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MG dau

Ly thuyét phan b6 gia tri ctia Nevanlinna dudc danh gia 13 mot
trong nhitng thanh tyu dep dé vA sau sic clia toan hoc trong thé
ky hai muoi. Dugc hinh thanh tit nhing nam dau cia cua thé ky, 1y
thuyét Nevanlinna c6 nguon goc tit nhitng cong trinh ctia Hadamard,
Borel va ngdy cang c¢6 nhiéu tng dung trong cac linh viyc khac nhau
cia toan hoc. Ly thuyét phan bé gia tri c6 dién 1a sy tong quat héa
dinh 1y co ban ctia dai s6, chinh xac hon, 1y thuyét nghién ctu su
phan bo gié tri ctia cdc ham phan hinh tit C vho CU{co}. Trung tam
ctia Iy thuyét ndy gom hai dinh 1y co ban ctia Nevanlinna. Dinh Iy co
ban thit nhat 14 mot cach viét khac ciia cong thiic Poisson - Jensen,
dinh ly nay néi rang ham dic trung T'(r, a, f) khong phu thuoc vao
a néu tinh sai khac mot dai luong bi chin, trong dé a 14 mot s6 phiic
tiy 7. Dinh 1§ co ban thit hai thé hién nhitng két qua dep nhat, sau
sac nhat ctia 1y thuyét phan bé gia tri, dinh 1y ndy duwa ra mdi quan
hé gitta ham dic trung va ham xap xi.

Nam 1933, H. Cartan [3] da ching minh dinh 1y sau day:

Cho f : C — P"(C) la duong cong chinh hinh khong suy bién

tuyén tinh, H;, i = 1,...,q, la cdc siéu phdng & vi tri tong qudt. Vdi
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moi € > 0 ta cé

> “m(r, Hy, f) < (n+ 1+ )T(r, f),

j=1
trong do bat dang thitc ding vdi moi r > 0 nam ngoai mot tap cé do
do Lebesgue hiau han.
Két qua trén ctia H. Cartan 14 cong trinh dau tién vé md rong ly
thuyét Nevanlinna cho dudng cong chinh hinh. St dung két qua dé6
ong da dua ra cac udéc lugng s6 khuyét cho cac dudng cong chinh
hinh giao v6i cac siéu phang & vi tri tong quat. Cong trinh nay cta
ong da dudc danh gia 1a hét siic quan trong va md ra mot hudng
nghién cttu méi cho viéc phat trien 1y thuyét Nevanlinna. Béi vay,
Iy thuyét Nevanlinna cho cdc dudng cong chinh hinh sau nay dudc
mang tén hai nha toan hoc noi tiéng ciia thé ky 20, dé 14 “Ly thuyét
Nevanlinna - Cartan".

Nhitng ndm gan day, viec md rong két qua ctia Cartan cho truong
hop cac siéu mat thu hat duge su cha ¥ clia nhiéu nha toan hoc. Nam
2004, M. Ru [12] d& chiing minh gi& thuyét ctia B. Shiffman [14] d&t ra
vao nam 1979. Cu thé, ong da chitng minh ring: Cho f : C — P"(C)
la duong cong chinh hinh khong suy bién dai so, Dj,3=1,..,q la

cac stéu mat bac d; J vi tri tong qudt. Khi do
q
(q _ (n + 1) T E)T(Ta f) S Zdj_lN(Ta Dj7 f) + O(T(Ta f)):
j=1

trong dé bat dang thic trén ding vdi moi v di ldn ndm ngoai mot

tap c6 do do Lebesque hitu han. Két qua trén da dudec Q. Yan va
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Z. Chen [4] mS rong cho trudng hgp ham dém tinh dén boi chin
(hay con goi 1a ham dém cut). Két qua dugc phat biéu nhu sau:
Gid st f : C — P"(C) la mot anh xa chinh hinh khong suy bién
dai s6 va Dj, 1 < j < q la q sieu mat trong P"(C) ¢6 bac d; tuong
Ung, & vi tri tong qudt. Khi dé vdi mdi € > 0, ton tai mot sé6 nguyén

duong M sao cho
g—(n+1) —)T(r, f) <Y d;'NY(r, Dy, ) + o(T(r, ),
j=1

trong dé bat dang thic trén diung vdi moi v di ldn ndm ngoai mot
tap co do do Lebesgue hitu han.

Cho dén nay, khi nghién citu sy ton tai ciia cAc 4nh xa chinh hinh
thong qua anh ngugc cia cac siéu mat, ngusi ta thuong st dung dinh
1§ co ban thit hai kiéu Nevanlinna - Cartan thong qua ham dém tinh
dén boi chan. Ngoai ra dinh 1y Nevanlinna - Cartan con cho ta hiéu
thém vé tinh suy bién ctia dudng cong chinh hinh.

Muc tiéu chinh ctia luan van 1 trinh bay lai cac két qua da duoc
dua ra ctia Q. Yan va Z. Chen véi cong cu nghién ctu chu yéu 1a
Ly thuyét Nevanlinna - Cartan cho cic 4nh xa chinh hinh tit C vao
P (C).

Luan van dudc chia thanh 2 chuong cling v6i phan md dau, két
luan va danh muc tai liéu tham khéo.

Chuong 1 trinh bay mot s6 kién thitc co sd vé ham phan hinh, cac
dinh nghia va tinh chat ciia cac ham Nevanlinna. Trinh bay chiing
minh dinh Iy co ban thit hai ciia Nevanlinna cho ham phan hinh.

Chuong 2 trinh bay ching minh mot dang dinh 1y co ban thi hai

4
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cho anh xa chinh hinh cit cac siéu mit 6 vi tri tong quat. Chuong

nay dugc viét dya trén cong trinh ctia Q. Yan, Z. Chen [4].

Luan van dugc hoan thanh dudi sy hudéng dan khoa hoc cua
TS. Ta Thi Hoai An. Tac gid xin bay té long biét on chan thanh
dén TS veé sy giup dd khoa hoc ma TS da danh cho tac gia va da tao
nhing diéu kién thuan lgi nhat dé tac gia hoan thanh luan vin.

TAc gia xin tran trong cam on cac thay co gido truong Dai hoc
Su pham thudc Dai hoc Thai Nguyén, diic biét 13 Thay Ha Tran
Phuong va cic thay co gido truong Dai hoc Su pham Ha Noi va cac
thay co gido Vién Toan hoc da gidng day va gitp d6 tac gid hoan
thanh khéa hoc va luan van.

Tac gia cling xin chan thanh cdm on Ban Giam hiéu truong Cao
dang Cong nghé va Kinh té Cong nghiép, gia dinh, ban beé da tao

moi diéu kién thuan 1gi nhat cho tac gid trong qué trinh hoc tap.
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Chuong 1

Ly thuyét Nevanlinna cho ham

phan hinh

Trong chuong nay ching to6i nhic lai mot s6 kién thitc co ban sé
dugce stt dung trong cac phan sau. Cac kién thtc ctia chuong nay

duge trich dan tit [1], [5], [7], 9], -

1.1 Ham phan hinh

1.1.1 Dinh nghia. Cho D l3 mot mién trong mit phang phic C,
ham f(z) = u(xz,y) +iv(z,y) dudc goi la C-khd vi tai 29 € C néu ton
tai giéi han hitu han }lllir(l) fzo + h})b — f(Zo)'

Gia tri d6 dugce goi 1a dao ham phic cia ham f(z) tai 2.

Ham f(z) dugc goi 1a C-khd vi trong D néu n6 C - kha vi tai moi
z0 € D.

1.1.2 Dinh nghia. Ham f(2) dugc goi 1a chinh hinh tai zp € C néu
n6 C - kha vi trong mot 1an can nao dé cua z.

Ham f(z) dugc goi 1a chinh hinh trén D néu né chinh hinh tai moi

6
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diém z thuoc D.

Tap cic ham chinh hinh trén mién D, ki hiéu la H(D).

1.1.3 Dinh nghia. Ham f(z) chinh hinh trong toan mit phang

phtic C duge goi la ham nguyén.

1.1.4 Dinh 1y. Ham f(z) = u(x,y) +iv(z,y) chinh hinh trén D néu
cac ham u(z,y) va v(x,y) la R?* - khd vi trén D va trén dé cdc ham
u(z,y), v(z,y) théa man dieu kién Cauchy - Riemann, tic la

% = Z—Z,Z—Z = —%,V(x,y) e D.
1.1.5 Dinh 1y. Gid st f(z) la mot ham chinh hinh trong mién hiu
han D C C. Khi dé trong mdi lan can cia méi diém z € D, ham
f(2) duoc khai trién thanh chudi
2

f/(Zo) + %f”(%) 4+ ... (1.1)

(z — 20)

f(z) = f(20) + T

Hon nita, chudi trén hoi tu deu dén ham f(z) trong hinh tron

|z — 20| < p tuy ¢ nam trong D.

Chudi (1.1) dugc goi 1a chuoi Taylo cia ham f(z) trong lan can

cua diem z.

1.1.6 Dinh nghia. Diém z, € C dugc goi la khong diém bac m > 0
(hay khong-diém cip m > 0) ctia ham f(2) néu f"(z) = 0, cho
moi n = 1,....,m — 1 va f™(z) # 0.

1.1.7 DPinh nghia. Ham f(z) dugc goi 1a ham phan hinh trong

D cCnéu f= % trong do6 g, h 13 cac ham chinh hinh trong D.

7
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Néu D = C thi ta n6i f(z) phan hinh trén C hay don gian 1a f(z)

1a ham phan hinh.

1.1.8 Dinh nghia. Diéem 2z, dudc goi la cuc diém cap
1

(z — zg)™

trong d6 h(z) la ham chinh hinh trong lan can cia zy va h(z) # 0.

m > 0 ctia ham f(z) néu trong lan can clia zp ham f(z) =

'h(Z)’

1.1.9 DPinh ly (Céng thitc Poiison - Jensen). Gid st f(z) Z 0 la
mot ham phan hinh trong hinh tron {|z] < R} vdi 0 < R < co. Gid
st a,, p=1,....,M, la cic khong diém ké cd boi, b,, v =1,2,..., N,
la cdc cuc diém cta f trong hinh tron dé, cing ké cd boi. Khi do,
néu z =re(0 <r < R), f(2) #0, f(2) # oo thi

2T

1 . R* —r?
log | f(2)] Zg/log\f (Re)| 3

— 2Rrcos(0 — ¢) + 1?2

-3 tog| M=l

d¢
(1.2)
+ Zlog

RQ—az

1.2 Ly thuyét Nevanlinna cho ham phan hinh

1.2.1 Cac ham Nevanlinna cho ham phan hinh

Gia st f 1a ham phéan hinh trong dia ban kinh R va r < R.

Ky hiéu n(r, 0o, f) (tuong ting, n(r, 0o, f), 1a s6 cac cyc diém tinh
cé bdi, (tuong ing, khong tinh boi)), ctia ham f trong dia dong bén
kinh r. Gia st a € C, ta dinh nghia

n(r,a, f) = n(r, 00, ﬁ),
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n(r,a, f) = ﬁ(r, 00, 7 i a)'

1.2.1 Dinh nghia. Ham dém tinh cd boi N(r,a, f), (tuong tng,
khong tinh boi N(r,a, f)), cia ham f tai gia tri @ dugc dinh nghia

nhu sau

N(r,a, f) = n(0,a, f)logr + /O (nfta.f) - n(0.0.9) 2,
(tuong ting,

N(r,a, f) =7(0,a, f)logr + /0 T (#lt.a, f) = (0.0, /) %).

Vi thé, néu a = 0 ta cé

N(r,0, f) = (ordy f)logr + Z (ord? f)log | L B
zeD(r) &
z#0

trong d6 D(r) 1a dia ban kinh r va ord! f = max{0,ord,f} 1a boi

cua khong diém.

1.2.2 Dinh nghia. Ham zap =i m(r,a, f) cia ham f tai gia tri

a € C dugc dinh nghia nhu sau

2m 1 df
_ +
m(rr: CL, f) - /0 log ‘f(”f’ew) —a 277'7
va
2T
m(r, 00, f) =/ log" | f(re) | —da,
0 27T

trong d6 log™ z = max{0, log x}.

Ham my(r,00) do do 16n trung binh cia log|f| trén dudng tron

|z| = .
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1.2.3 Dinh nghia. Ham dac trung T'(r,a, f) cia ham f tai gia tri
a € C dugc dinh nghia nhu sau
T(T, a7 f) - m(r7 a7 f) + Nf(’r,? a7 f)7
T(r, f) =m(r,o00, f) + N(r, o0, f). (1.3)
Xét vé mit ndo d6, ham dic trung Nevanlinna déi véi 1y thuyét
ham phan hinh c¢6 vai tro tuong ty nhu bac cta da thic trong ly

thuyét da thic. Tt dinh nghia ham dic trung ta c6
T(r,a, f) Z N(T,CL, f) + O<1)7

trong d6 O(1) 1a dai lugng bi chan khi r — oo .
Véi cach dinh nghia nay thi cong thitc Poiison-Jensen (Dinh 1y 1.1.9)

duge viét lai nhu sau

I(r, f) =T(r,a, f) +log|f(0)]. (1.4)

1.2.2 Mot s6 vi du vé cac ham Nevanlinna

1.2.4 Vi du. Xét ham htru ti

X+ +a
294 ... +b,’

flz) =c

trong dé ¢ # 0.
Dau tién gia stt p > ¢. Khi d6 f(z) — oo, khi 2 — oo. Nhu vay
m(r,a, f) = 0(1) khi z — oo cho a hitu han. Phuong trinh f(2) = a

c6 p nghiém tinh ca bodi, do dé

r

N(r,a, f) = /n(t,a)% = plogr+ O(1)

a

10
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khi r — oo. Nhu vay,
T(r, f) = plogr+O(1),

va N(r,a, f) = plogr + O(1), m(r,a) = O(1) v6i a # oo. Phuong

trinh f(2) = oo ¢6 ¢ nghiém, vi thé
N(r,00, f) = qlogr + O(1),
va béi Dinh 1y co ban thit nhat
m(r,00, f) = (p—q)logr+ O(1).
Néu p < g, thi tuong tu ta c6

T(r, f) =qlogr+ O(1), N(r,a, f) = qlogr 4+ O(1),

m(r,a, f) =0(1), v6ia#0.
Khi a = 0,
N(r,0, f) =plogr+0O(1), m(r,a,f)=(q—p)logr+ O(1).
Cudi cling, néu p = g,
T(r, f) =qlogr+ O(1),

va N(r,a) = qlogr + O(1), v6i a # c. Hon nita, néu ky hiéu k 1a bac

triét tieu cua f — c tai oo, khi dé
m(r,c, f) = klogr +O(1), N(r,c,f)=(q—k)logr+ O(1).
Vay trong moi trudng hop
T(r,f)=dlogr+ O(1),

trong d6 d = max(p, q).

11
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1.2.5 Vi duy. Xét ham f(z) = €°.

Trong truong hgp nay,

s

2m 2
do df
m(r, f) = /logJr o = /TCOSH% = %

0 —

0
re
€

NI

Do f la ham nguyén nén N(r, 00, f) =0 va do d6 T'(r, f) = r/m.
Véi a # 0,00, thi f(2) = a ¢6 nghiém véi chu ky 27i. Do vay, ¢6
22—; nghiém trong dia c¢6 ban kinh ¢, va do dé

[t
N(r,a, f) = /;7 + O(logr) = % + O(logr).

o

Do vay, m(r,a, f) = O(logr).

1.2.6 Vi du. Xét ham sin z va ham cos z.
V61 moi a htu han

2
N(r,a,sin z) + O(1) = N(r,a,cos z) + O(1) = % +O(1).

Tt sin 2z va cos z duge biéu dién bang t6 hgp tuyén tinh ctia e va

e %, ta co

T(r,sinz)+O(1) =T(r,cosz) + O(1) < 27T—T +O(1).
Diéu nay kéo theo

T(r,sinz) +O(1) =T(r,cosz) + O(1) = 27T—T + O(1)

va

m(r,a,sinz) + O(1) = m(r,a,cos z) + O(1) = O(1).

12
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1.2.3 Mot sé tinh chat ctia cac ham Nevanlinna

Chiing ta tiép tuc nghién cttu mot sé tinh chat don gidn clia cac

ham Nevanlinna. Chd § rang néu ag,as,...,a, la cac so phiic thi

) P
log™ | ] av| < Zlog+ la,| va
v=1

v=1

p
log ay
v=1

Ap dung céac bat ding thitc trén cho p ham phan hinh fi(z), fo(2), ..., fp(2)

q
< log™" (p uax !%I) < log"|a,| + logp.

v=1

va st dung dinh nghia cua cac ham Nevanlinna, ching ta thu dugc

cac bat dang thiic sau

b

Lom ( Zmz)) <> m(r. ful2) +logp.

v=1

LN ( 4] <SS N6 A6

5.7 r,Zmz)) <3 T (r, fo(2)) + logp,

6. T T,ny(z)> < ZT<7"’ fu(2)).

Trong truong hgp dac biét khi p = 2, fi(z) = f(2), fo(2) = a(a la
hing s6), ta suy ra T'(r, f + a) < T(r, f) +log™ |a| + log 2. Va tit d6

13
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chiing ta c6 thé thay thé f +a, f béi f, f — a v a bdi —a, suy ra

T(r, f) —T(r, f —a)| <log" |a| + log 2. (1.5)

1.2.4 Dinh ly co ban thi nhit cia Nevanlinna

1.2.7 Dinh ly. Gid s f la ham phan hinh, a la mot so phic tuy .
Khi dé ta cé

1
m(r
7f —a
trong dé |e(a,r)| < log™ |a| + log 2.

)+Noﬁ%z):ﬂnﬂ—MMﬂ®—d+dmm

Ta thuong dung dinh 1§ co ban thit nhat dudi dang

m(r,fia>+1\f<r,fia> =T(r, f) +O(1),

trong d6 O(1) 1a mot dai lugng gidi ndi.
Y nghia

Vé trai trong cong thitc ctia dinh 1y do s6 lan f — a va f gan a.
Vé phai 1a ham T'(r, f) khong phu thuoc a, sai khac mot dai lugng
g161 nol.

Chitng minh. Theo (1.3) va (1.4) ta c6:

1 1
m(“f—a>+N<“f—a>:T<“f—a)

=T(r,f—a)+log|f(0)—al.

T (1.5) ta suy ra
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le(a, )] <log™ |a|] + log 2.

Tu do ta co

1 1
m(nps )+ (s ) = T+ ol F0) = ol elan),
trong dé |e(a, )| < log" |a|] + log 2. Dinh ly dugc chitng minh xong.
[l

1.2.5 Dinh ly co ban th& hai

N

2 .0 .« Z ].
Dé don gian, ching ta sé viet m(r,a) thay cho m(r, 7 > VA
—a

m(r, 00) thay cho m(r, f).

1.2.8 Dinh ly. Gid s f(z) la ham phan hinh khdc hang so trong
|z] < r. Gid st ay,as, ...,a, vdi ¢ > 2 la cdc s6 phic hitu han, riéng

biét, 6 > 0 va gid st rang |a, — a,| > 0 vdi 1 < p <v < q. Khi dé
q
i 00) + 3 mir ) 27 1) < M)+ )

trong dé Ny(r) la duong va dude xzdc dinh bdi

( ) +2N (r, f) = N (r, f') va
S(r)=m (r, 7) +m (r, ; 7 —/ay> +qlog™ 35 +log 2+log ———— \f’( Ik

Lugng S(r) trong trudng hgp tong quat sé déng vai tro 1a sai sb

khong dang ké. Su tong hop cac van dé dé trong dinh 1y trén sé mang
lai dinh 1y co ban thid hai. Diéu dé cho thiy rang, trong truong hop
tong quat tong clia cac sé hang m(r,a,) tai mdi s6 khong thé l6n

15
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hon 27°(r).
Bay gio ching ta bat dau chitng minh trong truong hop tuong déi
don gian cua dinh 1y truée khi xu Iy v6i wéc lugng phiic tap hon cua

S(r).

Chaing minh. V6i cac s6 phan biét a,, (1 < v < ¢), ta xét ham

F(z) = Zf;

(Z) _aly.
D L 5o
1. Gié st rang v6i mot vai v ndo do, |f(z) — a,| < 3 Khi dé6 véi
q
[ # v, ta co
o _ 2
|f(z)—au|2 ]aﬂ—a,,\—]f(z)—ay\ 25—3—>§5,

béi vay, véi u # v thi

Nhu vay

pFV
— ()
~f(z) —a 2q
1
—2f(2) —a
Tuw dob ta co
: 1
log™ | F'( )\ZZIOgJr —qlog™ = —log?2
=1 |f( >_ u| 0
q 1 ¢
> logt ————— — qlog™ —= —log 2. 1.6
2 [~ 5 ()
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1 3
Béi vi, v6i u # v : log*t < log* = < log™ = nen ta
|f(2’) - au‘ 20 0
co
1 1
Zlog = logt ————— -4_2—
pn=1 —CL| |f(Z)—a,/‘ M#V\f(z)—au\
2
<log" + (¢ —1)log™ =.
|f(2’) o I/’ 5
Suy ra,
log™" <(¢—1)log™ =
2 [ ;
Do dé,

log™ | F(2 \>Zlog

Vay (1.6) dugc ching minh.
P N . ? 5
Nhu vay, néu ton tai mot vai gia tri v < ¢ dé |f(z) —a,| < 3
q

thi (1.6) 14 hién nhién dang.

)
. Ngugce lai, gia st |f(2) — a,| > 3 v61 moi v. Khi dé ta ¢c6 mot
q

diéu hién nhién 13

3
log™ | F(2 ]>Zlog —qlog+7q—log2.

J 1
Do |f(2) —a,| > —, v6i moi v nén ——— < —q, v6i moi
3 f(2) — ay|
v. Vay
q
+ + 34
Zlog | < qlog F+log2.
v=1 v
Tuw do

3q
log™ | F(2) |>O>Zlog —qlog™ 5 — log 2.

1£(z) = a]

17
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Nhu vay, trong moi trudng hop ta déu c6 dugc

q
1 3q
log" |F(2)| > zjlogJr T —a qlog™ 5 log 2.
v=1 v

V6i z = re?, 1ay tich phan hai vé ching ta suy ra
27

/logJr ‘F(Tew)} df

0

27 q
1 3q
> logt ————— — qlog" —= — log 2 | dé.
0/ <; ‘f(z) - CL,/| 0

nén
q
m(r, F) < Zm(r, a,) — qlog™ % — log 2. (1.7)
v=1
Mat khac, ta xét
m(r,F) =m (r, %%f’F) < (7", %) +m (r, %) +m (r, f'F).
(1.8)
Theo cong thic Jensen (1.4), ta c6
T(.£) =T (17 ) +log 0]
£\ f f(0)
r(ng) =7 (n5) +1 i
No6i cach khac
n(n )+ (o) = () + 5 () el i |
Suy ra
() n2) )
f f(0)
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va ngoai ra ta co

T(r,f)=m (ﬁ) +N <r%> +log | £(0)].

do do
1 1

m(r,?):T(r,f)— ( 1>+log|f( oIk (1.10)
Két hop (1.9) va (1.10) va thay vao bat dang thitc (1.8), ta c6
1 7
vmﬁ“”<f>+
))| +m(r, f'F). (1.11)

m(r, F) < T(r, f) — N (7“ %) +log

(v 7) v (ng) ol

Ket hop (1.7) véi (1.11) ta c6

Zmray)+m(7“ o) < m(r, F') +m(r, f)+qlog+%+log2.
v=1

re w3 D)-(f) ()

3¢
+m(r, f'F) + log +T(r, f) — N(r ,f)+qlog+7+log2-

|f(0)]
St dung cong thic Jensen cho ham ?, ta co
27
f(0) ‘ _ 1 f(re') ‘ < f) ( f’)
1 =— /1 do + N —N|r=].
|7 0) 2WJngWf) o) T
Suy ra
27
f fy_ 1 f(re?) f(0)
N <r, ?) — N (r, ?) = %Oflog F(reid) d¢p — log f’(O)‘

2T

27
1 , 1 |
— %/log]f(?“ew)}dqb—log|f(0)\—%/10g‘f/<rez¢)}d¢_log|f,<o>|
0

0

19
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:N<r,%> —N(r,f)—N(r,%) FN ().

Cudi cting ta nhan dugc

q

Z m(r, a,) + m(r, 00)

V<12T(7°,f){QN(Taf)N(T’f/)+N< f’)}+

+m( §l> +m (r, fF)+log’f10)’ +qlog+ﬁ+log2.

J
Chi § rang

m (r, f'F) = ( Zf—cu,)

va dat
Nl(r)—N( f,>+2N( f)=N{(r.f),

50) =m (n %) + ( Zfa)

3q
+ qlog™ F—HogQ—Hog

1
Lf'(0)
Khi do, ta co

q

m(r, 00) + Zm(r, a,) < 2T(r, f) — Ny(r) + S(r).

v=1

D6 1a diéu can chiing minh.
[
Nhan xét. Ni(r) trong dinh ly trén 1a duong vi N (r, f) =

q
R , ) . .
Z log 7~ trong tong tren néu b, 1a cuc diém baoi k thi dude tinh
r=1 v

20
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k lan.
Gia st by, bo, ..., by 1a cac cyc diém phan biét ctia f(z) v6i cap lan
lugt 1a ky, ko, ..., ky. Xét tai diém b,, ta thay khai trién ctia f(z) sé
c6 dang f(z) = (Z_C+y)k
Khi d6 f’(z) sé c6 khai trien 1a f(z2) =

+ ...

C—k, PR TN ~
m + ..., tac la b, sé

1a cie diém cap k, +1 ctia ham f/(z). Nhu vay by, by, ..., by 1a cac cuc

diém ctia f'(2) v6i cap lan luot 1a ki + 1,k + 1,..., ky + 1. Nhu vay

N N
T, , r.o
N(r, f) = ;kylog|by| va N(r, f') = ;(ky—i— 1)log|by\ nén
) N r ol T
2N(rf) = N0 ) = 32 2hlog | = 3 (k1)o7 =
N R N r
(2k, — (ky + 1) log || = Y (2k, — 1)) log|-—| > 0.
v=1 by vr=1 by

Ta c6 dinh 1y sau day.

1.2.9 Dinh ly (Dinh 1y co ban tha hai). Néu f la ham phan
hinh, khdc hang so6 trén C va ay,as,...,a, la g > 2 diém phan biét.

Khi do

(- VT (. ]) szv<v~,f>+ZN<r, 1 ) SN ) 4 S ()

= f—a
<)+ SN (n ) = Nl )+ S0 ).
j=1 ’

trong dé S (r, f) = o(T(r, f)) khi r — oo ndm ngodai mot tap cé do

do hitu han,

f/

va Ny (r, ?) la ham dém tai cdc khong diém cia f' ma khong phdi

NG f) = N (1) FON ()= N )+ S f)
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la khong diém cia f — aj,j=1,...,q.

22
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Chuong 2

Dinh 1y co ban thit hai kieu
Nevanlinna-Cartan cho cac duong

cong chinh hinh

2.1 Cac ham Nevanlinna-Cartan cho dudng cong

chinh hinh

Chiing to6i sé nhic lai mot s6 khai nieém, ki hiéu chuan cta Ly
thuyét Nevanlinna - Cartan cho cdc duong cong chinh hinh tit C vao

P(C).

2.1.1 Dinh nghia. Anh xa f == (fy:...: f,) : C — P"(C) dugc
goi 1& duong cong chinh hinh trén C néu fy, ..., f, 1a cAc ham nguyén
trén C.

Ta c6 thé viét f = (fo Cf e ﬁl) trong d6 f; 1 cAc ham nguyén
khong c6 khong diém chung trén C. Khi d6 f = (fo, f1, ..., fn) dudc

goi 1a biéu dién rat gon ctia dudng cong chinh hinh f.

23
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Gia st D 1a mot siéu mat trong P"(C) ¢6 bac d. Gid su @ la da
thitc thuan nhat n + 1 bién véi cac hé s6 trong C c6 bac d xac dinh
siéu mat D.

Goi n(r, D, f) 1a s6 cac khong diém ctia ham Q o f trong dia
|z| < r, nM(r,D, f) 1a s6 cac khong diém ctia ham @ o f trong dia

|z] < r boi chiin bdi mot s6 nguyén duong M.

2.1.2 Dinh nghia. Ham
dt
(ng(t,D) —ns(0,D)) n +ns(0,D)logr
0

dugc goi 1a ham dém clia dudng cong chinh hinh f Gng véi siéu mét
D.
Ham

dt
Nf (r, D) /nf (t, D) n%(O,D))?—Fn%(O,D)logr
0

dugc goi 14 ham dém cut ctia dudng cong chinh hinh f tng véi siéu

mat D.

2.1.3 Dinh nghia. Ham zap =i ctia ham f tng véi siéu mat D dudc
dinh nghia bai

2

oy

Qf 61'0)} 2

2.1.4 Dinh nghia. Gid st f == (fp:...: fn) : C — P*(C) 1a mot

anh xa chinh hinh. Ham ddc trung Nevanlinna - Cartan T(r, f) cia
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ham f dugc dinh nghia nhu sau

2

7(r.f) = 5 [ 1og]|Ftre) | as.
0

trong do [ f(2)|| = max {|fo(2)[ .-, [/n(2)]} -

Cht y rang cac ham m(r, D, f), T(r, f) doc lap v6i viéc chon biéu

dién ctia dudng cong chinh hinh f, sai khac mot hing sé.

2.1.5 Dinh nghia. Ho cac siéu phang H;,j = 1,...,q trong khong
gian xa anh n chiéu dugce goi 1 & vi tri tong qudt déi véi P"(C) néu
q > n va (n + 1) siéu phang bat ky trong chiing déu doc lap tuyén
tinh.

Tong quat hon, ta c6 khai niem vé ho cac siéu mit 6 vi tri tong
quat do6i véi P"(C) nhu sau:
Gia st Dy, ..., D, 1a cac siéu mat trong P"(C), goi @), la cac da

thitc thuan nhat dinh nghia D; tuong tng.

2.1.6 Dinh nghia. Cac siéu mét Dy, ..., D,, g > n+ 1 dugc goi la d
vi tri tong qudt trong P"(C) néu v6i mdi bo n + 1 chi s6 phan biét

i1y ine1 € {1,...,q}, ta co
{x eP"(C): Qi(x)=0,j=1,...,n} = 0.

2.1.7 Chu y. Cdc siéu mit Dy, ..., Dy, (¢ > n) J vi tri tong qudt doi
vdi P"(C) néu n + 1 siéu mat bat ky trong ching déu cé giao bang

rong.
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2.1.8 Dinh ly (Dinh 1y cd ban thit nhat). Gid si f : C — P"(C)
la mot anh za chinh hinh va D la mot siéu mdat bac d trong P"(C).

Néu f(C) € D thi vdi mér s6 thuc r vdi 0 < r < 00, ta cd
m(r,D, f)+ N(r, D, f) = dT(r, f) + O(1),

trong dé O(1) la mot hdang s6 doc lap vdi r.

2.2 Dinh 1y co ban tha hai cho dudng cong chinh

hinh cit cac siéu mat
2.2.1 Mot sé6 bé dé quan trong

Tiép theo, chiing toi trinh bay mot sé bd dé dai s6 duge st dung
trong cac ching minh ctia dinh 1y co ban tht hai kiéu Cartan cho

cac anh xa chinh hinh.

2.2.1 Dinh nghia. Ching ta dinh nghia thi tu ti dién cho m-bo
(i) = (i1, ...,%,) € N™ clia cac s6 nguyén. Nghia 1&, (j1, ..., jm) >
(41, ..., %) néu va chi néu ton tai b € {1,...,m} ta c6 j; = 4; v6i moi

l<bvéjb>ib.

V6i n bo (i) = (41, ...,4,) cac s6 nguyén khong am, ta ki hiéu
o(i) = Z Q.
J
Véi mot s6 nguyen duong 16n N, ta ki hieu Vy 1a khong gian cac da

thitc thuan nhat bac N trong Clzy, ..., ,].
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2.2.2 Bo dé (Xem Bé dé 2.3 [6]). Gid st ry,...,r, la cic da thic
thuan nhdt trong Clxy, ..., z,] va gid st rdng ching dinh nghia mot
da tap con trong P"(C) ¢6 s6 chieu bang 0. Khi dé vdi mot s6 nguyén
duong N du lon, ta cé

v
dim o TN) AV = degr;...degr,.

Gia st rq,...,m, € {Q1,...,Q,} 1a cdc da thic thuan nhat bac d,

sao cho ching dinh nghia mot da tap con trong P"(C) c6 s6 chiéu
bang 0. Ta xay dung mot cai loc ctia Viy nhu sau: sap xép lai theo
trat tu tit dién n bo (i) = (iy, ..., i,) cac s6 nguyén khong am sao cho

N
o(i) < rE Dinh nghia khong gian W;) = Wy ) bdi

W(i): E Tfl...TfL"VN_dU(e).
(e)=(i)

Hien nhién, Wi...0) = Vv va W) D Wiy, néu (i) > (i). Nhu vay
Wi la mot cai loc cua V.
Chiing ta tiép tuc nghién citu cac khong gian thuong ctia hai khong
gian lién tiép trong loc. Gid sit rang (i') ding ngay sau (i) theo thi
tu tit dien trong loc vira xay dung & trén. Khi d6 ta c¢6 bo dé sau
day.
2.2.3 Bo dé. Ton tai mot dang cau

W(z) VN—do(i)
Wy (71, ey ) M VN—do(i).

W

W
cla tat ca cac lop tuong duong cé dang Tlf...Tf{’n modulo Wyy vdi n

Ngoai ra ching ta cé thé chon dude mot co sé cia tu tap hop

la mot don thic cia cdc bién xq, ..., T, vdi bic N — do(1).
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Chiing minh. Trudc tién ta xac dinh mot dong ciu giita cac khong

gian véc to
W)
Wi

¢ VN_do(i) —

nhu sau: v6i mot da thitc 1 trong Viy_40(;), ta dinh nghia ¢(n) 1a l6p
tuong duong ctia ry...r,n (thuée W) modulo Wy, Theo dinh nghia
ctia khong gian Viy_g,(;), dong cau trén 13 mot toan dnh. Dé két thic

ta chi can chitng minh

ker ¢ = (1, .., 7) 0 Vo)
W)

Wi
tir tap tat ca cac 16p tuong duong c6 dang ry...r,n module Wiy voi

Tir cau tric ctia dong cau ¢ ta c6 thé chon dude mot co sé clia

n 1a mot don thiic trong xy, ..., ¥, véi bac tong cong bang N — do (i)

13 mot co s6 clia Viy_gy4) ta c6 dieu can ching minh. O

Bay gio ching ta tiép tuc sit dung bo dé trén dé danh gia s6 chiéu
ctia khong gian thuong ctia hai khong gian lién tiép trong loc.
Ta ki hiéu s6 chieu dé la d;).

Két hop Bo dé 2.2.2 va 2.2.3 ta c6 bo dé sau

2.2.4 B6 dé. Ton tai mot sé nguyén duong Ny chi phu thudc vao

r1,...,Ty Sao cho

- Wi n
(3 = dim W((;)) =d",
vdi dieu kién do(1) < N — Ny. Hon nia, vdi cic bo (2) con lai ta cé
Wos
dim —2 14 bj chan bdi dim Vi,.

()
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2.2.5 Bo dé. Vdi d(3) dugc dinh nghia nhu trong Bo dé 2.2.4. Ta c6
NnJrl
0 := O3
Z i = d(n+ 1)

trong dé tong S duoc lay trén tat cd (n+1) b s6 nguyén khong am
(4)
vdi tong ding bang N/d.

Chatng minh. Két hop véi Bo dé 2.2.4 ta c6,

. | N
(Z)é”)lj n+1zzzj:n+123

d" N d” N/d+n \ N

n+1 5 d n+1 n d
NN A+d)+ ...+ (N +nd) S N7t
B (n+1)ld —d(n+1)!
Ta c6 diéu can ching minh. O

2.2.2 Dinh ly co ban th& hai cho cac dudng cong chinh
hinh

Mot sé phat biéu cta dinh 1y ¢ ban thi hai.
Trude hét ta nhic lai dinh 1y ctia Cartan nhu sau.

2.2.6 Dinh 1y. Gid st f : C — P"(C) la mot anh za chinh hinh
khong suy bién tuyén tinh va H;, 1 < j < g, la q siéu phang trong

P"(C) ¢ vi tri tong qudt. Khi dé véi moi e > 0 ta cé

z m(r, Hy, f) < (n+1+)T(r, f).
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trong dé bat dang thic ding vdi moi r > 0 nam ngoai mot tap cé do

do Lebesque hau han.

Dinh 1y trén da dugc phat biéu lai dusi dang khac béi M. Ru
trong [13].

2.2.7 DPinh ly. Gid s¢ f = (fo : ... : fn) : C — P*(C) la mot
dnh za chinh hinh ma dnh cia né khong bi chia trong bat ké mot
khong gian con tuyén tinh nao. Goi Hy, ..., H, la cdc siéu phdng phan
biet trong P"(C), L;, 1 < j < q, la cdc dang tuyén tinh dinh nghia
Hy,...,H,. Kihiéu W(fo,..., fn) la Wronskian cia fo,..., fn. Khi do

vdi moi € > 0

/ml?xlog H H’];T(ef)(!lf)lH%JrN (r,0) < (n4+14€)T(r, f)+o(T(r, [)),
9 jeK J

trong dé tong trén lay trén tat cd cdc tap con K cia 1, ...,q sao cho
cdc dang tuyén tinh L;, j € K, la doc lap tuyén tinh, ||f(2)| la gid
tri 16n nhat cia |fj(2)], 0 < j < n va ||L;|| la gid tri I6n nhat cia
gid tri tuyét doi cla cdc hé so trong L;.

Nam 2004, M. Ru da chitng minh dugc dinh 1y ¢6 ban thit hai cat
cac siéu miit & vi tri tong quat. Dinh 1y ndy da gidi quyét tron ven
gid thuyét cta Shiffman [14].

2.2.8 Dinh 1y. Gia s¢ f : C — P"(C) la mot anh xa chinh hinh
khong suy bién dai s6 va D;, 1 < j < q la q sieu mat trong P"(C) c6
bac d; tuong ing, J vi tri tong qudt. Khi dé vdi méi e > 0, ta cé

S dim(r, Dy, f) < (n+ 1+ )T(r, f),
i=1
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trong dé bat dang thitc ding vdi moi r > 0 nadm ngodai mot tip E cé
do do Lebesque hiu han.

Dinh 1§ cia M. Ru chua tinh dén yéu t6 boi ctia khong diém. Tiép
theo ta sé trinh bay ching minh ctia mot dang dinh 1y co ban thi

hai c6 lién quan dén ham dem cut.

Dinh ly ctia Q. Yan va Z. Chen.

2.2.9 Dinh 1y. Gid st f : C — P"(C) la mot anh xa chinh hinh
khong suy bién dai s6 va Dj, 1 < j < q la q siéu mdt trong P"(C) ¢
bac d; tuong ing, J vi tri tong qudt. Khi dé vdi moi € > 0, ton tai

mot so nguyén duong M sao cho
q

(q—(n+1)=e)T(r, f) <Y d;'"NY(r,D;, f) + o(T(r, f)),
j=1

trong dé bat dang thic trén ding vdi moi r di ldn ndm ngodi mot
tap c6 do do Lebesque hiu han.

Truéc khi ching minh dinh 1§, ching ta can chiing minh cac b
dé sau.
2.2.10 B6 dé. Gid st f : C — P"(C) la mot dnh xa chinh hinh
khong suy bién dai s6 va D;, 1 < j < q la q sieu mat trong P"(C) c6

bac nhu nhau la d , & vi tri tong qudt. Khi dé

>_m(r,Q;.f) < max (gl o M) +0(1).

Ching minh. Gid st Q1, ..., Q, 1a cac da thic thuan nhat (n+1) bién

Jj=1

v6i cac hé s6 trong C c¢6 bac nhu nhau 1& d, dinh nghia cac siéu miit
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Dy, ..., D,. Lay z € C bat ki, khi d6 ton tai mot cach sap xép céc chi

sO 41, ...,%4 cua cac chi so 1, ..., ¢ sao cho

Qi 0 f(2)] < 1Qi, 0 f(2) < 1Qi, 0 f(2)]. (2.1)

Do Q;, 1 < j < n & vi trf tong quat nén theo dinh ly Hilbert’s
Nullstelensatz, ta c6: véi mdi s6 nguyén k, 0 < k < n, ton tai mot

s6 nguyén duong my, > d sao cho
n+1

ijkxo,... 2)Qi (20, -y ),

trong d6 bjr, 1 <j<n+1,0<k<n,lacic dang thuan nhat véi

hé s6 trong C c¢6 bac my, — d tuong tng. Nhu vay

™ < el F @™ max {|Qi, o f()] ..

)|}

(2.2)
trong d6 || f(2)|| := max{|fo(2)], ..., |fu(2)|}, c1 1a hdng s6 duong chi
phu thudc vao cic he s6 ctia bj,1 < j<n+1,0 <k <n, tic 1a chi
phu thudc vao cac hé s6 cia Q;, 1 < j <n+ 1.

Chu y réng, (2.2) dung véi moi k =0, ...,n. Nhu vay

1™ = max |f(z)[™

k=0,...,

< e [lf ()™ max {|Q 0 £(2)] -

o f(2)|},

diéu nay kéo theo

1F )" < ermax {|Qi, 0 f(2)], . [Qiey 0 F(2)]}- (2.3)
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Theo (2.1) va (2.3), ta co
I/ (2 1/ (2) T _lfE
H‘szof (H |Q1kof ) ( 1;!_1 ‘Qlkof( )|)

o (Tr I
= (,H%of( >>'

Nhu vay, theo dinh nghia ham xap xi ta suy ra
g q
£ )1y
> m(rQif) = H
= ®1Q;, 0 (2)],

1f () B
< {zflflaji} (Hl 0g ‘sz Of( )) + (q TL) 10gcl7

trong d6 ¢; 14 hang s6 duong chi phu thudc vao cac he s6 ciia by, 1 <
j<n+10<k<n, tic la chi phu thuoc vdo cic heé sb ctia Q;,
1<7<n+1

Tt d6, ta cé dieu can chiing minh. O

Gia stt N s6 nguyén duong ndo do6. Ta sé xay dung mot co s thich
hop 11, ..., ¥y cia Vy nhu sau, trong d6 M := dim Vy. Ta bat dau
v6i mot khong gian khac hang dau tien Wy va lay mot co s6 bat ky
cia n6. Ta tiép tuc xay dung bang quy nap nhu sau: gia st (i') > (i)
12 hai n bo lién tiép sao cho do(i), do(i') < N va gid st rang ta da
chon duge mot co s6 ciia Wiy). Tt dinh nghia ta c6 thé lay dudc bicu
dién trong W(; clia cac phan tit trong khong gian thuong W) /W
c6 dang r?...fr’f{tn, trong d6 n € Vy_4,(;)- Ta m6 rong co sé da duge
xay dung trudc trong Wiy bang cach thém vao céc biéu dién d6 va

ta s& thu dugce co s6 cho cac khong gian ;) va qué trinh quy nap
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dugc tiép tuc cho dén khi W;) = Vy, khi dé ta diing lai. Bang cach

nhu vay, ta sé thu dugc mot co s U, ..., ¥y caa Vy.

2.2.11 B6 dé. Vdi gid thiét trong Dinh ly 2.2.9. Khi dé

(ad = =52 ) 70 1) £ SN Qs £) = 5 Niw(,0) + 0 (T(r, ).

Ching minh. Gid st ¢1,..., ¢y 14 mot co sé ¢6 dinh ctia Vy. Khi
dé 1, ...,10a c6 thé biéu dién dugc dudi dang t6 hgp tuyén tinh
Ly, ..., Ly cua cac @1, ..., ¢pr, nhu vay ¢ (f) = Ly(F), trong d6 F' =
(p1(f) ...t o (f)) : C — PM7Y(C). Cac dang tuyén tinh Ly, ..., Ly,
14 doc lap tuyén tinh vi biét ring theo gia thiét, f khong suy bién
dai s6 nén I’ khong suy bién tl;\;jfén tinh.

Véi z € C, ta u6c lugng logH |L:(F)(2)] = log H [ (f)(2)]. Goi
t=1

® 1a mot phan ti trong co s, dude xay dung tit cac phan ti trong

cd s ctia Wiy /Wiin), khi d6 o = r{'...rinn, trong d6 n € Viy_4,()- Nhu

vay ta c6 mot chan

()] < () o ral £ In(F)(2)
< e (AN e Iral DI ()Y 0,

trong d6 ¢y 14 mot hing s6 duong chi phu thuoc vao 1, khong phu
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thudc vao f va z va c¢6 dang d(;) ham ¢ nhu thé. Nhu vay

log [v4(F)(2)] < inlog|ri(£)(2)| + ..+ inlog |ru(F)(2)
+ (N = do(i)) log | f(2)]] + ¢s
< it (log In(f)(2)] = log If(=)]1") +
+in (log Ir())(2)] = log I £()[1*)
+ Nlog /(=) +
LFEI

< —iylog ———F— — ... — iy log ——F—

[ (S)(2)]
+ Nlog || f(2)[| + s,

If )1
[rn(f)(2)]

trong d6 c3 14 mot hang s6 duong chi phu thuoc vao 1, khong phu

thudc f va z. Kéo theo,
M M
log [ [ 1L:(F)(2)| = 10gH |4 (f)(2)
t=1 =

d d
< _Z%) <i1 log ——~7—~— Hf( )H —i—...—l—z’n]ogM)
(i) |T1( )(Z)l

+ MNlog || f(2)[| + Mes

— 3 g ‘7'0‘_{;)1‘2)' S Gy | + MNlog]|F2)]| + M.
! (i)

trong d6 tong trén dugc 1ay trén tat cd n bo véi o(i) < N/d. Vi mdi

0 j G trén thi # khong phu thudc vao j. Néen (2.3) tré thanh

logH|Lt 2)| < 910gH|Hf —i—MNlong(z)H—l—Mc?,.
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Dieu do6 kéo theo

X Hf Lo T IE@I M og || F(z
lgH| 1ggth(F)(z)\ g e IF ] (2.4)
. MN Mec
—log /()| + ==

Do ¢6 mot s6 hitu han cach chon r1,...,7, € {Q1,...,Q,} nén ta c6
mot ho hitu han cac dang tuyén tinh Ly, ..., L,. T (2.4) ta c6

T @l 1 IIF
max log —ma xlog
{it,mmrin} ,H 19, (f)(2)], — 0 ]I;IA

M MN
—7T(T’,F)+TT(T’,J‘")+C4,

trong dé max dugc lay trén tat ci cic tap con K ctia 1, ..., u sao cho
cac dang Lj, j € K la doc lap tuyén tinh, ¢; 14 mot hdng s6 duong
khong phu thudc vao r, ap dung Dinh 1y 2.2.7 cho anh xa chinh hinh
F:.C— IP’Mfl(C) va cac dang tuyén tinh L, ..., L, va két hop vdéi
(2.3) ta co

T F@Iy

< o (g —c)loga
{inein} o T (F)(2)],

M=
-
o
=
N
=
<)
>
2
—

trong d6 W la Wronskian cua Fi, ..., Fiy. ]

2.2.12 Bé dé. Vidi gid thiét trong Dinh ly 2.2.9. Khi dé

q q
>N — N <D0

Chiing minh. Véi mdi z € C, khong mat tinh tdng quat, ta c6 thé
gid thiét rang @Q; o f triét tieu tai z véi 1 < j < ¢y vd Q; o f khong

36



www.VNMATH.com

triét tiéu tai z v6i j > ¢;. Theo gid thiét quy nap: cac Q; & vi tri
tong quat nén ¢; < n. Khi dé ton tai mot s6 nguyen duong k; > 0
va cac ham chinh hinh v; khong triét tiéu trong mot lan can U cla
z sao cho

Qjo f=(¢C—2)%y,
véi j =1,...,q, trong d6 k; = 0 néu ¢; < j < q.
Véi{Q1,...,Qn} € {Q1,...,Q,} ta co thé thu dugc mot co s6 ¥y, ..., ¥y
ciia Viy va cac dang doc lap tuyén tinh Ly, ..., Ly sao cho ¢y (f) =
Li(F). Theo tinh chat ctia dinh thic Wronskian, ta ¢

W =W (F, ..., Fxy) = CW (Ly(F), ..., Lyr(F))

@ ()M ()M

Goi v 14 mot phan tit trong co sd, dugc xay dyng tit co s6 cia

W) /Wiy, ta c6 thé viét ¢ = QY...Q5n,n € Vy_ao(s)- Ta c6

W(f) = Q)" - (Qul(H)) 1(f),
trong d6 (Q;(f))" = (¢ — z)ijkj’y;j,j = 1,...,n. Hon nita ta c6 the gia
thiét rang k; > M néul < j<gyval<k; < Mnéugqg <j<q.

Ta thay rdng c6 d(;) phan tit dang 1 trong co sé. Nhu vay W trieu
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tiéu tai z v6i boi it nhat 1a

> (Z ij (kj — M)> 8oy =D i0) Z (kj — M)

() \j=1

Nhu vay ta c6 diéu phai ching minh. O
Tiép theo ta sé chiing minh Dinh 1y 2.2.9.

Ching minh Dinh 1y 2.2.9. Gia st f = (fo:...: f,) : C = P"(C) la
mot anh xa chinh hinh khong suy bién dai s6. Goi Dy, ..., D, 1a cac
sieu mat & vi tri tong quat trong P"(C) ¢6 bac d; va Q;, 1 < j < g,
14 c4c da thic thuan nhat trong Clxy, ..., x,] bac d; tuong ing, dinh
nghia cic D;. Ta thay thé Q; béi Q7' trong d6 d 1a boi s6 chung
nhé nhat cla cac d;. Ta sé ching minh v6i mdi € > 0, ton tai mot s6

nguyén duong M, sao cho
q
(4= (n+1) = )T(r f) < D d ' NY(r, Q). )+ o(T(r. f).
j=1

Cha ¥ ring, néu z € C 1a mot khong diém cta Q;l/dj o f véi boi «
thi z 14 khong diém ctia Q; o f véi boi ad;/d. Diéu d6 kéo theo

d

N Qs f) < NV Q5 f).
J

NM(r, QY ) < d

Nhu vay
(q—(n+1)—e)T(r, ) <> d'NY(r, QY'Y £) + o(T(r, f)).
j=1
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Béi vay, khong mat tinh téng quét, ta c6 thé gia thiét ring cac
da thic Q, ..., Q, c6 bac nhu nhau va bang d. Theo Bo dé 2.2.10 ta
suy ra

Zm(r,Qj, ) < max (HlogQ”Zfof( )>+(q—n)logcl.

.....

Lay n da thic phan biét rq, ..., r, € {Q1, ..., Q;}. Theo gia thiét & vi
tri tong quat, ching dinh nghia mot da tap con cé sb chiéu bang 0
trong P"(C). Ta ¢6 dinh mot s6 nguyéen 16n N (sé chon sau), goi Viy
14 khong gian cac da thic thuan nhat bac N trong Clzy, ..., z,]. Ta

s€ ¢6 mot cau tric loc W) cia Vy va
W)
W(i/)

v6i mbi cap n bo lien tiép (i') > (i).

5(1) = dim = dn,

Dit M := dim V. Nhu vay theo B6 dé 2.2.11, ta c6

(0= 25) 05 <i NG Q. )~ ENw(r.0) + o (T, ).

Miit khac Bé dé 2.2.12 cho ta
q q
ZN r,Qj, f) — (r,0) < Z (r, Qj f)- (2.6)
j=1 J=1
Tiép tuc ta sé udc lugng vé trai ciia (2.5). Gid stt N chia hét cho d.
Khi dé

M = M =(N+”)!:NH+O(N”—1). (2.7)

In! |
n Nlnl n!

39



www.VNMATH.com

Bing cach khéac, vi m bo s6 nguyén khong am véi tong < T ding

bang vdi (m + 1) bd s6 nguyén khong am véi tong dang bing T € Z

. T'+m s
va bang . Theo Bo de 2.2.5, ta c6
m
n+1
MN ' + O(Nn) B
< n: o =dn+1)+O(N1).
d(n +1)!
tic 1a,
MN _
(qd = =5=)T(r, f) 2 d(g = (n+1) = O(N")T(r, [).

Diéu d6 suy ra, véi mdi € > 0 trong Dinh 1y 2.2.9

MN

(qd = —=)T(r, f) 2 dlg = (n +1) = )T(r, f), (2.8)

néu ta lay N du 16n sao cho O(N ') < e vd N chia hét cho d.
Két hgp cac cong thiic (2.5), (2.6) va (2.8) ta 6, v6i mbi € > 0 ton

tai s6 M sao cho
(4= (n+1) =T ) < 37 N0, Q. )+ olT(r, 1))

Dinh 1y dugc chiing minh. []

40



www.VNMATH.com

Két luan

Luan vin trinh bay mot sé6 khai niém, tinh chat cta 1y thuyét
Nevanlinna cho ham phan hinh va cho duong cong chinh hinh. Muc
dich chinh ctia luan van 13 chitng minh két qua ctia Q. Yan va Z. Chen
vé Dinh 1y co ban thi hai cho cac dudng cong chinh hinh cit céc

sieu mit ¢ vi tri tong quat, c6 tinh dén yéu t6 ham dém boi chan.
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