoan chinh hon.

Cudi cung xin cam on gia dinh va ban be da dong vién, khich 1¢ to1

trong thoi gian hoc tap, nghién ctru va hoan thanh luéan van.

Thai Nguyén, thang 09 nam 2007

Tac gia

Nguyén Duy Phan
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CHUONG 1
PAC TRUNG CUA CAC TiNH CHAT (DNDZ) VA

(WDZ) TRONG LOP CAC KHONG GIAN FRECHET

Trudc tién ching toi s& trinh bay mot sé khai niém va két qua vé cac
tinh chat (DNDZ) va (WDZ) 1a co s& dé trinh by ddc trung cta cic tinh
chat (DNDZ), (WDZ).

1.1. Mt s6 khai niém co ban.
1.1.1. Pinh nghia. Mét day khép cdc khéng gian 16i dia phwong va dnh xa
tuyén tinh lién tuc la mot day hitu han hay vo han
wo® E % Y® F % %® G ® 0
sao cho anh ciia dnh xa tuyén tinh vao bang hat nhdn ciia dnh xa tuyén tinh ra.
1.1.2. Pinh nghia. Mt day cdc khéng gian 16 dia phwong va dnh xa tuyén
tinh lién tuc co dang
OR E%UV®F%%®G® 0
dwoc goi la diy khop ngdn néu Kerf = {0%, imf = kerg va img= G .
1.1.3. Pinh nghia. Day khdp ngin 0® E % V® F % %® G ® 0
dwoc goi la ché néu xdy ra mét trong hai diéu kién twong dwong sau :
i) f conguoc trdi.
ii) g co nguoc phdi.
Khido F=EAG (A latongtructiéptopdcaa E vaG ).

Bay gi0 xét pham tru tame véi cac vat 1a cac khong gian Frechet phan
bac E,F,... (trén K=i hodc £ ), tlrc 1a cac khong gian Frechet dugc trang
bi day cac nira chuan cd dinh

o £ ILIh £ LI £ ..
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xac dinh topo; day dugc goi 1a bac. Cac khong gian con va khong gian
thuong duoc trang bi cac ntra chuan cam sinh. Cac cau xa la cac anh xa
tuyén tinh tame giira cac khong gian Frechet phan béc.

1.1.4. Dinh nghia. Anh xa tuyén tinh A : E ® F duwoc goi la tame néu ton

tai b3 0 va cac hc%ng s6 c,> 0 (co thé phu thugc vao n ) sao cho

4

1.1.5. Pinh nghia. Ankh xa tuyén tinh A :E ® F duwoc goi la dang cdu

i £c, Ixl,ip voimoin® Ovaxl E.

A N\ ’ \ -1 A N\
tame néu A la song anhva A, A" déu la tame.

Hai bdc trén E duwoc goi la twong dwong tame néu phép dong nhdt la dang
cdu tame.
1.1.6. Pinh nghia. Ddy khop ngdn cdc khéng gian Frechet phin bdc
O® E%YRFYY®G ® 0

dwoc goi la khop tame néu cdc dnh xa chinh tic i:E ® iE va
o F/iE ® G la cdc dang cdu tame.
1.1.7. Pinh nghia. E duwoc goi la tong truc tiép tame cia F, néu ton tai
cdac anh xa tuyén tinh tame i :E ® F va L : F ® E sao cho L oi la phép
dong nhdt trén E .

Véimdi j 1 E¢tadinh nghia

i

U= &l E:wl, £ 13,00 = § T B¢

*

= sup {]] (x)‘:llxll,l £ l}i i E &#¥ 3,

n

L £ 1)

Cac khong gian Frechet sau day la cac khong gian phan bac mot cach
tr nhién, tic 1a khong gian diy Kd8he [7(a) va khong gian cac chudi luy

thira kiéu hiru han L2 (a):

(@)= fo=(e)j, T KY tiel, < ¥, "n

5
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0 4 OTl A
bl = && e ['a?, s néulfp<+¥,
o
Ixll, = su la. néup=¥,
j=1,2€,¥ }X]‘ ’ P
trong d6 @ = (a,,);-,,-, 1a ma trén thoa méan 0 £ a,, £a;, B voimoi j,n
vasupa,, > 0 véimoi j .
Déi voi diy batky 0£ a, £ a, £ ...Z +¥ , L2 (a)=17(a) Vi

a, =" . Dbivoi e> 0 bit ky, s? = L{ (elogj) = ["(a) v6ia,, = j“

Jn s

(@)= 1'(@),Ly(a)= Ly (a),s, = 5,5 = 5,.

Ta trang bi cho w= K* (twong tng (s”)* ) céc bac

xSl

Wi, = § | (twong tmg x|, = q e
i=1 i=1

Trang bi cho D Ja,b]= {fi C*(;):suppf i [a,b]} véi bac

I71l, = sup sup [rOcx).

i=0n x1 [@,b]

Néu H 1a khong gian Frechet va || . || < || . [o< .. < || Jla< ... 1a hé
tang cac nira chuan lién tyc trong A, H, la khong gian Banach két hop
v6i ntra chuan Il ; w, :H ® H, va w,, :H, ® H_(n> k) la cc 4nh
xa chinh tic.

Tuong tu , néu E 13 khong gian Frechet phan bac thi ta ky hiéu E la
khong gian Banach két hop véi nira chuan [}, , ttc 1a khong gian nhan dugc
bang cach bd sung (E / ker IlI,) ddi véi ILl, .

Ky hiéu s khong gian cic diy giam nhanh v&i hé cac ntra chuan
tuong duong:

bl = sup e |0 T ¥} voimoix = (x,x,.0 1 s

6
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Véi mdi k cb dinh dit:
s, = {x = XXy )1 s el = supb'j‘jk < +¥ }

1.1.8. Pinh nghia. Cho E la khong gian Frechet phdn bdc.
i) Cho e> 0 bdt ky, E dwoc goi la (e)- hach tame néu E dang cdu tame
v6i khéng gian con ciia (s2)* .
ii) E dwoc goi la hach tame néu ton tai e> 0 sao cho E la (e)- hach
tame, hodc twong duwong:

ton tai e> 0,q* 0 va cdc hang s6 Crm > 0 sao cho

a,(E..,, ® ENE ¢, (n+ 1" véimoim? qk?> Ovan? 0,
6 dé a,(k,k+m)=a,(E,., ® E,) la cic so xdp xi ciia cac dnh xa chinh
ticE,, ® E,_.
Véi  khong gian tuyén tinh £ bat ky va cac tip con tuyét ddi 16i
A1 B1 E taky hiéu

d (4,B) = inf {(A,B,F):F1 E.dimF £ n}
1a s6 Kolmogorov thr 7, ma trong d6 véi bat ky khong gian con F I E
d(A,B,F)=inf{d>0:41 dB+F}

1.2. Pic trung ciia tinh chat (DNDZ).
1.2.1. Tinh chit (DNDZ) va Pinh Iy ché tame.

Trong [11], [15] D.Vog da chimg minh rang khong gian Frechet hach
E dang cau topd v6i khong gian con cia s néu E ¢ tinh chat (DN), tirc 1a

IME £ Ll 1Nl VO moi n .
Trong trudng hop nay, véimdi O£ i £ n vak? 0 tacod
R[S S X3 /AP

tor d6 bang cach lay minimum theo » v&i moi » > 0 ta nhan duogc

7
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: 1
b £ 7 - s + — s
r

va theo dinh 1y song pd la véi moi » > 0 ta co

ntk

Ut ru  +
1.2.1.1. Pinh nghia. Cho E la khéng gian Frechet phéan bdc . Ta néi rang
E c¢6 tinh chdt (DNDZ) Néu ton tai bp* 0 va cdc hang sé

¢, > 0,c,, > 0 sao cho
&n- b 0 &¥ B

0 7 i+prr0 : n 0 v

Un I Cn I U + gl Un+k_

nl—

o

Ql-|-I-1O:

Khib= p= 0, E goila cé tinh chdt (DND).
1.2.1.2. Ménh dé [5]. Néu khéng gian Frechet phin bdc E dang ciu tame
voi khong gian con phdn bac cua L, (a) thi E co tinh chit (DNDZ).
1.2.1.3. Ménh dé. Gidsir 0% ¥4® L} (a) % Y4® E%%® E % Y4® 0
la ddy khép tame cdc khéng gian Frechet phin bic va E c¢6 tinh chdt
(DNDZ). Khi do day khop la ché tame, tuc la g co nguoc phdi tame.
Chiing minh.

Bo di mot s6 hitu han cic nira chudn trong Eiva trang bi cho E cac
nira chuan thuong, tagiasavéix 1 LY (a) vay 1 E:

Welly £ [ixl], Il = inf {xl, :x T Eoqx =y},

va E c6 tinh chat (DNDZ) véib= 0,taclavéin® 0r > 0

m,n
=n+tp (4]

0 &y + 0 + 0Q
prtp-m n+p-m -
U'1 ¢, gl Counl’ U I c, I U,=

Theo dinh 1y Hahn - Banach ta thac trién ham toa do tha Jj

i1 Ly (a)t fi(x) = x, | = e ™. Chon

1l
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G'12"U,), 1 E¢
sao cho

n _ n+1 n A Lot
Glog=F" - F, vachon1£ ¢, £ ¢, vO1

c

— m-p _m m,k

D =2""c"sup——<+¥ .
koc

Ap dung diéu kién (DNDZ)trén G ;I voir = e, ta chon g/ I E¢sao

n+1
cho
g/ £ D,27e” ™ véimoim £ n+ p,
HGJ’? - g ; £D,2"" ™Y véimoim>n+p.
N ¥
Chuoi g, = § g hoitutrong E¢, nén ta dat
n=0
. o 0 _ m+1 %gn n n °¥ n?
jp= A (gog=F"-1a Gj-g)- a gyoq.
1;'1:0 n=m+1 %
Ta co

¥
-(m+Da; o -n _-ma; -ma;
e '+ D,.,.,a 2" " £(1+2D,. . )e .

n=0

*

i

Ta dinh nghia 4nh xa j  Fo® L} (a), xac dinh bsi j x = (j jx)j.é:l, va

m+p+1

nhan duoc
i x

Tu do, j la ngugc trdi tame cua 7.

= sup |j x[e"” £ (1+ 2D, , )l per.

1£/£Y

m

1.2.1.4. H¢ qua. Néu E c6 tinh chat (DNDZ) va L, (a) la hach thi mdi
day khop tame 0 ® L, (a) ® E® E® 0 déu ché tame.

1.2.1.5. Ménh dé. Gid sir khong gian Frechet phian bdc E la hach va c¢6 tinh
chat (DNDZ). Khi &6 E la hach tame.

9
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Chtng minh. Gia st E ¢6 tinh chat (DNDZ) véi b= 0. Ky hiéu B, =U}

valay 1 £ k+ p £ m. Khi d6 véi moi r > 0 tacod

B

= k- m
ptter

Qlf-|o:

3 Lk 1+p
B, 1 Cl,k,mgr B, +

Liy F 1 E¢lakhong gian conva d > d(B,,B, ;F). Khi d6

. & . e 1 o L. )
B, 1 ¢, & ’d + r’”"‘"’gBm + F voimoir> 0,
Tu do
. L .+ i 1 o
dB,,B,;F) £ Cl,k,mg 'd(B,B,;F)+ rm-k—pg‘
Lay minimum theo tit cd » > 0 ta nhan duoc
d(B,,B,;F)" "' £ ¢, ,d(B,B,;F)""". (*)

Noéiriéng, véimoi n® 1,k3 g3 p tanhan duoc

d(B,,B,.,;FY™ £ ¢, d(B, By, ;F)""

k+ng> k+ng?

£ ¢, d(B,. ;s BiF)" (BB, ;F)" .

k+ng°
Todosuyravéimoin?® 1,k g3 ptaco

nq-p

d(B,,B;,,;F) £ ¢, ,dB, B F)"* (**)

k+ng>
Theo (*) véimoi k2 g3 pvam? ptaco

d(B, B ,;F)" " £ ¢, d(B,,B,.,;F)""

k+m> k+m>

£ ¢, d(B,,B,;F)" "d(B,,B,,;F)Y"".

k+m>

Thém nita, véimoi k3 g3 pvam?* p tacd

m-p
dB,.B,.,;F)£ ¢, ,dB, B ;F) " (**%)
% T
Tu (**)va (***)véig?® p,k?* 3p+3gm?3 p véin = g;t ta nhan duoc

10
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m- p m- p

dB,,B,.,;F) £ ck’md(Bq,Bk;F)"' e ¢ 4B, B JF)are

k+m> nq >

m-p k- p-2q

_m-p k-p- 2 lm-p
£ ck’md(BO,Bq;F)"' 7wp pre g ck,ma’(BO,Bq;F)2 e
Léy infimum cta vé trai theo tit ca F 1 E ¢ vé6i dimF £ n ta nhan duoc

m-p

dn(Bk’Bk+m) £ Ck,mdn(BmBq)zq_*—ZI7

voig?® p,k? 3p+3gm? p.
Str dung tinh hach cua £ tachon g?® p véi
d,(By,B,) £ c(n+ 1y 2

bit e = Khidovéi k3 0vam? 6p+ 5¢ tadugc

pPtq

a,(kk+m)£ (n+ Dd,U,.,.U) £ (n+ 1’d,UUL,)

+m?

£e, T IPm+ )¢ 7 Sg e (n+ 1y,

1.2.2. Pic trung ciia tinh chat (DNDZ).
1.2.2.1. Bo dé [12 va 18]. Vé&i méi e> 0 ton tai diy khép tame
0® s, ®s,® (s,) ® 0
1.2.2.2. Pinh Iy. Néu E la khéng gian Frechet phin bdc (e)- hach tame cé

tinh chat (DNDZ) thi E ddng cdu tame véi khéng gian con phdn bdc cia S,

Chtrng minh.
Do b6 dé 1.2.2.1 ton tai ddy khép tame
0®s, ® F® E® 0
vo1 khong gian con phan bac Efcua s,. Ap dung hé qua 1.2.1.4 ta c6 diéu

phai chimg minh.

11
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1.2.2.3. Pinh 1y. Véi méi khong gian Frechet hach phdn bdc E , cdc ménh
dé sau la tiong dwong:
i) E ¢6 tinh chdt (DNDZ).
ii) Ton tai e> 0 sao cho E dang cdu tame véi khéng gian con phdn bdc
cuas,.
iii) E la hach tame va méi day khép tame
0% ¥® L (a) % ¥4® E%LY%® E % ¥4® 0 i ché tame.
Chtng minh. i) P iii) do dinh 1y 1.2.1.3 va ménh dé 1.2.1.5.
iiif) b ii) dobd dé 1.2.2.1.
ii) b i) do ménh dé 1.2.1.2.
1.3. Piic trung ciia tinh chat (WD Z).
1.3.1. Tinh chat (WD Z)va dinh Iy ché tame.
1.3.1.1.Pinh nghia. Cho E la khéng gian Frechet phin bdc . Ta néi rang E
c6 tinh chdt (WDZ) Néu ton tai b,p > 0 va cdc hang sé ¢, > 0,c,, > 0 sao
chovoimoin? b+ pvar>0

C,,

¥
I k+p Il

. ®B-b 6 &
U 1 c, EI rtu, = é
i=p (%) k

Khib= p= 0, E goila cé tinh chit (WD).

1.3.1.2. Ménh d@é. Néu khéng gian Frechet phdan bic E dang cdu tame voi
khéng gian thiwong phén bdc cia LY (a) thi E c6 tinh chat (WDZ).

1.3.1.3. Ménh dé. Gid sir 0® E % ¥® G % %® H ® 0

la ddy khép tame cdc khéng gian Frechet phdn bic va E c¢6 tinh chdt
(WDZ), H dang ciu tame véi khéng gian con ciia L, (a). Khi do day khop
la ché tame, tuc la q co nguoc phdi tame.

Chtrng minh.
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Gidst E1 G va H1 L, (a) la cac khong gian con phan bac va E
c6 tinh chét WDZ) vé6ib= 0,ticlavéimoin ® p vamoir > 0 tacod

6 @
U, 1 gI N VA é I ¢.»""U,
Q m=n- p

Q-|--l0:

Ky hiéu [LI, , |, theo thtr tw 1a bac cua Ly (a), L; (a) va IlIl, 1a bac cam
sinh boi cic ntra chuan thuong trén H . Chon b,d cb dinh sao cho véi

y 1 H batky,tacod

, £ gy

v £ Gl

n+d

va

do doé
bl £ clxliea,x I L, (a).

Ky hiéu H, 1ala bao dong cua H trong
12(enaj): {X - (‘xlaxza"') : le" < +¥ }’

p, (") ® H, 1a phép chiéu chinh tic; E,,G, (twong tng H°) 1a bd
sung cia E,G (twong Gng H ) dbi voi I (twong tmg I, ) va nhan dugc
day khop

0® E, %%®G, % %® Ho ® 0.
Ky hi¢u e, i Ly (a) la véc to don vi thtt n , va chon d; i G, sao cho

}dn
7l

£ cg

n __
Qnd] - pn+bej’

¥

R'x= 3 xd;

J?

x1L,(a).

j=1

13
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Ta nhan duogc

R"1 L(H,G,),||R"x

‘n £ cEXlprsp-
Vi g, oR" = id ,nén ta c6

§"=R"'- R"1 L(H,E,)
vasS"1 L(H

n+b+d+1°

E ), bang cach thac trién lién tucdén H . .., -

Pit T" = S"op..,.,., . Khidé

n __ n Y n
T'=T"¢e,va HTJ

£ cg"" . a=b+d+1.
Chon ff‘ [ cg” U I E sao cho HTJ.” - ZQ?H;E 27", wva chon

c, &
. Am+p _m+p+l m,n 3
1£¢, £c¢c,, saocho D, = 2""c 7 sup—c <+¥, m? 0.
n

n

r Y N e a;\- 1 n 3 .
Ap dung diéu kién (WDZ) cho qu’ voir = (2,e’) ,tadugct; I E:

g

”]%3 - 4

¥
Tir do, ¢, = a (¢ + (T - 7%)) hoi tu trong E, .

_ +a+ ) , . .
£2"D " véimoim < n- p,
m

_ +a+pa; , . .
£2"D " voimoim3 n- p.
m

¥
Pit Rx=R%+§ tx,, x1 HI L,(a)tanhandugc R1 L(H.,G,).
j:

Vi
m+p ¥
Rx=R""x- § T"x+ 3 tx,

n=0 j=1
¥ atp ¥ 0

_ m 1 o) o) n Q n n =

SRTx- 3 Ed PP-T)- & @) Py
j=1%®n=0 n=m+p+l1 g

nén ta ¢6 [Rx|, £ cg. . Xlwsarp + 3D, Wlhiarp, x I H.Twdo,Rx 1 G,

v6éi moi m va ta c6 anh xa tuyén tinh tame R : H ® G saocho goR = id .

14
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1.3.1.4. H¢ qua. Néu E ¢6 tinh chdat (WDZ), H la hach va c6 tinh chat
(DNDZ), thi méi day khép tame 0® E ® G ® H ® 0 déu la ché tame.
1.3.2. Pic trung ciia tinh chit (WD Z).
1.3.2.1. Ménh d@. Cho E la khéng gian Frechet hach phén bdc.
i) Néu E c6 tinh chat (DNDZ), thi ton tai day khép tame
O®R E® s, ® F® 0, F1 s,khong gian con phin bdc.

i) Néu E c¢6 cdc tinh chdt (DNDZ) va (WDZ), thi E la tong truc tiép
tame cua s,, e > 0.
Chtng minh. Theo dinh 1y 1.2.2.2 ton tai day khép tame

IR E®s, %7W®O® 0, t>0.
Vi O 14 hach tame nén ton tai day khép tame

0®s,® F%%®Q ® 0, F1 s,khong gian con phan bac, d> 0.

bat

H= {x)1 F" s, tqx=py}
ta nhan duoc cac day khop tame

0® EV%®HY%LIBF ® 0,

0® s,% %® H%%®s, ® 0.
Nhu vay, ta co déng ciu tame H @s,” s, @Smin(d,t)‘ Twr do suy ra i).
Cubi cung dinh 1y ché 1.3.1.3 suy ra ii).
1.3.2.2. Hé qua. Néu E la khéng gian Frechet hach phdn béc ¢ tinh chat
(DNDZ), thi ton tai day khép tame

OIBRE®s, ®s, ® 0, e>0.

Chtrng minh.

15
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Khong gian F xuét hién trong ménh dé 1.3.2.1 ¢6 tinh chit (DNDZ)
va (WDZ), nén F dang ciu tame véi L,(a). Vi F1 s,vas, dang ciu
tame voi khong gian con phan bac ctia F, nén suy ra F dang ciu tame voi
s,d?> e. T @6 thay 4nh xa ¢  id:s,” s, ® s,” s, dbi v6i anh xa
q:s, ® s,,tanhan dugc day khop tame can tim.
1.3.2.3. Pinh ly. Véi méi khéng gian Frechet phin bic E , cdc ménh dé sau
la twong duong:

i)E c6 tinh chat (DNDZ) va (WDZ).

ii) E ddng cdu tame véi khéng gian cdc chudi luj thira kiéu hivu han L, (a)

iii) E la tong tryee tiép cia s,, e> 0 nao do.
iv)E dang cau tame véi khéng gian véi khéng gian con phdn bdc ciia
s,,e>0,va dang cdu tame véi khéng gian thwong ciia s » d> 0 nao do.

Bay gio chiing ta s& gidi thiéu diéu kién (WD'Z) cua diy khdp tame,
1a diéu kién du ddi voi (WDZ)- tinh chat ba khong gian. Cha ¥ rang trong
ching minh dac trung cua khong gian thuong ctia s trong truong hop topo,
'tinh chat ba khong gian" da duoc ap dung cho day tiéu chuan [19]

0®s® £® E® 0

1.3.2.4. Pinh nghia. Cho 0® F ® E®%® E ® 0 la ddy khép cac
khong gian Frechet phdan bac, U, = {x I 2oy, £ 1}.

i) Day khép (‘hodc j ) ¢é tinh chdat (WD'Z), néu ton tai s * 0 va cdc hang

3

5o ¢, > 0 sao cho voi moi n* s, k3 -s vac,, >0 ton tai &, > 0 sao

cho voi moi 0 < r < 1 thi (*) va (**) xay ra:

16
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n 6
I JU, )1 e gl Uiz (*)
i= (%]
¥ a3¥ 81 )
)L = Uiz (**)
k— st 9

ii) Day (hodc j ) c6 tinh chat (WD"), néu véi s = 0 (*) va (¥*) xdy ra voi
moir > 0.
1.3.2.5. Ménh dé. Cho 0® F ® £, %4® E ® 0 la ddy khdp tame cic
khéng gian Frechet phan bdc. Day ¢6 tinh chat (WD'Z), E va F c6 tinh
chat (WDZ). Khi d6 i ciing co tinh chdt (WDZ).
Chiing minh.

Giasa U, I £¢. Ta xét ddy tuong duong tame U,Cr} I F,
tuong ing § U,)}, I E,vagiasa F cotinh chat (WDZ) véi b= 0 vaq,

E v6ib=0 va p. Lay p3 s+ p+q 0<r<1lxI U,. Ap dung tinh

chat (WD’Z) cho n - p, ta nhan dugc

=8
+j ¢ 1 rkﬂ’ipJ(UM)-

Tudd, taduocx =a+b+z véizl F,va

al & T r"> 77U, ),

i=stptq
bI I k+s+ptg nt+k
k=-s-p-¢q

17
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Brr i- g Q & ('(yrpk 9
z1 CnUn s-p CFI ('q/nog I r Un s-p i£+ g:[ k-:-q n-S-p*k:
i=q g k= qr
& 0 & ¥ & 0
— i-s-p-q - Pk =
- %)é I r Un—ii+ g I k+s+ptq Un+k::'
i=s+ptq 1%} k=-s- p-gq g

1.3.2.6. Ménh dé. [11] "Day Borel”

0® D[ 1,0] D[0,17%4%® D[ L1J%4%® w® 0,
i la dnh xa nhing, b(f) = (£(0),f%0),/%0),...), la day khép tame dang cu.
Chiing minh.

Theo dinh 1y Borel, b 1a toan anh. Tir d6 khang dinh vé i 14 tdm
thuong va khang dinh vé » dé dang duoc ching minh.
1.3.2.7. Ménh d&. Day Borel cé tinh chat (WD") .

Ching minh.

Choncddinhy I D[ 1,L110£ y £ 1,y ° 1 trong

l\)I»—

L
2’

@p>O~

U
i) Lay n® 0,r> 1 f,....f, 1 DF L,1]sao cho |f| £ ' va b(f) = b(f;)
voi moi O£ i £ n. Dat
On 1 i i
p¥)=a ;f,-( 'O, or) = p(x)y (rx) .
i=0 b+
Vo1 0£ i £ n,taco

& £ ¢’ va g8(0) = £(0).
Chon A1 DF 1,1]véi |h|, £ 1 sao cho b(h) = b(f,- & vadit g= &o+ h

Khido b(g)= b(f,) va|g|. £ ¢,r' v6i moi O£ i £ n.
iiy Layn® 0,7 > 1, f,,fo,p..1 DE L1} ¢, * 1 saocho

‘ffﬁkumk £ Cok r* va b(ﬁﬁk) = b(fn) vé1 moi k3 0.

18
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OOy e, x
l

Ta co
gd DE 1L,1]va 8., ., £ & r".

g" P0) = £"P(0) véi moi k3 0.

Chon g,...,g, , I DF 1,1]sao cho g”’(0) = d, véimoi j > 0, va dat

1

£(0)g, + &
g, ¢

Ta nhan dugc b(g) = b(f,,,) va
Bay gio néu E,F 1a cac khong gian Frechet phan bac, thi e- tich

g:

T Q07

£ 8, r* voi moi k* 0.

ntk

EeF = L,(F¢FE) lakhong gian Frechet phan bac vdi bac
lull, = sup ﬁ‘uﬁ@”f el U 1 F¢}, ul EeF .
Hién nhién, ta c6 EeF = FeE , EeF = E 136;7 F 1a cac dang ciu tame trong
d6 E X F vaE 1%;7 F duogc phan bac mét cach tu nhién.
Cungvoiu:E, ® E,vav:F, ® F, la
uev : EeF, ® E.eF,, uev(x)=uoxov
d?mg cu tame, don 4anh tame, va md tame. Néu u 13 toan 4nh va mét trong
cac khong gian £ ,E,,F 1a hach, thi ueid, cling la toan anh.
1.3.2.8. Ménh dé. Cho e > 0 tuy y. Dy Borel (s,)- gid tri
0® D[E 1L,0] D[0,1]es, % %® D[ 1,1]es, % Y5® wes, ® 0
la day khop tame.

Chung minh.
Theo ménh dé 1.3.2.6 ta c6 diy khép tame
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0® D[ 1,0T D[0,11% %® DF L,11%4%® w® 0
Liy e- tich ddi v&i ieid, , p- tich d6i véi beid, suy ra diéu phai
ching minh.
1.3.2.9. Bo dé. Cho j : F ® G ¢6 tinh chdt (WD )va e> 0 tuy y. Khi dé
jeid :Fes, ® Ges, c6 tinh chiat (WD'Z).
Chiing minh.

XétcacbacU, 1 F.V, 1 s, ,w 1 Fes,.Khidé

= {1 Fes,:TV)1 U,}.

1 . ) N
Chons > —.Layn? s var> 1.Kyhi¢u e¢l s¢la ham toa do thr ;.
B _

i) Lay T,,...,T, 1 Fes, sao cho

T.1rW,vaj oT,=j oT, v6imoi 0£ i £ n.

Vi
jTep)1j TG v jrj W),
nén ta co
n i XXn &7" g’l 9
j Tyep)i 1 g LU ey g —= U3
i= o®J [%] _g"

,e X . .e N ! '&ré
Véi moi j saocho j £ r,tachon u, 1 ¢, ] g—; U,) sao cho

jW,)=jTyeH), con véi j ma j°* r, thi ta dit u, = T,(ep. Khi do
T(ef)=u, xacdinh T 1 Fes,,v6i j o =j oT,,v6imoi 0£ i £ n.
Hon nira, ta c6

Tic] r™w),
i=0

Vivei 0£ i £ n- s vaagl V°, thi

20
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Xy

rasl = a gj

ity Lay T ,,T, . ,,...1 Fes, saocho T, 1 c, W

n+k

&H |- IO«

i+s
i

T 930«

vaj ol  ,=j oT,

voimoi k3 0.Vi T

ntk

Pl c, 5 """ U,,,, néntacod

- .- e(n+tk): T .- e(n+ g
i (Tn (ejé)) I I Cn,krk] ( k)] (Un+k) I -] é:[ %k r .] ( k)l]n+k—_~
k=0 k=0 "]

Ta chon
¥
[T &,r'j"""U,., saochoj (u,)=j (T, (ef).
k=0

Khi d6 T(ep)= u, xac dinh T I Fes,, véi j o =j oT,,,, véi moi
k3 0.
ViTWw?, )1 &,r'U,. ., véimoik* 0,néntacod

T k+s
Tl O™ Wi

-8

[ ™

k
T d6 Day Borel (s,)- gi tri 1a khép tame va c6 tinh chat (WD'Z).
1.3.2.10. Bo dé.
i) Néu L: (b) dang cdu tame véi khéng gian con phdn bdc cia L2 (a), thi

jlg@rg sup Z £1.

ity Cho L, (a),L, (b)la hach. Khi d6 L, (a) @L, (b) la ding cdu tame
khi va chi khi

~.

1.3.2.11. Ménh @é. Néu a < b, thi Da,b]@s la dang cdu tame.
1.3.2.12. Ménh dé.

i)ses @s la dang cau tame.
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ii)Cho d,e> 0. Khi do s es, @s la dang cau tame

min(d,e)

Chimg minh. Ta trang bi cho ses bac tuong duong tame

lull = @), = & & la/fis)"

=1 j-1
trong d6 (a],a3,...) = u(ep, e}éi s¢1a véc to don vi thit n . Chon song 4nh
y¥Y® Y'Y
ka (i)
saocho k, £ k, P i,j, £ i,j,. Ta dinh nghia 4nh xa ses ® s, (a/) a (a,);_,
sao cho a, = a’ néu y(k)= (i,j). Véi j (k) = card {(i, 7):ij £ k}, ta

nhan duoc

=

@PR:

r

i (k)= él é: fﬁ: ?ﬁ 0(1)§= klog(k) + O(k).
Nhu vay, néu y (k)= (i,/), thitaco (ij)" £ k" £ j (ij)" £ ¢,(ij)""".
ii) Truong hop d = e, chimg minh giéng nhu 7).Nhu vay ii) 12 hé qua cta
dinh 1y 1.3.2.3 va bo dé 1.3.2.10.
1.3.2.13. Pinh Iy.

i) Ton tai mét day khép tame co tinh chit (WD"Z)
O®s® s ® w® 0.
ii) Véi e> 0 tuy y, ton tai day khép tame cé tinh chat (WD'Z)
0® 5,® 5, ® (5,)" ® 0, &= min(el).
iiiy Néu E la (€)- hach tame, thi ton tai ddy khdp tame cé tinh chdt

(WDZ)
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O® s, ® E® E® 0, H9i Sy, la khong gian con phdn bdc,
&= min(e,1).
1.3.2.14. Pinh ly. Cho E la (e)- hach tame, e> 0 cé tinh chat (WDZ),
dat &= min(e,1). Khi do
i) Tén tai day khép tame cé tinh chat (WD'Z)

0® s5,® 5,® E® 0

ii) E dang cdu tame voi khong gian thiwong phdn bdc ciia s,,
Chig minh.

Ta xét diy khép tame cua dinh 1y 1.3.2.13. iii). E* (theo ménh d&
1.3.2.5) ¢6 tinh chdt (DNDZ) va (WDZ). Tur 0, theo dinh 1y 1.3.2.3, £
dang cau tame v6i L, (a). Nhu vy, phép nhing tame Sy, ® £ Fof sy, da
chi ra ring E/"@s% 1a ding cu tame.

Pé chimg minh tinh can ctia (WDZ) d6i v6i dinh 1y ché, ta can bo dé
1.3.2.15 sau, ma phép chimg minh cta né giéng trudng hop topd.
1.3.2.15. Bo dé ([18] va [19]). Néu

OR E®E,%UR®QO® 0, 0® FF® F,%%®Q ® 0
la cdc day khép tame va y :F, ® E, la dnh xa tuyén tinh tame véi
hoy =j , thiton tai diy khép tame

0® F® E," F,® E,® 0.
1.3.2.16. Pinh Iy. Véi méi khéng gian Frechet phén bic E , cdc ménh dé sau
la twong duwong
i) E la hach tame va c6 tinh chat (WDZ).

ii) E dang cdu tame voi khong gian thiwong phdn bdc ciia s,,e > 0.
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iiiYE la hach tame va véi méi (DNDZ)- khéng gian hach H , méi day
khop tame 0® E ® G ® H ® 0 déu la ché tame.
Chtrng minh.
Do dinh 1y 1.3.2.13 tbn tai khong gian con phan bac Eof s , va cac day
khop tame

0® E® (s,) %#%®O® 0,

0® s, ® F%%® 0 ® 0.
Vi dinh 1y ché duoc thoa min nén ton tai anh xa nang tame  : Eo® (s,)"
saocho Aoy =j (xem[19]).
Do bo dé 1.3.2.15 va dinh 1y 1.3.2.13 ton tai cac diy khop tame

0® s, ® E’ F® (s,)* ® 0,

0® 5,® 5,® (5,)" ® 0.
Ap dung 1ap luan twong ty ton tai diy khop tame

0® 5,® 5, ® E F® 0, ¢ = min(d&.

Phén con lai 1a chi ra rang iii) P i) (xem [18]).
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CHUONG 2
PAC TRUNG CUA CAC TiNH CHAT (DNDZ) VA

(WDZ) TRONG LOP CAC KHONG GIAN FRECHET

Chuong nay chung t6i s& trinh by cac dic trung cua cac tinh chat

(DNDZ), (WDZ). Cu thé sé& trinh bay hai két qua chinh sau ddy: khong

gian Frechet phin bac E c6 tinh chat (DNDZ) khi va chi khi ton tai tap chi
s6 I sao cho E dang ciu tame tuyén tinh véi khong gian con cua khong
gian Frechet phan bac [* (/) AP s . Khong gian Frechet phan bac E c¢6 tinh
chat (WDZ) khi va chi khi ton tai tip chi sé / sao cho E dang cau tame
tuyén tinh v6i khong gian thuong phan bac caa '(J) Ap S .
Trudc tién chung toi s& trinh bay mot s6 khai niém va két qua vé cac tinh
chat (DNDZ) va (WDZ).
2.1. Cac tinh chat (DNDZ) va (WDZ).
Cho E la khong gian Frechet phan bac véi

Lo £ Iy £ Il £ ...
2.1.1 Pinh nghia. Cho E la khéng gian Frechet phdn bdc . Ta néi rang E

c6 tinh chat:

iY(DNDZ) Néu ton tai a> 0,b* 0,p> 0 va hang sé C,:> 0 saocho

oy &P , S = cCc, 0
U 1 g I ¢, =t EI UL 5 voimoir > 0.
14} k=p

:
an-am = I"k a’n+ak =

m=-p
ii) (DNDZ), néua = 1.

iii) (DND), néu E ¢6 tinh chdt (DNDZ) véib= 0= p.

2.1.2. Pinh nghia. Cho E la khéng gian Frechet phdn bdc. Ta néi rang E

cé tinh chat:
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i) (WDZ) néu tontai a> 0,b> 0,p* 0 va hang so C,.> 0saocho

N (U 0 &¥ (C 0
m-p o m,n o

Un I é I Cm,nr Uazn-am i+ gm:[ k+p Ua211+am =
m—p o Bi-.,7 )

ity (WDZ)néua=1.
iii) (WD) néu E ¢6 tinh chdt (WDZ) véib= 0= p.
2.1.3. Ménh @é. Cdc tinh chat (DNDZ)va (WDZ) la cdc bdt bién topé

tuyén tinh qua cdc dang cdu tame tuyén tinh.
Chiing minh.

Gia st 7 : E ® F la dang cau tame tuyén tinh giita cac khong gian
Frechet phan bic £ va F . Hién nhién c6 thé xét £ = F va T 1a anh xa
dong nhat.
a)Gia st E c6 tinh chat (DNDZ). Chon a * 1 sao cho

. e & C 0
Ul 1 g[ C,.r"U% él RS 5 véimoir> 0n 3 0. (1)
m=0

k a’n+ak =
(%]

trongd6 b= p= 0.
Vi cic bic cia £ va F 1a twong duong tame tuyén tinh nén ta c6 thé lay
b3 1 saocho
U Ew, vaw,ZEU, véimoin3 1.
Twr do
Utiwy vaw'l U .

Tu (1) suyra

agbn 0 & C 0

0% 770 3 my 70 2 bnk 770 *
Wn I Uan gI Cbn,mr Uazbn_amEJr I k a*bn+ak=
=0 G &y I 9

abn 0o & C
T m;;r 0 = bn,k Lpr 0
I él Cb’l,mr a*b*n- abm $+ éI k a*b’n+abk =
m=0 9 o T

Qif-1-1Os

voimoir > O,n 3 0.

26

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com

Tir d6 E c6 tinh chat (DNDZ) dbi véi cac bac ciia E xéac dinh bai co s 1an
can ,}.
b) trudng hop E c6 tinh chat (WDZ) ching minh tuong tu nhu ).
2.2. Pic trung cia cac tinh chit (DNDZ).
2.2.1. Ménh dé. Gid sir

0® (A s%%® B4 Y%W® E ® 0
la day khép tame tuyén tinh cdc khéng gian Frechet phan bdc va E c6 tinh
chat (DNDZ). Khi dé q cé ngwoc phdi tame tuyén tinh. Tirc la ton tai anh
xa tame tuyén tinh R : E ® E<sao cho qoR =id,.
Ching minh.
Do ménh dé 2.1.3 va dinh nghia ctia diy khép tame tuyén tinh ta c6 thé gia
str rang céc bac cua [* (I)A s va E dugc cam sinh béi bac cua E‘ Nhu
vay, v6imoi y I E tacod

Wll, = inf fxl, :qx = v}
va

lexll, = Ixll, véin > 0.
Hon nira, khong mat tinh tong quat, ta gia st E c6 tinh chat (DNDZ) véi

b= p= 0. Tl dé ton tai hang so C, ., > 0saocho

e 1]
azn- am = a2n+am =

. xan O &¥ C
U° i ¢ C U’ T+ ¢ a0
m=0 , 9 m=0 r

Qfl-1-10:

& w2 O @& w40
= gl o r U=+ I (%’,nr “qug,
1B

pi A, o
trong do

A = {azn- ka:0£ k£ na}
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va Bn={azn+ka:k3 O}.
V6imdi (i,/)1 17 ¥, xét phiém ham tuyén tinh trén I* (1) Ap s cho boi
Y, u_ s, U v e
S (&, 17 ¥¥=x,, %U .1 ¥ﬁ1 I"(DA,s.

Tacod

‘fij n g ¥ﬂ£1{]f gc“ r ¥g}

“gk,l ¥$£1

Theo dinh Iy Hahn - Banach ta thac trién £, t6i F 1 £¥ sao cho

«-n - ha;

=] e .

n

‘ m||*
ij

Tacod

) o] m||*
‘ i F;/ }Ej n+1
"

n

m+ " n
£ }‘F;j n+1

HF(nﬂ)

n+1

£ e- (n+1Da; +e- na; £ 2e-naj-

Mit khéc, ta c6 F""V - F" = 0 trén [* (1) A, s ,vithé """ - F" cam

sinh mot phiém ham tuyén tinh lién tyc G 1 2¢""“U),, 1 E ¢ sao cho
(n) _ (n+1) (n)
Gy og=F;" " - F;".
Chon 1£ C, £ C,_, voi
&0
D, = 2”C”sup é"” < +¥

n
voimoi pl 4, ., EB, .,

Vi
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n+l D, 'z
pl An+l g IB’1+1

& -2 C men- 408
vl g1 O, U°—+ E1 G U°
5

nén suy ra
- na; 0 - na; é/ a(n+1) 0 na; &/ a(n+1)- = 0
227U, T 2e I 0 U + 2¢ I 0t Uq.
piAn+l qIBn+l
i 1 a;
Lay r = ———e“ vachon
2 Cn+1
(”)I 20" 1Y 1 1 (n+1)- S)Q’UO P4
P"“Za (n+1)-p Ca(nﬂ)—p po P n
n+1
Tu do
P P P
e[ € 2¢% 2" G
pntl a(n+l) a(n+l)
2 Cn+1
)4 p P
£ 2& 2 Cn+1 (- ?)aj
pnt1l A(n+1) (n+1)
2 Cn+1
o c’ (- £,
yYali pn+1 no “ntl a?
£ 7C gty o
n+1
£D2" “'f%)”" 5ipi 4
) e , VO1 p il
Mat khac,
(n) 7 - na; 0 \
g 12 U, va
G(”) (”)I 2e na, é/ a(n+1)-7 0
I n+lr q
qIBn+l
suy ra

'%)“f L. A
£D2 e « ,voigql B, .,

HG(n) <n>
t/

Bay gio ta xét chudi
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° (n)
- a &
n=0

hoi tu trong

E¢= {u I E¢:luly= sup {Iu(x)‘ Sl £ 1}< +¥ },

¥ *
2 (n)
d “g’/ 0
n=0

Twdo g, I E¢véimeiil 1,73 1.DPat

¥
£ De"§q 2" < +¥
n=0

véiméi (4,/)1 17 ¥.

Ta co
* k k
; (k+1) + & H 0 _ o + ‘ |
U/ Tl (k+1) ‘ i a2 (k+1) a G 8y 2 (k+ 1) a o lla?k+1)
=
* : (1- (k+1)) ; (1- (k+1))
(k+1) S ot aj 3 -n (1 a;
£ HFU ey Da2<k+l>aoz ¢ T D gy ak 12 ¢
n= n=k+

¥
£ o (k+Da; | D 8(1- (k+1))ajé>1 o

a’(k+1)
n=0
£ e -kay 2D, 18 = (1+ ZD (k+1))e kaj.
Tu do
[ ,el€ A+ 2D, e bl v6imoix T £
bat

j)=§,0:GNHT 1 ¥ xT £
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Bay gio ta kiem tra j (x) I I* (1) A, s v6i x 1 Evaj 1a nguoc trai tame

cua e. That vay

el = supd |, eop™

£ (142D, Dkl sup§ e

i ]31

1
£ 1+ 2D (2k+1))|lx”a (2k+1) Eglj—k

1 ¢
J_"

X
£ gl + 2Da2(2k+1))a b 226+ 1y
J?

Q-[-|-|o:

£ 10, el Vi k3 2.
Tir d6
u/' (x)Hk £ ﬁgz@k+l))”x”az(2k+l)-

Hon ntra

je(g’c,.j 17 ¥Y= gj(egcj T’ ¥gg

O'@aﬂ)@

& ey T ¥Y- %a Gy - gy - a g}

n=k+1
= § (&, 1 ¥Y: 1 ¥

= &, 1 ¥U=id,

(DA, s

ka

gq<€l][¥%l ¥y

2.2.2.Bo @@. ([6]) Ton tai day khép tame 0® s ® s ® w® 0,

o do w la khong gian cdc day so phirc voi

H(‘XOrxl

- 4 il

2.2.3. Bo d@. Vi méi khéng gian Banach B ton tai ddy khép tame

0® s(B)® s(B)® B* ® 0,
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0 do s(B) la khong gian Frechet voi bdc duoc cho boi

S(B)=§g'cj:j3 B, 1 = 4 el < oy %
J

Chiing minh.
Theo b dé trén, ta c6 diy khdp tame
O® s% 7® s % Y® w® 0.

Tur do6 ta c6 day sau la khdp tame

0® L(Bg&s) ¥ %® L(Bg&s) ¥ %® L(Bw) ® 0.
Mat khac, lai ¢c6

L(Bgs) ¥ s(B) va L(BEw) ¥ wB) ¥ B*.
Viay ta co
0® s(B)® s(B)® B* ® 0

1a ddy khép tame. B dé dugc chimg minh.
2.2.4. Pinh nghia. Khong gian Frechet phdn bdc E goi la co hé cac toan tu
tron {,:q> 0}, néu ton tai cdc dnh xa tuyén tinh T,:E® E,q> 0 va
p?* 0C,, > 0 saochovoimoi g> 0 vax i E

Irx], € C,nq" " Ixlly v6im £ n+ p,

k- Tx| £C,.g" " " xl, véim£ n+p.

Trong [6] ta biét rang E c6 céc toan tir tron, néu E c6 cac tinh chat

(DNDZ) va (WDZ).
Bay gio ta s& ching minh bo dé sau
2.2.5.Ménh dé. [* (I)A s ¢6 tinh chit (DNDZ) doi véi moi tdp chi so 1.
Chtrng minh.

Theo [7], s c6 ho cac toan tir tron {I', : ¢ > 0} thoa man
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HquHn £C,. 4" """ xl, véim£n+tpxIs,
Hx ) quHn £C,.q """ xl, voimE£n+pxls.
Xét ho
T,:I"(DA s® (A s
/] a [[x.I]
trong do6 x;, va T x, thuoc s véi moiil 1.

Tacod

£ ko1 = I kot ]

£C,,q" " "supl, = C,.q"""|

= sup|Tx,

n

k1],
voim £ n+p.

Tuong tu, ta co
ot} 7,000 ], = - Tpxot ],

= suplpx, - Tx,

£ Coud " " sup ],

£C,. """ HECI"[]‘,M voi m3 n+p.
T do, I* (I) A, s c6 ho céc toan tir tron va do [6] né c6 tinh chat (DNDZ)
va do d6 c6 tinh chat (DNDZ).
2.2.6. Ménh dé. Cho E la khéng gian Frechet phdn bdc. Khi dé ton tai tdp
chi s6 1 va phép nhing tame e : E ® [I* (T, ¢ ds [* ()] duoc phan
béc véi hé cac nika chudn

Il = sup [xll,

1£kEn
odéx, 1) vax=(x,...x,,.)1 [*(D].

Chung minh.
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Gid st {llk 3., 1a hé cac nira chuan xac dinh béc trén £ . V&1 moi

k3 1,datl, =U, val=JI,.

k1
Theo dinh 1y Hahn - Banach, véimdi x I E taco
Ixll, = sup {]u(x)‘ ul I, }
Xétanh xa e, : E ® [* (I,) cho béi
e, ()= [ux):ul 1]
Ta co

ey, = Wl voi x 1 E.

9
Xétanhxae:E ® ()!I" (I,) xac dinh boi

k=1

e(x)=le,(x): k> 1],

£ 5
& do6 ()" (I,) dugc phan bac bsi hé cac nira chuan
k=1

il = sup |,

1£kEn
o do X, i I (]k) va kauk - ka

e, = [lecx) k> 1]

k)

RS Ta co

= sup e, (),
1£kEn

n

=sup {xl :1£ k£ n}=Ixl,.

Tu d6 e 1a phép nhing tame. Mat khac, 7 = [JZ, va do dinh nghia bac trén

k31

X
O, val* (D], taco dang

k=1

elfi ‘¥ 1= le(f) - ¥}

¢ do
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0, i1,
ek(fk)_li 0

i1,

L
xéac dinh phép nhung tame tir () /* (1,) vao [I* ( )T :

k=1
2.2.7. Pinh Iy. Khéng gian Frechet phin bdc E ¢6 tinh chit (DNDZ) khi
va chi khi ton tai tdp chi s6 I sao cho E dang cdu tame tuyén tinh véi

khéng gian con cia khéng gian Frechet phdn bac I¥ (I) Ap S .

Chiing minh.
Piéu kién di. Vi khong gian con phan bac ctia khong gian Frechet phan bac
c6 tinh chat (DNDZ) ciing c6 tinh chat (DNDZ) va theo ménh dé 2.2.5
diéu kién du duoc chirng minh.
Diéu kién can. Do ménh dé 2.2.6 ton tai phép nhiing tame j : E ® [I¥ 0 )T .
Mit khac, theo bd dé 2.2.3 ta c6 diy khép tame
0® Y (A s%%® (DA s % %@ [ ()] ® 0.
Pit E = ¢ '(E). Khi d6 ta c6 diy khép tame
0® *(NA s%%® E%%Y%®E ® 0

v6i khong gian con phan bac E‘cua ¥ (7) Ap s. Vi E c6 tinh chat (DNDZ)
nén theo ménh dé 2.2.1 suy ra ¢ c6 nguoc phai tame tuyén tinh. Tir 46 E
ddng cau tame tuyén tinh v6i khong gian con phan bac cua I* (1) A s .

Nhan xét: Pinh 1y van con ding néu E c6 tinh chat (DNDZ). Trong
trudng hop ndy, E dédng cAu tame v6i khong gian con cua /¥ (/) A s khi va
chi khi E ¢6 tinh chat (DNDZ).

Vi ¥ () Ap s ¢6 tinh chat (DNDZ) nén tir dinh 1y 2.2.7 suy ra
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2.2.8. Hé qua. Moi khéng gian Frechet phin bdc E ¢6 tinh chat (DNDZ)
déu ddng cdu tame tuyén tinh voi khéng gian Frechet phdn bdc F c6 tinh
chdt (DNDZ).
2.2.9. H¢ qua. Cho E la khong gian Frechet hach phan bdc. Khi do E co
tinh chat (DNDZ) khi va chi khi E dang cdu tame tuyén tinh véi khéng
gian con cua s .
2.3. Pic trung ciia cac tinh chat (WD Z).
Tuong tu nhu m¢nh dé2.2.5taco
2.3.1.Ménh de. I'(1) A s c6 tinh chat (WDZ).
2.3.2. Ménh d¢é. Cho day khop tame tuyén tinh

0® F %%@G%%@ll(l)f&ps ® 0,

odo I'(I )Aps dwoc phdn bdc voi hé cac nira chudn
wie = &, 177 ¥4 =8 § p[/" < +¥.
itr js1

Khi d6 q c6 nguwoc phdi tame tuyén tinh néu E c6 tinh chat (WDZ).
Chimg minh. Do ménh dé 2.1.3 ta c6 thé gia sir rang cac bac cua E va
I'I)A, s  dugc cam sinh boi bac cua G . Tir d6 voi mdi n* 1 ta co day
khop
O® E, %% ® G, Ya %3@(11(1)1&1] 5), ® 0
gitra cac khong gian Banach, trong d6
(DA, ), =&, 11 ¥ Hg(] ir ¥}}‘

.

=& & |, <+¥ %Z DA s, .

ifr j31

Vi mdi (7, ) [ 7" ¥,dodinh 1y 4&nh xa mé, ton tai d,;.”) I G, sao cho
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trong do
d_’il:il’ i=k,j=1
v iO, trong cac truong hop khac
va
d; £ 2], = 2"
Xét anh xa

R™ (') Ap s), ® G,

xac dinh boi

R™W &, 1" ¥P=3§ § x,d".

ifr j*1
Ta co

HR (n)

n

ch] & ¥{H £4 4 e, |-l
idr j1

£24 4 otk
i1 jo

=28 & ol =2 et ¥
i1 o
Do d6 R"™ lién tuc véimoi n 3 1.

Mat khac

QnR(n) gfy :]’ ¥3= Qn(é é xzjdzin)

ilr j21

=4 4 %,49.d")=8 § x,¢,= §, 1 ¥l

idr j21 idr j21
Tur do ta cod
(n) —
g, OR™ = idy 1,
T = WZH oR"™D R(n)’

trong d6 w",, :G,., ® G, la 4nh xa chinh tac. Tir biéu d6 giao hoan

n+1
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0® E, % %W G,, %% BIUA,s),, ®0

n n n

w w w

n+1 n+1 n+1

0O®E, Va%h® G, %%h® (ll(I)Aps)n ® 0
ta co

qn OT(n) — qnWZ+1R(n+l)_ an(n)
- Z+1qn+1R(nH)' an(n) =0

trén (I'(1) Ap s),.,- Do do

n+1-

i1 .1 ® kerq, = ime, = E .

T (')A, s),,,=I'DA,s

s¢ ) — () 7 :
bat 7, =T"(e;,) I E,. Taco

(ﬂ) — (l’l) _ n (}’l+1) (Vl)
HTU n ”T ()] = iR (e;)- R (el:].)“n
n (n+1) (n) (n+1) )
e I L WA T e |
£ 2 e;: + 2”@ £ 2e("+l)a/ + 26’“1,/ £ 4e(n+1)aj
Ylln+1 i,

vOo1 moi i, .
Chon P4 T 4¢"""U, 1 E sao cho

) (n)
\{76" - T

ij

£27.

n

Vi E c¢6 tinh chat (WDZ), nén ta c6 thé giast b= 0= p va

. an ¥ O
m m,n
Un I I Cm,nr Uazn-am T I m Ua2n+am
m=0 m=0 r

an—g an—g
I (] & wuy+ (] Cr U,

pid4, qi B,
trongdo 4, = f’n - ka :0£ k £ nayvaB, = {’n+ka:k* 0}.

Chon1£ C, £ C, ., sao cho
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D, —ZPCpsup Cp"<+¥

n
véimoi p1 4, EB,. Taco
an- & (n+a; an- £
U )+ 4" (] Cor U

(n+1)a; Y (n+1)a;
4"y, 1 4" (] G U,
pla, 41 B,
}( 1 \
Lay r = — va chon
a a —
2°Cre”
(n) (n+1)a 0 1 , . 2
(01 4" V00, U Vil 4,
a
207 PCY " e
Khi do
+Lya, 20 CP
‘t’(/n) p £ 4%’”6 ‘ a*n x anzn
2" CF
£ 2PCP 4&/2,” Cf _ne(l*’:%)aj
e

c,c,

n

(1+ £a

1 A
£De « '2"véip£an,plA,
Vi TQ{J@) I 4¢"""U , nén suy ra ring

an—‘g
PO - 01 4" O0 U

qIB

Tu do
1+ 2a; oA
£ De « 2" voiql B,

i

‘ W) _ 4
y g

Xét chudi
¥
_ 28 (k) (k) _ )
t, =84 W+ @ Py,

k=0

Chudi hoi tu déu trong £, = I E :Ixlnesy +. That vay, ta c6 danh gia

Sau
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(] ;) _ P
a Pl + - 29,
k=a*n
+¥ R ) +¥ (1 ) +¥ +¥
[} +n)a k _ +n)a; o -k [o} -k
£a D,e 7+ q 2 =D,e ‘a 2"+ a 2
k=a’n k=a’n k=a’n k=a’n

£ (l)a2 (1+n)a]_|_ l)a 2 < +¥

k=a’n
Tu do £ I E., voimoin > O.
bat

RGE, )T 1 ¥)= R(E, )T 1 ¥)+ 8 8 o,

iir j*1
trongdo &, : ()1 17 ¥ ("(HA,5),= ')A, s. Khido
R :ll(I)Aps ® G, laénh xa lién tuc.

Ta co

R, :GHT T ¥9=R"(§, :G.HT 1" ¥Y-

a’n- 1
o DA ./ T ’ A o 0
- a T()gcij.(z,])ll ¥9+a a 1%,
k=0 idr 21
. Razn r ‘], ¥\ ° ° %20”' lT(k)g + ] o]
- (& : g-a a Ea i gt aa Xy
itr j21¥€k=0 (%] iir jii
. Ensh LT \ o o @inl (k)g o o c? (k) (k) 70/@{()
=RU(F, 1T ¥)-a a Ea Iy, +a a @ @ + T, - DX
ilr j21€k=0 g i1 21 k=0
%zn—l a’n- 1 /
_ (a"n o o o (k) o (k) k )
R )gygaaéa T - g P +TH- P
ifr 2 18%=0 k=0

=

¥ 0
o (k) k) _ gNT
- q @+ @P- Py
k=a’n

ij ="
%)

2nl
= RUEE 4 A ga - ). 4 0T P
i1 3] 0

’J;i
k= k=a’n %]
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Tir bat dang thirc nay ta nhin duoc udc lugng sau day

AERISTTRTY §o

il7 j*1

+

len

2_

a0, - 4 - 1], 3
k=n+ k=an k=a"n
EEO" (l+n)aj
eofgd, v a glggoDﬁe 2+
tam-n- ) max 00 P, -
+1§¥aan02 s kaan2 iju‘
£ “y +4 3 (2D (1+m)a, +l% (tema, oD, oM, +2)}"U‘
ifr j31
£2 gcl]{y +8 § (4D, +2+ 50 )" x|
i1 j3i
el v 4 A @D, 20 B

iir 1

e2fg, 4, @, 2+ B )&,
£ (4+4D, + Db, )ch”t}‘

21"
Mat khac
R&.4, £ lred, -
do do
[R&.4, £ (r oy + Bl
Diéu d6 da chi ra rang R 1a tame tuyén tinh va

qoR =id,
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2.3.3. B6 8. Cho E la khéng gian Frechet phan bdc. Khi dé ton tai day
khop tame

0® E%%® QOE, % %®(OE, ® 0,

k31 k31

trong do E, la khong gian Banach chinh tic két hop véi cac nira chuan |||

trén E va () E, la khong gian Frechet phdn bdc voi topé sinh boi hé cdc
o

nwa chuan

X = (X ) 1 Xi I E,

Wl = sup |px,
1£kEm

k)

va
e¥)= £} s (¥ D= W, - X)),
e, :E® E, va w, :E,, ® E, lacdcdanhxa chinh tic.
Chtng minh. D& thay e 1a dang ciu tame 1én anh, béi vi

el = max(e, o, e, )
= max(lh, ... bel) = Il

1,.-.,

Mait khac, véimdi n 3 1, g cam sinh mdt toan anh tuyén tinh lién tuc
ng 1 &
4, :QE, ®(QE,
k=1

k=1

cho boi
il
q,(Xp500x,) = (WX = X, W X, - X,).

Hién nhién ¢, 1a toan anh vadodo lamé va E || = kerg, . Tur do, ta co

X ngl rame 2 X
(OE,/ kerg),,,= QE,/ kerq, @OQE, = (OE),),.
k=1 k=1 k=1 k=1
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2.3.4. Pinh Iy. Khéng gian Frechet phin bdc E ¢6 tinh chat (WDZ) khi va
chi khi ton tai tdp chi s6 I sao cho E ddng cdu tame tuyén tinh véi khéng
gian thirong phan béc cia 1'(I) Ap S .
Chtrng minh.
Diéu kién du. Do ménh dé 2.3.1, /'(/) A s c6 tinh chit (WDZ). Hon nita,
tinh chat (WDZ) dugc di truyén qua khong gian thuong. Do d6 két luan cia
diéu kién di dugc chimg minh.
Piéu kién can. Gia sit £ c6 tinh chat (WDZ). Khi d6 theo bo dé 2.3.3 ton tai
day khép tame tuyén tinh

0® E%%® QOE, %%®(OE, ® 0.

k31 k31
Chon khong gian Banach F sao cho mdi £, 1a khong gian con bu cia F,

tuc la

F=lx= ()1 OF =8 o) < +¥ ).
} : : ?
Véi k batky, ldy F, 1a phan bu topd cua E, trong F,ticla F = E, AF, .
Téng tryuc tiép ciia hé thirc trén véi day khop
0@ E® QFE, %¥%®E, ® 0
k k

c6 thé duge xét nhu 1a diy khép tame
0O® E® F'® F' ® 0.
Vi mbi khong gian Banach 1a khong gian thuong cua I'(I) véi tap chi sd 7
nao do, nén ta c6 day khép
0® K®['I)® F® 0.
Xeét day khop tame
OB s®s® w® 0.
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Ta c6 bi€u do6 giao hodn sau voi cac dong va cot 1a khdp tame

0 0 0

0® FA s%%® FA s® F'® 0

0® I'(NA, s %%®I'HA, s® I'(I)" ® 0

i2
0® KA s%%® KA s®K¥® 0

0 0 0
Tu d6 ta dugc day khép tame sau
0® ("DA )AK A s%¥Y® DA s%¥%® F' ® 0.

biat M = kerg,. Taco biéu d6 giao hoan sau v&i dong va cot 1a khép tame
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0 0

0® E® F' %¥® F'%Y%®0
P - q, -
0® E® H%AWI'()A, s % %® 0

M M

0 0

trong do

H={x i F* (DA, s):qx = g}
va

pxy)=x, p(xy)=y.

Do ménh dé 2.3.2, p, c6 nguoc phai tame tuyén tinh. Tir d6 ta c6 biéu do
giao hoan sau véi cac dong va cot 1a khop

0 0

0® M ® EA(I'(NA,s)® F* ® 0
P - q, -
0® M%¥%®G %H®II)A s® 0

M M

0 0
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trong d6 G latichthd cua E A(I'(1)A, s) val'(I)A s trén F¥ .
Vi
M = kerq, = Im(i, A1),

nén M 1a khong gian thuong ctuia

('HA HAK A s (I)AK)A 5.
Chon tap chi s J sao cho K 1a khong gian thuong ctia I'(J). T d6 M 1a
khong gian thuong tame cua

COHATUNA s " TI'TENA 5.
Hon nita, ['(J EJ) Ap s ¢6 tinh chat (WDZ) nén M ciing c6 tinh chat
(WDZ). biéu d6 di chi ra rang dong thi hai cia biéu d6 13 ché tame

0®M®G%¥%®I'INA s® 0.
Tir cot thir nhét ta duoc diy khop tame

0®M®MAIUA s)® EAI'U)A,s)® 0.
T d6 E 1a khong gian thwong tame caa M A (I'(/) A , §) do d6 la khong
gian thwong tame cia ('(/ EJ)Al'(])) Ap s. Vay E la khong gian
thuong tame tuyén tinh cua /'(I EJ ET) Ap S .
Vi I'(I) A, s c6 tinh chat (WDZ) nén tir dinh 1y 2.3.4 suy ra

2.3.5. Hé qua. Moi khong gian Frechet phén bic E ¢6 tinh chdt (WDZ) déu
dang cdu tame tuyén tinh véi khéng gian Frechet phdan bic F ¢6 tinh chdt
(WDZ).
2.3.6. Hé qua. Cho E la khong gian Frechet hach phdan bac. Khi do E la
hach tame va c6 tinh chat (WDZ) khi va chi khi E dang cdu tame tuyén

tinh voi khong gian thuong cua s .
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2.4. Tinh 0n dinh ciia cac tinh chat (DNDZ) va (WD Z) dbi véi khong

gian ddi ngiu thi hai.
Ap dung cac dinh 1y 2.2.7 va 2.3.4 trong phan nay chung ta sé& thiét 1ap
mdi qua hé giita cac tinh chat (DNDZ) va (WDZ) véi khong gian Frechet

phan bac E va khong gian dbi ngiu tha hai cta no.

Cho E 1a khong gian Frechet phan bic véi co s& 1an can giam ¢ dinh
U, } ., xac dinh topo clia né. Khi d6 ta xét khong gian d6i ngau thir hai cta
n6 Eg la khong gian Frechet phan bac véi co s& lan can giam c6 dinh
"} .. Taco két qua sau:

2.4.1. Pinh ly. Khong gian Frechet phin bdc E c6 tinh chdt (DNDZ) néu
va chi néu E g ciing cé tinh chit (DNDZ).
Ching minh.

Trudc tién cha y rang néu E 1a khong gian con Frechet phan bac cia
khong gian Frechet phan bac F', thi E g ciing 1a khong gian con phéan béc
cua Fig.

Diéu kién du 14 hién nhién.
Piéu kién can. Gia sit £ c6 tinh chat (DNDZ). Do dinh 1y 2.2.7 ton tai tap
chi s6 I sao cho E dang cau tame tuyén tinh voi khong gian con F cua

I*(I)A, s, trongdd I* (I) A, s dugc phan bac béi hé cac nira chuan

Y .o

PR s =10 TR o], =8 f it <+ k%
ji 1

Lo el aian s o f

D@ thay rang
¥ e t%me ¥ e a
DA, HE™ I"(I)A,s 1 (DNDZ).

Do d6 Eg ciing c6 tinh chat (DNDZ).
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2.4.2. Pinh ly. Khong gian Frechet phin bic E c6 tinh chat (WDZ) néu va
chi néu E § ciing cé tinh chat (WDZ).
Chung minh. Tuong ty nhu 2.4.1, ta chil ¥ rang néu E 1a khong gian
thuong phan bac ctia khong gian Frechet phan bac F, thi Eg ciing la
khong gian thuong phéan bac cua F .
Gia st E ¢6 tinh chat (WDZ). Do dinh 1y 2.3.4 ton tai tap chi s6 / sao cho
E dang cau tame tuyén tinh voi khong gian thuong cta I'(/) A s . Theo chi
y & trén mdi tap bi chin ctia £ déu la anh cua tap bi chin trong I'(/) A s
qua anh xa thuong. Tt d6 E ¢ 1a khong gian con cua (/'(1) Ap s)g. Suy ra
Eg dang cAu tame tuyén tinh véi khong gian thuong cia

(A g DA sT (WDZ).
Vay Egl (WDZ).

Nguoc lai, gid st Egl (WDZ). Khi d6 ton tai a > 0,b* 0,p> 0,C,, > 0

sao cho
0y &7 00 6 =¥ C 00 0
m- p o m,n =
Un I é I Cmﬂr Uazn-am i—i_ gn:[ rm+p Ua2n+an1 =
m=p 9 =-p

Trudc tién ta sé chi ra rang U, I B, trong d6 dat

a(n- b) ¥ C
— m- p m,n
B I Cm,nr Uazn_ am + I s Ua2n+am .
m=p m:-pr

Trong trudng hop nguoc lai, gia s rang ton tai « I U, nhung a I B . Theo
dinh 1y Hahn - Banach ton tai I E ¢ sao cho véi mdi x I B : ‘u(x)‘ £1va

=yU% va CI U =y%

(E@EQUazn- am a‘n- am S(EEEYD a’n+am a’n+am

u(a)= 2. Tuy vay CI,

nén suy ra
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. a(n- b) ¥ C
Cl,aBE 1 C, " U + 1 —=2U%

5 (E4E ¢ an- am m+p ~ a*ntam

m=p p

Mit khac, E¢= (E#s(EGEH)E nén u 13 s(EGEPH- lién tyc. T do

‘u(x)‘ £ 1véi

an-am

T B(r-0) 00 ‘ C 00 Q
m- p m,n =
X I é I CWl,”r Uazn-am T I m+p Ua2n+am =
m=p m=-p
diéu nay la khong thé. Vay U 1 B.
a(n- b)
vi [ C, ", la 1an cén cua 0 trong £ , nén suy ra
s a‘n- am
m=p
. a(n-b) ¥ C
m- p m,n
U” I I 2Cms"r Uazn- am + I m+p Ua2n+am
m=p m=-p r
a(n- b) ¥ 2(:'
| m-p m,n
I I 2Cm=”r Uazn—am + I m+p Ua2n+am
m=p m=-p T
a(n- b) ¥ &/0
I m- p m,n
I I éj(r)l,nr U 2 + I m+p Ua2n+am :
m=-p

m=p

Vay E ¢6 tinh chat (WDZ).
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KET LUAN

- Trinh bay tong quan va hé théng cac két qua vé cac tinh chat (DNDZ) va
(WDZ) trong 16p cac khong gian Frechet phan bac cung dac trung ctua
cac tinh chat (DNDZ) va (WDZ).

- Chung minh chi tiét mot s6 két qua vé cac tinh chat (DNDZ) va (WDZ)
trong 16p cac khong gian Frechet phan bac cung dic trung cta cac tinh
chat (DNDZ) va (WDZ). Cu thé da:

+ Chung minh: Khong gian Frechet phan bac E ¢6 tinh chat (DNDZ)
khi va chi khi ton tai tdp chi s6 / sao cho E dang cdu tame tuyén tinh voi
khong gian con cua khong gian Frechet phan bac I* (1) A s .

+ Chung minh: Khong gian Frechet phan bac E c6 tinh chat (WDZ)
khi va chi khi ton tai tap chi s6 / sao cho E dang cdu tame tuyén tinh véi
khong gian thwong phan bac cua I'(1) A, s .

- Trinh bay cac két qua vé tinh 6n dinh cia cac tinh chit (DNDZ) va

(WD Z) d6i véi khong gian ddi ngau thir hai.
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