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To6i xin cam doan day la cong trinh nghién cittu cua toi. Cac két qua viét
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TOM TAT
Trong luan an nay, ching to6i nghién cttu do tron, tinh giai tich, tinh chinh
quy Gevrey ctua nghiém cta phuong trinh ntra tuyén tinh elliptic suy bién
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Trong Chuong 1, chiing toi xét phuong trinh (1) véi £ 1€ va da xay dung
duoc cong thiic hién clia nghiém co ban cua Gzﬁ, chiing minh dugc tinh
hypoelliptic cta GZ? va nghiém clia phuong trinh (1) 1a ham giai tich (ham
Gevrey) v6i di€u kién ¢ 1a ham giai tich (ham Gevrey) tuong ung.
Trong Chuong 2, sit dung bién déi Fourier ching toi da thu duoc nghiém co
ban clia GZi khi & chdn va nhan duoc tinh giai tich, tinh chinh quy Gevrey

ctia nghiém cta phuong trinh (1).
ABSTRACT

In this thesis, we invertigate the smoothness, analyticity, Gevrey regularity

of solutions to the semilinear degenerate elliptic equation.
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Where a, b, c € C, k being a positive integer,
0 d.,,0 0 0
a,b . _
Gk,c = (% — ZCLZUka—y) (% — Zbl’ka—) + ’LC.CIZ'k la_y .

In Chapter 1, we consider equation (1) when k is odd. We have constructed
an explicit fundamental solution of GZZ We have obtained results on hypoel-
lipticity of GZ:i, proven that solutions of equation (1) are analytic functions
(Gevrey functions) provided 1) is an analytic function (Gevrey function), re-
spectively.

In Chapter 2, we use the Fourier transform to obtain a fundamental solu-
tion of GZI; for k even, and then derive the analyticity, Gevrey regularity of

solutions to equation (1).
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Mot so ky hiéu dung trong luan an

. khong gian cdc ham giai tich trén (2,

: khong gian cac ham lién tuc kha vi dén cap k trén (2,

(€2)
(©2)
D(Q)) : khong gian cdc ham kha vi vo cling va c6 gid compac trong €2,
(©2) : khong gian d6i ngau cua D((2),

() : khong gian cdc ham kha vi vo cung trén €2,

(©2) : khong gian cac ham Gevrey cdp s trén (2,

: khong gian cac ham kha tich dia phuong cap p,

R"™ : khong gian véc to Euclide n chiéu.



N

Mo dau

Tir budi so khai cta ly thuyét phuong trinh dao ham riéng, nguoi ta da
quan tam téi tinh chat dinh tinh ctia nghiém cua phuong trinh hay hé phuong
trinh dao ham riéng, trong dé do tron va tinh giai tich duoc nhiéu nha toin
hoc quan tam dac biét. Do tron ctia nghiém dugc mo ta trong cac 16p toan tir
hypoelliptic. Ly thuyét cdc todn tir tuyén tinh hypoelliptic dugc bat dau trong
nhitng cong trinh cua N. A. Kolmogorov [27], H. Weyl [40], L. Schwartz
[32], L. Hormander [25]. Nguoi ta da thiét 1ap dugc diéu kién can va du dé
todn tir vi phan vé6i hé s6 hang P(D) 1a hypoelliptic, nhung van dé trd nén
khd phtic tap néu toan tr P(x, D) c6 hé s6 bién thién. Hién nay, méi chi ¢
céac diéu kién du dé xac dinh tinh hypoelliptic cia mot s6 céac 16p toan tir dic
biét, chang han nhu 16p todn tir véi luc khong déi, luc bién thién cham, to4n

tu loai chinh trong cac cong trinh cua Yu.V. Egorov [11], L. Hormander [24].

Vi vin dé nghién citu tinh giai tich ctia nghiém, S. Bernstein la ngudoi
dau tién giai dugc bai toan vé tinh giai tich ctia nghiém cua phuong trinh
elliptic phi tuyén cép hai v6i ham hai bién s6. Ong cong b cong trinh nay
vao nam 1904. Két qua cua S. Bernstein da dugc nhiéu nha toan hoc khac
quan tam va phét trién. T. Rado, M. Gevrey, H. Lewy da chiing minh chinh
két qua nay bang céc cach khac nhau. Sau d6, vao nam 1932, két qua cua S.
Bernstein dugc G. Giraud va E. Hopf chitng minh véi phuong trinh elliptic
phi tuyén cép hai véi s6 bién bat ky. Ti€p sau do, 1. Petrowski xét tGi hé

phuong trinh elliptic vGi cap va s6 bién bat ky ciing thu dugc két qua vé tinh
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giai tich cua nghiém cta hé nay (xem [12] va cic trich dan trong d6). bén
nam 1958, trong bai bdo [12], A. Friedman da ching minh két qua vé tinh
giai tich, tinh chinh qui Gevrey cho mot hé phuong trinh elliptic phi tuyén
tong quat vdi cdp, s6 4n ham va s bién bat ky. Két qua nay ctia A. Friedman
12 két qua téng quat nhat vé tinh chinh qui Gevrey ciia nghiém ctia mot hé
phuong trinh elliptic phi tuyén tong quat. Nhu vay céc bai todn vé do tron,
tinh giai tich ctia nghiém da dugc giai quyét tron ven trong 16p cac phuong
trinh elliptic. Sau d6, cdc nha todn hoc ti€p tuc nghién citu bai todn vé do
tron va tinh giai tich cho cdc phuong trinh khong elliptic. Do c6 nhi€u phtic
tap khi nghién cttu phuong trinh loai nay nén méi dau nguoi ta nghién citu
cac phuong trinh khong elliptic tuyén tinh. Tuy cac két qua nay chua phai la
tron ven nhung c6 nhiéu két qua tinh t€ da thu duoc, c6 thé ké dén cdc két
qua cua V. V. Grushin, A. Gilioli va F. Treves, A. Menikoff, Nguyén Minh
Tri, ... Nam 1971, V. V. Grushin da xét mot 16p cac toan tur elliptic suy bién
ma dang don gian nhat cua né la
2 2

Giy = % + :U%aa—yQ + idzk 8_y’

trong d6 (z,y) € Q l1a mién trong R% X € C,i la don vi 4o, k 12 s6 nguyén
duong. Ong da dua ra diéu kién can va di dé toan ti G} 12 hypoelliptic,
giai tich hypoelliptic trong ca hai truong hop k 1é va k chan; di€u kién cho

hai truong hop nay la khic nhau. Todn tir G 1a truong hgp dac biét cua

toan tu
0
Gyl = Xo X1 + z'cxk_la—y,
khia = —1, b= 1. Trong d6
0 0 0 0
Xy = — —ijarb—, Xy = — — iba¥—.
2= 0 M oy’ T Ox Zx(‘?y

Nam 1974, A. Gilioli va F. Treves trong [14] da xét toan tu elliptic suy bién

GZﬁ VGi a, b 1a hai sO thuc thoa man ab < 0. Ho da dua ra diéu kién can va



du dé GZ? hypoelliptic nhung chi véi & 1a s6 nguyén duong 1é. Hai nam sau,
truong hop £ la s6 nguyén duong chan méi duoc A. Menikoff xét téi trong
[29] (1976), ong ciling da dua ra diéu kién can va da dé GZ’; 1a hypoelliptic.
Trong [33] (1999), Nguyén Minh Tri ciing xét todn tir G, , va da xay dung
duoc cong thitfc hién cho nghiém co ban khong déu & tai goc toa do va
nghiém khong tron tai cdc diém suy bién clia todn tir nay. Dung cdc nghiém
nay Nguyén Minh Tri da dua ra diéu kién cén dé Gy, 1a hypoeliptic nhu
la két qua cta Grushin nhung bang canh khéac. Két qua nay dugc Nguyén
Minh Tri m& rong cho toan tur GZﬁ, trong d6 a,b, c la s6 phic tuy y véi
Re(a) < 0,Re(b) > 0 (xem [34]). Sau d6, trong cong trinh [37] (2000),
Nguyén Minh Tri da nghién ctu phuong trinh phi tuyén elliptic suy bién

0 0
Gk,)\f + ¢<x7y7f7 a_iaxka_g) = 07

vGi k 1a s6 nguyén duong 1¢. K&t qua dat dugc trong cong trinh nay la:

e Xay dung dugc cong thiic hién clia nghiém co ban déu tai moi diém clia

toan ta GG k-
e Ching minh dugc diéu kién can va di dé toan tr Gy, 12 hypoelliptic.

e Ching minh duoc tinh kha vi vo han cua mot 16p cidc nghiém suy rdng
ctia phuong trinh nay véi diéu kién chap nhan dugc cua cac tham s va

tinh kha vi vo han cua ham ham .

e Chitng minh duoc tinh chinh qui Gevrey cuia nghiém véi diéu kién chap

nhan dugc cta cic tham sd va di€u kién Gevrey clia ham 1).

Xét phuong trinh

of ka—f) — 0.

GZ:if—i_w(xay?fu %71” ay
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Ta biét rang v6ia = —1,b = 1,¢c = A\ + k thi GZI; = Gy . Nhu vay
phuong trinh (1) da duoc xét trong truong hop dac biet a = —1,b = 1,
k 1a s6 nguyén duong 1é¢ bdi Nguyén Minh Tri. Tir cdc cong trinh cua V.
V. Grushin, A. Gilioli va F. Treves, A. Menikoff da cho thay su khac nhau
cta hai truong hop k£ chan va k 1é va truong hop k& chan phic tap hon k 1é,
va cling tir nhitng cong trinh ctia Nguyén Minh Tri, A. Gilioli va F. Treves
chiing ta thdy truong hgp a, b la s6 phiic bat ky phic tap hon nhiéu so véi
a = —1,b = 1, va duong nhién 12 viéc tim nghiém co ban déu tai moi diém
khé6 khan hon tai mot diém, nghién citu tinh giai tich clia nghiém ctia mot
phuong trinh phi tuyén thi khé khan hon phuong trinh tuyén tinh. Vi vay m&
rong nghién cttu phuong trinh (1) cho truong hop a, b, ¢ 1a s6 phic tuy y, k&
la s6 nguyén duong ca 1€ va chan la can thiét.

Bai toan dat ra cho luan an nay la nghién ctu do tron, tinh giai tich, tinh
chinh qui Gevrey v6i nghiém cua phuong trinh dao ham riéng elliptic suy

bién phi tuyén sau:

Gstf + o (e 1. 92 9 =

o’ oy
O day a, b, ¢ 1a c4c s6 phiic tiiy y véi Re(a) < 0, Re(b) > 0, k 1a s6 nguyén

duong, (z,y) € £ 1a mot mién trong R
Luan 4n gom phan M6 dau va 2 chuong:

Chuong 1: Tinh chinh qui Gevrey ctia nghiém ctia mot 16p phuong trinh

elliptic suy bién phi tuyén cap hai vGi bac suy bién Ié.
Chuong 2: Bién déi Fourier va tinh chinh qui Gevrey ctia nghiém ctia mot
16p phuong trinh elliptic suy bi€n phi tuyén cip hai v6i bac suy bién chan .
Sau day 1a noi dung co ban cua phan M¢ dau va tung chuong.

Phin M¢ ddu, gi6i thiéu so lugc lich sir van dé nghién ciu, phét biéu noi
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dung nghién cttu cua luan an va trinh bay mot s6 kién thiic co ban cé lién

quan.

Trong Chuong 1, Muc 1.1 trinh bay viéc xay dung nghiém co ban cua
toan tur ng trong truong hop £ 1¢ ( Dinh 1y 1.1.1). Ngoai ra ching t6i con
thu dugc hé qua quan trong vé biéu dién tich phan clia mot ham bat k¥ thuoc
C?()) qua nghiém co ban clia todn tir GZI; Trong Muc 1.2, ching toi chiing
minh dugc Dinh 1y 1.2.1 v€ tinh hypoelliptic yéu cua toan tir GZIZ va nho
ching minh dugc sy dong nhat cua hai khong gian ham G7y () va S} (Q)
(B6 dé 1.2.2) va st dung Dinh 1y nhiing Sobolev ma chiing t6i chitng minh
duge tinh kha vi vo han clia nghiém cua phuong trinh (1) (Pinh 1i 1.2.2).
Muc 1.3 trinh bay két qua vé tinh chinh qui Gevrey ctia nghiém ctia nghiém
ctia phuong trinh (1). Dinh 1y chinh ctia muc 1.3 va ciing la ciia chuong nay
1a Dinh 1y 1.3.1 va Dinh 1y 1.3.2. D€ ching minh Dinh 1y 1.3.2 duoc 16 rang,
ching to6i da chiing minh ba bé dé vé ddnh gia nghiém co ban va cdc dao
ham riéng clia n6 trén mot hinh vuong (B6 dé 1.3.1, 1.3.2, 1.3.3). Vi k¥ thuat
chiing minh nén cdc budc chiing minh Pinh 1y 1.3.1 dugc trinh bay thong
qua cdc Ménh dé 1.3.2, 1.3.3, 1.3.4, 1.3.5. Trong chiing minh cédc dinh ly
trén st dung nhiéu k¥ thuat tinh todn, vi tic gia mong muon duoc gidi thiéu
chi ti€t chiing minh clia cac dinh 1y nén phan nay kha dai, song van trong
khuon kho cho phép clia mot luan an. Két qua cua Chuong 1 duoc viét dua

trén bai bao [19].

Chuong 2 cua luan 4n trinh bay cdc két qua vé tinh giai tich, tinh chinh
qui Gevrey ctia nghiém ctia phuong trinh (1) véi & 1a s6 tu nhién chan. Do cau
tric cua nghiém nhu ¢ truong hop k£ 1é khong con dung dugc trong truong
hop k chin nén trong chuong nay ching toi sir dung bi€n doi Fourier dé
tim nghiém co ban cua toan tu GZ? Khi xay dung nghiém co ban cua toan

tu GZi v6i k 1a so tu nhién chan ching toi cling tim dugc nghiém co ban
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trong truong hop £ 1€. Viéc xay dung nghiém mot cdch hinh thitc duoc trinh
bay trong Muc 2.1. Muc 2.2 danh cho viéc chitng minh nghiém tim duoc la
nghiém co ban. Do phuong phdp tim nghiém co ban trong Chuong 2 khac
hin so v6i Chuong 1, nghiém co ban tim dugc khong cé cong thitc hién nén
cac danh gia cua nghiém thuc chat la danh gia cac tich phan nhung rat may
man chuing toi van thu dugc cac két qua nhu Chuong 1. Ching minh nghiém
tim duoc 12 nghiém co ban dugc trinh bay trong B dé 2.2.1, nghiém nay
thuoc 16p L[ (R?) d6i véi bién z, y dugc gidi thiéu trong BS dé 2.2.2, va cic
ddnh gia v6i cdc dao ham duogc trinh bay trong B6 dé 2.2.3. Muc 2.3 clia
Chuong 2 trinh bay céac két qua vé tinh chinh qui Gevrey clia nghiém cua
phuong trinh (1). Dé chitng minh Pinh 1y 2.3.1, 2.3.2 14 c4c dinh ly chinh
clia muc va ciing la cua chuong nay, chiing t6i phai danh gia nghiém co ban
cla Gzz trén hinh mot hinh vuong, két quéa dugc trinh bay & cac B6 dé 2.3.1,
2.3.2,2.3.3. C4c két qua nay dat dugc tuong tu nhu Bo dé 1.3.1, 1.3.2, 1.3.3.
Noi dung ctia Chuong 2 dugc vi€t dua trén bai bdo [20].

Trong phan Md& dau, luan 4n danh mot phan cho viéc trinh bay mot s6
kién thitc co ban c6 lién quan:

Xét todn tlr vi phan tuyén tinh cap m trong mién ) C R™:

P(z,D) = Y  as(z)D",
la|<m

Voi: v = (11,22, ..., x,) € Q CR" a = (aq, 0, ...,a,) la cdc da chi s6 v6i
olal

o ag (6] Qp *
il 9z 1 0ry?...0xy

a; € N |a| = a1+as+...4+ay, an(z) € C*(Q), D* =

Pinh nghia 1. Mot ham F(z) € L (Q) dugc goi la nghiém co bdn tai diém
xo € €2 cua todn ti vi phan P(x, D) néu F(x) thoa man phuong trinh sau
trong R"

P(z,D)F(x) = 0(x — x).
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Pinh nghia 2. Mot ham F(x,y) vdi (x,y) € (2 x Q) ma véi moi y € R" thi
F(x,y) € L} (Q) theo bién x duoc goi la nghiém co bdn déu tai moi diém

loc

cua todn tu vi phdan P(x, D) néu
Pinh nghia 3. Todn tir vi phdn
P(z,D) = Z aq(x) D"
al<m
vai aq(x) € C®(Q) dugce goi la hypoelliptic yéu trén € néu voi moi 2 € €,

ton tai mot s6" nguyén duong M sao cho tir u € CM(Q) va P(x,D)u €
C>®(QY) suy rau € C(£).

DPinh nghia 4. Todn tir vi phdn P(x, D) duoc goi la hypoelliptic trén € néu
vai moi Q' € Q, twu € D'(Q) va P(x, D)u € C*(Q) suy rau € C*(Q0).

Pinh nghia 5. Todn ti vi phdn P(x, D) vdi a.(x) € A(Q2) duoc goi la gidi
tich hypoelliptic 2 néu voi moi ' € Q, tiww € D' () va P(x, D)u € A(Y)
suy rau € A(CY).

Pinh nghia 6. Todn tir vi phdn P(x, D) vdi a,(x) € A(Q) duogc goi la s-
hypoelliptic 2 néu voi moi Q' € Q, tru € D'(Q) va P(x, D)u € G*() thi
ue G(Q).

Dinh nghia 7. Mot ham f(x) duogc goi la thuoc lop G*(Q2) (1 < s < 00) néu
f(z) € C*(Q) va véi moi K € (), ton tai mot hang s6 duong C' sao cho vdi
moi da chi s6 o, va voi moi © € K thi

0% f ()] < Cl*HH (al).

Sau day chiing t6i xin gidi thiéu mot s6 dinh nghia d6i véi toan tir phi tuyén.

LAy (7,74)aj<m € (2 X Q) va d(x, 0%)|a|<m 12 todn tir vi phan phi tuyén
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bac m dugc dinh nghia nhu sau

(2, 0)jajzm + f(x) — P(z, O ()| <m:

6 day ®(z,74)|aj<m € C(Q x Q).

binh nghia 8. Todn i phi tuyén ®(x,0%)q<m duoc goi la hypoelliptic
trén Q néu véi moi mién con Q' € Q) ¢6 mot hang so duong M sao cho tir

feCM(Q)va ®(x,0%f)n)<m € C(Y) suy ra f € C=().

binh nghia 9. Gid su ®(z, 7,)|a|<m € A2 X 0)(G*(Q x Q)), todn tit phi
tuyén ®(x, 0%)|q<m duoc goi la gidi tich hypoelliptic (s-hypoelliptic) trén €
néu voi moi mién con Q) E ), cé6 mot hang so duong M sao cho tir f €

CM(Q) va B(x, 0 f ) <m € AN (GHQ)) suy ra f € AQ)(GH()).

Pinh nghia 10. Gid sit ®(2,7,)ja<m € A(Q x Q)(G¥(Q x Q)), todn
e ®(x,0%)a<m duogc goi la gidi tich hypoelliptic md rong (s-hypoelliptic
mad rong) trén Q) néu voi moi mién con Q) € Q, sao chotwr f € C>®(Y)
va ®(x,0%f)jaj<m € AQ)(G*(Y)) suy ra f € A(Q)(G*(2)).



Chuong 1

Tinh chinh quy Gevrey cua nghiém cua
mot 16p phuong trinh elliptic suy bién
phi tuyén cap hai véi bac suy bién le

1.1 Nghiém co ban cia toan tit G,

Trong muc nay chuing t6i gidi thiéu viéc xay dung cong thiic nghiém co ban
clia toan tir elliptic suy bién GZZ . Xét toan tir
Gyl = XXy + icxk_l(%,
o day: (z,y) € R%a,b,c € C; Re(a) < 0; Re(b) >0; i=+—1, klaso
nguyén duong,
0 g O o . .0

Xi=——1tbx"—, Xo = — —itazr"—

Ox oy Ox oy
Véi ham f(x,y) dinh nghia trén mién €2, ching ta ky hiéu

0°f(z,y) 7 f(z,y) 0P f(z,y) 270" f(z,y)
oz 7 oyf 7 OzeoyP T Oxcoyf

la Of, (‘35 [, 075 f,10a,pf. Trong luan dn nay ching ta chi xét truong hop
Re(a) < 0, vi truong hop Re(a) > 0 ta c6 thé 1am tuong tu. Nhitng biéu
thiic sau day duoc dung nhiéu trong qua trinh tinh todn nén ta ki hiéu ching

nhu sau:

14
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Ay = —az®t b ik 4+ 1) (y — v),

A- = bt —auft —i(k+ 1) (y —v),

R — (ajk“ 4+ uk+1)2 + (k+ 1)2(3; _ U)z,

Ri = (2" — 12 4 (k+1)2(y — v)?,

R=A,A = —ab(z2*2 4 u2*2) 4 (a2 + b2)(aF b )

+(k+ 1)y —v)2 +i(k+1)(y —v)(a + b) (2" — uFF),
(a — b)?z* MR néu axu # 0,

p= ’
0 néu ru = 0,

c k(b—a)—c

M — A;(k+1)kb7a)A (k+1)(b7a). (1.1)

B6 dé 1.1.1 Gid sit rdng k la so'1é, Re(a) < 0 va Re(b) > 0. Khi dé

i) p&(1,+00).
i)p=1lsy=v,x==2u viiuD0.

Chiing minh. Gia st A, B,C, D € R, C? + D? # 0. Ta ¢6 nhan xét sau:
_A+iB  (A+iB)(C—iD) AC+ BD +i(—AD + BC)

P=c¥ip~ C? + D2 C2 + D2
Vay p la s6 thuc khi va chi khi vdi AD = BC. Ta c6 thé dé dang suy ra duogc
’ . B
p 1a s6 thuc né€u hoac p = 0 hoac p = el hoac p = ok

Bay gio ta quay lai xét

p= (CL . b)2$k+1uk+1 [ _ ab(x2k+2 + u?k—i—?) + (a2 + b2)$k+1uk+1

+ (k4 1)y — o) +ib+ a)(@" — "Nk + 1) (y —v)] .

Néu u = 0 thi p = 0 thoa man di€u kién phai chiing minh.
Néu u # 0 :
Xét truong hop 1: y = v ta c6

_ @-»)x
 —ab(X24+1) + (a? + )X

p
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k+1

voi X = — - Pata = m+in, v6i m,n € R,m < 0;b=c+1id, v6i c,d €
u

R, ¢ > 0, khi d6 d& dang nhan duoc
p= {[(m—c)2—(n—d)ﬂxwz(m—c)(n—d)x}{ [(—=me+nd) (X2 +1)

+(m?+ & —n* — &) X| +i[(—md — ne)(X* + 1) + 2(mn + cd) X] }_1.

Nhu da néi & trén ta ¢6 p la s6 thuc khi va chi khi
[(m —¢)® — (n—d)’|X

P Cmetrnd) (X2 + D)+ (m2+ 2 —n? — )X
hoac
2(m —c)(n —d)X
p= 5 :
(—md —nc)(X?2 4+ 1)+ 2(mn + cd) X

Diéu nay xay ra khi va chi khi
[(m —¢)* = (n—d)’] X [(—md — nc)(X* + 1) + 2(mn + cd) X
=2(m—c)(n—d)X [(~mc+nd)(X*+1)+(m*+—n*—d*)X]. (1.2)

Néu X =0thip=0¢ (1,400).
Néu X = 0 thi ching ta ¢6 (1.2) khi va chi khi

(md — ne)(c? +d* —m? —n?)(X — 1) =0,

hay néi cach khac (1.2) xay ra khi va chi khi c6 mot trong céc truong hop

sau: hoac md —nc = 0, hoac ¢ +d? —m? —n? = 0, hoac X2 —-2X +1=0.

Xét truong hop 1.1: md —nc = 0.
Khi do
_ (a = bPX
P X2+ D+ (@ + )X
Do Re(b) > 0 nén b # 0, ta viét lai p nhu sau:

G-1'x
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Do s06 phiic a, b thoa man md — nc = 0 nén % - v vay ta c6
c
2
(Z-1)x
c

p:

5 .
I+ ((2) +1)x

c c
Do X > 0, —™ < 0 neén c6 thé danh gid p nhu sau:

c
2
(T—1) X
p< € - =1

~Zox 4 ((2) +1)x

c c

Diu bing x4y ra khi va chi khi X = 1 hay 2**! = «**! hay » = Fu.

Truong hop 1.2: 2 +d?> —m? —n? = 0. Khi d6 ¢ + d?> = m? + n?, hay néi

cach khac |a| = |b| = r > 0. Khi d6 ta lai viét a, b duéi dang sau:

m m s
— 5 <2<

. . T
a=ret b=re"? —<p< 5773 9

2
r?(er — e¥2)2 X
—r2eivitive (X2 4 1) 4+ r2(e?ivr + e2iv2) X

p:

Nhung do p 1a so thuc nén

—2cos(p1 + 2)(1 — cos(p1 + ¢2)) X
— cos(p1 + 2)((X? +1) — 2cos(p1 — ¢2) X)

hoac
B [sin 201 + sin 25 — 2sin(py + ©2)] X
—sin(p1 + ©2) (X2 + 1) + (sin 21 + sin 2¢9) X

Sau khi rdt gon chiing ta déu c6

2[1 — cos(p1 — ¢2)] X
(X2 +1) —2cos(p; — @2)X

p:

Do X > 0 nén ta c6 thé danh gia

2[1 — cos(p1 — )] X

= 1.
P 2X — 2cos(p1 — 2) X
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D4u bang xay ra khi va chi khi X = 1 hay x = +u.

Vay khi y = v thi p < 1 ddu bang xay ra khi va chi khi x = +u.
Truong hop 1.3: X =1 (hay v = £u) thi p = 1.

Truong hop 2: y # v. Khi d6

B (a — b)2XU
P Can) 0+ X+ (@2 + ) XU + 1+ 2i(a + 0)(X —U)
voi k+1 k+1
it uft
X = U= XU > 0.
(k+1)(y —v) (k+1)(y —v)

biat a = m + in,b = ¢+ id, khi d6 ta c6 p la s6 thuc khi va chi khi
[(m —¢)? — (n—d)?| XU

P Cmdnd) (X0 + (m2+ @ —n2— ) XU —1— (n+d)(X —U)
hoac
B 2(m — ¢)(n — d)XU
T (Cmd 4 ne) (X7 U?) 4 20mn + cd) XU + (m+¢)(X ~ U)

Di€u nay xay ra khi va chi khi:

(ecn —md)(m® +n* — & = &) (X —U)* + [(m—c)(m* +n° — & — &)
—2(n—d)(nc —md)| (X = U) —2(m — ¢)(n — d) = 0. (1.3)

V6i (m? +n? — 2 — d?)(nc — md) # 0 thi tr (1.3) ta mit ra

hoac
X_po com
nc —md

hoac
X _ U= 2(n —d)

C om24n?—c?—d?
Néu nc — md = 0, nhung m? + n? — ¢ — d? # 0, thi

2(n —d)
X— — .
v m2+n2 —c2 — d?
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Néu m? +n? — ¢ — d? = 0, nhung nc — md # 0 thi

c—m
X-U=———.
v (nc —md)

Néu (nc — md) = m? +n? — 2 — d?> = 0, thi tir (1.3) suy ra

—2(m—c¢)(n—d) =0.

Nhung —2(m — ¢)(n — d) = 0, do m # c nén ta suy ra dugc n = d = 0 va

m = —c. Khi d6 ta c6 a = —b € R. Trong truong hop nay ching ta thay

rang,
402 XU
P=px P+l !
" (n—d)
2(n —
X_U:m2+n2—02—d2
thi
XU
. T S b de XUzo
XU—I_(mQ—l—nZ—cQ—d?)Z
Dau bang xdy rakhi m = —cvd n=d. Suyra m>+n?> - —d*> =0,

di€u nay vo ly.

Véi
XU c—m |
nc—md
thi
XU
p= —mc
XU+ ——
Jr(nc—md)2

Do —mec > 0, XU > 0, cho nén p < 1. Dau bang xay ra néu m = 0, hoac
¢ = 0. Diéu nay khong thé c6 duoc, do mau thuin véi gia thiét ban dau.
Do d6, ching ta két luan néu p la s6 thuc thi p < 1;p = 1 khi va chi khi
y=v,r = tu,u # 0. Vay Bo dé 1.1.1 da duoc ching minh. O
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Bay gio ching ta tim EZS(:L’, Y, u,v) la nghiém co ban cla GZI;
Ky hiéu
b
M = M(z,y,u,v), F(p) = F . (p(z,y,u,v)),
b b
EZ,C = Eg’c(a:,y,u,v) = MF(p).
Chiing ta tim Egg(az, Yy, u,v) sao cho
GZiEgg(x, Y, u,v) = 0(x — u,y — v).
TruGe hét ta tim Egi’ thoa man GZiEgi’ = 0.
Mot céch hinh thitc G E®(,y,u, v) = 0 khi va chi khi
(a — b)Quk—|—1$k+1R—2 [ B ab(uk—i—l _ $k+1)2+

(e 12y — ) ik + D)y — o) (@ = w ) (a+b)| F(p)

+ %4-1 [ — (@ —b)*(2k + )" R 4 k] F'(p)
c(c—k(b—a)

F(p)=0.
CESVE A
Dicu nay tuong duong véi
k 2k +1 c(c—k(b—a))
1_ F// o Fl
=D 0 + (57~ T3 12) PO+ G

hay F'(p) phai thoa man phuong trinh hypergeometric

p(1=p)F"(p) + (v — (L +a+B)p)F'(p) — afF(p) =0,
c _ k(b—a)—c Kk
(k+1)(b—a)’ b= CECED TS

trong do: a =

+

Khi d6 nghiém cua (1.4) la:
c k(b—a)—c k )
k+D)b-a) k+Db—a) k+17"
1 c+b—a (k+1)(b—a)—c k+2
CypFiF
T C2pH <(k+1)(b—a)’ (k+1)(b—a) ’k+1’p>
= CLF (p) + CaFley(p)-

F(p) = C’lF(
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O day F(a, 8,7, p) 1a cdc ham Gauss hypergeometric véi Cy, Cy 1a cdc hing
s6 phic (xem [9]-trang 74). Chd ¥ rang, v6i k 1a s6 1€ thi F; Cb(p) duoc xac
dinh v6i p ¢ (1, +00). Néu u = 0, thi p = 0, tir két qua trong [34]:

GLUE(r,y,0,0) = GLlC\ M (2,y,0,0) = C1GyoM (x,y,0,0)
4(b — a)%ﬂﬂ'F(L)Cl

k+1
= — o(z,y)
¢ k(b—a)—c VI
F( (k+1)(b—a) )F( (k+1)(b—a) )

nén chung ta chon

v k(b—a)—c
_F(<k+1)(b—a>)r(<’f+l><b—a>) =

4(b — a)%ﬂwf‘(#l)

a,b
k.c*

—_

Néu u # 0, thi EX’(x,y,u,v) tron khi va chi khi F{""(p) tron. Mt khac,
F"(p) véi p ¢ (1,+00) c6 ky di khi va chi khi p — 1. Nhung khi p — 1

ching ta c6 khai trién tiém can (xem [9]-Trang 74 ):

L(57)
a,b _ k+1 .
Fk,c;l(p) - F( c )F( k(b—a)—c 1Og(1 p) + 0(1)7

(k+1)(b—a) (k+1)(b—a)

(1.5)
a,b F(Z__ﬁ)

Fk,6;2(p) - _F( ct+b—a )T (k+1)(b—a) log(1 —p) +O(1)

(k+1)(b—a) (k+1)(b—a)

1

)
prT = ((b— a)QR_l)k%lxu — —1khi (z,y) — (—u,v), ching ta phai chon
ct+b—a k+1)(b—a)—c
[ (etbsts) D0 )

(k+1)(b—a) +1)(b—a) a,b
02 = - 1 =D 7c’
4(b — a)Fial (k22) ;
va nhu vay F,fcb(p) khong c6 ky di tai x = —u,y = v.
Chi y rang, voi diéu kién:
c#ENk+1)(b—a)], c#E[NEk+1)+kD—a), (1.6)

N Ia s6 nguyen, thi |C}|,|Dy?| 1a hitu han va tir d6 Fy(p) c6 do tang

logarit (n€u u # 0) tai (z,y) = (u,v).
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Pinh nghia 1.1.1 Gid sit rang k la so'lé. Khi dé a, b, c, k duoc goi la chdp

nhdn duoc néu chiing thod man (1.6).

Tir d6, n€u k 1a s6 1€ va a, b, ¢, k 1a chap nhan duoc, ta hy vong ring,

a,b a,b a,b a,b ab
Ek,c(g:? Y, u,v) = M(Ck,ch,c;l(p) + Dk7ch,c;2(p))
¢ k(b—a)—c c k(b—a)—c  k
F((k+1)(b—a))F((k+1)(b—a))F((k+1)(b @) (k+1)(b—a)’ k:+1’p)

k(b—a)—c
)A(k—i-l)(b a)A(k+1)(b a)

A(b — a)Fial (L=

k+1
c+b—a (k+1)(b Cl) c+b—a (k+1)(b Cl) c k+2
WF((kJ)(b—a))P( (et 1)(b—a) )F<(kﬁ)(b a))’ (+1)(b—a) 71@1171))
—a (k+1)(b—a)—c
4(b . a)_%“WF(]Zﬁ)A k+1)(b a) A (z+1)(b )

s€ trd thanh nghiém co ban cla todn tir Gzlé
Pinh li 1.1.1 Gid sir rang k la so'lé. Néu a, b, ¢, k la chdp nhdn duoc, thi
GZiEZi’(x, Y, u,v) = 0(r —u,y — ).
Chitng minh. C6 dinh (u,v) € R?.
Truong hop 1: V6i u # 0, ching ta dung hé toa do cuc sau:
T =u4+1rcosy; y=uv-4rsinoy.

Ta dat
B:(u,v) = {(z,y) eR* : r<e},

R2(u,v) = R*\ B-(u,v) = {(z,y) eR* : r>e}.
Dau tien chiing ta ching minh rang, £, e Ll (R*(z,y)).

Trén R2(u, v), B

’c(a:, Y, u,v) 1a ham lién tuc nén

E;jﬁ(x y,u,v) € L (R%(u,v)). (1.7)
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Bay gi® chiing ta con phai xét / Egi’(a:, Yy, u, v)dzdy.
Be(u,w)
Khi (z,y) dan t6i (u,v) (v6i u # 0), chiing ta c6:
Il — 1)u;_2 cos’ £.2 o(r?),
Ay = (b—a)u"™ + (k + 1)(—au* cos ¢ + isinp)r
~a(k + 1)k;k1 cos? P2 o(r?),
A= (b—a)u"™ + (k +1)(buf cos p —ising)r
N b(k + 1)ku*~! cos? P 2
2
M = (b—a) iy "+ o(1),
(k 4+ 1)2(—buf cos ¢ + isin p)
(b — a)uk+?
R=(b—a)*u® ™ +[(b— a)*(k + Du?" cos p)r
(b—a)*(k + 1)ku®* cos? ¢
1
2
+i(b— a)u" cos psinp) }7’2 + o(r?),

ot =l 4 (lu'~! cos o)r +

+o(r?),

le =

r+ o(r),

+ (k + 1)*( — abu® cos® ¢ + sin® ¢

(k + 1)?(—au” cos @ + i sin @) (bu” cos p — i sin )12 5
l=p= (b — a)2u2k+? +o(r).

Vi vay
/ Egjg(x,y,u,w)dxdy
B.(u,v)
2m ¢ C
= //((b —a) Fiuy R 4 0(1))( — logr + O(l))fr’drdgp < 00.
2(b—a)rir
0 0
Tu d6
/ Egﬁ(:z:,y,u,v)dxdy < 0. (1.8)
B (u,v)

Truong hop 2: uw = 0, khi d6 p = 0. Suy ra

F(p)=1, va Eg:g(x,y,u,v) = M(x,y,u,v).
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Khi (z,y) — (0,v) ching ta cé

gt = Rl gty

F1 cost i+ i(k + 1)rsing = rfi(k + 1) sin g — ar® cos™ 1],

A_ = b cos* o —i(k 4+ 1)rsing = r[—i(k + 1) sing + br* cos* )],
ok

M =y [((/{: +1)%sin® ) M+ 0(1)} :

Khi dé
2r €
/ E,jﬁ(:c Yy, u,v)dardy = //7“ k+1 sin k+190+0( ))T’d?“dgp
B.(u,v)
+00 € kL X
+1
_C’//r iy 1—|—t2> 1+t2d7”dt<oo,
—o0 0

Vi vay, trong truong hgp nay chiing ta ciling c6

/ Egﬁ(:z:,y,u,v)dxdy < 00. (1.9)
B (u,v)
Tu (1.7), (1.8) va (1.9) chiing ta két luan rang, Ekc(:v y,u,v) € Li (R*(z,y)).
Ching ta ti€p tuc ching minh Dinh Iy 1.1.1: Egi’ 12 nghiém co ban cla GZi
Tic la
GZZ; kc(x Y, u,v) = 0(x —u,y — v),
theo nghia phan bo. Hay

(GheBre,w(e,y)) = w(u,v) Vw(r,y) € G (R?).
Pau tién ching ta c6

(G2 w(w,y)) = (BpY, Gy, w(z,y)).

Tiép theo ta co
(Bie(,y,u,0), G wlw,y)) =lim [ By (e, y,u,0)G wle, y)dedy.

e—0
R2(u,v)



25

Bay gio ta tinh / Egg(x, Y, u, U)Gkbfc w(z,y)dzdy.

R2(u,v)
Ta co

/ Ep(z,y,u,0)G " w(x, y)dady

R2(u,v)

— / Egzg(a:,y,u,v) (Xng — icxk_lagy)w(a:,y)dxdy
R2(u,v)

= / w(z, y)GZiEZi)(;U, y, u,v)dzdy
R2(u,v)

+ /Egzg(x,y,u,v)(Xg w(x,y) (v — ibxkz/g) —dext w(x,y))ds
ree

- /(m — ia:ckug)XlE,j:g(x,y,u,v)w(az,y)ds.
re=e

bat:

Bi(w(z,y),a,b,¢, k) = Xow(x,y)(v1 — iba"vy) —ica" vy w(x,y),

BQ(EZ_:S(:U, Y, u,v),a,b,c, k)= (1, — iaxkug)XlEZ:g(x, Y, U, V).

Khi d6 ching ta c6

/ngg(x,y,u,v)GZ’,a_cW(%y)dl’dy:/ w(xjy)GZ:’;EZ:g(a:,y,u,v)dxdy

R2(u,v) RE(u,v)

T / B!z, y,u,0) Bi(w(z, y), a,b, e, k)ds

r=e

_ / w(z, ) Ba( B (2, y, w,v), a,b, ¢, k)ds

=L+ 1,+ I

Chiing ta thay ring, G1"EX’ (x,y,u,v) = 0 trén R(u,v), nén ta c6 I, = 0.
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Chung ta s& ching minh:

I, = /Egjg(x,y,u,v)Bl (w(x, Y),a,b,c, k)ds — 0 khi e =0

r=¢e

c

va [3 - _/B2 (EZ:b(xv Yy, u, U)) a, b: C, k)w(x, y)ds — w(u, U) khi ¢ — 0.
r=e
Bay gio ta tinh Is.
T =u-+Ecos x — —esin
Trén dudng cong r = ¢ thi { . . N { () ¥
Y=v+eSInY

Vi vay

ds = /(2'())? + (¥ (¢))2de = /(—esin )2 + (£ cos p)?dp = edp.

Trén dudng cong
r=u-+eccosp

Yy =10+ esinp,
véc to phap tuyén don vi tai (¢, ¢) 1a v = (— cos @, — sin ).

Khi (z,y) — (u,v), ta co:

v = —Cos ¢,

1
aBE (u’v)

k

ia¥ vy = i(u + £ cos )" (—sin ) = —iu"sin p + o(1),

M = (b—a) ®iu "+ o(1),

k-1 k

—icx w(zx,y)sinp + o(1),

1
Fa’Cb: —log(1—p) +O(1) ).
= (g s st =9+ O)

vw(x,y) = icu

Trén r =¢ c6 (1 —p) ~&? = log(1 — p) ~ loge.
2m

Do d6 I ~ /5 logedy — 0 khi ¢ — 0. Vay ta c6 tich phan /o — 0.

0
Ti€p theo, ta tinh tich phan /3. Ching ta thay
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I3 = /(muksin@—cosgo—l—o(l)) (XlMF,if+MX1F,if)w(u,v)ds

r=¢

= / (iau" sinp — cos p + 0(1))X1MF,Z’wa(u, v)ds + I3,

r=e

Nhung ta c6

/(z’auk sin ¢ — cos p + 0(1))X1MF,wa(u, v)ds — 0,
r=¢
giong nhu tich phan /.

Tinh I3, ta c6:

™
k

n = /(iauk sing — cos o +0(1)) (b — a)7# u ¥ 4+ 0o(1))

—T

1 1 1 k -+ 1)*(—bu® i
><(— 1 0( >>( + 1)*(—bu cosk<,02+zsmg0) 2do,
2b—a)Firl=p \l—p (b — a)ur*
vi vay
T k
au
lim I35 = w(u,v)d
e50 0 /27T(a2u2k6082g0+sin2 ©) (u,v)de

—T
m

1 au”

"o (a2u?k cos? p + sin? )
-7

w(u,v)dep

o Tw(u,v) = w(u,v)

Cudi cung ta c6
(GreByew(@,y)) = w(u,v).

Chiing ta hoan thanh ching minh Dinh 1y 1.1.1. U

Vi céc ky hieu
= 0 o ~ 0 0 ~ - < )
X = — —ibufF=—, Xo = — —jauf=—,G"" = XoX; + icuf 1=
Yo e T an M (%’Gk’c 241 + teu ov

by A z b b 7 z A 4 A
va nhan xét £ (z,y,u,v) = E;" (u,v,7,y), ching ta c6 h¢ qua sau day:
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Heé qua 1.1.1 Cho k la so'lé. Gid sit rdang, Q C R? la mot mién bi chdn ciing
véi bién tron ting khiic, f € C*(Q) va a, b, ¢, k chdp nhdn duogc. Khi dé

f(z,y) /fung (x y,u,v),a,b, ¢ k)ds

_/EZ:S(nyJU7U>Bl(f(u7 U)? a, b; C, ]C)dS +/EZ:2($', Yy, u, 'U)ézzzf(u, ’U)d’LLdU
o0 Q
(1.10)

voi moi diém (x,y) co dinh thuoc €.
O day, Bi(f(u,v),a,b,c, k) = (11 — iau*1n) X1 f (u, v) + icu*Lvo f(u, v),
BQ(E,“(:U y,u,v),a,b,c, k) = (v —ibu” Vg)XgEk:C(az,y,u,v)

va v = (11, 1) la véc to phdp tuyén don vi ngoai trén 0.

Chitng minh. Chi y rang, £}’ (a: Y, u, v) = Ekb  (u,v,2,y). Ldy (z,y) cO
dinh, B.(x,y) 1a hinh tron tdm (z,y), ban kinh ¢, Q. = Q \ B.(z,y).
Ta tinh

/CN?kl?’acEklj’ac(u,v,:r:,y)f(u,v)dudv = /éklj’acEg:S(a:,y,u,v)f(u,v)dudv
Q. Q.
— /E,‘j:géz:zf(u,v)dudv + /(m — z’bukm))@EZ:gf(u,v)ds

Qe o0

—/(Vl — z'aukVQ)EZ:g)Nﬁf(u,v)ds — /zcu VQEk ° f(u,v)ds

o0 o0

—/(1/1 — ibukz/g))ngZ:gf(u,v)ds + /(Vl — iaukug)EZ:g)Nflf(u, v)ds
9B 9B;

+ /zcu Z/QEka(U,’U)dS.
0B,

Vi thé chiing ta c6

/GkbacEk (w0, 2,y) f(u,v)dude = /Egjg(x,y,u,v)égﬁf(u,v)dudv
Qe Q.
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/fung (x Y, u,v), a,b,c,k)ds
—/Ezg(a: Y, u, U)Bl (f(u,v),a, b, c, k)ds
/fung kc(x Y, u,v), a,b,c,k)ds

+ / Egg(x, Y, u, U)El (f(u, v),a,b,c, k) ds.

0B:

Ta thay rang, /éklf’acEkfwc(u,v, z,y) f(u,v)dudv = 0. Mat khéac khi cho

Q.
e — 0, tuong tu nhu ching minh Dinh 1y 1.1.1 chung ta c6

/ﬂw@%@ﬁ@ww@&&a@wﬁf@w,
0B,

[ Bty w0 Bu(f ). b )ds >0,
0B,

/@ﬂx%umw%wUmm%+/kmx%uw%ywmmmU

Q.

Vay Hé qua 1.1.1 duoc chitng minh. H
1.2 Tinh kha vi vo cung cua nghiém

Trong muc nay ching t6i muon khao sat tinh kha vi vo cung ciia nghiém ctia

phuong trinh (1), v6i cac di€u kién nao d6 ctia ham ).

Pinh li 1.2.1 Gid su rang k la 56 lé. Khi dé todn ti vi phdn GZZ; la hypoel-

liptic yéu néu va chi néu a, b, c, k chdp nhdn duoc.

Ching minh. Néu a, b, ¢, k khong chap nhan duoc, thi trong [34] Nguyén
Minh Tri da chi ra rang, GZ?: khong hypoelliptic bang cach tim duoc tat ca
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cac nghiém khong bi chan clia phuong trinh GZ? f = 0. Tir d6 chiing ta chi
can ching minh néu a, b, ¢, k chip nhan dugc, thi Gzz 1a hypoelliptic yéu.
Gid sirrang, f € C2(Q) va Gyl f(z,y) = h(z,y), & day h € C*(Q). Chiing
ta phai ching minh f € C*°(Q2). Theo cong thiic (1.10), v6i (z,y) c6 dinh
bat ky thudc (2, ta cé:

Fz,y) = / £ (4, 0) Ba( B2z, y,u,0), a, b, k)ds
o0

_/Egﬁ(x,y,u,v)él(f(u,v), a,b,c, k)ds + /Ez:g(x,y,u,v)éZ:if(u,fu)dudv,
o0 Q

Trong cong thiic nay, thay ézl;f(u, v) bang h(u,v), khi d6 ta cé:

Fa,y) = / £ (1 0) Bo B2 (2w, 0), a0, b, ¢, k) ds
o0

_/EZ,’S(%%Ua“)él(f(uav)aCbab, c,k)ds + /Eg:g(x,y,u,v)h(u,v)dudv.
o0 Q
Bay gio ta phai ching minh f(x,y) kha vi moi cép theo = va y. Trong cong

thic trén, tich phan trén bién la cdc ham kha vi moi cap theo ca = va y, vay
ta chi con phai xét tich phan trong mién. Dat
Wi(x,y) = /E,Z’S(x,y,u,U)h(u,v)dudv.
Q
Chiing ta phai chitng minh W (z,y) € C1(Q). Tru6c hét, ching ta phat biéu

va chitng minh bé dé sau day.
B6 dé 1.2.1 Cho ) la mién bi chdn cé bién tron, h(u,v) € CHQ) va

Wiz, y) = /Egﬁ(x,y,u,v)h(u,v)dudv.
0

Khidé W € CY(Q)vaV (z,y) € Q ta cé

aW(lU,y) . /8Egzg(x7y7uav)
ox B ox

h(u, v)dudv, (1.11)
Q
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va

(9W(a:,y) _ /8EZ:5($7%U7U)

2y 7 h(w, v)dudv.

Q

Chitng minh. Trude hét ching ta chitng minh

/8EZ;£’(x, y,u, )

h(u,v)dudv < oo,

(1.12)

(1.13)

(1.14)

ox
0
va ,
OF,"(z,y,u,v
/ kel Y ) h(u,v)dudv < oo.
dy
0
Dat UZEATeosy va B.(z,y) = {(u,v) : r < e}. Tachon e du

v=y+rsinp
nho sao cho B.(z,y) C ().

Dé chitng minh (1.13), ching ta chi can ching minh bt dang thitc nay véi

mién ) dugc thay bang B.(x,y). Trudc tién, ching ta chiing minh

/ OB (2, y, u,v)

5 h(u,v)dudv < oco.

B.(z.y)
e V6i x # 0, khi (u,v) dan t6i (z,y) ching ta cé
k(k —1)az*2cos? ¢

ub = 2 + (k2 cos o)r + 5 r 4+ o(r?),

Ay = (b—a)d™™ + (k + 1)(—az" cos p + isinp)r
a(k + 1)ka* L cos? ¢ 2
2
A= (b—a)d™™ + (b + 1)(ba" cos p —isinp)r
1 k-1 2
b(k + )ki;} COS"P 5, o(r?),
R=(b—a)z® " 4 [(b—a)*(k+ 1)z**! cos ¢]r
(b—a)*(k + 1)ka?* cos? ¢
i 2

+o(r?),

+(k+1)°[ - abz®* cos® p + sin*p + i(b — a) cos @ sin go]}rg + o(r?),
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M= (b—a) miz "+ o(1),

(k + 1)(—ax” cos ¢ + isinp) (bx* cos p — ising)r?

(1-p)= (b— a)2a2 2 + o(r).

Ta thdy rang

OE; " (x,y,u,v)
/ ox

h(u, v)dudwv

2 a,b
oM ar; .. (p(z,y,u,v)) o
:/ZC’Z- [—F,fcbl(p(x Y, u, v)) M —2 (p(dp i ))a—z] h(u,v)dudv.
Tiép theo tinh toan ta co:
27 €

~ //rlogrdrdgp < 00,

F,fcbZ (2, y,u,v))h(u, v)dudv

dFkaél-)i (p(xa Y, u, U)) (9p
O py h(u, v)dudv

~Y

,y)
7] b —q) Eg (1)) (b— a)z***2(ky + o(r))r?
(ks + o(r)) (b — a)?a?+2 + 0(1))

drdgo|< 00

VGi k1, ko 12 cdc hang s6. Vi vay ta duoc

/ aEZ:S(l‘,y,U,U)

h(u,v)dudv < oo.

ox
Be(z,y)
Pat
OE™(z,y,u,v
(z,y) = / k’C(a Y )h(u,v)dudv.
T
0
ow
Ching ta phai ching minh % vz, y).
T

C6 dinh mot ham n € CY(R) thodman 0 <1 < 1,0 <7’ < 2,n(t) = 0 v6i
t<1; nt)y=1vé6it > 2.
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V6i € > 0, chung ta dinh nghia ham
\/(w—U)2+(y—v)2>

ne(z,y,u,v) = ?7(

5
Ta thdy rang,
ne(z,y,u,v) =0 khi (u,v) € B(z,vy),
va
N-(z,y,u,v) =1 khi (u,v) € Q\ Ba(z,y).
Pt

We(z,y) = /Egﬁ(:ﬁ,y,u,v)ng(x,y,u,v)h(u,v)dudv
QO
= / Eg:g(a:,y,u, v)n(x,y, u, v)h(u, v)dudo.
O\Be(z,y)

Ching ta ¢c6 W.(z,y) € C*(Q) va

9 OE;(x,y,u,v)
Ul('x7 y) - %WE(Za y)‘ - '/ ax h(u’ U)dUdU
0
—/2 (Ea’b(x u, v)n(x,y,u U))h(u v)dudv
O k,c y Y, Uy V)N T, Y, U, )
Q
= / g[EZ’g(.T,y,’UJ,U)(l - ns(x7y7u7v)):|h(uav)dUdU
oLk

BQE (l'7y)

< sup |h(u,v)|

9 o
/ [_(1 _775(35797Uav))Ek:g(ﬂUayaqu)

Pl )
0 a,b
+ %Ek,c(xa Y, u, ’U) (1 - 775(567 Y, u, /U))i| dudv|.
Nhung
0 2
‘%(1 - na(xvy)uuv))‘ < g VOl € 7é 07

vi vay
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aWa 9 8 a 2 a
yul(x?y)_#‘ S / [‘%Ek”g(aﬁ,y,u,v)‘—I—E‘Ek:i)(x,y,u,v)‘] dudv.
BQE(:C’y)

Tié€p theo, khi (u,v) — (x,y) thi
| Epelay,u,0)|< Clog || + O(1)),
va

- C
r(K +o(1))

Egzg(% Y, u, U)
ox

Cho nén ta co

2

/ —Eg’g(:p, Yy, u, v)dudv
8 )

BQE($7y)

2/, g2
< CE(‘S log5+§> = (C(eloge + ¢),

va

dudv| < Ce.

OB} (x,y, u,v)
/ ox

B2s(x,y)
Vi vay
W (,y)

Ul(x7y)_ 6.’]3

| < C(C’ls log 5"—028) hoi tu déu dén 0 khi e — 0.

OWe(z,y)
ox

e Truong hop z = 0: Khi d6 p = 0, theo [9] ta ¢6 F'(p) = 1. Do d6

Hay hoi tu déu t6i vy (z,y).

Eg:g(:z:,y,u,v) = M(z,y,u,v)

va
aEZ:S(xv Yy, u, U) . 8M(.CU, Yy, u, U)
ox B ox
Vi vay (1.11) va (1.13) duoc chiing minh. Ti€p theo, ching ta chiing minh

= 0.

(1.12). Bé chiing minh (1.12) trudc tién phai chiing minh (1.14), ching ta
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OE™(z,y, u,v OE™(z,y, u,v
/ k’C( i )h(u,v)dudvzlim k’C( i )

oy e—0 oy
Q Q.

' 8Eg’g(m,y,u,v)
= —lim :

e—0 (91)
Q.

= —/Egzg(aj,y,u,v)h(u,v)ugds+ / Egﬁ(x,y,u,v)
o0, Qe (z,y)

h(u,v)ds

h(u,v)dudv

Oh(u,v)
Ov

dudov.

8EZ’2(:E, Y, U, V) .

Vi vay / : 5 h(u,v)dudv 1a hoi tu.
4 )

Tié€p dén, ching ta chitng minh

OW (x,y) _ /8EZ;ﬁ<w,y,u,v)

B 7 h(u, v)dudo.
Q
OEge(x,y, u,v)
bat vo(x,y) = / ’ h(u,v)dudv.
dy
§ oW,
Tuong tu nhu danh gia ‘Ul(x, y) — #‘ ta cling co ta ciing thu duoc
x
OW(z,
va(, y)—%‘ < Di(Dseloge + Dse),

v6i Dy, Do, D3 1a cac hang so.

oW, (z,y) OW.(x,
Tir d6 chiing ta c6 W, (z. y), 20 e:9) IWe(@,y)

hoi tu déu dén W (z, y),

Ox Oy
vi(x,y), va(z,y) trén €.
Do do:
W W
W(xay) < CI(Q) va 88(—§_,y) = /Ul(x7y)7 %;j’y) = U?(xa y)
Vi viy, véi tich phan / Egg(:c, Yy, u, v)h(u, v)dudv, ching ta c6 thé 14y dao

Q
ham vao trong dau tich phan mot 1an theo bién x va mot 1an theo theo bién

y ma van c6 duoc ham so lién tuc.
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Chung ta hoan thanh ching minh B6 dé 1.2.1 L]
Néu trong Bo dé 1.2.1, thay gia thiét h € C1(Q2) bang h € C>®(Q), thi
ching ta c¢6 két luan 1a c6 thé 1dy duoc dao ham theo bién y bac tuy y
vao trong d4u tich phan. Ta phai chiing minh c6 thé 14y dao ham moi cép

cta f(xz,y) theo z,y. Gia st ring f € C"1(Q), ta phdi chiing minh f €

an
C™(€?) V n. Theo nhan xét trén va gia thi€t quy nap, ta cé M,
yn
o" gots
8y{”‘($1’8yx) va 6y0{8(z;3y)’ a+ 3 <n-—1 thuoc C(R), ching ta phai chiing
A o
minh rang ﬁ, e ,# thuoc C'(€2). Hay néi cach khac, tur
0"f(x,y) 9"f(z,y) O flzy) . o )
B Oy 19 e ’W thuoc C(€2), véi 1 < 7 < n—1, ching
0" f(z,y)

ta chiing minh rang 5 e C(9).

yn—j—181ﬁ+l

Tt phuong trinh (1) ta suy ra

*flz,y) . $ P f (2, y) w0 f(,y)
(e — kb)xk_l%z’w. (1.15)
an—?
Pao ham g 10T ca hai v€ cua (1.15) ta dugc:
"f(r,y) 0" *h(z,y)
8yn—j—laxj+1 o 8yn—j—1axj—1
-1 . _~

. J I v 0" f (2, y)

+ i(a+0b) <z> k(k—1)---(k—i+1)x e

=0
I ) n—i
+ aby (‘7>2k(2k — 1) (2k — i+ 1)a™ O, y)

Qyr—it1opi—i-1

xk—z‘—1an_i_lf($a Y)
Dy Ozi—i-1

i@k@%lc)%1ka~(kw

(4

thuoc C'(2) theo gia thi€t quy nap.
Nhu vay, ching ta hoan thanh chitng minh Dinh 1y 1.2.1. [
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Sau day, ching t6i xin gidi thiéu mot so6 khong gian ham quan trong.
Trudce tién 1a khong gian
e @ = {F € L@ D [hBusf Il < o0}
(o,B8,7)€ER
O day, K la tap compact nao dé trong €2 va
B = {(a,ﬁ,fy) €Z :a+<m, km272a+(1+k)5—m}.
Dinh nghia khong gian nay duoc Grushin dua ra.

Tiép theo la khong gian

Sine() = {f € () + 3 113 llz2ae) < 00},

=
v6i K 1a tip compact nao do6 trong €2 va 3; = Q , Jo = xkag, [— da bac,
= (Iy,lo,-- 1), Iy =1,2s =1---7r;|l| =rva3 =3, ! - 3;,. Khong
gian S]”.(€2) duoc Stein dinh nghia. N6 c6 cic tinh chat thd vi sau:
o C"(Q2) C Sin(Q); Vm > 0. (1.16)
o Néu f € S.() va ,thi 3'f e Q). (1.17)
o Néu m <im, thi SIOC(Q) C Sm(Q). (1.18)
© Sie(@) C Hi(Q) (xem [31)). (1.19)
e Dat S () = ﬁ S (€2), thi Sp2(2) = C™(Q). (1.20)

Bo deé 1.2.2 Ta c6 dong nhdt thiic sau: G',,.(Q) = Si.(Q).

Chitng minh. Déu tién, ching ta chiing minh rang, G}, ,.(22) C S{5.(€2).

Lay f € GJ},.(€2), v6i moi da bac [ ma |I| = m, ton tai s6 a;, 3; € A=
1,...,p, sao cho 3! = 3?1351 . -5?”35” va tir d6, 3'f 1a t8 hop tuyén tinh
oy D110

FREEEER
(B1y -y Bp), ¥ = (D4, ..., 0,) lacdc da chi s6, sao cho ¥J; < min{w;, kf;}, j =

clia cac sO hang dang z

o dﬁy Q@ = (ala"'aoép)aﬁ -



38

1,...,p. Hon nita chung ta c6 cic bo

(laf = 191,18, k18] — 19]) € EF,

nen 1B+lal-19)
H k18l-19) 9 f < >
Oxlel=11oylBl 1 L2 (k)
Vidods 3 |13 fllsa) < oo. Vay f € Spu(Q)

[1|<m
Bay gio, chiing ta s€ chiing minh bao ham thitc nguoc lai S}

toc(€2) € Gl (£2).
Ldy f € Sji.(€), ching ta ching minh f € G7',.(Q) hay ,dusf € L, ()
v6i moi (a, 3,7) € =}
Néu a+ (k+1)3—m > 0, ching ta c6 thé gia surang v = a+ (k+1)3—
bat o/ = m — (o + (). Chiing ta c6
a+3 a+p3
aiaagﬁ [a% » %’mkﬁﬁiaﬁyﬂl § .]f

o’—lan
31,3ﬁ3a f S Lloc(Q)‘

o’ —lan

Néu a + (k + 1) — m < 0, ching ta c6 thé gia st ring v = 0. Dat
o' =m— (a+ (k+1)p). Khi d6
0t f [a 0 g 0P ] ]f

OxOyP or oz " Ox*OyP
kB—lan
= [51 317353?] "'}fESl?Z)lca(Q) CLIOC(Q) [
kB—lan
Ménh dé 1.2.1 Ldy m > 2k + 3 va ¢(z,y, 79,71, 72) € C™. Gid sut rang
. L of ,of m
feSh(Q). Khido y(x,y, f, %,xkﬁ—y) S Q).

Chitng minh. Ta phai chiing minh véi moi da bac |I| < m — 1 thi

0 0
3le. £ 50 50 € o)
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Dau tién ching ta thay 3¢ (z,y, f, g, xk?) dugc viét dudi dang t6 hop
x Y
tuyén tinh ctia cac s6 hang dang
0 0
6a1+a2¢(x7 Y, f: _fa xk_f)
oy 0y (2) dr__ Oy (1.21)
b Ox1Qy
va
a0 () O8Oy (3t (3 )™, (122)
0x10y201,° 01 ' 0T
o day
ol = a1+ g, [B]=Bo+ B+ B2 [l s [lplima, - my > 1,
\hmy + -+ | imy <my o aq(x), aqp(x) € C(82). (1.23)

Ménh dé 1.2.1 s&€ duoc hoan thanh néu ta chiimg minh dugc cdc s6 hang
(1.21) va (1.22) thuoc L2 ().

loc
Trudc tién, ching ta thay ag, .,(z) € C*() nén ciing thuoc L ().

loc
Tiép d6, do m > 2k -+ 3 nén theo (1.18) ching ta c6 SI”. C S2F3 Mat khic

loc loc

do gia thigt f € S7.(Q) neén, f € SH+3(Q). Ap dung (1.19) chiing ta dugc

loc

3 3
feHIH Q). Do 2+ + > 1 nen theo dinh Iy nhiing thi f € C(€2).

loc

Tiép theo, chiing ta ki€ém tra 3, f, 32f. Do f € S/ (), nén theo (1.19)
tacéd 3,f € S'H(Q) hay 3,f € SE?(Q). Sau d6, dp dung (1.19) ta ¢
3if € Hi;r%(Q) C C(Q2). Tuong tu ching ta c6 3of € C(2), cung v6i
v(x,y, 10,71, m2) € C®(Q) nén Y(z,y, f, of ka—f) € C(Q). Vi vay, so

.,
ox’ 0Oy
hang dang (1.21) thuoc L2 ().

loc

Sau cing, ta ching minh cdc s6 hang dang (1.22) thuoc LZ (). Dat
r = max{|l|,---,|l|} > 1. Chon jj sao cho r = |l; |, tic la [;, 1a da bac
c6 do dai 16n nhat. Khi dé:

A. Néu m;, > 2, ching ta thay I; < [%} Vj = 1,---,p. That vay, v6i
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j 7& j() néu lj > [%} thi

v6i (1.23); v6i j = jo va |l;,| > [%} thi

Jo [%} = |l;,] + |l;| > m mau thuin

o > 2|l;,| > m cling mau

Jo
thuan véi (1.23). Vay [; < [ } Vi=1,---,p.

Do f € S™() nén theo (1.16) 3% f € 51 |l'( Q), ma m — |[;| > [%},

suy ra 3 f € S]OC]( Q) hay 3% f € S*(Q). Ap dung (1.19) chiing ta c6

loc

3f e HH’“(Q). Vi vay 3% f € C(Q). T d6 ching ta thdy cdc s6 hang

loc

dang (1.22) thuoc L3 ().
B. Néu m;, = 1 va khong c6 chi s6 j ndo ma j # jo. Khi d6 (1.22) c6 dang

nhu sau:

st 1, 2 2

91 0y°207)° 1y DTy
f R Of

lal+18] 9r k91
91t Pla)(x Y et ay)

Do aq, ay.8.8.8, () € C(Q2),
oo 5a(7) ) 8x0‘13y0‘287'§0(97'16187'22
L;,| <m nén 3 f e L2 (). Vi vay s6 hang (1.22) thuoc L2 ().

(3% ).

Qs vz, o,61,52 ()

€ C(Q), mat khac

C. Néu m;j, = 1 va c6 it nhat mot chi s6 j ma j # jy. Khi d6 (1.22) c6 dang

A (z,y, f, == af kg—g)

axalayazaffoaffl Ty

(3ljof)1 (B (B )™

Ay ,a0,B0,61,52 (I)

9 o . m .- e N , . L aa g
Nhu & phan (A), ta c¢6 |[;]| < [5] v6i moi j, vi néu c6 mot [; c6 do dai

m N m N 7 p A
;| > [5} thi |l;,| > [5} Tu d6 suy ra | |m;, + 21 |lj|m; > m, mau
j:
J#Jo
thuan véi (1.23). Do vay chiing ta ¢6 3% f € C(Q) nhu & phan A. Nhu

vy, chung ta thdy rang tit ca cdc s6 hang cua (1.22) déu thuoc C(Q) trir
3% f thuoc L2

loc
L% (€2). Ménh dé 1.2.1 duge chiing minh. O

(€2). Cuobi cuing, ching ta lai dugc s6 hang dang (1.22) thudc
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Pinh li 1.2.2 Cho ) la mét ham thuéc C vdi cdc doi so cua né va m >
2k + 3. Gid sit rang, k la s6'1é va a,b, c, k la chdp nhdn duoc. Khi dé moi

iioc(§2)- nghiém ciia phuong trinh (1) thugc C>(S2), va todn tir phi tuyén
\Ilzz la hypoelliptic.

Chiing minh. Do gia thiét f € G}",.(€), nén theo B6 dé 1.2.2 f € S{ ().
Do vay, ap dung Ménh dé 1.2.1 ta nhan dugc

loc

of x9f m-1
Nhung do f 1a nghiém cua phuong trinh

) af .0
e+ (e 1,90, xka—g) —0,

) af 0
Gitd = v (o £.50 050

Theo (1.24) chiing ta c6 Gyof € Sp'(€Q). Mat khdc do G} k() =

loc

S™=1(Q)) nén GZi f € G}?foi(ﬂ) Khi d6, 4p dung Dinh ly cia Grushin

loc

[16] ching ta c6 f € GZ?I_OCHQ(Q) hay f € S™*(Q). Ching ta thay ring, tir

loc

feSh()suyra f € SmH(Q), nén f € S[7(Q) Ym, hay f € [ SiL(Q).

loc

Theo (1.20) thi f € C°°(£2). Ching ta hoan thanh chiing minh Pinh 1y 1.2.2.
]

1.3 Tinh chinh qui Gevrey cua nghiém

Trong muc nay, ching toi trinh bay cac két qua vé tinh chinh qui Gevrey
ctia nghiém cua phuong trinh (1). Pat rg = 2k + 2. V6i méi r € Z,, ky hiéu
T, 12 tap da chi s6 («, 3) sao cho I', = TL U T2, O day:

Il ={(a,8) : < 7,20+ 8 <1},

2 ={(a,f):a>rg,a+B<r—rpl.
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Dit
|f,Ql, = maX 0205 £, Q| + max max 109205 £,
(,B)€ry asPEs @y)e
o day
£, = max > [,0a5fl,
(z,y)e —1
(046)7)6:]6
hay

f, ) = max (\fH’af‘Jr‘ kaf‘)

(2,y)€2
Pinh li 1.3.1 Cho k la s’ I€ va cdc tham s6 a, b, ¢, k chdp nhdn duoc. Khi
do:
i) Néu 1 € G* (s > 1), thi moi C™(2)- nghiém cua phuong trinh (1)
thuéc G*(Q); todn tit phi tuyén \I/zl; la s-hypoelliptic mo rong.
it) Truong hop ddc biét, néu 1 la gidi tich, thi moi C*°(QQ)- nghiém cua
phuong trinh (1) la ham gidi tich trén ), todn tie \I/Zl; la gidi tich hypoelliptic

mao rong.

Chiing minh. Ching ta da biét rdng, todn ti GZi la elliptic suy bién. Chi
tai diém (z,y) ma z # 0 thi n6 1a elliptic. Vay ching ta chi can chiing minh

dinh 1y trén mién €2, v6i 2 1a mién bi chan chia (0, 0). Xét metric sau:

max {|z" — uF 1 (k+ 1)|(y — v)|} v6i zu > 0,
max {zFt + o (K +1)|(y — )|} v6i zu <0,

p((u,v), (z,y)) = {
Vi hai tap S va So, khoang cach gitra chiing dugc dinh nghia nhu sau:
S1,52) = inf x,y), (u,v)).
p(S1, 52) eeah e, p((z,y), (u,v))
Chiing ta phai chiing minh, néu ¢ € G* véi cac d6i s6 clia ng, thi f € G*(12).
Tic 1a, v6i moi (x, y) € 2 ton tai moOt 1an can cua (z, y) sao cho ton tai Cy, Cy
12 cdc hang s6 duong d€ v6i moi da chi s6 (aq, as) thi

aa1+a2f

faaiages| < GO (a1 4 a2 =27, (1.25)
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trong lan can do.

Lay VT (T < 1) la hinh vuong c6 tam (0, 0), c4c canh song song véi céc
truc toa do va c6 do dai bang 27 (do dai v6i metric p). Ky hiéu V; 1a hinh
vuong con dong dang vé6i V7, sao cho khoang cich giita bién ctia né va bién
ctia V7 13 . Ching ta phai chiing minh rang, v6i 7' va § dl nho, ton tai céic
hang s6 Hy, Hy v6i H, > CHZ"" sao cho

£, Vil < Hy v6i 0<n <6k +4, (1.26)
va
H{\n—r0-2 »
Vi | < Ho( 5 ) (n—rog—2)1)° v6i n>6k+4. (1.27)

Nhu vay thi (1.25) s€ dugc thoa man. Chiing ta luon ¢6 (1.26) vi f € C*°(12).
Chiing ta chitng minh (1.27) bang qui nap. Gia st (1.27) dugc thod man véi
n = N. Khi d6 ta c6

H\ N—-ro—2
| £ Vs In< Ho( 51) (N —rg—2)1)%. (1.28)

Ta phai ching minh (1.27) ding véi n = N + 1, tic 1a

H,

N—rpg—1
: ) (N = 7o — 1)), (1.29)

FAZEIER Ho(

4
! _ » . . T . ~
bat § = 6(1 —N> 6”7 = 0(1 —N). Tai (z,y) € V5 ta dinh nghia

o\x,y » < e
o(z,y) = p((z,9),0V"), on(z,y) = (N ) L&Y Vi, (2 (%, y) 12 hinh

vuong c6 tam tai (x,y), cac canh c¢6 do dai 20y (z,y) va song song vdi cac

truc toa do, S, (2 (7, y) labién ctia V() (2, y). Nhuvay V. (7, y) C
V.I'. D€ chitng minh (1.29) ching ta can phai dénh gid

(m)ao‘(/ |'y aﬁ(aalaﬁlfﬂ vOi (041751) € F.7\7-1-1 ( 7577) € Ellg (130)
)€
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max, 0290 I v6i (ay, B1) € Tivar,on > 1,5 > 1. (1.31)
T,Y)EVs

Dénh gia (1.30) dugc lam 16 qua cac Ménh dé 1.3.2, 1.3.3 va 1.3.4, danh gia
(1.31) duoc 1am rd qua Ménh dé 1.3.5. Dé ching minh cidc ménh dé nay,

chiing toi xin trich dan mot ménh dé cta N. M. Tri [37]:

Ménh deé 1.3.1 Cho v la ham thudc lop G® vdi cdc doi s6 cua né. Khi dé

ton tai cdc hdng s6'C, D sao cho véi moi Hy, Hy > C HZ*" néu

£, Qs < HoH2((d — 19— 2)1)*,0 <d < N,rg+2 < N,

thi
of 0f S
a5y L 2LV < D(]F,0 HoHN "0 ((N=rg—1)1)?
(;IUI,;??Q 8182¢(x7y7f76x7x ay)‘_ (|f7 |N+l+ 0441 (( o )))

véi moi (a, B) € T

Day 1a ménh dé rit quan trong, khi chiing minh cic Ménh dé 1.3.2, 1.3.3,
1.3.4 va 1.3.5 ta dung n6 dé danh gid phan phi tuyén. Trong chiing minh céc
ménh dé nay, ching ta phai st dung danh gia E,Zi’(:v, Y, u,v) va cac dao ham
cua n6. C4c danh gia ndy dugc trinh bay qua cac Bo dé 1.3.1, 1.3.2 va 1.3.3

sau day.
Bo dé 1.3.1 Trén hinh vuong V'

LB,y u,v) 1 .
RN <CR,*, V(aB,7)€E. (1.32)

X

Chitng minh. Dé chiing minh B6 dé 1.3.1, ching t6i c6 mot s6 két luan sau.
Chitng minh c4c két luan sau trén hinh vuong V7 1a c4c bién déi so cap nén

ching t6i khong trinh bay chi tiét cac ching minh nay.
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1. Tén tai hing s6 C dé: |R| > CR.

2. Té6n tai hing s6 O, Cy dé tréen V1 CoR < R < C4R.

3. Trén hinh vuong VT, ton tai hang s6 C' sao cho: 0 < Ry < R < C.
4. Ton tai hing s6 C sao cho trén V1: | M| < CR 7.

5. Tren V7 ton tai C dé:

oM
m —_— —_—
ax E x Iy

6. Trén V ton tai hing s6 C' dé: |1 —p|~! < CRR;".

L, 1
7. Trén hinh vuong V7 t6n tai hing s6 C' sao cho \FISCbZ] < C RiR,".
Chitng minh. Ching ta thdy ham F ,? cbz chi khong xac dinh khi p = 1. Khi

~

} < CR®.

Y

7 2z L4 R ‘A A 2 b Y
p — 1, chiing ta c6 khai trién tiém can cta F,. 1a

F(L)

a,b k+1

FE )| = e os(1 - ) + O(1),
<(k+1)(b—a)) ((k—i-l)(b—a))

)
F((k—i—l)c(b—a))r(
(xem [9]). Cho nén tén tai C' dé

1

)4 — C4RIR, .

a 1
FiL)| < Ciltog(1 — )| < G
Nhu vay ta cling ¢6 két luan, ton tai hiang s6 C' sao cho

Fel)| < CRIRY (1=12)

8. Trén hinh vuong V7 t6n tai hing s6 C sao cho

dF(p) 1 _
e < C < CRR_l 1 = 17 2
dp 1-p) o )
Chitng minh. Ching ta c6:
a,b
dEy ()| D(45) e
B ¢ k(h—a)—c — ),
dp F<(k+1)(b_a))r((k—i-l)(b—a))(l —p) 1—p
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dFn,()| r(ke2) o | )
o ct+b—a (k+1)(b—a)—c — )
o F((k;lr)(b—a))r( (k+1)(b—a) )(1—=p) 1—p
cho nén ton tai C' sao cho
dF(p) C N
,C31 S SCRR_l Z: 1,2 .
dp (1—p) o )

9. Trén hinh vuong V7 t6n tai hing s6 C' > 0 sao cho
{5
max

oz
10. Trén hinh vuong V7 tén tai hing s6 C thod man

3]) ~  k+2 %
xka—y‘} < CR 2k+2R1.

Y

1
ok Opr

< CR =,
9y < [

< OR =,

ka%l
’ ox

Bay gid chiing ta trd lai chitng minh B6 dé 1.3.1. Dé chiing minh

B,y u0)
Ox*OyP

X

‘ < CR;%; VY(a,B,7) €=l

ching ta phai chiing minh céc két luan sau:

Eg;ﬁ(x,y,u,v)‘ < CR;, (1.33)
OE“"(x,y, u,v 1
k(Y v) < CR;?, (1.34)
ox
OE™"(x,y, u,v 1
2k ’“’C(ay ) < CR,®. (1.35)
Y

a. Chiing minh ‘Egﬁ(x,y,u,v)‘ <CR,?:
Ching ta co
a,b a,b a,b
‘Ek‘,c(xa Y, u, U)‘ < C|M‘ ‘ (Fk,c;l + Fk,c;Q) ‘
a,b a,b
S C|M‘ (‘Fk’,c;l‘ + ‘Fk7c;2 >

1

< CR %3RiR;*,
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ta chi can chiing minh c¢6 hang s6 C' dé
R #=RiR, " < CR,".
Piéu nay tuong duong véi R < CR} hay RiR™» < CRi. Do
R < R neén chi can chon C' = H‘l/%X R¥+ 1a thda man. Nhu vay (1.33) duoc
chiing minh.
OE;(x,y,u,v)
ox

b. Chiing minh ' CR,

Chiing ta c6
' OE! " (x,y,u,v)

_ ‘8M(01F£f1+02 kc2)

Ox or
a,b a.b
oM b b dFy .. Op dF", op
[ oy (ot o)
‘a (1kc1+ 2 k02>+ 1 dp 8x+02 dp B
3M 8M a,b 1 4 ~ 1 _i
M | | o2 < iRt - o

~

1
Do d6, ta chi can chiing minh R_%R <R,

l\’)\»—l

. Diéu nay ding, vi né tuong
duong véi Ry < R.

Tiép theo chﬁng ta cé

< CR #=RR{'R™ 2<k+1>R2 CRI%

M k ,C3l 8]?

dp oz

Vay (1.34) duoc ching minh.

LOER (2, y,u,v)
Ay

< CR cling dugc chiing minh tuong tu.

c ‘ :
Ching ta hoan thanh chiing minh B6 dé 1.3.1. O

Bo6 dé 1.3.2 Trén bién S, ;. (,y), néu |z| < (20n(, y))k“ thi

_ C
O X By, 0)| €~ (1.36)

k+1 (a:. y>
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1

Chimg minh. Dau tién ching ta c¢6 khing dinh, néu |z| < (20x(z,y))""
thi |u| < (3on(z,y)) =1, Pé chiing minh B6 dé 1.3.2, ddu tién ching ta c6

cac két luan sau:

1. Trén S, (;.4) (2, y) chiing ta c6
0<R <R<C
2. Tén tai hang s6 C' dé

Cl<l—pl <.

3. Trén S, (2,4 (2, y) ton tai hang s6 C' sao cho
dFp(0)| | Fei(p)
a,b k,c;i k; ,Ci1 . -
max{|Fk7C;i(p), i : 2 <C; (i=1,2). (1.37)

Chitng minh. Di€u nay luon ding, vi ching ta dang xét trén bién cua hinh
vuong v;Nawﬁcmgn trong trudng hop |z| < (20x(z,y))¥7, khi d6 |u| <
(Bon(z,y))*T =1, Vi vay, trong truong hop nay p # 1 va du gan 0 nén F,?Cbz(p)

va cac dao ham ctia n6 Ia lién tuc va bi chan.

4. Trén S, (2.4 (2, y) ton tai hing s6 C' sao cho Co3(xz,y) < R.

5. Trén S, () (,y) ton tai hang s6 C' > 0 sao cho

O§R1§R<C v(T,y).

6. Trén S, (,,) (7, y) ton tai hang s6 C sao cho |M| < CR ==,

7. Trén S, (z,) (%, y) ton tai hang s6 C' sao cho

oM | |OM LOM ~ 1
- - - < 2
max{‘ o ,‘ 5 | x 3y | U 50 } CR 2,
8p (9]9 k@p k@p 1
< 2k+2 2
max{ 321 1 3al” dy| 5 CR™ R;




49

8. Trén S, ;) (%, y) ton tai hang s6 C' sao cho

82M k 82 k 62 k k 82 ~_  k+2
< 2k+2
max{ Oxou|’ | Oxdv|’ Gyﬁu o Gy(% } G
9. Trén S, (4.4)(z.y) tON tai cic hang s6 C' sao cho
62p k 82 k 82p k k 82]9 ~ 1
il Bl ) I e ==
max{ oxou|’ | Ozxov|’ o Oyou |’ Y OyOv } < CR™®

Chung ta trd lai chitng minh két luan (1.36) cia B6 dé 1.3.2. Dé chiing minh

(1.36) chiing ta cén phai chiing minh ton tai cdc hing s6 C' sao cho trén

SJN(:U,y) (:z:, y)

- C
XQEZ:S(xa Y, u, U)‘ < TRtz
on" (2, y)
aXQEZ:g(xayallhv) C
ox - Zﬁ (ZL‘ y) ’
~ b

k@XQEZ,C(CU,y,'U/,U) C

T —  k+2
% ox (@)

a. Dau tién chiing ta chitng minh (1.38). Ching ta c6

(1.38)

(1.39)

(1.40)

‘X2Ek‘c r,Y,u,v ‘ = )(— —zauk%) (M(C1F,Zf;1 +CQF§£2)) ’
- oS Eet, e Wia 00 0,0 o,
+ CoM dFd]iEQ% — jaCiu” aaMF]ffl — zaClukMdFd];C ! g‘z
— ianukaaMF,?ch zanukMdFdI;cQ% ,
Ta thay rang,
'%]‘ZFZZ <CR:|F| < JN((;)y) < ,mc do on(z,y) <1,

ON (a:,y)
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0 ¢ c
k p < CR 2k+2R 2k+2R2 < k12 )
dp du ~ on(z,y) on'(z,y)
dE" 9 C
B O
dp ov kH(SC y)

cho nén (1.38) dugc chitng minh.
b. Ti€p theo ching ta chiing minh (1.39). D€ ching minh (1.39) ching ta

chi can danh gid cic s6 hang sau day:

ab a,b
0 <8MFab> g(MdFk,c;i@) 2<ukMdFk,c;i@>
Az \ ou ki) o dp Ou/| |0z dp Ov
(1.41)
W d ¢ OM
<U A, kcz)
Oz ov
Panh gia s6 hang thi nhat trong (1.41), ching ta c6
D (OM pan )| | PV pug | O dF. op
Ox \ Qu =~ ke Oxdu” Bt Gy dp oz’
trong do
2M k+2 C
Oxd Fl?cbz < CR %% < Cop' i (2,y) € g
oo oy (z,y)
va
OM dFaﬁi a _2k43 4 C
el | . 2 < CROBR#5R; < Copy ™ M a,y) <
ou ||l dp ||ox oy (z,y)

Panh gia s6 hang thi hai, thit ba, thi tu trong (1.41), ching ta lam tuong tu.
Nhu vay ching ta chiing minh dugc (1.39).

¢. Ching minh (1.40). D€ ching minh (1.40), ching ta phai dédnh gia cac s6
hang sau day:

3 5 P dF“ﬁia
xk5_<aAjF’m> kﬁ_y(M d]; a_g‘) (142
()| g (e )|
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Danh gia s6 hang thi nhat trong (1.42), chiing ta c6

a,b
xké (a_MFa,b ) _ k 82M a,b 4+ xka_MdFk;,c;i @
Oy \ Ou = met Oyou~ Fei ou dp Oyl
trong do
2 271
xkaa gWF]?’fZ < g@ chz < OR 2k+2 < %’
you you k+1 (:U y)
va
a,b a,b
xka_MdFlmc;i@ < a_M dFk,c;i xk@
ou dp Oy|~ | Ou dp dy
~ 1~ C
< CR:R™ 2k+2R2 < —
k+1 (.CU y)
Panh gia s6 hang thit hai, thit ba, thi tu trong (1.42) ching ta lam tuong tu.
Vi vay
0 = C
e KaB . 0)| €
k+1 (ﬂf y>
B6 dé 1.3.2 duoc ching minh. O

Bo6 dé 1.3.3 Trén S, (1) (2, y), néu |z| > (205/(z, y))’% thi

78075)?2EZ£(33> Y, u, U)

uk

C

~ 0% (z,y)

;. Y(a,B,7) €=

Chimg minh. Néu |z > (20x(z,y))™ thi zu > 0va |u] > (O'N(I"y))m.
AFLL) | | EL)

dp dp?
(1.37) khong con dung, nhu’ng ching ta c6 cac két luan sau:

9 2

Trong trudong hop ndy danh gid clia ’F,? Cbl (p)

trong

1. V6i |z| > (20n5(z,y)) =T thi tren Soy(z.y) (%, y) ton tai hing s6 duong C
sao cho O~ R < |u| < C Row

> (20n(z,y)) =T thi trén Son(zy) (T, y) ton tai hang s6 duong C
sao cho C'o% (z,y) < Ry < CO’N(SC,y).
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3. V6i |z| > (20n5(z,y)) ™ thitren S, (. ,)(x, y) ton tai hing s6 C sao cho

~1 1 dFab d2Fa’b,- ~
|Fiva(p)| SCR:R %@‘<CRRl : %@‘ < CIER

voii=1; 2.

Bay gid chiing ta trd lai chitng minh B6 dé 1.3.3. Dé chiing minh

O s Xo B (2, y,u,v) C
vOa,p A2 \T, Y, U,
7 —; Y(o,fB,7) €E
uk — 0]2\[(3:79) (@ B 7)
thi chiing ta phai chiing minh:
XoE“ (2,9, u,v C
2B ky ) < - , (1.43)
|ul oy (@, y)
0
—XQEZ’g(x,y,u v) 8.
dr _~ "*_ < , (1.44)
[ul on (2, y)
k 9, ab
X 8_X2Ek:c(xayauav) C
J - < — (1.45)
[l on(@,y)
a. Trudc tién, ta chitng minh (1.43):
0 0 a,b a,b
(% - wuk%) (M(Cle,cu + C2Fk,c;2)> - C
Juf* ~ o%(z,y)
Dé chitng minh diéu ndy, ta phai d4anh gi4 cdc s6 hang sau:
1 oM L AF Op| |OM dF{n. 0
L OM oy | Ly ki O HOM s | Tkei 0P g
[ulk Ou — BE7 | Jul dp Qul | dv B dp Ov
Danh gia s6 hang thit nhat trong (1.46), ta cé
1 OM _., e
[ulF Bu ——Fin| S CR #PRERIR, F < Oy (@, y)oy (@,y)
C C
= o < , doJon(z,y)| < 1.

o (2, y) o3 (x,y)

Danh gia so hang thi hai, thit ba trong (1.46) ta lam tuong tu.



53

b. Ti€p theo, dé chiing minh (1.44) ta phai ddnh gid cdc s6 hang sau:

D (LM g |2 (MLdFm@p>
Ox \|ul¥ Ou =~ Fi \u\k dp Ou
0 (OM b 0 dF; kcz ap
(SR | | (=2t 1.47
(3:1:( Qv ~ ke ox dp Ov (1.47)
Danh gid s6 hang thit nhat trong (1.47), ta c6
D (LM | | LM puy L OM AP 0p
Ox \|ulk gu ~ P lulF dzdu” *" " |ulk Ou  dp Ox|
trong do:
2 1
1 O°'M — % CR 2k+2R 2k+2R2 3 <C % 5 <L7
|ul* Bzdu k“ = 0% (z,y)

1 OM Fivi op
|ul¥ Ou dp Ox

~ ~ ~ ~ 1
< CR %R 3RR{'R % R? =

C

o%(z,y)

Danh gia s6 hang thit hai, thit ba, thi tu trong (1.47) ta ciing c6 két qua nhu vay.

— CRIR? <

3. Sau cung, chiing ta chiing minh (1.45):

x angEkc(x Y, U, V)

[ul*

C

~ox(z,y)

Dé chitng minh bat dang thifc nay, chiing ta phii ddnh gi4:

\qu@MFa,b) @2<MdF,jﬁi@)
Oy e | ‘“‘kay o (148
ol (e \\ 2 (3 00

ov Fria 8y dp Ov/|

Panh gia s6 hang dau tién trong (1.49) ta c6

Ja]* 92M |k M dF}.; dp
|ul* dyou k“ lulk du dp Oyl

lz|* 0 <aMFa’b>

[ulk Oy \ du = ke

trong do:
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|ul¥ Oydu~ F

1
Julf

0?M o -

C

ox(r,y)

R,

D=
D=

— CR~- <
dF,iﬁi
dp

OM
ou

kawwﬁﬁgﬂ 1

[ulF oudp dy|  Julf

op
L <
an_

C

o%(z,y)

~

< CR #=RRR;'R %% R = CRIR,

(SIS

<
Céc so hang ti€p theo cling dugc danh gia tuong tu nhu vay. Ching ta hoan
thanh ching minh B dé 1.3.3. O

Nhu vay, chiing ta da chiing minh xong cdc b6 dé bo trg dé ching Pinh
ly 1.3.1. Cac budc ching minh dinh ly nay duoc trinh bay thong qua céc

ménh dé sau day:

Ménh de 1.3.2 Gia sit (OJ,B,’)/) c El{;? (041,51) c FN_H,OQ > 1,51 > 1. Khi

do ton tai hang so duong C¢ sao cho
MaAX (3 y)evE |78a,6af13251f(337 y)|

1 Hi\N-ro—1 1
§C61(T’““|f,V5:fF|N+1+Ho<71) 0 (N—ro—l)!S(Tzcil+—>).

Chung minh. Phuong trinh (1) c6 dang

0*f(z,y) @ f(,y) 2P f(2,y)
I R Gl
: r10f(x,y) of Of o

L&y dao ham hai v€ cua phuong trinh (1.49) /3; 1an theo bién y va a; lan theo
bién x ta cé
6f1+28§1f(:1:, y) — abx2k810‘182”31+2f(x, y) —i(a+ b)azkalo‘ﬁl@glﬂf(a:, Y)

—i(kb — c)a" 110y ! f(a,y)
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min{ay,2k}

=ab Y C;) 2k (2k — 1)...(2k — m + D)z ma0 =m0 2 £ (2, )
m=1
min{a,k} o
+ila+b) > <ml> k(k —1)...(k —m+ D" maa=malt £z )
m=1
min{oq,k—1} o
+ (kb —c) Z (é) (k—1)...(k — m)a* ™ 190 ma0 1 £ (2, )
m=1
of of
o a1 ab “J k:
a1 82 w<x7y7f7 833 ay)

Pat
min{aq,2k}

A(z,y)= ab Z <O£>2k(2k—l) (2k—mA1) 22k m oMol £ (1 y)

mln{al k}
+i(a + b) ( )k (k—m 4 Db meat=mal Tt £ )
m
mm{al k—1} o
ik~ o ( 1) (k= ) o (),
m=1
va
_ _ A ab _f kzg
B(a:,y)— 81 a2 ¢( y7f7 y L ay)
Ta c6

G0y f(x,y) = Az, y) + Blz,y).

Ap dung cong thic (1.10) v6i mién €2 thay bing Vor(zy) (2, y) ching ta c6

M f(x,y) = / EZS(:L‘, Y, u, 0)GY i@fjlﬁﬁlf(u, v)dudv
VO’N (z,y) (Iay)
— / EZS(:L’ Y, u,v)B 1(831851f(u,v),a, b, c, k)ds
SON(w,y)<xay)

+ / 02102 f (u, v)éﬂEZ?(x, Y, u,v),a,b,c, k)ds. (1.50)

SUN(x,y) (z,y)



56

O day:
El(f(u,v),a,b, ¢, k) = (1 —iau o) X1 f (u, v) + icut Ly f (u, v),
Bg(EkC(x y,u,v),a,b,c, k) = (1 — ibu” VQ)XQE (x Y, u,v),

v = (v1,v2) la véc to phdp tuyén don vi ngoai trén S, (,.,) (7, y).
Vay ta co
O f(x,y) = / Ezg(x, Y, u,v)(A(u, v) + B(u, v))dudv
Vo () ()
_ / EZS(:I;, Y, u, v)él (831851f(u, v),a,b, ¢, k)ds
Son () (TY)
+ / 001 9% f (u, v)Bg(EkC(:c Yy, u,v),a,b,c, k)ds.

SJN(m,y)(x?y)
Tiép theo, ldy dao ham .0, 3 chiing ta dugc:

8a5((90‘18§1f (z,y)) / +Oa BEkc z,y,u,v)(A(u,v) + B(u,v))dudv
O'N(I y) l‘y
— / WﬁaﬁEZ,’c(x, y,u,v)By (831851f(u, v),a,b,c, k)ds
SO’N(J;,y)(I7y)
+ / 90107 f (u, )y aﬁBg(Ekc(x y,u,v),a,b,c, k)ds
SJN(x,y)(xay)
=L+ L,+ Is. (1.51)
Ching ta sé& dung ciac B dé 1.3.1, 1.3.2, 1.3.3 dé ddnh gid céc tich phan
I, I, I3 trong (1.51).
A. Danh gia tich phan /;:
Ap dung B6 dé 1.3.1 chiing ta c6
<CR,*, véi(o,f3,7) €E

VT
Sau day, chiing ta ddnh gid A(u,v) trén V(. (2, y):

I. Néu oy = 1 thi m = 1.

b
’y@a,BEZ’C (ZU, Y, u, U)‘




57

Dé dénh gid A(u,v) trong trudng hop nay ta phai danh gid céc s6 hang sau:

uop )

TF1GLOBH | | P2 f.
Trén V(.4 (7, ) ta cé

o |12 | < Oy |ukD,004 f| < Colf, VT |
o[uFTIOLONTf| < C5 [0L0 T f| < Cul f, Vit |,

o [tF2O0 T | < C5 |00 f| < Colf, Vi |,

do (0,4 +1) € T'y.

II. Néu 2 < oy <4k +4,khidétacod 5y < N — 3.

1. Xét trudng hgp m = a1, d€ dénh gid A(u,v) ching ta ddnh gia:

® }u2k—ma§1+2f’ < C?‘f, V;;T

N>

o |ub AL LF| < CslOMORT | < Colf.VE

N>
o [uFTmTIONTLF| < Chol £, Vi |
do (0761 + 2)7 (07 Bl + 1) S F]\ffl-

2.Néu 2 < a1 < 2k + 2 vam < ay, dé dinh gia A(u,v) ching ta danh gid

|u2k—m831—m851+2f‘ < ‘8&(831_m_1851+2f) ’

Khi d6 ta phai chiing minh (o — m — 1, f; — 2) € I'y. That vay, do

a1 <2k+2=ry suyra ag —m—1<2k+ 2 =ry.

Vay (a; —m — 1,5, —2) € I'y néu va chi néu 2a; — 2m — 245142 < N,
hay 2a;1 + 1 < N + 4m. Diéu nay ding do a; < rgva (a1, 1) € 'y .
Tu do
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o [u?h o o] < folop 100 )] < Culs. Vi Iy

H N*T()*Q
S CllHO (5—/1> (N — Ty — 2)'5

o |utmap R | < O ObO 0P )| < Cslf Vi I

H.\ N—-rg—2
S 014H0 (5_/1> ’ (N — Ty — 2)'5,

do (Ckl —m, 1+ 1) el'y.
o [ut-m=am=map £ < O [OL(GR 100 )] < Cuol £, Vil
H N—T0—2
<Ort(%) (N =r—2)r,
do(ay —m—1,p5+1)€y.
3. Néu2k+3 <oy <4k+4val<m < a, dé dénh gid A(u,v) ching ta
danh gia:
o[t MO TN f| < C1s]0,0 IO f| < Chol f, Vi |
H N*T072
S ClgHo (6_/1> (N —To — 2)!5,
do(ay —m—1,5+2) €l'y.
o[utTMOPHTMONHLF| < Coolu0, (07 O )] < Conl f, Vi v
H N*T’072
< Co1Hy (5—,1) (N —1rg—2)1°,
do (ay —m —1,0) € I'y.
o[utMTIONTIMONHLF| < Cop| O O] < Cosl f, Vi |
H N—T0—2
< Cq3H, (5—,1) (N =1 —2)%,
do (g —m—1,5+1)ely.
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4. Néu 2k +3 < a; <4k+4mam=1,a; —m > 4, d€ danh gid A(u,v)

ching ta ddnh gia:

o|uPt 1O IOI | < Conl0R(0 2072 F)| < Cosl £, Vil v
H.\ N—ry—2
<OuHo(5H) (N =r—2)r,
do(a; —3,81+2)elyvaag —3>1,8+2>1

o [uf 10500 f(u, )| < Cog [05(0 72001 f)| < Cor [ £, Vi

N
< CyrHy <%>N_TO_2(N —ro—2)1%,
doay —2>1,00+1>1va(ag —2,6+1)€ly.
o [uF 200195 f(u, v)| < Cog |02(02-30042 )| < Cng | £, V|
< CyH, (%)N_TO_Q(N — 1 —2)¥%,

dOCK1—3Z1,61+221Vé(041—3,61+2)GFN.

Vi vay trén V.. (7, ) ta cé

H N*T’Q*?
| A, v))| < CyH (—1) (N —rg—2)1°.

/
VJN(x,y) ($>y) 5

IIL. Trudong hop oy > 4k + 5. Trong trudng hop nay dé danh gid A(u,v)

ching ta danh gia:
o}u%_mafjl_mﬁglﬁf(% U)} < 030‘85 (831—711—23514-2]0(“7 U>)‘

< Cs1|f, Vi

N Y

doay —m—2> 1,ﬁ1—|—221Vﬁ(O&1—m—2,61+2) e l'ni1im-
o}uk_m_lﬁgl_m(‘?gl“f(u, v)’ < O3 ’(95 (831_m_28fl+1f(u, v)) ’

§033‘f7V(5/T

N7

doozl—m—ZZ1,ﬁ1+1Z1V21(0z1—m—2,ﬁ1+1)EFN+1_m.
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.}ukfmagﬁlfm@gﬁlf(u’ U)‘ < 034’55 (agﬁm—lagﬁlf(u, 1))) ’

§C35‘f7V5/T

N

dooy—m—1>1,8+1>1va(a;—m—1,8+1) € Tyrim.

Vi vay
H]. N—T0—2 s
\A(u, ”U)‘ S 036H0 (?) (N —To — 2)' .
Tir tat ca cac truong hop I, 11, III ta c6
Hl N—’I”Q—Q s
Mwmﬂggﬂd?) (N — g — 1)I°.

Tiép theo ta xét

0 0
B(u,v) = —85‘1(95%(%1}, ,8—£,uka—£>.
Theo Ménh dé 1.3.1 va gia thiét quy nap thi
T Hl N—?“()—]. s
Buo)| <C( £V [y, +Ho(5)  (V=ro=1))°).
Toém lai, chiing ta duoc
Hl N—’I“()—l s
’Il‘§0<}f,%TN+1+H0<?) (N—?“()—l)!>
X / [(ajkﬂ - uk+1)2 + (k+1)*(y — 1})2]  dudv.
VUN(J:,y) (x,y)
Bay gio ta danh gid
I) = / [(ka — ukH)z + (k4 1)*(y — U)ﬂ ? dudv.

VUN(z,y)(x7y)

Ta co

I < / [C’(w — )P (B4 1) (y — 0)2} %dudv.

VaN(x,y) (x,y)
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1 1 1 1
| u— 1z =rFTcosk @, U = X + rF cosk @,
bat hay

v — 1y = rsiny, v =19+ rsinp.
1
Ta c6 Jacobian J =~ costH
a c¢6 Jacobian J = cos :
k1 v

V6i (u,v) € Vyy oy (z,y) thi p((u,v), (z,y)) < on(z,y)nénr < on(z,y).

Do d6 ta co

UN(fy

17| < C’/ / rlrE cosp drde
- 0
+oo on(.y)

7R+ ) dtdr.
1 + t2 1+ t2
—00 0

Tich phan nay c6 ky di tai » = 0, t = £1, va khi ¢ — +o00, nhung van hoi

tu va ta co

[ < ng@O'kJrl T,y < CT%H
1

Do doé

Hl N—’r‘o—l 1
st H0< S ) (N — 7o — 1)!S>Tk+1. (1.52)

B. Danh gi4 tich phan /5 trong (1.51).

1] < 037(

f:Vy

I3 = / 02107 f (u, V)~ aﬂBQ(EkC<.CE y,u,v),a,bk, c)ds
Sor () (2:9)
- / 001 0% f (u, v)(vy — ibukug)vaaﬁ)ngz:g(x, Y, u,v)ds.
Son (@) (T5Y)

bat I3 trén Fy U F3 1a I3, véi Fy, F3 1a hai canh cla hinh vuong, cdc canh
nay song song v6i Ox. Trén E; va E3 thi 11 = 0,5 = 1 nén chiing ta c6
I = / 910% f (u, v)(—ibuk))?gEZﬁ(x, Y, u, v)du.
E\UE;

1. Ta xét trudng hop 1: |2| < (20x(z,y)) 5.
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Khi d6 trén S, () (2, y) theo Bo dé 1.3.2 ta c6
v 1a,b C
[ O KB )| €~ VlaBy) € 2

k+1 (1, y)
Mt khéc

(0500 f (u, 0)| = (01,0570 f(u, 0))] < Cas |£. Vi ]
do (a1 —1,581) € T'y.

Vi vay
0 3 1 kN> ab C(38 ‘f’ VZST N gk
1= | [ ook s, v)(—id) o Eplau| < = [~ ibutdul
E\UEs oy (z,y) £
O |V |y w1 Css|f Vi [y 1 (ub Tt — bt
— k42 - k+2 1 .
k+1($ y) k41 u k+1($ y) E+1

Nhung (ui,v1) va (ug,ve) (VOi u; < wup) la hai dinh thudc canh E; cla

hinh vu6ng, nén chiing ta c6

p(<u1>vl)7 (xay)) — O_N(xay) va p((UQ,UQ), (l‘,y)) — UN(xay)a

hay o — T = oz, y) va ub Tt — 2P = oy (z, ).
Vi vy uy ™t — i = o (x,y),
Tur do ta co
C ,V,T Css | f, VE
1y < SV ) - CeID Vi Ly
k+1 (l‘ y) k+1 (l’ y) O’N(IL',y)

do opn(x,y) < 1.

St dung gia thiét qui nap ching ta cé

Hi\ N—-rg—2
<HO(5/1> TN — g — 21,

Hi\ N-ro—1
nén ‘Ig‘ < 039 (5/1) o (N—?“() — 1)'8
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Xét I3 trén Fy U Ey, goi tich phan nay 1a I3, ta c6

~ C , T
|I§|:’ / 631851f(u,v)X2Eg:g(x,y,u,v)dv‘§ 4Ok+2 /dv‘.

E,UE, oy (, y) E,UE,

Goi (uq,v1) va (ug,vq) (V6i v; < ) 12 hai dinh thudc E5 cua hinh vuong thi

041 |f7 VZST

k+2
k+1 (

15| < e

—Ul‘.
)

Nhung do p((u1,v1), (2.9)) = on(z,y) va p((uz,v2), (2.9)) = on(z,y),
nén (k+1)(y —v1) = on(x,y) va (k+1)(ve —y) = on(z,y).

QO-N(xay)
Tu do ta c6 -V = ——
otacCo vy (% L1 ,
- x20n(z,y) _ CelfVy
Vi vay ’[3’ S k42 k+1 S o (.’17 )N
“1(;13 y) N\T,Y

Cuoi cung ta c6

HN?“()l
Bl< o (5@ = -y

2. Truong hop 2.
Khi || > (205(z,y))* thi theo BS dé 1.3.3 trén S, (., (2, y) ching ta c6

V(a, B,7) € E

2

‘Wﬁa,ﬁ)?zEZ:g(x,y,u, v)} _ C
N O-N(xu y)

uk
Vi vay

00 f(1,0), 00 s Ko B, ,10,0)

’yaa,ﬁ)?QEZ:S(xu Y, u, U) ‘

uk

= [Wh o907 f (u,v))

C
<

(crN(x,y)) X ‘ukﬁi(ﬁglafl_lf(u,v))‘.

2
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Tu do ta suy ra

VT
|I3| < Cy 11 Ve I X ‘ (14 —iukyg)ds‘.
UN(xvy)
SUN(xy)(xy)
Nhung ta c6
C
‘ / (14 —iukl/g)ds‘ = ’ / dv‘ < —
O-N(xuy)
EyUE, EyUE,
va
-k k C
‘ / (1 —iu I/Q)dS‘ < C” / u du‘ < —
O-N(xuy)
E\UE; E\UE;

nén ta thu duogc

H N— ro— 1
13| < Cys— (5,1) (N —ro—1)".

Ching ta can so sdnh 71 va 5—/1, vi thé ta dung bo dé sau:

2 X 1 N S ~ 2
Bo de 1.3.4 Cho § >0, o' =0(1 — N) Khi do ton tai hang so C dé

@) ey

Chitng minh. That vay, bién ddi tuong duong bat dang thiic can chitng minh,

ta co
(é)le <C& (—5 )le <C
’ (1)
(1 + LN) e (1 + LN) - (1 + LNYOH <C.

Do d6, ta chon duoc hing s6 C théa man bat dang thic trén véi moi N.
Cu thé hon 1a chon C > e.
Vi vay dp dung B6 dé 1.3.4 ta ¢6

H,

N—rp—1
: ) (N — 1o — 1)L, (1.53)

T3] < Cp2 (



65

Bay gi¢ chung ta danh gia tich phan /; trong (1.51):
DPau tién chiing ta danh gia tich phan duong theo hai canh F, va F,. Ta dat

B = | [ 0us By ) B 03207 . )]
EsUE,
Viétlai B (0292 f, k,c,a,b) = OB, (02100 f (u,v)), ta c6

I3 < ’ / aﬁE (x,y,u, v))él(ﬁﬁlﬁfl_lf,a, b, c, k)dv‘—k

EsUE,

= K1 + KQ.

+‘vaa,ﬁEZ’g($» Y, u, U)§1(531851_1f, a,b,c, k)
7 OFE5UOE,

Xét tich phan K1, ta danh gid O} (,0asEpo(2,y,u,v)) trén Sy ()(7,y)
giong nhu ddnh gid ’vaa,BX2EZ:z(xa Y, U, v)‘ .

Tiép theo ta xét ‘El((‘?ﬁl@fl_lf, a,b,c, k)’ Trén F> U Ey thi 15 = 0 nén
ching ta c6

’El(ﬁglﬁfllf, k.c.a, b)‘ _ ‘(aa 4 @bukaa ) (80‘16ﬁ1 f(u, U))’

L0077 f (. 0)) + b DL (000 f(u,v))|

Ha\ N—rg—2
S 046H0 (6—/0> ’ (N — Ty — 2)'5,

do (041751 — 1) e I'y.
Vi vay danh gid K ciing giong danh gid Fi, va ta c6

KlZ’ / 0L (0 s Efr(x, y,u,v)) B1(05 00 £, a,b, ¢, k)dv
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Tié€p dén xét tich phan K, ta cé

| < [‘xk—i—l —uk+1|2+(/€+1)2\y—1}]2}_

< v+ oxten)] = s

N

b
haa,ﬂEZ,c(x’ Y, u, v) ‘8E2U3E4

va

By(0205 £, a,b,c, k:)’ | < 048H0<%)N_T0_2(N — 1y — 2)I5.

O0E,U0E,

Vay

Ky = ‘Vﬁa,gEgjg(a:,y,u,v)él (031851_1f(u,v),a,b, k,c))

OE,UOE,
Hy  Hy\N-ro—1 )
< C49—<7> (N — Ty — 1)' )
cho nén ta co
Hi\ N-ro—1
19 < Cyp =2 (5}) "N~ — 1) (1.54)

Bay gio ching ta danh gia tich phan duong trén canh £ va Es.
bat I = / +0a 5Ekc(x y,u, v) By (0207 f,a,b, ¢, k)du.
FiUE;s

/ ailt(WaaaﬂEZ:g(xv Y, u, U))
E1UE;
x (iau*01 00 f(u, v) + abu** 0P~ 105 f(u,v)) du

+ / vaa,ﬁEZ:i)(xayaU;U)
FE{UE3

x ((iaku® 4+ icut 102100 f(u, v) + 2abku® 1057190+ f (u,v)) du

— (VﬁagEZ”S(x, Y, u, v)iaut 0410 f(u, v)+abu?* 05190 f (u, v)) )

Ta co

OF,UOEs

o}ukafjlaflf(u,v)‘ < Cx; ’f, V5,T N

= [ual (007 fu,0) |

FE1UE; EWUE;S
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do (Q’l;ﬁl — ].) el'y.

o[ 05 O f (u, )|

S CSQ‘Hka; (831_1351f(u,v))‘ S 053 |f7 V;Sj’ﬂ N

FE1UE;
do (a1 —1,6) € I'y.
o[ 1O ON f(u,v)| < Cs |04 (09100 f(u,0)) ]

o[t LN TION T f(u,v)| < Csy [u*0, (95710 f(u, )| < Css | f, Vi |

do (041 — 1,51) e'y.
Do d6:

H N-— To— 1
1Y < Oy =22 (51) (N — g — 1)I%. (1.55)

Tir (1.54) va (1.55) ching ta c6

H N— ro— 1
1| < Coo=2 ( 51) (N —rp— 1) (1.56)

Vay tu (1.51), (1.52), (1.53), (1.56) ta co

max N 80‘1861f x,y
(2.5)eVT ’7 e, ( )‘

1 Hi\ N-ro—1 . 1
< Ce1 (T’@’“\f, V(ST‘N—i—l‘l‘Ho(Tl) ((N—ro—l)!)S(Tlm+F))_

1

Chiing ta hoan thanh ching minh Ménh dé 1.3.2. H

Ménh dé 1.3.3 Gid sit rdang, (o, 8,7) € =i. Khi dé ton tai mot hdang so Cq3

sao cho

+

max |78a,58§7+1f(x,y)’ < O3 [Tkil ‘f7 V(gﬂNH

(z,y)€V5
H,
()
+ Hy 5

Chitng minh. Lay dao ham hai v&€ ham hai v€ cia phuong trinh (1):

s

N*T‘()*].

((N—=rg—1))* <T + Hi> ]

1

Vi (e,y) = Gilf(ay) + v (2. £ 5 (1)
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(N + 1) lan theo bién y chiing ta c6

f kaf):()_

RIGE wy) + B (o £ 5

Tur d6 ching ta viét duogc

Gt (B () = =08 0y £ G 5 ) o= Blay)

Goi Vigy (2, (7, y) 12 hinh vuong tam (z,y) canh 8oy (x,y), ta c6

V;LUN(ac,y)(xvy> - Vg"’;

Ap dung cong thiic (1.10) ta duoc:

0y T f(z,y) = / Epl(z,y, u,v) B(u, v)dudy
Vion () (@.9)
— / Eg?(x, Y, U, v)él (inﬂf(u, v),a,b,c k)ds
Sio () (@Y)
- / O f(u,v) Ba (B, a,b, ¢, k)ds.
Sty (2y) (@)

Lay dao ham .0, g:

200,500 T f (2, y) = / +Oa 5Eg’i)(x, Y, u, v)B(u,v)dudv
Vio n (z.) (T3)
/ +Oa BEkc x,y,u,v)B 1(01])V+1f(u,v),a,b, c, kz)ds
Sao (o) (T:9)
+ / O f(u,v), 8ang(Ekc,a b, ¢, k)ds

S4O'N (z,y) (x,y)

= ]4+]5+I6. (157)

TU Vigy(zy) C VL, tuong tu nhu ddnh gid [;, chiing ta c6:

Hi\ N—ro—1
N+1 +H0< 51) (N =719 — 1)!)s> . (1.58)

|[4’ < CTk+1 (‘f, ‘/;;//
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Bay gio chung ta danh gia I, I trong (1.58).

I Khi |2] < (20y(2,y)) 7.

A. Dau tién ching ta quan tam tGi tich phan duong trén canh Eyva Ey; &
day E> va Ej 1 canh cla Sion(zy) (T, y), cdc canh ndy song song véi Oy.

> (20n(z, y))’%*1

1. Bénh gia Ig:
bat I = ’ / ON T (u, U)Wﬁa’ﬁég (Egg(x,y, u,v),a,b,c, k)dv’.
EyUE,
Ta nhd 1a khi |u| > (20y/(z, y)) theo B6 dé 1.3.3, thi

780%5552EZ:£($7 Yy, u, U) O

< ——.
uk EQUE4 0-12\[ (SC? y)
Vi vay
‘8§+1f(x,y)78a75§2(Ek£(:c y,u,v),a,b,c, k:)‘ o
EsUE,
C63 | kn (AN Ces T
L I TR P I
~ o3(x, y)’u (0 f (w,0) BUE, — o3 (z,y) / N

do (0,1,k) € 2, va (0,N) € T'y.

Cho nén

H H N—To—l
< Coy 7 ((;) (N =71 — 1)1)*,

2. Chung ta ti€p tuc danh gia tich phan 5 trén E> U Ej.
Dit
I = / On 5Ekc(x y,u,v)B 1(81]]V+1f(u,v),a,b, c, k)dv,
EQUE4

trong do
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By (0N f(u,v),a,b,¢,k) = O3By (Y f(u,v),a,b, . k).
Vi vay
11Y| < / 0, (VaaﬁEZ:g(a:,y,u,v))él (%Vf(u,v),a,b, ¢, k)dv
EQUE4

+ ’y@a,BEZ:S(x, Y, u, U)El (all}\ff(u’ U)) a, b) Cy k) ‘

OE,UDE,
= K3+ K.

Do trén Es va Ey, véc to phap tuyén don vi ngoai 7 = (vy,15) ¢6 1y = 1,

vy = 0, nén chung ta co

Iy = / 0} (100 B,y 0, 0) ) B (O f(u,0). .. K)o

EyUE,
) )
— 1 a,b . k_ N
= / 9, (vaa,ﬂEk,c(%%U,U)) [<8u wbu (%)a” (u,v)] dv|.
EyUEy
Nhung
o1 (Wﬁa,ﬁEg;i’(x, Y., v)) ) < —kfm (do B8 dé 1.3.1),

5E2U8E4 ok (gj, y)

va
O o k0NN 0 n 89 on
~ < | il
(5, — b ) Flu, )| < | 0 f(w,0)| + [ 5 O )
HO N To 2
< C?l‘f, Vil <Cn (7) (N =1 —2)1)7,
do (0, N) € Ty
Vi vay
H H N—To—l
K3 < Cr3 F? <5—,1> (N —ro— 1)1, (1.59)

Tiép theo xét:

Ky = |10 By (a,y,u,0) By (0 f(u,v),a,b, ¢, k) ‘

OE,UOE,
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Chung ta co

~ 0 0
B, (oY be, k)| = |( = — ibu” N
’ 1(311 f(u,v),a, ) G, )’ ‘(au Zua )a f(u U)’aEQUaE4
0 0
< U@—aﬁ(u,v)( ( w0 )” < (1.60)
u OF,UOE,
do (0,N) € T'y.
Mat khéc ta c6
a,b C
: < 1.61
‘VaaﬁEk,c(xuyuuav)‘ = O'N(x,y) ( 6 )
Do d6 tir (1.60) va (1.61) ching ta c6
N—To—l
< Cr — o <I§,1> (N —ro—1))*. (1.62)
Vi vay trén EQ U E4:
H N To 1
\]5\ Crr — ( 5/1) (N —rg—1)H)*. (1.63)

B. Bay gio ta quan tam té6i tich phan duong trén E, U Eg, 6 day E; va Eg
la ky hiéu cdc canh clia hinh vuong Sy, (2.4 (2, ) - cdc canh song song v6i
Ox; trén El, Eg, véc to phap tuyén v = (v4,15) co vy = 0,15 = 1.

1. Trude hét ching ta ddnh gid I trén B, U Ex.

bat I = / QJJVHf(u,U) 8ang(Ekc(:E Y, u,v),a,b,c, k;)du.
E\UE;
Theo B8 dé 1.3.2, khi |z| < (20 (x,y))* thi:

< — L ‘u‘ } E
~ k42
E1UE3 O.]]\Cf-i-l (I‘,y) E1UE3

‘7 aﬂXQE (a b, c, k)‘

< C790k+1 (z, ).

Vi vay
H H1 N_TO_].
]6 SCgl ( 0) <5”> ((N—To—l)!)s.



72

2. Bay gio ta danh gid I5, dé€ danh gid tich phan 5 trén EiUE;s, ta cling chu
y rang véc to phdp tuyén don vi 7 = (v, 15) ¢6 v; = 0,15 = 1. Tir d6 ching

ta co:

. / OB (0 f (1, v), b, e k)du

F\UFE;
— / vaaﬁEgﬁ (—muka;a{ﬂ“f — abu® N T2 f 4 icuk_lafjvﬂf) du.
F\UE;
Xét
Geb (DN f) = 20N f — abu™ 0N f — i(a + by Ao (u, v)
—i(kb — ) AN f(u, v).
Do dé

—abu N2 = 1+ 9N (u,v, f, Z_{u uk%) — 320N f+ i(a+b)utolaN 1

+ (kb — c)utoN T £,

Vay chung ta c6

|I§|§| / 7(904,5EZ”§(3:,y,u,v)(‘)fj\f@b(u,v, ,%,uk%>du
F\UE;
+ / 7&yﬁEZ”i’(y[;,;y,u,v)@i@f}f (u,v)du
EUE;
+ /780[75Egjg(a:,y,u,v)ib@i(ukaévﬂf(u,v))du. (1.64)
E\UE;

LAy tich phan timg phan tich phan thit ba trong (1.64) ta cé
’ / Vaa,gEZ:g(x, y, u, v)ib0y (uFON T f (u, v))du‘
E UFE;
<| [ 0O (B 0) 020 . v)

E UE;,
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a,b kAl aN
+ }»yaa,ﬂEk,c (379 Y, u, U)’LL 8118@ (u’ U) ‘ ‘Bﬁluags

082|f V;;Z”N H1\N-ro—1 s
< 2L I IN o ( ) N—ro— 1))’
N O'N(SU, y) 3 0" (( a ) )

Tiép theo, ta danh gia tich phan dau tién trong (1.64). Do gia thiét quy nap

va theo Ménh dé 1.3.1 chiing ta ¢6
of ubo
0w (v, . 2L 00

o’ v
v6i (0, N) € I'y.
Mat khéc ta c6

H1
577

) o -2y

< 084H0(

Csgs
+0a du| < —8 —
[ usrti o] 25—
E1UE3
Cse T
S —O_kJrl x,y .
O-N(xvy> N ( )

Vi vay

of .0 .
‘ / (%Vw (U,U, ) 8_?]:7uk8_£) yﬁa,ﬁEk:S(x,y,u,v)du

ElUE;),
H H N—T()—].
<090< 0) (5,}> (N = 7o = 1)1)".

Bay gid ching ta ddnh gid tich phan thit hai trong (1.64). Ta c6

/ D4R (1, )), D s B .y, . v)c

E\UE;

= / 313 fal aﬂEZ:g(Iay7u7fU)>du

E1UE3

+ 400 s E" k(x Y, u, v)OLONf (u, v)

OF1UOES
[ 0050k )00 (0,00
ElUﬁg

+ ‘vaa,BEZ}?(xa Yy, u, U)azltazj)vf(u7 U)’

IA

9

OFE,UDE;
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trong do
1
Ou s By (@, y, 1, 0) 00 [ (u,0)] | < Cu|£.VEl, (_>
e OE,UDE; ‘ ’ O'N(ZL',y)
H H N—To—l )
092 0 (5”1> (N —rog—1)1H7",
’ / 5a58iEf£ (x y,u,v)@i@lj)\] (u,fu)du‘
FyUE;
1 H H N—r¢—1 .
< Gl o8 (00) < o (5 (V-r- 1
oy (2, y)
Nhu vay

H H N—’r‘o—l .
Bl (5 @-r-ny.

IL. Khi |z| > (2 0_;\7(1:,3/))’ch

Trén hinh vuong V., (z,y) ching ta ¢6 |u| > (on(z,y))™". Khi
d6, dé danh gia 0Nt f(u,v) ching ta lai dung biéu dién tich phan trén
SUN(x,y) (xa y)

ON T f (2, ) / +Oa ﬂEkc(l’ Y, u,v)B(u,v)dudv

Von (@)

/ vﬁa,ﬁEZ,’i’(x, Y, U,U)El(@]]\fﬂf(uw), a,b,c, k)ds
on (@,y)

+ / OV f(u,v), 8ang(Ekc(x Y, u,v),a,b, c k)ds
S

S

on (=)

=L+ 1+ 15

Danh gia I7 giéng nhu dédnh gid tich phan I; trong Ménh dé 1.3.2:

H ro—1
Uﬂgaﬂﬁ(UngH+%(g) «N—m—nw)
Ddnh gid I? giong nhu danh gid I3 voi trudng hop 2 va chiing ta cling ¢4
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H N—To—l
12| < 096H0(71) (N — 1o — 1)),
Dénh gid I? gi6ng nhu danh gid I, va ching ta ciing c6
H N—To—l
12| < 097H0(71) (N =g — 1)1)°.

Cudi cung ching ta két luan, ton tai mot hang s6 Cy7 sao cho

_|_

max_|,0a50; " f(2,y)] < Coz [T oV Ly

(zy)eVy"

+ HO(%>N_TO_1((N —ry — 1)!)S<Tkil n Hi>] |

1

Nhu vay chiing ta hoan thanh ching minh Ménh dé 1.3.3.

Ménh dé 1.3.4 Gid si rang, (o, 3,7) € Zi. Khi dé ton tai mot hang s6 Cog

sao cho
(xl:;l)%}‘zT Vaa,ﬁaiv_ro—i-lf(%y)‘ < Clog [T’H‘l ‘f, V;;T Nl +
H{\ N-ro—1 1 |
)

Chitng minh. Lay dao ham hai vé& cta phuong trinh (1) (N — 9 + 1) lan

theo bién x, ta nhan dugc
Guroy " f(x,y) — A(w,y) — Bla,y) =0,

trong do

Az, y) =
min{N—ro+1,2k}
N — 1
=ab Y ( ot >2k (2 — m 4 1)k ot lmmg2 ¢
m=1

m

min{N—ro+1,k} N — o1
+i(a+b) Y ( : >k (k= m+ 1)zkmaN—rot2mmpl ¢

m
m=1

min{ N—rg+1,k—1}

+i(kb—c) > (N —Tot 1) k- (k—m)ghm-lgN-rotl=mal ¢

m
m=1
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va B(x,y) = —8{VT°+1¢< Y, g , X g)
dy
Khi d6, 4p dung cong thic (1.10) ta co:
o @) = [ Beu0)GLoY T (u v)dudy
VUN(x,y)(:an)
— / Egg(x, Y, u, v)él(ﬁiv_m“f(u, v),a,b,c k)ds
SaN(m,y)(xay)
+ / ON=rHL f (4, U)EQ(EZ?(ZL’, Y, u,v)a, b, c, k)ds.
SJN(z,y)(xay)

Lay dao ham .0, s hai v€ clia dang thic trén, dong thoi thay

GUPON=T f(y, v) = A(u,v) + Blu,v)

k,c”u

ching ta c6

00 508 T (1) / +Oa BEkc(x Y, u,v) (A(u, v)+B(u,v))dudv
VaN(x y)(gj y)
o / ’YaoéﬂEZ:g(xvy)“?”)él(aiv_ro—’_lf(u:v)va7b7 C, ]{)dS
SoN(x,y)(xvy)
+ / Nt £ (u, v), 00 gBQ(E "(x,y,u,v)a,b,c, k)ds
ScrN(x,y)(xvy)
= I7 + Ig + Iy.

Xét tich phan I7:

I; = / WﬁaﬁEg:g(az, y, u,v) (A(u,v) + B(u,v))dudv,
Vo @) (%:9)
A(u,v) + B(u,v) dugc danh gia twong tu trong Ménh d¢ 1.3.2, nén chiing
thu dugc ngay két qua

H\ N-ro—1
N+1 +H0< 51) (N —7ro— 1)!)8>. (1.65)

’]7‘ < OgngH < |f, ‘/5/
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Tié€p theo ching ta xét dén tich phan Iy

Iy = / ON Tt f(y, v),, (9ang(Ekc(x y,u,v)a, b, c, k)ds.
Son (@) (T,Y)
Chd y rang, ching ta chi ¢ (N —ry,0) € I'y ma chuacé (N —rqg+m,0) €
'y v61im > 1.

Vi vay ta viét

0N T f (wy0)] = (005 ()| < [ £V |

Cho nén ta co

|Io] < ‘ / Nt £ (u, v), 00 5BQ(EkC(x y,u,v)a, b, c, k)ds
SUN(zy)(x y)

Hy rH,

s

N—rog—1
< G () (N =19 — 1)1, (1.66)

Bay gi¢ danh gia Is:

| Is| z‘ / 0o s By (@, y, u,v) Br(OY 0 f(u,v), a,b, ¢, k)ds

Son (@) (£:Y)

/ 'yaa,ﬁEZ:i)(x7 Y, u, U) X

SUN(w,y)(zﬂJ)

X [(Vl—iauku2) (O =ibu™ ALY (ON T f (w, v )+ dcuM AN T (u, v)} ds|.

A. Trudc hét chiing ta xét I3 trén Ey U Ey, tich phan nay ky hiéu 1a IJ. Nhu
da néi & phan trude, véc to phdp tuyén don vi trén Ey U Ey la 7 = (v, 1)
co V= 1,7/2 = 0.

Khi do

I = / +0a 5Ekc(x y,u,v) (0 — ibuFoM) (9N ot £)ds.

E2 UE4
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Nhung
(0 — ibu* D) 0,00 "0 f = GRuoy " f + (iau 9oy o f
+ abu%ﬁiﬁfyﬂ’o@if + i(kb— c)ukflﬁiﬁff”of
va

GLoN= f(u,v) =

min{N—rg,2k}

N —
=ab Y ( m“)%...(zk—mﬂ) uZmeN =TT a2 £ (4, v)
m=1
min{N—rg,k}
. N —rg k—m AN—ro+1—m ol
+ila+b) ) 0 (k= m e DU, f (u, )
m=1

min{ N —rg,k—1}

+i(kb—c) Z (N_TO) k...(k —m)ufmtgN Trotmmal £y 4)

m

_ of ,0f

. N To —J k_ —
au 770(7’67 U? f) au7 u a/U) 07

m=1

nén ta co

. _ _ of ,of
1 kalyal QN —rg — _AN-1o A
(0, — ibu”0,)0,0, " f(u,v) 0., w(u,v,f, 8u’u (%)

min{N—rq,2k}

N —
+ab Z < . TO) 2k...(2k —m 4+ 1)u** "N T T2 f (u, v)
m=1

min{N—r¢,k}

+i(a+ b) Z (N;L TO) k...(k —m + DurmoN=rot=mal £, )
m=1

min{ N —rg,k—1} N_r
+i(kb — c) Z < 0) k...(k — m)uf N rotmmal £y )

m
m=1

+iaufQLON oL 1 abu*0LON QL f + i(kb — c)uFtLON o f

0 0
= (. £, 9L ) 4 Dy

+ O (iau*ON T f + abu*9LoN 0 f).
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Tir d6 ching ta viét lai I3

0
/ 8045Ek‘c(x Y, u, v)ﬁN ro¢< U, 7f _f kai) v
EsUE,
+ / 7(9OW3E,C;7’ZCJ(sc,y,u,v)D(u,U)dfu

EsUE,

+ / 7(‘904,[#?,0;’?(%y,u,1})85(z'au’lﬁ”ﬁév_TOHf + abu® 00N "0 f (u,v))dv
EsUE,
= [10 + [11 + 112 .

. L Hl N—'I’()—2
Tir gia thi€t quy nap ta c6 T|N < Hy (T) (N —rg—2))% va
(N —70,0) € I'y. Ap dung Ménh dé 1.3.2 ta nhan duoc

aL]LV—row( " ,f, f gf)

Vi vay lam tuong tu nhu tich phan /; ta thu duoc

< HyHY 7Y (N = rg — 1)),

| I10] < Cyoy TF <

f.Vy

Hl N— ro— 1 s
war + Ho(5) ((N—ro—l)!)>.
Bay gio ching ta ti€p tuc xét tich phan /;;. Do N > 6k +4 nén (N — rg —
m,1) ey, (N—rg+1—m,1) €'y, (N —1,0) € I'y. Do vay ta co:
‘u%—maf—ro—maﬁf(u, U)‘ < C’log‘ukalﬁN_To_m(‘?lf(u, v))

H N-— To— 2
< C1O3H0< 51> (N —=ro—2)1)%,

‘uk_m({?iv_mﬂ_m@;f(u, V) ‘ < 0104‘uk818N_r0+1_mf(u, v) ’

T o -2

< C1O5H0< 5

‘ukrrLlai\froJrlmaif(u’ v) ‘ < 0106‘uk81@N7”0+1mf(u, v) ‘

Hl)N W o2y

< C1O7Ho( 5
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uFLON ! £ (u, v)) < Clog‘uk(?l@Nrof(u v)‘

H N— To— 2
< ClogH()( 51> ((N—?“Q — 2)')8

Vay N
a5 ey

Tiép theo ta xét dén tich phan [15, a4p dung tich phan tirng phan chiing ta c6

1111 < Cho

112 =

:‘ /WﬁaﬁEZ:g(:c,y,u,v)@i(iauk@i\[—”’“f(u,v)+abu2k556iv_rf7"(u,v))dv

EsUE,

< / o} (78%5EZ£($, Y, u, v)) (iau"dN =0 f 1+ abu 90N "0 f)dw

EsUE,

+ ‘vaa,ﬁEZﬁ (z,y, u, v)OL (iau" 0N~ f + abukoloN "0 f)‘

0FE5UOE,
H N— ro— 1 s
<t (5/1) (N — 1y — 1)1,
Tu do ta co
H N ro— ].
19 < cm—(ﬁ) (N =71y — 1)), (1.67)

B. Danh gid Is trén E; va Ej, tich phan nay dugc ky hiéu 1a I2.

Trén Eq va E5taluon c6 v = 1,5 = 0. Vi vay

Iy = / waa,ﬂEZ,’fﬁ(x, Y, u,0)0, (@?LTOHf — ibukaiafy_’"of)du
E\UE;
[ Ous B g o)ivka 010w, v)du

E1UE;S
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Tu d6 ta co

5] < / 100,50V B (. y, w, 0) (0T (u, 0)=ibuF D0 f (u, v)) du

E,UE;

+ v8a75E,‘§7’i)(:z:, Y, U, V) (Gg_TOHf(u, v) — ibu"O N o (u, v))‘

OB, UDE;
+ / 780[’58116EZ£(:19,y,u,v)uk_l(‘?;(‘)iv_”’f(u,v)du .
FEUE3
Do
‘81ivir0+1f‘ - ‘8581];\77700][.’ S C1112 f7 V;ST N
va
| 0,0, f| < Cus | £, Vit |
cho nén chiing ta ciing c6
Ho s Hi\ N—ro—1
LI <O (5) (V== 1" (1.68)
H{\9
Vay
Ho s Hi\ N—ro—1
IIs| < 0115_0<_,1> (N — 1o — 1)), (1.69)
H,\)

Tur (1.65), (1.66), (1.69) ta c6

mas ‘780<>56{V_r0+1f($ay)} < Clis [T’“}fl f Vs N1 T
(zy)eVs"
Hi\N-ro—1 1 ]
H, <_> N—rog—1D)(TF1 4+ — ) |.
+Ho 5 (( To ) ) ( g Hl) ]

Nhu vay chiing ta hoan thanh ching minh Ménh dé 1.3.4.

Ménh deé 1.3.5 Gid su (Oél, Bl) € FN—H\FNa ap > 1, 51 > 1. Khi do ton tai

mot hang so Ch17 sao cho

mas (07207 (0,)] < Cu |77 |1V,

(z,y)eVy"

+HO(%)N_T°_1((N g — 1)!)S(Tki1+ Hil)] |
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Chung minh. Xét phuong trinh

of 0
GZ:if(l‘,y) + ¢(x,y, i 8_£7xk8_§> =

Lay dao ham 07" 2 ' ctia phuong trinh (1) ching ta dugc

f 8f)

005 () = = 00wy, f

min{aq, 2k} oy 2k—m qoi—m of1+2
+ab ZO . 2k...(2k—m—|—1)l’ 81 62 f(x,y)
' min{ay, k} o k—m qa1+1—m qB1+1
tila+h) 3 (m>k.-.(l§—m—|—1)x oI f (g y)

+i(kb—c) >

k=0 m

min{a;, k—1} o k—m—1 qoy—m qf2+1
(k—=1)...(k—m)x o ' (@, y)
=D+ o+ J3+ Jy

Pau tién ching ta xét

PARS of kﬁf)’-

oz By

0005 (.. .

H N—rg—2 s )
Do gia thiét quy nap | f, Vi | <H0( 5 ) i (N—r¢—2)!)" v6i N > 6k+4,
nén ap dung Ménh dé 1.3.1 ching ta cé

oo oo (v 1550045 )|
< Cus |1V {N+1+Ho(g1>N " 1((N—r0—2))8>. (1.70)
of 9f

Chiing ta thay rang, trong 8“186 I@D(x Y, f, L ), dao ham cao nhat

Ay
cua f chicé thé 1 cic so hang x”@f‘l@gl“f(x, Y)s x78f‘1+18261f(x, ) ma cac
s0 hang nay viét dugc thanh D‘:ck(’?% (8?1851]”(% y)) (810‘1(’9251f(x, Y)) ‘
voi (o, B1) € T'vi1, D, E| 1a hiang s6. Vi vay, dp dung cdc Ménh dé 1.3.2,

1.3.3, 1.3.4 chiing ta c6 thé danh gid duoc ‘f, v

‘NH' Trong truong hop
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nay, ta co
of ,.0f
8a1851 (7 f, : k )‘
s ook (e f 5ty
1 H N—To—l 1 1
= T 1 s
SCIIQ TkJrl f, ‘/;S// N+1+HO<T> ((N—To— 1)') (Tk+1 +E>]
(1.71)

Dé danh gia Jy, J3, J4 chiing ta chia 1am hai trudng hop sau day:
1. Trudng hOp I:a; <1y

a) V6i m < a1, ching ta bi€u dién
ka—malal—m8261+2f(x’ y)7 xk—m—lﬁlozl—mgglJrlf(x’ y)’
TN f (),
thanh 20} (9710, f () ), b rON (O O (),
zFmo] (3fl_m8251+1f(:€, Y)).

Tathdy (a1 —m—1,61+2), (q—m—1,51+1), (ar—m, f1+1) € Tyy1.
Do d6, ap dung cac Ménh d¢ 1.3.2, 1.3.3, 1.3.4 chiing ta c6

HO Hl N*T’Ofl s
N+1+E (T) ((N —To— 1)!) :

(1.72)

| TolH J5 [ H Ju| < Crao|TF | £, Vil

b) V6i m = a1, dé dénh gid Jo, J5, J; ching ta phai ddnh gid

A S L) | N /e S (EN]
[ty f (2, ).

Chung ta co:

o[22 mIN O f (2, y) | = | R f ()| < Croa 0300 T (w0, )|
HO Hl N—To—l s

vty (5)  @one]

do (0,81 + 1) € ['y.1 va Meénh dé 1.3.4.

< Cha2 T |fa ng
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o|zh=ma T N f (2, y)| = [ahTmOtO T f (=, y))|
H H N—ryg—1 s
vt (5) @ no]

do (O, b1+ 1) € 'y, va Ménh de 1.3.4.

< Cia3 [T’“il |f7 ng

|t f (e )| = [0 f ()|

HO Hl N—To—l 5
N+1+E <7> (N —r = 1)) ]’

do (0,51 + 1) € 'y,1 va Ménh dé 1.3.4.
Tu do ching ta c6

< Cin [T’Cil £, Vs

| Jo| + | 3] + | J4]

H, H N—-rg—1 .
N1 T ﬁ? (f) (N =r—=1)!) ] . (L73)

2. Trudong hop 2: ay > 2k + 1

< Chzs [T’“il £, Vs

Trong truong hop nay ching ta c6 a; — m > 3.
a) m = 0 : dé danh gid J, J3, J; ching ta phai ddnh gid

}$2k8104182ﬁ1+2f(x7 y) ‘7 |xk—1810¢16251+1f(x’ y) " xkaloz1+132ﬁ1+1f(x’ y) |

Ta co:

o200, f(, )| < Chrag| "B (07205 2 f (2, )
< Cip T ‘8%(6?1_28251+2f($7 y)

do (a1 —2,01+2) ey, an—2>1,08+2>1.

o| 210010y f(a,y)| < Cras|0F(0F 205 f (2, y))]

HO Hl N*?"Ofl 5
< C'129F1 <T> (N =ro—1)1)7,

do(a; —2,8+1)€ln, a0y —2>1,8+1>1.
o|zF AN AN f(x, y)| = |2FO2(0 AN f (2, )|

< 0130T%“‘a12(3?17232ﬁl+2f(% Y))
do (Oél—l,ﬁl—f—].) EFN—l-l, 051_12 1751_{_1 > 1.

Y

Y
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Vay khim = 0 ta c6

T + | o] + |Js| < CranTF 0200100 f (2, )|
+ Chao T [02(00 7200 2 f (2, y))|

HO Hl N*’I’o*l <
+ 0133E (7) (N =ro—1))7,

b) m > 1,y < 4k + 3. Dé danh gia J;, J, J3 chiing ta danh gia:

[ a2 f ()| [t OO f ().
b ool f ().

Ta c6
o[ TINTO  f (w,y)| = [T BR (O TR0, ()

Hl N—To—l s
< Cisyy— | — N —rog—1)!
< 134]{1(5) (( 70 )),

do(ay—m—2p1+2)elyvaa;—m—2>1,06+2>1.

o[t AT f )| = [2F R0 )|

H H N—To—l <
< 0135F(1) (%) ((N — T — 1)!) ;

do(ay—m—=2p1+1)ely)vaa;—m—2>1,6+1>1.

oft TP ON )| = |t OR (07 TN f ()|

HO Hl N—To—l <
< 0136E <T> ((N — 7y — 1)!) ,

dO(Oél—m—laﬁl‘Fl)EFNVﬁOél—m—lzl,ﬁl+121.
c)m > 1,07 <4k + 4. Khi dé

o[ Oy  f ()| = oA T 0y P f ()|
HO Hl N—To—l <
< Cizr— | — N—rog—1!)",
< 137H1(5) (( ro — 1)!)
do (@1—771-2;514‘2) EFN+1_mVEIOq—m—22 1,61+22 1.
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oot O O] (. y)| = [0 0) T ()]

HO Hl N—’I”Q—l s
0138H1 <7> (N —rg—1)!)",

do(ag—m—2,8+1)e€lNy1mVvaay—m—2>1,68+1>1.
m o1 —m 1+1 —-m —m— 1+1
o|xF MOt T O f(w, )| = |F TR (00 T T 0 f(x, y)|

HO Hl N’r‘o 1 s
< 0139H (T) ((N — Ty — 1)') ,
do(ag—m—-1,14+1)€elN1mvaa—m—-1>1,65+1>1.

Tu hai truong hop trén ching nhan ta dugc

| Jo| + | J3] + | Ja] < [0141T’“+1

OO 200 f ()|

+ Cpyo T

H H N— To— 1 5
D2 (00 A0 (2, y)) ]+0143 0 (L (N = —1))°|
H\ 5
(1.74)
Vay tir (1.70), (1.72), (1.73) va (1.74) chiing ta c6
G005 f ()|

max max
(a1, B1)€lN+1\I'N (z,y)€VS

< Oy T max max |0 8”85 iz ‘
S Clag (a1, )T w\Ty (2 g T 1( f( Z/))
1 Hl N—rg—1 s 1 1
+C [Tk“ ‘f, V(;:C N+1+HO (7) ((N_To—l)!) (T’““ + E)] .
<. 3 a1 1 i
Pau tién ching ta chon 7" sao cho Ciy T+T < — hay T' < ( > Khi
2 2C114

do chiing ta duoc

max max 62 @a1851 " ‘
(a1, B1)elN 1\ (2,9)eVT ( f( y))
a1>1, 51>1

1 T H N— To— 1 s 1 1
< 1) oy e+ )]

1
Nhu vay, chiing ta hoan thanh ching minh Ménh dé 1.3.5. Sau day chiing

toi trich ddn mot bo dé so cdp do Friemand trinh bay trong [12].
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B6 dé 1.3.5 Ton tai mot hing s6' E sao cho néu g(z) la mot ham dwong don

diéu giam, dugc dinh nghia trén doan (0, 1], va thod man

1 4 C
< _ .
g(z) < 1029(2(1 n))—'_zn—ro—l’ (n>rg+2,C>0)
E
thi g(z) < ¢

— pn—ro—1°

Bay gid ching ta quay lai chitng minh Pinh 1y 1.3.1. Dinh 1y 1.3.1 duogc

chitng minh néu chiing ta chitng minh duoc

Hi\ N-rg—1 s
IVl (5 (N == 1)),

Nhung ching ta da biét

max
Q, B)EPN+1

o (95 / V(ST + max max
(o, B)El N 11 (w,y)EVST
a>1,6>1

£ Vs

90005 1 (2,0) |

‘N—&—l :(

Panh gid max 3?826 f, Vg‘ duoc trinh bay trong cdc Ménh dé 1.3.2,

(Q,B)EFN_H
1.3.3, 1.3.4; dianh gid max max

(o, B)ELN 11 (w,y)EVST
a>1,6>1

trong Ménh d¢ 1.3.5. T cac ménh dé dé ta co
IV |y

< Cur [T’“il £, Vi

02(0005 f (2. y)) ‘ duge trinh bay

oy Ho (%) NTOl((N—ro—l)!)S<TkL n Hil)] ,

bat g(6) = | £, Vi | .1
xéc dinh trén khoang (0, 1). Chon hinh vuong V7T sao cho

10 rang ¢(§) la mot ham duong, don diéu giam va

Char T ! hay T ! o
k+1 < —— < | —
7 0z (01471012> !

khi d6 chung ta co

001 o (5 e 1o r -y (i i

HoHY "7 (N = ro — 1))(CragTe7 + —
S SO
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Theo Bo dé 1.3.5 thi ¢6 mot hing s6 E sao cho

1 1 1 1
Chon T, Hy sao cho EC4;;T1 < 2 EC’147F < X Chiing ta c6
1

Hi\ N-ro—1 s
Vv () (W =r—=1)"

Nhu vay danh gid dung v61 n = N + 1, nén ciling ding v6i moi n, chung ta
hoan thanh chitng minh Dinh 1y 1.3.1.
Két hop Dinh 1y 1.2.2 va Dinh 1y 1.3.1 chiing ta ¢6 Dinh 1y 1.3.2 sau day:

Pinh i 1.3.2 Gid sit rang, k la so'lé, cdc tham s6 a, b, ¢, k la chdp nhdn duoc
vam > 2k + 3. Khi do:

i) Néu € G°(s > 1) thi moi GY',,.(S2) - nghiém ciia phuong trinh (1)
thuéc G*(Q)); todn tir phi tuyén \Ile; la s- hypoelliptic.

iit) Trong truong hop ddc biét, néu 1 la ham gidi tich thi moi C™(S2)-
nghiém cia phuong trinh (1) ciing la gidi tich trén ), todn tu phi tuyén \Ilzl;
la gidi tich hypoelliptic.



Chuong 2

Bién doi Fourier va tinh chinh qui
Gevrey cua nghiém cua mot 16p phuong
trinh elliptic suy bién phi tuyén cap hai
v6i bac suy bién chan

Trong Chuong 1, chiing toi da trinh bay cac két qua vé tinh tron C*°,
tinh chinh qui Gevrey ctia nghiém cua phuong trinh (1) v6i £ 1a s6 nguyén
duong 1é. Nhung khi £ 1a s6 nguyén duong chan, phuong phap tim nghiém
co ban cua Chuong 1 khong con thich hgp nita, do cong thiic nghiém dudi
dang

k(b—a)—c

ab _(k+1)c(b7a) T k1) (b—a)

khong xéac dinh trong trudng hgp nay. Vi vay trong Chuong 2 nay, ching toi
diing phuong phap bién doi Fourier dé tim nghiém co ban clia toan ti GZZ;
Bing phuong phap nay, ching toi tim duoc nghiém co ban cua toan tir Gzl;
ca khi k chédn va k I€. Vi phuong phép tim nghiém thay d6i nén cac k§ thuat
danh gia nghiém co ban va cac dao ham cua né ciing hoan toan khac. Tuy
nhién, ching t6i van thu dugc toan bo cac két qua vé tinh chinh qui Gevrey

ctia nghiém ctia phuong trinh (1) nhu ¢ trong Chuong 1.

89
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2.1 Nghiém co ban ciia toan tir G
2.1.1 Nghiém co ban cua toan tu GZZ; khi & chan

Ta da c6 nghiém co ban cua toan tir Gzl; khi £ 1a s6 tu nhién 1é. Bay gio
ching ta tim nghiém co ban clia ng khi k£ 1a s6 tu nhién chan, tic la tim

Egﬁ(m,y,u,v) sao cho
GZZZ;EZ:S(I', Y, u, U) - 5(35' —uwYy— U) - 5(33 o U) X 5(y o U)' (21)

, 0
O day ¢ 1a toan ti Dirac. Ky hiéu D, = —ia—, khi d6 phuong trinh (2.1)
Y

duoc viét lai nhu sau:

PEL (x,y,u,v) OB (x,y, u,v)
,C ) J T k k,c y Sy
T+ (a+ bt D, ()

+ abx%DzyEZﬁ(x, y,u,v) — (¢ — kb)xk_lDyEZ:g(x, Y, U, V) (2.2)
=d(r —u,y —v)
=d(z —u) X 0(y —v).

Dé cho gon, ta viét Egg(x, y,u,v) = E(x,y,u,v).

Lay bién déi Fourier theo bién y ca hai vé€ clia phuong trinh (2.2), ta nhan

duoc

~ ~

+ (abx2k£2 + (kb — )" YO E(z, &, u,v) = 6(x — u)e €. (2.3)
Trude hét ta giai phuong trinh

Exx(xa 57 U, U) + <CL + b)xk€EI<$7 57 u, U)
+ (abz®*&® + (kb — c):vk_lﬁ)E’(x,f, u,v) = 0. (2.4)

Ta dat

F(1) = E(z,€&,u,v), T:xﬁk%l, ngﬁr (2.5)
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Phuong trinh (2.4) tr6 thanh
F'(1) + (a+b)T"F'(1) + (ab7* + (kb — )7 ") F(1) = 0. (2.6)
Dé giai phuong trinh (2.6) nay ta xét phuong trinh sau day:

Upy + AxFu, + (meC + C:ck_l)u = 0. 2.7)

k+1

Bang cich dat u = f(p) v6i p = 2" phuong trinh nay c6 dang nhu sau:

(k+1)°pf"(p)+ (k(k + D)+ A(k + 1)p) f'(p)+ (Bp+C) f(p) = 0. (2.8)

Phuong trinh (2.8) thudc loai

(aop + bo)jipj; + (a1p + bl);l—J; + (agp + b2)p = 0, (2.9)
v6ia, = (k+1)%b, =0,a; = A(k+1),by = k(k +1),as = B, by = C.
H. Bateman trong [9] ( trang 250, 252, 258, 278 ) da dua ra cong thic nghiém,
dang diéu tiém can, su doc 1ap va phu thudc tuyén tinh cua cic nghiém cua
phuong trinh (2.9). Chiing ta thdy rang phuong trinh (2.6) c¢6 dang nhu (2.7)

P

VO1

A= (a+V?b), B=ab, C = (kb—c),
D? = A* — 4B = (a +b)* — 4ab = (a — b)*.

o Khi ¢ > 0 ta ldy

ooy - _kAYD) 420 ¢

- C T 2k+ 1D (k+D)(b—a)’
< —(k+1)  (k+1) - b _ kK
M= T MTERD AT D

Theo [9] nghiém cua phuong trinh (2.6) 1a

M7k1 h— k+1
A= T e (i, L),
—(a+b)+(a=b) , ., (b—a)T"t\ & (b—a)rh+t
R R
fa(T)=¢e 1 a; — c1+1, T
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Theo [9] hai nghiém fi(7) va fo(7) 1a doc 1ap tuyén tinh, nén ta c6 hai
nghiém doc 1ap tuyén tinh cua (2.4) la

—bxktle h— k+1
B oo, U5

—bkarlf _ _ k+1

o AT x<(b a)§ (b—a)x §>
k+1 k+1

Ta biéu dién nghiém téng qudt cua phuong trinh (2.4) dudi dang

)kH‘D( 1—C1+1,2—¢4,

—bat*le o (b—a)xkt!
Fi(z,§,) =e k1 {01@(a1,01,( k—|)—1 §>
1
(b—a)é\Fri (- - _ (b—a)atti¢
‘|'CQI'( 1 ) ®<a1—61—|—1,2—61, ] ) .

T(1— &) T - 1)

T —ca+1) > Da)
riéng cua phuong trinh (2.4):

N “bM T (] — ) (b — a)xkTi¢
FE = k+1 dla.c
1(z,8) =e [r(al —a+1) (al’cl’ k+1 )

N(e—1) (b= a)s\7r (b—a)a®*ig
+ NG ( 1 ) CD(a —c+1,2—-q, 1 >]

Chon C) = ching ta thu dugc mot nghiém

Do ta chon (' va (5 nhu vay nén ta cé

N —bahtle h— k+1
Bi(e.§) = ¢ b w (a6, U008

k+1
trong dé ,
ala+1)z
) S I S e/ T
va

o0
(e, B, 2 (1 /e_Ztt“ Yt 4 1),
a
0
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T(@ - 1)

————~, dong thoi dung cong thitc déi
P(Cl — al)

O, 8,2) =e*P(f — a, B, —2)

ta dugc mdt nghiém riéng khic cua phuong trinh (2.4) la

3 —art (] — ) (a — b)axhtiE
—e k1 |—— 2 ®(é —aq.¢
Eo(w,§) =e kbt [F(l—&l) (13(01 ar, €1, k1 )
1
['(e;—1) 7(b— a)§> ] N _ (a—b)aktie
_ @(1 a2, ) |
xr(a-m)( k1 e
va ta cling c6
. —azhtig (a — b)zktle
E ’ = k+l \I](N —a ) C ) )
o(7,§) = e €1 — a1, Lt

Theo H. Bateman ta c6 E(x, ), Fy(z, £) 1a céc nghiém riéng doc 1ap tuyén

tinh ctia (2.3). Hon thé€ nita, dua vao tinh chat cua ham V¥(a, 3, z) ta c6
lim Fy(z,€) =0

r—+00

lim Fs(z,€) = 0.

T——00

e v 1(1;/’;()52()% ¢) néu r > u,
Dat E(:I:,ﬁ,u,v) = < |
e v 1(7“;/"/5()52()% ¢) néu r < u,

trong do
W (u,€) = (E1)o(u, €) Ea(u, €) = (Ba)u(u, &) Er(u, £).
Khi d6 Egg(x, &, u,v) cling thoa man phuong trinh (2.4).
Bay gid ta tinh W (z, €). Do E;(x, &), Ey(z, €) 1a nghiém ctia phuong trinh
By, &, u,0) 4 (a + )2 EE, (x, &, u,v)
+ (abx2k§2 + (kb — c)z" Y E(x, &, u,v) = 0,
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cho nén ching ta c6
Wa(2,€) = —(a + b)z"¢W (z,€).

Giai phuong nay ching ta dugc

(atb)xktie

W(x,&) = e~ WDy ¢) = 7 T W(0,6),  (2.10)

voi
W(07 f) = (El)x(oa €)E~'2(07 5) T (EQ)x(Oa £)E~l1 (07 5)

Chiing ta tinh todn dugc

W(0,€) = (5(6 — “))’“_“A(a, bk, c),

k41
trong do
— 1 — 2
Ala bk, o) = —KHED g (boat2ogm
Sln(m) Z(k + 1)(b — CL)

Tu do chiing ta c6

(a+b)uk+lf . 1 . 1 _ 2
W(u,€&) =e K+l (é(b a)>k+1 , (k_i ) sin (b—at 2 :
E+1 sin(55g;) 2(k+1)(b—a)

Vé6i £ > 0 ching ta thdy W (u, &) # 0 néu va chi néu

c#(b—a)(N(k:Jrl)—%),

6 day N la s6 nguyén duong.

Tu d6 ta nhan duoc
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wuFH_ gkl )
( e iV ebg(k—ﬂ) ( flb—a) )’“_Tl (A(a,b,k,c))™!
(L) k+1 5 7) li+’€
Et1 c k —a)zht!
% [F(%(iﬁ’:b;@)q) ((k+1))(b—1a) P (k1) 0 k41 () "
kt1 £(b—a 1dH(btec—a k42 b—a)x* e
+xF((kF+(I;)€b;)) ( k+1 )k-i- (I)( (k+1) (k+1) 7k k+1 )i|
% k(b—a)—c k (a—b)u +1§
[F(%M)q)((k+l)(b a) ) (k+1) 0~ K+l )
D) (&lb—a) (F+Db-a)—c ki (a—butls
—u p((gf%Eg:;)) ( k+1 )HICI)( (k+1)(b—a) ° (k+1) > k+1 )}
5 néu x > u,
E(Ji,f,u,f()):< e af (ukFtl—gh+1y €a) = »
e e( )k+1 ( T )5 (A(a, b, k, c))
(s c k (b—a)uFti¢
% F(%)é (k+1)(b—a) 7 (k+1) *  k+1 )
D(1)  (£0—a)\FiT gy brc—a k+2 (b—a)ubtig
+ur((kr+(];i(2;)) ( k+1 )k+ (I)< (k+1) 7 (k+1) ’k k41 )}
% k(b—a)—c k (a—b)x +1§
% _r(m)q)((kﬂ)(b a) ' (k1) 7 k41 )
) (f(b—a))kﬂ @((kﬂ)( a)—c  k+2 (a—b)xk+1§):|
F(<IZ$’5?ZI§)) k+1 (k+1)(b—a)  (k+1) > k+1
\ néu r < u.

m
a)x" e < = thi

Chi ¥ ring, véi gia thiét —g < arg(b — .

(b—a)z"e = 0.

Theo [9] chiing ta c6
F(%H) cI>( c k (b — a)xk+1§>
Ngaigty) \E+Db—a) (k+1)7  k+1
F(ﬁ) (f(b—a)>k+1q)<b+c—a k+2 (b—a)x“lg)
MNmoa) N F+1 (k+1) "(k+1)" k+1
c k b—a)z*t?
:\P<(kz+1)(b—a)’(k+1)’( kil €>

b — a)kt! - e
:(( kall 5) G +O((( — a)atlg) TN 1),

e Khi { < 0talay:

+ x

D=b-—a,
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k(-A+D)+2C  k(b—a)—c 5  —(k+1)  (k+1)

P79+ )D G Db—a) ?T T D (a—b)’
~ _—A+D —a k
2T+ 1) k+10? T k+ 1)
Khi do
k+1
—ar —b k+1
piny = T3, VT
k+1
—ar —b)7k+1 1—Cy B ~ B (a_b)Tk;—i—l
— o (kD) (a=b)r™" _ N G
fQ(T) e ( k‘—|—1 ) (I)(CLQ 02—1—1,2 Co, ]{j—|—1 )

Chiing ta c6 hai nghiém nay 1a doc 14p tuyén tinh, nén ta c6 hai nghiém doc

lap tuyén tinh cta (2.4)
—aztrlg q)<~ _ (a— b)kaf),

T k41

va

—ow ¢ x((a —b)¢

PV kL
e k+1 2 1 (CL b)l‘ 5) .

k‘—i—l
<I>< 4 1,2— 0,
) ay =Gt T

Khi d6 ta dugc nghiém cua (2.4) la

—azt e a — b)zF*!
(ZL’ g)_e kt+1 [05 <a27627( k‘|)—1 5)
(a—b)é\e . (. . (a—=D)a™'¢
+06x( T ) @(ag—cQ+1,2—c2, — ) .

Pl-&) D=1

Chon Cs = -2
N T T —at1) " (@)

ching ta dugc nghiém riéng

N | efer (] - &) __ (a—Db)aFrle
El(mag)—e k1 [F(&2_62+1)®<a27c27 k+ 1 )
D(&—1)f(a—b)ENet /. (e =Db)aM¢
T NG ( k+1 > ®<a2_c2+1’2_c2’ k+1 )}

a$k+1£

Ta thdy rang, El(l’ ) =e ktl \Il<a2,02,

(CL _ b)$k+1£
)
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Dung cong thic déi bién ®(a, ¢, z) = ¢* ®(c — a, ¢, —z), ching ta 1dy

—brE )k
Fy(x,§) = Cre K+l @(62_&2’527([) a)x f)

k+1
_patle DN b )kt
+ Cye K x((iH 1)5)’” <1><1—a2,2—52,(2)+5).
F(l — 62) —F(CQ — 1)
Ch S Sl 74 =7
on 07 F(l — &2) 08 F(CQ — ag) ’

ta dugc mot nghiém riéng

3 bt T (] — ) (b — a)aktie
— k+1 —_— Co — (1 c
Ey(z,§) =e F+ [F(l i) ‘I)(Cz A2, €2 —— 7 )

(¢ —1) ((a —b)¢ );cl - _ (b—a)ajk+1f
- B(1-a,2-0, =02
SCF(CQ_CLQ) ]C+1 2 < ]C+1
Ta cling c6
- —battig (b— a)z*+i¢
E ) — k+1 lIJ(N —a y C ) )
2(37 f) € Co — G2, C2 Lt

Do nhan xét nay, ta c6 By (x, &), Ey(z, €) 1a doc 1ap tuyén tinh,
Khi d6 chiing ta thdy rang,

) e i€V El(i/,[/g()fz()uj §) néu r > u,
E(x, & u,v) = <
vGi

W (x, €)= (En)a (@, &) Ex(x,€) = (Bs)o(w,€) Er(2, ),
cling 1a nghiém cta (2.4), va ta cling cé
EZ:?(:U,&U,U) — 0 khi 2 — +o0.
Theo (2.10) chuing ta c6

—(a+b)z™*1g g(b— a)
= k+1
Wiz, &) =e 1

1
)kHA(a, b, k,c)
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trong do

Aa, bk, c) = —(k+ 1) sin (b—at 2
T Sln(m) 2(k+1)(b—@)

T d6 chiing ta c6

(e f(h—a)\er —(k+1) . (b—a+20)7
W(u,§) =e kil ( ) > s (k+1)) SmQ(k—l—l)(b—a)'

Véi € < 0, ching ta thdy W (u, &) # 0 né€u va chi néu

1
c# (b—a)(N(k:+ 1) — 5)
Vi vay, thay W (u, €) vao E(x, &, u,v) ta nhan dugc
/ . af(uk+1—xk+1 ;1 1
e e R (SE) T (A(a b k)

() k(b—a)—c & (a—blabtlg

X | e (e o o )

T'(57) Ela—b)\ g a s (k1) (b—a)—c  k+2  (a—b)zk+ie

ot (SR) (N ey, )|
(

(k+11)(b—a)

[ P(m) c k b—a)uFtie
X _F((kﬂ;’(b;a))q)((kﬂ (b—a) 7 (k+1) * k+1 )
PGzi)  (Sla=b\wrig(bte—a k+2  (b—a)uttle
a UF((k:)Jg(b—a)) ( kt+1 )k 1o( (—}f_+1) (kil) Tkt )}
N néu r > u,
E(:U, 5, U,U) = < ‘ bf(uk+1—xk+1 1 o
e Ve kH1 (556“—;1()))’?7(14(@ b, k,c))
[ D) l(b—a)—c ko (a—bubtle
s Y weno=a e )

(=% —c a—b)ukt1
+ k((bktl)) )(5( ))k+1q)((k+1)( a) k42 (a—b) +f)}

U ) 1) —a) > Ght1) ' kbl

(k-q)(b—a)

I(57) c k (b—a)z*t1i¢
X _F((ki%’%)q)((k—kl =) > ) > FH )
I'(=5) =D\ Ty bte—a kt2  (b—a)zhTlg
- xr((k;;%) ( ] )k CI)((—I:—H) (kL) | )}
néu r < u.

\

Chi ¥ riing v6i gia thiét —g < arg(b—a)aht1e < g thi (b— a)zF 1€ — oo.
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Theo [9] ta ¢c6

I(51) ( c k (b — a)kag)
D(ginty) \k+Dlb—a) (k+1)7  k+1

P(7)  &b—a)\em, b+c—a k+2 (b—a)ftle
+jj”(i%)( k“) (D( (k+1) "(k+1)"  k+1 )

B c k (b — a)zktie
“I’<(k+1)(b—a) (CESVR S )

b—a k+1 —a ¢
:(( kll 5) "D —|—O((( ~ a)aHig) T 1)_ 2.11)

Dung bién d6i Fourier nguoc, ching ta hy vong ring
o0
1 o
E(x,y,u,v) = Py / e B (x, &, u,v)dE,
7
—0o0
s€ trd thanh nghiém co ban cua Gzl;
2.1.2 Nghiém co ban clia todn tir G khi 16

Khi £ 1a s6 tu nhién Ié, ching ta da tim dugc nghiém cua toan tir GZ? o
Chuong 1 bang cach chi ra cdu tric cia cong thifc nghiém. Nhung bing
cach dé, chiing toi khong tim dugc nghiém co ban cua GZ[; trong trudong hop
k chan. D€ vugt qua kho khan nay chiing toi phai ding phuong phéap bién
déi Fourier dé tim nghiém co ban cua toan tir Gzl; . Sau khi tim nghiém co
ban cua GZ[; trong trudng hop k chin bang bién doi Fourier, chiing t6i cling
tim duoc nghiém co ban cta GZI; trong truong hop & 1€ bang céch tuong tu.
Trong muc nay, chiing toi trinh bay két qua ma khong trinh bay chi ti€t cac
budc tim nghiém.

Véi £ > 0, nghiém cua (2.4) la:
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”

auFtle—baktle

(b—a)

)_

)_

Chd ¥ rang, néu

c# N(k+1)(b—a)

c# (b—a)(N(k:Jrl)—l),

v6i N la s6 nguyén khong am, thi

Bi(a, b, k,c) # 0.

eitre I ()T (Bi(a.bk,c)) !
[ Tg) ko (b—a)zktle
% F((kﬁ%) CD((kH)( @) R+ 0 k1 )
A&\ 7 b+ k42 (b—a)aktiey ]|
e (k+1k<+bla> ( k+1 ) - k+1c aa) Ykl 0 k1 )
F( ) k b— k+1
. F(wi%zaa) q)((kﬂ)c(b a) ) k+1 ’( Z)f:l 5)
k+1 ( )k+1 (I) b+c—a k+2 (b—a)u’““f)_
(rmo=a) = Sr=yran Ry s i =s, ]
: néu r > u,
Ewuv) =9 aengpne
e e k1 (£§€+f)) (B (a,b,k,c))~}
L) ko (b—a)uFtie
. [<> Pt i )
k+1 ( f)ﬁ btc— a k2 (b—a)uftieN]
k:+1 o) © k-l-l b—a) 7 k+1 7 k+1
I( k (b—a)zkti¢
. [F((kifl_){:aa) q)((kﬂ)c(b @) P ktl 0 k1 )
k-‘rl ( )k+1 @ b+C a k+2 (b—a)x’”lg T
None—a) = Sy R Sy
\ néu r < u,
6 day -
+ 1)
Bl(a7 b7 k? C) T T c T p— .
D ((k+1)(b—a)) ((k:—i—l)(b—a))
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Con khi ¢ < 0, nghlem cua (2.4) la:
bu k+1£ agijrlg

e Ve k+1 (5(]:;1(’))’“;“ (Ba(a, b, k,c))™!

F(ﬁ_l) k(b—a)—c E (a—b)zkti¢
X [F((k(ﬁ)ff(bfl)c) (i T )

+x(ﬂ)m F(1“(,;1) (b c k2 (ab)zk+1£):|

kr—:ll ) (Zfl—{(lg—z))) (k:—l—l)(l()—a))(’ k‘)—’t_‘l_ ) k+1
1 k(b—a)—c k a—b)(—u 1§
X [F((]?Zi;i(};bz)a)c) (D((/{Jrl)(bfa) V k+1 0 k+1 )
(a=b)e\rrr_ LGEr) (k+D)(b—a)—c k42 (a=b)(—w)**'¢
_u( k+1 )k+ F((:Efg%;:;)) (I)( (k+1)(b—a) 7 k+1° k+1 )i|
. néu xr > u
E(x, & u,v) =4 Lokl -
( g ) i %(f(a_b))kfl(B( b k ))_1
€ er( L 1 2\a, 0, ’;S_
=S k(b—a)—c &k (a=bjuP*'¢
X [F((lzZi;I(};bz)a)C) (D((kJrl)(bfa)  k+1 0 k+1 )
(=& wr _ lan) (k+1)(b—a)—c k+2 (a—b)ubtey]
+u T a)—c @ ) )
( k+1 ) p((zgflz(ga))) ( (k+1)((l)—a))( ];’::_1 k+1 )
1 k(b—a)—c k a—b)(—x 1§
[ (lc(;iri)li(;l{ba )c (kJrl)(b—a) > k410 k+1 )
(a—b)¢ 1 L(75) (k+1)(b—a)—c k42 (a—b)aFtie\]
SU( k+1 )k+ F((Zflj;%g Z)) (I)( (k+1)(b—a)  k+1 k+1 )
\ néu z < wu.
O day
2(k+ )m
BQ(a/7 b7 k? C) T F( ( ) c )F<(k+1)(bfa)76) )
k+1 (k+1)(b—a) (k+1)(b—a)

Chd y rang, néuc # (1— N)(k+1)(b—a) vac# (b—a)(— N(k+1)+k),
v6i N la s6 nguyén khong am, thi By(a, b, k, ¢) # 0.
Duing bién déi Fourier ngugc chiing ta hy vong ring
1 [
E(x,y,u,v) = 2—/ eV E(z, €, u,v)dE
T —0o0

s€ trd thanh nghiém co ban cua Gzz
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2.2 Cac danh gia doi vé6i nghiém co ban

Céc tham s6 a, b, k, ¢ goi 1a chdp nhan dugc néu A(a, b, k, ¢) # 0 khi k chan
va Bi(a,b,k,c) # 0, Bs(a, b, k,c) # 0 khi k 1a 18. Bay gio véi a, b, k, ¢ chap

nhan dugc, véi méi (u,v) € R? ching ta xay dung 4dnh xa:
E(u,v) : C°(R?) — C
nhu sau:

1 [~
B(u,0) : ol ) € G (B) — o / Bla, €, u,v)3(x, )dédz € C.
RQ

6wy@w@:/#%mww
R

Ching ta thdy rang, F(u,v) 1a mot phan bé Schwartz.
Pinh li 2.2.1 Gid sit rang a, b, k, ¢ chdp nhdn duoc. Khi dé voi moi (u,v) €
R? thi E(u,v) € C*(R?\ (u,v)) va GZ:gE(x,y,u,v) =z —u,y —v).

Chitng minh.DAu tién ching ta chiing minh rang, E(u, v) € C®°(R?\ (u, v)).
Lay (z9,7%0) € (R?\ (u,v)), ching ta ching minh t6n tai mot lan can
O(z0,70) C (R*\ (u,v)), sao cho ton tai E(z,y,u,v) € O (O(x0,10))
dé v6i moi (x,y) € C5°(O(xg, yp) thi

(E(u,v),0(z,y)) = (E(z,y,u,v), o(z,y)),

hay
3 [ Bl g )3le,dcde = [ Blay.u0)oe ey,
WR2 R?
1. Néu xy # u, khong mat tinh téng quat, ching ta gia st rdng xo > u, khi

d6 ton tai mot 1an can O(xg, yo) cua (zo, yo) sao cho

" — M > d (2, y) € Oz, o).
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Gia st rang ssupp(z,y) € O(xg, yo). Trong O(xg, yo), dung cong thic khai
trién tiém can ctua ham ¥(«, 3, 2) khi d6i s6 dan t6i vo cluing, ( xem [9]-

trang 278) ching ta co:

e E(x, &, u,v) ”)“%(5(;_?))_%“
+
k—|—1 — c
« [((b k-|)-1 5) (EsiC= a+0((( a)xk+1£)(k+1)(b—a)1>]
— )kt —(b a)—c B
(Y oo ]
khi € > 0, va
e ST e p)y
‘e Jé+ k+1 )
kE+1
Eb-a)c .
9 [((b ka)_i_k: 5) (k+1)(b—a) —|—O((( a)a:’““ﬁ)ml)}
y K(b ka)+ iﬂé) S +O(((b—a)xk+1§)_m_l>”
khi £ < 0.
Vi vay
Ry
L~ ) +
eV E(x, & u,v)| < S He - (E#0), (2.12)
(1 + ‘f‘)k—kl

& day my = min {—Re(a), Re(b)}.

Tu do chiing ta c6

/ % B, €, u, v)p(, y)|dédady < oo.

Ap dung Dinh 1y Fubini ching ta cé

2‘; / W B & u0)p(ny)dédady = / ( / 8 B & u,0) e ) p(y)dyd.

R3 R2 R
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Tu (2.12) chung ta nhan dugc

1 o
Blague) = o5 [ "Bl u i
R

Sau d6, dung cong thic dao ham cta ham ¥(«, 5, z), chiing ta cling ddnh

gia dugc
_ mol¢ld 1
(e 2 g FTre
|8x8y (e E(m,ﬁ,u,v))} < - ,
(1 i |£|)k+1
va ching ta ciling c6
IE _ L [ o d
x Yy (a:,y,u,fu)_% x y(e (Qf,f,u,@)) £<OO.
R

Vivay E(x,y, u,v) nhu la ham s6 d6i véi (z,y), va E(z, y,u,v) € C™ (O(xo, Y0))-
2. g = u. Trong trudng hop ndy y, # v. Khong mat tinh tong quat, gia st

rang yo > v. Khi d6 ton tai mot s6 d > 0 va mot 1an can O(xg, y) sao cho
y—v>d, Y(z,y) € Oy, yo)-

Gia str ring  suppp(z,y) € O(wo, 30). Khi d6 ching ta biéu dién

Be) = 5= [ MOB@.6 w03 €)dads
+ 5 [ (1= MO, 6.0, 0)(r. E)dads = () + Fal).

v6i h(€) 1a ham thuoc C5°(R?).
RO rang tich phan
Bio) = [ MOB(w.6 u0)plw, ) dodg
RQ
hoi tu va ching ta c6 thé 14y dao ham theo y s6 14n chiing ta muon.

Dung cong thitc Fubini, ta c6

Bie) = [ ([ (@) BGo.& . 0)d€) (o, y)dudy.

R2 R
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Vi vay ton tai ham
(x,y,u,v) / eV h(€)E(x, &, u,v)dE € CF(R?)
R
va  Ei(p) = Eo(z,y,u,v).
Bay gio ching xét dén Fs(p). V6imoi N € Z, dat

Tn(z,y,v) = (j(_x’vy))N

Chiing ta c6
e @(x,€) = DI (¢ T (x,€,0)).

Ta viét F(z, &, u,v) dudi dang:
E(x, &, u,v) = e “F(z,&, u,v).

Khi d6 ta cé

Balp) = 5 [ (1= W€D (e & 0)pl,€)dad
RQ
;ﬂ (1= h(€)F(x, £, u, ) DY (e €T (2, £, v))drde
RQ
— % e”f”(—Dg)N((l—h(ﬁ))F(x,f,u,v))'fN(x,f,v)dxd§
RQ
— % ’va( D) ((1—h(§))ﬁ(x,§,u,v))/eiyf% dydzd§.
R2 R
Ta thay
DY (1= W) Fe & u,) = 3 (1) DY (1 = WD (o, uvv),

m=0
nén khi m = 0 thi
DI ™1 = h(€)) € CF(R),
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vakhim #£0 thi

1
‘f‘_k—&—l

D?F(m,f,u,v) ~ .
(1 + |§|)k+1

Vi vay
_ i —zfv . n T U. v eiyg Qp(xay) T
@w>%¥° (-Dg™ (@1 m0w<@,,mg EED dydods
- % (/eif(y—v) (y_lv)N(—Dg)N((l—h(f))F(:l:,§,u,v))df)gp(:l:,y)dxdy,
R2 R

:/E(a:,y,u,v)go(:c,y)dscdy,

RQ
voi
E(x,y,u,v) % e't ( D)™ ((1—h(§))ﬁ($,§,u,v))d£<oo

R

va thuoc Cév_l (O(wo, yo)). Cho N dan t6i vo cung ching ta c¢6 E(z,y, u,v)

thuoc C)° (O(azo,yo)). Mit khéc, do E(x,&, u,v) 1a nghiém cha phuong
trinh (2.4) nén F(z, &, u,v) thupe C™ (O(azo, yo)). Tir d6 ching ta c6

: 1

E(x7 Yy, u,v) = / elf(y*v)

| T

— )
R

(—=De)V (1 = M) F (2, &, u,v))dE

thuoe C>(O(zo,yo)). Vay cubi cung ching ta c6
Es(@) = E(z,y,u,v)(¢) va Ey € C®(O(x0,%)).

Bay gid chiing ta chiing minh y sau cling ctia B6 dé nay:
GZ:iE(w,y,u,v) =0(x —u,y —v).
Ldy ¢ € C§°(R?), chiing ta phai chiing minh

(GEBG@yuv) p(@.)= (3@ —u.y —v),0lr,y) )= e, v).
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Nhung chiing ta c6

(GZiE(zL’, Y, u,v), o, y)) = (E(l“, Y, u, ), Gz’ic p(z, y)) ;

(B@.y.u0). G pla.))= BG o)

nén ching ta can chiing minh

E(G",¢) = p(u,v).

Trudc hét ta tinh duoc

0%p(x,
Gr ol ) = O b2 Dol ) + 0+ D)t D,

+ (ka+ ¢)Dyp(z,y),

=)

va

/\

Gk 090(37 f)
= Gua(®,€) — (a+ 0)a"EG, (2, &) + (abr® € — (ka + )z 1) B(, €).

Cho nén ta co

/\

B(GI, ) = o= [ Bw&u )Gl oo, o
RQ
1

(Em(x, & u,v) + (a+b)xk£Ez(:U, &, u,0)
RQ

=3
+ (abx%gz—(kb—c)a:k_lé'))(ﬁ(x,{)dazd§

= o [ (e~ w), B, ) e

R
= o [ (6 — )45, ) e

R
- / e G, €)dE = p(u, 0).

R

Nhu vay, ching ta hoan thanh chiing minh B6 dé 2.2.1. O
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Bo dé 2.2.1 Gid sit a, b, k, ¢ chdp nhdn duoc. Khi dé
_k_
[B(z,y,u,0)] < O] — a2 4 [y — o) 252 (2.13)
voi moi (z,y,u,v) thuéc mot tdp compac trong R*. Hon thé nita E(u,v)

dong nhdt voi E(z,y,u,v) € L (R*(x,y)) theo nghia phdn bo’

loc

Chung minh. Theo [13] ching ta c6
i€ | ¢ A AT
[ eleag]= —2r (A + 1) sin Sy

v6i moi A # 0, +1,+2, ..., vi vay
r etAs __k_
/ —d¢ < ClA| kL (2.14)
[€]F+1

—0

Dé ching minh bd dé nay, chiing ta chi cin ching minh cho trudng hop
x > u, con truong hop x < u dugc chitng minh tuong tu.

Khi x > utacéd
+00

Baguv) = [ " Bla.6u o)

bf(uk+1—xk+1)

_ 1
_ | ilvEt k1 & k1 Fy (2, & u,v)dE

i a€(uftl—ghth) 1~
+ / el(y—’l})f+ k41 |£|_k+1FQ(ﬂf,£,u,v)d€7
0
trong do
B a—b|~T1
Filau.0) = (Alab ko)) ]
1
. () of c b (b-a)atti
[ (e y P\TGa) > (1) 0 h
(k+1)(b—a)

—1 1
i I'(77) (6 (b— a)>k_+1 q)<b+c_a " (M)ng)
) k41 (k+1) 7 (k+1) k+1
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1
y F(k_ﬂ) ( k(b—a)—c k (a—b)uk“{)
) (

|:F((k—|—1)(ba)c k+1)(b—a) 7 (k+1) ° k+1

(k+1)(b—a)
— 1
F(k_Jrll) (§(b — Cl))k_—f—l ((k—i—l)(b—a)_c k+2 (a_b)ukJrlg)]
k(b—a)—c (k+1)(b—a)  (k+1)> k+1 ’
F((k—i—l)(b—a)) k+1

1
k+1

1‘

ﬁg(:c,g,u,v) = (A(a,b,k,c)) Z;i}’

1
X |: F(k_—i—l) ( k(b—a)—c k (a—b)u’”‘l{)
T (k+1)(b—a)—c (k+1)(b—a) * (k+1) k+1
( (k+1)(b—a) )
-1 1
L F(k_—i-l) (5(5 — a))k_ﬂq) ((k(+1)()b(_a);c (k+2) (a—b)uk+1§)]
k(b—a)—c k+1)(b—a) 1 (k+1)° k+1
P((k+1)(b—a)) kt1
1
% F(k_-i-l) d c k (b—a)xk"'l{)
F( ct+b—a ) (k+1)(b—a) 7 (k+1) k+1
(k+1)(b—a)
-1 1
F(k_Jrl) (g(b - CL) ) k_H(I) (b—ik—c—a Z+2 (b—z)x’”lg)]
c 1) 1) 1 :
m— N

Chiing ta da c6 khai trién tiém can cta Fy(z, &, u,v) va Fy(z, & u,v) khi
(CL _ b)xk+1§
k41

— 00, Vi vay ching ta c6

Im(a)(uF+t—zh+l) ) N Re(a)é(uktt—aktl)

0
Bl <| [l = Fl(w,é,u,v)dé‘

+00
. Im(b) (u* ! —o*+1)y | Re(b)g(u! )
| el =)+ R Fy(z,&,u, U)dﬁ‘-

0

Re(a) g(uk—i-l . I‘k—H)
k+1

< 0 khi & > 0, theo (2.14) ching ta c6

<0 khi £<0

Do Re(a) < 0,Re(b) > 0 cho nén

k+1 okl
" Re(b) &(u ")
k+1

Im(a)(uf ! —zFt1)

' 1
|E(z,y,u,v)| < ‘/ 626((y—v)+ i )\§|_k_+1d§
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+00
. Im(b)(uk+17$k+1) 1
+ ‘/625(@”)+ 1 )‘f‘k—i—ldg‘
0

1

< C|(y — ) + Im(b) (u* 1 — :L‘]Hl)"‘*1 !
k
< C(|y . ”U|2 + ‘uk—&-l o xk+1‘2> 2k+2'

Nhu vay, ching ta chiing minh xong y dau ctia B6 dé 2.2.1. Tiép theo,
ching ta chiing minh ¥y sau ctia b6 dé nay. Tir B6 dé 2.2.1 ching ta suy ra

E € C*(R?\ (u,v)), bang ddnh gid (2.13), rd rang ching ta c6

E(u,v) = E(z,y,u,v) € Li, (R? )\ (u, )

(zy
theo nghia phan bo. Gia st rang, ¢ € C§°(2), & day  1a tap compac tuong
doi trong R? chia (u, v). Dat
B'(u,v) = {(z,y) : [x —ul* + |y — v]* < r?}.
Dinh nghia ham 7(z,y) € C§°(§2) thoa man

1 néu (z,y) € B"(0,0),
77(337 y) = o 2
0 néu (z,y) € Q\ B“(0,0).
V6i 0 < e <1, ching tac6 E(p) = E(p — (np).) + E(ny).,

& day (ny)e = n(x — u) v- U)gp(x, y). Truéc hét ta tinh
€ €

. .6) = [ (= T ot )y
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Chiing ta c6
(1 1€D) < =(1+ 1€ = ¢l + 1) < (1+ [N+ el = )
cho nén
(L +1€0) T (=26 = ©)) B(a. )
< (1+elg = C)TA(=12(6 = ) (1+ IS) TR C).

Vi vay

B(me)o)|= 5 / B, € u,v) (79)- (. €)déde

2T

:—/ xfuv/sefon(

< outt / (1 +elg - ¢
€175 (1 -+ €)™ (1L + e

x (== e - <>)<1+\<\>k+1 A, Q)dCdude

2k+1 1

= (e®t1 - x,e
J T i, (€ = 0))

x (14 |¢)) ™1 3(u + ez, ¢)d¢dzde.

(€= Q) @, Q)d¢deda

Xét ho cac ham p(u + ex,y) € C§°(£2) v6i tham s6 ¢, ching ta c6

C < C
ex|+y[)* = (1+y))*

‘DW““”‘—(H\H
Vi vay

‘Dg +sx§’—’/ ’y5D2gpu+sxydy‘<‘/—)d <Gy

Diéu nay suy ra, véi ¢ > 0 dl 16n, ton tai hang s6 Cy khong phu thudc € sao

cho

B2 0)|< 1o
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tr d6 chung ta co

2k+1

= (ertt

2k+1

(1 +el§ — ¢l

e /mW1+mww

o« n(m —Uu (S C)) (1 +"Cﬁ|2)2k+2 dcdede — 0

khi £ — 0. Vi vay, E((n).) dan t6i 0 khi € — 0. Tir d6

E(p) =lim E(p — (np):) =lim [ E(e — (ny).)drds

e—0 e—0
Q

= lim E(x,y,u,v)p(x,y)dzdy,
e—0
Q\Ber
ma tich phan cu6i cing nay hdi tu, nén ta ¢6 di€u phai chiing minh.

Chung ta hoan thanh ching minh B6 dé 2.2.1. [

Hé qua 2.2.1 Gid sit Q C R? la mot mién bi chén véi bién tron timg khiic,
f e C?(Q)va a,b, k,cla chdp nhan duoc. Khi dé

ﬂ%@z/ﬂww@@@%wwﬂ@hdﬁ
o

= [ Bteu0)Bilf0) b ks + [ By, o). o)dude
o0 Q

O ddy:

Bi(f(u,v),a,b,k,c) = (11 — iau"n) X1 f(u,v) + icu” 'wn f (u, v),

By(E(x,y,u,v),a,b, k,c) = (v; — ibuF I/Q)XQE(;L’,y,u,v).

Bo dé 2.2.2 Gid sit rdng, a, b, k, ¢ chdp nhdn duoc. Khi dé véi moi (x, y, u,
v) ndm trong moét tdp compac ciia R*, (x,y) # (u,v), va véi moi (a, 3) sao

cho0<a+p<1,taco



max{‘

113

0By, w0 ’ ‘ ks 0" E(2,y, u,0)

aa+5}§057y,u,v)‘

xa8y5 duedvs I O ou’
+ + i
’ 1 0” PE(z,y,u,v ‘ ‘ 10" PE(z,y,u,v) , (xu)kﬁaa 5E(5U>?/7U;U)‘}
duo Dy’ D 90P Oy dv’
k+a+p

< Cag(la™ =™y —ol) " F

Chung minh.

* V6i o + 3 = 0, theo B6 dé 2.2.1 ta ¢6 diéu phai chitng minh.
“Véia=10=0

R A )_‘ax/ B, €, Udg\—]/ wfa“ g,

R

Khi ¢ > 0,2 > u

f( kel kil

‘8Eaz§,uv‘_[

|
R[] T (1, €, )

+1_

I v)£+a§(u o] k+1)|§| n 8F1(x £ u, U)u
ox
o [efetmole Py RO e B () o
) B
z
Vi vay

‘8120r,y,u,v

8 . ~
Oz )‘ - ’%/eW&E(M,u,v)d&

= =
7"

) Im(b) EJubtl—gh+l| k
< Claft [ St T e

IA

IA

C
C
C

R
k
(ly = o [ = H ) TR
K
(ly = o]+ [u+ =251 °F

(Jy — o] + [uF Tt — 2541

k_
Ty = ol =)
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Chiing ta c6 diéu phai chiing minh.
*Véia=0,0=1

oOF o o
(:c Y, u,v ’ _ ‘ay/ zny(ﬂc,é',u,v)d5’ — ‘/ewng(f,ﬁ,u,v)dg
R
= C/ g FE(ly=)+m(B) =) ¢ 7T g
ko
€ Clly— o) + a1 — ooy T
Vi vay
k k
le’“aE(x’ yﬂw)‘ < Oly — vl + [uf+! — gFH1]) TR

dy
—1
S C’(\y . U’ + |uk+1 o xk—&-l’)

V6i céc truong hop khéc, chiing ta cling chiing minh tuong tu.
Chung ta hoan thanh ching minh B6 dé 2.2.2. [

2.3 Tinh chinh quy Gevrey cua nghiém

Pinh i 2.3.1 Cho k la sé chdn va cdc tham s6 a, b, ¢, k chdp nhdan duogc. Khi
do:

i) Néup € G* (s > 1) thi, moi C*(2)- nghiém cia phuong trinh (1)
thuéc G*(QQ); todn tir phi tuyén \Ifz[é la s-hypoelliptic mo rong.

it) Truong hop ddc biét, néu ) la gidi tich thi, moi C*>°(Q))- nghiém cua
phuong trinh (1) ciing la ham gidi tich trén $); todn tu \Ilzg la giai tich

hypoelliptic mo rong.

Chitng minh. D€ chitng minh dinh 1y nay ching ta chi cin chitng minh cédc

b6 dé vé danh gid nghiém co ban trén hinh vuong V7.
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Bo dé 2.3.1 Trong hinh vuong V' véi a,b, k, c la chdp nhdn dugc, k la s
nguyén duong chdn, chiing ta cé

1

O E(y ) ‘

G| < Ol P 1 0

voi moi («, B,7) € Ei.

Ching minh.
*Neua+ 3 =0,thi 0<~y<E,

=k
<C|E(z,y,u,v)|yx SC(|$I€+1—UH1|+|?J—U\> o

OxOyP

v

Bay gid ching ta chiing minh tén tai C' > 0 dé
1

=k
(\xkﬂ —uF T 4 |y — U\) < [|::r;k+1 —uF 2 (k4+1)2 (y — 0)2}

Néu = # u va y # v thi diéu nay tuong duong véi
1 _k_
{|5L‘k+1—uk+1\2+(/€+1)2(y—v)2}2 < C<‘$k+1—uk+1|+|y—vl>k+l,

Nhung chiing ta c6

2
{|:13k+1—uk+1|2—|—(/€—{—1)2(y—v)2} < (k+1)2(‘g;l-c+1_uk+1‘+|y—v\> )

cho nén

D=

[|xk+l_uk+1‘2_|_(k_|_1)2(y_v)2} < (k+1)(yg;k+1_uk+1|+|y—vy).

_k_
<‘xk+1 . uk+1| + ‘y . U’) < C(|xk+1 . ukﬂ‘ + |y . v|) k+1’

vi (|;1:"“Jrl —uF ) 4 |y — Ul) <1

Do d6
k

< C(|:Ck+1 _uk+1| + |y_v‘>k+1.

DN

{|xk+1 _ uk+1|2 4 (k 4 1)2(y _ v)z}
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Nhu vay, truong hop a + 8 = 0 duoc chiing minh.
* Néu a = 1, 8 = 0, ching ta phai chiing minh

1

OE(x,y,u,v) i -
ol y Iy Wy +1 k+12 2 . 2
‘:1: 5 VT§C[|:I: u T (B 1) (y U)}
Theo B6 dé 2.2.2
1
‘xVaE($7?/7uav) §C<|xk+1—uk+1|—l—|y—v‘> ’
ox VT

nén ching ta chi can chiing minh

1
~1 _=
Oxkﬂ |y — v|) < C[‘xk—kl 2 (B 1)2(y — U)z} 2
hay
1
[|xk+1 o uk+1’2 i (k + 1)2(y _ U)Q} 2 < C(|xk+1 _ uk+1] + |y o v|)
Di€u nay luon dugc théa man.
* Néu a = 0, 8 = 1, ching ta phai chitng minh
1
0E(x,y,u,v) i —3
ol y Iy Wy +1  k+12 2 . 2
o T < Ol P (1) — o]
Theo B8 dé 2.2.2 chiing ta cé
‘lﬁ@E(x,y,u,v) < ’xkaE(x,y,u,v)’
oy VT T oy
-1
< C<|$k+1 . uk+1| + |y . U‘)
1
< Cl[|£lfk+1 o uk+1’2 + (]{Z + 1)2(y . 0)2]
Chung ta hoan thanh ching minh B6 dé 2.3.1. O

Bo dé 2.3.2 Trén S, (1) (2,y) néu |z| < (20n(z,y))™*
thi |u| < 3(on(z,y))™" va

0B Xy Bz, y, u, v C _
Ll T vapy) €Sk

k+1

g
ON (:,'C,y)
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Chitng minh. Y diu ctia B6 dé 2.3.2 di dugc chiing minh trong BS dé 1.3.2,
bay gid ching ta chiing minh ¥ sau ctia bé dé nay.

* TruGe tién, ching ta xét truong hop a + 5 = 0.

(90‘%)?2]5(3: Y, U, V) 0 0
v » Y, W, k(Y . k>~
‘x Ox*dyP ‘ = ’ (6u i ay)E(x,y,u,v)‘
< ‘ﬁ@E(x,y,w)’ N |a"uk8E(x,y,u7v)"
ou ov
Theo B dé 2.2.2
‘ﬂ@E(x,y,u,v) ’aE('T?yauuv)
au S(,N(;,,y)(x,y) o au SUN(x,y)(xvy)
kil
< C((xk—i—l . uk+1) + ’y . U|) k+1
-1
— C((l‘k+1 . uk:+1) + ’y i U|>

1

< C/[<xk+1 CdMY2 (k1) (y — 0)2}

Nhung trén bién S, (,,)(x, y) ton tai C' dé

1

|$k+1 o uk+1’2 + (]{ + 1)2(y . 0)2}

| —

< C[(xk—i-l P 4 (k1 1)y — 0)2}_%

k+2

1 k42
=CR 2 < Coy'(z,y) <Cox*(z,y),

do 0 < on(z,y) < 1.

Vi vay
~ C
’a:VXzE(x,y,u,vﬂ < ——

oy (2,9)
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*Véia=1,3=0 thi

OXoE(z,y,u,v) O?E(z,y,u,v) LOPE(z,y,u,v)
v < |7
v ox ‘ - ‘x Ox0u ’ * ‘u Oxdv ’

_ k42

< C(’xk—&-l o ukz—i—l‘ +ly — U|) k+1
k+2
< Cl[’$k+1 4 uk+1‘2 (]43 n 1)2(y . U)Q}_2(k+1)

k42

< C’R D) < Co'Nk+1 (x y)

* V6i o = 0, 3 = 1, 4p dung Bo dé 2.2.2 ching ta c6

Y 2 2
xv(?XgE(x,y,u,v)‘ < )ﬂ@ E(a:,y,u,v)‘ N \a|‘x7uka E(a:,y,u,v)‘
oy Oyou Oyov
O*E(z,y,u,v) O*E(z,y,u,v)
< C ‘ ¥ y Yy ‘ ‘ 0% k y Yy }
- <x Oyou T Oyov
k2
< CZ’<|:L"“Jrl —u" T |y — U\) hrl
k+2
< OUN H(z,y).
Chung ta hoan thanh ching minh B6 dé 2.3.2. L

Bo dé 2.3.3 Trén bién S, (,,)(x,y) néu |x| < (20N(x,y))/%+1 thi

27 0P Xy E(x,y, u,v)
|ul® Dz 0y”

C

~ ox(z,y)

V(a, B,7) € 2

Chiing minh. Do (a, 3,7) € =} nén 0 < a+ 3 < 1.
*Voia=p0=0

[ e e
ul* " 9z y” = Jul® Ou O
C k1 k+1 -
< (et =y =)

Nhung trong trudng hop nay, dp dung B6 dé 1.3.3 ta nhan duoc

- _k - _k
C'R 2%+ < |ulf <CR %+2.
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Mat khic do R > o2(z,y), nén

ulf > Caﬁ(x,y) RN |u1|k < kilc :
(z,y)
Sau cung, ching tacé vé6i o=/ =0
x7 8“*5)?2E(x,y,u,v) C < C
|ul¥ Ox*0yP - GJ%ZE(x ) ~ o%(x,y)

*Voia=1,=0,taco

x7 aOH—IBjZQE(:U:y)uaU) xl a( 0 —zaukaa)E(a:,y,u,v)

ou
|u|* Ox*0yP Mk ox
27| (10°E(z, y, u,v) L | OPE(x,y,u,v)

<
- C\u\k ‘ Oxdu ‘ +lu |‘ dzov ‘

1 [(10°E(z,y,u,v) | OPE(x,y, u,v)
<
- C]u|"‘7 (‘ 0zou ‘ +lallu |‘ Ox0v D

—5h B+l ket i ¢
< Rt — — < — .
< oy ()l =y —ol) 7 < s

* Vi a = 0, 8 = 1, ta thay rang

x7 85(:2E(x, Y, U, V)

Jul® Oy
1 O*E(x,y,u,v) O*E(x,y,u,v)
< C ) k y Yy ‘ k k y oy My ‘
\u\k( dyou + lall o] dyov
_ k42
<OO_ k:+1 T y o T kL T y - -
N ( ) N ( ) O'N(SU y)
Chung ta hoan thanh chitng minh B6 dé 2.3.3. [

V6i cdc Bo dé 2.3.1, 2.3.2, 2.3.3, ching ta danh gid duoc E(x,y, u,v) va
cac két qua dat dugc ¢ day ciing nhu & Chuong 1. Nhu vay Dinh 1y 2.3.1 dugc
chiing minh. [J

Pinh li 2.3.2 Gid sit rang, k la s6 chdn, cdc tham s6 a,b, c, k la chdp nhdn

duoc va m > 2k + 3. Khi do
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i) Néu € G* thi, moi G}',,.(2) - nghi¢m ciia phuong trinh (1) la thugc
G*(Q), todn tit phi tuyén \Ile; la s-hypoelliptic.

iit) Trong truong hop ddc biét, néu 1 la ham gidi tich thi, moi C™(£2)-
nghiém cia phuong trinh (1) ciing la gidi tich trén ), todn tut phi tuyén \IIZI;

la gidi tich hypoelliptic.

Ching minh. Theo Dinh 1y 1.2.2 néu f 1a mot nghiém thuoc G, (€2) cla
phuong trinh (1), ¢ € C* thi f € C*°(Q2). Két hgp v6i Dinh 1y 2.3.1 ta c6

di€u phai chiing minh.



Két luan va kién nghi

Nhirng két qua chinh cua luan an

1. Tim duoc nghiém co ban cuia toan tu elliptic suy bién

G,ff = (% — z’axké%) (% — ibxk§y> + icxk_lgy ,
V6i a, b, ¢ 1a s6 phiic bat ky ma Re(a) < 0, Re(b) > 0, k 1a s6 nguyén duong
ca l¢ va chan.
2. Panh gia dugc tinh tron cua nghiém cua phuong trinh ntra tuyén tinh
elliptic suy bién

o1 kg) ~0.

‘lf,i’ff:GZ:lc)f—l—w(x,y,f,%,x 83/ (1)

3. Chung minh dugc tinh giai tich, tinh chinh quy Gevrey cua nghiém cua
phuong trinh (1).
4. Ching minh duoc tinh hypoelliptic, giai tich hypoelliptic, s-hypoelliptic

clia todn tir phi tuyén ¥, f
Nhirng van dé can tié€p tuc nghién ciu
Nghién cttu tinh chinh quy Gevrey cho cac phuong trinh nira tuyén tinh

elliptic v6i bac suy bién cép vo han.
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