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Lol cam doan

To6i xin cam doan day la cong trinh nghién ctu ctia toi. Cac két qua cua luan an la

méi va chua ting dugc ai cong bo trong bat ki cong trinh nao khac.

Tac gia

Lé Manh Ha



Loi cam on

Toi khong thé dién ta hét biang 10i long biét on sau sic cla toi d6i véi co gido TS.
Phan Thi Ha Duong va ciing khong 10i nao c¢6 thé ké hét cong lao ctia Co doi véi
toi. Hon ca mot nguoi huéng dan khoa hoc, Co rén rila toi tiing ngay trong sudt
bon nam toi 1am nghién cu sinh. Tir nhitng ngay ddu tién, k€ tir khi toi chua duoc
hoc nhiéu vé t6 hop, vé todn roi rac, Co di day bdo, chi din t6i mot cdch ti man,
nghiém khéic va kién tri. Va hon c4, t6i luon cam nhan dugc tinh thuong quy, tin
yéu cua Co danh cho t6i, t6i da khong nging phan diu va trudng thanh dudi su
day bao va niém tin yéu dy. D6 1a nhiing tinh cam vo cung quy gia doi vdi toi, 1a
ngudn dong vién vo cung to 16n va s& mai thap sing niém say mé nghién ciu khoa
hoc cta toi. Toi s& con phan ddu nhiéu hon nita dé xiing dang véi cong lao clia Co
da bo ra, xting dang véi niém tin ctia C6 da danh cho toi.

Toi xin bay to 10ong biét on sau sac dén PGS. TS. Phan Trung Huy, thdy da dong
vién gidp dd toi tir nhitng ngay dau tién khi toi vira méi bat ddu thi nghién ctu sinh.
Trong sudt qua trinh lam nghién ctu sinh, t6i luén nhan dugc nhitng gép y, dong
vién clia Thay vé céc két qua ma toi dat dugc & cdc budi xémina ctia Phong. Thay
da doc va gép nhiing y kién xac dang d6i véi ban du thao cua luan dan nay. Toi xin
to long biét on sau sic dén Thay.

Trong qud trinh hoc tap va nghién cttu tai Vién Todn, toi luon nhan dugc su quan
tam sau sic cta PGS. TS Pham Tra An, Thdy Pham Tra An khong nhiing chi bao
toi v€ mat kién thic ma con luon quan tim dén nhitng khé khan trong cudc song
hang ngay. Thay da dua ra y tudng dé gidp toi tim ra mai lién hé giita cdc hé dong
luc roi rac va cac hé tin hoc. Nho d6 to6i da c6 dugc mot s6 két qua cua luan an
& chuong 3. Tuy Thay hién nay da nghi huu nhung Thiy da danh thoi gian dé doc

va goép nhiing y kién xdc dang doi v6i ban du thao cla luan an nay. Nhan dip nay



toi xin chan thanh cam on Thay.

Toi xin cam on cédc thay va cac anh chi em trong xémina cua phong Co s& Toan
hoc ctia tin hoc ctia Vién Todn hoc vé nhitng trao déi, hd trg va chia sé trong khoa
hoc ciing nhu trong cudc song. Pac biét, toi xin chan thanh cim on GS. TS. Ngo
Dac Tan va TS. Lé Cong Thanh da gép nhiing y kién xdc ddng doi véi cac két qua
cua luan 4n thong qua céc budi xémina cua phong.

Toi xin tran trong cam on Vién Toan hoc, cac phong chic nang, Trung tam Dao
tao sau dai hoc ctia Vién Todn hoc da tao di€u kién tot nhat gidp toi hoc tap, nghién
cttu va tham gia mot cdch hiéu quéa cdc budi sinh hoat khoa hoc ctia Vién dé toi c6

thé hoan thanh luan 4n nay.

Toi xin cdm on cdc ban trong xémina "Tinh todn t6 hop va cac hé dong luc roi
rac" vé€ nhitng thao luan va gép y trong cdc budi xémina. Dac biét, toi xin cdm on
ban Pham Vin Trung va ban Tran Thi Thu Huong da cling t6i hoc tap va trao doi
kién thic dudi su huéng dan cua Co gido Phan Thi Ha Duong trong suét hai nam
qua. Ban Tran Thi Thu Huong da doc k§ ban thao cta luan dn va chi ra cdc 16i
trong luan dn. Nhan dip ndy toi tran trong cam on nhiing ¥ kié€n trao d6i cla cac
ban cling nhu nhitng tinh cam cua cdc ban da danh cho t6i trong nhiing lic khé

khan trong cudc song.

To6i xin cam on khoa Toan truong Pai hoc Su pham - Pai hoc Hué da trang bi
cho toi nhitng kién thdc co ban vé toan hoc. Toi xin cam on Ban gidm hiéu truong
Pai hoc Su pham - Pai hoc Hué da cho to6i co hoi duge di hoc tap va nghién ctu.
Toi xin cam on Ban chi nhiém khoa Gido duc Tiéu hoc da tao diéu kién thu xé&p
cong viéc thuan 1gi cho toi trong suot thoi gian toi lam nghién ctu sinh.

Cudi cing t6i mudn bay to long biét on sau sic t6i bo, me, va em géi, nhitng
nguoi da cam thong va chia sé moi kho khan cung t6i suot nhitng nam thang qua

dé toi c6 thé hoan thanh luan 4n nay.
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Mo dau

Nam 1987, Bak, Tang va Wiesenfeld [7, 8] da dua ra van dé dot bién tu t6 chiic
(Self Organization Criticality - SOC) trong vat 1y: khi mot hé dang & trang thdi on
dinh (steady state, critical state) duoc nhi€u bang mot tic dong nho, thi hé s& bién
ddi dén mot trang thai 6n dinh méi. Tac dong nhod nay c6 thé gay nén nhiing bién
ddi 16n ctia hé. Chang han nhu hién tuong tuyét 16 hay hién tuong cét 16, chi can su
chuyén dong nho mang tinh dia phuong cua timg hat (grain) c¢6 thé gay nén nhing
bién d6i 16n toan cuc cla ca nii tuyét hay cdc cot cét (sand piles). Day 1a mot trong
nhiing dac trung cta hién tuong SOC. Hién tugng nay thuong xay ra doi véGi cac hé
vat 1y trong tu nhién va dugc cadc nha Vat 1y hoc trén mo hinh héa thanh mo6 hinh
SPM (Sand Piles Model) ctia todn rdi rac. Tt d6 ¢6 rit nhi€u nghién cidu vé hién
tugng SOC va hé SPM [20], [22], [24] , [25], [26], [27], [28], [30], [44], [78]. H¢
SPM da dugc nghién ciu trong nhicu Iinh vuc khdc nhau véi nhi€u céch ti€p can
khac nhau, dién hinh 1a cdc cong trinh cia Dhar (1990) [20, 21, 25] va Cori, Rossin
(1998) [18] nghién cttu hé SPM bang céch ti€p can dai s6 va lién hé véi cay bao
trum cta d6 thi; Goles va Kiwi [27] nghién ctu cdc diém dimg cua hé SPM. Dic
biét, vao nhitng nam 1990, Bjorner, Lovasz va Shor [4, 5] da nghién ctu hé¢ dong
luc CFG - mot m& rong cia hé SPM - bang céch ti€p can cua ly thuyét ngon ngi;
N. Biggs (1993) [3] nghién cttu tinh hoi tu chia mot s6 hé kinh t€ dé tim ra céc thoi
diém c6 nhitng bién dong 16n. Morvan, Goles va Phan [30, 31, 32, 33, 34, 64] da
st dung céu tric dan dé€ ching minh tinh hoi tu; Phan, Latapy va Lé [52, 54, 57]
da stt dung phuong phap cdy ham sinh nghién cttu cdc mé rong vo han clia mot s

hé co ban, tim ra tinh chat truy hoi cta ching va xay dung mot s6 thuat toan cling



nhu chuong trinh mé phong hé.

Muc dich cua luan an nay 1a nghién ctu cac hé theo huéng ti€p can cau tric cua
khong gian trang thdi. Luan 4n st dung cau tric dan dé tim hi€u tinh hoi tu cla
cac hé méi, vé cdc diém dot bién cta chiing va sit dung k§ thuat dém bang phuong
phdp ECO (Enumeration of Combinatorial Objects) dé tinh toan luc lugng clia hé.
Viéc ching minh cdu tric dan ctia khong gian trang thai (configuration space) ctia
hé cho phép xédc dinh tinh hoi tu va trong mot sd trudong hop cé thé chi ra duoc
diém dimg hay di€ém dot bién clia hé. Ngoai ra, cdu tric dan cho phép xdc dinh tinh
dat dugc: nhitng trang thdi dat dugc tir hai trang thai a va b cho truc c6 thé dat
duoc tir trang thai ¢ = a A b, ¢ 1a can dudi 16n nhat cua a va b. Phuong phap ECO
la phuong phap mdéi [9], [10] rat hitu hiéu trong viéc tinh todn luc lugng ctia cac hé
nho vao cau tric dé quy cua cay ECO, va c¢6 moi lién hé chat ché v4i ham sinh.
Tiép theo, ching toi tim hi€u moi quan hé gilta cic hé CFG va md rong cla né
véi cdc hé tin hoc ndi ti€ng (mang Petri). Mang Petri di duoc dinh nghia tir nhitng
nam 1962 [67], va dd dugc nghién citu trong nhi€u cong trinh [13], [39], [42], [43],
[45], [63], [65], [66], [68], [77]. Viéc ching minh moi lién hé gifta cic h¢ CFG
va mang Petri cho phép sit dung cac phuong phap nghién ctu cling nhu cac thuat
todn cua mang Petri vao nghién cttu cac hé CFG. Cudi cung, ching toi st dung ly
thuyét tap sap thit tu (order theory) dé nghién citu ciu tric thit tw cia khong gian
trang thdi cta cac hé CFG md rong. Dac biét, chiing t6i con tim hiéu mdi lién hé
gitta cac hé¢ CFG mo rong va ly thuyét ludng trong mang dé giai bai toan dat duoc
(reachability problem) cua hé¢ CFG m¢é rong. Bai toan dat duoc 1a mot bai toan
quan trong trong viéc nghién cttu cdc hé. Mot mat n6é cho biét cac trang thai nao
c6 thé xdy ra, cic trang thai nao khong bao gid xay ra. Mat khdc, né cho ta biét
moi quan hé gilta cc trang thdi, tir trang thai nao dugc dén trang thdi nao. Trong
truong hop mang Petri tdng quat, day 1a bai todn md&. Chi ¢6 mot s6 it trudng hop
giai dugc trong thoi gian da thitc, con nhiéu truong hop da duoc chiing minh 1a NP

day dd. Trong luan an, ching toi da xay dung thuat todn giai bai toan dat dugc cta



hé CCFG trong thoi gian O(|V|?), trong d6 V| 1a s6 dinh clia d6 thi nén.

Luan 4n duoc chia 1am 4 chuong. Trong Chuong 1, chiing toi nhiac lai mot s6
kién thic co ban da biét s& duoc sir dung trong luan dn nhu: 1y thuyét tap sip thi
tu, 1y thuyét dan, mot s6 khai niém lién quan dén ly thuyét d6 thi, phuong phap
dém bang ham sinh. Phin cu6i chuong nay sé trinh bay cac khdi niém vé hé dong

roi rac va mot sO bai toan lién quan.
Cac két qua méi cta ching to6i dugc trinh bay trong cac Chuong 2, 3 va 4.

Noi dung cua Chuong 2 dua trén két qua cua bai bao [56]. Trong chuong nay,
chiing to6i nghién cttu mai lién hé giita cic mo hinh cot cat md rong va phan hoach
cta so tu nhién. Hé cot cat (Sand Piles Model - SPM) 1a mot hé dong luc quan trong
duoc dé xuét boi ba nha Vat ly Bak, Tang va Wiesenfield vao nam 1987 [7] dé mo
hinh héa hién tuong dot bién tu t6 chic (Self-Organized Criticality - SOC). Hé SPM
nay da dugc chiing minh 12 mot truong hgp dac biét cua hé Chip Firing Game (CFG)
[30]. Theo cac nghién ctu [20], [21], [27], [28], [30], [31], [33], [34], ... mO hinh
cOt cat c6 lién quan chat ché véi phan hoach ctua so tu nhién. Trong chuong nay,
ching toi s& xét dén cac mo hinh cot cat véi ngudng d cho luat van dong va moi
lién hé cua chiing véi cac phan hoach d-chat cua s tu nhién. Phuong phap chinh
dugc st dung & day 1a phuong phap ECO (Enumeration of Combinatorial Objects),
mot phuong phap tinh todn t6 hop st dung cay sinh va dugc phét trién trong nhitng
nam gan day [9], [10]. Phuong phap nay cho phép ching to6i chiing minh céu tric
cta khong gian trang thdi va tinh todn s6 cdc trang thdi ciia mo hinh. Bén canh do,
nho ¢6 phuong phap nay ching toi cling nghién ctru duogc cdu tric dé quy cua tap

cic phan hoach d-chat va dua ra chitng minh cho mot sé dang thiic té hop.

Chuong 3 nghién citu vé méi quan hé gitta cdc hé CFG va mang Petri. Noi dung
ctia chuong nay dua trén két qua cua bai bao [58]. Trong phan dau chuong 3, ching
toi nhac lai cdc két qua da biet vé hé dong luc CFG va cdc mé rong cia nd. Tiép

theo ching t6i chiing minh song anh giita cic h¢ CFG va mot s6 mang Petri dac



biét.

Chuong 4 cta luan an duoc viét dua trén két qua ctua cac bai bao [53, 55, 59].
Trong chuong nay ching toi nghién ctru cau tric khong gian trang thai va bai toan
dat dugc cua hé dong luc CCFG (Conflicting Chip Firing Game - CFG tuong
tranh) - mot m& rong cta hé dong luc CFG. Phan dau chuong nay chiing toi nhac
lai bai toan dat dugc ciia mot s6 mang Petri dac biét. Phan ti€p theo ctia Chuong 4,
ching t6i nghién ctu cau tric tha tu ciia khong gian trang thai cua hé CCFG trén
d6 thi c¢6 huéng khong chu trinh. Ching to6i dua ra khdi niém ho nang luong cla
cac trang thai ctia hé dé dic trung cho thi tu cta khong gian trang thdi va chiing
toi xay dung thuat toan dé xac dinh thd tu ndy. Phan cudi chuong nay, chdng toi
nghién cttu bai toan dat dugc cia hé CCFG trén d6 thi c6 huéng téng quat. Chung
toi dua ra khai niém mang vdn tdi tuong ing véi trang thai ctia hé dé dac trung cho
tinh dat dugc cua hé¢ CCFG. Ching t6i sit dung thuat todn Push-Relabel, mot bién
thé ctia thuat toan Ford-Fulkerson d€ giai bai todn dat dugc cia hé CCFG trong thoi

gian O(m3) v6i m 1a s6 dinh cua d6 thi nén ctia h¢ CCFG.

Trong phan két luan cta luan 4n, chdng toi tém tat lai cdc két qua da dat dugc

va néu mot s6 huéng nghién ciu tiép theo.



Chuong 1

Kién thic chuan bi

Trong chuong nay ching toi trinh bay mot s6 kién thiic co s& va mot s6 két qua
da biét vé tap sip tha tu, dan, ham sinh, d6 thi va mot s6 khdi niém va bai todn
trong 1y thuyét hé dong luc rdi rac nham gitp cho viéc trinh bay cdc két qua trong
cac chuong sau. Cac kién thic trong chuong nay dugc tham khao trong cac tai liéu

[1, 11, 23, 73, 75, 76, 80].

1.1 Tap thd tu - Dan

1.1.1 Tap thi tu

Dinh nghia 1.1.1. Cho P 1a mot tap hop. Mot thir tw (hay thir tw bé phdn) trén P

la mot quan hé hai ngo6i < trén P thoa man 3 tinh chat sau v6i moi z,y, z € P,
+ Tinh phan xa: z < z,
+ Tinh phan déi xing: néu x <y vay <z thi z =y,
+ Tinh bac cdu: néu z <y vay < z thi z < 2.

Mot tap P dugc trang bi quan hé tht tu < duoc goi la mot tdp thir tw (ordered
set) hay la tdp thir tw bo phdn (partially ordered set) va ky hiéu la (P, <) khi can

nhac dén quan hé thit tuw <.

Cho P la mot tap tha tu va Q 1a mot tap con cta P. Khi d6 trén () cam sinh



mot tht tu tt P nhu sau: v6i moi z,y € Q,z < y trong ¢ khi va chi khi x <y

trong P, va ta goi (@, <) 1a mot tap thi tu con cla (P, <).

Tir day tré vé sau ta ky hiéu P 1a mot tap thi tu.

DPinh nghia 1.1.2. Cho P la mot tap thi tu. Khi d6 P dugc goi 1a mot ddy chuyén
(chain) n€u v6i moi z,y € P ta ¢c6 x < y hoac y < z, tic 1a hai phan t&r bat
ky trong P déu so sanh dugc vGi nhau. Tap thi tu P dugc goi 1a mot phdn xich
(antichain) néu véi moi x,y € P ma x < y thi x = y, tic 1a hai phan ti bat ky

khéc nhau trong P khong so sdnh duoc v6i nhau.

Pinh nghia 1.1.3. Cho P 1a mot tap thd tu, z,y € P. Ta néi rang phdn 1t y phii
phdn tir x (y covers x) va Ky hiéu la z < y hay y > x néu x < y va véi moi z € P

mazx<z<ythiz=z

Biéu do Hasse (Hasse diagrams): Cho P 1a mot tap thit tu hitu han. Khi dé6 ta
c6 thé biéu dién cdc phan tir clia P bdi cac hinh tron nho hay céc di€ém va cic doan
thang noi gilta cdc phan ti ctia P dé chi quan hé phi. Biéu d6 Hasse biéu dién tap
thit tuv P dugc xay dung nhu sau:

+ V6i mdi phéan tir z € P, cho tuong tng v6i mot diém P(z) trong mat phang
R2.

+ V6i mbi quan hé phi z < y, vé& doan thang ¢(z,y) n6i diém P(z) véi P(y)
sao cho P(x) thip hon (theo nghia toa do thit hai cia P(x) nhd hon) P(y).

Sau day 1a mot s6 vi du:

a [ i
b d I
2 4 2

Hinh 1.1: Mot s6 vi du vé tap thi tu.

2



MGoi quan hé giita cac tap thi tu duoc nhac lai trong dinh nghia sau
Dinh nghia 1.1.4. Cho P va @) la cac tap tha tu. Khi d6, anh xa ¢ : P — () duoc
goi la

(1) bdao toan thit tu (order-preserving) néu v6i moi x,y € P ma z < y thi
¢(x) < ¢(y) trong Q,

(ii) mot phép nhiing thit tu (order embedding) néu véi moi z,y € P, x < y khi

va chi khi ¢(x) < ¢(y) trong Q,
(iii) mot dang cdu thir tw (order isomorphism) néu ¢ 1a mot phép nhing thi tu
va ¢ la mot song anh.
Néu ¢ la mot phép nhing thi tu thi ta ky hiéu ¢ : P — (). Néu ton tai mot
dang cau thit ty gita P va () thi ta néi P dang cau véi @ va ky hiéu 1a P = Q.
Mot trong nhitng ho tap thit tu quan trong 1a ideal thir tw (order ideal) va loc thir
tu (order filter) dugc nhac lai trong dinh nghia sau:
Dinh nghia 1.1.5. Cho P la mot tap thit tu va () 1a mot tap con cta P. Khi do:
(1) @ dugc goi la mot ideal thit tu (order ideal) néu v6i moi z € Q,y € P ma
y<wzthiyedl,
(il) @ duogc goi 1a mot loc thir tu (order filter) néu véi moi x € Q,y € P ma

y>xthiy €Q.

Tu dinh nghia trén ta thdy rang () 1a ideal tha tu khi va chi khi P\ @ 1a loc tha
tw. Sau nay, dé cho gon, doi khi ta néi ideal (tuong tng, loc) thay cho ideal thit tu
(twong tng, loc thit tu). Bay gio, véi Q C P,z € P ta c¢6 cac ky hiéu sau:

1Q:={yePPrecQ :y<2},1Q:={yePBrecQ:y=>ua},

le={yePly<z},Tz:={y € Ply>zx}.

Tu cdc dinh nghia ndy, ta dé dang kiém tra duoc | @ 1a ideal bé nhat chita (Q va

T @ 1a loc bé nhat chita (). | ) (twong tng, T ()) con dugc goi la ideal (tuong tUng,



loc) thit tu sinh boi (). Ho tat ca cac ideal (twong tng, loc) cua P duoc ky hiéu la
O(P) (tuong tng, F(P)). O(P) va F(P) cing la cac tap thit tu v6i quan hé tha
tu bao ham tap hop.

Ti€p theo, chiing t6i s& nhic lai dinh nghia mot s6 phan tir dac biét cua tap thi
tu nhu phan tir nho nhat, 16n nhat, cuc dai, cuc tiéu.
DPinh nghia 1.1.6. Cho P la mét tap thi tu va Q C P. Khi d6

(i) phan to @ € @ dugc goi 1a phan tir cuc dai cia (Q n€u véi moi x € () ma

a<zthizr=a,

(i1) phan tit a € ) dugc goi 1a phan tu Ion nhdt cua (Q néu v6i moi = € () ta co

z <a.

Céc khai niém phan tir cuc tiéu va phan tr nhod nhat duge dinh nghia doi ngau.

1.1.2 Dan

Mot s6 tinh chét quan trong cla tap thit tw P dugc thé hién boi su ton tai clia can
trén va can dudi cua cac tap con cua P. Cac tinh chat nay cho phép ta dinh nghia
khdi niém dan va dan ddy d4. Trudéc hét ta c6 cac dinh nghia v€ can trén va can
dudi.
Dinh nghia 1.1.7. Cho P la mot tap tha tu va S C P. Phan to z € P duogc goi la
mot cdn trén cia S néu s < x v6i moi s € S. Phan ta x € P dugc goi 1a cdn trén
nho nhdt cua S néu

+ x 1a mot can trén ctua S, va

+ x < y v6i moi can trén y cua S.

Khai niém cdn dudi va cdn dudi lon nhdt duge dinh nghia doi ngau.

Can trén nhd nhat (tuong tng, can dudi 16n nhit) cta tap S (néu ton tai) duoc

ky hiéu 1a \/ S (twong tng, /\ S). Pac biét, can trén nho nhat (tuong tng, can dudi



16n nhat) ctia hai phan t x va y dugc ky hiéu l1a x V y (twong tng, = A y).

Sau day, chiing ta s€ quan tam dén cac tap thi tu P ma v6i moi phan t x,y € P
déu ton tai can trén nho nhat va can duéi 16n nhat.
Pinh nghia 1.1.8. Cho L la mot tap thi tu khac rong. Khi dé

(i) Néu z Vy va x Ay ton tai véi moi x,y € L thi L duoc goi 1a mot dan (lattice).

(ii) Néu \/ S va A S ton tai v6i moi S C L thi L dugc goi 1a mot dan ddy du

(complete lattice).

Ns M, M;

Hinh 1.2: Mot s6 vi du vé cdc dan.

Néu L la mot dan thi cic toan tr V va A 1a cac phép toan hai ngoi trén L. Khi
d6 ta c6 cau tric dai s6 (L, V,A). Cau tric dan con dugc dinh nghia nhu sau:

Dinh nghia 1.1.9. Cho L 1a mét dan, M 1a mot tp con cua L. Khi d6 M dugc goi

la mot dan con cua dan L néu v6i moi a,b € M,tac6aVvVbe M vaaANbe M.
Nhu vay, mot tap con cua L la dan con ctia dan L néu n6 déng doi véi cac phép
todn V, A.

Dan L duoc goi la c¢6 phan to don vi néu ton tai 1 € L sao cho véi moi
a € Lya =aA1l. Daoinglu lai, dan L dugc goi la ¢6 phan tir khong néu ton tai
0 € Lsaochovéimoiaée L,a=aVO.

Mot dan hitu han luon bi chan b6i 0 = A Lval=\/L.

Giong nhu moéi quan hé gitta cac tap tha tu, cic dan quan hé véi nhau thong qua

céc anh xa va dugc thé hién qua dinh nghia sau day:
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Pinh nghia 1.1.10. Cho L va K la cac dan. Khi d6, anh xa f : L — K duoc goi
la mot dong cdu hay dong cdu dan néu [ bao toan cac phép todn V va A, tuc Ia,

véi moi a, b, c € L:
flavb) = fla)V f(b) va f(a Ab) = f(a) A f(b).
Néu dong cau f : L — K 1a mot song 4nh thi ta ¢6 dang cdu dan L = K.

Néu déng cau f : L — K la mot don anh thi dan con f(L) cta dan K déng cau

v6i dan L va ta n6éi f la mot phép nhiing (dan) L vao K.

Néu L va K 1a cac dan bi chan béi 0 va 1 thi ta thuong xét cicanhxa f : L — K
bao toan 0 va 1, tic la f(0) =0, f(1) = 1. Céc anh xa nay dugc goi la ciac {0, 1}-
dong cau.

Mot s6 tinh chat cia dong cau dan duoc thé hién trong ménh dé sau:

Ménh dé 1.1.11. Cho L, K la cdc dan va f : L — K la mot anh xa. Khi do:

(i) Cdc khdng dinh sau la tuong duong:

(a) f bdo toan thit tu;

(b) (Va,b € L)f(aVb) = f(a)V f(b);

(c) (Va,b € L)f(a Ab) < f(a) A f(b);

Ddc biét, néu f la mot dong cdu dan thi f bdo toan thit tu.

(ii) Cdc khdng dinh sau la twong duong:

(a) f la dang cdu thit tu;

(b) f la song dnh va la phép nhung thir tu;

(c) f la ddng cdu dan.

Mot trong nhiing 16p dan c6 nhi€u tng dung 12 dan modula va dan phan phoi.

Cac 16p dan nay la khong gian trang thai ctia mot s6 hé dong luc duogc xét dén

trong cdc chuong sau. Sau day, ching toi nhac lai tinh chit modula va tinh chat
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phan phéi ctia dan cling nhu cac dac trung cua ching.

Pinh nghia 1.1.12. Cho L la mot dan. Khi dé L duoc goi la
(i) dan phdn phéi néu L théa man luat phan phoi:
Va,b,ce LyaN(bVec)=(aNb)V(aAec).

(ii) dan modula néu L thdéa man luat modula:

Va,b,ce Lya>c=aN(bVec)=(aNb)Vec.

Nhu vay, n€u mot dan 1a phan phoi thi modula. Nguoc lai thi khong ding. Ton
tai nhiing dan modula nhung khong phan phoi.
Vi du 1.1.13. Dan Ms; (diamond) la dan modula nhung khong phdn phoi. Dan N

(pentagon) khong phdi la dan modula va do dé ciing khong la dan phdn phoi.

Pac trung cua dan modula va dan phan phoi dugc trinh bay trong Dinh 1y sau
day. Dinh 1y nay c6 tén goi l1a Dinh ly M3 — N5 vi cdc dan M3 va N5 dac trung
cho tinh chat modula va tinh chit phan phoi.

Dinh ly 1.1.14. Cho L la mot dan. Khi do:

(i) Dan L khéng phai la dan modula khi va chi khi L chita dan N5 nhu la mot
dan con.

(ii) Dan L khong phdi la dan phdn phoi khi va chi khi L chita dan Ms hodc dan

N5 nhuw la mot dan con.

Mot 16p dan dong vai tro quan trong trong viéc nghién cttu cau tric dai sO cua
dan va dng dung nhiéu trong khoa hoc mdy tinh 1a 16p dan Bun (Boolean lattice).
Dé dinh nghia dan Bun truéc hét ta dinh nghia phan tr bu (complement) clia mot
phan ti.

DPinh nghia 1.1.15. Cho L la dan ¢6 0 va 1, a 1a mot phan tr cua L. Khi d6, phan
ta b € L duoc goi la duogc goi la phan tir bu (complement) cua a néu a A b = 0 va

a Vb= 1. Néu a ¢6 duy nhat mot phan tir bu thi ta ky hiéu phan tr bu cta a 1a o’
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Dinh nghia 1.1.16. Dan L duogc goi la dan Bun (Boolean lattice) néu:
(i) L 1a dan phan phoi,
(1) L c60val,

(iii) mo6i phan tir @ € L ¢6 duy nhat phan tir bu o’ € L.

Nhu vay, dan Bun 1a mot dan phan phoi dac biét, trong d6 c6 chia cac phan tu

0,1 va toan tir 18y phan bu ’ 1a mot phan trong céu tric cua dan Bun.

Mot vi du don gian nhat vé dan Bun 1a dan P(X) céc tap con cta tap X. Trong
dan nay, phan tir 0 chinh 1a tap hgp roéng, phan to 1 chinh la X, méi phan thr

A € P(X) c6 phan tir bu chinh 1a tap hop X \ A, phan bu cta tap A trong tap X.

Mot két qué da biét vé biéu dién dan hitu han la: moi dan Bun hitu han déu dang
céu v6i dan P(X), v6i mot X nao ddy. Dan P(X) con c6 tén goi la dan siéu khoi

(hypercube).

Mot dan dugc goi l1a ntra phan phéi trén (upper locally distributive), ky hiéu 1a
ULD [62], néu mdi doan giita moOt phan tir va can trén bé nhat ctia cdc phu trén
(upper cover) cua né la mot siéu khéi. Dan nua phan phdi dudi (lower locally
distributive - LLD) dugc dinh nghia d6i ngdu. Mot trong nhitng dac trung cua tinh
chat phan phoi 1a [74]: dan L la dan phdn phéi khi va chi khi L vita la dan LLD
vita la dan ULD.

1.2 Mot so kién thiic co ban vé 1y thuyét do thi
Trong phan nay ching to6i nhac lai mot s6 khai niém lién quan dén ly thuyét do thi
s€ st dung trong cidc chuong sau.

DPinh nghia 1.2.1. Mot do thi vo hudng 1a mot cap co tha tu G = (V) E), 6 day V

la mot tap, F' 1a tap v6i cac phan tir 1a cac da tap 2 phan ti trén V.



13

Cac phan tu cia V' goi la cac dinh, con cac phan tr cua £ dugc goi 1a cac canh
cua do6 thi vo huéng G. Néu e = {a,b} 1a mot canh ciia G thi a va b dugc goi 1a
cac dinh dau mut cua cua canh e hay cdc dinh lién thudc voi e. Ta thuong ky hiéu

canh {a,b} ngan gon la ab.

Pinh nghia 1.2.2. Mot do thi ¢6 hudng 1a mot cap cé thi tu G = (V) E), & day V
1a mot tap, £ 1a mot tap con cula tap tich Dé-cac V' x V, tic 1a E 1a mot quan hé
hai ngoi trén V.

Cac phan tu ctia V' goi la cac dinh, con cac phan tlr cia E dugc goi 1a cac cung
ctia d6 thi ¢6 huéng G. Cu thé hon, néu (a,b) € E thi (a,b) duge goi 1a cung ctia

GG v6i dinh dau la a, dinh cu6i 1a b va c6 hudng di tir a dén b.

Do thi ¢6 huéng dugc dinh nghia nhu trén cling thuong duoc goi 1a don do thi
c6 huong. Ly do 1a vi v6i hai dinh a va b bét ky ton tai nhiéu nhat mot cung véi
dinh diu 1a a va dinh cué6i 1a b. Tuong tu, do thi vo huéng dugc dinh nghia nhu

trén ciing duoc goi la don do thi vé huong.

Trong trudng hop gilta cac cap dinh c6 thé ¢6 nhiéu cung (d6 thi c6 hudng) hay
nhi€u canh (d6 thi vo hudng), thi ta c6 khai niém da do thi dugc dinh nghia nhu

sau.

Pinh nghia 1.2.3. Mot da do thi vo huong G 1a mot cap c6 thi tu G = (V, E), &
day V 1a mot tap con E 1a mot da tap v6i cdac phan tir déu 1a da tap 2 phan th trén
V. Tuong tw, moOt da do thi ¢6 huong G 1a mot cap c6 thi tw G = (V, E), § day V

1a mot tap con F 1a mot da tap vé6i cac phan tir déu thudc tich Dé-cic V' x V.

Ngudi ta thuong biéu dién do thi trén mat phiang nhu sau. Cic dinh clia G duoc
biéu dién biang céc vong tron nhod, cdc canh (hay cung) duoc biéu dién bang mot
dudng cong ndi cdc dinh v6i canh, miii tén dé chi hudng tir dinh dau dén dinh cuéi
doi v6i do thi ¢6 hudng.

C6 nhitng d6 thi khdc nhau nhung sau khi déi tén cac dinh cta cdc d6 thi dé
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Hinh 1.3: Vi du vé da d6 thi vo hudng (trdi) va da d6 thi ¢6 hudng (phai).

| ﬁ | | ﬁc
b d b d
Hinh 1.4: Vi du vé d6 thi vo huéng (trdi) va do6 thi c6 huéng (phéi).

thi ching lai tring nhau. Nhitng d6 thi nhu thé duoc goi 1a ddng cdu va trong 1y
thuyét do thi ta thuong déng nhat chiing. Cu thé hon, do thi ¢6 huéng (tuong tng,
vo huéng) G = (V, E) va G' = (V', E') dugc goi 1a ddng cdu véi nhau néu ton tai
song d4nh ¢ : V — V' sao cho (a,b) € E (tuong ung, {a,b} € F) khi va chi khi
(p(a),p(b)) € E' (tuong tng, {¢(a),p(b)} € E’). Song dnh ¢ nhu trén dugc goi
12 dang cau cta G va G’. Hai dé thi dang cau vé6i nhau G va G’ duoc ky hiéu 1a

G=G.

Pinh nghia 1.2.4. D6 thi G’ = (V, E') duoc g0i 13 d6 thi con ciia d6 thi G = (V, E)
néu V' CVva E' CE. Do thi con G'= (V' E') cua d6 thi G = (V, E) dugc goi
1a do thi con bao trim cia G néu V' = V. Néu E’ chia tat ca cidc cung hay cdc
canh ciia GG, ma ca hai dinh lién thuoc cta né déu thuoc V' thi G' = (V' E') duoc
goi 1a do thi con cua G = (V, E) cdm sinh bdi tap dinh V'. Khi d6, G’ cling duoc
ky hieu Ia G’ = G[V].

Pinh nghia 1.2.5. Gia st G = (V, E) la mot d6 thi ¢6 huéng. Mot duong di cé
huong trong G 1la mdt day vyv1vs ... v, sao cho v; € V véimoi ¢ =0,1,...,n va

(vi—1,v;) € Ev6imoii=0,1,...,n.

Trong dinh nghia trén, dinh vy dugc goi la dinh dau, con v, dugc goi la dinh
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cudi trong duong di ¢c6 hudng vovivs ... v,. MOt chu trinh ¢6 huong 1la mot duong
di c6 hudng v6i dinh dau va dinh cudi tring nhau. Khai niém duong di vé huong

va chu trinh vo huong dugc dinh nghia tuong tu.

Pinh nghia 1.2.6. Cho d6 thi vo huéng G. Bdc (degree) cua dinh v, ky hiéu dg(v)

hay deg(v) 1a s6 canh lién thuoc véi v, trong d6 khuyén dugc tinh hai lan.

Pinh nghia 1.2.7. Cho d6 thi c¢6 huéng G. Bdc di ra (out-degree) cua dinh v, ky
hiéu deg™’(v), 1a s6 cung xuét phat tir dinh v. Bdc di vao (in-degree) cia dinh v,
ky hiéu deg™ (v), 12 s6 cung di vao dinh v. Bdc cha dinh v 1a téng bac di ra va bac

di vao clia dinh d6: deg(v) = deg™ (v) + deg™ (v).

DPinh nghia 1.2.8. D6 thi (c6 hudng, vo hudng) G dugc goi la lién théng néu giita
hai dinh bat ky déu ton tai mot duong di vo hudng. D6 thi ¢ hudng G goi la lién

théng manh néu gitta hai dinh bat ky déu ton tai mot dudng di c6 hudng.

Tap S C V cta mot do thi (c6 hudng, vo huéng) G = (V, E') dugc goi 1a mot
thanh phdn lién thong cta G, néu G[S] lién thong va véi moi V' C V va V' thuc

su chita S, d6 thi G[V'] 1a khong lién thong.

Tuong tu, tap S C V ciia mot do thi ¢6 hudng G = (V, E') dugc goi 1a mot thanh
phdn lién thong manh cta G néu G[S] lién thong manh va véimoi V' CV va V'

thuc su chita S, d6 thi G [VN] la khong lién thong manh.

Pinh nghia 1.2.9. Cho d6 thi c¢6 huéng G = (V, E'). Mot Thanh phdan dong (closed
component) S cua do thi G 1a mot thanh phan lién thong manh S C V' ma khong
c6 cung ra ngoai, tic 1a khong ton tai cung nao tir mot dinh bat ky trong S dén mot

dinh bat ky trong V' \ S.

Vi du 1.2.10. Do thi ¢6 huong G gom 3 thanh phan lién thong (Hinh 1.5) trong
dé c6 ba thanh phan lién thong manh la {vy, v, v3,v4}, {vs, ve, v7}, {8, Vo, v10} Va

hai thanh phan déng la {vy,v2,vs,v4}, {vs, Vg, v10}.
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V1

V10

Hinh 1.5: Vi du vé d6 thi ¢6 hudng.

1.3 Ham sinh

Trong phin nay chiing toi nhac lai phuong phdp dém rit hitu hiéu l1a phuong phap
dém dung ham sinh. Khai niém quan trong lam co s& cho viéc nghién cttu va phat
trién phuong phdp nay 1a chudi lily thira hinh thitc. Bing céc phép todn dugc dinh
nghia trén cdc d6i tuong nay ta c6 thé bién chiing thanh mot cau tric dai s6. Vi thé
ma ta st dung dugc cic cong cu ciing nhu cac két qua clia cac linh vuc toan hoc
khdc vao viéc gidi quyét cdc bai toan dém trong t6 hop. Gia st cAn dém doi tuong t6
hop phu thudc vao s6 tu nhién n. Goi a,, 12 s6 céc doi tuong t6 hop nay. Ta can phai
biéu dién a,, du6i dang tudng minh theo n. Hai loai hAm sinh thudng dung 13 ham
sinh thuong (ordinary generating function) va ham sinh mii (exponential generating
function). Sau day, ching toi chi trinh bay khai niém ham sinh thuong, duoc su

dung trong cic chuong sau.

Ham sinh thuong cla day s6 (a,)° 1a chudi lity thira hinh thic > a,2"; trong
do6 a,, goi la hé so cua z".

Sau do, bang céc phuong phdp dai s6 va giai tich, ta ¢6 thé tinh duoc ham sinh

A(z). Ta diung khai trién Taylor clia A(z):
A(x) :b()—l-bll‘—l—bgil,‘Q—l—...

Tir dinh nghia ham sinh A(z) va khai trién nay, ta ¢6 a,, = b, va do d6 ta c6 cong
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thic tuong minh cho a,,.

Ky hiéu C[[z]] 1a tap tat ca cdc chubi liy thira hinh thic, hé s6 phic. Khi do,
theo quan diém dai s6 giao hodn, C[[x]] 124 mot vanh dia phuong chinh quy ddy du
mot chiéu. DE x4c dinh su ton tai clia cic chudi liiy thira hinh thic, ching t6i trinh

bay khai niém hgi tu trong C[[z]].

Pinh nghia 1.3.1. Cho Fi(x), F5(x), ... 1a mot ddy céc chudi lily thita hinh thic va
F(x) =3,50an2" € C[[x]]. Khi d6, ta néi day F;(x) hoi tu vé F(z) khi i — oo,
(ky hiéu l1a F;(x) — F(x)), n€u v6i moi n > 0, ton tai d(n) sao cho cac hé so cua

x™ trong F;(x) 1a a, v6i moi i > §(n).

Mot dinh nghia tuong duong vé su hoi tu trong C[[z]] nhu sau: Trudc hét, ta dinh
nghia bdc cua chudi liiy thira hinh thic F(z) = ) -, a,2", ky hiéu deg F(x),
la s6 tu nhién n nho nhat sao cho a, # 0. Khi d6, F;(x) hoi tu khi va chi khi
lim; . deg(Fii1 () — Fi(z)) = 0.

Ta dinh nghia tong vo han .. Fj() c6 gid tri F'(x) n€u Z;:o Fi(z) — F(z).
Ta cling dinh nghia tuong ty cho trudng hop tich vo han [ [, Fj(z). Trong trudng

hop tich vo han, ta gia thi€t méi phan tt F;(x) théa man F;(0) = 1.

Tir cdc dinh nghia trén ta c6 hai ménh dé sau:

Ménh dé 1.3.2. Téng vé han ijo Fj(z) hoi tu khi va chi khi lim;_, deg F;(z) =

Q.

Ménh dé 1.3.3. Tich vo han [[;5,(1 + Fj(x)), véi F;(0) hoi tu khi va chi khi

lim;_, o deg Fj(z) = oo.

Dé két thiic phan nay ching toi trinh bay mot vi du vé ham sinh.

Vi du 1.3.4. Tim cong thitc tuong minh cho cdc sé Fibonaci: ay = a1 = 1,a, =

Ap—1 + Qp_o VOi N > 2.
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Ta sé tim ham sinh cho day so Fibonaci {ay,}n>0. Ta ¢

F(x) = Zanxn =142+ Zana:” =1+z+ Z(an_z + ap_1)x"

n>0 n>2 n>2
=1l4+z+zx Z 12" + 2 Z por" 2 =1+x+z(F(zx) — 1) + 2°F(z).
n>2 n>2
Gidi phuong trinh nay ta dugc F(x) = ;—%—. Khai trién Taylor ciia ham F(x) ta

7z

1 ((1+v5)  [(1-v5)\ ,
-2 ((5%) - (57) )

St dung dong nhdt thiic ta c¢é cong thiic tuong minh cho a,:
1 ((1+v5\ [1-v5)
ap, = —= - :
V5 2 2

1.4 Hé dong luc roi rac

Trong phan nay chiing to6i trinh bay mot s6 khai niém va mot s6 bai todn cta hé
dong luc roi rac. Trudc hét chiing t6i c6 dinh nghia tong quat vé hé dong luc roi

rac.

Dinh nghia 1.4.1. Hé dong luc roi rac (discrete dynamical system) & la mot hé
gém khong gian trang thdi M va tap cac luat van dong R. Céc luat van dong cho
phép ta dat duoc cac trang thdi mdi tu cic trang thai truéec d6. Mot cach hinh thic,

hé dong luc r6i rac 1la mot bo ba S = (M, R, N), trong do:
+ khong gian trang thai cia hé M 1a mot tap haop,

+ R 1a tap cdc ham ¢ : N x M — 2M thda man ¢(to, ¢(t1, 7)) = ¢(t1 + to, 1)

véi moi t1,t5 € N va v6i moi z € M.

Do thi dat duoc (reachability graph) cia mot hé dong luc roi rac 1a mot do
thi ¢6 huéng xdc dinh nhu sau: mdi dinh clia do thi biéu dién mot trang thai
(configuration) cia hé. Mot cung c¢6 dinh ddu bi€u dién trang thdi a va dinh cu6i

biéu dién trang thdi b néu ton tai ¢ € R sao cho b € ¢(1,a). Trong trudng hgp ndy
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ta noi b dat duoc (hay nhdn duoc) truc tiép tit a, tic 1a trang thai b nhan duoc tir
trang thai a bang cdch dp dung luat van dong mot 1an. Ta ciing néi a 1a trang thai
ké trudc (predecessor) trang thdi b hay a phu (cover) b va b dugc goi 1a mot trang
thdi ké" sau (successor) cua a, ky hiéu la @ > b hay b < a. Trang thai b duoc goi
1a dat duoc (hay nhdn duoc) (reachable) tir trang thai a néu b nhan dugc tir a bang

cach dp dung mot day cic luat van dong.

Mot trang thai dat dugc (tir trang thdi ban ddu) ma tai d6 khong thé 4p dung luat
van dong goi 1a diém dimg (fixed point) cuia hé. Hé dong luc duoc goi 1a hoi tu néu
c6 ding mot diém ding.

Sau day ching ta s& phat biéu mot s6 bai toan dat duoc (reachability problem)

ctia hé dong luc roi rac:

+ Bai toan ¢ dat dugc (¢-reachability): Cho hé dong luc roi rac S; a, b 1a hai
trang thai cta hé, ¢ 12 mot s6 nguyén duong. Hiy xdc dinh xem bét dau tir trang

thai a, h¢ S c6 dat dugc trang thai b sau khong qua ¢ budc hay khong.

+ Bai toan dat duogc (reachability): Cho hé dong luc roi rac S; a, b 1a hai trang
thdi clia hé. Hay xdc dinh xem bat ddu tir trang thai a, hé S ¢6 dat dugc trang thai

b hay khong?

+ Bai toan xac dinh tinh dung (fixed point reachability): Cho hé dong luc roi
rac S va O 1a mot trang thai clia hé. Hay xdc dinh xem bat dau tir trang thdi O, hé

S ¢6 dung hay khong? Néu hé dimg thi hdy x4c dinh diém dimg.

Trong luan an nay ching t6i quan tam dén bai toan xac dinh tinh ding khi nghién
cttu cac phan hoach cua s6 tu nhién trong chuong 2, bai toan dat duogc cua hé dong
luc CCFG trong chuong 4, va cdu tric khong gian (hay do thi dat duoc) cta cac hé

CFG va cac mé rong ctia né trong chuong 3 va 4.
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Chuong 2

Mo hinh cét cat va phan hoach cua so
tu nhién

Trong chuong nay, chiing to6i nghién cttu moi lién hé giita cic mo hinh cot cat mé
rong va phan hoach cta s6 tu nhién. Hé cot cat (Sand Piles Model - SPM) 1a mot
hé dong luc quan trong dugc dé xuat boi ba nha Vat 1y Bak, Tang va Wiesenfield
vao nam 1987 [7] dé mo hinh héa hién tugng dot bién tu t6 chiic (Self-Organized
Criticality - SOC). H¢ SPM nay da dugc chitng minh la mot truong hop dac biét
ctia hé Chip Firing Game (CFG) [30] (cdc két qua vé hé CFG va cdc md rong cla
né s€ dugc trinh bay trong cic Chuong 3 va 4 cua luan 4n). Theo cidc nghién ciu
[20], [21], [27], [28], [30], [31], [33], [34], ... m0 hinh cdt cét co lién quan chat
ché véi phan hoach cta so tu nhién. Trong chuong nay, ching toi sé xét dén cac mo
hinh cot cat v6i ngudng d cho luat van dong va maéi lién hé cua ching véi cac phan
hoach d-chat clia s6 tu nhién. Phuong phap chinh duoc st dung & day la phuong
phdp ECO (Enumeration of Combinatorial Objects), mot phuong phdp tinh todn t6
hop str dung cay sinh va duoc phét trién trong nhitng nam gan day [9], [10]. Phuong
phap nay cho phép ching toi chiing minh cau tric cua khong gian trang thai va tinh
todn s cdc trang thdi cia mo hinh. Bén canh d6, nho cé phuong phdp nay chiing
toi cling nghién ctu dugc ciu tric dé quy cua tap cac phan hoach d-chat va dua ra

chitng minh cho mot s6 dang thifc td hop.
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2.1 Phan hoach sé tu nhién va hé dong luc roi rac

Muc dich chinh clia phan nay la nghién cttu mé&i quan hé gitta hé SPM md& rong va
tap d-P(n) cdc phan hoach d-chat (d > 0) cua s6 tu nhién n.Ching t6i s€ ching
minh rang d-P(n) v6i quan hé thi ty thong tri (dominance order) chinh 1a khong
gian trang thai ciia mot hé dong luc roi rac. Mot so két qua trong muc nay la mé
rong cac két qua cua Latapy va Phan trong truong hgp phan hoach thuong (d = 0)

[57] va cac két qua cta Le, Phan trong truong hop phan hoach chat (d = 1) [54].

2.1.1 Cac dinh nghia va ky hiéu

Trong phan nay ching toi nhac lai mot s6 khdi niém vé phan hoach cta s6 tu nhién

va hé dong luc roi rac.

Pinh nghia 2.1.1. Phan hoach a 1a mét diay cac s nguyén duong khong tang
(a1, az,..,a;) véia; > ay > ... > a; > 0, (quy uéc a; = 0,Vi > [+1). Cac a; goi l1a
cdc phdn clia phan hoach a. Ta néi rang a 12 mot phan hoach cua n (hay a cé trong
s0'n), ky hiéu 1a a - n hay |a| = n, néu Zizl a; = n. Ta ky hiéu P(n) = {a - n}
la tap tat ca cdc phan hoach cta s6 nguyén duong n. Tap hgp P(n) dugc trang bi
mot tha tu bo phan, goi 1a thir tu thong tri (dominance ordering), xac dinh nhu sau:

vGi hai phan hoach a va b cta n, ta ¢6 a > b khi va chi khi ij a; <> .. .b; v6i

i>j
moi 7 > 0 [6]. Ta sit dung dinh nghia nay cho ca truong hop a va b 1a phan hoach

clia cac s6 nguyén duong m va n véi m > n [57].

Phan hoach ctia s6 tu nhién lién hé chit ché v6i mot hé dong luc néi tiéng trong
Vat 1y, d6 1a mo hinh cot cat tuan tu. Mo hinh cOt céat tuan tu (sequential Sand
Piles Model (SPM)) duoc cidc nha vat 1y Bak, Tang va Wiesenfeld dua ra vao nam
1987 dé mo phong hién tugng tu dot bién (SOC - Self organized criticality) [7].
Mot trang thai cua hé SPM la vo han céac cot cat cé thu tu, trong dé chi c6 k cot

chita mot sd hat cat (grains). Do d6 moi trang thdi cua hé nay duoc mo ta bang
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mot bd s = (s1,...,58k), 6 day s; 1a s6 hat & cot thd 7. Luat van dong (ludt roi)
cua hé nay nhu sau: mot hat c6 thé roi tir cot 7 xuéng cot 7 + 1 néu s; — s;4.1 > 2.
Luat nay xac dinh mot quan hé phu (covering relation) trén tap trang thai dat duoc.
Bao déng phan xa va bac ciu cia quan hé nay 1a mot thit tu <gpjp; va nd tuan theo
thit tu thong tri (dominance order) [33]. Trang thdi ban dau la (n), tic 1a n hat &
coOt dau tién, cac cot khac khong chira hat nao ca. Tap hop tat ca cac trang thai dat
dugc tir trang thdi dau (n) véi tha tu <gpps 1a mot dan, ky hiéu 1a SPM (n) [33].
Bing cach mo rong thém luat van dong (ludt roi va ludt truotr), thi mo hinh SPM
tr& thanh mo6 hinh Brylawsky. Brylawsky (1973) da ching minh tap tit ca ciac phan
hoach ctia n v6i thit ty thong tri 1a mot dan, ky hiéu 1a Lp(n) [6], v6i can trén bé

nhat cua hai phan hoach p va ¢ dugc xac dinh nhu sau:

J J J
SUP(p,q):?“<:>Vj:ZTi:min ZpHZQZ
1=1 =1 =1

| S

Hinh 2.1: Luat roi (V) va luat truot (H) trong hé Brylawsky.

Chiing t6i nghién cttu cic phan hoach cua s6 tu nhién theo huéng mé rong hai
luat (luat roi va luat trugt) bang cdch thém ngudng cho cdc luat van dong. Chiing
toi nhan dugc cdc két qua md rong cua Brylawsky vé cau tric dan cua tap d-P(n)
cac phan hoach d-chat ctia s6 tu nhién n. Trudc hét, ching toi trinh bay mot s
dinh nghia vé€ phdn hoach chdt, phédn hoach d-chdt cla s6 tu nhién va cdc luat van

dong.

DPinh nghia 2.1.2. Phan hoach a = (ay, as, .., a;) goi 1a phdn hoach chdt néu céac

phan cua a la cic s6 nguyén duong khac nhau, tic 1a a; > ag > ... > a; > 0. Tap
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hop tat ca cac phan hoach chat cta s6 tu nhién n dugc ky hiéu 1a SP(n).

Pinh nghia 2.1.3. Cho d 1a mot s6 tu nhién. Mot phan hoach d-chdt (d-strict
partition) a = (aq,...,a;) 1a mot phan hoach théoa man a; — a;+1 > d, v6i moi
1 <i<1—1.Riéng v6i q; c6 thé nhan gid tri nhd hon d. Tap hop tit ca cac phan
hoach d-chdt cua n ky hiéu 1a d-P(n).

Trong truong hop d = 0, 0-P(n) chinh la tap hgp P(n) tit ca cic phan hoach
cua n, va trong truong hop d = 1, ta ¢6 1-P(n) chinh 1a tap hgp SP(n) cac phan
hoach chat ctia n. Ky hi¢u d-P = J,,~, d-P(n) la tap tat cd cdc phan hoach d-chat.

Sau day, ta xét hé dong luc rdi rac c¢6 khong gian trang thdi 1a d-P(n), trong d6

cac luat van dong cua né duoc xac dinh nhu sau:

Dinh nghia 2.1.4. Cho a 1a mot phan hoach d-chat ctia n, ta 4p dung cac luat van
dong 1én a dé nhan duoc mot phan hoach d-chat khic ciia n nhu sau: (Xem hinh
2.2)

- Luat doc (luat V):

(@1, .y a5 A1y ap) = (a1, .. a;—1 a1 +1, ... ) néu a;—a;pq > d+2
- Luat ngang (luat H) véi do dai k > 2:
(a1,...,p+k+1,p+k—d,p+k—-2d,...,p+k—(k—1)d,p+k—kd—1,... ;) —
(a1,...,p+lip+k—dp+k—-2d,....p+k—(k—1d,p+k—kd,... , a)

va luat ngang v6i do dai 1: (ay,...,p+2,p—d,...,q) — (a1,...,p+1,p—
d+1,... ).

Chi y rang luat ngang do dai 1 ciing chinh 1a mot trudng hop cua luat doc.
2.1.2 Cau tric caa d-P(n)

Muc dich cua phan nay la nghién ctu céu tric thit tu cua tap d-P(n). Ky hiéu

(n) = (n,0,...,0). Trudc hét, ching t6i ching minh rang moi phan hoach d-chat
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Hinh 2.2: Luat doc (V) va luat ngang (H) trong truong hop d = 2.

cua n déu dat dugc tir trang thai ban ddu (n) bang cdch dp dung cdc luat van dong

(doc va ngang). Ching t6i st dung k¥ thuat ching minh trong [54].

Bo dé 2.1.5. Tdp hop d-P(n) chinh la tdp cdc phdn hoach d-chdt dat dugc tir trang

thai ddau (n) bang cdch dp dung hai ludt van dong V va H.

Chiing minh. Cho a = (ay, ..., ay,) 1a mot phan hoach d-chat cia n va a # (n). Ta
ching minh tén tai mot con dudng tir (n) dén a. Bang phuong phép truy hdi, ta chi

can chiing minh rang t6n tai phan hoach d-chit o’ clia n va o' phu a. Ta xét hai

truong hop:

+ Trudong hop 1: néu tén tai day a;, ait1,...,a; thoa man dong thoi cdc diéu
kién:

® ap —apr1 > d,véimoi k=14,9+1,...,7 — 1, néu 7 # j; trong truong hop

i = g thi a; c6 thé nho hon d.
e =1,hoaca;_ 1 —a; > d+1,

e j=mhoiclaa; —aj;1 >d+1,

[N / . 2
thi ta Ch()l’l a = ((11, ce, Q1,05 + 1,CLZ'+1, cee, 1,05 — 1,Clj+1, .. .,am). Khi dO,

10 rang a’ € d-P(n) va ta ¢6 thé nhan duogc a tir @’ bang cach dp dung luat H.
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+ Trudng hop 2: néu khong ton tai diy s6 trong a nhu truong hop 1 thi a thoa

man mot trong cic truong hop sau:

ea;—ay>d+1vam=2,

.hOﬁClﬁag—a32d+1.

Khi d6 ta chon @’ = (a; + 1,a2 — 1,as, ..., a,). D& dang kiém tra a’ € d-P(n)
va ta ¢ thé ap dung luat V & vi tri ddu tién cua ¢’ dé nhan duoc a. Ménh dé duoc

chiing minh.

Ching ta da biét rang tap hop P(n) tat ca cdc phan hoach clia n véi quan hé tha

tu thong tri 1a mot dan [6], ky hiéu 1a Lz(n), trong dé

J J J
inf(a, b) = c khi va chi khi v6i moi j > 1, ta c6 Zci = min(z a;, Z b;).
i=1 =1 =1
Nhac lai rang 0-P(n) chinh 1a P(n) va cing 1a Lz(n) khi nhdn manh dén cdu
tric dan. Béng cdch chiing minh twong tu nhu trong [54], ta ¢6 thé chiing minh
rang tap d-P(n)(d > 1) 1a mot tap thi tu con (subposet) cia P(n) va ciing 1a mot
dan. Do d6 ta c6 thé viét b < a thay cho b <4 a véi a, b 12 hai phan hoach d-chat

ctia n. Ta c6 két qua sau:

Pinh 1y 2.1.6. Tdp d-P(n) cung vdi hai phép todn NV va A la mét dan. Hon nita,

cdn dudi lom nhdt cia hai phan tit trong d-P(n) dugc xdc dinh nhu trong P(n).

Chu y 2.1.7. d-P(n) khong phdi la dan con cua P(n). Thdt vdy, cdn trén bé nhdt
cia hai phan ti trong d-P(n) khdc voi cdn trén bé nhdt cia hai phdn tit trong
P(n). Chang han, (8,4,3,1)V (7,5,4) = (8,4,4) khong la mot phdan hoach chdt.

Tuy nhién, ta van cé a Vg b > a V b vdi moi phdn hoach d-chdrt a,b.
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Khi nghién cttu cac hé dong luc, mot cau hoi tu nhién dugc dat ra la: khi nao
thi hé hoi tu? tic 1a ¢6 duy nhat mot di€ém dimg. Néu hé hoi tu thi hidy xac dinh
diém dimg duy nhat d6. Trong trudng hop d-P(n), vi hé ny c6 cau tric dan nén
¢6 duy nhat diém dimg. Ching ta s& dua ra cong thic tudng minh cta diém dimg

duy nhat nay. That vay, goi p 1a s6 tu nhién duy nhat thoa man

Ip((p—1)d+2) <n<i(p+1)(pd+2).

Khi d6, ta c6 duy nhét biéu dién n — 3p(2+ (p — 1)d) = gp+r, trong d6 r < p.
Goi I1(d) 1a phan hoach d-chat dugc x4c dinh nhu sau:

d) =14+ p-1)d+q+ 1,1+ (p—2)d+q+1,...,
I+(p—r)d+q+1,1+(p—r—1)d+gq,...,1+d+q,14+q)

Ta dé dang kiém tra dugc TI(d) 1a diém dimg cua hé va ta c6 ménh dé sau:
Ménh dé 2.1.8. 11(d) la diém ding ciia hé d-P(n).
2.1.3 Moi quan hé¢ giita d-P(n + 1) va d-P(n)
Trong phan nay chidng t6i nghién cttu méi quan hé gitta d-P(n + 1) va d-P(n).

Trudc hét, ching toi trinh bay mot s6 khai niém co ban va cac ky hiéu.

Cho a = (aq,as,...,a,) 1a mot phan hoach d-chat. Khi d6, phan hoach nhan
dugc tir @ bang cach thém mot vao thanh phan tht j dugc ky hiéu 1a ali. DE y ring
a'i khong nhat thiét 12 mot phan hoach d-chat. Ta c6 mot s6 khdi niém va ky hiéu

sau:
+ Cho S 1a tap cdc phan hoach d-chat. Ky hieu S' := {ali|a € S}.

+ Succ(a) 1a tap cdac phan hoach d-chat nhan duoc truc ti€p tir phan hoach d-chat

+ di(a) = a; — a;41 V6i quy u6c a1 =0

+ Ta n6i rang a c6 mot budc nhdy (cliff) tai vi tri i néu d;(a) > d + 2.
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+ Néu ton tai ¢ > ¢ sao cho d;(a) =d véimoi i < j < £ va dy(a) = d+ 1 hoac
¢ = m, thi ta n6i a ¢6 mot cau thang (slippery plateau) tai vi tri i. Tuong tu, ta néi
rang a c6 cdu thang nhdy (non-slippery plateau) tai vi tri i néu d;(a) = d v6i moi
i<j<{lvadiya)>d+2. S6tunhién ¢ —i+ 1 dugc goi 1a do dai clia ciu thang
tai 4. Dac biét, khi ¢ = i, cau thang c6 do dai 1.

+ Tap céc phan ti cua d-P(n) bat dau bang mot budc nhay, cu thang cé do dai
¢ hay c6 cau thang nhay c6 do dai ¢ duoc ky hiéu tuong ung la C, d- Py, nd-P;.

Chd ¥ rang moi phan tr ctia d-P(n) déu thudc vao mot trong ba tap hop nay.

Dé thay riang a'! cling 12 mot phan hoach d-chat. Do dé, ta ¢ thé dinh nghia
phép nhing 7 : d-P(n) — d-P(n)"* C d-P(n+ 1) va bang cich sk dung cong thiic

cta phan tlr infimum, ta dé dang ching minh duoc ménh dé sau:

B6 dé 2.1.9. Tdp d-P(n)" la mét dan con cia d-P(n + 1).

Tiép theo, ching toi s& dac trung cac phan tlr con lai cta d-P(n + 1) ma khong

thuoc vao d-P(n)h.
binh ly 2.1.10. Tdp d-P(n + 1) la hop roi cia cdc tdp d-P(n)Yi, tic la

d-P(n+1) = d-P(n)" Ugsy d-P+ (n).

Chitng minh. D& dang chtng minh ring méi phin tir cta tap hop d-P(n)" va
d-Pj“rl l1a mot phan tr ctia d-P(n + 1). Hon nita, cic tap hop nay la rdi nhau. Nhu
vay, tap hop & v€ phai 1a mot tap con cua tap hgp & vé trai.

Tiép theo ta s& chiing minh tap hop & vé€ trdai 1a mot tap con cua tap hop & vé€
phai. Xét b € d-P(n+ 1) tuy y.

+ Néu by — by >d+1thibed-P(n)h.

+ Néu b bat diu bing mot cdu thang hodc cdu thang nhay c¢6 do dai £ +1,¢ > 1,
thi b € d-P}"" (n). -
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Hinh 2.3: Cdc phén t ddu tién cia dan vo han 2-P(00).

2.1.4 Dan vo han d-P(c0)

Trong cac phan trude, ching ta da nghién ciu cdu tric cta d-P(n), md rong tir
d-P(n) 1én d-P(n+1) va quan hé cau trdic giita cac tap nay. Trong muc nay, ching
ta ti€p tuc nghién cttu cau tric dan cua mé rong vo han cta d-P(n). Ta xem d-P(n)
la hé dong luc roi rac véi khong gian trang thai 1a cac phan hoach d-chat cta n,
vGi trang thdi dau 1a (n) va hai luat van dong V va H. Md& rong vo han cta d-P(n)

chinh 1a d-P(c0), 1a hé dong luc roi rac v6i khong gian trang thai 1a tap tit ca cac
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phéan hoach d-chat (sai khdc dang céu), trang thdi ban dau 1a (co), vdi cot ddu tién
c6 vo han hat va cdc cot con lai khong chita hat nao. Ching ta ky hiéu d-P(c0) 1a
khong gian trang thai ciia hé dong luc nay. Mdi phan tir cta d-P(o0) s€ ¢6 dang
(00, a9, ag, . ..,ar). Quan hé thi tu bd phan giita cac phan ti trong d-P(co) duge

dinh nghia nhu sau:
a >0 bnéu y s a; <3 b v6i moi j > 2.

Nhu vay, quan hé thit tu thong tri tuong duong v6i quan hé thit tu cam sinh boi
céc luat van dong V va H cta hé dong luc nay. Hinh v& 2.3 biéu dién mot s6 phan
hoach dau tién ctia 2-P(oc0), trong d6 thanh phan dau tién co khong dugce trinh bay
6 day. Chu y Ia trén cac hinh v€ cla luan 4n nay ta ky hiéu ajas ... a; thay cho

(a1, as, ..., ax), dé chi cdc phan hoach cta n.

Cho hai phan t bat ky a = (00, ag, .. .,ax),b = (00, bs,...,by) cua tap d-P(c0),

ta xdc dinh phan tr ¢ nhu saw: ¢; = maz(Y_;5; a5, > ;5;05) — > ¢ vOi moi

sao cho 2 < i < max(k,l) va ¢; = 0 néu ¢ > max(k,?).
Khi d6, ta dé dang kiém tra dugc ¢ € d-P(o0), tic 1a ¢; = 0o, ¢; — ¢;11 > d V6i

moi ¢ > 1, va hon thé ¢ = a A b. T d6 ta c6 két qua sau:
DPinh ly 2.1.11. Tdp d-P(o0) ciing voi hai phép todn V va N la mét dan.
Trong hinh v& 2.3, ta ¢6 thé nhin thdy céc phan tir ctia 2-P(oo) dang cau vdi

2-P(n). Bay gio ta s& x4c dinh cdc dang cau nay. Ta dinh nghia hai phép nhing

chinh tic nhu sau:

T d-P(n) — d-P(o0)
a=(a,as,...,ax) — w(a)=(c0,a,...,ax)
X : d-P(n) — d-P(o0)
a=(ay,as,...,ar) — x(a) = (oc0,a1,as,...,a;)

Tir dinh nghia ta ¢ ngay ménh dé sau:



30
Ménh dé 2.1.12. Cdc dnh xa © va x la cdc phép nhiing dan.
Sir dung phép nhing Y, ta ¢6 thé xem d-P(oco) nhu 1a hgp roi cua cdc d-P(n)
voin € N:
d-P(c0) = | | d-P(n).
n>0

2.1.5 Cfly vO han Td-P(oo)

Muc dich ctia phan nay la nghién cttu cau tric cay vo han T p() sinh ra tét ca cdc
phan hoach d-chat dua vao cdu tric ctia dan vo han d-P(oc0). Cay T p(o chinh l1a
cay bao trum cua dan d-P(oco). Chiing toi s€ dua ra mot s6 tinh chat cla cay nay.

Tu Dinh ly 2.1.10, ta dinh nghia cdy T p() nhu sau:
+ T41.p(s0) 12 cay nhi phan vo han c6 goc tai (0);
+ Moi niit a € T4.p(s0) ludn ¢6 mot con trdi la abt;

+ Néu a bat ddu bang mot cau thang ¢6 do dai £ + 1, thi a ¢c6 mot con phdi la

ate+,
Hinh v& 2.4 minh hoa phan dau cua cay T5.p()-
Tir ménh dé 2.1.12, ta c6 tinh chét cla cay Tj p(s).-

Ménh dé 2.1.13. Tang thit n ciia cdy Ty.p(~) la tap hop tdt cd cdc phdn tir cia
d-P(n).

2.2 Phuong phap ECO va phan hoach so tu nhién

Phan hoach cuia s6 tu nhién, dac biét 1a bai toan dém cac dang phan hoach da dugc
nghién ctu nhiéu va c¢6 nhi€u két qua thu vi. Mot s6 két qua da duogc ching toi
trinh bay trong muc 3.1 theo quan diém cta hé dong luc roi rac. Trong muc ndy,

ching t6i nghién cttu phan hoach ctua s6 tu nhién theo mot hudng ti€p can khac,
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AN
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Hinh 2.4: Cay cac phan hoach 2-chat
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|
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do6 1a st dung phuong phap ECO va ching t6i ciing dat dugc nhitng két qua tuong

tu. Theo cach ti€p can nay, ching toi dinh nghia toan tdt ECO cho cac phan hoach

d-chat va dua ra cau tric cta cay sinh vo han Ty p, sinh ra ding tat ca cac phan

hoach d-chat.

2.2.1 Phuong phap ECO

Phuong phap ECO (Enumeration Combinatorial Objects) da duogc gidi thiéu dau tién

boi cac nha toan hoc Barcucci, Del Lungo, Pergola, va Pinzani trong hai bai bao
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chinh [9, 10]. Phuong phdp nay cht yéu dung dé giai bai todn dém cac cau hinh t6
hop. Dé giai bai todn dém cdc cau hinh t6 hop biang phuong phip ECO, trudc hét
ta dua ra dinh nghia toan tr ECO, sau d6 xay dung cay sinh tuong ung cho toan tir
ECO nay va rut ra ham sinh tuong Gng véi cay sinh. Bai todn d€m trd nén rd rang
hon khi ta xay dung duoc ciu tric cla cay sinh. Tir d6 c6é thé dém cic ciu hinh
t6 hop véi céc tinh chat khdc nhau. Sau day, ching t6i trinh by cdc dinh nghia co

ban.

Pinh nghia 2.2.1. Cho O 1a mot 16p cdc doi tuong t6 hop, p : O — N sao cho
O, ={z € O : p(x) = n} thdéa man |O,| hitu han. Todn tr ECO trén 16p cic doi
tuong t6 hop O 1a mot toan tir ¥ : O, — 297+1 thda min hai diéu kién sau:

1. V6imdi Y € O,41, ton tai X € Oy, sao cho Y € 9(X),

2. Véi 1’1’101 Xl,Xg € 0O, ma X; 7é XQ, thi 19(X1) N 19(X2> 0.

Nhu vay, v6i moéi Y € O, 41 ton tai duy nhdt X € O,, sao cho Y € ¢¥(X). Dicu
nay ching t6 ho cac tap hop {9(X) : X € O,} 1a mot phan hoach cua tap O, 1.
Do d6, ta c6 thé mo ta dé quy cac phan tir ciia O. T d6 c6 thé xay dung ham sinh

cho céc phan tir cua O véi cac tham s6 khac nhau.

Cho todn tir ECO o). Khi do, ta c¢6 thé xay dung cdy sinh (generating tree) cho

toan tr nay nhu sau:

+ GOc clia cay dat & tang 0, twong tng véi cac doi tugng cé kich thuée nho nhat

(6 day, cac doi tuong thudc tap hop O,, goi 1a c6 kich thudc n).
+ Ciéc doi tuong c6 cung kich thude thi nam trén cing mot tang.

+ Con ctia méi doi tugng O € O duge xdc dinh thong qua toan tit ECO 9, cu

thé 13, tap cdc con cta O € O 1a ¥(0).

Cho {|O,|}. 12 ddy céc d6i tuong t6 hop. Khi d6 ham fo(z) = 3 o |Op|z™

n>m

duoc goi 1a ham sinh cua day nay. Doi khi, ham nay ciling dugc goi 1a ham sinh

ciia cdy sinh tuwong ting. Trong nhiéu cau tric t6 hop, cic phan tir dugc sap xép mot
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cach dé quy nén toan tot ECO con c6 thém tinh chat ké ti€p va cay sinh cling thoa
man luat k& ti€p (succession rule) va c¢6 cdu tric dé quy kha dep dé. Toan tit ECO
va cay sinh tuong tng ma ching t6i dinh nghia cho céc déi tuong t6 hop, cu thé 1a

phan hoach cuia s6 tu nhién sau day khong thoa man luat k€& tiép.
2.2.2 Phan hoach d-chat va phuong phap ECO

Trudc hét, ta dinh nghia todan t&t ECO cho phan hoach d-chat clia cac s6 tu nhién.
Pinh nghia 2.2.2. Todn tir ¥ : d-P(n) — 247"+ x4c dinh nhu sau:

+ V6i mdi a = (ay,as,...,a) € d-P(n), a"t = (a1 +1,as,...,a;) 1a mot phan

tlr cia J(a), phan tir nay goi 1a con trdi cua a.

+ Néu a bat dau bang mot cu thang cé dang: p,p—d,...,p—id,p—(i+1)d—1,
thi 9(a) chita thém phan tr a!™*2? (goi 1a con phdi cha a) bat dau bing day

pp—d,....,p—id,p—(i+1)d.

Cay sinh tuwong ung 75.p cla todn tir nay trung véi cay bao trum ctia dan vo han
2-P(c0) (hinh 2.4) dugc trinh bay trong céc phan trudc theo quan di€ém cha he
dong luc rdi rac. Bay gid ta sé chiing minh rang todn tir ) trong dinh nghia trén Ia

toan tir ECO cho phan hoach d-chat cua cac so tu nhién.

Bo dé 2.2.3. Todn tir 9 la mot todn tir ECO, titc la V9 thda man hai diéu kién sau:
(i) Voi méi b € d-P(n+ 1), ton tai a € d-P(n) sao cho b € ¥(a),
(ii) Voi moi a,a’ € d-P(n) ma a # o, thi ¥(a) NI (a’) = 0.

Chiing minh. (i) Ly ty § b= (b1, ba, ..., b)) € d-P(n + 1). Khi d6

+ Néu by — by > d+ 1 thichona= (by —1,by,...,0). Ta cé ngay a € d-P(n)
va a'! = b. Do d6 b € Y(a).

+ Néu by = by + d, ta viét b dudi dang: b = (by,by — d,by — 2d,...,b; —
id,by — (i + 1)d,biys,...,b), trong d6 by — (i + 2)d — 1 > b;r3 > 0. Chon
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a = (bl,bl—d, bi—2d,...,b; —1d, bl—(7;+1)d—1,bi+3,...,bl). Tacéa e d—P(n)
va b= a2, Vay b € 9(a).
(i) Gid sir a,a’ € d-P(n), va a # /. Khi d6 a! # o'11. Ta xét cdc trudng hop:

+ Néua = (pp—d,...,p—id;p— (i +1)d —1,...) c¢6 con phai la b =
(p,p—d,...,p—id,p—(i+1)d,...) thi b a'*! vi néu khong thi o’ khong 1 phan
hoach d-chat.

+ Tuong tu, con phai (néu co) clia a’ khic a'l.

+Giasta= (p,p—d,...,p—id,p—(i+1)d—1,...)vad = (p/,p'—d,...,p —
i'd,p’ —("+1)d—1,...) c6 cac con phai twong tng la b = (p,p—d,...,p—id,p—
G+ 1)d,.. )val =@, 0 —d,....0 —id,p — (7 + 1)d,...). Khi d6, néu b=V
thi p = p/,7 =14’ va do d6 a = «’. Diéu nay mau thuin vé6i gia thiét 1a a # d'.

Vay d(a) N (a’) = (). Ménh dé dugc ching minh.

2.2.3 Cau triic dé quy cua cay vo han Tj.p (.

Trong phan nay ching t6i trinh bay cau tric d¢ quy cla cay sinh T p() va tinh

todn cdc ham sinh tuong uUng.

Pé chiing minh céu tric dé quy cua cay 7T,.p chiing toi st dung mot s6 dang cay
con cua Ty p.
Dinh nghia 2.2.4. [57] Ta goi cdy con Xy cua T, p thoa man:

+ goc cua cdy ddt tai phan tita = (m,m —d,m — 2d,...,m — (k — 1)d, a1, - . .

trong do agy1 < m—kd—1,
+ Néu a chi ¢c6 mot con thi Xy, la toan b cdy con cé goc tai a,
+ Néu a ¢6 hai con thi X}, la cdy goc a va con trdi cua a,

+ Xy la mét nut.
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St dung k¥ thuat ching minh trong [57], ta c6 thé chiing minh ring tit ca céc cay

con X}, 12 dang ciu vé6i nhau (hinh 2.5).

TAEA CALA

Hinh 2.5: Ciu tric dé quy cua cdc ciy con Xy

Cau triic cha céc cay con X}, duoc thé hién trong ménh dé sau:
Ménh deé 2.2.5. Méi cdy con Xy, (k > 1) la moét day chuyén k + 1 niit, cdc canh

cua né dvoc ddan nhan 1, 2, ..., k va nit thit i duoc noi voi niit tiép theo bdi canh

duoc ddn nhan i va nit thit i la goc cua cdy con X; 1,1 <i<k+ 1.

Hinh 2.6: Biéu dién cay T;.p nhu mot day chuyén.

Tur cdu tric dé quy nay cho phép ta biéu dién cay T, p nhu mot day chuyén (hinh
2.9). Trong truong hop d = 0, ta nhan duoc cay T’p nhu trong [57] (hinh 2.7) va
trong truong hop d = 1, ta nhan dugc bi€u dién cta cay Tsp nhu trong [54] (hinh
2.9):

Pinh 1y 2.2.6. [57] Cdy Tp c6 thé duoc biéu dién nhu mot dday chuyén vo han nhu

sau: nit thit i cia ddy chuyén nay la b = (1,1,...,1) duogc ndi vdi niit tiép theo
N———

i—1
bdi canh ddn nhan i, va b la géc cua cdy con X;_ 1.

1 2 3 4 5 6 7
1 11 111 1111 11111 111111

Xy X2 X3 Xa Xs X6

Hinh 2.7: Biéu dién cay T nhu mot day chuyén

Hon nita, ta c6 thé chitng minh tinh chat manh hon clia méi cay con trong day

chuyén:
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Hé qua 2.2.7. Cay con Xy, ctia cdy Ty.p ¢ goc tai (1+(k—1)d, 1+ (k—2)d,..., 1+
2d,1+d, 1) chita diing cdc phdn hoach cé dé dai k.

Cha y ring, trong trudong hop téng quéat cay 7T, p khong c6 dang X, :=

limy o0 Xg. Tuy nhién, di€u nay ddng trong truong hop d = 0.

Hé qua 2.2.8. [57] Cay Tp ding cdu véi cdy Xoo.

Theo bd dé 2.2.3, ta ¢6 todn tr ECO cho cdc phan hoach chit duoc dinh nghia

nhu sau:

Pinh nghia 2.2.9. ¥, : SP(n) — 257(+1 thda man: v6i méi a = (ay, as,...,q;) €
SP(n), a = (a1 + 1,az,...,q;) 1a mot phan t& cta ¥1(a), goi 1a (con trdi)
cia a. Hon nita, néu a c¢6 dang (m,m — 1,...,m —i,m — i — 2,a;43,...,0a;)

(ai+3 < m —i— 3) thi ¥1(a) chita thém phan tir (goi 1a con phdi cla a) c6 dang:

iro . .
CllH— —(m,m—l,,..,m—’l,m—l—1,(Ii+3,...,al)-

Toan trt ECO nay cho tuong tng cay dan nhan cic phan hoach chat Tsp dugc

minh hoa & hinh vé 2.8.

Vé6i dinh nghia ciia cay X, nhu trong muc 2.2.3, ta c¢6 thé mo ta ciu tric dé quy
ctua cay Tsp nhu la mot truong hop dac biét:
B6 dé 2.2.10. Cho a = (m,m — 1,...,m — k,aps2,...) (Vi ajro < m —k —2).
Khi do:

+ Néu a chi ¢c6 mot con trdi thi cdy con goc tai a cé dang X1,

+ Néu a ¢6 hai con thi cdy goc a chita con trdi cua a cé dang Xy 1.

Nhan thdy rang, cidc phan t trén dudng phai cing cia cay Tsp cO dang
a= (m,m—1,m—2,...,m — k) nén thoa man diéu kién trong B6 dé 2.2.10.
Moi nit a = (m,m — 1,m — 2,...,m — k) trén dudng phai cung cla ciy Tsp treo
mot cay con X, tuong tng. Ciu tric dé quy nay cho phép ta biéu dién cay Tsp

nhu 1a mot day chuyén (hinh 2.9) va ta c6 dinh 1y sau:
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(0]
1
2
AN
3 21
4 31
N

5 41 32

\
6 51 42 321

\
7 61 52 43 421

\
8 71 62 53 521 431
9 81 72 63 54 621 531 432
| I N

10 91 82 73 64 721 631 541 532 4321

Hinh 2.8: Cay cdc phan hoach chat

Pinh 1y 2.2.11. Cdy Tsp c6 thé duoc biéu dién nhuw mot ddy chuyén vo han
(,1,2,21,31,32,321,...,(n —1,n —2,..., 1), (n,n — 2,...,2,1),...,

(n,n—1,...,3,2),(n,n—1,...,3,2,1),... vdi cdc canh tuong iing
1,1,2,1,2,3,...,1,2,...,n,..., moi nit trudc canh k > 1 la goc cua cdy con
Xp—1.

Hinh 2.9: Biéu dién cay T'sp nhu mot day chuyén.
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2.3 Mot s6 tinh toan trén cay vo han

Trong phan nay ching toi st dung cu tric dé quy cta cay sinh Tp va ky thuat dan
nhan trén cay dé tinh todn ham sinh clia cidc dang phan hoach va chitng minh lai
mot s6 dang thitc vé phan hoach. Véi mdi tinh todn chiing toi s& c6 cich d4n nhin

thich hop.
Trude hét, ching to6i dinh nghia ham sinh cho cay vo han.

Dinh nghia 2.3.1. a) Cho 7" 1a cay vo han, dan nhan ¢ trén cac canh cla né theo
mot qui ludt nao d6. Goi n.(a) 1a s6 nhan ¢ trén duong di tir goc cla cay 7' dén
dinh a. Khi d6, ham sinh (generating function) mot bién cua 1" tng vGi cach dan

nhan d6 1a: fr(t) = > ,cpt™@,

b) Cho 7" la cay vo han, dan nhan ¢ va s trén cac canh cta né theo mot qui luat
nao d6. Goi ny(a) (tuong tng, ns(a)) la s6 nhan ¢ (twong tng, s) trén duong di tir
goc cua cay T dén dinh a. Khi d6, ham sinh (generating function) hai bién cua T’

ing v6i cdch dén nhan d6 1a: fr(t,s) = >, opt"(@sm(@),

Tir dinh nghia trén ta c6 ngay fr(t) = > -, p(n)t", trong dé p(n) la s6 dinh &

tang thit n cua cay 7.

Tir day tré vé sau, ta ddn nhén ¢ trén tat ca cdc canh cua cay T dang xét. Ta cé
két qua dau tién trén cay con Xj va cay Tp.
Bo6 dé 2.3.2. Ham sinh cho moi cdy con Xy, la

1
(1—=t)(1—1¢2)...(1 —tk)

ka (t) =

Hon nita, ham sinh cua cdy Tp la

fTP(t) = H (1

, hodc fr,(t) 1+Zt”H 1—tk)
n=1

Chiing minh. Ta ¢6 fx,(t) = 5. Khi d6, theo ménh dé 2.2.5, ta ¢6 fx, () =

fx._,(t) + t*fx,(t). Ching minh quy nap ta tinh dugc fy, (t).
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Hon nira, tir hé qua 2.2.8, T ¢6 dang X, nén ta c6 cong thic dau tién cua
ham sinh f7,. Tuong tu, 4p dung dinh ly 2.2.6, ta nhan dugc cong thic tht hai cua
f Tp- o

Bay gio, vi Tp la cay clia cdc phan hoach nén ham sinh P(¢) cua cdc phan hoach

cua sO tu nhién bang ham sinh fr,(¢), tic 1a ta c6
oo
0Tt

Tiép theo, bang tinh todn ham sinh hai bién ctia cay Tp theo cic cach khac nhau,

ta nhan duoc dang thic Euler thit nhat trong dinh 1y sau:

Pinh 1y 2.3.3. (Pang thirc Euler 1)

k 0 1

HZ 1—1). 1—t’f):,1_[11—sti'

1=

Chiing minh. Ta dan nhan s trén cay 7Tp theo hai cdch khac nhau va ching minh

rang hai cdch ddn nhén nay cho ciing mot ham sinh.

Trudc hét, ta dan nhin s trén mdi canh @ — a'!. Khi d6, v6i mdi dinh X trén
cay Tp, nhdn s tir goc cay dén dinh a ding bang thanh phan 16n nhat a()\) cla
phan hoach \. Ky hiéu f1(¢,s) 1a ham sinh theo cdch ddn nhin nay. Theo cdch
ddn nhan nay, cay Tp c6 dang X nén ta c6 fy (t,s) = f,(t,s) = = va do d6

[y (t,s) = fx._ (t,s) + stF [k (¢, s). T day suy ra

k
Z t|)\| ka t 8 H 1 — Stz?
oo
ths fT (t,s) :H1 e

AEP i=1

Tiép theo, ta dan nhan cay Tp theo cach thitt hai: dan nhan s trén duong phai
nhat cta cay Tp. Goi f?(¢,s) 1a ham sinh tuong ting véi cdch dén nhan nay. Khi

d6 v6i moi nit a trén cay Tp, s6 nhin s tit goc ciy dén nit a bang do dai [(\) cla
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phan hoach \. Ta thay rang khong c¢6 nhan s trong cic cady X, nén ham sinh f)Q(k
chinh 1a ham fx,.

Theo céch dan nhan nay, cay Tp khong c6 dang X, ma la tdng clia cic cay X,

nén ta co
00 gk
S 1) =1+ 3 ) =143
Xt (1—t)...(1—tF
AEP k=1 t t)

Cuoi cung, do s6 cdc phan hoach cua n ¢ thanh phan 16n nhét 1a k& bang s6 cac
A 2 , A N A , . N . 1 N 2 S
phan hoach ctia  ¢6 do dai k, nén ta c6 hai ham sinh f; (¢,5) va f7 (t,s) bang

nhau. Tir d6 ta c¢6 dang thitc Euler thit nhat:
k 0 1

1+Z 1—1). 1—tk):i1j[11—sti'

[

Sau day, ta tinh ham sinh cho cic phan hoach chét va ly luan tuong tu nhu trong
Dinh 1y 2.3.3, ta nhan duoc ding thic Euler thi hai

Dinh 1y 2.3.4. (Pang thitc Euler 2)
> ktk (k+1)/

1+Z—=ﬁ 1+ st).
k=1 H(l_tz) i=1

Chiing minh. Ta ddn nhéan ¢ trén mdi canh cua cay Tsp. Khi d6 ta c6 cong thiic

ham sinh cua cay Tsp:

f Z I IR YT S s
Top(t sp(k + Z fx,(t) =1+ Z A 5
S 1)

& day sp(k) la s6 cac phan hoach chat cla k.

Mat khdc, ta da biét ham sinh ctia cdc phan hoach chat 1a SP(t) = [, (1 + t*),

nén ta co
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Hoan toan tuong tu, ta tinh ham sinh hai bién cta cay Tsp. Trudc hét, ta dinh
nghia ham sinh hai bién cho cac phan hoach chat:

SP(t,s) = Z(Z s ygm

n  AFn

O day, s6 mil s biéu dién do dai cua phan hoach .

Dé thdy rang SP(t,s) = [](1 + st').
i=1

Hon nita, trén cay Tsp, néu ta dan nhan s doc theo cic canh () — 1 va
(m,m—1,...,3,2) = (m,m—1,...,3,2,1),m > 2 trén duong phai nhat, véi s6
mil s bi€u thi cho do dai ctia cac phan hoach chat thi ham sinh hai bién clia cay
Tsp chinh 1a SP(t,s). St dung cdu tric dé quy cua cdy Tsp (Pinh ly 2.2.11), ta

P

Co:

k)tk k+1)/2

frop(t,s) = ZZS :1+ZS
=1

Tir d6 ta c6 dang thitc Euler 2.

]

Dé két thiic phan nay, ching t6i dua ra cong thic ham sinh cho cay T,.p. Ky
hiéu d-p(n) = |d-P(n)|, 1a s6 cac phan hoach d-chat ciua n. Ta dinh nghia ham sinh

mot bién va ham sinh hai bién tuong ting cua cay 7, p nhu sau:

Frop(®) =) dpn)t™ va fop(t,s)=> (Y Oy
n=0 n=0 Xed-P(n)

St dung k¥ thuat dan nhan nhu trén, ta tinh dugc cdc ham sinh ctia cay nay nhu

sau:
n(nd+2 d)

frop(t) =) d-P(n)t —1+§: 1—#) (1=t

00 ’fl n(nd+2 d)

de,P(t,S)ZZ( Z _1+Z (1—t)(1—1¢2)...(1—1t")

n=0 Xed-P(n)




42

Dac biét, trong truong hop d = 2, ta nhan duogc cong thiic

Jr2r () HZ A=) 1—t2) A=)

12 vé& phai clia dang thitc Ramanujan:

g o
1 " .
! ; (1=t —12)...(1—1t") g 1_ t5z—|—1 (1 — oi+d)

Dé chitng minh dang thifc nay, ta xay dung cay sinh cho vé& phdi (cdc phan hoach
vGi cac phan ¢6 dang 5d + 1 hoac 5d + 4). Nhu vay, véi viéc sit dung cong cu duy
nhat 1a cay ECO (cay sinh cta toan tit ECO), ching t6i da ching minh dugc mot
s6 song dnh gilta cdc dang phan hoach, va bang k¥ thuat din nhén trén cay ECO

di chitng minh duoc mot s6 dang thitc vé phan hoach cta s6 tu nhién.

2.4 Két luan chuong 2

Trong chuong nay ching t6i nghién ctu tap cac phan hoach d-chat cua s6 tu nhién

va da thu duoc cac két qua sau:

- Theo huéng ti€p can hé dong luc roi rac ching toi da xay dung hé dong luc roi
rac c6 khong gian trang thdi chinh la tap d-P(n) cdc phan hoach d-chat cia mot s6
tu nhién n cho trudc va nghién ctru cdu tric cua tap nay cling nhu mé rong clia no:

+ Chimg minh dugc d-P(n) c¢6 cau tric dan va chi ra cong thic tudng
minh ctia diém dimg.

+ Dua ra quan h¢ cdu tric giita d-P(n) va d-P(n + 1). Ching minh cau
tric dan cta d-P(o0) - 1a m& rong vo han cua d-P(n). Pua ra mot s6 tinh chat cua
cay bao trim T.p (s ctia dan d-P(o0).

- Theo huéng ti€p can bang phuong phap ECO, chiing t6i da xay dung todn tir

ECO cho phan hoach d-chat cta cac s6 tu nhién va xay dung cay sinh tuong ung.
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Cay sinh cta todn tit ECO nay chinh 1a cay T};.p () nhu di trinh bay theo cich ti€p
can cta hé dong luc roi rac.
+ Xay dung dugc cau tric d¢ quy cua cay sinh Ty p). Dac biét, khi
d = 1 ching t6i nhan duoc cau tric dé quy cua cay sinh ctia cac phan hoach chat.
+ Ching minh duoc dang thitc Euler thit nhat va dang thitc Euler thtt hai

bang ky thuat dan nhén trén cdc cay sinh.



44

Chuong 3

Cac hé dong luc CFG va mang Petri

Trong chuong nay ching toi nhac lai mot s6 dinh nghia, tinh chat, cdc huéng nghién
cttu vé cdc hé CFG va trinh bay mot s6 két qua vé moi quan hé giita cic hé dong
luc CFG va mang Petri. Chuang t61 chitng minh cidc hé CFG la cdc mang Petri dac

biet.
3.1 CFG cé dién

Trong phan nay, chiing toi trinh bay cdc két qua vé cau tric cua CFG ¢6 dién. Cic

két qua nay dugc tham khao trong cac bai bao [4], [52].
3.1.1 Cac dinh nghia

Dinh nghia 3.1.1. Hé dong luc CFG (Chip Firing Game) [4] dugc dinh nghia trén
mot da do thi (c6 hudng hoac vo hudng) G = (V, E). Madi trang thdi 1a mot phan
hoach chip trén cac dinh cta do thi, luat van dong dugc dinh nghia nhu sau: moi
dinh c6 thé chay dugc néu s6 chip tai dinh d6 16n hon hoic bing bac (di) ra ctia n6
va hoat dong chdy cuia dinh d6 s& 1a chuyén mot s6 chip dén cdc dinh lan can doc
theo mdi canh (hay cung) di ra tir n6. Hé nay duoc ky hiéu 1a CFG(G), G goi la

d6 thi nén cua hé.

Néu tai mdi thoi diém chi d4p dung luat chdy cho mot dinh (chdy duoc) thi ta c6
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hé¢ CFG tuan tu. Néu tai mdi thoi diém ta ap dung luat chdy déng thoi cho tat ca
cac dinh (chay duoc) thi ta ¢c6 CFG song song. Khi xét mot hé CFG néu khong néi
gi thém thi ta hiéu CFG nay 1a CFG tuén tu.

Mot trang thai a = (aq, ..., a,,) cia hé 1a mot hop thanh m phan cla s6 tu nhién
n, & day n 1a téng so chip cua hé (n s& khong thay ddi trong qud trinh bién déi clia
h¢), m = |V 1a s6 dinh cta d6 thi G, a; 1a s6 chip tai dinh ¢ € V. Dinh ¢ goi 1a
chdy dugc (firable) tai trang thdi a néu a; > deg™ (i) (deg™ (i) 1a tdng bac di ra clia
0.

Tuy theo muc dich nghién ctu ta ¢6 mot s6 ky hiéu ctia hé dong luc CFG nhu

sau.

e CFG(G,0) la hé CFG v6i trang thdi ban dau O, trong truong hop nay ky hiéu
CFG(G,O) ciling dé chi khong gian trang thdi cta hé, tdc 1a tap hop tat ca
céc trang thai nhan dugc tir trang thai O. Trong hé CFG(G, O) téng so chip

trén cdc dinh ctia d6 thi khong thay déi.

e CFG(G,n) 1a he CFG véi tong so chip n khong thay doi trong su6t qué trinh
bién d6i ctia he, CFG(G,n) 1a hop cla cic CFG(G, O).

/@Q -0
Mq\@/ 2

Hinh 3.1: Qua trinh chuyén trang thdi cia mot CEF'G vé6i 9 chips.
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Viéc nghién cttu hanh vi ctia hé CFG Ia khd phic tap, trong trudng hop téng quat
thi CFG c6 thé khong dimg. Nam 1991, A. Bjoner, L.Lovdsz va PW.Shor di ching

minh tinh ding cua CFG trong truong hop vo hudng nhu sau:

Pinh 1y 3.1.2. [4] Cho CFG(G,n) trén d6 thi vé huong G = (V, E). Khi dé

a) Néun > 2|V| — |E| thi CFG(G,n) khong dimg.

b) Néu |E| < n < 2|E| — |V]| thi ton tai trang thdi Oy sao cho CFG(G,Oy)
khong diing va ton tai trang thdi Oy sao cho CFG(G,Os) dimg.

¢) Néun < |E| thi CFG(G,n) dimg.

C4u tric dan cua CFG trong truong hop cé huéng da dugc chiing minh trong [5],
[52]. Tuy nhién, d6 thi nén cta 16p CFG nay théa man tinh chat khong chia thanh
phdn dong.

3.1.2 Cau tric dan caa khong gian trang thai

Trong phan nay ching toi s€ trinh bay cdu tric dan cua khong gian trang thai cta
CFG trén d6 thi nén khong chda thanh phian déng. Cac két qua ctia muc nay dugc
tham khao trong [5], [52]. Trong toan bo muc nay G = (V, F) la da do thi c6 hudng
khong chitta thanh phan dong. Trude hét ta dac trung cau trdc thit tu cua khong gian

trang thai.

Pinh nghia 3.1.3. (Quan hé ké tiép) Cho CFG(G,O). Tréen CFG(G,O) ta xac
dinh mot quan hé hai ngo6i nhu sau: véi a,b € CFG(G,0),a >cpg b khi va chi
khi b nhan dugc tir a sau khi 4p dung luat chdy vao mot s6 dinh. Dac biét, ta ky

hiéu a — b dé chi b nhan dugc tir @ sau khi chdy mot dinh.

Khi néi vé quan hé thd tu trén CFG, ching toi ky hiéu > thay cho a >¢pg b.

Cho p € V* la mot day cac dinh. Ky hiéu |p|; 1a s6 1an dp dung luat chday cho

dinh ¢ trong day p. Ta c6 b dé sau:
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B6 dé 3.1.4. Cho s,t € V*, a la mot trang thdi bdt ky. Khi dé néu xudt phdt tir
a, dp dung ludt chdy cho cdc dinh trong s hodc t ciung dan dén trang thdi b thi

|s]i = [t]s.

B6 dé nay cho phép ta dinh nghia khai niém shot-vecto cta hai trang thdi a va b

v6i b 1a trang thai nhan dugc tr a trong mot CFG.

Pinh nghia 3.1.5. Cho a,b € CFG(G). Ky hiéu k;(a, b) 1a s6 1an chdy dinh i trong
qua trinh tit @ dén b. Shot-vecto k(a,b) 1a bd (k1(a,b), ..., kyn(a,b)),|k(a,b)] =

Sor , ki(a,b) 1a s6 lan dp dung luat chdy dé nhan dugc b tix a.

Néu a, b cing nhan dugc tir mot trang thdi O thi ta dinh nghia £(O, a) < k(O, b)
khi va chi khi Vi, k;(O,a) < k;(O,b). Hon nita, néu a > b thi ta c6 k(O,b) =
k(O,a) + k(a,b).

Pinh ly 3.1.6. Cho a,b € CFG(G,0O). Khi do
a>b<= k(O,a) < k(O,Db).

Pinh ly 3.1.7. Khong gian trang thdi cua CFG(G, Q) vdi quan hé thit tu ké tiép
la mot dan phdn bdc. Hon nita, cdn dudi diing cua hai phdn tit a va b dugc xdc
dinh nhu sau: cho k la vecto xdc dinh boi k; = max(k;(O,a), k;(O,b)),Vi € V va
c la trang thdi xdc dinh boi k(O,c) = k. Khi dé ¢ = inf(a,b).

Cau tric dan cua khong gian trang thai cho phép ta xac dinh dugc trang thai gap
nhau cua hai trang thai bat ky: véi a,b € CFG(G, O), ton tai trang thdi ¢ sao cho
tlr @ va b déu di duoc dén c, tic 1a ton tai mot con duong di tit a dén ¢ va mot con
duong di tir b dén c. Hon nita, v6i moi trang thai d bat ky ma ca hai trang thdi a
va b deu di dugc dén d thi tir ¢ ciing di dugc dén d. Néu a ~~ b trong CFG(G, O)
thi c6 thé c6 nhiéu dudng di tir @ dén b. Dinh 1y 3.1.7 cho thay moi con dudng di

tir @ dén b déu c¢6 do dai bang nhau.
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3.1.3 Mo phong hé SPM bang CFG

Trong thuc t&€ c¢6 nhiéu mo6 hinh thuc chét 1a trudng hop dac biét cia CFG, trong s6
d6 c6 thé ké dén cdc hé nhu SPM va cdc mo rong clia nd, dan Young, mo6 hinh EFG
(Edge Firing Games), cac hé thong dé€m,... K&t qua mo phong cac mod hinh nay boi
hé CFG dugc trinh bay trong [30]. Sau day ching to1 trinh bay mo6 hinh SPM dugc
mo phong boi hé dong luc CFG. Cho he¢ SPM(n). Xét d6 thi G = (V, E), véi
V={01,....n}vaE={(i+D1<i<n—1}YU{@ii—1)1<i<n}. Véi
moi trang thdi p cia SPM (n) xdc dinh mot trang thdi 7(p) cta CFG(G,n) nhu
sau: dinh ¢ chita p; — p; 11 chips (i > 1), dinh 0 khong chita chip. Khi d6, véi méi
trang thdi m(p) ctia CFG ta c¢6 w(p) — m(p') khi va chi khi p — p' trong SPM (n).
Do d6, vé6i trang thdi ddu 7((n)), khong gian trang thai CFG(G, (n)) déng cau véi
SPM(n). Hinh 3.2 1a mot vi du.

DD @ | |:;|

L - ﬂ et | |

[ R

Hinh 3.2: Ma hod mot SPM biang mot CFG

3.14 CFG to mau

Nhu da bi€t khong gian trang thai cia mot CFG hdi tu la mot dan phan phoi. Ky
hiéu L(CFG) la tap tit ca cac dan sinh boéi cdc CFG hoi tu. Nam 2001, nhém
nghién ciu cua C. Magnien, H. D. Phan va L. Vuillon da ching minh rang 16p céc
dan phan phdi thuc su chia trong 16p dan L(CFG) va 16p dan L(CFG) thuc su
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chita trong 16p dan ULD. Nhu vay, v6i moi dan phan phéi Lp ludn ton tai mot CFG
hoi tu ¢6 khong gian trang thai 1a Lp, va ton tai nhimg CFG hoi tu c¢6 khong gian
trang thdi 1a dan khong phan phéi (hinh 3.3). Tuy nhién, ton tai nhitng dan ULD
khong la khong gian trang thdi cia mot CFG hoi tu nao (hinh 3.4). Ky hiéu D la

tap tat ca cac dan phan phdi. Khi doé ta c6 két qua sau:

Pinh 1y 3.1.8. [64, Dinh Iy 4.1 va dinh 1 4.2] D G L(CFG) ¢ ULD.

Hinh 3.3: CFG va khong gian trang thai tuong tng

Trong phan nay ching toi giGi thiéu mot mé rong ctia CFG sinh ra ding 16p dan

ULD.

DPinh nghia 3.1.9. [64] Cho do thi G = (V; F) va X la tap cdc mau. Ta goi do thi
t6 mau (coloured graph) la bo (V; E'; X; col) trong d6 col 1a danh xa mau tr E vao
X. Han ché clia d6 thi nay lén mau ¢ € X 1a d6 thi G, = (V;col '(c)) chi gébm
cac canh ¢6 mau ¢. M6 hinh CFG t6 mau dugc dinh nghia trén mot da do6 thi cé
hudng t6 mau G = (V; E; X; col). Mbi trang thdi cia CFG nay dugc cho bdi mot
ham o : V — N¥, tai mdi dinh chita mot s6 chip v6i cdc mau khic nhau. Vé6i mbi
v € V,c € X, taky hiéu o.(v) 1a s6 cac chip c6 mau c tai dinh v. Tai moéi thoi
diém, moi dinh c6 mot trang thai 1a déng hay md. Luat van dong ctia CFG t6 mau

12 viec mé cac dinh. Diéu kién dé cé thé md dinh v 1a:



(*) A4 o)
oC@®®o
L
° ° ),

-,/

Hinh 3.4: Dan ULD khong la khong gian trang thai cia mot CFG nao

e v dang dong,

e t6n tai mot mau ¢ € X sao cho v ¢6 thé chdy (theo nghia ¢ dién) trén G, (tic
14, s6 chip ¢6 mau c tai dinh v 16n hon hodc bang s6 cung ¢6 mau c di ra ti

dinh v).

Viéc mé dinh v gom co:

e danh dau dinh v da md,

e v6i mbi mau ¢ € X, xét CFG mau ¢ han ch€ trén cdc dinh da md, cho CFG
van hanh dén khi dat dén trang thai cudi cung.

Mo hinh CFG t6 mau trén d6 thi G ky hiéu 1a ColCFG(G).

Cau hoi dat ra 1a lieu CFG t6 mau c6 dimg khong? Dé dam bao diéu nay thi céc

CFG mau ¢ phai hoi tu. Diéu d6 c¢6 nghia la cac d6 thi G, phai khong chita thanh
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phan déng [52]. Nhu vay khi xét CFG t6 mau trén d6 thi to mau G = (V; E; X; col),
di€u kién khong chita thanh phan déng ctia cac do6 thi G = (V) E, {c}) phai duoc

A
L

Hinh 3.5: Khong gian trang thai cia mot CFG t6 mau

thoa man.

Hanh vi cia CFG t6 mau nhu sau: ddu tién tat ca cac dinh déu dong, ta chon
mot dinh ¢6 thé mo trén mau ¢; (théa man diéu kién m& dugc), chdy dinh nay trén
do6 thi G, dén khi dat dén trang thdi ding, ta dugc mot trang thai méi ciia CFG
t6 mau. Sau do, lai ti€p tuc md dinh ti€p theo v6i mau ¢y, cho CFG van hanh nhu
CFG c¢6 dién trén d6 thi G = G, va trén dinh vira m& 1an truéc. Qué trinh ti€p
tuc cho dén khi khong con dinh nao c6é thé m& duge ta dugc trang thdi cudi cling
cta CFG t6 mau. Nhu vay, CFG t6 mau trén do thi t6 mau G = (V, E, X, col) c6
thé xem 12 hop ctia cic CFG c6 dién trén cac do thi G.. Khong gian trang thai cla
CFG t6 mau duoc sip thit tu bo phan theo quan hé bao ham: o > ¢’ khi va chi khi

s(o) C s(o’), trong d6 s(o) 1a shot-set cua trang thai o, tic la tap tit ca cic dinh



52

dd mo dé€ nhan dugc trang thdi o tir trang thai ban dau.

Ta thdy rang CFG t6 mau chinh 12 m& rong cua CFG. Moi trang théi o cua CFG
t6 mau dugc xdc dinh duy nhat bdi shot-set s(o) clia nd. Tap tat ca cac shot-set
tuong tng v6i khong gian trang thdi cia CFG t6 mau. Tap hop nay duoc sap thd
tu boi quan hé bao ham tap hop va hién nhién c6 phan tir nho nhét 1a tap hop réng.
Hon nira, tap nay dong véGi phép toan hgp cta hai tap hop, do d6 khong gian trang

thdi cia CFG t6 mau 12 mot dan. Cdc két qua nay duoc thé hién trong dinh 1y sau:

Dinh ly 3.1.10. /64, Dinh ly 5.2] Khong gian trang thdi cua mét CFG té mau la
mot dan ULD.

Cuoi cung, két qua trong [64] con chiimg minh dugc nhiéu hon thé. Bang céch su
dung khdi niém phdn tir bdt khd quy, C. Magnien, H. D. Phan va L. Vuillon trong
[64] dad ching minh rang 16p CFG t6 mau sinh ra ding 16p dan ULD. Ky hiéu L(C)
la dan sinh bdi CFG to mau C, tic la L(C') 1a khong gian trang thdi cia CFG to

mau C'. Khi dé, ta c6 dinh ly sau:

Pinh ly 3.1.11 (Dinh 1y 5.6). [64] Cho L la dan ULD. Khi dé ton tai CFG t6 mau
C sao cho L = L(C).

3.2 Hé dong luc CCFG

Trong thuc t€ ¢6 nhiéu hé CFG mé rong véi diéu kién chdy tai mbi dinh duoc giam
nhe hon. Diéu kién dé mot dinh v chdy duoc trong CFG c6 dién la kh4 chat: né
phai doi nhan dugc s6 chip nhiéu can thiét (khong nhd hon s6 cung di ra tir nd)
thi méi chdy duoc. Diéu kién ndy c6 thé dugc giam nhe hon phit hop véi mot s6
mo hinh thuc t€ nhu sau: tai trang théi a, dinh v cia CFG c6 thé chdy dugc néu
tai dinh nay chi can chia it nhat mot chip. Hoat dong chay ciing dugc thay doi:

chuyén mot chip dén mot dinh lan can doc theo mot cung di ra tir dinh v.

Nhu vay, qua méi budc chuyén trang thdi cia hé CFG md& rong nay, chip dugc
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chuyén tir dinh c¢6 chita chip dén mot dinh lan can cta né doc theo cung di ra. Vi
viéc chuyén chip dén dinh nay s& 4nh hudng dén viéc chuyén chip dén dinh khac
nén c6 su tuong tranh gilta cac cung di ra tr mot dinh. Vi vay ching toi goi hé nay
1a hé dong luc CFG tuong tranh (Conflicting Chip Firing Game - Chip Firing Game
tuong tranh) [71] va ky hiéu 1a CCFG(G,n) dé chi hé¢ CFG tuong tranh trén do
thi ¢c6 huéng G véi tong s6 chip n khong thay ddi trong qua trinh bién déi cia he.

Pé dinh nghia hé dong luc CCFG, trudc hét ta c¢6 dinh nghia hop thanh

(composition) cua mot s6 tu nhién n trén tap hop S.

Dinh nghia 3.2.1. Cho n 1a mdt s6 nguyén duong, S la mot tap hop bat ky cé luc
luong |S| = k. Mot hop thanh cta n trén S 1a mot bo sap thi tu (ag, ..., a) céc

sO nguyén khong am sao cho a; + ... + ap = n.

Dinh nghia 3.2.2. Hé dong luc CCFG (Conflicting Chip Firing Game - CFG tuong
tranh) dugc dinh nghia trén d6 thi ¢6 huéng G = (V, E), ky hiéu la CCFG(G,n):

+ Moi trang thai 1a mot hop thanh cta n trén V.

+ Luat van dong:

e Diéu kién chdy: Pinh i € V ¢6 thé chdy duoc tai trang thii a néu a; > 0.
e Hoat dong chdy: khi dinh i chdy né chuyén mot chip dén mot dinh lan can
cua 1.
DPinh nghia 3.2.3. (Quan hé ké'tiép) Cho CCFG(G,n). Tren CCFG(G,n) ta xac
dinh mot quan hé hai ngodi nhu sau: véi a,b € CCFG(G,n),a >core b khi va chi
khi b nhan dugc tir a sau khi d4p dung luat chdy vao mot s6 cung. Dac biét, ta ky

hiéu a — b dé chi b nhan dugc tir @ sau khi chdy mot cung.

Khi néi vé quan hé thi tu trén CCFG, ching toi ky hiéu > thay cho a >¢ccorg b.

Mo hinh ctia chdng t6i dugc dé xuat nam 2006 [Phan, Pham]. Gan day, ching

toi tim hiéu va duoc bi€t c6 nhitng mo hinh lién quan dang bat ddu duoc nghién
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cuu va da c6 nhitng két qua nhat dinh.

Nam 2008, nhém nghién ctu ctia A.E.Holroyd va J.Propp [36] da nghién cttu mo
hinh Chip-firing trong méi quan hé v6i mo hinh rotor-router. M6 hinh rotor-router
dugc dé xuat dau tién vao nam 1996 badi Priezzhev va cong su dudi tén goi mo hinh
duodng di Ole (Eurlean walker model) [69] trong méi quan hé véi hién tuong dot
bién tu t6 chic (self-organized criticality). C6 thé tém lugc vé mo hinh rotor-router
nhu sau: mo6 hinh nay dugc dinh nghia trén do6 thi ¢c6 huéng G = (V, E), v6i moi
dinh v € V ¢6 dinh mot thi tu cdc cung di ra tir v. Tai moi v, xdc dinh mot rotor
p(v) 1la mot cung di ra tir v. Puong di cia mdi chip tai dinh v dugc xac dinh theo
luat rotor-router nhu sau: chon cung k& ti€p p(v) trong tht tu cic cung di ra tir v

1a ¢ = (v,w), sau d6 cho chip di chuyén doc cung e dén dinh w. Qua trinh lap lai
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cho dén khi chip di dén dinh hit 1a dinh khong cé cung di ra thi dimg. Néu do6 thi
khong c6 dinh hut thi chip lai tiép tuc di va qua trinh s& khong ding. Mot ciu hinh
rotor 1a mot ham p xdc dinh trén tap dinh khong chida dinh hit va nhan gia tri 1a

p(v) € E.

Nhu vay, khong gian trang thdi cia mo hinh rotor-router la tap hgp con cua khong
gian trang thdi cia h¢ CCFG. Trong m6 hinh CCFG, tai méi thoi diém méi chip ¢
nhiéu kha nang chdy va ching ta xét hét tat ca cic kha nang chdy, con trong mo

hinh rotor-router, tai méi thdi diém méi chip chi ¢6 mot kha niang chay.

Trong [49] chdng toi nghién cttu mo6 hinh rotor-router theo quan diém cua hé
dong luc roi rac. Ching toi chiing minh khong gian trang thai cia mo hinh rotor-
router xudt phdt tir mot trang thai ban ddu c6 céu tric dan ULD va chi ra rang 16p

dan sinh boi cac rotor-router khong chita 16p dan phan phai.

Véi viéc nghién cttu mo hinh rotor-router trén do thi ¢c6 huéng G v6i mot dinh
hit toan cuc (global sink), nhém nghién cttu A.E.Holroyd va J.Propp trong [36]
da chiing minh ring nhém cic rotor-router dang ciu véi nhém sand pile trén do
thi c6 huéng (G. Hon nita, tir moi quan hé gifta cac trang thai lap (recurrent chip
configuration) véi cac cau hinh rotor khong chu trinh suy ra dugc dinh ly ma tran

cay (Matrix tree Theorem) trén d6 thi c6 hudng.

3.3 Mang Petri

Mang Petri (PN) 12 mo hinh todn hoc biéu dién céac hé théng hoat dong tuong tranh,
song song hodac dong bd do nha todn hoc C.A.Petri d¢ xuét vao nam 1962 [67].
Mang Petri 1a mot cong cu todn hoc hitu hiéu dé mo phong va phan tich hiéu nang
cho cic hé thong tir don gian dén phitc tap. Trai qua hon 40 nam phét trién, tir
mot mang Petri don gian ban dau, cac nha nghién ctu da cho ra hang loat mang
Petri & mic cao (hight level) nhu Coloured Petri Net, Predicate Petri Net, Stochastic

Petri Net, vv. Predicate-Transition Nets va Coloured Petri Nets, duoc giGi thiéu dau
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tién vao nam 1979 [68, 42, 43], va dugc nghién ctiu trong thap nién 80 bang cich
st dung mot s6 khdi niém cta dai s6 Petri nets dang duoc phét trién lic bay gio.
Ngudi ta tin tudng rang cac kj thuat ndy nam bat duoc tinh thdn cta nhitng khéi
niém da duoc phat trién truéc d6 va hita hen s& c¢6 nhiéu tng dung. Chéing han,
né c6 thé duoc sir dung truc ti€p dé xac dinh cac hé thong hoiac dé dinh nghia ngit
nghia ctia cdc ngon ngit khong hinh thitc khac. N6 ciing ¢6 thé phuc vu dé tich hop
cac ky thuat dang dugc sit dung doc 1ap nhu céc so d6 chuyén trang thdi hay so d6
ludng dit lieu. K§ thuat nay dac biét phit hop véi su phét trién clia ciac hé phan tdn
song song trén co s& cla tinh dong thai.

Trong phan nay ching t6i chi trinh bay khdi niém mang Petri don gian dat trong
moi quan hé véi cac hé dong luc CFG.

Mang Petri 1a mot d6 thi hai phan dac biét gom c6 ba loai d6i tuong 1a céc vi tri
(places), cdc (cdi) chuyén (transition) va cdc cung c¢6 huéng. Cic cung c6 hudng
n6i cdc vi tri v6i cdc chuyén va nguoc lai. Nghién ctu hanh vi dong luc clia mang

Petri 12 nghién cttu su bién chuyén ciia cic trang thi.

DPinh nghia toan hoc cua mang Petri nhu sau:

Pinh nghia 3.3.1. Mot mang Petri 1a mot bo t¢ N = (P, T,1,0), trong d6

(1) P={p1,p2,--.,pm} 12 tap hitu han céac vi tri (places);

(2) T = {t1,t3,...,t,} 12 tap hitu han cdc (cdi) chuyén (transition), PUT # ),
va PN T =

(3) I : PxT — N la ham vao, xac dinh trong s6 cua cung di tit vi tri dén
chuyén;

4) O : T x P — N la ham ra, x4c dinh trong s6 clia cung di tir chuyén dén vi
tri;

Mang Petri N = (P, T, I, O) khong chita trang thai dau dugc ky hiéu 1la N. Mang
Petri vGi trang thai ban dau M, : P — N dugc ky hiéu la (N, Mj).
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P1

Hinh 3.7: Vi du vé mang Petri.

Mot trang thai ( marking) cia mang Petri 1a mot sy phan bo cac fokens tai cac
vi tri. SO token va vi tri clia cdc token c6 thé thay doi trong qud trinh bién déi cia
mang. Mot trang thdi thuong dugc ky hiéu la M, 1a mot m-vector, véi m 1a so cac
vi tri. Thanh phan thi p cia M, ky hiéu 1la M (p), 1a s6 token tai vi tri p. Mang
Petri duoc goi 1a bao toan (preserve) néu tong s6 token khong thay déi trong sudt
qud trinh bién ddi clia mang. Mot cap (p,t) goi 1a t Idp (self-loop) hay khuyén,
néu p vira 12 vi tri vao vira 13 vi tri ra cia chuyén ¢t. Mang Petri goi 1a thudn tity

(pure) n€u n6é khong cé khuyén.

Mot mang Petri duoc mo ta bang mot da do thi (¢c6 hudng) hai phan. Cac vi tri
thuong duoc biéu dién bdi cac hinh tron, con céc chuyén thudng dugc biéu dién
bang cdc hinh chif nhat hay hinh vuong. Cung di tir vi trf p; dén cdi chuyén ¢; xdc
dinh p; 1a vi tri vao cua cua t;, ky hiéu 1a I(p;,¢;) = 1. Cung di tir cdi chuyén ¢;
dén vi tri p; xdc dinh p; 1a vi tri ra cla cdi chuyén ¢;, ky hiéu 1a O(t;, p;) = 1. Néu
I(p;,t;) = k (hoac O(t;,p;) = k), thi ¢6 k cung n6i vi trf p; v6i chuyén ¢; ( hoac
ndi cdi chuyén ¢; véi vi tri p;). SO token tai mdi vi tri dugc bi€u dién bang cdc s6

nguyén hoac cac dau cham trong hinh tron.

Mot cdi chuyén (transition) ¢ goi 1a chdy duoc (firable) hay cé khd ndng kich
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hoat (enabled) tai trang thai M néu mdi vi tri vao p cua ¢ chda it nhit s6 token

khong nhd hon trong s6 cua cung ndi p véi ¢, tic la, M (p) > I(p,t) v6i moi p € P.

Khi ¢ chdy s6 token & vi tri vao p; s& mat di ding bang trong s6 cung noi p; véi
t va né glii dén cac vi tri ra py s6 token ding bang trong s6 cung ndi ¢ vdi po.
N6i cach khac khi chuyén ¢ chdy tai trang thai M s& dan dén trang thdi M’ nhu

sau.

M'(p) = M(p) — I(p,t) + O(t,p) v6i moi p € P.

Hinh 3.8: Qua4 trinh chuyén trang thai sau mot budc.

Cho mot mang Petri bi chan (N, M), tir trang thdi M, ban déu, ta c6 thé nhan
duoc cdc trang théi ti€p theo bang cdch cho chdy cidc chuyén (chdy duogc). Tir mdi

trang thai méi ndy, lai tiép tuc nhan duoc cdc trang thdi méi khdc. Dé biéu dién
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qué trinh nay ta dung khai niém do6 thi (cé huéng) trang thai dat duoc (reachability
graph), hay goi tat 1a do thi dat duoc. Mbi dinh 12 mot trang thai dat dugc tix trang
thdi ban diu, méi cung tuong ting v6i mot cdi chuyén chdy chuyén tir trang thai
nay sang trang thai khac. Ta ky hiéu do6 thi dat dugc cta mang Petri (N, M) 1a
(G, My).

3.4 Moi quan hé giita hé dong luc CFGs va mang Petri

34.1 CFG va mang Petri

Trong phin nay chidng toi chiing minh rang hé dong luc CFG 1a mot trudng hop
dac biét ctia mang Petri.

Cho hé CFG trén da d6 thi ¢6 huéng G = (V, E). Ta s€ xay dung mang Petri N
sao cho véi moi trang thai ban dau O véi n chips ciia CFG(G), ton tai mot trang
thai ban dau M, sao cho dé thi dat duoc R(N, My) clia mang Petri N' dang cau véi
d6 thi trang thdi cia CFG(G,n,O).

Dinh nghia 3.4.1. Ta dinh nghia 4nh xa ¢ tut tap cadc CFG vao tap cdc mang Petri nhu
sau. V6i mot (da) do thi c6 huéng G, ¢(CFG(G)) lamang Petri (N) = (P, T,1,0),

trong do:

- Tap cac vi tri 1a tap dinh cta G: P =V

- Tap cdc chuyén: v6i méi v € V ¢6 deg™(v) > 0, ta dinh nghia cdi chuyén #(v)
thoa man hai diéu kién:

(i) v 1a vi tri vao duy nhét cua t(v) va I(v,t(v)) = deg™ (v),

(ii) cdc vi tri ra uw cua t(v) la cic dinh v € V sao cho (v,u) € FE, va
O(t(v),u) = w(v,u), & day w(v,u) 1a trong s6 cung (v,u) trong G.

- Tuong tGng trang thdi: v6i moi trang thai a trong C'FG(G) xac dinh trang thai

M = ¢(a) trong N sao cho M (v) = a(v), v6i moi v € V.
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Hinh 3.9: CFG va mang Petri tuong tng

Bay gio, ta xét do thi trang thdi cia CFG(G) va mang Petri N tuong tng.

Pinh ly 3.4.2. Cho G la (da) do thi c6 huong, cho O trang thdi dau. Goi N la
mang Petri nhdn dugc tivt CFG(G) bdi dnh xa ¢, My trang thdi cuia N tuong ting
voi O. Khi dé mang Petri (N, My) va hé dong luc CFG(G,n,O) c¢é cung do thi

dat duoc.

Chiing minh. TruGe hét ta chiing minh viéc chday dinh v trong CFG tuong tng véi
viéc kich hoat céi chuyén t(v) trong mang Petri. That vay, goi a 12 mot trang thdi
cua CFG(G,n,O) va v 1a mot dinh bat ky cia V. Dinh v chdy duoc tai trang théi
a khi va chi khi s6 chip tai v khong nhé hon bac ra cta v. Diéu nay tuong duong
v6i I(v,t(v)) < M(v) va do d6 cdi chuyén ¢(v) 1a kich hoat dugc. Khi dinh v chdy,
s6 chip tai v giam di deg™ (v) chips va s6 chip tai cdc dinh u lan can cla v tang 1én
w(v,u) chips. Mot cich tuong duong, khi kich hoat cdi chuyén ¢(v) trong mang
Petri NV, sO token tai v giam di I(v,t(v) = deg™t(v) tokens. Mat khéc, v6i mdi lan

can u cla v, vi tri ra clia t(u) tang 1én w(v,u) tokens.

Hon nita, cdu hinh ban dau M, ciia mang Petri cling chinh la trang thai ban
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dau O cia CFG(G,n). Do d6, CFG va mang Petri tuong tng c6 cuing do thi dat
duoc. ]

Boi vi tong s6 chip trong hé dong luc CFG khong thay déi trong sudt qud trinh
bién déi cuia hé nén tir dinh 1y trén ta c6 ngay hé qua sau

Hé qua 3.4.3. Hé dong luc CFG la mang Petri bdo toan.
3.4.2 CCFG va mang Petri

Trong phan nay chdng toi trinh bay moi quan hé gitta CCFG va mang Petri. Cho
CCFG(G) trén (da) do6 thi ¢6 huéng G = (V, E). Ta dinh nghia dnh xa 1 tir tap

cac CCFG vao tap cac mang Petri tuong tu nhu truong hop cua CFG.

Pinh nghia 3.4.4. Cho (da) d6 thi c¢6 huéng G, Y(CFG(G)) la mang Petri
(N)=(P,T,1,0), trong d6:

- Tap hop céc vi tri 1a tap dinh cua d6 thi P =V

- Tap hop cédc chuyén: Véi mdi cung e = (u,v) € F, ta dinh nghia céi chuyén

(transition) t(e) thoa man hai diéu kién sau:

(i) w 1a vi tri vao duy nhat cta ¢ va I(u,t(e)) = 1,

(if) v 1a vi tri ra duy nhat cta ¢ va O(t(e),v) = 1.

- Tuong tGng trang thdi: v6i moi trang thai a trong C'FG(G) xac dinh trang thai
M = ¢(a) trong N sao cho M (v) = a(v), v6i moi v € V.

Trong mang Petri nay ta c¢6 |T| = |E|, |P| = |V]|.

Ching minh tuong ty nhu Dinh 1y 3.4.2, ta c6 két qua sau:

Pinh 1y 3.4.5. Cho G la (da) do thi c¢6 huong, cho O la trang thdi ban dau cia
CCFG(G). Goi N la mang Petri nhdn duoc tr CCFG(G) bdi dnh xa 1, My la
cdu hinh cia N wong iing voi trang thdi O. Khi do, mang Petri (N, My) va hé
CCFG(G,n,O) co cung do thi dat duoc.



62

Vi
Vi
© (@
€3
t
e o 2 E:lt3 t]
Vv, ———
€4
\%) 4 ‘ ‘ (: ) V3

V3 t4

Hinh 3.10: CCFG va mang Petri tuong ting

3.4.3 CFG t6 mau va mang Petri

Vén dé phic tap nhit 1a xay dung phép nhung tir 16p cdc CFG t6 mau vao 16p cic
mang Petri boi vi su khac biét vé cau tric gitta CFG hay CCFG va CFG t6 mau.
Hanh vi chuyén trang thdi cia CFG t6 mau phtc tap hon, gébm c6 viéc m& cac dinh
va chay nhu trong CFG c6 dién. Mot kho khin nita 1a trong CFG t6 mau, s6 chip
tai mdi dinh ¢6 cdc mau khéac nhau, va chip mau nao thi chi dugc di chuyén theo
cung di ra c6 cung mau. Viéc xay dung mang Petri tuong tng v6i CFG t6 mau
khong con don gian nhu CFG c6 dién hay CCFG nita. Ching toi, sit dung ¥ tudng
lien hé gifta cdu tric cia CFG t6 mau so v6i CFG c6 dién dé xay dung mang Petri
tuong tng. CFG t6 mau 1a hgp ctia cac CFG nén mang Petri tuong ting c6 céu tric
kha phuec tap.

Cho ColCFG(G) la CFG t6 mau nhu trong dinh nghia 3.1.9 trén d6 thi t6 mau
G = (V,E, X, col). Goi m la s6 cic mau. Véi u,v € V, c € X, goi d(v,c) la s6
cung c6 mau c di ra tir v, d((v,u),c) la s6 cung mau c di tr v dn u. Goi N la s6

tu nhién da 16n (16n hon tong s6 chip). Mang Petri duoc xay dung nhu sau:

Dinh nghia 3.4.6. Ta dinh nghia d4nh xa x tu tap cic CFG t6 mau vao tap cidc mang
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Petri nhu sau: Cho C'olC'FG(G) CFG t6 mau trén d6 thi to mau G = (V, E, X, col).
X(ColCFG(G)) lamang Petri (N(G)) = (P, T,1,0), trong d6 cac thanh phan dugc

xay dung nhu sau:

e Tap cac vi tri P: v6i méi v € V, ¢6 2m + 1 vi tri tuong tng ctia P bao gom
m vi tri p(v, ¢) (mdi vi tri cho mot mau c¢), m vi tri ¢(v, ¢) (mbi vi tri cho mot

mau ¢) va mot vi tri r7(v).

e Tap cdc chuyén T: véi méi v € V, c6 2m + 1 cdi chuyén cua T bao gébm m
cai chuyén t(v, ¢) (mbi céi chuyén cho mot mau c¢), m céi chuyén f(v,c) (mbi

cdi chuyén cho mot mau ¢) va mot cai chuyén (transiton) 6(v).

e Ham vao (input function) I: véi mdi v € V,c € C, I(p(v,c),t(v,c)) =
N + d(v,c), I(r(v),0(v)) = N+ 1, va I(q(v,c), f(v,¢)) = N +d(v,c). Tat

ca céc gia tri con lai bang 0.

e Ham ra (output function) O: véi méi v € V,c € C, O(t(v,c),r(c)) = 1,
O(f(v),q(v,c)) = N, O(f(v,c),q(v,c)) = N, va véi mbi 1an can u cia v,
O(f(v,¢),p(u, ¢)) = d((v,u),c) va O(f(v,¢),q(u,c)) = d((v,u),c). Cic gid

tri con lai bang 0.

e Vai tro ctia N: céc todn tr 6 c6 thé thuc hién khi va chi khi cdc toan tur f

khong thuc hién dugc.

Pé hiéu rd cau tric phifc tap clia mang Petri nay, ta c6 mot so 1y gidi vé ¥ tudng
xay dung cau trdc nay nhu sau: dé nhan dugc mang Petri ndy, v6i mdi dinh v cla
CFG, ta xay dung mang Petri tuong ting v6i m dinh dé tach chip va cung c6 mau
khac nhau. Cac toan tir cia CFG t6 mau ColC FG dugc ma héa nhu sau: viéc ma
dinh v dugc ma héa thanh cdi chuyén 6(v) va viéc chdy dinh v v6i mau ¢ dugc ma
héa thanh cdi chuyén f(v, c). Diéu kién "ton tai mau ¢ sao cho v chdy dugc" dugc
ma héa thanh cdi chuyén t(v, c). Vi tri p(v, c) chita s6 chip mau c tai dinh v trudc

khi m¢& dinh v, vi tri ¢(v, ¢) chita s6 chip mau c tai v sau khi m& dinh v va vi tri
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r(v) chita s6 chip dam bao cho di€u kién mé duge hay khong mé duoc dinh v.

Pé ching minh rang CFG t6 mau va mang Petri c¢6 cling do thi dat duoc, tiép
theo ta chi ra su tuong tng gitta cdc trang thdi cua CFG t6 mau ColCFG(G) véi
cdc céu hinh ciia mang Petri N(G).

Pinh nghia 3.4.7. Cho ColCFG(G) la CFG t6 mau, 6 1a mot trang thai cta né (&
day 6.(v) 1a s6 chip c6 mau c tai dinh v), goi N(G) l1a mang Petri tuong ting CFG
to mau ColCFG(G). Ta dinh nghia ciu hinh M tuong ung véi § trong mang Petri

nhu sau:

e S6 token & p(v,c) 1a N + §.(v).
e SG token & 7(v) la N.
e S6 token & ¢(v, c) 1a d.(v).

e Moi cau hinh M dugc dong nhat véi tap gid tri {q(v,c),c € X}.

Két qua chinh ctia chuong nay dugc phat biéu nhu sau:

Pinh ly 3.4.8. Cho CFG t6 mau ColCFG(G), § la trang thdi ban dau. Goi N(G)
la mang Petri nhdn dugc tw ColCFG(G) qua dnh xa x, My la cdu hinh cia
mang Petri N(G) tuong ting voi 6. Khi dé mang Petri (N(G), My) va mo hinh
ColCFG(G,0) co cung do thi dat dugc.

Chitng minh. Truéc hét, ta ching minh rang moéi todn tir cia ColCFG(G) tuong
ting v6i mot chuyén ctia N(G). Ta s& chiing minh ring viéc m& dinh v dugc ma
héa thanh cdi chuyén 6(v) va viéc chdy dinh v v6i mau ¢ dugc ma hoéa thanh céi

chuyén f(v,c).

e Dau tién, tat ca ciac dinh cta V déng. Tuong tng trong NV, tit ca cic cai
chuyén 6(v) khong thé kich hoat dugc vi I(r(v),f(v)) = N + 1 va chi c6 N

tokens & vi tri r(v).
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Hinh 3.11: CFG t6 mau va mang Petri tuong tng.

Hon nita, truéc khi kich hoat cdi chuyén 6(v), cac cdi chuyén f(v,c) ciing
khong thé kich hoat duogc vi I(q(v,¢), f(v,c)) = N + d(v,¢) va chi ¢6 d6.(v)

tokens & vi tri ¢(v, ¢) nho hon gid tri N.

e Diéu kién m& dinh v trong CFG t6 mau la: "ton tai mau ¢ sao cho v chdy
duoc". Tuong Gng trong mang Petri NV, diéu kién dé kich hoat dugc cdi chuyén
6(v) 1a I(r(v)) > I(r(v),0(v)) = N + 1. Nhu vay, lic dau & vi tri r(v) c6 N
tokens, ta c6 thé kich hoat 6(v) sau khi vi tri 7(v) nhan dugc it nhat mot token.
C6 m cdi chuyén cua vi tri ra 7(v) 1a ¢(v, ¢), do d6 r(v) nhan dugc it nhat mot
token néu c6 it nhat mot cdi chuyén ¢(v,c) dugc kich hoat. Diéu kién kich
hoat cdi chuyén ¢(v,c) 1a s6 token tai p(v, c) khong nho hon I(p(v,c),t(v,c),
tic 1a N + 0.(v) > N + d(v, ¢), hay mot cach tuong duong do.(v) > d(v,c).
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Day ciing chinh 1a di€u kién mé dinh v v6i mau c¢. Do vay diéu kién md& dinh
v tuong duong véi diéu kién kich hoat cdi chuyén 6(v).

Hanh vi mé& dinh v trong CFG t6 mau goém c6 hai budc

- thit nhit 1a danh dau v da dugc mo

- thit hai 1a v6i mau ¢ € X, xét CFG véi cac cung mau ¢ va véi cac dinh da
duge md, cho CFG van hanh dén khi dat dén trang thai cudi cung.

Tuong tng v6i hanh vi d6 trong mang Petri IV, ta xét dinh v va mau ¢y sao cho
deo (V) > d(v, ¢p). Transition t(v, ¢y) 1a kich hoat dugc. Bay gid xét mau ¢, néu
dc(v) > d(v, ¢) thi t(v, ¢) cling kich hoat dugc va kéo theo cai chuyén 6(v) kich
hoat dugc. Véi mau ¢, q(v, ¢) = 6.(v)+N, va I(q(v,c), f(v,c)) = N+d(v, c).
RO rang q(v, co) > 1(q(v, o), f(v,cp)) do d6 f(v, o) kich hoat duge. VGi mau
¢ khic néu thoa man 6.(v) > d(v, ¢) thi q(v,c) > I(q(v,c), f(v,c)), va f(v,c)
cting dugc kich hoat.

Cac tokens tir vi tri g(v, ¢) gli vao cac vi tri p(u, ¢) va q(u, c) v6i u 1a lan can
cta v. Néu u vin con dong thi cdi chuyén f(u,c) khong kich hoat duoc, tiic
1a v khong chdy duoc, tuy nhién ta c6 thé thay déi diéu kién dé u chdy dugc
boi vi s6 token tai vi tri p(u, c¢) dugc tang 1én nhu trong CFG c6 dién. Ngugc

lai, v da duoc m& va q(u, ¢) c6 thé chdy nhu trong CFG c6 dién.

Tiép theo ta xét tinh chat: trong CFG t6 mau ColCFG(G), moi dinh v chi

duoc m& nhiéu nhat mot 1an.

Trong mang Petri N tuong tung, néu v da dugc mé CFG t6 mau, thi cai
chuyén 6(v) trong mang N da dugc kich hoat va r(v) mat di N tokens.
Trong khi d6 s6 token ma vi tri r(v) nhan dugc tir cac chuyén t(v,c) trong
sudt qud trinh bién doi cia mang khong thé vuot qua N (mdi budc bién déi
trang thdi r(v) chi nhan dugc mot token tir ¢(v,c) ). Do d6, véi dieu kién
I(r(v)) > I(r(v),0(v)) = N+1, 6(v) khong thé dugc kich hoat thém 14n nita.

Nhu vay, diéu kién moéi dinh v chi duoc mé nhi€éu nhat mot 1an trong CFG to
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mau tuong duong vé6i dieu kién 6(v) chi kich hoat nhiéu nhat mot 1an trong

mang Petri tuong tng.

e Trong CFG t6 mau ColCFG(G), khi m& mot dinh, ta cho CFG van hanh dén
khi dat dugc trang thai cud6i cung. Diéu kién nay tuong duong véi di€u kién
trong mang Petri: cdc chuyén 6 kich hoat duoc khi va chi cdc chuyén f khong

thé kich hoat.

Cudi cung, ta chiing minh rang moi trang théi trong CFG t6 mau ColCFG(G)
tuong tng vGi mot cau hinh trong mang Petri N(G). That vay, theo dinh nghia
3.4.7, mbi cau hinh cia N(G) dugc dong nhit véi tap hop {q(v,c)}. Dau tién, c¢6
dc(v) tokens & vi tri ¢(v, ¢), do d6 tap hop {q(v,c)} chinh la s6 chip tai moi dinh

vcua V.

Sau khi bién ddi trang thdi, chang han dinh v chdy v6i mau ¢ trong CFG thi v
mét di d(v,c) chips. Trong mang Petri N(G), cdi chuyén f(v,c) dugc kich hoat,
va I(q(v,c), f(v,c)) = d(v,c), nén q(v,c) mat di d(v,c) tokens. VGi mdi lan can
u cua v trong do6 thi G, khi v chdy s€ thém d((v,u),c) chips mau ¢ vao dinh w.
Tuong tng trong mang Petri N, ta ¢6 O(f(v,c),q(u,c)) = d((v,u),c), tic la sau

khi kich hoat cdi chuyén f(v,c), vi tri ¢(u, ¢) dugc thém d((v,u), ¢) tokens mau c.

Do d6 méi trang thdi cia CFG t6 mau ColC'FG(G) tuong duong véi mdi cau

hinh clia mang Petri N(G).

Nhu vay mdi todn tir cia CFG t6 mau ColC'FG(G) tuong ting v6i mot cdi chuyén
cua mang Petri N(G), va moéi trang thai cua ColCFG(G) tuong tmg v6i moi ciu

hinh ctia N(G), nén do6 thi dat dugc ctia hai mo hinh nay dang céu vé6i nhau. [

3.5 Két luan chuong 3

Trong chuong nay ching toi da thu duogc két qua sau:

Chtng minh cdc hé¢ dong luc CFG la cdc mang Petri dac biét.
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Chuong 4

Tinh dat duoc cua hé CCFG trén do thi
c0 huong

Bai toan dat dugc (reachability) 1a mot bai toan co ban khi nghién cttu cac hé dong
luc. C6 nhiéu dang bai todn dat dugc clia hé dong luc. Trong chuong nay ching
t0i nghién cttu bai toan dién hinh nhat dugc phat biéu nhu sau: cho trudc hai trang
thai a va b cua hé dong luc CCFG, hay xac dinh xem b ¢é nhan dugc tir ¢ sau mot
s6 lan ap dung luat chdy? Trudc hét, ching toi xét hé CCFG trén do thi c6 hudng
khong chu trinh. Tap dinh V' cta d6 thi ¢6 huéng khong chu trinh nhu vay dugc
trang bi mot thtt ty bo phan. Dua vao cdu tric nay ching toi xét cac loc cla tap
dinh V' va dua ra khdi niém ho nang luong cua cac trang thai cia CCFG. Tu do,
chiing t6i dic trung tinh dat dugc cia CCFG bang cich st dung ho nang luong nay.
Vi tap dinh V' ¢6 cau tric tht tu nén khong gian trang thai cia CCFG ciing 1a mot
tap sap thi tu bo phan. Chiing t6i cling dua ra thuat todn (goi 1a thuat todn A) xdc
dinh tht tu cua cac trang thai cia CCFG dua vao ho nang lugng cua cac trang thai
(trong phan 4.2). Tuy nhién, vi phai xét hét tat ca cac loc nén trong truong hop xau
nhat, thuat todn A chay trong thoi gian ham mi cta |V/|. Thuat todn nay c6 hiéu
qua khi phai so sanh nhiéu cap trang thai cing mot lic cta cing mot hé CCFG va
nhat 12 trong trudng hop dé thi c6 kich ¢ nhd. Trong trudng téng quat hon, khi
xét hé CCFG trén d6 thi c6 hudng (c6 thé ¢6 chu trinh), dé dac trung tinh dat duoc

ctia CCFG ching toi dua ra khai niém mang van tai tuong ung véi cac trang thai
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ctia CCFG (trong phan 4.4). Dua vao khai niém nay, ching t6i dac trung tinh dat
dugc ctia CCFG bang céch tinh todn gia tri cua ludbng qua mang van tai tuong ung
(trong phan 4.5). Tir day, str dung cac thuat todn xac dinh ludéng cuc dai, ching toi
dua ra thuat toan (B) vdi thoi gian da thic cta V| dé xédc dinh tinh dat dugc cua
CCFG. Khi xét cac he CCFG trén do thi nén 16n thi thuat toan B 1a mot cdch khic
phuc nhuoc di€ém cua thuat todn A. Khi xét cdc hé CCFG trén do thi nén nhd va
can phai so sanh nhiéu cap trang théi cung ldc thi ta sit dung thuat todn A. Trong
thuc t€, thong thudng cac bai todn dugc xét trén d6 thi nén ¢6 dinh va phai so sanh
nhiéu cap trang thdi, vi du néu ta muon xay dung khong gian trang thai véi cau
tric tha tu, nén thuat toan A thuong dugc sit dung hon vi chi can chay thuat toan
xdc dinh cdc loc mot 14n va sau d6 so sanh dugc nhiéu cap trang thai. Trong khi
d6, muon st dung thuat todn B, thi mdi 1an so sanh mot cap trang thdi ta phai xéac
dinh mang van tai tuong ting vdéi trang thai léch cua cap trang thai d6. Day la mot
trong nhitng nhuoc diém cua thuat todn B va ciing 1a 1y do dé str dung thuat todn A
thuan tién hon. Trudc hét, trong phan 4.1, dé thdy dugc do phiic tap cua bai todn
dat duoc ctia cdc hé dong luc CFG, chiing toi nhac lai do phic tap clia bai toan dat

duoc clia mot s6 mang Petri.

4.1 Tinh dat dugc cua mot s6 mang Petri

Trong chuong trudc ching to6i da ching minh rang ciac hé dong luc CFG la cdc
mang Petri dac biét. H¢ CCFG la mot may hitu han trang thai (finite state machine)
titc 1a mang Petri ma mdi transition c6 ding mot vi tri vao va ding mot vi tri ra.
Bai todn dat dugc cua mang Petri 1a cho trudc mang Petri (N; M) va mot cdu hinh
M cta N, hay quyét dinh xem M c6 dat duoc tix M, hay khong? Bai toan nay
duoc phét biéu ddu tién boi Keller [46] va nd trd nén quan trong vi ¢6 nhiéu bai
toan khac tuong duong dé quy véi bai toan nay. Do phiic tap cua bai toan dat dugc

ctia mang Petri van 1a bai todn m& trong nhi€u nam tré lai day. Tuy nhién, n6 ciing
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da dugc giai quyét cho mot s6 mang Petri dac biét [15, 38, 45, 13]. Trong phan
nay ching to6i nhic lai mot s6 mang Petri dac biét va do phiic tap cua bai toan dat

dugc twong tng. Trudc hét, ching toi dinh nghia mot s6 mang Petri dac biét:

Pinh nghia 4.1.1. Mang Petri (N, M) dugc goi 1a

e khong tuwong tranh (conflict-free) néu mdi vi tri ¢6 nhiéu nhat mot cdi chuyén

ra (output transition),

e khong hiit (sinkless) n€u moi chu trinh ciia N khong 1am mat hét token trong

qua trinh bién doi,

e chudn tdc (normal) néu cic céi chuyén vao (input transitions) ciing 12 cdc cai

chuyén ra (output transitions) ctia cdc vi tri trong cdc chu trinh clia N,

e mang BPP (Basic Parallel Process) néu moi cdi chuyén déu c6 ding mot vi tri

vao,

e mark graph né€u moi vi tri ctia né c6 ding mot cdi chuyén vao (input transition)

va ding mot cdi chuyén ra (output transition),
e k-bi chdn néu v6i moi trang thdi dat dugc M va moi vi tri p ta ¢c6 M (p) < k,

e bi chdn néu tap trang thai dat duoc la hiru han.

Bai toan dat duoc cua mang Petri 1a quyét dinh dugc va do phuc tap thoi gian
clia n6 da dugc giai quyét trong mot s6 truong hop dac biét duge néu trong ménh

dé sau:

Ménh de 4.1.2. Bai todn dat duoc ciia mang Petri (N, M) la
e NP-day dii néu N khong cé chu trinh [77],
e NP-ddy du néu N la khong hit va chudn tdac [39],

e NP-ddy dii néu N la khong tuong tranh,
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e NP-ddy dii néu N la mang BPP [41],
e thuéc P néu N la khong tuong tranh va bi chdn [37],

e thuéc P néu N la mark graph.

Céc két qua da biét vé bai todn dat duoc ctia mang Petri 1a giai duoc trong thoi
gian da thic néu né khong tuong tranh va bi chan hoac la mark graph. Doéi véi
mang Petri, bai todn dat dugc cia may hitu han trang thai da duoc giai quyét trong
[65] bang phuong phdp phuong trinh ma tran, sit dung ma tran tdc dong (incidence
matrix) va phuong trinh trang thai. V61 mot may hitu han trang thai lién thong,
trang thai M la dat duoc tir trang thai M, khi va chi khi phuong trinh M = My+ Ax
c6 nghiém nguyén khong am z, & day A 1a ma tran tic dong. Bai todn nay c6 thé
duoc kiém ching trong thoi gian da thic, tidc 1a thuoc NP. Mot mo hinh mo rong cua
mdy hitu han trang théi 1a mdy hitu han trang thai v6i bé cac cung (state machines
with batch processing arcs) [63], bai toan dat dugc cua may nay cé do phic tap la
NP-khé. Nhu vay, c6 thé khiang dinh ring cho dén nay chua c6 thuat todn cu thé
nao dé giai bai toan dat dugc ciia may hitu han trang thdi hay ctia CCFG ngoai viéc
stt dung phuong trinh ma tran. Trong chuong nay, trudc hét ching toi xét CCFG
trén do thi ¢6 huéng khong chu trinh. Ching t6i sé dua ra dac trung tinh dat dugc
cia CCFG ma trong truong hop nay chinh 1a cdu tric tht tu cia CCFG va thuat
todn xdc dinh thit tw nay. Sau d6, trén do thi c6 huéng téng qudt ching toi sitr dung
thuat toan Push-Relabel, mot bién thé clia thuat toan Fork-Fukerson dé giai bai todn

dat dugc cua CCFG trong thoi gian da thic.

4.2 Cau trac thi tu caa CCFG trén DAG

Pé dic trung cau tric thi tu cta khong gian trang thai cia CCFG, trong phin nay
ching t6i dua ra dinh nghia ho nang lugng cia cdc trang thai cia CCFG. Dé ¥ ring

néu G = (V, E) 1a DAG thi tap dinh V' 1a mot tap sip thi ty nhu sau: véi moi
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u,v €V, u < v < u=wv hoic ton tai mot duong di tir v dén u. Ky hieu F(V) 1a

tap tat ca cac loc thi tu cua V.

Pinh nghia 4.2.1. Cho G = (V, E) 1a mot do thi ¢6 huéng khong chu trinh (DAG),
a = (ay,az,...,ay) la mot hop thanh cta n trén V. Ndng luong e(A, a)
cia trang thdi a trén tap A C V duoc dinh nghia 1a e(A4,a) = >, a;. Day

s0 (e(A,a)acrv)) dugc goi la ho ndng luong cla trang thdi a va dai luong

E(a) = 3 acr) (A, a) duge goi 1a nang lugng tong cua trang théi a.

Tir dinh nghia trén ta ¢6 ngay ménh dé sau

B6 dé 4.2.2. Cdc trang thdi ciia CCFG duoc xdc dinh duy nhdt bdi ho ndng luong
cia né. Nghia la, néu a va b la hai trang thdi cia CCFG(G,n) cé cung ho ndng

luong thi a = b.

Chitng minh. Lay tuy y v € V. Ta ¢6 Pred(v) va Pred(v) \ {v} 1a cac loc cua V'

nén theo gia thiét ta cé

e(Pred(v),a) = e(Pred(v),b) va e(Pred(v) \ {v},a) = e(Pred(v) \ {v},b)
T d6 suy ra a(v) = b(v). O

Sau day, ta chiing minh rang khong gian trang thai ctia CCFG c6 céu triic thi tu

bod phan.

B6 dé 4.2.3. (CCFG(G,n), <) la mét tap duoc sdp thit tw by phdn.

Chitng minh. Ta s& chiing minh rang b < a kéo theo e(A,b) < e(A,a) v6i moi
A € F(V), tic 1a qua trinh chdy cta hé lam cho nang lugng cuia cic trang thai
giam thuc su: néu b < a thi £(b) < £(a). Ta chi can ching minh cho trudng hop
a — b. Gia st ring b nhan duoc tr @ bang cdch chuyén mot chip tir v dén v. Khi
dé a(u) — 1 ="0b(u),a(v) +1=b(v) va a(w) = b(w) véi moi w # u, v, & day a(u)
la s6 chip tai dinh u cla trang thdi a. Lay tuy y A € F (V).
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Hinh 4.1: Khong gian trang thai cuia mot CCFG véi 2 chips.

+ Neuv € Athi w € Adowu > v trong (V,<) va A 1a mot loc. Do dé6
e(A,a) =e(A,Db).

+ Néu v ¢ A thi
e(A,b) néuu g A
e(4,a) =
e(A,b) +1ntuue A
Do d6 e(A,a) > e(A,b) v6i moi A € F(V). N6i rieng e(Pred(u),a) >
e(Pred(u),b).

Tur d6 suy ra b < a kéo theo £(b) < &£(a). Hon nita, néu b < a thi £(b) < E(a).
Vay (CCFG(G,n), <) 1a mot tap dugc sap thi tu bo phan. O

Nhu vay, khong gian trang thdi cia CCFG 1a mot tap dugc sap thit tu bo phan
Van dé dat ra 1a 1am thé ndo dé dac trung dugc quan hé thit tu nay? Lam thé nao
dé x4c dinh trang thai a ¢6 din dén duoc trang thdi b hay khong? Bai toan dat dugc
ctia mot hé dong luc luon 1 bai toan khé. Trong mo hinh CFG cé dién, céu triic
tht tu duoc dac trung bdi khai niém shot-vecto. Tuy nhién, day 1a mot dac trung
"gian ti€p", chi so sanh dugc hai trang thai a va b khi chiing cung xudt phat tir mot
trang thai ban dau. Bai todn so sanh hai trang thai bat ky trong hé¢ dong luc CFG

van con la bai todin moé. Khdi niém shot-vecto ¢6 duogc la do cdu tric phan bac
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cua khong gian trang thai ctia CFG, theo nghia giita hai trang thdi a > b ¢6 thé c6
nhiéu duong di nhung do dai cdc duong di 4y luon bang nhau. Khong gian trang
thdi CCFG khong cdn tinh chat phan bac nay nita, vi th€ chiing ta khong thé dung
khai niém tuong tu nhu shot-vecto trong CFG c¢6 dién. Ching toi dic trung thit tu
ctia CCFG dua vao ho nang lugng. Dac trung nay phic tap hon rat nhiéu vi phai
kiém tra nang lugng trén tat ca cdc loc cta tap dinh V, nhung né ¢6 uu diém la
kiém tra dugc thtt tu ciia hai trang thdi bat ky, khong nhat thiét phai xuat phat tir
mot trang thdi nhu trong CFG. C6 thé néi ho nang lugng phu thuodc truc ti€p vao

ban than cua cac trang thai, khong gian ti€p nhu shot-vecto.
Sau day, ching ta phat biéu dinh 1y vé dic trung thi tu ctia CCFG:

Pinh ly 4.2.4. Cho a va b la hai trang thdi cua CCFG(G,n). Khi dé a > b trong
CCFG(G,n) khi va chi khi e(A,a) > e(A,b), vdi moi A € F(V).

Chitng minh. Diéu kién can c6 thé rit ra truc ti€p tir ching minh b dé 4.2.3. Ta
ching minh diéu kién du bang céch chi ra diy chdy dan tir trang thdi a dén b. Chiing

ta chiing minh bang quy nap theo luc luong cua tap V.

+ Dé dang kiém tra trong truong hop |V| = 1.

+ Gia st |V| > 1. Ta xét hai trudng hop:

e Truong hop 1: ton tai loc A € F(V), A # 0, A# V sao cho e(A,a) = e(A,b).
Khi d6 trén do6 thi cam sinh G; = G[A] tac6 A’ € F(A), suy ra A" € F(V).
Theo gia thiét e(A’,a) > e(A’,b) v6i moi A’ € F(A), nén theo gia thi€t quy
nap ta c6 a ~ b trén do6 thi con G[A]. Bay gi0, ta xét do thi con cam sinh
Gy = G[V\ A]l. Rorang, néu B € F(V\ A) thit AUB € F(V). Goi B la mot
loc bat ky cua F'(V\A). Tacé e(AUB,a) > e(AUB,b) nén e(B,a) > e(B,b).

Do d6, theo gia thi€t quy nap ta c6 b nhan dugc tir a trén do thi G[V \ Al.

e Truong hop 2: e(A,a) > e(A,b)+ 1 véimoi A € F(V),A#0,A+#V. Khi
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d6 ton tai mot dinh hit v sao cho a(v) < b(v). Goi u la mot lan can cta v
((u,v) € E). Ta dinh nghia trang thdi ¢ nhu sau: c(u) = b(u) + 1,¢(v) =
b(v)—1 va c(w) = b(w), YVw # u,v. Khi d6 ¢ — b. T day suy ra, E(c) > E(b)
vado do E(a) — E(c) < E(a) — E(D).

Ta chi viéc chimg minh e(A,a) > e(A,c¢),VA € F(V). Khi d6, néu hai trang
thdi a va ¢ thoa man truong hop 1 thi a > ¢ con néu a va ¢ théa man trudng hop
2 thi lai ton tai trang thdi ¢’ sao cho ¢ — cvae(A,a) > e(A,d),VA € F(V).
Qua trinh lap lai hitu han 1an vi khong gian trang thai 1a hitu han. Do d6 a > b.
Dé ching minh e(A,a) > e(A,c),VA € F(V), ta goi A € F(V) 1a mot loc
tuy y va xét hai truong hop:

+ Neuv € Athiu € A, dou > vin (V<) va A € F(V). Do do,
e(A,a) > e(A,b) =e(A,c).

+ Néu v € A thi

~_J e(Ab), nuu g A
e(A,c) = { e(A,b) + 1, néu nguoc lai

Do d6, e(A,c) < e(A,b)+1<e(A a) (doe(A,a) > e(A,Db)). O

Dinh ly dugc chiing minh xong. []
4.3 Thuat toan xac dinh thir tu cua hé CCFG trén DAG

Muc dich ctia phan nay la dua ra thuét toan xac dinh céu tric tha tu cia hé CCFG,
hay mot cich tuong duong la xac dinh tinh dat dugc cua hé CCFG trén do thi cé
huéng khong chu trinh. Cho truGc hai trang thdi a va b ctia CCFG(G,n), thuat

toan s& xac dinh a c¢6 dan dén duoc b hay khong?

Bai toan dat dugc cua mot hé dong luc 1a mot van dé phic tap boi vi khong gian
trang thdi 1a rat 16n. Trong m6 hinh CCFG, d6 thi nén G luon dugc cho trude c6
kich thuéc di nhé. Ching han nhu s& cdc mdy tinh trong mang LAN, s6 niit trong

mot mang ndi bo cua moé hinh rotor router hay s6 cidc may trong mot hé phan tan.
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Tuy nhién, tong s6 chip n hay s6 cong viéc 1a rat 16n, né ¢6 thé bing s6 mii ca
kich thudc cua do6 thi nén (. SO phan tur ciia khong gian trang thdi chinh 1a s6 hop
thanh ctia n trén tap dinh V' clia d6 thi nén. Do d6 kich thuGc clia khong gian trang
thdi tham chi c¢6 thé bang ham mii so vé6i kich thudc clia do thi nén. Thuat todn
cla chiing t6i dua ra sau day c6 do phuc tap khong phu thuoc vao téng s6 chips n
ma chi phu thudc vao kich thuéc cta d6 thi nén G. Do d6 rat hitu hiéu déi véi cac
mang c6 do thi nén cd dinh, dac biét 1a d6 thi nén c6 kich thudc nho.

Thuat todn gém c6 hai thuat toan con:

+ Thuat toan sinh ra cac loc (Thuat toan I),

+ Thuat todn so sdnh hai trang thai (Thuat toan II).

Nhu vay d6i véi cac mang cé do6 thi nén c¢6 dinh thi chi can chay Thuat todn I
mot 14n d€ in ra cdc loc cua d6 thi. Sau d6, muén so sdnh hai trang thdi a va b thi
ta chi can chay Thuat todn II. Tir d6, ta thdy riang thuat todn nay rat hiéu qua trong
truong hop cin so sanh mot day cac cap trang thdi (a; va by), ... , (ag va bg) cua hé
trén mot do thi nén c6 dinh, vi ta chi can chay mot 1an Thuat todn I va % 1an Thuat
toan II.

Sau day, ching toi trinh bay y tudng chay cac thuat toan trén.

Thuat toan I:

Pau vao: ma tran ké £ = (&;;)mxm clla do thi G = (V, E) v6i |[V|=m

Pau ra: tép chita cac loc F(V).

Thuat toan II:

bau vao: hai trang thdi: a = (a1, ...,a;,) va b= (b,...,by).

Pau ra: tra 161 C6 néu a > b va KHONG néu nguoc lai.
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4.3.1 Thuat toan sinh ra cac loc

Dé in ra cdc loc cta tap thit tu V, ching toi sit dung song 4nh gitta tap cédc loc
F (V') va tap cac phan xich A(V) cta V. Thuat todn I dugc mo6 ta nhu sau:

- Ham Floyd: chuyén ma tran ké M[m][m] (m = |V|) cta d6 thi G thanh ma
tran do dai duong di ngdn nhat M[m][m] sao cho véi 4,5 € V, M[i][j] 1a do dai
duong di ngan nhat tir 7 dén j hoac 12 2m néu khong ton tai dudong di tir ¢ dén j.
Nhu vay néu M|i][j] < 2m thi j < trong V.

- Ham Filter(h): tinh todn cdc phan xich ctia V', va v6i méi phan xich A, ham
Filter xac dinh loc F' tuong tng va luu lai trong mot tép.

+ Moi phan xich dugc ky hiéu l1a A[], va v6i moi s6 nguyén h, u = A[h] 1a mot
phan tir cia A.

Ta dinh nghia mang index[i] v6i ¢ € V nhu sau:

0 néu 7 khong so sanh duoc vé6i cac phan tir cia A
index[i] = ¢ —unéui<u
unéui>u
+ Ta bat diu biang mot phan xich A gém chi 1 phan tir va viét loc tuong ting véi
phan xich nay. Sau do6 ta thém vao A mot phan t khac dang dugc danh s6 0.
+ MOoi lan thém vao A mot phan tu ta danh s6 lai cdc phan tu trong A nhu sau:
- Pau tién cac phan tlr i € V' dugc danh s6 0.
- Mbi lan thém mot phan tr v vao A (u = A[h]), ta cap nhat chi s6 i € V
nhu sau:
index[i]| = —u véi i < u,
néu index|i] = 0 thi
index[i] = u v6i i > u.
Sau day, ching toi trinh bay ham Index ddnh s6 cac dinh cua do thi, tir d6 in ra

céc phan xich va céc loc tuong ting bang ham Filter.
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1) Ham danh so: cé bién kiéu nguyén h, ddnh sé cdc dinh cia do thi. Ham
nay danh so cdac dinh da danh so 0 thanh —AC[h| néu c¢é duong di tir dinh dé dén
dinh AC[h] hodc chinh la dinh AC[h]. Cdc dinh ma tix dinh AC|h] ¢6 thé di dén
dugc thi danh so' la ACT[h].

procedure index (interger h)
k = PX|hl;
index k] = —k;
fori:=1tomdo
if index[i] == 0 then
if MIK][i] < 2 x m then index[i] = k;
if MJi|[k] < 2 x m then index|i] = —k;
end if
end for
2) Ham Filter: c6 bién kiéu nguyén h.Ham nay sinh ra cdc loc tao bdi phdn xich
gom h phan tit dau tién trong mang AC|m| dong thoi goi dé quy Filter(h + 1).
procedure Filter (interger h)
index(h); /| ddnh s cdc dinh lién quan dén dinh AC/[h)].
fori:=1tomdo
if ( DS[i] < 0) then print i; // viét loc sinh bdi phdn xich
end for
[:=0; /| bién dém cdc dinh khong so sdnh duogc véi h dinh PX[1],... PX[h].
fori:=1tomdo

if DS[i] =0 thenl=1[0+1;
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end for
if [ == 0 then return; // tdt cd cdc dinh da duoc danh so thi thodt ra.

else for i:= PX[h]+ 1 tom [/ vong ldp cho cdc dinh cé chi so lon hon
PX[h].

if DS[i] == 0 then // cdc dinh khéng so sanh dugc vdi h phan ti
PX[h+ 1] =1i; /| dau tién dugc thém vao mdng PX[m].
Filter(h+ 1);
for j:=1tomdo
if (DS[j| == —i OR DS[j] ==1i) then DS[j] = 0;//

end for // xéa cdc dinh da duoc ddanh so lién quan dén

PX[h+1].
end if
end for
end else
Tiép theo, ching ta phan tich do phic tap ctia thuat toan.

Pinh 1y 4.3.1. Thudt todn I sinh ra tdt cd cdc loc cua V vdi do phiic tap

O(m3 +m|F (V)

), trong dé m = |V/|.

Chitng minh. Ta can ching minh ring thuat to4n sinh ra tit ca cac loc cua V' (hay
mot cach tuong duong, tat ca cdc phan xich) va méi loc dugc sinh ra ding mot 1an.
That vay, ta hdy xét qua trinh sinh mot phan xich c¢6 h phan tdt A = {p1,...,pn}
Ta bat dau biang mot phan xich chi ¢6 mot phan tht A := {p;} (AC[1] = p1). Sau dé,
ta thém mot phan tt {p,} & "vong for" for i := AC[1] + 1 to m (phan tir nay duoc
danh s6 16n hon phan tt p; va khong so sanh dugc vé6i phan ti p; trong (V, <)).

Lic nay ta ¢c6 A := {p1,p2}. Tuong tu, trong "vong for" for i := AC[h — 1] + 1
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to m, ta thém phan tdt AC[h] = pj, vao A va goi ham Filter(1). Ham nay sinh ra
phan xich A = {py,...,pn}. Hon nita, cic dinh nam trong mot phan xich dugc
danh s6 ting dan va moi khi thém mot dinh mdi thi dinh nay phai khong so sanh
dugc véi cdc phan tir trude d6 trong phan xich. Do vay, méi loc tuong tng véi mot

phan xich duoc sinh ra ding mot lan.

Bay gio, ta phan tich do phtc tap cua thuat toan. Thuat todn FloydWarshall chay
trong thoi gian O(m?). Vong for tht hai trong hAm main c6 m budc va mdi buéc
chay trong thoi gian O(m). Mobi khi goi ham Filter thi ham dénh s6 (index) ciing
dugc goi trong ham Filter. Ham danh s6 chay trong thoi gian O(m). Vay, do phiic
tap cla thuat todn 1a O(m? +m? + m.|F(V)]) hay 1a O(m? +m.|F(V)|). Dinh Iy

dugc ching minh. a []

Vi du 4.3.2. Thudt todn sinh ra cdc loc. Trong vi du sau ddy, cdc dinh cua do thi
duoc biéu dién bdng cdc hinh tron va duogc ddnh sé, cdc dinh duoc to mau la cdc

dinh duogc thém vao dé tao nén phdn xich mdi.

(i) Trudce hét xét mot dinh bdt ky, chang han ta xét dinh 1. Liic ddu tdt cd cdc
dinh duoc ddnh s6° 0. Sau do, ddnh so6 lai cdc dinh: Cdc dinh khéng nho hon dinh
1 trong thir tu cua tdp dinh V' duoc ddnh sé -1. Cdc dinh lon hon dinh 1 duoc ddnh
s6" 1, cdac dinh khong so sanh duoc véi dinh 1 van giit nguyén (diugc danh s6 0).

Nhu vdy, ta c¢6 phdn xich dau tién la {1} va loc dau tién la {1}.

AC(1), Filter(1)

Hinh 4.2: Xét dinh 1 va ddnh s6 lai cdc dinh.
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Tiép theo, ta thém dinh khong so sdanh duoc voi dinh 1 la dinh 6, lic nay dinh 6
duwoc danh s6 lai la -6. Cdc dinh con lai da duoc ddnh sé khdc 0 nén thodt ra va
ta c6 phdan xich moi gom cdc dinh duogc danh s6 nho hon 0 la {1,6} va loc tuong

ing {1,6}. Hinh vé sau minh hoa diéu do.

AC(1,6), Filter(1,6)

Hinh 4.3: Dinh 6 dugc thém vao phan xich {1} va dugc ddnh so lai.

(ii) Budc tiép theo ta xét dinh 2, va bdy gio cdc dinh lai duoc ddnh sé 0. Qud
trinh duoc ldp lai tuong tu nhu trén va duoc minh hoa bdi cdc hinh vé sau. Chii y

rang cdc dinh da duoc danh so roi thi khong danh lai khi xét thém dinh mdi:

Hinh 4.4: Dédnh s6 lai cdc dinh lién quan dén dinh 2 va sinh loc.

+ Thém dinh 3 (dang duoc ddanh s6 0) vao phdn xich {2}, ddanh s6 lai cdc dinh
lién quan dén dinh 3 va sinh loc tuong iing
Thém dinh 6 (dang duoc ddnh so 0) vao phdn xich {2,3} , ddnh s6 lai cdc dinh

lién quan dén dinh 6 va sinh loc tuong iing:
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AC(2,3); Filter(1,2,3)

Hinh 4.5: Thém dinh 3, dinh 6, ddnh s& lai va sinh loc tuong tng.

Nhu vay khi xét phdan xich {2,3}, cdc dinh da duoc ddnh s khdc 0 nén quay lai
khi dang xét dinh 2.

+ Thém dinh 5 (dang dugc ddnh so' 0) vao phdn xich {2}, ddanh s6' lai cdc dinh
lién quan dén dinh 5 va sinh loc. Tuong tu, thém dinh 6 vao phdn xich {2}, danh

s0 lai va sinh loc (Hinh 4.6):

AC(2,3,6);
Filter(1,2,3,5,6)

AC(2,6);
Filter(1,2,6)

Hinh 4.6: Thém dinh 5, ddnh s6 lai va sinh loc.

(iii) Qud trinh tiép tuc, ta xét cdc dinh con lai voi chi s6 tang dan va lam tuong

tw nhu trén.

4.3.2 Thuat toan so sanh hai trang thai

Dua vao dinh 1y 4.2.4 vé dac trung thi tu cua hé CCFG, ching toi xay dung thuat

todn so sanh hai trang thai a va b.
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1. Hai mang mot chi€u a[m] va b[m| cho hai trang théi a va b;

2. Mot file F' chua tat ca cac loc.

3. Mot bién C' dé quyét dinh a > b?

Do phiic tap cua Thuat todn II phu thudc vao s6 phan tir cia mdi loc va két qua

a > b hay khong. Trong truong hgp xau nhat, Thuat toan II chay trong thoi gian

O(|V|.|F(V)|) vi phai tinh nang lugng cta a va b trén tat ca cac loc.

Chii y: Thuat todn I va thuat todn II da dugc lap trinh bang ngon ngit C+ va

cho ra két qua mong mudn (xem hinh 4.7, 4.12).

Mj filter.inp - Notepad

=E

File Edit Format View Help

EEEEEE =
cococooococor "
coocoooooHH
CooooR OO
coocoooooHH
CcCoocoooooHo
coocoHooHoo
oHroFRooFoOoo
coocorFRoooo
orRrFERRFoooOo o

EEIE i _| filter.out - Notepad

3 4
212
3123
4T2350
512356
412368
61235689
512345
6123456

‘?1234567
812345678
712345689
3125
41256
6123567
3126
512367
7123561718
6123456789
5125649
1012345678910
11

’
|

Hinh 4.7: Dau vao va diu ra cla chuong trinh in ra cic loc

44 Mang van tai

Tiép theo ching toi s& dua ra dac trung cho tinh dat duoc cua hé CCFG trén d6 thi

c6 huéng téng quét. Trudc hét, ching toi trinh bay khai niém mang van tai tuong

ing v6i cau hinh cta d6 thi. Khdi niém ndy s& dugc dung dé dac trung tinh dat duoc
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P sty BEE

. 3
110
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110 11 7 15 12 5 10 12 20 11
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1L784523640
0659327413
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[
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|10 11 7 15 12 5 10 12 20 11

Hinh 4.8: Mot s6 két qua cua thuét toan so sanh hai trang thdi. Trdi: dau vao; phai: diu ra.

cta hé CCFG trén d6 thi c6 huéng. Ching toi ciing dua ra thuat todn thoi gian da

thitc dé giai quyét bai toan dat dugc cua CCFG trén d6 thi ¢6 hudng.

Trong phan nay chuing toi s€ dua ra khai niém mang van tai tuong tng véi cau
hinh ctia CCFG. Trudc hét, xin nhac lai mot s6 dinh nghia co ban vé mang van tai

va ludng trén mang.

Mot mang van tai duoc dinh nghia 1a bo G = (V, E, w, s, 1), trong d6 (V, F) la
mot do thi c¢6 hudng lién thong khong c6 khuyén, w : £ — RT U {0} 1a ham trong
lugng trén tap cung F, s 1a mot dinh xac dinh cho truée goi 1a dinh phdt, con t 1a
mot dinh cho trudc khic goi 1a dinh thu. Gia st f : E — RT U {0} 1a ham xéc
dinh trén tap cung E. Khi d6, v6i mdi cung (u,v) € E ta s€ viét gid tri f((u,v))
cua ham f trén cung (u,v). Ta ¢6 dinh nghia luong (flow) trong mang van tai nhu

sau.

DPinh nghia 4.4.1. Cho mang van tai G = (V, £, w, s,t). Ludng trong mang van tai
Glamotham f:V xV — R v6i f(u,v) = 0,¥(u,v) ¢ E va thdéa man cdc tinh

chat sau:

e Kha nang thong qua: f(u,v) < w(u,v), véi moi u,v € V.
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e Tinh chat doi xing: f(u,v) = —f(v,u), v6i moi u,v € V.

e Tinh bao toan luong: > ., f(u,v) =0, véi moi u € V'\ {s,t}.

Vé6i moéi cung (u,v), gid tri w(u,v) goi 1a khd ndng thong qua cta cung (u,v),
con gid tri f(u,v) cta luong f trén cung (u,v) goi 1a gid tri cua luéng f qua cung
(u,v). Diéu kién thit nhat trong dinh nghia cta luéng néi rang gid tri cta ludng f
qua mot cung (u,v) € F bat ky khong vugt qua kha nang thong qua cta cung do.
Diéu kién thd hai trong dinh nghia ctia luéng ndéi 1én tinh d6i xdng, luong di tir u
dén v phai bang d6i cla ludng di tir v dén u. Diéu kién thit ba thé hién luat bao
toan luéng cua Kirchhoff: & méi dinh trir dinh phat va dinh thu, téng gi4 tri clia
ludéng qua cdc cung di vao dinh d6 bing téng gia tri cia ludng qua cdc cung di ra
tur no.

Gid tri clia luong f ky hiéu 1a | f| va dugc dinh nghia bang |f| =", ., f(s,v),

tiic 1a tong ludng di ra khoi nguén s.

Bai toan tim luong 16n nhat: Gid sit G = (V, E,w, s,t) la mot mang vdn tdi
dd cho. Hay tim mot luong f trén mang G sao cho gid tri |f| la lon nhdt trong cdc

gid tri cua luong trong G.

Bai todn tim luong 16n nhat trong mang van tai thudng gap trong cic tng dung
thuc tién, chang han nhu cin x4c dinh cudng do 16n nhat cho phép trong mot mang
dién, lugng dong chay 16n nhit trong mot mang song ngoi, vv va vv. Bai todn nay
da duoc giai quyét bing mot so thuat toan ndi tiéng nhu thuat toan Fork-Fulkerson,
thuat todn Push-Relabel, vv va vv. Dac biét, thuat todn Push-Relabel chay trong
thoi gian O(|V|?). Ching t0i s& st dung thuat todn Push-Relabel dé gidi bai todn

dat duoc ctia CCFG trong muc 4.5.

Tiép theo, ching toi s&€ trinh bay khai niém cau hinh cta do6 thi, mot khai niém

mo rong cua khai niém trang thai cua CCFG.

Pinh nghia 4.4.2. Mot cdu hinh (configuration) ctia d6 thi G = (V, E) la mot ham
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s6 ¢ : V(G) — R va dugc ky hiéu 1a ¢ = {c(v)},ev, Vi ¢(v) 1a gid tri tai dinh v.

Pinh nghia 4.4.3. Cho a = {a(v) }yev va b = {b(v) },ey 12 hai ciu hinh cta do6 thi
G. Céu hinh {a(v) — b(v) }yev, ky hiéu la a — b, dugc goi la cdu hinh léch cha hai

cau hinh a va b.

Sau day, ching toi trinh bay khai niém mang vdn tdi tuong iing (corresponding
flow network) v6i céu hinh ctia d6 thi. V6i méi cdu hinh ¢ = {¢(v)},ey ctia d6 thi
G, ta xdc dinh duy nhdt mot mang van tai tuong tng (G.,w, s,t) (xem hinh 4.9

va hinh 4.10). Ta s& dua vao khdi niém nay dé giai bai todn dat dugc cia CCFG.

Pinh nghia 4.4.4. Cho ¢ = {¢(v) }yey 12 mot cdu hinh cta do6 thi G. Mang vdn tdi

tuong 1ing voi cdu hinh ¢ 1a mang (G, w, s,t) duge dinh nghia nhu sau:

e s la dinh nguon va t dinh dich.

e V(G) = {s,t}UPUN, v6i P = {v € V(Q)|e(v) > 0},N = {v €
V(G)lc(v) < 0}
o B(G.) = {(s,v)]v € PYU{(v,u)|v € P,u € N,v~u trong G} U {(u,t)|u €
N}
w(s,v) = c(v), Vo € P;
o { wlut) = —c(u),Yu € N;

w(v,u) = +o00,Yv € P,Vu € N sao cho (v,u) € E(G,).

4.5 Tinh dat duoc cia hé CCFG trén do thi c6 huéng

Mot trong nhitng két qua chinh ctia chuong nay l1a dinh 1y dac trung vé tinh dat
duoc ctia hé CCFG trén do thi ¢6 huéng. Sau day, ching toi s€ trinh bay dinh 1y
dac trung vé tinh dat duoc ctia hé CCFG dua vao mang van tai tuong tng véi cau

hinh cua d6 thi.
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Hinh 4.9: Mot trang thai C' trén do thi G.

Hinh 4.10: Mang van tai tuong ung vdéi trang thdi c.

DPinh 1y 4.5.1. Cho a va b la hai trang thdi cia CCFG(G,n). Khi dé b dat dugc
tir a khi va chi khi luéng trén mang vdn tdi tuong itng vdi cdu hinh léch ¢ = a — b

dat gid tri cuc dai la Zc(v)>0 c(v).

Chiing minh. Goi (G, w, s,t) 1a mang van tai twong tng véi ciu hinh c.
a) Trudc hét, ta chiing minh di€u kién can. Goi f la gid tri ludng cuc dai trén
mang (G.,w, s,t). Theo gid thiét, gid tri cua ludng cyc dai bang .., c(v) nén

ta co

f(s,v) =c(v),Yv € P va f(s,v) = Z f(v,u),Yv e P

u:(v,u)EE(Ge)
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flu,t) = —c(u),Yu € N va f(u,t) = Z f(v,u),Vu € N.
v:(v,u)EE(G.)

Khi d6 xuat phat tir trang thdi a, tai méi dinh v € P, ta chuyén f(v,u) chips tit
dinh v dén dinh v € N néu (v,u) € E(G.) (ta c6 thé chuyén dugc vi v ~ u
trong (). Sau viéc chuyén nay thi tai méi dinh v € P so chips con lai 1a
(0) = Suuenian £ 1) = alv) = c(v) = afv) ~ (afv) ~ b(v)) = b{v); trong khi
d6 s6 chips tai moéi dinh w € N s€la a(u)+>_, yepq,) f(v:u) = a(w) + f(u,t) =
a(u) — c(u) = a(u) — (a(u) — b(u)) = b(u). Nhu vay, sau qua trinh nay ta c6 dugc

trang thai b.

b) Sau day, ta chiing minh di€u kién du, tic 1a n€u b nhan dugc tir ¢ thi mang van
tai tuong ung vGi cdu hinh léch ¢ = a — b ¢6 gia tri luéng 16n nhat la Zc(v)>0 c(v).
Ta s& ching minh bing quy nap theo do dai clia bu6c chuyén a ~ b. D& dang kiém
tra dugc trong truong hop a — b.

Gia slt a ~ b ¢6 do dai k + 1 va khang dinh ding cho cdc budc chuyén c6 do
dai k. Khi d6 ton tai trang théi b; sao cho a ~ by va by — b bang cach chuyén mot
chip doc cung (7, j) va gia thiét luong cuc dai clia mang van tai tuong tng véi cau
hinh ¢; = a — by ©6 gid tri 3. ()0 C1(v).

Gia st f; 1a luong cuc dai clia mang van tai (G.,,ws,s,t) V6i fi(s,v) =
c1(v),Yv € Py, fi(u,t) = —c1(u),Vu € Ny, v6i V(G,) = {s,t} U P, UN;. Ta sé
xay dung luéng cuc dai f clua mang van tai (G.,w,s,t) dua trén luéng f;. DE ¥
rang V(G,) = {s,t} U P U N va trong trudng hop nay P hay N c6 thé chita dinh
v V6i c(v) = 0.

Ta xét cac truong hogp sau:

e Néu ¢1(i) = ¢1(j) = 0 : sau bude chuyén by — btacé P = P, U{i}, N =

N1U{j},c1(i) = 1,¢1(j) = —1. Ta xay dung ludng f cia mang van tai tuong
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ting v6i trang thai ¢ nhu sau:
f(s,v) = fi(s,v),Yv € P, f(u,t) = fi(u,t),Yu € N
Fls,i) =1 =w(s,i), f(j,t) = 1 = w(j,t), va f(i,j) =1
(d€ y ring i — j in V(G))

dang kiém tra dugc f thdoa man cdc di€u kién cua ludbng va f(s,v) =

D

D

w(s,v),Yv € P, do d6 f 1a mot luong cuc dai.
Néu Cl<’i) > 0701<j> > 0 : twong tv ta c6 P = P,N = Nl,C(i> =
c1(i) + 1,¢(j) = c1(j) — 1 (néu ¢(j) = 0 thi w(s, j) = 0).
Vi ¢1(7) > 0 nén ton tai u € N sao cho (j,u) € E(G,,) va fi(j,u) > 0. Hon
nita, (1,7) € E(G), (j,u) € E(G,) nén suy ra (i,u) € E(G.,). Luong cuc dai
f dugc xay dung nhu sau:
f(s,i) = fi(s, 1) + 1 =w(s, i), f(s,7) = fi(s,7) = 1L =w(s,j),

f(Z,U) = fl(lvu) + 17f<.]7u> = fl(jau> —1
va f = fi trén cac cung con lai.
Néu ¢1(i) < 0,¢1(j) < 0:taco P = P, N = Ny,c(i) = c1(i) + 1,¢(j) =
c1(j) — 1. Vi fi(i,t) > 0 nén ton tai v € P sao cho (v,i) € E(G.) va
fi(v,i) > 0. Do (i,7) € E(G) nén ta c6 (v,j) € E(G.). Luong cuc dai f
duoc xay dung nhu sau:

f(Uai) = fl(vai) - l,f(U,j) = fl(vaj) +1
va f = fi trong cac truong hgp con lai.
Néu ¢1(7) > 0,¢1(j) < 0:tacd P = P, N = Ny,c(i) = c1(i) + 1,¢(j) =

c1(j) — 1. Ta xay dung ludng cuc dai f nhu sau:

f(S,i) = fl(sai)—i_l = w<$7i>7 f(@vj) = fl(iaj)+17 f(]at) = fl(ja t)+1 = w<j7 t)
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va f = f1 trén cac cung con lai.

Hinh 4.11: Luéng cuc dai f dugc xdy dung dua trén ludng f; trong trudng hop ¢q (i) > 0,¢1(j) > 0.

e Néu ¢1(i) < 0,¢1(j) >0:tacé P = P,N = Nyi,c(i) = c1(i) + 1,¢(y) =
c1(j) — 1. Khi d6 ta xét hai trudng hop:

+ Neéu ton tai mot duong di c6 hudng tr j dén i thi (j,7) € E(G.) va ham f

duoc xay dung nhu sau:
f(svj) = fl(svj) —1= Cl(.j> —1= C(]) = ”UJ(S,])
f(]?l) = fl(]?z) - 17f<i>t) = fl(i>t> —1= cl(i) - 1= C(Z) = w(iat)7

la ludng cuc dai can tim.

+ Néu khong c6 duong di tir j dén i tic la (5,i) ¢ E(G.) thi ton tai
v € Pv # j, fi(v,i) > 0vau € Nj,u # i, fi(j,u) > 0. Nhu vay, ton
tai duong di v ~» ¢ ~> j ~> u trong G' va do d6 (v, u) € F(G,). Ludng cuc dai

f duogc xay dung nhu sau:

f(s.9) = fi(s,)) =1 =w(s,j), f(J;u) = fr(j,u) — 1
f(v,u) = fl(v7u> + laf(v7i) = fl(%i) - 17f(i7t) = fl(i7t) - 1= w(i’t)

va f = f trén cdc cung con lai.
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Hinh 4.12: Ludng cuc dai f dugc xay dung dua trén luéng f; trong truong hop c¢1(i) < 0,¢1(j) > 0.

e Néu ¢1(i) = 0,¢1(j) # 0 : Ta ¢6 thé théem 7 vao Py v6i w(s,i) = 0 va ly luan

tuong tu nhu trong trudng hop ¢; (i) > 0, ta s& nhan dugc ludng cuc dai f.

o If ¢1(i) # 0,¢(j) = 0 : Tuong tu nhu trén, ta thém j vao N véi w(j,t) =0 va

xay dung ludng cuc dai f nhu trong truong hop ¢(j) < 0.

Nhu vay, trong moi trudng hop ta c6 thé xay dung luéng cuc dai clia mang van

ti (Ge,w,s,t) c6 gid ri la ) ) qc(v). Dinh Iy duge ching minh xong. O

4.6 Thuat toan

Nhu da trinh bay trong phan trude, bai toan dat duoc ciia mang Petri chi giai dugc
trong thoi gian da thiic néu n6é khong tuong tranh va bi chan. Dé y ring mark graph
cling khong tuong tranh. Trong trudng hop c6 yéu to tuong tranh ta phai xét hét
tat ca cac truong hop xay ra cua cac transition nén phai chay trong thoi gian mii.
Trong phan ddu cua chuong ndy ching toi ciing da dua ra thuat toan dé giai bai
toan dat dugc cua hé CCFG trén d6 thi khong c6 chu trinh. Yéu t6 tuong tranh giita
cac cung khi thuc hién hoat dong chay dan dén viéc phai xét tat ca cac kha nang
chdy duoc cua cac cung nén can phai tinh nang luong cua cac trang thai trén tat ca

cac loc, tic 1a ta phai in ra tit ca cac loc ctia tap V. Do d6, thuat toan nay chay
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trong thoi gian O(|V|? + |V|.|F(V)]), tdc 1a thoi gian mi doi véi |V].

Trong muc nay, ching toi s€ dua ra thuat toan xac dinh tinh dat dugc ctia hé
CCFG trén d6 thi c¢6 hudng dua vao mang van tai. Theo dinh 1y 4.5.1 thi chi can
tim ludng cuc dai trén mang van tai tuong tng vGi cau hinh léch a — b cua do thi
thi xdc dinh dugc trang thai a c¢6 dan dén dugc trang thai b hay khong? Thuat toan
nay chay trong thoi gian da thic cta |V (G)].

Thuat toan

Pau vao: dé6 thi G = (V, F) va hai trang thdi a, b.

Pau ra: tra 10i Yes néu b dat dugc tir a va tra 10i No néu nguogc lai. Trong trudng
hop cau tra 10i 1a Yes, thi in ra day chdy dan tir a dén b.

Thuat todn géom c6 ba budc:

e Dung thuat todn Floyd dé tao nén mang van tai ¢6 do phiic tap 12 O(|V (G)]3).

e Dung thuat toan Push-Relabel tim ludng cuc dai vé6i do phic tap la
O(|V(G)?\/|E(G,)|) [35, 79]. Néu gi4 tri luéng 16n nhat la Zc(v)>0 c(v) thi
cau tra 1oi 1a Yes. Cau tra 1oi 1a No néu ngugc lai.

e In ra day chdy dua vao ching minh cua Dinh ly 4.5.1 trong thoi gian

O(V(G)P).

Nhu vay, thuat todn nay chay trong thoi gian O(|V(G)|?) va ta co ménh dé sau.

Ménh dé 4.6.1. Thudr todn xdc dinh tinh dat duoc cua hé CCFG trén do thi cé
huong G = (V, E) chay trong thoi gian O(|V|?).

Viéc xay dung mang van tai twong ung véi cau hinh @ — b ctia do thi chi lién
quan dén cac dinh v c6 s6 chip khac nhau gitra hai trang thai a va b. Do dé, thuc
t& do phiic tap cta thuat todn trén chi 12 &% v6i k 13 s6 dinh c6 s6 chip khdc nhau
gifta a va b. Thuat todn nay rat hiéu qua khi dung d€ so sanh hai trang thdi clia céc

mang phtc tap ¢6 do thi nén 16n.
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4.7 Két luan chuong 4

Trong chuong nay ching toi nghién ctu tinh dat duge cua hé CCFG trén do thi c6
huéng va da dat dugc nhiing két qua sau:

- Xay dung ho nang luong cla céc trang thdi ctia he CCFG dé dic trung ciu triic
thi tu cua hé CCFG trén do6 thi ¢6 huéng khong chu trinh.

- Xay dung thuat todn xdc dinh thd tu cia hé CCFG trén d6 thi ¢6 hudng khong
chu trinh.

- Xay dung mang van tai tuong tng véi trang thai cua CCFG trén do6 thi ¢6 hudng
dé dac trung tinh dat dugc ctia hé CCFG trén d6 thi ¢6 hudng.

- Xay dung thuat toan trong thoi gian O(|V|?) (V' 1a tap dinh ctia d6 thi nén) xac

dinh tinh dat duoc cia hé CCFG trén do thi ¢6 huéng
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A, A ? A /
Két luan cua luan an
Nhu vay, trong luan an nay ching t6i da thu duoc nhiing két qua chinh sau:

1. Ching minh cdu tric dan cua tap d-P(n) cdc phan hoach d-chat cia mot so tu
nhién n cho truée (d 1a s6 tu nhién cho trugc) va mé rong vo han d-P(oco) cua

z

no.

2. Xay dung toan ta ECO cho phan hoach d-chat cua cac s tu nhién va xay dung
cay sinh twong tng. Chiing minh cau tric d¢ quy cua cay sinh T p(,) va cay
sinh v0 han Tj;p (o). Tt d6 ching minh dugc mot s6 dang thic t3 hop.

3. Chitng minh cdc hé dong luc CFG la cic mang Petri dac biét.

4. Pac trung cau trdc thit tu cua hé dong luc CCFG trén do thi ¢6 huéng khong
chu trinh.

5. Xay dung thuat todn xac dinh thi tu cua hé CCFG trén d6 thi ¢6 hudéng khong
chu trinh.

6. Dac trung tinh dat dugc ctia hé CCFG trén d6 thi c¢6 hudng.

7. Xay dung thuat toan trong thoi gian O(|V]?) (V 1a tap dinh ctia do6 thi nén) xéc

dinh tinh dat duoc cua CCFG trén d6 thi c6 hudng.
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Mot so huéng phat trién cua luan an

1. Nghién cttu thoi gian dat dén di€ém dimg va thoi gian hoi tu cua cac mo hinh
CFG.

2. Nghién cttu mo6 hinh CCFG trong mdi quan hé véi mo hinh rotor-router va bai
todn du dong ngiu nhién (random walk).

3. Nghién ctu cdu tric khong gian trang thai cua hé¢ CCFG va moi quan hé véi
cac 16p dan phan phoi, dan ULD.

4. Nghién cttu mo6 hinh CCFG va bai todn rotor-router t6 mau.

5. bac trung khong gian trang thai cia mo hinh CCFG.

6. Nghién cttu mo6 hinh CFG c6 huéng va da thiac Tutte.

7. Nghién ctu cdc matroid trén d6 thi ¢c6 hudéng va moéi quan hé véi mo hinh

CCFG.
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