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Tom tat

Gia st (R, m) la vanh giao hodn dia phuong Noether, M la R-mo6dun hitu
han sinh, A 1a mot R-modun Artin. Modun A duoc goi 1a thoa mdn tinh chdt
(*) néu

Anng(0 :4 p) = p v6i moi idéan nguyén t6 p O Annp A.

Luan 4n nghién ciu tinh chat (x) cho cdc modun déi dong diéu dia phuong
H! (M) trong m6i lién hé véi tinh catenary, tinh catenary phd dung va tinh
khong tron 1an cua vanh co s. Pong thoi luan an cling dé cap dén mot s6 van
dé vé chiéu cia modun Artin, cong thic boi lién két, tinh chat dich chuyén
dia phuong, tap idéan nguyén t6 gin két cho cac modun doi dong diéu dia
phuong. Luan an bao gébm 4 chuong.

Trong Chuong 1, ching toi nhéac lai mot s6 kién thic co s& vé modun doi
dong diéu dia phuong, tinh catenary cua vanh, chiéu, tap idéan nguyén to
gan két va tinh chét (x) clia modun Artin. Mot dic trung méi vé tinh chat
(x) cia modun Artin thong qua hé tham s6 duoc trinh bay trong ti€t cudi cua
chuong.

Trong Chuong 2, ching t6i dac trung tinh chat (x) cho H. (M) qua tap
gia gia th ¢ cua M; nghién ciu tinh chat (x) cia modun d6i dong di€u
dia phuong H! (M) trong m6i lién hé véi tinh catenary phd dung ctia vanh
R/ Annp M va tinh khong tron 1an cta cac vanh R/p vé6i p € Supp(M).

Trong Chuong 3, ching t6i nghién cttu tinh chat (x) cia modun Artin tua
khong tron 1an, dac biét 1a tinh chat (x) cia modun doi dong di€u dia phuong
tua khong tron 1an trong moi lién hé véi tinh catenary cua vanh co s va
chi€u cia modun Artin.

Trong Chuong 4, ching t6i dua ra mot s6 ting dung cua tinh chit (x) cta
modun doi dong diéu dia phuong: dua ra cong thic boi lién két cia HE (M)
v6i diéu kien H! (M) thda man tinh chat (x); nghién ctu tinh chat dich
chuyén dia phuong; nghién cttu tap idéan nguyén t6 gin két ctia modun doi
dong diéu dia phuong H' (M) lién hé vé6i tap gia va cdc tap gid gid cua M.



Abstract

Let (R, m) be a commutative Noetherian local ring and let M be a finitely
generated R-module. An Artinian R-module A is said to satisfy the property
(%) if

Anng(0 :4 p) = p for every prime ideal p O Annpy A.

In this thesis, we study the property (x) of the local cohomology modules
H! (M) concerning catenarity, universal catenarity, and unmixedness of the
base ring. We also deal with the dimension, the associativity formulae,
the shifted localization principle, and the set of attached primes of local

cohomology modules. The thesis is divided into four chapters.

In Chapter 1 we recall some basic knowledge on local cohomology
modules, catenarity of rings, attached primes, and the property () of Artinian
modules. A new characterization of the property () of Artinian modules in

terms of systems of parameters is proved in the last section of this chapter.

In Chapter 2 we characterize the property () of H. (M) via ith pseudo-
support of M. We study the property (x) for H (M) in connection with
universal catenarity of the ring R/ Anngp M and unmixedness of the rings
R/p for p € Supp(M).

In Chapter 3 we study the property () for quasi unmixed Artinian modules.
In particular, we study the property (x) for quasi-unmixed local cohomology
modules concerning catenarity of the base ring, and the dimension of these

modules.

In Chapter 4 we give some applications of the property (x) of local coho-
mology modules: give the associativity formulae for multiplicity of H: (M)
in case H' (M) satisfies the property (x); study the shifted localization princi-
ple and the set of attached primes of H' (M) concerning support and pseudo-
supports of M.



L.oi cam doan

Toéi xin cam doan day la cong trinh nghién cttu cua riéng toi. Cic két qua
viét chung véi tac gia khac da duoc su nhét tri cia dong tac gia khi dua vao
luan 4n. Cac két qua cta luan an Ia méi va chua tiing dugc ai cong bo trong

bat ki cong trinh nao khéc.

Tdc gid
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Loi cam on

Toi xin bay to long biét on t6i thay t6i GS. TSKH. Nguyén Tu Cuong. Thay
da chi day cho toi tir nhitng bai hoc dau tién ctia Pai s6 giao hoan dén nhiing
chu dé trong nghién ctu. Thay di tan tinh huéng dan toi tir khi toi 1am luan
van thac si va gio day la luan 4n tién si. Phuong phap doc siach, cach phat
hién va giai quyét van dé, nhiing y tudng trong todn hoc ma thay hudng dan
da gidp t6i hoan thanh luan dn nay va truong thanh hon trong nghién cttu.
Thdy luon tao diéu kién cho toi c6 dip giao luu quoc t€ d€ toi thém tu tin.
Nhu mot ngudi cha, thidy luon uén nan t6i dé t6i hoan thién hon, gitp dd toi

ca ve vat chat va tinh than.

To6i xin bay to long biét on t6i co toi PGS. TS. Lé Thi Thanh Nhan. Co
la nguoi thay dau tién da dua toi dén véi toan hién dai, dén véi Dai s6 giao
hoan. Co ludn tan tinh, ti mi huéng dan toi tir khi toi lam dé tai nghién ctiu
khoa hoc sinh vién, luan van dai hoc va dac biét la luan an tién si. Khong
chi truyén cho toi su say mé trong giang day va nghién citu, c6 luén quan
tam, dong vién, gidp do toi trong cong viéc, trong cudc song. Su tan tam v§i

nghé, véi hoc tro cua co s€ la céi dich cho toi hoc hoi, noi theo.

Luan an dugc hoan thanh dudi su hudéng dan tan tinh ctia hai nguoi thay
GS. TSKH. Nguyén Tu Cuong va PGS. TS. Lé Thi Thanh Nhan. Mot lan nita
toi xin to long biét on sau sic dén hai nguoi thay clia toi va s& phan dau hon
nita dé xiing dang véi cong lao cua thdy, co, xing ddng v6i niém tin cla thay,

cO da danh cho toi.



T6i xin chan trong cam on GS. TSKH. Lé Tuan Hoa va TS. Fred Rohrer

da doc va gop nhiing y kién quy bau cho luan an.

To6i xin tran trong cam on Vién Toan hoc, cac phong chitc nang, Trung
tam Dao tao sau dai hoc ctua Vién Toan hoc da cho té6i mot moi truong hoc

tap, nghién citu ly tudng dé t6i cé thé hoan thanh luan 4n nay.

Toi xin cam on Ban giam hiéu truong Dai hoc Su pham Dai hoc Thai
Nguyén da cho toi co hdi duoc di hoc tap va nghién ctu. Toi xin cam on Ban
cht nhiém khoa Toén va t6 Dai s6 da tao diéu kién thu xé&p cong viéc thuan

lgi cho toi trong sudt thai gian toi lam nghién citu sinh.

To6i xin cam on nhitng dong nghiép, cac anh, chi, em da va dang hoc tap
va nghién ciiu tai phong Dai s6 va phong Ly thuyét s6 cta Vién Todn hoc vé
nhitng trao déi, hé tro va chia sé trong khoa hoc ciing nhu trong cudc séng.

Cu6i cuing toi muén bay to 1ong biét on sau sac ti nhitng nguoi than trong
gia dinh ctia minh - nhitng nguoi da dong vién, chia s¢ moi khé khan cung

toi su6t nhitng nam thang qua dé t6i c6 thé hoan thanh luan 4n nay.
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N

Mo dau

Ly thuyét modun doi dong dicu dia phuong dugc A. Grothendieck dua ra
lan dau tién trong [18] va nhanh chéng tré thanh cong cu hitu hiéu cua Dai
sO giao hodan, Hinh hoc dai s6. Do d6 ly thuyét nay da thu hit sy quan tam
nghién cttu ctia nhiéu nha toan hoc (xem cac cong trinh [5], [6], [18], [20],
[29], [301, [32], [36], [48], [55], [56]). Modun d6i dong diéu dia phuong cho
ta nhiéu thong tin vé modun ban dau cling nhu vé vanh co s6. Gia sit (R, m)
l1a vanh giao hodn dia phuong Noether va M 1a R-mo6dun hitu han sinh, c6
chiéu Krull dim M = d. Cho [ 1a mot idéan cua R. Khi d6, Dinh 1y triét
tiéu va khong triét tiéu ctia A. Grothendieck (xem [6, Dinh 1y 6.1.2, Dinh ly
6.1.4]) n6i rang chiéu ctia M 1a s6 ¢ 16n nhat ma modun doi dong diéu dia
phuong H' (M) khong triét tiéu, con do sau cha M trong idéan I 12 s6 i bé
nhét sao cho H:(M) khong triét tiéu. Tinh hifu han sinh va tinh Artin cla
cdc modun d6i dong diéu dia phuong ciing lién hé chat ché véi cdc bat bién
cua M va R. Cu thé G. Faltings da dua ra cong thic tinh chi s6 dau tién ma
modun d6i dong diéu dia phuong Hi(M) khong hitu han sinh thong qua do
sau cua modun M, va do cao cta idéan I + p/p, v6i p la idéan nguyeén t6
trong Supp(M) ([55], [56]); nam 2001, R. Lii va Z. Tang da chi ra rang do
sau loc ctia M trong idéan [ (tic 1a can trén cua cac do dai clia cac day loc
chinh quy cua M trong I) la chi s6 ¢ bé nhat ma modun do6i dong diéu dia

phuong H!(M) khong Artin ([28]).

Dac biét, gan day cac tac gia N. T. Cuong, N. T. Dung va L. T. Nhan [13]



da chi ra mai lién hé giira tinh chat () cia modun doi dong di€u dia phuong
cap cao nhat véi gid la idéan cuc dai va tinh catenary cua vanh co s¢. Tinh
chat (x) dugc gidi thiéu lan dau tién boi N. T. Cuong va L. T. Nhan trong
[12] nham nghién citu chiéu cia modun Artin. Tinh chit nay ngay cang duoc
quan tdm trong viéc nghién cttu moédun Artin, modun hitu han sinh va ciu
tric ctia vanh co s& (xem [12], [59], [60], [26], [27]). Truéc hét, nhac lai

rang mot modun Artin A dugc goi 1a thda man tinh chdt (x) néu
Anng(0 :4 p) = p v6i mdi idéan nguyén t6 p O Annp A.

Khi d6 moi lién hé giita tinh chat (x) cia modun doi dong di€u va tinh
catenary cta vanh trong [13] dugc phét biéu nhu sau: modun déi dong diéu
dia phuong cap cao nhat H9 (M) théa man tinh chat () khi va chi khi vanh
R/ Anng H(M) 1a catenary.

Muc dich chinh ctia luan an la nghién cttu tinh chat (x) cho cdc modun doi
dong di€u dia phuong cap ¢ bat ky, tng véi gia 1a idéan cuc dai trong moi
lien hé v6i tinh catenary, tinh catenary phé dung va tinh khong tron 1an cua
vanh co s&. Dong thoi luan an dua ra ing dung cta tinh chat (x) trong viéc
nghién cttu vé chi€u ctia modun Artin, cong thitc boi lién két, tinh chat dich
chuyén dia phuong, tap idéan nguyén t6 gin két cho cdc modun d6i déng

diéu dia phuong.

Luan dn dugc chia lam 4 chuong. Chuong 1 nhac lai mot s6 kién thic co
s& nhu modun do6i dong di€u dia phuong, tinh catenary ctia vanh, chiéu, tap
idéan nguyén t6 gan két va tinh chat (x) cia modun Artin. Mot dic trung
méi vé tinh chat (x) cia modun Artin thong qua hé tham s6 duoc trinh bay
trong phan cudi cua chuong. Chuong 2, 3, 4 trinh bay cac két qua thu duogc

cua luan an, viét dua trén cac bai bao [39], [40] va [1].

Trong su6t luan an, ching toi luon gia thiét (R, m) la vanh giao hoan dia

phuong Noether, M 1a mot R-modun hitu han sinh chiéu Krull, dim M = d



va A la mot R-modun Artin.

Trong Chuong 2, ching t6i trinh bay nhiing nghién ctu vé tinh chat (x) cta
cdc modun doi dong di€u dia phuong cap tuy ¥, moi quan hé giira tinh chat
(*) clia cac modun do6i dong di€u dia phuong véi tap gia gia, tinh catenary
phé dung clia vanh R/ Anng M va tinh khong tron 14n cha cdc vanh R/p
vOi p € Supp(M). Nhic lai, theo M. Brodmann va R.Y. Sharp [7], tap

Psuppfy(M) = {p € Spec R+ Hy o™ P (M) # 0}

duoc goi la tdp gia gid thit i cia M va

psdp(M) = sup{dim R/p : p € Psuppj(M)}

duoc goi 1a gid chiéu thit i cua M. Khi d6, két qua chinh dau tién clia chuong
chi ra mot dac trung dé modun doi dong diéu dia phuong H! (M) thda man
tinh chat (x) thong qua tap gia gid tha ¢ cta M. Chd y, ky hiéu N-dim dé
chi chiéu Noether clia modun giGi thiéu bdi R. N. Roberts [46].

Pinh 1y 2.1.2. Gid siri > 0 la mot s6 nguyén. Khi dé cdc diéu kién sau la

tuong tuong:
(i) H. (M) thoa man tinh chdt (x);
(i) V (Anng(H} (M))) = Psuppy M.
Hon nita, néu (i) va (ii) théa man thi
psdly M = psd M = N-dimp(H},(M)) = dim R/ Anng Hj,(M),

{p € Psuppy M : dim(R/p) = psd M}
={pNR:pe PsuppZ]}z M, dim(R/p) = psd% M}.

Mot tng dung cua Dinh 1y 2.1.2 chi ra rang néu vanh R/ Anng M 1a
catenary pho dung va cdc thé hinh thiic 12 Cohen-Macaulay thi H! (M) thoa



man tinh chat (x) véi moi ¢ < d (Hé qua 2.1.3). Tu do, ta dat ra cau hoi:
modun M va vanh co s6 R ¢6 nhiing tinh chat gi khi cac modun doi dong
diéu dia phuong H' (M) thda man tinh chét () v6i moi 7?7 Dinh 1y sau tra
161 mot phan cho cau hoi do.

Pinh 1y 2.2.1. Gid sit H. (M) thda man tinh chdt () véi moi i < d. Khi dé
R/p la khong tron lan véi moi p € Ass M va vanh R/ Anng M la catenary
pho dung.

Nam 1980, M. Nagata (xem [38]) da dua ra cau hoi: Gia stt (R, m) 1a mién
nguyén dia phuong Noether khong tron 1dn. Goi p € Spec(R). Liéu ring
R/p khong tron 1an? Nam 1983, Brodmann va Rotthaus [4] da xay dung mot
phan vi du cho cau hoi cia M. Nagata. Két qua sau dua ra mot tiéu chudn

cta tinh khong tron 1an cho vanh R/p v6ip € Supp M vadim R/p > d — 1.

Dinh ly 2.2.4. Gid sit M khong tron ldn va H. (M) thda man tinh chdt (*)
vdi moi i < d. Khi dé R/p khong trén ldn véi moi p € Supp M théa man
dim(R/p) > d — 1.

Nhic lai trong [13], N. T. Cuong, N. T. Dung va L. T. Nhan da dua ra méi
lién hé giita tinh chat (x) cua mot loai modun Artin dac biét - moédun doi
dong diéu dia phuong cip cao nhiat HZ(M)-va tinh catenary clia vanh dia
phuong R/ Anng HZ(M). Phét trién két qua trén chiing toi nghién ctu 16p
modun Artin rong hon, cdc modun Artin tua khong tron lan. Modun Artin A
duoc goi 12 tua khong tron lan néu dlm(ﬁ/ﬁ) = dim(ﬁ/ Anng A) v6i moi
p € min Att; A. Két qua ddu tién ciia Chuong 3 chi ra m6i lién h¢ gifta tinh
catenary cua vanh, tinh chat (x) va chi€u cia modun Artin tua khong tron

lan.

Pinh 1y 3.1.5. Gid sit A la tua khong tron lan. Néu A thoa man tinh chdt (x)
thi vanh R/ Anng A la catenary va dim(R/ Anng A) = dim(R/ Anng A).

Ching t6i da xay dung nhitng vi du trong chuong nay chiing to gia thiét



twa khong tron 1an trong Dinh Iy 3.1.5 khong thé bo di dugce (Vi du 3.1.6 va
Vi du 3.1.7).

Mot cau hoi tu nhién dat ra 1a chiéu nguoc lai cia Dinh 1y 3.1.5 ¢6 con
ding khong? Gén day chiing toi da xay dung vi du ching to rang diéu dé
khong ding (Vi du 3.2.2). Tuy nhién ching t6i da chi ra di€u nguoc lai 1a

ding cho cdc modun d6i dong dicu dia phuong tua khong tron 1an.

Dinh Iy 3.2.4. Gid sit H. (M) la tiwa khong tron ldn. Khi dé cdc diéu kién

sau la tuwong duong:
(i) H. (M) thda man tinh chdt (*);
(ii) Vanh R/ Anng(H. (M)) la catenary va
dim (R/ Anng(HE(M))) = dim (R/ Anng Hi (M))).

Chd y rang, modun d6i dong diéu dia phuong c4p cao nhat HE (M) 1a modun

Artin khong tron 14n. Thém nita theo [12], ta luon ¢6
dim (R/ Anng(HZ(M))) = dim (R/ Anng HE(M))).
Do d6 két qua chinh trong [13] la truong hop dac biét cua Dinh 1y 3.2.4.

Trong Chuong 4, chiing t6i dua ra mot sO ting dung cuia tinh chat (x) clia
modun doi déng diéu dia phuong. Ung dung ddu tién cua tinh chat () clia
H! (M), chiing t6i dua ra cong thic boi lién két cho modun doi dong diéu
dia phuong H' (M), m& rong két qua ctia M. Brodmann va R. Y. Sharp trong
[7]. Nhéc lai, d6i v6i modun hitu han sinh M, mot trong nhitng tinh chat
quan trong ctia s6 boi 1a cong thic sau day, duoc goi la cong thiic lién két
cua sO boi

e(a, M) =Y Lr,(M,)e(q, R/p).

peSupp M
dim R/p=d

D. Kirby 1973 [24] da chiing t0 rdng néu q 1a idéan ctia R va A 1a mot R-

modun Artin sao cho £(0 :4 q) < oo thi £z(0 :4 g"™) 1a mot da thic bac



s = N-dim A v6i hé s6 hitu ty khi n dl 16n va ta ¢6 biéu dién
000 4 g"th) = %ns + da thitc c6 bac nho hon s, Vn > 0,

trong d6 e(q, A) 1a mot s6 nguyén duong. Ta goi e(q, A) 1a 56" boi cia A
ing voi q (xem [11]). Khi R 1a vanh day du, d6i ngau Matlis cua A la mot
modun hitu han sinh nén ta dé dang chi ra mot cong thic boi lién két cho
A. Tuy nhién khi vanh R khong day du thi mot cong thic tuong tu nhu vay
chua duge tim ra. Nam 2002, M. Brodmann va R.Y. Sharp [7] da han ché xét
trén mot 16p modun Artin dac biét - cac modun doi dong diéu dia phuong
vGi gia cuc dai. Ho da ching t6 rang khi vanh R 1a catenary ph6 dung va c6
cac thd hinh thiic 1a Cohen-Macaulay thi ta c6 cong thiic sau

e(q Hy(M) = > tg,(Hp™""P(My))e(a, R/p),

pePsuppy (M)
dim(R/p)=psd’ (M)

vGi idéan m-nguyén so ¢ cua R va véi moi i. Ho cling goi d6 1a cong thic
boi lién két cho modun H (M) tuong ting véi q. Ching toi chi ra ring néu
H! (M) théa man tinh chét (x), v6i mdi i c6 dinh cho trudc thi ta c6 thé xay
dung cong thiic boi lién két cho modun dé.
Pinh 1y 4.1.1. Gid siti > 0 la mot s6 nguyén va N-dimg(HL (M)) = 5. Vi
mdi p € Psupps M, ddt
T(p) = {p € Psuppx(M) : dim(R/p) = dim(R/p), PN R = p}.

Gid sit H. (M) thda man tinh chdt (x). Khi dé cdc ménh dé sau la diing.

(i) Psupp’ M la tdp déng.

(i) Néu p € PsupprM voi dim(R/p) = s thi T(p) # 0,
Cry (Hyr PV (M) €6 do dai hitu han khdc khong va

i—dim(R z dim(R
i, (™ P (L) = i, (Hyp ™ (005)) 5 (B /o)

véi moi p € T(p).



(iii) Cho q la mét idéan m-nguyén so cia R. Gid st H. (M) # 0. Khi dé
boi e(q, HL.(M)) ciia H. (M) tuong iing vdéi q thda man

e(g Hy(M) = > tp,(Hp™""P(My))e(q, R/p).

pePsuppy (M)
dim(R/p)=psd’ (M)

Ung dung thit hai cua tinh chat () 12 dé nghién citu vé tinh chit dich
chuyén dia phuong cho H' (M), tic 1a doi hoi

Attg, (Hyp ™ P (My)) = {aRy | q € Attr(HL(M)),q C p},

v6i moi p € Spec(R). Khi R la mot vanh thuong clia vanh dia phuong
Gorenstein, R.Y. Sharp [48] da ching t6 ring H. (M) luon thoa man tinh
chat dich chuyén dia phuong. Tuy nhién tinh chit nay khong ding trong
truong hop téng qudt. Chéng han xét (R, m) la mién nguyén dia phuong
Noether, chiéu 2 dugc xay dung boi M. Ferrand va D. Raynaud [53] thda man
R ¢6 idéan nguyén t6 nhing chiéu 1. Khi d6 H!(R) khong thdéa min tinh
chat dich chuyén dia phuong. Hon nita ciing theo M. Ferrand va D. Raynaud
[53], tOn tai mot mién nguyén dia phuong Noether, chiéu 1 ma khong thé
bi€u dién dugc nhu dnh dong cau ctia mot vanh dia phuong Gorenstein. Ta
6 thé kiém tra dé dang rang H! (N) thda man tinh chat dich chuyén dia
phuong véi moi R-modun hitu han sinh N va moi . Do d6 mot cau hoi tu
nhién dugc dat ra 1a v6i diéu kién nao thi H' (M) thoa man tinh chat dich
chuyén dia phuong. Dinh Iy sau tra 16i tron ven cau hoi trén cho cdc modun

d6i dong diéu dia phuong cip cao nhat.

Pinh 1y 4.2.3. Cdc diéu kién sau la tuong duong:
(i) Hi(M) théa man tinh chdt dich chuyén dia phuong;
(ii) Vanh R/ Anng H2(M) la catenary;

(iii) H (M) théa man tinh chdt (*);



(iv) Hg};jim R/ P(M,) théa man tinh chdt dich chuyén dia phiong véi moi
p € Supp(M);

(V) HslgjimR/p(Mp) thoa man tinh chdt (%) voi moi p € Supp(M).

Hién tai chiing t6i chua tim dugc diéu kién can va di dé cic modun doi
dong diéu dia phuong cap nho hon d théa man tinh chét dich chuyén dia
phuong. Vi vay két qué sau day c6 thé dua ra mot cach ti€p can mai.

Pinh ly 4.2.4. Cho i > 0 la mét s6 nguyén. Gid su R/ Anngp M la catenary.
Khi dé cdc diéu kién sau la tuong duong.
. . i—dim : i
(i) min Attg, (Hyp ™ "P(My)) = {qR, | g € min Attp(Hi(M)),q C
p}, vdi p € Spec(R).
(i) H (M) théa madn tinh chdt (x);
(iii) Hyy ™ /P (My) théa man tinh chdt (+) véi moi p € Supp(M).

K&t qua cuoi cung trong chuong nay ching t6i van dung tinh chat (x) cta
modun doi dong diéu dia phuong dé dua ra mot s6 thong tin vé tap cdc idéan
nguyén t6 gan két cia H' (M) lién hé vé6i tap gid, cdc tap gia gid cha M
(Pinh 1y 4.3.1). Van dung két qua d6 chiing t6i chiing minh lai mot truong
hop ctia Dinh 1y triét Faltings dudi gia thi€t cic modun doi dong diéu dia

phuong thoéa man tinh chat (x) (Hé qua 4.3.2).
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Chuong 1

Kién thitc chuan bi

Trong chuong nay ching toi nhic lai mot s6 kién thitc co s& va mot s6 két
qua da biét v¢ modun doi dong di€u dia phuong, tinh catenary cta vanh,
chiéu, tap idéan nguyén t6 gan két va tinh chét () cho cdc modun Artin tién
cho viéc theo ddi cac két qua trong cac chuong sau. Trong phan cudi cua
chuong, ching toi trinh bay mot dac trung méi cua tinh chat (x) cho modun
Artin qua hé tham s6. Ta luon ki hiéu (R, m) la mot vanh giao hodn dia
phuong Noether v6i idéan cuc dai duy nhat m, 7 ky hiéu mot idéan da cho

cua R va V(I) la tap céc idéan nguyén t6 cua R chua /.

1.1 Modun doi dong diéu dia phuong

Doi dong dieu dia phuong duoc gidi thiéu bdi A. Grothendieck vao nhiing
nam 1960 (xem [18], [6]). Ngay nay Do6i dong di€u dia phuong da trd thanh
cong cu khong thé thi€u trong Hinh hoc dai s6, Pai sd giao hodn. Trudc tién

ta giGi thiéu khdi niém ham tlr /-xodn (xem [6, 1.1]).

Pinh nghia 1.1.1. Ham i [-xodn ki hiéu I';(—) dugc xdc dinh boi (M) =
Unz0(0 :ar I™) v6i moi R-médun M. Ta goi I';(M) 1a médun con I-xodn
cua M.

Tir d6 ta ¢6 dinh nghia modun d6i dong diéu dia phuong (xem [6, 1.2]).



11

Pinh nghia 1.1.2. Vi méi s6 nguyén ¢ > 0, ham tir dan xuét phai thid ¢ cua
['7(—), ki hiéu boi Hi(—), va duge goi 12 ham nr doi dong diéu dia phuong
thit i doi véi I. Cho M 1a R-modun, két qua cla tdc dong H:(—) vao M ki
hiéu 12 HY(M) va goi 1a modun déi dong diéu dia phuong thit i ciia M véi

gid I.

Modun doi dong di€u dia phuong vé6i gid 1a idéan cuc dai m con duoc goi

la modun doi dong diéu dia phuong voi gid cuc dai.

Modun d6i dong diéu dia phuong ciing c6 thé dugc xay dung 12 giGi han
truc tiép clia cdc modun Ext, thong qua d6i déng diéu ctia phitc Cech, thong
qua giGi han truc tiép ctia cdc modun dong diéu cua phiic Koszul (xem [6]).
Trong s6 rat nhiéu nhiing tinh chit cuia modun d6i dong di€u dia phuong, ta
gidi thiéu nhiing tinh chat quan trong dugc st dung trong luan an. Trudc hét
1a tinh doc 1ap clia modun doi déng diéu dia phuong khi chuyén vanh co so
(xem [6, Dinh 1y 4.2.1]).

Pinh 1y 1.1.3 (Tinh doc 1ap vé6i vanh co s&). Cho R’ la R-dai 56’ va M' la
R'-moédun. Khi dé ta ¢6 cdc dang cdu nhitng R-modunH'p,(M') = HL(M')

voi moi 1 > 0.

Khi R’ 12 R-dai s6 phang ta con c6 dinh 1y sau (xem [6, Dinh 1y 4.3.2]).

Pinh 1y 1.1.4 (Pinh 1y chuyén co s phang). Cho R’ la R-dai s6 phdng va
M la R-modun. Khi dé ta c6 R'-dang cdu Hi(M) @r R' = Hip(M Qp R')

voi moi 1 > 0.

Mic du M 1a hitu han sinh nhung nhin chung modun d6i dong di€u dia
phuong Hi(M) khong 12 modun hitu han sinh ciing khong 12 modun Artin.
Trong truong hop dac biét, moédun d6i dong di€u dia phuong véi gia 1a idéan

cuc dai hoac tai cap cao nhat thi cic moédun doé I1a Artin.
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Pinh 1§ 1.1.5. [6, Dinh Iy 7.1.3, Dinh Iy 7.1.6] (i) Gid sit M la R-modun
hitu han sinh. Khi d6, R-médun H' (M) la Artin véi moi i € Ny.

(ii) Gid su M la R-modun hitu han sinh, khdc khong, c6 chiéu Krull
dim M = d. Khi dé, R-modun H¢(M) la Artin.

Phén con lai cia muc nay danh dé€ nhéc lai mot so kién thitc vé doi ngiu
Matlis va doi ngau dia phuong. Ky hiéu E(k) 1a bao ndi xa cia R-modun
k v6i k = R/m. Ta ki hieu Dp(—) thay cho Hom(—, E(k)). V6i mbi R-
modun M ta goi Dr(M) 1a doi ngdu Matlis cha M. Két qua sau day c6 thé
xem trong [6, DPinh 1y 10.2.12].

Pinh ly 1.1.6 (Dinh ly d6i ngu Matlis). Cho (R, m) la vanh giao hodn dia
phuong Noether dday du va M, A la cdc R-modun. Khi dé cdc ménh dé sau
la dung.

(i) Néu M la moédun Noether thi Dgr(M) la modun Artin va
M = Dp(Dgr(M)).

(i) Néu A la moédun Artin thi Dr(A) la modun Noether va A =
Dgr(Dr(A)).

Khi R la vanh day du, Dinh ly d6i ngau Matlis cho ta tuong Ung giita
pham tru cdc R-modun Artin va pham tru cic R-mo6dun Noether. Pinh ly
Doi ngiu dia phuong [6, Dinh 1y 11.2.6] cho ta m6i lién hé gitta doi dong

di€u dia phuong va ham tir Ext.

Pinh 1y 1.1.7 (Dinh 1y d6i ngu dia phuong). Gid sit (R, m) la dnh dong cdiu
cua mot vanh dia phuong Gorenstein (R',w') chiéu n’ va f : R — R la
toan cdu vanh. Gid sit M la mét R-moédun hitu han sinh. Khi do Extg%, (M, R)

la R-médun hitu han sinh va ta c¢é dang cdu:

Hi(M) = Dr(Ext™ (M, R')).
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1.2 Tinh catenary cua vanh

Tinh catenary clia cic vanh dugc quan tam nghién ctru dau tién bdi W. Krull
tir nam 1937 [57]. Nhitng cong trinh cia W. Krull, M. Nagata, 1. S. Cohen,
D. Ferand va M. Raynaud, L. J. Ratliff, M. Brodmann, R. Heitmann, ... vé
tinh catenary da lam giau dep 1i thuyét nay. Trudc hét ta nhac lai khdi niém

vanh catenary.

Dinh nghia 1.2.1. Cho q C p Ia cdc idéan nguyén t6 cia R. Mot day cac
idéan nguyén t6 q = pg C p1 C ... C p, = p sao cho p; # P;y1,i =
0,...,n — 1, dugc goi la mot day idéan nguyén td bdo hoa gitta q va p néu
vGi moi i, khong ton tai mot idéan nguyén t6 cheén gitta p; va p;,1. Khi dé6 n

dugc goi la do dai cua day idéan nguyén t6 bao hoa trén.

Ta néi vanh R 1a catenary néu v6i moi cap idéan nguyén t6 q C p cua R

thi moi day idéan nguyén t6 bao hoa gitta q va p déu c6 chung do dai.

Nhéc lai rang nam 1937 W. Krull da ching t6 rang moi dai s6 hitu han
sinh trén mot trudong la catenary (xem [57], [37, Bai 14], [52, Chuong 7]).
Két qua quan trong thit hai duoc ching minh bdi 1. Cohen nam 1946 rang
moi vanh dia phuong day du la catenary (xem [9]). Sau d6 trong [38], M.
Nagata da ching to raing moi mién nguyén, dia phuong tua khong tron 1an
la catenary. Nhu vay, hau hét cidc vanh dugc biét dén trong thuc t€ va trong
nhiing tng dung cua Hinh hoc dai s6 déu la catenary. Vi du du tién vé mién
nguyén khong catenary dugc dua ra boi M. Nagata nam 1956 (xem [38],
[37, Vi du 2, trang 203-205]). Ngoai ra bang nhiing l1ap luan don gian ta c6
néu dim R < 2 thi R 1a catenary; R la vanh catenary néu va chi néu R/I la
catenary voi moi idéan I cta R; R 1a catenary néu va chi néu R, 1a catenary
vG1 moi idéan nguyén to p cua R, .... Dac trung sau cla tinh catenary thuong

duoc str dung trong luan 4an.
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Ménh dé 1.2.2. [42] Gid sui (R, m) la mot vanh dia phuong Noether. Khi dé

cdc diéu kién sau la tuong duong:
(1) R la catenary;
(ii)) htp/q = dim R/q — dim R/p vdi moi q C p, p,q € Spec R;

(iii) ht ps/p1 = ht ps/po + ht pa/p1 véi moi p1 C pa C p3, P1, P2, Ps €
Spec R.

Tu dinh nghia vanh catenary, ta dé thdy rang néu R 1a mién nguyén dia

phuong catenary thi né thoa méan cong thiic chiéu
htp +dim R/p = dim R

vGi moi idéan nguyén to p cua R. Vi th€ nam 1954, 1. S. Cohen [10] da
hoi rang liéu mot mién nguyén dia phuong R thoa mén cong thic chiéu
htp + dim R/p = dim R v6i moi idéan nguyén t6 p cua R thi R c6 1a mién
catenary? Cau tra 10i khang dinh duoc R. J. Ratliff dwa ra vao nam 1972 [43,
Dinh ly 2.2]. Hon nita nam 1977, S. McAdam va R. J. Ratliff d@ m¢& rong

két qua trén cho céc vanh dia phuong dang chiéu.

Dinh ly 1.2.3. [35] Gid s R la vanh dia phuong Noether ddng chiéu. Khi

do R la catenary néu va chi néu voi moi idéan nguyén 1o’y cia R ta cé
htp + dim R/p = dim R.

Pinh nghia 1.2.4. Vanh R duoc goi la catenary phd dung néu méi R-dai s6

hitu han sinh la catenary.

Gia str S 1a mot R-dai s6 hitu han sinh, tic laton tai aq, . .., a, € S sao cho
S = Rlay, ..., a,]. Khi d6 ton tai mot toan cdu vanh ¢ : R[xy, ..., x,] —
S, trong d6 R[zi,...,x,] 1a vanh da thic n bi€n véi hé s6 trén R va
o(x;) = a;,i = 1,...,n. Vi thé S dang cdu v6i mot vanh thuong clia vanh

da thiic R[xy,...,x,]. Vi vanh thuong clia vanh catenary la catenary nén ta
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suy ra ring vanh R 13 catenary phd dung néu va chi néu moi vanh da thitc

hitu han bién véi hé so trén R 1a catenary.

Sau day 1a mot s6 dac trung ciia vanh catenary phd dung. Trudc hét, ta
nhac lai theo M. Nagata [37] cdc khai niém vanh, modun fua khong tron lan

(quasi-unmixed) va vanh, modun khong tron lan (unmixed).
Pinh nghia 1.2.5. Vanh R dugc goi 1a tua khong tron lan (quasi-unmixed)
néu vanh ddy di m-adic R clia R 1a déng chiéu, tic 1a dim B/p = dim R
v6i moi p € min Ass R. Vanh R duoc goi 1a khong tron lan (unmixed) néu
dim R/p = dim R v6i moi p € Ass R. Mot R-modun hitu han sinh M duoc
goi 1a tua khong trén lan (tuong tng khong trén lan) néu vanh R/ Anng M
la tya khong tron 1an (twong tng khong tron 1an).
Pinh Iy 1.2.6. [33, Dinh Iy 31.6] Gid sit R la tua khong trén ldn. Khi dé

(i) R la catenary pho dung.

(ii) Ry la tua khong tron lan voi moi p € Spec R.

(iii) Néu I la idéan ciia R thi R/I la ddang chiéu néu va chi néu R/I la
tua khong tron lan.
Pinh 1y 1.2.7. [33, Dinh 1y 31.7] Cdc diéu kién sau la tuong duong

(i) R la catenary phd dung;

(ii) R[x] la catenary;,

(ii) R/p la tua khong tron lan voi moi p € Spec R.
Vi moéi vanh chiéu 2 1a catenary nén néu dim R < 1 thi
dim R[z] =dim R+ 1 < 2,

do d6 R[z] 1a catenary. Vi vay theo Dinh 1y 1.2.7 ta thay R Ia catenary pho
dung néu dim R < 1.
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1.3 Biéu dién thir cAp va chiéu cia modun Artin

Trong tiét nay ta nhic lai ly thuyét biéu dién thit cip theo thuat ngit cta 1.
G. Macdonald [31]. Ta Iuon ky hiéu M 1a moét R-modun hitu han sinh va A
la mot R-modun Artin. Mot R-modun S duoc goi 1a thir cdp néu S # 0 va
v6i moi x € R, phép nhan bai x trén S hoac 1a toan cdu hoac 1a luy linh.
Trong truong hop nay Rad(Anng S) = p 1a idéan nguyén t6 va ta goi S la
p-thit cdp. Cho N 1a R-modun. Mot biéu dién thir cdp cuia N 1a mot phan
tich N = S; + ...+ S, thanh tong hitu han cdc modun con p;-thit cap S;.
Néu N = 0 hoac N ¢6 mot biéu dién thu cap thi ta néi N 1a biéu dién duoc.
Biéu dién thit cdp nay duoc goi 12 10i tiéu néu céic idéan nguyén td p; 1a doi

mot khac nhau va khong ¢6 hang tir S; nao thira, véimoi ¢ = 1,...,n.

Dé thay ring moi bi€u dién thit cap ciia N déu c6 thé dua dugc vé dang
toi tiéu. Khi d6 tap hop {pi,...,p.} 12 doc lap véi viec chon biéu dién
thit cap toi tiéu cia N va duoc goi 1a tdp cdc idéan nguyén 16 gdn két
cia N, ki hiéu la Attp N. Cac hang ta S;,7 = 1,...,n, dugc goi la cac
thanh phan thit cap cia N. Néu p; 1a t6i tiéu trong Attz N thi S; duogc
goi 1a thanh phan thir cdp cé ldp. Tuong tu nhu tip cdac idéan nguyén to
lién két, ta ¢o tinh chat sau cua tap cac idéan nguyén t6 gian két. Gia su
0 N’ N N" 0 1a day khép cac R-modun biéu dién duoc.
Khi d6 ta cé Attg N” C Attg N C Attg N’ U Attg N”. Bén canh d6 ta cin

mot sO két qua dudi day.
Meénh dé 1.3.1. Gia sit N la mot R-modun biéu dién duoc. Khi dé cdc diéu
kién sau la dung.

(i) N # 0 khi va chi khi Attg N # ().

(i) Tdp cdc idéan nguyén t0't61 tiéu ciia R chita Ann(N) chinh la tdp cdc

phdn tir 161 tiéu ciia Attg N.
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Pham tri cic modun biéu dién duoc bao gdbm cdc modun Artin. D6 1 noi

dung cua dinh ly sau.

Pinh 1y 1.3.2. [31, 5.2] Moi médun Artin déu biéu dién duoc.

Nhan xét rang R-mo6dun Artin A ¢6 c4u tric tu nhién nhu R-modun. Vé6i
céu truc nay, mot modun la modun con ctia A xét nhu R-modun néu va chi
néu n6 1a moédun con cia A xét nhu R-modun. Do dé A 1a R-modun Artin

va ta c6 mai lién hé gitta cc tap idéan nguyén t6 gan két nhu sau.
Bo dé 1.3.3. [6, 8.2.4 va 8.2.5] Attr(A) = {p N R|p € Attz(A)}.

Dinh 1y sau day duogc goi 1a tinh chdt dich chuyén dia phuong tong qudt
yéu.

Pinh ly 1.3.4. [48, Dinh 1y 4.8] Cho p € Supp M sao cho dim R/p = t.
Gid s i > 0 la mot s nguyén va q la idéan nguyén t6 véi q C p sao cho

qRy € Attr, (Hyp (M,)). Khi d6 q € Attp(HGH (M),

H¢ qua truc ti€p sau cua Dinh 1y 1.3.4 cling thudong dugc su dung trong luan
an.

Hé qua 1.3.5. [48, Hé qua 4.9] Cho p € Ass M voi dim R/p = t. Khi dé

HL (M) #£0vap e Attg HL (M).

Dai v6i modun doi dong di€u dia phuong cap cao nhat vaéi gia 1a idéan cuc
dai, I. G. Macdonald va R. Y. Sharp da dua ra cong thic cua tip cic idéan
nguyén t6 gan két cho 16p modun nay.

Pinh 1y 1.3.6. [32, Dinh 1y 2.2] Gid sit M la R-médun hitu han sinh, chiéu
d. Khi dé H(M) # 0 va

Attp HL(M) = {p € Assg M | dim(R/p) = d}.
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Gia sit A 1a mot R-modun Artin. Ta ky hiéu dimp R/ Anng A 1a chiéu
Krull cia vanh R/ Annp A. Khi d6 theo Ménh dé 1.3.1, ta c6

dim(R/ Ann A) = max{dim(R/p) : p € Attg A}.

Nam 1975 R. N. Roberts [46] da gidi thiéu mot khai niém chiéu khac cho
modun Artin ma sau d6 duge D. Kirby [25] nam 1990 d6i tén thanh chiéu
Noether dé€ tranh nhdm 1an véi khdi niém chiéu Krull da quen biét nhu da dé
cap O trén. Trong su6t luan 4n nay, ching toi dung thuat ngit "chiéu Noether"

ctua Kirby [25].

DPinh nghia 1.3.7. Chiéu Noether clia A, ki hiéu boi N-dimp A, duoc dinh
nghia bang quy nap nhu sau: Khi A = 0, ta dit N-dimp A = —1. Chod > 0
la mot s6 nguyén khong am. Ta dat N-dimp A = d n€u N-dimp A < d la
sai va voi moi day tang cac modun con Ay C A; C ... cua A, ton tai mot

sO tu nhién ny sao cho N-dimpg(A,/A,11) < d v6i moi n > ny.

R. N. Roberts [46] va D. Kirby [24], [25] d& chi ra nhiéu tinh chit cua
chi¢u Noether cho cic moédun Artin tuong tu nhu céc tinh chat vé chiéu Krull
cho cac modun hitu han sinh trén vanh dia phuong, dac biét 1a két qua dudi

day cho ta céac cach tinh chi¢u Noether cho cic modun Artin.

Pinh 1y 1.3.8. Néu A # 0 va q la idéan sao cho ¢(0 :4 q) < oo thi ¢ mot

da thitc Q(n) véi hé s6 hitu ty sao cho Lr(0 4 ") = Q(n) khi n > 0 va
N—dimRA = deg(KR(O ‘A anrl))

=inf{t>0:3zy,..., 2 €m:Lp(0:4 (z1,...,7¢)R) < 00}

Sau day ta s& dua ra so sanh giita chi€u Krull va chi€éu Noether cia modun
Artin A. Trong trudong hgp dac biét, ta c6 N-dimp A = 0 néu va chi néu
dim R/ Anng A = 0, néu va chi néu A c¢6 do dai hitu han, khac 0, néu va
chi néu R/ Annp A 1a vanh Artin. Trong trudng hop téng quét, N.T. Cudng

va L.T. Nhan da dua ra cau tra 10i nam 2002.
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Ménh dé 1.3.9. [12, Ménh dé€ 2.5] N-dimp A < dim(R/ Ann A).

Hon nifa, ciing trong bai bdo d6 ho con chi ra vi du ching t6 ddu dang
thitc 1a khong xay ra [12, Vi du 4.1]. Xét (R, m) la mién nguyén dia phuong
Noether chi¢u 2 dugc xay dung boi D. Ferrand va M. Raynaud [53] thoa méan
tinh chat tén tai mot idéan nguyén t6 nhiing q € Ass R v6i dim R /q =1
Khi d6 A = HL(R) 1a modun Artin. Ta c6

dim R/ Annp A =2 > 1 = N-dimp A.

Ti€p theo ta nhac lai mot két qua vé chiéu ctia modun doi dong diéu dia

phuong.
Pinh 1y 1.3.10. [12, Dinh 1y 3.1, Hé qua 3.6] Cdc ménh dé sau la diing.
(i) N-dimp H. (M) < i.

(i) dimp HL(M) = d = N-dimp H?(M).

Ménh dé 1.3.8 cho phép ta dinh nghia khdi niém hé tham s6 cho modun
Artin.

DPinh nghia 1.3.11. Mothé x4, ..., 2, gom s = N-dim A phan tlr cia m dugc
goi 1a hé tham s6 ciia A néu £(0 :4 (x1,...,x5)R) < co. MOt hé x4, ..., x;,
v6i i < s, cac phan tir cua m dugc goi 1a mor phdan hé tham sé clia A néu ta
c6 thé b sung thém cdc phan tlf z;,1, ..., T, cla m sao cho xy, ...,z la hé
tham s6 cia A. Mot phan to x € m dugc goi la phdan tir tham s6 cua A néu
N-dimpg(0 14 ) = N-dimp A — 1.

Cdc ménh dé sau day, dugc ching minh boi Z. Tang va H. Zakeri [51],
cho ta cac két qua vé dac trung mot phan tor © € m la phan t tham s6 cua
modun Artin A va su ton tai mot phan hé tham s6 cia modun Artin A trong

mot idéan [ cua R.
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Ménh dé 1.3.12. [51, B6 dé 2.14] Cho N-dimp A = sva A = A, +...+ A,
la mot biéu dién thit cdp 107 tiéu ciia A voi A; la pi-thit cdp. Cho x € m. Khi
dé x la phan tir tham sé ciia A néu va chi néu x ¢ p; voi moi i thod man

tinh chdt N-dimp A; = s.

Ménh deé 1.3.13. [51, Ménh dé 2.10] Cho I la idéan ciia R sao cho
N-dimg(0 :4 I) = N-dimg A — r. Khi dé ton tai mot phan hé tham sé
cua A trong I ¢6 do dai r, va moi phdan hé tham so cua A trong I ¢6 do dai

r déu la phan hé tham so6 toi dai ciia A trong I.
1.4 Tinh chat (x) cho modun Artin

Trong suot ti€t nay ta ludn gia thiét M la mot R-modun hitu han sinh va A
la mot R-modun Artin. Ta ¢6 Anng(M /pM) = p véi moi idéan nguyén to
p O Anng M. Rat tu nhién, bang céch 1dy doi ngau, N. T. Cudng va L. T.

Nhan [12] da dinh nghia tinh chat sau doi v6i cac modun Artin A.

Pinh nghia 1.4.1. Mot R-modun Artin A dugc goi 1a thoa man tinh chdt (*)

néu
Anng(0:4 p) = p v6i moi idéan nguyén t6 p O Annp A ().

Gia st R 1a day du theo topd m-adic. Bang d6i ngau Matlis, ta ¢6 moi
modun Artin déu thdoa man tinh chat (x). Tuy nhién, trong trudng hop téng
quét khang dinh d6 khong con diing nita. Vi du diu tién vé mot modun Artin
khong thoa man tinh chat (x) dugc dua ra boi N. T. Cuong va L. T. Nhan
[12, Vi du 4.4]. D6 1a modun H](R), trong d6 (R, m) 1a mién nguyén dia
phuong Noether dugc xay dung boi D. Ferrand va M. Raynaud trong [53].

Tinh chat () 1a diéu kién du dé dau bang xay ra trong Ménh dé 1.3.9 hay
n6i cdch khdc 1a diéu kién du dé chiéu Krull cia A bang véi chiéu Noether

cua A.
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Ménh dé 1.4.2. [12, Ménh dé 4.6] Néu A thod man tinh chdt (x) thi
N-dimp A = dimp R/ Anng A. Ddc biét néu A # 0 thi
N-dimp A = N-dimz A = dim(R/ Anng A)
= max{dim(R/p) : p € Atts A}
Nhu vay néu A # 0 thdéa man tinh chat (x) thi
N-dimp A = deg(¢r(0 :4 ¢"™))
=inf{t > 0:3xy,..., 2, €m:lp(0:4 (x1,...,2:)R) < 00}
= dim R/ Annp A
= max{dim R/p |p € Attp A},
trong d6 q 1a mot idéan m-nguyén so cua R. Cic ung dung khac cua tinh
chat () c6 thé tham khdo trong [12], [13], [26], [27], [59], [60].
D6i v6i cac modun hitu han sinh, ta luon cé
SuppM = {pNR|pe€ Supp]\/i}.
Do d6 V(Anng M) = {(pN R | p € V(Ann;(M)}. Vi thé, ching ta hdi ring
lieu dang thitc twong tu sau day c6 xay ra cho cic R-modun Artin
V(Anng A) = {pNR|p e V(Ann; A}
Cau tra 101 dugc giai quyét trong [13].
Ménh de 1.4.3. [13, Ménh dé 2.2] Cdc diéu kién sau la tuong duong:
(i) A thoa man tinh chdt (),
(i) V(Anng A) = {pN R|p € V(Anny A)}.
Nam 2007, N. T. Cuong, N. T. Dung va L. T. Nhan [13] da chi ra méi lién

hé giita tinh chit (%) cia modun doi dong diéu dia phuong cip cao nhat va

tinh catenary cua vanh.

Pinh 1y 1.4.4. [13] H(M) thda man tinh chdt (x) khi va chi khi
R/ Anng HE(M) la catenary.
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Tiép tuc huéng nghién cttu d6, luan 4n dua ra cac két qua vé tinh chat (x)
ctia modun Artin va tng dung cua nd. Céac két qua nay dugc cong bd trong
[39], [40], [1].

K&t qua sau day la méi, dua ra mot dac trung cua tinh chat (x) cho modun
Artin thong qua hé tham s6. Chi ¥ rang néu A thoa man tinh chit (x) thi
theo Ménh dé 1.4.2 N-dimp A = dimp R/ Anng A va khi d6 ta c6 do dai hé
tham s6 clia A va ciia vanh R/ Anny A 1a nhu nhau. Tuy nhién chiéu ngugc
lai khong dung [12, Vi du 4.7]. Su dong nhét toan bo hé tham s6 ctia A va

cua vanh R/ Annp A 1a diéu kién cin va du dé A thoa man tinh chat (x).
Ménh de 1.4.5. Cdc diéu kién sau la tuong duong:
(1) A thoa man tinh chdt (),

(ii) Moi hé tham so cua A la hé tham sé ciua R/ Anng A va nguoc lai.

Chitng minh. (i) = (ii). Lay I 12 mot idéan bat ky cua . Hién nhién ta ¢
Rad(Anng(0:4 I)) 2 Rad(/ + Annp A).

Gia su p 1a mot idéan nguyén t6 théa man p O [ + Anng A. Vi A thoa man
tinh chat (x) nén p = Anng(0:4 p) 2 Anng(0:4 [). Vi vay,
Rad(I + Annp A) = ﬂ p O Rad(Anng(0:4 1)).
p2I+Anng A

Suy ra
Rad(Anng(0:4 I)) = Rad(/ + Anng A) = Rad(Anng(R/I + Anng A)).

Gia sit N-dimp A = s. Theo Ménh d¢ 1.4.2 dim R/ Annp A = s. Lay
Ty, ..., Ts 1a mot he tham s6 cua A. Pat [ = (z1,...,x5)R, taco (0:4 ) <
0o. Vi vay, Anng(0 :4 I) la mot idéan m-nguyén so. Diéu nay kéo theo
Anng R/I + Annp A la mot idéan m-nguyén so. Do d6 1, ..., x5 1a moOt hé

tham s6 cua R/ Annp A. Tuong tu ta c6 di€u ngugc lai.
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(i) = (i). Theo gia thiét, ta c6 N-dimgp A = dim R/ Anng A. Dat
N-dimp A = s. Gia st p € V(Anng A) va N-dim(0 :4 p) = s — r. Theo
Meénh dé 1.3.13, ton tai x1, ..., z, € p 1a mot phan hé tham s6 t6i dai cua A
trong p. Goi

0:4 (z1,..,2, ) R=5S1+---+ 5,

1 bi€u dién thi cdp t6i tiéu cta 0 :4 (71, ..., 7,) R, trong d6 S; 1a q;-thi cap.
Theo Ménh dé 1.3.12, ta c6
pC U qi-
N-dim S;=s—r

Vi vay theo Dinh 1y tranh nguyén t6 ton tai ¢ v6i N-dimS; = s — r va
théa man p C ;. Theo gia thiét, xq,...,x, 1a mot phan hé tham s6 cla
R/ Annp A va phan hé tham s6 nay 1a t6i dai trong p cia R/ Anng A. Do
d6 ton tai idéan nguyén t6 q € Assg(R/(z1,...,2,)R + Anng A) thoéa man
p Cq,dimR/q=s—r. Laivip e Supp(R/(z1,...,2,)R+ Anng A) va

s—r=dimR/q<dimR/p < dim R/(z1,....,x, )R+ Anngp A) = s —r
nén p = q. Vi 5; 1a gq;-thtt cdp va p C g; nén ta c6
s —r=N-dimS; <dim R/ Anng S; =dim R/q; < dim R/p =s—r.

Vi vay, p = q; vado d6 p € Attg(0 :4 (21, ..., z,)R). Theo B6 dé 1.3.3, ton
tai idéan nguyén t6 p € Attz(21,...,2,)R) théa man p N R = p. Diéu nay
kéo theo

p CAmng(0:4p) CAmz(0:ap)NR=pNR=0p.

Vi vay Anng(0 :4 p) = p. ]
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Chuong 2

Modun doi dong diéu dia phuong thoa
man tinh chat (x)

Trong su6t chuong nay, ludn gia thiét (R, m) la vanh dia phuong Noether, A
la R-modun Artin va M 1a R-modun hitu han sinh v6i dim M = d. Vi mbi

idéan [ cua R, ki hiéu V([I) la tap cac idéan nguyén t6 clia R chia .

Nam 2002, N.T. Cuong va L.T. Nhan [12] da xét tinh chat (x) sau cho

modun Artin A
Anng(0 :4 p) = p v6i mobi idéan nguyén t6 p O Anng A. (%)

Tinh chat (x) luén ding khi vanh la day du theo topo m-adic. Khi R khong
day du, ho da chi ra vi du vé modun Artin khong thda man tinh chat (x) (xem
muc 1.4). Ciing trong bai bdo [12], ho da chi ra tinh chat (x) 1a di€u kién
di dé chiéu Krull cia A bing chiéu Noether ctia A. Dac biét, gan day N.T.
Cuong, N.T. Dung va L.T. Nhan [13] da tim ra moi lién hé gifta tinh chat
(*) cia modun doi dong diéu dia phuong cdp cao nhat va tinh catenary cua
vanh: H¢ (M) thda man tinh chat () khi va chi khi vanh R/ Anng H2 (M)
la catenary (xem Dinh 1y 1.4.4). Tuy nhién t6n tai mot vanh la catenary va
ton tai modun d6i dong diéu dia phuong clia vanh d6 bac nho hon d khong
thdéa man tinh chét (x) (xem muc 1.4 ctia Chuong 1). Diéu nay la dong co
dan ta nghi dén viéc nghién citu tinh chét (x) cho cac modun doi dong di€u

cép thap hon chiéu cua modun.
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Muc dich clia chuong nay truée hét 1a dua ra mot dic trung dé modun doi
dong diéu dia phuong H: (M) théa man tinh chat (x) v6i i bat ky thong qua
tap gia gia tha ¢ va dua ra lién hé gitta gia chi€u, chicu Krull, chiéu Noether
ctia modun doi dong diéu dia phuong. Muc dich ti€p theo cua chuong la
nghién cttu tinh chat (x) cho dong loat cic modun d6i dong di€u dia phuong
H! (M) vé6ii=0,1,...,d— 1. Ké qua thu duoc 1a tinh catenary ph6 dung
ctua vanh thuong R/ Anngp M va tinh khong tron 1an cia mot s6 vanh dia

phuong R/p v6i p € Suppyp M.

Noi dung ctua chuong dugc trinh bay dua theo bai bao [39].
2.1 Gia gia va gia chiéu

Khai niém gia gid va gia chiéu cia mot modun hitu han sinh dugc M.
Brodmann va R. Y. Sharp dua ra trong [7] nham xay dung cong thdc boi

cho cdc modun doi dong diéu dia phuong.
DPinh nghia 2.1.1. [7] Cho i > 0 1a s6 nguyén. Gia gid thir i (pseudo-support)
ctia M, ki hiéu 12 Psupp’, M, dugc cho boi cong thiic
i . i—dim R/p
Psuppg(M) = {p € Spec R : H,p (M,) # 0}.
Gid chiéu thit i (pseudo dimension) ctia M, ki hieu 1a psd’ (M), dugc cho
boi cong thic

psd’i (M) = sup{dim R/p : p € Psupph(M)}.

Pé xay dung dugc cong thic boi, M. Brodmann va R. Y. Sharp quan tam
dén cau hoi khi nao thi gia gia Psupp’ M cta M 1a déng clia Spec R v6i
topd Zariski? Khi Psupp’ M déng thi gia chiéu psd (M) 1a bao nhiéu?
Nhin chung gia gia tha ¢ ciia M khong 1a tap con dong (xem [7, Vi du 3.1,
Vi du 3.2]). Xét truong hop R la vanh ddy du theo topo m-adic, bang doi
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ngau Matlis (Dinh 1y 1.1.6) va d6i ngau dia phuong (Dinh 1y 1.1.7), ta c6
Hyp, ™" (My) 2 D, (Dr(Hy(M))))
pR, p) — MR, R\11m p)

Do d6 Psupp(M) = V (Anng(H{ (M)). Trong trudng hop vanh t6ng quat
dang thitc trén cho ta mot dic trung dé modun doi dong diéu dia phuong
H! (M) thod min tinh chét (x).

DPinh 1y 2.1.2. Gia siti > 0 la mot s6 nguyén. Khi dé cdc diéu kién sau la
tuong tuong:

(i) H. (M) thda mdn tinh chdt (*);

(ii) Psuppyp M = V (Anng(H{(M))).
Hon nita, néu (i) va (ii) thod man thi

psdly M = psds M = N-dimp(H},(M)) = dim R/ Anng Hj,(M),
{p € Psuppy M : dim(R/p) = psdy M}
={pNR:pec Psupp%2 M, dim(R/p) = psd% ]\/4\}

Chiing minh. Gia su ¢ > 0 1a mot s6 nguyén.

(i) = (ii). Gia st H! (M) thdéa man tinh chat (). Lay p € Psupp’ M.
Khi d6 H;J_%fim(R/ lg)(Mp) # 0. Theo Ménh dé 1.3.1 (i), ton tai idéan nguyén
t6 gan két qR, € Attp, (H;;:lm(R/ p)(Mp)) v6i idéan nguyén t6 q C p. Suy
ra q € Attp(H: (M)) theo Dinh Iy 1.3.4. Do d6 ta c6

p 2 q 2 Anng(Hy(M)).

Vi vay Psuppr M C V (Anng(Hj(M))).

Nguoc lai ldy p € V (Anng(H.(M))). Ldy idéan nguyén t6 q O
Anng(0 :giary ). Khi d6 q 2 p. Lai vi H),(M) thoa man tinh chat (x)
nén

Anng(0 01 ()P q) = Anng(0 :gi (ar) q) = 9.
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Do d6 0 :: (ar) b cling thoa man tinh chét (). Hon nita vi Hi (M) thod man

tinh chat (¥) nén Annpg (O LHi (M) p) = p. Diéu nay suy ra

min V ( Anng(0 . oy b)) = {p}.
Vi vay theo Ménh dé 1.4.2, ta c6

dim(R/p) = dim (R/ Anng(0 : g (ar) p))
= N-dimp (041, 1) P)
= dim (R/ Annp(0 i (a1 P))
— max{dim(R/p) : p € Attty (0 iy p) }-

Diéu nay ching t6 ton tai p € Atty (0 :pi(a) p) thoa méan dim(R/p) =
dim(R/p). Chd y rang p € V (Annz(H ( ))) vapNR 2 p. Vi
dim(R/p) = dim(R/p), nén p la idéan nguyeén (6 t6i tidu chia pR. Theo
Dinh 1y 1.1.4 H. (M) = H;E(M\) nhu R-modun nén ta c¢6 thé kiém tra

Psupp% M=V (Annz(H,(M))).

i— dlm(R/p (

Do d6 p € Psupp's % M, nghia 1a H 5 5) # 0. Vip la idéan nguyén

t6 t6i tiéu ctia pR va dim(R/p) = dlm(}'{/p)7 nén lai theo Pinh ly 1.1.4, ta

7

Cco

i—dim (R 5~ i—dim(R/p 5 i—dim( R
HpRp ( /p)(Mp) ® Ry = HpﬁA ( /P)(Mp ®Rﬁ) T (R/p) ( ) £ 0.
P

Vi vay H, ™% (My) # 0, nghia 1a p € Psupply M. Diéu nay chiing to
\Y (AnnR(H&(M))) C Psupp’, M.

(i) = (). Gid st V(Anng(H,(M))) = Psuppr M. Lay p D
Annp(H{,(M)). Khi d6 p € Psuppj, M, nghia la H, ;"™ "/P (M) # 0.
Vi dim(R/p) = dim(R/pR), nén t6n tai idéan p € Ass(R/pR) thoa mén
dim(R/p) = dim(R/p). Vi vay p N R = p va p la idéan nguyén t6 t6i tiéu

clia pfA{. Nhan xét rang 4nh xa tu nhién R, — Eg 12 hoan toan phang. Do
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dé theo Dinh 1y déi co s& phang (Pinh 1y 1.1.4), ta ¢

i—dim(R/P) /77 N\ ~v pri—dim(R 3
Hﬁﬁa ( /p>(ME) ~ HpRp ( /P)(Mp> ®Rﬁ7é 0.

Vivay p € Psupp%(]\/i) = V (Annp(H{(M))). Chd y rang H, (M) luon
thda man tinh chét () khi xét nhu R-module. Do d6 Ann 20 ) = p.

Vi the ta c6
p C Annp(0 LHi (M) p) C Annﬁ(() LHi (M) /]5) NR= ﬁﬂ R=p.
biéu nay ching t6 Anng(0 i (2 p) = p. Vay HJ, (M) thoa man tinh chat
().
Cuoi cung gia st cac diéu kién (i) va (ii) thoa man. Khi d6 theo (ii)
psds M = dim(R/ Annp H' (M)).
Theo (i) va Ménh d¢ 1.4.2, ta ¢6
dim(R/ Anng H. (M)) = N-dimg(H’ (M))
= dim (R/ Ann(Hy,(M)))
= psd(M).
Dit N-dimp(H: (M)) = 5. Ly p € Psuppy, M théa man dim(R/p) = s.
Tacé p € V (Anng(H,(M))) theo (i) = (ii). Lap luan tuong ty nhu trong
(i) = (ii), ton tai
p eV (Anng(Hy(M))) = Psupp’(M)
thod man p N R = p va dim(R/p) = dim(R/p) = s.
Nguoc lai ldy p € Psupp%(]\/f ) thda man dim(R/p) = s. Khi d6
p €V (Anng(HL(M))). Datp =pN R. Taco
p €V (Anng(H;,(M))) = Psuppj M

theo Ménh dé 1.4.3 va theo (ii). Hon nifa,

s = dim(R/p) < dim(R/pR) = dim(R/p) < s.
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Vi vay dim(R/p) = s. O

Ap dung Dinh 1y 2.1.2 ta ¢6 hé qua sau dua ra moi lién hé gita cau tric
vanh 1a catenary phd dung va céc thé hinh thiic 12 Cohen-Macaulay va diéu

kién cac modun doi dong di€u dia phuong thda man tinh chat (x).

Hé qua 2.1.3. Néu vanh R/ Anng M la catenary phd dung va cdc thd hinh

thitc la Cohen-Macaulay thi H'. (M) thda mdn tinh chdt (x) véi moi i < d.

Chitng minh. Vivanh R/ Anny M 1a catenary pho dung va cédc thd hinh thic
la Cohen-Macaulay nén theo [7, Ménh dé 2.5], ta c6

V (Anng(Hj(M))) = Psuppy M,

v6i moi 7 < d. Theo (ii)=-(i) ctia Dinh 1y 2.1.2, ta ¢6 H’ (M) thda man tinh

chat (x) véi moi ¢ < d. O

Nhu vay néu vanh R 1a catenary pho dung va cdc thé hinh thic 1a Cohen-
Macaulay thi H! (M) théa man tinh chat (x) v6i moi i < d va véi moi
R-mo6dun hitu han sinh M. Khi ¢6 dinh mot modun M thi thi diéu nguoc lai
khong luon diing. Chéng han xét vanh R catenary nhung khong dong thoi 1a
catenary ph6 dung va c6 cdc thg hinh thiic 13 Cohen-Macaulay. Khi d6 moi
R-modun M chiéu 1 ludn ¢6 cac moédun d6i dong dicu véi gia cuc dai thoa
man tinh chat (x).

Nam 2007, N. T. Cudong, N. T. Dung va L. T. Nhan da dua ra dac trung
cta tinh chat (x) cho moédun d6i dong diéu dia phuong cip cao nhat véi gid
cuc dai H4(M) qua tinh catenary clia vanh R/ Anngz HZ(M). Cing véi két
qua d6 va DPinh 1y 2.1.2, ta ¢c6 hé qua sau, chi ra diéu kién can va du dé tap
gia gid thit d cua M la déng.

Hé qua 2.1.4. Cho q la mét idéan m-nguyén so cua R. Khi dé cdc diéu kién

sau la tuong duong:
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(1) Psupde M déng.
(ii) Vanh R/ Anng(HS(M)) la catenary.
(iii) Hd(M) théa man tinh chdt (x).

(iv) V (Ann(HE(M))) = Psuppf, M.

Chitng minh. Theo Dinh 1y 2.1.2, Dinh 1y 4.1.1 va Dinh 1y 1.4.4, ta chi
can chiing minh (i)=(ii). Gia st R/ Anng(HS(M)) khong catenary. Vi
R/ Anng(HZ(M)) déng chiéu vé6i chiéu Krull d, nén theo Pinh 1y 1.2.3, ton
tai mot idéan nguyeén t6 p O Anng(HZ(M)) thda man

dim(R/p) + ht (p/ Anng(HE(M))) < d.

Tru6e hét ta ching to rang dim(R/p) + dim(M,) < d. That vay, néu
trai lai s€ ton tai idéan nguyén t6 q théa man Annp M C q C p va
dim(R/p) + ht(p/q) = d. Diéu nay kéo theo dim(R/q) = d, va dan dén
q € AssM. Do dé q € Attg(HZ(M)) theo Pinh 1y 1.3.6. Tir d6 suy ra
q 2 Anng(Hg(M)). Vi vay

dim(R/p) + ht (p/ Anng(HE(M))) = d.
Diéu vo 1y nay chiing t6 khang dinh dugc chiing minh.

Ta ¢6 dim(M,) < d — dim(R/p) theo khang dinh trén, nén

nghia la p ¢ Psupp% M. Lay p; € min V(Anng(H%(M))) thda man p; C p.
Theo Ménh dé 1.3.1, ta c6 p; € Attr(HI(M)). Suy ra p; € Ass M v6i
dim(R/p1) = d theo Dinh 1y 1.3.6. Tir d6 kéo theo

d—dim(R 1
leRm o )(Mpl) 7& 07

nghia 1a p; € Psupp% M. Vi vay, Psupp% M khong déng. Diéu nay mau

thuan véi gia thiét (i). Vay hé qua dugc chiing minh O
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Cha y 2.1.5. Theo Dinh 1y 2.1.2, néu H. (M) thdéa man tinh cht (x) thi
Psuppfpb M déng. Diéu nguoc lai ciing ding khi i = d (theo Hé qua 2.1.4).
Tuy nhién di€u nay khong con ding khi ¢ < d. Vi du, 1dy R 1a mién
nguyén dia phuong Noether chi¢u 2 dugc xay dung bdi Ferrand va Raynaud
[53]. Vanh ndy c6 tinh chét t©n tai § € Ass R, dim(R/§) = 1. Khi d6
Psupp% R = (), Psuppr, R = {m}, Psupp% R = Spec R. Cé4c tap nay déu
déng nhung H. (R) khong thoa man tinh chat (x).

2.2 Tinh catenary phé dung cia vanh co so

Trong muc nay ching t6i nghién citu tinh chat (x) cho cic modun doi dong
diéu dia phuong H! (M) véii < d lién hé v6i tinh catenary phd dung va tinh

khong tron 1an cta vanh dia phuong.

Pinh 1y 2.2.1. Gid sit H. (M) théa man tinh chdt (x) véi moi i < d. Khi dé
R/p la khong tron lan véi moi p € Ass M va vanh R/ Anng M la catenary
pho dung.

Chitng minh. Gia st ton tai p € Ass M ma R/p tron 1an, nghia 1a ton tai
p € Ass(R/pR) thoa man dim(R/p) = k < dim(R/p). R& rang k < d.
Theo [33, Dinh Iy 23.2 (ii)], ta ¢6

Ass M = U Ass(R/qR).

qeAss M
Do d6 p € AssM. Vi dim(R/p) = k nén theo He qua 1.3.5,
p € Atts(HE(M)). Tir d6 theo Ménh dé 1.4.2, ta ¢6

N-dimp(HE(M)) = dim (R/ Anng(HE(M))) > dim(R/p) = k.
Chi y rang N-dimpg(H%(M)) < k theo Dinh 1y 1.3.10. Vi vay

N-dimp(HY (M)) = k.
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Theo Ménh dé 1.3.13, ton tai ddy cdc phan tr xq,...,x; cia m thoa man
modun 0 :gx(ap) (71,...,7)R c6 do dai hitu han. Pat [ = (21,...,23)R.
Vi k < dim(R/p) nén

ht ((I+p)/p) < k < dim(R/p).

Do d6 ton tai idéan nguyén t6 q chia I + p thoa man q # m. Ta cé
Anng(0 :grry q) la m-nguyén so, vi vay Anng(0 :gran q) # 9. Vi
P € Ass(R/pR) nén pN R = p theo [33, Dinh 1y 23.2 (i)]. Lai vi
P € Att5(HE(M)) nén theo BS dé 1.3.3, p € Attr(HE(M)). Do d6

q 2 p D Amng(HE(M)).

Diéu nay ching td6 HE(M) khong thda man tinh chat (x), vo 1y. Nhu vay
R/p 1a khong tron 1an v6i moi p € Ass M.

D€ chiing minh R/ Anng M 1a catenary phd dung, theo Dinh 1y 1.2.7, ta
can ching minh R/p 1a twa khong tron 1an véi moi p € V(Anng M). That
vay, lay p € V(Anng M). Khi d6 ton tai g € min(Ass M) théa man q C p.
Theo (i), ta c6 R/q la khong tron 1an. Vi R/p dang chiéu nén theo Pinh 1y
1.2.6, R/p = (R/q)/(p/q) 1a tya khong tron lan. O

Moi lién hé giita tinh chat (x) cia modun d6i dong di€u cap d va céac

modun doi dong diéu di€u cap nho hon d duoc dua ra trong hé qua sau.

Heé qua 2.2.2. Gid sit H.. (M) thda man tinh chdt (x) véi moi i < d. Khi dé
HX(M) ciing théa man tinh chdt (x).

Chitng minh. Nhan xét rang vanh R/ Anng(HZ(M)) la thuong cla vanh
R/ Anng M. Vi H.(M) théa man tinh chat (x) v6i moi i < d, nén
vanh R/ Anng M 1a catenary phd dung theo Dinh ly 2.2.1. Do d6 vanh
R/ Annp(HZ(M)) 1a catenary. Nhu vay H4 (M) thda man tinh chét (*) theo
Dinh ly 1.4.4. O
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Dua vao Dinh 1y 2.2.1 ta c6 thé chi ra vi du ching t6 ring Hé qua 2.1.3
khong con diing nita néu gia thiét vanh R 1a catenary phd dung hoic cdc thé

hinh thitc 1a Cohen-Macaulay khong duge thoa man.

Vi du 2.2.3. Tén tai vanh dia phuong Noether (R, m) thoa man R khong
la catenary phé dung hodc cé mot thé hinh thitc khong la Cohen-Macaulay

nhung ton tai i < d dé H. (R) khong thda man tinh chdt (*).

Chitng minh. Lay (R, m) la mién nguyén dia phuong Noether catenary pho
dung c6 s6 chieu d > 3 thdoa méan R c6 idean nguyén t6 nhiing. Chi y riang
mién nguyén nhu vy ton tai theo [7, Vi du 3.1]. Khi d6 theo Dinh 1y 2.2.1
ton tai i < d d€ H’ (R) khong thda man tinh chét (x) va R ¢6 thé hinh thic
khong Cohen-Macaulay.

Lay (R, m) la mién nguyén dia phuong Noether catenary théa man di€u
kién cac thé hinh thitc cua R 1a Cohen-Macaulay nhung R khong la catenary
phé dung. Chi y ring mién nguyén nhu vay ton tai theo [22, Vi du 28]. Khi
d6 theo Dinh 1y 2.2.1 t6n tai i < d dé H! (R) khong thda man tinh chét (x).
Chu y rang ta ¢6 HY(R) thda man tinh chét (x). O

Nam 1980, M. Nagata [38] da dua ra cau hoi: Gia sit (R, m) la mién
nguyén dia phuong Noether khong tron 1an. Cho p € Spec(R). Liéu rang
R/p khong tron 1an? Nam 1983, M. Brodmann va C. Rotthaus [4] da xay
dung mot mién nguyén dia phuong Noether c6 s6 chiéu 3 thda man diéu kién
R 13 mién nguyén va ton tai p € Spec R, dim R/p = 2 dé fAi/pfAi cé idéan
nguyén to nhing. Vi du nay dua ra cau tra 16i phu dinh cho cau hoi cta
Nagata. Ching t0i duwa ra mot tiéu chudn vé tinh khong tron 14n clia vanh

R/p v6ip € Supp M va dim R/p > d — 1 trong két qua sau.

Pinh 1y 2.2.4. Gid sit M khong tron lan va H. (M) thda man tinh chdt (*)
vai moi i < d. Khi dé R/p ciing khong trén lan véi moi p € Supp M thoa
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man dim(R/p) > d — 1.

Chitng minh. L&y p € Supp M théa man dim(R/p) > d — 1.

Néu dim(R/p) = d thi p € Ass M va do d6 R/p khong tron 1an theo
Pinh 1y 2.2.1.

Gia stt dim(R/p) = d — 1 va R/p 1a tron 1an. Khi d6 ton tai p €
Ass(R/pR) thoa man

dim(R/p) =k < d — 1.

Vi M khong tron 1an nén dim(R/p) = d v6i moi p € Ass M. Do d6 ton tai
x € p thdoa man z 1a M-chinh quy. Vip O Ann M/xM va

dim(R/p) = dim(M/xzM) =d — 1
nén p € min(Ass(M/xM)). Lai vi

Assz(M [z M) = U Ass(R/qR)
q€Assg(M/xM)
theo [33, Dinh 1y 23.2] suy ra p € Ass(M/2M). Do dim(R/p) = k nén
p € Atts(HE(M/xM)) theo Hé qua 1.3.5. Tir ddy khép

0 M 5 M —s M/xM — 0,
ta c6 day khép cam sinh
0 — Hy(M)/zHy(M) — Hyg(M/xM) — 0 :gror ) @ — 0.
Vi vay
p € Attp(Hp (M) /aHy(M)) UAtt5(0 :gror ) ).

Néu p € Atty (HE(M)/xHE(M)) thi p € Att;(HE(M)). Do d6 theo [6,
Dinh Iy 11.3.2], pR; € Att(HY, (My)). Diéu nay kéo theo pR; € Ass M
p

hay p € Ass M. Vi vay theo gia thiét, ta cé dim B/p = d > k, vo Iy. Suy ra
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P € Att(0 ki «). Diéu nay kéo theo p € V(Anng(Hyt (M))). Do
d6, theo Ménh dé 1.4.2
N-dimp(HE (M) = dim R/ Anng HETY(M) > dim(R/p) = k.
Chu y rang N-dimp(HEM (M) < k + 1 theo Dinh 1y 1.3.10. Vi vay
k < N-dimp(H (M) < k+ 1.

Néu N-dimp(H¥(M)) = k+1 thi theo Ménh dé 1.4.2, ton tai idéan nguyén
t6 q € Att; (HE™(M)) thoa man dim(R/q) = k + 1. Tuong tu nhu trén,
ta c6 g € Ass M. Vi M khong tron 14n nén

dim(R/q) =d # k + 1.

Diéunay lavoly. Vay N-dimp (HET (M) = k. Vip € V(Anng HitH(M))
va dim(R/p) = k nén ta c6 p € min Att 5(HE(M)). Do d6

p=pNReAttz(H" (M)
theo B6 dé 1.3.3. Diéu nay kéo theo
dim (R/ Anng(HyT (M))) > dim(R/p) = d—1 > k = N-dimp (HLT (M)).

Nhu vay theo Ménh dé 1.4.2 H:™1 (M) khong thda man tinh chat (). Diéu

nay mau thuan véi gia thiét. Vi vay dinh ly dugc chiing minh. O

Dua vao Dinh 1y 2.2.4 ta dua ra vi du sau chiing to chi€u nguoc lai cua
Dinh ly 2.2.1 1a khong dung.

Vi du 2.2.5. Tén tai mién nguyén dia phuong Noether (R, m) théa man R/p
khong tron lan voi moi p € Ass R va R la catenary phd dung nhung ton tai
i < dim R dé H. (R) khong thda man tinh chdt (x).

Chitng minh. Xét mién nguyén dia phuong Noether cé s6 chi€u 3 thoa man

ton tai p € Spec R, dim R/p = 2 dé ]SL/ pﬁ c6 idéan nguyén t6 nhing (xem
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[4]). Ta c6 R 1a catenary phd dung, khong tron 1an, HO (R) va H:(R) thoa
man tinh chat (x). Vi ton tai p € Spec(R), dim R/p = 2 va R/p la tron lan
nén theo Dinh ly 2.2.4 ta ¢6 H2(R) khong thdéa man tinh chat (). Chd ¥
rang H3(R) thda man tinh chét (x). O

Két luan Chuong 2

Trong chuong nay ching toi da thu duoc cac két qua sau.

- Pua ra mot dac trung dé modun doi dong diéu dia phuong H' (M) thoa
man tinh chat (x) thong qua tap gia gia cua M. Pua ra moi lién hé gitra gia
chiéu thtt ¢ cia M, chiéu Krull va chiéu Noether ctia H' (M). Ciing tir d6
ching t0 ring néu mot vanh la catenary phé dung va cédc thd hinh thiic 1a
Cohen-Macaulay thi cdc moédun doi dong diéu dia phuong HE (M) thoa man
tinh chat (x) v6i moi R-modun hitu han sinh M va véi moi <.

- Chiing t6 rang néu cac modun d6i dong diéu dia phuong H' (M) thda man
tinh chat (%) v6i moi ¢, trong d6 M 1a mot R-modun hitu han sinh cho trudc
thi vanh R/ Anny M 1a catenary phd dung va cdc vanh R/p 1a khong tron
1an v6i moi p € Ass M.

- Chi ra rang néu modun M 1a khong tron 1an thi cdc vanh R/p ciing la
khong tron 1an v6i moi p € Supp M thdéa man dim R/p > d — 1 véi di€u

kién cdc modun doi dong diéu dia phuong H' (M) thda man tinh chat (x).
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Chuong 3

Modun doi dong diéu dia phuong tua
khong tron lan

Trong sudt chuong nay, ching t6i luon gia thiét (R, m) l1a vanh giao hoan
dia phuong Noether véi idéan cuc dai duy nhat m. Cho A la mot R-modun
Artin. Cho M 1a mot R-modun hitu han sinh vé6i chiéu Krull, dim M = d.

Nhic lai trong [13], N. T. Cuong, N. T. Dung va L. T. Nhan da dua ra méi
lién hé giita tinh chat (x) cua mot loai modun Artin dac biét - moédun doi
dong diéu dia phuong c4p cao nhiat H(M) va tinh catenary clia vanh dia
phuong R/ Anng HE(M). Cu thé H(M) thda man tinh chat (x) khi va chi
khi vanh R/ Anng H% (M) la catenary. Nhan xét rang HZ (M) = Hiﬁ(]/\i)

nhu cdc R-modun. Hon nita theo binh 1y 1.3.6
Attz HE(M) = {p € Assz M | dim(R/p) = d}.

Tir d6, dua vao cac khai niém tua khong tron 1an, khong tron 1an da duoc
dinh nghia cho cdc modun hitu han sinh (xem DPinh nghia 1.2.5), chiing t61
dinh nghia va nghién ctu 16p modun Artin tua khong tron lan, 16p modun
Artin trén ldn. Phét trién y tudng trong [13], ching toi da chi ra ring néu
A la modun Artin tua khong tron 1an, A thoa man tinh chat (x) thi vanh
R/ Anng A 1a catenary va dim(R/ Anng A) = dim(R/ Annp A). Céc vi du
da duoc xay dung dé chi ra rang gia thiét tua khong tron 14n 1a khong bo di

duogc. Tir d6 mot cau hoi tu nhién dat ra 1a liéu rang chiéu nguoc lai cua két
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qua trén van ding? Ching to6i da chi ra vi du chiing t6 rang chiéu nguoc lai
la sai. Mit khéc ching toi ciing chi ra rang chiéu ngugc lai 1a ding cho mot
16p modun Artin, dé 1a 16p modun d6i dong di€u dia phuong véi gid 1a idéan
cuc dai va tua khong tron 1an. Pay 1a mot su mé rong cua két qua chinh

trong [13].

Noi dung chinh ctia chuong dugc trinh bay dua theo bai bao [40].
3.1 Modun Artin tua khong tron lan

Trudc hét chiing t6i dua ra dinh nghia modun Artin tua khong tron lan va
mot s6 16p modun lién quan, dua ra mot s6 nghién ctu vé modun Artin tua
khong tron 1an lam co s& cho viéc trinh bay két qua chinh trong Tiét 2 ctia

chuong nay.

Dinh nghia 3.1.1. Modun Artin A dugc goi 1a ddng chiéu néu dim(R/p) =
dim(R/ Anng A) v6i moi idéan nguyén t6 gan két p € min Attg A va
A duoc goi 1a tua khong trén lan néu R-modun A la dang chiéu, tifc 1a
dim(R/p) = dim(R/ Ann A) véi moi p € min Att; A. Néu dim(R/p) =
dim(R/ Annj A) v6i moi p € Att; A thi ta n6i A 1a khong tron ldn.

Nhu vay 16 rang néu A la khong tron lan thi A 1a twva khong tron 1an. Mot
vi du quen thuoc vé 16p modun Artin khong tron 1an 1a modun d6i dong diéu
dia phuong cap cao nhat vé6i gid cuc dai HE (M ). Hon nita theo Pinh 1y 1.1.5,
v6i idéan I tuy ¥ cta R, ta cling c6 H¢(M) la R-modun Artin va theo [15,
Pinh Iy A,

Atty HY(M) C {p € Assp M | dim(R/p) = d}.
Vi th€ H{(M) ciing 1a moédun Artin khong tron 14n.
Ta biét raing néu modun Noether M 13 tua khong tron 1an thi véi moi phan

hé tham s6 (z1,...,z,) caa M, médun M /(x1, ..., x,)M ciing la tua khong
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tron 1an. Sau day ching ta chi ra rang diéu tuong tu ciing ding cho céc
modun Artin tua khong tron 14n. Day 12 mot két qua bo trg cho viéc chiing

minh két qua chinh cua tiét.

B6 dé 3.1.2. Néu A la tia khong tron lan thi 0 <4 (x4, ..., z,.)R ciing la tua
khong tron lan voi moi phdan hé tham so (xq, . .., x,) cia A.
Chiing minh. Cho N-dimp A = s va (x1,...,x,) 1a mot phan hé tham s6

ctia A. Theo BS dé 1.4.2 ta ¢6 dim(R/ Anng A) = s va

dim(fi/ Annp(0:4 (21,...,2,)R)) = N-dim(0 :4 (z1,...,2,)R)

=5—T.

Lay p € minAttz(0 :4 (z1,...,2,)R). Khi d6, theo B3 dé 1.4.2 ta suy
ra dim(R/p) < s —r. Chd y ring p D Amnz A. Do d6 p; C b,
v6i p; € min Att 7 A nao d6. Mat khac do A 1a tya khong tron lan nén
dim(R/py) = s. Lai ¢6 p € min V(P + (z1,...,2,)R) nén ht(p/p1) < r
theo [33, Dinh ly 13.5]. Do dé ta c6

dim(R/p) = s — ht(p/p1) > s —r.

Vi thé dim(R/p) = s — - O

Chii ¥ rang néu modun Noether M 1a tya khong tron 14n thi M 1a dang
chiéu. That vay, gia s p € min Ass M. Vi

AssM={pNR|pc Ass]\/f\}

nén ton tai p € Ass M sao cho pN R = p. Goi § € min Ass M sao cho
qCp Patq=9gNR. Khidéq c AssM vaq C p. Do p 1a t6i tiéu nén
q=p. Vith€p=qNRVGiqe min Ass M. Do M 1a tua khong tron lan

nén

d > dim(R/p) > dim(R/§) = dim M = d.
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Vi thé dim(R/p) = d. Do d6 M la dang chiéu. Tuy nhién, doi v6i cac modun
Artin tua khong tron 1an thi diéu tuong tu 1a khong ding, tic 1a ¢6 nhiing

modun Artin tira khong tron 14n khong 1a dang chiéu. Sau day 1a mot vi du.

Vi du 3.1.3. Ton tai modun Artin A tua khong trén ldn nhung khong dang

chiéu.

Chitng minh. Cho R 1a mién nguyén Noether dia phuong c6 chiéu 1a 3 duoc
x4y dung boi M. Brodmann va C. Rotthaus [4] sao cho R 1a mién nguyeén
va ¢6 mot idéan nguyén t6 p € Spec R dé R/p 1a tron 1an. Khi d6 ton tai
p € Ass(R/pR) véi dim(R/p) < dim(R/p). Vi R 12 mién nguyén nén ta
suyrap # 0vap # m. Do dé dim(R/p) = 2 va dim(R/p) = 1. Lay
0 # x € pvachony,z € m sao cho (z,y, z) 1a mot hé tham s6 cua R.
Chon q € Ass(R/(y, 2)R) sao cho dim(R/q) = 1. bat A = B@ C, trong d6
B=HL(R/p)vaC = H}(R/q). Khi d6 Ala R-modun Artin (xem Dinh ly
1.1.5). Theo He qua 1.3.5,p € Attyz B. Do vay p € Atty B theo B6 d¢ 1.3.3
va do d6 ta ¢c6 min Attyp B = {p}. Theo Dinh ly 1.3.6, ta c6 Attr C' = {q}.
Vidim(R/q) =1 vadim(R/p) =2 néntacé q ¢ p. Ta ching minh p ¢ g.
That vay, néu p C q thi

dim(R/q) < dim(R/(z,y,2)R) = 0.

Diéu nay 1a vo li. Do d6 min Attzy A = {p,q}. Vi th€ A la khong déang
chiéu. Chu ¥ ring ¢6 cdc déng cdu R-modun HL(R/p) ~ Himfz(ﬁ/pﬁ) va
HY(R/q) ~ H!.(R/qR). Do d6 dim(R/q) < 1 v6i moi g € Attz A. Do
vay A la tua khong tron 1an. O

Két qua dudi day dua ra mot diéu kién dé mot modun Artin tva khong
tron 14n 1a déng chiéu. Day ciing 1a mot két qua bd trg cho viéc chiing minh

két qua chinh cua tiét.
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B6 dé 3.1.4. Gid sit A la tua khong tron ldn, dim(R/ Anng A) = N-dim A
va I la mot idéan ciia R. Khi dé A la ddng chiéu va
dim(R/ Anng(0 :4 I)) = N-dim(0 :4 1).
Chitng minh. Gia st rang dim(R/ Annp A) = N-dim A = s. Khi d6 theo
Ménh dé 1.4.2, ta ¢6 dim(R/ Anng A) = 5. Ldy p € min Atty A. Vi
dim(R/ Ann A) = max{dim(R/p) : p € Attgp A}

nén dim R/p < s. Theo B6 dé 1.3.3, ton tai p € Atty; A sao chop N R = p.
Khi d6 p O q v6i mot q € min Att; A ndo d6. Do vay N R € Attg A theo
B6 dé 1.3.3. Vi p 1a t6i tiéu trong Attp Anénq N R = p. Do A tua khong

tron 14n nén dim(R/q) = s. Do d6 dim(R/p) > s. Suy ra dim(R/p) = s.
Vay A 1a dang chiéu.

Tiép theo, cho mot phan hé tham s6 (xq,...,z,) cua A, ta chiing minh

dang thic
dim(R/ Anng(0 :4 (z1,...,2,)R)) = N-dim(0 :4 (21, ...,2,)R) = s — 1.

Ta chitng minh déing thic nay bang quy nap theo . Chor = 1 va dit x = 1.
Lay p € min V(Anng A) sao cho dim R/p = s. Khi d6, theo Ménh dé 1.3.1
ta suy ra p € min Attz A. Do d6, theo B3 dé 1.3.3, ton tai p € min Attp A
sao cho p = PN R. Vi A la tva khong tron 1an nén dim(R/p) = s. Do

dim(R/ Annp(0:4 7)) = N-dim(0 14 x) = s — 1,
nén ta suy ra
p 2 Rad(Anny(0:4 2)) = Rad(Annp A + zR).

Do d6 = ¢ p, va vi th€ x ¢ p. Suy ra x 1a phan tir tham s6 cta vanh dia

phuong R/ Annp A, tic 1a dim(R/(Anng A+ zR)) = s — 1. Vay

dim(R/ Anng(0:4 z)) < dim R/ Annp A+ 2R =s— 1.
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Theo Ménh dé 1.3.9,
dim(R/ Anng(0 :4 z)) > N-dim(0 :4 ) = s — 1.

Suy ra ta c6 ding thic ding v6i r = 1. Chor > 1. Pat B = 0 4
(x1,...,2,-1)R. Theo gia thiét quy nap ta cé

N-dim B = dim(R/ Annp B) = s —r + 1.

Vi B la tua khong tron 1an theo B6 dé 3.1.2 va z, 1a phan tir tham s6 cia B

nén ap dung két qua cho truong hop » = 1 ta nhan duoc
N-dim(0 :p z,) = dim(R/ Anng(0 :p z,)) = s — 1.

Vay, dang thifc trén duoc chiing minh.

Bay gio ta xét / 1a mot idéan cua R. Dat N-dim(0 :4 I) = s — r. Khi do,
theo Ménh dé 1.3.13, ton tai mot phan hé tham s6 (x1,...,x,) cla A trong

1. Vi thé, theo drfmg thic trén va theo Ménh dé 1.3.9, ta c6

s —r =N-dim(0 :4 (z1,...,2,)R) = dim(R/ Anng(0 :4 (z1,...,2,)R)
> dim(R/ Anng(0:4 1))
> N-dim(0:4 I) = s —.

Vay, b6 dé dugc ching minh. O
Dinh Iy sau day la két qua chinh cua tiét, dua ra moi lién hé gitra tinh chat

(*) cia modun Artin twa khong tron 1an A, tinh catenary ctia vanh R/ Annp A

va chiéu cua A.

Pinh 1y 3.1.5. Gid sit A la tua khéng tron lan. Néu A théa mdn tinh chdt
(%) thi vanh R/ Anng A la catenary va

dim(R/ Anngr A) = N-dimp A.
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Chitng minh. Gia st N-dim A = s. Do A thoa man tinh chat (%) nén theo
Meénh dé 1.4.2, ta ¢6

dim(R/ Anng A) = N-dim A = dim(R/ Anng A) = s.

Mat khac do A la tya khong tron lan va dim(R/ Annp A) = N-dim A nén
theo B6 dé 3.1.4, ta c6 A 1a dang chiéu. Theo Ménh dé 1.3.1 va [31, 2.3], ta
suy ra vanh R/ Annp A 1a dang chiéu. Vi thé, theo Dinh ly 1.2.3, dé ching

minh vanh R/ Anng A 1a catenary ta chi cin chi ra rang
dim(R/p) + ht(p/ Annp A) = s

v6i moi idéan nguyén té p O Annp A. Lay p € V(Anng A). Dat N-dim(0 : 4
p) = s — k. Theo Ménh dé 1.3.13, ton tai mot phan hé tham s6 (x4, ..., xy)
cua A chita trong p. Pat Jy =0va J; = (z1,...,z;)Rv6imoii =1,... k.
Vé6i mbi i cho trudc, theo B6 dé 3.1.4, ta c6 0 :4 J; 1a tua khong tron 14n.
Hon nita, theo B6 dé 3.1.2

dim(R/ Anng(0 :4 J;)) = N-dim(0 :4 J;) = s — 1.

Vi thé, theo BS dé 3.1.4, 0 :4 J; 1a dang chiéu. Vi A thod man tinh chat (x)
nén p = Anng(0:4 p). Suy rap O Anng(0 :4 Ji). Theo Ménh dé 1.3.1 (ii),
ta co p DO pp v6i mot p; € min Attr(0 :4 Ji) nao do. Ti€p tuc 1ap luan trén,

ta nhan duoc mot day idéan nguyén to
POPL2Pr-12...2po 2 Anng A,

trong d6 p; € minAttg(0 14 J;) véimoi i = 0,..., k. Vi0 :4 J; la
déng chiéu nén dim(R/p;) = s — 4. Vi thé p; # p;11 v6i moi 7. Suy ra
ht(p/ Annp A) > k, va do d6 dim(R/p) + ht(p/ Anng A) = s. O

Gia thiét tua khong tron 14n ctia A trong Dinh 1i 3.1.5 1a khong bo di dugc.

Céc vi du sau day chi ra di€u nay.
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Vi du 3.1.6. Ton tai mot R-modun Artin A khong la tua khong tron lan sao
cho A thoa man tinh chdt (%), dim(R/ Anng A) = N-dimpg A, nhung vanh
R/ Annpg A khéng la catenary.

Chiing minh. Gia st (R, m) la mién nguyén Noether khong catenary c6 chiéu
d > 3. Chd y rang mot mién nguyén nhu vay luon ton tai (xem [3]). Ki hiéu
E(R/m) 1a bao noi xa cla truong thang du R/m. bat A = E(R/m). Khi
do theo [6, Dinh 1y 10.2.5]), A 1a R-modun Artin. Theo [12, B6 dé 4.4], A
thoa man tinh chat (x). Do d6 dim(R/ Anng A) = N-dimpg A theo Ménh dé
1.4.2. Vi R la mién nguyén nén theo [47, Pinh 1y 2.6], ta c6

Attp A = Ass R = {0}.

Do d6 theo Ménh dé 1.3.1, ta c6 Anng A = 0. Vi th€ vanh R/ Anng A = R

l1a khong catenary.

Ta chiing minh A khong Ia tua khong tron 14n. Chi y ring c6 dang ciu
cic R-modun E(R/m) ~ E(R/@). Do d6 theo [47, Dinh ly 2.6], ta c6
Attz A = Ass R. Suy ra min Ass(ﬁ) = min Attz A. Vi R khong catenary
nén né khong catenary pho dung. Do d6 theo Dinh 1y 1.2.6, ta suy ra R
khong ding chiéu. Vi thé ton tai p € min Ass R = min Att 7 A sao cho
dim(R/p) < dim R. Lai ¢6

Annz A = ﬂ(mR)” =0

n=1

theo [50, Ménh dé 4.23], nén
dim(R/p) < dim(R/ Anng A) = N-dim A.
Vay A khong la tua khong tron 1an. O

Vi du 3.1.7. Tén tai R-mdédun Artin A khong la tua khong tron lan sao cho
R/ Anng A la catenary va dim(R/ Anng A) = N-dim A, nhung A khong

thoa man tinh chdt (*).
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Chitng minh. Goi R 1a mién nguyén Noether dia phuong chiéu 3 duoc xay
dung boi M. Brodmann va C. Rotthaus [4] sao cho R 1a mién nguyén va
R/p tron 1an v6i mot idéan p € Spec R. Chon p € Ass(R/pR) sao cho
dim(R/p) < dim(R/p). Nhu trong Vi du 3.1.3, ta ¢6 dim(R/p) = 2,
dim(R/p) = 1 vap € minAtts(HL(R/p)). Chi y ring thanh phin p-
tha cap cua H.(R/p) khong phu thudc vao biéu dién thi cap t6i ti€u cia
H}(R/p) (xem [31]). Goi B la thanh phan p-tht c4p cta H.)(R/p) xét nhu
R-modun. Khi d6 Att 7B = {p} vakéo theo Attyz B = {p}. Ldy z € m\ p
va chon p; € Ass(R/(p + zR)) sao cho dim(R/p;) = 1. LAy y € m \ p;.
Khi d6 dim(R/yR) = 2. Chon q € Ass(R/yR) sao cho dim(R/q) = 2. Dat
C = H2(R/q). Vi ta ¢6 déng cdu cdc R-modun H2(R/q) = Hiﬁ(}?i/qﬁ)
nén theo Dinh 1y 1.3.6 ta suy ra Attp C' = {q} va

Att;C = {G € Ass(R/qR) | dim(R/q) = 2}.
Diat A= B @ C. Khi d6 A 1a R-modun Artin, Attz A = {p,q} va
Att; A= {p}U{q € Ass(R/qR) | dim(R/§) = 2}.

Viyeg\pivapCpinéntacéq p.Dodéq¢pvéimoiqe Att;C.
Vi th€ p € min Att; A. Vay A khong 1a tya khong tron 1an.

Vi R 1a mién nguyén nén R 1a catenary pho dung theo Dinh 1y 1.2.6.
Vi th€ vanh R/ Anng A 1a catenary. Hon nita theo B6 dé 1.3.1, ta c6
dim(R/ Ann; A) = 2 va dim(R/ Anng A) = 2. Cudi cing ta ching minh
A khong thod mén (x). Chd y rang p; O p O Anng A. Viy € g\ py nén ta
suy ra p; 2 q. Chi y rang Attgr C' = {q} va dim(R/p;) = 1. Vi thé

dim (R/ Anng(0 :¢ p1)) < dim (R/(p1 + Anng C))
— dim (R/(p1 + ) = 0.

Do d6 Anng(0 :¢ p1) 12 m-nguyén so. Vi th€ Anng(0 :¢ p1) # p;. T day
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khép
0— R/p — R/p — R/(p +2zR) — 0,

ta c6 day khép cam sinh
0 — Hy(R/(p+2R)) — Hy(R/p) — Hy(R/p).

Suy ra 0 ‘HL(R/p) ¥ = Hf%(R/(p + xR)) va do do 0 ‘HL(R/p) ¥ co dO dai
hitu han. Vi x € p; nén 0 :p p; la R-modun c¢é6 do dai hitu han. Suy ra
AIlIlR(O ‘B pl) # p1. Vi thé

Anng(0 :4 p1) = Anng(0 :5 p1) N Anng(0 ¢ p1) # p1.

Vay A khong thoa man tinh chat (x). O
3.2 Modun doi dong diéu dia phuong véi gia cuc dai

Mot cau hoi tu nhién dit ra 1a chiéu nguoc lai ciia Dinh 1y 3.1.5 con ding
khong? Chidng toi s€ chi ra vi du chiing to rang nhin chung chiéu ngugc lai
la sai. Vi du nay dugc xay dung dua trén mién nguyén chiéu 3 dua ra boi
C. Huneke [21]. D€ thuan loi cho viéc trinh bay vi du, ta nhic lai kh4i niém
modun doi hitu han. Gia su I 1a mot idéan cua R. Mot R-modun N duoc goi
1a I-d6i hitu han néu Supp(N) C V(I) va Exto(R/I, N) 1a hitu han sinh
v6i moi ¢ > 0. S dung d6i ngau Matlis (Dinh 1y 1.1.6), ta ¢c6 mot modun la
m-d6i hitu han néu va chi néu né 1a moédun Artin. Nhu vay modun d6i dong
diéu dia phuong H! (M) 1a m-déi hitu han v6i moi R-mo6dun hitu han sinh
M. Trong [19], R. Hartshorne da dua ra cau hoi Hi(M) la I-d6i hitu han
v6i moi ¢? Tuy nhién R. Hartshorne da chi ra rang nhin chung di€u d6 la
khong ding, dong thdi 6ng chiing to rang néu R 1a vanh dia phuong, chinh
quy, ddy du, p la idéan nguyeén t6 théa man dim R/p = 1 thi H/(M) hitu
han sinh véi moi 7. D. Delfino va T. Marley [14] d32 m6& rong két qua cua R.

Hartshorne cho mdt vanh giao hodn dia phuong Noether va p 1a mot idéan
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bat ky chiéu 1 ctia R. Hon nita ho chi ra tinh d6i hitu han cia moédun d6i
dong dieu dia phuong cap cao nhit.

Bo dé 3.2.1. [14, Dinh ly 3] Gid si I la mot idéan ciia R va M la R-moédun
hitu han sinh chiéu d. Khi dé H¢(M) la 1-doi hitu han.

Vi du 3.2.2. Cho k la mét truong ddc s6 0, R = (k[ngjc’;L’U})m, trong do

k[z,y,u,v] la vanh da thitc cia cdc bién x,y,u,v, f = vy — ux?

—vy? va
m = (x,y,u,v). Pdtp = (y,u,v)R.Ta cé R la mién nguyén, catenary chiéu
3, p la idéan nguyén t6 ht(p) = 2 (xem [21,Vidu 6.2]). Khi d6 0 # HS(R)
la modun Artin tua khong tron lan,

dim R/ Annp H}(R) = dim R/ Anng H3(R) = 3
nhing H3(R) khong théa man tinh chdt ().

K&t qua sau b6 trg cho viéc chitng minh vi du trén.
B6 dé 3.2.3. Trong vanh cdc chudi luy thita hinh thiic k[[z,y,u, v]] ton tai
sy phan tich
f=ry—ur® —vy=(x—vy+azt+as+--)(y—ur+bs+by+--),

trong do a;, b;, voi moi i > 3 la cdc da thiic thudn nhdt bdc i va thudc vao

idéan sinh boi y,u,v cua k([x,y,u,v]|.

Chitng minh. Ta dé dang chiing minh su t6n tai ctia a;, b;, v6i moi ¢ > 3 bang

quy nap theo <. O

Chitng minh Vi duy 3.2.2. Goi R1a day du hoa cua R theo topd m-adic. Mot
phan tir clia k|[[x, y, u, v]] kha nghich néu né chira s6 hang tu do khac khong.
Vivay dé thady x —vy +az+as+--+ vay —uv+bg+by+--- trong Bo dé

3.2.3 1a bat kha quy trong k[[z,y, u,v]]. Patp; = (v —vy+as+as+--+ )R

vapy = (y —uv + by + by + - - )ﬁf Ta c6 cac idéan d6 l1a nguyén t6 va

dim R/p, = dim R/p> = 3.
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Mat khéc theo B6 dé 3.2.3, ta ¢6 (f)R = p1 N Pa. Do d6 Assh R = {py, o}
Vi pﬁ +p1 = mﬁ, nén theo Dinh 1y triét tiéu Lichtenbaum-Hartshorne [6,
Dinh 1y 8.2.1], ta c6 HS(R) = 0. Lai vi

p§+ﬁzzp1§gm§

nén theo [15, Hé qua 2], ta c6 Attp HE(R) = {p1}. Vivay p1 N R €
Attg HE(R) theo B6 dé 1.3.3. Vi 0 C p; N R 1a c4c idéan nguyeén t6 cha R
va

dim R/py N R > dim R/p; = 3

nén 0 = py N R € Attg H}(R). Diéu nay kéo theo Annp H}(R) = 0. Vi
vay p € V(Anng HJ(R)). Vi H}(R) la modun Artin nén theo BS dé 3.2.1
modun 0 :3(g) p = Hom(R/p; H}(R)) c6 do dai hitu han. Diéu nay chiing
t6 Anng(0 :i3(r) p) # p, hay H,(R) khong thoa mén tinh chat (x). 0

Sau day ching toi s& chiing t0 rang chiéu nguoc lai ctia Dinh 1y 3.1.5 van
con ding cho mdt 16p modun Artin. D6 1a caic modun d6i dong diéu dia
phuong véi gia la idéan cuc dai va tua khong tron 1an. Day 1a két qua chinh
cua tiét va ciing la cua chuong. Ciing can chd y thém rang luon ton tai modun
do6i dong di€u dia phuong véi gia 1a idéan cuc dai nhung khong 1a tua khong
tron 14n. Chang han, xét vanh R = k|[[x,y, z]] vanh cdc chudi lily thira hinh
thitc trén truong k. Khi d6 R 1a mot vanh day du theo topo (z,y, z)-adic.
Pat

m=(z,y,2), M' = (z,y), M" = R/(z), M = M" & M".

Ta c6 theo Dinh 1y 1.3.6 Attgp HZ(M") = {(z)}. T day khép
0— M — R— R/(z,y) — 0,
tacé H2(M') = HL(R/(x,vy)). Theo Dinh ly 1.3.6Suy ra

Aty HA(M') = Attn HL(R/(2,9)) = {(2.9)}.
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Vi H2(M) = H2(M') & HZ(M") nén dé thay
min Attr H2(M) = {(2), (z,)}.

Vay H2 (M) khong 1a tua khong tron 1an.
Dinh ly 3.2.4. Gid sit H. (M) la tua khong tron ldn. Khi dé cdc diéu kién
sau la tuong duong:

(i) H. (M) thda mdn tinh chdt (x).

(ii) Vanh R/ Anng(HL (M)) la catenary va

dim (R/ Anng(HZ(M))) = dim (R/ Anng HL (M))).
Chiing minh. (1)=-(i1) duoc suy ra tu Dinh Ii 3.1.5. Ta ching minh (i1)=>(1).
Theo Dinh 1y 2.1.2, ta chi can chitng minh Psupps(M) = V(Anng Hi (M)).
Cho p € Psuppl, M. Khi d6 H, ;™ P (M,) # 0. Vi the ton tai
qR, € Attp, (Hg;jim(R/ Pl(M,))
v6i q C p nao d6. Theo Dinh 1y 1.3.4, ta c6 q € Attp(Hi(M)). Vi thé
P2 q 2 Anng(Hy(M)).

Suy ra Psuppy M C V (Anng(H{(M))).

Nguoc lai, cho p € V(Anng(H: (M))). Dat N-dim H (M) = k. Khi d6
dim(R/ Ann H:,(M)) = k theo Ménh dé 1.4.2 va

dim(R/ Anng H. (M)) = k

theo gia thi€t. Theo (ii) cuia Ménh dé 1.3.1, ta cé p DO q v6i q €
min Attg(H. (M)) nao d6. Vi H. (M) la dang chiéu theo B dé 3.1.4,
nén ta ¢6 dim(R/q) = k. Vi ¢ € minAttr(H.(M)) nén ton tai q €
min Att 5 (HY, (M)) sao cho § N R = g. Do H{ (M) la khong tron 1an nén
dim R/q = k. Chi ¥ ring § € V(Anng Hjy(M)). Vi thé § € Psupph(M).
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i— dlmR/q(

Suy ra H Mj) # 0. Vi dong cau tu nhién R, — R 12 phang nén

theo Dmh 11 chuyén co s& phang (Dinh 1y 1.1.4) ta ¢

i~dimR/§ 77\ ~ ppi—dimR/q R
R, (M) = Hyp, (My) © R

Do d6 H;}}fimR/q( q) 7 0 vavithe Attp (H, H, dlmR/q( My)) # (). Theo Dinh
ly 1.3.4, ta suy ra

Attg, (Hyp ™ (M) £ 0.

Do dé6 H;}fimR/ﬁhtp/q(Mp) # 0. Vi R/ Anng(HL (M)) 1a catenary va
p 2 q 2 Anng(H, (M))
nén ta c6 theo Ménh dé 1.2.2
i—dimR/q+htp/q=1i—dimR/p.

Do d6 H;;zfimR/p(Mp) # 0, titc 12 p € Psupp’x(M). Vay

V(Anng H. (M)) = Psuppy M
hay H! (M) théa man tinh chat (). 0

Chi y 3.2.5. (i) Modun d6i dong diéu dia phuong c4p cao nhat He (M) Ia
khong tron 1an va theo Dinh 1y 1.3.10, ta c6
dim(R/ Anng HL(M)) = dim(R/ Anng HE(M)) = d.

Vi thé, tir Dinh 1i 3.2.4, ta ¢6 thé nhan lai két qua chinh trong [13]: HZ (M)
thod man diéu kién (x) néu va chi néu R/ Anng HZ (M) 1a vanh catenary.

(i) Diéu kien dim (R/ Anng(HL(M))) = dim (R/ Anng Hi(M)))
trong Dinh 1i 3.2.4 1a khong thé bd di duge. That vay, xét mién nguyén
dia phuong Noether, chiéu 2, dugc xay dung bdi M. Nagata [37], théa man
Rz Gl Patpy = (2)/s, p2 = (y,2)/ s, rong d6 5 = (2) N (y, 2).
Theo [6, Hé qua 11.3.5 va Bai tap 11.3.9], ta c6 Att; H, (R) = {p2}. Do
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d6 H.(R) la tua khong tron 1an. RS rang vanh R/ Anng H] (R) 1a catenary.
Mat khdc tuong ty nhu [12, Vi du 4.1 va Vi du 4.2], ta c6 H.(R) khong thoa

man tinh chat (x),

dim R/ Anng H:(R) = 2 > dim R/ Anng H\(R) = 1.

(iii) Cho dén nay ching toi chua xay dung dugc vi du ching to rang gia
thiét tua khong tron 1an chia H (M) trong Dinh 1y 3.2.4 1a can thiét.

Mot hé qua cua Dinh 1y 3.2.4 cho ta dac trung sau cua vanh catenary.

Hé qua 3.2.6. Cdc diéu kién sau la tuong duong:

(1) R la catenary;

(i) V&i moi R-moédun hitu han sinh M, néu H. (M) la tua khong tron ldn
va dim(R/ Anng Hi,(M)) = dim(R/ Anny H:(M)) thi Hi, (M) théa man
tinh chdt (*), voi moi i = 0, ..., dim M ;

(iii) V&i moi R-modun hitu han sinh M, néu H' (M) la khong tron ldn
va dim(R/ Anng Hi,(M)) = dim(R/ Ann H:(M)) thi Hi, (M) théa man
tinh chdt (x), voi moi i = 0, ..., dim M ;

(iv) Modun doi dong diéu dia phuong cdp cao nhdt HE™M (M) théa man

tinh chdt (x) voi moi R-modun hitu han sinh M.
Chiing minh. (i)=-(ii). Lay i € {0, ...,dim M }. Gia st H. (M) la twa khong
tron 1an va

dim(R/ Anng H:(M)) = dim(R/ Anng Hi,(M)).

Vi R 1a catenary nén vanh R/ Annp H’ (M) 1a catenary. Do d6 H (M) thoa
man tinh chat (x) theo Dinh 1y 3.2.4.

(ii)=(iii) 12 hién nhien.
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(iii)=-(iv). Gia stt M 12 mot R-modun hitu han sinh. Ta c6 HI™M (M) 1a

khong tron 1an. Hon nira

dim (R/ Anng(HG™ M (M))) = dim M
= dim M
= dim (}A%/ Annﬁ(HiimM(M)»;

theo Dinh 1y 1.3.10 (i1). Do d6 H%imM (M) thoa man tinh chat (x) theo (iii).

(iv)=-(1). Ta chi can ching minh R/p 1a catenary, v6i moi p € Ass R. That
vay, gia stt p € Ass R. Pat dim(R/p) = k. Theo gia thiét H:(R/p) thoa
man tinh chét (x). Vi HY(R/p) la khong tron 14n nén theo Dinh ly 3.1.4, ta
c6 vanh R/ Anng(HE(R/p)) 1a catenary. Vi Attr(HE(R/p)) = {p} theo
Dinh Iy 1.3.6 nén ta c6 p O Anng(HE(R/p)). Do d6 R/p la catenary. [

Két luan Chuong 3

Trong chuong nay chiing t6i da thu duoc cic két qua sau.

- Nghién cttu mot s6 tinh chat co ban cua 16p modun Artin tua khong tron
lan, tir d6 ching t6 rang néu A théa man tinh chat (x) thi vanh R/ Anng A
1a catenary va dim(R/ Anng A) = dim(R/ Ann A) v6i diéu kien A 12 tya
khong tron 1an. Xay dung cac vi du chiing t0 rang gia thiét A tua khong tron
14n trong khang dinh trén 1a khong thé bo di duogce. Chi ra vi du ching t6 ring

chiéu nguoc lai cua két qua nay 1a khong ding.

- Chi ra ring modun d6i dong diéu dia phuong H' (M) twa khong tron 1an
thi H! (M) thdoa man tinh chét () néu va chi néu R/ Anng(H.(M)) 1a
catenary va dim (R/ Anng(HZ(M))) = dim (R/ Anng HL(M))) véi i Ia
mot s6 nguyén khong am cho trude. Day la mot su mo rong két qua chinh

trong [13].
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Chuong 4

Ung dung cua tinh chat (x)

Trong su6t chuong nay, ching toi luon gia thiét (R, m) l1a vanh giao hoéan dia
phuong Noether véi idéan t6i dai duy nhat m. Cho M la mot R-modun hitu

han sinh v6i chiéu Krull dim M = d.

Trong chuong nay, chiing to6i dua ra mot s ing dung cua tinh chat (x) ctia
modun déi dong diéu dia phuong. Ung dung dic trung cua tinh chat (x) cla
modun do6i dong dicu dia phuong trong Dinh 1y 2.1.2, ching t6i thu duoc
tinh chat déng cho céc tap gia gia va cong thiic boi lién két cho cac modun
H! (M) véi mdi i cho truéc, m& rong két qua ctia M. Brodmann va R. Y.
Sharp trong [7]. Thong qua tinh chét () clia cac modun doi dong di€u, chiing
toi dua ra diéu kién can va du dé modun doi dong diéu dia phuong cip cao
nhat H¢ (M) théa man tinh chat dich chuyén dia phuong va dua ra diéu kién
can va du dé cdc modun H' (M) thdoa man tinh chét dich chuyén dia phuong
cho tap cdc idéan nguyén t6 toi tiéu. Bén canh do, chiing t6i dua ra mot so
tinh chat clia tap cac idéan nguyén td gan két cho cac modun d6i dong diéu
dia phuong trong moi lién hé vé6i cdc tap gia gia va tap gia cta M dudi di€u
kién cac modun doi dong di€u dia phuong thda man tinh chat (x).

Noi dung cua chuong dugc trinh cht yéu theo bai bdo [1] va mot phan bai
bao [39].
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4.1 Boi cua modun doi dong diéu dia phuong

Nhic lai rang v6i q 1a idéan cia R sao cho ((M/qM) < oo thi ham
(M /q""tM) (theo bién nguyén duong n) 12 mot da thiic bac d véi hé s6

hitu ty khi n dd 16n. Ta c6 thé bi€u dién da thiic nay dudi dang

M
¥3,(n) = 0(M/q" ' M) = e(qc’ﬂ )nd + da thic c6 bac nho hon d

khi n > 0, trong d6 e(q, M) 1a mot s6 nguyén duong va dugc goi 1a s6 boi
cua M ing voi q (xem [33, Chuong 5] hoac [8, Chuong 4]). Li thuyét boi
dong mot vai tro quan trong trong viéc nghién citu cic modun hitu han sinh
trén vanh dia phuong. Mot trong nhiing tinh chat co ban ctua s6 boi la cong
thic sau day, dugc goi la cong thiic lién két clia s6 boi (xem [33, Dinh 1y
14.71)

e(q, M) = > Cr,(My)e(q, R/p).

peSupp M,dim R/p=d
Dai v6i R-modun Artin A, theo suy nghi d6i ngau, ching ta ciing dé dang
dinh nghia dugc s6 boi thong qua da thic Hilbert-Samuel ctia nd. Nhéc lai
rang theo [24], néu g 1a idéan ctia R sao cho 0 :4 q c6 do dai hitu han thi
£(0 :4 g"™) 1a mot da thic bac N-dim A vé6i hé so hitu ty khi n da 16n, ky
hiéu 0% (n). Dat N-dim A = s, ta c6 thé biéu dién

A
0%(n) = £(0:4 q") = %ns + da thic ¢6 bac nhé hon s

khi n > 0, trong d6 e(q, A) 1a mot s6 nguyén duong. Ta goi e(q, A) 1a so
boi cua A ting voi q (xem[11], [7]). Cho dén nay nguoi ta chua xay dung
dugc mot cong thic boi lien két cho cac modun Artin tuong tu nhu cong
thitc boi lién két cho cac modun hitu han sinh. M. Brodmann va R. Y. Sharp
(2002) da tim cdch xay dung cong thic boi lién két cho mot loai moédun
Artin dac biét, d6 1a modun H{ (M). D€ lam dugc diéu nay, truéc hét ho

gi6i thiéu khai niém tap gid gid thir i cha M (xem Dinh nghia 2.1.1). Ho
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da chiing minh ring n€u R 1a vanh catenary phd dung va c6 cdc thg hinh
thitc 12 Cohen-Macaulay thi tap gia gia Psupp’k (M) 1a tap con déng va ta
c6 cong thic lién két cha boi e(q, HL (M) cho H: (M) tuong Gng vdi idéan
m-nguyén so q cua R, véi moi M va v6i moi ¢
i i—dim(R
e(q HyM) = > il (H P (M) e(a, B/p).

pePsuppi (M)
dim(R/p)=psdy(M)

Ung dung Dinh 1y 2.1.2, chiing t6i m& rong két qua trén ciia M. Brodmann
va R. Y. Sharp cho trudong hgp H: (M) thoa man tinh chat ().

Pinh ly 4.1.1. Gid sit i > 0 la mot 56 nguyén va N-dimg(H. (M)) = 5. Vi
mdi p € Psuppy M, ddt

T(p) = {p € Psupph(M) : dim(R/p) = dim(R/p), PN R = p}.
Gid si H. (M) thda man tinh chdt (x). Khi dé cdc ménh dé sau la diing.
(1) Psupp’é M la tdp dong.
(i) Néu p € Psuppr M voi dim(R/p) = s thi T(p) # 0,

Cry (Hy ™7V (My)) €6 do dai hitu han khdc khong va

i—dim(R/P) ;77 \\ i—dim(R/p) S D
lr, (Hﬁgﬁ (M;)) = Cr,(H,p, (M,)) 7 (Rs/pE5)
voi moi p € T(p).
(iii) Cho q la mét idéan m-nguyén so cia R. Gid st H. (M) # 0. Khi dé
boi e(q, H. (M)) ctia H. (M) tuong iing véi q thda man
i i—dim(R
e(q Hy(M) = > tg,(Hp™""P(My))e(q. R/p).

pEPsupp} (M)
dim(R/p)=psd*(M)

Chitng minh. Khang dinh (i) duoc suy ra tir Dinh 1y 2.1.2.

(ii) va (iii). Dat 8%(n) := (0 14 q"™), £, (n) := Cr(M/q" M) lan

luot 1a céc da thic bac s va d khi n du 16n.
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Truong hop ddc riéng. Gia stt (R, m) 1a anh dong ciu ctia mot vanh dia
phuong Gorenstein (R, m’), dimR = n,dimR' =n'va f : R — R 1a
toan cau. bat K}, = Ext%,_i(M , R). Theo Dinh 1y D6i ngau dia phuong
(Dinh 1y 1.1.7)

Hi (M) 2 Da(K,).

Tir d6 theo [49, Bo dé 2.4], ta c6
0:mson 4" =0 :pri ) 0" = DR(Ky/a" Kyy).

Vi vay khi n da 16n

92]&(1\4)(") = (r(0 "Hi (M) an) = KR(DR(KM/CI”HKJ@))

= (p(Kjy /q" " Kyy)
= quw(n).
Dicu nay kéo theo
e(q, Hy(M)) = e(q, Kjy) = Y. e (Kipe(a, R/p).
peSuppR(Kpy)

dim(R/p)=dim K%,
V6i mdi p € Spec(R), dat p' = f~1(p). Khi d6 dim R'/p’ = dim R/p, R,

la vanh Gorenstein, dim Ry, = n’ — dim R/p va f cam sinh 4nh xa
' Ry — By, f'(r'[8) = F(r1)/ f().
véimoi ' € R, s’ € R'\ p’. Hon nita, ta c6
Bty (My, Ry) = (Exty ' (M, R))y = (Kjp)y.
Do d6 theo Dinh 1y d6i ngau dia phuong (Pinh 1y 1.1.7), ta c6
i—dim R ~ dim R}, —(i—dim R/p)
Hyp P (M) = D, (Extp " (My, RYy))
= DRp(Extg;(Mp, R}))
= Dr,((Kjy)p)-
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Diéu nay kéo theo Psupp’ (M) = Supp(K3,). Suy ra
min Psupps (M) = min Supp(K},)
= {p € Supp(K) | Lr, (K3, (M)p)
= {p € Psuppiy(M) | (g, (H, "™ (My) < oo},
va theo Dinh 1y 2.1.2, ta c6

s = N-dimp(H’ (M)) = psdo(M) = dim K},

) i—dim(R
e(q Hy(M)) = > g, (Hyp P (My))e(a. R/p).
pEPsuppy (M)
dim(R/p)=s

Truong hop tong qudt. Gia st H. (M) théa man tinh chét (x). Ta c6, theo
Dinh 1y 2.1.2

P

psdh (M) = N-dim H: (M) = psda(M) = s.

Lay p € Psuppy(M), dim R/p = s. Khid6é dim R/p = s, véimoip € T(p).

Tt Truong hgp riéng, ta cé

i—dimR/p, 7F i
0 # (g, (H 2" P (M) = L (Kpp) < oo

Hon ntra

—

i~dim R/p ~ ppi—dimR/p R
o, (Mp) = Hyp (M) @ By
nén ta cé (i1).
Ta chitng minh (ii1). Theo Pinh 1y 2.1.2, ta c6
L) T() = {p € Psuppy(M) : dim(R/p) = s}.

pEPsupp% M
dim(R/p)=s

Hon nita, néu p € Psuppy M véi dim(R/p) = s thi

T(p) = {p € Ass(R/pR) : dim(R/p) = s}.
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Mit khic, v6i n di 16n 0% (n) = 6%%(n). Do d6

pePsuppZé(M) EEASS(E/}JE)
dim(R/p)=s dim(R/p)=s

= X e (Hye" 0GR, RYpR)

= X e (He" T Oh))e(a Bfp).

pePsuppl (M)
dim(R/p)=s

Vay dinh 1y duoc chitng minh. O

Ap dung Hé qua 2.1.4 va Dinh 1y 4.1.1, ta c6 thé thiét 1ap cong thiic boi
lién két cho modun doi dong di€u cap cao nhat khi vanh 1a catenary. Hon
nita 4p dung Hé qua 2.1.3 va Dinh 1y 4.1.1, ta thu lai duoc két qua chinh cta
M. Brodmann va R.Y. Sharp trong [7].

Hé qua 4.1.2. Gid sit R la vanh catenary phd dung va cé cdc thd hinh thiic
la Cohen-Macaulay. Khi dé voi moi M va voi moi i, ta co
(i) Psupp’(M) la tap déng.
.. i i—dim(R
(i) e(q, Hy(M)) = S n, (Hyp™ P (M) e(a, R/p).

pePsuppy (M)
dim(R/p)=psdis(M)
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4.2 Tinh chat dich chuyén dia phuong

bia phuong héa 1a mot cong cu hitu hiéu trong viéc nghién cttu moédun hitu
han sinh. Nhéc lai mot tinh chit quen thudc chi ra mai lién hé gitta tap cédc
idéan nguyén t6 lién két cua moédun hitu han sinh M va dia phuong hoa cua
noé tai mot idéan nguyén to p

Assp,(My) = {qRy | q € Assg M,q C p}
v6i moi p € Spec(R).

boi véi cac modun Artin ta cling muon tim mot cong thic tuong tu nhu

vay cho tap cdc idéan nguyén t6 gan két. Tuy nhién mot cong thic nhu vay
chua duogc tim ra. Nam 1975, R.Y. Sharp [48] da xét tinh chat sau cho tap céac
idéan nguyén t6 gan két han ché€ trén cic modun doi dong di€u dia phuong
voi gia cuc dai

—dim R/p ;

Att, (Hyp ™77 (My)) = {aBy | 0 € Attp(Hy (M), q C p},

v6i moi p € Spec(R), v6i moi i. Trong [48], R.Y. Sharp da ching t6 bao

ham thic sau ludn ding
i—dim R )
Attp, (Hy ™" (My)) € {aR, | 4 € Attr(HL(M)),q C p},

v6i moi p € Spec(R), v6i moi ¢ va ong goi d6 1a rinh chdt dich chuyén dia
phitong tong qudt yéu (xem [6, 11.3.8]. Hon nita, khi R 12 mot vanh thuong
clia vanh dia phuong Gorenstein, ong da chitng t6 diau diang thic x4y ra va
goi do 1a tinh chdt dich chuyén dia phuong (xem [6, 11.3.2]). M0 rong ta
néi raing modun HY (M), v6i mbi i > 0 cho trudc, thoa man tinh chdt dich

chuyén dia phuong néu dang thiic
i—dim R 1
Attr, (Hy, """ (My)) = {aRy | a € Ater(Hi,(M)),q C p}.

nay thda man v6i moi p € Spec(R). Tinh chét dich chuyén dia phuong khong

ding trong trudng hop téng quét. Ching han xét (R, m) 12 mién nguyén, dia
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phuong Noether chiéu 2 duoc xay dung bdi M. Ferrand va D. Raynaud [53]
théa man R c6 idéan nguyén t6 nhing p chiéu 1. Rd rang pN R = 0. Lai ¢6

theo Hé qua 1.3.5, p € Att; HY(R). Vi vay theo B6 dé 1.3.3, ta ¢6
0=pNREAttg HL(R).

Ly p 1a idéan nguyén t6 c6 do cao 1 clia R, ta c6 OR, ¢ Attp H (Rp)

Vi néu trdi lai ta c6
1 =ht(p) = dim R, /0R, < dim R,/ Anng, H, (Rp) 0,

vo Iy. Vay H'(R) khong thoéa man tinh chat dich chuyén dia phuong. Hon
nita cling theo M. Ferrand va D. Raynaud [53], ton tai mot mién nguyén dia
phuong Noether, chiéu 1 ma khong thé biéu dién dugc nhu anh dong cdu cua
mot vanh dia phuong Gorenstein. Khi d6 H: (N) théa man tinh chat () v6i
moi R-modun hitu han sinh N. Vi vay mot cau hoi tu nhién duoc dat ra Ia
v6i diéu kién nao thi H! (M) thoa man tinh chét dich chuyén dia phuong?
Dé tra 101 cau hoi do, trude hét ta dua ra mot s6 két qua bo trd vé tap gia gia

va tinh chat (x) cia modun d6i dong diéu dia phuong.

Gia sir (R, m) 1a anh dong cau cia moét vanh dia phuong Gorenstein
(R',w'), dimR = n,dimR = n/. Pat Ki, = Ext" (M,R), i =
0,1,...,d. D6 l1a cdic R-mo6dun hitu han sinh. Hon nita theo Dinh ly doi

ngiu dia phuong (Pinh 1y 1.1.7), ta c6 ding cau

dlm R’ —(i—dim R/p)

pR, (MP7R;J'))

(Ex

= Dp,(Ex t% Z(MpaR’ )

= DRP(E t%/ Z(M R/) )

= D, ((Kjy)p)-

Vivay Psuppj,(M) = Supp(K,), Psuppy, ™ ° (M) = Supp (K, /7).
Theo [58] K'(M), = K]ZV[dlmR/p. Vi K¢, 1a c4c modun hitu han sinh nén

K™ = {qR, | q € Supp(K},),q C p.

Supp K
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B6 dé sau dua ra tinh chat twong tu cho tap gia gid v6i diéu kién vanh 1a

catenary.

B6 dé 4.2.1. Gid siti > 0 la mot s0 nguyén. Néu vanh R/ Anng HL (M) la

catenary thi
i—dim R 1
Psuppy, /P (M,) D {aRy | € Psuppk(M), q C p},

véi moi p € Spec(R). Ddu ddng thiic xdy ra néu R/ Anng M la catenary.

Chitng minh. Lay p,q € Spec(R) vd ¢ C p. Néu q € Psupp’h(M) theo
chiing minh (i) = (ii) ctia Pinh 1y 2.1.2, ta c6 q € V(Anng H.(M)). Vi vay

p D qD Anng H.(M).
Vi R/ Anny H: (M) la catenary nén

(i —dim R/p) — dim R, /qR, = (i — dim R/p) — htp/q
= (i —dim R/p) — (dim R/q — dim R/p)
=1 —dim R/q.

Ta c¢6 q € Psuppy(M) suy ra H;]_%(:imR/q(Mq) # 0, suy ta

i—dim R/p)—dim R, /qR
Hc(qu /p) p/d p(Mq) 7& 0

va suy ra qR, € PsuppggdimR/ "(M,). Vi vay

Psuppy, P (My) D {aRy | € Psupp(M), q C p},

Néu qR, € PsuppgpdimR/‘“(Mp) thi HggdimR/”‘htp/q(Mq) £ 0 vi
(Mp)qr, = M,. Diéu nay kéo theo q € Psupply "™ /4 Ap=bp/a y

Do d6, chiing minh nhu (i) = (ii) cua Dinh 1y 2.1.2, ta c6
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Vi R/ Annp M 1a catenary nén

(i —dim R/p) —dim R, /qR, = (i — dim R/p) — htp/q
= (i —dim R/p) — (dim R/q — dim R/p)
=i —dim R/q.

Ta c¢6 qR, € PsuppgdimR/p(Mp) suy ra HégdimR/p)_dimR"/qR"(Mq) +
i—dim R N i N N
0, suy ra Hp | -/q(Mq) # 0 va suy ra q € Psuppyp(M). Diéu nay
chiing to PsuppgdlmR/p(Mp) C {qR,|q € Psuppi(M),q C p}, v6i moi
p € Spec(R) va v6i moi i. Néu vanh R/ Anny M 1a catenary thi vanh

R/ Anng H (M) ciing 1a catenary. Vi vay ddu dang thic xdy ra. O

Chi y ring gia thiét vé tinh catenary ctia vanh R/ Annyp M trong B6 dé
4.2.1 khong thé bo di duoc. Vi dy, xét (R, m) 1a mién nguyén dia phuong
Noether, chi€u 3, khong catenary (xem [3]). Khi d6 theo Dinh 1y 1.2.3, t6n
tai p € Spec(R) théa man dim R/p+htp = 2. Vivaydim R/p = htp = 1.
Ldy q = 0. Ta c6 thé ching to rang qR, € Psupp%;dimR/ "(R,) nhung
q ¢ Psuppp(R).

Ménh dé sau chi ra méi lién hé gitta tinh chat (x) cho modun d6i dong
diéu dia phuong ctia M va modun doi dong di€u dia phuong ctia dia phuong
héa cta nd, moi lién hé gitta gia gia ctia M va cua M.

Ménh dé 4.2.2. Cho i > 0 la mét s6 nguyén. Gid sit R/ Anng H'. (M) la
catenary. Khi dé cdc diéu kién sau la tuong duong:

(i) HL (M) théa man tinh chdt (x);

(i) H, ;%fimR/‘“(Mp) théa man tinh chdt (x), véi moi p € Supp(M);

(iii) Psuppi(M) = {p N R |p € Psuppk(M)}.

Chitng minh. (i) = (ii). Lay p € Supp(M). Theo Dinh 1y 2.1.2, ta chi can
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chitng minh

Psupp, ™ P (M,) = V(Anng, Hy P (M),
Theo ching minh (i) = (ii) cua Pinh 1y 2.1.2, ta c6

PsuppgdimR/p(Mp) C V(Anng, Hél_%fimR/p(Mp)).
Nguoe lai, 1y qR, € V(Anng, Hy, "™/ (M1,)). Khi d6 theo Ménh dé 1.3.1,
ton tai 'Ry, € AttRp(H;;zfimR/p(Mp)) théa man qR, O q'R,. Vi vay

q 2 q' € Attp Hy (M)

theo Dinh 1y 1.3.4. Vi H! (M) thdoa man tinh chat (x) nén theo Dinh 1y 2.1.2,

ta co
q € V(Anng H: (M)) = Psuppp(M).
Vi vay qR, € Psuppg)dimR/p(Mp) theo B6 dé 4.2.1.
(ii) = (i) I hién nhien.
(i) = (iii). Gid sir p € Psuppy(M). Khi d6 H, ™" (M) # 0. Lay
P € Ass R/pR, théa man dim R/p = dim R/p. Ta ¢6 pN R = p va déng

cau tu nhién R, — ﬁg 12 hoan toan phing. Do d6 theo Pinh 1y 1.1.4,

i—dimR/p 77N ~ ppi—dimR/p .
57 (M) = HpRp (M,) ® Rz # 0.

Diéu nay kéo theo p € Psupp%(]\/f). Vi vay PsuppR(M) C {pNR|p €
Psupp’s(M)}.

Nguoc lai, 1y p € Psupp%(]\?). Vi Psupp%(]\/i) = V(Anng(HL(M))),
nén theo B6 dé 1.3.1, tén tai g € min Att; H (M) théa man p 2 . Do d6
PNRDGNR € Attg HL (M),

theo B6 dé 1.3.3. Vi vay theo Ménh dé 1.3.1 (ii) va Dinh 1y 2.1.2, ta ¢6

PN R € V(Anng H. (M)) = Psupph(M).
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(iii) = (i). Theo Dinh 1y 2.1.2 va chiing minh (i) = (ii) cua dinh 1y nay,

ta chi can chitng minh
V(Anng HL(M)) € Psupply(M).
Ldy p € V(Anng H. (M)). Khi d6 theo (ii) cha Ménh dé 1.3.1, ton tai
q € min Attgr H. (M), p D q.

Theo B6 dé 1.3.3, ton tai § € Attp HL(M) théa man g N R = q. Vi
Psupp%(]\/f\) = V(Annz(H,(M))) nénq € Psupp%(]\/i). Vi vay theo gia
thiét, ta ¢c6 q € Psuppy(M), tic 1a HZ dlmR/q( M,) # 0. Vi R;-modun
H é}:ﬁm R/a (M) 1a modun Artin khdc khong nén né phai c6 mot idéan nguyén
t6 gan ket (xem Ménh dé 1.3.1). Chi ¥ rang Ry = (Ry)qr,. Do d6 dp dung

Dinh ly 1.3.4 trén vanh dia phuong R, ta co
i—dim R/q+ht
Hqu /a+ (P/Q)(Mp) £ 0.

Vi R/ Anng H! (M) 1a catenary nén dim R/q — ht p/q = dim R/p. Do d6
0 HiZImRIAHSO/O) V)  pri{dm RIo/a) (310
i—dim R
- HpRp /p(Mp)~
Vay p € Psuppi(M). 0

Két qua chinh ddu tién cia tiét dua ra diéu kién cin va di dé modun
doi dong diéu dia phuong cip cao nhat thda man tinh chat dich chuyén dia
phuong.

Pinh 1y 4.2.3. Cdc diéu kién sau la tuong duong:
(i) Hi(M) théa man tinh chdt dich chuyén dia phuong;
(ii) Vanh R/ Anng H2(M) la catenary;

(iii) H (M) théa man tinh chdt (*);
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(iv) Hg};jim R/ P(M,) théa man tinh chdt dich chuyén dia phiong véi moi

p € Supp(M);

(v) HslgjimR/p(Mp) thoa man tinh chdt (%) voi moi p € Supp(M).

Chitng minh. (i) = (iii). Theo Dinh 1y 2.1.2 va ching minh (i) = (ii) cua
dinh 1y nay, ta chi cin chiing minh V(Anng(H%(M)) C Psupph M. Lay
p € V(Anng(HL(M)). Vi vay

p D q € min Anng HY(M).
Do d6 q € Attg H(M) theo Ménh dé 1.3.1 (ii). Khi d6 theo gi4 thiét, ta c6
d—dim R/p
qlt, € Attr, Hyp (M,).
N d—dim R/p . d
bieu nay kéo theo H, (M) # 0. Do dé p € Psuppy(M).

(iii) < (ii) theo Dinh Iy 1.4.4.

(ii) = (i). Lay p € Spec(R). Ta can chiing minh
Attr, (Hyp " P (M,)) = {aR, | q € Attp(Hg(M)), a C p}.
Theo Dinh 1y 1.3.4, ta chi can chiing minh
Attr, (Hyge ™" (M,)) 2 {aRy |a € Atta(Hy(M)),q C p}.

Lay q C p va q € Attg(HZ(M)). Theo Pinh ly 1.3.6, q € Assg(M) va
dim R/q = d. Diéu nay kéo theo qR, € Assp, (M,). Vi R/ Anng(HL(M))
la catenary nén
dim R, /qR, = htp/q =dim R/q —dim R/p = d — dim R/p.
Tur d6 suy ra theo H¢ qua 1.3.5, qR, € AttRp(H;l];jimR/p(Mp)).
(iii) < (v) theo Ménh dé 4.2.2.

(iv) < (v) tuong ty (i) <> (iii). 0
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Hién tai chiing t6i chua tim duoc diéu kién can va du dé cac modun doi
dong diéu dia phuong cap nho hon d théa man tinh chét dich chuyén dia
phuong. Vi vay két qua sau day c6 thé dua ra mot cach ti€p can mai.

DPinh ly 4.2.4. Cho i > 0 la mot s6 nguyén. Gid s R/ Anng M la catenary.
Khi dé cdc diéu kién sau la tuong duong.
. . i—dim : 1
(1) 11 AttRP(HIJRp R/p(MP)) = {qu ‘ q € min AttR<Hm(M))7 q g
p}, voi p € Spec(R).
(ii) H (M) théa man tinh chdt (x);

(iii) H;]_{:imR/p(Mp) théa madn tinh chdt (x) véi moi p € Supp(M).

Chitng minh. (i) = (ii) tuong tu nhu ching minh (i) = (iii) cua Dinh ly
4.2.3.

(ii) = (). Ldy qR, € min Attp, (H, ];fimR/ P(M,)). Vi H' (M) thdba man
tinh chat (x) nén H;;zfim R/ p(Mp) cling thda man tinh chat (%) theo Ménh dé
4.2.2. Do d6 theo Dinh 1y 2.1.2,

i—dim 1—dim
Psuppp, R/'O(Mp) = V(Anng, H,p. R/p(Mp)).

Vi vay qR, € min Psuppy, " RI*(M,) theo Ménh dé 1.3.1. Mat khdc theo
Dinh Iy 1.3.4, ta ¢6 q € Attp(HL(M)). Lay q; € min Atty H: (M) thoa
man q O q;. Vi H! (M) théa man tinh chét (x) nén theo Dinh ly 2.1.2,
Psupph(M) = V(Anny H. (M)).
Dodé q; € Psuppj(M). Theo B8 dé4.2.1, tac6 g1 R, € Psuppy, /" (1),
Vi qR, O q1 R, va tinh chét t6i ti€u cta qR,, ta cé q = g;. Vi vay
min AttRp(Hgl_%fimR/p(Mp)) C {qR, | q € min Attz(H: (M)), q C p}.
Ngugc lai, 1dy g C p théa man q € min Attp(H. (M)). Khi d6 theo Ménh
dé 1.3.1, g € min V(Anng H’ (M)). Do d6 q € min Psupp’(M) theo Dinh
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Iy 2.1.2. Theo B8 dé 4.2.1, ta ¢6 qR, € Psuppy, /" (M,). Gié sir

qRy, 2 q1 R, € min PsuppgdimR/p(Mp).
Do vay q D q; va q; € Psupp(M) theo Bé dé 4.2.1. Tinh t6i tiéu clia q
kéo theo g = q;. Do dé

qR, = q1 Ry € min PsuppgdimR/p(Mp).
Theo Ménh dé 4.2.2, H, ];fim RBI*(M,) théa man tinh chat (x). Vi vay theo
Dinh 1y 2.1.2 va Ménh dé 1.3.1,

qR, € min PsuppgdimR/p(Mp) = min AttRp(Hg]}fimR/p(Mp)).
(i) < (ii) theo Ménh dé 4.2.2. =

Hé qua sau chi ra mo6i lién hé giita ciu tric cua vanh va tinh chat dich
chuyén dia phuong clia cic modun d6i dong diéu dia phuong véi gid cuc dai,
tinh chat (%) cho cdc modun doi dong di€u dia phuong véi gia cuc dai cla
mot modun hitu han sinh va tinh chét (x) cho cdc modun doi dong di€u dia

phuong véi gia cuc dai cua dia phuong hoda modun do.
Hé qua 4.2.5. Cdc ménh dé sau la diing:

(i) Néu H. (M) thda man tinh chdt dich chuyén dia phiwong véi moi i thi
vanh R/ Anngr M la catenary phd dung va R/p la khong tron lan véi moi
p € Assp(M).

(ii) Gid su (R, m) la catenary pho dung va c6 cdc thd hinh thiic la Cohen-
Macaulay. Khi do

. i—dim R . i
min Att g, (™ (1)) = {aF, | € min Attp(H3,(M)),q C p)

véi moi i va véi moi p € Spec(R). Hon nita, néu Attg H.(M) =
min Attp H: (M) véi moi i thi H..(M) thda man tinh chdt dich chuyén dia

phuong voi moi 1.
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(iii) H. (M) théa man tinh chdt () véi moi i néu va chi néu HéRp(M)

thoa man tinh chdt (x) véi moi i va voi moi p € Supp(M).

Chiing minh. (i) Vi H. (M) thdéa man tinh chat dich chuyén dia phuong vdi
moi i, nén theo (i) = (ii) cha Dinh 1y 4.2.4, H! (M) thoéa man tinh chat (x)
v6i moi <. Vi vay theo Dinh 1y 2.2.1, R/ Anngp M 1a catenary phé dung va
R/p 1a khong tron lan véi moi p € Assp(M).

(i) Vi (R, m) la catenary ph6 dung va ¢6 cédc thé hinh thitc 1a Cohen-
Macaulay nén theo Hé qua 2.1.3, H! (M) théa min tinh chat (x) v6i moi i.
Do vay khang dinh ddu tién ctia (ii) duoc suy ra theo (ii) = (i) ca Pinh Iy

4.2.4. V6i ménh dé thit hai cua (ii), ta chi can chiing minh
i—dim R . t—dim R
Attg, (Hyp ™ P (My)) = min Att, (Hy ™ 7P (M),

~ i—dim R/p . 1z

Lay qR, € AttRp(HpRp (My)). Khi d6
qR, 2 q' R, € min Attp, (H, "™ P (M)).

Suy ra q D q' € Attr H. (M) theo Dinh Iy 1.3.4. Tir gia thiét, ta suy ra
q = q'. Vivay qR, € min Attp, (H, """ (M)).

(iii) Vi H. (M) thoéa man tinh chat (x) v6i moi ¢ nén theo Dinh 1y 2.2.1
vanh R/ Anng M la catenary. Vi vay theo Ménh dé 4.2.2, ta c¢6 H|, R, (M)
thoa man tinh chat (x) v6i moi ¢ va véi moi p € Supp(M ). Di€u nguoc lai

12 hién nhién. O
4.3 Tap idéan nguyén t6 gan két, tap gia va tap gia gia

Gia st X 1a mot tap con trong Spec(R), ta ky hiéu min X 1a tap cac idéan
t6i tiéu ctia X, X la bao déng clia X theo topo Zariski va X 1a X \ {m}.
Khi R la anh dong cau ctia mot vanh dia phuong Gorenstein, M. Brodmann

va R. Y. Sharp (xem [6, Dinh 1y 11.3.12]) da dua ra mo6i lién hé giita tap cac
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idéan nguyeén t6 gan két va tap gid nhu sau

min{p € Suopp(M) : depth M, + dim R/p =i}

— (min Attg(HL (M) \ U Attr(HL(M)).

Néu Hi (M) thdoa man tinh chat (x) thi theo Pinh 1y 2.1.2 Psuppk(M) =
V(Anng H! (M)). Vivay Psupps(M) = Attz(H{ (M)). Dinh 1y sau chiing

minh lai két qua trén cua M. Brodmann va R. Y. Sharp véi gia thié€t yéu hon,

dong thoi chi ra moi lién hé giita tap cac idéan nguyén t6 gan két, cdc tap
gia gid va tap gia ctia M.
Pinh 1y 4.3.1. Gid siti > 0 la mét s6 nguyén. Khi dé cdc ménh dé sau la
dung.

(i) {p € Supp(M) | depth M, + dim R/p = i}

= Psuppi (M) \ U, Psuppp(M).
(i) Néu HL (M) théa man tinh chdt (*) thi
{p € Attp(HL(M)) |depth M, + dim R/p = i}

— Attg(HL (M) \ | Psuppi(M).
=0

(iii) Néu Hi (M) théa man tinh chdt () voi moi j < i thi

min{p € Supp(M)|depth M, +dim R/p =i }
i—1
= (min Attg(HL(M))) \ | ) V(Anng H(M)).
=0
Chitng minh. (i) Ldy p € Psuppr(M) \ U;;B Psuppl(M). Vi p €
Psupp’ (M) nén Hgl_{:im(R/p)(Mp) # 0. Do dé p € Supp(M) vadepth M, <
i —dim(R/p). Gia st rang

depth M, +dim R/p = j < i.
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Vi depth M, = j — dim R/p nen H, "™ ")(M,) # 0. Tir d6 kéo theo
p € Psupp},(M). Diéu nay trdi v6i gia thiét. Vi vay

1—1
Psupp’ (M)\|_J Psupp} (M) € {p € Supp(M) | depth M,+dim R/p = i}.
j=0

Nguoc lai, 18y p € Supp(M) théa man depth M, + dim R/p = i. Do d6
Hyy ™) (M) 0. Tir d6 ta c6 p € Psuppjy(M). Gia si ton tai j tha
man 0 < j < i vap € Psuppp(M) thi H, P (Ar,) 3£ 0. Diéu nay kéo
theo

depth M, +dim R/p < j < i.
D6 la diéu vo ly. Vi vay
i—1 |
{p € Supp(M) | depth My+dim R/p =i} C Psupp%(M)\U Psupph(M).
j=0

(ii) Vi H! (M) thoa man tinh chat () nén Psupp',(M) = V(Anng H. (M))
theo Dinh 1y 2.1.2. Vi vay chiing minh cta (ii) la twong tu nhu ching minh
cua (1).

(iii) Vi H&(M ) thdéa man tinh chat (%), v6i moi j < i nén theo Dinh 1y
2.1.2, Psuppl(M) = V(Anng Hj(M)) véi moi j < i. Gia skt

p € (min Attr(H. (M))) \ UV(AnnR H' (M)).

Vi thé theo (i), ta c6
1—1

p e Psupp’é(M)\U Psuppj(M) = {p € Supp(M) | depth M,+dim R/p = i}.
j=0

Gia sarang p O q, q € min{p € Supp(M) | depth M, +dim R/p = i}. Lai
theo (i), ta c6 q € Psupp’(M). Mat khic,

p € min Attz(H.(M)) = min Psupph(M).
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Vi vay
p =q € min{p € Supp(M) | depth M, +dim R/p = i}.

Ngugc lai, 14y p € min{p € Supp(M) | depth M, + dim R/p = i}. Do

doé
i1

b € Psuppip(M) \ | Psupph(M) = Psuppip(M) \ | V(Anng 53, (M)
=0 =0

theo (i) va theo gia thuyét. Khi d6 tén tai q € min Psupp’ (M) thdoa min

p O g. Hién nhién ta c6
i1 i1

a ¢ | JV(Anng H](M)) = | | Psuppj(M).

=0 =0
Lai vi H. (M) théa man tinh chét (*) nén theo Pinh Iy 2.1.2 va (ii) cia Ménh
dé 1.3.1, ta c6

q € min Psuppy(M) = min Attz H' (M).

Do vay theo (ii) q € {p € Attg(H.(M))| depth M, + dim R/p = i}. Do
d6 q la phan tir cta tap {p € Supp(M) | depth M, + dim R/p = 4}. Tir tinh

toi ti€u clia p, ta co p = q. O

Chu y ring gia thiét H' (M) théa man tinh chat () trong ménh dé (ii) va
H%(M ) thoa man tinh chat (x) véi moi j < 4 trong (iii) cia Dinh 1y 4.3.1
khong thé bo di duoc. Vi du, xét (R, m) 1a mién nguyén, dia phuong, chiéu
2 dugc xay dung boi M. Ferrand va D. Raynaud [53] thoa man R c6 mot
idean nguyén t6 nhing p chiéu 1. Ta ¢c6 H. (R) khong thda man tinh chat (x)
(xem [12, Vi du 4.1]). D& tinh dugc Psupp%(R) = V(Anng H(R)) = 0.
Vi vay 0 thoc vé trdi ctia cdc cong thiic trong (ii), (iii) nhung né khong thudc
vé€ phai cua cac cong thic do.

Cong thic (iii) trong Dinh 1y 4.3.1 ¢6 mdi lién hé v6i Dinh 1y triét ctia

Faltings. Gia st b C a la cic idéan cta R. Theo thuat ngit cia M. Brodmann
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va R. Y. Sharp [6, Chuong 9], b -chiéu hitu han fb(M) ciia M tuong iing véi

a dugc dinh nghia boi

fA(M) :=inf{i e N:b ¢ /(Anng Hi(M))}
va b-16i tiéu a-do sdau diéu chinh ciia M duogc dinh nghia boi
AY(M) = inf{depth M, + ht(a +p)/p : p € Spec(R) \ V(b)}.

Néu R la catenary phé dung va tit ca cdc thG hinh thitc 12 Cohen-Macaulay
thi Dinh 1y triét ding trén R, nghia la f0(M) = A\Y(M) (xem [6, Bai tap
9.6.6]). Van dung Dinh ly 4.3.1, ta chiing minh lai dugc két qua trén mot
cho truong hgp riéng a = m v6i mot gia thiét khac 1a cic modun d6i dong
diéu H. (M) thda man tinh chét (*). Chi ¥ ring trong Chuong 2 ching t6i da
chi ra luon ton tai mot vanh R catenary nhung khong thoa man dong thai cac
diéu kién R catenary phé dung va R c6 cdc thé hinh thitc 12 Cohen-Macaulay
va trén d6 ton tai R-modun hitu han sinh M ma cdc modun doi dong diéu

v6i gid cuc dai thoa man tinh chat (x).

Heé qua 4.3.2. Gid si H. (M) théa man tinh chdt (%) véi moi i. Gid sit b la
mot idéan ciia R. Khi dé fS(M) = \& (M).

Chiing minh. Goi i va j 1a cac s6 nguyén. Theo [6, Ménh dé 7.2.11], ta c6

VAnng Hi (M) = M p.

pemin Attg HE (M)

Vivay b € \/Anng Hi, (M) néu va chi néu min Attr H, (M) \ V(b) # 0.
Mt khéc b C \/AnnR H},(M) kéo theo V(b) D V(\/AnnR HL(M)). Vi
H,%(M ) thoa man tinh chit (x) nén theo Dinh ly 2.1.2

V(b) 2 V(1/Anng HL(M)) = V(Anng H: (M) = Psupply(M).
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T nhitng khang dinh trén va Pinh 1y 4.3.1, ta c6
Fo(M) = int{i € N: b ¢ \/(Anng Hy(M))}

= inf{i € N: b & \/(Anng Hj(M))andb C \/(AnnR HL(M)),Vj < i}
= inf{i € N : min Attr H' (M) \ [U Psuppp,(M) UV (b)] # 0}
j=0
= inf{i € N : [min Attp H. (M) \ U Psuppp,(M)] \ V(b) # 0}
j=0
= inf{i € N: ¢ =depth M, +dim R/p,p € Supp(M) \ V(b)}
= inf{depth M, + dim R/p,p € Spec(R) \ V(b)}

= AP (M).
Vay fo (M) = AL (M). O

Két luan Chuong 4
Trong chuong nay chiing t6i da thu dugc nhiing két qua sau.
- Dua ra cong thiic boi lién két cho modun d6i dong diéu HY (M) véi i 1a s6

nguyén khong am cho trude dudi gia thi€t H: (M) thda man tinh chat (),

trong do q la idéan m nguyén so.
- Pua ra diéu kién can va du cho tinh chat dich chuyén dia phuong clia modun
doi dong diéu dia phuong cap cao nhat HZ (M) thong qua tinh catenary clia
vanh R/ Anngp HZ(M).
- Pua ra diéu kién can va du dé
. i—dim R . ;

1in AttRP(HpRp /p(MP)) = {qu ‘ q € min AttR(len(M))v q C p}7
vGi p € Spec(R) va i 1a mot s6 nguyén khong am cho trude vé6i di€u kién
vanh R/ Annp M la catenary.
- Dua ra mot lién hé gitta tap cdc idéan nguyén t6 gan két cua cdc modun

do6i dong diéu dia phuong v6i tap gid va cac tap gia gia cua M.
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Két luan cua luan an

1. Dac trung tinh chat goi 1a tinh chat (x) cho modun d6i dong diéu dia
phuong Hi (M) théng qua tap gia gid Psupp’(M).

2. Chi ra cac quan hé gitta tinh chét (x) chia H. (M) va tinh catenary phé dung
cua vanh R/ Annp M, tinh khong tron 1an ctia vanh R/p v6ip € Ass(M).

3. Dic trung tinh chat () ctia modun doi déng diéu dia phuong H: (M) tua
khong tron 1an thong qua tinh catenary ctia vanh co s va chiéu Noether
cta H. (M) .

4. Ung dung cua tinh chat (x) dé dua ra cong thic boi lién két cho HY (M)
va chi ra cdc moi quan hé giita cdc tap idéan nguyén t6 gan két, gia gid va
gid qua dia phuong hoéa.

5. Mot s6 bai todn phdt trién truc tiép ctia luan an: Nghién ciu ciu triic cla
16p vanh dia phuong Noether (R, m) ma cic modun doi dong diéu dia
phuong H! (R) thda man tinh chét (x) v6i moi i; Déc trung 16p vanh dia
phuong Noether (R, m) ma Supp’ (M) 1a déng véi moi R-modun hitu han

sinh M va v6i moi i.
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