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L5 néi jcffu

Sinh vién mdi vdo ndm hoc thi# nhat céc truong Pai hoc, Cao dé}?g
thutong gdp kho khan do phirong phdp day, phuong phap hoc & bac
hoc ndy c6 nhiéu diéu khdc bidt so voi & bic Trung hoc. Todn hoc cao
c4p lai Id mot moén hoc khé véi thoi Iuong I6n cua ndm thif nhat &
cdc trudng Pai hoc, Cao ddng ky thudt nhdm rén luyén tir duy khoa
hoc, cung cdp céng cu todn hoc dé sinh vién hoc cdc mon khoa hoc ky
thudt khic va x4y dung tiém luc dé’tzép tuc tw hoc sau ndy.

B0 gido trinh "Todn hoc cao cdp” na iy dupe bién soan cdn cif vao
chuong trinh khung di diroc ban hanh va thuc t6'gidng day J hé cao
ding ciia mot s0'truong Dai hoc ky thudt va cin ci vdo chitong trink
moén Todn hign nay cua cic truong Trung hoc Ph6 thong, nham giip
cho sinh vién hé Cao dé}?gbpc t6t mon hoc nay.

Do yéu cdu déo tao hién nay cda hé Cao ddng, mot 56 phdn cia
Todn hoc cao cdp nhu cdu tric dai s6, dang todn phuong, tich phan
phu thugc tham s6; tich phén ba I6p, tich phin mat, chuéi Fourier,..,
khong dugc dia véo gido trinh nay. Nhimg khdi niém Todn hoc co
ban, nhing phuong phdp co bdn, nhiing két qud co bdn cda cdc
chuong déu dugc trinh biy ddy dii. Mot's6” dinh Iy khéng duoc
ching minh, nhung y nghia cda nhiing dinh Iy quan trong duc gidi
thich r6 rdng, nhiéu vi du minh hoa duroc diza ra. Nhibu tng dung
cda Iy thuyét véo tinh gin diing dugc trinh biy & day. Riéng voi
nhimg kien thifc vé gidi tich ma sinh vién dugc hoc & Trung hoc phé’

' théng, gido trinh ndy chi nhic lai mot cich hé thong cdc diém chinh
vd trinh bdy cdc kién thifc néng cao. Phdn cau hdi 6n tip & cudi méi
chuong nhdm gitip sinh vién hoc tdp va tir kiém tra két qua hoc tip
cua minh. Lam nhiing béi tip dé ra & cudi méi chitong sé gitip nguoi
hoc hiu sdu sdc hon cdc khdi niém Todn hoc, rén lu vén ky ndng tinh
todn vd khd ndng vén dung cdc khdi niém 4y. Cic bai tip d6 sé dupc
gidi trong bo bai tip kém theo bg gido trinh ndy.



B6 gido trinh ndy duoc viet thanh haj tip va I3 cong trinh tip thé
cda ba nhd gido - Nguyén Dinh Tri (chd bién), Lé Trong Vink va
Duong Thuy vy, Ong Lé Trong Vinh viét céc chuong [ I IV, V; ong
Duong Thiy Vi viet cic chuong I Vi VI IX; 6ng Nguyén Pinh
I vidt cdc chuong VII X, X1,

. Khi x8y dung dé cuong cho bo &ido trinh ndy ciing nhir khi bién

soan gido trinh, chiing t6i di tham khdo kinh nghigm cia nhiéu nha
gldo di gidng day nhifu nim moén Tosn hoc cao cdp cho h¢ Cao ding
& cdc trutng Pai hoc ky thut Chuing o1 xin chan thanh cdm on cde
ban dbng nghigp di doc bdn thdo vd cho nhiéu y kiéh quy béu.

B6 gido trinh ndy duoe viet lin diu, chic khong trdnh khoi
nhing khiém khuyét: Chiing t67 chan thank cdm on mor y kién déng
£0p cda ban doc. Thir gop y xin gii vé Cong ty C8'phdn Sich Pai hoc -
Day nghé, 25 Han Thuyén, Hs Noi,

-~ CAC TAC GIA
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Churong Vil
HAM SO NHIEU BIEN SO

Mue dich Yéu edu

~ Trink b2y nhing khéi niém co ban va k&t qué co ban v& phép tinh vi
phan clia ham s8 nhidu biéh o6 : dinh nghia ham s8 nhiéu biéh 8,
mién x4c dinh, cAch bidu didn hinh hoc, gibi han va tinh lién tuc cla
ham 8 nhiéu biéh s8, dao ham ridng va vi phan toan phah, dao ham
cé}a cao, dao ham theo hubng, cuc tri clia ham e nhiu bidh s8 va
mét 58 {ing dung clia phép tinh vi phan vao hinh hoc.

— Sinh vién c8n higu B cAc khai niém trén, nfm viing céc két qué trén,
hidu duoc § hghia clia dgo ham riéng va vi phin toan phén, can luu §
dén sy khéc bidt gitta ham 8 mBt bigh o6 va ham s8 nhidu biéh 6.

— Sinh vién chn tinh toan thank thao dao ham va vi phan cla ham 6
hhiéu bigh o8 cho dubi chc dang khac nhau, tim duge cyc tr cla
ham s8 nhidu bich 6, viét phuong trinh clia tiép tuyén, phép dién
cla dudng cong tai mbt diém, phuong trinh cla phép tuyén, tidp
dién clia mat cong tai mét diém.

§1. KHAI NIEM MG PAU

1.1. Binh nghia ham s& nhiéu bién s& |
D 1a mét tap hop trong R?, Ngudi ta goi 4nh xa f : D - R, tifc 13 mot
quy tic cho g véi mdi cap s& thuc (X, y) € D mot s6 thuc duy nhét z, ky
higu 1a f(x, y), 1a ham s6 hai bién 6. x va y 1 hai bién s’ dgc Igp. Ta k¥ higu
f_: (x,y) — z=1(x,y).
D duoc goi [a mién xdc dinh ctia ham s6 f. Tap hop
f(D)={z e Rlz=1(x,y), Y(x, y) € D}
goi la mién gid tri cha ham s6 f.

Ham s8 n bién s f(x,, x,. ..., x,) dugc dinh nghia tuong tu.



1.2. Mién xac dinh

Néu nguoi ta cho ham s6 hai bién s6 bdi biu thic z = f(x, y) ma khong
néi gi v€ mién x4c dinh cla n6 thi mién xdc dinh cta ham s6 dé dugc hidu 1a
tap hop nhiing cap (x, y) sao cho biéu thic f(x, y) ¢6 nghia. Néu xem (x, y)

1a toa d6 clia diém M trong mat phing thi mién x4c dinh cha ham s6 f(x, y)

1a tap hop nhitng diém M sao cho biéu thic f(M) c6 nghia. D6 thudng 1a mot
tap hop D lién thong trong R?, tic 13 mot tap hop ma hai diém M;, M, bat
ky ctia n6 1uén c6 thé néi véi nhau bdi mot duomg cong lién tuc nim hoan
toan trong D (hinh 7.1). Trix tredng hop mién xdc dinh D = R%, D thuong
dugc gidi han béi mét dudng cong L kin hay khong. Mién D dugc goi 1a mé
néu nhimg diém cia bién L déu khong thudc D, la déng néu moi diém cia
bién L déu thuse D.

Mién lién thong D dugc goi la don
lién n€u né bj gidi han bdi mot dudmg
cong kin, da lién néu né bi gi6i han
boi nhiéu dudng cong kin rdi nhau timg
déi mot. :

Vidu l. Him s6 z = 2x - 3y +5
xdc dinh V(x, y) € R? mién xic dinh . Hink 71
cla né 1a toan bo mat phing.

Vidy 2. Him s6 z = 1~ x* ~y* xdc dinh khi 1 ~ x* - y? > 0 hay
xz_-l-yzsI.Miénxécdinhcﬁanéléhhﬂm*bndéng’,tﬁmo,bénkﬁml(hinh'?.z).

V:’dt_t3.Hémsc‘)'z=ln(x+y—1)xécdinhkhix+y—l>0hayx+y>l.
Mién xéc dinh cla né 12 nira mat phing m& nim & phia trén dudng thing
X+ y=1 (hinh 7.3).

Y

Hinh 7.2 : Hink 7.3

ot



Sau nay cic khdi niém s€ duoc trinh bay cho trudng hgpn=2 hay n= 3.
Céc khdi ni¢m 4y ciing duge md rdng cho trudng hop.n nguyén duong bat ky.

1.3. Bi€u dién hinh hoc clia ham s& hai bién sé

Gia stir z = f(x, y) 12 ham s6 xdc dinh
trong mién D clla mat phing xOy. Qua
diém M(x, y, 0) trong mién D, dung
dudng thdng song song vi cling huéng véi
truc Oz va lay diém P trén dé sao cho
MP = f(x, y) = z. Khi diém M bién thién
trong mién D thi diém P bién thién trong R
va sinh ra m§t mat S nao d6, goi 1a dé thi

Zh

ctta ham s6 z = f(x, y). Ta néi ring z = {(x, y) O

Ia phuong trinh cha mit S. M6i dudng thing ¢

song song véi truc Oz cét mat S & khong qud Hinh 7.4
mot diém (hinh 7.4).

V:’dt_t4.H‘amsdz=3—3x—%y xac

dinh trén toan mat phang xOy, D4 thj clia né
12 mét phing cét ba truc toa dé theo thit tu &
ba diém A(l, 0, 0), B(O, 2, 0), C(®©, 0, 3).
Phdn cta dé thj cha ham s6 d6 ndm trong
géc phan tdm thit nhat (hinh 7.5). X

B(0,2,0)

A(1,0,0)

- Hinh 7.5
1.4. M3t bac hai

Mit béc hai la nhitlng mat ma phuong trinh ciia ching 1a bac hai déi véi
X, Y, Z.

1.4.1. Mt elipxéit
Mat elipx6it 1a mat cé phueng trinh
2 2 2
X z
—_—t =+ —==1, (7.1}
a? p?  ¢?
trong d6 a, b, ¢ 12 nhiing s6 dwong. Vi x, y, Z ¢6 mat trong phuong trinh (7.1)
vdi s6 mil chin nén mat elipx6it nhan cdc mat phéng toa do 1am mat phing
déi ximg, nhan gée O 1am tam déi xing.



Cét mit elipxoit bdi cic mat phing toa d¢ xOy, yOz, zOx, cic giao
tuy€n theo thit ty 1 cic dudmg elip : ' ,

2 2
S+L =1 z=o0;
a b
2 2
-y—+z_—=1, X=0;
b2 &
2 2
z° . x
—+t—5=1, y=0.
2 3z _
Cat mat elipx6it bdi mit phing z = k, k I hing s6, giao tuyén cé

phuong trinh
2 2 k2
2

§_+Y_._.1__2.,z=k, (7.2)
C

. a? b : )
Néu k < — hoic k > c, phuong trinh (7.2) vo nghiém, mit phing z = k
khoéng cit mat elipxoit. :
Néu k = *c, giao tuyén thu vé diém (0, 0, + c).
Néu —c < k < ¢, phuong trinh (7.2) c6 thé vit

X2 y2

=1 z=k.
2 2
a’ 1—~k7 b2 1—52-
C C

D6 1a phuong trinh cia dudng elip ¢6
tam tai di€m (0, 0, k), c6 cic bén truc [a

X .
/ K / k?
a 1_0_2’ b 1":2_‘ Hinh 7.6

Khi k tiang tir 0 dén c, cdc ban truc nhd dan t6i 0. Khi k tang tir — dén c,
giao tuyén di chuyén va sinh ra mat elipxoit (hinh 7.6). a, b, ¢ £0i 14 cdc bdn
tryc cia elipxé6it.

Néu hai trong ba ban tryc bing nhau, chinghana =c¢, ta c6 mat elipxoit
22
tron xoay, sinh boi dudmg elip x_2 + %ﬁ!— =1, z = 0 quay quanh truc Oz. Néu
a
a=b=c, mat elipxoit tr3 thAnh mat cdu tam O ban kinh a,

10
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1.4.2. Mdt hypebéloit mot tdng

D6 1a mat bac hai c6 phuong trinh
2 2 2
Xt ¥yt oz
+=~—-—=1 (7.3)
2 b2 2
trong d6 a, b, ¢ 13 nhiing héng s6 duong. Mat d6 nhan cdc mat phing toa do
lam mat phing d6i xing, nhan goc toa d¢ 1am tam d6i xing. N6 cét mat

phing toa d6 xOy theo dudng elip

2 2
x—z + y_2 =1,2z=0,
a b
cét cdc mat phing toa d¢ yOz, zOx 14n lugt theo céc dudng hypebon :
22
y—z - z_z_ =1,x=0,
b* ¢
2 .2
x° z
——-==1y=0
a’ ¢?

(7.4)

. - - » Z
Khi |k| tang tit O dén +, cdc ban tryc cla 1

elip d6 theo thit ty ting tr a dén +oo va tr b
dén +o0. Khi k bién thién tir —co d€n +e0 giao
tuyén d6 dich chuyén va sinh ra mat

hypeboloit mét tdng (hinh 7.7).
Néu a = b, ta c6 mat hypebo6loit mot
_ 2 2
tdng tron xoay, do hypebon x_2 - Z—z =1,
a“ ¢

y = 0 quay quanh truc Oz sinh ra.

Hinh 7.7

1.4.3. Mdt hypeboléit hai ting

PG 1a mat bac hai c6 phuong trinh

x2 y2 z2

et
2 b o
trong d6 a, b, ¢ 1 nhilng hing s6 duong. N6 nhan cic mat phéng toa d¢ lam

mat phing d6i xtng, nhan gdc toa do 1am tam dGi xtng.

Lo _Z -,

(7.5)

11



Cit mat (7.5) bai mat phang z = k, giao tuyén ¢ phuo‘ng trinh

2 2 2
X y k
A AN S (7.6)
a’  b? c?

z
" Néu |k| <c, mat (7.5) khong cit mat phing
z = k. Néu k = +c, mat phing z = k ti€p xic véi 9 _
mét (7.5) tai di€m (0, 0, ¢) hoac (0, 0, —c). Néu NS

k| > c, giao tuyen (7.6) 1a dudng elip c6 bdn truc

k2_ kz
a7 —1 va b= -1.Khi | tang tir ¢ (6i
C - C

+oo, cdc bdn truc Ay 16n dén tir O 16 +oo, giao
tuyén (7.6) di chuyén va sinh ra mat hypebaloit
hai ting (hinh 7.8). Hinh 7.8

Néu a = b, ta ¢6 mat hypeboldit hai tdng tron xoay, do hypebon
2

>

I

[

2
- Y_z = -1, 2= 0 quay quanh truc Oz sinh ra.
c

-]

1.4.4. Mdt paraboloit eliptic
D6 1a mat ¢6 phuong trinh

) 2 2 )
LIS S 7.7
P q

trong d6 p, q 1a cdc hing s6 duong.
Vix, y tham gia vio phuong trinh (7.7) v6i 56 mii chan, nén mat (7.7)
nhan cic mat phing yOz va zOx 1am mit phang déi ximg.

Mat (7.7) cét cde mat phing x = 0 va Y = 0 theo céc dudmg parabon nhan
Oz lam truc :
y2 =2qz,x=0;
x2= 2pz, y =0.
Giao tuyén clia mat (7.7) véi mit phing z = k I3 dudmg elip ¢6 cédc bdn

truc 2pk,\/2gk :

2 2
N S
20k + 20k l,z=k (7.8)

12



néuk >0, 1a géc toa do néu k = 0, Khi k ting
tr 0 dén +oo cdc bén tryc ciing tang tr 0 dén -
+, giao tuyén (7.8) di chuyén va sinh ra mat
paraboloit eliptic (hinh 7.9).

Néu p = q, 12 ¢6 mat paraboléit tron xoay,
do parabon x? = 2pz, y = 0 quay quanh truc Oz
sinh ra. ‘

- AFan ] Yl Y
1.4.5. Mat paraboloit h ypebolic Hink 7.9
D6 12 mat cé phuong trinh
2 2
Yy (7.9)
P q

trong d6 p, q 12 nhimg hing s duong.
N6 nhan cdc mat phing yOz va zOx Jam mét phing d6i xing.
Cat n6 boi mat phang zOx, giao tuyén 1a dudmg parabon
- xX’=2p y=0, : (7.10)

parabon nay nhan Oz lam truc.

Cat mit (7.9) bdi mat phing x = k song song v6i mat phing yOz, ta
dugc dudmg _

2 k?
y =-2q Z-5= | x=k (7.11)

D6 1a dudng parabon cé tham s& q, ¢d truc
Song song v6i Oz, quay bé 16m vé phia z < 0,
¢6 dinh nam trén dudng (7.10). Khi k bién
thién tir —o dén 4o, giao tuyén (7.11) di
chuyén va sinh ra mat paraboloit hypebolic.
(hinh 7.10). :

Cat mat (7.9) bsi mat phing z = k, ta dugc Hink 7.10
dudmg
2 2
X__Y_=2k,z=k_ (7.12)
p q

Néu k > 0, d6 1a dudmg hypebon c6 truc thuc ndm trong mat phang zOx

" va song song véi Ox, c6 ban truc thyc J2pk, bén truc do .f2qk. Néu

13



k < 0, d6 1a duding hypebon c6 truc thuc nim trong mat phing yOz va song
song v6i Oy, ¢6 bdn truc thuc /-2qk, ban truc ao /—2pk.
Néu k = 0, phuong trinh (7.12) trd thanh

2 2 _
i-—y—={l, z=0.

p q
Vay giao tuyén cha mat (7.9) véi mit phang z = 0 la cap dudng thang giao

:
nhauy =% \/%x"trong mat phing xOy.

1.4.6. Mt tru bdc hai
Néu mot trong ba bién s6 khong c6 mat trong phuong trinh cia mot mat
nio d6 thi mat d6 12 md tru. Chang han, mét cé phuong trinh

X y_
- 1,

=3
o
[~

a, b 11 cdc hing s6 duong, 1a mat tru elip. Néu diém (Xg, }':0, 0) thuoc mat do
thi moi diém (xg, Yo, Z) Vi Z' bat ky cling thuoc mat d6. Vay dudng sinh cha

mdt try song song véi truc Oz (hinh 7.11). Con phuong trinh y = x* bidu dién |

mat tru parabon ¢6 dudng sinh song song véi truc Oz (hinh 7.12).

]
Hinh 7.14 _ ' Hinh 7.12
1.4.7. Mdt nén bdc hai
Xét mat ¢6 phuong trinh
2 2 2
"_2+Y_2=%, N (A )
a b c

14



o
wS’c‘:nb

&

| trong d6 a, b, ¢ 12 céc hing s6 duong. N6 cit mat phing xOy tai gbc toa do,

cit mit phing yOz theo dudng
22

L= 5 x=0 hay z=£2y, x=0,
C

o]

tic 13 theo cip dudng thing giao nhau ;rong mit phang yOz va cdt mat

phing zOx theo cap dudng thang giao nhau z = i%x.

Giao tuyén ciia mat (7.13) v6i mat phing z = k, k 1 hing s6, c6 phuong

trinh :
2 2

X y
+ =1,z=k. (7.14)
a’k?  bik®
02 02

Giao tuyén d6 1a dudng elip c6 cic bén truc
%,Ecl-(—. Khi k bién thién tir —co dén +co,
giao tuyén dé di chuyén va sinh ra mat (7.13)
(hirh 7.13).

Dé kiém tra ring néu diém My(Xg, Yo Zo)
nim trén mat (7.13), thi moi diém ndm trén
duong thing OM, ciing ndm trén mat
(7.13), vi moi diém trén dudng thing OM,
déu c6 toa do (Axg, Yo, AZy), A la moOt s6
nio dé. Vay mat (7.13) 1a mot mit ndn cé
dinh & goc toa do. Néu a = b, ta duge mét
mat nén tron xoay. Hinh 7.13

et

1.5. Gidi han cla ham s hai bién s&
Ta néi ring diy diém M, (x,, y,) d4n t6i diém My(xo, ¥o) trong R? va

viét M, =& M, (hay (x,, ¥,,) = (Xg, ¥o)) khi n — oo néu

fim (x, — Xo) + (¥a — Yo)* =0.
-0

Cho ham s6 f(M) = f(x, y) xic dinh trong mdt mién D chira diém
Mq(Xg, Yo), €6 thé trir diém M. Ta néi ring L 12 gidi han ciia f(x, y) khi

15



diém M(x, y) ddn 16i diém My né€u véi moi diy M (x,, y,) (khic M) thuéc
mién D dan 16i M, ta déu ¢6

lim f(x,,y,) =L.
_ n—w
Ky hiéu : lim  f(x,y)=L hay lim f(M)=L.
(x.¥)-(x0.¥9) M- M,

Tir dinh nghia trén suy ra ring néu khi Vi
ddy M, din 16i° M, trén hai dutmg
Ci, G khic nhau (hinh 7.14) ma day
{f(xy, y,)} ddn t6i hai gidi han khdc nhau

L;,L, thi lim f(x,y) khong tdn tai.
(X, ¥)—>{xg.¥p)

Vidu5.Tinh  lim fix,y), v6i
(x,¥)—(0,0)

Xy _ Hinh 7.14

fx, y) = —2Y__
\}Xz + y2

Ham s6 f(x, y) xdc dinh trén R?\ {0, 0}. Vi —'xl—zs 1, V(x, y) # (0, 0)
X“+y :

if(x, y)| = —L[y] <y, v(x, y) = (0, 0).
\IKZ + y2 .

Do d6 véi moi day ((x,, y,)} dén t6i (0, 0), ta déu c6 lim f=0.
_ {xp,¥p )}—(0,0)

Vay

lim f(x,y)=0.
(x,y)—=(0,0)

. : e Xy
Vidu6.Tim lim XY)vhigx,y) =
(x,y)—>(o.0)g( yIVOLEX Y x2+y

Ham 6 g(x, y) x4c dinh tren R*\ {(0, 0)). Véi day {(x,, y,)} din t6i

7

©, 0) tien tryc Ox, ta ¢6 y, = 0, do d6 g(x,, 0) = 0, Vx, # 0. Vay
lim g(x,,0) = 0.
Xp—0
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Véi dily {(x,, y)} din t6i (0, 0) rén dudng y = x, ta ¢6 Yo = X, do do

x2 1
8(x, X,) = “2_ =3 Vx, #0. Vay
2x;
!
lim g(x,,x )= 3

1 .
Vi0s — nén khong téntai  lim a(x,y).
2 _ (X, ¥}-+(0.0)

1.6. Tinh lién tuc cda ham s& hai bign s6

Cho ham s6 f(x, y) x4c dinh trong mién D. My(xq, yé) 12 mét diém thuoe
D. Ta néi ring ham s6 f(x, Y) lién tuc 1ai M, néu :
1. Tén tai lim  f(x,y);
(X.¥)}>(xg,¥9)

2. llm f-(x, }I) = f(XO, };U)' (7 I S) |

(x.¥)->(xg.¥¢)

Ham 56 f(x, y) dugc goi 1a lién tuc trong mién D néu né lién tuc tai moi
diém cia mién D. Ham s6 nhjéy bicn sG lien tuc trong mot mién ddéng
2i6i noi cing c6 nhing tinh chat nhu ham s6 mot bi€n s4 lién tuc trong
mot khodng déng gidi néi : né gi6i ni, dat gi4 tri 16n nhat va bé nhat trong
mién 4y,

Vidu 7. Xét tinh lién tuc cda ham s6

‘z—xy—z—,V(X, y) # (0,0)
Gx,y) = yx% +y B
0 , béu (X,y) = (0,0).
_ G(x, y) xdc dinh trén toan R2. N6 lien tuc tai moi diém (x, y) = (0, 0) vi
n6 13 thuong cta hai ham s6 lién tuc véi miy sg khdc 0. Chi con phai xét

linh lién tuc clia G(x, y) tai (0, 0). Vi khongténtai  lim : 5

(xy)-(0,0) x~ 4+ y
vi du 6) nén G(x, y) khong lién tuc tai (0, 0). Tém lai, G(x, y) lién tuc tai
moi diém (x, y) = (0, 0).

(xem

Chit thich. Néu dat x = Xo+ AX, ¥y =y, + Ay, tacé
f(x, y) = f(xg + Ax, Yo + Ay).
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Lai dat Af = f(xg + Ax, y + Ay) - f(x,, ¥o)- Khi dé cong thic (7.15) c6 thé
viét ia .

lim Af =0, (7.16)
(4x,4y)->(0,0)

N6i cdch khdc, ham s6 f(x, ¥) lién tyc tai My(x, yo) néu hé thic (7.16) duoc
thoa mién.

§2. DAO HAM RIENG. VI PHAN TOAN PHAN

2.1. Pao ham riéng

2.1.1. Dink nghia. z = f(x, y) 1a mot ham s6 xdc dinh trong mién D,
(Xo» ¥o) 1a mot di€m thuoc D, Néu cho y = Yo» Yo 12 hang s6, ma ham s6 mét
bi€n s6 x — f(x, yy) c6 dao ham taj x = Xg thi dao ham d6 goi la dao hom
riéng doi voi x clia ham s6 f(x, y) tai (X9, ¥o) va duge ky hiéu 1a

of oz
f(xg, ¥o) hay 2 %o Yo) hay 2 o Yo)-

Vay theo dinh nghia ciia dao him ham s6 mot bién s6, ta cé

f(xo + AX,)'U) - f(xo’ Yo)
Ax .

Tuong tu, dao ham rieéng dsi véi y ctia ham s6 f(x, y) tai (xo,'yo) ky hiéu 13

f,(Xg, Vo) = i
(X0, Yo) Axlgo

. f(xg,¥0 + Ay) — £(xy,y,)
f(xg, Yoy = 1 .
y(o» Yo) Ay—s0 Ay

Nhur vay khi tinh dao ham riéng d6i véi x ciia f, chi viéc xem y 1 hang
6 va ldy dao ham cia f d6i véi x ; khi tinh dao ham riéng d6i véi y cua f, chi
viéc Xem x la hing s6 va 14y dao ham ciia f d6i véi y.

Vidy 1. Tinh cic dao ham riéng ctiaz = x* - 5x3y2 +2y*.

& =4x> ~ 15x2y2, gzy- = —10x3y + 8y3.

ox
Vidy 2. Tinh cdc dao ham riéng ciia z = x¥ (x > 0).
Oz y-1 _6_z_

it = xY
3% - VX ' By X’ lnx,
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Vidy 3. Tinh cdc dao ham riéng'cla z = cos[%} (y #0).

OO
il

Chil thich I : Dao ham riéng clia ham s& n (> 2) bi¢h s6 dugc dinh nghia
tuong tir. Khi tinh dao ham rieng coa f d6i véi mot bi€n s6 nao d6, ta xem
cdc bi¢n sg khdc 1a hing s6 va tinh dao ham ciia f d6i véi bién s6 4y.

Iy 2|

_ 2
Vidy 4. Tinh cdc dao ham riéng ciia ham s6 u = * ¥ cosz .

ox

2, cu 2 o 2, .
=— =¢* Y2xycosz, 3 = e*¥x? cosz, Pl -e* Ysinz,

2.1.2. Y nghia hinh hoc ciia dao ham riéng

Goi S 1a d6 thi cia ham s6 z = f(x, ),
Ci 13 giao myén ciia S vi mat phing
¥ =Yo- C; chinh la d6 thj ctia ham 5§ mot
bién s6 f(x, yo) trén mat phing y = Yo-
Do d6 dao ham riéng f,(Xg, ¥o) 12 he s6
g6c ciia dudng tiép tuyén T, ciia C, tai
diém P(xo, yy, zo), trong d6 z, = f(xy, yo)
(hinh 7.15). Con dao ham riéng fy(xo, Yo)
12 hé 56 gbc clia dudng ti&p tuyen T, cia
giao tuyén C, chia mit S véi mat phing Hinh7.15
X = X tai P(xg, yo, 2g).

Dao ham riéng f,(xy, y,) ciing biéu dién van tdc bi&n thién cia ham s6
f(x, y) theo hudng x tai (xq, yg), con fy(xo, ¥o) biéu dién van téc bién thién
cta f(x, y) theo hudng ¥ tai (xg, yg)-

2.1.3. Pao ham riéng c¢dp cao

Cic dao ham riéng f,, fy goi la dao ham riéng cdp mét cha ham s6
z = f(x, y). Ching ciing 11 nhimg ham s6 cha x, y. Vi vay c6 thé xét céc
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. dao ham riéng cua ching : (f,),, (f )y, (fy)e (£y)y, £0i 1a dao ham riéng
cdp hai cua f(x, y). Ta dung cdc ky hiéu sau :

€)= £ = a[afj_azf o’z
X7 T A Tl o ) T ox2 ?'-
() —f _O(H)_Of _ 02
Oy =hy =5y " vax " v
() op _o(AY_ &1 _ 2
W =he = ol oy )~ oy = oy
o(of) ot &2
(fy)y =fyy =E(EJ =—2=ay—§.
Vidus. fix,y)= xe + x3y2 - y5
' fx=2xey+3x2y2, fy=x2ey+2x3y—5y4.
fix = 2ey+6xy2, fey =2xey+6x2y,
fix= 2xe’ + 6x2y, foy = x%e¥ +2x° - 20y3.

Cic dao ham ri¢ng cap cao hon duge dinh nghia tuong tr. Ching han

. o o) o
xyy = (hydy = 8y dyox _ayzax'
Ta thura nhan ma khong chimg minh dinh 1§ quan trong sau.

" Dinh Iy 7.1 (Schwarz), Néu ham 56 fix, y) cé céc dao ham riéng f,
va [y trong mot mién D va néu cdc dgo ham riéng dy lién tuc tai diém
(Xg. ¥o) € D thi

f.xy(x()' yﬂ) =fyx(x0’ y())
Ta da thay két qua ndy & vi du 5.

Tir dinh 1y Schwarz dé dang suy ra ring f f =f

xyy = yyx €U chiing
lién tuc.

Dao ham riéng cap cao cila ham s6 n (> 2) bién s6 duge dinh nghia
tuong tu.
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Vidu6. u=ze %
u, = z2 naid
u, =z¢
Ugyy = 2 (<) = -2 Y,

~yz 3 x- 2 x-y 3 x-yz
Uyxyz = “32%eX Y - PV (my) = =3 4y e T

2.2, Vi phan toan phan
2.2.1. Dinh nghia. Ta biét ring nfu ham s6 mdt bi€n s6 f(x) xic

dinh trong khodng I — R va néu tén tai dao ham f'(xg), xy € I thi s6 gia

Af(xg) = f(xq + Ax) — f(xg), trong d6 X, + Ax € I, c6 thé biéu dién dudi dang

Af(xg) = f(Xg)AX + aAX, .17
trong d6 o — 0 khi Ax — 0. Biéu thiic f'(xg)Ax, phdn chinh cia Af(x) khi
Ax = 0, goi 1 vi phdn clia f(x) tai x,. Vay néu dao ham f '(ko ) 16n tai thi fix)
khd vi tai x,. _

Bay gio xét ham s& hai bién s6 f(x, y) xdc dinh trong mién D c R?,
My(xg, Yo} va M(xg + AX, yp + Ay) Ia hai di€m thugc D. Néu s6 gia
Af(xg, Yo) = f(Xq + AX, yg + Ay) — f(Xg, ¥g) c6 thé biéu dién dudi dang

Af(xg, Yoy = AAX + BAy + 0Ax + BAy, (7.18)
trong d6 A, B 12 nhimg s& khong phu thudc Ax, Ay; cona = 0vap —» Okl -
(AX, Ay) = (0, 0) (tic 1a khi M — My) thi ta n6i rang ham s6 fix, y) khd vi

- tai M, biéu thic AAX + BAy goi 1a vi phdn toan phdn cia ham 56 f(x, y) tai
(Xg, Yo) Gng véi céc s6 gia Ax, Ay va duge ky hi¢u la df(xy, yg).

Néu ham s6 f(x, y) kha vi tai (xg, ¥o) thi nd lién tuc tai do, vi
cong thifc (7.18) suy ra Af(xg, yo) — 0 khi (Ax, Ay) — (0, 0) (xem chd thich §1).

Ham s6 f(x, y) goi 12 khd vi trong mién D néu né kha vi tai moi diém
thudc D.

Chit thich 2. Néu f(x, y) kha vi tai (Xg, ¥o) thi ton tai cdc dao ham riéng
fy(Xg, Yo)» fy(Xg, Yo)- That vay, tir cong thic (7.18) ta cb
f(xg + Ax, yg) = f(Xq, Yo) = AAX + 0AX,
trong d6 o« = 0 khi Ax = 0. Do dé
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A.

. f(Xg + AX,yp) — (X, ¥g)
£ (Xo,y0) = 1 0 0 0 ¥o) _
oryo) = fim TR
Ciing nhu vay '
fy(X0, yo) =B.
Nhu vay néu ham s6 f(x, y) kha vi tai (X, yo) thi vi phan toan phén cia né
tai (xg, yg) duge cho bai

df(xg, ¥o) = f,(Xg, Yo)AX + fy(xo, Yo)Ay.
Chit thich 3. Khéc v6i ham s6 mgt bi€n s6, néu ham sé haj bién s4 f(x, y)
¢6 cdc dao ham rigng f,(xo, ¥o) f,{Xg, yo) thi chua chic né da khi vi tai
(X0, ¥o). Xét ham s6 sau

néu (x,y) # (0,0),
Gx,y) = x2 + y2 Y

0 néu (x,y) = (0,0).
Theo dinh nghia clia dao ham riéng, ta c¢6
G,(0,0) = lim SBD=CO.0) _ .- Gh0) 0,
h—0 h h—»0 h

vi G(h, 0) = 0, Vh # 0. Tuong ty, ta 6 G,(0, 0) = 0. Vay t6n tai céic dao ham
riéng G, (0, 0), Gy(0, 0), nhung ham s6 G(x, y) khong lién tuc tai (0, 0) (xem
vi du 6 §1) nen khong kha vi tai (0, 0). &

2.2.2, Diéu kién khd vi ciia ham s6 nhiéu bién sé
- Dinh Iy 7.2. Néu ham s6 fix, y) ¢6 cdc dgo ham riéng trong mét mién D
chita diém Myx, yy) va néut cdc dao ham riéng & lién tuc tai My thi ham so
Fix, y) khd vi tai My, vi phdn todn phdn cia fix, y) tai M, duoc tinh bdi
cong thitc
dfixy, yo) = flxg, yo)Ax + fxg + yp)Ay (7.19)
Chitng minh: Gi sir (Xo+ AX, Yo+ Ay) € D. Taco
Af(xg, yo) = f(xg + Ax, Yo + Ay) ~ f(xq, yo)
= [f(xg + AX, Yo + Ay) — f(Xq, Yo + AV)] + [f(xg, Yo + Ay) - f(xg — yo)l.
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Ap dung cong thic Lagrange cho him s& mot bién s6 (xem cong thiic
(3.2), tap 1), ta duoc :

f(xo + AX, yo + Ay) ~ f(xg, yo + Ay) = Axfx( X, yo + Ay),
trong dé x la mot gid tri nao d6 nim gifta x4 va Xg+ AX;

f(Xo: Yo + Ay) ~ f(x0, Yo) = AyE, (X0, ¥),
trong dé ; 12 mdt gid tri ndo d6 ndm giita y, va Yo + Ay. Vay

Af(xg, yo) = Axf,(x, ¥ + Ay) + Ayfy(xg, ¥)
Nhung vi f, va f, lien tuc tai My(xq, yo) nén

fx(;c- Yo+ Ay) =£,(Xp Yo) + @,

£, (X0, ¥) =£,(xo, ¥o) + B,
trong dé o« — 0, B — O khi (Ax, Ay) - (0, 0). Do’ dé

Af(Xg, ¥o) = £(X0, Yo) AX + (X, Yo)Ay + atAx + BAy.  (7.20)

Af(xg, ¥o). duqc. bi€u dién dudi dang (7.18), trong d6 A = f(x,, yy),
B = f(xg, ¥o)- Do d6 ham s6 f(x, y) kha vi tai My(xg, ¥o) va vi phan toan
phén df(xg, y,) dugc cho bdi

df(xg, yo) = fi(Xg, YOAX + £ y(Xgs Yo)Ay. B
Chii thich 4. Ciing nhu d&i v6i ham s§ mot bién s, vi x, y la bién s¢ doc
lap nén ta ¢6 Ax = dx, Ay = dy, do d6 cong thic (7.19) con ducc viét 1a

df(xg, ¥o) = fx(xo, yo)dx + (. y0) dy.
Vidy 7. Tinh vi phan toan phan ctia him s6 z = \fxz +y?.

Ham s6 x4c dinh trén toan R%. Vi céc dao ham riéng

= oem——— — T

lien tuc tai moi (x, y) # (0, 0) nén z kha vi tren R2\ {(0, 0)) va

xdx + ydy

dz =
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Chi thich 5. D61 v6i ham s6 n (> 2) bi€n 56, dinh nghia ham s6 kha vi,
dicu Kién khi vi ctia ham s6, cong thic clia vi phan toan phan cing tuong tu
nhu ham s6 hai bién s6.

Vidu 8. Tinh vi phan toan phén cia ham $6 u = xe¥”.

Ham s6 xdc dinh trén toan R>. Ciic dao ham riéng

i}.li - c}'Z _Qu_ = ‘{ZC'VZ Qu_ = ‘yc-\"z
Ix ooy B

licn tye trén oan R” nén ham sé u kha vi trén toan R™ vi
du = ¢"dx + xze*7dy + xye'%dz = e”(dx + xzdy + xydz).

2.2.3. Ung dung vi phan toan phdn vao tinh gin ditng

T v¢ phai ctia cong thic (7.20) ta thay rang f (x, yo)Ax + (X0, ¥p)Ay
i v cling b¢ bac nhat d6i véi p = \JAx? + Ay? khi p — 0.cdn aAx + BAy
la vo cing bé cdp cao dai véi P. Vi vay khi Ax, Ay khd nhé, ta cé thé Xxem
Af(xg, yo) xdp xi bing df(x,, Yo). tuc 1a

Af(Xg, yo) = f(x(, yp)AX + f,(xo, Yo)Ay
lay

fxo + A%, g + AY) = £(x0. Yo) + (X0, Yo) Ax + £, (kg0 yo) Ay, (7.21)

Vidu 9. Cho ham s6 f(x, y) = x + 2xy - y2 Tinh Afi(x, y) Vi df(x, y)
néu Xy = 2, Yo=3,Ax =003, Ay =-0,02.

afix, y) = (2x + 2Y)AX + (2x — 2y)Ay.

df(2,3) = (2.2 +2.3).00,03) + (2.2 - 2.3).(~0,02) = 0,34,

Af(2.3) = (2,03 ; 2,98) - f(2, 3)

=[(2,03)" +2.2,03.2,98 - (2,98)] - (22 +2.2.3 3%] = 0,3434.
Ta thiy df(2, 3) ~ Af(2, 3), nhung tinh df(2, 3) dé hon,

Vidu 10. Tinh gin ding arclg%?% .

Ta can tinh 2(x, + Ax, Yo + Ay). trong dé z = arctgii, Xg=1L,yy=1,

Ax = =005, Ay = 0,02
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Tacé
oz 1. _L]___ y oL 1 1_
ox - 272 - X2+,2’ay_ 2°x T (2420
(TR

Theo cong thic (7.21)
z(1 - 0.05; 1 +0,02) = (1, 1) + z,(1, DAX + z,(1, DAy
hay

1.0,05 + 1.0,02 — % + 0,35 =0,785 + 0,035

¥

arctg,

0.95 = arctgl + 5

= 0,82 radian.
Vi du 11. Khi do ban kinh ddy va chiéu cao clia mot hinh nén trdn xoay

ta duge 10cm va 25c¢m. Biét ring sai 56 méi ldn do c6 thé t6i 0,1cm. Hay
tinh sai 6 tuyét d6i I6n nhat khi tinh thé tich cia hinh nén.

Thé tich V cha hinh nén tron xoay c¢6 bdn kinh ddy R va chiéu cao H

dugce cho bdi
V = LaR7H.
: 3 -
Do d6 vi phan cua V 1a
&v v 2nRH nR?
dvr—‘—a-ﬁ-AR-f‘éﬁﬁH— 3 AR + 3 AH.

Vi [AR] £0,1, |AH] < 0,1 nén sai 53 16n nhat khi tinh V Ia

2.m.10.25

0 + %.(0, 1) = 20mem” = 63cm’.

2.2.4. Pidu kién dé biéu thitc P(x, y)dx + Q(x, y)dy la mét vi phin
toan phan
: Ta biét ring vi phan toan phin cha ham s6 kha vi f(x, y) 1a
df = %dx + %dy.
Bay gis cho hai ham s6 P(x, y), Q(x, y). Dinh ly sau day cho ta bi€t khi
ndo bidu thic P(x, y)dx + Q(x, y)dy 13 vi phan todn phin ctia mot ham s6
f{x, y) nao do.
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Binh Iy 7.3. Gid sit cdc ham 56 P(x, ¥) Q(x, y) ¢6 cdc dao ham riéng
lién tuc trong mot mién D noo dé. Biéu thire P(x, y)dx + Qfx, y)dy la mot vi
phadn todn phdn khi va chi khi :

% = %—g, Mix,y) eD. (7.22)

Chitng minh: Néu P(x, y)dx + Q(x, y)dy 12 vi phan toan phé4n ctia ham s6
f(x, y) thi _ '

ot of
P(x.y)-&, Q(x,y)—g.
Do dé
ok Q&
8y oydx’ dx  oxdy
o

Nhung gy-a = EXE vi chiing ciing lién tuc trong mién D (do dinh 1y 7.1)
nén ta 6 diéu kién (7.22). Vay (7.22) 1a diéu kién can d€ P(x, y)dx + Q(x, yXly
12 mgt vi phan toan phan. -

Dio lai, néu diéu kién (7.22) dugce thod mian thi P(x, y)dx + Q(x, y)dy Ia
m6t vi phan toan phdn. Ta thita nhan ket qua nay. N

Chii thich 6. Néu diéu kién (7.22) duse thoa man, ta c6 thé fim duoc
ham s6 f(x, y) sao cho df = P(x, y)dx + Q(x, y)dy. Viéc tim ham s§ f(x, y)
duge trinh bay trong vi dy sau.

Vidy 12. Ching minh ring c4c biéu thic sau day 13 vi phan toan pha‘n :
a) oy = (2x — Syddx + (6y* - 10xy)dy,

3
b) , = 3x2(1 + Iny)dx - [Zy - E;—J dy, v6iy> 0.

Tim cdc ham s6 fi(x, y) sao cho df, = o,i=1,2.

Gidi: a) Ta c6 P(x, y) = 2x - 5y%, Q(x, y) = 6y* ~ 10xy. Do d6

@=_10y=@.'.

3y %

Vay @, 12 mét vi phan todn phdn. Ta phii tim ham s6 f;(X, y) sao cho
df; = w;, do dé ' : '
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% =2x - Syz, ' . | *)
M _ 642 10xy. | (**)

L4y nguyén ham theo x hai v€ clia (*), ta duge
fix,y) = x* - Syzx + o(y), | (***)

trong d6 ¢(y) 12 mét ham s6 kha vi bat ky cla bién s6 y, ¢(y) dugc xem la
hing s6 tuy ¥ ddi v6i x Vi X, y 12 hai bi¢n s6 doc 1ap. Lay dao ham d6i véi y
hai v€ clia (***), ta dugc

% =-10xy +¢'y) (+e%)

So sdnh (**) va (***%), ta dugc @'(y) = 6y%. Do d6 ¢(y) = 2y + C, C la hing
s tuy ¥. Thay @(y) vao (***), ta duge
fi(x,y)= X —5xy +2y +C.
Lwu ¥ ring ta ciing ¢6 thé bat ddu tinh bang cich ldy nguyén ham theo y
hai v€ cia (**) nhu trong phén b) dudi day.

3
b) Ta c6 P(x, y) = 3x%(1 + Iny), Q(x, y) = 1y- - 2y. Do d6

P _3x_XQ
o y &
Vay @, 12 mot vi phan todn phdn. Ta phai tim ham s6 f5(x, y} sao cho
dfz = 0y, do d6
Zf; = 3x%(1 + Iny), LD
of, X .
=2 _ 2 9y, (i1)
vy 7

L4y nguyén ham theo y hai v€ cia (ii), ta dugc
£,(x, y) =xIny — y* + 9(0), (iii)
trong d6 @(x) 12 mot ham s6 kha vi bat ky cia x. Ldy dao ham theo x hai v&

cua (iii), ta dugc
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3
¥
£e5

%}f— = 3x°Thy + @'(x). _ (iv)
So sénh (iv) v6i (i), ta dugc @'(x) = 3x”. Do d6 ¢(x) = x° + C, C 12 hing
sO tuy ¥. Thay o(x) vao (iii), ta dugc

f,(%, y) = x°(1 + Iny) - y* + C.

§3. DAO HAM CUA HAM SO HOP.
PAO HAM CUA HAM s6 AN

3.1. Pao ham cda ham s& hop

3.1.1. Cho ham s6 z = f(u, v), trong dé u = u(x), v = v(x) la nhitng ham
56 ctia x. Ta néi ring z = f(u(x), v(x)) 1a ham s6 hop cua x qua cac bién so
trung gian u, v. Dinh 1y sau day cho ta quy tic tinh dao ham cda ham s6 hop
z = f(u(x), v(x)).

Dinh Iy 7.4. Néu z = flu, v) la ham 36 khd vi ciia 1, v va néu u = u(x),
v = v(x} la nhitng ham sé khd vi cia x Iht‘ z la ham s6' khd vi ctia x vad ta cé

gﬁ af dy
dx = Bu dx o ov dx (7.23)

Chitmg minh: Cho bién s6 déc 1ap x s6 gia Ax; u, v ¢6 s0 gia twong ng
la Au, Av ; ham z 6 6 gia tuong tng 1A Az. Viz = f(u, v) la ham s kha vi
clia u, v nén Az ¢6 thé bidu dién dudi dang

Az = %Au + %Av+az&u+ BAv,

trong d6 o —> 0, B — 0 khi (Au, Av) — (0, 0). Chia hai vé cho Ax, ta ducc
Az _Of Au of bu  Av LAV
AX 6u Ax JOv Ax Ax Ax
Au du |, Av _dv

(ho Ax > 0, i lim =— = lim lim a =0, lim 0,
Axl-)O AX dX Ax-—>0 AX dx Ax—=0 6x-—>OB

ta duge

dz lim E of cu
d){ Ax—0 AX Ju dx
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] ., dz - .
thqt}.Tmha néuz:uz—uv+2v2,u=e X v =sinx.

Theo cong thuc (7.23), ta ¢d

dz _ozdu dzov _ ., . Xy Lo
a‘EH’L@&"Q" vi{(—e ") + (—u + 4v)cosx

=—(2¢ “ —sinx)e " + (4sinX — e “)cOsX.

Chu thich 1. Néu z = f(x, y) 1a ham s6 kha vi cha x, y va néu y=yx)la

ham sd kha vi chia x thi z = f(x, y(x)) 12 ham s6 hop ctia x, kha vi d6i v&i x
vatacod

dz 82 dz dy

& ot ey (7.24)

Pao ham ix & vE trdi goi 1A dao ham todn phdn cua z d6i véi x, con

dao ham gx—z & vé& phai 13 dao ham riéng cta z = f(x, y) d&i véi x.

Vidy 2. Tinh g—i néu z = In(x” + yz), y= sin’x.
Theo cong thire (7.24), ta _cé

dz _0z dzdy  2x Y 5 dinxcosx = 2x._:i-4sm XCOSX
dx 0ox dy dx J'(2+y2 x% +y? xZ+sin*x
3.1.2. Biy gits xét ham s8 'z = f(u, v), rong déu =u(x, y), v=v(x, y) Ia
nhitng ham s6 cta hai bién s6 déc lap x, y. Khi d6 z = f(u(x, y), v(x, y)) 1a
ham s hop cia x, y théng qua cac bién s6 trung gian u, v.
Dé tinh dao ham riéng d6t véi x cha ham s3 z, ta xem y khong déi, khi
d6 z = f(u(x, y), v(x, ¥)) 12 ham s& hop clia mot bién s6 doc 14p x thong qua
hai bién s& trung gian u, v. Do dinh 1¢ 7.4, ta cé

Ciing lap ludn nhu vy khi tinh %,

Dinh 1y 7.5. Néu ham s6 z = flu, v) lad ham s6 kha vi cila u, v va cdc ham
56 u = u(x, y), v = v(x, y} cé cdc dao ham riéng u,, uy, v, v, thi 10n tgi cdc

ta duge dinh 1y sau.

dao ham riéng & O va ta cé
. dx’ Oy '
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O _of ou Oof o
Gx ou 6x+6v ox’ (7.25)
oz Qfau o o N
5)' ou 8y 5V5y
. oz 0z u X
Vidu 3. Tinh ——-——né’uz:ecosv,u=x,v=—.
: % By »PYEy
Ta cé
E--'::c:osv = —e"sinv, O = éu———xﬁ—li‘{——-i
au av"' .'ax_y’ay_ ’ax_ysay— yzo
Do dé '

oz xy [x] Xy s [x]l xy[ [x) 1. (xﬂ
—=¢eYcos| = |y—e¥sin| = |—=¢ cos| =1 — ~sin| = ||;
ox y )’ yJy Y y) v \y
?—z—=e ycos(x]x—e""sin(«’-‘—) X e xcos[ij—isin(ij .
Oy y YA y? y) v \y

Chi thich 2. Quy tac tinh dao ham cta ham s& hop ciing dugc md rong
cho trudng hgp ham s6 f phu thuge nhiéu bién s6 trung gian hon va cac bi€n
s0 trung gian phu thudc nhiéu bién s6 dac 14ap hon.

3.2. Pao ham ciia ham s& &n
3.2.1. Gié si hai bién s6 X, ¥ dugc rang budc véi nhau bdi phuong trinh
F(x,y)=0. (7.26)
Néu y = f(x) 12 mo6t ham s6 xdc dinh trong mot khoang nao dé sao cho
khi th€ y = f(x) vio phucmg trinh (7.26), ta dugc mot déng nhét thic thi ta

néi rang y = f(x) 1a ham s6 dn x4c dinh béi phlrong trinh (7.26). Chang han
phuong trinh

x4yt —a?=0 - (7.27)
xéc dinh hai ham s6 4n y = va®? —x* vdy = —Ja® —x® trong khoing
—a < X < a, vi khi thé€ chiing vao phuong trinh (7.27) ta dwge déng nht thic

2+ (a2 - xz) —a’= 0, ¥x € [-a, a).

Chii § ring khong phii moi him s6 4n déu c6 thé bi€u dién dugc dudi
dang y = f(x). Chang han, ham s& 4n xic dinh béi phuong trinh
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xy—¢ +e'=0
khong thé biéu dién dugc dusi dang y = f(x).

Ngudi ta ching minh dugc ring néu ham s6 F(x, y) kha vi triy mot s§
diém, ham 6 y = f(x) kha vi. L4y dao ham hai v& phuong trinh (7.26) theo x,
cong thitc (7.24) cho ta

F(x, y) + Fy(x, y)y' = 0.
Do d6 néu Fy(x, y)=20,tacéd

1 Fx(.x$ Y) ' ’
=i 28
VTR ky) 7.28)

Vidu4. Tinh y' néu x* + y3 - 3axy = 0.
Vi Fx, y) = <° + y3 ~ 3axy kha vi trén toan R? nén theo cong thic
(7.28), ta'cé | |

. _ B (xy) _ _3x2 — 3ay _xz -~ ay
F (x,y) 3y? - 3ax y2 - ax

Vidu 5. Tinh y' n€u xy —¢* + &' = 0.

y néu yz—ax;&O.

ViF(x, y) =xy ~e* + ¢’ kha vi tren RZ nen

y’=—F"(x’y) =-L7° ndux+e =0

Fy(x1Y) - X +¢e¥

3.2.2. Ta néi ring ham s6 hai bién s6 z = f(x, y) 4 ham s& 4n xdc dinh
béi phuong trinh .

F(x,y,2z)=0 (7.29)
néu
. F(x,y, f(x,y)=0
véi moi (x, y) thugc mién x4c dinh cia f. Ciing nhu trong trudng hop truée,
née F(x, y, z) kha vi thi trir tai mot s6 diém déc biét, ham s& f(x, y) kha vi.

Ldy dao ham hai v& phuong trinh (7.29) d6i véi X va d6i vdi y, ta duge
14n Lt :

oF oF oz
gx'(stsz) + E(x’y,Z)a - 0 3
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oF oz
?(x yZ)+ Z(X’y’Z)a_}'_O
Do d6 néu -g—l;(x, y,z) # 0, tacé

oz Fy2 & KKy

Ex__ E,(x.y.z)’ dy F,(x,y,z) - (7.30)

Viduo. Tmh 6 ay néu Xyz = cos(X + y + 7).

Vi F(x, ¥, 2) = xyz — cos(x + y + z) kha vi trén R> nen cong thirc (7.30)
cho ta:
@ a _Fx(x,y,z) _yzisin(x +y+1z)

dx F(x,y,2) xy+sin(z+y+z)’

Oz _Fy(X,}',Z) _ Xz + sin(x +y + 2)
oy F,(x,y,2) Xy +sin(x +y+z)’

§4. DAO HAM THEO HUGNG. VECTO GRADIEN

4.1. Dao ham theo hudng

4.1.1. Ta biét rang cdc dac ham riéng
fi(Xo» Yo) fy(Xg, ¥o) bi€u dién van t6c
bién thién cha ham s6 z = f(x, y) tai diém
My(Xg, ¥o) theo hudng cia cic truc Ox, Oy.
Bay gid ta mudn tinh van t6c bién thién clua
harn s0 ay tai M, theo mét huéng bat ky xic
dinh bdi vecto don vi U cla nd. Goi a la
gbc gilfa truc Ox va vecto G. Khi d6 vecto
U ¢6 cdc thanh phin (cosa, sina). Qua M,
dung mot duong thing cé hudng cia d, 5 ' -

n - - x
trén duong thang 4y 1y diém M(x, y) sao %o
cho M_M = pu (hinh 7.16), p 12 dé dai dai Hinh7.16

s cila MyM. Gidi han n€u cé cha ty s
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" Vay dao ham riéng % la dao ham

Az _ (M) - f(Mg) _ f(x.y) - f(Xp,¥o)
P p | P
khi p — 0 goi 12 dao ham clia ham 2 theo hwong T tai My, duoc k hieu Ia

Dgz(My) hay 7 Mo)-

Néu u tring véi vecto don vi 1 cia truc Ox thi

. Uxg +p.¥o) — 2(Xg, oz
Dgzz(My) = lim (Xo + P:¥o) ~ Z(X0,¥g) = —~( Xgs¥o) -
p—0 %

cia z theo hudng cla truc Ox, con

0

% 12 dao ham ciha z theo hudng cla

oy
truc Oy.

Trén hinh 7.17, Dzz(M,) biéu
dién hé s6 géc clia duimg ti€p tuyén T
cla giao tuyén C clia mat z = f(x, y)
v6i mat phing di qua MyP, va
vecto U. Dgz(Mo) ciing biéu di€n X
van t6c bién thién ciia ham s6 z = f(x, y) Hinh7.17
tai M, theo huéng .

Binh Iy 7.6. Néu ham s6'z = fix, y) khd vi tai My(x, y,) thi tai d6 né c6
dao ham theo moi huéng i va S

Dzz2(My) = fdxp, yp) cosa + Fxg, yolsine, (7.31)
a la géc ma 4 tao véi truc Ox. _
Chiing minh: Vi ham s6 f(x, y) kha vi tai M nén s gia
- Az = (M) - f{(Mp) = f(x + pcosa, yg + psine) — f(xg, yo)
c6 thé viét dudi dang
Az = f,(xg, yp)pcosa + f, y(Xo» Yo)psina. + apcosa + psma
trongdéa—:»{) B—)Okhnp——)O Do d6
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— = fi(Xg, yp)cosa + f(xg, yp)sina + acosa + Bsina.

Vay
DEZ(MO) = {,(Xg, yp)cosa + fy(xo, Yo)sino. B

Vi dy 1. Tinh dao ham cfia ham s6 z = x% — S5xy + 3y3 theo hudng clia
vecto V = 61 + 8] tai diém (2, =1).

i] . Theo cong

Vecto don vi U mg véi V c6 céc thanh phdn [ '3

il w

thuc (7.31) :
) 3 2 4
Dgz(x,y) = z(X, y)cosa + zy(x, y)sino = (2x — 5y)—5~ + (—3x + 9y )g,

Dgz(2,-1) = (2.2 + 5.1)% + (—10+9)% = 25_3

4.1.2. Dao ham cia ham s6 ba bién s6 w = f(x, y, 2) theo hudng x4c
dinh boi vecto don vi U tai diém My(Xg, Y. Z,) duoc dinh nghia twong
nhu trén. Giéng nhu chitng minh dinh 1§ 7.6 ta c6 :

BDinh ly7.7. Néu ham s6'w = fix, y, z) khd vi tai My(x,, Yy, 2p) thi tai dé
né cé dao ham theo moi hudng xdc dinh bdi vecto don vi & va
Dy f(x0,Y0:20) = flxp, Y. Zp)cosa + f{xg, ¥, zp)cosp +
+ f{xp, Yo, 2p) cosy, (7.32)
trong do a, B3, yla nhitng géc ma i ﬂ;w vai ba truc Ox, Oy, Oz.
4.2, Vect& gradiéln

Néu ham s6 hai bién s6 f(x, y) c6 cdc dao ham riéng f,, .fy tai diém
M(x, y), ngudi ta goi gradién cha f tai M 1a vecto c6 cdc thanh phan
(£x(x, ), fy(x, y)). ky hieu gradf(x,y) hay Vf(x,y). Vay

grad f(x, y) = (£(x, y), f(x, ¥)) = f(x, Vi + fy(x, Vi. (7.33)



Vidy 2. Tinh grad f(M) néu f(x, y) = In(? + y2), M3, -4).

grad f(M) = 22x 2?+ 22}"2"‘.
X“ +y X“+y

- 6- 8-

gradf(3,—4) = 751~ 754

Néu ham s ba bign s¢ f(x, ¥, 2) ¢6 cdc dao ham riéng f,, f,, f, tai
M(x, y, z), ngudi ta goi gradién cuia f tai M 1a vecto c6 cdc thinh phan

- Ky, 2), (%, y, 2), £4%, v, 2))
vaky hieu B gradf(x,y, z).
BDinh 1y 7.8. Néu ham s6 f khd vi tai diém M thi gid tri Ién nhdt cia dao
hdm theo hudng D, f(M) bdng ,g: ‘adf (M), va dat duge khi i cing huong
VoI vecto g!ad F(M).

Chrmg minh: Ta chitng minh cho ham s8 ba bi¢n s§ f(x, y, z). Vecto
grad f(M)cé céc thanh phén (f, (M), f, v(M), f,(M)), con vecto don vi U c6
cdc thanh phin (cosa, cosB, cosy). Do d6 tich vo huéng cha hai vecto
grad f(M) va i dugc tinh theo cong thirc

grad f(M).u = f.(M)cosa + fy(M)cosB + f,(M)cosy = D;f(M).
Theo dinh nghia cia tich vo huong, ta cé
Dif(M) = grad (M. = [grad f(M)|liilcose

0 1a géc gifta grad f(M) va . Do dé grad f(M).u dat gia tri 16n nhat khi
cosB = 1, tic 12 khi 8 = 0, hay khi huéng cia o iring véi huéng cia
gradf(M). Khi 46 '

grad {(M).ii = |grad f(M)| @ |
Vidu3 Néuf(x,y,z)= x>+ y3 +2°+ 3xyz, tinh gr-—ad.f va tinh dao ham
cia f tai M(1, 2, ~1) theo hutng cia vecto w = —i + 2] - 2.
Giai: Tacé
gradf-—f i+ f _]+fk 3(x? +yz)x+3(y +ZX)]+3(Z +xy)k
gradf(M) = 3(—1 + 3_] + 3k)
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Ba cosin chi hudng ciia w I [-

3|

,%,—%—), d6 1a ba thanh phan cia vecto
don vi i tng véi w. Do d6

Dyf(M) = grad f(M) i = (—3)[—%) cols 9[%] -1

Vi du 4. Cho ham s6 f(x, y) = x> — Xy + yz.
- a) Tinh van t6c bién thién ciia f tai A(2, 0) theo huéng tix A d&én B(S, 4).

b) Theo hudng nao thi van téc bign thién dy 16n nhat. Tinh gi4 tri 16n
nhit ay.

Gidi: a) gradf = (f,, f,) = (2x — y, =x + 2y),
grad f(A) = (4, -2).

Vecto AB c6 céc thanh phédn (3, 4), vecto don vi U vng véi né Ia (—g-,%)
Do dé
— . 3 _4 4
Dﬁf(A) = gradf(A)u = 4.3 - 2.'5 = g.

b) Theo dinh 1§ 7.8, van t6c bién thién clia f tai A dat gid tri 16n nhat khi
i cling huéng v6i gradf(A) = (4, —2). Gi trj 16n nhat 4y bing

|gr""f"adf(A)| = {42 + (<2 = J20.

4.3. Trudng vecto
Ngudi ta goi truong vecto x4c dinh trén mot mién D < R’ Ia moét 4nh xa

cho tng v6i méi diém M(x, y, z) € D mot vecto duy nhat F(M) c6 gbc tai

M, céc thanh phin P(x, y, z), Q(x, , 2), R(x, y, ). Néu 1, j, k 12 céc vecto
don vi trén ba tryc toa d6, ta cé

F(M) = P(x,y,2)i + Q(x,,2)j + R(x,y,2)K. *)
Ching han, n&u f(x, y, z) 12 mot ham s6 x4c dinh, c6 c4c dao him riéng
clp mot trong mién D c R thi gﬁf_ 12 mt trudng vecto xéc dinh trong D.
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Giple

og,

Trucmg vecta F(M) cho bdi cong thic (¥) g01 1a truomg thé néu t6n tai
mot ham s6 u(x, y, z) sao cho

du ou ou
gradu = Fo o P(x, y, 2), Fri Qx,y, 2), i R(x, y. 2),

tic 1a sao cho P(x, y, z)dx + Q(x, y, 2)dy + R(x, v, z)dz = du. Ham s6 u(x, y, 2)
g0i 1a ham 6 thé vi cla trudmg F.

Twong tu nhy vy, trudng vecto xac dinh trong mot mién D < R 1a mot

4nh xa cho tng v6i méi diém M(x, y) € D mot vecto duy nhat F(M) c6 géc
tai M, céic thanh phén P(x, y), Q(x, y). Ta c6

F(M) = P(x,y)i + Q. Y)i. (%)
‘Trudng vecto x4c dinh béi cong thic (**) g01 12 truomg thé néu t6n tai
mot ham s6 u(x, y) goi 1a ham s6 thé vi cha trudng F sao cho

a Q(x,y),

du
radu=F¢>—-*=P(X, ,
gradu y) 3y

ax
tic la sao cho
P(x, y)dx + Q(x, y)dy = du.

Theo dinh 1y 7.3, bi€u thiic Pdx + Qdy la mot vi phan toan phin khi va
chi khi

@ = @ (F*%)
oy ox’ |
Vay trudng F cho bdi (**) Ia trudng the khi va chi khi diéu ki¢n (***) duge

thod man. Khi d6 ¢6 thé tim duge ham s6 u(x, y) theo P(x, y) va Q(x, y) (xem
muc 2.2.4). '

Vi du 5. Céc trudng vecto sau ¢6 13 trudng th€ khong. Tim ham s& the vi
cla trudng néu d6 1a trudng thé.

) Fr = &2+ )i+ &2 - y)j
2) B, = (3x% + y2)i + (2xy - 3)j.
Giai: 1) Tacé
P(x, y) = x* + ¥, Q(x, y) -y,

opP xQ
By =2y #2X = "
Vay F, khong la truong thé.
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2)Taco _ :
P(x,y) = 3x? + v2,  Qx, y)=2xy -3,

P _,, _ R
'é;—ZYmEX—.

Vay_ﬁz 1a truding thé. Ta tim ham s6 u(x, y) sao cho

'ﬁu_ 2 25‘u_ 3
a—k +y,ay_2xy_ 3.

T phuong trinh sau suy ra
' u= xy2 =3y + 9(x),
@(x) 1a mot ham s6 kha vi bat ki, Do dé

u_ 5
w oY e

So sanh vai biéu thite cta gux- d trén, ta duoc
0'(x) = 3x° = o(x) =x" + C,

Cla hang s6 tay v. Viay ham s6 vi the clia truong 1—52 la
u(x, y)= xy2 -3y + x>+ C

§5. CUC TR

5.1. Cyc tri cia ham s& haj bién s&

5.1.1. Dinh nghia. Ta néi ring ham s6 z = f(x, y) dat cyc tri tai diém
Mo(xo. ¥o) n€u v6i moi diém Mx, y) khd gin M, nhung khic M, hi¢u
f(M) — (M) c6 ddu khong déi ; neu fM) — f(Mo) > O thi (My) 1a cuc tidu ;
néu (M) — f(Mo) < 0 thi f(My) 1 cyc dai. Cuc dai va cuc tiéu duoc goi
chung 1 cye tri, diém M, duge 801 14 diém cuc tri.

Vidy 1. Ham s6 2 = x* + y* dat cyc tiéu tai (0, 0) vi «2 + y? > 0,
Y(x,y) # (0, 0). _

5.1.2. Diéu kién cén cia cuc tri

Binh 1§ 7.9. Néu ham s6 fix, y) dat cye tri tgi diém My(x,, y,) va tai do
cdc dao ham riéng ton tai thi :

Jdx9. 300 =0, ffxg. yp) = 0. - - (734
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Chimg minh: V1 f(x, y) dat cuc tri tai My(Xg, ¥o) nén néu c6 dinh y =y,
thi ham s6 mot bién s6 x +— f(x, yo) dat cuc tri tai X = x5 Vi dao ham
riéng £ (Xg, Yo) ton tai, né phdi bang 0 theo dinh ly Fermat. Ciing nhu vy
fy(x{)o }'0) =0.m

Diéu kién (7.34) 11 diéu kién cdn ca cyc tri, n6 khong la diéu kién du vi
tai nhimg diém ma céc dao ham riéng cdp mot bing O chua chic ham s6 dat
cu tri. Tuy nhién dinh 1§ 7.9 cho phép ta chi tim cyc tri tai nhimg diém & d6
cdc dao ham riéng cdp mot déu bang khong, goi 1a diém ditng.

5.1.3. Diéu kién du cua cuc tri

Ta thira nhan két qua sau.

Dinh Iy 7.10. Gid sit rdng My(xp, yo) la mot diém dimg ctia ham s6
fix, y) va ham s6 f{x, y) c6 dao ham riéng cdp hai & ldn cdn diém M. Ddt

r = feodXo, Yoh 8 = F(Xg, Yo, t = Fy(Xp, Yo). Khi d6 =
| 1) Néu st - rt < 0 thi fix, y) dat cuc tri tai My. D6 la cuc tidu néur >0,
la cic dainéur <0 ;
2) Néu s2 —rt>0thi fix, y) khong dat cuc tri tai My ;
3) Néu s? —rt = 0 thi chua két ludgn duoc f(x, y) dat cuc tri hay khong
dat cuc tri tai My (trudng hop nghi ngo).
Vidy 2. Tim cyc tri cia ham s6 z = x>+ y2 +4x -2y + 8.
Taco
z, =2x+4,z, =2y - 2.
Toa d6 clia diém dimg 13 nghiém cia hé
2x+4=0
2y-2=0
Vay diém dimg duy nhdt 1a diém (-2, 1).
Vizxx=2.zxy=0,Z),y=2nénsz-rt=—4<0,cbnr=2>0,vayh51m
56 dat cuc tidu tai didm (=2, 1) VA zy = 22 + 17+ 4.(=2) - 2.1 + 8 = 3.

Néu viét lai z = (x + 2)% + (v — 1) + 3, ta thdy 22 3 V(x, y) € R?, ding

- thirc xay ra khi va chi khi x = -2, y = 1, 1a théy lai két qua trén.

Vi du 3. Tim cuc tri cha ham s6 z = X+ y3 - 3xy.
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Ta cé

zx='3x2—3y, z,= 3y2—3x.
Toa do ciia diém dimg 14 nghiém ciia he

x% ~ y=0

vy -x=0
D6 12 mot he phuong trinh d6i xing. The y = x tir phuong trinh ddu vao
phuong trinh sau, ta dugc

0=x"-x=x0 - 1) = x(x ~ D +x + 1),

Phuong trinh 4y c6 hai nghiém x =0, x = 1. Vay ¢6 hai di€m dimg M(0, 0),
M1, 1). Viz, = 6x, Zyy = =3, 2, = 6y nén tai My(0, 0} ta 6 s> ~ 11 = 9> 0,
diém M khong Iz di€m cyc tri. Tai My(1, 1) tacé s ~rt = 9 —36 = 27 < 0,
r=6>0,M, ladiémcyctiéu,z, =1+1-3=-1.

Vidy 4. Tim cyc tri cha ham sdz=x3+y3.

Tacé z, = 3x?, z, = 3y2, vdy chi ¢6 mot Y
diém dimg M(0, 0). Vi Zyy = 6%, 7, = 0, z,, = 6y,
nén tai M, ta ¢6 -t = 0. Vay chua két
luan ngay dugc. Chd ¥ Fing 2(My) = 2(0, 0) = O,
4%, y) - 20, 0) = x* + y*. Hiéu 4y duong néu
diém M(x, y) ndm trong géc phén tu thit nhat,
4m n€u M nim trong géc phdn tw thi ba. Do
d6 dau ciia higu (M) — z(M,) thay déi & lan
can diém M, (hinh 7.18) nen M, khong 1
di€m cyc tri.

Vidy 5. Tim khodng cich ngén nhat tir diém (1, -2, 0) dén mat phing
3X-2y+z=1.

Khoang céch tir diém (1, -2, 0) dén diém (x, Y, 2) bﬁn_g

.

Hinh 7.18

d= (x -2 +(y +2) + 22,
Vi diém cyc tri ciia d tring véi diém cue trj ciia d, ta tim cue tri cha

=12+ y+2)%+ 2 = fx, ¥, 2). (7.35)
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Vi diém (x, y, z) nim trén mat phing 3x ~2y +z=1 nén cic bi€n s6 x, y, 2
trong (7.35) thod man diéu kién - _
Ix—2y+z=1. | (7.36)
‘Th€ z=1 - 3z + 2y riit ra tir (7.36) vao (7.35) ta duge
=(x— 1)2+(y+2)2+(1 -3x+2y)2:=F(x, ¥).
Bai toan trd thanh tim cuc ti€u cia ham s6 hai bién s F(x, y). Taco
F, = 2(x — 1) — 6(1 — 3x + 2y) = 4(5x - 3y - 2),
F, = 2(y +2) + 4(1 - 3% + 2y) = 2(~6x + 5y + 4).
Toa d6 cha diém dimg 14 nghiém cia h¢ phwong trinh
5x—3y—2=0
{—éx +5y+4=0.

Giéi h¢ trén, ta dugc mét diém dimg duy nhat 1a [—% - %—] . ViF,, =20,
F =12, F, -IOnéns —-rt=144 - 200 =-56 <0, r-20>0nénMolé
dlem cuc txéu Hon nifa ta biét ring trén mat phing 3x — 2y + z = 1 c6 mot
diém ma khodng cich t6i diém A(l, -2, 0) bé nh_at dé 1a chan cua duong
vuong géc ha tir A xudrnig mat phing d6. Khodng cich d6 1a

d= Jx - 1% + (y + 27 + (1 - 3x +2y)?

T

Chii thich. Cuc tri clia ham s6 ba bién s& (7.35), trong d6 cic bi€n s x,
y, z thoa min diéu kién (7.36) goi 1a cuc i c6 diéu kién (hay cyc tri tuong
d6P). Trong vi du 5 ta di théy bai todn im cuc tri ¢6 diéu kién cia ham sd ba
bién s& f(x, v, Z) vao diéu kién z = ¢(x, y) dugc dua vé bai todn tim cyc tri
ctia ham s6 hai bién s6 f(x, y, ¢(x, y)) = F(x,y).

Ciing vay, bii toén tim cyc tri tuong d6i chia ham s& hai bi€n s6 f(x, y)
véi diéu kién y = @(x) duge dua v€ bai todn tim cuc tri clia ham s6 mot bién
6 f(x, @(x)) := F(x).

Vi du 6. Trong céc hinh chit nhat ndi ti€p trong hinh tron ban kinh R,
hinh ndo ¢6 dién tich 16n nh4t.
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Goi x, y la chi€u dai hai canh ciia hinh chit nhat. Dién tich cta hinh chit
nthat 1a S = xy. Vi hinh chit nhat néi ti€p trong hinh trdon bén kinh R nén theo
dinh 1y Pythagore, ta ¢6 x> + y* = 4R (hinh 7.19). Vay ta cin fim cyc dai
clia ham s0

S=xy (737
véi didu kién

x> +y? = 4R% (7.38)
Vix >0,y >0 nén tir (7.38) rit ra '

y = V4R? ~ x%, y c6 nghia khi x* < 4R? x

< x < ZR. Vay cin tim cyc dai cha ham R y
s6 mot bién s8
S= xv4R? — x? ,0<x <2R.
Ta cé | | Hinh 7.19
4R - x 4R —x

g% — Okhi x = RyZ . T bing bién thién

X 0 RV2 2R

.g.g £0 -
S . /.2112\‘ .

ta thdy S dat cuc dai khi x = Rv2, khi 46 y = Ry2 . Vay hinh chit nhat noi
ti€p trong hinh tron ¢é dién tich 16n nhét khi né 1a hinh vuéng.

Chit thich. « Ta ¢6 thé tham s6 hod diéu kién (7.38) bang cich dit
x = 2Rcost, y = 2Rsint, 0 < t sg vix>0,y>0.Khi dé
S = 4R%sintcost = 2R sin2t,
né dat gid tri 16n nhdt khi sin2t = 1 = t = % = x = y. Ta di dén két qua
nhanh hon.
42



L N
o

x? +y?

. Theo bét ding thic Cauchy, Xy < , diu béng. xay khi x = y. Do

d6 néu dang bat ding thic 4y ta dugc ngay két qua.

5.2. Gia tri 16n nhat va bé nhat cla ham s& hai bién so
trong mét mién déng gisi noi

Cuc tri ma chiing ta dinh nghia & muc trude chi cé tinh chat dia phuong.
Chiing 16m hon hay bé hon nhiig gid tri khdc ctia ham s6 & lan can diém cuc
tri. Ngudi ta thudng goi d6 1a nhing ctrc tri dia phuong. Bay gi0 ta mudn tim
gid tri 16n nhat v bé nhat cia ham sg trong toan bé mét mién nio d6. Ta
biét rang néu ham s& f(x, y) lien tuc trong mot mién déng gii noi D thi né
dat gid tri 16n nhat va gi4 tri bé nhit cia né trong mién &y. Néu cdc gid tri dy
dat dugc tai nhitng diém & bén trong mién D thi nhimg diém ay phai 1a diém
cyc tri, do d6 I3 diém dimg ciia ham s6. Nhung cic gia tri 4y ciling c6 thé dat
dugc trén bién clia mién D. Do dé mudn tim gi4 tri I6n nhat va gia tri bé nhat
cha ham s6 f(x, y) trong mién ddng gidi noi D ta thuc hién cac buge -

1) Tinh gid tri ctia f tai cdc diém dimg cfia f nim trong mién D ;

2} Tinh gid tri 16n nh4t va bé nhat cba f trén bien ctia mién D ;

3) S6 16n (bé) nhat trong cdc gid tri tinh ¢ 1) va 2) 1a gid tri 16m (bé) nhat
phai tim. :

Yi
Vidy 7. Tinh gi4 tri 16n nhat va bé
nhét ctia ham s& f(x, y) = X+ 2xy + 3312 A ! B
trong mién D déng hinh tam gidc c6 cic
dinh A(~1, 1), B(2, 1), C(-1, -2). 3 o A 2 X
Ham s6 f(x, y) lién tuc trong mién D, _1/ '
Dé tim diém dimg ta gidi hé | /
fo=2x+2y=0 ool -2
f, =2x+6y =0. " Hinh7.20

D6 1a mot he phuong trinh tuyén tinh thuin nhat c6 dinh thitc khic khong,
nén né chi ¢6 nghi¢m tam thuomg, vay chi c6 mot diém dimg 1a diém (0, 0)
nam trong D (hinh 7.20), f(0, 0) = 0. Tren canh AB, y = 1, f(x, 1) = % + 2x + 3,
~1 £ x < 2. Tam thiic bac hai 4y dat cyc tiéu tai x = -1, f(-1, 1) = 2, ¢dn
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£2,1) = 11. Tren canh AC, x = -1, (-1, y) = 3y* - 2y + 1,-2<y<1,nédat
cuc ﬁéu@y:%,f[-—l,%—):%, f(-1, -2) = 17,'f(-1, 1) = 2. Trén canh BC,
X~y=ldodoy=x-11(x,x~1)=x"+2x(x - 1)+ 3(x ~ 12 = 6x* ~ 8x + 3,
. e 2 (2 1) 1 -
-1 < < = — —_——- | = -1. =2) =
1 £x <2, n6 dat cyc tidu tai x 3 f[B’ 3] 3,1“( 1, -2) = 17,
£2, 1) = 11. So sanh céc gid tri da tinh, ta thay
f

min = 0, fma.x = 17.

§6. VAI UNG DUNG CUA PHEP TiNH VI PHAN
TRONG HiNH HOC

6.1. Ham vecto. Pudng cong trong khoéng gian
6.1.1. Dinh nghia va vi dy

I1a mot khoang trong R, 4nh xa cho Ung véi méi s6 thuc 1 & I mot vecto
trong R" duy nhét I(t) goi 1a mot ham vecto, Ta s& Xét véi n = 3, Néu x(t),
¥(t), z(t) 12 ba thanh phdn cla vecto T(1), ta viét

£(1) = (x(t), y(1), z(0) hay T(t) = x(1)] + y(©)] + z()k.

D4t OM = T(t), diém M c6 toa do 0
(x(1), y(1), z(t)) (hinh 7.21). Gia sir cdc c I
ham s6 x(t), y(t), z(t) lien tuc trén L M

Khi t bién thién trong 1, di€ém M vach E
thanh mot dudng cong C lien tuc trong 5

3 FYR [e) y -
R’. Ta néi ring x = x@), y = y(t), 2 = z(9) T \ ;
L cdc phitomg trink tham 6 clia duong O - Sl
cong C. T()=x(i+ymj+z)k 1 X Hinh 7.21

phuong trinh vecto cia dudng cong C.
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Néu lim x(t) = Xy, lim y(t) = Yoo lim z(t) = Z,, Ngudi ta dinh nghia
t-t t—t, ot

0

lim 7(t) = ¢,

t1,,
trong d6 §, = (x,,y,, z,).
Vidu 1. Mo t dudng cong bidu dién b phuong trinh vecto
) =2-t,1+ 3t, -4 + 51).
Phuong trinh tham sé ciia dudng cong la
X=2-t,y=14+3t,2=—4+5¢,
T ba phuong trinh trén, riit ra
-1  z+4

st"'

—n_ =3
t=2-xt 3 5

Vay

2-x=

3 5
D6 1a phuong trinh ciia dudng thing di qua diém (2, 1, —4) song song vdi
vecto {1, 3, 5). - | .

Vidu 2. Mo ta dudng cong cé phuong trinh tham s6
X=cost,y=sint,z=t¢

y-1 z+4

Vi x? + y2 = cos’t + sin’t = 1 nén
dudmg cong ndm trén mat try tron cé

phuong trinh xz + y2 =1.

Vi z = t nén dudng cong xodn trén
mét tru (hinh 7.22). Pudng cong goi 1a
dudng xodn 6c. Cling c6 thé xem dudmg
xoln 6¢ Ia quy dao cia hgp hai chuyén
dong : chuyén dong quay tron déu trong X
mit phing Oxy quanh géc toa d6 va
chuyén dong thing déu theo tucQz. ’ Hinh 7.22

<Y

6.1.2. Phuong trink cia liép tuyén, phdp dién cia duong cong tai
mét diém :

Gidsittg e Ivaty+h e I, cde diém Mx(to), y(to), 2ttp)e C va
Mx(t, + h), y(t; + h), Z{ty + h)) € C. Vecty
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:ﬁ?(to) = F([O + h) — F([o) =0OM -0OM, = MGM

¢6 céac thanh phin (x(ty + h) — x(tg), y(ty + h) — y(tp), z(tg + h) — 2(1g)).

Do do6 :
AT(t,) _ X(t, + hy —x(t)) y(t, +h)—y(t,) z(t, + h) - z(1,)
h h " h ’ h )
z4
Néu cdc ham s6 thanh phan x(t), y(t), z(t) M
kha vi tai t; thi ton tai Mo
i AF) _ Tty 4 1) - T(t,) c
h—o h h—o h
Gidi han d6 goi 13 dao ham ciia ham g -
vecto T(t) tai to, k¥ higula 7'(t,). Vay
T'(t,) = (X'(tg), ¥ (to), Z(tp). (7-39) X Hinh 7.23

Mat khéc, vi trf gi¢i han coa dudng cdt tuyén MgM khi M dan t6i M,
trén dudmg cong C néu t6n tai 13 ti€p tuyén cua C tai My. Vay néu vecto
T'(t,) # O, phuong clia vecto 7'(t,) tring véi phuong cla ti€p tuyén cia

. dudng cong C tai M. Diém (X, Y, Z) R? ndm trén dudng ti€p tuyén clia
C tai M, khi va chi khi vecto M_P cung phuong véi vecto T'(t,), nghia la
X —x(t,) _ Y - y(t,) _ Z—z(t,)
X'(ty) ALY, z'(t,)
D6 1a phuong trinh 1i€p tuyén ctia dudmg cong C tai M.

(7.40)

Mt phiing di qua M, vuong géc véi tiép tuyén cila dudng cong C tai M
goi 3 phdp dién.ctia dudng cong C tai My. Diém P(X, Y, Z) € R? nim trén
phép dien cita dudng cong C tai M, khi va chi khi

M_P L F'(t,) hay M_P.7'(1,) = O,
nghiala
X - x(t) X' (tg) + [Y - y(t)] Y'(tg) + [Z ~ 2(1)] Z(tg) = 0. (7:41)
D6 1a phuong trinh clia phép dién clia duong cong C tai M,
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Vidy 3. 1) Viét phuong trinh dudng ti€p tuyén va phdp dién clia dudng
x0én 6c :
X = acost, y = asint, z = bt
tai diém ing véi t = g
2) Chitng minh ring dudng ti€p tuyén vdi dudng xoén 6¢ d6 ludn tao vdi
truc Oz mét géc khong déi.

Gidi:
n n T T
(5)-0.5(5)-= 5) -5

1)Tacé:
x'(t) = ~asint, y'(t) = acost, (1) = b,

i) )

Vay phuong trinh ciia tiép tuyén v6i dudng xodn oc tai di€ém img véi

n=%1a

hay

Y=abX= a[gb—z].

Phuong trinh phdp dién cia dudng xodn &c tai diém g véit = g 1a

~aX + b(z —;bj =0.
2) Vi x'(t) = —asint, y'(t) = acost, z'(t) = b nén cic cosin chi phuong cia
dudng tiép tuyén ciia dudng xoan 6c 1a
__asint acost b
\/az +b? \/az +b? \/a2 +b?
Cosin chi phuong thit ba khong phu thudc t, nén dudng tiép tuyén véi dudng
~x0dn 6¢ 1am vdi truc Oz mot géc khong déi.

. 6.1.3. Vi phdn cung

Tuong ty nhu trong dudmg cong phing, vi phan cung cla duimg cong
trong khong gian ¢é phuong trinh tham sg
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x=x(1), y=y(t), z=z(1)
duoc cho bai

ds = X2 + y2(0) + 22(1) dt. (7.42)

6.2. M3t cong
Cho mit cong S ¢ phuong trinh
fix,y,2)=0.
Diém M, trén mat S goi 1a diém chinh quy néu tai dé cic dao ham riéng £,
fy, f, du t6n tai va khong déng thi triet tigu. Mot diém khong chinh quy
goi 1a diém ky di. - |

M, 1 diém chinh quy trén mit S. Pudng thang M,T goi 1a duong tiép
tuyén cha mit S tai My néu nd 12 1i&p tuyén tai M cia mﬁt dudng cong nao
d6 ndm trén mat S di qua M. N6i chung c6 vo 56 dlifrng cong trén mat S di
qua My, do dé c6 vo s6 dudng ti€p tuyén clia mit S di qua M,

Dinh Iy 7.11. Moi duong tiép
tuyén voi mdt cong tai mét diém
chinh quy M ciia n6 déu ndm trén
ciing mot mdt phdng.

Chimg minh: Goi L 1a mot
dudng cong nao dé trén mat S di
qua M,, cic phuong trinh tham sd
cliand 13 Hink 7.24
x = x{1), y = y(), z=z(t). '
Diém M, thudc L, cdc toa do cla né 1a (X, Y. Zo), trong d6
g = X(tg), Yo = ¥(tg), Zg = Z(tp).
vdi mot gid tri xéc dinh 1 nao d6. Phuong trinh vecto cia dudbng L 1a
T(t) = (x(V, y(0), 2(1))-

Vecto T'(1,) = (X(tp), y'(lp), Z(tp)) cling phuong vdi tiép tuyén cua L tai My,
Mt khic, vi dudmg L nim trén mat S nén cdc ham s& x(1), y(t), z(t) phai thoa
min phuong trinh cua mat S, tic 1a ' '

48



f(x(t), y(1), z(t)) = 0.
L&y dao ham hai v& d6i véi t, ta duge _
(), y(O, 20X'© + £,0x(0), y(0), 2())y'(0) + L), y(0), 2)2(t) = 0.
Véit=1ytacé )
E(Mo)x'(t) + £, (Mpy'(tp) + f,(Mp)Z(tg) = 0. (7.43)
Vecto (£,(Mo), £,(Mo), £,Mg)) chinh Ia vecto grad f(M, ) # O (xem myc 4.2)
Vi M 12 diém chinh quy ciia mat S. Vecto d6 khong phu thuse dudng cong
L. cdn (X(to). ¥'(to), Z(t)) 1a vecto F'(1,). Do d6 phuong trinh (7.43) ¢6 thé
viét Ia
grad f(M,). 7'(t,) = 0.
Vay moi dudng tiép tuyén cia mét S tai M, déu vudng géc véi vecto
g_ra:i.f(M0 ). Chiing ciing ndm trén mét phing di qua My vudng géc véi
vectg Er?ri f(M,). '

Mit phing chita moi dudmg ti€p tuyén cita mat S tai M, goi 1 tiép dién

cda mat S tai My. Dudng thing di qua M, cing phuong véi grad f(M,) goi
1a phdp tuyén cta mat S tai Mg -

DiEmM(X,Y,Z) € R:’nénitréntié'pdiencﬁamatStaiMokhivﬂchikhi
MM . grad f(M,) = 0
hay
f,(Mg)(X - Xg) + £, (MoXY - Yo) + £,(Mp)(Z - Zg) = 0. (7.44)
D6 1a phuong trinh ciia ti€p dién ciia mat S tai M.
Diém M(X, Y, Z) € R® nim trén phap tuyén ciia mat S tai M,y khi va chi
khi vecto MM cinig phuong véi vecto ~1:'(M0) hay

X-x, Y- Yo Z-2
= =__"¢ 7.45
f,(M,) fL,MM,) (M) ' (7.:45)
Vi du 4. Viét phuong trinh ciia ti€p dién va phdp tuyén cia mit nén
X’ +y* — 22 =0 i diém 3, 4, 5).
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Tacéd
f(x,y,2)= x> +y> -22 =0,
do do
fo=2x,f, =2y, f=-2z
Phuong trinh ciia tiép dién ciia mit nén tai diém (3, 4, 5) Ia
6(X-3)+8(Y -4)-10Z-5)=0
hay
3X + 4Y - 5Z=0.
Phuong trinh ciia phdp tuyén clia mét nén tai diém (3, 4, 5) la

X-3 Y-4_Z-5
6 8  -10

Chit thich. Néu phuong trinh cla mit S ¢6 dang z = F(x, y), ta dat

f(x,v,2) :=Fx,y) -z
Khi d6 ‘ |
(%, ¥, 2) = Fe(X, ¥), (%, ¥, ) = Fy(x, y), (%, y, 2} = -1.
Vay ba hé s6 chi phuong ciia phép tuy&n clia mat S tai di€m (X, ¥o) 12
Fi(x0. Yo}, Fy(xo, Yov)a -1.

CAU HOI ON TAP

1. Phét biéu dinh nghia ham s6 ba bién s6, mién x4c dinh cia ham s6 ba
bién s8. Tim mién xdc dinh cia ham s6 f(x, y, z) = X%+ y2 +2°.

2. Cich biéu dién hinh hoc. cia ham s6 hai bién s6. Mat cdu X4y + Z=R
¢6 phai 1a d6 thi cia mot him s6 hai bi€n s6 nao khéng ?
Dinh nghia gi¢i han cia ham s6 f(x, ) khi (x, y) - (a, b).
Pinh nghia ham s6 f(x, y) lién tuc tai diém (a, b). Khi nao thi ham s6
f(x, y) khong lién tuc tai diém (a, b).

5. Dinh nghia dao ham riéng cia ham s6 f(x, y) tai diém (a, b). Y nghia
hinh hoc ctia né.



10.

11,
12.
13.

14.

15.

16.

17.
18.

19.

20.
21,
22,

Dinh nghia ham s6 f(x, y) kha vi tai di€ém (a, b). Néu f(x, y) kha vi tai
diém (a, b) thi cic dao ham riéng f (@, b) (@, b) c6 ton tai khong ?
Visao?

Néu ton tai cdc dao ham riéng f,(a, b), fy(a, b) thi ham s6 f(x, y) ¢6 kha
vi tai (a, b) khéng ? Véi diéu kién nao ham s6 f(x, y) kha vi tai (a, b).

Vi sao c6 thé img dung vi phan toan phdn d€ tinh gin ding bicu thic
f(xg + AX, yo + Ay) khi biét f(xg, yo). |
Dinh nghia dao ham riéng c4p hai, c4p ba clia ham s6 f(x, y). Khi nao thi
tacof xy(@ b) = fyx(a, b)

C6 bao nhiéu dao ham riéng cip ba ciia ham s6 f(x, y). Néu ching déu
lién tyc thi ¢6 bao nhiéu dao ham riéng cip ba khéc nhau cia {(x, y).

Vi diéu kién nao thi P(x, y)dx + Q(x, y)dy la mét vi phan toan phin.
Pinh nghia ham s6 hop. Quy tic tinh dao ham clia ham s6 hgp.

Dinh nghia ham s6 4n. Quy tic tinh dao ham clia ham s6 4n. Phuong
trinh f(x, y, z) = 0 x4c dinh bao nhiéu ham s6 4n.

Pinh nghia dao bam theo hudng cia ham sé f(x, y, z), dmh nghia
gradién clia ham s8 f(x, v, z), quan hé giira ching.

Vi saoc ham f(x, y) tai diém (a, b) ting nhanh nht theo hudng cia vecto
grad f(a,b).

Dinh nghia cyc trj ciia ham s6 f(x, y), cho vi du. Ham s6 f(x, y) = x° — ¥°
¢6 dat cuc tri tai diém (0, 0) khong ?

Quy tic tim cyc tri ¢hia ham s6 f(x, y).

Dinh nghia cu‘c iri c6 diéu kién clia ham s6 f(x, y). Quy tic tim cyc tri c6
diéu kién cia ham sd f(x, y).

Cich tim gid tri 1én nhat va bé nhat cua ham s6 f(x, y) lién tuc trong mot
mién déng giSi noi D.

Phuong trinh clia ti€p tuy&n va phdp dién clia dudng cong tai mot diém.
Phuong trinh cia tiép dién va phép tuy€n clia mat cong tai mét diém.
Céc ménh d€ sau day ding hay sai ?

1) Ham s6 f(x, y) = sinx + tgy x4c dinh trén toan R,
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2) Néu khi (x, y) = (0, 0) doc theo ci hai truc Ox, Oy ma ham s& fix, v)

dén t6i cing mot gi6thanL thi  lim  f(x, y)=
(x.y)(0.0)

sin(:'c2 + yz)

3) Ham 56 f(x, y) = —=——— lién tyc tai diém (0, 0).
X" +y
)£ (a, b) = lim (%D =f@b)
" X—a X—a

5) Néu t6n tai cdc dao ham riéng f,(a, b), f,(a, b) thi ham s6 f(x, y) kha
vi tai (a, b).

6) C6 ham 6 f(x, y) nao thoa méan céc ding thic sau khong ?
fi(x,y) = 3x% - 3y2, fy(x, y) = 3x% + 3y2.
— 2
TYN&f(x,y,2)= ¢ thi grad f(x,y,2) = ~2xe~*".
8) Néu f(x, y) dat cic tri tai (xq, yo) thi grad f(x,,y,) = 0

9) Him s6 f(x, y)-tai diém (a, b) giam nhanh nhat theo huéng cila
—grad f(a,b).

BAI TAP

Cho f(x, ) = — =L Tinh £(2, 1), f(-L, 3), fx, 2+, x+ b,y +K).
x? + 2y

Chog(x,y,2)= lenysmz Tinh g[ -1, ¢? J gLt 0), gx+y, X, X—y).

Tim mién x4c dinh clia cac ham s6 sau :

1
a)f(x,y)=m; by f(x, y) = yx* —y;
¢) f(x, y) = x’In(4 ~ x* - 4y%) ; D y)=Vx+1-Jy—-1;
fx,y)=Vxln(x+y); - = Dfx );————W-
¥ ¥)s Y= X+y ’



g f(x,y)= amcos—;—. ;

h) f(x, y) = x2 +y2 =1 + In(d — x% - y2) ;

i) f(x,y, )= J1-x2 —y? -2 ;

- =Wl X2+¥ 2.
j)f(z,y,z)--ln[l+2+3 1).

M6 ta cac mat bac hai sau :

a)x2+y2+z_2-2x—-2y+l=0; b)z=4x2+y2+1;

c)4(x2+y2)——z2-—4=0; d)y-x2-1=0;
e)yz—xz—lz{);- f)yz—xz—zz=0.
Tim gidi han khi (x, y) ~» (0, 0) clia ¢cdc ham s0 sau :
5xy? - 3x%y +1 2x% — 3y?
a) f(x, y) = ; b) f(x, y) = ——5;
Y 2xy -1 d 3x% +2y2
2+x% +y? X +y)°
c) f(x, y)=—-—5-—y—smy; d) f(x, y)=-(—;—%-:
y X +y
2 2
&) f(x, y) = — it

JE+y?+1-1
Tinh cdc dao ham riéng cdp mdt cha cdc ham s sau :

X

a) f(x,y) = xzyz(x3 + y?’) ; b)f(x,y)= "
Jxi +y
) f(x, y) = yin(x” - y°); d) f(x, y) = ~yx + 4x3y* ;
2 2 3 '
&) f(x, y) = e2¥ TV, DX Y) =25+
y X
@ f(x, ) = arctg—— h) f(x, y) = In(x +y/x? +y2) ;
_ + X :
. ’ - 2
1) f(x, y) =e™1g(x - 2y) ; Py =x" x>0);
- Xvz s Y, T
Kif(x,y,z)=¢ smx : ) f(x, y, z) 251nx+z.
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10.

11.

12,

055

Tinh vi phan todn phdn ciia c4c him s& :

a)f(x,y)= x3 + y3 ~3xy : b f(x,y)= X 3
X“+y

¢) f(x, y) = ye' ; d) f(x, y) = In(x® + 3y% + 1) ;

e) f(x, y) = *sin(x - y) ; DX, y,2) = xyy? + 2°;

By, z)=Inyx* +y* +2%; - p f(x, y, 2) = xe¥ + ye’ + ze ™,

Tinh gdn diing céc s6 sau :

a) V9.(1,95)% + (8,1)% : b) In[(0,09)° + (0,99)°] ;
&) V(10O + In(1.02) ; d) 5e992 1+ (2,037 .
2
&) ~—-003) 0 V(3,022 +(1,99) + (5,98)%.

30,98 . 41,05}

Tinh cdc dao ham riéng cp hai clia cdc ham s6 sau :

a)f(x,y)= x3y2 + ZXJ_ : b) f(x, y) = cosz(2x -3y);
; .
c) f(x, y) = (x? + y3)Z ; d) f(x, y) = sin(x — y) + cos(x + y).

Tinh c4c dao ham riéng cp cao clia cdc ham s6 sau;

a) f(x, y) = x3y2 - 5x4y, tinhf,,,; b fx,y)= c"yz, tinh f,
¢) f(x, y) = cos(ax + &), tinh fryys d)f(x,y,z)=e"? tinh fry s

©) fix, y,2) = eVsinz, tinh f,., ; Dk, y,2) = InGE+ 2y + 32, tinh £

Xyz:

y

Trong cac ham s6 sau, him s6 n3o thod min phwrong trinh u,, + U, =07

) u(x, y) = x2 +y2; b) u(x, y) = x* - 42

QU y)=x" + 3xy?; d) u(x, y) =x’ - 3xy?;
e)u(x,y) = Iny/x% + y2; f) u(x, y) = ¢ *cosy — e Ycosx.
Chitmg minh réing céc ham s& sau thoa man phuong trinh u,, = azu“ :
Dulx, ) =sin(kosin@k);  byu(x, 1) = (x a0 + (x + at)’;

C)u(x, t) = sin(x — at) + In(x + at).



- 13. a) Tim ham s§ u(x, y) thoi mén phuong trinh u, =0;
b) Tim ham s6 u(x, y) thod man phuong trinh 0, =0

14, Néu biéu thic nao trong cdc biéu thitc @ duéi day 13 vi phan toan phén,
hdy tim ham s6 f(x, y) d€ chodf = o :

a)o=0Gx+ yxdx + (x — 4y2)dy ;
b) @ = (5xy + 3)dx + (2y° - x* + L)dy ;
o) o= (3x%y? - 4xy + 3)dx + (2x’y - 2x%)dy ;
d) © = (6x + siny)dx + (xcosy + y2 + siny)dy ;
€) ® = (xcosy — ysiny)dy + (xsiny + ycosy)dx ;
f o = (y + e*cosy + x2)dx + (x ~ e"siny + e*)dy ;
go= lenydx -(x+ yzlnx)dy x>0,y>0)
1 2y) X 1

hyw=|—+<=|dx - | =+ — |dy.

[Y x> [yz x? } ’

D)

15. Dung quy tic 14y dao ham clia ham s6 hop, tinh % :

a)z=u3+v3,trongd6u=x2,v=l—ex;
b)z= uvl+ v?, trong déu=xe ", v=cosx:

c)z=In+v*), trongdéu= VI +x, v=1 + V.

16. Ding quy tic 14y dao ham ctia him s§ hop, tinh % % :
a)z= uzsinv, trong déu = x% + y2, v=2xy;
b) z = sinucosv, irong d6 u = (x — y)%, v=x% — y%;
o)z =u®-3u’, trong déu=xe’, v=xe ¥;
d) z = arctg(uv), trong dé u = x°, v=xe :
e)z=¢""%, trong d6 u = x’y, v = xy*.
17. a) Chitng minh ring ham s6 u = \/xz +y? +2° thoa man phuong trinh

2
+u,==

Uy + Uy o
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b) Chitng minh ring ham 6 z = yln(x” - yz) thoa man phuong trinh

l:': +iz, =2
x X Y'y“yz.

¢) Chitng minh ring ham s6 u = .xf(x +¥) + yg(x +y), trong d6 f, g 1a
hai ham s6 kha vi, thoa man phuong trinh

Uyy — 2,y +uy, = 0.

Yy

18. Tinh dao ham ciia cc ham s6 4n ;

1) yx4+x2y3=c

a) y5 + 3){2y2 +5xt= 9,tinh y';
b)y3+(x24—1)y+x4=0,tﬁlhy';

¢) Inyx? +y? = arctg{-, tinh y, y" ;

d) xcosy + ycosx = 1, tinh y';
e)1+xe’ —ye* =0, tinh y';
ﬂxyz‘—sin(x+y)+y_~.0, tinh y'; A
g) Xy +yz—zx =0, tinh 2, z, ;
h)x2+y2—zz=2x(y+z),tinhzx,zy;

,tinh z,, 7, ;

) xe + yz+ze* =0, tinh Zy) Zy s

xyz

k)ln(l+y—z)—z-—x=0,_t1’nhzx,zy.

19, Tinh gradién ctia c4c ham s6 f tai diém P va dao ham cha ham s6 f theo
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huéng i :
2.3 5 ~{3 4
a) fix, y) = x“y” + 4xy’, P(1, -1), u(g,— E];
; Ty 1 2
b) f(x, y) = &*siny, P[l, —), u(.__,___] :
o ’ 4 55
| 1 1 1
&) fx, ) = xy%2°, P(1, -2, 1), ﬁ(_,___.,_] :
) f(x, y) =xy : =5



%5
Lo '

d) f(x, y,z)—xy+xx/l+z P(1, 2, 3), [i; %J

20. Tinh gid tri 16n nhét cha van 16¢ bién thién cia ham s6 f tai diém M, gi4
tri 16n nhét 4y dat dugc theo hudng nio ?

a) f(x, y) = In(x* + ¥, M(3, 4);

b f(x, vy = x3 + 2y, M(2,9);

¢) f(x, y, z) = % + % M,2,1);

| TR on
d) f(x, y, z) = cos(2x - 3y + 3z), M(E’ 3 3] ,

21. Ching minh réng néu u(x, y), V(x, y) Ia cdc ham s8 kha vi; a, b 13 hing
86 thi :

a) éal'(au + bv) = agradu + bgrﬁv ;

b) g?ﬁ(uv): ungtdv+vngtdu ;

[ES—

o ﬁ[%} _ vgradu —ugrad v v0):

v2

d) gr?i. (u") = nu" !gradu, ne N".

22, Tim cyc tri cha cdc ham s6 :
a)f(x,y)=2x2+y2+2xy+2x+2y;
b) f(x, y) = xsiny ;

O fx,Y) = = NS AP
C)f(X,Y)-ny+(47 X y)(3+3),
4, 4 ]
DX, y)=x"+y —4dxy+1;
e) f(x,y)=3x’y +y = 3x* - 3y2 4 2;

DI, y) =x -y +x+y)’;
X y)=xy(l-x-y);
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h) f(x, y) = x[(nx)* + y°1;

i) f(x, y) = sinx + siny + cos(x + y), 0 <x,y & ; :

DI y) = (x -y

23. Tim cyc tri ¢6 diéu kién clia cdc ham s6

a) f(x, y)=xy véi di€u kién 2x + 3y - 5=0;
b) f(x, y) = x> + y vdi diéu kien x* + y* =1 ;

24, a) Diém nao trén mat 2= xy + 1 gin gdc toa do nhat ?

b) Didm nio trén dudng tron x° + y° = 4 gdn diém (3, —1) nhat ?
¢) Diém nao trén mat phing x + 2y + 3z = 4 gin goc toa d6 nhat ?

d) Trong céc hirh hop chit nhat ma ba mat nim trén ba mat phing toa
d6, mot dinh ndm trén mat phing x + 2y + 3z = 6, hinh no c6 thé
tich 16n nhat.

25. Tinh gid trji 16n nhal va bé nhat cha ham s6 f trén mién D :

a) f(x, y)—l-—x —y Dlamléntrondéng(x—l) +(y - i) <1;

b) f(x, y)—x +3y + X -y, D 1a mién déng gidi han boi cic duwdng
thingx=1,y=1vax+y=1;

c) f(x, y) = 1 + xy — x — y, D 1a mién déng gidi han béi cic dudng
y£x2v§y=4;

d) f(x, y) = x* + y* +x°y + 4, D Ia mién déng gi6i han béi cic dudng
thangx=1,x=-Ly=1vay=-1;

e) f(x, y) = sinx + siny + sm(x +y), D 1a mién déng gu.‘n han bcn céc

n

dudng thing x =0, x = 2 y= 03,*_2

26. Viét phuong trinh ti€p tuyén va phép dién ciia dudng cong tai diém P
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a)X=t;Y= s 2= [ P[l"iag)’

b) x =21,y = 242 cost, z = 2+/2sint, P[%,Z,Z) ;



27,

€) X = tsint + cost y =tcost — smt z=2, P(-z— -1, n)

d) x = cost, y = 3¢, z=3¢" (1, 3, 3).

Viét phu'ong trinh phdp tuyén va ti€p dién cha mat tai diém P :
a)z= x2 —2xy+y ~X+2y,P(1, 1, 1);

b) 4x> +y +z =24,P(2,2,2):

¢) x? +y -7 =-~1,P(2,2,3);

d)z=1n(x* + y%, P(1, 0, 0).

bap s6
2 6 4x
f2, D=2 ;1 13)-——- f(x, 2x)-
@1 3 ¢ 1+ 8x?
fX +h, y + k) = 2xy+2(kx+hy)+2hk

x* +2y% + 2hx + 4ky + B2 3 22
g[—l.cz,-}] =2 ; g(t, t, t) = Int sint ;

BX+y,x,x— y)=(x+y)2ln_x sin(x ~ y).

a) X NIx+y+120);

b) {x, ) 1y <x?) ;

&Y Ix*+4y’ <4y ;
Dixyix2-1}n(x,y)ly21};
HENIx>01 A {(x,y) Ix +y>0)
DAY I +y? <9} A ((x, y)lx+y¢0};

Yy =0} ((x,y)I X <1}

h) {(x, y)l1<x +y <4J
1) {(x, y,z)lx +y + 22 <1};

Dy 2l —1- + 5 + 5.4,1}-
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4, a)Mat cau tam tai (1, 1, 0), ban kinh 1.

b) Mit paraboloit eliptic, dinh tai (0, 0, 1), nhan Oz 1am truc.

2

¢) Mat hypebolait mot ting tron xoay, do dudng hypebon y2 - ZT =1,

x = 0 quay quanh truc Oz sinh ra.

d) Mat tru c6 dudng sinh song song véi Oz, cit mat phang z = 0 theo
~ dudng paraboén y = x%+ 1.

e) Mat tru c6 dudng sinh song song véi Oz, cat mat phing z = 0 theo
dudng hypebdn y2 —x*=1. _

f) Mit nén c6 dinh & g6 toa d6 nhan Oy lam truc d6i xing.

5 a)l; b) Khong tén tai gi6i han ;
c)1l; d)khong téntai gidi han; e)2.
6. a)f, =5x"y> +2xy’, f, = 2x%y + 5x7y";
2
Yy Xy
pf=———mm—r—rr - f, = ——— 3377’
eyt @yt
2x 2y?
C) fx= 2—)(2, fy= ln(xz_y2)__2“¥'“_2 »
x‘—-y X -y
Y 2
d)f,= ———+4 , f, = x+——
SN ’ 33y
2 2
e)f, = (4x - y)cz"z"‘y” . fy= (—x+2y)e 2 -xy+y
3x? .31
D, == -, fp=-—+,
y X y
g f = 2Xy f = 1+x?
o+ x®) 4y Yo+ x4yl
h) f L £, = y
x2 +y? x2 +y% + xyx2 +y?
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i) f, = yeYig(x ~2y) + ¥

1

cos? (x - 2y)’



3

9. a)f, = 6xy2, fxy = 6x2y +—, f

£y = xeMig(x - 2y) — 2% !

cos“(x — y)
, 2.2 2
D =y%x¥ 7, f, =x¥ 2ylnx ;
= e2yygind - Y vz . Y
kf =e¢ yzsin_ i ¢ cos >,
f, = e¥xzsinY + 1 nye cos ., f, = ¢™xysin L
XX X X
hf =~ td cos y , £, .= z cos y ,
(x+z)? X+z Y X+y x+z
f, = sin A 0s—

x+z (x+z)2c x+2‘..
a) df = 3(x* - y)dx + 3(y? — x)dy

b) df = (y2 - x%)dx - 2xydy
(x* + y*)?

c)df =e"[y%dx + (1 + xy)dy] ;

2xdx + 6ydy

2

d)df = > ;
X“+3y“ +1

e) df = e {[sin(x - y) + cos(x — Y)Idx + [sin(x ~ y) ~ cos(x ~ y)dy} ;

fdf= \Jy? + 22 dx + XY dy + 3xz dz ;
' y: +2° 2\/y2 +2°

g) df = xdx + ydy + zdz

x2 +y2 + 22

By df = (e” - 2e™)dx + (x&¥ + eP)dy + (ve® — e ™)dz.

a) 9,99 : b) 0,03 ; c)1,05;
d4)3,037; €)1,027; f) 6,989.

1 =2x3_ X

i 2

vy
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b) f,, = —8cos(dx - 6y), fyy = 12c0s(4x - 6y), fyy = --l-zgcos(4x — 6y);

_ ; 3242y
X — * xy T Ty . vy =
'XZ + y2 XZ + y2 X2 + yz

d) f,, = —sin(x — y) — cos(x + y), fyy = sin(x — y) — cos(x + y),
fyy = —sin(x — y) — cos(x + y)

2 2 .
o f, = 3(2x° + y°) 3xy

10. 2) 6y” — 120xy ; b) (4y* + 2xy%) e ;
c) —acos(ax +¢’) ¢’ + ePasin(ax + &*);  d) 42z + x3yzz) :
96xyz®
x+ 2y2 + 323)3 ‘
11. Céc ham sd b), d), e), f) thod min phutong trinh di cho.
13. a) u(x, y) = f(y), f 12 ham s& bat ky.

b) u(x, y) = f(x) + g(y), f va y 12 hai ham s& kha vi bat ky.

e) e (1 + Xy)cosz ;

14. a) x° +xy-%y3.+C ; c) x3y2—2x2y+3x+c;
}’3 - ‘x3
d)3x2+xsiny+-3——cosy+C; f)xy+e"cosy+—§—+ey+c;
X _ Y
ni-Lic
y x?

15, a) 6x7 — 3eX(1 — 2e* + & ;

_x -
b) (1 — x)e™*V1 + cos? x - 2&__SIMXCOSX :

\/l+coszx
o 1 S
VI+x +(1+x)2 1 241 + x x )

16.a) z, = (x2 + yz)[4xsin(xy) + 2y(x2 + yz)cos(xy)],
2, = (x> + y))[4ysin(xy) + 2x(x> + y)cos(xy)] ;
b) z, = cos(x — y)’cos(x” — y2).2(x — y) - sin(x — y)’sin(x? - y*).2x,
Z, = ~Cos(X ~ y)zc.os(x2 - yz).2(x —¥) + sin(x - y)zsin(x2 - yz).2y ;
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. oeu&*:
L) !

18.

c) z, = 2xe” — 15x% 7,

xZe¥(2 + x)

Xz—-_——’
1+ x8e%y

d) z

e)z, = e ty-axy? y(2x - 3y),

6xy? + 20x3 .

a) — ;
5y4+6x2y
Oy= XY .23 +y?)
x-y’ x-y)
y_ X
e)c ye ,
e* — xe¥
_y-z _X+z
g)zx—'x y’ x_ya
' 3
. yze™'" — 4x’y - 2xy
1)21.= Xyz ?
Xye
, e¥ +ze
Nzx= P
y+e
_ l+y-z
On vy

19. a) grad f(P) = (-6,23), D- f(P) =

b)gradf(P)_(J_ J‘] Df(P)_—E-

20.

a)—(6 8];!:)‘/3‘7[

c) grad f(P) = (4,- 4,12), D-f(P) =

4

d) grad f(P) =(6,1, 1) D-f(P) = e

c) _‘/f’_ (l 0,_2] ;

25° 25
d) V22,(2,-3,-3)

4

6 1
4'4

o)

zy= 2x% 2”+3x4;-.

- x3eY )
L]
o= 1+ x5e%
= oXy-3xy?
zZ, =¢ x(x
2xy + 4x°>
b) ~—=X¥

3y2+x2+1 ’

COSy — ysinx
XSiny — CosX

- 6y).

Cos(X +y) — y2

2xy —cos(x +y) + 1 ;

. _X={y+2) _
h) z, = z-X N
xzeXYZ —X4 —3x2y2
N xye™?
_ x¥ +z
5 y+et
_ 1
= 24y-2z°
22

12
B

25

2 12

L

ITX

Z—-X



22. a) Cuc tiéu (0, -1)=-1; b) Khong ¢6 cuc tri ;
¢) Cuc dai f(21, 20) = 282 ; d) Cuc tidu (1, 1} = f(~1,-1)=-1
e) Curc dai £(0, 0) = 2, cuc tiéu f(0, 2) = —-2 :
. . 1y _ 1
f) Khong cd cyc tri ; g) Cuc dai f[3 3]— 57 %
H - — 3 .
h) Cuc tiéu £(1,0)=0; i) Cuc dai f[ﬁ 6)_2 :
i) Khong c6 cuc tri.
55 25
23. a) cyc dai f(4 6) 24

b) Cuc tiéu £(0, —1) = -1, cuc dai f[i

Nl&l

| —

[ —
I

]

2
24.2)(0,0,1); ' b}|——=,——=1.
DO.0D; | >[ . _m}
0 246
77T

d)l—Iinhmidinhn_ﬁmtrenmatphéngx+2y+3z=6c6to@do [2,1,%].

25.2) £, = —2 - 22, £ =2+22;
11 -
b) fip = f 33 =1, _fmax=f(l,1)=4
)mm,_f(_z’ 4)=_9§ fmw(:f(z’ 4)":3;
d) fyin = (0, 0) =4, frax = f&1L 1) =73
n T 3«[_
€) fipin — £(0, 0) 0, frnax f[3 3] =
1 1 o1
26.a)X—l—Y-§=Z—§,- X+Y+Z—?—O,
b)x—%=2—Y=z-2, X-Y+Z- 25 =0;
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dHX-1=0,Y-3=3-72,
Y —

27.2)1-X=

X-2

b)—4———=Y—2=Z—2,

X-2 Y-2 Z-3

c) 3 =
X-1 Z
)“2——_—I,Y

! Sn
_EY+2Z_?_0"
Y-=Z=0.
-X+2Y-Z=0:

4X+Y+7Z-12=0:

2X+2Y~3Z+1=0;

2X~-1)+Z=0.
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&

Chuong Vill
TicH PHAN KEP

Muye dich yzu edu
Y

~ Chuong ndy nghién citu v& tich phan kép. D6 13 eu md rdng cda tich
phan x4c dinh cua ham o8 mbt biéh o8 sang tich phan cla ham &8 hai
bidn 58, do db cb rat nhidu difm tuong ty véi tich phan xéc dinh.

_ Khi hoc, sinh vign cAn ném viing dinh ngkia, cc tinh ch&t va cAch tinh
tich phan kép trong hé toa do Dé-chc va trong hé toa 46 cuc, cling
hhu céc (ing dung : tinh thé tich vAt thé, dign tich hinh phé‘mg va dién
tich mat cong clia tich phan kép.

§1. BAI TOAN DAN DEN KHAI NIEM TICH PHAN KEP :
THE TiCH VAT THE HINH TRYU CONG

Gia sir can tinh thé tich V clia

- vat thé hinh try cong, ddy dudi la 4 s 2=Joxy)
mién hitu han D trong mat phing
Oxy (1ir nay vé sau ta hiéu mién :
hifu han D 14 mién déng), day trén \—

12 mat cong S, ¢ phuong trinh
z = f(x, y) va cdc dudng sinh song
song voi Oz. Him s6 z = f(x, y)

— =,

xdc dinh, lién tuc va khong am 0 | -
trong mién D (hinh 8.1). ,.-"' I, Y

Chia mién D mot cich uy ¥ d e
thanh n mién nhd dg, dy, ...» 8pys X b o
cé6 cdc dién tich tuong umg ia Hink 8.1

AGy, AGy, ..., AG,; VA qua bién

chia céc mién nhd Ay dung cdc mat tru dudng sinh song song vdi Oz. Nhu
vay, hinh try cong da cho dugc chia thanh n hinh tru cong nho. PE tinh thé
tich hinh tru cong nhd thi i, 1y trong mién phé d; mot diém tuy ¥
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M;(&;, m)). Theo gia thét, ham s6 f(x, y) lién tuc trong mién D, nén trén mién
nho d; gid tri cla né khdc f(M)) rat t. Vay thé tich hinh tru cong nhé thi i ¢6
thé xem gédn diing bing thé tich hinh try thing, ¢6 dién tich déy 1a Ac;, chiéu
cao la f(M) va thé tich V clia vat thé hinh tru cong d3 cho gin diing bang :
Vi = f(Mp)Acy + f(M)Acy + ...+ (M, _)Ac,_,
hay :
n-1
V, = > f(M))Ac;.
i=0
Dé thdy rang khi tang s6 phdn chia n Ién sao cho cdc ménh nho d; c6 dudng
kinh }k( ) nhd lai thi sy khédc nhau gitta V va V cang it. Do d6, hién nhién
thé tich V cia vat thé hinh try cong di cho duoc xem 1a gi6i han clia V khi
I — +w sa0 cho dudng kinh 16n nhét trong céc dudng kinh A; ciia cic mién
nho d; ti€n dén khong (thudng ky hiéu 1A maxk,) Vay
V= lim V, lim Z f(M,;)Ac;.

max A; —»0 mdx?t -)0| -0
(n—>+oo) (n—>+oo)

§2. DINH NGHIA TiCH PHAN KEP

Cho ham s hai bién s& z = f(x, y), xdc dinh trong mién hitu han D, nam
trong mat phing Oxy. Thuc hién céc budc sau :

1. Chia tuy ¥ mién D thanh n mién nhé dg, d, ..., d,—, ¢6 céc dién tich
tuong ing la Acy, Aoy, ..., Ao, _
2. Trong méi mién nhd d; 14y mot di€m tuy § My(E, n;) va tinh

fMAc, = €, 1)) Asi (i=0,1, ...,n - 1).

3. Lap téng

n-1
= > f(M;)Ac,.

i=0

Téng 1, goi 1 tdng tich phdn cha ham s6 f(x, y) trong mién D.

(*} Dudng kinh A; ciia mién d; theo dinh nghia la khodng cdch 16n nhat giira hai diém bét
k¥ trén bién cia d;.
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4. Tim gi6i han cia I, khi n ~ +o0 sa0 cho max A; — 0. Né téng I, tién
dén mot gidi han xéc dinh I, khong phu thudc vao cich chia mién D va cich
chon diém M; trong méi mién nhé d;, thi gidi han I dugc goi 1 tich phan kép
cta ham s6 f(x, y) trong mién D, ky hieu 1a Hf (x,y)o . Vay

n—lD
[Jtx,y)do = im > f(M))Ac, ,

Ppe—— i
D (II—H{OO) i=0

(X, y) goi 1a ham s6 dusi diu sich phan, do goi 13 yéu 16’ di¢n tich, D goi Ia
mién Idy tich phdn, X va y goi 1 cdc biéh & 1ich phdn. Néu Hf(x, y)do ton
D

tai thi ta n6i ring ham s6 {(x, y) khd tich trong mién D.

Nguoi ta chiing minh duoc ring : néu ham s f(x, y) lién tuc trong mién
hitu han D thi kha tich trong mién D. _

Trd lai bai todn din dén khdi niém tich phan kép va dua vao dinh nghia
tich phan kép vira néu, ta c6

n-]

V= kL f(M)Ac; = [|f(x, .

maxl{?—bo% Mpac; = [[f(x,y)do
(n—»+400) 1= D

Cin lwu ¥ 12 bai todn tinh the tich ciia vt th¢ hinh try cong chi 1a mot
trong rdt nhiéu bdi todn thuc t€ din dén khii niém tich phan kép, do dé
khong nén hi€u tich phan kép chi 1a thé tich, ma phdi hiéu ring tich phan kép
1a mot con s6, con s§ &y chi phu thudc vao ham s§ duéi ddu tich phan f(x, y)
va mién 14y tich phan D, ma khong phu thude vio k¢ higu cia bién s6 tich
phan, nghia la: :

[Jfx.y)do = [ff, v)do.
D

D

§3. CAC TINH CHAT CUA TiCH PHAN KEP

Dua vao dinh nghia, ta thdy ring céch xdy dung tich phan kép v tich
phan x4c dinh hodn toan gi6ng nhau, do d6 cdc tinh chat ciia tich phan kép,
cling nhi cich chitng minh céc tinh ch4t dy déu hoan toan twong. ty nhir tich
phan xdc dinh. G day ta chi phét biéu c4c tinh chét ma kho6ng chimg minh.
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)

Tinh chdt 1. [[kf(x,y)}o = k [ffx.y)do (k 12 hang s6).
- D D

Tinh chdt 2. [[if (x,y) + £ (x,y) - f5(x,y)] do =
. _

= [ffixyido + [[xy)do ~ [ft(x,y)do.
D D : D
Tinh chdt 3. Néu mién 14y tich phan D chia thanh hai mién D; va D, rtn
nhau thi

_ J’If(x,y)do = ”f(x,y)ds + Hf(x.y)dc'r.
b D D,

Tinh chdt 4. Néu tai moi diém thudc mién D ta Iuén c6 f(x, y) = 0 thi
{[f(x,y)do > 0, con néu fix, y) < 0 tai moi diém thuéc mién D thi
D

Hf (X,y)do <0.
D

Tinh chdt 5. Néu tai moi diém thudc mién D ta lubn cé f(x, y) 2 o(x, y)
thi .

Hf(x, yido 2 H o(x, yydo.
D

D

Tinh chdt 6. Néu m va M 1a céc gid tri bé nhat v 16n nhat ciia ham s6
f(x, y) trong mién D, nghia 12 : m < f(x, y) < M tai moi di€m (x, y) & D thi

mSp < [[f(x,y)do <MSp,
D

trong dé Sp, 1a dién tich cha mién D.

Tinh chat 7 (con goi 1a dinh Ii v& gid tri trung binh). Néu f(x, y) lién tuc
trong mién D thi trong mién d6 fim dugc it nhat mét diém M€, m;) sao cho :

Hf{x, y)do = (&, 1;)Sp.
. D '
Gid tri ciia ham s6 f(x, y) tai diém M;(&;, ;) goi 13 gid i trung bink cia
ham s¢ f(x, y) trong mién D.
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§4. CACH TINH TiCH PHAN KEP
TRONG HE TOA b0 PE-CAC

Nhu da biét trong dinh nghia tich phan Vi : :
kép, giéi han I khong phu thudc cdch chia d;
mién D thanh nhimg mién nhoé nén trong hé L.
toa d6 Dé-céc, dé cho tién ngudi ta chia mién d]

D thanh cdc mién nhd bdi cac dudng thing k
song song vGi cac truc toa d6 Ox va Oy. Khi b
dé, méi mién nhd d; néi chung 12 mét hinh S g

chit nhat, cé cac canh song song vdi cac truc *
toa d¢ va c6 chiéu daj 13 dx, dy (hinh 8.2). Bdi
véy, yéu 13 dién tich do = dxdy va ky hiéu tich
phan kép thuong viét dudi dang

. Hf(x, y)dxdy.
D _

Hinh 8.2

Dé tinh tich phan kép, chd ¥ ring trudng hop f(x, y) = 0 trong mién D,
[J£(x,y)dxdy bing s6 do thé tich V cita vat thé hinh try cong, ddy dusi 1a
D .
mién D trong mit phang Oxy, ddy trén 1A m#t cong S c¢6 phuong trinh
z = f(X, y) va cic dudng sinh song song v8i Oz. Do d6 muén tinh tich phan
kép trong trudng hgp f(x, y) = 0 chi cdn tinh thé tich V clia vat thé hinh try
cong. Thé tich V ay duoc tinh bang cong thitc

V= IS(x)dx, - | (8.1)

trong d6 S(x) la dién tich cta thi€t dién tao nén boi giao dién cha mat phang
thang géc véi truc hodnh tai di€m x va vat thé, ¢dn x = a vi x = b 13 phuong
trinh cua nhitng mat phﬁng gidi han hai ddu cla vat thé (xem cong thitc
(6.20) muc 3.3 chuong VI).

Gia st mién D thod man diéu kién sau : moi dudng thang song song voi
truc Oy cét bién cua mién D khong qud hai diém.

Trong mat phing Oxy, v& hai dudng thing song song véi truc Oy va tiép
xtic v4i bién coa mién D tai cdc diém A va B, ¢6 hoanh d6 14n luot 13 a va b.
Hai diém nay chia bién cGa mién D thanh hai dudng cong APB vh ARB, c6
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b
&8

phuong trinh 14n lugt 13 y = ¢,(x) vd y = @,(x). Cat vat thé hinh tru cong da
cho bing mot mat phing thing géc v6i truc hoanh tai diém x véi
X € (a, b). Thiét dién nhan dugc 1a hinh thang cong PMNR (hinh 8.3); phia
trén giGi han bdi dudng cong MN c6 '
phuong trinh 13 z = f(x, y), xem nhu 24
ham s& mot bién s8 y (vi dudng cong

MN 2 giao tuyén cha mit phing

thang géc vdi truc hoanh tai diém x

va mat cong S ¢é phuong trinh la Y
z = f(x, y)); phia dudi 1a doan thing )
PR song song vdi truc Oy va hai Al
canh bén 1a PM va RN. Ta ¢6
IP = ¢;(x) va IR = ®,(X). Ding S A Sy ‘°1("?
cong thitc tinh dién tich hinh thang
cong trong chuong VI, 1a cd Hinh 8.3

z=f{xy)

©z(x)
Slhang cong PMNR = S(x} = _{ f(x, y)dy.
P1(x)
Thay biéu thitc cha S(x) vao cong thic (8.1), tacd
b (%)
V= fC | fxy)dyydx.
a @p(x)

V= [ft(x.y)dxdy, nén
D

b @2(x)
. ”f(x, y)dxdy = I( I f(x, y)dy)dx.
D a @x)
Nguoi ta thudng viét dudi dang
' b @(xy -
Hf(x,y)dxdy = Idx I f(x,y)dy. (8.2)
D a  g(x)
Tém lai, dé tinh tich phan kép ta chi cin tinh 14n luot hai tich phan xéc
P3(X)
dinh. Ddu tién, tinh I f(x,y)dy, xem x 1a hing s6, két qua cho ta mot
P(x)
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ham $6 cua x. Tinh tich phan ham s& 4y theo x tir a dén b ta dugc két qua
phai tim.

Bay gid gia sit moi dudng thing song song vén tryc Ox cat bién cha mién
D khéng qué hai diém. Néu ta cit vat thé hinh try cong da cho bing mot mat
phang thing géc véi truc tung tai diém y va 1y luan tuvong tu nhu lrén, ta co
cdng thirc tinh tich phan kép sau

_ d  waly)
[Jfx.y)dxdy = [ay ZJ’ f(x,y)dx, (8.3)
D ¢ yily)

trong d6 x = y,(y) 1a phuong trinh
duong cong CQE; x = yy(y) la
phuong trinh dudng cong CSE;
C va E 12 nhing diém 1i€p xdc gifia
cdc dudng thing song song véi truc
Ox va bién cia mién D; c va d 1A
tung do cha cic diém C va E

(hinh 8.4). °

¥

Hinh 8.4
Chu y rang, néu ding cong thic (8.3) dé tinh tich phan kép thi ddu tién
ya(y) :
tinh J' f(x,y)dx, xem y 13 hing s6, két qua cho ta mot ham s6 cba y. Tinh
Yy}
tich phan ham s6 4y theo y tir ¢ dén d ta dugc két qua phai tim.
Chit y : 1. Trong truomg hop f(x, y) < 0 trong mién D, ngudi ta ching
minh dugc rang céc cong thic tinh tich phan kép (8.2) va (8.3) van diing.
2. Khi tinh tich phan kép bang cong thdc (8.2) hoac (8.3), vin dé xdc
dinh cén tich phan déng mét vai trd rdt quan trong. Diéu ndy s& dugc minh
hoa rd trong nhitng vi du dudi day. -

. Vidy I. X4c dinh cdc can tich phan trong tich phan kép Hf(x, y)dxdy
D
voi:
a) D 1a mién gi6i han bdi céc dudng y = 2x” va y = 2 (hinh 8.5);

b) D 12 mién gi6i han béi cic dudng y =0,y = x> va x +y = 2 (hinh 8.6);
Gidi:

a) Hoanh d¢ ciia cdc giao di€ém A va B dugce xéc dinh bdi phuong trinh
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2x2=2;x=il. ' vi
Vay . A 2
XA = "'l, XB =],

Ap dung cong thitc (8.2), tinh tich phan

theo y trudc. Nhin theo huéng duong cia  x=
truc Oy, thdy rang dudng cong AOB gidi
han phia duéi cha mién D c6 phuong
trinh y = 2x% dudng thing AB gidi han Hinh 8.5
plﬁatléncﬁanﬁénl)céphlrongtrirﬂly=2;

con x bién thién tir x, = -1 dén x = 1 (nghia I3 c6 thé bicu didn mién D boi
cdc bat ding thic kép: -1 <x <1 va2x’<y <2).

o

Do d6
1 2
ﬂf(x,y)dxdy = J'dx _[f(x,y)dy. _
D -1 22

Néu diing cong thitc (8.3) thi tinh tich phan theo x trudc. Nhin theo
hudng duong ciia tryc Ox, thdy rang dudng cong OA gidi han phia duéi ctia

mién D ¢6 phuong trinh x = —‘jg ; dudng cong OB gidi han phia trén cta

mién D ¢6 phuong trinh x = \/% ; cony bién thién try = 0 dény = 2 (nghia

12 c6 thé biéu dién mién D bdi cic bat déng thitc kép :
. Y v

0< —1/— < 51,- .

y<2va 2 X ) )

y -

2 2
[Jf(x.y)dxdy = fdy [ fx.y)dx.
D 0 v

2
b) Hoanh d9 cia giao di€m B duoc x4c dinh b&i phuong trinh x’=2-x hay
x2+x—2=0.Ttrd6nhandchC ‘Xg=1l,yg=1.

Vay

Ap dung cong thic (8.2), tinh tich phan theo y trugc. Nhin theo huéng
duong cia tryc Qy, thdy ring dudng cong OBA gidi han phia trén clia mién
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D gém hai doan OB va BA cé Y
phuong trinh khdc nhau, nén \
phdi chia mién D thanh hai 2
mién OCB vad CAB. Ta ¢4
f(x,y)dxdy =
y (x,y)dxdy 2 Ll i B y =2-x hosic
y=Xx X = 2=y
hotic x =y ™
= H f(x,y)dxdy + A
OCB 9] 1 2\

+ Jf f(x.y)dxdy. -
CAB Hinh 8.6

Mién OCB c6 thé biéu dién béi cdc bat ding thic kép :
05x$1v&0$y£x2; |
con mi€n CAB c6 thé biéu dién bédi cdc bat ding thiic kép
l€£x<2va0<y<2-x.
Do dé
1 x? 2 2-x
Hf(x,y)dxdy = Idx If(x,y)dy + fdx I f(x,y)dy.
[ 0 0 l 0

Néu ding cong thic (8.3), ta tinh tich phan theo x trudc thi khong cin
phai chia mién D, vi nhin theo huéng duong clia truc Ox cé thé bidu dién
mién D béi céc bat dang thic kép :

OSySIVE\/)_?SXS2—y.

Vay
I 2-y .
Hf(x, y)dxdy = Idy I f(x, y)dx.
D 0y

Qua trudng hop nay, ta thay ré tdm quan trong cda viéc phai can cif vio
hinh dang cha mién D ma quyét dinh ding cong thiic (8.2) hoac (8.3) dé tinh
tich phan kép mot cach don gian nhat. '

Vidu?2. Tinh tich phan kép j xzydxdy, D 12 mién giGi han béi
' D
a) Cdc dudng thing x =0,x=3,y=0vay =2 (hinh 8.7) ;
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b) Céc dudng y = X% va y=+2-x2 (hinh 8.8) ;

c) Cdc dudmg y = —x, x = \fy vay =2 (hinh 8.9).

Gidi:

a) Ap dung cong thic (8.2), y
tinh tich phan theo y trudc. Nhin
theo hudng dwong cia truc Oy, c6
thé biéu dién mién D boi cdc bat
dang thic kép :

0<x=<3val0syx<2,

~
It
%]

\\‘

do dé o 3 x
3z Hinh 87
ﬂxzydx_dy = -Idx xz-ydy.
D 0 0
Ddu tién, tinh tich phan theo y, xem x 13 hing s6, ta ¢
22 22 .2}’2)«2 x22 2
= = — = = _ = 2
_[x ydy = x _[ydy-—x 3 ly=0="3 (2° - 07) = 2x°.
0 0
Cudi ciing, ta c6
2 T2 Class_ 2 3
X=
[Ixydxdy = fox2ax = 25 ]0=36 -0 =18.
D 0

Néu diing cong thite (8.3), tinh tich phén theo x trudc. Nhin theo hudng
duong cta truc Ox, ¢6 thé biéu dién mién D bdi céc bat déng thic kép
0<y<2va0<x<3.
Vay

2 3
Iszydxdy = jdy _[yx2dx.
D 0 0
Tinh tich phan theo x, xem y 12 hing s6, ta ¢6 -

3 3 3
X“ |x=3
Jpian =y [lax = v L= 500 - 0%y = 0y,
0 0
va
2 ’ y|v=2_9 5
JX ydxdy = Of9ydy =T == 3 ~0h=18.
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b) Ap dung cong thitc (8.2), tinh tich phan theo y trudc. Nhin theo huéng
duong cla tryc Oy, c6 thé biéu dién mién D bdi cc bat déng thic kép :

Jex<ilvad<ysN2-%

{chd § ring hoanh dd clia céc giao
diém A va C duoc xéc dinh béi
phuong trinh : -

- x? =x%2-x=x"  y=¢X
x4+x2—2=0,x=i1,
vay hoanh do cdc giao diém la :
X4 =-1,xc=1).Dodb .

1 dZ-xz
jdx
-1 2

®Y

| ydy

X

szydxdy
D

2

"2

X 2 _ 4
dx = {7(2—-)( — xMdx

y=42—x2

Y=K2

|
e

1
I(sz'— x4 — x5 ydx
-1

1
2

1

= I(sz —x* —x5)dx (do 22— x* - x° 13 ham s& chdn).
x=1 _ 34

NS
“\* 375 77 Jxeo  105°

Chii y : 1. D6i vé6i trudng hop trén, 4p dung cong thitc (8.2) 1a don gian
nhat. That vay, néu ding cong thic (8.3), ta phai tinh tich phan theo X trudc.
Khi d6, nhin theo huéng duong clia truc O, thdy ring dudng cong OAB gidi -
han phia dudi cia mién D gém hai doan OA va AB ¢6 phuong trinh

khéc nhau (doan OA c6 phuong trinh X = —JF . doan AB ¢6 phuong trinh

X = —\’2 —~ y*); dudng cong OCB gi6i han phia trén clia mién D gom hai

doan OC va CB c¢6 phuong trinh 14n lugt la : x = \E vax = 2—y2, hai

diém A va C c6 cing tung do bing 1, nén phai chia mién D thanh hai mién
OAC va ABC.
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2. Trong vi dy nay, mién |4y tich phan D d6i xing d6i véi truc Oy, ham
56 dudi ddu tich phan x”y 12 ham s6 chin d6i véi x, nén cé thé viét
Iszydxdy =2 ﬂ'xzydxd&,
D D
trong d6 D, 1A mién "tam gidc cong” OBC. Diing cong thitc (8.2), ta cé

y=v'2—x2

y=x?

_ .2
yx_zydxdy = 2;fdx 2 jx xzydy = 2;!':(2 X;—

x2

dx

i 1 '

= jx2(2 - x% —x")dx = J'(zx2 —x* = x5ydx
0 0 _'

2.3 15 1,4 x=1 34

3% 75X 7% o 10s.

¢) D6i v6i mién D di cho, tinh bing cong thitc (8.3) 1a don giin nhat.
That vay, n€u diing cong thifc (8.2), ta phai tinh tich phan theo y trudce. Khi
dé, nhin theo huéng duong clia tryc Qy, thdy ring dudng cong AOC gidi han -
phia dudi ciia mién D gdm hai doan AO va OC ¢6 phuong trinh khac nhau
(doan AO cé phuong trinh y = —x, doan OC ¢6 phuong trinh y = x2) nén phai
chia mién D thanh hai mién AOB va BOC.

Ta tinh tich phan theo x trudc.

_ Yi
- Nhin theo huéng duong cta truc y=2
Ox, ¢6 thé biéu di&n mién D boi 2|8
céc bét ddng thifc kép : A c
0<y<2,-y<x<.fy. b xeey X =y
Do @6
) 2 J;r . Q | x
J[x*ydxdy = [dy [ x?yax. Hinh 8.9
D 0 -y . :
Pau tién, tinh tich phan theo x, xem y 13 hing s6, ta ¢6
Y y 3 e
szydx =y Ixzdx = y.-x— =y
-y -y 3 =y

1
= JOVY - D=3 +y4).
Cudi ciing, ta cé
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2 1 s 4 102 72 1 5)1y=2
f X“ydxdy = Jé(y +y')dy = L7y 57 ly=0
D

0
=2, 1 5)_ 16
_3( 272 .2J_105(5J5+14).

§5. CACH TiNH TiCH PHAN KEP TRONG
HE TOA PO cuc

Gia sir cdn tinh tich phan képl= Hf (x,y)o trong hé toa do cuc, trong
D

d6 mién D c6 tinh chét 1 moi tia xua phat tir g6c cuc O cit bién cha né
khong qud hai diém. Mu6n the, ta chia mién D thanh céc mién nho d, béi :

~ Cdc tia xuat phét tir g6c cuc 0, 6 phuong trinh trong hé toa do cuc
¢ =hing 56 ; ' '

— Céc dudng trdn déng tam O, Mi(re%)
¢6 phuong trinh trong h¢ toa dé cuc
1 = hing s6 (hinh 8.10).

Khi d6, méi mién nhé d; néi chung

la mot hinh "t¢ giac cong” gidi han

boi hai dudmg tron déng tam O va

hai bdn kinh ciia chdng. Dién tich
Ac; cta mién nhd d; bing higu s§ *
dién tich hai hinh quat tron c6 cling
-g6c & tam Ag; va ¢6 bdn kinh lin 29
lugt r + A var:

1 1 N
" Ar , '
= [ri * _zL]AfiA‘Pi = LARAg;,

trong d6 1, =, + %r'— 14 ban kinh trung binh giita I Var + Ar,
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Dé thanh lap t6ng tich phan I, cia ham 56 f(x, y) trong mién D, ta gia
- thiét ring ham s& f(x, y) lién tuc trong mién D. Khi d6, trong mbi mién nho
d; c6 thé ldy mot diém wy ¥ M(&;, n,), ¢ day ta chon M;(&;, n;) 1a mét
di€m nim trén dudng trdn ban kinh trung binh 1 ¢6 toa do cuc 1a 1 va ¢;

(Vi ¢; < @; < @; +Ag,).
Ta cé
£, = I cosQ;, N; = T, sing;

(tat nhién ta chon hé toa d¢ Dé-cic c6 goc tai cuc O va truc hoanh tring véi
truc cuc) va

n-1i n-1 , D |

Il'l = Z f(MI)AGI = Z f(l’i CosQ,, T sin P, )ri AI'IA(PI

i=0 i=0
Vi v€& phii 12 tdng tich phan ciia ham s6 f(rcosg, rsing)r theo cic bién r va
@ trong mién D, nén chuyén qua giéi han khi n — +oo sao cho maxi; —> 0,

ta nhan duge tich phan kép cha ham s§ f(rcose, rsing)r theo cdc bién r va ¢
trong mién D :

I= -Hf(x,y)dc = Hf(x, y)dxdy = Hf(rcos&p,rsinq))rdrd(p. (8.4)
D D D .

D6 1a cong thic chuyén tich phan kép tir he toa do Pé-cic sang heé toa do
cuc. Biéu thic do = rdrdo goi 1a yéu 16 dién tich trong hé toa do cuc.

Tém lai, mudn chuyén tich phan kép [[f(x,y)dxdy tix he toa do Dé-cic
D
sang h¢ toa d¢ cuc, ta thay X vA y trong him s8 duéi d4u tich phan bdi rcose
va rsing, con dxdy thay bing rdrde. Ddng thoi phuong trinh dudng cong
gi6i han mién 14y tich phan D ciing phai ddi sang hé toa do cuc bing cich
thay x = rcos@, y = rsing. Sau dé tinh Hf(r cos @, rsin@)drdp hoan toan
D

giong nhu trong hé toa d6 Dé-céc, nghia 13 ciing dua vé hai tich phan xdc
dinh lién ti€p d6i véi cdc bién r va ¢. DE thdy rd cich xdc dinh can ldy tich
phén, ta phan biét ba trwong hop sau: '
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1. Truong hgp goc cuc O ndm ngoai mién D. Gid st mién D ndm giita
cdc tia ¢ = o va ¢ = 3, moi tia xudt phét tir géc cuc O cét bién ctia D khong
qué hai diém (hinh 8.11a, b) va r = g,(¢), r = g,(¢) 14n luot 1 phuong trinh
trong hé toa d6 cuc chia cic doan dudmg cong APB va ARB (hoac CRE) (néu
nhin tir g6¢ cyc O vé phia mién D thi APB la doan dudmg cong gi6i han phia
dudi mién D, con ARB (hodc CRE) 1a doan duding cong gidi han phia trén
mién D). Khi dé, 14y tich phan theo r trudc (xem ¢ 1a hing s6), sau d6 14y
tich phén theo @, ta ¢

B gae)
Hf(r cos @, rsin@ydrde = Id(p I f(rcosg, rsing)rdr.  (8.5)
D « gl
R
8 r=gyle)
]
r=gq(o} 5
A r=g4(9)
B o
o
O L
a)
Hinh 8.11

2. Truong hop goc cuc O nam trén bién ciia mién D. Gia slt moi tia xuat
phat tir géc cuc O cét bién clia mién D khong qua mot diém (khong ké diém
O) va phuong trinh ciia bién d6 trong hé toa dd cuc la r=g(p) vdia <@ <P
(hinh 8.12). Khi d6, |4y tich phan theo r trudc {xem ¢ 1a hiing s6), sau d6 14y
tich phén theo @, ta c6

- B 2
Hf(rcosq). rsin@)rdrde = Id(p j f(rcoso, rsingyxdr.  (8.6)
b o 0

Hinh 8.12 Hinh 8.13
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3. Trucmg hgp goc cuc O ndm trong mién D. Gia st moi tia xust phat tir
g6c cuc O cit bién ciia mién D tai mét di€m va phuong trinh clia bién d6
trong hé toa d¢ cuc 1a r = g(g) véi 0 < @ < 27 (hinh 8.13). Khi d6, 14y tich
phan theo r trudc (xem ¢ la hang s6), sau d6 14y tich phan theo ¢, ta ¢c6 :
2n g(g)

Hf(rcostp, rsin@drde = _[dcp I f(rcos ¢, rsin@dr (8.7
D 0 .0

Chit y. Trong céc cong thic trén, tich phan theo thit ty nguoc lai, nghia
la trudc hét theo ¢ (xem r 1a héng s6), sau d6 theo r thudng khong sir dung.

Vi dy 3. Chuyén tich phan kép [ff(x, Xxdy tir he toa d6 Dé-céc sang
p y
D

hé toa do cuc, viét 15 cac can 18y tich phan theo r vi theo @, trong d6 D 1a
mi€n gi6i han béi

a) Dudmg tron x2 + y2 =4 (hinh 8.14) ;

b) Budng tron x* + y? = 2x (hinh 8.15) -

c) Budng tron x” + y? = 2y (hinh 8.16) ;

d) Céc dudng thing y = x, Y = -X va cic dudmg tron x% + y2 = 2x,
x> +y = 4x (hinh 8.17),

Gidi:

a) Dgi sang toa do cuc, phuong trinh y

R //////:///5///
)

thic (8.7), ta c6
Hinh 8 14

H f(x,y)xdy = Hf(r €Os @, rsin @drd
D D ' .

2 2
= Id(p _[f(r Cos @, rsin@)rdr.
0 0

b) Dudng tron x + y® = 2x 1 dudng tron tim O'(1, 0) ban kinh 1, vi ¢6
thé viét dudi dang : x* - 2x + 1 + y2 =1hay (x — 1)* + yi=1. Trong hé toa
do cuc, phuong trinh dudng tron trén cé dang : r = 2cos. )

Céc tia ké tir géc cuc O va ti€p xiic véi duomg tron (bién ciia mién D)
tring v6i Oy’ va Oy, do dé o = —g Vi p = -;5 Vi géc cuc O nim trén bien
cta mién D nén 4p dung cong thiic (8.6), ta c6
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- [ffexyaxdy = [ftcrcose, rsingrdrdo
D D '

; 2cosg

= Id(p _[ f(rcos g, rsin @)rdr.
™
"2

,//////////////A " = 2cos
\ 4

o

Hinh 8.15 Hinh 8.16

¢) Pudng trdn x* + y? = 2y Ia dudng tron tam O'(0, 1), bén kinh 1, vi ¢6
thé viét dudi dang : x* + y: - 2y + 1= 1 hay x> + (y-17=1, Trong hé toa
d6 cuc, phuong trinh dudng tron trén c6 dang : r = 2sing.

Cic tia ké ur géc cyc O va ti€p xic véi dudng tron (bién cka mién D)
trung véi Ox vaOx,dodbo=0vaB=n Vi gdc crre O ndm trén bién cha
mién D nén dp dung cong thic (8.6), tacé

- Hf(x, y)dxdy = ﬂf(rcostp, rsin @)rdrdo
" D D

n 2sing .
= Id(p I f(rcos @, rsin @)rdr.
o 0
d) Gi6ng trudng hop b) x” + y* = 2x Ia phuong trinh dudng trdn tAm
0:(1,0), bén kinh 1 ; cdn x* + y* = 4x I phuong trinh dutmg tron tam O,(2, 0),
ban kinh 2. Déi sang toa do cuc, phuong trinh cac dudng bién cha mién D
¢6 dang ;

x2+y2=2x—>r=2cos<p;
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x2_+y2=4x—>r=4coscp;

Y =-X —> 1sinQ = -rcose,

' i
lgp=-1,¢= Y

Y = X > 18in¢ = rcose,

ki

7

Vi g6c cuc O ndm ngodi mién D
nén 4p dung cong thitc (8.5), ta c6 Hinh 8.17

Hf(x, y)dxdy = H f(rcos g, rsin @)rdrde
D - D _

tge=1,0=

% 4cosp '
= I do _f f(rcos, rsin @)rdr.
T 2cosg
4

Vidu 4. Chuyén sang toa d6 circ, tinh :

a) j dxdy , D Ia mién gi6i han b3 cung rdn y = v2x — x% va
Dy4-x%-y? |

truc Ox ¢hinh 8.18) ;
b) Hamtg%dxdy, D Ia mién gi6i han béi cdc dudmg trdn x_2 +yi=1,
5 :

x2 + y% = 9 va cic dudng thang y = jlg-x, ¥ = v3x (phdn nim trong goc

phan tr thit nhat (hinh 8.19)):
1' 2 2

a a —-x
¢) [dx - (x% + y2)dy.
-2 _ az"xz
Gidi:
a) Thay x = rcos, y = rsing vio ham s6 duéi ddu tich phan, ta ¢6
I I 1

\/4 —x2 —y? J4 —(r? cos ¢ + r? sin? ) Va4 -2
con dxdy thay bing rdrde. Theo (8.4), nhén dugc
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dxdy H rdrd(p

;‘ —X —y D 4—1’ Yé -

Ddi sang toa do cyc, phwong trinh | y=Vax-@
cung tron y = ¥2x — x? c6 dang : [=2cosg
rsing = J2rcosq: ~r’cos’ @, // ///
sin®p + 17.cos @ = 2rcosg, - /////; -
2 = 2r00s0, |

Hinh 8.18
r= 2005(1)(0 S0=s lzt-]

Cic tia ké tir gbc cuc O va ti€p xiic vdi bién clta mién D trung véi Ox va
Oy,dod6o=0vap = % Theo cong thiic (8.6), ta ¢6

T
rdrdo =5d 2089 rdr
g 42 é[q) 6[ 4-1%
2cosQ

Trudc hét, tinh [
0

~
|
-
2

rdr = —% , t bién thién tir 0 dén 2cos¢, do dé t bién thién tir 4 dén 4sin2q:i.
Vay

4sin’ g .
=-2singp + 2

2cosQ rdr 4sin2tp dt \/_
[T
0 v4-r 4 2Vt

(& day : y4sin? g = 2sing, vi ¢ bién thién t 0 dén g nén sing > 0).

Cudi cung

dxdy

— IT——_r_ j’(z 2sing)de

T

2= 2.E + 2c0512£ -0~2cos=xm-2..

= 2¢ +I2cosq> >
0
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b) Thay x = rcos@, y = rsing vao ham s& duéi diu tich phéan, ta cé

rsin
arctgy- = arctg———(Il
X rcos

= arctg(tgg) = ¢.
o g(tgp) = ¢

Déi sang toa d6 cuc, phuong trinh céc

dudmg bién ciia mién I ¢6 dang :
x2+y2=1—>r=l;

x2+y2=9—>r=3;

1 ) 1 .
= —X = II5INp= —7—1¢cos¢,;
N ¢="RBrese

1 R
—>tg<p=$—>q)=-g;

y = v3x — 1sing = V3reoso 0 1 3 X
Stgp= Jg_)(ng. Hinh 8.19
Ap dung cong thitc (8.5), ta cé

3
Harctg%dxdy = _U(prdrdcp = |opdo jrdr
D D 1

| A el A

23
= Jo;

1
do = |9.5.09 —-1do = 4%

O F ey ?] A
H
=] ._‘wl A

¢) Theo ddu bai, y bién thién tir

y=—\] 2 _x? dény=+a® - x%,

con x bién thién tir —a dén a, vay
mién D giéi han bdi dudng tron
P=atox’ o xleyt=al
(hinh 8.20). Trong hé toa do cuc,
phuong trinh dudng tron trén cé
dang : r = a. Vi gdc cuc O nim
trong mién D, dp dung coéng thic
(8.7),tacé Hinh 8.20

85 -



a \‘az—xz g
Idx (x2 + y2 )y = H(rz cos? ¢ + r? sin’ @)rdrde
-2 _Ja2_y? D .
Zn a 2n 4 2n 4 4 4
— 3. [F |2 _ & _a In _ma_
- 6[dcp6[r dr-é[ 2 0do = (_!.4d(p- 4cp0A =

Chit $. Qua céc vidu 3 va 4, thdy ring ngudi ta thudng chuyén tich phéan
kép tir he toa do Dé-cdc sang h¢ toa do cuc trong trudng hgp ham s& dudi
d&u tich phan f(x, y) chifa biéu thic x° + y2 hoic trong trudng hop mién 14y
tich phan D 1a mot mat tron, mot phdn mat trdn,...

$6. UNG DUNG HINH HOC CUA TiCH PHAN KEP

6.1. Thé tich vat the

Nhu di biét trong muc bai todn dén dén khdi niém tich phan kép, thé
tich V clia mot vat thé hinh tru cong c6 ddy du6i 1a mién D trong mat phng
Oxy, ddy trén 1a mit cong S ¢6 phuong trinh z = (X, ¥) va cac dudng sinh
song song véi Oz (ham s6 z = f(x, y) gia thiét lién tuc va khong 4m trong
mién D) dugc tinh bing céng thic

V= [[fxy)axdy.  (388)
D
~ Néu f(x, y) =0 trong mién D
thi [[f(x,y)dxdy <0 va
D

= - [fiex.yaxdy. 89) - F c

~ D - -, l: G Zz =l:f1(x-Y)
Trong trrdmg hop cén tinh thé tich : |
vat thé, gidi han bdi cic mat cong ' '
z = fi(x, y), Z = f(x, y) va hinh E i
chiéu chia vat thé d6 1én mat phing : —

Oxy 1a mién D (fi(x, ¥), B{x, )
lién tuc va f5(x, ¥) 2 fi{x, y) trong
mién D) thi thé tich V phai tim
bing hi¢u s6 thé tich hai vt thé
hinh tru cong ABCEF va ABCGF
(hinh 8.21):

>-
|m’

Hinh 8.21
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egi;
g
g.¢

g
%o

V= [t yxixdy - [[fi(x,y)dxdy = [[if(x.y) = f;(x,y)ldxdy. (8.10)
D D D

Vidy 5. Tinh thé tich vat thé gidi han béi cdc mit

a)y:xz,y= LLx+y+z=4vaz=0;

bz=4-x>~y vaz=x>+y%

Gidi: _

a) Vat thé da cho 12 m6t vat thé hinh tru cong, ddy duéi 12 mién D trong
mit phing Oxy gi6i han bdi dudng parabol y = x> va dudng thing y = 1 ;
ddy trén 14 mit phing z = 4 - x —y (hinh 8.22 va 8.23).

Z=4-x-y

ra¥ |

Yi

Hinh 8.22 Hinh 8.23
Ap dung cdng thic (8.8) va (8.2), tacd

1 1 1 2] _
V= ff(4-x-y)dxdy= J‘dx [(4-x=y)y = j[(4;x)y—y7 y_zdx
D -1 2 -1 Sy
1 4 S L2 3 4 -5
B LA X_J ..[Z K4l xt X_JI_ES_
_I[Z X—4x -i-J(+2 dx-zx 5 3+4+10 AT

-1
b) Vat thé da cho gidi han bdi hai mat parabsléit tron xoay cé dinh tai
0,(0, 0, 4) va O(0, 0, 0) (hinh 8.24). Pudng cong L {giao tuyén clia hai mat
parabdléit) duge xdc dinh boi hé hai phuong trinh :

{z=4—-x2—y2

Z=X2+y2
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Khir z trong hai phuong trinh, nhén
duge : x° + y2 = 2. Déy chinh la
phuong trinh cia dudng tron L; gidi
han mién D va 13 hinh chiéu cla
dudng cong giao tuyén L xufng mat
phéng Oxy.

Vi tinh d6i xing clia vat thé déi
v6i cdc mit phang toa d6 Oxz va Oyz

* s ]- P Y
nén chi cin tinh a thé tich ndm trong
géc phan tam thit nhat. Ta cé Hinh 8.24

= H(4 —x? - y2 ~-x% - y2 dxdy,
Dy

trong d6 D, 1a % mit tron x> + y2 < 2 nam trong géc phin tr thit nhét cda
mat phing Oxy (hinh 8.25).

D¢ tinh tich phan kép dugc don gidn, ta chﬁyé’n sang toa d§ cuc bing
cdch thay X, y trong ham s6 dudi d&u tich phan béi rcose, rsm(p, con dxdy
thay bang rdrdg. Ta cé

V= 42.[f@ - *)rdrdg.
By
Phuong trinh duong tron L :
x> + y2 =2

khi d6 ¢6 dang r = V2. vi gdc cuc
O nim trén bién cha mién D, 4p
dung céng thitc (8.6}, nhan duge

<
I
-]

]
oo

Ot A Dt [ A
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6.2. Dién tich hinh phing
Néu trong tich phan kép Hf(x y)dxdy, ham s6 dudi ddu tich ph&n

f(x, y) = 1 vt moi (x, y) thude mlén D thi dedy bang s0 do thé tich hinh
D
tru thing c6 ddy la mién D, dudng sinh song song véi Oz va chiéu cao bang 1.

Dodé |fdxdy ciing bing s6 do dién tich d4y, nghia 12 dién tich mién D. Vay
D

S= [faxdy. @1
) | :

Trong hé toa do cuc, dién tich S chia hinh phang D 1a .
$= [[rdrde. (8.12)
D

Vi dy 6. Tinh dién tich hinh phing gidi han bdi céc dudng :
a)y=2-x>vay=x (hinh 8.26) ;

b) x* + y? = 2x, x> + y = 4x, y =x va y = 0 (hinh 8.27).
Gidi:

a) Truéc hét, cdn tim toa do cc giao diém M; va M,. Ta c6
2;xz+x—2=0,xl =-2vax,=1.
Vay toa d6 céc giao diém 13 : M,(-2, -2)

va My(1, 1). Ap dung cong thirc (8.11),

X=2-x

tacéd
S dedy— Idxzf dy

D -2 X
| 22

=_Jz'y :=x * dx
1

= |(2 -x° —x)dx
J
-2

Hink 8.26
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b) Déi sang toa d¢ cuc phuong trinh cic dudmg bién chia mién D ¢6 dang :

x2+y2=2x—>r=2005{p;x2+y2=4x—->r=4cos<p;
y=X— cp=-?4E ;¥y=0-¢=0.
Ap dung cong thiic (8.12), ta ¢6 2 4y = 4x
- r = 4cosgp
4 4cosg
S= Hrdrd(p = Id(p I rdr
D 0 2cosp
z
_ 4 lrj}r=4cosm ¢ 1 4
- 5 r=2cosg Q o On - N\ ' X
o 1/ %2 A
7} . x2+y2=2x =0
_1 I(IGCOSZCP-40082 oXoe "= 2c0sp
2. Hinh 8.27

n

4 n 1
o= {53)

2

n
7 .

= 6_|'cos2 pde = 6I—I—Mdtp = 3(q) + sm2(pJ
0 0

DT

1 i

: 0

: &

O i - -

NG R KN y

:,!‘ : “V
X P X

a) b)
Hinh 8.28

Gié st ¢6 mot mit cong o gi6i han b&i mot dudmng cong kin. Phuong
trinh clia mét cong ¢ 1a z = f(x, y), ham s6 f(x, y) gia thiét lién tuc va c6 céc
dao ham riéng lién tuc trong mién D (D la hinh chi€u cda mat cong G trén
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mit phing Oxy). Chia mién D mot cdch tuy ¢ thanh n mién nhd dg, dy,...

dy-, €6 cdc dién tich trong ting 12 Aoy, Aa...., Ac,-;. Trong méi mién nh6
d; ldy mét didm ty ¥ P&, ny), vng v6i né 1a diém M;(&;. m;, &) trén
mat cong & (hinh 8.28a). Dyng mit phing T; ti€p xic v6i mat cong o tai
diém M;. Goi t; 1a manh chia mat phing T; ma hinh chi€u cia né trén mat

phing Oxy ding bing d;. Dién tich clia manh t; ky hiéu 12 AT;. Gi6i han néu
-1

cd cla z AT; khi n — +o0 sao cho dudng kinh 16n nhét trong cic dudng
i=0
kinh A; cla cdc mién nhd d; ti€n dén khong (thudng ky higu 1a maxi,) dugc
goi la dién tich ciia mdt cong o, va dugc tinh nhu san ; _
Goi v; 14 géc giira mat phang T; va mit phing Oxy, d6 chinh 1a géc gia
truc Oz va ph4p tuyén tai M; v6i mit cong da cho, ta c6 (hinh 8.28b) ;
Ao;
cosy;

Ag; = AT cosy; ; AT, =

Nhu d2 biét & Chuong VII, céc he 56 chi phucmg ctia phdp tuyén tai M; véi
mat cong di cho la

Do dé

COsYy; = \/1 + p1 + ql Ao'
\}1 + pl + ql
-1 n—-
I;SATi = Z\}l+pi2 +q? . Ag;.
i=0 i=0

Di¢n tich S cha mijt cong di cho 1a gi6i han cha t8ng trén khi n — +0
sao cho maxA; — 0. Gi6i han 4y chéc chin tén tai vi c4c ham s6 p=fi(x.y),
q = fi(x,y) lién tyc trong mién D. Do d6, theo dinh nghia tich phan kep,

tacod:
S= lim ZAT lim Z\f1+pl +q1 Ao,

max ;0 i=0 max A; —0 i=0
(n—)+uo) (n—>+co)

S= [[y1+p® + q® dxdy. ' 8.13)
D
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Vi dy 7. Tinh dién tich mat cdu tam O(0, 0, 0), bén kinh R :
x2+y2+zz=R2.
- Vi tinh chét d6i xing clia mat cdu d6i véi gdc O va 46t véi cdc mat
phing toa d6, nén chi c4n tinh dién tich ctia phdn mat cdu ndm trong géc
phén tdm thi nh&t (hinh 8.29). Khi d6 :

7= R? _x2_y2,

i

, —X 4y’ +20= R?
p: X = .
JRz ~x2_y2
J -y
q= s

zy = \/Rz . E

\ll-‘l-'p2 +q° = R ,

JRz _x2_y?

va S=8 H R dxdy, | Hink 8.29
D \/R2 -x2-y? :
trong dé D 1a % mat tron x> + y2 < R? ndm trong géc phan tu thif nhat cla

mit phing Oxy.

Chuyén sang toa do cuc, ta c6

T
R 2 R ~rdr
S= 8 |[}—=———rdrdgp = -8R |d¢ |-
R Nt i U e
E n
=—8R?\/R2—r2
0

r=R 2
_, do=-8R oj (-R)dop

= 8R2.% = 47R2,
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CAU HOI ON TAP

Neéu bai todn din dén khai niém tich phan kép.
Dinh nghia va ¥ nghia hinh hoc ciia tich phan kép.
Phét bi€u va minh hoa hinh hoc céc tinh chat ciia tich phan kép.

Ching minh cong thic tinh tich phan kép trong hé toa do Dé-cic.
Néu quy tic x4c dinh c4n tich phan.

Neéu cong tinfc tinh tich phan kép trong hé toa do cuc va quy tic xdc dinh
¢én tich phan.

Néu cic tng dung cha tich phan kép dé 1inh thé tich vat thé, dién tich
hinh phéng, dién tich mat cong.

Trong cdc ménh dé sau, ménh dé nao diing :

2] L2
1) _[dx If(x,y)dy = Idy If(x,y)dx ;

0 -l -1 ¢
I I-x 1 -y

2) _[dx j f(x,y)dy = -Idy j f(x,.y)dx ;
0 0 : 0 0

E

2x 1 2y
3 Jax [foydy = [dy [fx,y)dx ;
0 0 0 0

R
4) Idxje"‘ ™Y sinxdy =0 ;
-1 0

~ 5) [[x® +y* ~ )dxdy = O néu D 12 mién giéi han béi dudng
ST

x2+y2—1=0;

"

. 2 2 |
6) J]-(2:'c2 + y)dxdy = Id(p I(2r2 cos’ @ + rsing)rdr néu D 1a mién
D T 1 : : :

2

2, y2 < 4}, (1, ¢) 1a toa d6 cuc ciia diém c6 toa

{(x,):x20,1<x
d6 DBé-cic (x, y).
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7) N&u D [a mién hinh tam gi4c gi6i han boi truc hoanh va cic dudng
thing y = 1+Xx,y=1-x, thi dé tinh tich phan kép

[J£(x, y)dxdy,
D

ta tinh tich phan theo y truéc, theo x sau don gian hon cdch tink theo

thit te ngugé lai,
BAI TAP
Tinh cdc tich phdn :
2 1 2 x_2
1 fdy fex? + 2y)dx. 2. fax [ dy.
0 0 1 1Y
X
T
2n a 2 3cosg
3. [do [ rdr. 4. [do | £*sin® gdr.
0  asing _r 0
2

Tim cde cdn ciia tich phan kép {| fix, y)dxdy khi 26 thanh hai tich phan
’ D

xdc dinh lién tiép :

5. D1a hinh chit nhat c6 c4c dinh ; O(0, 0);AQ2,0); B2, 1); C©, 1.
D 14 hinh tam gi4c ¢6 céc dinh : O(0, 0) ; A(1, 0) ; B(l, 1).

D la hinh thang ¢6 céc dinh : O(0, 0) ; A(2, 0) ; B(1, 1) ; C(0, 1).

D 12 hinh binh hanh c6 c4c dinh : A(1, 2) ; B(2, 4) ; C(2, 7) ; D(1, 5).
D I2 hinh quat tron OAB nhu hinh BT 8.1.

BRI P -

Hinh BT8.1



&

Dua vao cdc cdn da cho, hd‘y viét phuong trinh cdc duong cong gidi han
mién Idy tich phdn D va vé mién léy tich phan 4y : .

3 x+9 3 V25-x2
10. fdx [ fxyyy. . fdx [ fx.yny.
1,2 0 0

2 2-y
12, Idy I f(x,y)dx.
6 2

L

a4 .
DA thit tu Idy tich phén trong cdc tich phdn kép sau :

| Ix _ 1 1-y
13. [dx [£x,y)dy. : 14. [dy f(x,y)dx.
0 2x _ , 0

/]
R_z" X R YR2-x2?
15. | dx [fx,y)dy + fax | fex,yay.
0 0 RV2 0
2

- l—y

Tinh nhitng tich phdn kép sau : 2
16. [[xdxdy, D Ia mién nh hinh BT 8.2, 3
D o

C
17. ff &y b phin mat -l

2
tron tim O(0, 0), ban Kkinh a, nim o A X
trong géc phan tu thit nhat. - Hinh BT8.2
2
18. ff ’;d"dy D 12 mién gi6i han béi céc dudng y = "Tva y=x.

2,
pX t+¥

19. I Ic"’ Ydxdy, D la mién tam gidc cong gidi han boi céc dudong y” = x,
5 _

x=0vay=1,

Chuyén nhitng tich phin kép dusi ddy sang hé toa d cuc va xde dink cdc
cdn ldy tich phdn theo r va theo @:

20. ([f(x,y)dxdy, D 1 mién tam gidc, gi6i han béi cic dumg y = x, y = —x
D

vaiy=1.
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21. ljdx ljf[%)dy . o 22, ?&x.}f(\/,xz +y2)dy.-
-1 42 ¢ 0

Chuyén sang hé toa d6 cuec, tinh nhiing tich phdn kép sau :
23, j’ j (x? + y*)dxdy, D 12 mién gi6i han bdi dudng tron x> + y° = 2ax.
D

24. H\ﬂ - x2 - y:z dxdy, D la mat tron, tam tai géc O, ban kinh 1.
b

25. [[—29Y_, D 1a mién vanh khan, ném gigh hai dudng tron x% + y2 = 1

26 fdx [ In(t+x?+yPy.
0

Tinh thé tich vt thé gioi han béi cdc mdt :
27.y= J;,y=2\/;, X+z=6,z=0.

28. z---_2x2 + y2 + 1, x + y= 1 va cdc mit toa do.

29.x+y'+z=a,3x+y=a, %x+y’=a,y=0,z=0(a>0).

Chuyén sang hé toa dé cuc, tinh thé tich vét thé gidi han bdi cdc mdt :
30. 2az = x* +y x2 +y +22 = 3a° {a>0).

31.)(2-|-y2 =2ax,z= \x% + yz, z=0(@>0).

Tinh dién tich hinh phdng giéi han béi cée duomg :
32.y2=4ax,x+y=3a,y=0(y20,a>0).
33.y=2"y=2"%y=4

34. r = asin3¢.

35. Tinh dién tich phdn mat phing 6x + 3y + 2z = 12 & trong g6¢ phin 14m
thitnhét (x 20,y 20, z 2 0).
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ot
P 0

36. Tinh dién tich phdn mat paraboloit z = <+ .y2 nim bén trong mit tru

+yi=1. '
37. Tinh dién tich phn mat cdu x* + yz + z* = R? niim bén trong mat tru
x2+ y2 = Rx.
Pap s6
14 9 na? 12
1. T 2. 1 3. I 4, 5

5. }dy}f(x, y)dx hoic :idx l_[f(x,y)dy.
0 o 0 0

6. lJ‘dyl_"f(x,y)dx hoic l'[dx}]'f(x,y)dy.

0 y o 0O
1 2-y :l L 2 2-x
7. jdy I f(x,y)dx hoac Idx If(x,y)dy + Idx I f(x,y)dy.
0 0 0 o0 1 0
2 2x+43
8. Idx I f(x,y)dy hoiac
| 2x
Y
4 7 5 2 12
Idy If(x,y)dx + Idy If(x, y)ydx + Idy I f(x,y)dx.
2 1 4 1 s y-3
_ )
Ly VZ A2yt |
9. fdy [fouy)x+ [dy f(x,y)dx hoic
0 -y 1 - 2_y2
0 2-x? 1 V2-x?
Jdx j f(x,y)dy + jdx j £(x, y)dy.
-1 -X o X _
10. y=x% y=x+9,x=1,x=3. 1Ly=0,y=v25—x?, x=0,x=3.
yz 2 % 3 1
R2.x=2 -1 x=2-y. 13. [dy [f(x,y)dx + [y (. y)dx.
0y 2y
3 3
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m 1-x
14, fax [ f(xy)dy+ _[dx | fex,y)dy.
- 0

0 0
RY2
T35 Ry )
15. [dy [ fxydx 16. <.
Y
na 1
17. = 18. In2. | 19. .
oL
4 sing
20. _[d(p J' f(r cos @, rsin @)rdr.
n 0
7
x sing 3“ ' 1 smq:i
ry oosztp sing 0052 o
21, jf(tg @)de j rdr + j fitgp)o j’ rdr + If(tg(p)d(p j rdr.
7 “4“
n 2
4 cosg
22, _[d(p | . 23, 2rat, 1. 25
2 3
0 0
25.2m. o 26. 71+ R?)In(1 + R?) - R?).
486 3 , a’
21. == 28. 2. 29. .
; |
m1a 32 %3 10 4
30, T(GJE 5), 31 5a 32 el
33.12-—> . 30, T2 35, 14
. T o .14,
36. -2-(5\/5 -1). 37. 2R*(n - 2).
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Chirong IX
TiCH PHAN BUONG

Mue di’afzym edu

— Chuong nay trinh bay céc kién thiic co ban vé tich phén duong : dinh
nghia, cac tinh chat, céch tinh tich phan dudng, quan hé gilia txch
phéin dudng doc theo mdt dudmg cong Kin véi tich phén kép trong, mién
glé’l han bdi dudng cong kin 4 (cbng thitc Green) va mot 50 {thg dung
cla tich phan dudng.

— Sinhk vién cln ndm viing céc khai niém 8y, tinh dugc tich phén dudng,
van dung dugc mbt céch Imh hoat cﬁng thitc Green trong tmh tich
phan dudng va ddc biet hidu duge eéu shc dleu kién cn va db dc tich

phén duimg doc theo mét cung AB (AB ) khéng phu thudc vao AB ma
chi phy thudc hai mit A va B,

§1. BAI TOAN DAN DEN KHAI NIEM TiCH PHAN DUONG :
CONG CUA MOT LUC BIEN POI

Gia st cdn tinh c6ng A cia mot luc F tic dung lén mot chdt diém M
chuyén dong trén cung cong phing tir B dén C. Luc F = F(M) = F(x,y)

bién thién lién tuc doc theo BC va c6 céc hinh chi€u xudng hai truc Ox va
Oy 1a P(x, y) vd Q(x, y) (ching }a nhiing ham s& lién tuc trén BC ). Tacé

FM) = F(x,y) = P(xy)i + QX Y.
trong d6 iva ] la cdc vecto don vi trén hai truc Ox va Oy.
Chia BC mot cich tuy ¥ thanh n cung nhd boi céc diém chia B = By, By,
Bz Bn C ¢6 chc 4o dai tuong tng 12 Asg, Asy,... s,y Xét cung nho thi
1 By B,+1 Trén cung d6, vi d6 dai As; khd bé nén cd thé xem nhu luc F

khong déi va bang EM,) v6i M(&;, n) 1a mot di€m nao d6 trén BiB-,H.
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Ngoai ra ¢6 thé cot ﬁ;ﬁm nhu tring véi day cung B,B, ., vi chat diém M
coi nhut chuyén dong thing trén day cung B,B,,, (hinh 9.1). Do d6, cong do
luc F tao nén khi chét diém M chuyén dong doc theo lﬁi +1 £4n ding bing

———

[FM,)l[B.B,,,|cos; = FoM,)BB,,, |
= P(gi,ﬂi)Axi + Q(&i,ni)Ayi,

trong d6 o; 1 géc gita F(M) FiM,)

V8 BB A% = X - X VA et N

Ay; = y;y; = i la cdc hinh chi€u cha  Yif-------=- 7 Ef',‘”

B,B,,; xubng hai truc Ox va Oy: RN Ba=c
céng do luc ﬁ tao nén khi chét E : :

diém M chuyén dong doc theo Bo=B . E :

cung cong phang tir B dén C gin 3 % E ~
dling bang Hink 9.1

Ap = P&, 1A, + Q6. nAY, + ...
+ PEps No-)AX—y + Q&1 Ny )AYn—

n-1
= 2 [PEim)ax; + Q. mpay;} -

i=0
Dé thdy ring khi ting s6 phédn chia n lén, sao cho cdc ﬁ;ﬁm cang nho lai

thi sy khac nhau giifa A va A, cang it. Do 6, hién nhién cong A do lyc F
tao nén xem la giGi han clia A, khi n — +0 sa0 cho maxAs; = 0. Vay

n-1
A= limA; = lim Y [P, n)Ax; + QE;,n)Ay;]-
maxAs;-»0 MaxAs;—0 {5,
{n—+w0) (n—-+<0)
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§2. DINH NGHIA TiCH PHAN BUONG

Cho hai ham s6 P(x, y), Q(x, Y} xdc dinh trén cung cong phéng BC.
Thuc hién céc budc sau
1. Chia tuy § BC thanh n cung nhé b céc diém chia B= B,, BB, ...
B, = C ¢6 céc 0 i twong dng [a As,, As,, ..., As,_.
‘2. Trén mébi cung nhé thit i (ﬁi—ﬁm) lay mot di€m iy y M, ;) va
tinh : P(Zj, 1)AX; + Q(E;, n)AY; (=0, 1,... | n - 1), trong 46 Ax; = x;,; — X
va Ay; = y;.| ~ v; 1a c4c hinh chiéu chia vecto B;B;,, ién hai truc Ox va Oy.
3. Lap téng
L= T‘Z;[P (Gi:)Ax; + Q(E,.nAy, |
i
4. Tim gi6i han cia I, khi n — +o sa0 cho maxAs; — 0.
Néu tdng 1, tién dén mot gidi han xdc dinh, khOng phu thuéc vao cich
chia BC va cdch chon diém M; trén méi cung nhd B.B iBi+1 thi gi6i han d6
dugce goi 1a tich phdn duong cia hai ham s6 P(x, y), Q(x, y) doc theo cung

cong phing tix B dén C, ky hiéu 1a JP(x, y)dx + Q(x,y)dy. Vay

iP(x y)dx + Q(x,y)dy = math Z PE; . m)Ax; + Q&;,n;)Ay;.
(n—>+oo)

Ngudi ta chimg minh dugc ring : néu cung cong phing BC tron va néu
cic ham s6 P(x, y), Q(x, y) lién tuc trén BC thi tich phan dutmg t6n tai.

Tr lai bai todn din dén khéi niém tich phan dudmg va dtra vao dinh
nghia tich ph4n dudng vira néy, ta cé

A= lim gP(é.-n AX; + QU Ay, = gg P(x,y)dx +Q(x,y)dy .
(n—o+oo}
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Chii y : 1. T dinh nghia d€ thiy ring : Néu ta d6i chidu trén cung cong

phéng tir C dén B thi cdc hinh chiéu ciia vecto B.B. .. iBist 1én hai tryc Ox va Oy
déi dau, do dé '

j P(x,y)dx + Q(x,y)dy = — j P(x,y)dx + Q(x, y)dy.
BC CB

2. Trong trudng hop BC ia dudng L L
cong kin L (nghia 1a hai diém B vi C
tring nhau), ta quy uéc chon chiéu / /
duong trén L la chiéu sao cho mot ngudi

di doc L theo chiéu 4y s& thdy mién gi6i
han b&i L gdn minh nhat & vé bén tréi; —
 chiéu nguoc lai la chidu am (hinh 9.2). Hinh 9.2

Ta thudng ky hiéu tich phan dudng doc theo duorng cong kin L theo
chiéu duong la

<§ P(x,y)dx + Q(x,y)dy.

3. Tich phan dudng c6 cic tinh chat nhir tich phan xic dmh

§3. CACH TiNH TiCH PHAN PUONG

D¢ tinh tich phan dudng J: P(x, y)dx + Q(x,y)dy, ta dua vé tich phan

xé4c dinh. Gia sir BC 1a mot cung cong trom, cdc ham s6 P(x, y ), Q(x, y) lién
tuc trén BC C6 hai trudng hop

" 1. Cung cong BC duge cho bdi phuong trinh tham s6 x = (1), y = y(t),
diém B g v6i tg, dlém Cing v6i t, ta ¢6 cong thic :

JP(x, y)dx + Q(x,y)dy =
4 _

= I[P(cp(t), VR + QDWW ®lde.  ©D

tg
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A rdn
¥y

o A
)

%

2. Cung cong BC duge cho béi phuong trinh y = f(x), diém B iing véi
Xp» di€m C tng véi x,, ta c6 cong thitc :

Xc .
[Peyx+ Quydy = [ foo) + Qe tenf ool (92)
BC Xp
Chii y. Néu cung cong B,—(}.‘lé mét doan thing song song véi truc Ox, cé
phuong trinh y =y, xg <x < X thi doc theo doan thing 5.'y cdc Ay, déu bing
khong, do d6 theo dinh nghia ciia tich phan dudng, ta cé (hinh 9.3)

X
JPouyx +Quxydy = [Pexyg)ax. (9.3)
BC Xg
Néu cung cong BC 12 mot doan thdng song song véi truc Oy, ¢6 phuong
trinh X = Xy, yp £y < yc thi véi 1y do twong tu trén, ta ¢6

¥c
JPouyax +Qxyny = [ Qxg.yay. e
BC ¥B '
vi : ' ¥k .
Yo---- c
Y= Yo X=X,
Yol B / c /
¥e B
o' xg X x o Xg | i
Hinh 9.3 '
Vidu 1. Tinh Ye
I= | ydx - xdy, ‘\
|
BC I nira dudng tron c¢é phuong C 8) B X
trinh tham s6 14 : x = acost,
) Hinh 9.4

y=asint (0 <t < R).

Ta ¢é : dx = —asintdt, dy = acostdt, tg = 0, tc = 7 {(hinh 9.4), do d6 theo
céong thic (9.1) :
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n . .
1= iydx —xdy = I[a sint(-asint) — acost(acost)]dt
BC . ' 0

n
= —a% Idt = -a2t|:=-—1ta2.
0
Vidu 2. Tinh

I= [xydx +(x + y)y,
L
trong d6 L. 1a :

a) doan thing néi hai diém O (0,0) va A(1,1) ;

b) cung parabol y = x néi hai diém dé ;

¢} dudng gdp khiic OBA (hinh 9.5).

Gidi:

a) Phuong trinh doan thing n6i hai diém O(0, 0) vd A(1, 1) lay = x véi
0<x<1.Dodé dy = dx va theo (9.2) ta ¢6

1 3
_ _ 2 _ X 2 1__ 4
i= 1‘!xydx +(x +y)dy = I(x + 2x)dx = (-3-+ X ] =3
~ b) Phuong trinh cung parabol néi ha1 diém O(0, 0) va A(1, D 1a y = x° ,
vii0<x<1.Dodédy= 2xdxvatheo 9.2)taco

. - [+ o xy2xldx =[xt 4 2 Jm
I-l:[xydx+(x+y)dy-6|'[x +(x+x°)2x]dx -(4x +3x TR
c¢) Dudng gap khic OBA gém hai doan yi

OB va BA c6 phuong trinh khéc nhau, A1)
do dé

. y=x 2
I= Ixydx +(x + y)dy y=Xx
L [———x=1
= _I[xydx +(x +y)dy + _'[xydx +(x+ydy. 3 5 %
BA y=0
Hinh 9.5

Phuong trinh doan thing OB 1a y =0 vi 0 <x <1, do d6 theo (9.3) ta ¢
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_‘[xydx +(x +y)dy = I x.0dx =0.
OB . 0 :

Phuong trinh doan thing BA 1ax=1vc'si0<y<1 dodétheo(94)tac_6

3
Ixydx + (X + y)ydy= I(l +ydy = (1 +y)° 0= 5
BA
Vay _
S 3
I= B
Vidu 3. Tinh
I= Inydx + xzdy,
L
trong d6 L 1a cac doan ducmg cong cho trong ba trudng hop cia vi du 2.
Giai:

~a)Tréndoanthing y =x v6i 0 < x < I, tacé dy = dx va
!
_ 2 2vee o W3
I= I(Zx +X“)}dx = x |-0-l.
0
b)"l"réncla:)a.mp.en.rabolyzx2 vai0<x <1, tacéddy=2xdx va
' 1

I= 2% +2x)dx = x4|;= 1.
0

¢) Trén doan théng OB y=0v8i0<x<1,tacd
1
inydx + x%dy = jzx.o.dx =0,

Tréndoanthang BA x=1vii0sy<], tacé

_l[2xydx +x%dy = _[lzdy = Idy = y| =1.
0
Vay

I= Inydx + xzdy + _'[nydx + xzdy =1.
0B BA
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Qua vi dy trén, ta thiy néu tinh tich phan dudng di cho doc theo moi
doan dudmg cong L khéc néi lién diém O vi diém A, gid tri cia tich phan
dudng vin luon bing 1. Nhu vay, tich phan dudng da cho khéng phu thuoc
dudng cong ldy tich phan, ma chi phu thudc vao di€m ddu O va diém cuéi A.

Vidy4. Tinh

I= Ixydx,
0 ,

trong d6 L. 1 cung parabol x = y* néi hai diém A(1, -1) va B(1, 1) (hinh 9.6).
Gidi: '
Tacé:x=y2,dx=2ydy,yA=-—1,yB= 1va

I= Ixydx = i[yz.y.2ydy
L -1

I I ALY
_.2_,[y4dy —2?|_1 = g.

Chu ¥ ring trong vi du trén, ta di
dung cong thitc twong tu cong thitc (9.2)

d6i véi truong hop cung cong BC duge
cho bdi phwong trinh x = g(y), diém B
ing véi yg, diém C ing véi ye. Khi d6
trong tich phan xéc dinh & v€ phéi, ta Hinh 9.6
xem y 12 ddi s& va co

: ¥c

JPeyx +Qxydy = [ Pem).yE D) + Qe Ky, ©.5)
BC ' ¥s

Tét nhién, trong vi du trén ta ciing c6 thé tinh I bing cich dua vé

tinh tich phén xdc dinh theo % (cong thic (9.2)), nhung khi d6 ta phai chia

AB thanh hai cung AG vi OB c6 phuong trinh ln luot 13 y = —Vx v

y=+x,va

i 3 3
I= _[xydx_= JXydx + nydx = f(j'xidx + i[xidx = %
L AOQ OB 1 0
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§4. CONG THUC GREEN

Cong thic Green 1 cong thc lién hé gifia tich phan dudng doc theo mét
dudng cong kin phing L va tich phan kép 14y trong mién D gi6i han béi dudng
cong kin L.,

Dinh Iy 9.1. Néu cdc ham s6 P(x, y), Q(x, y) va cdc dao ham riéng cdp
mot cia chiing lién tuctrong mién D thi ta cé cong thitc Green :

o0 op - ‘
= _ =gPr . .
| s dxdy = § Pdx + Qdy | (9.6)
D : L
trong dé L la duomg cong kin, bién ciia mién D va chiéu Idy tich phdn trén
duomg cong L la chiéu duong.

Chitng minh: Gid sit D 12 mién don
lien va moi dudng thdng song song vdi
cdc tryc toa do cit L khong qud hai diém
(hinh 9.7).

Theo cong thic tinh tich phan kép
trong mién D, ta ¢ '

Yi

C y=yil
(x) '
e
D

a ¥ _ Hink 9.7

xy.

b

trong d6 y = y,(x) la phlrong- trinh cung cong ﬁ y = yi(x) la phuong
trinh cung cong ACB.
Tinh tich phan & v& phéi, ta cé
b
_F?dedy = _[P(x,y)
D ay a

Nhung theo cdch tinh tich phan duf:fng :

y=y3(x) b b
yoy o0 8% = IP(x, ¥, (x))dx — IP(x,yl (x))dx .
a a .

b
jP(x, ¥, (X))dx = iP(x,y)dx,
a AEB

.
- [P(x,y, (x))dx = —i

P(x,y)dx = P(x,y)dx .
ACB ECLA
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4

Do dé

H%dxdy = ' P(x,y)dx = —C_f P(x, y)dx.
: D AEBCA L
Tuong tu trén, ta c6

H%—%dxdy = JQ(x, y)dy.
D ' L

Tir hai ket qua trén, suy ra cong thitc Green.
Nguoi 1a ciing ching minh dugc ring cong thiic Green vin ding trong
trudng hop D 12 mién don lién va moi dudng thing song song véi cic truc
toa do cit bién L ciia n6 nhiéu hon hai diém (hinh 9.8), hoic D 1 mién da
lién. Cén nh¢ ring trong trudng hop D ia mién nhj lién nhy hinh 9.9, vi bien
L cia mién D gém hai dudng cong kin L, va L, réi nhau nén chiéu duong
trén L phéi chon theo quy wéc di néu trong chii ¥ 2 cia §2, nghia 1a chidu
duong trén L; 12 nguoc chidu kim déng hé, con chiéu duong tren L, 1a thuan
chiéu kim ddng hd. . :
4 v

Ly

/Z) 0
Hinh 9.8 Hinh 9.9
Vidu 5. Ding cong thifc Green tinh

Y

& X %)

b

I= (j— xzydx + xyzdy,
L
trong d6 L I dudng tron x* + y? = R Iy theo chiéu nguoc chiéu kim déng ho
(hinh 9.10).

Tacd:

_ 2 2 P o N 2
P(x,y) = xy,Q(x.y)—xy,ay- A il
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Ap dung cong thiic Green (9.6), ta c6 ' 6 X +y?= R?

I= C_f— xzydx + xy’dy
L

= H(xz + y2 Ydxdy . O R X
D D /
Déi sang toa do 'cuc, thay x = rcoso, r=R L
y = rsing, dxdy = rdrd¢, ta c6 '
2n R
: Hinh 9.10
1= [f’drdp= [do [rdr .
D 0 0 )
_.Zf_i d _Bian -_li 2n _ _nR4

§5. DIEU KIEN DE TiCH PHAN DUONG KHONG
PHU THUQC DUONG CONG LAY TiCH PHAN

Qua céc vi du 2, 3 cia §3, mot cau hoi ducc dit ra 12 : Cic ham s6 P va
Q cén phai thod man nhiing diéu kién gi d€ tich phan dudng ’j Pdx + Qdy
i AB

khong phy thude vao dudng cong néi hai diém A va B ma chi phu thuéc vio
diém ddu A va diém cubi B ? '

Truéc hét ta nhan xét ring : J: Pdx + Qdy khong phu thuéc vao duong
AB
cong néi A, B ma chi phu thuc vao hai diém A, B khi va chi khi
Cide + Qdy = 0 vdi mol dudng cong kin I di qua hai diém A, B.
!
That vay, gia sir ’J: Pdx + Qdy khong phu thuéc vio duding cong néi hai
AB

diém A, B. Khi dé6
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,'_Lde+Qdy = ’_J;de-+Qdy ™
ANB AMB

trong d6 AMB va ANB 1a haj duomg cong
bat ky n6i A va B (hinh 9.11), Suy ra

’Lde+Qdy ~ ’_Lde+Qdy =

ANB AMB

= ’_Lde+Qdy + ide+®y
ANR BMA

= | Pix+Qiy= ¢Pdx + Qdy =0, (**)
ANBMA J

Neuoe lai, néi Pdx + Qdy = 0 vej moi dwdng cong kin / thi ti (**) dé
{
dang suy ra (*), nghia Ié"[ Pdx + Qdy

khong phy thuoce vao dudng cong néi
AB ' '

hai diém A va B.m
Tirnhan xét tren, ta g dén dinh Iy say,

Dink Iy 92. Cho hai him s6 p(x. Y Q(%, ¥) lién tuc va og dao ham
riéng cdp mot lign uc trong mét mién dom lién D. Digy kién cdn va di ¢



Diéu kién du. Gia st diéu kien (9.7) dugc thod man trong mién D. / 1a
mét dudng cong kin bat ky nim trong D. Goi d 12 mién gi6i han bdi /. Ap
dung cong thiic Green (9.6), ta cé

oQ P |
Pdx + Qdy = I[-——————dedy.
9 o
ViaQ éP

x5 tai moi diém trong mién d neén tich phan kép & v& phai bing -
khoéng, va do dé

cj Pdx + Qdy =0.
i .
Diéu kign cdn. Gid sit Pdx + Qdy =0, I 1a dudmg cong kin bat k§ nim
' !

trong mién D, cin chitng minh %% = % tai moi diém trong mién D.
L * ) L | ‘ . . - w 6P
Diing phan ching, gia sif tai mot diém M trong mién D ta c6 x5 >0
| A Q _op L
(trudng hop < 0, chiing minh twong ). Vi " 3 la m6t ham sé lién tuc
Q

nén t6n tai mGt mién lan can d chia diém M, trong dé ax ® >0.Goilla

3y
dudng cong kin gidi han mién d, ding cong thiic Green, ta ¢6

P
?[de +Qdy = p’[%--é?]dxgy.

Vi trong mién d, %8- - %yf-) > 0 nén tich phan kép & v& phai duong, va do dé

tich phan dudng & v€ trdi ciing duong. Diéu ndy trii véi gia thiét cha diéu
ki¢n cin. Vay, tai moi diém trong mién D, ta phai c6
N_P g
ox oy
Vi du 6. Tinh

i x2dx + yzdy ,
OAB _
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trong d6 OAB 1 nira dudng tron

: . X+ yz =2x
X+ y° = 2x nim & phia trén truc Ox 4 A
(hinh 9.12). o
Tacd:
P(x,y)=x% Q(x, y) = °, 12,
o Ol —— B X
oQ opP
X oy 0 | Hinh 9.12

tai Y(x, y) € R%, va tich phdn dudng di cho khong phy thugc vio dudng
cong ndi hai di€ém O va B. D€ tinh tich phan dudng da cho dugc don gidn, ta
thay né bang tich phan dudng 14y trén doan thing OB clia truc Ox. Trén
doan thang n2y y =0,0<x <2, nén :

2 3 2
2 2. 2 2400 — [+24y . X _8
ixdx+ydy—_'[xdx+ydy—‘[xdx—3 0°3
OAB : OB 0

Vi dy 7. Tinh "

L

(j—ydx + xdy

73
L Xty

L 1a dudng cong kin, tron, trong
hai trudng hop :

. a) G8c O nim ngodi mién D
gidi han bdi L (hinh 9.13) 5

b) L bao quanh géc O.

Gidi: a) Ta cé

Hinh 9.13

P{x, y) = ,Qx, y) = ,
X2 + y2 x2 + yz

dy 2 +y2) (x2 + y2)?
trong d6 P, Q, %%—% lién tuc va % = % tai moi diém (x, y) € D. Do dé



r—
a'eﬁgm
AT

o

—ydx + xdy
q 2.2 =0
X“+y
b) Néu L bao quanh géc O, ta khong 4p dung dinh 1y 9.2 dugc vi P, ,

g—;z,-g% gidn doan tai goc 0. Ta vé mot duong tron C tam tai géc O, ban

kinh R di 16n dé né chia L & trong va khong cét L (hinh 9.14). Phuong trinh
tham s6 ctia dudng 1ron C 1a

X = Rcost, y = Rsint 0 <t<2n).

. P Q) . ‘
Céc ham s§ P, Q. Ea— lién mc

s P &Q . .
va 5; = 5 trong mié€n nhi lien D_

gii han bdi hai dudng cong kin L
va C. Ap dung céng thic Green
vao mién D, ta ¢6

RN _Pyaw o
!) B "oy [ixdy=0

= JPdx + Qdy - Pdx + Qdy.
C L

x1

7

(aa\

Hinh 9.14
Suy ra '

ni(—-Rsint) + R cost.Rcos tdt
R%cost + R2sin? ¢

2n .
chdx+Qdy=<dex+Qdy = I"RS'
L C : 0

n
= Idt = 2.
0

3

Chii thich: 1. Ta biét rang diéu kién %yp- = & diéu kién cdn va du dé

biéu thic Pdx + Qdy la mét vi phan toan phan (§2, chwong VII). Vi vay dinh
1 9.2 con c6 thé phét biéu nhu sau -

Cho hai ham 56 P(x, ¥) Q(x, y) lién tuc va cé dao ham riéng cdp mot
lién tuc trong mot mién don lien D. Pidu kién cdn va dii dé tich phan duwong

l Pdx + Qdy,
AB
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trong dé AB la mot duong cong ndm trong D, chi Phu thugc hai diém A va
B ma khong phy thugc duong cong néi A véi B 1a trong mién D biéu thirc
Pdx + Qdy la mot vi phén toan phén.

2. Néu P(x, ¥), Q(x, y) lién tuc va c6 dao ham riéng lién tyc trong mot
mién don lién D, Pdx + Qdy 14 vi phan toan phdn cfia ham s&
f(x, y) trong mién D thi o

i Pdx + Qdy = f(B) - f(A),
AB

LY

AB I mét dudng cong bét ky ndm trong D.

§6. UNG DUNG CUA TiCH PHAN DUGNG

6.1. Céng cla mét luc bign ddi

Nhu da biét trong §1, cong A cta mot lwc F(x,y) = P(x, y)_i.+ Q(x,y)}

tac dung lén mét chét diém M chuyén dong trén cung cong phiing tir B dén C
dugc tinh bdi cong thic :

A= jP(x,y)dﬂQ(x,y)dy. 9.8)
BC

Vidy 8. Tai méi diém M(x, y) trong B
mét phing Oxy c6 mot luc ﬁ(x,y) =
-—xy?+ (x* + y)_f. Tim céng A clia luc
F khi diém dit chuyén dong trén

parabol y = x* tirdiém O(0, 0) dén diém | =
B(1, 1) (hinh 9.15). Hinh 9.15

Ap dung céng thic (9.8) ta ¢

-l -

| .
A= ”[ -Xydx + (x2 + y)dy= J'[—x.x2 + (x2 + x2)2x]dx
OB 0

=;fo3dx =31‘_4i o=2
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6.2. Dién tich hinh phing

Gia sir cdn tinh dién tich S clia mién D, g16‘1 han bdi dudng cong kin L
trong mét phiang Oxy (hinh 9.16). Muén thé, ta ap dung cong thitc Green cho
mién D va cé

oQ 0P _
!} Foat xdy—chdx+Qdy.

Y

Néu chon P = — y, Q = x, tir déng

thi¥c trén, ta cé /
L

1 .
S= Echdy —ydx. . (9.9)

Néu chon P =0, Q = x, ta ¢6 cong thic Hinh 9.16 '
S= dxdy. (9.10)
L

Néu chonP =y, Q=0,tac6 cong thirc
S= —qydx (9.11)

Vi du 9. Tinhdlénnchhmhphingglm

hanbo‘lcécduungcongy 2-x° vaiy=x
(hinh 9.17).

Ap dung cong thitc (9.11), ta c6
$= —qydx
L

= - I ydx—,Lydx.

AOB iCA xflinh 917

 Phuong trinh doan thing AOB I y = X V6i x5 = -2, Xg = 1; phuong trinh
doan duting cong BCA lay= 2—x2vdi xg=1,x,=-2,dodé

—j'xdx— I(Z X }dx —£|1_2—(2x—£J 2.2

3/L " 72"

Két qua nay ta di tim dwge khi ding tich phan kép tinh di¢n tich hinh
phing trén (xem lai vi du 6a muc 6.2 chuong VIH).
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§7. TICH PHAN PUGNG TRONG KHONG GIAN

Tich phan dwdng trong khong gian duge dinh nghia nhu tich phan dudmg
trong mdt phng. Cho ba ham s6 P(x, y, z), Q(x, X z), R(x, y, 2} xéc dinh

trén cung dudng cong BC trong khong gian. Chia BC thanh n cung nhd boi
cdc diém chia B = B, By, B,, ..., B, = C. Trén méi cung nhd BB, iBiy1 18y mot
diém tuy ¥ M, & 1],, &. Lap téng
L= Z{:) [P(E;, ni, £)Ax; +Q(§., M EDAY; + REG, m;, E)Az),

trong d6 Ax; = x;,, - x;, Ay, = Yis1 = ¥ir AZ; = 2, — z 14n luot 13 hinh chigy
clia vecto B.B iBis1 1n ba truc Ox, Oy, Oz. Néu khi n — 40 sa0 cho maxAs, —» 0
(As; = do dai cia cung BB By )mal ddn t6i mot gi6i han xéc dinh I, khong
phu thudc vao cich chia cung BC va cich chon diém M, trén mbi cung
B iBiw1 thi I goi 13 rich phdn dutmg cha cic ham s6 P(x, y, z), Q(x, Y, Z),
R(x, y, z) doc theo cung BC. Ky hiéu 1a

J P(x,y,2)dx + Q(x,y,z)dy + R(x,y, z)dz. (9.9)

Ngudi ta chu‘ng minh dugc ring néu cung BC tron va néu céc ham s
Pix,y, 2), Q(x, v, z), R(x, y. z) lién tuc trén BC thi tich phan dudng (9.9) tén tai.
Néu BC I mot cung tron trong khong gian, c6 phuong trinh tham s§
X=x(1), y = y(t), z = z(1),
~diém B ting véi gi4 tri tp cita tham s6 diém C g véi tc, cc ham s6 P(x, y, z),
Q(x,y,2), R, y, 2) lien tuc trén BC ta c6 cong thitc tinh sau

lP("’ y,2)dx + Q(x,y,2)dy + R(x,y, z)dz =
BC

e .
= JIPO.y@,20)x'(1) + Q. yt), 20y (1) +
g

+R(x(t), (1), 2(0))z"(1)]dt 9.10)
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.

‘E'Q

Vidy 10. Tih 1= fyzdx + zyR? - y2dy + xydz, L Ia dudmg xoén 6
L
tru tron xoay

By at
x = Rcost, y = Rsint, z = 3

n
tir giao di€m véi mat phing z = 0 t6i giao diém véi mit phing z = a.
Gidi: |
Do z= 2=, khi z bién thien tir O dén a thi ¢ bién thien ti 0 dé 2. Ta o

27
x = Reost = x'(t) = —Rsint ;
y =Rsint = y'(t) = Reost ;
a

at R
= .2_71'. =z(t)= T

Theo cong thite (9.10), ta ¢

n
1= I[Etsin t(—Rsint) + E—VRZ cos?1.R cost + R? sintcost.i]dt
o 2n 2n 21

R%a %%
=< sin t + t|cost|cost + sintcos t)dt.

costkhiO <t < % hosc oF <1 < 2x
Vi [cost| =4 2 3 2
. T
cost khi > <t< 5
nén ta duge
' I
2n . 2 ’
I(—t sint + tlcost|cos t)dt = It(coszt-sinzt)d_t +
0 ' 0 '
3n
2 2n
+ I(—t)(sinz 1 + cos? t)dt + I t(cos® t — sin? t)dt
z 3 '
2 2
kg 3
2 2 2n
= ItcosZt‘— Itd_t + Ilcos2tdt.
0 LA
2 2
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bé tinh cdc tich phan thi nhat va thit ba & vé phdi, ta ding phuong phép tich
phén timg phin, Datu=t, dv = cos2tdt, tacédu=dt, v= -;-sin2t. Do dé

27 1 l E 1 ! -32
I(—-tsinzt + tlcostlcost)dt = —(tsin2t + —cos2t){2 — —¢2[2 +
2 2 o 2 |n
0 _ 2
| B 1 n 1 2, 1 5
+ 5(tsm2t +—2—c052t) m= g 7 +-E =-n°. .
2
Con
2n _ 121‘: 1 on
Ismtcpstdt = 2] E'[sm2tdt = —ZCOSZI 0 =0.
Viy .
I= _nRza-
2

CAU HOI ON TAP

1. Dinh nghia va § nghia co hoc ciia tich phan dudng.
. Céc tinh chét cda tich phén dudng.
3. Céch tinh tich phan dudmg :
a) Trong tnrdmg hop dirdng cong 14y tich phan c6 phuong trinh y = f(x),
as<x<b; _
b) Trong trudng hop dudng cong 14y tich phan ¢6 phuong trinh tham s6
x=x(t),y=)?(t),t05t5tl;

c) Trong trudng hop dudng cong My tich phan 1a dudng cong trong
khéng gian.

4, Phét bidu va chitmg minh cong thiic Green.

5. Diéu kién ciin va dii dé tich phan dudng khong phu thudc dudng cong
14y tich phén. _

6. Cic img dung ciia tich phan divmg.
7. Ménh d€ nao trong céc ménh ¢ sau 13'ding ?

1) Néu X\B ¢6 phuong trinh tham s6 12 x = cost, y = sint, 0 < t < 7, thi
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22
’J: xydx +e™ ¥ dy = 0:
AB

- 2) _[(xz + yz)dx +(2y + Dxdy = S, -
!

_ }D(0,1)
S 14 dién tich cia mién gi6i han '
béi dudng cong kin /. r
3) Cong cha lyc ' .
 F=@x+3y)i +0Gx+3y2)] CW0C ° Je1o
khi di€ém dit caa né chay trén
dudng ABCD nhu & hinh v& ben _ A(0-1)
bing 0.
4) Néu ham s6 f(x, y) c6 céc dao ham riéng cdp mot lien tuc trong mién
D < R thi tich phan dudng

i £ (x,y)dx + £, (x, y)dy,
AB

trong dé AB Ia mot cung dudng cong ndm trong D, khéng phu thuoc
dudng néi A, B ma chi phu thuse A, B,
S)D1a mién {(x,y): 1 <x*+y* <4}. Neu f(x, y) 06 céc dao ham riéng cip
mot lién tyc trong D thi tich phan duong [ (. y)dx+ f,(x,y)dy =0,
{ .

v6i /12 mot dudng cong kin bat k¥ ndm trong D.
6) Neéu f(x, y) c6 cic dao ham riéng cip mot lien tuc trong R? thi tich

phan dudng  [£; (x,y)dx +1y(X,y)dy =0 véi I 1 mot dudng cong kin
; |
b#t k¥ nim trong R2,

BAI TAP
1. Tinh cdc tich phan dudng sau :

a) i (x? - 2xy)dx + (2xy + y2 )dy, TB 1a cung parabol y = x? tir di€m
AB: ' '
A(l, 1) dén diém B(2, 4).

119



b f(xy - Ddx + x%ydy, L tir diém A1, 0) dén diém B(0, 2) trong cic
L
trudng hop sau :

@) theo dudng thang 2x +y =2 ;

B) theo cung parabol 4x + y2 =4;

¥) theo cung elip x = cost, y = Zsint.
) §(x® +y?)dy, L 1a chu vi ctia hinh 1 gidc ¢6 cic dinh 1a A0, 0),

L .

B(2, 0), C(4, 4) va D(0, 4).

d) q xdy, L la chu vi cha tam gic tao nén bdi cdc truc toa do va dudmg
L

thing ~ > -331=1.

€) _[(Za -y)x —(a—-y)y,Lla cung xycloit trt =0 dént =2n :
L
= a(t - sint), y = a(1 — cost).
q-(x + y)dx — (X = y)dy

X +y2

Llédu&ngtrbnx +y = a%.

b Ix dy y 24x

5> L 12 mot phin tv dudng hinh sao x = Rcos’t,
3 _

L x3 +y
y= Rsin’t, tir diém A(R, 0) dén diém B(O, R).
2. Dung cong thitc Green tinh :

—

a) cfz(x2 +y2)dx + (x + y)2dy, L 1a chu vi ciia tam gide c6 céc dinh

A(l 1), B(2,2), C(1, 3). Tim lai két qua thu duorc béng cich lmh truc
ti€p tich phan dudng tren.

b) Hiéu cta hai tich phan :

I, = I (x + y)zdx —(x - y)zdy val, = /J[(x + y)zdx -(x- y)zdy,
AmB AnB .
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trong d6 AmB 12 doan thing n6i diém A(0, 0) va didm B(1, 1), AnB I
. cung parabol y = x° nGi hai diém trén,

ChoT= (1 - x?)ydx + x(1 + y*)dy, L I duomg tron x2 + y? = R, Tinp, -
L .

a) Truc tiép 1 ;
b) I bang cich ding cong thitc Green.
Ding cong thitc Green tinh

I= cj(xy + X + y)dx + (xy + X — y)dy,
L

2 2
L laelip % + Z—z- = 1. Tim lai két qua thu duge bing cach tinh truc tiép
a

tich phan duémg tren,
Tinh

3 _
I= I(xz + ycosxy)dx + [3;— +xy2 - X + xcosxy)dy,
C

Cla cung tron x = acost, y = asint, 14y theo chiéu tang cla tham sé ¢ :
O0<t<n,a>0 ' '

Tinh :
a) szdx + yzdy, ;\_ﬁ la nira dudng tron X%+ y2 = 4 nim phia trén

AB _
tryc Ox va 14y theo chiéu kim déng hé. |

b) q‘ycosxdx +sinxdy, L 13 dudng tron (x — 1)% + y2 =1.
LA

Tim hang s5 a dé

I= (x? + 2xy + ayz)dx +(x2 - 2xy + yz)dy
o (x+y)*

khéng phu thuéc vao dudng cong 14y tich phéan d6i véi céc dudng cong
khong cdt dudng thing y = ~x. Tinh tich phan I véi a tim duge va
A(l, 0), B0, 1).
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8.

10.

11.

122

Céac hinh chi€u ciia luc F xuéng céc truc toa do 1a P = 2xy, Q = x%.

Chitng minh ring cong ciia luc F khong phu thudc dudng di, ma chi
phu thude vao diém ddu va didm cudi.

Tinh céng khi di tir di€m B(1, 0) d&n diém C(0, 3).

Tai mot diém M ciia elip : x = acost, y = bsint ¢6 tic dung mét L F ,

méa modun bing khoang céch tir M t6i 1am elip va huéng vé tm elip.

a) Tinh cong cfia luc F khi chat diém chuyén dong doc theo cung elip,
nim trong géc phdn tu thir nhat, tit (a, 0) dén (0, b).

b) Tinh céng ciia luc F khi chat diém chuyén déng doc theo toan bo
dudmng elip theo chiéu duong.

Dang tich phan dudng tinh dién tich hinh phing gi6i han béi ;
a) Dudng parabol y = x° va dudng thingy = I;
b) PBudng axtroéit x = acosst, y= asin’t.
Tinh tich phan dudng trong khong gian
Ixyzdx + yzzdy —zx%dz
L
vl _
a) L 1a doan thing néi diém O(0, 0, 0) va diém B (=2, 4, 5);
b) L 13 cung trdn AB trong khong gian cho bdi phuong trinh :
x* + y2 +2% =45 |
2x+y=90

(cung tron AB I mét phén cha dudng tron giao tuyén clia mit cdu tim
O(0, 0, 0), bén kinh V45 v6i mat phing y = ~2x, n6i diém A(3, -6, 0)
va diém B(-2, 4, 5)).



Pap s6

| 17 4
b)a)I’B)TS_ '7)"3_ ’
d)3; e)naz;

.3
h) E—IRW.

2

5, il‘-z- [B3r(a’ - 2) - 8a].

7. =2

9. a) %(a2 ~b%) ; b)0.

11. a)91;b) —271,25.
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Chitong X
CHUO!

Mue di'aﬁ.yéu edu

Chuong nay trinh baly ¢Ac khéi nigm co ban vé chudi o8 nhu : chudi 86
hdi ty, phan ky, héi tu tuyét 46, bén hdi ty, cc quy téc khdo sat sy
héi tu cla chudi 68, (ing dung cla chudi &8 vao tinh gah ding; trinh
bay nhiing kién thifc co ban vé chudi 1u§ thita nhu : bén kinh hdi tu, miéh
héi ty, su khai trién thanh chudi ¥ thia cha mét 58 ham s8 théng
dung, céc (ng dung cla chudi 1u§ thita.

Sinh vidn can hidu k§ cAc kndi nidm ndu trén, ndm viing cac két qué co
ban 48 xét si hdi tu cla chudi o8, tim mién héi ty cha chudi lu§ thita,
van dung thanh thao céc k&t qué dé vao tinh gAn ding.

§1. DAl CUONG VE CHUOI SO

4.1. Pinh nghia |
Cho diy s6 uy, Uy, .., Uy, -.. Biéu thiic

[+ o]
ul+U2+...+un+...= Zun .
n=]

goi 14 chudi s6. Cic 6 uy, Uy, .., Uy, -.. 8O 12 cdc 56 hang clia chuébi s6,
u, Vi n téng qudt goi 12 56 hang 10ng qudt. Téng chia n s6 hang ddu
n
Sn=ll| +U2+...+un= lek
. k=1
goi 12 téng riéng thit n cia chubi s6. N&u s, dén t6i mot gidi han xédc dinh s
khi n — oo, ta néi ring chudi s& hgi ty va c6 tdng la s. Ta viet

o
S=Up+ Uy +oH g+ o= DU
n=l
Hiéu r, = s — s, goi 1a phdn dw thit n cha chubi s6. N&u chubi s¢ hoi tu thi
r, — O khi n — . Chuéi 56 goi 1a phdn ky néu né khong hoi ty.

124



T
og'
og,

LT
o, %
%8

Vidy 1. Xét chudi s6 sau goi la chudi nhan
> ag"! =a+aq+rag’+..+aq" + ... véian0.
n=I
Gidi: Ta cé
| s,=a+aq+aq’+..+ aq"!,
do dé _
s, = aq + aq® + ... + aq".
Trir hai ding thifc trén ting v& mot, ta dugc
| sp(1 = q)=a(l —q").
Dodénéuq=1thi

Néu Il < 1 thi q" — Q khin — w, do d6 s, -—)ﬁ,vaychuéihéilu

va c6 tdng bing 1%.

Néu Iql > 1 thi IgI" — o0 khi n — 0, do d6 s, — o0, vay chudi phan ky.
Néug=1this,=a+a+..+a=na-»khin— w, chuéi phan ky.

_ 0 e 12
Néuq:"lthisn=aua+...+(—l)na= nllnle,~
anéu n chan

do dé s, khong dan téi mot gidi han xdc dinh khi n — o, chudi phan ky.

Té6m lai, chudi s6 Y aq™™ hoi tu n€u Iql < 1, phan ky néu Igl > 1.
aq :

Vidu 2. Xét chubi s6

i ! —1+l+ +—-1—+
n:zn(n---l)_2 6 7 n(n-1 .7

Gidi: Ta ¢6
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do dé6

+( 1 1)_1_ 1
-1 n/)" " a-1
Khin — oo thi's; — 1, vay chudi d4 cho hoi tu va ¢6 tdng bing 1.

1.2, biéu kién c4n cda chudi s6 hdi ty

Binh Iy 10.1. Néu chudi s¢ Z w, hoi tu thi s6 hang 16ng qudt u, ddn
n=1
1060 khi n - o,

That vay, vis, = Si-1 H Uy R =5~ Néu Zu h61tuthjsnvasn_

n=|

cﬁngdantoxmt}tglmhankhmaoo,dodéun=sn—sn_l—>0khin—->oo.l

H¢ qud. Néu u, khong ddn 161 0 khi n — w0 thi chudi s6 > u, phdn ky.

n=]

That vay, néu chudi Z U, hoi t thi theo dinh 1y 10.1, u, ddn t6i 0 khi

n=]

n > «, diéu nay mau thuin véi gia thiét. ™
Vidyu 3. Xét chudi s6

i a —1+2+ +=-0 +
S2n-1 T3 T oyt

Vi lim 5 # 0 neén chudj phan ky.

n-—)w'2n -1 2

Chii thich, Ménh dé déo clia dinh 1y 10.1 khong diing, nic 1a néu u,—»0

khi n - oo thi chudi Z u, khong nhat thi€t hoi tu. Xé&t chubi sau day, goi
n=]

1a chudi 56 diéu hoa -

Sl d, L1,
n=ln_ 2 3 7' p

R6 rang s6 hang tdng quét -l— dén t6i O khi n — oo, nhimg chudi diéu
hod phén k. That vay, ta c6
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L3
£
@ Py
€og

%V&- s

S, -5 =—t 1 .+
2Zn " T gl n+2 7 2n°

Vivéi mointacd

nén
1 1 1 1 '
- *)

Szn—8n>ﬁ+§—n~+...+§';=5r—l'—~§.

Né&u chudi s6 diéu hod hoi tu thi lim (S,, — S,) = 0, diéu ndy mau thuln

n—

vai (*). Vay chudi s6 diéu hoa phan ky.

1.3. Vai tinh ch3t don gian cla chudi s8 hdi tu

o0 ’ oG
a) Néu chudi sé& Z u, hoi tu va cé t0ng s thi chubi s Z au, , trong dé

n=1 n=l1

a la mot hdng s6, ciing hoi ty va c6 t6ng os.

o aQ
b) Néu cdc chudi s6 2 u, z v, hoi tu va cé téng theo thix e la s, s°

n=} n=1

o0
thi chudi s6 Z (w, + v,) ciing hoi tu va c6 téng s + s'.
nel

c) Tinh hoi tu hay phdn ky ciia mét chudi s6 khong thay doi khi ta bot di
mot s6 hitu han s6 hang ddu tién.

. -3
That vay, gia sit s, 1a tdng rieng thit n cla chudi s6 Z u, . Khi d6 téng

n=1

w n n
riéng thit n cha chudi ) ou, bing Y auy = a) u, =0s,, 06 din téi as
n=1 k=1 k=l

khi n = oo, Tinh chét a) di dugc chitng minh. Ban doc ty chiing minh cic
tinh chét b) va c). _
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§2. CHUGI SG DUONG

Chudi s6 dwong 13 chugi 6 D u,, trong d6 v, > 0, vp > [ vy

n=]

» ¥n nén day {s .} don diéu tan
bi chan trén-thi tén ¢

Sel TSy tag, 2, g- Do d6 néu day s {s,}

=4

al lim s, tic a chudi sg D,
- n=i

» ¢hudi s& phan ky.

- héi tu. Ney diy s§
{s,) khong bi chin trén, s, — o khin — o0

2.1. Cac dinh ly so sdnh _
Céc dinh Iy sau 8iUp t2 xét sir hoj t hay phén ky ciia mét chubi s6 duong
bang cdch so sénk ng vGi mot chy

6i 86 ma ta da biét 1a hoi ry hay'phﬁn ky.

Bink Iy 10.2. Cho hai chugi s6 duong Y

[ a]
u,, Z Vur HONg dé u, <v,,
He=] n=)
b >1, :

@ oo
&) Néu chudi s Z Vo hOI tu thi chudi s5 Z U, cing héi ty.
h=] )

n=|

oy &L
b) Néu chuéi s¢ Z U, phdn ky thi chuéi ss Z Va CAng phdn ky.
n=| n=] ’
n n
Chitmg minh: i Up =V, ¥n 2 1 nen Z u < Z Vy .
k=1 k=1

: o ) n
a) Néu chudj s6 Z v, héituva ¢S téng & thi

ka £g,Ynz 1,do ds
n=| '
n 0
Z Y =0, Vn2 1. Dy cic t0ng rieng cia chué; Z u,
ey _

k=!
bi chan trén nép
n=i
chuéi 56 dy hoi tu. _

b) Néu chudi s6 >'u_ phan ky thi
n=]

n
Zuk-—-)ookhinw)oo;dodd
k=1
n

o
ka ~> 0 khin - oo, chudj sg Zvn phanky. m
k=1

n=]
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Vidu I. Xét su hoi tu cha cic chudi so :

© 9 o ]
ln; )Y — 3)2——1-; 4)2 ==

a=11

G:at Cac chudi s6 di cho déu 1a chudi 56 ducmg Ta cé the ép dung dinh
1 10.2.

n
1) Vi -—!5—<3— ¥n 2 1, ma chudi s6 duong Z( ) héi w vi 1a
n

chudi nhan véi q = —;— < 1 (xem vi du 1, §1). Do d6 theo dinh 1¢ 10.2 chudi

on
8> % ‘ciing hoi .

n=|

1 i d 1
2 ) —— & ————— > : i —— hdi
) Ta cé ~ < e —l)’ V¥n 2 2, ma chudi s6 duong g na =D h§1 tu

(xcm vidu 2, §1). Do d6 chudi s6 Z — hoi tu
n=} n

3)Tacd — \/_ 2 —, Vn 2 1, ma chudi s& duong Z - phén k¥ vi 1a chuéi

n=]

_ o
sG diéu hoa. Do d6 chudi s6 Z % phan k¥,
n

4)\11-15‘-5> ¥n23, mhchuélsffz phan k nén chuﬁls62hm
phanky | n= l | | n=3
Dinh 'lj 10.3. Cho hai chué’i s& duong iuﬂ . i v, . Néu t0n tai gici
han hitu han " "
lim =% = k>0 | (10.1)
no0Vy

thi hai chudi s& &y cang hoi tu hay cing phdn k3.
Chimg minh: T (10.1) va tir dinh nghia gi6i han cla ddy sd, suy ra ring

néu lay € = k

3 thi t6n tai s6 nguyén duong ng, sao cho
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ki<

< ’=l=

,Vnzny

LN

u
L

h —n
ay v,

(ST
of 2

< » ¥Vn 2 n,. (10.2)

Tir bdt dng thic sau cla (10.2) ta suy ra u, < X

2 Vu» VN 2 n, Do d6

o o«
né€u chudi ) v, hot ty thi tir phdn a) cia dinh 1y 10.2 ta thdy chudi > u,

n=l n=]

ciing hoi ty. Con tir bat ding thixc ddu ctia (10.2) ta ¢é u, > %vn, Vn2n,

Do d6 néu chudi ) v, phan k¥ thi tir phdn b) cha dinh 1y 10.2 suy ra ring

chudi D u, ciing phan ky. M

n=1

Chii thich. Ta nhéc lai ring hai v6 ciing bé u, va v, khi n — o goi la

tuong duong véi nhau néu lim v_ = 1. Do d6 khi xét moét chudi s6 duong
n—o

2. Uy » trong d6 u, — 0 khi n —> oo, néu fim dugc mot vo ciing bé v, tuong
n=l

. 3} ;
duong v6i u, khi n — oo thi chuéi ) u, hoi tu (phan ky) néu chudi 3 v,
n=1 n=1
hoi tu (phan ky). |
Vi du 2. Xét sy héi tu cla cac chudi sé :

o0 T @ 1 m
1) Y sin—; 2) Zln(1+—) I N
n=] 2 n=1 n n=1 1

Gidi: Céc chudi s6 di cho déu duong.

S YIEN

1) Khi n - o, sinz—T:l— 1A mot vo cliing bé tuong duong véi 21“ (xem

o

. . [r o] ag
cobng thirc (2.5)). Chudi ZE- = Z[ ) hoi tu, vy chudi ZSinzlIl
.n=1 n=1

héi tu.
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2) Khi n - o, ln[l + l) 1a mét vé cung bé twong duong véi l (xem

ol
cong thitc (2.12)). Chudi Z 1 phan ky, vay chubi Z ln[l +— ) phan ky.
n—l n=1
3) Khi n — o, LY médt v cung bé tuong duong véi —\E— = -—-1—-
n+l n Jn

Chudi Z J_ pban k¥ (xem vi du 1), vay chudi Z-J—:I phéan k¥.
n=|
1 1
4) Khin — oo, e —1 1a mot vé cing bé tuong duong véi = (xem cong
1

thitc (2.13)). Do dé ~1—(e-“- -~ 1) 12 mdt v6 ciing bé "tu’ong duong véi Lz khi
@ 1

n -» o0, Chudi ZL héi tu (xem vi du 1), vay Z—(e“ —1) hoi tu.
I'I."l n |'|=l

2.2. Quy tic D'Alembert

Cho chudi s6 diwong » u, . Néu

n=1

lim 2o+l _ g (10.3)

n—re My
thi chudi s6 Y u, hoi tu khil < 1, phan ky khi [ > 1.
n=|

Chitmg minh: That vay, giastt/ < 1. Chonsde>0khd bé saochol/+e< 1.
Tix (10.3) suy ra ring ton tai s6 nguyén duong n, sao cho

u
—0+l <l+¢g, Vnzn,.

U,

T tinh chét ¢) clha chudi s6 hoi tu, 6 thé xem nhung= 1. Tacé:

u _
—2<I+£;
uy

u
=3 <l+g;
u, '
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u
<l +e.
n—i

Nhan cdc ding thitc trén timg v& mot, ta dugc

E—" <(+8)"  hayu <+ & 'u,.
l .

n=]

o ' o
Vil+e<lnenchudi 3 u,(/ +€)" hoi ty. Theo dinh If 10.2, chudi Du,
n=|

héi tu.

Néu !> 1, c¢6 thé xem nhu-lll':—“- > 1, ¥n2 1. Do dé

n
uI .< U2 << lln << un+1 L ’
Vay u,, khong thé ddn t6i 0 khi n — co. Theo hé qua ciia dinh 1y 10.2, chuédi

2. u, phanky.m

n=j

Vidy 3. Xét sy hoi tu clia cic chudi s§ duong :
o n2 0 nt
D25 D2
n=12 n=t I
Giai: 1) Tacé

2
Upsi =(“+1)2 2_n.=(1+ l) .l—>-1—<1khin—)00.

un 2n+l - n2 .n 2 2
) 1'12
Vay chudi Z—n- hoi tu. .
n=]
2)Tacd

U, _ (a+ D™ 1

n
I .
o, T DI 'F"(n+1)(l+HJ .;l-—>c>l

n

[+ 2]
khi n— . Vay chui Y 2 phan ky.
n=1 ni

Chit thich. Néu lim =L = | chudi 3 u, c6 thé hoi tu, ciing c6 thé

R Uy n=1

© _
phan ky. Chéng han, ta biét ring chudi didu hoa Z%{ phan ky. Néu dat

n=]
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1 . : . R )
u, = — thi Tny 1 — 1 khi n - . Con véi chudi Z—l—, néu dat
n u,  n+l —n?
1 . um_l l'l2 - N . . ' -
U, =— tacé = 3 cungdanté‘llkhln—z»oo.Nhtmgtada
n U, (n+1) :

biét Z —1-2- hoi tu (xem vi du 4).
: n

=]
]
—

2.4. Quy tic Cauchy
Cho chudi s6 duong > u,. Néu

n=]

tim ffu, =1 (10.4)

H—oa -
thi chudi hoi tu néu 1 < |, phan kynéul> ].
Ban doc tr chimg minh quy tic nay.
Vidy 4. Xét sy hoi tu ciia cic chudj sd duong

S —( 4n +3\"
1) ;- 2) ( J
é(nlnn)“ nz=; 3n+4
.
Gidi: 1) Dat u, =( ) tacé
ninn
Yy = —— 5 0< I khin - co,
nlnn

o
Vay chudi Z 1 hoi ty.
n=3{nln n)“

N 4n +3Y" .
ABstuy =307 1acs

4n+3 4 .
{'jun —m-—)a—)lkhln—)oo.

X o 4n +3)“ X
‘Vay chuéi n;l (_311' T4, Phanky.

2.5. Quy tic tich phan

Gid sir fix) Ia ham s lién tye, duong,

gidm trén khodng (1, + o), Sfix) >0
khix = + o0, Ddtu, = fin), khi d6 :
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+o0 o
a) Néu | f(x)dx hoi tu thi chubi 6y u, hoi u;
1

n=|

+u0 ) oo .
b) Néiu [ f(x)dx phan ky thi chudi s6' Y u, phan k.
1 . n=|
Chimg minh.:
n+l -
Vi [ f(x)dx biéu dién dién tich cha hinh gidi han bdi truc Ox, dudng
1
y = f(x) va cdc dudmg x = I, x =n + 1, tir cdc hinh 10.1 va 10.2 suy ra ring
n+l
Uy + o+ Uy < I f(x)dx <up+ ... +u,.
: 1

Goi s, 12 tdng rieng thit n cha chudi > u, , bat ding thic kép trén co

n=l1

thé viét
n+l
Saar — U < [ f(x)dx <s,. | (10.5)
; _
Y4 Yi
X
Ly
1 Y
™ (LY
n
0 O 1 23 nntl X
Hinh 10.1 Hinh 10.2

+x0
a) Néu I f(x)dx hoi tu, tir b4t ddng thic ddu cia (10.5), ta cé
1

n+l +00
Spy S U+ j f(x)dx <u; + If(x)dx.
1 ]
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o :
u, + ff(x)dx 12 mét hing s6 khéng phu thuéc n, Sy+1 I chan trén nén
; _

o0
Z u, héi .
n=|

+ n+l
b) Néu [ f(x)dx phan ky, | £x)dx — +0 khi n — oo, tt bt ding
1 1

thitc sau ciia (10.5) suy ra ring s, —> « khin — 0, vdy > u, phanky. m

n=]

Vidu 5. Xét chubi s6 duong Z—— a 14 hing s6. Néu o < 0, 11mL

n=10% =< n

néu a =0, lim —l—- = 1; trong c4 hai tru'bng hop dé lim -—I—aé 0 nén chudi

n-—co n n—w n

phén k¥.

Xét trudng hop o > 0, ham s6 f(x) = —-L— thod man cdc gid thiét clia quy
X

tac tich phan. Vi I— héi tu né’ua>1 phankykhxa<l nén Z— héi
_ n= In

t¢ n€u o > 1, phan k¥ néu o < 1. Tém lai, chudi z ~—, & 12 hing s8, goi la

n=1 1

chudi Riemann hoi tu néu o > 1, phan ky nfe o0 < 1.

§3. CHUOI CO SO HANG VOI DAU BAT KY

3.1. Hoi tu tuyét dsi. Ban hai tu

Xét chudi s6 »"u,, cdc s6 hang u, c6 thé dvong, hoic 4m. Day céc
n=1

téng riéng thi n cla nd khong 1a mét ddy s6 tang, vi vy néu day s6 dy bi

chan trén thl chira chic dd t6n tai lim Sp» tic 1a chua chéc chubi s6 4y di
Nn—»0 ¢
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. an
hoi ty. Thudng khi gap chudi s6 Z u, dy, ngudi ta truSc hét xét tinh hoi tu

chia chui s6 duong i o,
n=]1

Dinh Iy 104. Né chui s6 Y |u, | hi tu thi chugi s6 D u, ciing héi .

n=] n=1

o
Chitng minh: Goi s, va o, 12 téng riéng thtt n ciia céc chudi Du, va

n=1

8

Iun[. bat s_,s; theo th tu Ia téng céc s6 hang duong va téng cic tri
1

) o0
tuyét d6i clia céc s6 hang am trong n s6 hang ddu cla Z u,. Tacé
: n=1

t "
Sy =S, =8y, 0y =8, +5,.

o
Theo gia thiét, chubi Z |u“| héi tu nén téng riéng o, cta né dan 16 mét giGi
n=l

han xdc dinh o khi n - , véi 6, < o; do d6 s, <0, <o, sy <0, < 0. Cic
day s {s;}.{s,} ting va bi chan trén béi o, do d6 tn tai cdc gidi han :
s'= lims,, s" = lim Sy -
n—w N30
Vi véy ton tai gidi han

ims, = lims, — lims, =s'—s",
n—o n—px n-»a '

oL .
Vay chugi ) u, hoity. m

n=|[

. %= COSn | Jcosn
Vidy 1. Chudi 3 222 hoi ty, vi | - |
n=] N n

(chudi Riemann, o. =2 > 1).

i = 1 .
< n—2, Yn va Z“T hél tu
n=( 11
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& P
fog,

)

Dinh nghia. Chubi > u, goi la hoi tu tuyér déi néu > |ug| hoiw; 1

n=1 n=1

0 [+ o]
bdn hoi ty néu ) u, - hoi t, nhung Y |u, | phan ky.

n=1 n=l

o oo
Chii thich: 1. Didu kién )" |u,| hoi ty 12 mot diéu kién dit ¢ > u, héi
n=1 n=]
. ' ) ’ w©
tu chi khong 12 diéu kién cdn. Ta s& thay c6 thé Y u, hoituma > |u,|

n=}| n=]
phéan ky.

2. Néu dung quy tic D'Alembert hay quy tic Cauchy ma xdc dinh dugc
ring chubi Z|u | phan k¥ thi c6 thé khing dinh duoc rang Z u, ciing

n=1 n=1

phan ky, vi khi 4y |u, | khong dan t6i 0 khi n — o, nén u, ciing khéng ddn

t6i O khi n ~» c0.

3.2, Chubi dan dau
Xét chudi c6 dang sau day goi 1a chudi dan ddu :

D ED"y, =y —uy ruy—ug e CD N+, (10.6)

trong d6u, >0, ¥n2 1.
Dinh ly 10.5 (dinh Iy Leibniz). Néu :

a)0 <u,,; <u, vh _>_.I,
b) limu, = 0
- B

thi chudi dan ddu (10.6) ho: tuva cé :é’ng s <u1
Chimg minh: Néu n la s8 chin, n = 2m ta cé
| Som = (g - ug) + (u3 - ug) + ... + (Uom-j — Uom)-

Do a) téng trong cdc d4u ngoac déu duong, nén s, ting khi m tang.
Mat khic

Som =) — (uz = u3z) — ... — (Uym-2 — UM-1) — W2m.
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Ciing do a) ta ¢é sy, < uy, Vi 2 1. Ddy s8 {u,;,} tang va bi chan trén, nén

ton tai lim s, =s, véis <u,.
B b

Né&unié,n=2m+ L, tacod

Simet = S2m + W2m+1-
Dob)tacé lim uy ., =0, nén
H—poty

lim s, = lim sy, =s.
n—w n—w

Vay chudi dan ddu hoitu vacé téng s <u;. B
Vi du 2. Chudi dan ddu diéu hoa

1 1 1 11
1- §+'§-Z+ A+~ 1) n+....
hoi ty vi nd thod min cdc diéu kién cha dinh 1y 10.5. Vi
: 1

<Ll vaz1, tim L =0.
n+l n n—w

Chi ¢ ring chudi diéu hod dan d&u héi ty, numg chudi diéu hoa Z —
n= l

phan k¥ nén chudi diéu hoa dan ddu bén héi tu.

- . < _ n-1 n ) —~ s
Vi du 3. Chubi dan ddu E‘l( 1) Cre khong thod mén dicu

kién b) cha dinh 1y 10.5. Vi
' n 1

lim g, = lim %0

n—po n—w 20 — 1 5

nén né phan ky.

3.3. Vai tinh chit cda chudi s& hdi tu tuyét dai

Ta biét ring téng ciia mot s6 hitu han s6 hang ¢6 tinh giao hodn vi tmh
két hop : n6 khong déi khi ta ddi thit ty clia cic s6 hang ciia né hay khi ta
nhém mot s6 s& hang lai moét cich tuy ¥ trude khi cong. Nhung diéu dé
khong con diing déi véi tdng clia mot s& vo han céc s6 hang c6 ddu bat ky.

€KX
Vi du 4. Xét chuéi dan ddu diéu hoa > (-1)""" % N6 hoi tu, goi s 1a
n=]
téng cia né. '
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I U U U U T .
s=1 2+3 4+5 6+7 §+... *)
i s
Khi d6 chudi " ——(-1)"" ciing hoi tu va c6 téng — -
n=|
s 1 r,r 1.1 1
2 2 476 8710 12t~
Chen thém s6 0 vio gilfa cic s§ hang clia chudi nay ta dugc
| SNNE DS NS B "
2-0+2+0_4+0 6+O 8+... (**)
Cong hai ding thitc (*) va (*%) timg v&€ mot, ta duge
3 1 1 1 1 1
-_= —-——— —_ —_—— - ok e
3 1+3 2+5+? 4+... (Fk¥)

D€ ¥ ring chudi & (*I*'*) ciing chita nhimg s6 hang ciia chudi & (*) nhung
dugce sdp x€p lai sao cho mot s6 hang 4m ném gitta hai s6 hang duong. Tuy
nhién téng ciia hai chuéi 4y khac nhau. Riemann da chéng minh duge ring,

o
néu chudi s6 ) u, ban hoi ty thi c6 thé thay d6i thit ty cdc s6 hang ciia né
n=]
dé chubi s6 thu duoc hoi tu va c6 téng bing mot s6 bét ky cho trudc.
Nhtmg d6i v6i chudi s6 hoi W tuyét d6i, ngudi ta di ching minh duogc
céc tinh ch4t sau.

Tinh chdt 1. Néu chudi s6 Z U, hoi ty tuyét d6i va c6 téng s thi chudi
n=]

56 suy tir n6 bing cdch thay déi thit ty c4c & hang va bing céch nhém tuy y

mot s6 s6 hang lai cfing hoi w tuyet d6i va cé téng s.

: a0 o
Dinh nghia. Néu hai chudi so Z u,, Z vy, hoi tu, ngudi ta goi tick clia

n=1 n=]

o] n
chiing 1a chudi s6 ) w,, trong d6 W= D WV, .

n=] © k=l

oo @O
Tinh chdt 2. Néu hai chudi s& Z u, va Z v, hdt tu tuyet déi va co

n=1 n=]
téng s va s' thi tich ciia ching cling héi tu tuyét déi va cé téng ss'.
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'§4. CHUOI LUY THUA

‘4.1, Dinh nghia _
Ngudi ta goi chudi luy thiva 1 chuéi ma s8 hang tdng quét cfia né 12 ham
s6 ¢6 dang a,x", trong d6 a, 13 hing s4.

-
> ax" =g+ 21X + ayK o+ .. +ax" + .. (10.7)
n=0

. ’ N x0
2y 801 1a h¢ s clia chudi luy thira, Néu cho x = Xo ma chudi s§ Z a,xgp hoi
n=0
tu, ta n6i rang chudi luy thira ( 10.7) héi tu tai x4, x 1 diéhm hoi tu cha chudi
luy thira. Tap hop tat ca cic diém hot ty cla chudi lu§ thira durge £20i 1a mién
ROl ty cla né. Vin dé co ban ddu tien khi xét mot chudi luy thira 13 tim mién
héi ty ctia ng. '
Vidy 1. Chudi luy thira

a0
X" =lex+xC 4 +x

n=0
1a mQt.chuéi nhan cong bdi x. Neu ]x] < 1, né héi ty va ¢6 tdng ] _I' < néu
[x[ 2 1, n6 phan ky. Vay mién hoi ty ciza n6 12 khoang mé (~1, 1).
Chubi ham s6 c¢6 dang
i a,(X = xp)" =ag +a,(x - Xg) + o + én(x %) +.. (10.8)
n=0

80l 14 chudi luy thiva theo {x ~xp) hay chudi luy thita & lan cdn x,). Béng cich
datx —xo =X, chubi luy thira (10.8) duoc dua vé dang (10.7): ) a X"

n=0 _
4.2. Ban kinh hai ty. Mién hsi ty

4.2.1. Bdn kinh hoi tu
- L= ]
Binh Iy 10.6 (Abel). a) Néu chudi ug thia " a,x" hoi tu tai diém
i n=0

X = xo #0 thi né hoi tu tuyér doi tai moi x voi [x] < ]xol.
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&

b) Néu né phan ky tai x = x; thi nd phdn ky téi moi x vor |x| > |.:|cI |

oo o - .
Chitng minh: a) Néu chudi )  a,x" hoi tu tai x,, chudi s§ D a,xp hoi
n=0 ' n=0
t, do d6 s6 hang téng quét a,x{ dén t6i O khi n ~» oo, vi viy day s6 {a,x§}
bi chan, tifc 12 t6n tai mot s6 duong M nao d6 sao cho

anxg' <M, Vnz0.

Ta viét
X n X n n
ax"| = anxg(—-) = la,xgl.|[— <M|—| , ¥n20.
Xo Xo Xo
a0 n
.. X . .| x o . —
Chudi MY’ — hoitunéu <L ticla x| < [xq]. Do d6 theo dinh Ly
' n=0/"0 0

. 4] o
so sdnh 10.2, chudi Z anx“I hoi tu, vay chudi Z a X" hoi tu tuyét ddi tai
n=0 n=_0
moi x v6i [x] < [x.

an
b) Gia sl chubi Zanx“ phan ky tai x;. Néu né hoi tu tai X, v6i
n=0
[x2[> [x,| thi theo a) n6 hoi tu tai moi x ma |x| < k2|, dac biet tai x;, diéu

ndy tréi véi gia thigt, vay D a x" phan ky tai moi x ma x| > |x,|. =
n=0

R rang chudi lug thita " a x" hoi tu tai x = 0. Tir dinh 1y Abel suy ra

n=0

_ : © -
réng ton tai mdt s6 R > 0 sao cho chudi Z a,x" hoi tu trong khoang
n=0
(— R, R) va phén ky trong cdc khoang (~, —R) vi (R, +). SG R d6 goi 1a
bdn kinh hoi ty cha chudi luy thiva, khoang (<R, R) goi 1A khodng hoi tu cia
chudi lu§ thira. Tai x = —R va x = R chudi ¢6 thé hoi ty, ciing c6 thé phan ky.

/R 0 R
—Phan ky

)
-
o
=)
=
i
[t

Hinh 10.3
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4.2.2. Quy tdc tim bén kinkh hoi tu ciia chudi lug thira
Dinh Iy 10.7. Néu lim M = p, hodc lim ,n/ja,,I = p, thi bdn kinh
F i ey 2= 4]

H—>0 a”
X

hoi tu R ciia chudi luy thita Z a,x" duge cho bdi cong thire
n=0

! néu 0 < p < +o

P ' |
R=10 néu p = +oo, (10.9)
+0  péu p =0,

Chiing minh: Ap dung quy tic D'

n=0

n+i
lan+lx

[aas
- Jlim b2

lim

n—oo n
(anx

x| = plx].

Néu 0 < p < +w, chudi Zla X l hoi tu, do dé chudi Za x" hoi tu
n=0 n=0

tuyét doi khi p|x| <1, tic a [« <—. Con khi plx| > 1, tic 1a jx|>-:;

chudi

a,x" vi vay chudi Z 2,x" ciing phan ky (xem chu
n= n=0

thich 2 muyc 3.1). Vay R = E

n+l
an+lx

alx
=+, Vx # 0, vay Z a,x" phan ky tai
n=0

Néu p = +o thi lim

n
n—w anx

moi X # 0. Dodé R =0.

lxn+1

. a : @
Néu p =0 thi lim ’—-"1———— =0<1,¥x e R, Zanx“ hoi tu tuyet
n—»x ’anxﬂ, =0

dai tai moi x € R. Vay R = +oo,
Trudng hop 11m {/| = p duge chiing minh tuong tu. =
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4.2.3. Mién hoi tu cia chudi luy thira
Muén tim mién hoi w1 clia chudi lu§ thira, ta tim ban kinh hoi tu R g€
xdc dinh khoang hoi tu (-R, R) clia nd, 16i xét sy hoi tu cha nd tai hai diém

x=1R.
|'l
Vidu 2. Xét chu01 lu§ thira Z
n=] I 2
Tacé a, = --1—-, do d¢6
n2"
n .
llm| ““l lim 2 lim-l-. 1 =-1—.
N> Ia I noo(n + )2 nse2 n+l 2

Vay R = 2. Chubi hoi tu trong khoang (-2, 2). Tai x = -2, ta ¢6 chudi s6
i ="

» 46 1 mot chudi dan ddu, thod mén cd hai diéu kién ca dinh 1y

Leibniz nén n6 hoi tu. Tai x = 2, ta ¢6 chudi s6 Z —, d6 1a chuébi diéu hoa,
n= l

né phan ky. Vay mién hoi ty clia chudi luy thiva d3 cho 1a khoang [-2, 2).

n

oo
Vidy 3. Xét chudi Iug thia 3" =
. n=0 n:

Ta céd

|
lim Co+il _ L - lim =0.

lm ———
n=® |a | n—=o (N + 1)' noon+1

Do d6 R =+, chudi 1uy thira d4 cho hoi tu trén toan R.

Vi du 4. Xét chudi luy thira z( } (x+3)".

RN
Pat x + 3 = X, ta dugc chudi lu§ thira Z( +1J X"

Vi a, = [;pﬁ) nén lim Q}I

=1.

n—w n—)oc n+ 1
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n .
Do d6 R = 1. Khoang hoi tu ciia chu61 Z[ ] X" 13 (-1, 1), do d¢6

n+ 1
chuol luy thira da cho hei tu trong khoang (-4, -2). Khj x = ~2, ta dugc
1

o)

né din t6i E # 0 khi n = «, nén chus; so d6 phan ky. Khi x = -4, ta dugc

L

n
chuéi sg Z (n 7 IJ » 86 hang t8ng qudt ciia n6 6 the vier 1a

n
chuéi s6 Z( -* [ " J » 0 hang téng qudt clia n6 ciing khong dén t6i 0

n=]
khi n — oo, chudj s ay cling phan ky. Vay mién hoi tu cta chuébi lu§ thira da
cho la khoéang (-4, ~2),

4.3. Cac tinh chat cha chudi luy thira
Ta thira nhan dinh ly sau day :

Dinh Iy 10.8. Néy chudi lu¥ thia Z a,x" cé bén kink hoi tu R, c6 10ng
Jx) thi ham s¢ #=0

) o
f(x)=a0+a1x+a2x2+....+a, ‘.= > a,x
n=0
khd vi, do dé lién fuc trong khodng ( R, R)va :
a)f’(x)=a1+2a2x+3a3x2+ .+ na,x Zn ;
_ n=|
2 n+l : el X't
= X X _
b) [f(x)dx _C+.aox+ar1_j_J,".J“wnnJrl +.. = c+£d;a,,n+1

C la hdng 56"ty . Bdn kink héi tu cia cdc chudi g thita & a) va b) déu
bdng R,
Chui thich. Céc déng thirc a) va b) ¢ thé viét :

a') dx[Za X J ZE‘("‘ X )

n=_0

b) Zanx de = Z fax"d

n=0 n=0

Ta n6i ring c6 thé 14y dao ham va tich phan tD‘ng 56 hang mot chui 1uy thira,
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Mudn x4c dinh mién h01 tu cua céc chudi luy thira & v€ phai cla a) va b),
con phai xét su hoi tu cha ching tai cdc midt x =R va x = -R.

Vidy 5. Chubi nhan 1 + X + x° + ... + x® + ... hoi tu khi x| <1 vacé

2 1 -
tong =% Tacé
S T P x| < L.
1-x
Lay dao ham hai v&, 4p dung cong thiic a), ta dugc
5 =1 +2x 4324 LA™ x| <1.
(1-x)
L&y tich phan hai v&, dp dung cong thitc b), ta dugc
' 2 X3 X"+
—ln(l—x)-C+x+7+—3—+...+n+l+ x| <1

Muén xé4c dinh C, thay x = 0 vao hai vé clia ding thic trén, ta duoc
~Int =C, dod6 C=0

Vay
2 3 xrn-l
In{l -x) =- B R e o x| <1
Choxf:,z—, vi lnE- ln2,taduc_x
1 1 1 1
In2_§+8+ﬁ+ +n.2“+m

4.4. Khai trién mét ham s& thanh chudi lug thira

* Gia sir ham s6 f(x) ¢6 dao ham moi cép trong mét lan can nao dé cua
di€m xq va c6 thé bi€u dién duge dudi dang t8ng clhia mot chudi lu§ thira
trong 1an cén &y, tiic 13

f(x) = ag + ay(x ~ Xg) + ap(x — X + ... +a (X = XQ)" + ..., (10.10)
Theo céc tinh chét cha chudi luy thira, 1a ¢

’f'(x) =a; +2a,(x — Xp) + 3a5(x - x0)2 +...+na (x — xo)“'l +

f"(x) = 2a, + 3.2a3(x — Xg) + ... + n{n - 2)a,(x - xo)"2 +

f™(x) = nla, +

(10.11)
145



The x = x; vio cdc ddng thitc trén, ta duge

f'(xo) ') )
ap= f(XO), a = —T!O_’ ay = —_(EE.Q._,“_, a, = _xp/

n! 77
Vay
f(x) = f(xq) + f (1’(!0) (x —xg) + 1:—(2’%‘—’-)—0( - xo)2 +...
{n)
S0 (x-xp)" + ... (10.12)

n!
Chuéi u§ thixa d6 goi A -chudi Taylor cia him s6 f(x) & 1an can x4 Néu
Xg=0,tacé

| ! " (n)
f(x) = f(0) + f_l(_iO_)x + f—z(-!(-)lx2 + ot f—n—gﬂx“ +..  (10.13)

Chudi lu§ thira ndy goi 1a chudi Mac Laurin ciia him s f(x).

Nhu vay, néu ham s6 f(x) ¢6 dao ham moi c4p va c6 thé bidu dién duge
dudi dang tng clia mot chudi lug thiva trong moét lan c4n nao d6 ciia diém x,,
thi chudi luy thita d6 phai 1a chudi Taylor clia ham s& dé trong lan c4n dy.

* By gitr vin d€ cdn xem xét [a véi didu kién nao chudi Taylor cia ham
s6 f(x) hoi tu va c6 tdng ding bing f(x). Khi d6 ta néi ring ham s§ f(x) da

duoc khai trién thanh chuéi Taylor. Vay ta cin tim diéu kién dé cé thé khai
trién ham s6 f(x) thanh chudi Taylor.

Theo cong thitc Taylor (cong thic (3.5), chuong I1T), ham s6 f(x) cé dao
ham moi cap & 14n c4n xy c6 thé khai trién thanh

' (n}
f(x) = f(xy) + f_(i’_‘!‘o_) (X=x%p)+ ..+ f—;}-(!i“—) (x - xc,)ll + R, (x),

trong d6

f(l‘l-i-l)(g) el
R, (x)= @ D! x—-xp ., (10.14)
£ 12 mot diém nao d6 giira x va x5 Do d6 néu
lim R, (x) =0 (10.15)
N—»cD
thi
£’ £
f(x) = f(xy) + (;io)(x -Xg)+ ..+ ———I-Sci)(x - xo)“ + ...,

tifc 13 him 6 f(x) khai tri€n dugc thanh chudi Taylor & Ian can x,.
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Dinh ly 10.9. Néu trong m¢t ldn cdn ndo dé cia xp, ham 56 fix) ¢6 dao
ham moi cdp va trong lan cdn dy

f"”(x)| <M, i 20, (10.16)

M & mot 56 duomg nao do, thi ham s6 f(x) c6 thé khai trién dugc thanh
chudi Taylor trong ldn cdn dy.

Chitng minh: Tix (10.16), ta c6

(n+1)
(&) 1 M 1
|R (x)| Ly ||x x0|n+ < mlx - xolm
® on [xl"
Chudi luy thita > —— hoi tu tuyét d6i trén toan R, nén —— — 0 khi
= n! ¢ n!
n+l

n — 0, do dd l%olly— — O khin -» 0, Vay lim R, (x) = 0. Theo nhan
n—»x

xét trén, f(x) c6 thé khai trién dugc thinh chudi Taylor. B

Vi du 6. Xét ham s6 f(x) = ¢". Tai moi x € R, ham s6 ¢* d8u ¢6 dao ham
moi cip, f(")(x) =¢",Vn20, dodé

f0)=f©0) =...= Q) =.. = 1.
Vay chubi Mac Laurin ctia him s6 f(x) = ¢* ¢6 dang
' 14X x2 x"
+ -1—' + ? + ...+ F + ..

Gia sit A 1a mot s& duong bt k. Ta c6 Vx € (=A, A)

f(")(x)| =e*<el, Vn20.
Do dé theo dinh 1y 10.9, ham s6 f(x) = e* khai trién dwoc thanh chudi

Mac Laurin trong khodng (—A, A). Vi A 1a m6t s6 duong bt ky, nén ham s&
¢6 thé khai trién thanh chudi Mac Laurin trén todn R:

. < ) .
R e D I (10.17)
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Vi du 7. Xét ham s6 f(x) = sinx. Né xéc dinh trén ton R, ¢6 dao ham

moi cip

f(x) = sin ( X + g] .

Do dé6

f(“)(x)l <1, VxeR, vn> 1

Vay ham s6 sinx c6 thé khai trién dugc thanh chudi Mac Laurin trén R. Vi
f(0) =0, £(0) = 1, £(0) = 0, £"(0) = —1, {0 = 0, £90) = 1..., ta duoc

X3 3 0 2n—-l
SInX = X — ? + + (-1} ‘(2—n-_—-1)—'
[v'a) n-1 .
g (2n 7 (10.18)

Vi du 8. Xét ham s6 f(x) = cosx. C6 thé khai trién truc ti€p nhu & vi du 7,
nhung don gian hon ta l4y dao ham ting s6 hang chuéi luy thira (10. 18) theo
tinh chat ciia chuéi luy thira, ta duge

X2 X4 2 o0
COSK =1 = o+ Zr =it ()" amt ; (2 o (10.19)
Vidy 9. Xét ham sé f(x) = (1 +x% ala mot 56 thyc bét ky. Ta cé: f(0) = 1,
f(x)—oc(l+x) f'(0) = a,

F'(x) = afor — 1)(1 + x)* 2 £'(0) = a(e - 1),
fx)= oo = 1) (e —n+ 1) (1 + 0" O =ale - ). (@—n+1),

Do d6 chuéi Mac Laurin ctia him s6 1+x)%1a

_o_tx+0t(cx-l) 2 +a(a—1) {a-n+1) <y

1+1! 21 o Y
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D¢ tim bén kinh hdi tru cha chudi lug thira d6, ta tinh

fim Ia““l: lim a(o—1)..(a~n) _-n = lim %=1 -1
oo 2] ase|  (ne1)] ae-Defa-n+D)| pomimrll b

Vay khodng hoi tu cia né 13 (~1, 1). Neuwdi ta ching minh dugc ting,
trong khodng 4y t6ng cfia chudi Mac Laurin ctia ham s6 (1 + x)* ding bang
(1+ x)a. Vay

Ot(C;!— D X2 + . afo — 1)..1.1(!a -n+1)
Vidu 10. Xét ham s6 f(x)=1n(1 + x). Ta cg

+x%=1+ %x+ X"+ ... (10.20)

R ~1
f(X)—-I—-"_—;—(l‘l-X) .

Ap dung cong thiic (10.20), ta dugec
POO=1-x+x < 4 )"+ Jexay
Lay tich phan timg s6 hang chuéi luy thira trén, ta duge

n+!

X2 3 X
In(I+x)=C+x——2—+—3- et CD"ET -l<x<],

Cla hing s6 tuy y. D& x4c dinh C, cho x = 0 trong hai vé ciia dang thitc tren,
tadugcinl =0 =, Vay -

n+l

X x3 X
1n(1+x)=x——2—+T—...+(~1)“n+1+..., -l<x<].
. A T W1
Khi x = +1, ta c6 chudi sg | — §+§ —et(-1)'p +..,d61a mot

chudi s& dan dfu thod man cic diéu kién cia dinh 1y Leibniz, né hoj tw.

Khi x = -1, ta ¢6 chuéi s6 1+ -;—+ -;; + ..+ -]1; no phan ky. Vay

3 xn-:-l

In(l +x)=x — 1‘2-+-x§- Tt ED"NF T+ ~l<x<l 0, 21)

'4.5. Cong thire Euler

Cong thifc (10.17) khai trién ham s& mg f(x) = ¢* cho phép ta m¢ rong
dinh nghia ham s§ mi vé&; bi€n 56 doc lap 1a s¢ phic.,
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hoi tu tai moi z € C, tdng clia né theo dinh nghia lahim s6e’. Neuz=x e R,

ta duge ham s& mii thyc . Neu z=ix v6i x € R, ta c6

) ix i%x* % i"x"™
= +F+T+ 31 + ..+ Y + ..
2 4 2n
_X X n
[1 2|+4' +(1)( )'+ ]+
3 5 2n+l
_: X g x
+1|:x 3l + 31 e +(=1) 2n+ D! +:|
Vay _
e'™ = cosx + isinx. (10.22)
Do do
e * = cosx — isinX. (10.23)
Cong v€ véi v& hai cong thic (10.22), (10.23) r6i chia cho 2, ta duoc
cosx = -—-—’;e— (10.24)
Trir v€ v6i v& hai ding thic (10 22) va (10.23) rdi chia cho 2i, ta duoc
l
sinx = 3-—-°—. (10.25)
21

Céc cong thic (10.22), (10.23), (10.24), (10.25) goi 1a cong thiic Euler.
4.6. Ung dung chudi luy thira d€ tinh gan dang

4.6.1. Tinh gid tri gdn diing cia ham s6 tai mét diém
Gia sit ham s6 f(x) khai trién dugc thanh chui Taylor & 1an can diém Xg

(xo) f‘“’( Xg)

f(x) = f(xg) +
Khi d6 v6i moi x thudc lan can do, ta c6 thé xdp xi f(x) béi téng riéng

£(0),

(x—x%p)+... + (x-— x0)+

f(XO) + (x - Xo) + ...+
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Téng rieng é’y 12 mot da thic d6i vei (x - Xg) Viéc tinh todn véi cic da
thic 15 rang 12 r4t don gian so véi céc ham s6 khdc. $ai s6 pham phdi ¢6 thé
u6c luong bdi gid tri tuyet ddi ciia phén du
f(l'H'l)(g)

@D %l

Néu chudi Taylor clia ham s& f(x) tai mot di€m x nao dé 1a mot chudi
dan ddu thi ta ¢6 thé ugc luong sai s§ bai dinh 1y Leibniz.

Vidy 11. Tinh gn diing ¥e v6i do chinh xdc 0,000,

1
Vi ¥e = %, ta khai trién ham ¢* & Jan can diém x, = 0. Ta c6
2 n

n+l

Ry =

=1+ '1?{_!+'§T+"‘+XHT + R, (x), ~0 < x < +oo,
trong dé
R (x) = f(n+l)(€) n+l _ eE' x0+!
n {(n+ 1! (n+1)! ’

énémgifraOvix.La'yx=é. ta cé

1 1
e§<ez<32=§‘/§<2.

k(3)

Véy cén tim n sao cho

Do dé
2 3 1
(r+ D4 2480 4 1)1

- < 0,0001
24"n + 1) 4

Thir tryc ti€p ta thdy véin = 4,tacé

4

1 1 1
= = ,0001.
R4( )‘<2.44-5! 614490 < 0:00002 < 0,000

%:sl+l+ 21 -+ 31 + 41 & 1,28402.
44221 4331 494
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Vi dy 12. Tinh gin ding f(x) = ¥x bing t0ng riéng thi 2 cha chudi
Taylor & 1an can diém x = 8 cia né, uéc luong sai s6 pham phii néu x € {7, 9].

Ta ¢cé:
L
fix)= x3 f(8)=12,
1 2 1
' - = 3 .t — e
f'(x) 3x . f'(8) TR
5
Ky = — 2473 -1
f'(x) = 9x f'(8) 122’
g
10 =
"x) = ——x 3
f(x) ZTX
Do dé
=@+ LR -8+ SR -8 4+ Ry
—2+"‘-‘*(K 8)‘—m(x 8) +R2(X)
trong dé
f'"(é) 3_ 10, (x-8)° 5(x-8)°
R(x) X =8 =78 7= g
81.£3

ﬁlz‘tm@ts6n§mgiﬁa.8véx.Vi7Sx39nén lx——8‘ <1,do dé |x~—8|3 <1
Hon nita £ > 7 nén

2 8
E3 >73>179
Vay
. 3
5|x - 8| 5.1
IR, (x)| = 7 < 31.179-‘0’004‘
8153

D6 1a sai s6 pharn phai khi tinh gan ding véi x & [7, 9]
' 4.6.2. Tinh gdn ding tich phdn
Néu ham s6 f(x) c6 thé khai trién thanh chudi lug thira trong mot khoang
nao dé thi [f(x)dx cling 6 thé khai trién thanh chuéi lug thira trong khoang y.
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z :
Vidy 13. Tinh gdn ding [¢™ dx v6i do chinh xdc 0,001.
0

2

Gidi: Vi nguyén ham ciia ham s6 ¢~ khong phai la mot bam s6 so cap

nén khong thé diing céng thitc Newton Leibniz d€ tinh tich phan ndy. Nhung

ham s6 dy c6 thé khai trién thanh chudi lu§ thira trén R. T cong thiic
(10.17) ta suy ra

2 2 x4. 2n
-X - 2 2 _ ]'l__
e R G|
Do dé _
X, LR B
K —_— — — —
Je T A TR T
Vi vay :
1
2 a2
Ie"‘dx:i——{—3+ 15— 17-+...
0 2 1132° 252° 372

V& phii 12 mot chudi s6 dan dfu thod min céc diéu kien cita dinh 1§ Leibniz.
Néu ta tinh x4p xi b&i téng rieng thit 3 thi sai s pham phai nhé hon tri tuyét
d6i cha s6 hang thit tu . . R S

1 1

97 = 5370 <O00L
Vay '
1
2 2
_[e"‘ dx zl—-—li--i- L 5= 0,4644
5 2 32% 252
véi d6 chinh xdc 0,001.
+o dx .
Vidy 14. Tinh gén ding | — véi do chinh xdc 0,001.
2 + X

Gidi: Vix22nénx’>8, do d6 'khf)hg thé dp dung cong thic (10.20) dé
khai trién

1 ! 5 =+ x)! thanh chudi luy thira, cong thitc 4y chi diing
o _ T
khi x* < 1. Ta c6
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s 50(

. ] -t
Vi —1? < %, ta c6 thé khai trién (l + -—13-) thanh chudi luy thira d6i véi
X X ' ,
1 -
—- Ta duge
X
1 1 1 1 1
= l- e (D) =+ ]
1+ 53 xs[ w3 46 o0
1 1 i 1
=— - —+—= ..+ (1) + ..
x3 X6 x9 x3n+3
- i (-)"
= x3n+3
Do dé '
2
*}" dx_ _ i N -y
;14X S0 +2x°2| G+ 2)252

Vi chudi & v€ phii 12 chudi dan dfu thod man diéu kién ca dinh Iy Leibniz
nén néu ta tinh gin ding bang tdng ciia k s6 hang ddu thi sai s6 pham phai
nho hon

1

3k + §5).2%k+5"
Sai s6 4y nho hon 0,001 néu k = 1. Do d6

T odx 1 1
!1+x3z§—16{)—0,118.
CAU HOI ON TAP

1. Dinh nghia chudi 56, chudi s6 hoi tu, chubi s6 phan ky, téng clia chuébi s6.
2. Diéu kién cin cha chubi s6 hoi tu 12 gi ? He qua clia né.
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3.

4.

~]

o0

9.

Binh nghia chudi s§ duong. Vi sao néu mét chudi s6 duong phén ky thi
tdng riéng thit n.ctia n6é dén 16i +<o khi n — o,

Phét bidu céc dinh 1y so sdnh. Vi sao céc dinh 1§ so s4nh chi ding véi
cdc chudi s6 duong. _

Phét biéu cdc quy tic D'Alembert, Cauchy va tich phan d6i véi cic chudi
s& duong va néu céc vi du tng dung ciia chiing.

Binh nghia chubi s6 dan du. Phit biéu dinh 1y Leibniz va hé qua cia né
khi tinh gdn ding téng clia mét chudi s6 dan d4u hoi tu bing tdng riéng
thir n cia né.

Quy tic d€ xét sy hoi tu mot chudi s§ c6 d4u bdt ky. Dinh nghia chudi
s6 hoi tu tuyét d6i, chubi s6 ban hoi tu.

Dinh nghia chudi luy thira. Phét biéu va ching minh dinh t§ Abel. Dinh
nghia bdn kinh héi tu clia chudi luy thira va phdt bi€u quy tic tim ban
kinh hoi ty,

Phét bi€u quy tc tim mién hoi tu ciia mot chudi lu thiva. Cho mot vi du
tim mién hoi tu cta chubi lu§ thira.

10. Phdt biéu c4c tinh chat cta chudi lug thira,
11. Thé nao la mét ham s6 khai trién dugc thanh chudi luy thira. Diéu kién

dé mt him 6 khai trién dugc thanh chudi lu§ thiva & 1an can mot diém.

12, Trinh bay cdc khai trién thanh chudi lug thira & 1an can géc 0 clia mot s6

ham sé so cap.

13. Néu m¢t s6 ting dung ctia chudi 1u§ thira.
14. Ménh d€ nio trong cdc ménh dé sau diing 7

a0
1)Néu lim a, = O thichudis6 Y a, hoity.
n—»w n=i

g an
2)Néu0<a,<b,vanéu ) a, phankythi D b, phanky.

n=1 n=]

w0 2
3) C6 thé xét su hoi tu ctia chudi s6 Z % bing quy tic D'Alembert.

af
4) C6 th€ xét sy hoi tu ctia chudi s Z Lz bing quy tic D'Alembert.
n

n=}
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w 2

n=2 (In ﬂ)n

5) €6 thé khao sdt su hoi ty cha chudi s& bing quy tic

Cauchy.

n=]

6) Néu cic chubi s6 ) a, va D> b, phan ky thi chubi s6
n=1 : .
> (a, +b,) phan ky.
n=1 ’

T} ag+agsinx + azsinzx + ... + 8,8I0 X + ... 12 mot chudi luy thiva d6i vdi x.

8) Néu Zan4 héi tu thi Za (- 1) ciing hdi tu.
n=0 . n=0 '

' 0 o0
9) Neéu 3 a,x" hoituthi 3 na,x"" ciing hoi tu.
n=0 _ n=1 .
10) Néu ham s6 f(x) c6 dao ham moi cdp trén R thi né c6 thé khai trién
thanh chuéi lu¥ thira trén R.

| 11) Néu chubi s& ducng Z a, hoi i thi chuéi Z a, cing hdi .

n=|[ n=1
w |
12) Néu chudi lug thira )" a,x" c6 bén kinh hoi tu R > 0 thi chudi luy
. n=0

L a)
thira )" a,x*" ¢6 ban kinh hoi tu R>.
n=0 :

BAI TAP
1, Xét st hoi tu clia cdc chudi s6 c6 s6 hang téng qual sau day. Néu chubi

nao héi ty, hiy tinh tng cia né.

n+l

»(n21);
3

l)unz 4[%] y{nz1) 3 2)l.ln=
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2
DNu,=479" >y 4y, =D Fo+l ,(m21);

n* +2n+3
2

= = . = .
3y, 2o @2 6) u, nr ] @21
7)Q = ! nz>1). u, = ! + 1 s (nz1):

n 4n2_..1, == ] 211 -
n 3]
9)un=3 t4 ,(n=1); 10) u, = —-2—]-1—-!-—1-—2- n=1).
' n( n+1)

Ap dung cdc dinh 1y so sanh xét su hoi tu ciia cdc chudi sé sau :

1 1
jl)u“=n2+n5; 2)u"=n22";
2+5" - |
2ty = 3n 4)u“n(n+2)
SHu = ! ; 6)u, = L.
v o=
n : 4
D=y Y e ha T
143 | 1 L
9)un= 2+5ﬂ » lo)un= _].l..,(el'l _l) »
1 202 +n+l
11} u, = sin ——J; 12)u, =
" [\/H n3+n2+1
13)u, = \/53; 14)"11:1“(“—17];
l+n n -
15)un=kl—n~, {(n=3); 16)y = Y0t _\/H.

n ' n Ja

Ap dung cdc quy tic D'Alembert, Cauchy va tich phan, xét str héi tu ctia
cdc chubi sé say

3 !
n n!
I)Un.gﬁ—; 2)U --nn ;
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(1+2nY
= . - - .
3)u“_ \3n-2/ "~ 4y nlnn’ (n>3);
2
. s 3 n n
4n° -1 nd
5)u, = . 6y, = ——————r
_ () _oafm . m _
D= Gnyt ? 8)uy = sin| 3+ 7], (@22,
o2 a2
9)un=e“ : 10)un=(n+1)e" s
W= u=(1+3]
T 1
13) unztg“ [_.{._.]; _ 47.10..3n + 1) .
6  2n? w0 (4n=-2)
) 1 \re-D
us e owe(iE) e

158

Xét sy hoi ty, hoi tu tuyét d6i hay ban hoi tu cha cic chudi sd sau :

u, cosf/n_ ). 2y, = %— (o 12 hdng s6 duong) ;
n n
- _
COS[H.E} . (_2)n
3)un=—;l'|—'; 4)Un=-nT;
.2n° — 1 1. .

Su,=(-1) : 6)u, = —;l—smnﬂ, (6 12 héing s6) ;

302 +1 2
Nu, =1y anl : 8)u,= (—1)“1%’1, n=3);

I _ 10"

Nu=Cr——" 10)u, = =
ll)unz(—l)"sinl:; : - R)u, = (Jll ¢



5. Xét su hoi tu cira cac chudi & sau

¥n
Du = ; 2)u, =sinn ;
" n+3 ) o
2n)" ' 1
3)un=(—2z—; Hu,= ————
n 2
2+(-]
e
4 -
Su,=ne™ G u,= (2 -1)";
2 i
n“+3 — .
Nuy= 2.3" 8 8)un=(—l)"32n+1 ’
_(m+3) _3¥-n’
Nu,= e 10)u, = et
4
11)Hﬂ=_2925.n_; 12)“n=“i‘;+_4“;
T n‘+4n n(¥n +2)
_(_3)11“3
B =3

6. Tim mién hoi tu ciia cic chudi lu thita c6 s6 hang ng quét sau :

1) ug(x) = nx"; 2 u) =.§-2— -
n
(__l)n xll (__l)[l xll
3 = : 4 n = s
) up(x) T ) Un(%) o7
3" _x" _
5) lln(X)-- (:':)-2—, 6) un(X)-' Inn ’ (l'l 23);
_ox o _ D)
7)u.,(X)—m,(n22), 8) uy(x) = e
9 . (=x)" . . .
) up(x) = —— (o 1a hiing s6 duong) ;
n _
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1 (1-xY' L x=2)"
lo)“ﬂ(x)zzn-l[uﬂ o “-)“n(")=(xnn) ?
1
12) uy(x) = ————
n(x + 2)°

Tim chubi Taylor ciia ham s6 f(x) & lan cAinx=x,:

1) f(x) = sinx, xy= % ; 2)f(x) =

> | =

. x[} = I 5

3 1x)=Inx, x,=2.

Khai trién thanh chudi lu¥ thira & 1an can xg = 0 céc ham s sau :
1) f(x) = xcos?x : D fx)=xe*;

3) f(x) = xsin% D 4) f(x) = arctgx ;

N =Vl+x,(x=2-1);

Tinh cic 6 sau véi do chinh xdc 0,0001 :

1 0
) —": 2)cosl8:
e
3) In{1,04).
10. Tinh cdc tich phan sau véi do chinh x4dc 0,001
1 0,1
5 ,
1) fe_x dx ; 2) _[de
0 0 X
Dép sd
18 2)4: 3) phanky ; 4)phanky; 5)2;
N 5 5. .
6) phan ky ; Dy: 8 7; N5 10) 1.
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Dhoitn;  2)hoitus 3)phanky; 4)héity; S)hoit;
6)hdite; 7)phanky; 8)hoitu; 9) héi tu ; 10) héi t ;



11) phan ky ; - 12)phanky; - ‘13)hoit;

14) héi tu ; 15) phén ky ; 16) phan ky.
1) hoitu; 2)h¢iw; 3)hoiw;
4} phan ky ; S)hditu; 6)héitu;
T héitw; ' 8)phanky; 9 hoity;
10) hoi ty ; 11) hoi tu ; 12) hoi tu ;
13) hoi tu ; 14) hoi tu ; 15) hoitu ;
16) hoi ty. S
1) héi tu tuyét doi ; 2)héim mystdGinfua> 1, bdn hoitunfu o < 1
3) hoi tu tuyét d6i ; 4) phan ky ; 5) phén ky ;
6) hoi tu tuyat doi ; 7) bén hoi tu ; 8) bén hoi tu ;
9 ban hoity; 10) hoi ty tuyét d6i;  11) ban hoi tu ;
12) phan ky.
1) hoi tu ; 2) phan ky ; 3) hoi ty ;
4)hoiw S)yhoity; 6)hoity ;
N hoiw; 8) hoi ty tuyet doi ; 9)héitm;
10) hoi ¢y ; : I1) hoitu tuyét d6i; 12) hoitu;
13) hoi tu tuyét déi.
D1 1); 2)[-1,1]; 3)[-L 1);
11
4) (-2,2]; 5) [—5,3} ; 6)[~1,1);
DI-11]; 8)[-2,0);
9) (-1, Inéu0<as1;[-1, 1] nfuo>1:
10)x>0; 11) (—o0, +0) ; 12) (—0, =3} (-1, +0).
@0 1 n{n—1)/2 (x - %Jn a
1) E)( )Ji S 2) tl%(-1)“ (x-—l)“;.
3) 1nz+f ("I)nn l x-2)".
n=1 0.
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g 1 ) 22}1—-1 2n+l ) Kn+l
. 1) —ro— Y | [puis—
)x+Z( ) G 2)5}( D=
( l)nx2n+2 @© 22:1—1 2n
3) _—2r H1+ P2
51+ _+ Z( 1135203
anl 2"n!
9. 1N08IET; 2)0,9511 ;
10. 1) 0,747 ; 2) 0,098.

3)0,0392.



Chuong X1
PHUONG TRINH VI PHAN

— Chuong nay trinh bay nhing khai niém co ban vé phuang trinh vi phén :
dinh nghia phuong trinh vi phén, c_é’p, hghidm ridng va nghidm téng
quét, tich phan riéng va tich phan téng quét, dudng cong tich phan
clia phuong trinh vi phan, phuong phép gidi mét o8 phuong trinh vi
phan c8p mdt va chc phuong trinh vi phan tuyén tinh cé’fp hai hé o8
khdng a6, mdt 8 (ing dung cla phuong trinh vi phan, phuong phap tim
nghiém clia mdt o8 phiiong trinh vi phan duéi dang chubi Iy thita,

— Sinh vign c8n hidu r3 cac khéi niém co ban db, nhan dang dugc cac
phuong trinh 44 hoc, gidi duge cc phuong trinh b, hidu duoe ¥ hghia
hirh hoc hay thyc tiéh cha céc bai todn dat ra. -

* §1. DAl CUONG VE PHUONG TRINH VI PHAN

Ngudi ta goi phuong trink vi phén 1a phuong trinh c6 dang
| F%, ¥, Y, 0 y™) =0, (11.1)
trong d6 x 12 bién s6 doc 1ap; y = y(x) 1a him s& phii tim; y', y",..., YV Ia
cdc dao ham ciia nd. _
Cdp cao nhat cla cic dao ham cha y c¢6 mat trong phuong trinh goi 12
cdp clia phuong trinh. Chang han, yy' = e"sinx 13 phuong trinh vi phan cap

mot, x’y" — 3xy’ + 2y = e* [4 phuong trinh vi phan c&p hai, con (11.1) Ia

phuong trinh vi phan cédp n. _
Phuong trinh vi phan (11.1) dugc goi 1 tuyén tinh néu bidu thitc F 14 bac
nhat déi vdi y, v',..., y(“). Dang t8ng quét ca phwong trinh vi phén tuyén tinh
cdpnla
¥+ 2,005V + .+ 2, ()Y +a Xy = f(x), (11.2)
trong d6 él(x), «ey a(x), f(x) 12 nhitng ham s6 cho truéc.
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Ngudi ta goi nghiém cta phuong trinh vi phan 12 moi ham s6 thoa man
phuong trinh 4y, tifc 13 moi him s6 sao cho khi the chiing vao phuong trinh
ta duge mot dong nhét thitc. Ching han, cic ham s6 y = C,cosx + Cysinx,
trong d6 Cy, C, 1a nhitng hiing s6 tuy ¥, déu 12 nghiém ctia phuong trinh

‘y" +y=0.

That vay, ta cé

y' = —c|sinx + c,cosx, _

y" = —c{c08X — ¢psinx.
Do a6

y" +y=Ccosx + Cysinx — C,cosx — Cysinx = 0.

Cho C;, C, 14y nhimg gid tri khéc nhay, ta duoe nhiing nghi¢m khéc nhau
clia phuong trinh 4y. Vay phuong trinh vi phan y" +y = 0 ¢6 v6 s6 nghiém.

Giai mot phuong trinh vi phan 12 tim 14t ca c4c nghiém cia né. Vé mat
hinh hoc, mdi nghiém cila phuong trinh vi phan x4c dinh mét dudng cong,
goi la dudmg cong tich phdn clia phuong trinh. Giai mot phuong trinh vi phan
1a tim 4t cd cic dudng cong tich phan cda né. Cic duong cong ay dugc xdc

dinh b&i phuong trinh y = ¢(x), hoac bdi phuong trinh ©(x, y) = 0, hoac bai
phuong trinh tham $6 x = x(1), y = y(¥). -

Trong chuong nay, mét s¢ phuong trinh vi phan cap mot duge xét & §2,
con céc phuong trinh vi phan tuyén tinh cdp hai he s6 khong ddi duoc xét &
§3. Phuong phdp tim nghiém ciia mot s6 phuong trinh vi phan duéi dang
chudi lu§ thira dugc trinh bay & cuéi §3.

§2. PHUONG TRINH VI PHAN CAP MOT

2.1. Pai cugng vé phuong trinh vi phan cip mot
Dang tdng quét cia phuong trinh vi phan cip mot 1a ;

F(x,y.y)=0. (11.3)
Néu gidi duge phuong trinh (11.3) d6i véi y, phuong trinh 4y ¢6 dang
y =f(x,y). . (11.4)

164



Chang han, y' + Xy =xe" vayy + x* + y2 = 0 1a nhimg phwong trinh vi
phén cap mot, ma phuong trinh ddu 13 tuyén t{nh.
Xét phuong trinh

y-y=0. _ (11.5)
Ta dé dang thdy ring c4c ham s6
y =Ce", (11.6)

trong d6 C 12 hdng s6 tuy ¢, 1a nghiém cha phuong trinh (11.5). Néu musn
tim mét nghiém xdc dinh coa phuong trinh (11.5), ta phai dat them mét diéu
ki¢n, chang han y 14y gi4 tri bing 2 khi x = 0. Didu kién nay thudmg duoc
viét 1a

| Ylx=0 =2 hay y()=2. (11.7)
Th€ diéu kien (11.7) vao (11.6), ta duge

2=C"=C.

Vay nghiém ctia phuong trinh (11.5) thoa man diéu kién (11.7) lay = 2",

Bai todn tim nghiém cia phuong trinh (11.5) thod man didu kién (11.7)
801 12 bdi todn gid tri ban ddu (hay bai todn Cauchy) d6i véi phuong trinh
(11.5). Diéu kién (11.7) goi 1 diéu kién ban ddu.

Nghiém (11.6) goi 12 nghiém t6ng qudt ctia phuong trinh (11.5). Néu cho
héng s§ tuy ¥ C trong nghiém dng quit 14y mot gid 1 xdc dinh G, thi
nghiém twong dng goi Ia nghiém riéng clia phuong trinh.

Doi khi ta khong tim dugc nghiem t6ng quét cta phuong trinh vi phén
cip mdt dudi dang tutmg minh ¥y = @(x, C), ma chi tim dugc mot he thitc cé
dang ®(x, y, C) = 0, né xéc dinh nghiém tdng quét dui dang 4n. He thirc dy
801 1 tich phén 16ng qudr clia phuong trinh vi phan. Néu cho hing s6 tuy ¥
C lay mét gid i xdc dinh G, thi biéu thic d(x, v, Co) g0i 1a tich phan riéng
ciia phuong trinh.

Ngudi ta da ching minh duoc ring, néu f va % lién tuc trbng mot mién
D déng, bj chin clia mat phing xOy vi néu (Xg, Yo) € D thi tén tai mot
nghiém duy nhét y = y(x) ciia phuong trinh
y =f(x,y)
thod man diéu kién
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y X=Xp = Y{)' |
Nghiém 8y dugc xdc dinh trong mét khoang nao dé trén truc Ox, chia diém x;.

2.2. Phuong trinh vi phan bién sé phan ly
Phuong trinh bi€n s6 phan ly 13 phuong trinh (11.4), trong d6 v€ phai
f(x, y) c6 dang p(x).q(y)
_ ¥ =p(x).q(y). (11.8)
Phuong trinh 4y c6 thé viét 1A g—i = p(x).q(y), hay néu q(y) # 0

_% = p(x)dx. O (119)

V& trdi chi phu thuc y, v& phai chi phu thudc x, nén ngudi ta goi (11.8) 1a
phitong trinh bién s& phdn Ii.

Goi Q(y) la mét nguyén ham cua (—) P(x) 12 mdt nguyén ham caa

p(x). Béing cdch 14y nguyén ham hai v& clia (11.9), ta duoc
Qy)=Px)+C,

trong d6 C 1a hing s6 tuy y. He thic &y la tich phan tdng quat clia phuong
trinh (11.8). | _

Vi du 1. Tim nghiém cha phuong trinh y' = ¢* 7, thod min diéu kién
y(h=1.

Gidi: Phuong trinh c6 thé viét lai la g—i = % hay e*dx = e*dy.

e
Lédy nguyén ham hai v€, ta dugc
e =¢" +C,

trong d6 C 12 hdng sé wy y. D6 1a tich phén téng qudt clia phuong trinh. Thé
x =1 vaohai v€,doy(l)=1,tacé

e=e+C hay C=0.
Ta duge tich phén riéng e’ = ¢*, do d6 duge nghiém riéng Ia

y =X
Vi du 2. Giai bai todn gid tri ban ddu
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X1+ yzdx + yv1 + xzdy =0, y(0)=1.

Gidi: Chia hai vé ciia phuong trinh cho V1 + x> A1 + y2, ta dugc

xdx + ydy _
Ji+x2 Ji+y?

L4y nguyén ham hai v€, ta duge

JI+x2 +41+y2 =C,

C 12 héng s6 tuy y. D6 14 tich phan téng quét cha phuong trinh. Trong hai vé&
cho x = 0, ta duge

1+J5=C.

Vay tich phén riéng cia phuong trinh 13
Viex® +1+y2 =2 +1.

Vi du 3. Giai phuong trinh

(x3 + 1)y = xzy +x2, .
Gidi: Phuong trinh c6 thé viét 1a

dy xXy+1)

x 3341’

nd cd dang bién s8 phan ly. Viy + 1 = 0 khong thé thod man phuong trinh
nén tir phuong trinh dé suy ra

dy _ x2dx
Y+l B3 4q

L4y nguyén ham hai v€, ta duoc

1n|y + 1| = %lnlx3 + 1| + ln|C| =In

cix® + l’,
trong d6 C 1a mot hdng s6 tuy ¢. Do dé

y==1+C x+1.
D6 1a nghiém téng quét ciia phuong trinh.
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Vidy 4. Gidi bai todn gid trj ban ddu

2x +1
=5 (1), y(0)=-1.
y 25 -1 (y = 1), y(0)
Gidi: Phuong trinh c6 thé vit
ﬂ__ 2x+l

ix 2(y D hay 2(y—l)dy=(2x+l)dx.

Lay nguyén ham haj vé’, ta duwoc

(y-l) =x° +x+Chayy—li X2 +x+C.
Thé x = Ovaohalvé’taco

~1=1%+/C hay-2=+/C
Diéuna‘lychixéyrakhi-2=—J(_Z.chila'yda’u—mxéccéndlﬁc.Dodc’)C=4.

Vay
y-l—\}x +x+4,

Vidu 5. Giai phuong trinh
y' +sin(x + y) = sin(x — y)
Gidi: Ta viét |
dy . .
ax - sI(x ~y) —sin(x + y) = -—2smycos_x.

Neéu siny # 0, tiic 1a y # kn, k e Z,tasuyra

—EL + 2cosxdx = 0.
siny
L4y nguyen ham hai v&, ta dugc

lnltg-;— +2sinx = C,

Cla hing s6 tuy §. D6 1 tich phan tdng quét clia phuong trinh.
Chiyringy=kn k € Z, ciing 1a nghiém cta phuong trinh.
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Vi du 6. Giai phuong trinh
y' = cos(X - y).
Gidi: Phuong trinh ndy khong c6 dang bi€n s6 phan ly, nhung néu dit
z=x-Yy,tacéz =1 —y, phuong trinh trd thanh

_ d '
1-2 =cosz hay z' = ﬁ =1-cosz= 251112-;-.
Ta dugc mot phuong trinh bi€n s§ phan ly. Néu sin% = 0, tirc 1a % # km,
ke Z,tacd '
dx = dz =
2sin 3

Ldy nguyén ham hai vé, ta duge
: z
. Xx=-cotg—+C,
X = —cotgz

trong d6 C 12 hiang s6 tily ¥. Do d6

X+ cn:)th;y =C
1a tich phan tdng quat.
Néu sin-g- =0, ta c % = kn, k € Z hay z = 2kn hay y = x — 2km.

Dé dang thdy réing y = x — 2k, k € Z, ciing |2 nghiém cla phuong trinh.
2.3. Phuong trinh vi phan ¢dp mdt thuidn nhat

Phuong trinh vi phan cap mot v' = f(x, y) goi 1a thudn nhdt n€u v€ phai

f(x, y) chia n c6 thé viét dudi dang g(%) Chéng han, phuong trinh vi phan

,_x2 —xy+y2 + X+2y
x> +y? X+y

1a phuong trinh vi phan thudn nhat vi n6 c6 thé viét thanh
_ ) | _
R
y' = X x) ., X
. 2
X X
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nhung phuong trinh vi phén
L XXy +y?
STz 2
X“+y

khong phii 13 phuong trinh thudn nhat vi khong th€ vi€t v€ phai cla né dudi

dang g[%]—

Dé giai phuong trinh vi phén c4p 1 thudn nhat
y = g[l). (11.10)
X
ta dat y = ux, trong d6 u 13 mot ham s6 cua x. Khi 46
y' =xu'+u.
Thé vao phwong trinh (11.10), ta duge
Xu' +u=g(u)} hay x%-:— = g{u) —u.

Pé 1a mot phuong trinh bi€n s¢ phan ly. Giai phuong trinh d6 ta tim dugc
- u(x). Khi dé nghiém ciia phuong trinh (11.10) 12 y = xu(x).
Vidu 7. Giai phuong trinh vi phan
2y -y
y ==
x“ —xy

Gidi: D6 1a phuong trinh thudn nhat, vi ¢6 thé viét v& phdi clia né
duéi dang : |

Pat y = ux, ta duge

. 2u - u®
uwx+u=
1-u
Jdu_2u-w? o 2u-v’-utu’  w
dx T 1-u - 1-u T 1-u’
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Do dé

LEDI: S TS
u X u X

L4y nguyén ham hai vé€, ta duge
In ul -u= ln|Cx|,

trong d6 C 12 hdng s6 tuy ¥, vy

ujl M
In x| = hay cr=¢
y Y
hay -—2—-— =¢* hay y= cx2® .
Cx?

D6 1a tich phan tdng quét cfia phuong trinh da cho.
Vi du 8. Giai phuong trinh vi phan

xdy —ydx = \fxz + yzdx .

Gidi: Phuong trinh c6 thé viét 1a

Xy = \}xz +y2 +y.

Dé thdy ring d6 1a phuong trinh thudn nhét. Dat y = xu. Véi x > 0 ta duge

x[xd—u+uj=x~11+u2 + xu

dx
hay
du

V1 +u?

LAy nguyén ham hai v€, ta dugc

In(u + V1 + u2) = ln|x| + ln|C| = 1n|Cx|,

trong d6 C1a hing s6 tuy ¥. Do d6

&
-

1+u2=thay 1+u =Cx—-u
Binh phurong hai vé€, ta duge
1=C*%?-2Cxu hay 1+2Cy-C%*=0.

D6 1a tich phan téng quét clia phuong trinh. Néu x < 0, ta ciing dugc ket
qua dy.
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Vidu 9. Gidi phuong trinh vi phan
xy’dy = (x3 + y)dx. _
Gidgi: DS 13 mot phuong trinh vi phan c8p mot thudn nhat, vi c6 the Vit

né duéi dang
y' = x4y’ = [—ET +[ZJ
xy? y x)

Baty=ux, ta dugc

d
x-—E+u=-i-+uhayu2du=-d—x.
dx u? X

L4y nguyén ham haij v¢, ta dugc
3

_u:_;_ = ln[Cx[ hay u’ = 3ln‘Cxl,

trong d6 C 1a hing s6 tuy . Do d6 nghiém téng quat cua phuong trinh 1a -
y =x3In|Cx].

2.4. Phuong trinh vi phan tuyén tinh cap mot
D6 1a phwong trinh ¢4 dang
Y +p(x)y = q(x), (11.11)
trong dé p(x), q(x) 1a nhiing ham s6 lien tuc trong moét khoing I « R.

Phuong trinh tyén tinh ( .11} goi 12 thudn nhdr neéu q(x) = O trong I, 1
khong thudn nhdt trong trudng hop tréi lai. Ching han,
y"' +dxy' - 5x%y = xe*
1a phuong trinh tuyén tinh khong thudn nhat ;
_ y' -2y + y=0
12 phuong trinh tuyén tinh thudn nhat ; nhung
Y'=3y'+ 2y =5
khong phii 12 phuong trinh vi phén tuyén tinh.

Dé gidi phuong trinh vi phan tuyén tinh khong thuin nhat (11.11), trude
hét ta hay gidi phuong trinh vi phan tuyén tinh thuén nhat tuong ting
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y +px)y =0. o (11.12)
RO rang d6 1a phuong trinh bién s6 phan ly. D& thdy ring y = O ciing 13 mot
nghiém cia phuong trinh (11.12). Bay gio xét y # 0, tir phuong trinh (11.12)
suy ra :

dy

'7- = —p(x)dx .

Do d6 14y nguyén ham hai v&, ta duge

y

InC

== ]‘p(é)dé, ,

X0

trong 46 Cla hang s6 twy ¥, x, 12 mot diém nao dé thuéc I. Suy ra

-] e
y=Ce* | (11.13)
d6 13 nghiém tong quit ciia phwong trinh (11.12). Ché ¥ rang nghiém y = 0
nhan xét & trén ciing 14 mot nghiém cda (11.12), né duge suy ra tir nghiém
téng quét bing cach cho C = 0.

Bay git ta s& cho hing s6 1y ¥ C trong bi€u théc (11.13) bién thién, tdc
14 ta tim ham s6 C(x) sao cho

- [ ptE)e ,
y=C(x)e ™ (11.14)
thoa mén phuong trinh khong thuén nhat (11.11). Tir (11.14), ta cé
X X
- [ ptercg - fprg
y' =C'(x)e "0 — C(x)p(x)e *®
Thé vao phuong trinh (11.11) ta duge
- o
C'{x)e *0 = g(x).
Do dé
q .
[ p&)az

C'(x) = q(x).e™
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Goi @(x) 12 mot nguyén ham cha gq(x). e* , ta duge
Cx) = o(x) +K,
trong dé K 1a mét hing s& tuy ¥. The vao (11.14), ta duogce

X X x
_ - {peyde - [ pExe - {p&)
y = (p(x) + K)e *¢ = p(x)e *0 +Ke 0 ». (11.15)
d6 la nghiém t8ng quat cla phuong trinh (11.11). ‘

Phuong phdp giai trén goi 13 phuong phdp bién thién hdng so.

Ta nhan xét rang, s6 hang thit hai trong v& phai cta (11.15) chinh 1a
nghiém téng quat cla phuong trinh thudn nhit twong tng (11.12), con s&
hang ddu 12 mot nghi¢m riéng ciia phuong trinh (11.11) dugc suy ra tir
nghiém tdng quat (11.15) bing cdch cho K = 0. Vay nghiém téng qudt ciia

_phuong trinh vi phdn tuyén tinh khong thudn nhdt bdng nghiém tong qudt
ciia phuong trinh thudn nhat twong img cong véi mot nghiém riéng nao do
cuia phuong trinh khéng thudn nhdt.

Vi dy 10. Giai phuong trinh vi phan tuyén tinh
LY sinx
y + <= (x =0).

Gidi: Trubc hét ta giai phuong trinh thudn nhét trong ing
_d_y+1=0 hay 23'-P+E=0.
dx  x Yy X
Lédy nguyén ham hai v€, ta dugc
In|y| + Injx| = In|C| hay In|yx| = InC].
Do d6

yx=Chay y = %,
trong d6 C 12 hing s6 wy y. D6 la nghiém téng quat cha phwong trinh thudn
nhét tuong Ung.
Bay gio ta tim nghi¢m ctia phuong trinh khong thudn nhat dudi dang

C(x)
s
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Thé vao phuong trinh, ta dugce
C'(x) _ sinx
— =

Suy ra C(x) = —cosx + K, K 12 hiing s6 tuy ¥. Vay

hay C(x) = sinx.

_—cosx +K a cosx+ K

X x X
Vidy /1. Gidi bai todn gid trj ban ddu
2y 3 =t e
) A =x+1)7, yO= 5 (x=-1).
Gidi: Vi€t phuong trinh thudn nhat tuong g dudi dang
dy 2y dy , dx
ax x+1- 0 hay y  Tx+1°
Lay nguyén him hai v&, ta duge
In % =In(x +1)* hay y=C(x + 1)?,

trong d6 C Ia hing s6 tuy §. Bay gi¢ tim ham s6 C(x) sao cho y = C(x).(x + 1)2
14 nghiém ciia phirong trinh khéng thudn nhat. Ta ¢6 '

¥ =CEIx + 1)* + 2Cx)(x + 1).
Thé vao phuong trinh khong thudn nh4t, ta duge

CEx+ 1 =x+1)° hay Cx)=x+1.
2
Do d6 C(x) = %- + x + K, K 12 hing s6 wy . Vay nghiém tdng qudt cha

phuwong trinh 1A
2
y =["7+x+KJ(x+1)2.

Cho x = 0 vio hai v&, ta dugc %— = K. Vay ta duge nghiém riéng

2 4
yz[x—-+x+lJ(x+l)2=(x;1) .

2 2

Vi dy 12. Mot vat c6 kh6i lugng m roi tr mot do cao nio dé dudi tic
dung ciia trong luc. Biét ring gia t6c cha trong trudng 1 g, uc can cha
khong khi ty 1¢ v6i van t&c roi cha vat, tic Ia bang —kv(t), trong d6 k I
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mét hing s6 duong, v(t) 12 van t6c roi cta vat & thdi diém t, van t6¢ ban déu
bang 0, hdy tim v(t). :

Gidi: Vit roi chiu tic dung ctia hgp luc mg —kv(t). Theo dinh luat tha
hai cia Newton, ta ¢6

dv dv
m—a—mg—kv hay m— + kv=mg.

D6 ta mot phuong trinh vi phan tuy&n tinh cap mot doi v6i ham phai tim v(z),
1 1a bi€n s6 doc 1ap. Giai phuong trinh thudn nhat tuong 1ing, ta dugc

md—v+ kv =0 hay & --l-{-dl.
dt v m

Lédy nguyén ham hai v€ ta duge
k

——t

=-—-ls-t hay v=Ce m,
m

lnC

k
trong d6 C 1a hing s6 tuy ¥. Bay gi¢f ta tim ham C(t) sao cho v = C(1) e_m{
thod mén phuong trinh khong thudn nhat. Thé vao phuong trinh d6, ta duoc
_ K
C'(t) m =g hay C'(1) =ge™.
Vay
mg

Xy
C(t) = —-E—-e“"- + K,

trong dé K 12 hing s6 tuy ¥. Vay nghiém téng quat 1a

k
v(t) = % +Ke ™.

Do v(0) = 0, ta duoc K = _L“EE__ Vay

K
v(t) = %{1 _em ]

Vi du 13. Giai phuong trinh vi phan ¢dp mot
(x +yHdy = ydx.

- Gidi: N&u xem y 13 ham s& phai tim, x 12 bién s6 doc lap, phuong trinh |

duge viét la
C &eyy=y,
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thi n6 khong ia phuong trinh tuyén tinh. Nhung néu xem x 1a ham sé phai
tim, y 12 bién doc lap thi c6 thé viet phuong trinh 13

yg—}-{- =x+y2 hay ygl— X =y2.

dy dy

N6 cé dang phuong trinh vi phén tuyén tinh d6i véi x, con y duge xem 13
bién s6 doc 1ap. Giai phuong trinh thudn nhét tuong ing ta dugc |

y% —Xx=0 hay d—xx-= %—X
Nghiém t8ng qudt cla né 1a x = Cy, C I3 hing s6 tuy ¥. Bay gidy xem C I
ham s6 ciia bign s& doc 13p y, tim C(y) dé x = C(y).y thod man phuong trinh
khong thudn nhat. Ta duge '

HCH)LY +CoN - Clyy=y® hay C(y)=1.
Do dd C(y) = y + K, K 12 hing 6 tuy y. Vay

Xx=Ky+ y2
1a nghiém t6ng qudt cha phirong trinh.
Chii thich. Phuong trinh

¥+ px)y = q(x)y”, (11.16)

trong d6 « 1a hing s6 khdc 0 va khic 1, khong phai 12 phuong trinh vi phan
tuyén tinh, nhimg c6 thé d& dang dua vé dang phuong trinh tuyén tinh bing

cdch datz=y' ™ Phuong trinh (11.16) duge g0i 13 phutomg trink Bernoulli.

Vi dy 14. Gidi phuong trinh

) 3
Y+ 2y =L, (x20).
X

Gidi: DE thdy y = 0 1a mét nghi¢ém ciia phuong trinh. Né&u y = 0, chia hai
v€ clta phutong trinh cho y3 , ta duoc

3., 2
+—-
Y vy XY

-1
x2
Patz= y_z, ta dugc z' = —2yh3y', do d6 phuong trinh trd thanh

_lz'+zz—_l._
27 xT T2

177



D6 la phuong trinh vi phan tuyén tinh d6i véi z. Giai phuong trinh thuan
nhat tuong ing

1dz 2 dz dz
Tad txET0 hy =g
ta dugc nghiém tdng quat
z= Cx4,

C 1a hang s& tuy §. Cho hing s6 C bién thién, thé vao phuong trinh khéng .

thudn nhat, ta duge
: 4
X1 2 2
C'(x)5 = > = C(x) = = = C(x) = ~ +K,
K 13 hing s& tuy . The vao z = Cx*, ta duge

y? 5

2.5. Phuong trinh vi phan toan phén

Ngudi ta goi phitong trinh vi phdn toan phdn 1a phuong trinh vi phan
c6 dang

' -1
z=L=Kx4+-52~x =>y2=(Kx4 +2x] i

P(x, y)dx + Q(x, y)dy =0 (11.17)
trong dé P(x, y)dx + Q(x, y)dy 1 vi phan toan phén cha m6t ham s& nio dé6.
Diéu nay x4y ra khi va chi khi

P Q

oy ox
(xem dinh 1y 7.3). Khi diéu kién (11.18) duogc thoa min, ta ¢6 thé tim duge

ham s6 f(x, y) sao cho df = P(x, y)dx + Q(x, y)dy. Vay phuong trinh (11.17)
c6 thé viét 1a

(11.18)

df(x, y) = 0.
Do dé tich phan tdng quét clia né 1a
fix,y)=C,
C 12 hang s6 tuy §. _

Tém lai, néu diéu kién (11.18) dugc thuc hién thi phuong trinh (11.17)
la phuong trinh vi phan toan phin. Khi d6 chi cin tim mot ham s6 f(x, y) sao
cho df = P(x, y)dx + Q(x, y)dy. Tich phan tdng quét ctia phuong trinh
(11.17) 1a f(x, y) = C, Cla héng s6 tuy y.
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Vidy 15. Giai phwong trinh vi phan cdp mot
(2xy ~ cosy)y' +e* + y? = 0,
Gidi: Phuong trinh c6 thé viét 1a
(€ + yHdx + (2xy - cosy)dy = 0.
Pat P(x, y) =" + y, Q(x, ¥) = 2Xy — cosy, ta ¢6

op oQ 2

—=2y= vy :

oy =50 (>f, y)eR

Dicu ki¢n (11.18) dugc thod man, Phuong trinh d4 cho 1a phuong trinh vi
phén toan phén. Ta chi c4n tim ham s& f(x, y) sao cho

df = P(x, y)dx + Q(x, y)dy,

tirc 1a
% ="+ y2 . (*)
- of
— =2Xxy —cos (**)
By y y
Lay nguyén him theo x hai v€ ciia phuong trinh (¥), ta duge
f(x, y) ="+ y’x + o(y), (*5%)

trong d6 ¢ 1a mot ham sé kha vi bat ky clia mot bién s& doc lap y. Lay dao
ham theo y hai v& ciia (*¥*), ta duge

% =2xy + 'y). (***%)

So sdnh (¥*) va (***¥) ta dugc 9'(y) = —cosy, do d6 @(y) = —siny + C, Cla
hang s6 tuy §. Cho C = 0 vi ta chi c4n fiy mot ham s6 f(x, y) thoa min (¥)
va (**). Vay
_ f(x, y) = e* + xy* - siny.
Do dé tich phan téng quit ciia phuong trinh di cho 1a
" +xy? - siny =K,
K 1a hang s8 tuy v. ' '
Chii thich. Gié s phuong trinh _ :
P(x, y)dx + Q(x, y)dy = 0 (11.19)
khong phai 14 phuong trinh vi phén toan phdn. Néu tim dugc mét ham s6
(X, ¥) sao cho _
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a(x, Y)IPE, y)dx + Q(x, y)Xdy] =0
14 phuong trinh vi phan toan phdn, tic 1a sao cho

5] o
E(QP) = ?&'(QQ)

thi ox, y) dugc goi la thita 6 tich phdn cia phuong trinh (11. 19).

Vi du 16. Giai phuong trinh
3 .
[2xy + x2y +%de +(x2+yH)dy =0 (*)
bing cdch tim mdt thira s& tich phan c6 dang o(x).
Gidi: D& dang thy ring phuong trinh di cho khong phai 1a phuong trinh
vi phan toan phdn. Ham s& a(x) 1a thira s6 tich phan cia phuong trinh d6 khi

va chi khi
4 2, .Y ] _0 2, 2
E[a(x)[zxy +xy+ 5= ax[a(x)(x +y )]
hay
a(X)(2x + X2 + y2) = (X)X + ¥7) + 0x).2x
hay
o'(x) = a(x).
Do d6 a(x) = Ce*. Chon C = 1, ta duge a(x) = €*. Vay
: 3
e [ny +x2%y + %J dx +e*xZ+y)dy =0 (**)

12 mot phuong trinh vi phan toan phdn. Ta tim ham s& f(x, y) sao cho v€ trdi
cia (¥*) 1a vi phan toan phin cia f, tic 1a sao cho
_ _ \
f =" 2xy + x%y + %],
fy = e"(x2 + yz).
L4y nguyén ham hai v& clia déng thifc sau, ta duge
3

f(x, y) = c"{xzy + %‘] +(x),
trong d6 ¢ 12 mét ham s6 kha vi bat ky cla bién s§ doc 1ap x. Do d6-
3

f = e’{xzy + %—] + e 2%y + 9'(X).
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So sénh véi bi€u thic f, & trén, ta duge ¢'(x) =0. Do d6 ¢(X) =C, C I héng
s6 tuy . Ta chon C = 0 vi chi cfin tim mot ham s6 f(x, y) nhidn vé& trdi cha
(**) lam vi phén toan phén, ta duoc

3

f(x,y) = &* (xzy + -};—]

Vay tich phan tdng quit cha phuong trinh (**) [3

3
e* (xzy + —y-—J =C,
3
C 1a hang s6 tuy y. D6 ciing 12 tich phan téng qudt clia phuong trinh (*) vi
alx)=e*>0, ¥x e R, ' '

2.6. Quy dao trirc giao

%la mot ho duong cong phing phu thudc mot tham s6 C, c6 phuong
trinh 13

F(x,y, C)=0. (11.20)
Ngudi ta goi quy dao truc giao cia ho ¥1a nhing dudng cong cit tat ca

cac dudng cong cha ho € dudi géc o = -723 Chéng han nhimg dudmg tron

tam O Ia nhiing quy dao tryc giao cita ho dudmg thing y = Cx di qua g6c toa
do (hinh 11.1),

Muén tim phuong trinh ca cdc quy X
dao truc giao clla ho % trude hét ta lap v}
phuong trinh vi phan cita ho #bing céch
khir tham s6 C tr hai phuong trinh

F(x,y,C)=0

<

d
E;E-F(xs Y$C) =0

Ta s& dugc mot phuong trinh lien hé ba :
bi€n s x,yvay' Hinh 11.1
fix,y,y)=0. ' (11.21)
Dao ham y' trong phuong trinh d6 bidy didn he s6 géc chia dudng tiép
tuyén clia céc dudng cong ciia ho ¥ tai di€m M(x, y). Vi qu¥ dao truc giao
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clia € di qua M cat cdc dudng cong cia ¥ dudi géc o = 3 nén hé s6 géc
cic dudng ti€p tuyén cua né tai M la y| = —%, do d6 y'= —L‘. Vay
. Y1

phuong trinh vi phan clta ho céc quy dao truc giao clla & duge suy tir

phuong trinh (11.21) béng céch thay y' bdi —-5—;.‘ b6 1a phwong trinh

f[x,y,—;l-,] =0 (11.22)

L]
Nghiém t3ng quét cha phuong trinh (11.22) s& cho ta phuong trinh cia
ho qu¥ dao tryc giao cua @,
Vidu I7. Tim quy dao tryc giao cia ho duong parabon y = Cx%

Gidi: 1.4y dao ham theo x hai v€ clia phuong trinh trén, ta duge y' = 2Cx..
Khir C giifa hai phuong trinh:

y= sz,
y' =2Cx
ta duge phuong trinh vi phan cia ho dudng parabon la
y_2
y X
Do d6 phuong trinh vi phén clia qu¥ dao tryc giao clia ho parabon 1a -
—% = % hay ydy = —-xg—).{.

D6 1a mot phuong trinh vi phan
bién s6 phan ly. Tich phan téng
qudt cha ng 1a

2 2 :

X .Y _g?

2 + 2 K=. |
Vay céc qu¥ dao trc giao phai tim
14 ho cdc dudng elip c6 cic.bin

truc 12 2K vi K«/2 (hinh 112). Hinh 11.2
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§3. PHUONG TRINH VI PHAN CAP HAI TUYEN TiNH

Dang t6ng qudt ctia phuong trinh vi phan c4p hai tuyén tinh 12

y' +p(x)y' + q(x)y = f(x), (11.23)
trong d6 p(x), q{x), f(x) 12 nhitng ham s& lién tuc trong mot khoang I nao dé.
P(x), q(x) goi 1a hé 56 cia phitong trinh, con f(x) 12 v€ phai cha phuong
trinh. Phuong trinh (11.23) dugc goi 1 thudn nhdt néu f(x) =0, vx e L; Ia
khong thudn nhdt trong trudng hop trdi lai.

Phuong trinh
y' +px)y' +q(x)y =0 (11.24)
duoc goi 1a phuong trinh thudn nhat tuong ing véi phuong trinh (11.23).

3.1. Phuong trinh vi phan cdp hai tuyén tinh thuan nhat
Dinh Iy 11.1. Néu y,(x) va yy(x) Ia hai nghiém ciia phuong trinh thudn
nhdt (11.24) thi Cyydx) + C,y(x), trong dé6 C; va C, 1d nhitng hdng 0,
cing Ia nghiém cia phwong trinh dé.
Chitng minh: D&t y(x) = C,y,(x) + Cyy»(x). Ta cé
y" + Py +q®)y = C; y1(x) + C¥5(x) + p&x) [C¥1(x) + Gy, ()] +
+ q(x) {Cyy,(X) + Gy,(x)]
=Cily (%) +p(x)y; (%) + q(x)y((x)} +
+ Gyl y3(x) +pX)¥2(x) +q(x)y(x)]=C.0+C,.0=0. 1
Ta nhéc lai dinh nghia sau.
. Dinh nghia. Hai ham s6 y;(x),.y,(x) goi 12 phu thudc tuyén tinh néu ty s6
¥ (x)
¥, (x)
nguoe lai. Chéng han hai ham s6 —2x> va 5x I phu thuéc tuyén tinh, con hai

COSX .
_Smx;.{ k,kla_h?mg 5.

=k, k 12 hing s6, Vx e I; goi la doc 1ap tuyén tinh trong trudmng hop

ham s cosx va sinx 14 doc 14p tuyén tinh vi

Dinh Iy 11.2. Néu y,(x) va yy(x) Ia hai nghiém déc Igp tuyén tinh ciia
phuong trinh (11.24) thi moi nghiém cia phuong trinh dé déu c6 dang

¥(x) = Cpyi(x) + Coyyx), (11.25)

trong dé C,;, C, I cdc hdng s6 tup .



Ta thira nhan dinh 1y nay. .

Theo dinh 1y 11.2 chi can biét hai nghiém doc 1ap tuyén tinh ciia phuong
trinh thuan nhét (11.24), ta s& biét moi nghiém ctia né, Bidu thitc (11.25) goi
1a nghiém t6ng qudt clia phuong trinh (11.24). Néu cho C;, G, trong (11.25)
1dy céc gid tri xdc dinh, ta s& duge mot nghiém xdc dinh, goi 12 nghiém riéng
clia phwong trinh (1 1.24). Ching han, Y1 = COsX va y, = sinx la hai nghiém
doc 12p tuyén tinh ciia phuong trinh y" + y = 0, vay nghiém téng quét cia
phuong trich y" +y=01a :

_ y = Cjcosx + Cpsinx,
C, G, la cdc hang s6 ty ¥.

Tuy nhién, khi cdc he s6 cia phuong trinh thudn nhat (11.24) bién thién
theo x thi khéng c6 phuong phdp tdng quat dé tim cdc nghiém riéng ciia né.
Nhung s& thay & muc 3.3, ta c6 thé tim duoc cdc nghiém riéng cta phwrong
trinh thudn nhat (11.24) néu céc hé s& ciia né 1a nhiing hing s6.

3.2. Phuong trinh vi phan cip hai tuyén tinh khong thuan nhit

Dinh Iy 11.3 (v& cdu triic nghiém tdng quét clia phuong trinh tuyén tinh
khong thuén nhat). Nghiém 16ng qudr cia phicong trinh khong thudn nhdt
(11.23) bdng 1dng ciia nghiém t6ng qudr cia phuong trinh thudn nhdt neong
ting (11.24) véi mot nghiém riéng nao dé cia phitong trinh khong thudn nhat
(11.23). '

Chitng minh: Gia sir ta di biét mot nghiém riéng Y cta phuong trinh
khéng thudn nhat (11.23). Ta chi viéc thir lai rang néu y 1 mot nghiém bt
ky cita phuong trinh d6 thi hicu y — Y 13 mdt nghiém ctia phuong trinh thudn
nhat tuong g (11.24). That vdy,tacé -

= Y)" +px)y - Y)' + q(x)(y - Y)
=[y" +px)y' +q(x)y] —(Y" + pOY' + q(x)Y)
= f(x) - f(x) =0,
viy va'Y citng 1 nghiém clta phuong trinh (11.23) @

Dinh 1y 11.4 (nguyen 1y chéng nghiém). Néx Y, la mot nghiém riéng
ctia phuong trinh

Y+ plx)y’ + q(x)y = fix),

Y, la mot nghiém riéng cia phitong trink
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Y'+ p(x)y’ + qlx)y = fo(x),
thi Yy + Y, la mot nghiém riéng cia phitong trinh
Y+ P)Y + g(x)y = fy(x) + fof ).
Chitng minh: Ta c6 _
(Y1 +Y9)"+p(x) (Y, +Y,) + QXY +Y,)
= (Y, +p(X)Y] + q(x Y+ (Y; +px)Y, + q(x)Y;)
= £,(x) + f,(x),
vi theo gia thiét, Y)" + p(x) Y] + A®)Y), =1 (x), Y3 +p(x)Y} +q(x )Y, =6(x)m

Phuong phdp sau day cho ta cich tim mot nghiém riéng coa phuong
trinh khong thudn nhat (11.23) khi bi&t nghiém tdng qudt coa phuong trinh
thuan nhat tuong tng (1 1.24),

Phutong phdp biéh thién hdng s6. Gia sir y 1(x), ¥,(x) 12 hai nghiem riéng
doc lap tuyén tinh ctia phuong trinh (11.24). Khi dé6 nghiém tdng qudt ciia
phuong trinh d6 13

Y = Cyi(x) + Gyy,(x) (11.26)
trong d6 Cy, C, 1a c4c hing s6 tuy y. Bay giy xem C,, C, 1a hai ham s6, ta

tim C;, C, d€ biéu thic (11.26) 1a mot nghiém riéng cla phuong trinh khong
thudn nhat (11.23). Ta c6

y'=Cy) + Gy, +Cly, + Cyy;.
Chon C,, G, sao cho

Cly; +Coy, =0 (11.27)
Khi dé:

y'= Gy +Cpys,

Y'=Ciy) +Cyys + Cly| + Cay3
Theé vao phuong trinh (1 1.23), ta dugc

Ciy; + Coy;y + Cly) + Gy, + PGXC | + C,yh)
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hay :

C(y| +PX)Y] +q()y])+Cylys +pX)Y; +q(x)y,) +Cly} +Chyh =f(x)
Nhung y; + p(x)y, +q(X)y; =0, ¥; + p(x)y, + q(X)y, =0viy,, y, Ia hai
nghiém ctia phuong trinh thudn nhét (11.24), do d6

Ciyy + Coyy =fX). (11.28)

Nhw vay, ham s¢ (11.26) 1a mot nghiém ciia phitong trinh (11.23) néu C.G
1a hai ham s6 thod man hai phwong trinh (11.27), (11. 28)

{CIYl +Cyy, =0

Ciy; + Cyy; = £(0)

Xem h¢ trén la he hai phuong trinh dai s6 tuyén tinh dé tim C| va C),. Dinh
thitc cua hé 1a

i Y2
| vl
Nguoi ta da chimg minh dugc ring dinh thitc trén khac 0, vi cdc nghiém y,
va y, doc lap tuyén tinh véi nhau. Do d6 hé ¢ mot nghiém duy nhat. Gia sir
d6 1a C| = ¢,(x), C; = @y(x). Néu ®,(x) 12 mét nguyén ham chia 9, (X),

®y(x) 1a mdt nguyén ham clia ¢,(x), thi ta dugc mot nghiem rléng cua
phuong trinh khong thuan nhét (11.23) 1a

Y = @ (x).y; (X} + ©y(X).y5(X).
Vidy 1. Giai phuong trinh
" 1 T 7
Y+Y = osx T3 r<3)
Gidi: Nghlém tdng quat clia phuong trinh thudn nhat twong tng y" + y=01a
Y = Ccosx + Cysinx,

trong d6 C;, G, la cdc hing s6 ty ¥. Bi€u thic 4y 13 nghiém clia phuong
trinh khéng thuin nhat d cho néu C,, C, 1a nhig him s& thoa man he

C,cosx + C;sinx = 0

Vo 1
~C)sinx + C, cosx = ——
COs X
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Gidi he tren, ta dugc

, sinx
C =- » Gy =1,
: cosx’ 2
Do d6
C, = Infcosx]|, C, =x.
PN N . » sin X
Chd ¢ ring ta chi cdn tim mot nguyén him cla C=- o’ mét nguyén

ham cha C, = 1, nén khong c4n cong thém hang s6 tuy ¥. Vay mot nghiem
riéng cia phuong trinh khong thuén nhat di cho I3
Y =cosxIncosx| + xsinx.
Nghiém téng quét ciia né Ia
y = Cicosx + Cysinx + cosx In|cos x| + xsinx
Bai todn gid tri ban diu _
Vi nghiém t6ng quat ciia phuong trinh vi phan c4p hai tuyén tink
(11.23) hay (11.24) phy thudc hai bing s6 tuy ¥ C;, C,, nén dé xdc dinh mot
nghi¢m riéng ta phai dat hai diéu ki¢n d€ xdc dinh hai hing s6 do. Bai todn
tim nghiém ciia phuong trinh (1 1.23) hay (11.24) tho4 man céc di€u kién
¥(X0) = Yo, Y(xo) = yy, (11.28)
trong d6 x4 13 mét diém trong khodng I ; yy, y; Ia hai hing s6 ; goi 12 bai
todn gid tri ban déu.

Ngudi ta da chimg minh duge ring, bai todn gid tri ban diu dgi véi
phuong trinh vi phan cdp hai tuyén tinh (11.23) hay (11.24) luén cé mét
nghiém duy nhit.

Vidy 2. Giai bai ton gi tri ban d4u

y'+y= cosx’ YO =1Ly(0) =-1.
Gidi: Nghiém 16ng quit cha phuong trinh da cho 1a (xem vi du 1)
| y = Cycosx + Cysinx + cosx In[cos x| + xsinx.
The cdc diéu kién ban ddu vio, ta duge :
y0)=C, =1,

YO =Cy=-1I..
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Vay nghiém cia bai todn gia tri ban diu la

y = COSX — SinxX + cosx In |cos xl + Xsinx.

3.3. Phuong trinh vi phan cap hai tuy&n tinh thuin nhat hé
s& khéng ddi
Xét phuong trinh
y'+py +qy=0, (11. 30)
trong d6 p, q la cdc hang sé.
Ta s& tim nghiém clia phuong trinh dé dudi dang y = e™, trong dé 1 1a
mot hing s6. Ta ¢6
f—mﬁ
y _rzerx
Thé vao phuong trinh (11.30), ta duge
em(r2 +pr+qy=0.

Vie™ > 0, ¥x € R, nén tit phuong trinh ay suy ra

P +pr+q=0. . (11.31)
Phuong "trinh (11.31) goi 1a phuong trinh ddc trung cia phuong trinh
(11.30). D6 1a mét phuong trinh dai s6 bac hai, suy tir phuong trinh (11.30)
bing cdch thay y" bdi i, thay y' bdi r va thay y bdi 1. C6 ba trudong hop c6
thé xay ra tuy theo dau ciia biét thic p2 —-4q.
Truomg hop 1 : p° — 4g > 0. Phuong trinh dic tnmg (11.31) c6 hai
nghiém thuc phan biét r; va r,. Khi dé phuong trinh (11.30) ¢é hat nghiém
rigng y, = e, y, = e?*. Hai nghiém & doc lap tuyén tinh vi

5—1 = e!""”2* 4 hing 6. Vay nghiém téng quét cha phuong trinh (11.30) 13
5 _

y = Cler’x + Czerzx,
C,. C; la cdc hang s6 tuy ¥.
Vi du 3. Giai cac phuong trinh vi phan
a)y" -5y +6y=0,
b) y" 4+ 2y — Sy =0.
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Gidi: a) Phuong trinh dac trung 1a P -5r+6= 0, n6 6 hai nghieém thuc
Iy =2, 1, = 3. Do d6 nghiém téng qudt I . '
y=Ce® + Ce™,
b) Phuong trinh dac trung 12 1* + 2r — 5 = 0, 16 ¢ hai nghiém thyuc
r=—11.6, Vay nghiém tdng quit 1a
y=C, e-1-VE)x Czc('“‘/g)" .

Triomg hop 2 : p* ~ 4q = 0. Phuong trinh dic trung (11.31) ¢6 mot
nghiém kép

r= —g, dodd 2r+p=0.

Vay phuong trinh (11.30) c6 mot nghiém riéng y; = €™, Ta ¢4 thé thit lai ring
¥2 = xe"™ ciing 12 mot nghiém ciia phuong trinh (11.30). That vay, tacé
¥2 =e™ + xre™,
¥z = 2re™ + rxe™.
Do dé
Y2 +PYs +qy, =e™[2r+ °x + p(1 + xr) + qx]
=e™ [(2r+ p)+ x(r2 +pr +q)]
Nhmg 2r + p=0vir= —%; r? + Pr+q =0 virla nghiém ciia (11. 31).
Vay
Y2 + P2 +qy;=0.

T6m lai, phuong trinh (11.30) ¢6 hai nghi¢m riéng y, = e™, y, = xe™, chuing
déc lap tuyén tinh véi nhau. Vay nghiém tdng quét ciia phuong trinh
(11.30) 1a :

y=Ce™+ szc“ =(C, +Cpx)e™.
Vi du 4. Giai phuong trinh vi phén
y' + 6y +9y=0.

Gidi: Phuong trinh diic trung 1 r* + 6r + 9 = 0, n6 ¢6 nghiem képr=-3.
Vay phuong trinh vi phan di cho c6 nghiém t6ng quat 14 :

y=(C + Cyx)e X,
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Truomg hop 3 : p* - 4q < 0. Phwong trinh dic trung (11.31) ¢6 hai

nghi¢ém phdc lién hop r; = a + ip, r, = @ — i, trong d6 «, P 14 nhimg s6
thuc. Nghiém t6ng quét cha phuong trinh vi phan (11.30) Ia

y=K, ela+ibx + Kze(u—iﬁ)x,

trong d6 K, K, 1a hing s6 tuy y. Numg theo céc cong thic Euler (10.22) va
{10.23) ta ¢cé: :

eP* = cospx + isinpx,
-ip

e " =cospx - isinpx.
Do dé

y = K e*(cospx +isinpx) + K,e** (cospx — isian)
=e™*[(K; +K;)cosBx +i(K, —K,)sinpx]

bat C, =K, + K;, C; =i(K, ~ K,), ta duoc nghiém tSng quit clia phuong
trinh (11.30) 14
y = ¢"N(CcosPx + Cysinpx).
Vidu 5. Giai bai todn gi4 tri ban ddu
y' -4y +29y =0, y(0) =0, y'(0) = 5.

Gidi: Phuong trinh dac trung [ 1* — 4r + 29 = 0. Biét thifc A'= 4 — 29 = -25.
Phuong trinh dic tnmg c6 hai nghiém phic lien hep 1a r = 2 + 5i. Vay
nghiém t6ng quat phai tim 1a

y= sz(CICOSSX + C,5in5x).
Do dé

y' = 26”(C,cos5x + CysinSx) + €2X(~5C;sin5x + 5C,c085x).
Thé céc diéu kién ban ddu vao, ta dugc:
y0)=C; =0,
y©)=5C=5
Do d6 G, = 1, vay nghiém cha bai todn gi4 tri ban ddu 14

Z2x .
y = ¢ “sinSx.
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Luu ¢ rang ta d3 gidi dugc céc phuong trinh vi phan cap hai tuyén tinh
h¢ s6 khong d6i ma khong phai Iam mét phép tinh tich phan nao.

Bang tém tit vé nghiém téng quét cia phtreng trinh (11.30)

Nghiém ciia phuong trinh (11.31) Nghiém c;ia phiuong trinh (11.30)
I, nthyc,r #r, ' y=Ce™ + Cze'zx
t=p=r y=e™(C, + Cxx)
L=t i, a, B thuc y= ™ (Cicospx + Csinfx)

3.4. Phuong trinh vi phan c3p hai tuyén tinh khéng thuan-
nhat véi hé s& khéng ddi :
Bay gitr xét phuong trinh
y'+py' +qy =f(x), (11.32)
trong d6 p, q 1 c4c hing s6,

Trong muc 3.3 ta d tim duge nghiém téng quét clha phuong trinh thuin
nhét tuong ing (11.30). Theo dinh 1y 11.3, néu tim duge mot nghiém riéng
Y clia phuong trinh khéng thudn nhét (11.32) thi nghiém t0ng quét ciia né
bang téng cla Y véi nghiém tdng quét ciia phuong trinh (11.30).

Phuong phdp chung dé fim mot nghiém riéng Y ciia phwong trinh khong
thuin nhat (11.32) 1a phuong phép bién thién hing s6 da trinh bay & muc 3.2
(xem vi dy 2). Nlumg d6i véi mot s6 dang dac biét clia vé phat f(x) ta c6 thé
tim duge Y ma khong cdn mot phép tinh tich phén nio.

Xét hai dang dac biét sau ctia vé phai f(x).

3.4.1. f(x) = €™. P(x), trong d6 o 1a mot hing s6, P,(x) 1A mot da thiic
bac n.

» Néu o khong 12 nghiém ciia phuong trinh dic tnmg (11.31), ta tim mot
nghi¢m riéng clia phuong trinh (11.32) cé dang

Y = e™ Qu(x), . (11.33)
trong dé Q,(x) 1a mot da thifc bac a. Ta cé:

Y' = aQu(x)e™ + Q, (x)e™*,

Y= oQu(x)e™ +20.Q), ()€™ + Q" (x)e™.
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Thé vao phuong trinh (11.32), ta dwge

e [Qy () + 2a + P)Q, (%) + (o + pat + PQu(x)] = ¢ P, ().
Do do

Qp (%) + (200 + p) Q;, (x) + (& + pot + PQ(X) = Py(x).  (11.34)

Vi o khong 14 nghiém cita phuong trinh d4c tung (11.31), nén 0t2+p0t+q¢0, do
do6 v€ tréi clia (11.34) cfing 12 mdt da thdc bac n, cling bac vé6i da thic & v&
phéi. Bang cdch déng nhat céc he s6 cing bic & hai v€ cia ding thic -
(11.34), ta duge (n + 1) phuong trinh bac nhét ctia (n + 1) 4n 12 céc hé s6 cia
da thie Q,(x). Phuong phdp tim cdc hé s& clia Qu(x) néu trén goi 1a phiong
phdp hé 56 bdt dinh.

« Néu o 12 nghiém don ciia phuong trinh dic trung thi o + pa. +q = 0,
200+ p # 0, v€ trdi ciia diing thic (11.34) 1a mot da thic bac (n — 1), trong
khi v€ phi cha né la mot da thitc bac n. Trong trudmg hop nay ta tim Y ¢6 dang

Y =xe™ Q,(x), (11.35)
Khi d6 v€ trdi clia (11.34) 1a mot da thiic bac n, trong khi s6 hé s6 & hai vé&
vinchifa (n+ 1).
oNé’ualamotngtﬁemképcﬁaphuongtrirﬂ1dacmmg,t}ﬁu2+pa+q=0.
20 + p = 0. Lap luan tuong tir nhu trén, ta s& tim nghiém riéng Y ¢6 dang
Y = x*e* Q(x). | (11.36)
Vidu 6. Giai phuong trinh
y'+y -2y=1-x
Gidi: V& phdi c6 dang f(x) = e™p 1(x), trong d6 a0 = 0, Py(x) = —x + 1.
Phuong trmhdactrlmglar2+r—2—0,c6ha1ngh1¢mr- 1 var=-2 Vay
nghiém téng qudt cila phuong trinh thudn nhat y" +y' =2y =0 Ia
¥= Clex + Qe_zx.
Vi o = 0 khéng 1a nghi¢ém clia phuong trinh dic trung, nén ta fim nghiém riéng
'Y ciia phuong trinh khéng thudn nh4t di cho du6i dang Y = e Ql(x) Q,(x),

Ql(x) 12 mét da thitc bac mét, Y = Ax + B, trong d6 A, B la cic hing s6 ma
ta s€ xdc dinh. Do dé: Y'=A,Y"=0.
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Thé vﬁo phuong trinh di cho, 1a dugc
Y'+Y ~2Y=A-2(Ax+B)= -2Ax+ A -2B=-—x+ 1.

Ddng nhat cdc hé s6 cha céc s6 hang cling bac & hai v& ciia déng thic trén,
ta dugc '

—2A=—'1,A-—2B= 1.
Do dé

Vay

y=2-
Nghiém tdng quat phai tim 13
y = Clex + C‘Ze'_z'x + % - l.
Vi du 7. Giai phuong trinh
y' -4y + 3y =¢"(x + 2).

- Gidi: V& phéi c6 dang ¢**P,(x), trong 86 a = 1, P,(x) 12 da thiic bjc mot.
Phuong trinh dac tnmg’c6 hai nghiém r = 1 va r = 3. Nghiém téng quét cia
phuong trinh thudn nhat y" - 4y’ + 3y =0 1a

Y= Clex + C}_esx.
Via =1 la nghiém don clia phwong trinh dac trung, ta tim nghiém riéng Y
ca phuong trinh di cho dudi dang
| Y = " x(Ax + B) = e*(Ax® + Bx).

Do dé:

Y'=€*(Ax® + Bx) + €(2Ax + B) = ¢'[AX? + (B + 2A)x + B,

Y"=e"[Ax® + (B + 2A)x + B} + ¢*[2Ax + B + 2A]

=e" [Ax? + (B + 4A)x + 2B + 2A].

The vao phuong trinh d4 cho, ta dugc
e [-4Ax + 2A — 2B} = e"(x + 2).
Do @6 '

' 1 5
—4A=12A-2B=2= A =7 B—_—Z.
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Vay

. _x [ X+5
. Y = —¢ x[ ) ]
Nghiém tdng qudt phai tim 1a

x2+5x

y=Cie* + Ce™ - e*.
Vi du 8. Giéi phuong trinh
¥y -2y +y=xe"
Gidi: V€ phai c6 dang €**P;(x), trong d6 o = 1, P,(x) = x. Phuong trinh

déc trung c6 nghiem képr = 1 nén nghiém t6ng qudt cia phwong trinh thuin
nhat tuong ing la '

y =¢€"(C; + C)x).

Via =1 12 nghiém kép clia phuong trinh dac trung, ta tim mot nghiém riéng
Y cua phuong trinh d4 cho dudi dang

Y =e*x%(Ax + B) = e"(AX® + Bx?).
Do dé:
Y' =" (Ax’ + Bx%) + ¢*(3Ax% + 2Bx) = ¢* [AX + (B + 3A)x2 + 2Bx],
Y" = AKX + (B + 3A)x% + 2Bx] + e*[3Ax% + 2(B + 3A)x + 2B].
= ¢"[AX’ + (B + 6A)x° + 2(2B + 3A)x + 2B].
The vao phuong trinh di cho, ta duoc

e*(6Ax + 2B) = e*x.
Do dé

6AX+2B=x= A = é, B=0=Y =%e"x3.
Nghiém téng quét clia phuong trinh di cho 1a
y=e(C +Cx) + évz"x3 :

3.4.2. f(x) = P (x)cosPx + P (x)sinPx, trong d6 P (x), P,(x) 14n luot 1a
cdc da thitc bac.m, n, con f 13 hing s6.
Ngudi ta da chiing minh ring :
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* Néu +if} khong 14 nghiém cla phuong trinh dic tnmg (11.31) thi tim
mot nghi¢m riéng cla phuong trinh.(11.32) ¢ dang ' o
Y = Q;(x)cosPx + R,(x)sian, (11.36)
trong dé Q,(x), R,(x) la nhiing da thitc 'Bac ! = max(m, n).
« Néu *if} 1a nghiém cla phuong trihh dac trung (11.31) thi tim mét
nghiém riéng cha phuong trinh (11.32) ¢6 dang
Y = x[Qfx)cosBx + R (x)sinBx]. (11.37)
Vi du 9. Giai phuong trinh ' |
y" =3y + 2y = 2sinx, _
Gidi: Phuong trinh déc trung c6 hai nghiém r = I, r = 2. Nghiém t8ng
quat chia phuong trinh thudn nhat tuong Ung la
' y=Cie* + Ce®. |
V€ phii ciia phuong trinh da cho c6 dang Py(x)sinx, trong d6 Py(x) = 2,

B=1 Vitif =+ kliOng 12 nghiém cda phuong trinh dac tnmg, ta tim mot
nghiém riéng cua phuong trinh da cho dudi dang

Y = Acosx + Bsinx.
Do dé: |
Y' = ~Asinx + Bcosx,
: Y" = —Acosx — Bsinx.
The vao phuong trinh di cho, ta duge _
| (A - 3B)cosx + (3A + B)sinx = 2sinx.
Do dé

A-3B=0 3.1 o 3 1.
{3A+B=2 = A =3 B‘E Y= gcosx+ssmx.
Nghiém t6ng quét clia phuong trinh di cho Ia

y=cet+ce™ + 3 cosx + =sinx.,
5 5
Vidy I10. Giai phuong trinh

y" + ¥ = Xcosx.
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Gidi: Phuong trinh dac trung c6 hai nghiém r.= *i. Nghi¢ém téng quit
clia phuong trinh thuin nhat tuong ing 13

y = Cjcosx + Cysinx.
VE phai clia phuong trinh d3 cho c6 dang Py(x)cosPx, véi Pi(x) = x, p = 1.

Vi i} = +i 12 nghiém cla phuong trinh djc trung, ta tim mot nghiém riéng
cua phuong trinh d3 cho dudi dang

Y = x[(Ax + B)cosx + (Cx + D)sinx]
= (Ax® + Bx)cosx + (Cx? + Dx)sinx.
Do d6: '
Y' = (Cx? + (D + 2A)X + Blcosx + [~Ax? + (2C - B)x + D]sinx,
Y" =[-Ax? + (4C— B)x + 2D + 2AJcosx + [-Cx? — (D + 4A)x + 2C — 2B]sinx.
Thé vao phuong trinh da cho, ta duoc
(4Cx + 2D + 2A)c0sX + (—4Ax + 2C ~ 2B)sinx = kcosx.

Do d6
4C=1,A+D=0,4A=0,C-B=0.
Suy ra '
B=C=%, A=D=0=> Y=§(xsinx+cosx).

Vay nghiém téng quét ctia phuong trinh 84 chio 1a
y =C,cosx + Czsimi + %(xsinx + cosx).
Vidu 11. Gidi bai todn gi4 tri ban ddu
i ) . 1 N 9
y" + 4y = 2sin’x, y(0) = 77O =7.
Gidi: Phuong trinh dic tnmg ¢6 hai nghiém r = +2i. Nghiem téng quit
ctia phuong trinh thudn nhat tuong tng 1a
y = Cicos2x + C,sin2x. -
Vi 2sin’k = 1 — cos2x, nén v& phdi cua phuong trinh d3 cho ¢é dang
fi(x) + £,(x), véi f;(x) = 1, f,(x) = —cos2x. Theo nguyén 1§ chéng nghiém
(dinh 1y 11.4), ta tim mot nghiém riéng clia phuong trinh di cho duéi dang
Y, +Y,, trong d6 Y,, Y, theo thit ty 14 nghiém riéng ctia céc phuong trinh
yu + 4y =/1 (*) ..
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Y+ 4y = —C0s2x (**)
- V€ phii cila (*) c6 dang e™py(x), trong d6 o = 0 khong 1 nghiém cia
phvong trinh dic trung, Po(x) = 1. Vay Y, ¢6 dang Y| = A. Thé vio phuong

trinh (*), ta dwoc A = i— Viy Y, = 7::

V¢ phai clia (**) c6 dang Po(x)cosPx, trong d6 Py(x) = -1, B =2, phung
+2i 12 nghi¢m cta phwong trinh dédc trung. Vay:
Y, =x(Acos2x + Bsin2x),

Y;; = X(—2Asin2x + 2Bcos2x) + Acos2x + Bsin2x,

Y; = x(—4Acos2x ~ 4Bsin2x) — 4Acos2x ~ 4Bsin2x.
The vao phuong triinh (**), ta dugc

—4Acos2x — 4Bsin2x = —cos2x.
Do &6

—4A=-1,-4B=0= A = -ET B=0.:>Y2 = i—xcost.
Viy nghiem. tong quit cha phuong trinh di cho 1a

y = Cjcos2x + C,sin2x + % + %xcost.
Suy ra

y' =-2C;sin2x + ZCzcoI52x + %cost - %— xsin2x.

D¢ tim nghiém cta bai todn gid tri ban ddu, chi viéc thay x = 0 vio bidu thitc
clay vk y' rdi 4p dung céc diéu kién ban d4u, ta duoc:

I 1
Y(0)=Cl+“4—=zﬁcl=0,

. 1 9 3
Y®=2C+ 17 =C =1
Vay nghiém ciia bai todn gid tri ban ddu I3

. 1 1
y =sin2x + z+:4—xcos2x.
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Vi dy 12. Xét chuyén dong ciia mot vat
¢d khéi lugng m dit vao mot 15 xo dan héj
théng ding (hinh 11.3). Chon truc Ox thing
ditng hudng tix trén Xubng, g6c O dat & trong
tam cla vt & vi tri can bing. Goi x 1a d¢ doi T0
cUa trong tAm cla vat tinh iy vi trf can béng.
Gia st Iyc kéo vat vé vi tri can béng ty 1¢ véi
do ddi, tiic 12 bing ~kx, k > 0 Ia he s5 dan

h6i cia 10 xo. Né&u khéng tinh dén siic cdn XY
cha khong khi thi theo dinh luit Newton
phuong trinh chuyén dong ciia vat Ia Hink 11.3
d*x d*x
M—s=—-kx ha m—sr+kx =0,
dt? Y t?

D6 1a mot phuong trinh vi phan c8p hai tuyén tinh thuin nhit hé s@
hing. Phuong trinh dic tnmg ciia 16 1a my2 +k =0, né ¢6 hai nghiem

r= ii\/—:——{. bit o = \/—E nghiém tdng quét cita né 1a

X(t) = Cicosot + Cysinct.
Ta c6 thé d& dang bi&n déi
X(t) = Acos(wt + 8),

trong d6 A = 1/C12 +C2, cosd = %, sind = —%2—. Chuyén dong d6 goi la

dao dong diéu hoa, A 2 bien d0, @ la tin 56, 5 Ia géc pha.

Bing tém tAt vé dang cla nghiém riéng ciia phwong trinh (11.32)
theo dang ciia v€ phai ciia né

Dang cia vé phdi fix) Dang cia nghiém riéngY

| " a €™Q, (x) néu khong 12 nghiem cita (11.31)
X

ey (x) b xe**Q, (x) néu o 1A nghiem don cia (11.31)

¢) xzchrll (X) néu o 1 nghiém kép cia (11.31)

a) Q(x)cosPx + R,(x)siﬁﬁx, ! = max(m, n) néu +ip
| Pn(x)cosPx + P,(x)sinpx | khOng 12 nghiem cia (i L3n

b) X[Q(x)cosPx + Rx)sinBx), 7 = max(m, n} péu
+iP 13 nghiém cia (1 1.31)
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3.5. Nghiém khai trign dugc thanh chudi Iuy thira

Ta da gii dugc tron ven cdc phuong trinh vi Phan c4p hai tuyen tinh hé
s6 khéng déi. Nhung nhir d5 trinh bay & tren, khong c6 Phuong phép téng
quét dé tim mot nghiém riéng ciia nhig phuong trinh ¢4 hé s6 bién thien nhu

y'-2xy'~4y =0,

Y=ag+ax+ax’ +a,x> ¢ .+ ax" .,
trong d6 ay, a,,..., a,,... 1 nhiing hing s6 ma ta s& x4¢ dinh. Ta ¢6

Y =ap +2a,x + 3a3x” + daC + .. + na,x" 4
Y"=2a,+2.3a,x + 34a, % + ..+ (n- Dnax"2+
The vao phuong trinh di cho, sép xéptheothl'm_rlu}"f thiva ting ciza x, ta duoc
| (22, ~a)) + 2(3a; - ay)x + 3(4a, - ax’ + ...
+m-Dna, -a, x4 oo,
Dang thic d6 diing v6i moi x, do d6 c4c hé s6 & Ve trii phaj bang 0. Suy ra

a,=
2 2’
a5
a3 ==
3773
a
n-1
a, ==l
n n

Nhan céc ding thic tren timg v&€ mot, ta duoc
_a . '
a, = e voinz2, |
Hai hé s6 3, a; khéng chju sy rang budc ndo, d6 1 cic hé s6 ur do. Vay
ta dugce
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2y, 2 yn
y = a0+1'x+2|x +...+n!x + ...

_ x x? x"
=ao+al( 2!+ +—r'i—'-+ ]
2 | X"

=(a0—a])+a1 1+F+?+ +T1T+
Chubi Iug thira & v& phai hoi tu trén toan R va 12 khai trién thanh chudi luy
thira clia ham s6 ¢*. Dt C, = ao a1, G = a; khi d6 C; va C, 12 hai hing s6
tuy ¥ vi ag va a; ciing 13 hai hing s6 tuy y. Vay

y= Cl + ge . .

Dé thdy riing d6 chinh 12 nghiém tdng quét clia phuong trinh di cho.

Vi dy 14. Tim nghiém khai trién dugc thanh chudi lu¥ thiva ciia bai todn
g£i4 tri ban ddu
y'=2xy' -4y =0,y(0) = 0, y'(0) = 1.
Gidi: Gia sir phuong trinh d3 cho c6 nghi¢m dang
Y=ag+a X +ax° +ax> 4.+ ax” + ...
Do di€u kién ban ddu y(0) =0, y(0)=1,tadugc ag=0, a;= 1. Vay:
Y=X+ 2,50 +a5%° + . 4 ax" + ...,
Y=14+2ax+3a;x* + .. +nax" ' 4.,
y' -2a2+23a3x+34a4x +..+(n- l)na“x
Thé vao phuong trinh d4 cho, ta dugc
2a; +3(2a3 - 2)x + 438, ~ 2a)x" + .. + nf(n - a, — 2, ]x" 2+ .. =0,
Do d6
ap=0,a=1,..,

an=2a112,n>2 *)

Via, =0, do ding thic (*), ta c6

a4=%=...=azk=...=0
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Via, = 1, do déing thiic (*), ta duge:

a -—-2_al_--1 a —233-.!. a _2'3_5____2___1_
3Ty T BTy s 6 216 3r
_237__21__1 __'I
A T ST T
Vay
xS x2k+1
Y—X+—1!-+EI-+"§+...+ k! + .,
2 4 6 2k
X X X X
_X(I+F+'2—I+—3T+"'+F+"'J' (**)

DE thdy ring chudi luj thira & ve phai hoi ty tai moi x € R va I3 khai tridn

thanh chudi lu§ thira ctia ham s6 e"z. C6 the ki€m tra truc tigp ring biéu
thitc (**) ding la nghiém ciia bai todn gid trj ban ddu di cho.

Ta ciing thay ring, trong trudng hop ndy phuong phép chuéi luy thira da
gilp ta tim dugc mot nghiem riéng ctia phuong trinh vi phan tuyén tinh cap
hai v6i hé s6 bi&n thien.

CAU HOI ON TAP

1. Dinh nghia phuong trinh vi phan, cdp ciia phuong trinh vi phan, phuong

trich vi phan tuyén tinh. Phan biét nghiem ciia phuong trinh vi phan véi
tich phan cta phuong trinh vi phén.

2. Dang tdng quét ctia phuong trinh vi phan c4p mét 1a gi 7 Thé ndo 12 bai
todn gid tri ban ddu d6i véi phuong trinh vi phan c4p mét.

3. Trinh bay dang ciia phuong trinh vi phan bién s6 phén ly, phuong trinh
vi phén c4p mét thudn nhat, phuong trinh vi phan c4p mét tuyén tinh va
céch gidi ching.

4. Néu biét hai nghiern niéng y; va y, ctia phuong trinh vi phan cdp mot
tuyén tinh
| | Y+ pix)y = q(x),
thi ¢6 thé biét duoc tat c4 céc nghiém cia né khoéng ?
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Trinh bay dang clia phuong trinh vi phan toan phén va céch gidi.

Céch gidi phuong trinh vi phan tuyén tinh thudn nhét cdp hai v6i hé s6
khong déi.

Trinh bay céc dang dic biét chia v& phai f(x) dé c6 thé giai duoc phuong
trinh _
Y +py +qy = f(x),

p, q 12 hdng s6, ma khéng phai lam mot phép tinh tich phan ndo.

Trinh bay phwong phdp bién thién hing sé.

Trinh by nguyén 1y chéng nghiém.

Ménh dé nio trong ¢ic ménh dé sau 14 diing:

a) Phuong trinh y' = 4x — y — 2 + 2xy la phuong trinh vi phén bién s6
phan ly. ‘

b) Phuong trinh (xy + yz)y' = xzy la phuong trinh vi phan cdp mét thuén
nhat,

c) Phuong trinh x°y' - ¢*y® + 1 = 0 1a phuong trinh vi phan tuyén tinh.

d) Phuong trinh (x* — y*) + (x* + y")y' = 0 12 phuong trinh vi phan
toan phan.

¢) Mot tha s& tich phan ciia phuong trinh 2x + y° + xyy = 01a x.

f) Mot phuong trinh vi phan cdp mot c6 thé vira [a phuong trinh bién s6
phan ly, via la phuong trinh thudn nhét, vira 12 phirong trinh tuyén

 tinh, via I phuong trinh vi phén toan phén.

g) Néu y, va y, la nghiém ctia phuong trinh y" +6y' + Sy =x thi Ciy1 + Gy
trong d6 C;, C, 14 hai héng s6 tuy ¥, cling Ia nghiém ciia phuong trinh 4y.

h) Néu biét hai nghiém y; va y, cia phuong trinh y" + p(x)y' + q(X)y = f(x),
trong dé p(x), q(x), f(x) lién tuc trong khoang I thi cé thé biét dugc
moi nghi¢ém cia phuong trinh &y trong Khoédng L.

i) C6 thé tim duoc mot nghiém riéng ciia phuong trinh y" + py’ + q(y) =€'x°
duéi dang Y = €*Q,(x), trong d6 Q,(x) 12 mot da thic bac hai cia x.

.
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BAI TAP
Giai cac phirong trinh bién s6 phan ly :
D x(1+y"dx + y(1 + x5%y=0; 2) P+ Dy =xy;
DE -y +y +xy7 =05 4) x-yR)dx+ (- xiy)dy =0 ;
5)ydx = (x2 - az)cly. '
Giai cdc bai toan gid tri ban ddu :

H g = xy2+ 3x

, ¥(2)=2;
X +1

2) y' + cos(x + 2y) = cos(x — 2y), y(0) = % :

3y x(y* + Ddx + y2(x* + 1)dy =0, y = (0) = 1 ;
2x .
dy =0, Y(l)“ =

Trong cac phmmg tnnh vi phan cdp mot sau day, phwong trinh nio la
thuan nhat ?

2
4) " tgydx — =

D22 -y +yy=0; 2) yx? + y2dx +ydy=0;
3) (% + Y2y =xy — x% ; 4)y' =Inx —Iny;
_X-y. . (y
:3)y X7y 6)xy—x+ysm(x].
Gidi cac phwong trinh vi phan cdp mét thuin nhat :
2
+
Hy =X*Y ZY : 2)(y-x)dx + (y +x)dy =0;
X _
3)y'=—x:y; 4) (x* + y*)dx - xydy = 0;
= l E -. 'si 'z-= i -X— M
S)y'= +smx, y(l) = > 6) xy smx ysmx X
¥
T)XY' =y + xe*.

Gidi cdc phuong trinh vi phﬁn cép mot tuyén tinh :
1)(x + Dy +xy=-2;
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2

Y & .
2)y Tinx =xlnx x>0), y@)= 5
Dy +2xy=x;

y

: 1 -,
4) Y+;=;§(x>0),)‘(1)—2.

1= _r T,
Sy l—ytgx[ 2<x<2J,

6) xzy‘ +2xy = CosX, y(@)=0;

7) cos? Xy +y-tgx(—g<x< ]y((}) 0;

8) (1 +x7y ~2xy=( +x;

9)y - 2xy = 2xe* , y(1)=0:
10)xy' +ylny=y(y>0);

. 1. sinx
11) y'+ b At
Giai cac phuong trinh cho duéi day néu dé 1a phuong trinh vi phan
toan phdn:
1)2x+y2+xyy'=0;

2) (3x% - 3y + 1)dx - (3x - )dy =0;

dy _ )
HE" [-Ty—ln(x+y)]dx+e x+y_0 (x+y>0);

3
4) 3x2(1 + Iny)dx — [2y - x7]dy =0 (y>0);

3) xsiny + (ycosx)y' =0 ;

6) (cosy + ycosx)dx — (sinx - .xsiny)dy =0;
7) (% + y)dx + (x ~ 2y)dy = 0 ;

8) (y* - %)y =y:

9 3xy -2+ Gy —x)y' =0;



10) (3x% + 6xy — 2y2)dx + (3x% — 4xy + 4y° )y =0 ;
11} xlnydx — (X + ylnx)dx =0 (x>0,y>0);

y? = 3x2

12) 2—§dx + y

y y
13) (¢* + y + siny)dx + (¢¥ + x + xcosy)dy = 0.

dy =0;

Giai cdc phuong trinh vi phan sau bing cdch tim thia s6 tich phan chi

phu thudc x hoic chi phu thude y :

1) ydx — xdy + Inxdx =0, . = a(X) ;

2) (xzcosx —y)dx +xdy=0,a=a(x);

3) ydx - (x + y)dy =0, & = o(y) ;

4)y l—yzdx+ (xﬂ +yudy =0, a=aly)
Giai céc phuong trinh vi phan c4p mot sau :

lb) (x2 +2xy)dx + xydy =0 ;

2)x2y'+xyé 1, x>0,y(1)=2;

3)e X - 2cos’x + 3y2y' =0;

A x(1+2y)y +x°+y2 +y+¢'y =0,y0) =0

Sxy' = x%cosx + Y, y(%) =0;

2
S A

Nyx+y)=y;
8) 3y -4y )y = xe".
Tim qu¥ dao tryc giao cha cic ho dudng cong sau :

Dx=Cy; Dx-D*+ -1 =C

1

3) x> -2y*=C; Hy=—z.

10. Giai cdc bai todn gié tri ban ddu sau :

Dy' -y -2y=0,y0)=0,y0)=1;
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2)y" - 10y' + 25y =0, y(0)=0, y'(0) =1 ;

: x
3)y"~2y'+10y=0, y[g] =0, y'(%) =eb ;

Dy +3y=0,y(0)=1,y(0)=2;
5)y"+9y=0,y(0)=0, y(0) = 3;
6)y"~2y' +2y=0,y0) = 1,y(0)=2.

11. Gidi c4c phuong trinh hay bai todn gid tri ban d4u sau :
Dy"+y - Zy = cosx — 3sinx, y(0) = Ly0=2;

2)y" -2y +2y=x%; 3)y" +y = sinxsin2x ;
4 y" +y=sinx; 5)¥" ~ 4y + 4y = e¥cos’x ;
6) y" + 2y' + 2y = 2x — sinx ; N y" +y =4xsinx ;

8) y"—2y‘+y= 1+X+2(3X2—2)cx; 9) y"—-y:xcoszx; |
10) y" +y' - 2y = e*(cosx - Tsinx) ; 1) y"+y +y=—13sin2x ;
12) y" +y = xcosx, y(0) = 0, y'(0) = % ;

13)y" +y -2y =e™, m1a hing s6 duong ;

14) y" + mzy = COSX — Sinx ;

)y —-(m+ 1)y +my=x-1.
12. Giéi cdc phuong trinh vi phan sau bing phuong phap bién thién hing s4 :

l)y"+4y=x; 2)yu_y|=ex;
" . _. E . . _ E
3y Y=o (0<X<2), 4)y +y_tgx(0<x<2).
13. Ding phwong phép chudi luy thira dé giai phuong trinh va bai todn gi4 tri
ban d4u sau :
Dy"+y=0;

Dy ~2xy'+y=0,y(0)=0,y0)=1.
14. Gii cdc phuong trinh vi phan sau :
=2x
Dyy+y= e2 ; 2 2y + XDy +2x=0, (1) = 0;
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e

3)y"—4y'+4y=e2x(x—l); 4)y" + 5y + 6y = 5o
| 1+e“*
5)yy'=X\/l+x2\/l+y2; 6)2(x+yy)+e'(1 +xy)=0;
Ty" +y=sin’x; 8) 3y2y'+tgx—e_2"=0.
Pdp sé
1. 1) 12+ 12 =C; 2)y=CVx?+1;
l1+x l+y
y_1_1_g. | 2 e,
B infdl -5 -5 =0 4)ln|l x|+1n|1 yI—C,
|'_
X —al2a
S)Y_Cx+a| '
2. Dy+3=5x%+1) ; 2)%lntg%}=2—2cosx;
3) Zarctgx” + 2arctgy” = 1;- ; 4 2Injsiny| = - .
3. Céc phuong trinh 2), 4), 5, 6) I thuan nhét. |
X . 2 2
4, 1 == yv=0; 2 +2xy - x"=C;
)y In|x| + C y= )y 2xy-x
3) x> +2xy=C: | 4) y* = x*InCx?;
5) x = tg2- ; 6)x = Ce™ -
~ By X= ’
7) y = —xIn(C — In|x]).
_ [ 2 2
5 1)y=C 2In(x + Vx +1); 2)y=x7lnx;
\/x2+l '
1 -2 _2+Inx
3)y—2+Ce ; __ 4 y= g
C +sinx sinx
S)Y——Eggx—, 6)y = 2
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Dy=tgx—1+¢ &,

Ny=0-ne* ;

1)y = C—’cosx.

6. 2)x3—-3xy+x—y=C;
4)x3(1+lny);y2=C;
8)y4=4xy+C;

3)y3=x+%sin2x+e_x+c;

y=x{sinx-1);

Dx=cy+y;

2 2
9, 1)1‘7»,—3’-2—:1;
c2  2C

C
3)y=—2;

1. Hy=
1 &

Ny= —ge cos3x ;
5)y =sin3x ;
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By=x+O)1+x%;
10)x=Cy—1-Iny;

3)e “In(x +y)=C;
3
7)'-};— +xy~y'=C;

' 10)x3+3x2y-2xy2+y4=C;

13)e* +xy + xsiny + ¢* = C.

o= -%,y:x(C—sinx);
X

4) a= ! , Xy — l—y2=C.
Vi-y?
Inx +2

2)y— X ¥

3
4)% +xy’+xy+ed=1;

x-1
C-x’

8)y —y*=xe*—e*+C.

6)y=

2)y-1=Cx-1);

Ay =3x+0).

2y =xe™;

4Hhy= %(5 ~2e7 ™y,

6) y = €*(cosx + sinx)



1L D)y=¢"+ sinx ;

2)y =e™(Cicosx + C,sinx) + —;—(x +1)°;

¥

3)y =Cicosx + Cysinx + 'flg C0s3x + al—xsinx ;
4) y = Cycosx + C,sinx — %xcosx ;

S)y= ezx(Cl +Cox + ‘—i-xz - écost) ;

6)y= e“(Clcosx +Csinx) +x — | + %(ZCOSX — sinx) ;
7) y = x(sinx ~ XCosx) + C,cosx + C,sinx ;

8)y=c"(Cl+CZx)+x+3+x2(-;—x2-—2)ex;
9)y=Ce* + Ce* - L ——l—xcos2x+ —2-—sin2x'
Y=he+Ge T -3x -5 25 10X

1) y=Cpe*+ Cze_zx +e"(2cosx + sinx) ;

X
)y= e-E(CI cc_)slfz-_:ix +C, siniz_:ix) +2c082X + 3sin2x ;

12) y = isinx + X’ sinx + -x—cosx ;
y=3 4 4 ’

L 'cm"né’_umatl,

13) y = Cie" + Ce™ + Y, trong d6° Y =
- m°+m-2

[
m#-2:Y= gxex nfum=1; Y=—%—xe'2" nfum=-2,

14)y = Clcosmx + Gsinmx + Y, trong d6 Y = T, {cosx — sinx)
m —_—

nfum?=1,Y = %x(cosx +sinx)néum’=1;

) 15)y=C1ex+Cze'“x+Y,trongd6Y= —I:T(x— Dnéum=0,

Y =x(-x +2) néum =0.
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12. 1) y = Cyc0s2x + Cpsin2x + - ;

2D y=C +Cet +e*x—1);

3) y = Cjcosx + Cysinx — xcosx + sinxIn(sinx) ;

l—mi
4)y=Clcosx+Czsinx+cosxln i .
1+tg5
2 4 2n
- X X n X
13.1)_y-a0[1 2!+ A et (=1 @n )' }+

3 5 2n+l
X X X
+al[x - —3—|'+?|-— + (—l)

& 1.59..040=3) 2041
Y=L Garr X

4. )y =(x+0e >,
2) x* +y2 =e 7

x |1
3)y = eC, + Cx) + xZe? (E B -2-} :

4)y= Cle x4 Cze 1 2xln(1 + ey + e N—e ~ +arctge’) ;

5) J1+y° =%\/(l+x2)3 +C;
6) x* +y 24+xe'=C;

7)y = Cjcosx + C,sinx — g XCOSX + -:-,’15 cos3X ;

8)y = ——;-c'z" ~ In|cos x| + C.
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TAI LIEU THAM KHAO

Nguyén Dinh Tri - Ta Vin Dinh - N guyen HG Quynh.
Todn hoc cao cdp (Tap 1, 2, 3).
Nha xust ban Gido duc, 2000,

James Stewart,
Calculus, _
Brooks/Cole Publishing Company, 1991,

Elic Azoulay, .
Jean Avignant (Tome 1, 2, 3, 4},
Mc Graw Hill, 1991,

J. M. Monier.
Analyse (Tome 1, 2).
Duned Université, 1990.

P.E. Panké, A.G. POpOp, I. Ta Cogiepnhicova.
Bai tdp todn hoc cao cdp (Phén 1, 2; ban dich ti€ng Viét),

- Nha xuit ban Mir Maxccva, 1983.
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Chiu tréch nhitm xust pin
Cha tich HDQT kiém Téng Gidm d6c NGO TRAN Al
Phé Téng Giam déc kiem Tén

Bién tap va sita bin n -
bO HOU PHUY
Trink bdy bia -

BUIQUANG TUAN

Ché'ban :
CAO LAN PHUONG

Gido trinh TOAN HOC CAQ CAp . TAP 2

M3 s6: 7TK614M6 - DAJ
In 2.000 ban, khé 16 x 24 cm, tai Céng ty In va Van hos phdm.
SGin:.180. 8§ xust ban: 04 - 2006/C :

XB/165 - 1860/GD.
In xong va ndp hw chidy quy | ndm 2008,

g bién tip NGUYEN QUY THAO
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m CONG TY CO PHAN SACH DAI HOC - DAY NGHE
A HEVOBCO
Dia chi : 25 HanThuyén, Ha Néi

TIM DQC GIAO TRINH DUNG CHO
SINH VIEN CAC TRUONG CAO PANG
CUA NHA XUAT BAN GIAO DUC

1. Gido trinh Toan hoc cao cap - T1 J_. Nguyén Binh Tri (ChU bién)

2. Gido trinh Toan hoc cao cdp -T2 Nguyn Binh Tri (Chd bién)

6. Giao trinh Vét Iy dai cuong — T2

7. Bai tap Vat ly dai cuong - T1 | Luong Duyén Binh
._i:i._Béi té—p Véfﬁai ;:Lr—dng.——'l'-Z _ Lu'an Duyén Binh__ a
-jSoé hoc dai cuong : | i L_e MaE)uyen_ -
10. V& k thuat |  Trdn Hou Qué -
Nguyén Van Tuan
11.Baitap vé ky thuat | Tran Hin Qué a

Nguyén Van Tudn

Ban doc cd thé mua tai cic Céng ty Sich — Thiét by fruong hoc o
dia pluong hodc cic Cita hing cua Nhi xudt bin Giio duc;

Tai Ha NGi : 25 Han Thuyen ; 187B Gidng V6 ; 23 Trang Tién.

Tai Da Ning : 15 Nguyén Chi Thanh.

Tai Thanh ph& H8 Chi Minh : 240 Trén Binh Trong - Quan 5.
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