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TOM TAT

Cho (A, m) la vanh dia phuong, / 1a idéan m-nguyén so va M la A-
modun hitu han sinh. Luan an thiét 1ap duoc ba loai chan trén cho chi s6
chinh quy Castelnuovo-Mumford cua modun phan bac lién két: theo bac
mo rong, theo do dai cia modun d6i dong di€u dia phuong va theo hé s6
Hilbert. Trong truong hop modun M phan bac, luan an thiét 1ap duoc chan
trén cho reg(G;(M)) theo reg(M). Trong trudng hgp chi€éu mot, luan an
cling dua ra chan trén chat theo hé s6 Hilbert va dac trung duoc khi nao
dang thic xay ra.

Luan an ciing dua ra mot chan trén cho chi s6 chinh quy Castelnuovo-
Mumford ctia nén phan thé theo bac mé rong.

Cu6i cung luan an chi ra dugc mai lién hé gitta cac hé s6 Hilbert 1a: cac
sO |eq_ti1(L, M)|, ..., |eqa(I, M)| bi chan bdi mot ham chi phu thudc vao
eo(L, M), ex(I, M), ..., eq—+(I, M), trong d6 t = depth(M).

Ngoai phan mé dau, tai liéu tham khao, luan an chia 1am nam chuong.



ABSTRACT

Let (A, m) be a local ring, I an m-primary ideal and M a finitely gen-
erated A-module. In this thesis, three upper bounds on the Castelnuovo-
Mumford regularity of associated graded module are given in terms of the
so-called extended degree, the lengths of certain local cohomology modules
and Hilbert coefficients. If M is a finitely generated graded module, an
upper bound on reg(G;(M)) also is given in terms of reg(M). In the case
of dimension one, a sharp bound for reg(G;(M)) is given in term of Hilbert
coefficients of M. It is also investigated when the bound is attained.

Secondly, we give upper bounds on the Castelnuovo-Mumford regularity
of fiber cone in terms of extended degree.

Third, we show that the last ¢ Hilbert coefficients e ;1 (1, M), ...,eq(1, M)
are bounded below and above in terms of the first d — ¢ 4+ 1 Hilbert coeffi-
cients eo(I, M), ...,eq—+(I, M), where t = depth(M).

The thesis is divided into five chapters.
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LOI CAM DOAN

Toi xin cam doan day la cong trinh nghién ctu cua toi. Cac két qua viét
chung véi tac gia khac da duoc su nhat tri ciia dong tac gia khi dua vao
luan an. Cac két qua néu trong luan an la trung thuc va chua ting duoc ai
cong bo trong bat ky mot cong trinh nao khac.

Tac gia
Lé Xuan Diing
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LOI CAM ON

Tac gia xin bay to 1ong biét on sau sic, chan thanh dén thiy toi GS.
TSKH. Lé Tuan Hoa. Thiy da luon tan tinh chu ddo diu dat toi tir nhiing
budc chap chiing dau tién trén con duong khoa hoc. Thay khong chi day
bao toi vé tri thic todn hoc, vé phuong phap nghién ctu toin ma con giip
t0i ¢6 nhitng quan di€ém ding dan vé cudc song.

Tac gia xin chan thanh cam on Vién Toan hoc, cic phong chic nang,
Trung tam dao tao sau dai hoc cua Vién Toan hoc da tao diéu kién t6t nhat
gidp toi hoc tap va nghién ctu tai Vién Toan hoc. Dac biét tic gia xin chan
thanh cam on GS. TSKH. Ngo Viét Trung, GS. TSKH. Nguyén Tu Cudng
va GS. TSKH. Phiung H6 Hai da tao di€u kién cho t6i duoc tham gia sinh
hoat khoa hoc tai phong Dai s6 cua Vién Toan hoc.

Tac gia xin chan thanh cam on sy giip d& cua ban Gidm hiéu truong
Dai hoc Hong Dic di tao diéu kién thuan 1oi cho tdc gia trong qud trinh
hoc cao hoc. Pac biét, tic gia xin dugc bay to long biét on ctia minh dén
ban Chu nhiém khoa Khoa hoc tu nhién va cdc dong nghiép trong t6 Dai
s6 da tao di€u kién vé thodi gian gidp tdc gia ra Ha Noi hoc tap.

Tac gia xin chan thanh cam on su quan tam, dong vién cta cac anh chi
em dang hoc tap va nghién ctu tai phong Dai s6 va phong Ly thuyét s cua
Vién toan hoc.

Cudi cling, tac gia xin bay to long biét on vo han dén bd, me va nhiing
ngudi than trong gia dinh, dic biét 1a vo t6i dd luon ¢ vii, dong vién, tao
moi diéu kién thuan lgi nhat ca tinh than va vat chat dé€ toi an tam hoc tap
va nghién ctu.

Tac gia
Lé Xuan Diing
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5.2 MGoi quan hé gitta cac hé s6 Hilbert

TAI LIEU THAM KHAO



MG DAU

Chi s6 chinh quy Castelnuovo-Mumford 1a mdt bat bi€n quan trong trong
dai s6 giao hoan va hinh hoc dai s6. N6 cung cap nhi¢u thong tin vé do
phtic tap cua nhitng cu tric dai s6 phan bac. Chi s6 chinh quy Castelnuovo-
Mumford ra doi tir nhitng cong trinh vé dudng cong xa anh cua G. Casteln-
uovo va dugec D. Mumford [30] phét biéu dinh nghia dau tién cho da tap xa
anh. Béng ngon ngit doi dong diéu dia phuong, khai niém nay da dugc tong
quat héa cho moédun phan bac hitu han sinh trén dai s6 phan bac chuin bat
ky.

Néu E 1a modun phan bac hitu han sinh trén mot dai s6 phan bac chuédn
R thi chi s6 chinh quy Castelnuovo-Mumford reg(E) cua £ duge dinh nghia
1a s6 m nho nhat sao cho Hy, (E), =0 véimoin >m —i+1vai>0,
trong d6 Hj (E) la d6i dong di€u dia phuong clia £ v6i gid Ry = @0 .
Chi s6 chinh quy Castelnuovo-Mumford cua E chan trén bac cuc dai cua
mot hé sinh t6i tiéu thuan nhat cta E.

Néu R 1a mot dai s6 phan bac chudn trén trudng & thi ta c6 méi lién hé
chit ché giita chi s6 chinh quy Castelnuovo-Mumford va giai tu do t6i tiéu
cia modun E (xem [15]). Tu mdi lién hé nay ta bi€t dugc chi s6 chinh quy
cua R 1a chan trén cho tit ca cdc bac sinh cla cic modun xodn (syzygy)
cia R. D6 1a mot y nghia quan trong cua chi s6 chinh quy Castelnuovo-
Mumford.

Cho (A, m) la vanh dia phuong, I la idéan m-nguyén so va M la A-
moOdun hitu han sinh. Ky hiéu

Gi(M) = @ 1"M/T"' M va Fu(I) = @ I"/mI".

n>0 n>0



Nguoi ta goi G7(M) 1a moédun phan bac lién két ctia M tng v6i I va Fy, (1)
1a n6én phan thé cua I dng véi idéan cuc dai m. Chd ¥ rang G(A) va Fy(I)
1a cac vanh phan bac chuin. Viéc nghién citu chi s6 chinh quy Castelnuovo-
Mumford cua G;(M) va Fy,(I) s€ cho ching ta biét nhiéu thong tin veé cau
triic ctia M va I. Chang han st dung reg(G(M)) ta c6 thé udc luong dugc
kiéu quan hé (relation type), s6 mil rit gon va chi s6 chinh quy Hilbert
(postulation number) cua M theo I (xem [46]), con st dung reg(F (1)) ta
c6 thé biét duoc dang diéu so phan tir sinh cua I" khi n > 0. Do d6 muc
dich cta luan an la giai quyét hai bai toan sau:

BAI TOAN 1 Chdn trén chi so chinh quy Castelnuovo-Mumford cho modun
phdn bdc lién két.

BAI TOAN 2 Chdn trén chi so chinh quy Castelnuovo-Mumford cho nén
phdn tho.

Nam 2003, Rossi-Trung-Valla [37] giai quyét Bai toan 1 cho truong hop
M = A val =m. Sau d6, nam 2005 C. H. Linh [26] giai quyét cho truong
hop tong quat. Luan 4n tiép tuc theo 3 cach khdac nhau: md& rong két qua
ctia Rossi-Trung-Valla va C. H. Linh cho modun loc, chan trén theo d6 dai
ctia modun doi dong diéu dia phuong va theo hé sd Hilbert. Trong trudng
hop modun M phan bac, luan an thiét 1ap dugc chan trén cho chi s6 chinh
quy Castelnuovo-Mumford ctia modun phan bac lién két theo reg(M). Day
khong phai 13 nhitng viéc 1am mang tinh t6ng quat hay tuong tu hinh thic.
Nho viéc nghién citu Bai toan 1 cho modun loc tuy y, trong luan an da giai
quyét dugc Bai todn 2 (xem Chuong 4). Viéc chan trén theo hé s6 Hilbert
va do dai modun doi dong diéu dia phuong gidp xac dinh duoc m6i quan
hé giita cac hé so Hilbert (xem Chuong 5).

Khai niém [-loc t6t M = {M,, },,>9 clla M dugc gidi thiéu trong [4] va
[3]. Khdi niém nay rdng hon so véi khdi niém loc tot cua idéan (xem Vi
du 1.4.3 (ii)). Chiing t6i chan trén cho reg(G(M)) theo chi€u, s6 mi rit
gon (M) va bac mé& rong D(I, M) cha M vng v6i I (xem Dinh 1y 2.1.4).
Két qua cua ching toi dat dugc tong quat hon va néi chung t6t hon mot it
so vGi két qua cua [26, Theorem 4.4].
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Phuong phdp chinh dé dat dugc cic két qua trén da duoc céc tic gia
khac dua ra trong bai bao [37] va [26]. Dong gbp cla luan an la giai quyét
mot so ki thuat hé trg khi xem xét modun loc tong quat.

Ciing tiép tuc y tuong do, trong Pinh 1y 2.3.1 ching t6i dua ra mot chan
nita cho reg(G(M)) theo do dai cia modun doi dong dieu dia phuong cta
mot s6 modun thuong ctia médun M ban dau.

Khi M 1a modun phan bac va [ 1a idéan thuan nhit, thay cho bac mo
rong D(I, M) chiing t6i sit dung mot dai lugng khac khong chi nho hon ma
con dé tinh todn hon d6 1a reg(M). Trong trudng hop téng quét, ta khong
thé st dung duoc phuong phép cua [37], bdi vi I chua chic di chita phan tir
thuin nhat d€ phan tr khoi dau clia n6 12 phén tir loc chinh quy trén G(M).
Dé vuot qua duoc khé khin nay, chiing toi dia phuong hoa dé dua vé trudng
hop dia phuong, roi két hop véi két qua cua Chardin-Ha-Hoa trong [7],
ching toi chan dugc reg(G(M)) theo reg(M) (xem Dinh 1y 2.2.5). Néu [/
12 idéan thudn nhat sinh boi cdc phan tir cling bac, ta ¢6 thé dp dung dugc
phuong phap ctia [37]. Khi d6 ta nhan dugc chan trén khac cla reg(G(M))
theo reg(M) tot hon (xem Dinh 1y 2.2.8) so v6i chan trén trong Dinh 1y
2.2.5 néu & trén.

Céc hé so Hilbert cia modun M tng véi idéan m-nguyén so I 1a nhiing
bat bién thong dung cung cap nhi€u thong tin vé modun M. Do d6 chan
trén reg(G(M)) theo hé s6 Hilbert 1a van dé dugc nhi€u nguoi quan tam.
Trong [5, Theorem 17.2.7] va [42], ta c¢6 thé suy ra dugc reg!(G(M)) bi
chan theo cac hé s6 Hilbert ey(M), ..., eq—1(M) cua M tng vé6i idéan m-
nguyén so I, trong d6 reg!(G(M)) duge goi 1a chi s6 chinh quy hinh hoc
ctia modun phan bac lién két va duoc dinh nghia nhu sau: reg!(G(M)) :=
min{m | Hy, (Gr(M)), =0 v6i moi n >m —i+1vai>1}. T Vidu
3.1.4 ta thdy rang cdc bt bién trén 1a khong di d€ chan reg(G(M)). Do d6,
phai st dung thém e;(M) chiing toi dua ra duge chan trén cho reg(G(M))
(xem Dinh ly 3.1.7).

Chan trong Dinh 1y 3.1.7 nhin chung la rit 16n, ¢& ham m cua d!. Vi

vay, van de ti€p theo ma ching t6i quan tam la tim chan t6t hon theo hé
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s0 Hilbert cho reg(G(M)). Trong luan an chdng t6i xét truong hop loc
I-adic va dim(M) = 1. S dung thém b l1a s6 nguyén 16n nhit théa man
IM C m’M, Ménh dé 3.2.9 va Dinh 1y 3.2.11 dua ra dugc chan trén thuc
su tot. Ching toi da xay dung duoc Vi du 3.2.17 va Vi du 3.2.18, chiing
to day la nhiing chan chat. Khong nhitng thé€ ching toi cling dac trung
duoc khi nao chan trong Pinh 1y 3.2.11 dat dugc. Néu M 1a moédun Cohen-
Macaulay, Dinh 1y 3.2.14 dua ra cic dac trung thong qua moi lién hé giita
eo(I, M) va ey (I, M), qua chudi Hilbert-Poincaré va tinh Cohen-Macaulay
cua Gy(M). Néu M khong la modun Cohen-Macaulay thi ching toi cling
dic trung duoc thong qua chudi Hilbert-Poincaré (xem Dinh 1y 3.2.16).

Nhu da néi & trén, viéc chan trén cho reg(G(M)) d6i v6i modun loc tao
ra kha niang ing dung méi. Trong luan 4n nay, ching t6i d4p dung dé giai
quyét Bai todn 2. Day 1a bai todn c6 y nghia. Sir dung day khdp ngin lién
hé gitta n6n phan thé va moédun phan bac lién két cua cic modun loc khac
nhau ctia Rossi-Valla dugc dua ra trong [36], r6i 4p dung Dinh 1y 4.2.3 va
Dinh 1y 4.2.4, ching toi chi ra rang reg(F,;(M)) duoc chan trén theo bac
mé rong D(1, M), s6 mil rdt gon cta loc va chiéu cia M (xem Dinh 1y
4.3.2).

Ap dung ti€p theo ciia Bai toan 1 1a nghién citu méi quan hé gitta cdc
hé so6 Hilbert. Trong truong hop vanh va modun Cohen-Macaulay, N. G.
Northcott [33] va M. Narita [32] chi ra rang e;(I, A) > 0,e9(I, A) > 0.
Sau d6, C. P. L Rhodes [35] chiing td nhiing két qua nay van con ding
cho I-loc tot M cia moédun M. Hon nita Kirby-Mehran [25] ching minh
dugc ey (I, M) < (M) va ey(1, M) < (“UM). Sau d6, cdc két qua
trén ti€p tuc duoc nghién ctu boéi nhiéu tdc gia khac nhau. Tuy vay, méi
quan hé gifta cic hé so Hilbert 1a rat it. Nam 1997, Srinivas-Trivedi [40]
va V. Trivedi [42] dat dugc mot két qua hét sic ngac nhién d6 1a néu M la
modun Cohen-Macaulay thi tit ca |e;(1, M)|,i > 1 dugc chan trén boi mot
dai luong chi phu thudc vao eg(7, M) va d. Cic mdi lién hé trén s€ thay
d6i thé nao néu M khong phai modun Cohen-Macaulay?

Dung mot bat bi€én méi goi 1a bac mé rong D(m, A), Rossi-Trung-Valla
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[37] chan trén tat ca |e;(m, A)|. Sau d6 C. H. Linh [27] dd m& rong cho
trudong hop tong quat. Tuy nhién, cidc két qua nay khong cho ta biét duoc
moi quan hé gitta cac hé s6 Hilbert. Do vay, ching t6i quan tam dén bai
todn sau:

BAI TOAN 3 Cho M la modun tiry y trén vanh dia phuong A tiry ¥. Tim moi
lién hé giita cdc hé so Hilbert.

Str dung chan trén chi s6 chinh quy Castelnuovo-Mumford theo hé s6
Hilbert dugc dua ra trong B6 dé 3.1.2, ching t6i chi ra ring (—1)""e;(1, A)
bi chan trén theo mot ham chi phu thuodc vao eg(1, A), ..., e;_1(I, A) v6i moi
i (Dinh 1y 5.2.1). Tuy nhién, trong truong hop d = 2 va depth(M) = 1,
Srinivas-Trivedi [39] chi ra rang |e;(I, A)|,7 > 1 khong thé chan dugc theo
eo(I, A). Vi vay, mot cau hoi tu nhién dugc dat ra 1a c¢6 bao nhiéu hé s6
Hilbert chan duoc cac hé s6 Hilbert con lai?

Céch ti€p can cua ching toi 1a st dung chan trén reg(G(M)) theo do
dai cac modun d6i dong di€u dia phuong (xem Dinh 1y 2.3.1), sau d6 udc
lugng d6 dai cac modun doi dong diéu dia phuong nay qua ciac hé s6
Hilbert eg(M), e;(M), ..., e4—¢(M), trong d6 ¢t = depth(M) (xem Ménh dé
5.1.2 va Ménh d¢ 5.1.4). T d6 ching toi chan reg(G(M)) chi theo ey(M),
er(M), ..., eq—+(M), (xem Dinh 1y 5.2.4). Ti€p theo, ching toi can giai
quyét bai todn nguoc 1a chan trén cac hé s6 Hilbert theo reg(G(M)) (xem
Ménh dé 5.2.3). Tur d6, chiing t6i chi ra duogc cdac hé s6 Hilbert eg_;,1 (M),
eq—t+o(M), ..., eq(M) phu thudc vao d — ¢t + 1 hé s6 Hilbert ban dau, theo
nghia: |eq_1(M)], ..., lea(M)| bi chdn boi mot ham chi phu thudc vao
eo(M), e1(M), ..., eq—+(M) va so rit gon r(M). D6 cling 1a ndi dung chinh
cua Pinh 1y 5.2.5.

Tir két qua nay, cudi cung ching toi suy ra dugc mot két qua vé su hitu
han cta ham Hilbert-Samuel (xem Dinh 1y 5.2.7).

Bay gio chdng toi xin gidi thiéu cdu trdc cua luan an. Ngoai phan mé
dau, tai liéu tham khao, luan an chia lam nam chuong.

Chuong 1 gidi thiéu lai mot s6 khdi niém va tinh chat co ban vé chi s6



chinh quy Castelnuovo-Mumford, phan tir loc chinh quy, hé s6 Hilbert va
modun loc.

Chuong 2 chia lam ba phan. Muc 2.1 dua ra chan trén cho reg(G(M))
theo chi€u, s6 mil rit gon va bac mé rong D(I, M) (Dinh 1y 2.1.4). Khi M
la modun phan bac, chan trén reg(G(M)) theo reg(M) dugc dua ra & Muc
2.2 (binh 1y 2.2.5 va Dinh 1y 2.2.8). Muc 2.3 thiét 14p chan trén reg(G(M))
theo do dai cia moédun d6i dong di€u dia phuong (Pinh 1y 2.3.1).

Chuong 3 chia lam hai phan. Muc 3.1 thiét 1ap chan trén cho reg(G(M))
theo hé s6 Hilbert (Dinh 1y 3.1.7). Muc 3.2 xét trudong hop dim(M) = 1,
chan trén thuc su t6t dugc dua ra trong Ménh dé 3.2.9 va Dinh 1y 3.2.11.
Cudi cung Dinh ly 3.2.14 va Dinh 1y 3.2.16 dua ra mdt s6 dac trung khi
dang thic trong Dinh 1y 3.2.11 dat dugc.

Chuong 4 chia lam ba phan. Muc 4.1 gi6i thiéu lai khai niém va mot
sO tinh chit co ban ctia nén phan thG. Muc 4.2 dua ra mot chan cho hé
sO Hilbert cia nén phan thé (Pinh 1y 4.2.4). Muc 4.3 1a phan chinh cua
chuong. Phan nay thié€t 1ap chan trén cho reg(F,(M)) theo chicu, s6 mii rit
gon va bac m& rong D(I, M) (Pinh 1y 4.3.2).

Chuong 5 chia 1am hai phan. Chan trén modun d6i dong diéu dia phuong
theo reg(G(M)) duogc dua ra & Muc 5.1 (Ménh d¢ 5.1.2 va Ménh dé 5.1.4).
Muc 5.2 dua ra méi quan hé cua cac hé so Hilbert (Pinh 1y 5.2.5). Cudi cung
Dinh 1y 5.2.7 dua ra mot két qua vé su hitu han cta ham Hilbert-Samuel.

Cac két qua trong luan an da duoc ching t6i cong bo trong 3 bai bao
[11], [12] va [13].

Trong luan 4n nay, mot s6 khai niém co ban va cédc tinh chit ctia n6 nhu
s6 boi, d6i dong diéu dia phuong, ... ching t6i dua vao céc tai liéu [5], [6]
va [29]. Mot so thuat ngit tiéng Viét chung toi dua theo Luan an ti€n si
khoa hoc cua Lé Tuan Hoa [2].



CHUONG 1

KIEN THUC CHUAN Bi

1.1 CHi SO CHINH QUY CASTELNUOVO-MUMFORD

Trong chuong nay, ching t6i nhic lai mot s6 kién thiic co s& va mot
sO két qua da biét vé chi s6 chinh quy Castelnuovo-Mumford, phan tir loc
chinh quy, hé s6 Hilbert vd modun loc nham gitp nguoi doc dé dang theo
d6i noi dung luan an. Trong luan an nay, néu khong néi gi khéc ta luon xét
R = ®;>oR; 1a dai s6 phan bac chuan trén vanh dia phuong Artin Ry. Ta
ky hiéu R, = ®;~oR;. Cho E 1a R-modun phan bac hitu han sinh chiéu d.
H}h(E) ki hiéu modun doi dong diéu dia phuong ctia F véi gida R, (xem
dinh nghia va cac tinh chat co ban trong [5]).

DPINH NGHIA 1.1.1. ([30, tr. 99] hoac [15, Section 1]) Chi s6 chinh quy

Castelnuovo-Mumford cta E 1a s0
reg(F) := max{a;(F) +i| i > 0},
trong do

(E) = max{n| Hzig+(E)n #0} néu HA(E) £0,
; |- néu HA(E) — 0.

Mot cach téng quét hon, v6i 0 < [ < d, chiing ta dat
reg'(E) := max{a;(E) +i| i > 1},
va goi no6 1a chi s6 chinh quy Castelnuovo-Mumford tai bdc | cta E.
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Nhu vay, reg(E) = reg(E) = reg®™F)(E). Tir dinh ly cta J. P. Serre
vé tinh Artin cia modun d6i dong di€u dia phuong ta thay ngay néu F £ 0
thi reg(F) 1a mot s6 nguyén (tic 12 mot s6 hitu han).

Gia str [ 1a idéan thuan nhit thuc su cta vanh da thiic R = Ry[zy, ..., 7,)
vGi cédc bién doc lap. T day khép ngan

0—I—R— R/I —0,

va reg(R) = 0 (xem [5, Example 12.4.1]) ta suy ra chi s6 chinh quy

Castelnuovo-Mumford cua [ va R/I c6 mdi quan hé sau day:
reg(l) =reg(R/I) + 1.

Néu R 1a mot dai s6 phan bac chuédn trén truong k thi R c6 thé duoc
biéu dién dudi dang R := S/I, trong d6 S = k[z1, ..., z,] 1a vanh da thic
trén trudng k va [ 1a idéan thudn nhat cua S. Khi d6, F c¢6 thé xem nhu
mot modun trén S. Theo dinh 1y xoan cta Hilbert, F ¢6 giai tu do t6i tiéu
dang

0 — @ S(~dyj) — ... — @ S(~dy;) — M — 0,

trong d6 d;; 1a bac clia cdc phan tu trong mot hé sinh t6i ti€u thuan nhat
cua modun xodn thit 7. Két qua sau day duoc D. Mumford [30] phét biéu

cho idéan va duoc Eisenbud-Goto [15] m& rong ra cho modun.

DINH LY 1.1.2. ([15, Proposition 1.1 va Theorem 1.2]) Gid sit R = S/1. Khi
do
reg(E) = max{d;; —i[i =0,....,q vaj=1,.. G}

Nhu vay trong truong hop nay, Dinh 1y 1.1.2 néi rang reg(E) cho ching
ta mot chan trén cho tat ca cdc bac sinh clia cdc modun xoan cua R. Day
la moOt y nghia quan trong cta chi s6 chinh quy Castelnuovo-Mumford. Ta
biét ring bac cuc dai cia mot hé sinh t6i tiéu thudn nhét cua F 1a mot bat
bién, ky hiéu la A(FE). Két qua sau day 1a mot trudng hgp riéng ctia nhan
xét vira néu, nhung van ding khi R khong phai 1a vanh thuong cua vanh da
thic.

10



DPINH LY 1.1.3. (Xem [5, Theorem 15.3.1])
A(E) < reg(E).

Sau day 1a mot s6 két qua co ban thuong duoc st dung trong nghién
ctu vé chi s6 chinh quy Castelnuovo-Mumford. B dé dau tién 1a cua G.
Castelnuovo phat biéu cho luge dé (chang han xem [14, theorem 20.18]) va

sau d6 m& rong cho modun (chang han xem [31, Lemma 2.1]).

BO BE 1.14. (Castelnuovo) Gid sit A(E) < p. Néu Hy (E)pp1—; = 0 véi
moi i > 0 thi reg(E) < p

BO PE 1.1.5. (Xem [14, Corollary 20.19] va [21, Lemma 3.1]) Cho day

khop
0—P—M—N—0,

cua cdc R-modun hitu han sinh cia cdc dong cdu thudn nhdt. Khi dé

() reg(P) < max{reg(M),reg(N)+1}. Ddng thitc xdy ra néu reg(M) #
reg(V).

(i) reg(M) < max{reg(P),reg(N)}. Pdng thiic xdy ra néu reg(N) #
reg(P) — 1 hodc néu P, =0 vdi n > 0.

(iii) reg(N) < max{reg(P) — 1,reg(M)}. Bdng thiic xdy ra néu
reg(M) # reg(P). Hon nita néu P, = 0 véi n > 0 thi reg(N) < reg(M).

1.2 PHAN TU LOC CHINH QUY

Néu z € Ry 1a phan tt E-chinh quy (Og : z = 0) thi ta ¢6 day khép
0— E(-1) — E — E/2E — 0.
Ap dung Bo6 dé 1.1.5 ta thu duoc hé qua sau day.

HE QUA 1.2.1. (Xem [14, Proposition 20.20]) Néu z € R, la phdn tir E-
chinh quy thi
reg(E) =reg(E/zF).
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Tuy nhién phan tir £-chinh quy khong phai bao gi¢ ciling ton tai. Do d6
nguoi ta thuong quan tam khai niém sau day.

DINH NGHIA 1.2.2. (Xem [5, Definition 18.3.7]) Phan tir thuan nhat 2 € R
dugc goi la phan ta E-loc chinh quy (loc chinh quy trén F)néu (Og : z), =0
vGi n > 0. Cac phan tr thuan nhéat zq, ..., z, goi 1a ddy loc chinh quy trén
E néu z; 1a E/(z1, ..., zi-1F)-loc chinh quy v6i moi 1 < i <n.

Néu (R, mg) 1a vanh dia phuong véi truong thang du Ry/my vo han thi
luon luodn ton tai phan tir z € Ry sao cho z 1la E-loc chinh quy (xem [45],
[S], [48]).

Néu Ry c6 truong thang du hitu han, ta dat Ry := Ry|X |, r,x) 12 dia
phuong hoéa clia vanh da thic Ry[X] tai idéan nguyén t6 myRy[X]. Khi do,
R' = R ®p, R} 1a dai s6 phan bac chudn trén trudng thang du vo han va
FE' = F ®pg, R| 1a R’-modun hitu han sinh. Theo [5, Remarks 15.2.2 (iv)]
ta co

Héh(E)n @Ry R = H;.{/-‘F(El)n’

v6i ¢ > 0. Tu day suy ra reg(E’) = reg(FE). Vi vay ta luon gia su rang
truong thing du clia vanh co s& 1a vo han ma van khong 1am mat tinh tong

qudt cta né. Khi d6, ta c6 ddy bat dang thiic sau:

BO PE 1.2.3. (Xem [5, Exercise 15.2.15 (iv) va Proposition 18.3.11]) Gia su
z € Ry la phan tw E-loc chinh quy. Cho | > 1. Khi do,

reg!(E/2E) < reg'(E) < reg""Y(E/2E) < reg' }(E).
Ngoai ra, ta con c6 dang thic

BO PE 1.2.4. ([14, Proposition 20.20]) Gid sit = € R, la phdn tit E-loc chinh
quy. Khi do,
reg(F) = max{ao(E),reg(E/zFE)}.
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1.3 HE SO HILBERT

Ham Hilbert cua E 12 mot ham hg : Z — N duogc xac dinh boi
hp(n) = lr,(E,).

Hilbert da ching minh duoc ring néu E 1a R-modun hitu han sinh ¢6
chiéu d > 1 thi ton tai mot da thic pr(z) € Q[z] c¢6 bac d — 1 sao cho
hp(n) = prp(n) véi n da 16n. Da thic pr(z) & trén duge goi 1a da thiic
Hilbert cia E. Da thic nay dugc viét duy nhat dudi dang:

)= e (M)

i=0
Ta goi eg(F),...,eq_1(F) 1a hé s6 Hilbert cuia E. Day la ciac s6 nguyén
trong d6 c6 eo(E) > 0. Khi d6, so bji e(F) cua E duge dinh nghia nhu
sau:
() = {eO(E) néju d >0,
((F) néu d=0,
Néu £ 1a modun phan bac Cohen-Macaulay thi e(E) va reg(F) c¢6 moi

quan h¢ sau day.

BO PE 1.3.1. (Xem [26, Lemma 2.2]) Néu E la modun phdn bac Cohen-
Macaulay thi
reg(E) <e(E)+ A(E) — 1.

Ching ta thuong hay st dung cong thiic Grothendieck-Serre sau day:

DINH LY 1.3.2. (Xem [28, Lemma 1.3] hodc [6, Theorem 4.3.5]) Vdi moi s¢
nguyén n ta co

d

he(n) = pe(n) = > (=1)U(Hj (E),). (1.1)

i=0
Ti dinh nghia chi s6 chinh quy Castelnuovo-Mumford va Dinh 1y 1.3.2
ta thu duoc hé qua sau day:
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HE QUA 1.3.3. hp(n) = pp(n) véi moi n > reg(E) + 1.

K&t qua sau day cho phép udc lugng reg!(E) thong qua ham Hilbert va
da thic Hilbert cia modun F.

PINH LY 1.3.4. (Xem [26, Theorem 2.7]) Cho dim(E) > 1. Gid st z € Ry
la phdn tir E-loc chinh quy sao cho A(E/zE) < m. Néureg!(R/zR) < m
thi reg'(E) < m + pg(m) — hg;p(m), trong dé L la médun con Ion nhdt

cua E ¢o do dai hitu han.

1.4 MODUN LOC

Cho A 1a vanh Noether dia phuong v6i truong thang du k := A/m va M
12 A-modun hitu han sinh. Trudc hét, ching toi nhiac lai mot s6 khai niém
vé€ modun loc (xem [4, Section II1.3], [3, Chapter 10] va [36, Chapter 1]).

DINH NGHIA 1.4.1. Cho [ 12 mot idéan thuc su cua A. Mot day cdc modun

con cua M
M: M=My2M 2My2---2M,2---

dugc goi 1a I-loc cua M néu IM; C M;,q v6i moi i. Mot I-loc dugc goi
1a mot I-loc tot néu IM; = M, v6i i > 0. Modun M ¢6 mot I-loc duogc

goi 1la médun loc.
Dé dua ra cdc vi du, ta nhic lai bo dé Artin-Rees.

BO DE 1.4.2. (Xem [29, Theorem 8.5]) Cho M la A-médun hitu han sinh,
N la médun con cua M va I la mot idéan cia A. Khi do ton tai mot s6

nguyén duong c sao cho voi moi n > c ta co
I"MNN=I"“(I°MNN).
vibu 1.4.3. (i) Loc [-adic {I"M},>¢ la I-loc tot.
(i) Ddy ADm D> mI Dm/? D --- 1a I-loc t6t clia modun A.

14



(iii) Gid stt M 1a I-loc t6t. Néu N 12 mot modun con cha M thi theo B
de 1.4.2, ta ¢c6 day {N N M, },>0 1a I-loc t6t cia N va dugc ki hiéu
la M N N. Ta ciing c¢6 day {M,, + N/N},>o la I-loc tot ctia M /N va
dugc ki hiéu la M[/N.

NHAN XET 1.4.4. Gia stt F' = {F, },>0 12 mot ho céc idéan cua A. F goi
la moét I-loc cdc idéan chia Anéu Fpy = AD F, D F, D ... D F, D ..,
IF; C Fiyy va F.F; C Fij v6i moi 4, j > 0. Nhu vay khai niém loc cua
modun khac véi khai niém loc cac idéan xét nhu modun ctia vanh. Bdi vi,
loc ¢ Vi du 1.4.3 (ii) la /-loc cia modun A nhung khong phai la I-loc cac
idéan clia A v6i I #m, dom? € ml.

Trong luan 4n, ching t6i luon gia thi€t / 1a idéan m-nguyén so va M la
I-loc tot.

DINH NGHIA 1.4.5. Médun phdn bdc lién két d6i v6i loc Ml duge xac dinh
boi cong thic
G(M) := P M, /M, ...

n>0
bac biét, n€u M 1a {I"M },,>¢ thi ta viet G;(M) := G(M). Doi khi ta
cling n6i G(M) 1a modun phan bac lién két cia modun loc M.
Day 1a modun phan bac hitu han sinh trén vanh phan bac chuan G (A) :=
Bnsol™ /1" v6i dim(G(M)) = dim(M) (xem [6, Theorem 4.4.6]).

DINH NGHIA 1.4.6. (Xem [6] va [34]). Gia stt J C I 1a cic idéan cua A.
Idéan J dugc goi la rut gon cuia I ting voi loc M néu c6 mot s6 nguyén
khong am ng sao cho M, .1 = JM, v6i moi n > ny. Mot rit gon ctua [
ting v6i loc M dugc goi 1a it gon 101 tiéu ciia I ving vdi loc M néu nd
khong thuc su chita mot rit gon nao khac cua [ tng véi loc M.

bac biét, n€u M 1a loc [-adic {I"},>( thi idéan J thuong duoc goi la
rut gon ciia I. Mot it gon cua I dugc goi 1a rit gon t6i tiéu ciia I néu nd

khong thuc su chita mot rit gon nao khac cua I.
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DINH NGHIA 1.4.7. ([36, Chapter 4]) So" rit gon ciia I-loc t6t M la s¢
r(M) := min{t > 0| M,,;1 = IM,, vdi moi n > t}.

Vi du, néu M 1a loc I-adic {I"M},o thi #({I"M},5) = 0. Chi y
rang 7 := (M) luon luon hitu han va M, ; = I?M, v6i moi j > 0. Diéu
d6 c6 nghia 1a {M,,},,~, 12 loc I-adic ctia M,.. Ta c6 thé thdy r 1a bac sinh
16n nhat cia G(M) xét nhu la modun phan bac trén G.

Ta goi Hy(n) = (M /M,1) 1a ham Hilbert-Samuel cia M tng véi loc
M. Tu tinh chat Hy(n) = ¢(M/I"~"M,) v6i moi n > r, ham s6 nay 1a
mot da thic - goi 1a da thitc Hilbert-Samuel va dugc ki hiéu bdi Py(n) -
v6i n > 0. Da thic Hilbert-Samuel Py(n) duge viét duy nhit dudi dang

Pu(n) = szoj(l)iei(M) <”;fz_l) (1.2)

Céc s6 nguyén e;(M) duoc goi la hé s6 Hilbert cua M (xem [36, Chapter
1]). Khi M = {I"M },,>9, Hy(n), Pu(n) va e;(M) tuong ting thudng dugc
ki hléu boi HLM(TL), PLM(TL) va 62'(], M)
NHAN XET 1.4.8. Chi y rang e;(M) = ¢;(G(M)) v6i 0 < i < d—1 va e;(M)
phu thudc vao céac loc. Tuy nhién riéng ey(M) khong phu thudc vao viéc
chon loc, tic 1a eg(M) = ey(1, M) (xem [3, Proposition 11.4 (iii)]).

Ngoai ra ta thay

H(n) = ) how (). (1.3)
=0
Stt dung dang thiic nay va Hé qua 1.3.3 ta nhan duoc két qua sau. Két qua
nay da dugc ching minh cho loc /-adic trong [26].
BO BE 1.4.9. Pyi(n) = Hy(n) vdi moi n > reg(G(M)).
Chitng minh. Dat m := reg(G(M)). Theo cong thic (1.3) va Hé qua 1.3.3,

vl moi n > m ta co

Hy(n) = hean(i) + Y hean(i) =Y hean(i) + > poanl(i)
=0 i=m+1 =0 i=m+1

16



la da thitc. Pa thitc nay phai 1a Py (n). Dicu nay dan dén Py (n) = Hy(n)
v6i moi n > reg(G(M)). O]

BO BE 1.4.10. [6, Corollary 4.5.10] Gid sit A ¢6 truong thing du vo han, I
la idéan m-nguyén so bdt ky. Khi do ton tai mot hé tham s6 x4, ...,xq € Q
ciia M sao cho Q = (z1,...,x4) va Q la rit gon toi tiéu cua I. Hon nita
e(Q, M) =-e(I,M).

Mbi phan tt x € A ¢6 anh tu nhién trong G(A) goi 1a phan tr khai
dau, ki hieu 12 2* € G;(A). Chay z* € I"/I"!, trong d6 r 12 s6 16n nhat
sao cho x € I"\I"1.

Tuong tu nhu 1ap luan trong Muc 1.2 ta ludén gia thié€t £ vo han. Khi
d6 luon ton tai phan tit x € I\mI sao cho z* € I/I? la phan tr G(M)-loc
chinh quy.

Cac két qua sau day da dugc trinh bay trong [46] cho truong hop loc
I-adic. Cac két qua nay van con ding cho modun loc va chiing minh dudi
day tuong tu nhu trong [46].

BO PE 1.4.11. Cho z € I \ml. Khi dé x* la mét phan tir loc chinh quy
trén G(M) khi va chi khi (M, o : ) N M,, = M,,+1 voi moi n > 0.

Chitng minh. "=" Gia st * 1a phan tlt loc chinh quy trén G(M). Khi dé6
v6in > 0tacd (Ogm : %), = 0. Tanhan thay (M, : 2) N M, D M,
12 hién nhién. Do do ta chi can ching minh (M, o : ) N M, C M, ;. Gia
str ton tai phan td y € (M0 : x) N M, vay & M,.1. Suy ra zy € M, o
vay € M,\M,1. Vivay, 0# y* € M, /M, 1 va x*y* = xy + M, 1o = 0.
Tir d6 dan dén 0 # y* € (Ogay : 2%),. Diéu nay la mau thuan véi
(Oqmay : ), = 0. Vay ta nhan duoc (M,,12 : ) N M,, = M, moi n > 0.

"«<—=" Gia stt v6i n > 0 ta c6 (Mo : x) N M, = M,,;. Ldy bat
ki phan tr y* = y + M,41 € (Ogay : 2%)p, trong d6 y € M,. Do dé6
r*y* = 0. Vivay zy € M,,o, nghia la y € (M,,2 : x). Dan dén
y € (Myyo:2) N My, = Myy1. Vivay (Oga : %), = 0 v6i moi n > 0.
Do vay z* 1a phan t& loc chinh quy trén G(M). ]
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BO BE 1.4.12. Cho z € I\ mI va z* la mot phdn tit loc chinh quy trén
G(M). Khi d6 xM N M, = xM,_1 vdi n > 0.

Chitng minh. Nhan thdy xM N M,, D xM,_;. Dé ching minh chiéu nguoc
lai ta can chiing minh M, : & = M,_1+ (05 : ) v6i n > 0. Hién nhién ta
c6 M, :x D M, 1+ (0 :2). Vi M Ia I-loc t6t, nén véi n > 0 ton tai s6
nguyén r sao cho M, = I"""M,. Suy ra

xM,.N M, =1"""M,NxM,.
Theo B6 dé 1.4.2 v6i n > 0 ton tai s6 nguyén c sao cho
I""M.0azM,=1""°(IM.0xM,) Cxl" "M, =xM,_..

Suy ra M, : x C (0py : x) + M, _. C (0 : ) + M,_.. Theo B6 dé 1.4.11
ta c6 (M1 : )N M,,_1 = M,, v6i m > 0. Ap dung cong thiic nay véi
n da 16n cho m =n — ¢+ 2, ...,n ta duoc

(M :x)NMy—e= (M, :2) N My_—cy1=... = (M, :x) " My_1 = M,_1.
Dan dén
M, :2C((0p:x)+ M) (M, :x)=(0p:x)+ M.

Vay M, : © = M,_1 + (0p : x) v6i n > 0. Khi d6 ta suy ra duoc
#M N M, C zM, | v6i n>> 0. Day 1a diéu phéi ching minh. 0

BO BE 1.4.13. Cho M la mot I-loc t6t ciia M va x € I \ m/ sao cho phdn
t khoi dau ©* € Gr(A) la M-loc chinh quy. Khi dé

reg(G(M/zM)) < reg(G(M)).
Chitng minh. Xét day khép

0—-T—GM)/z*"GM) - G(M/xM)) — 0, (1.4)
trong d6 T := @, s~ aniiar— - Theo B6 dé 1.4.12 ta c6 «M N M, =

xM, 1 v6i n > 0. Do vay £(T) < +oo. Theo B6 dé 1.1.5 (iii) va Bo dé
1.2.3 ta nhan duoc

reg(G(M/zM)) < reg(G(M)/z*G(M)) < reg(G(M)).
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BO BE 1.4.14. Cho x € I\ mI la mot phdn 1 sao cho x* la loc chinh quy
trén G(M) va dat a := reg(G(M)). Khi do

i) (M) < a.
) aM N M, =xM, 1 voi moin>a+1.
(iii) M1 2 =M, + (0p : ) va (O : ) N My11 = 0 vdi moi n > a.

Chiing minh. Nhu da néu truée day, (M) la bac sinh 16n nhat caa G(M).
Ap dung Dinh ly 1.1.3 ta nhan dugc (i).

Xét day khép (1.4). Do ((T) < +oo va Bo dé 1.4.13, ta thu dugc
ag(T) < reg(G(M)). Vi vay ta phai ¢6 T, = 0 v6i moi n > a + 1.
T diéu nay dan dén M N M, C xM,_1 + M, 1. Suy ra zM N M, =
eM, +aMAM, =M, | +xMOM,  =aM, | +xM0 My =..
Str dung Bo dé 1.4.12 ta nhan duoc (ii).

(iii) a) Ching minh M, .1 : x = M,, + (0p7 : ) v6i moi n > a.

Ro rang 1a M, + (057 : ) € M, 41 : x. Gia stt y 12 phan ti bat ky cta
M, : z. Khi d6 2y € M O M,,,,. Theo (i) ta c6 2M N "M = 1" M
v6i moi n > a. Do d6 xy = xz v6i z € M, nao d6 v61 moi n > a.
Tu day dan dén y — z € (0p; : x). Suy ray € M, + (05 : x) v6i moi
n>a. Vivay M,y :x € M, + (0p : ) v6i moi n > a. Ta thu dugc
M1 2= M, + (05 : ) v6i moi n > a.

b) Ching minh (07 : ) N M, = 0 v6i moi n > a. Gida st 0 # z €
(Opr: )N Myyq. Khidétacd z € My vaze =0. Vi0 # z € M1 nén
ton tai s6 nguyén m > n+1 sao cho z € M,,\ M,,.1 nghia la deg(z*) = m.
Ngoai ra, vi zz = 0 nén z*z* = 0. Suy ra 2* € (Ogu : %) € He (G(M)).
Vi deg(z*) =m > a+ 1 nén z* = 0. Dan dén z € M,, ;. Mau thuan véi
2z € My \Myi1. Vay My 22 = M, + (0p7 : ) v6i moi n > a.

[
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CHUONG 2

CHAN TREN THEO BAC MO RONG VA PO DAI
CUA MODBUN DOl DONG DIEU PIA PHUONG

Trong chuong nay, ching t6i s€ dua ra mot s6 chan trén cho chi s6 chinh
quy Castelnuovo-Mumford cua modun phan bac lién két reg(G(M)) theo
bac md rong hodc theo do dai cuia modun doi dong diéu dia phuong cla
mot s6 modun thuong ciia modun M ban dau. Truong hop M la modun
phan bac ching to6i thi€t lap chan cho reg(G(M)) theo reg(M).

2.1 CHAN TREN THEO BAC MG RONG

Trong luan an, néu khong néi gi khéc, ta luon gia thiét A 1a vanh Noether
dia phuong véi truong thang du vo han k := A/m, M 1a A-modun hitu han
sinh, [ 1a idéan m-nguyén so va Ml = {M,, },>¢ 1a I-loc t6t cua M.

Chung t6i quan tdm dén chan trén chi s6 chinh quy Castelnuovo-Mumford
cua G(M) nhu 1a mot modun trén G;(A). Trong trudng hop loc m-adic ctia
A, tic 1a d6i v6i Gy(A), vian dé nay dugc Rossi-Trung-Valla giai quyét
(xem [37]). Sau d6 C. H. Linh giai quyét cho truong hop loc I-adic cua
modun tuy y (xem [26]). Cac chan dua ra dua theo mot dai luong duoc goi
la bac m& rong cua M tng v6i I (xem [26, Theorem 4.4]). Khai niém bac
md& rong dau tién duoc Doering-Gunston-Vasconcelos [10] va Vasconcelos
[47] dua ra nham do do phic tap vé cau tric cia modun phan bac. Sau
do, Rossi-Trung-Valla [37] va C. H. Linh [26] phat biéu cho trudng hop dia

20



phuong. Trong cac khai niém va vi du duéi day, ta xét mot trong hai trudong
hop:

(i) M 1a modun hitu han sinh trén vanh dia phuong Noether (A, m) va [

la idéan m-nguyén so.

(i) M = ®pezM, 1la A-moédun phan bac hitu han sinh va [ la idéan
m-nguyén so thuan nhat cua A, trong d6 A = @,>0A, la dai s6
phan bac chuédn Noether trén vanh dia phuong Artin (A, mp) va m :=
my @ (By>14,) 1a idéan cuc dai thuan nhit cta A.

DINH NGHIA 2.1.1. Ta ky hiéu M(A) la tdp hop cdc A-modun hitu han sinh.
Mot khdi niém c6 tinh téng qudt ( notion of genericity) trén M(A) ting voi
I la mot ham

U(I,—) : {lop dang cdu ciia M(A)} — {tdp con khdc réng ciia I\m1I}

thoa man cdc tinh chdt sau voi méi moédun M :

o Gid stx—y € ml. Liic do, x € U(I, M) néuva chinéuy € U(I, M).

o Tdp hop U(I, M) C I\ml chita tdp con md khdc rong.

e Néu depth(M) > 0 va x € U(I, M) thi x la phan tiw chinh quy trén
M.

V6i méi x € U(I, M) ta néi x 1a phan tir tong quét cua M Gng véi 1.
Tuong tu mot hé tham s6 tdng qudt x4, ..., 4 tng véi I 12 mot hé tham s6 cla
M saochoxy € U(I,M)vavéii=2,....d, x; € UL, M/(xy,...,x;_1)M).

PINH NGHIA 2.1.2. Mt bdc md rong D(I, M) ciia M iing vdi idéan m-
nguyén so I la mot ham s6 thod mdn cdc tinh chdt sau:

(i) D(I, M) = D(I, M/L) + ((L), trong d6 L := HO(M).

(ii) D(I, M) > D(I, M/xM) véi moi phdn tit tong qudt v € I\ mlI trén
M.

(iii) D(I, M) = e(I, M) néu M la A-médun Cohen-Macaulay, trong dé
e(1, M) la s6 boi cua M iing voi 1.
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Vi DU 2.1.3. Cho A 1a anh dong cau ctia mot vanh Gorenstein S chiéu n va
M € M(A) v6i dim(M) = d. Ta dinh nghia bdc dong diéu cia M ting
vGi idéan I, ky hiéu 1a hdeg(Z, M), bang quy nap theo d nhu sau:

Khi d = 0 thi hdeg(I, M) := £(M).

Khi d > 0, vi dim Ext571"%(M, S) < d—i— 1 nén ta dat

d—1
hdeg(1, M) :=e(I, M) —|—Z< )hdeg([ Exti14(M, S)). (2.1)
1=0

Néu A khong 1a anh dong cau ctia vanh Gorenstein thi ta dat
hdeg(I, M) := hdeg(I, M @4 A),

trong d6 A 1a ky hiéu vanh m-adic ddy di cia A. Khi d6 hdeg(Z, M) Ia
mot bic md rong cua M tng vé6i idéan / (xem [47, Proposition 9.4.4]).

DPoi v6i modun loc, két qua cua C. H. Linh [26, Theorem 4.4] dugc mé

rong nhu sau:

DINH LY 2.1.4. Cho M la A-médun hitu han sinh véi dim(M) = d > 1,
M = {M, }n>0 la I-loc tot cua M va D(I, M) la mot bdc mo réng tuy y
cua M tmg voi I. Ddt r:= r;(M). Khi dé

(i) reg(GM)) < D(I,M)+r—1néud =1,

(i) reg(G(M)) < [D(I, M) +r + 1]34=D=1 — g ngu d > 2.

NHAN XET 2.1.5. Chi ¥ rang chan trén trong (ii) 1a don gian hon va trong
truong hop tong quat t6t hon mot it so véi [26, Theorem 4.4]. Chitng minh
tuong tu nhu [26], nhung ta cAn mot so thay doi. Ly do chinh cho mot s
thay déi 1a khong giong nhu trudng hop [-adic, modun G(M) khong sinh
bdi cac phan tir bac 0 ma sinh boi cdc phan tir ¢6 bac 16n nhat 1a r(M).

BO PE 2.1.6. (Singh's formula, xem [36, Lemma 1.6]) Cho x € I. Khi do

voi moi n > 0 ta co

haa (n) = Hygpanr(n) — €(Myiq 2 /M),
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BO BE 2.1.7. Gid sit x € I\ mI sao cho phdn ti khéi ddu =* ciia © trong

G1(A) la phan tw loc chinh quy trén G(M). Ddt N := M /xM. Khi do
paoy(n) < Hrn(n)

vai n > reg(G(M/zM)).

Chitng minh. Ap dung B6 dé 2.1.6 ta ¢6

hg(M)(TL) = HM/IM(n) - K(Mn—i—l : .T/Mn)

Str dung Bo dé 1.4.14 (iii) ta nhan duogc
peany(n) < Hyijenr(n)
v6i n > reg(G(M/zM)). Tu I"M C M, ta c6
Hyijonr(n) = 0(M /My + xM) < M/ M+ 2M) = Hyy(n).
[]

Goi (Q C I 1a mot rdt gon cua I. Ménh dé thit hai trong két qua dudi
day l1a cua C. H. Linh [26, Theorem 3.6]. Tuy nhién ching minh cta chiing

toi dua ra ngian hon nhiéu.

BO BE 2.1.8. Gid sir dim(M) = d > 1 va I la idéan m-nguyén so. Khi dé
Q) ((M/IIM) < (”zlrd)ﬁ(M/QM), o ddy Q la mot idéan rit gon toi
tiéu cia 1(A/ Ann(M)),

(i) (M /I" M) < ("I D(I, M).

Chitng minh. (i) Cho QQ = (z1,...,24). St dung toan cau

B:=(M/QM)[zy,.... s — EQ"M/Q"" M,

n>0

ta nhan dugc

(MMM < 6M/Q™M) < ;a&) <(,

v <" T d) ((M/QM).



(ii) Ta ¢6 thé chon x1,...,xy € I sao cho x; 1a mot phan tlr tong quat
trén M/(xq,...,x;_1)M. Khi d6 Q = (z1, ..., 4) 12 mot rit gon t6i ti€u cltia
I(A/ Ann(M)). Ap dung (ii) va (iii) cha Dinh nghia 2.1.2 ta nhan dugc

D(I, M) > D(I,M/(xy,...,xq) M) = £(M/ (1, ..., 5q) M) = £(M/QM).
Tir day ta thdy (ii) 1a heé qua cta (i). [

K&t qua sau da dugc chitng minh cho truong hop vanh (xem [20, Theorem

5.2]), nhung né van con ding cho modun loc.

BO PE 2.1.9. [20, Theorem 5.2] Cho M la A-moédun hitu han sinh sao cho

depth(M) > 0. Khi d6
ag(G(M)) < a1 (G(M)) — 1.

Chitng minh. Dat

R = @I" va R(M @M

n>0 n>0

Xét day khép:
0 — R(M)4(1) — RM) — G(M) — 0.

Chii y rang theo [5, Theorem 4.2.1] ta ¢6 Hy (G(M)) = Hy, (G(M)). Vi
depth(M) > 0 nén Hy (R(M)) = 0. Ta thu dugc diy khép:

0 — Hy (G(M)), — Hy (R(M))ni1 — Hy (R(M)), — Hy, (G(M))n.
Tur day khép trén ta cé toan cau
Hy (R(M))ns1 — Hy, (R(M)), — 0

v6i moi n > a1 (G(M)) +1. Vi Hy (R(M)),11 = 0 v6i n > 0 nén ta phai
co Hgla (R(M)),, = 0 véi n > al(G(M)). Suy ra H&+(G(M))n = 0 véi
moi n > a;(G(M)) — 1. Diéu nay dan dén

ao(G(M)) < ar1(G(M)) — 1.
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Mot hé qua ngay lap tic tir b6 dé nay la:

HE QUA 2.1.10. Gid sit M la A-médun hitu han sinh véi depth(M) > 0.
Khi dé
reg(G(M)) = reg'(G(M)).

K&t qua ti€p theo 1a m& rong cua [26, Lemma 4.3] cho truong hop loc.

BO BE 2.1.11. Par M := M/H(M). Ki hiéu loc M/HO (M) ciia M la
M. Khi dé

reg(G(M)) < max{reg(G(M)); r(M)} + ((Hy(M)).

Chitng minh. Dat L := HX (M), r := r(M) va

M,NL
n+1mL

K = @My + M, mL)/Mn-HN@

n>0

Vi M 1a I-loc t6t, nén v6i n > 0 ton tai s6 nguyén r sao cho M, ., =
I ML C I ML Theo BS dé 1.4.2 ton tai s6 nguyén ¢ sao cho

My NLCI"™ "M ALC I L =0
v6i n > 0. Suy ra /(K) = ¢(L). Xét day khép sau:
0 — K — G(M) — G(M) — 0. (2.2)
Dit ¢ := max{reg(G(M)); r(M)}. Khi d6 tén tai s6 nguyén m
e+l1<m<e+l(L)+1
sao cho K,, = 0. Do m > reg(G(M)), theo diy khép (2.2) ta thdy ring
Hy, ), (G(M))y—s = 0 v6i moi i > 0.

Chu y rang G(M) dugc sinh trén G;(A) boi cac phan tir bac < r(M) <
m—1. St dung B6 dé 1.1.4 ta nhan duge reg(G(M)) < m—1 < e+4(L). [
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Chitng minh cia Pinh 1y 2.14. Pat G := G;(A), L :== H)(M) va z €
I'\ mI sao cho phan tr khdi dau z* trong G 1a phan 1t loc chinh quy trén
G(M). bat M := M/L. Sk dung B dé 2.1.11 ta c6

reg(G(M)) < max{reg(G(M)); r} + ¢(L).

Ap dung (i) ctia Pinh nghia 2.1.2 ta dugc D(I, M) = D(I, M) + ¢(L). Do
do, ta chi can ching minh cic ménh dé sau:

(') reg(G(M)) < D(I, M) +r —1néud =1,

(ii") reg(G(M)) < [D(I, M) + 7+ 1]3@=D"=1 — g néu d > 2.
Thay M biang M, chiing ta c6 thé gid st depth(M) > 0. Pat D =
D(I,M). Theo Hé qua 2.1.10 ta c6

reg(G(M)) = reg'(G(M)). (2.3)

Néu d = 1 thi M 1a modun Cohen-Macaulay. G(M) 1a G-modun chiéu
mot sinh bdi cdc phan tlt bac cao nhat 14 7. St dung dang thic (2.3) va B
dé 1.3.1 ta nhan dugc

reg(G(M)) = reg (G(M)) < e(GM)) +r —1=e(I,M) +r — 1.

Dau bang cudi cuing suy ra tit Nhan xét 1.4.8. Theo Dinh nghia 2.1.2 (ii)
ta nhan dugc reg(G(M)) < D +r — 1.

Cha y rang r(M/xzM) <r va D > 0. Néu d > 2, dat N := M/xM va
m := max{r; reg(G(M/zM))}. St dung day khép (1.4) va B6 dé 1.4.14
(i1) ta nhan dugc

reg! (G(M) /2" G(M)) = reg (G(M/xM)).

Suy ra
reg' (G(M)/z*G(M)) < m.

Vi G(M) dugc sinh bdi cac phan tir ¢6 bac cao nhat 1a r» < m, theo Dinh
1y 1.3.4 ta c6
reg! (G(M)) < m + pan(m).
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Str dung B6 dé 2.1.7 va Bo dé 2.1.8 (ii) va bat dang thic D(I,N) < D, ta
thu duoc

reg' (G(M)) < m+ D(I, N) (m ;_dl_ 1) <m+ D<m ;_dl_ 1). (2.4)
Néu d = 2, st dung (i) ctia dinh 1y ta nhan duoc
m := max{r; reg(GM/zM))} < D(I,N)+r—-1<D+r—1.
Do r > 0, ap dung cong thic (2.3) va (2.4) ta nhan duoc
reg(G(M)) = reg'(G(M)) < m + D(m + 1)
<D*+(r+1)D+r—-1<(D+r+1>*-2.

Cho d > 3. Trudong hop m = 0 1a tAm thuong. Vi vay ta cé thé gia sir
m > 0. Ap dung cong thiic (2.4) ta dat dugc

m-+d—1

reg' (G(M)) < m + D( Y

) <D(m+1)" - 1. (2.5)
Tur gia thiét quy nap ta c6 thé gia sl rang

m < [DI,N)+r+ 1P _d4 1< (D +r+1)302 g4 1,
St dung cong thic (2.3) va (2.5) ta nhan dugc

reg(G(M)) < [D +r+1P-DH1 g

2.2 TRUONG HGP MOBUN PHAN BAC

Cho A = @®,>0A,, 1a dai s6 phan bac chuan Noether trén vanh dia phuong
Artin (Ag, mg) v6i trudong thang du k := Ag/my vo han. Ta ki hiéu idéan
cuc dai thun nhat m := my ® (®,>14,) cia A. Cho M = @,z M, la
A-mo6dun phan bac hitu han sinh chiéu d va M = {M,,},>o 1a I-loc t6t

bao gom ciac modun con thuan nhiat cta M, trong d6 [ 1a idéan m-nguyén
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so thuan nhat cia A. Két qua cia ching toi l1a chan trén reg(G(M)) theo
reg(M) va r(M) trong truong hop A 1a vanh da thitc trén mot truong.

D€ cho gon ta dat hdeg(M) := hdeg(m, M). Bay gio, ta chian reg(G(M))
theo (M) va hdeg(M) bang cich quy vé trudng hop dia phuong.

BO BE 2.2.1. [27, Lemma 1.3] Gid sit [ C A la mot idéan thudn nhdt
m-nguyén so va n la so nguyén thoa man wm" C I. Khi do
hdeg(M) < hdeg(I, M) < n®hdeg(M).

BO PE 2.2.2. Cho I C A la mot idéan thudn nhdt wm-nguyén so. Khi do

hdeg(In, My) < 0(A/T) hdeg(M).
Chitng minh. Pat p := ((A/I) = (((A/I)y). Khi d6 ta c6 day hgp thanh

0=LyC L C..CLy,=(A/I)n.

Suy ra m’ A, C I,. Theo Bo dé 2.2.1 ta c6

hdeg (I, M) < p®hdeg(mAn, My).

Chd y rang do6i v6i mot A-modun phan bac hitu han sinh tuy y £ luon
c6 e(E) = e(Fy). St dung tinh chat giao hodn ctia ham t&t Ext d6i véi
phép dia phuong hod (xem [38, Theorem 9.50]) cho cong thic dé quy
(2.1), ta nhan dugc hdeg(mAy,, My,) = hdeg(M). Suy ra hdeg(ly, My,) <
p?hdeg(M). O

DINH LY 2.2.3. Cho M la mot I-loc tot ciia A-modun phdn bdc M chiéu
d>1. Khi do

(i) reg(G(M)) < ¢(A/I)hdeg(M) + r(M) — 1 néu d = 1,

(i) reg(G(M)) < [£(A/I)?hdeg(M) 47 (M) + 1]3@=1V"=1 —d néu d > 2.

Chitng minh. Ki hieu R = A® I I> @ ... 1a dai so Rees clia A tng v6i [
va R, = ®,>11". Ta co thé xét G(M) nhu 12 mot modun hitu han sinh trén
R. Néu E = @,z F, 1a mot modun phan bac trén R, ki hiéu £, va (E,)n
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lan luot 1a dia phuong hoa cua E va E, nhu A-modun tng véi tap nhan
dong A\ m. Khi d6 ta c¢6 thé xét G;(A) va G(M) nhu 1a cdc modun phan
bac trén R. T d6 ta ¢c6 (G(M))m = G(My,) va (G1(A))m = G, (An). Do
do

reg(G(M)) = reg(G/(My)).

Mait khac, theo B6 dé 2.2.2 ta ¢6
hdeg(Tm, M) < £(A/T)" hdeg(M).

Ta ¢6 r(My) < r(M). St dung Dinh 1y 2.1.4 cho bac dong diéu ta nhan
dugc diéu phai chiing minh. O

Mot hé qua quan trong ctua Dinh 1y 2.2.3 1a

HE QUA 2.2.4. Gid sit I la mot idéan m-nguyén so thudn nhdt ciia vanh da
thitc A = k[xy, ..., x,] trén mot truong k. Khi do

(i) reg(Gr(A)) < L(A/I)—1néud=1,

(i) reg(Gr(A)) < (L(A/T) + 1)3 V=1 — q neu d > 2.

Néu M 1a modun phan béac tuy y trén vanh da thic A thi ta ¢6 thé chan
reg(G(M)) theo reg(M), r(M) va mot s6 bat bién khac cua M nhu sau:

DINH LY 2.2.5. Gid sit M la médun phdn bdc hitu han sinh chiéu d > 1 trén
vanh da thitc A = k[z1, ...,x,]. Ky hiéu i(M) la bdc khoi dau cua M (tiic
la i(M) = min{p | M, # 0}) va p(M) la sé phan tir cia mot hé sinh toi
tiéu cua M. Khi dé

(i) reg(G(M)) < U(A/T)pu(M)[reg(M) —i(M)+1]"+r(M)—1néu d = 1,
(i) 1es(G(M)) < [A(A/TY!(u(M)(rea(M) — i(M) + 1)) 4 r(M) +
131 _ g néu d > 2.

Chitng minh. Ap dung [7, Theorem 5.1] ta nhan duoc

reg(M) — i(M) + n)] 24"

n

hdeg(M) < [u(M)<

(M) (reg(M) — i(M) + 1)

IA
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Stt dung Pinh 1y 2.2.3 ta nhan dugc cdc bat dang thiic néu ra trong dinh
ly. []

Trong phan con lai cia muc nay ta xét truong hop I 1a idéan m-nguyén so
sinh boi cdc phan tir thudn nhat cung bac. Khi d6 ta c6 thé sir dung phuong
phdp cta Rossi-Trung-Valla [37] d€ dua ra mot chan trén cho reg(G(M))
tot hon nhi€u so véi chan trén trong Pinh 1y 2.2.5 va ddng v4i moi vanh

phan bac chuan A. Trong trudng hop nay, ta ¢

BO BE 2.2.6. Cho i(M) la bdc khdi ddu ciia M. Pdt M := M/HC (M) va
M := M/H?(M). Khi dé

reg(G(M)) < max{reg(G(M)); reg(M) —i(M) + r(M)}.
Chitng minh. Nhu trong chiing minh ctia B6 dé 2.1.11, ta c6 day khép
0 — K — G(M) — G(M) — 0, (2.6)

trong do

Ko EB Mg+ M, N HY w(M)
>0 M1
12 mot modun c¢é6 do dai hitu han.

Cho n > reg(M) —i(M) +r + 1, trong d6 r := r(M). Chd y rang
reg(M) > i(M) va I dugc sinh boi cac phan tlr thun nhat cé bac it nhat
la mot. Dan dén

My=I""M, CI""MC E M,
preg(M)+1
Ta HY(M) C M va HY(M), = 0 v6i moi p > reg(M) + 1, ta nhan thay
rang M, N H)(M) = 0. Boi vay K,, = 0. Do d6, tir diy khép (2.6) ta
nhan dugc di€u phai ching minh. O
BO BE 2.2.7. Gid sit z € I\ mI la mot phdn tir thudn nhdt. Gid sit phdn tir
khdi dau x* cua Gi(A) la mot phan tir loc chinh quy trén G(M). Khi do
ta cé x la mot phan tit loc chinh quy trén M.
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Chitng minh. Phan t z* 1a loc chinh quy trén G(M), nghia 1a ton tai ng

sao cho
(Mo :x) N My, = My 2.7)

v6i moi n > ng. Cho u € (0 :ps x),. Vi M hitu han sinh va M /M, c6 do
dai hitu han nén v € M,,, khi p > 0. Khi d6, 4p dung cong thic (2.7) ta
nhan duoc

ue€ (0 x) N My, € (Mpgya:x) N My = Moy 41
Bang quy nap ta nhan dugc
u € ﬂ M, = ﬂlq_r]\/lr:O
q>ngo >0

Nghia 1a (0 :ps x), = 0 v6i p > 0, hay = la phan t& loc chinh quy trén
M. []

Bay gio, ta xét Dinh 1y 2.2.5 trong truong hop idéan [ sinh boi cac phan

tir thudn nhat cing bac. Cu thé nhu sau:

DINH LY 2.2.8. Gid sit I sinh bdi cdc phdn tit thudn nhdt cé bdc A > 1.
Cho Q la mor rit gon thudn nhdt t6i tiéu cua 1(A/ Ann(M)). Ky hiéu
i(M) la bdc khoi dau cua M. Khi do

(i) reg(GM)) < U(M/QM)+r(M) +reg(M) —i(M) —1néud =1,

(ii) reg(G(M)) < [((M/QM)+r(M)+reg(M)—i(M)+(d—1)APD -
d néu d > 2.
Chitng minh. Y chinh ching minh tuong tu nhu chitng minh ctia Pinh ly
2.1.4. Theo Bo dé 2.2.6, ta chi cin xét trudng hop depth(M) > 0 la du.
bat r := r(M).

(i) Néu d = 1 thi M 12 modun Cohen-Macaulay. St dung B6 dé 1.3.1,
Hé qua 2.1.10 va B6 dé 1.4.10 ta nhan duoc

reg(G(M)) = reg!(G(M)) < e(G(M)) +7 1
=e(l,M)+r—1=e(@Q M)+r—1<lM/QM)+r — 1.
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(i) Cho d > 2. Ta nhan thdy () dugc sinh bdi d phan tir thuan nhat
bac A. Khi dé, ta ¢6 thé tim thay mot hé sinh t6i ti€u {z1, ..., 24} clia Q
sao cho phan tr khéi dau x] trong G 1a loc chinh quy trén G(M) (xem
[45, Lemma 3.1]). Chi y rang tat ca cac phan tlr xq, ..., x4 ¢6 bac A > 1.
bat © := x1, khi d6 N := M/xM la mot modun phan bac. Cho m :=
max{r;reg(G(M/xM))}. Skt dung day khép (1.4) ta nhan duoc

reg' (G(M) /2" G(M)) = reg!(G(M/zM)) < m

Chi y rang (z2,...z4) 12 mot it gon t6i tiéu cha I(A/ Ann(N)). Ap dung
Dinh 1y 1.3.4, Bo dé 2.1.7 va B6 dé 2.1.8 (i) ta nhan duoc

reg(G(M)) < m + ((N/(z2, ..., xg)N) (m ;_d 1_ 1)
< m+ ((M]QM) (m ;_d ; 1) | 2.8)

Cong thic nay tuong tu nhu (2.4). Chd y rang reg(N) < reg(M) + A —
1, r(M/xM) <r vai(N) > i(M). Cho d = 2. Theo gia thi€t quy nap ta

7z

Cco

reg(G(M/xM)) < U(N/(x2,...,xq)N) + 1 +reg(N) — z(N)
< UM/QM) +r +reg(N) —i(M) —
< UM/QM )+fr+reg(M)—z(M)+A—2.

Dan dén
m < U M/QM) +r+reg(M) —i(M)+ A —2.
Cung véi (2.8) va Hé qua 2.1.10 ta nhan duoc
reg(G/(M)) = reg (G(M)) < [E(M/QM) + 1 + A + reg(M) — i(M)[2 — 2.
Néu d > 3 thi theo gia thi€t quy nap ta cé

m < [O(N/(xg, ..x)N) + 1+ (d — 2)A + reg(N) — i(N)PU21 —d 41
< [O(M/QM) + 7+ (d — 1)A 4 reg(M) — i(M)PPE21 — g 4 1.

St dung (2.8) ta nhan duogc (ii). []
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2.3 CHAN TREN THEO DO DAI CUA MODBUN DOI DONG DIEU
DIA PHUONG

Trong muc nay, ching toi thi€t 14p chan trén cho chi s6 chinh quy
Castelnuovo-Mumford cua G(M) theo do dai cia modun d6i dong dicu dia
phuong ctia mot s6 modun thuong cia modun M ban dau. Vi méi modun
hitu han sinh M ta dat

RO(M) = ((HA(M)).

Dinh 1y sau twong tu nhu Dinh 1y 2.1.4. Di€m mdi trong dinh 1y nay Ia
str dung céc do dai cuia modun doi dong diéu dia phuong thay cho bac mé
rong.

PINH LY 2.3.1. Cho M la A-médun hitu han sinh véi dim(M) = d > 1,
M = { M, }n>0 la mot I-loc t6t cua M va day cdc phan tit xq, ..., xq € [\ml
sao cho ddy cdc phan tir khoi dau x5, ..., x5 € G1(A) la G(M)-dady loc chinh
quy. Dat B(I, M) :={(M/(x1,...,xq) M) va

pw(I, M) = max{h®(M/(zy,...,2;)M)|0 < i < d—1}.
Khi do

(1) reg(GIM)) < B(I,M)+ u(I,M)+r(M) —1 néu d =1,

(i) reg(G(M)) < [B(I, M) +p(I, M)+r(M)+1]34=D=1 —d péu d > 2.
Chiing minh. Pat M := M/H%(M),M := M/H%(M), B := B(I, M), i1 :
(L, M) var = r(M).

Néu d = 1 thi M 12 modun Cohen-Macaulay. St dung Bé dé 1.3.1 va
Hé qua 2.1.10 ta c6

reg(G(F)) = reg! (G(M)) < eo(G(R) + (W) — 1
<e(I,M)+r—1<B+r—1

Str dung Bo dé 2.1.11 ta nhan dugc
reg(G(M)) < max{reg(G(M)); r} + h°(M)
<B+pu+r—1
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Chod > 2. Pat N := M /z,M vaN := M/xz; M. Lay m > max{reg(G(N)),r}
tiy y. Khi d6 reg!(G(M)/2;G(M)) = reg’(G(N)). Theo Dinh 1y 1.3.4 ta
c6 reg! (G(M)) < m + Py (m). Ap dung BS dé 2.1.7 va B dé 2.1.8 ta
nhan duoc

Poanym) < Hin(m) <

M) N @, 20 N)
(")

<B<m+d—1>.
- d—1

Vi vay, theo B6 dé 2.1.11 ta c6

reg(G(M)) < m + h'(M) + B(m jl__dl_ 1)

m+d—1
d—1 '
Gia sit d = 2. Theo gia thiét quy nap ta c6 thé 1dy m = B+ pu+r — 1. Tu

§m+,u+B( (2.9)

do ta nhan duoc
reg(GMM)) <m+u+B(m+1)=B(m+1)+B+pu
<BB+p+r)+B+pu
<(B+p+r+1)—1.
Gia st d > 3. Khi d6 v6i moi m > 1 ta c6

m+d— 2
d—1

Theo gia thiét quy nap ta c6 thé lay

m+B< ) < B(m+1)&1 (2.10)

m=(B+p+r+ )PP —d 1> 1.
Str dung cong thic (2.9) va (2.10) ta nhan duogc
reg(GM)) < p+ B(m+1)"1 -1
<pu+B[(B+p+r+1)P202 gyt g
< (B+p)(B A4 p+r+1)300d0 g
< (BA+p+r+1)50t g
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CHUONG 3

CHAN TREN THEO HE SO HILBERT

Muc dich chinh ctia chuong nay la chan trén cho chi s6 chinh quy
Castelnuovo-Mumford cia G(M) theo hé s6 Hilbert. Dac biét, khi modun
c6 chiéu mot, ching toi tim ra dugc chan trén chat va dac trung khi nao

chan nay dat duoc.

3.1 TRUOGNG HOP TONG QUAT

Trong muc nay, ta luon xét R = @®;>¢R; 1a vanh phan bac chuan Noether
v6i (R, mp) 1a vanh dia phuong Artin véi truong thang du k := Ry/my
vo han. Gia st F = @,z F, 1a R-modun phan bac hitu han sinh véi
dim(F) = d.

Trude hét ta xét truong hop tong quéat. Ki hieu A(F) 1a bac sinh cuc
dai cia E. Dé& dang chi ra mot vi du khong thé chan trén reg(FE) theo
A(E),eo(E),...,eq—1(F). Tuy nhién trong [5, Theorem 17.2.7] va [42,
Theorem 2] di chi ra céc bat bién nay chan trén duoc reg!(E). Duéi day
ching ta nhac lai két qua cta V. Trivedi, chan nay khong phu thudc vao so
phan t sinh cta F nhu trong [5]. Phuong phdp chiing minh cua V. Trivedi
chi yéu dua vdo hinh hoc va ching minh cho G;(M). Do vay dé dam
bao cho viéc trinh bay ngan gon hon va doc l1ap hon, ching toi dua ra mot
chiing minh méi cua két qua nay cho modun phan bac E tuy y hitu han
sinh bang cach st dung Dinh 1y 1.3.4. Dit

A(E) := max{A(E),0}.
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Ta dinh nghia bang quy nap mot day s6 nguyén sau: m; := eg(E) + A'(E)

va véi moi ¢ > 2, ta dat

mi—1+1 — 2 mi—1+1—3 .
mi::mi_1+eo< Z;—l >_61< 21'—2 )+."+(_1)Z fei 1.

Khi d6
BO BE 3.1.1. ([42, Theorem 2]) Gid sit d > 1. Ta ¢6 reg (E) < mg — 1.

Chitng minh. Néu d = 1, dat E := E/H}, (E). Khi d6 ta c6 reg(E) =
reg(E), E 12 modun Cohen-Macaulay, A(E) < A(E) va e(E) = e(E). St
dung Bo dé 1.3.1 ta thu duogc

reg'(E) < e(E) + A(E) —1<e(E) +A(E) =1 <my — 1.

Néu d > 2. Gia sit z € Ry 1a phan tt E-loc chinh quy, theo gia thiét
quy nap ta c6 reg'(E/zE) < mg_1 — 1, ngoai ra ta ciing ¢6 A(E/zE) <
mg_1 — 1. B6i vay, st dung Dinh 1y 1.3.4 ta nhan dugc reg’(E) < (mg_ 1 —
1) +pp(mg-1—1) =my — L. [

Bay gid ching t6i dua ra mot chan tudng minh cho reg!(E) theo ¢;(E), 0 <
i <d—1va A(F). Tuy nhién chan nay 1a yéu hon.

BO BE 3.1.2. Cho FE la R-médun hitu han sinh chiéu d > 1. Dt E(M) =
max{ey(M), |ex(M)], ..., |eq—1(M)|} va A*(E) := max{A(FE),1}. Khi do

reg'(E) < (£(B) + A%(E))" — L.

Chimg minh. D€ cho gon, ta dat ¢; := ¢;(F), £ := {(F) va A* := A*(E).
Theo B3 dé 3.1.1 chi cin chi ra ring my < (¢ + A*)®. Hién nhién bd dé
ding v6i d = 1. Theo gia thiét quy nap ta c6 thé gia su

mg_1 < (E+ ANV 1 = q,

Chi y rang

d—1 . d—1 .
- (fa+d—2—1 a+d—2—1 a+d—1
—1)le; < = .
2 )6( d—1—i )—5;< d—1—i ) 5( d—1 )
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Suy ra
a+d—1
< .
md_a+§< d—1 )

Gia st d = 2, khi d6 ta c6 thé 1dy a = £ + A* — 1. T d6 ta nhan duoc
Mg <E+ A" —1+EE+A) = (E+A)E+T) -1 < (E+ A% -1

Gia st d > 3. Ap dung cong thiic (O‘g‘_izl) < (a+1)"1 véimoi o >1ta

nhan duoc

a+&(a+1)1

(€ 4+ AM)E=D 1 4 £](£ 4+ Ar)d-DY]dt
(£+ A*)(d—l)! + (f-l-A*)d!_l -1

(6 + A (gx + ea7) — 1

(E+A)" -1,

g
I IA

ANRVANIVAY

[]

NHAN XET 3.1.3. Theo két qua trén reg!(G(M)) dugc chan bdi eg(M), ...,
eq—1(M). Theo Hé qua 2.1.10, néu depth(M) > 0 thi reg(G(M)) =
regt(G(M)). Suy ra reg(G(M)) dugc chan trén theo e;(M), i < d. Vi
du sau chi ra rang, néu depth(M) = 0 thi cdc dai luong e;(M), i < d
khong di dé€ chan trén dugc reg(G(M)).

ViDUY 3.1.4. Cho A = k[[z, y]]/ (2%, zy*) v6i s 1a s6 nguyén 16n hon 1. Khi
d6 Gn(A) = K[z, y]/(2? zy*). Ta tinh dugc reg(Gn(A)) = s. Vi vay,
reg(Gm(A)) thé 16n tuy y trong khi ey(A) = 1.

Muc dinh chinh ti€p theo clia muc ndy chi ra rang néu st dung thém
eq(M) ching t6i ¢6 thé chan dugc reg(G(M)). Trudc tién, ta can udec lugng
do dai ctia modun HY (M) theo hé s Hilbert.

BO BE 3.1.5. [36, Proposition 2.3] Par L := HY(M), M := M/L va

M := M/L := {M/L D (My+ L)/L D (My+ L)/L D ---}. Khi d6 véi

moi n > 0, ta co
((L) = Pu(n) — Pg(n) = (=1)"ea(M) — (~1)"eq(M).

37



Tix két qua trén, ta c6 thé chan trén dugc /(L) nhu sau:
BO BE 3.1.6. ((L) < Py(n) véi moi n > reg(G(M)).

Chiing minh. Theo B6 dé 1.4.9 ta ¢c6 Pyg(n) = Hyg(n) v6i moi n > reg(G(M)).
Do do6, sir dung B6 dé 3.1.5 ta nhan duogc

(L) = Pu(n) — Pyg(n) = Pu(n) — Hyz(n) < Pu(n)
v6i moi n > reg(G(M)). O
Bay gio ta c6 thé chiing minh Dinh 1y chinh cia muc nay.
PINH LY 3.1.7. Cho M la I-loc t6t ciia médun M chiéu d > 1. Dat r'(M) =
max{1, (M)} va
(M) = mac{eo (M), e (M), .., lea(MD)]}.
Khi do

7“/ d!
reg(GM)) < (M) + 7' (M))® + (M) ((g(M) TrM)T d) .

d

Chitng minh. Dat r := r(M), 7' = r'(M), ¢; := ¢;(M) va L := H2(M).
Theo Heé qui 2.1.10 ta ¢6 reg(G(M)) = reg!(G(M)). Ap dung B3 dé 2.1.11
ta nhan dugc

reg(G(M)) < max{reg'(G(M)), r}+ ¢(L). (3.1

Dit o := (£4+7)" —1 > r. Theo B6 dé 3.1.5 ta c6 ¢;(G(M)) = ¢;(M) = ¢;
v6i moi i < d — 1. Nhu néi & phan truéc G(M) dugc sinh b&i cdc phan
tr bac < r(M). Lai ¢6 »(M) > 0. Vi vay, tr B6 dé 3.1.2 dan dén
reg!(G(M)) < a. Sk dung bat dang thitc (3.1) va Bé dé 3.1.6 ta nhan dugc

reg(G(M)) < a+ Aula) <a+EX0, ("5)
=+ (") = ()" — 1 ().
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3.2 Truong hop chiéu mot

Cho R = @®,>0R, 1a vanh phan bac chuin trén vanh dia phuong Artin
(Ro, mg) V6i truong thang du k := Ry/my vo han. Cho F la R-modun hitu
han sinh chiéu d.

Chidng ta biét rang hg(t) = pe(t) v6i moi t > 0. Ta goi chi s6 chinh
quy Hilbert cia E la s0

p(E) := max{t | hp(t) # pr(t)}.
Chuoi Hilbert-Poincaré cua E duoc xdc dinh bdi cong thitc
HPg(z) =) hp(i)7"
i>0
Ta c6 két qua quen biét sau:
BO PE 3.2.1. (Xem [6, Lemma 4.1.7, Proposition 4.1.9 and Proposition
4.1.12]) Ton tai mot da thitc Qp(z) € Z[z] sao cho Qgr(1) # 0 va

HPp(z) = (?Ji(ji .

Q
Hon nita, p(E) = deg(Qp(z)) —d va e¢;(F) = QEZ—,(U voi moi © > 0.

NHAN XET 3.2.2. Tir cong thiic Grothendieck-Serre (1.1) ta dé dang nhan
duoc

(i) Néu depth(E) = 0 thi p(F) < reg(E);
(ii) Néu depth(F) > 0 thi p(E) < reg(F) — 1.

D€ cho gon ta dat A := A(FE) va e := ¢y(E). Chiing minh cla két qua
sau la tuwong tu ctua [20, Lemma 4.2].

BO BE 3.2.3. Gid sit dim(E) = 0. Ddt q := Y, {(E;). Khi d6
(i) reg(E)<A+e—gq.
(ii) Cdc diéu kién sau la tuong duong:
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(a) reg(F)=A+e—gq;
1 neuA+1<t<A+e—gq,
(b) hp(t) = .
0 néu t>A+e—q+1.
Chiing minh. (i) Pat m := reg(F). Vi dim(E) = 0 nén m = max{t | E; #
0}. Chad y rang E; # 0 v6i moi A < i < m. Suy ra

mSA+UEAq @ DE,)=A+0E)—qg=A+e—q. (3.2

(i) Ap dung (3.2) ta thay m = A+e—qkhi va chi khi £(E;) = 1 v6i moi A+
1 < i < m. St dung tinh chit ¢/(FE;) = 0 v6i moi ¢ > m ta nhan duoc (a)
tuong duong vai (b). ]
BO BE 3.2.4. Gid sit E la médun Cohen-Macalay véi dim(E) = 1. Cho
z € Ry la phan tit E-chinh quy va p := ((Exg/.p)). Khi do

(i) reg(E) <A+4e—p.

(ii) Cdc diéu kién sau la tuong duong:

(a) reg(E) = A+e—p;

t—A+p neuA+1<t<A+e—p—1,
(b) hE<t)—{ o g

e néut>A-+e—p;
) p(E)=A+e—p—1.

Chitng minh. (i) Vi z € R; 1a phan t& E-chinh quy nén e(E/zE) =
reg(E/zFE) = reg(F) va

> hppap(i) = he(t). (3.3)
i<t
N6i rieng ta ¢6 >, p(5/.p) hE/-p(i) = p. Chi y rang A(E/2E) < A(E).
Ap dung B6 dé 3.2.3 ta nhan duoc
reg(E/zE) < A(E/2E)+e(E/zE)— Y hgp.p(i) < Ade—p. 34)
i<A(E/zE)

Suy ra reg(F) < A+e—p.
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(ii) (a) = (b): Néu reg(E) = A + e — p, stt dung cong thic (3.4) ta
c6 A(E/zE) = A(E) vareg(E/2E) = A(E/2E)+ ¢ — p. Ap dung B6 dé
3.2.3 (ii) va (3.3) ta nhan dugc (b).

(b) = (c) suy ra ngay tir B6 dé 3.2.1.

(c) = (a): Gia surang p(F) = A+ e — p — 1. Theo Nhan xét 3.2.2
(ii) ta c6 A + e — p < reg(FE). Két hgp v6i reg(F) < A + e — p ta nhan
dugc reg(E) = A +e —p. O

BO PE 3.2.5. [36, Proposition 2.7] Cho M la médun Cohen-Macaulay chiéu
mot va b la mot s6 nguyén duong théa man IM C m°M. Khi dé

(@) hrar(n) > n+b véi moi n < p(Gr(M)) + 1,
(i) p(Gr(M)) < eo(I, M) —b— 1.

Dé cho gon ta dat H Py y(z) :== HPg,u)(2) va e; := e;(I, M) v6i moi
i=1,....,d. Gia stt rang M 1a modun Cohen-Macaulay. Kirby-Mehran [25]
da chi ra ring e; < (620) K&t qua nay dugc Rossi-Valla [36] cai ti€n nhu
b6 dé dudi day. Chi y ring (i) dugc néu rd trong [36], nhung (ii) khong

duoc néu ra mot cich tudng minh.

BO PE 3.2.6. [36, Proposition 2.8] Cho M la médun Cohen-Macaulay chiéu
mot va b la mot s6 nguyén duong théa man IM C mPM. Khi dé
(1) e S (60—23)-"-1)'

(ii) Cdc diéu kién sau la tuong duong:

(a) e = (60—2b+1);
eo—b ;i

(b) HPp(z) = = 2

1—z

Chirng minh. (1) Chitng minh dué6i day dua ra trong [36, Proposition 2.8].
Ching t6i néu lai & day dé chiing minh (ii). T cong thic (1.2) ta cé
HLM(n) = (n + 1)60 +e; v6in > 0. Do d6 e; = ijo(eo — hI,M(])) =
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PO (eg — hyar(7)). St dung BS dé 3.2.5 ta duoe

e1 <Y (eo—(j+b) = (60 _Qb+ 1>. (3.5)

(i) (a) = (b): Theo gia thiét (3.5) 1a dang thic, suy ra iy (n) = n+b
Vo’rimoiO<n<eo—bVélh1M( ) =¢ep v6i moi n > eg — b+ 1. Vi vay ta
nhan dugc HPy(2) = +Zl D

—Z

(b) = (a): St dung B& dé 3.2.1 ta nhan dugc e; = 32,70 = (7).
O

NHAN XET 3.2.7. (i) Néu e; = (60 b“) thi tir (i) cua bd dé trén dan dén
b=max{t | IM Cm'M}.

(i) Néu / = mva M — A thi b= 1 va B8 dé 3.2.6 (ii) chinh Ia [18,
Proposition 2.13] va [19, Theorem 3.1].

bat G(M) := Gr(M)/Hg, (G1(M)).

BO PE 3.2.8. Gid sit dim(M) = 1 va b la mét so nguyén duong thoa man
IM C wmPM. Khi dé

Chitng minh. Chu ¥ rang

1Y, (G = 7

trong d6 Ty = U,o(I" ™M : I") = I'"MIM - I' C M véi t > 0. Nhan xét
ring IM C Ty. Bat M := M/T,. Gia sir

mP~ M = mP M.

Ap dung B8 dé Nakayama ta nhan duoc m?~'M = 0. Tdc la m*"1M C T,
Khi d6 m*~'I'M C I'"*'M. Vi IM C m®M, nén

]H-lM C mb]tM C m[t-l-lM C IH_lM.
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Suy ra I'*'M = mI"*1 M. Ap dung Bé dé Nakayama ta nhan duoc I'H1 M =
0. Din dén dim(M) < 0. Diéu nay 1a vo 1y. Do d6 m*"1M # mPM va ta
c6 mdt day giam chat cic modun con cua M:

—~

M>O>wmM > --- > mbM.

ViGi (M), = M, nén ta c6
Bay gio ta dua ra cac két qua chinh cua muc nay.

MENH DPE 3.2.9. Cho M la médun Cohen-Macaulay chiéu mot va b la s¢
nguyén Ién nhdt théa man IM C m°M. Khi dé

reg(Gr(M)) <ey—b.

Chitng minh. Theo gia thiét ta ¢6 depth(M) > 0. Ap dung Hé qua 2.1.10
ta thu duoc

reg(G1(M)) = reg' (G(M)) = reg(Gr(M)).

Vi dim(M) = 1, nén G;(M) 1a modun Cohen-Macaulay. Gia sit z* € I/I?
la mot phan tr G;(M)-chinh quy. Béi vi G;(M) duogc sinh bdi cac phan
tir bac 0 nén A(G7(M)/z*G(M)) = 0. Sit dung BS dé 3.2.4 (i) va BS dé
3.2.8 ta nhan duogc

reg(G1(M)) < eo — hgap(0) < e —b. (3.6)
[]

NHAN XET 3.2.10. Cho M 1a A-modun Cohen-Macaulay véi dim(M) = 1.
C. H. Linh [26, Corollary 4.5 (i)] da ching minh rang reg(G;(M)) < ep—1.
Vi vay, néu b > 1 thi két qua trén cho ta chan tot hon.
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DINH LY 3.2.11. Cho M la médun chiéu mor va b la sé nguyén Ion nhdt
théa man IM C m°M. Khi dé

reg (G (M) < <60 _2b + 2) Y

Chitng minh. Pat L := H2(M). Ap dung B6 dé 2.1.11 ta c¢6

reg(G(M)) < reg(G;(M)) + ((L).

St dung B6 dé 3.1.5 ta nhan dugc (L) = € — e; va g = ey, trong d6
€ = eo(I,M) va e = e (I,M). Chd y rang IM C m’M. Suy ra
IM C mPM. Vi M 1a modun Cohen-Macaulay, nén B6 dé 3.2.6 (i) chi ra
rang & < (“77*"). Tir d6 dan dén

L) < (eo _2” 1) .

Str dung Ménh dé 3.2.9 ta dugc reg(G;(M)) < ey — b. Suy ra

—b+1 —b+2
reg(GI(M))Seo—b—f—<€O 2+ )—61:<€O + )—61—1.

Tiép theo, ching toi dua ra mot so dic trung dé dang thic trong Dinh
ly 3.2.11 xdy ra. Tir cong thic Grothendieck-Serre (1.1) va B6 dé 2.1.9 ta
nhan duoc

BO BE 3.2.12. Gid sit depth(M) > 0. Khi dé

p(Gr(M)) <reg(Gr(M)) — 1.

BO BE 3.2.13. Gid sit M la médun véi dim(M) > 1. Cho L := H2 (M) va

M = M/L. Khi dé cdc diéu kién sau la tuong duong:
(i) reg(G1(M)) = reg(G1(M)) + £(L);

(i) HPy(2) = Y SO0 i rong do K = @zl MELOIM.
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Ching minh. Ta ¢6 ((K) = {(L). Vi vay, néu L = 0 thi b6 dé hién nhién
ding. Gia su L # 0.

() = (ii): Pat a := reg(Gr(M)) va m := max{t | K; # 0}. K; #0
voi moi a + 1 < t < m da dugc chi ra trong chitng minh cta B6 dé 2.1.11.
Str dung Bo dé 1.1.5 (ii) ta thu dugc

a+ (L) =reg(Gr(M)) + £(L) = reg(G;(M)) < max{a,m}
=a+max{0,m—a} <a+{(K)=a-+{((L).

Dan dén ((K) = m—a. Vivay, /(K;) =1v6ia+1 <t <mval(K;) =0
v6i cdc gia tri khéc.

(i) = (i): Chd y rang dim(K) = 0, reg(K) = reg(Gr(M)) + ¢(L).
Ap dung B6 dé 1.1.5 (ii) ta nhan duoc

reg(Gr(M)) = max{reg(K), reg(G1(M))} = reg(G1 () + (L),

[]

€ 72b+ 1)

suy ra dugc G7(M) 1a modun Cohen-Macaulay. Khéng dinh nay da duoc

Mot két qua chinh khéc sau day chi ra réng tir déng thic e; = (
Elias-Valla (xem [18, Proposition 2.13]) chi ra trong truong hop I = m va
M = A.

DINH LY 3.2.14. Cho M la médun Cohen-Macaulay chiéu mot va b la so
nguyén théa man IM C wPM. Khi dé cdc diéu kién sau la twong duwong:

(i) reg(Gr(M)) = (60_2“2) —e — 1;
(i) HPpa(z) = MR8
(iii) e; = (“7™);
(iv) reg(Gr(M)) = ey — b va Gy(M) la médun Cohen-Macaulay.
Hon nita, néu mot trong cdc diéu kién cua dinh ly diing thi b = max{t |

IM C m'M}.
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Chitng minh. Ménh dé cudi cung suy tir Nhan xét 3.2.7 (i).

(ii) <= (iii) 1a két qua cua Rossi-Valla (xem Lemma 3.2.6 (ii)).

(i) = (iii): Tu gia thi€t M la modun Cohen-Macaulay, theo Ménh dé
3.2.9 ta c6 reg(G(M)) < ey — b. Do d6 (60_2b+2) —e; — 1 < eg— b, nghia
1a ep > (7). Sk dung B6 dé 3.2.6 (i) ta nhan dugc e; = (“7)7).

(i) = (iv): Chu y rang ta ludn cé ey > b. Theo Nhan xét 3.2.1 (ii) ta
thay p(Gr(M)) = ep — b — 1. St dung B6 dé 3.2.12 ta nhan dugc ey — b <
reg(G(M)). K&t hop v6i Ménh dé 3.2.9 ta thu duoc reg(G;(M)) = eg—b.

Theo B3 dé 3.2.8 ta c6 reg(G(M)) = reg(Gr(M)) = ey — b. Do vay tir
cong thiic (3.6) suy ra hm(()) = b. Khi d6 4p dung Bo6 dé 3.2.4 (ii) ta c6

b néut =0,
hm(t)z t+b néul<t<e—b-—1,
€ néut > ey —b.
Dén dén b
HPei(2) = b+12_lzl  — HPp(2).

Suy ra G;(M) = G;(M). Do vay G;(M) la modun Cohen-Macaulay.
(iv) = (i): Ta G;(M) la moédun Cohen-Macaulay va reg(G(M)) =
eg—b

e — b. Sl dung B3 dé 3.2.4 (i) ta nhan duge HPpy(z) = H2=l 2 Vi
(i) <= (iii), nen (™) =¢;. Do d6

reg(Gi(M))=e—b =e—b+ (6072“1) — e

_ (eo—2b+2) e — 1.

[]

Vi du sau chi ra rang gia thiét G;(M) 1a moédun Cohen-Macaulay trong
ménh dé (iv) cta dinh ly trén khong thé bo di duoc.

ViDU 3.2.15. Cho A = k[[t3, 14, ¢°]] & k[[z, v, 2]] /(23 —yz, vz —y?, 22y —2?),
trong d6 k 1a mot truong va [ = (¢3,t*). Ta c6é b = 1. Sit dung chuong trinh
CoCoA [8] ta tinh dugc HP; 4(2) = 21+Z Suy ra eg = 3 va e; = 2. Theo
B6 dé 3.2.1 ta c6 p(G(A)) = 1. Vi vay, st dung Bo dé 3.2.12 ta nhan duoc
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reg(G(A)) > 2. Theo Ménh dé 3.2.9 ta ¢6 reg(G(A)) < ey —b=2. T
di€u nay dan dén reg(G(A)) = eg—b = 2. Tuy nhién 2 = ¢ # (60726“) =
3. Ap dung Dinh 1y 3.2.14 ta thdy rang G(A) trong vi du ndy khong thé

la vanh Cohen-Macaulay.

PINH LY 3.2.16. Gid su M la médun chiéu mot va depth(M) = 0. Cho b
la mot s6 nguyén duong théa man IM C wmPM. Khi dé cdc diéu kién sau
la tuong duong:

(i) reg(Gr(M)) = (60_2“2) —e — 1;

0] 72b+2) —e;

eg—b+1 _;

1—z

Hon nita, néu mot trong cdc diéu kién cua dinh ly diing thi b = max{t |
IM Cm'!M}.

Chitng minh. (i) = (ii): Dé cho gon ta dat M := M /L, €y := eo(I, M) =
eo va ey := ey (I, M), trong d6 L := HO(M). Phan tich ching minh cta
Dinh 1y 3.2.11 va két hop vé6i dang thitc trong (i) suy ra

reg(Gr(M)) = eo — b, 3.7)
o) = (60 —b+ 1), (3.8)
2
va

reg(Gr(M)) = reg(G1(M)) + £(L). (3.9)

Theo B6 dé 3.1.5 va dang thic (3.8) ta nhan dugc

— 1

E(L) = El — €61 = (60 2b+ ) — €. (310)

Stt dung B6 dé 3.2.13 va dang thiic (3.9) ta thu duoc

reg(Gr(M))+4(L) .
HPy(z) = Z 2 (3.11)
reg(G (7)) +1
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trong d6 K = @nZOI"H%ilL]QFM. Két hop cic dang thic (3.7), (3.8) va

(3.11) suy ra

(eo—2b+2) —61—1

HPg(z) = Z 2.

eg—b+1
Stt dung B6 dé 3.2.6 (ii) va dang thic (3.7) ta ¢6
b

Vi vay, tir day khép ngéin (2.2) ta nhan dugc
bt Zeo b+ i (60*2”“)—@1
1—=z
(il) = (i): St dung Bo dé 3.2.6 (i) ta nhan duoc (e" b+2) —e1 > eg—b+1.
Ap dung B6 dé 3.2.1 ta ¢6 p(G[(M)) = (60_2b+2) — e1 — 1. Theo Nhan xét
3.2.2 (i) ta 6

HPry(2) = HPp37(2) + HPg(2) =

—b+2
(7, 7%) — a1 < oG,
Do d6, sit dung Dinh Iy 3.2.11 ta thu dugc reg(G(M)) = (%) —e; — 1.
Ta thay ring dang thic (3.8) ding. Do d6, theo Nhan xét 3.2.7 (i) ta
c6 IM ¢ m"*'M. Diéu nay din dén IM ¢ mP™'M. Vi vay ta phai c6
b=max{t | IM Cm'M}. O

Cac vi du sau chi ra chan trén trong Pinh 1y 3.2.11 1a chan chat.

Vi Dy 3.2.17. Cho A = k[[z]] va I = (2*) . Khi d6, ta c6 b = o va

HP;a(2) = 1. Vivay ey = a va e; = 0. Din dén e, = (/).

Vi DU 3.2.18. Cho A = k[[z,y]]/(x*y""", *T1y"), trong d6 s,u,v € N va
v > 0. Khi d6 ta c6 Gn(A) = k[z,y]/(x%y"+", x5 1y*) va b = 1.Vi vay ta
suy ra dugc

stu i _stutw -1

HPmA(Z):ZZOZ z ,€0=S+u,61=(5+u)(8+u )
’ 1—-=2 2

va reg(Gn(A)) = s+u+wv — 1. C4c dang thiic nay chi ra ring tat cc diéu

kién trong Dinh 1y 3.2.16 dung.

_U’
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CHUONG 4

CHAN TREN TRONG TRUONG HOP NON PHAN
THO

Muc dich chinh ctia chuong nay 1a dua ra chan trén cho hé so6 Hilbert va
cho chi s6 chinh quy Castelnuovo-Mumford ctia nén phan thé theo bac mé

rong.

4.1 NON PHAN THO

Trong muc nay, ta luon gia st g 1a mot idéan tuy y chia .

DINH NGHIA 4.1.1. (Xem [36, Chapter 5 ]) Nén phdn thé ciia M tng véi g
dugc xac dinh boi cong thic

Fy(M) := ®p,>0 M, /qM,,.
Néu M 1a loc I-adic cia A va g = m thi day 12 nén phan thG co dién
Fu(l) = ®psol" /mI"
ctua I.
Chi y rang Fy(M) 1a modun phan bac trén G := G;(A).

DINH NGHIA 4.1.2. ([5, Section 18.2] hoac [36, Chapter 5 ])
D¢ trdi gidi tich cha idéan I ting véi loc M 1a chiéu cua (F,;(M)).

Do trdi gidi tich cta idéan [ la chiéu cta Fy(1).
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Tir d6 ta xac dinh duoc chiéu clia nén phan thé.

BO PE 4.1.3. (Xem [5, Section 18.2] hoac [36, Chapter 5 ]) Dat
0(I) := min{p(J)|J 1a mot rdt gon t6i ti€u cua I dng véi loc M},
trong d6 u(.J) la s6 phan tr sinh cua idéan J. Khi d6
dim(F,(M)) = £(1).

Theo B6 dé 1.4.10 ta c6 chiéu cua nén phan thd trong trudng hop idéan
m-nguyén so I chinh la chiéu cia modun loc ban dau.
HE QUA 4.1.4. ([36, Chapter 5 ])

dim(F,(M)) = dim(M).
Nhu trong Chuong 1, v6i n > 0 thi ¢(M,,/qM,) la mot da thic va ta

goi 1a da thic Hilbert cia nén phan thé F,(M). N6 dugc viét duy nhat duéi
dang

d—1 ,
prny(n) = S (—1)e: (Fy(MD)) (” +d—i- 1).

d—i—1
i=0
Khi d6, cac hé s6 e;(Fy(M)) v6i 0 < i < d — 1 goi la h¢ s6 Hilbert cua
nén phan thé Fy(M).

4.2 CHAN TREN HE SO HILBERT CUOA NON PHAN THG

Trong muc nay, ching t6i dua ra mot /-loc méi
gM: MDgM D qM; D ---DqM, D ---.

Néu M 1a mot I-loc tot thi gM cling 1a mot I-loc tot. M6i lién hé gitta hé
sO Hilbert cia nén phan thé véi hé s6 Hilbert cua loc M va gM nhu sau:
BO PE 4.2.1. ([36], xem tr. 80) Cho M la A-médun hitu han sinh voi
dim(M) =d > 1, M = {M, },>0 la mot I-loc t6t cua M. Gid suw I C q va
M, 1 C gM,, voi moi n > 0. Khi do

(i) eo(M) = eo(qM),

(i) €;—1(F5(M)) = e;(M) + €;-1 (M) — €;(qM), voi moi 1 <i < d.
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Ngoai ra ta co:

BO PE 4.2.2. [36, proposition 1.2] Cho M la A-médun hitu han sinh voi
dim(M) =d > 1, M = {M, },>0 la mét I-loc tét cua M. Gid sit x € Iql
sao cho phan ti khoi dau x* € G(A) la phan tiw loc chinh quy trén G(M).
Khi do
(i) dim(M/xzM) =d — 1,
(ii) e;(M) = e;(M/zM) voi moi j =0, ...,d — 2,
(iii) eq 1 (M/azM) = eg_1(M) + (=1)1(0 :ps ).

Ti€p theo ta can udc lugng dugc hé s6 Hilbert cua loc M va trong
truong hop dac biét 1a loc qM. Van d¢ nay da dugc giai quyét trong
truong hop m-adic ctia mot vanh (xem [37, Theorem 4.1]) va dugc md
rong cho modun (xem [27, Theorem 2.1]). Tuy nhién, phép chiing minh
clia [27, Theorem 2.1] trong truong hop d = 1 sit dung bat dang thiic sai:
l(e+1)e(I, M) —(M/I" I M)| <|(e+1)e(I, M)—(r+1)|. Vivay, ching
toi dua ra phép ching minh chi tié€t ctia két qua sau va két qua nay khong
chi tong quat hon ma néi chung t6t hon [27, Theorem 2.1].

DINH LY 4.2.3. Cho M la A-médun hitu han sinh véi dim(M) = d > 1,
M = {M, }n>0 la I-loc tot cua M va D(I, M) la mot bdc mo réng tiiy y
cua M ung voi I. Khi doé

(i) egM) =e(l,M) < D(I,M),

(i) |ex(M)| < (D(I, M) +r(M) = 1)D(I, M),

(i) |e;(M)| < (D(I, M) + (M) + 1)3*=H1 ey § > 2.

Chitng minh. (i): Theo Nhan xét 1.4.8 ta c6 ey(M) = e(I,M). Sk dung
binh nghia 2.1.2 ta nhan dugc e(I, M) < D(I, M).

(ii)-(iii): Theo B6 dé 1.4.9 ta ¢6 heary(n) = pean(n) v6i moi n >
reg(G(M)). Vi vay

d .
(M) = -1 (M ) @

1=0
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v6i moi m > reg(G(M)). Dé cho gon ta dat r := r(M), D := D(I, M) va
e; = e;(M).

Gia stt d = 1. Pat m := D +r — 1. Sk dung Dinh Iy 2.1.4 (i) va dang
thic (4.1) ta dat duoc

e1=(D+r)eg—(M/Mp.,).
Do M, = I"""M, v6i n > r va M, # 0 nén
(M /Mpy,) > (M. /IM,) + -+ 0(I°*M,/I°M,) > D.
St dung dang thitc trudc do, diéu ndy dan dén
e1r<(D+r)eg—D<DD+r)—D=DD+r—-1).
Mat khac, véi r > 0, 4p dung B6 dé 2.1.8 (ii) ta nhan duogc
—ey = —(D+r)eg+l(M/Mpy,) < D(D+r)—(D+r) < D(D+r—1).

Nhu vay |e;| < D(D +r — 1) va truong hgp d = 1 dugce ching minh xong.

Cho d > 2. Dau tién ta gia sit depth(M) > 0. Chon z € [ \ m[ sao
cho z* € G 1a mot phan tir loc chinh quy trén G(M). Theo B6 dé 4.2.2
ta c6 e; = ¢;(M/xM) v6i moi i < d. Chd y rang 0 < r(M/xM) < r va
D(I,M/xM) < D (theo Dinh nghia 2.1.2 (ii)). St dung gia thiét quy nap
ta nhan dugc

le1] < D(D+r—1) va |e] < (D+r+1)"""F1v6i2<i<d—1. (4.2)

Dé ching minh bdt ding thic véi ey ta dat p = (D + r + 1)3@D!-1
St dung Dinh 1y 2.1.4 ta nhan dugc reg(G(M)) < p — d. Bén canh d6
reg(G(M)) > r > 0 va u > d. Pat m := u— d. Khi d6 4p dung déng thiic
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(4.1) ta thu duoc

e = My ) o 74 Sy (M),

i=1
d—1 .
< (M /My—i11) — €0 (Z) [+ e (’; B j)
=1 - »
S maX{K(M/MM_dH), €0 (/;>} + Z |€Z| (g . Z) . (43)
1=1

Chu y rang (%) < p?. Sk dung (i) va B8 dé 2.1.8 (ii) ta dat dugc

max{¢(M/M,_4.1), o <Z>} < Dyt (4.4)
Hon nita, 4p dung bat ding thic (4.2) ta c6
—1
al(f77) < D4 - @s)

~1 : d—1 d—2
ey (’“‘ - ’.) < (D+r+ 1P <N = <ot (406)

Chd y rang D(D +7r — 1)+ 2 < (D +r +1)* < pu. Khi d6 4p dung cdc
cong thuc (4.3) - (4.6) ta nhan dugc

leal < Dp 4 pf = (D +1)(D +r+ 17244 < (D 4 7 + 1)L
Cu6i ciing gia st ring depth(M) = 0. Pat L := H(M), M := M/L va
M := M/L. Khi d6

M M M, + L M L
) = () (TR ) ().
M, 11 My + L My 4 M1+ L L0 My

a

Vé6i n > 0, st dung M 1a I-loc t6t va B6 dé 1.4.2 ta ¢c6 L N M, = 0.

Suy ra
M M

/ =l
(Mn—H) (Mn—l-l + L

)+ £(L) v6i n > 0.
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Diéu ndy dan dén e; = ¢;(M) v6i i < d — 1 va eq = eq(M) + (=1)%(L).
Do D = D(I, M)+ ¢(L) va (M) < r nén

le1| = ex(M) < D(I, M)(D(I, M) +r —1) < D(D +r — 1)
le;| = e;(M) < (D(I, M)+ r+ 1)3 i+
<SD+r+1)"vsi2<i<d-1,
leal < ea(MD) + €(L) < (D(I, M) + 7+ 1)3*7 "+ 4 ¢(L)
< (D +r+ 1P
O

Tur d6 ta co thé chan duoc hé s6 Hilbert cia nén phan thé qua bac mé
rong, chiéu va s6 rut gon. Két qua nay can thiét cho ching minh két qua

chinh ctia muc sau.
DINH LY 4.2.4. Vi gid thiét nhu trong Bo dé 4.2.1, ta ¢6
(i) o Fy(M)) < 2D(1, M)(D(I, M) + (M),
(i) |ei(Fy(M))| < 2(D(I, M) + r(M) 4+ 2)30F)= péy 1 <4 < d — 1.
Chitng minh. Theo B6 dé 4.2.1 ta ¢6
ei(Fq(M)) = €;(M) + €i11(M) — e;41(qM),

v6imoi 0 <i < d— 1. bat r := r(M). Khi d6 r(qM) < r+ 1. Sk dung
Dinh ly 4.2.3 ta nhan dugc

eo(Fg(M)) < leo(M)] + |er (M)] + [er (aM)]
<D+DD+r—-1)+D(D+r)=2D(D +r),

trong d6 D = D(I,M). V6i 1 <i < d—1 ta cling c6

|ei(F3(M)] < |e;(M)] + |ei1 (M)] + [e541 (aM)]
S (D Iy 1)3i!—i—|—1 i (D P 1)3(i+1)!—i 4 (D P 2)3(i+1)!—i
< 2(D 4o+ 2)3(i+1)!—i.
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4.3 CHi SO CHINH QUY CASTELNUOVO-MUMFORD CUA NON
PHAN THO

K&t qua chinh cia muc nay ching t6i dua ra chan trén chi s6 chinh quy
Castelnuovo-Mumford ctia nén phan thé theo D (1, M). Phuong phdp ching
minh ctia Rossi-Trung-Valla [37] cho modun phan bac lién két khong ap
dung duoc cho nén phan thS. Boi vi, doi v6i nén phan thé ta khong thé
quy dugc ve truong hop depth(M) > 0 va trong qué trinh chiing minh ta
cling khong thé thay thé reg(F,(M)) boi reg! (F,(M)) dugc. Dé giai quyét
duoc van dé khé khin nay ching toi can udc luong dai luong sau:

BO BE 4.3.1. Cho M la A-modun hitu han sinh véi dim(M) = d > 1,
M = {M, }n>0 la mot I-loc tét cua M va D(I, M) la mot bdc mo rong tity
y cua M ting voi 1. Gid sw I C q va M,,+1 C qM,, véi moi n > 0. Khi do
(i) ap(Fy(M)) < D(I, M)+ r(M) néu d = 1,
(i) ag(Fy(M)) < (D(I, M) + (M) + 2)34=D=1 — q néu d > 2.

Chitng minh. Do M, .1 C qM, v6i moi n > 0 nén st dung [36, Proposition
5.1] ta ¢6 day khép cua cac G-modun phan bac nhu sau:

0 — Fy(M) — G(gM) — N(—-1) — 0,

trong d6 N = @,,>0qM,,/M,11. Suy ra Hg, (Fy(M)) C Hg, (G(qM)). Vi
vay
ag(Fy(M)) < ao(G(qM)) < reg(G(qM)).

Chi y ring r(qM) < 7(M) + 1. T d6 suy ra b6 dé tu Dinh 1y 2.1.4. [
Sau day la két qua chinh cua muc nay.

DINH LY 4.3.2. Cho M la A-médun hitu han sinh véi dim(M) = d > 1,
M = {M, }n>0 la I-loc tot cua M va D(I, M) la mét bdc mo réng tiy y
cua M vng voi I. Gid suw I C q va M,,y1 C qM,, voi moi n > 0. Khi do

(i) reg(Fy(M)) <2D(I,M)(D(I,M) +r(M)) +r(M) — 1 néu d =1;

55



(ii) reg(Fy(M)) < (D(I, M) + r(M) + 2)*> + D(I, M)*> — 3 néu d = 2,
(iii) reg(Fy(M)) < (D(I, M) + r(M) + 2)34=D=1 — d néu d > 3.

Chitng minh. Ching minh quy nap theo d. Pat D := D(I, M) va r :=
r(M). Néu d = 1. Theo B6 dé 1.3.1 va Ménh dé 4.2.4 (i) ta ¢6

ar(Fa(M)) +1 <eg(Fy(M)) +r—1<2D(D+r)+r—1
Ap dung B6 dé 4.3.1 ta nhan duoc

reg(Fq(M)) = max{ao(Fq(M)); ai(Fy(M)) + 1}
<max{D+r; 2D(D+r)+r—1}=2D(D+r)+r— 1.
Néu d > 2. Chi y rang G(M) va Fy(M) 1a hai modun trén G. Khi dé, ton
tai phan tot x € I \ m/ sao cho z* € GG 1a phan t& loc chinh quy trén G(M)
ciing 1a phan ti loc chinh quy trén Fi(M) (xem [24, Proposition 2.2]). Ta

co
M,
*F M ar n - )
(M) " Fy(M) & 2 (@)
va Y
F,(M/zM) = &, a )
q( [eM) @ZOanerMﬂMn

Toén tai mot day khép clia cac G-modun:
0— K — F;(M)/z"Fy(M) — Fy(M/zM) — 0,

trong do

aM, + =M N M,
an + an—l .
Ap dung B6 dé 1.4.14 (ii) ta nhan duoc

K = @nzl

M 0 M, = xM,_; v6i moi n > reg(G(M)).

Vi vay K 1a modun c6 do dai hitu han va reg(K) < reg(G(M)). T day
khép trén suy ra

reg(Fy(M) /" Fy(M)) = max{reg(K); reg(Fy(M/zM))}
< max{reg(G(M)); reg(Fy(M/xM))}.
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Str dung Bo dé 1.2.4 ta c6
reg(Fy(M)) = max{ao(Fy(M)), reg(Fy(M) /2" Fy(M))}.
Suy ra
reg(Fy(M)) < max{ag(Fy(M)); reg(G(M)); reg(Fy(M/zM))}. (@.7)

Chd y rang 0 < r(M/xM) < r va D(I,M/xM) < D (theo Dinh nghia
2.1.2 (ii)). Skt dung Dinh 1y 2.1.4, bat ding thic (4.7) va BS dé 4.3.1 ta
nhan dugc

reg(Fy(M)) < max{(D +r +2)* —2; (D+r+1)* - 1;
2D(D +r)+r—1}
<(D+r+2°+D"-3

néu d = 2,

reg(Fy(M)) < max{(D +r + 2)5 —3; (D+r+ 1)5 — 3
(D+7r+2)°+D* -3}
=(D+r+2)"-3
néu d =3 va
reg(Fy(M)) < max{(D + r +2)*@"V"1 _ g (D 474 1)3@D-1 _ g,
(D +r+2)% 2 — g 41}
— (D +r+ 2)3(d—1)!—1 . d
véi moi d > 4. ]

Nhu 1a mot hé qua truc ti€p tir dinh 1y trén, ta nhan dugc chan trén cho
chi s6 chinh quy Castelnuovo-Mumford ctia nén phan thé ¢6 dién clia idéan
m-nguyén so.

HE QUA 4.3.3. Cho I la mot idéan m-nguyén so ciia vanh dia phuong A voi
chiéu d va D(I, A) la mot bdc mo rong tiy y cia A ing voi 1. Khi dé

57



() reg(Fu(I)) <2D(I,A)? —1 néud=1;
(ii) reg(Fu(I)) < 2D(I,A)* +4D(I,A) + 1 néu d = 2;
(iii) reg(Fn(I)) < (D(I,A) + 2)34=D=1 — q néu d > 3.

NHAN XET 4.3.4. Trong trudng hop nén phan thé c6 dién, Cortadellas-
Zarzuela trong [9, section 2] da tinh chi s6 chinh quy Castelnuovo-Mumford
clia nén phan thé qua dai lugng 1a s6 mi rat gon cua idéan [ trong trudng
hop dim(F,(I)) = 1 va I chita mot phan tir chinh quy. Sau d6, mot két qua
gan day cua Jayanthan-Nanduri [23, Theorem 2.2], da dua ra mot chan cho
reg(Fn(l)) theo reg(Gr(A)) va tix két qua cua [37], [26] va Dinh 1y 2.1.4
ta suy ra dugc mot chan trén cho reg(Fy, (1)) theo bac mé rong D(1, A).
Tuy nhién két qua cua ho cling chi xét trong trudng hop dim(F, (1)) = 1.
Do vay, két qua cuia Dinh 1y 4.3.2 va Hé qua 4.3.3 1a t6ng quat hon va duogc
giai quyét tron ven trong trudong hop chiéu tuy y d > 1 véi I 1a m-nguyén
SO.

Trong trudng hop phan bac, ta c6 thé 4p dung phuong phédp trong Chuong
2, Muc 2.2 @€ chan trén chi s6 chinh quy Castelnuovo-Mumford ctia Fi,(M).
Ta thu duoc két qua sau:

MENH DE 4.3.5. Gid sit A la dnh dong cdu ciia dai s6 Gorenstein phdn bdc,
M la A-médun phdn bdc hitu han sinh voi dim(M) = d > 1, 1 C q la
idéan m-nguyén so phdn bdc ciia A, va Ml = { M, },,>0 la mot I-loc t6t cia
cdc modun con phdn bdc cua M sao cho M, .1 C qM,, voi moi n > 0.
Khi dé

(i) reg(Fy(M)) < 20(A/I)hdeg(I, M)(¢(A/I)hdeg(I, M) + r(M)) +
r(M) — 1 néud=1;

(ii) reg(Fy(M)) < (¢(A/I)*hdeg(l, M)+r(M)+2)*+£(A/I)* hdeg(I, M)*—
3néud=2;

(iii) reg(Fy(M)) < (€(A/I)hdeg(I, M)-+r(M)+2)3 =Dl _d néu d > 3.
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CHUONG 5

SU PHY THUOC CUA CAC HE SO HILBERT

Muc dich chinh cua chuong nay l1a dua ra moi lién hé gilta cac hé so

Hilbert cua modun loc.

5.1 CHAN TREN DO DAI cUA MODUN DOI DONG DIEU DIA
PHUONG

Dé két qua trong phan sau gon gang chung to6i danh gid lai chin trén
trong Dinh ly 3.1.7 nhu sau:

BO BE 5.1.1. Gid sir M la A-modun hitu han sinh véi dim M = d > 1 va
M = { M, }n>0 la I-loc tét cuia M. Dt

(M) := max{eg(M), |er(M)], ..., |eq(M)]|}.

Khi do
reg(G(M)) < [£(M) + 7 (M) + 2]+

Ching minh. D€ cho gon ta dat £ := £(M) va r := r(M). S dung Dinh ly
3.1.7 ta nhan duoc

. d!
reg(G(M)) < (€47 + 1) +§<(£+ 1) +d) —1

d
< (E+r+2)lt
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Tir do, ta di dén cac két qua chinh cia muc nay.
MENH BE 5.1.2. Gid sit M la A-médun hitu han sinh véi dim M = d > 1 va
M = { M, },>0 la I-loc t6t ciia M. Cho ddy cdc phan tit x4, ...,xq € 1\ ml
sao cho ddy cdc phan tit khoi dau x5, ..., x5 € G1(A) la G(M)-ddy loc chinh
quy va d > 1. Ddt M := M/(zy,...,x;))M va My == M/(z1,...,2;)M,
trong do My := M va My := M. Khi doé voi moi 0 <1 < d—1, ta ¢

RO (M) < (i + 1)E(M)(reg(G (M) +2)°.

Chitng minh. Pat a := reg(G(M)) va £ := £(M). Quy nap theo i. Chd y
ring theo B6 dé 1.4.13 ta c6

reg(G(M;)) < reg(G(M;)) < reg(G(M)) = a.
Néu i = 0, theo B6 dé 3.1.6 ta c6

d+a—j)

d
(M) = h°(M) < Pu(a) <€ < iy
=0

Néu 0 < i < d— 1, 4p dung B6 dé 4.2.2 ta nhan dugc e;(M;) = e;(M;_;)
voimoi 0 <j<d—17—1va

ed—i(Mi) = ed_i(Mi_l) —|— (—1)d_i€(0 :M(iq) 1‘2)
Suy ra

lea—i(Mi)| = |ea—i(Mi—1)| 4+ €(0 :ap,_,) 2:)
< lea—i(My—1)] + h*(M_1)) < €+ hO(M(;_1)).

Theo B6 dé 3.1.6 va gia thiét quy nap ta ¢6

hY (M) < Py, (a) < 52?;3_1 (dﬁ;ﬁ}j ) + lea—i(M;)]
= f(aﬁl}rl) — &+ Jeq—i(M)]
<&(a+2)" =+ E+h(M;_y)

<&la+2)7 +i€(a+2)? < (i +1)é(a+2)7
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Dén day ching t6i nhac lai mot s6 tinh chit va khdi niém céan thiét
cho chiing minh ctua két qua ti€p theo. Modun M dugc goi 1a A-modun
Cohen-Macaulay suy rong néu ((H.(M)) < oo v6i moi i < d. Vanh A
dugc goi la vanh Cohen-Macaulay suy rong néu A dugc xem la modun
Cohen-Macaulay suy rong trén chinh n6 (xem [48] hodc [44]).

Gia st xy, ..., x4 1a hé tham s6 cia M va Q = (xy, ..., x4). Ta dat

1(Q, M) = ((M/QM) — e(Q, M),
trong d6, ky hiéu e(Q, M) la s6 bdi clia M tng vé6i idéan tham s6 @, va
I(M) :=sup{I(Q, M)|Q la idéan tham s6 cla M }.
Bat bién /(M) dugc tinh nhu sau:

BO PE 5.1.3. (Xem [48, (3.7) Satz], [44, Lemma 1.5] hoac [41, Appendix
Lemma 15]) Gid su M la médun Cohen-Macaulay suy réng voi dim M = d.
Khi do

o =5 ("7 eman)

1=0
MENH BE 5.1.4. Vi ki hiéu va gid thiét nhir trong B6 dé 5.1.2, dit B =
U(M/(xy,z9,....,xq)M). Khi do

B < (d+1)&(M)(reg(G(M)) +2)*.

Chitng minh. Ta ¢6 dim(M_1y)) = 1 dan dén M) 1a moédun Cohen-
Macaulay suy rong. St dung Bo dé 5.1.3 ta thu duoc

B — ey(xg; Mg—1)) = {(Mg-1)/xaMa-1)) — eo(za; Mg-1)) < h'(Mg_1)).
Ta biét rang
€o(fEd; M(d—l)) = 60(5517 cees Ldy M) = €O(M) = €p-

Déan dén

B < eg+h'(Mg_1y) < EM) + h'(Mg_y)).
Ap dung B6 dé 5.1.2 ta nhan dugc h"(M_1)) < d&(M)(reg(G(M)) + 2)°.
Suy ra B < (d + 1)&¢(M)(reg(G(M)) + 2)¢ véi moi d. O
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Trudong hgp modun phan bac tuy y, Chardin-Ha-Hoa [7] da chan trén
duoc do dai ctia cac modun doi dong diéu dia phuong cia modun E trén
mot vanh da thic, tuy nhién két qua nay van con ddng trong truong hop
vanh phan bac chuén trén vanh Artin va dugc D. T. Ha trinh bay phép chiing
minh nay trong [1, Dinh 1y 4.1.3].

MENH BE 5.1.5. ([7, Theorem 4.5] va [1, Pinh 1y 4.1.3]) Cho E la R-
modun phdn bdc duong, hitu han sinh véi dim(E) = d > 1. Gid su
ri =reg(E/(xy,...,x;)E) va 1, ..., x4 la mot day loc chinh quy cua E khi
do voi moi v > 0, ta co

hio(t) < ((E/(21, ... 1) E) <”’ o t) (”’ - i).

n—1

5.2 MOI QUAN HE GIUA CAC HE SO HILBERT

St dung chan trén chi s6 chinh quy Castelnuovo-Mumford theo hé s6
Hilbert duoc dua ra trong Bo dé 3.1.2, ngay lap tiic ching toi chi ra
(—1)""te;(1, A) bi chan trén theo mot ham chi phu thudc vao eg(1, A),
...y €;_1(I, A). Cu thé nhu sau:

DINH LY 5.2.1. Gid sit M la A-médun hitu han sinh voi dim M = d > 1 va
M = {M, }n>0 la I-loc tot cuia M. Khi do
(i) er (M) < (<01,
(i) Pdt ;1 := max{eg(M), |ey(M)], ...., |e;_1(M)|} va r’ := max{1, r(M)}.
Voi moi 1 > 2, ta ¢o
(-1 + 7“’)“ + Z)
) :

(=1)"te;(M) < ci_l(

Chiing minh. Ta quy nap theo d. Néu d = 1. Ta c6 ngay e;(M) < (60(2M))
tr Bo dé 3.2.6.

Néu d > 2. Trubc hét ta chitng minh ménh dé ding vé6i ¢ < d — 1. Cho
M := M/HY(M). Ti cdc dang thic e;(M) = ¢;(M) v6i moi j < d — 1, ta
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c6 thé gia st depth(M) > 0. Gia st x € I\ m/ 1a mot phan tir sao cho phan
tir khéi ddu 2* 1a G(M)-loc chinh quy. Khi d6 ta ¢6 dim(M/zM) = d — 1
va st dung B6 dé 4.2.2 ta nhan dugc e;(M) = e;(M/zM) v6i moi j < d—1.
Do d6, ap dung gia thiét quy nap cho M/xM ta nhan dugc (ii) v6i moi
1 < 2.

Cuoi ciing, cho i = d. Do G(M) duoc sinh bdi cic phan tir c6 bac 16n
nhat 1a »(M) > 0, st dung B6 dé 2.1.10 va B6 dé 3.1.2 ta nhan duoc

reg(G(M)) = reg!(G(M)) < (¢o_1 + ) — 1 = .

Tiép theo, 4p dung B6 dé 2.1.11 va B6 dé 3.1.6, ta c6

reg(G(M)) < max{reg'(G(M)), r} + €(Hy(M))
< max{reg ( (M)), r} + Pu(a)
<ot T a3 + (et
S o (a+d+1) +( 1) (M)

St dung reg(G(M)) > 0 ta nhan duoc
_ at+d+1 1+ 1) +d
(—1)d 1€d(M) < §d—1< ) = §d—1<( - ) :

Két qua ti€p theo can mot két qua ve chan trén tat ca cac hé s6 Hilbert
cia M theo reg(G(M)). Chardin-Ha-Hoa trong [7] da dua ra dugc chan

trén cta cac hé s6 Hilbert eq(M), [e1(M)], ..., |eg_1(M)| nhu sau:

BO BE 5.2.2. ([7, Theorem 4.6]) Gid sit E la R-modun phdn bdc duong,
hitu han sinh voi dim(E) = d > 1 va xq, ..., x4 la mét ddy loc chinh quy
ciia E. Ddt B := U(E/(x1,...,xa)E) va r .= reg(E/Hy, (E)). Khi dé véi
moi 1 > 0, ta co

lei(E)| < B.(r +1)".

Chiing minh. Chiing minh duéi day nhu trong [7, Theorem 4.6]. Pat E :=
E/Hp (E) Ching minh quy nap theo d. Chi ¥ ring 0 < ey(E) < B. Suy

ra bai toan diung véi d = 1. Gia su bai toan ding véi moi modun phan
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bac chieu d — 1 > 1. Cho E la mot modun chiéu d, dat Ey := E/x 1 E,
ei(E) := e;(E;) v6i moi i < d — 2. Do |eg_1(E)| = |eq_1(E)| nén khong
mat tinh téng quat ta gid st £ = E nghia 1a Hp, (E) = 0. Theo B6 dé 1.2.3
ta c6 reg(Fy) < reg(F) va {(E,/z1FE1) = B nén theo gia thiét quy nap ta
chi can ching minh

lea1(B)] < B(r+ 1)

Tu cong thirc Grothendieck-Serre Pinh 1y 1.3.2, ta c6
(—1)d_1€d_1(E) =Cy— Dy,

trong do
Cy:=hp(=1)+h5(=1) + ..,

Dy = h3(—=1) + hgp(=1) + ...,
Str dung Bo dé 5.1.5 ta nhan duoc
r\(r+d—25—-1 —~
Cq < =: B.C}y.
> (27‘)( d—2j-1 ) ‘
1<2j+1<d
Ching minh quy nap theo d ta dugc O, < (r+ 1)1 Suy ra

Cy < B(r+1)"1

Tuong tu ta co
Dy < B(r+1)%

Dan dén
dg—1(E)| < max{Cy; Dy} < B(r + 1),

B6 dé dugc ching minh. O
Nhu vay, ta c6 thé chian hét duoc tat ca cac hé so Hilbert ctia M nhu sau:
MENH BE 5.2.3. Gid sit M la A-moédun hitu han sinh véi dim M = d > 1

va M = {M, },>0 la I-loc tét cia M. Cho ly,...,lq € I sao cho cdc dang
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khoi dau 3, . ..U} trong G1(A) la mét day loc chinh quy trén G(M). Ddt
B:=0(M/(ly,....,l3)M). Khi dé
(@ Vaimoi 1 <i<d e;(M)| <
(b) lea(M)| < B(d+ 1)(reg(G(M)) +

B(reg(G(M)) + 1),
1)
Chiing minh. Bit dang thitc (a) duoc suy ra tir B6 dé 5.2.2 v6i chi y ring
reg(G(M)) = reg!(G(M)) va G(M) c6 bac sinh khong am.

(b) Pat a := reg(G(M)) va e; := e;(M). Theo B6 dé 1.4.9 ta c6
Hyi(a) = Py(a). Ap dung Bo dé 2.1.8 ta nhan dugc

Hyi(a) = ((M/Myyq) < O(M/ITM) < B (a Z d) .

Chi ¥ rang (a;.Lj ) < (a+1)/. Theo (a) ta nhan dugc

leq] < Hu(a) + 305, |(a+d )
< B(cH—d) +BZ (a+§i7)(a+1)i
< B(a+ 1) +BZZzo(a+1>d"'(a+1)"
= B(d+ 1)(a + 1)<

Trong phan con lai cia muc nay ta luoén st dung ki hiéu sau:

§(M) := max{eg(M), lex (M)}, ..., [ea—+(M)]},

trong d6 0 <t < d. Vi vay & (M) = £(M). Trong B6 dé 5.1.1, reg(G(M))
dugc chan boi (M) va r(M). Bay gio ching ta chi ra rang thuc su & (M)
(t = depth(M)) va (M) chan dugc reg(G(M)).

PINH LY 5.2.4. Cho M la m¢t I-loc t6t cia M voi dim(M) = d > 1. Gid
sit rang depth(M) = t. Khi dé

reg(G(M)) < [2(d + 1)&(M)PP*[& (M) + r(M) + 4HH70

Chitng minh. Cho ddy céc phan tlr x4, ..., x4 € I \ mI sao cho day cac phan
ter khoi dau 27, ..., 25 € Gi(A) 1a G(M)-day loc chinh quy va d > 1. bat

65



My == M/ (21, ...,x;) M va M; := M/(xy,...,x;)M. D€ cho gon ta viét

& = &(M) va r = r(M).
Néu depth(M) = d thi M 1a médun Cohen-Macaulay. Theo ki hiéu cla
bPinh 1y 2.3.1 ta cé B(I, M) = eo(I, M) = (M) va u(I, M) = 0. Suy ra

Eq+r néu d=1,
(&g 47+ 1)3d=D=1 g néu d > 2;

reg(G(M)) < {

trong do, 0! = 1.

Gia st ring depth(M) =t < d. Diat a; := reg(G(M)). St dung B dé
4.2.2 ta nhan duoc e;(M;) = e;(M) v6i moi i« < t. Suy ra E(My) = &. Ap
dung Bo dé 5.1.2 cho My ta dat duogc

(I, M) < (d —t)&(ar +2)""
Theo Ménh dé 5.1.4 ta c6
B(I,My) < (d—t+1D)&(ar+2)"" < (d+ D& +2)7" (5.1)
Do vay, theo Dinh 1y 2.3.1 ta c6
reg(G(M)) < [B(I, M) + (I, M) +r(M) + 1] —g
< [B(I, M)+ p(I, M) +r + 17!
< [(2d + 1)&(ar + 2) + 7 + 1PV
Str dung Bo dé 5.1.1 ta nhan duoc
ar < [6(My) + (M) + 2] (5.2)
Boi vay
reg(G(M)) < [(2d + 2)&((& + r +2)17 1 4 2) P!
< [2(d 4 1)&((& + 7+ 4) I PEED!
< [2(d + D&((& +r +4) I
< [2(d—|— )gt( 4 +4>]3d! (d— t—I—l).. (53)
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PINH LY 5.2.5. Cho M la mot I-loc tot cua M. Gid su rang dim(M) =

d > 1 va depth(M) =t > 1. Khi d6 |eq(M)], |eq-1(M)], ..., [€4—411(M)]
dugc chan boi mot ham chi phy thudc vao eg(M), |es(M)], ..., |eq—+(M)| va

r(M). Cu thé la
le;(M)] < [2(5 + D&MD) 2[€ (M) + r(M) + 4)]410H"

Chitng minh. Pau tién ta ching minh cho ¢ = d. Cho day cidc phan tu
T1,...,xq € I \ ml sao cho ddy cdc phan t khoi dau 7, ..., x5 € Gr(A) la
G(M)-day loc chinh quy. Khi d6 ap dung (5.1) va (5.2) ta nhan duogc

B = B(I, M) < (d+ 1)&[( +r +2) 4 )
< (d+ 1)&(E +r 4Tl

T Ménh dé 5.2.3 va theo Dinh 1y 5.2.5 ta c6

lea(M)| < B(d + 1)(reg(G(M)) + 1)°
< (d 4 1)%6(& + 7 + )M HD2(d + 1)EPH(E + 7+ 4)PHEHD!
< [2(d+ DEPM(& + v + 4)* D (5.4)

Bay gio cho d—t+1 < j < d—1. T depth(M) = t, theo B6 dé 4.2.2 ta nhan
duoc Gj(M) = Gj(Md_j>. Chu )7 I'él’lg dlm(M(d_])) =7, depth(M(d_j)) =
t+j7—d>1var(M;) <r(M). Tu dé ta cé

Etvj—a(Ma—j) = &G(M) = &
Ap dung (5.4) cho M;_; ta nhan dugc
50| = e (May)| < 27 + DEIVH2(g + 1+ 4)910+1-01
[]

Néu loc M = {I"M },>¢ thi (M) = 0. Trong truong hop M 1a modun
Cohen-Macaulay, nhu mot hé qua tdc thi cua Pinh 1y 5.2.5 1a mot m& rong
két qua cua V. Trivedi trong [42].
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HE QUA 5.2.6. Gid sit dim(M) = d > 1 va depth(M) =t > 1. Khi d6 véi
moid—t+1<75<d,tacé

le; (1, M)] < [2(F + D& (& + 4)V'0+H0"
trong do
gt = maX{eo(I, M>7 ‘61(17 M)|7 e |€d*t<]7 M)‘}

Hay néi cdach khdc, |ej(I,M)| voi d —t+ 1 < j < d duogc chdn theo cdc
dal lbf07’lg 60([7M)7 61(17 M)7 SRE) ed—t(]7M)‘

Tiép theo chiing t6i dua ra mot két qua vé su hitu han ctia ham Hilbert-

Samuel.

DINH LY 5.2.7. Cho d >t > 0, ey, ...,eq_¢ la cdc s6 nguyén. Khi dé chi
ton tai mot sO hitu han (néu cé) cdc ham Hilbert-Samuel tuong ting voi
modun M vdi chiéu d va idéan I la m-nguyén so sao cho depth(M) =t
va e;j(I,M)=ejvoimoi 0 <j<d—t.

Chiing minh. Theo Hé qua 5.2.6 chi ton tai hitu han ciac da thiic Hilbert-
Samuel P j(n) sao cho e;(I, M) = e; v6i moi 0 < j < d —t. Skt dung
Bo dé 1.4.9 ta c6 Hyp(n) = Pra(n) véi n > reg(Gr(M)) := a. Theo
Dinh 1y 5.2.4 a dugc chan bai cac dai luong eq, ey, ...,eq_+ va d. Ngoai ra
ta c6 Hyp(n) =0 v6in <0, Hyp(n) 1a mot ham tang dan véi n > 0 va
Pr x < Prj v6i moi n < a. T nhitng diéu nay ta thdy rang s6 cdc ham

nay duoc chan theo cac dai luong ey, eq, ..., eq_+ va d. ]
Cu6i cling ching to6i nhac lai mot vi du cta V. Srinivas va V. Trivedi.

Vi DU 5.2.8. ([39, Section 4]) Cho R = k[[T}, ..., Tg]] v6i k 1a mot trudong va

moi n > 1, dat

pp = (T —ToTs, Ty — TP Ty, Ty — ToTy, TvTy — Ty Ty, Ty — T, Ty — T).

Khi d6, trong [39, Section 4] da chitng minh duoc rang

k[[TQ, Tg, u, UH

R/p, = ,
[P0 = Cmon — TyTy, T§ — w2 Ty, T9 — Ty, an T2 — To0,)
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v6i dim(R/p,,) = 2 va depth(R/p,,) = 1 v6i moi n > 1 va da thic Hilbert
cua R/p, la

Prsp, (1) = 2%+ (n — 2)t — (1/2)(n” + 3n — 2)
t+ 2 t+1 n% 4+ 5n — 10

Do d6, eg(R/p,) = 4 va e;(R/p,) =8 —n v6i moi n > 1.

NHAN XET 5.2.9. Tir Vi du 5.2.8 ta thay rang ching ta khong thé giam bét
dugc s6 cac hé so Hilbert "doc 1ap" trong Dinh 1y 5.2.5.
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KET LUAN

Tom lai, trong luan an nay chdng toi da thu dugc nhiing két qua sau day:

- Thiét 1ap dugc ba loai chan trén cho chi s6 chinh quy Castelnuovo-
Mumford ctia moédun phan bac lién két ciia mot loc modun tuy y: theo
bac mé& rong; theo do dai cia modun do6i dong diéu dia phuong va
theo hé s6 Hilbert. Trong truong hgp modun M phan bac, dua ra dugc
mot chan trén cho chi s6 chinh quy Castelnuovo-Mumford ctia moédun
phan bac lién két theo reg(M). Trong trudng hop chieu mot, thiét 1ap
duoc chan trén chat theo hé s Hilbert va dac trung duoc khi ndo dang
thic xay ra.

- Thiét 1ap dugc moOt chan trén cho chi s6 chinh quy Castelnuovo-
Mumford cua nén phan thé cua mot loc modun tuy v theo bac md

rong.

- Tim ra dugc mdi lién hé giita cdc hé s6 Hilbert la: cac s6 |eg—¢41(1, M)|,
oy |ea(I, M)] bi chan boéi mot ham chi phu thudc vao ey(I, M),
er(I,M), ..., eq+(I, M), trong d6 t = depth(M) va chi ra rang ton
tai mot sO hitu han cac ham Hilbert-Samuel (néu cé) cuia modun néu
cho trudc chiéu d, do sau 0 <t < d va d — t hé s6 Hilbert ¢y, ..., e4_;.
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