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LOI NOI PAU

Ham 161 va céc bién dang ctia n6 (16i chat, 16i manh, tua 16i . . .) ¢6 nhiéu
tinh chat dep dang chud y va dugc stt dung rong rai trong nhi€u 1y thuyét va
ting dung thuc tién, dac biét trong giai tich 16i va t6i wu hoa. Ham 10i va céc
mo rong 1a mot cht dé hap dan véi nhi€u két qua phong phd va luon thu hit
su quan tam cua nhiéu nha nghién ciu.

Dé tai luan van dé cap téi cdc ham 161 mot bién va nhi€u bién, cung
vGi céac tinh chét co ban clia ching. Ham 16i ¢6 vai trd quan trong trong
nhiéu Iinh vuc nghién citu: qui hoach todn hoc, 1y thuyét di€u khién toi wu,
ly thuyét trd choi, kinh t€ todn ... Gia thiét vé tinh 16i ctia hAm khong thé
thi€u trong nhi€u dinh 1y v€ ton tai nghiém t6i wu, ton tai gid can bang hay
tinh thé can béng trong cdc mo hinh kinh t€ toan. Vi thé, tim hi€éu ham 16i
va cdc tinh chat 1a thuc su cin thiét va hitu ich, gitp hiéu sau hon vé nhiéu
van dé trong giai tich 16i va ly thuyét t6i uu.

Muc tiéu ctia luan van 1a tim hi€u va trinh bay nhiing két qua co ban da
biét lién quan dén cac ham 16i mot bién va nhi€u bién, dac biét luu y céac tinh
chat n6i bat nhu tinh lién tuc, tinh kha vi va céc tinh chat cuc tri. Noi dung
dé cap trong luan van duoc trinh bay mot cach chat ché vé mat toan hoc, cac
khai niém va két qua néu ra c6 kém theo vi du va hinh v& d€ minh hoa.

No1 dung luan van duoc chia thanh ba chuong:

Chutong 1: “Ham 16i mot bién” dé cap tGi cac ham 16i mot bién, xdc dinh
va nhan gid tri thuc hitu han hay vo cuc trén mot khoang lién tuc (hitu han
hay vo han) ctia dudng thiang s6 thuc. Ham 16i mot bién c6 nhiéu tinh chat
dang chi y nhu tinh Lipschitz, tinh lién tuc va kha vi hau khap noi trén mién
xac dinh. Xét mot s6 ham c6 lién quan: ham 16i chat, ham tua 16i, tua 16i
chat, ham lién hgp . . .

Chuong 2: “Ham 16i trong R" giGi thiéu vé ham 16i nhi€u bién va cac

tinh chat co ban: Ham n bién 1a ham 16i khi va chi khi ham thu hep cua né
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trén moi duong thang trong R 1a ham 16i mot bién. Ham 16i ¢6 m6i quan
hé chat ché véi cac tap 16i: f 1a ham 16i khi va chi khi epi f la tap 16i va
néu f l1a ham 16i thi moi tip mic dudi ctia né la cac tap 16i. Ham 16i trén
tap 16i md thi lién tuc. Ti€p theo néu cach nhan biét ham 106i qua cic phép
toan va ham kha vi 1a 16i qua mot s6 dau hiéu. Trong chuong con gidi thiéu
khai niém dudi vi phan ctia ham 16i va mé&i quan hé gitta dudi vi phan véi
dao ham theo huéng va v6i ham lién hop.

Chuong 3: “Cuc tri cia ham 16i” trinh bay céc tinh chat cuc tri cia ham
16i, ham 16i chat va ham 16i manh: cuc tiéu dia phuong ctia ham 16i luon 1a
cuc tiéu toan cuc; ham 16i chit ¢6 nhiéu nhit mot diém cuc tiéu va ham 16i
manh luon dat cuc tiéu trén tap déng khac réng, cuc tiéu d6 1a duy nhat néu
tap 1a 16i déng khéc rong; cuc dai cia ham 16i (cuc tiéu ciia hAm Idm) néu
c6 s€ dat tai diém cuc bién (néi riéng, tai dinh) cta tap duoc xét. Ngoai ra,
chuong nay con trinh bay cac diéu kién t6i wu can va da doi v6i cac ham 16i
kha vi.

Do thoi gian ¢6 han nén luan van ndy mdéi chi dimg lai ¢ viéc tim hiéu,
tap hop tai liéu, sdp xép va trinh bay céc két qua nghién citu da c6 theo chi
dé dat ra. Trong qud trinh viét luan van ciing nhu trong xtt 1y van ban chac
chan khong tranh khoi ¢é nhiing sai s6t nhat dinh. Tdc gia luan vin rat mong
nhan duoc su gép y cua cdc thdy co va cdc ban dong nghiép dé luan van duogc
hoan thién hon.

Nhan dip nay, tic gia xin bay t6 1ong biét on sau sac dén thay huéng dan
GS-TS Tran Vii Thiéu da tan tinh gidp d& trong sudt qua trinh 1am luan van.

Téc gia xin chan thanh cadm on cac thay, c6 ¢ Vién Toan hoc, Vién Cong
nghé thong tin Ha No1, Khoa Cong nghé thong tin, Khoa Todn va Phong Dao
tao sau dai hoc truong Pai hoc Khoa hoc - Pai hoc Thai Nguyén da tan tinh
giang day va tao moi di€u kién thuan lgi cho tc gia trong qud trinh hoc tap

tai truong.
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Tac gia cling xin chan thanh cam on Ban giam hiéu, cic Phong, Ban
chiic nang va BO mon Toan Truong Cap II-III Tan Quang va ban bé dong
nghiép cling gia dinh da quan tam giip dd, dong vién dé tdc gia hoan thanh

tot luan van nay.

Thai Nguyén, thang 09 nam 2009

Tdc gia

Pham Ba Tuyén
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Chuong 1

Ham 16i moét bién

Ham 106i ¢6 vai trd quan trong trong giai tich 16i, dac biét trong t&i wu hoa.
Ta bat dau 1am quen vGi ham 16i mot bién va céc tinh chit dang chd y cla

z

no.

1.1 Ham l6i thuc

1.1.1. Dinh nghia va tinh chat
Ky hiéu I la mot khoang (d6ng, mé hay nira md, hitu han hay vo han)
trong duong thang thuc R. Chang han, khodng m& hitu han

I=(p,q) Vv6i —00<p<q<+00
Dinh nghia 1.1. Cho ham mot bién s6 f: I — R,
a) f goi 1a 10i (hay ham 10i) néu:
fa+ (1 =Xb) < Af(a) + (1 =) f(b) (1.1)
v6i moi a,b € I, vamoi A € R, v6i 0 < A < 1. Hinh 1.1 cho thay y nghia
hinh hoc cua tinh 16i: day cung véi hai dau miit (a, f(a)) va (b, f(b)) luon

nam & phia trén do6 thi cia ham f .

b) f goi 1a 16i chat néu f 16i va trong (1.1) c6 bét dang thic chat khi

a # b.
Ta néu cdc phat biéu twong duwong khac vé tinh 16i cia ham f: I — R.
b—=x r—a
< — b
8 flo) < T2 @)+ 5 f0)

v6i moi a,b,x € I vaa < x < b. Chi ¥y ring v&€ phai clia bat dang thic trén

c6 thé viét thanh:
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b) fa+pb) < Af(a) + puf(D)
véimoi a,b,xr € I vamoi \,u € R saocho A >0,u >0, A+ pu=1.

e Dé dang kiém tra céc tinh chit don gian sau day ctia ham 16i:

a) Néu f va g 1a cdc ham 16i va a > 0,3 > 0 thi af + B¢ 1a ham 16i.
b) Téng ctia mot s6 hitu han cdc ham 16i 12 ham 16i.
¢) Ham gi6i han (theo timg diém) ctia day ham 16i hoi tu 1a 16i.

d) Gia st f: I — R la ham 16i. Khi do:

YNziel va f (Z )\ilvz') <> Nif(z)
= i1 izl

n
véimoix, € [\ >0 (1<i<n), > \=1.
i=1

e) Gia slr f 12 can trén theo ting diém clia mot ho bat ky cac ham 16i
I — R. Néu f hitu han khip noi trén [ thi f 1a 16i. Tuy nhién,

ménh dé tuong tu khong con ding déi véi can dudi.
Dinh ly 1.1. Gia sit f: I — R la ham 16i. Khi dé
Fla) = f(a) _ F0) — fla) _ FB)— f(x)

T —a b—a b—=x

(1.2)

voi moi a,b,x € I,a < x < b. Néu f 16i chdt thi & (1.2) cé bdt ddng thiic
chat.
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Hinh 1.2 cho thdy y nghia hinh hoc cta dinh ly nay: do doc (AB) < do
doc (AC) < do doc (BC).
Chiing minh. Do f 10i nén ta c6

b—x T —a
b—af(a)+b—a

f(z) < £(b) (1.3)

Tir bat dang thitc nay ta suy ra

a—x r—a r—a

F@) = fla) < S fla) + T f(B) = T2 [F(b) — fa)]

d6 1a bat dang thitc ddu cua (1.2). Bit dang thiic sau dugc chitng minh tuong
tu. Néu f 16i chat thi trong (1.3), do d6 trong (1.2) c¢6 ddu bat dang thic
chat. O

e Ky hiéu phan trong ctia [ la int(/). Gia st f: [ — R 1a ham 16i va
¢ € int(]). Gia st [a,b] C I sao cho a < ¢ < b. Theo dinh 1y 1.1 ta c6:

1) = fla) _ flz) = f(0)

cC—a r—cC

v6i moix € (c, b).

Ciing tir dinh 1y 1.1 suy ra rdng ham
fz) = f(e)

r — —————= khong giam trén(c, b|.
r—c

Do d6 ton tai dao ham phai
/ - flx) = f(e)
— lim 2/ —J\Y
fi(e) = lim —=——
Bang cich tuong tu c6 thé chiing minh ring tén tai dao ham trdi f (c).
Néu a < ¢ < d < b thi v6i s6 duong h di nho ta cé
F(Q) = fle—h) _ Fleth) = f(e) _ f(d)— F(d—h)
h - h - h
Cho qua gi6i han khi h | 0 ta dugc: £ (c) < f.(c) < f_(d). Vi thé, ta c6
dinh ly:
Dinh Iy 1.2. Gia sit f: [ — R la ham l6i. Khi do, f ¢6 dao ham phdi

va dao ham trdi tai moi diém thugc int(I), dong thoi f va f., la nhiing ham

7
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khong gidm trén int(I). Néu c¢ € int(I), ta ¢ f_(c) < fi.(c) va f(x) >
fe)+ fo(e)(x —e), f(x) > f(c) + f.(c)(x — ¢) véi moi € I (xem Hinh
1.3).

y=f(c) + f,(c)(x —c)

Nhan xét 1.1. Gia stt f: [a,b] — R la ham 16i. Lap luan trén cho thay
rang trong trudng hop nay ton tai f;(a) va f (b), néu chdp nhan gi6i han
+00 va —o0.

1.1.2. Ham Lipschitz va tinh lién tuc cua ham loi

Pinh nghia 1.2. Ham f: [ — R goi la Lipschitz trén I, C I néu ton tai
s6 K > 0 sao cho |f(z) — f(y)| < K|z — y| v6i moi z,y € I,. Diéu kién
Lipschitz kéo theo f lién tuc, tham chi lién tuc déu trén Iy va f ¢ bién
phan gidi noi trén moi khoang con dong, gidi noi cua Ij.

Pinh 1y 1.3. Gid sit f: [ — R la ham 16i va [a,b] C int(]). Khi do,

a) f Lipschitz trén |a,D].
b) f lién tuc trén int(1).

Ching minh. Ton tai ¢, d € [ sao cho ¢ < a < b < d. Theo dinh 1y 1.2

tacs  fia) < fi(n) < %ﬁy) <fw<ro

véimoia < x <y <b Tudésuyral|f(x)— f(y)| < K|z — y|, trong d6

K = maz(|f,(a)|,|f_(b)|). Diéu nay chiing minh a); b) la h¢ qua tryc tiép

cua a). O

8
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Nhan xét 1.2. Chd y rang f khong nhat thiét Lipschitz trén I, ngay ca
khi f gi6i noi va f khong nhat thiét lién tuc trén I, ngay ca khi f déng va
hiru han.

e Mot ham Lipschitz trén khoang [a, b] thi lién tuc tuyét doi trén [a, b];
su kién moi ngudi da biét 1a mot ham nhu thé€ 1a kha vi hau khap noi.

Do vay tir Dinh 1y 1.3 suy ra rang mot ham 16i 1a kha vi hdu khap noi.

Sau day ta s& ching minh mdt tinh chat kha vi manh hon cua cac ham 16i
ma khong can dung t6i khai niém lién tuc tuyét doi.

Dinh ly 1.4. Gid sit f: I — R la ham 16i. Khi dé

a) Trén int(I), f_ lién tuc bén trdi va f; lién tuc bén phdi.

b) Chi c6 mot s6’ dém duogc cdc diém tai dé | khong khd vi.

Chiing minh a) Do tinh lién tuc ctia f trén int(/) (Pinh ly 1.3) nén véi
moi z,y,z € int(/) vaz < z < y tacé

) = f@) o T =S
y—x —lzlf? Yy—z leixf—i_()

Cho qua gi6i han khi y | x ta nhan dugc
filz) > lim fi(2)
Do fjr la ham khong giam (Pinh ly 1.2) nén ta c6
fiw) <lim f(2)
Vi thé f, (z) = lzlgl f.(2), diéu nay cho thdy tinh lién tuc phéi cta f.

Tinh lién tuc trdi chia f_ ching minh tuong tu.
b) Theo Dinh ly 1.2 ta c6

filx) < fo(y) < fol2)

v6i moi x,y, » € int(I) vax < y < 2. Néu £, lién tyc tai y thi ta c6

/

ﬂwrmpﬁm:mmﬂazﬁw
zly xly
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diéu nay c6 nghia 1a f kha vi tai y. Tr d6 suy ra cdc diém cua int(7) tai d6
f khong kha vi 1a nhitng diém ma tai d6 ham khong giam f; c6 budc nhay.

Diéu nay chiing minh b), vi chi c6 mot s6 dém dugc cac buGe nhay nhu thé.

1.2 Tinh 10i tai diém giira

1.2.1. Ham 10i kha vi

Khai niém sau day c6 lién quan chat ché véi tinh 16i.

Pinh nghia 1.3. Him f: I — R goi I 16i tai di€ém giita néu v6i moi
a,bel

F(*57) = 5@+ 1o

Hinh 1.4 néu y nghia hinh hoc cta tinh 16i tai diém gitta: diém giira cua day
cung ndi hai diém trén d6 thi cta f khong nim duéi diém tuong tng trén do
thi.
Pinh 1y 1.5. (xem [3]) Gid sit f: I — R la ham 16i tai diém giita va lién
tuc. Khi do f la ham 16i.
Dinh 1y 1.6. Gid sit I la khodng md va f: I — R hai lan khd vi. Khi dé,
f 16i khi va chi khi f"(x) > 0 véi moi x € 1.
Chitng minh. "Chi khi": Theo Pinh 1y 1.2, " 12 ham khong giam trén 1.
Do d6 f'(x) > 0 véi moi z € 1.
"Khi": Gia st x,y € I,x < yva0 < XA < 1, Theo dinh 1y gid tri trung
binh trong giai tich, cé ton tai £1,&, v < & <Az + (1= ANy < & < yva
&3, &1 < &3 < o, sao cho
fAz+ 1 =Nyl = Af(z) = (1 =N f(y)
S A1 =Ny — 2 (€) + (1= VA — ) (©)
=M1 =Ny —2)(& - &) (&) <0.
Tir d6 suy ra f 1a ham 106i.
Nhan xét 1.3. Tu chitng minh trén ta cé thé thdy ring f 16i chat khi
f"(x) > 0 v6i moi z € I. Diéu ngugc lai néi chung khong diing, ching han
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ham f: x — 2* 16i chat trén R, nhung f (0) = 0.

1.2.2. Ham 16i va cac bat dang thic 16i
Nhiéu vi du don gian vé ham 16i ¢6 thé nhan duoc tir Dinh 1y 1.6 va qua
cac ham ndy ta cé thé rit ra mot so bat dang thiic ma thoat nhin thudng

khong dé nhan biét. Sau day 1a mot vi du:
syt < Az + py (1.4)

v6imoi z > 0,y > 0,A >0, >0 va A+ p = 1. Bt dang thifc nay c6 thé
suy ra bang cdch sir dung tinh 16i (chit) cia ham x — e” nhu sau:

eAlog:E+ulogy < )\elog:v _’_Melogy

Mot s6 cach quen thuoc khac dé dién dat (1.4) 1a
1 1 1 ]_
rrys < —x + -y (1.5)
D q
1

va xy < lxp + -y
p q

voiz >0,y >0,p>1,¢g>1va t+i=1

V6i p = ¢ = 2, thi (1.5) 1a bat déng thic quen thuoc /7y < (z + y)/2
(trung binh nhan cta hai s6 duong khong 16n hon trung binh cong cua chiing
hay téng quat, trung binh nhan clia n s6 duong khong 16n hon trung binh
cong cua ching).

Pinh ly 1.7 Gid sit f la ham (a,b) — R. Khi dé, f 16i khi va chi khi c¢é
thé biéu dién [ dudi dang

f(z) = fle)+ /xg(t)dt (V6i ¢,z € (a,b))

trong dé g la mot ham khong gidm lién tuc phdi (a,b) — R.
Ching minh Gid sit f : (a,b) — R 13 ham 16i va a; € [0, 0], (1 <i < n).
Khi d6 ta co

1 & 1 &
/ (ﬁ;%) < ﬁ;f(ai) (1.6)

11
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Bat dang thitc (1.6) 1a dinh 1y vé gi4 tri trung binh cia n s6:

f(gidtritb. cuaay,aq, ..., a,) < gidtritb. cla f(a), f(az),..., f(a,).

Dinh 1y nay c6 dang tuong tu nhu dinh ly gid tri trung binh ctia mot ham.

Pinh 1y 1.8. (Bit déng thic Jensen). Gid sit f: (a,b) — R la ham 16i va
g: [e,d] — (a,b) la ham lién tuc. Khi dé

(5 o) < 2 [ rtatonar

Nhan xét 1.4. a) Trong dinh 1y trén ta c6 thé thay ¢ bdi mot ham kha tich

Lebesgue trén [c, d].
b) Bat dang thiic Jensen c6 dang tuong tu sau trong 1y thuyét xdc xuat:
Gia str X la mot khong gian xac xudt véi do do xdc xuat p (u(X) = 1),
Gia stt f: (a,b) — R 1aham 16i va g: X — (a,b) 1a ham p — kha tich. Khi

- f </ngu> < /X(fog)du

No6i theo ngon ngilt xac xudt, néu x 1a mot bi€n ngau nhién trén X thi ta
c6 f(Ez) < E[f(z)], trong d6 Ez l1a ky vong cua x.
e Cho x1,29,...,2,, T1,79,...,7, 12 cdc 6 duong thoa man

n

ZTZ' = 1.

i=1
Ta c6 thé dé dang chiing minh céc bat dang thifc sau:

a)
n n
Hx” < g rixT;
j = 1l
i=1 i=1

b)

1

Zaibi <( a§?> (Z b§) (bat déng thic Holder).
1
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VOi aq, a9, ...,a0,,b1,b9,...,b, 12 cac sO khong am vap > 1,9 > 1,

1 )
— 4+ — = 1. Khi p = q = 2 ta nhan dugc bat dang thitc Cauchy:
p q

=1 1=1
1.3 Ham lién hop

Khai niém ham lién hgp ciia mot ham rat quen thudc trong giai tich 16i. Sau
day ta lam quen vé6i khai niém nay.
Dinh ly 1.9. Ham f: R — R la 16i khi va chi khi ton tai ham g: R —
R U {+0o0} sao cho
f(z) = supycrlry — g(y)] v6imoiz € R.

DPinh nghia 1.4. Ta goi ham ¢ néi trén 1a ham lién hop cua ham f, f va g

tao thainh mot cap ham thod man bat dang thitc
f(@)+g(y) = xy, Y,y eR. (1.7)

Ta néu ra cach giai thich hinh hoc sau day cho Dinh Iy 1.9 (xem Hinh 1.5).
Puong thing m véi do doc y va hé s6 chan —a khong dau nim phia trén do
thi cia f khi va chi khi véi moi x € R thi

xy —a < f(x), dodé a>xy— f(z).

S6 a nhd nhit vin con thod min bat dang thitc nay 1a

sup,cr[ry — f(2)] = g9(y).

Vi thé, bang cach tinh ti€n m vé phia trén cho dén khi nhan dugc dudng n(y)
cét do thi clia f va hé s6 chan clia n6é bang —g(y). Pinh 1y 1.9 cho thay rang
f 1a hinh bao ctia ho dudng théng n(y)(y € R) khi va chi khi f 12 ham 16i.

13
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Hinh 1.5. Ham lién hop

Vi du 1.1. Ham lién hop ctia ham 16i chinh thuong f(z) = e,z € R,
l1a ham g(y) = sup, {yx — e”}. Rd rang g(y) = 0 v6i y = 0 va g(y) = +oo
voi y < 0. V6i y > 0 ham yx — e” dat gia tri 16n nhat tai x = h thoa man
y = e'"(= h =logy), vi th¢ g(y) = ylogy — y. Nhu vay

0 y =0,
9(y) = ¢ +oo y <0,
ylogy —y, y > 0.

|z ]”

Vidu1.2.Giasitp > 1, f(z) = " (v6i = € R). Khi d6
p
1 11 /
g9(y) = ~|y|*, trong d6 — + — = 1. Do d6 theo(1.7)
q P q

1 1
vy < —|x’ + —|y[? v6i moi z va y thuc.
q q

1.4 Ham 10i gia tri trong R

Trong Dinh 1y 1.9 ta da xét téi cdc ham c¢6 gid tri trong R U {+o0}. Tir day

vé sau, ta s& xét cidc ham téng quat hon véi gia tri trong R := R U {£o0} .

V& nhiing tinh todn lién quan t6i gid tri +o0o, —oo ta chdp nhan céc qui tac
14
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hién nhién nhu = + co = +00,Vz € R, 2 X (—00) = —00 néu z >0 va
mot s6 qui tac it quen biét hon nhu 0 X (+00) = (4+00) X 0 =0 X (—o0) =
(—o0) x 0 = 0. Biéu thitc (+00 — co) khong duge xdc dinh.

Sau day ta s€ m& rong khai niém ham 106i.

Pinh nghia 1.5. Him f: R — R goi 14 16i néu v6i moi x,y, \, i1, v € R
sao cho f(x) < pu, f(y) <v,0 < X< 1thi

FAz+ (1= Ayl < Ap+ (1= A (1.8)
Gid stt f: R — R 1a ham 16i va f(z) < 1, f(y) < 1,0 < A < 1. Khi d6,
fPz+ 1 =Nyl < Af(2) + (1 =N f(y) <Ap+ (1= M.

Ngugc lai, gia st ¢6 bat dang thic (1.8).
Khi d6 v6i moi e > 0 ta cé (do f(z) < f(z) +¢, f(y) < f(y) +¢)

Sz + (1 =Ny <Af(x) + (1 =N f(y) +e

do dé6 Fdx+ (1= Nyl < Af(x)+ (1= N)f(y) vithé f 16i.
Tur d6, Dinh nghia 1.5 trén thuc t€ 1a su m6 rong Pinh nghia 1.1.

Ta xét mot s6 khai niém lién quan dén ham 16i m& rong.

a) Mién hitu hiéu ctia ham 16i f: R — R, ky hiéu dom(f), 1a tap
{r € R|f(x) < +o0}.

b) Ham 16i R — RU{+o0} dugc goi 1a chinh thuong trén R néu né khong
dong nhat bang +oo (tidc 1a néu dom(f) # 0 va f(x) > —oo, Vx € dom(f)).

¢) Ham 16i trén R ma n6 khong phai 1a chinh thuong duoc goi 1a ham 16i
khong chinh thuong trén R.
C6 thé kiém tra lai ring mién hitu hiéu cia ham 16i f: R — R 12 16i (do dé
la mot khoang).
Ham 16i chinh thuong F: R — R v6i mién hitu hiéu I c6 thé nhan duoc
bang cach mé rong mot ham 16i hitu han trén [ 1én toan bo R theo céch sau:

F(:p){ f(x) néuxel,

+oo néux ¢ I,

15
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Cach mo rong nay cho phép xir 1y cac ham 16i hitu han véi cac mién xac dinh
kh4c nhau nhu nhitng ham 16i véi gid tri trong R va x4c dinh trén toan R.
Chd ¥ rang ham ¢ n6i trong Dinh 1y 1.9 1a 16i theo nghia vira néu trén.

e Co thé dé dang mo ta 16p ham 16i khong chinh thuong.

Pinh 1y 1.10. Gid sit f: R — R la mot ham 16i khong chinh thuong. Khi
do, f(x) = —oo véi moi x € int(dom(f)).

Chiing minh. Phét biéu nay hién nhién ding néu f = +oo (tic 1af(z) =
+00 v6i moi z € R). Néu f # +oo thi ton tai a € R sao cho f(a) = —o0
(chi y a € dom(f)). Gia st = € int(dom(f)),x # a. Ton tai y € dom(f)
va A € (0,1) sao cho z = Aa + (1 — A\)y. Theo Dinh nghia 1.5, v6i moi «
cho f(y) <o < +oovamoibe R

f@) = flra+ (1 =Ny <AB+ (1= Na

(do f(a) = —o0 < B). Pat f — —o0, tacd f(x) = —oc0.

e Cic tinh chat a) — e) ciia ham 16i thuc néu trong muc 1.1 van con ding
doi véi cdc ham 16i gid tri trong R, mién 12 trong c4c tinh chat a), b) va d) ta
han ché€ & cac ham 16i chinh thudng (dé€ tranh cdc biéu thic dang 400 — 00).

Sau day ta s€ dung dén tinh chat: ham 16i chinh thuong trén R ¢6 dao ham
phai va dao ham trai khap trén dom( /), mién 1a cho phép dao ham 14y céc
gid tri +00 va —oo . Ta dua ra chiing minh cho truong hgp dom(f) = [a, b].
Theo Pinh ly 1.2, f () tén tai v6i moi € [a,b) va f_ ton tai véi moi
x € (a,b]. V6i moi x < a tacéd f(x) = +oo vi th€

f(x) — f(a)

r—a

= —00, do d6 f_(a) = —o0;

véi moi x > b ta cé

fx) = f(b)

P 00, Va Vi th f, (b) = +oo.
:U J—

e Ta xét 16p ham rong hon cac ham 16i va ham 16i chat.
Dinh nghia 1.6. Cho ham f: [ — R.

16
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a) Ham f goi 1a tua 16i néu
flAa+ (1 =) < f(b)

v6i moi a,b € I ma f(a) < f(b) vamoi A € (0,1).

b) Ham f goi la tua 10i chat néu

flra+ (1 =) < f(b)

v6i moi a,b € I ma f(a) < f(b) vamoi A € (0,1).

Hinh 1.6. Ham tua 16i (chat) Hinh 1.7. Ham tua 16i (khong chit)

C6 thé thay:
+ Ham f tua 16i khi va chi khi Vo € R tap mitc duéi {z € I : f(z) < a} la
16i. Do thi ctia ham tua 16i chit khong chita doan thang.
+ Mot ham tua 16i chat khong nhat nhiét 1a ham tua 161, nhung mot ham tua
16i chat va lién tuc 1a ham tua 16i (vi du 2% 13 ham tua 16i chat va 12 ham tua
161).
+ Ham 16i 12 tya 16i, nhung diéu nguoc lai khong chic ding (ham +/]z| 1a
tua 16i, nhung khong 16i). Dinh 1y sau cho thay rd di€u dé.

Pinh ly 1.11. (Tinh 16i kéo theo tinh tua 16i).

Ham 101 [uén la ham tua 16i. Ham 161 chdt luén la ham tua 161 chdit.

17
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Chiing minh. Ta néu ra chiing minh cho truong hop ham 16i, truong hop
16i chat ching minh tuong tu.

Gia stt f: I — R 1a ham 16i. Lay bat ky a,b € I. Khong giam téng quét
ta xem nhu f(a) < f(b). T dinh nghia ham 161, v6i = = Aa + (1 — \)b ta
c6 flz) < Af(a) + (L= A)f(b),VA € [0,1]
hay f(x) < F(b) + A(f(a) = F(b)),¥A € [0,1]

Do A > 0va f(a) < f(b) nén A(f(a)— f(b)) < 0.Tudé f(z) < f(b). Theo
tréen f(b) = maz {f(a), f(b)},VA € [0,1], nghia la f thoa man dinh nghia
ctia ham tua 10i. O
Tém lai, chuong nay dé cap t6i ham 16i (ham 16i chat) mot bién hitu
han hay nhan gid tri vo cuc va md rong ctia n6 l1a ham tua 16i (ham tua 16i
chat). Gidi thiéu mot s6 tinh chit quan trong ctia ham 16i nhu tinh Lipschitz,
tinh lién tuc, tinh kha vi clia ham 16i va xét khai niém ham lién hop ctia ham
16i. Cac khai niém va tinh chat da xét ctia ham 161 mot bién s€ duoc mo rong

cho ham 16i nhi€u bién & chuong sau.

18
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Chuong 2
Ham 16i trong R"

Ham 16i va cédc bién dang cua né (16i chat, 16i manh, tua 16i, . . .) c6 nhiéu
tinh chat dang chu y va hay duogc xét t6i trong ly thuyét va ung dung thuc té.
Chuong nay gidi thiéu vé cadc ham 16i nhiéu bién, cling cdc tinh chat co ban

cta ching. Noi dung ctia chuong chu yéu dua trén céc tai liéu [2], [4], [5]

2.1 Dinh nghia va cac tinh chat co ban

e Dinh nghia 2.1. + Ham f: S — [—o00, +00] x4c dinh trén tap hop 16i

2

S C R" dugc goi 1a 16i trén S néu v6i moi x', 2> € S va moi s6 thuc

A €[0,1] tacé
fAzt + (1= N2? < M) + (1= N f(2?) (2.1)

moi khi v€ phai dugc xac dinh, nghia la hé thic (2.1) can dugc thoa man trir
khi f(2') = — f(2?) = £oo (vi biéu thiic +00 — oo khong dugc xdc dinh).
+ Néu (2.1) thod man v6i ddu < d6i v6i moi 2!, 22 € S, 2! #1220 < A < 1
thi f duoc goi 1a 16i chat trén S.
+ Ham f(z) goi la 16m (I16m chat) trén S néu — f(x) 1a 16i (16i chat) trén
S; goi la tuyén tinh afin (hay don gian la afin) trén S néu f hitu han va
vira 16i vira 10m trén S. Mot ham afin trén R" ¢6 dang f(z) =<a,z> +a
v6ia € R",a € R, bbi vi v6i moi z!, 2> € R" vamoi A € [0,1] ta ¢
fDzt + (1 = XN)2? = Mf(zh) + (1 — \) f(2?). Tuy nhién, ham afin khong
phai 1a ham 16i chat hay 16m chat.

e Dinh nghia 2.2. Cho ham batky f: S — [—o0, +o0] v6i S C R", cic
tapdom f ={zx € S: f(z) < +oo},epif ={(z,a) e S X R: f(x) < a}
dugc goi 1an lugt 1a mién hitu dung va tap trén do thi cta f(x). Néu dom f #
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0 ( f khong = +00) va f(x) > —oo v6i moi z € S thi ta néi ham f 1a chinh
thuong. NOi cach khac, f chinh thuong néu dom f # () va f hitu han trén
dom f. C6 thé ching minh rang ham f(x) 1a 16i trén S khi va chi khi

a) Tap trén do thi epi f = {(z, ) € S X R : f(z) < «a} 1a tap 161, hoac

b) f (i Mez®) < Y A f(aF) v6i moi 2F € S, A = 1 va
i > 0,VE, trong d6 m 1a s6 nguyén > 2 (bat dang thic Jensen).

« Dat hypof = {(x,a) € S x R: f(x) > a}. Ta goi d6 1a tap dudi do
thi cta f. C6 thé thdy ring ham f 16m khi va chi khi tap duéi do thi ctia n6
la tap 161, boi vi hypo f = - epig v6i g = — f. Tap trén (dudi) do thi cia ham
afin 1a mot nira khong gian trong R" x R.

* Ham 16i f: S — [—o00, +00] ¢6 thé dugc md rong thanh ham 16i xac
dinh trén toan khong gian R" bing cach dat f(z) = +ooVx ¢ S. Vi vay dé
don gian ta thuong xét ham 16i trén toan R".

Sau day 1a mot s6 vi du quen thudc vé ham 16i (C' C R" la tap 16i, C' # ()):

e Ham chuin Fuclid||z|| = \/<z,2> = /23 + -+ 22,2 € R".

0 khixeC,

e Ham chicua C: o¢(z) = )
+o0o néux ¢ C,

e Ham tya ctia C': s¢(7) = sup,cc <y, r> (can trén cla 2Ty trén C).

e Ham khoang céch tir di€ém x € R" t6i C : d¢(z) = infyec||z — yl|.

7 7

\ 4

Ham 16i (chat) Ham 16i (khong chat) Ham khong 161 Ham 16m

Hinh 2.1. D6 thi ham 16i, ham 16m va ham khong 16i
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Ménh dé 2.1. Néu f(x) la mot ham 16i khong chinh thuong thi f(x) =
—00 tai moi diém trong tuong doi x thuéc mién hitu dung ciia no.

Chiing minh. Theo dinh nghia, f(2°) = —oo tai it nhat mot 2¥ € dom f
(trir khi dom f = )). Néu x la di€ém trong tuong d6i ctia dom f thi c6 mot
x! € dom f sao cho x 1a diém trong tuong d6i clia doan [2°,2!] : =

Az? + (1 — Nt véi A € (0,1). Do f 16i va f(x!) < 400 nén
fa) S Af(@%) + (1 =N f(a') = —c0. -

Dinh 1y sau day néu mai lién hé dang chid y gitta ham 16i va tap 16i.

Pinh ly 2.1. Gid sit f: R" — [—o00,+00| la mét ham 16i trén R" va
a € [—oo,400] . Khi dé, cdc tap mirc dusi C, = {x: f(x) < a},C, =
{z: f(x) < «} la tdp loi. Tuong tu, néu f la mot ham lom trén R" thi cdc
tap miic trén D, = {x : f(z) > a}, D, = {z : f(x) > a} la tdp l6i.

Chiing minh. Theo dinh nghia cta ham 16i, ta c6

fAzt + (1 = N)2?] < mazxf(2!, f(2?, Vo', 2* € R", A € (0,1).

Tir d6 suy ra cac két luan cua dinh 1y. O

Hinh 2.2. Tap mic duéi ham 16i, tap mirc trén ham 1om

Nhan xét 2.1. Ménh dé dao cta cdc két luan trén néi chung khong ding.
Chang han, ham gi4 tri thuc (mot bién) khong gidm trén dudng thang thuc
cO tit ca cac tap mic dudi cua né la 16i, nhung ban than ham dé khong 16i

trén R. Vi du, f(x) = 23 1a mot ham nhu thé.

21

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.Lrc-tnu.edu.vn



www.VNMATH.com

¢ Dinh nghia 2.3. M6t ham ma moi tap mic dudi cua né la tap 16i duoc
goi 1a ham tua 16i. Mot ham ma moi tdp muc trén cua né la tap 16i dugc goi
l1a ham tua 16m. Puong nhién ham 16i (16m) 1a ham tua 16i (tua 16m).

Hé qua 2.1. Gid sit f; la cdc ham 16i trén R", o; € R(Vi € I), 1 la tdp chi
sO bdt ky. Khi dé, tap sau ddy la 1oi:

C={zeR": fi(x) <a;,Vi€ I}

Ching minh. Do C; = {x € R": fi(x) < o;,Vi € [} 16i Vi, nén C =

f;(x) = a,

> X,
Hinh 2.3. Nghiém cua hé bat dang thic 16i 12 tap 16i (Hé qua 2.1)

e Dinh nghia 2.4. Ham f trén R" duoc goi la thuan nhat duong néu
fx) =Af(x),Vz € R",YA >0 (= f(0) =0).

Pinh ly 2.2. Ham thudn nhdt duong f: R" — (—o00,+00) la 16i khi va

chi khi
fl@+y) < flo) + f(y), Yo,y € R"
Chitng minh. a) Gi4 st ham thuan nhét duong f 12 16i. Lay batky z,y € R".
Khi dé
1 1 1
fl@+y) = 2f( v+ 5y) < 2[5f(@) + 5 f(y)] = fz) + f(y).

b) Ngugc lai, gia st f(z + y) < f(x) + f(y)Ve,y € R". Lay bat ky

(2%, ;) € epi f, tic1a f(z') < a;(i = 1,2). Taco (xl+2% a1 +as) € epi f,
22
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boi vi flat +2%) < f(ah) + f(2?) < g + ae.

Hon nita, f 1a ham thuin nhat duong nén néu (z,a) € epi f thi f(z) < «

va M) =f(Ax) <Ada (0< A <o0)= Azx,a) €epif

Nhu vay, epi f dong doi v6i phép cong va phép nhan vo hudng, nghia la epi f

la mot nén 16i. Vay ham f 1a 16i. O
Hé qua 2.2. Gid sut [ la ham [6i chinh thuong, thudn nhdt duong. Khi dé,

Vol € R*,Y\i > 0,7 =1,...,m (Chitng minh theo qui nap):

fOuzt + . 4 ™) < M f(@h) . A f(E™).
Hé qua 2.3. Gid sit f la ham 16i chinh thuong, thudn nhdt duong. Khi dé,
f(x) + f(—x) > 0(Vx € R").

Ching minh. Ap dung Dinh Iy 2.2 v6i y = —z ta s& ¢6 f(z) + f(—z) >
f(z —x) = f(0) =0 véi moi z € R". O
T6ém lai, f 1a ham 16i thuin nhat duong < epi f 1a nén 16i dinh tai goc 0.

2.2 Ham loi kha vi

Ham 16i n bién c6 mdi quan hé chat ché v6i ham 161 mot bién. Ta ¢6
Ménh dé 2.2. Ham f(z),x € R", la ham 16i khi va chi khi ham mot bién
50 p(A) = f(x + Ad) la ham 16i theo )\ véi moi x,d € R".
Chiing minh. Diéu kién can la r6 rang. Ta ching minh diéu kién du. Gia
sit o(\) 1a ham 16i Va, d € R". Ldy batky =,y € R" vadat d = y — z. Khi

dé6 v6i moi A € [0, 1] ta ¢
FOy+ (1 —=XNzx) = fx+ M) = o(A) = (A1) + (1 —)).0)

< Ap(1) + (1= Me(0) = Af(y) + (1 = A) f(z).0

Ménh deé 2.3. (Pinh 1y 1.6, chuong 1). Ham s6 thuc khd vi f(x) trén mot
khodng md la 16i khi va chi khi dao ham f ciia né la mot ham khong gidm.
23
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Ham s6 thuc khd vi hai lan f(x) trén mot khodng md la 16i khi va chi khi dao

ham cdp hai ciia né f* khong am trén toan bo khodng mé nay.

f(x) _1: P(A)
XA)_>X2 {x'+Ad": X € R}

/éo+kd0:k e R}

Hinh 2.4. Quan h¢ giita ham 16i nhiéu bién va mot bién

Néu f(x) 1a ham lién tuc va c6 cac dao ham riéng theo moi bién trén mot

tap C' C R™ thi v6i mdi = € C ta xac dinh mot vécto cot n thanh phan:

90 = (G T )

va goi d6 1a vecto gradient clia ham f tai diém x. Vécto v (z) vuong goc

v6i dudng mic cia ham f di qua diém z. Hudng cha vécto nay la huéng
tang nhanh nhat cta f tai x nén con duoc goi la huong déc nhdt.

* C6 thé thay ring néu f kha vi lién tuc ( f kha vi va /f lién tuc) thi véi
©(\) = f(x + M) s8 c6 ¢ () =<yf (z + \d),d> véi moi x,d € R".

+ Hon nita, néu f hai ldn kha vi lién tuc thi ¢ (\) =</2f(z + \d)d, d>

v - (552)

12 ma tran vuong doi xiing cap n, goi 12 ma tran Hess clia ham f tai diém x.

vol

Dé nhan biét ham 16i kha vi, nguoi ta thudng st dung cic tiéu chuén sau.
Ménh dé 2.4. Cho ham lién tuc f: C — Rvéi C C R" la mot tdp 16i md:
a) Néu ham f khd vi va ~jf lién tuc thi f la ham 16i khi va chi khi

fy) > fla)+ <f(2),y — x>, Va,y € C.
hay ¢ (\) =<<7f (x + A\d), d> khong gidm theo \ véi moi x,d € R
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b) Néu f khd vi hai lan va <7?f lién tuc thi f la ham 16i khi va chi khi
V2f(z) la ma trdn nita xdc dinh duong Vx € C (nghia la <~7°f(x)d,d>>
0,Vd € R") hay /% f(x) c6 moi gid tri riéng khong am Vx € C.

Chiing minh. Ta néu ching minh cho két luan b). Ham f 1a 16i trén C
khi va chi khi véi moi a € C,d € R", ham ¢, 4(\) = f(a + Ad) 1a 16i trén
khoang mé& {\ : a + \d € C'}. Khi d6, két luan duoc suy ra tir Ménh dé 2.3,
vi nhu da thay ¢ (\) =</2f(2)d, d> véi z = a + A\d (chiing minh két luan
a) xem (2], tr.18). O

V6i ham 16i chit ta cling ¢6 cac tinh chat tuong tu nhu & Ménh dé 2 4.

Ménh dé 2.5. Cho ham lién tuc f: C — Rvéi C C R™ la mot tap 16i mo:
a) Néu ham f khd vi va ~Jf lién tuc thi f la ham 16i chdt khi va chi khi

fy) > flo)+ <f (2),y — 2> Vo #y e C.

hay ¢ (\) =<</f (x + Ad), d> tdng chdt theo \ véi moi x,d € R".
b) Néu f khd vi hai ldn va <72 f lién tuc thi f la ham 16i chdt khi va chi khi

o \/2f(x) la ma trdn xdc dinh duong Vx € C hodc
o /2 f(x) c6 moi gid tri riéng thuc su duong Vx € C hodc

e Moi tii thitc con chinh ciia <7 f(x) thuc su duong ¥x € C (theo tiéu
chudn Sylvester). (Chitng minh tuong tu ménh dé trén). O

Hé qua 2.4. Ham toan phuong f(z) = 5 <z, Qx> + <c,z> +a la ldi
trén R" < ma trdn () nita xdc dinh duong, f 10i chdt < () xdc dinh duong va
f la ham lom trén R" < ma trdn Q nita xdc dinh am. (Do~/? f(z) = Q,Vx €
). O

Vi du 2.1. Xét ham f(z) = f(x1,22) = 22 — 22129 + 323. Ta thdy

211 —2T9 R 2 -9
v (z) = (—2x1 6332) va () = <_2 6)

Do /2 f(x) x4dc dinh duong Vx nén ham f da cho la ham 16i chat trén R2.
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2.3 Cac phép toan vé ham loi

Ménh deé 2.6. a) Moi t6 hop tuyén tinh duong cua cdc ham 16i la ham 16i va
la ham 161 chdt néu it nhdt mot trong cdc ham da cho la 16i chdt.

b) Néu f(x),x € R", la ham 16i thi f(Ax + b) cing la ham 16i, trong dé
A la mot ma trdn vuéng cdp nva b € R".

c) Can trén (supremum theo tung diém) ciia mot ho tuy y cdc ham 16i (néi
riéng cdc ham tuyén tinh afin) la ham 1oi.

Chirng minh. a)— b) Ching minh suy truc ti€p tir dinh nghia ham 16i.

c) Két luan duoc suy ra tir su kién 1a néu f(z) = sup fi(x) : i € I thi

epi f = Njerepi f; va giao clia mot ho bat ky cédc tap 16i 1a tap 10i. O

At f3(x)
—_ v
fx) £,(x)
l f,(x)

> X

Hinh 2.5, D6 thi f(x) = max {f,(x), f,(x), f;(x)}

Nhan xét 2.2. Néu f1, ..., f,, 1a cic ham 16i chinh thuong thi f1+.. .+ f,,
12 ham 16i, c6 thé khong chinh thudng. Chang han, C' va D 1a hai tap 16i
roi nhau. Khi d6 ham chi d¢(z) va dp(x) 1a cdc ham 16i chinh thuong,
nhung d¢(z) + dp () 1a ham 16i khong chinh thuong boi vi ¢ () + dp(z) =
+oo (Vx € R"). 0

Ménh dé 2.7. Cho g(x): R" — [—00, +00] la mot ham 16i va (t): R" —
[—00, +00] la ham 16i khong giam. Khi dé, f(x) = ¢(g(x)) la ham 16i trén
R".
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Chimg minh. Vé6i moi 2!, 22 € R" va moi A € [0,1] ta c6 (do g 161)
g Azt + (1 = N)2?) < Ag(zh) + (1 — N)g(2?) = (do o khong gidm & 161)

plg(Ax' + (1= N2?)] < Mplg(a")] + (1N elg(a?)].

Vi du 2.2. Theo trén ham f(z) = c;e@ + ... + ¢,,e97(*) 1a ham 16i néu
moi ¢; > 0 va moi g;x 12 161 (n6i rieng f(x1,x9) = c1e™ 12 + coe™ ™2 12
ham 161).

Ménh dé 2.8. Cho D la mot tdp 16i trong R", G la mot tdp 10i trong
R™, p(x,y) la ham loi gid tri thuc trén D x G. Khi dé, ham

f(z) = infyecp(x,y)
la 16 trén D. Ching minh. Gid st 2,22 € D va z = Az! + (1 — \)z? véi
A € [0,1]. V6iméii = 1,2 lay day {y"*} C G sao cho
o', y"") = infyece(r’,y)

Do ¢ 16i nén

o) < pla, Ayt + (1= Ny**) < Ap(ah, y™) + (1= Np(a?, ),

cho £ — 400 ta nhan dugc

flx) S () + (1= N f(). O

Hinh 2.6. D6 thi ham f(x) = inf o(X,y)
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Hé qua 2.5. Gid su E C R"™ la tap 16i va
f(z) =inf{t € R: (z,t) € E}. (2.2)

Khi d6, f 1a ham 16i trén R"™. (Qui udc in fimum trén tap () bang +00).0
Khi cho tap trén d6 thi £ ctia ham 16i f(z), ta ¢6 thé khoi phuc f(z) nho
dung cong thic (2.2). Nguoc lai, khi cho tap 16i £ € R"! thi theo Hé¢
qua 2.5, ham f(x) xdc dinh theo (2.2) 1a mot ham 16i trong R". Vi thé, néu
fi, f2, - ., fmn 12 m ham 16i cho tru6c va £ € R™"! 1a mot tap 16i nhan duogc
nho thuc hién mot phép toan nao d6 trén cac tap trén do thi Fy, Es, ..., E,
clia chiing, thi ta c6 thé dung (2.2) dé xdc dinh mot ham 16i méi f(x) tuong
ting. Cu thé ta co:

Ménh dé 2.9. Cho f1, ..., [, la cdac ham 16i chinh thuong trén R". Khi dé

m

flz) = mf{z fi(z"): 2" € R”,in =z} (2.3)
i=1

i=1

la mot ham 161 (c6 thé khong chinh thuong) trén R™.

Ching minh. f(x) xdc dinh theo (2.2) v6i £ = E1 + Ey + ...+ E,,, va
E,=epifivéimoii=1,...,m. O

Nhan xét 2.3. Ham xay dung theo (2.3) dugc goi 1a tong chdp infimal
ctia cac ham fi, fo,..., f;. N€u cac ham fi, fs, ..., f,, 1a cic ham 16i chinh
thudng, thi ham f xdc dinh theo (2.3) 12 mot ham 16i, nhung c6 thé khong
chinh thuong. Chang han khi m = 2, thi (2.3) ¢6 dang

flx) =inf {fi(y) + folx —y)}.

Néu ta xét hai ham tuyén tinh khac nhau fi, fo trén R thi f(z) = inf,{ fi(y)+
fo(z —y)} = 00, Va € R, nghia la f(x) khong chinh thuong. 0

* Tt Ménh dé 2.9 c6 thé dé dang suy ra tinh 16i ctia ham khoang cach
do(z) = inf{||z —y| : y € C} d6i véi tap 16i C, bi vi,
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do(x) = infyec{llz — yll + 3c()} = inf{|"]| +6c(a?) : ' + 2* = )
(nhé rang ||z|| & dc(z) la cdc ham 106i).

e Pinh nghia 2.5. Ham f trén R" goi 1a d6ng néu epi f C R""! 1a tap
dong.

Dinh 1y 2.6 néu & muc 2.4 dudi day cho thdy ham f dong < f nira lién
tuc dudi < v6i moi o € R tap mic du6i {z : f(z) < o} la tap dong.

Ta c6 cac dinh nghia sau vé bao déng, bao 16i va bao 16i déng clia mot
ham.

e Dinh nghia 2.6.

+ Bao déng ctia ham f , ky hiéu f, duoc xdc dinh boi

epi f = epi f

+ Bao 16i va bao 16i déng ctia ham f , ky hiéu la conv f va conv f, dugc
xdc dinh lan lugt nhu sau: epi(convf) = conv(epi f) va epi(convf) =
conv(epi f).

Vi du 2.3. f(z) = min{(z + 1)% (x — 1)?},2 € R, la ham khong 16i
(Hinh 2.7a). Bao 16i dong cta f 1a ham g = conv f xac dinh theo cong thiic
(Hinh 2.7b)

(z+1)2, x< -1,
g(x) =4 0, x| < 1,
(x—1)%, x> 1.

2.4 Tinh lién tuc cia ham loi

Pinh 1y 2.3. Ham 16i chinh thuong f trén R" lién tuc tai moi diém trong ciia
mién hitu dung (dom f) cua né.

Chimng minh. Gia st 2V € int(dom f). Theo Dinh 1y 1.3 (chuong 1), véi

moii = 1,...,n thu hep clia f trén khoang m& {t: 2°+te’ int(dom f)} lién
tuc trén khoang nay. Vi th€, v6i moi € > 0 cho truéc vavéimoii =1,...,n
29
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e Bx)
AN Z \ .
1 0 1 1 O 1

a) Hinh 2.7. Ham bao 161 b)

ta ¢6 thé chon §; > 0 db nho sao cho |f(z + z) — f(2%)] < &,Vz €
[—d;e’, +6;¢']. Gidstt § =min{d;:i=1,...,n}va B ={xz:||z][; <d}.
Ky hieu d' = de',d"t" = —de’,i = 1,...,n. Khi d6, c6 thé thay ring moi
v € Bcodang x = Nd  + ...+ Ngpd® Vi A+ .. 4 dg = 1,0 > 0.
T ds, f(a®+z) < Af(a”+d") + ... 4+ Aonf (2 + d*") vavi thé,
fa®4a) = f(2°) < N [f (@0 +d") = F@)]+ .o A Aaa[f (20 +d?) = f(20)].
f@¥+2) = @) < Ml f(@” +dY) = f(@)] + .+ Aol f(2° +
d?™) — f(2°)] < e v6i moi x € B. Diéu nay ching t6 f(x) lién tuc tai 2°.0
Dinh ly 2.4. Gid sit f la ham [6i chinh thuong trén R". Khi dé, cdc diéu

sau day la tuong duong:

Nhu vay,

a) f lién tuc tai mot diém nao do.
b) f bi chdn trén trong mot tdp mo nao do.
c) int(epi f) # 0.
d) int(dom f) # 0 va f lién tuc trén int(dom f).
Chirng minh.
a) = b) Néu f lién tuc tai diém 2V thi ton tai lan can mé U cua 2V
cho f(x) < f(2°) + 1 v6i moi x € U, tic 1a f(x) bi chan trong U.
b) = c) Néu f(z) < M,Vz trong tap mé U thi U x [M, +o0) C epi f,
vi thé int (epi f) # 0 .
c) = d) Néu int(epi f) # ( thi ton tai tap mé U C R" va khoang md&

Sao

30

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://'www.Lrc-tnu.edu.vn



www.VNMATH.com

I C RsaochoU x I C epif, vith€ U C dom f, nghia 1a int(dom f) # 0.
Theo Dinh 1y 2.3 ham f lién tuc trén int(dom f).
d) = a) 1a hién nhién. O
e Dinh nghia 2.7. + Ham f: R" — R duoc goi la Lipschitz dia phuong

tai T € R" néu ton tai lan can U cua T va s6 K > 0 sao cho

|f(z) = f(y)| < K||[(x —y|| (Vz,y € V). (2.4)

+ Ham f duogc goi la Lipschitz dia phuong trén tap C' C R" néu f Lipschitz
dia phuong tai moi xz € C va ham f duoc goi 1a Lipschitz v6i hian s6
Lipschitz K trén tap C' C R" néu (2.4) ding v6i moi x,y € C.

Dinh 1y 2.5. Gid sit { la ham 16i chinh thuong trén R" va f bi chdn trén
trong mot tdp mo nao dé. Khi do, f Lipschitz trén moi tdp bi chdn chita trong
int(dom f). (Xem ching minh trong [4], ¢7.55).

e Dinh nghia 2.8. + Ham f dugc goi la nira lién tuc dudi tai * € R" (v6i
f(T) < +00) néu véi moi € > 0, ton tai 6 > 0 sao cho:

f@ —e< f(z) (Vo:l|lz—7=|] <9). (2.5)

+ Néu f(T) = +oo thi f dugc goi 1a nira lién tuc dudi tai T néu v6i moi

N > 0 ton tai 6 > 0 sao cho (f(z) du 16n khi x du gan T):
f(x)> N (Vx:l|lz—7|| <9). (2.6)

« Dinh nghia trén tuong duong véi lim inf, .z f(z) > f(T).
+ Ham f dugc goi la nira lién tuc dudi n€u f nira lién tuc dudi tai Vo € R".
+ Néu thay (2.5) va (2.6) tuong tng bdi (2.5") va (2.6") ta dugc dinh nghia
ctia ham nitra lién tuc trén tai T ( f ntra lién tuc dudi < — f nira lién tuc trén):
flx) < f(@)+e (Vo:||lz—7| <§) khi f(T) < +o0); (2.5)
flz) < =N (Vz:||lz—7|| <9) (khi f(T) = —o0); (2.6
x Ham f vilra nira lién tuc duéi, vira nira lién tuc trén tai = s€ lién tuc tai

7 theo nghia thong thudng.
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DPinh ly 2.6. Vi bdt ky ham f: R" — [—o0, +00], 3 diéu sau tuong duong:

1) f nita lién tuc dudi trén R".

2) epi f la tap déng trong R™";

3) Vi moi o € R tdp muic duoi {z : f(x) < a} dong.

Ching minh.

a) = b). Gia st f ntra lién tuc dudi. Ta s€ chiing to epi f dong. That vay,
gid str (2%, ay,) € epi f (tic 1a f(2¥) < ay) va (2%, ) — (2, @). Khi dé, do
f nira lién tuc duéi, nén ta c6 liminf f(2¥) > f(z). Cho k — o0, ta c6
a = limg_o ag > liminf f(z¥) > f(x), nghia 1a (z, «) € epi f. Vay epi f
dong.

b) = ¢). Gia stt 2% — x va f(2*) < . Do (2%, ) € epi f va epi f dong
nén (z,a) € epi f, nghia la f(z) < «. Chiing to tap mic dudi {z: f(z) <
a} dong.

¢) = a) Gia st {x : f(r) < a} déng Vo € R va 2* — z. Néu lim;, —
f(2*) < f(z) thi tén tai o« < f(z) sao cho f(z*) < o véi moi k d 16n. Tix
c)suy ra f(z) < a < f(x), vo Iy! Vay limy ., f(2*) > f(z), nghia 1a f
ntra lién tuc dudi. O

Af,h
f(x)

» X

Hinh 2.8. Ham 16i déng f = bao 16i cia ho ham afin h < f
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2.5 Ham lién hop

Ta nhéc lai (ching minh xem [4], ¢r.60) dinh 1y quan trong sau day.

Dinh ly 2.7. Ham [6i chinh thuong dong f trén R" tring vdi cdn trén
(supremum theo ting diém) cia ho tdt cd cac ham afin h trén R" khong 1on
hon f (xem Hinh 2.8).

e Pinh nghia 2.9. Ham lién hop cta ham tuy y f: R" — [—o0, 40
duoc dinh nghia 1a ham

[ (p) = sup,epei<p, 2> —f(1)}, (2.7)

Thuc ra, supremum trong (2.7) chi can 1ay theo x € dom f vi —f(x) =
—o00,Vz ¢ dom f. Hé thic (2.7) con dugc goi 1a phép bién d6i Young —
Fenchel. Tt dinh nghia trén suy ra:

f7(x) = (f)"(x) = sup,{<p, 2> —f*(p)}.

Ménh de 2.10. f*: R" — [—o0, +00] la ham 16i, déng.

Ching minh. Véi méi x ¢6 dinh, g(p,z) =<p,z> —f(x) 1a mot ham
afin trén R". Theo Ménh d¢ 2.6, f* la ham 10i. Mat khdc, tap trén do6 thi cua
f*(p), (p € R™) la giao theo moi x € R" cua tap trén d6 thi cdc ham ¢(p, z),
nghia la giao cla cac tap 16i dong. Vi vay, epi f* 1a tap 16i déng, do d6 f*
la ham 16i dong. O

Vi du 2.4.

+ Ham lién hgp cla f(z) = d¢(z) (ham chi cta tap C) 1a ham
f*(p) = sup,cc <p,r>= sc(p) (ham tya cta tap O).

+ Ham lién hop cta ham afinf(z) =<c, x> —a la ham

a7p: C?

f*(p) = sup, <p,z> — <c,x> +a =
+00,p # c.
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Ménh dé 2.11. Cho f: R" — [—00,+00| la mét ham chinh thuong bdt
a) f(z) + f*(p) ><p,x>,Vx € R"Vp € R" (Bdt d.th. Young —
Fenchel).

b) f*(x) < f(x),Yx va f* = f < f 16i va déong (Pinh ly Fenchel —
Moreau,).

c) f*(x) = operatornamesup{h(x) : hafin,h < f}, nghia la f**(x) la
ham 16i déng lon nhdt, khong lon hon f(x) : f** = Conv f. (Chitng minh xem
[4],tr.73).

2.6 Duéi vi phan cua ham 16i

2.6.1. Pao ham theo huong

Gia st f: R" — [—o00, +00] la mot ham bat ky va 20 1a diém tai d6 f
hitu han (nghia 1a | f(2")| < +00).

e Dinh nghia 2.10. Véi d € R",d # 0, néu ton tai giéi han

i L&+ 2d) = (%)
A0 A

thi giéi han d6 duoc goi 12 dao ham theo huéng d ctia ham f tai 2" va ky
hieu 1a f (20, d).
Nhan xét 2.4. f (2", d). 1a ham thudn nhét duong. That vay, VA > 0 ta

co
f(2® +exd) — f(2%)

(20 d) = lgiﬁf)l .
— \im f(xo + 77d) — f(xo) _ )\f/(xo,d).
710 n

Dinh ly 2.8. Gia sit f la ham 16i chinh thuong. Khi do:
a) f cé dao ham theo moi huéng d tai moi diém v € dom f. Dong thoi

fla+2d) — f(z)

f(x,d) =infrso S

34

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

b) Véi méi x € dom f, f'(x,d) la ham 16i, thudn nhdt duong (theo d).

c) Néu f lién tuc tai v € dom f thi f'(x,d) hitu han, lién tuc tai moi
d € R". Ching minh. Xem [4], trang 65 — 66.
2.6.2. Dugi vi phan cua ham loi

Dinh nghia 2.11. Cho ham 16i chinh thuong f trén R", vécto p € R"
0

duoc goi 1a duéi gradient cta f tai diém 2 néu

<p,x — 2> +f(2") < f(z),Vo € R". (2.8)

Tap tat ca cac duéi gradient clia f tai 2° dugc goi l1a du6i vi phan cha f
tai ¥ va dugc ky hiéu la 0 f (2°). Haim f dugc goi 1a kha duéi vi phan tai
néu Of (z¥) # 0.

DPinh ly 2.9. Gid sir f la ham [6i chinh thuong trén R". Do6i véi moi tdp
bi chan C' C int(dom f) thi tdp UyecOf () khdc rong va bi chdn. Néi riéng,
Of (2°) khdc réng va bi chan tai moi diém 2" € int(dom f).

Chitng minh. xem [4], t7.62.

Dudi vi phan ctia ham 16i thuan nhat duong dugc cho trong ménh dé sau.

Ménh dé 2.12. Gid sit f: R" — R la ham 16i thudn nhdt duong, nghia la
ham loi f: R" — R thod man f(\x) = Af(x), VA > 0. Khi dé

0f(2°) = {p € R" :<p,2">= f(2°), <p,2>< f(x) Vz} (2.9)

Ching minh. Néu p € 9f(2") thi <p,z — 29> +f(2") < f(z) V. Lay
x = 220 tacé <p, 2> +f(20) < 2f(2"), nghiala <p, 2°>< f(2). Sau d6,
lay x = 0 ta dugc — <p, 29>< —f(20), tr d6 <p, 2°>= f(20). (Diéu kién
nay try thanh tdm thudng va c6 thé bi loai bd néu 2° = 0). Hon nita, tir dinh
nghia ctia dudi vi phan suy ra <p,r>=<p,r — 2°> +f(z2°) < f(z) Va.
Nguoc lai, néu p thudc tap & v€ phai clia (2.9) thi <p, z—2">< f(z)— f(2°),
vi th€ p € Of ("

Néu c6 thém f(—x) = f(x) > 0 Vz (ham chan khong am) thi di€u kién
<p,x>< f(z) Vx twong duong véi | <p,x> | < f(x) Vax. N0i riéng, ta
co:
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1) Néu f(z) = ||z|| (chuin Euclid) thi

oy ) el <1 khi z° = 0,
o )_{ OO khia® £ 0.

2) Néuf(x) = max|z;|,i =1,...,n (chudn Tchebycheff) thi vé6i I, =
{i: || = f(2)} -

9 f(10) = { conv{xel, K, +£e"} khi 2° = 0,

conv{(signz)z? : i € I,o khi z° # 0.

3) f(z) =<a,z>4a (a € R",a € R) thi 0f(x) ={a} (Vx € R"),
* Ménh d€ sau néu moi lién hé gitta duéi vi phan va dao ham theo huéng
Ménh dé 2.13. Gid sit f la ham 16i chinh thuong va x° € dom f. Khi dé:
a) p € Of (zV) khi va chi khi

<p,d>< f'(2°,d),vd € R"\ {0}. (2.10)
b) Néu f lién tuc tai z° thi dudi vi phan 9(2°) la tdp 16i, compact va
f'(2°,d) = maz{<p,d>: p € Of(z")}.

Chirng minh.
a) Bing cach dat x = 2° 4 \d, ta c6 thé viét lai bat dang thic vé dudi
gradient(2.8) thanh:

<p,d>< [f(2" + Ad) — f(2°)]/N Vd # 0,V > 0,
bat dang thitc nay tuong duong véi
<p,d><infrsolf(z" + Ad) — f(2)]/N, Vd,

nghia la theo Dinh ly 2.8, <p,d> < f'(2°,d) Vd # 0.
b) Dé chiing minh 9 f(2°) 16i, ta 1ay p*,p* € 9f(2°) va X € [0,1]. Khi
do, Vo € R" thi
!, 1= < A(f (@)= F(39)v <(1=\)p, 5—a">< (1=0) (F(2)— ("))
36
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=<+ (1= Np? 2 — 29>< f(z) — f(29)
= Apt + (1 = \)p? € 9f(2°) = Of («°) 16i.

Diéu kién (2.10) cho thay 0 f(z°) 1a tap déng va do d6 compact, vi né bi
chan theo Dinh 1y 2.9. Do tinh thuan nhat ctia ham f’(z°, d) nén mot ham
afin, khong 16n hon né va ding bing né tai mot diém nao do, phai c6 dang
<p,d> vé6i <p,d>< f'(2°, d)Vd, nghia la theo két luan a) vira chiing minh
p € 0f(2°). Do f/(2°,d) 1a ham 16i chinh thuong (Pinh Iy 2.8) nén theo
Dinh 1y 2.7, ta c6 f'(z",d) = maz{<p,d>: p € df(x")}. O

* Dinh 1y sau néu moai lién hé giita dudi vi phan va ham lién hop.

Pinh 1y 2.10. Gid sir f la ham 16i chinh thuong trén R" va 2° € dom f.
Khidé: p € 0f(2°) & f(2%) + f*(p) =<p, 2> .

Chiing minh. Gia stt p € 9f(2°). Khi d6
<p,x—a"> +f(2") < f(2)Vo =<p, "> —f(2°) ><p, 2> — f(z)Vr =<
p,a’> —f(2%) = sup, {<p,z> —f(z)} = f*(p) = f(2°) + f*(p) <<
p, 2> .

K&t hop véi bat dang thic Y oung — Fenchen, ta nhan duoc

F(@") + f(p) =<p, 2’ > (2.11)

Nguoc lai, gid st c6 (2.11). Tu bat dang thic Young — Fenchen v6i x =
20 4+ \d, ta cé:

F2® + 2d) + [<p, 2%> —f(20)] ><p,2° + Ad>=
f(2® 4+ \d) — f(2?) 2 Ad>
A

;) =<p,d>=
f'(2°,d) ><p,d>Vd = p € f(2°.) (Ménh dé 2.13). O

* Quan hé gitta du6i vi phan va dao ham: Theo dinh nghia, ham f kha vi
0

tai diém 2" néu ton tai vécto f (2°) (vécto gradient cla f tai 2°) thod man

fa’ +d) = f(a")+ <vf (2"), d> +O(||d]|).

Diéu nay tuong duong véi

o 4805 D) = (&)

_ 0
i ; —<f ("), d>,Vd # 0,
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vi thé dao ham theo huéng f’(2°, d) t6n tai va la hAm tuyén tinh theo d.

Ménh dé 2.14. Gid sit f la ham 16i chinh thuong va 2° € dom f. Néu f
khd vi tai 2° thi <;f (2°) la vécto dusi gradient duy nhdt cia f tai 2°. O

Chitng minh. Néu f kha vi tai 2° thi f'(2°,d) = {<f (2?), d>}. Vi thé,
theo két luan a) clia Ménh dé 2.13, vécto p 1a dudi gradient cla f tai 2" khi
va chi khi <p, d><<v/f (2°), d> Vd, tit d6 suy ra p = f (2).

Nguoc lai c6 thé chitng minh rang néu f ¢6 tai 2° mot vécto dudi gradient
duy nhat thi f kha vi tai 2°. Nhu vay, khai niém dué6i gradient 1a su mé rong
cua khéi niém gradient (tai nhiing diém & d6 ham khong kha vi).

2.6.3. Cac phép toan vé dudi vi phan

Ménh de 2.15. Gid sit f la ham 16i chinh thuong trén R" va \ > 0. Khi
do, voi moi x € R":

OAf)(x) = Adf(x).

Ching minh. Vé6i x € dom f, do f 16i chinh thuong va A > 0, nén \f
12 161 chinh thuong va z € dom(Af). Pong thoi, (Af) (x, ) = Af'(z,-). Tu
ménh dé 2.13 suy ra O(\f)(z) = AOf(z). Néu = # dom f thi O(\f)(z) =
AOf(x) = 0. O

Sau day 1a mot s6 qui tac tinh dudi vi phan (ching minh xem [4], 67 — 69).

DPinh ly 2.11. (Moreau-Rockafellar). Gid su f;,1 = 1,...,m, la cdc ham
[0i chinh thuong trén R". Khi do voi moi x € R":

8<f1 + ...+ fm)(ZL') D) (9f1(a:) + ...+ afm(x)

Hon nita, néu ton tai diém a € 11", dom f; tai dé tdt cd cdc ham f; lién tuc

(¢ thé trir ra mot ham), thi
Ve € R":0(fi+ ...+ fu)(@) = 0f1(x) + ...+ Of ().
Dinh 1y 2.12. Gia sit A: R" — R™ la todn tu tuyén tinh va g la ham 1oi
chinh thuong trén R™. Khi do, voi moi x € R" :
AT0g(Ax) C O(go A)(x).
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Hon nita, néu g lién tuc tai mot diém nao dé € Im(A) (dnh cia A) thi
AT9g(Az) = d(g o A)(z),Vr € R"

Pinh ly 2.13. Gid sit g(z) = (91(x), ..., gm(x)), trong dé g; la cdc ham 1oi
tr R" vao R, gid sit o: R™ — R la ham 16i thod man o(t) > @(t") moi khi
t;>t,i=1,....m.Khidé, ham f = o g la 16i va

Of(x) = {s1p" + ...+ 8,0™ : 9" € 0gi(x), (51,...,5m) € Op(g(z))}.
Nhan xét 2.5. Khi ¢(y) kha vi tai g(x) cong thitc néu & dinh 1y trén tuong
tu nhu qui tic co dién vé 14y dao ham ctia ham hgp. Cu thé 1a

00 g)(x) = §—£<g<x>>agl<x> oot 22 () 0ga).

Pinh ly 2.14. Gid s f(x) = max{g(z), ..., gn(x)}, trong dé g; la cdc
ham loi tw R" vao R. Khi do

JOf(x) = conv{Udg;(x): i € I(x)},

voi I(x) =i: f(x) = gi(x).

Toém lai, chuong nay da gi6i thiéu khdi quét vé ham 16i va cac van
dé ¢6 lién quan: dau hiéu nhan biét, cdc phép todn va tinh lién tuc cia ham
161, khai niém dudi vi phan cta ham 16i, quan hé giita dudi vi phan véi dao
ham theo hudng va v6i ham lién hgp. Céc su kién néu ra dugc minh hoa qua
mot s6 vi du va hinh vé cu thé. Van dé cuc tri ctia ham 16i s& duoc xét &

chuong sau.

39

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

Chuong 3

Cuc tri cua ham 1oi

Chuong nay dé cap t6i cac tinh chat cuc tri ctia ham 16i, di€u kién t6i wu
can va du doi v6i ham 16i kha vi v mot s6 két qua chinh vé cuc ti€u (cuc
dai) ctia cdc ham 16i. Noi dung ctia chuong chu yéu dua trén tai licu [1], [4]
va [5].

3.1 Cuc tiéu dia phuong va cuc tiéu toan cuc

Pinh nghia 3.1. Gia st f: R" — [—o00,+00] la ham s6 tuy y va C C R"
12 tap tuy y. Piém 2 € C' N dom f duoc goi 1a diém cuc tiéu toan cuc clia
f(x) trén C, néu —oco < f(2°) < f(z) v6i moi z € C. Diém 2" € C duoc
goi la diém cuc tiéu dia phuong cta f(z) trén C, néu ton tai lan can U(z")
ctia 2° sao cho —oo < f(2%) < f(z) v6i moi z € C N U (2).

Céc khai niém cuc dai dia phuong va cuc dai toan cuc dugc dinh nghia
twong tu. Poi véi ham tuy y f trén tap C, ta ky hiéu tap tat ca cdc diém cuc
tiéu (cuc dai) toan cuc cha f trén C 1a Argmingcc f(x)(Argmaz.cco f(x)).

Do min{f(x) : x € C} = —max{—f(x) : x € C} nén ly thuyét cuc
tiéu (hay cuc dai) ham 16i ciing chinh 1a 1y thuyét cuc dai (hay cuc ti€u) ham

1om.

3.2 Cuc tiéu ham 16i (cuc dai ham 16m)

Meénh dé sau day néu Ién tinh chat dac trung cta ham 16i.

DPinh ly 3.1. Cho C la tdp 16i, khdc réong trong R" va f: R" — R la ham
l6i. Moi diém cuc tiéu dia phuong ciia | trén C déu la diém cuc tiéu toan cuc.
Tdap Argmingec f(x) la tdp con 16i cia C.
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Chimg minh. Gia st 2° € C 1a diém cuc tiéu dia phuong ctia f va U(z°)
la lan can cua 2° sao cho f(2°) < f(x) v6i moi x € C N U(2). Véi bt
kyzeCtacdzy=Ax+(1—-Nz"e CNU(") véi moi A > 0 di nho.
Khi d6, f(2") < f(zx) < Af(2) + (1= A)f(a") hay Af(2") < Af(x). Do
A > 0nén f(z') < f(x). Viz € C dugc chon tuy y nén z 1a diém cuc tiéu
toan cuc cta f trén C. Néu o = min{f(z) : x € C} thi Argmin,ccf(z)
trung véi tap C' N {x : f(x) < «}.Tap nay 16i do ham f(x) 16i (Dinh 1y 2.1,
Chuong 2).

Hé qua 3.1. Bdt cir diém cuc dai dia phuong nao cia mot ham lom trén
mot tdp 161 ciing la diém cuc dai toan cuc. Tdp tdt cd cdc diém cuc dai ciia
mot ham l6m trén tdp 1oi la 101

Nho cdc tinh chat néu trén, viéc tim cuc tiéu (cuc dai) toan cuc cia mot
ham 16i (ham 1dm), néi riéng cua mot ham tuyén tinh hay ham afin, dan dén
viéc tim cuc tiéu (cuc dai) dia phuong ctia ham d6. Bai toan rd rang trd nén
don gian hon rat nhiéu, do c6 thé van dung cdc phuong phdp tim cuc ti€u dia
phuong cua ham.

Dinh ly 3.2. Véi moi ham [6i chinh thuong f :

a) Cuc dai ciia f trén mot doan thang bdt ky dat tai mot ddu miit ciia doan
do.

b) Néu f(x) hitu han va bi chdn trén trén mot nika duong thdng thi cuc dai
ciia f trén nita duong thdng nay dat tai diém goc ciia né.

c) Néu f(x) hitu han va bi chdn trén trén mot tdp afin thi f bang hdng s

trén tdp nay.

Chung minh.
a) Suy truc tiép tir dinh nghia ctia ham 16i, boi vi:
FOR +(1-N)a?) € Af(@Y)+(1-N) f(22) < maz{f(2"), f(z2)}¥A € [0,1]
b) Néu f(b) > f(a) thi véimoi x = b+ A(b—a),\ > 0tacé b =
5% + e Tw dé, (1+A)f(b) < f(z) + Af(a) (mbi khi f(z) < +00),
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nghiala f(x) > A[f(b) — f(a)] + f(b). Diéu nay ching to f(x) — +oo khi
A\ — +o00. Nhu vay, néu f(x) hitu han va bi chin trén trong nira dudng thang
xuét phét tir a thi ta phai c6 f(b) < f(a) v6i moi b trén nira dudng thang nay.

c) Gia sit M 1a tap afin trén d6 f(x) hitu han. Véi bat ky a,b € M, néu
f(b) > f(a) thi theo phan vira chiing minh, f(x) khong bi chan trén trén
nlta duong thang trong M di tir a qua b. Tuong tu, néu f(a) > f(b) thi f(z)
khong bi chin trén trén nlta dudng thang trong M di tir b qua a, Vay, néu
f(x) bi chan trén trong M thi f(a) = f(b),Va,b € M, tic la f dong nhat
bang hang so trén M. O

Ta nhéc lai khdi niém ham 16i chit va néu tinh chat dac trung cia 16p ham
nay (Dinh nghia 2.1, Chuong 2): Ham gia tri thuc f trén tap 16i C' duoc goi

l1a ham 16i chat trén C' néu
fa + (1= N)2] < Af(ah) + (1= A\ f(2?)

v6i bat ky hai diém khéic nhau z',2? € C vabatky 0 < X\ < 1. Duong
nhién, ham 10i chat 1a ham 16i, nhung diéu nguoc lai néi chung khong ding.

Ménh dé 3.1. Ham 16i chdt f trén C cé nhiéu nhdt mot diém cuc tiéu trén
C, nghia la tap Argmingec f(x) gom nhiéu nhdt mot phan ti.

Chiing minh. Néu f ¢6 hai diém cuc tiéu khic nhau 2!, 2> € C thi do
tinh 16i chat clia f nén f(32' + 32%) < f(z!) = f(2?), diéu nay khong thé
x4y ra! O

Vi du 3.1. Ham 16i chat mot bién f(z) = 2 c¢6 duy nhat mot diém cuc
tiéu z* = 0. Con ham 16i chat f(z) = e* (z € R) khong c6 di€ém cuc tiéu
nao. O

Ménh dé sau day cho mot diéu kién can va di dé 2° € C 1a diém cuc tiéu
(toan cuc) ctia ham 16i trén mot tap hop 106i.

Ménh dé 3.2. Gid sit f(x) la ham 16i kha vi lién tuc, xdc dinh trén tdp
16i C va gid sir 2° € C. Khi dé, f(2°) < f(x)Vx € C (nghia la 2° la diém
cuc tiéu ciia ham f(x) trén C) khi va chi khi <<7f (2°), 2 — 2° >> 0 véi moi
x e C.
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Chimg minh. a) Piéu kién can. Gia s f(2°) < f(2)Vx € C. Néu 2°
la diém trong cta C thi theo phép tinh bién phan ta phéi c6 f(z°) = 0,
do d6 << (2°), 2z — 2° >= 0. Con néu 2° 1a mot diém bién ctia C thi do
2V 1a diém cyc ti€u, f(z) 1a ham 16i va C 1a tap 16i nén ta c6 f(z") <
FIAE+ (1= N2, Ve € Cva 0 < A < 1. Tir d6 véi A > 0 thi

(GRS ES N

Cho qua gi6i han khi A — 0, ta nhan duoc <v/f (2°), 2z — 2°> > 0.

b) Piéu kién du. Gia st <v/f (2°),z — 2> > 0Vz € C. Do f(x) 16i nén
theo Ménh dé 2.4 (Chuong 2), ta c6:

f(z) — f(@°) > <f ("), 2 —2"> >0 VvoeC.

Do d6 f(x) > f(2%) Vo € C va 2° 1a diém cuc tiéu cla f(x) réen C. O
Vé mat hinh hoc, Ménh dé 3.2 néi rang 2° 1a diém cuc tiéu néu géc gitta
hai vécto f (2°) va x — 2V 1a géc nhon véi moi x € C (Hinh 3.1a).
Néu 7 € C khong phai 1a diém cuc tiéu va néu f(T) > f(z) v6i z ndo
d6 € C thi tir Ménh dé 2.4 suy ra:

0> f(z) - f(T) ><f (@), 2z — 7>,

nghia la géc gitta hai vécto /f (T) va x — T la goc tu (Hinh 3.1b).

Vi(%)

f(x) = f(x") x°

a) Hinh 3.1. Diéukién t6i vu cAn va da  b)
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Ménh dé 3.3. Gid sit C' la tap 16i trong R" va f: R" — R la ham loi.

Muén cho 2° € C la diém cuc tiéu cua f trén C diéu kién cdn va di la
0 € df(2) — Neo(a2) (3.1)

voi No(2°) = {p :<p,x — 2°>> O0Vx € C} la nén phdp tuyén trong ciia C
tai 2°.

Chitng minh. Néu c¢6 (3.1) thi t6n tai p € 9f(2°) N Ne(2°). V6i moi
r € Cdope df(a') nén <p,x — 2°>< f(z) — f(2"), nghia 1a f(2°) <
f(x)— <p,x — 2> . Mat khéc, do p € N¢(2") nén ta c6 <p,z — 29>>
Ovx € C, vi thé f(2) < f(x) Va € C, nghia la z2° 1a diém cuc tiéu cha f
trén C.

Nguoc lai, néu 2° € Argmingec f(x) thi hé bat dang thic sau vo nghiém
(,y) € C X R",x—y =0, f(y) — f(z") <0.

bat D = C x R" va A(x,y) = x —y. Do d6 A(D) = C' — R". V6i hinh
cau batky B tam 0,2° + B C R", vi thé B = 2° — (2 + B) C A(D), do
d6 0 € int A(D). Theo mot dinh 1y da biét vé he bat déng thc 161 (zeml[4],
Dinh 1y 2.4, ¢r.59), ton tai vécto p € R" sao cho

<px—y>—+f(y) = f(2") >0 V(z,y) € C x R"

Cho y = 2° ta nhan duge <p,z — 2°>> 0 Vz € C, nghia la p € Ng(a).
Tiép d6, cho x = 2" ta duoc f(y) — f(z") ><p,y — 2> Vy € R", nghia
lap e df(2%). Vay, p € No(2®) naf(z¥). Te dé 0 € 9f(2°) — Ng(2°). O
Hé qua 3.2. Vi cdc gid thiét nhu trong Ménh dé 3.3, diém trong 2° € C
la diém cuc tiéu khi va chi khi 0 € Of (zV).
Chitng minh. Hé qué suy tir nhan xét No(2°) = 0néuz’ € intC. O
Ménh dé 3.4. Gid sit C C R" la tdp compact # 0, f: C — R la mot ham
lién tuc bdt ky va € la ham bao 16i ciia f trén C. Khi dé, méi diém cuc tiéu

toan cuc ciia f trén C ciing la mot diém cuc tiéu cia f€(x) trén convC.
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Chimg minh. Gia sit 2° € C 1a diém cuc tiéu toan cuc cia f(z) trén C.
Do f¢ khong 16n hon f nén ta ¢6 f€(2°) < f(2°). Neu fC(a%) < f(a)
thi ham 16i h(z) = maz{f(z"), f¢(z)} khong 16n hon f , nhung lai 16n
hon ¢, d6 1a diéu khong thé x4y ra. Nhu vay, f¢(2°) = f(2°) va f(z) =
h(z) Vz € convC. Tix d6, f€(2°) = f(2°) < f¢(x) Vo € convC, nghia
1a 2° ciing 12 diém cuc tiéu toan cuc clia f¢(x) trén convC. O

* DE xét thém mot tiéu chudn t6i vu nita, ta cAn dén dinh nghia sau.

Pinh nghia 3.2. Cho tap 16i C' € R" va diém y € R". Ta goi hinh chiéu

ctia y trén C 1a diém 2" € C sao cho

12° — y|| = infeec||r —yl| = dc(y).

Ky hié¢u 2° = p(y) va goi d¢(y) 1a khodng céch tir y t6i C. Di nhién y = p(y)
va dc(y) = 0 néu y € C. (C6 thé chitng minh Jp(y) néu C' 1a tap 16i dong).
Bo dé 3.1. Muon cho diém z° € C 1a hinh chiéu ctia diém y trén tap 16i

déng C, diéu kién cén va du la
<z —2"y—2"><0 VzeC (3.2)

Chiing minh. Gia str 2V 13 hinh chi€u ca y trén C. Ldy mot diém tuy
yx e Cvaxétdiém z = Az + (1 — N\)z’. Do C 16i nén VA € [0, 1] thi
ze€ C. Vi

1z =yl = Nlo — 2" + 2% <z — a2’ 2" —y> +[|2" —y|”.
Do ||z — y||> > ||z" — y||* (theo dinh nghia clia hinh chi€u) nén
M|z — 2 +2) <z — 2, 2" —y>> 0.

Do bit dang thitc nay ding véi moi A € [0, 1] nén <z — 2%, 2% — y>> 0. Tu
do suy ra (3.2).

Ngugc lai, gia st c6 (3.2). Khi d6 véi moi x € C' s€ ¢6

|z =yl = [|(z — 2°) + (2° — y)|]?
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= llz —2%|P+2 <z — 2%, 2% —y> +|[2” — y[]* > [|2° — y||?

Diéu nay chiing t6 2 13 hinh chiéu cta y trén C. O

Hinh 3.2. B6 dé 3.1 Hinh 3.3. Ménh dé 3.5

Ménh dé 3.5. Muon cho diém x* ciia tdp 16i dong C la diém cuc tiéu
ciia ham 16i khd vi f(x) trén C, diéu kién can va du la x* = p(y*), trong dé
v =a" —asyf(x*) va a > 0 la mot s6 bdt ky.

Chirng minh.
bu. Gia st z* = p(y*). Do p(y*) 1a hinh chi€u cta di€ém y* trén C nén tu
(3.2) ta c6 bat dang thic

<zx—zxz"y"—ax"><0 Vel
Viy* =2" —a/f(z*) vaa > 0 nén
<f(x*),z —2*>>0 Vel
nghia 1a theo Ménh dé 3.2, z* 1a diém cuc ti€u ctia ham f(z) trén C.
Can. Gia str z* 1a diém cuc tiéu ctia f trén C. Khi d6 v6i moi z € C' ta ¢

<f(z"),x —2">> 0 hay — a <yf(z"),z —2">< 0 (a> 0).

Nhung —a v/f(z*) = y* — x*, do d6 <y* — z*,z — 2*>< 0. Theo B6 dé
3.1, «* la hinh chiéu cla di€ém y* trén C, nghia 1a z* = p(y*). O
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3.3 Cuc tiéu cia ham 10i manh

Sau day ta xét mot 16p ham ludn c6 cuc tiéu trén moi tap déng # (). Hon
nita, giong nhu doi véi ham 161 chit, cuc tiéu nay 1a duy nhat néu tap dé 1a
16i.

Pinh nghia 3.3. Ham f(x) xdc dinh trén tap 16i C' C R" dugc goi la 16i
manh, néu ton tai hang s6 p > 0 di nhd (hang s6 16i manh) sao cho véi moi

z,y € C vamoi A € [0, 1] ta c6 bat dang thic:

fAz+ (1= Ny] <Af(@)+ (1 =X f(y) = AL = Npllz —y|?  (3.3)

C6 thé chitng minh rang ham f(z) 16i manh khi va chi khi ham f(z)—p.||z||?
1a 16i. R rang mot ham 16i manh thi 16i chat, nhung diéu nguoc lai khong
chic ding (Chéang han, ham e, x € R, 16i chat nhung khong 16i manh).

Céac ham 16i manh c¢6 vai tro dac biét quan trong trong nghién ctru cac bai
toan cuc tri (Chang han, f(z) = f(z1,22) = 23 + 223, 2 € R?, 1a ham 16i
manh).

Vi du 3.2. Xét ham toan phuong

1
f(z) = 5 <w,Qx>+ <p,a>,

trong d6 () 1a ma tran d6i xing, xac dinh duong. Tinh 16i manh cua f duoc

suy ra tir cac hé thic (sau khi thuc hién mot so tinh toan don gian):
[Pz + (1 =Nyl <Af(z) + (1 =MN)f(y) =AML= A) <z —y,Qz —y)>

<SAf(@) + (L= f(y) = M1 = Npllz —y| %,
1 _

dé yrang v6i 0 < A < 1thi A2 < )\, (1 —A)2 < (1 —A) va vi ring

<z -y, Qx —y)>> pllz —y|?
trong d6 p la gia tri riéng nho nhat (duong) ctia ma tran Q). O
Ménh dé 3.6. Néu f(x) la ham 16i manh va khd vi trén tdp 16i déng C' thi
a) <if (x) — i (y), ¢ — y>> pllx — y||* vdi moi z,y € C.
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b) Vi bdt ky 2° € C tap mitc duoi Co = {x € C : f(z) < f(2°)} bi chén.

¢) Ton tai duy nhdt diém x* € C sao cho f(x*) = min{f(x) : z € C}.

Chung minh.

a) Do f 16i nén theo Ménh dé 2.4, Vz,y € C thi f(z) — f(y) <
<v/f(x),z — y> . Hon nita, do f 16i manh nén véi A = 5 ta co:

1

) 11 11
Ll =yl <

S (@) = Flge+ )] + 5l ) — f(Ge + 9] <
1 <D @)w -y 47 <)y — 5= 1 <T@) - T)o - y>

b) Do

flz) = fly) = /01<vf[y+ Az =yl —y>d\ =
=<Vf(y),z —y>+ /01<vf[y + Mz —y)] = (y),z —y>dA
nén két hop véi bat dang thic & phan a) ta dugc
F(a) — Fo) 2<FH W), 7 —y> +gplle —yll’ = (choy = 2
02 f(@) = J%) 2 <T (@), — %> +3plle — | =
I,

2 2
[l — 2°|* < P <f(a’), 2" —a>< P V@) x|z — =

2

Tir d6 suy ra ||z — 2°|| < Z|| vf(2°)|| v6i moi = € Cj, nghia 14 Cj bi chan.
P

c) Do ham f(x) lién tuc trén tap 16i dong bi chan Cy C C, nén ton tai

x* € () sao cho
f(z*) =min{f(z):xz € Co} =min{f(z):x € C}.

Vi ham 16i manh ciing 12 ham 16i chat, nén theo Ménh dé 3.1 diém cuc tiéu

x* 1a duy nhat.

48

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

Ménh dé 3.7. Gid si f(x) 16i manh trén tap 16i déng C va 2° la diém cuc

tiéu cuia f trén C. Khi dé, voi moi x € C ta cé

Wwﬂﬂﬁéaﬂ@—fwm (3.4

Hon nita, néu f khd vi thi

1
[l — "] < Sl (3.5)

Ogﬂ@—fQ%S%HvﬂﬂW-

Ching minh. T dinh nghia cia ham 161 manh (hé thic (3.3)) suy ra (véi

)\:1):
2 1 1 1 1 1
Flgo+50%) < 57(@) + 50 ~ golle —a?|P
1 1

T dé va f(2%) < f(§a: + 5:1:0) suy ra (3.4). Tai diém cuc tiéu 2° cta f trén
C, theo Ménh dé 3.2, </f (2°),2 — 2> >0 Vre C.
Mait khéc, theo Ménh dé 3.6 a) ta c6:

pllz —2°|P < <f (z) — f(20), 2 — 2"> <

< <vf (), 2 = 2">< || 7 f(@)||-|l2 — 2]

nghia 1a c6 bat dang thic (3.5). Cu6i cling, tir Ménh dé 2.4 va hé thic (3.5)

suy ra

0§f@ﬂ—f@%f¥ﬁ#@ﬂ#%%*>§HV#@HbdMHﬂﬂIS%vawﬂf

3.4 Cuc dai ham 16i (cuc tiéu ham 16m)

Khéc véi cuc tiéu, diém cuc dai dia phuong cua ham 16i khong nhat thiét 1a
diém cuc dai toan cuc. N6i chung, thong tin dia phuong khong du dé x4c

dinh diém cuc dai toan cuc clia mot ham 106i.
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Ménh dé 3.8. Gid sit C C R" la tdp l6i va f: C — R la ham 16i. Néu
f(x) dat cuc dai trén C tai diém trong tuong doi 2° ciia C (2° € riC) thi

(
f(x) bang hang so trén C. Tdp Argmaz,cc f(x) la hop ciia mot s6 dién ciia

Q

Ching minh. Gia st f dat cuc dai trén C tai diém 2° € riC va gia st
x 12 diém tuy y thuoc C. Do 2° € riC nén tim dugc y € C sao cho z° =
Az + (1= X)y véi Anao dé € (0,1). Khi do, f(z¥) < Af(z)+ (1= N)f(y).
Vithe Af(z) > f(2°) = (1= N)f(y) > f(@°) = (1 = N f(2%) = Mf(2).
Nhu vay, f(x) > f(2°). Te dé f(x) = f(2°) va phidn dau chia Ménh dé dugc
chimg minh.

Pé ching minh phén thit hai clia Ménh dé, ta dé y ring v6i mdi diém cuc
dai 2° € C déu 3 dién F cta C sao cho 2¥ € riF. Vi thé theo lap luan trén

day, moi diém thuoc dién nay déu la diém cuc dai toan cuc cta f trén C.O

A

X tuyy 1

fmax
20 \/, f(x)

yeC \=x

Hinh 3.4. Ménh dé 3.8 Hinh 3.5. Ménh dé 3.9

Ménh dé 3.9. Gid sit C' la tdp 1oi, déng va [: C — R la ham 16i. Néu C
khong chita duong thing nao va f(x) bi chén trén trén moi nika duong thdng
trong C' thi

sup{f(z) :xz € C} =sup{f(z):x € V(C)},

trong d6 V(C) 1a tap céc diém cuc bién ctia C, nghia la néu cuc dai cta
f(x) dat duge trén C' thi cuc dai cling dat dugc trén V(C).

Chiing minh. Theo dinh 1y trong giai tich 16i, C' = convV (C) + K,
trong d6 K 1a nén 16i sinh boi céac phuong cuc bién cia C. Mot diém bat
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ky thuoc C' ma né khong phai 1a diém cuc bién, s& thuoc nira dudng thang
xudt phat tr mot diém v ndo d6 € V(C) theo phuong cia mot tia trong
K. Do f(x) hitu han va bi chan trén trén nira dudng thang nay, nén cuc
dai clia né trén dudng thang nay dat duoc tai v (Pinh 1y 3.2). Nhu vay,
supremum cua f(x) trén C' qui v€ supremum cua f trén convV (C'). Khi
d6, boi vi bét ky = € convV(C) déu ¢6 dang x = >, _; \jv' v6i v’ € V(C)
vad >0, N =1,chonén f(z) <> ., Nif(v') <mazierf(v'). O
Hé qua 3.3. Ham [6i thuc f(x) trén tdp l6i da dién D, khong chita duong
thang nao, hodc khéng bi chdn trén trén mot canh vé han nao dé cia D, hodc
dat cuc dai tai mot dinh cia D. O
Hé qua 3.4. Ham [6i thuc f(x) trén tdp 16i compactC' dat cuc dai tai mot
diém cuc bién cia C. O
Nhan xét 3.1. Thuc ra, tinh chat néu trong Hé qua 3.4 ciing ding cho
16p ham rong hon. Cu thé 1a cdc ham tua 16i, nghia 1a cdc ham f: R" —
[—00, +00] sao cho cac tap mic dudi I, = {x € R" : f(z) < a} 1al6i
v6i moi o € R (Pinh nghia 2.3, Chuong 2). That vay, do tap 16i compactC
bang bao 16i cic di€ém cuc bién clia nd, nén bat ky x € C c6 biéu dién
A= 1va
I 1a tap hitu han cdc chi s6. Néu f(z) 1a ham tya 16i hitu han trén C' va
a = mazerf(v) thiv' € CN1,, Vi € I.Do CNI,Il6i,nénx € CNI,.
Nhu vay, f(z) < a = maxcrf(v'), nghia Ia cuc dai clia f trén C dat dugc

. i A T <R ‘A _
T =) .. AV, trong d6 v’ 1a cac diem cuc bién, A; > 0,) . ;

tai mot di€ém cuc bién cua C. O
Ciing ¢6 thé chiing minh dugc rdng can trén ctia mot ho ham tua 16i 1a

ham tua 16i, nhung téng ctia hai ham tua 16i khong chac 1a ham tua 16i.

Toém lai, chuong nay da trinh bay nhiing tinh chat cuc tri co ban
lien quan t6i ham 161, ham 16i chat va hAm 16i manh. Pdng chu y 1a cuc tiéu
dia phuong ctia mot ham 16i Iuon 12 cuc tiéu toan cuc, diém cuc tiéu clia ham

16i chat néu c¢6 1a duy nhat va ham 16i manh luén dat cuc tiéu trén tap déng

51

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

khéc réng, cuc ti€u d6 1a duy nhat néu tap l1a 161 déng khac rong. Cuc dai
ctia ham 161 néu ¢6 s& dat tai di€m cuc bién (ndi riéng, tai dinh) cta tap dugc

7z

Xet.
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KET LUAN

Cac ham tuyén tinh va afin 1a nhitng ham don gian va dugc diing pho bién
nhét. Ham 16i thuoc 16p ham phi tuyén hay duoc dung trong 1y thuyét va ting
dung thuc t€, vi ham 10i cuing véi cdc bién dang cua né (16i chat, 16i manh,
twa 16i . ..) c6 nhiéu tinh chét dep rat ddang dugc chad y.

Luan van nay chu yéu tap trung vao tim hiéu cdc ham 16i mot bién va
nhiéu bién, cling cic tinh chit co ban cla ching, dac biét Ia tinh lién tuc,
tinh kha vi va cac tinh chat cuc tri.

Chuong 1 dé cap t6i cac ham 10i mot bién, nhan gia tri hitu han hay
vO cuc. Ham 16i mot bién xdc dinh trén khoang I C R la Lipschits trén
[a,b] C int([]), lién tuc trén int(7) va kha vi hau khép noi trén 7. Néu ham f
hai 1an kha vi trén khoang mé I thi ham f 16i khi va chi khi f"(z) > 0 véi
moi z € [.

Chuong 2 gi6i thiéu vé ham 16i nhi€u bién va cdc tinh chat co ban nhu:
f 1a ham 16i khi va chi khi tap trén d6 thi cta né 1a 16i, ham f 16i thi cac tap
muc dudi ctia né 1a tap 16i, cdch nhan biét ham kha vi 1a ham 16i, cac phép
toan bao toan tinh 16i ctia ham, gidi thiéu khai niém dudi vi phan cua ham
161 va m6i quan hé giita dudi vi phan véi dao ham theo huéng va véi ham
lién hop.

Chuong 3 trinh bay cac tinh chat cuc tri cia ham 16i, ham 16i chat va
ham 16i manh, cac diéu kién t6i wu can va du do6i v6i cdc ham 16i kha vi va
mot sO két qua chinh vé cuc tiéu (cuc dai) ctia ham 16i. Dang chi y 13 cuc
ti€u dia phuwong ctia mot ham 16i luon 1a cuc tiéu toan cuc, diém cuc tiéu cia
ham 16i chat néu c6 1a duy nhat va ham 16i manh lu6n dat cuc tiéu trén tap
dong khéc réng, cuc tiéu d6 1a duy nhat néu tap 1a 16i dong khéc réng. Cuc
dai ctia ham 16i néu c6 sé dat tai diém cuc bién (néi riéng, tai dinh) cta tap

16i duoc xét.

53

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

Tac gia da co gang sip x€p va trinh bay vin dé theo cach hiéu 16 rang va
truc quan nhét c6 thé, dua ra nhiéu vi du va hinh vé cu thé dé minh hoa cho
cac khai niém va su kién dugc dé cap t6i trong luan van.

Hy vong tac gia luan van sé c6 dip lam quen véi nhitng 16p ham 16i khac

va nhi€u ting dung phong phi cta ching trong 1y thuyét va thuc tién.
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