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Chuwong VI
UNG DUNG HINH HOC CUA DAO HAM

Trong chuong niy, ta sé ung dung dao ham va tich phan dé
nghién cdu cdc tinh chdt cia cde dudng trong mat phing va cac
dutng, ciac mit trong khong gian.

s1. DUONG THAM SO TRONG MAT PHANG

1.1. Dinh nghia. Gia st T 1 mét tap hogp s6 thue (T C R).
Anh xa M : t ~» M(t) ti tap hgp T vao mat phing goi 14 mét
duong tham s6 phing.

Tap hap T' = M(T) = {M(t) : t € T} goi la gid cia duong
tham sd.

Né&u T la mot doan [a, bl va anh xa M lién tuc thi dudng
tham s6 duoe goi 14 cung tham s&, M{a) va M(b) duge goi la hai
di€m d4u coa cung, Mia) 1a diém géc, M(b) Ia digm cudi cia
cung. Néu M(a) = M(b) thi cung duge goi la kin.

Bién s6 t duoc goi 12 tham sé.

1.2. Trong mat phing ta chon modt hé toa do Décac vudng
géc (0,1, 3), Khi d6 di€m M(t) c6 cde toa do x(t) va y(t) :
M(t) = (x(t), y(t}) ; t ~—> x(t) v t ~— y(t) 12 hai ham s6 thyc xéac
dinh trén tap hop T

Ta ndi rang dugng tham s6 dugc xac dinh bdi cdc phuong
trinh x = x(1), y = y(t).



Ngudi ta cing goi tap hop ' = M(T) la duing vai higu dién
tham s6 x = x(t), y = y(t), t € T

Dudng tham s6 goi 1a lién tuc néu M : t +— M(t) 12 mot anh
xa lién tuc trén T. Dudng tham s6 Ia lién tuc khi va chj khi cae
ham s6 t — x(t) vid t +— y(t) déu lién tuc trén T

Dudng tham s6 goi la thude 16p C! néu anb xa t s M(t) c6
dao ham lién tuc trén T. Dudng tham sé thude 16p C! khi va chi
khi cdc ham s6 t + x(t) va t v y(t) déu thuée lop C! tréen T

Vidu 1. Gia s £ : T — R 1a mét ham s6 xdc dinh trén tap
hep T C R. D6 thi T ciia ham s6 f ¢d bifu dién tham s§ la

x=t y=1ft)t e T
Vi dy 2. Gia st a, b, x, y, |2 nhitng s6 thue, a2 + b2 > 0.
Cic phuong trinh
x=x,tat, y =y +bt,t R

1a bi€u dién tham sé cvua dudng thing di qua di€m (x_, y ) véi
vecto chi phuong v = (a, b).

2 2
Vidu3 ChoelipE : = +% _ 1

aZ B2

X
Dat cost = -, sint = % , ta dugc bi€u dién tham s6 cua E

¥ = acost, y = bsint, t € [0, 2x].

2
Vi du 4. ChohypebﬁnH:x——y—2= 1.
az b2

Ta viét phuong trinh cta H dudi dang :

GeDE-H -

Diém M(x, y) nam trén H khi va chi khi tén tai mot s5 thue
t sao cho :



Ti d6 ta duge bi€u didn Ltham sé cua hypebén H :
1 1, 1 1
Xzﬁa(t‘f‘{),ywib(t”z)..
Vi du 5. Cho dudng tron C ban kinh R > 0 lan khéng trugt
trén duong thing D. Goi M 1a mét di€m cia C cd két vai C. Quy
dao cta diém M khi dutng tron C lan goi 12 mét dudng xicloit.

JLy

Hinh 1

Gia st ldc xudt phét, di€m M & vi tri cia di€m O trén dudng
thing D. Chon hé truc toa d6 Décic truc chudn Oxy nhu trong
hinh v&. Goi I 1a tim dudng tron C, T la ti€p dim cia C va D

T

t 1a goc tao bdi hai vecto IM va IT, (iM, IT) = t. Khi dd
e _
(T, M) = - t, OT = Rt.

Ta cd I(Rt, R} va
— o ——

(Ox, IM) = (Ox, Oy) + (Oy, IT) + (T, IM) = - 5t
Do dd cac toa do cﬁavectdl_l\,illz‘a:x= Rcos(~g— —t) =
= - Rsint, y = Rsin(— % - t) = - Reost. Tir dé suy ra bidu

dién tham s8 cua dudng xiclsit :
x = R{t - sint), y = R(1 ~ cost).



1.3. Ti€p tuyén

Dinh 1i. Gia s I' la dudng cong vl bigu dién tham s8

X = xit), y = yit), t € (o, A}
_}vé duding cong tham sé_i m» M(t) = (x(t), y(t)) cd dao ham
Mt )y = (x'(t ), ¥t = 0 tai diém t, € (e, 8). Khi d6 [" co

tifp tuyén tai diém M = Mt ) vdi vecto chi phuong l\‘fT‘_’:(t“_).

Ching minh. Ta c6

> - M M(t) _ x(t) —x(t)) y(t} - y(t,)
M'(t)) = lim Tt = lim { — P
L->1 0

[—1 L) 3
k] (4]

Do dd M(t) = M, vdi [t -t | > O dd nhd. Cat tuyén M _M(t)

‘ M M(t)
cd vectd cht phuang la rier

0

, vecto nay dan dén MY(t,) khi
t = t, Vay dudng thang M T di qua M_ v c6 vects chi phucng
M’(t,) 1a tiép tuyén tai diém M, cua dudng cong I'. []
1.4. Bi¢u dién tham s6 cta tidp tuyén MTIla
X =X, XU,y =y, + ¥4,
x, =x(t) y, = yit,).

1.5." Gia st dudng cong tham s6 t — M(t) cd cac dao ham
cdp p tai t  va

Mty = MUt = .. = MP Ut = 0, MOt = 0
Khi dd, theo cong thuc Taylo-lang, ta eg

— (t —t“)P - —
M M(t) = TR (M) + 0(1) —t).

Do dé Mit) = M vai [t -t | > 0 di nhé va cat tuyén M _M(t)
cung phuong v&i vecta M“J){tl_) + (?(1}, vectd nay dan dén
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M"P){t”) khi t — t_. Vay duong thang M T di qua diém M va
—
song song voi vectd M(l‘J(t“) la tiép tuyén tai M cta T
1.6." Dang cua dudng cong trén lan can caa mot diém
ciaa nod

Gia st dudng cong tham s6 t — M(t) ¢d cdc dao bam dén
cdp q trén m(f)"t_’lén can eua diém t, p 1a s6 nguyén duong nho

nhat sao cho M(P(t ) = 0 va q la s& nguyén nho nhat lon hon

o sao cho M)t ) khong cung phuang vdi M®)1 ). Dat
ML) = o, MWt ) = €,

Khi d6 MOt ) = Ae, 4, € R, k=p+ 1 ., q- 1 Ap dung
cong thie Taylo-lang duoc

I hP — hp*! — hy ! —
h (t,“)]'.\f'[(t0 +h) = —p—T e+ ® +1')"!‘ Ap*' € + .. +W Aq— @

h —- —
+ o (f + 0(1)} (h — 0)

hp — hq - —_—
= YJT (1 + 0(l)e + ?(f + 0(1)) (th —= O

Trong hé toa d6 (MI(t ), e_,thdiém M(t, + h) co cac toa do

hP h4
= (10, g = g (10U

Ta gap cac trusng hop sau :
1° p 1&, g chan,

Khi d6 véi |h] > O da nhd, £ cd cung dfu véi h va 5 > O
Trén mét lan can dit nhé cva didm t, dudng cong ' va vecto

M)t ) ndm vé cing mot phia doi véi tiép tuyén tai diém Mit )}
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va xuyén gua dudng thang qua Mit)) va song song véi vecto

—

Mty (hinh 2)

Hinh 2

29 p lg, g l&

Khi d6 vai th] > 0 da nhé, & va 7 cé cing ddu vdi h. Duang
cong I' xuyén qua tiép tuyén tai diém M(ig) va xuyén qua dudng
thang qua M(t,) va song song vdi vecto M(‘l)(t“) (hinh 3). Ta goi
Mit ) 1a mot difm udn cia dudng cong.

M@ ()

—

M) R

Hinh 3
3° p chan, q 1é
Khi do, v&i [h} > 0 dé nhg, & > 0 va p ¢d cung ddu véi h.
Budng cong I' di qua tiép tuyén tai di€m M(t,)) va 0 vé mét phia
9};151 dudng thang qua diém M(t)}) va song song véi vecto
M)t ) (hinh 4). Ta goi Mit,) la mot di€m Ii loai ! cta dudng

cong.



Minh 4

4° p chén, q chan

Khi d6, vai thi > 0 dd nho, £ > 0 va 7 > 0. Dudng cong T
ndm vé moét phia cla tip tuyén taji diém M(t) va nam vé mot
phia cua dudng thdng di qua diém M(t)) va song song vdi
vecto L._'I)(‘I)(t”) (hinh 5). Ta goi M(t) 12 mot di€m lui loai 2 cia
dudng cong.

Mo L

Hinh §
1.7. Tiém can
a) Ta ndi rang dudng cong I' cd nhanh v6 té4n khi t —t_néu
khodng cdch tit diém M(t) dén difm gb6c O clia hé toa do
(O, 1, j) déin dén +e khi t —t . (T4t nhién c6 thé thay digm O
bdi mot di€m cé dinh bat ki cia mat phing).



Goi x(t) va y(t) la cac toa dé cia didm M(t). Dudng cong I
c6é nhanh v6 tan khi t — t, néu va chi néu it nhit mét trong
hai ham s6 |x], |yl c6 gigi han +e khi t — t.

b) Hién nhién néu lim x(t) = x, va lim y(t) = * = thix = x_
tot L=t
la tiem can cia . Néu lim x(t) = + » va lim y(t) = y_ thi

L=t L=+1,

¥y =y, la tiém can cha T.

3y 3 . N . N = y{t’)

Gia su lim x(t) = + e va lim y(t) = £ o va lim —— = m.

x(t)
I—‘[“ l-'i"[‘J 1 "ln

Khi dg :

1 Néu m = O thi ta ndi ring nhdnh v6 tdn cda dudng cong
I' cd phudgng tiém cén la phuong cua Ox. Ta cling ndi rang dudng
cong I" cd nhdnh parabén theo phuong ctia Ox (cd tén goi nhu
vay vi nhanh v6 tin clia mét parabon véi truc Ox ciing ¢d phuong
tiém cin 14 phuong cta Ox).

2° Néu m = +o thi ta ndi rdng nhinh vé tan cia [ co
phuong tiém cén la phuong cia Oy hodc I' ¢6 nhidnh parabén
theo phuong cua Oy.
3 Cubi cung gid s m hitu han va khac 0.
e Néu lim {y(t) — mx(t})}] = p € R thi duing thingy = mx + p
(-t
la tiém can cha I
e Né&u lim [y(t) — mx(t)] = £ = thi ta néi ring nhdnh vé
(-t
tan cia I' ¢d phuong tiém can la phuong cia dudng thing A véi

dé ddc m hodc I’ cd nhanh parabdn theo phudng cd d6 déc m.

c) Dac biét, néu x(t) va y(t) dudc biéu dién dudi dang

x(t) = 't?t,_' + b + 1), yt) = I—f—-t— +d +0(l) (t-=t)

3] 3]
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trong do a, b, ¢, d, la nhitng hdng s6 va a, ¢ khong dong thoi
bang ¢ thi diém
a I
Nty = [ —— + e |
Net) ( t—t b, t—t )

[§3 oy !
nam trén dudng thing A véi biéu dién tham 30

x =al+b y=el+d
va khoang cich gita hai diém M(t) va N(t) ddn dén 0 khi t —t
Do d6 A la tiém can cta dudng cong . Vi khoang cach tit diém
M(t} dén dudng thing A dén dén O khit —t .

1.8. Tinh 16i, 1é6m cua dudng cong

Cd thé st dung 1.5 dé xét tinh 16i, I6m cia dudng cong. Tuy -
nhién trong nhidu trudng hop cd thé st dung nhéan xét sau : Gia
st ham s6 t — x(1} don diéu nghiém ngit trén khoang [ va cd dao
ham khdc khéng trén khoang nay. Khi dé nd cd hdm sé ngude

1
x — t = p{x) trén khoang x(I) va cd dao ham ¢’(x) = <)
Trén khoang x(I) ta ¢ ¥y = ylp(x)]. Néu ham s6 t — y(t) cd dao
. (t
ham thi ham s6 y ¢6 dao ham theo x va y’ = igt; )
_ym®
=0 = Y

chinh la hé sé gdc cha tiép tuy8n tai diém M(t), t € 1. Gia su
ham s6 t s m(t) cd dao ham trén I. Khi dé

Dudng cong ' ing voi t € 1 (tic 14 tdp hgp
{M(t) = (x(t), y(t)) : t € I}) 1a 181 khi va chi khi x’(t)m’(t) 2
0 vsi moi t € 1.

That vay, ta ¢d y,” = m(t) = mip(x}}. Do do
Yao= m'(t)’ = E’L’(ﬂ
Y P m()p(x) - x}(t) .

Tu dd suy ra diéu can ching minh.

Tueng tu, dudng cong I dng véi t € I 1a 16m khi va chi khi
x{t)m’(t) = 0 vdi moi t € L

11



1.9. Khédo sat va dung dudng cong tham sé
D& vé duang cong voi bi€u dién tham sé
x = X(t), y = yit)

ta khao sat dong thoi hai ham s6 x va y theo cic budc sau :

1° Tim tap hgp xdc dinh cta cdc ham sd x va y.
2° Xét tinh tudn hoan, chin hoac 1& cha hai ham sé dé.
39 Xét chiéu bién thién cla hai ham s8 x, y (xét ddu x’ va y’).

4" Xdc dinh cdc diém dac biét va cac tiép tuyén (néu cd) cla

dudng cong tai cac diém dd.

5% Xét cdc nhdanh vo tin.

6“ Xét tinh 161 I6m cia dudng cong.

Vi du 1. Vé dudng cong I' v6i biu dién tham s6
1 1

=t +

2t2

1 Hai ham s8 x, y xdc dinh véi t = 0.

2° Ham s8 t ~— x(t) lé. Ham s t — y(t) khong chin, khéng 18.

3° Ta co

1 t2—1 , 1 t3-1
) =1~-S=—7;¥yt)y =1 - —= =

Bdng bién thién

t |- -1 0 1 + o
x'(t) + 0 - - ¢ +
X ¥ _2 . +W . . +m
- o s - o0 .2
y'(t) + P+ - 0+
¥y - + o0 )|+ o , tow
~ oo - 372
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4" Vi t = 0 vat = 1, x’(t) va y'(t) khong déng thsi bang 0.
Do do I' co tiép tuyén tai dieém M{t). Hé s3 gdc cia tiép tuyén
tai M(t) 1a

y© _ o, 1
x'(t) t(t +1)
| mi{t})) — 4+ khit - -1.

Ta xét xem vdi t = 1, dudng cong [ cd tiép tuyén hay khéng.
Ta co

m(t) = yt = 0vat = 1.

" 2 17 3 - LR} L}
x"(t) =§;y(t)=t—4,d0d0x (1) = 2, y(I) = 3.
. . 3, . .3
Tiép tuyén caa I' tai diém M(1) = (2 , E) cd hé s6 gde 7
Vi vecto ﬁ’”(l) = (—6, —12) khong cung phudng va&i vecta
M”(1) = (2, 3} nén M(1) la di€m lui loai 1.

5° Bang bién thién cho thdy I ¢ cac nhdnh vé tan khi t — +oo,
t -0 t = 0" vat—0.

Khi t — * o, ta cd
x(t) = ¢t +0(1), y(t) =t + ¢ (1).

Do d6 [ cd tiém can la dudng thang vdi bidu didn tham sé
x =t,y =t, tic la dudting thing y = x.

Y
i t— 0
i
!.r
1 ]
y':‘i‘J(?'f t—+x
;;
/
3 ¢
2
_____ o
7
- 1
/, !
0 2 X
toee—r
13

Hink o



t t
Khi t — 0}, 1a cd yet) — +w=, khi t - 07, ta cd Yt — -
x(t) x(t}
No dg dutng cong I ¢o hai nhanh parabon theo phuang cia Oy,

1 1
Goi Nit) 14 difm cd hoanh do la 1 tung do la Et_z - Nty =

1 1
({ . -2&) . Khoang cach giita haj diém Mit) va N(t) ddn dén 0

khi t = 0. Dé dang thdy ring diém Nit) nam trén parabén

1 s 1 .
y =3 x? . Ngudi ta cing ndi rang parabdn y = 2 x% 1a tiém
can cda I

6 DE x6t tinh 161 16m eta T, ta xét dau tich m'(t)x'(t}. Ta co

” 2t + 1
m = - —,
) (12 + 1ty
t - -1 = 0 1 +
N . 2 J— ————
m’(t) + {1+ 0 - - -
Xt + 0 - | - - 0 4+
m x| + 0 - 0 + + 0 -
r 60 | lom | i 16 16m

Dusng cong I 16i (tite la quay bé lom vé phia trén) trén cac
1 .
khoang (-e, ~1}, [— 5 0) , (0, 1] va 1ém (tde 1a quay bé 1ém

; 1
vé phia dudi) trén cdc khodng [— l, - 7)-} va |1, +eo).

Vi du 2. (Dudng axtréit). Khao sat va dung dudng cong véi
bidu dién tham s6 ¢
x = acost, y = asin’t, a > 0.

1Y Hai ham s %, y xdc dinh véi moi t € R
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2" Do 1a hai ham =8 tuén hoan voi chu ki 27 ; ham ¢
t ~— x{t) = acos’ chén, ham s6 t ~ y{t) = asin’t l&. Do do
déi xing qua truc hoanh. Do x(z - t) = - xit), yta — t) = yit},
I" d61 xing qua truc tung.

3Y Ta co

x’(t) = - Bacos’tsint, y'(t) Jasintcost.

fl

Bdng bién thién

i -3 - % 0 'iE n
Xw| 0 + 0 + 0 - 0 - 0
e — - . -
vyl o - o + 0o + 0 - 0
_; o ‘ - T
49 Ta cd
x7(t) = - 3acos’t + 6acostsin?t ; y’(t) = - 3asin’t + Basintcos’t.

X'(=7) = x") = 3a; y{-n) = y'n) = 0.
ITié’p tuyén cha [ tai cdc diém M(-n) va M(r) song song véi
vecto (3a, 0), tifc 14 truc hoanh 1a tiép tuyén cha I tai diém (-a, 0}

x''(0) = -3a, y'(0) = 0. Do dg truc hoanh la tiép tuyén cuaa
I tai didm M{0) = (a, 0).

T

g () (g (R s

Do dé true tung la tiép tuyén cua [' tai cac di€m
M (—* %) = (0, —a)yva M (%) = (0, a). Duong cong cd 4 diem

lai loai 1 : (xa, 0) va (0, xa).

15



¥
d
—a ) a > x
-a
Hinlt 7
5 Ta ed
y'(t) , 1
m{t} = —5-—- = — tgt;, m(t -
® x(t) & © = coszt
m’'{t)x’(t) = 3asint.
k) n
_ t - ‘2 0 § b
m’{t)x’(t) - - + +
r Iom | lom | 161 | 16i

!

Trén cac khoang [— T, - g-]

-3
3

] I' gquay bé lém
n

vé phia dudi. Trén cac khoang [0 %]

ol

) ] dudng cong I’
quay bé 16m vé phia trén.
Vi du 3. Dung dudng xicléit ma biéu dién tham s6 la
= R(t - sint), y = R{1 - cost)

{xem vi du 5 sau 1.1).
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1" C4ac ham s6 x, v xdc dinh vé6i moi t € R
2° Ta co
x(t + 27) = x(t) + 2xR, y{t + Z1) = yit)

Do dé diém M{t + 27) nhan duge ti di€m M{t} qua phép tinh
tién theo vecto (2nR, 0). Vay chi cdn v& dudng cong trong khodng
bi&n thién cha t c¢d dé dai 2z. Ngoai ra, ta oo

x(~t) = —x(t), y(-t) = y(t).

Do d6 dudng cong d6i xing qua truc tung. Ta sé dung duing
cong trén doan bién thién [0, x] cia t. T¥ d6 dé dang cd duocc
toan bd dudng cong

3¢ Ta ed

x'(t) = R(1 - cost), ¥’(t) = Rsint.
|

t 0 x
x| o +
x(® | 0 o " =R
yity| o +

yor I 0 T 2R

42 Vit =0 tacd x(0) =0,y =0;x"0) =0 y(0) =R

Do dd truc tung l1a tiép tuyén cua I tai di€ém M(0) = (0, 0) ;
M(D) 12 méot diém lui loai 1 cia dudng cong.

5° D& xét tinh 161, 16m cua T, ta xét dau m’(1)x’(t).

Ta cd

_y(ty _ sint t
m(t) = x(t) ~ 1-cost cotgy »
m'(ty = — < 0 voi moi t € (0, x)

2zine—
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Vi x’(t} > 0 v@i moi Lt € (0, 1) nén m'(t)x’(t) < 0 vdi moi
t € (0, 7). Do d6 dudng cong I' 16m trén khodng bién thién
[0, n] eda t, (tic la I' quay bé lom vé phia dudi).

¥ 4
2R}--
/Y\ m
1
Q R X
Hinkh 8

§2. PUONG THAM SO TRONG KHONG GIAN

Dudng tham s0 trong khong gian duge dinh nghia tuong tu
nhu dudng tham s8 phing.

2.1. Dinh nghia. Gia st T la mét tap hop s8 thuc (T C R).
Anh xa M : t — Mit) tit T vao khong gian goi 1a mot duong
tham sé frong khong gian.

Tap hop I' = M(T) = {M(t) : t € T} goi 1a gia cta dudng
tham s6 M. Cung tham sé& va cung kin trong khong gian duge
dinh nghia nhu trong §1. Bién sé t duge goi 14 tham sé.

2.2. Trong khong gian ta chon mét hé truc toa dd Décdc vudng
gée (Q, I?J_TE). Khi d¢ di€m Mt} ed cde toa do x(t), y(t), z{t) :
M) = (x{t), y(t}, z(1)) ; t — x(t), t — y(t), t > z(t) 12 ba ham
58 thye xac dinh trén T

18 2-GIAI TiCH-B



Ta ndi rang dudng tham s6 M duge xac dinh bdi cac phuong trinh
x = x(t), y = y(t), z = z{t).

Ngudi ta cling goi tap hgp I' = M(T) la duong trong khong

gian vOi bi€u dién tham s&
x =x(t), y = y(t), z = z{t), t € T

Dutng tham s6 trong khong gian lién tue, ¢ dao ham, thude
16p C! duge dinh nghia tudng ty nhu trong §1.

Vi du 1. Cac phuogng trinh

x=x,+tlt,y=y,+mt, z =1z +nt teE R

trong d6 x_, ¥, %, l, m, n la nhilng s6 thue, (I, m, n} # (0, 0, 0)
la bi€u dién tham s6 cia dudng thing di qua difm (x_, v, z,)
vai vectd chi phuang (I, m, n).

Vi du 2. Cac phuong trinh
X = cost, y = sint, z = t, t € [0, 2x]

1a bifu dién tham s6 cda cung cua dudng xodn dc (trén mat tru
tron xoay).

L

¥

ffinh 9
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Tiép tuyén cda duéng cong trong khéng gian duge xac dinh
tuong ty nhu tiép tuyén cia dudng cong phang.

2.3. Pinh li. Gia s& [ 1a dudng cong vdi bidu dién tham s6
x = x(t), y = y(t), z = z(t), t € [,
I 12 mét khoang trong R. Néu dudng cong tham sé
t — M{t) = (x(t), y(t), z(t)) ¢d dao ham M'(t) = x'(t.), y'(t)
2’(t,) # 0 tai t, EI thi T ¢6 tiép tuyén tai diém M(t,) cing
phudng vdi vecta M'(t ).

3

2.4. Néu dudng cong tham s6 t — M(t) cd dao ham cép p tai
diém t, € I va

M) = MU(t) = .. = MP () = 0 va M®t) = 0

thi dudng cong ' = M(I) cd tiép tuyén tai di€m M(t,) ctng

—

phuong voi veets MP)t ).

2.5. Gia su t — M(t), t € I 12 mét dudng cong tham s& trong
khéng gian. N&u dudng cong [ = M(I) cd ti€p tuyén A tai diém
M{(t_) thi mat phdng vudng géc véi A tai diém M(t)) goi la phap
dién cua I' tai di€m Mi(t ). M6t dudng thing bt ki vuéng goc
vdi ti€p tuyén A tai diém M(t_) dude goi la moét phip tuyén cha I
tai di€ém M(t ).

Mdi mat phang chia tiép tuyén A goi la mét mqt phéng tiép
xic cta I' tai diém M(t).

Mat phing mat tiép*

2.6. Gid s I 12 mot khoang md, M : t — M(t), t € I la mot
dudng cong tham s trong khéng gian cd cdc dao ham M'(t) va
MU(t,) tai diém t, € [ va cac vects Mi(t) va M7(t) la doc lap

tuyén tinh. Goi T' la gia cia M (I' = M(I)) va A la tiép tuyén
.cua du¥ng cong I' tai di€m Mt ). Theo céng thdc Taylo-Iang,
ta cd '
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T e —= l’lz —> —
M(t JM(t, +h) = hM'(t) + 5 (M"(t() + 0(1)) (h — 0}
Véi h = 0 du nhé, cac vects Mi(t ) va M(t,) + 0(1) la doc lap

et ———— ——

tuyén tinh, do d6 vecto M(t }M(t, +h) khdng cung phucng véi
vects M'(t). Vi duong thing A cing phuong véi vects M(t_) nén

ti dd suy ra di€m M(t, + h) khong nadm trén dudng thang A.
Mat phang (A, M(t, + h)) di qua dlém Mt + h) va chLIa dudng
thing A song song véi hai vecto M {t,) va M”{t) + 0(1) Khi

h — 0, mat phang (A, M(t, + h)) tién dan den mét phéng n di
qua di€m M(t) va song song véi hai vectd M (t,) va M”(to) Tu

do ta cd

binh nghia._’(}ié su dL'r_Eng cong tham sé t — Mit), L‘E I cé
cac dao ham M'(t)) va M'(t) tai diém t, € 1. Néu M'(t)) va
ﬁ”(to) la hai vecta déc 14p tuyén tinh thi mat phang x di qua
diém M(t,) va song song véi hai vects M(t) va M(t,) goi la
mat phing mat tiép cla dudng cong I' = M(I) tai di€m M(t)

Hinh 10
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2.7. Néu dudng cong I' ¢6 mat phing mat ti€p x tai diém
Mit ) thi phap tuyén cda dusng cong I’ tai diém Mit.} nam trong
mat phang x goi 1a phdp tuyén chinh cua T tai di€m Mt ).

Vi du. Cho dudng cong I' véi bi€u dién tham s6

x =ty =tz =t

Ta cd
M(t) = (1, 2t, 3t)
M) = (0, 2, 6Y)
Vi (l) Zzt =22 0viimoit e R

nén hai vecto l\TI"‘(t) va l\F’(t) la doe lap tuyén tinh véi moi t € R.
Do d6 véi moi t € R, dudng cong ' cd mat phing mat tiép z,
tai di€m M(t) = (t, t?, t3), Dim P(x, y, z) thudc mat phang m,

khi va chi khi cdc vecto I\I(Tﬁ’, ﬂf;(t), 1\?’(!:) la doéng phdng, tdc la

x ~t y-1t2 z —¢3

1 2t 342 = 0,
0 2 6t
= 3t2x -3ty +z - t3 = 0

Do la phuong trinh cia mat phang x,.
2.8. Ta xét trudng hgp hai vecto ﬁ(to) va ﬁ""(to) la phu thuoe

tuyén tinh, Gia st p va q la hai s§ nguyén duong, p < q va
dudng cong tham sé t — M(t), t € I ¢é cac dao ham dén cdp q
tai digm t, € I (I 1a mét khodng md) thoa man cic didu kién sau :

— — —_— —>
a) M'it,) = MP(t) = .. = M~ D) = 0 MP)t) = 0,
e — —
b) MP*Dee )y, MP*+2)t ), ., M@~ )t) cing phuong véi vecto
M(p)(t‘n)’
—» —
) Mt ) khong cung phuang vai MP)t ).
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Khi dd. theo cong thic Taylo-lang, ta cd

1\_’I~tM +h h— Mp} t) + o= hP .H _b(p + 1) t) + -
hy 1 _ ha — _ —
+ - o M(q l)(tu) + a(M(Q)(L‘IJ + 0(1))

= %E:— (1 + 0(1))ﬁip)(t0) + 2(,1 (ﬁ(q)@(\) + 6{1)) th — 0).

Dudng thang A di qua diém M(t)) va song song voi vecto
ﬁff’)(to) la tidp tuyén cila dudng cong [ = M(D) tai di€m Mt ).
Lap luan tuong tu nhu trong 2.5, ta thdy véi h + 0 du nho,
diém M(t, + h) khong nam trén dudng thadng A va khi h — 0,
mat phing (A, M(t_, + h)) chita dudng thing A va di qua di€m
Mit, + h) tién ddn d&n mat phang x di qua di€m M ) va song
song véi hai vectd Ef.(l’)(tn) v& ﬁ(q)(to). Tu d¢ ta co :

Dinh nghia. Véi cac gia thist da néu mit phang n di qua
di€m M(t,) va song song voi hai vecto M(P)(t)) M(‘l)(t} goi la

. mat phing mat tiép cua dudng cong [ tai di€m Mt ).

2.9. Chii y. a) D& dang thdy ring dudng thing khong ¢é mat
phang mat tiép.

b) Gia st t — M(t), t € T la mét dudng cong tham sd phang,
I 12 m6t khodng mé. N&u dudng cong I' = M(l) cd tiép tuyén A
tai di€m M(t ), t, € I va M{t) € A v6i It -t} > 0 dd nho
thi, mot cdch ty nhién, ta goi mat phing cia duong cong I la
mat phing mat tiép cia T tai di€m M(t).

2.10. Tir dinh nghia cta mat phdng mat tiép suy ra rang
mat phing mat tiép cia duing cong I' tai difm M(t ) 12 gidi
han ciia mat phéng tiép xuc (A, M(t, + h)) di qua diém M(t  + h)
khi h — 0.
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(6 thé chiing minh dugc rang

2.11. Néu dusng cong tham s6 t — M(t) ¢ cac dao ham dén
cdp ba tai diém t, € 1 vA néu cac vecta IV_I)‘(tO), I\?’(tn),
I\F"(toj la doc lap tuyén tinh thi mat phang mat tigp caa dudng
cong I' = M(I) tai di€m M(t) 1a mat phing tiép xvc duy nhat
cua I' tai diém M(t) ma dudng cong I' xuyén qua tai di€m Mt ).

§3. PO DAI CUNG

3.1. Dinh nghia d6 dai cung
Gid s T 12 mot cung (lién tuc) véi bidu didn tham sé
x = x(t), y = y(t), z = z{t), t € [a, b].
Goi = 12 mét phép phan hoach doan [a, b] :
mra=t <t <. <t =b

Duting gép khic M(tMit)) .. M(t ), trong d6 M(t) la diém
cd cdc toa do x(t), yit), z{t) goi 1a noi ti€p cung I'. D3 dai cla
duéng gép khuic do 1a

Z:r = 2 |M(ti - 1)M(t,')|

i=1
Ki higu }M{ti_l)M(tiH chi d¢ dai cta doan thing M(t, M(t)
!
Mt DM = (Ix(t)—x(t, . )+ Iy(t)— y(t,. 1>+ (z(t) —z(t, - )1H)?
Goi Pla tap hop cac phé.p phan hoach doan [a, b]. D& dang
thiy rang :

Néu 7, #° € Pva 2° min hon 7z thi Lo=21.



Hinh 11

Dinh nghia. N&u tap hop {{_ : 7 € P} la bj chan thi cung T
duge goi la kha trudng (cd do dai) va

Wy = sup I,
T

goi la d6 dai cta cung I'.

3.2, Dinh li. Néu anh xa t = M(t), t € [a, b] cé dao ham
M) = (t), y'(t), 2(t) va ||MYt)| bi chan trén [a, b} thi
cung I' 1a kha trudng.

.Chzmg minh. Tén tai s6 duong K sao cho

Ix'(t)] < K, {y'(t)] < K, |2(t)] < K v6i moi t € [a, bl

Giad st 7 la mot phép phan hoach doan [a, b] :

T:a=t <t <..<¢t =h

Khi d¢

| MUt MUY 2 =[xt - x(t )12+ [yt —y(t P12+ [2(t) - 2t )2

Ap dung céng thdc sd gia hitu han, ta duge

x(t) - x(t_ ) = XEE - 4 ), & € (G, t)

Do d6 |

Px(t) - x4, )| < Kt -t D), i=1, ., n
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Tuong tu, ta cd

ly(t) - vyt Dl = Kt -t ) va |zt -zt )1 < Ky - £ ).
Do da

IMct,_ Mt} 2 < 3KXE -t i =1, ., n
va
n n
L= D IM(g - Ml < VBKY (t,—t;.) = V3K - a).
=1 i=1

Vay {l, : = € P} 1a mét tap hgp bi chan. Do dé cung I 1a
kha trudsng.[]

3.3. Dinh li. Gia st I la mot cung véi bi€u dién tham s6
x = x(t), y = y(t), z = z(t), t € la, b].

Néu dnh xa t s M(t) = (x(t), y(t), z(t)) c6 dao ham M(t) =
(x’(t), y'(t), 2’(t)) lién tuc trén [a, b] thi cung T la khd truong
va d6 dai chta T la

b
ur) = [ VXXt + yit) + 24t dt

Néu I' 1a mot cung phing vai bidu dién tham sé
x = x{t), y = y(t}), t € [a, b]

va anh xa t s M(t) = (x(t), y(t)) o6 dao ham M'(t) = Q’(t), y'(t)
lién tuc trén [a, bl thi I 13 kha truong va dé dai cia T' Ia

b
yry = [ VxHy + yHyde

Chiing minh. Ta ching minh cho trudng hop I' la mét cung

phing. Trugng hop cung trong khéng gian duge ching minh
— —»

tuang tu. Vi t — M’(t) lién tuc trén [a, b] nén | {M’(t)|| bi chan
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trén [a, bl. Do dé cung ' kha trudng. Vi /() = sup [, nén tén
xel]

tai mgt day {x } nhilng phép phan hoach doan {a, b] sac cho
(1)

lim l”‘n = )
n—=
myra=t, <t <,..«ctp“:b.

n
. Co the€ coi {z} 1a mot diay chudn tac vi, néu cén, cd thé thay
#x bdi mét phép phan hoach min hon va c¢d dudng kinh nhé

P,
i ) n
hon — . Ta cd L, = 3 [M(t; . JM()!.
1=1
Ap dung cong thie sé gia hitu han, ta duge
1

| M(t,. IM(E)] = ([x(t) - x(t_ )I2 + [y(t) - y(t, N2

‘h"z(&j) + y’z(’Zj) t -t & € {ti-p t.'}

1l

l:'n
L= X VE) +ym) A

i=1

. b,
Dat 6, = 2 VXZE) + p4E) At
=1
Vi ham s8 t — Vx'2(t) + y'%(t) lién tuc trén [a, b] nén nd kha
tich trén doan nay. Do dd

b
lim 6 = [ VxZ(t) + y'2(t) dt.

n— o

Dé két thic, ta ching mirh lim (¢, - 6,) = 0.

n—= o0

Thiat vay, ta cd

Pn
L, -0y = 3 ORTE T - REE TRE A
i=1
27



Ti bdt dang thiic
[¥aZ + b2 —¥aZ + cZ| < |b ~¢| véi moia, b, c € R
suy ra

P,

i, —6,l = > 1y - yE) At

" i=1
Cho € > 0 bat ki, Vi ¥y lién tuc trén [a, b] nén nd lién tuc

déu trén doan nay. Do dé tén tai & > 0 sao cho

(Vt, " € fa, b [t - t'| < 8 = [y() -y} < bfa :

Vi lim d(x)) = 0 nén tén tai N nguyén duong sao cho

n—*no
n > N=dx) < d.
Khi d¢
Py
nzN-= “”n —Gnl < Z biaAti = bia'(b —a) = £

b
Vay lim (I, —6) = 0. Do dd lim [, = f Vx'2(t) + y'%(t) dt
n n a

n—+= n—* o
va ti (1) suy ra cong thdc cdn ching minh.[]
3.4. Néu ham s6 f : [a, b] — R cd dao ham lién tuc trén [a, b]
thi d6 thi " chia f Ia cung vdi biéu dién tham s6

f(x), x € [a, bl.

X = X, ¥

D6 daj cta T 1a :
b

n = [ V1 + £%x) dx
a

Vi du. Tinh d6 dai cung T cda dudng xicléit.
x = Rt —sint), y = R(1 —cost), 0 £ t = 2n
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Ta co
x’(t) = R(1 — cost), y’(t) = Rsint,

x2(t) + y'2(t) = R%(1 - cost)? + R2sin’t =

t
= 2R2(1 - cost) = 4stin2§ .

t oy
) = f 2R|sin§ | dt = 2R | sinz dt = 8R.
|

§4. MAT THAM SO

4.1. Dinh nghia. Gia sit D 1a mot tap hop con cia R2. Anh
xa M : (u, v) — M(u, v) tit D vio khéng gian goi la mét mit
tham s8. Cac bién s6 u, v duge goi 1a cdc tham s6.

Tap hop > = M(D) goi la gis cta mat tham s6 M.

'I‘rong khong gian chon mét hé truc toa d6 Décac truc chuin
O, i j, k) Khi d6 di€ém M(u, v) ¢6 cdc toa 48 x(u, v), y(u, v),
z(u, v}. Ta ndi rang mat tham s6 duge xdc dinh bai cac phuong trinh

x =x(u, v}, y = y(u, v), z = z(u, v), (u, v) € D.

Ta cing goi gia E = M(D) cia mat tham sé Ia mat voi bidu
dién tham =6

x = x{u, v}, y = y(u, v), z = z(u, v), (u, v) € D.

Mit tham s6 goi la lién tuc néu dnh xa (u, v) —> M(u, v) lién tuc.
Mat tham s6 1a lién tuc khi va chi khi cic ham 6 (u, v) — x(u, v),
(u, v) — y(u, v} va (u, v) v z{u, v) déu lién tuc. Mat tham sé
goi 1a thuoc 16p C* néu cdc ham s x, y, z c6 c4c dao ham riéng
lidn tue trén D.
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Vi due 1. Gia si D 1A mét tap hop con cua R2, f: D - R,
{u, v) — f(u, v) la mot ham s& xac dinh trén D). D6 thi 2. cua
ham s6 f 13 méat véi bigu dién tham sé.

x=uy=v,z=fu v),{uvED

: . — . —
Vi du 2. Cho hai vects V| = (a;, b, ¢)) va V, = {(ay, by, ¢)

doc lap tuyén tinh va x, vy, z, € R. Cac phuong trinh

X = x,taut+av, y=y,tbu+tby z =12 +cu+tcyv
la bidu dlén tham s6 cua mat phang di qua diém (x, y, z,)} va
song song vdi hai vecto Vl, V

Vi du 3. Goi > 1a mat voi bifu dién tham s

= Rsinfcosp, y = Rsinfising, z = Reoss, {1)
trong dé R 14 mdt s6 duong cho trude.

Ta cé x2 + y2 + 22 = R2. Vay moi diéin cha 2 nam trén mat
cdu tam O ban kinh R. Dao lai, néu M(x, y, z) 12 mot diém cua
mat cdu nay thi |z] < R. Do dd tén tai moét s6 thuc 6 sao cho
z = Reos. Khi dd x2 + y? = R? - 22 = RZsin%0. Do d¢ ton tai
mot s8 thuc ¢ sao cho x = Rsinficosp, y = Rsinfising. Vay 2 1a
mat cdu tam O ban kinh R.

Tiép dién
4.2, a) Gia si U la mot tap hop md trong R2 va 2 la mét
mat vdi biéu dién tham s6
x = x(u, v), y = y(u, v), z = zlu, v}, (n, v) € U,

trong do cdc ham s6 x, y, z ¢d cac dac ham riéng lién tuc trén U.
Goi M(u, v) 13 di€ém co cdc toa do x(u, v), y(u, v), z(u, v). Gia
sit (u, v) € U. Khi d6 M, = M(u,, v,) 1a mot diém cia 2
Cac dudng cong Tuﬂ va I, voi cdc bidu dién tham s6

0

o7

x = x(u z{u , V)

v}, y = y(un, v), 2

o’ o

x = x{u, v), ¥ ylu, v ), z = z(y, v.)
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déu nam trén mat 2.. Gia s& hai vecto
—
oM
ou
—
oM
av

(un‘ V”) (X’u(un’ vu)’ y,u(uu’ V{)), z,u(uu’ vu)) _Vfi

(u(}’ V“) = (x,v(uu’ V“), y’v(un’ vc))’ z,v{un’ V”))

déu khac 0. Khi d6 dudng cong T, c6 tiép tuyén tai diém M
. kil

. . 8M s Cia <

véi vecto chi phuong " (u, v,) va dudng cong l"vn cd tiép tuyén

—»

. . . M
tai diém M véi vecto chi phuong gl U v.)-

Hink 12

= —

. . oM . M
Gia st hail vecto e (u, v,) va .
tinh va 2 1a mat phing di qua di€m M_ va song song v&i hai
vects d6. Ta sé chi ra ring vdi mot dusng cong I bét ki di qua
di€m M, vA nim trong mat 2, néu nd co tiép tuyén tai di€ém M,
thi ti€p tuyén dé ndm trong mat phdng n. Mét cach chinh xae,

(u, v,) la doc lap tuyén

Gia st t — (p(t), w(t)) 12 moét 4nh xa ¢d dac ham tif mot
khoang mé I € R vao U (tdc 12 ¢ va y 12 nhitng ham s6 c6
dao ham trén I) va t, 12 mét diém cia I sao cho p(t,) = u,
) = v,. Khi d6 dnh xa t — N(t) = M(p(t), p(t), t € 1
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la mdt dusng cong tham so cd dao ham, 6 gia la duong cong
I' di qua diém M  vA nam trong mat 2.

That vay. hién nhien N(t) € 2, vdi moi t € 1 va Nit) = M.
Vi cac ham s6 x, y, z ¢d cdc dao ham riéng lién tyc trén U va
cac ham s6 ¢, ¥ c6 dao ham trén I nén cdc ham sé

t — x(p(t), plt)), t — ylpt), g(t)), t > zlp(t), yit)
¢6 dao ham trén 1. Do dd anh xa t — N(t} cd dao ham trén I

Goi alt), Alt), y(t) 14 cac toa do cia di€m N(t}. Ta cd

a_(_&) = xlpit), (b)), Bt) = ylplt), p(t), pt} = z(p(t), pt)
va N'(t )} = (a’(t), grit), vt ).

Ap dung cong thuc tinh dao ham cta ham hop, ta duge
(Z,(t“) = xu’(uuf v())g}‘(t’n) + Xv,(un’ Vn)f;f’(t”),

/j’(t()) = yu’(un! V”)S{),(to) + y\,r‘(unl V‘,)w‘(t‘,)s

Yit) = 2,/(U, vP'(t) + 2,/ (U, v¥'(t)-

Do dd

— —

e aM oM
Rty = ¢ty Sy (M ¥ + ¥k Gy (5 %)

‘Vay vectd ﬁg(to) song song vdi mat phang x di qua diém M,
X o M oM )
va song song vOi hai vectd a0 (u, v.) v (u, v, Néu
—_—
N’(t,) = O thi dudng cong I' cd tiép tuyén tai di€m M, nam
trong mat phang x.

4.3. Dinh nghia. Mat phing # vira néu dugc goi 1a ti€p dién
ciia mat X tai didm M,

4.4. Phuong trinh cua ti€p dién

Ta gitt nguyén cdc gia thiét va cdc ki hiéu trong 4.2. Diém
P(X, Y, Z) trong khéng gian thudc mat phang = khi va chi khi

= -

oM oM

bha vecto M_:P, — {u

lu (u, v,) la déng phang, tdc la

o Vu)’ E
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X - x, Y -y, 4L -z l
xu’(uo’ vo) yu,(un’ Vu) Zu,(u:]’ vn!) =0,
xv,(uo’ VO) yv,(u(:’ vl)) Zv,(u(s’ V“)
X, Yo 2, la cdac toa d§ cia diém M . DS la phudng trinh cia
tiép dién cna mat > tai diem M,
4.5. Truong hgp diac biét
Gia st U 1a mot tap hop md trong R%, £ : U = R, (x, y) — fix, y)
14 mo6t ham s8 c¢6 cac dao ham riéng lién tuc trén U. Goi Z la
d6 thi cua ham s z = {(x, y} ; 2 la mit vai bigu dién tham sd
x =X,y =y, z = flx,y), (x, y) € U.
Gia s (x,, y,) 12 mot di€m caa G, M = (x, ¥, z, vdi
z, = f(x, y,). Khi do
—
oM .
a—x (xu’ yn)
—p

1

(1, 0, £2(x,, ¥,

aM
oy (x, ¥,y = (0, 1, £(x, ¥.))

Phuong trinh ti€p dién cua mat 2. tai diém M, la
X'_xﬂ Y_yo Z_Zu

1 0 £(x, ¥) | =0,

0 1 fy’(xu’ yn)
hay

Z - Z, = (X - xu)fx’(xu’ yu) + {Y - yo)fy‘_(xu’ yu)
Vi du. Viét phuong trinh tiép dién cla mait
() z = x2 +y2, (x, y) € R?
tai diem M = (1, 1, 2}.

Ta cd z| = 2x, zy’ =2y, z/(1, 1) = 2, z},’(l, =2
Phuang trinh tiép dién cta mat 2 tai di€m M la :
z -2 = 2(x - 1)+ 20y - 1},
z = 2x + 2y - 2.
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4.6. Phap tuyén ciia mat

Dinh nghia. Gid sit x la tiép dién cia mat X tai diém M,
Dudng thang vubng goc voi mat phing x tai di€m M, goi la
phap tuyén ciia mat 2 tai di€m M,,

® V&i cac gia thiét va cac ki hiéu trong 4.2, phdp tuyén caa
mat 2, tai di€m M 12 dudng thdng di qua diém M, va song

song vdi vecto
J—

-
ﬁ(u”, vU) = %I:t— Q. vo) A (:}_v (uo, vﬂ)
i i K
= xl.l,(u()’ VO) yu1(un’ v()) zl..l‘(u()" VU)
:R,’(u”, v, yv’(un, v, zv’(uo, V)
I RIS I T B LV Y
B I ECARE A A WO o B b A

® V&i cac gia thiét va cac ki hiéu trong 4.5, phap tuyén cia
mat 2 tai di€m M (%, y,, z,) & dudng thing di qua diém M,

vA song song vdi vectd

o

= E}i‘[ BT\TI
N(xﬁ’ yu) = _g (xﬁ‘ yo) A a_y (xo‘ yo)
—_ — o
J , k
= 1 W) fx (Xn’ yn)
0 1 fv’{-xn’ yn)

(_ fx'(xn’ y()) r fy,(xn’ yn) ? 1)
Bigu dién tham s8 ciia phdp tuyén dd la

x = x, Y ti(x, v ), ¥y =y, t tfy’(xo, yhz=z -t teR
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§5. PHUONG TRINH CUA CAC DUONG VA CAC MAT

Trong muc nay ta sé dé cdp dén phuong trinh cla mét dudng
trong mat phang, phuodng trinh clta mot mat trong khéng gian
va phuong trinh cia mét dudng trong khong gian.

Phuong trinh cia mét duong trong mdt phéng
5.1. Trong mot mét phing chon mot hé truc tga d6 Décac (O, :JT

Gia sit (x, y) — f(x, y) 12 mdt ham s6 thuc vai hai bién s6 thuc.
Tap hop cdc difém M(x, y) cia mat phidng nghiém ding phuong
trinh f(x, y) = O goi 1a dudng vdi phuong trinh fix, y) = 0.

Vi du 1. Dudng véi phudng trinh ax + by + ¢ = 0, trong dd a,
b, ¢ la ba sd thue, a, b khong déng thdi bing 0 1A mét dudng
thang.

Vi du 2. Gia st (O, i, j) 1a mot hé toa d6 Décsc truc chudn.

2 2
Busng cong ma phuong trinh la x_2 + i—z -1 = 0 la mét elip
a

v6i hai truc d6i xing Ox, Oy.

Vi dy 3. Gid st £ : I — R 1a mot ham s6 xdc dinh trén khoang
I € R. Dudng v6i phuong trinh y = f(x) 1a d6 thi ctia ham s6 f.

5.2. Gia s U la mét tap hgp md trong R f: U - R la mot
ham s6 ¢6 cdc dao ham riéng lién tuc trén U va M (x,
diém cia U sao cho f{x, y,) = 0. Néu it nhdt mo6t trong hai

diéu kién f,(x,, v} = 0, f‘y(xo, y,) # 0 dugc théa man thi dudng

¥, 12 mot

I véi phuong trinh f(x, y) = 0 c6 tiép tuyén tai M_ va phuong
trinh cta tiép tuyén do la :

X = xJE (%, ¥.) + (¥ =y B (x, ¥,) = 0
(Xem Giii tich, tap I, VI.B.44. trang 283).
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Phuogng trinh ctta mét mdt trong khéng gian

5.3. Trong khong gian chon w6t hé truc toa do Décac (O, T, j: k).
Gid st (x, y, z) ~— f(x, ¥, 2) 12 m6t hdm s6 vdi ba bién s6 thyc.
Tap hop cdc di€m M(x, y, z) trong khong gian nghiém ding phuong
trinh f(x, y, z) = 0 goi 12 mat vdi phuong trinh f(x, y, z) = 0.

Vi du 1. Gia st a, b, ¢ la ba sé thuc khéng déng thoi bing 0.
Mat v6i phuong trinh ax + by + cz + d = 0 la mét mit phang.

Vi du 2. Gid sU ¢ 12 mot ham s6 voi hai bién s§ thue. Mat
v0i phuong trinh z = ¢(x, y) 14 dé thi cua ham ¢.

Vi du 3. Gia st (x, y) — f(x, y) 12 mot ham s6 voi hai bién s6
thuc. Goi I' 1a dusng v6i phuong trinh fix, y) = 0 trong mat phing
Oxy. Mat trong: khong gian véi phuong trinh fix, y) = 0 la mat
tru cd duong chuin la T vai dudng sinh song song vdi Oz.

Vidy 4 Gidsix,y,2z, € RvaR > 0 Neu (0, ,, 5, K 1a
mot hé truc toa d§ Décac truc chudn thi mit véi phuong trinh

x-x)2+(y -y +@z-z2) =R
la mat c4u tam (x,, y,, z) ban kinh R.
5.4. Ti€ép dién cia mit véi phuodng trinh f(x, y, z) = 0
a) Cho mit 2 véi phuong trinh f(x, y, z) = 0, trong dd
:U—R, %,y 2) —f(x, y, 2) 1a m6t ham 38 cd cdc dao ham
rléng lién tuc trén t8p hop md U trong R3. Gia st M, &, ¥, %}
la mét di€m cia mat Zvarf AXy, Yo 2, # 0. Khi do theo dmh

i VLB.4.5 trang 284 (Giai tich tap I), tén tai hai sé duong a, f

sao cho phin ctia mat 2. trong hinh hép
x, —a,x, +a) X (y, ~a, y,+a) x (z, - 8, 2, + ) 12 mat

El v8i phuong trinh z = p(x, y), trong dd ham s6 ¢ c6 cac dao
him riéng lién tuc trén (x, = a, x, +a) X (¥ ~ 0, ¥y, T @) va

fo(x, ¥, p(x, ¥)) f»!Fr (x, ¥, ¢(x, ¥))

Dy, v ) P Y S T P ey e o)

P X, y) =~
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Theo 4.5, mat Zl co tiép dién tai mbdi diédm Mix, y, z) cla

nd va phuong trinh cia tiép dién dé la

£ (x. v, Z)] [ £, (% v, Z)]
Z-—z=(X~-x)|— +— + Y -wv|- 5= .

f(x,y,2) f(x,y,2)

hay
X -xf(x, y, 2) + (Y - y)fy’(x, v.eabt@-z2fx,y,2 =0 (1)

Duong nhién mei tiép dién ctia mat »  déu 1a tigp dien cua
l

mit 2. Néu £ Xy Yo 2,) # 0 hoac fy’(x Yoy Z,) * 0 thi ta cing

0
cd két qua tuong tu. Vay néu it nhidt mot trong ba didu kién

£ (M) = 0, fy’(MO) # 0, £ (M)} = 0 (2)
dugc théa man thi tai cdc diém M(x, y, z) clia mat D trén mét
lan can dd nhé cia diém M, mat 2. <G ti€p dién va (1) la phuong
trinh cia tiép dién dé.

b) Cé thé l1ap phuong trinh tigp dién ctia mat 2, tai di€m
M, = (xo, Yo 2 € 2 theo cach sau :

Gid s I 1a mot khoang md trong R va t »» M(t) = (x(1),
yit), z(t)), t € I 12 mdt dudng cong tham s6 ¢6 dao ham trén I,
¢6 gia T ndm trén mat 2, va di qua diém M _. Khi do

f(x(t), y(t), z(t)) = 0 v&6i moi t € 1

va tén tai mot diém t, € I sao cho x(t) = x_, y(t)) = y,
z{t ) = z_,. Vi ham sé { cd cdc dao ham riéng lién tuc trén U

nén ham sd
t s F(t) = f(x(t), y(t), z(t})) cd dao ham vdi moi t € | va
F'{t)y = £ (x(1), y(t), z(t)x’(t) + fy_’(x(t), y{t), z(t))y'(t)
+ £7(x{t), y(t), zttN2Z’{t) = 0.
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vai moi t € [. Dac biét, ta co
(3) f1x(t), y(t)), z(t Hx’(t )} + f}_.’(x{t“}, yit), zit Wy'(t) +
£, (et ), yit), z(t N2’} = O

Néu vecto h_f’(tn) = (xX'{t,), ¥'(t)), z’(t))} # O thi dudng cong
I' cd ti€p tuyén tai diém M, song song vdi vecto l\_f:(to). Tit (2)
suy ra vectg V= (M), fy’(MO), £(M,) = 0. Ta (3) suy ra

V.M(t) = 0.

Vay ti€p tuyén M T clia dudng cong I tai diém M néﬁu trong
mdt phing 7 di qua diém M_ v& vudng géc véi vecto V. Ta da
ching minh rang néu dudng cong I nAm trong mat 2 va di qua
diém M, ¢ tigp tuyén tai diém M, thi tiép tuy&n d¢ nim trong
mdt phang n. Do d6 mat phang x 13 tiép dién cha mat 2 tai
diem M,

Phuong trinh tiép dién cia mat 2 tai di€m M_ = (x,, y,, z.)
la : (x = x MY + (Y = y)f (M) + (Z ~ z)f (M) = 0

Vi du. Viét phuong trinh tigp dién tai M, = &, v, 2z, cia
mat elipxoit

a2 b2 c? -
. x2 YZ zz
'I‘aco f(x)Ys z)=_a_2 +§+‘(;E—1;
2)[0 Zyn 2Z”
£My) = 2 fy(M(,) = P M) = 2
i X(Z) yg Z(Z) = i . -
i — + — =1 nén it nhat mot trong ba didu kién

a2 b ct
(/M) = 0, £'(M) = 0, £(M) # 0 dugé théa man.

38



Phuong trinh tiép dién cua mat elipxoit tai diem M ia

2X” (x - x) + EY'_‘: (v _'y) + _2_2.{.‘ (z -z) = 0
32 3! bz o C2 [ !
a® b? c?

5.5. Phdp tuyén ctia mat vdi phuong trinh fix, y, z) = 0

Néu trong khéng gian ta chon hé truc toa dé Décac truc chudn
thi phdp tuyén cua mat Y. v4i phuong trinh f(x, y, z) = O tai
digm M, = (x, y, 2z, !a dudng thing di qua M, va song song
v6i vecto V = (f (M), fy’(MO), £ (M)

§6. PHUONG TRINH CUA PUONG TRONG KHONG GIAN

8.1. Gia su 21 la mat v4i phuong trinh fi(x, y, z) = 0 va
22 la mat véi phuong trinh f,(x, y, z) = 0. Dudng [' trong
khéng gian, giao tuyén cia hai mat 21 va 22 dudge goi la duding
x4c dinh bdi hai phuong trinh

f(x, -z) =0,
f,(x, y, z) = 0.

Vi du 1. Gia si V, = (a,, b, ¢,) va V, = (ay, by, ¢;) 1a hai

vecto déc lap tuyén tinh, Dudng xac dinh bdi hai phuong trinh
ax +by+cz+td = 0,
a,x + by + ez + d, = 0.

14 mot dudng thing (d6 12 giao tuyén clha hai mat phing cat
nhau).

39



Vi du 2. Gid s  va g la hai ham s6 xdc dinh trén khoang
I € R. Dudng xdc dinh bdi cde phudng trinh
y=fix),z =gx,xel
la dudng trong khéng gian vai bidu dién tham sé
x =x,y = fix), 2 = gix), x €1
6.2. Tiép tuyén cua mdt duding xdc dinh bdi hai phuong trinh
Gid su T la duéng xac dinh bdi hai phuong trinh
fix, y. 2z} = 0, glx, y,2) =0 (1
trong do f, g : U — R 1a hai ham s6 ¢6 cac dao ham riéng lién
tuc trén tip hgp mé U € R? va M, = (X ¥ 2,) 12 mot di€m
cua I, tde 128 M la mot diém cua U sao cho
f(X“, y:!" 20] = 0‘ g(xn’ Yo Z“) = 0.
Gia su
f)-',(xn’ yu’ zn) fz,(xni‘ _Y“, z()

, ; # 0 (2}
gy (xu’ y:)’ ZO) g}t (X()’ y()’ ZO)

Theo dinh 1i VI.B.4.7. (Giai tich tap 1 trang 284, 285) tén tai
hai s duung «, 8 sao cho

Voi méi x € (x
nghiém duy nhat
(y, 2) = (p(x), p(x)) € (y, - By, +B X (z, - B x z, + B,
trong dd cac ham s6 ¢ va y cd cdc dao ham lién tuc trén khoang

- a, X, + @}, hé phuong trinh (1) cd mot

i}

(x, - @, x, + a). Nhu vay, phén cta dudng I' trong hinh hép
x, o x, ta) X (y, -f,y,+8) x (z, - =z, +p)]adudng r,
vdi bi€u dién tham sé
X =X,y = ¢x), 2 = wix)
Vi ¢ vad y cd dao ham trén (X, — a, x, + @) nén I', c6 tiép
tuyén tai méi di€m cia nd. Duong nhién moi tiép tuyén coa I
déu la nhing ti€p tuyén cta I'. Ta viét phuong trinh ti&p tuyén A

cia [* tai difm M
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Phuong trinh fix, y, z} = 0 xdc dinh mat 21 di qua di€m

z,) # 0.

i

M, T& (2) suy ra f')__’(x“, Yo 2, # 0 hoac f'(x, y
Theo 5.4, zl cd tiép dién P tai diém M ma phuong trinh la
(X - x(\)fx,(x()‘ yn’ Zn) + (_Y N y()]fy,(xn’ y()‘ Zn) + (Z - zu)fz,(xu’ yu? zr)} = 0
Tuong ty, phuong trinh gix, vy, 20 = 0 xdac dinh mat 21 di
qua di€ém M va cd tiép dién Q tai di€m M vOi phuong trinh
(X N X{\)gx‘(x()’ y(‘)’ zﬂ) + (y - yi'l)g}',(xt'l’ y()’ Zn) +iz - zn)gz,(x(}’ yu’ Z()) =0
Vi I' nam trong hai mat A nén dudng thing A, ti&

i g hai ma Zl vi 22 g thang P
tuyén ctia I tai di€m M, nim trong hai méat phdng P va Q. Tu
{(2) suy ra rang hai mat phing P, Q khong trung nhau va duong
thang A 13 giao tuyén ctta hai mat phadng P va Q. Vay néu didu

kién (2) dudc théa man thi dudng [ cd tiép tuyén tai diém M,
va ti€p tuyén dé duge xac dinh bdi cac phuong trinh

x - x())fx’(Mn) + (y - yo)fy,(Mn) + (z - zn)fz’(Mn) = 0,

(X - x())gx,(Mn) + (y - yﬂ)gy,(M()) + (Z - z[})gﬂ‘(M(l} = 0

§7. TOA DO CUC

7.1. Dinh nghia.

a) Trong mat phidng chon mat hé truc toa dé Décac truc chuin
——
(0, i, jk

Gia st M la mét di€m cia mat phang va (x, y) 14 mot cap
toa d6 Décac cua di€m M (x, y dugc xdc dinh bdi dang thic
OM = xi + yj).

Méi cdp sd thde {8, 1) sac cho

x = rcosf, y = rsiné

goi 1a mét cap toa dé cuc cda diém M.
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Vi du. Goi M la di€m cia mat phang cd cap toa do Décac (1, 11
L JEN = = -IE Y = _ _3;2 _ 5 = = o
Cac cap s6 thuc (4 , \f2) va ( i \’7) déu la nhimg
cap toa d6 cyc cua di€m M. Hién nhién cdc cap s6 thuc

7 3n _

(%-%Zkﬂ,ﬁ) va (= + 2kt —V2) trong d6 k la mot
s6 nguyén bat ki 1a tt ca cdc cap toa dé cuc cia di€fm M. Moi
di€m cia mat phang ddu cd vé s6 cap toa d¢ cue.

b) Cho diém M voi cap toa do6 Décéc (x, y). Hay xdc dinh cac
cap toa do cuc (8, r) ciua diem M.

Ta co

= x* + yz.
1°Néu M = O thir = 0 va 6 la mdt sé6 thuc bat ki
90 N6u M = O thir = Vx2 + 3¢ hoac r = - Vx? + yZ.

e Néu lay r = Vx? + y2 thi 6 duoe xdc dinh bdi

x . ¥y
cosf = ————, 5inf = —
VxZ + y? VxZ + y
e Néu lay r = — Yx?2 + y* thi § dugc xac dinh boi
X X y
cosf = — ——— , sinf = — -
VxI + y? VxZ + y?

¢) Cho mét di€ém M trong mat phadng. Ta cod thé tim céc cap
toa d6 cuc (@, r) cia diém M theo cich sau : 1dy mét truc Ou
——
di qua diém M, 14y 9 12 mét s6 do cia gdc dinh huéng (Ox, Ou)
va r la d6 dai dai s6 cda vecto (j-lt‘l trén truc OQu. Néu M = O
va (8, r) 13 mét cap toa dé cyc cia di€m M thi
@+ 2kn, vy va B+ 2k + D, - 1), k € Z.
la moi céap toa dd cyc cia di€ém M.

Didm O dugc goi la cuc va Ox la truc cuc.
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7.2. Phugng trinh cuc cua mot dudng cong

Gia s& f 12 m6t ham s8 véi hai bign s6 thye. Tap hop T cdc
di¢m M ctia mat phing cd it nhdt mot cap toa do cuc (6, r) thoa
méan phuong trinh (8, r) = 0 goi la dudng cong véi phugng trinh
cuc f@, r) = 0.

Dac biét néu r : 8 ~ r(0) 12 mdét ham s6 xac dinh trén tap
hop I © R thi tap hop T cac di€m M ciia mat phing cé cap toa
do cuc (8, r(0)), 8 € I goi la dudng cong vdi phuong trinh cuc
r=rid), 0 € I

Vi du 1. Dudng cong [ vdi phuong trinh cuc r(0) = 3, ¢ € [0, x]
la nia trén cha dudng trdon tAm O ban kinh R = 3. Vi 6 bién
thién trén mot doan nén dudng cong I' cing duge goi la cung
vGi phuong trinh cue r@) = 3, 8 € [0, xl.

o x 0

Hinh 13 Hinh 14

Vi du 2. Dudng cong T v6i phuong trinh cue
r=826z=10

goi la dutng xodn 6¢c Acximét (Archimede) (hinh 13).
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Vi du 3 Pusng cong véi phudgng trinh cuc
r = |sin29|, 8 € {0, 2x]
goi la duiing hoa héng 4 canh (hinh 14}

Vi du 4. Dudng voi phuong trinh cuec 8 = o, trong dd « la
mdt s6 thuc cho trude 12 mot dudng thang di qua diém O.

Trong cdc vi du sau, ta viét phdong trinh cye cda mét dudng

cho truéc trong mat phang.

Vi du 5. Phuong trinh cyc cia mot dudng thing khéng di
qua cuc.

Trong mat phang cho dudng thidng D khéng di qua di€m O.
Goi a la dudng thidng di qua O va vudng goc véi D. Chon mét
t - pl L] n hd - -
rong hai huéng cia dudng thang a lar}}—mrig duong, ta duocc
truc Oa. Goi « 12 mét s6 do caa gée (Ox, Oa). Goi H la giao
diém cua dudng thing a va dudng thang D. Dat OH = h. Ta <d
h = 0. Dusng thing D dudc hoan toin xdc dinh néu biét « va h.

Gia st M la mot diém bat ki ciia mat phdng va P 1a hinh chigu
vuéng gic cia M trén Oa. Néu (6, r) 12 mét cap toa db cyc cua diém
M thi OP = rcos{d - «). Do d6 diém M nim trén dudng thing
D khi va chi khi P = H, tidc 12 OP = h, hay rcos(¢ - @) = h.

Vay phuong trinh cuc cta dudng thing D la

i cos {(§ — a)

r h
Dat A = % g = 20T 44 duoe
h h
— = Acosf + Bsing (1)

- 1 .
Vi A2 + B2 = —- nén A, B khéng déng thai bang 0
h? £
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7N

Hinh 15
Dao lai, phugng trinh (1), trong dé A, B la hai s6 thuc cho
trude khong déng thoi bang 0, 1a phuong trinh cuc cia mét

1
dudng thdng khéng di qua cwe. That vay, dat h = =~
VA? + B2
1 s
hosic h = — ——— ,tacd h # 0. Vi (Ah)?2 + (Bh)? = 1 nén
Ac + B?
tén tai mot s8 thue « sao cho
-cosazAh, sinﬁ:Bh==»A=c—qE—a,B=El—zﬁ.

Thay vao phuong trinh (1), ta duoc
1 cos (8 — a)
r B
T do dé dang xdc dinh duge dugng thing D nhan (1) la
phuong trinh cuc.

Vi du 6. Phuong trinh cyc ctia dudng conic.

Gid s I' 13 dudng cénic ma cuc O 12 mét tiéu di€m, dudng
thing D 1a dudng chudn tuong Ung véi tidu didm O va s6 e > 0
la tim sai. Hay viét phuong trinh cuc cta I'. (Tha gill nguyén cac
ki hi¢u D, Oa, a, h nhy trong vi du 5).
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Ta biét ring " |2 tap hop cac diém M ma ti s§ cc khoang cich
dén tiéu diém O va dudng chuin D bang e.

Gia st M 1a mot di€m bat ki cta mat phang, P 13 hinh chigu
vuéng gdc ctia M trén Oa (xem hinh 15). Khi do

M € T <= MO = ePH.
Chon truc Ou di qua diém M sac cho OM = ePH. Khi d¢
M € I' = OM = ePH «r = e(h - OP).

Trong vi du 5, ta biét ring néu (¢, r) 12 mot cap toa dd cuc
cia diém M thi OP = rcos(@ - a). Do d6

M € T <> Difm M ¢ mot cap toa dd cuc (6, r} sao cho
r = elh - reos(d - a))
= ril + ecos(® - r)) = eh

1 1 cos (6 —a)
= 1 @&’ h M

D¢ la phuong trinh cyc cia T

_ cos sina 1 . .
DatA = T B = -——E—,C = %" Phuong trinh trén cd dang
1
e Acosf# + Bsin@ + C, (2)

trong dé A, B khdng déng th¥i bing khong va C =0

Dao lai, phuong trinh (2), trong d6, A, B khong déng thoi bang
khong va C = 0 la phuong trinh cuc cia dudng conic ¢d maot tiéu
diém la O va ¢ dudng chufn tuong dng véi tiéu diém O 1a

. . 1
dudng thiang vdi phueng trinh cuc T Acosf + Bsiné.

1
That vay, chon h = ————— hoac h = - ———— sao cho
VA? +B?

cosa s‘mg

h, C cing dau. T6n tai mdt s6 thuc a sao cho A= —-—B—-,B= —h—
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(tuong tu nhu trong vi du 5). Dit e = E]h , ta duge C = _e-ll'; )
e > 0. Thay vao (2), ta duge phuong trinh {(1). T d¢ suy ra
diéu cdn ching minh.

Vi du 7. Dudng 6c sén Patxcan {(Pascab).

Cho dudng tron dudng kinh OA = a va mot s6 duong b. Gia
st M la mét di€m coa dudng trén va Ou 12 true cé gia 1a dudng
thing OM. Trén Ou ldy mét diém N sao cho

ON = OM + b ()

Tap hgp I' cac di€m
N goi 1a duong 6c sén
Patxcan, M

Chon di€m O lam cuc
va dudng thang OA ¥ x
huéng tf O dén A lam
truc cye Ox. Khi do néu P
f 1a mot s6 do cua gdc

e )
(Ox,0u) thi

Hink 16

OM = acos®.
D¢ 14 phuong trinh cuc cioa dudng tron dudng kinh QA.
Néu (¢, r) 1a mot cip toa d6 cuc cua di€m N thi ti (1) suy ra
r = acosfl + b (2)
Dao lai, néu diém N cia mat phing cé mot cip toa do cuc
(¢, r) théa man (2) thi tén tai mot truc Ou di qua N sao cho ta
co (1), trong d6 M 1a giao di€m thi hai cta dudng thang ON
vai dudng tron da cho.

Vay (2) la phuong trinh cyc cta dudng 6c sén Patxcan T
7.3. Ti€p tuyén cua dudng vdi phuong trinh cuc
Gia st I' 12 dung cong véi phuong trinh cuc r = rif), 8 € 1,

trong do r la mo6t ham s8 c6 dao ham trén khoang I C R. Vei
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mdi # € I, goi Mi# la di€m véi cap toa do cuc (B, 1), Khi dd
cac toa dé Décac cha digm M) 1a x = r{f)cosh, y = r(f)sin®
I)ilé bi€u dién tham s& cha duong cong I' (# 1a tham sd).
Goi u(6) 1a vecto vdi cac toa do Décac cosf, sinf, v(6) l1a vecto
—
véi cdc toa do Décac — sind, cosf. Vects v(f) nhan duge tlt vecto

—_ s
u(f) nhd phép quay goc 9 Ta cd

M'@®) = (56, y'(®) = (r'@cost) ~ r(B)sin, r'®)sing + r(6)cost)

r’(6){cosH, sind) + r(@)- sinf, cosd)

e + OV

\ —_ —> >
Nhu vay, trong cg sd truc chudn (u, v), vecta M’(8) co céc
toa do

r’(9), rifd).

Néu M(§) = 0, tic la r'(9) va r(6) khong déng thdi bang
khéng thi dudng cong ' cd tidp tuyén M(O)T tai digm M(B) vai
vecto chi phuong

W6y = r@w + re)v)

Hinh 17



—————

Do d6 vectd ~ ()L + £'(§)v = M@0 + r'(§)v vusng goc voi
[ tai diém M(8) (tic 1a vadng géc vai tiép tuyén M(OT cia
tai di€m M(0)). Néu N la di€m duge xac dinh bdi ON = r'(f)v
thi vects M(A)N vudng géc voi I tai diem M{@).

Goi ¢ la géc tao bdi truc Ou va ti€p tuyén M(O)T cda T tai
M(@). Hién nhién néu r'(6) = 0 thi

_ @
- ')

Vi du. Trd lai vi du vé dudng 6c sén Patxcan I (xem vi du 7
trong 7.2). Phuong trinh cyc cta dudng tron dudng kinh OA 1a :
r, = acosf, phuong trinh cye cla dudng 6¢ sén 14 : r, = acosf + b.
Vi r’(8) = r,(6) nén cic phap tuyén cla dudng tron va dudng
Sc sén T tai M va N cat dudng thang vudng gdc vdi OM tai O
tai cung mot dieém P. Tu dd suy ra cach dung tiép tuyén cua I
tai N : Goi P la di€m xuyén tam déi cua di€ém M trén dudng
tron. Dudng thang vudng gde tai N vi duding thing PN ia tiép
tuyén cia I tai N.

Ta xét trudng hogp M) 1a mét di€m ding cia dudng cong (M(6)
goi 12 mot difm ding néu M'(B) = 0, tic 1a r@) = r'(6) = 0).

Digm M(8) cua dudng 6c sén ' 1a moét di€ém ding néu

acosd + 0,

- asind = 0.
T d6 6 = kn, (-Dka +b = 0, k € Z. Néu b = a thi [
khéng cd diém dimg. N&u b = a thi diém M(®) la diém diung v6i
8 =Ck+Vr, k€Z V6i 8 = ndiginax, tacd MB = Mz = 0.
Khi § — x, duong thang OM(@) tién d4n dén Ox. Vay tiép tuyén
cta T tai diém O & Ox.
7.4. Dung dudng cong cho bdi phuong trinh cuc

Vi du 1. Gid stt m 12 mdt 6 thue bdt ki
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Dudng cong [ v0i phuong trinh cyc r = ¢™, # € R, m = 0
goi 14 mét dudng xoén 6c légarit. Dé dang thiy rang diem M
v6i cap toa do cyc (4, r) thuoc I'y, khi va chi khi diém M’ véi
cap toa d¢ cyc (9, v) thuge dusng cong I'_ | Vi cdc didm M va M’
déi xung vai nhau qua truc cue Ox nén hai dudng cong
r,, va I__ déi xing voi nhau qua Ox. Do d6 chi cén dyng céc
dusng cong [ véi m > 0. (Vi m = 0, [ ]a dudng tron tam O,
ban kinh 1}

Gia st m > 0. Khi 8 tang tll —= dén +«, r{f) tang tit 0 dén +ew.
Goi M(9)T 1a tiép tuyén cta dudng cong I tai di€ém M(@) va ¢
1a gde tao bdi ti€p tuyén M(6)T véi dudng thdng OM. Ta co

(8) em? 1

gy = ey mta"“z’i T om

Do d6 gdc » khong d6i khi 6 bién thién.

M{B)

% ¢

[ =)

Hinh 15

Vi du 2. Dudng 6c sén Patxean I' cd phuong trinh cuc la
r = acosd# + h,a > 0, b > 0 Goi M(#H) la di€m ¢6 céc toa di
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cuc la 4, acosf + b. Vi M{H + 27) = M(H) nén chi cédn cho 8 bién

thién tit -z dén x, ta duge toan bd dudng cong I'. Vi r(-8) = rig)

nén hai di€ém M{(-6) va M(6) d6i xdng véi nhau qua truc Ox. Do

do chi cdr dung mét ni¥a dudng cong dWng voi khoang bién thién

{0, #] cda 6, sau d6 ldy d6i xing cung nhdn duge qua truc Ox.
Vi r'(8) = - asinf < 0 trén [0, x] nén r(®) giadm trén [0, z].
Bdng bién thién

9‘0 -

r ‘ a+hb
+b-a

Tacda+b>0;b-acé thd ldy cde gia tri 4m, duong
hoac bang khéng va dudng 8¢ sén cd cde dang sau :

19b < a

§i I
GI 0 2 I
ria+h A
. 0 0 "X
. b-a<0 M
Hinh 19
20b = a
7 r
g 0 -2— bi4
r ja+b a o A N

Hinh 20
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3a < b < 2a 4% b = 2a

Y
Xy

/ N

Hinh 21 Hinh 22

$8. PO DAI CUNG VA DIEN TICH
HINH PHANG TRONG TQA b0 CUC

Pé dai cung

Ta da dinh nghia va lap cong thic tinh d6 dai cia cung véi
biu di€n tham sd. Td dé d& dang tinh duge do dai cia cung
véi phuong trinh cho trong toa do cuc.

8.1. Dinh K. Gia st [ 1a mét cung v&i phuong trinh cuc
r = r{f), trong dé r la mét ham sé co dao ham lién tuc trén
doan [a, B]. Khi d6 I' 14 kha trudng va d¢ dai cia nd la

8
) = [ Vi%@) + rio)ds

Ching minh. [ la cung vdi biu dién tham s6

x = r(f)cosh, y = r{f)sind, 8 € [a, Bl
Ta cé

x'(9)
y’(8)

'{#cosf - r(F)sinb,
r'{@singd + r(@cosh, 8 € [a, Sl

52



Vi x’, ¥y’ déu lién tuc trén [@, §] nén cung " 1& kha truong
va d§ dai cia nd ia
A ey
() = [ ¥x72@) + y%@®) de.

24

Ta co
X2(6) + y2(@) = r{B) + r2(8) voi moi § € [a, Bl.

T dd suy ra cong thic cdn ching minh.[]
Vi du I. Tinh dd dai cung tron I' vdi phuong trinh cuc

rd) = R, 8 € [, 6,] C [0, =], R la mdt s6 duong.
Do dai cung T 1a

82
(ry = [ VRZ +02d9 = R, ~ 6)).
8, :
Vi du 2. Tinh d6 dai cung ' cia dudng xodn Gc Acximet

{(Archiméde) r{6) = 6, 8 € [0, 2r].
D6 dai cia cung F 14

2
N = [Vo2+1 de
0

1
ZOVF + 1 + I + V& + 1) ﬁ"

1
::u:(\'4.nz +1 + 5ln (2 + y4n? + 1).
Dién tich hinh quat

8.2. Gia st I' 12 mot cung ma phuong trinh cue 1a r = r(8),
6 € [a, B, trong dé r(®) = 0 voi moi § € [a, 8] € [0, 21). Tap
hgp D trong mit phdng gigi han bdi cung I’ va hai dudng thing
8 =uqa 08 =4
D=4{6,r1r):a<d8=f 0=sr =< r)
goi 12 mot hinh quat (hinh 23).
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L3

L ]

Hink 23 Hinh 24
8.3. Cong thuc tinh dién tich hinh quat

Dinh li. N&u # ~— r(8) 14 mot ham sd kha tich trén [a, 8] thi
hinh quat D 14 do dugde theo nghia Giodcdan va dién tich cda nd 1a :

8
= ; [ 2@ ds

Ching minh, Gid si {z_} 14 mgt day chudn tic nhing phép
phan hoach [a, £] :

Jrn:a=9

< .. < Hpnzﬁ.

< 6,
Cac duting thang 8 = 8 0, .., p, chia hinh quat D thanh cic
g

hinh quat D, = {6, r): £

-.~6|,0 r<r@®hi=1, ., p,
‘Dat m; = inf r@ , M, = sup () ,i =1, .., p,
ge@d_,.0] gei6_,.9)

Goi U, va V, 1a cac quat tron giéi han bdi hai dudng thing

8 =86_,,8 =86 va cac dudng tron r = m, r = M.
Ui—{(ﬁ‘r) 6., <=8 =<8,0<r < m}
={@, r:0_<s6<46,0s rsMi}AHiénnhién UiCDiCVi,
i=1 ., p,

1 1]
Téng dién tich céc quat tron U, la : s = §2 miz(Bi—Biﬂl) :
i= 1
Pa
3 lMz(a -6._ ). Do
-

tong dién tich cdc quat tron 1a V; la : 8 =

1
la cac tdng Dacbu cta ham s8 6 »— 3 r%(#) tng vai phép phan
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. 1 .
hoach 7, doan [z, 8]. Vi ham sd 9 r< kha tich trén [, ] (do r
. 1 8
kha tich trén doan nay) nén lim s, = lim S = 5 f r(6)d 6.
n-*x n=-#* = =

Vay hinh quat D 14 do duge theo nghia Giodedan va dién tich
1 8
cia nd la 8 = 5 J 2360

Vi du. Tinh dién tich hinh quat D gidi han bdi cung
r(#) = 2 + cosfl, 8 € [0, 21]

va hai dudng thdng 8 = 0, 9 = ; ,
y b
2
-
1 o
0 3 X
Hinh 25

Ta cd
={@,r) .08 =
Dién tich hinh quat Dla:

g,0£r$2+cos{9}.

1 G ,
S =3 [ @ + cosn)lds
0
:'1
2
1
= 5 J (4 + dcosf + cos?)d
0
9
S =2+

8"
(' la cung caa duong 6c sén Patxcan r = 2 + cosf)
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Chwong VI
CHUOI 8O

§1. CAC PINH NGHIA VA CAC TINH CHAT DON GIAN

1.1. Dinh nghia. Gia st {u,} la mot day s6 thue. Ta lap
cac téng

Sp=u, 8 =yt S =Z“k

S, 2ol la tdng riéng thd n cha chuédi s8 thye 2 u,
n=1
Né&u day s6 thyuc {8} cd gidgi han S khi n — o, tdc la
lim8 =8, 8 € R hoac S = +o thi ta ndi rdng chudi s6

noee

> u,  cd téng la S va viet

n=1

5 = Z u,
n=1
N&u ngoai ra 8§ hitu han, chudi s8 duge goi la héi tu. Chudi
s6 khang hoi tu dudge goi la phan ki

u_ duge goi 1a s6 hang téng quat cia chudi s6.
1.2. Dinh li. Néu chudi s6 > u, hoi tu thi
n=1}

limu, = 0.

n—



=8,-S_,. Dods

Chitng minh. Ta c6 lim S, = S € R va u "

n—>x

limua, =1lim @B -5 __)=8-8=00

n— oo n— o

Chu y. Dinh 1i trén cho ta moét didu kién cin d& chudi hoi
tu. Néu u, +» 0 khi n — o thi chudi sd 2 u, phan ki. Néu
n=1
lim u = 0 thi chua thé ndi gi vé su hoi tu cla chuéi.
n—x

Vi dy I. Chuéi s6 >, (— 1) phan ki vi

n=1

lul = [ =1+ 0 khi n - =.
Vi du 2, Xét chudi s6 hinh hoc (edp s6 nhan)
an" =a+aq+aq2+...+aq“+...,a,qER,a#0.
n=1
e Néu |[gq] = 1 thi |u| = |aq"| = |a] > 0 véi moi n. Vi

u, ~» 0 khi n — o nén chuéi s6 phan ki.
e Né&u {g| < 1 thi

n
8 = z aqk = —
" S 1-4q 1-q
a
1~q°
1.3. Cha 3. Tinh hoi tu hodc phan ki cda chudi sd khéng thay
ddi n&u bdt di hode thém vao hodc thay d8i mot s6 hitu han sé

Vay chudi s6 hoi tu va cd téng 13 : S =

hang cha nd.

That vay, gid su
u1+u2+...+un+...

la mét chudi s8 cho trudc va

“p” +up+2 + ..
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ja day s6 nhan duge sau khi bd di p s6 hang dau caa chudi da
x
cho. Goi {8} la day tong riang cua chudi s 2 u, va{T)} l1a

n=1
day téng riéng cha chudi s6 thu hai. Khi dé ta cd
Tn = Sn+p - Sp‘

Do dd day {Tn} hoi tu khi va chi khi day {Sn} hoi tu.
Sd dd cua mdt chubi so
1.4. Pinh nghia. Gia st 2 u, la mot chudi s6 héi tu va
n=1
r, =5 -8,
goi la s6 du thd n cua chudi 86 dd cho.

S la tdng cua nd. Hidu

Hién nhién lim r, = 0.

n—@x

1.5. Pinh 1i. Néu chuéi s6 > u  hoi tu thi

n=1

Fo = D Un s = Upyp F iy o bu, b

tdc 1a r, la tong cha chubi s8 2 u, 4
k=1

Ching minh. Goi 8 la tdng riéng thi n va 8 la téng cla

chubi s 2 u, - TacdlimS = 8 Téng riéng thi k cla chubi

n=1 n-+ o

0
s6 > u . la
k=1
Tk = Upe * Uns2 +.t Unyg = Smk - Sn‘

lim T, =1lim (S, ,, -5) =8 -5, =r

k—>oc k— o

n

Vay chubi s 2 u, . hoi tu va cd téng la r []
k=1
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L6. Dinh li. Gia st » w,  va Y v, 1a hai chudi s hoi
n=| n=1

~tu va cd tong 1a S va T. Khi do

a) Chudi sé E (u, + v ) héi tu va ¢é téng 1a § + T, (chuéi
n=1}

86 2 (u, + v) goi 1a chudi téng cia hai chudi s6 da cho),
=1

b) Néu 4 € R 1a mot héng s6 thi chudi s6 > Au_ hoi tu va
n=j

cd téng la i8.
Chung minh. a) Goi S5, T, 6, theo thu ty, la tdng riéng cua

cic chubi sd i U, i v, i (u, + v). Khi dd

=1 n=1 n=1
6, = 8§ + T,
Do do

limdn=limSn+Iian=S+T.

n— o n— n-+co

Vay chudi s8 2 {u, + v,) hoi tu va c6 tdng 1a S+ T

n=1
b) Ching minh don gian danh cho ban doc.[]

1.7. Tiéu chudin héi tu cta mét chudi~-sé

Dinh li. (Cosi) Chudi s6 » u_ hoi tu khi va chi khi véi
n=1

mot s6 € > 0 bdt ki, ton tai mot s6 nguyén duong N sao cho

(Vn,pe N ) )n 2 N = |u

+um2+,,,+u < E.

n+ | n+ pl
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Ching minh. Chudi s6 Y, u_ hoi tu khi va chi khi day tdng
n=1

rieng {S_} ctia nd hdi tu. Theo tiéu chudn Cosi vé sy hdi tu cha

mot day s6, day {S_} hoi tu khi va chi khi vdi £ > 0 b4t ki, ton

tai N nguyén duong sac cho

m=N,nzN=|[8§ -8} <¢

Ldgy m = n + p, ta cé Smp—Snz Uttt

Tit d6 suy ra diéu ecdn ching minh.l]

§2. cHUOI SO DUONG

2.1. Dinh nghia. Chuéi s6 ), u, 6 cdc s8 hang u, > 0
n=1

v8i moi n duge goi la chubi sd duong.
2.2. Dinh li. Chuéi s6 duogng bao gi& cing cd tdng.
Chudi hoi tu khi va chi khi day tSng riéng cta n6 bi chan trén.

Chung minh. Vi u, = 0 v6i moi n nén {S} la mot day s6
tang. Do d6 {8} cd mét gidi han S, S 14 mot s6 khong 4m, hitu
han hodc bing +o. Gidi han S 14 hitu han khi va chi khi day
{S_} bi chan trén.[]

2.3. Dinh li. Gia su E u,  va z v, la hai chudi s6 duong va
n=1 n=1
u, €V (1)
ké tif mdt chi s6 nao dé trd di. Khi dd
a) Néu chudi Y v, hoi tu thi chudi Y u, hai tu,

n=1 n=1
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b) Néu chubi » u, phan ki thi chudi D, v,  phan ki
n=1 n=1
Chitng minh. Né&u céan thi thay d&i moét s6 h@u han s6 hang
cila chubi s6, cd thé coi bdt dang thic (1) dugc théa man véi
n n
moi n. Dat Sn=2uk ,Tn=2vk , ta duge S < T véi
k=1 k=1

moi n. Do d6 lim S, < lim T, , tic 1a D> u, < > v, .
n=1

n—o« n— o n=1

a) N&u chubi z v, hoituthiT = 2 v, hitu han. Do

n=1} n=1

46 8 = > u, hiru han, tic 1a chudi Y u,  hoi tu.

n=1 n=1

b) Néu chudi D> u, phan ki thi § = +w. Do dé T = +e,

n=1

tic la chudi » v, phan ki{J

n=1
oo

2.4. Hé qua. Gia st ) u, va » v, 4 hai chudi s8
n=1 n=1

duong. Né&u

A H — w
u, v, khi n

thi hai chuéi s6 da cho cung hdi tu hodc cing phan ki.

Chitng minhk. Gia si chuéi » v, hoi tu. Vi u, ~ v, khi
n=1

n—> o nén u, € 2v, vo6i n dd 16n. Theo 2.3, tu dd suy ra

m
hdi tu. Tuong tu, néu chudi E u,  hoi ty thi chuti

n=1

Mis
a
b=

=3
I
—

hdi tu.

NgE
=<

2
Il
—
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Hai ménh dé 2.3 va 2.4 duge goi la cic ménh dé vé dau hiéu

so sanh.
Vi du. Cho chudi sé voi s6 hang tdng quat ﬁn = gm:{—; . Day
la mét chudi s6 duong (vdi n 2 2). Ta co
u, - (%)n khi n — o,

. w2
Vi chudi =0 E (—3 )n héi tu nén chudi sé da cho hoi tu.
n=1 )

2.5. Ddu hiéu tich phan Cési

Pinh . Gia st f 1a mo6t ham s6 lién tue trén khoang [1, +oo),
f(x) = 0 va f gidm vai x du ldn. Dat

u, = f(1), uy = f(2), .., u, = f(n), ..

Khi d6 chui s8 > u_ hdi tu néu va chi néu gisi han

n=1
¥
lim _f f(x)dx 1a hitu han.
. Y= + =]
Chitng minh, Néu cén thi thay d3i cac gia tri cia f trén mot
khoang bi chan (diéu d¢ chi Jam thay d6i mét sd hiu han sé

hang cua chudi sé E u, ), co thé coi f(x) = O va f gidm trén

n=1

khoang [1, +w). Vi f(x) 2 0 trén [1, +=) nén ham sé
Fiy) = ji f(x) dx
1
1a tang trén [1, +«). Do dd tén tai lim F(y). D6 1a mét s6 khong
am hitu han hoac bing +w. Ta chyﬂ:; D‘;'ninh
u, +u; + ... +u, s } fix)dx € uy +uy + .. +u (1)
L
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That vay, vdi mdi s6 nguyén duong k, ham sé f giam trén
doan [k, k + 1]. Do dd trén doan niy, ta cd

flk + 1) = fix) s fik), tic [a

u,, < flx) € u,

Do dd
k+1 k+1 k+1
f u, , dx < f f(x)dx = f u,dx,
k k k
k+1

U, < f flx)dx < u.
k

Cong cdc bdt dang thde trén véi k = 1, 2, ., n - 1, ta duge

n—1 n n—1
Z U oy, € f fix)dx = Z u,
k=1 ! k=1

Do d6, néu chuéi s6 Z u,  hdi tu thi tu bat dang thite thu

n=1

y
hai trong (1) suy ra lim f f(x)dx 12 mot s hitu han. N&u
y—b-l—ml

¥
lim [ f(x)dx 1a mo6t s hitu han thi tir bat ding thuc thd nhat
)’_’+ ce]

trong (1) suy ra ring chudi s 2 u, héi tud

n=1
2.6. Hé¢ qud. Né&u s6 thuc s 1a moét hiing s6 thi chuéi s6

-~ 1 1 1
1L +— 4+ -+ — 4+ ...
lnS 2!{ ns

\g|
|
I

hoéi tu véi s > 1 vA phan ki véi s € 1.

63



Chitng minh. Trudc hét ta xét trudng hgp s > 0. Ham s6

I
f(x) = — lién tuc, dudng va giam trén khoang [1, +ew}
XH

¥ Y
: d
o Néus=1thi [ fdx = [ - = Inx Y = Iny =+ khi
1

y—-)+uo_

Véis # 1, ta co

}le x} 8 y_y]—s 1
t

1—=

e Néu 0 < s < 1 thi T—- — 4o khi y — +». Do dd

1-s
¥
d
hrnf Z et
y~++m[ xf,
yl =8
e Néu s > 1 thi 1_s—>0khiy—-+oo, Do dé
. Y dx 1
lim — = -
y—r+wl x5 s—1

1 _
Theo dinh li 2.4, chubi s6 > —  hoi tu v6i s > 1, phan ki

vl 0 <« s 5 1.

H
e Néus < 0 thi y = . Z 1 vdi moi n. Do dd chudi duge
n'

xét phan kil

= 1
2.7. Cac chudi so E — , trong d6 s 14 mét héng sd thuc
=] nh

goi 1a cdc chubi s6 Riman (Riemann). Véi s = 1, ta duge chudi s6

= 1 1

2_=1+ o -
n

n=1

n

+

O -
o =
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Chuéi 86 nay duge goi la chudi didu hda. Chudi diéu hoa la
mot chubi €6 phan ki

Cac chudi s6 Riman ddng mét vai trd quan trong trong H
thuyé&t chudi. Trong nhidu trudng hgp, khi xét tinh héi tu céa

mot chubdi s, ngudi ta so sanh nd vai cdc chudi sé Riman.
Vi du 1. Xét tinh héi tu cua chudi s6 v6i s6 hang téng quat

— _1 —_—
Yn = hm+ 1)

1 - 1
Ta ¢c6 u, ~ — khin — » Vi chuéiséz = héi tu nén

2
n n=1

chudi dudge xét hdi tu.

o
Vi du 2. Xét tinh h6i tu eda chudi s6 E u, véi

n=1|

v =1

u, = ——
" nyn+1
Ta co
_ n#3 Khi
L'ln n3f'2 = nlffi in — w«,

Chuéi dugc xét phan ki.

Vi du 3. Cho mét 86 thuc a > 0. Xét tinh héi tu cta cac

a oo
.« . a a
chubi so 2 sin—, z tgn

n=1 n=1
PR - | a 4 a . . ; gre N
Ta cd sin_ ~ - va tgh- o khi n — . Vi chudi didu hoa

- I ) . -1 < a .
2 0 phan ki nén cac chudi s6 E sin va z tg o phan ki.
n=1 nw=| no=
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Vi du 4. Xét tinh hoi tu cua chudi =6

oc 1 J
2 (tg; — sin )2
n=1
Ta tg- - — =t H 1 - -
co tg sin— = gn( cos )
1 1
—_ - oimd
tgn Zsmzn
1 1 .
’“;’2@‘—2?1(1111‘1—’03
1
. 1 1,2 _ 1 1
Do dé u_ = (tgH —sm—) ﬁ@ khi n — oo
. w1
Vi chuéi sd Z T hoi tu nén chudi s da cho hoi tu.

Vi du 5. Hang sé Ole {Euler)

Xét day s6 {Sn} xac dinh bdi
S—1+1-+ +£—1 + 1 =1,2
n = 3 o n{n Y n = 1,2, ..

Day la day t6ng riéng ctia chudi s§ voi sé hang tdng quat
1 1 1
un=;—ln(n+1)+lnn=ﬁ-—ln(1 +-E) (n = 2).

Sd dung khai tri€n cta ham s x — In{l + x) trén mét lan
cdn cia digm O ta dugc

1
U, = o

Vay chuéi s6 > u,  hoi tu. Day {8 } c6 mot gisi han hiu
n=|
han C goi 13 hing sé Ole, tic la
m [1+2+ - +——lam+ 1] =C
AL A A
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Vi lim [In(n + 1} — Inn] = O nén

n— oo

lim(1+%+---+%—lnn) = C.

n— o

Phép tinh gén ding cho C = 0,57721... Ngudi ta vin chua
biét C 1a mét s6 hitu ti hay v6 ti.

§3. CHUOI SO HOI TU TUYET pOI

3.1. Dinh nghia. Chudi s6 Y u, duoc goi 1a h¢i tu tuyét

n=1

d6i néu chudi s8 3 Ju | hoi tu

n=1

, S (o :
Vi du. Chubi s6 Y ( n) la hoi tu tuyét dsi vi
n=40
o — 1]1 ot 1
chudi s8 2 | (Gl | = 2 —  hdi tu.
2 2n
n=290 n=0

3.2. Pinh li. Méi chudi s6 > u_ hai tu tuyst dsi déu hoi
n=1i

tu va

=} oo

13wl < 3 1wy (1)

n=1 n=1|
Chitng minhk. Ta ap dung tiéu chudn Cosi (xem dinh li 1.7).
Gia sd chubi s6 E u, hoi tu tuyét d6i va £ 14 mét s6 duong
n=1}
cho trude bt ki. Khi d6 ton tai mot s6 nguyén duong N sao cho

(Yn,p E NY)n 2 N= ju, |+ |'“n+2! + ..+ Iumpl < £.
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Do do

lu,  +u,, +.. +u < & vdi moi n = N va moi p.

n+1 n+ p|

Vay chudi s6 2 u, hoi tu. V&i mei n, ta déu cd
n=1
n n
|2 uk| < 2 fag | (2)
k=1 k=1

Vi ca hai chubi s6 Z u, va E lu | déu héi tu nén trong (2)
n=1 n=]

cho n — «, ta duge bAt ding thdie (1).00
3.3. Ddu hiéu Cosi

Dinh I, Gia st Y, u, la mot chuéi s6 véi lim VIu] = I
n=1 n-—+m
Khi d6
a) Néu I < 1 thi chudi héi tu tuyét déi,

b) Néu 1 > 1 thi chudi phén ki.

Néu | = 1 thi chua thé néi gi v& tinh chét cia chudi sd.
Ching minhk. a) Goi r 12 mdt 86 sao cho } < r <« 1. Vi
im YTu =17 nen Vu] < r v6i n dt lén. Do d6 |u| < =

]
w

voi n da lén. Vi chubi 2 r? hdi tu nén tU dé suy ra chudi
n=1

z b | héi tu.

n=1}

b) Vi lim V[u[=1> 1 nen Yu] = 1 voi n du lon.

n— o

Do dd |u | 2 1 véi n di 16n. Vay chudi d4 cho phan ki.(J
Téng quat hon ta co

3.4. Pinh li. Gia s¢ > u, 1a mdt chudi s6 voi
n=1
lim suprh—u:r = [. Khi d¢
n—
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a) Néu I < 1 thi chubi hoi tu tuyét doi,

b) Néu ! > 1 thi chudi phan ki

Néu [ = 1 thi chua thé€ ndi gi vé tinh chit clda chudi 6.

Chitng minh.* Ta bi6t rAng véi mot day s thuc {a } bt ki,
ta cd

limsupa = limsup{a_a_, .}

n—* o0 n—.
Do dd, néu lim supa, = a va § la mdt s6 thye lén hon « thi
n— oo

a, < f v6i n du lon.
a) Goi r la mdét s6 thuec saoc cho I < r < 1. Vi
lim sup l1ﬂ|uﬂ| =1 < r nén I-l\Hunl < r v6i n da lén. Do dg¢

n—»zo.

lu,| = r" v6i n du 16n. Vi chuéi sé Z ™ hoi tu nén, theo dau
n=1

higu so sdanh, chuéi sé Z |u | hoi tu.

n=1
b) Tén tai moét day con {w, } cha ddy {u} sao cho

lim n\”uk{ =1 > 1 Do dd r{r|'uk| > 1 vdi n da 1én. Ty d6 suy

n—e o

ra ju | > 1 v6i n da lén. Vay chudi da cho phan kil]

n

H - - - n
Vi du 1. Cho chubi séngl (2n T ) )
Day la chudi 88 duong. Ta cd
n n |
e R
1
! = 5 < 1. Vay chudi dugc xét hoi tu.
i o 1 |
Vi du 2. V6i hai chudi s6 » — va > — , ta déu cd
n= 1n n=1 n?
lim Vu, = L. Tuy nhién chuéi thd nhat phan ki va chui thd
nl'l_;im hai tu.
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3.5. Ddu hiéu Dalambe (D'Alembert)

2 |u. +1]
Dinh li. Gia st Y, u, 12 mot chudi s6 vdi lim —l"—-|--— = 1
n=1 n—»m Un
Khi d¢
a) Néu [ < 1 thi chudi héi tu tuyét déi.
b} Néu [ > 1 thi chudi phén ki.
Né&u I = 1 thi chua thé ndi gi vé su hoi tu cda chubi sé

da cho.

Chitng minh. a) Goi r 13 mdt s6 sac cho I < r < 1. Vi
fu, +1| fu_ 4!

lim ——— =1 < r nén £ r vdi n di lon.
fu ] [l

n—=

Né&u cédn thi thay d6i mot s6 hitu han s6 hang cta chudi s6

- fu, +1{
Z u, , cd thé coi —-

“ [u,|

€ r v3i moi n. Khi do

lu,l < [ulr lugl < ulre < [l o bud < e ),
oo

Vi chubi 86 ), ' hoi tu, tit d suy ra chubi s6 ¥ fu | hoi tu.

n=1 n=1

il lu +1]
b Vi lim —o—= &> lnén—l—u—n—l-——?l,dodolumll 2 |u

n—x

vOi n di 16n. Chuéi da cho phan ki vi u, +p 0 khin -]

[

[+ _1“ .
Vi die I. Chubi s8 2 -(——271)*—{1— héi tu tuyst 461 vi
n=1
el _ner 2 _1mt1 1
lul  ~ n gntl 2 n Ty AT

Vi dy 2. Ta 14y lai vi du 2 sau 34
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ae . f . vl Lo 1 . )
V&i ca hai chudi sd z ooova E ;5 , ta deu c¢o
n=1 n=1
Iun + I| . -
lim —l——-—-l---‘ = 1. Tuy nhién, chudi dau hdi tu con chudi thit hai
n-—» o ] .
phan ki

Dinh li 3.5 1a mot trudng hgp riéng cia dinh If sau :

3.6. Dinh li* Gia s& ) u, la mot day s thuc,

n=1
|ur1+1l N
a) Néu lim sup Tu] ={ < 1 thi chuéi da cho héi tu
n— o n
tuyst dai,

iun+l| N N

b) lim inf Ta] = { > 1 thi chudi da cho phan ki
n— o n

Chiing minh. a) Goi r 14 mdt sd sao cho !/ < r < 1. V&i n da

lu +1‘
16n ta cé — € r,dods |u_,| € rlu]. Tink hoi tu tuyét
1u| n+1 n
n

d6i cia chudi s6 di cho duge ching minh tuong ty nhu 3.5.a).
b) Ta biét ring néu {a,} 12 mot diy s§ thuc thi

lim infa, = lim inf {a, a

n— oo n— =

aap )

Do d6 néu lim infa, = « va § 1a mét s6 thuc nhé hon a thi

N~ ma

a, = f voi n di lén.

lu, .,
Tit gia thiét trong b) suy ra IT!I- > 1 v6i n dd lén. Do dd
n

chudi s6 d4 cho phan ki (3
3.7. Dinh li (vé su thay d6i thi tu cdc s6 hang cia mat chubi
s8 hoi tu tuyét ddi). Gia s Z u, la mét chudi s6’hdi tu tuyést

n=1
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déi vA 6 : N° — N', n — o(n) la mét song anh. Dat

2L
Khi d6 chudi s Y v, hoi tu tuyét déi va

n=1

n = ua{n)'

Chitng minh. Trudce hét ta ching minh rdng néu z u, la mot
n=1
= Al
chubi s6 duong thi E u, = 2 v,

n=1 n=1

n
That vay, dat S, = Zuk , B = Zun , T, = ka ,
k=1 n=1 K=1

T= > v, .Vi{8) la mot diy tang nén né cd gidi han :
n=1

lim 8 = 8 (8 12 mét $6 hitu han hodc 5 = +) va 5. = 8 vei

-+ X

moi n. Hiér nhién T, < 8 v6i mei n. Do dd T = lim T, < S.

n-+o

[ ] -r]
Thay déi vai trd cta hai chudi 2 u va z v,,taduge 8 €T
) n=] n=1

Viy 5 = T.

Bay gid gia su Z u, hoi tu tuyét déi. Theo diéu vita ching

n=1

minh ta cd 2 [v] = Z lu | . Do dd chudi s6 2 v,  hoi tu
n=1 n=1 n=1

tuyét doi. Goi S, va 8 la téng riéng va tdng cda chudi s

> u, , T,vaT latdng rieng va tdng ctia chudi », v, . Voi

n=1 n=1

mbi n, ldy

k. = max {6 (1), 6 12}, ..., 6 H{n)}.

n
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Hién nhién k., = n. Ta chon sao cho k, < k, < ... Vi trong

téng Tkn = v +v,+ .. +v cdmatu, u, ., u nén

1Ty, =Syl = X lol  —>0khin—e
j=n-tl1

Do d6 lim T, = lim S, tdc Ia T = S.J

n— = n—am=

Chi ¥. Dinh H sau cho thdy cdc chudi s§ ban hoi tu, tuc la
cac chudi s6 hoi tu nhung khéng hoi tu tuyét déi, khong cd tinh
chdt via néu.

3.8. Pinh li. Gia s¢ ) v, la mot chudi s8 bén hoi tu va
n=1

c 1a mot s6 thuc cho trude tiy y. Khi d6 tén tai mat chudi sd

o
Y. v, , nhan dugc ti chudi » u.  bing cach thay ddi thd tu

n=1 =1
o
cac s6 hang, sao cho 2 v, = C.
n=1
. [+
Cé the thay d8i thd tu cdc s6 hang caa chudi 2 u, dé& chubi
n=1

s0 2 v, bang +ew hoic ~w.

Chitng minh.” Goi Epn va an, theo thd tu, 14 cde chudi
duge lap nén bdi tdt ca cdc s§ hang khéng am (u, = 0) va cac
s hang &m (u_ < 0} cia chuébi s8 z u , theo thd tu da cé. Ta cd

Sem = P+ Q (1)
trong dé 8, P, Q, & cac t8ng riéng thd n cda cac chudi sé
Z u, 2 p, va an. Tit hé thic (1) suy ra réng hai chudi s6
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an va an déu phan ki, vi néuw, chang han, chudi an héi tu

thi chudi ZQn cing hai tu. Do dé chudi z lu ! héi tu vi

n=1
o, | + u) + .+ ]u, | =P -Q.
Diéu nay trai voi gia thiét.
Gia sd ¢ = 0. Goi n; 12 s6 nguyén duong nho nhat sao cho
p1+p2+...+pnl > c,
m, la s6 nguyén duong nhd nhat sao cho
{py +p, + ...+ pn1) +1{q, tq;+ ...+ qm‘) < e
n, 13 s6 nguyén duong nhdé nhat sao cho
(p, + .. + pnl) +(q + ..t qml) + (p“]+1 + .+ p“1+“:-) > ¢,
va cd tiép tuc nhu vay.

Vi lim p, = 0 va lim q, = 0 nén chudi s6

n— oo m—®
P+ -+ ) F @+ H Q) F Py eyt F Py an) T @)
¢6 téng 1a ¢ (mdi s6 hang cia chudi (2) 12 mot tdng vist trong
hai dau ngoac).
Bay gié néu bd cdc dau ngoac trong (2), ta duge chudi s8

p,+ ..+ Pn, +q + ..t U, + Pn, +1 + ..+ P +n, + .. (3)

Chudi (3) nhan duge tit chéi Yu, bing cich thay d6i thit tu
cac s8 hang. Ta ching minh chudi s§ (3) cd tdng l1a c.
That vay, mdi téng riéng cua (3) nim giita hai tdng riéng

lien ti€p cta chudi (2) vi cde 96 hang trong hai ngodc ¢ cung
diu.
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Néu ¢ € R 12 mét s6 Am thi cd thé thay d8i thi ty cdc s6
hang cua Zun dé duge chudi Evn sao cho 2. - v, = -c T ds

Sv-e

Tuong tu cd thé thay ddi thd ty ciac s6 hang cta chudbi
Eun d& duge chubi ZVH ¢6 tong la +o hodc - []]

Phép nhan cdc chudi s6

3.9. Dinh nghia. Cho hai chubi s6 2 u, va z v,
0 n=1

n=

Dat W, = UV,
wy, = u.v,; + w,v,
w, =uyv, + W+t .o tu v, = z uivj s

i+j=n

Chuéi s6 ), w, goila tich clia hai chudisé Y u, va D v,.
n=0

n=0 n=1{

3.10. Pinh 1i. Néu hai chudi s6 > u va > v, hoi tu tuyét

n=0 n=20

d6i va cd tdng 12 U va V thi chubi s6 2 w_  tich caa ching
n=1
cing hoéi tu tuyét ddi va cd tdng W = UV,

Chitng mirk.* Tru6c hét ta ching minh chuéi s6 ) w, la
n=0

héi tu tuyét d6i. That vay, ta co

.zi:lwk|=§:: zi“i"jl = > lullyl < (E“: Iu,-|)(_: M

itj=k iti=n i=10 ]
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o o
Vi hai chuéi s6 » u, va » v, la héi tu tuyét d6i nén hai
n*U n=10

day {Z luf}t va {E |v|} déu bi chan trén Do dé day
i=0 j=0

{2 Iw |} bi chan trén. Vay chubi Z w hoi tu tuyét déi.
n=0
G(_:-l U, V,va W _la cde téng riéng thd n cta cdac chudi s6

o o
Eun,z\rn vazwn.'l‘aco

n=10 n=¢9 n=0
n—1 2n-i n—1 2Zn—j
W2n=2“i"j 2 2“" +2 2“""'2 E“"
i+j=2n i=0j=0 i=0 j=ntl j=0 i=n+l
= UV, +A_ +B, (1)
va
n—1 n-—1 2n
Al <SS luy - (S 1ul) (2 19))
i=0 j=n+tl =0 j=n+l

Vi cdc chubi 2 lu} va E tv | hoi tu nén khi n — 0, ta cd
=1 n=0

2|u| va2|v|—*0

0 j=ntl

M- 5

Do d¢6 lim A, = 0. Tuong ty, lim B, = 0. B&i vay tu (1) suy ra
n—=« n—+x

lim W, = lim U_ lim V,, téc 1a W = UvVO

n— % n— oo n— o«

3.11. Ti hai dinh li 3.9 va 3.10 dé dang suy ra

o =]
Né&u hai chudi s6 2 u, va 2 v, la hoi tu tuyét d6i va cd
n=0 n=10

tdng la U va V thi chuéi s6 ma cac s6 hang 12 moi tich uv;,
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i,j =0,1,. . sdp x&p theo mot thd ty tay y cing hdi tu tuyét
déi va ¢o tong la W = UV

3.12. Tich cua hai chuéi s8 bdan hai tu cd thé 1a mot chudi
$6 phan ki (ta sé chi r6 diéu nay trong phén bai tap).

Tuy nhién cd th€ ching minh dugc rdng néu mot trong hai
e o
chudi s6 hoi tw > u, va D v, 1a hoi tu tuyst déi thi chubdi so
n=0 n=0
a0

E w_, tich clia ching la héi tu va
n=1a0

2“’71: (gun) (Z vn) (1

£ o !
Ngudi ta cing ching minh duge rang néu 2 u, va 2 \
n=1{ n=1

12 hai chuéi s6 ban héi tu va tich cia chung, chuéi s6 2 w,
' n=0o
cing héi tu thi céc tng cia ching théa méan hé thdc (1).

§4. CHUOI SO AN DAU
4.1. Dinh nghia. Chuéi $6 c dang
2P Ty =y —uy bu (1)
n=1
hoic
D (M= —u buy -+ (2)

trong dé u, > 0 vdi moi n goi la chudi s5 dan d4u.
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4.2. Ddu hiéu Labnit (Leibniz)
Dink li. Néu {u_} 12 mét day gidm va limu = 0 thi chubi

n-—-+x

s6 dan ddu (1) hoae (2) trong 4.1 héi tu.

Ching minh. Xét chubi s& (1) trong 4.1. Goi {S_} la day tdng
riéng cha chudi s6 (1). Ta c¢d

S

Ngoai ra

2n+2 Son = Upgy ~ Uppep 2 0 viug, 5 = Uy,

8,, = uy ~ [{uy —uy) +(u, - ug) + o Huy 5 Uy ) +u, ) <0, (1)
v6i moi n. Day s6 {8, } tang va bi chan trén nén hoi tu :

lim 8, =8 € R. Vi lim u, = 0 nén

n—:x n— o«

lim 8,,,, = lim (Sy, + uy4)) = 8.

n—=x n—%
Vay chuéi (1) hdi tu va co téng la 8.

Vi chudi (2) 1a chuéi d&i cta chudi (1) nén voi cdc gia thiét
da cho, chudi (2) hoi tu. ]

Vi du. Chudi s8

P O U S S S
4 7 " 2n-1  2n

bo | —
T

. D . o1
hél tu vi {E} la mét day giadm va 1lm5 = Q.

n—m,
Chudi vita xét dugc goi Ia chubi didu hoa dan dau.
Chudi didu hoa dan dfu hoi tu nhung khong hoi tu tuyét déi
. - 1 .
vi chudi diéu hoa Y, —  phan ki. Chuéi diéu hda dan ddu Ia
n=1
ban héi tu.

4.3. Hé qua. Néu
ul—u2+u3—u4+._.
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1a mét chudi dan diu sao cho u, > 0 v6i moi n va {u,} la mot

diy giam dén 0 thi
a)u]—u2+u3—u4+,.. £ u
b) |rl +u

Chitng minh. a) suy ra tlt bat ddng thic (1) trong ching minh
dinh 1li 4.2,

b) suy ra tit a.l]

I

+ ... u

Uniy = Y nt3 " Ynia n+ 1

§5. MOT VAI DAU HIEU HOI TU KHAC

Trong nhiéu trudng hgp khi xét tinh héi tu caa nhing chubi
s6 khong héi tu tuyét d6i, ta cdn dén mot sé diu hidu hoi tu
khac véi cdc ddu hi¢u da ¢d. Muc nay dé cap dén hai diu hiéu
thudc loai nay : D4u hiéu héi tu Diriclé va dau hiéu Aben.

5.1, Ddu hiéu Diriclé (Dirichlet)

Dinh li. Gia st chuéi s6 Y u, 6 day téng riéng bi chan.
=1
a) Néu day so {v,} hdi tu dén khong va chubi s6

o o
2 vy = vyy I hoi tu thi chusi s6 3 u_ v, hoi tu.
n=1 n=1

b) Dic bigt, néu {v_ } la ddy gidm nhiing s§ khéng 4m hoi tu
dén khong thi chuéi s6 » u, v, hoi tu.

n=1

Chiing minh. Goi {U,} 14 day téng riéng céa chubi s6 Y u_.
n=l

Theo gia thiét, tén tai M > 0 sao cho U | < M véi moi n.
a) Ta 4p dung tiéu chudn Cési. Cho £ > 0 Viu =U_ -U_,

n+p n+p nt+p ntp
nén Z uv, = z (Up U v = E U, — E U2 v
k=n+1 k=n+1 k=n+1 =n+1
n+p—1
= Z Wi =we )+ Uy vy = Upvgg
Kk=n+1
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nl'p ntp
Dodo| v | < MY v — via | # Mlv I+ Miv, ) (D

k=n+1 k=n+1

Theo gia thiét, tén tai N nguyén duong sao cho

n+p
&€ . £
nx N = v - vl < gy v vl < g
k=n+1

Do d6 tu (1) suy ra

n+p
N::»IZukk1<€

k=ntl

Viy chudi s6 E u, v, héi tu.
=1
b) Néu {v_} la mot day s6 gidm dén 0 thi chuéi s8

ol

v = Vol = z("“’nﬂ)hﬁith

n=1 n=1

5.2. D&u hiéu Aben

Dinh Ii. Néu chudi s6 > u, hdi tu va day s6 {v} don diéu

l'l—l

va bi chan thi chudi s6 2 u, v, hoi tu.
n=1
Chitng minh. Ta ching minh cho trudng hgp day {v} tang
{(n&u {v,} gidm thi day {- v} tang). Day {v,} tang va b1 chan
trén nén hoéi ty : lim v, IER Dat w, 1~v Day s6 {w,}

n—* o

giam va hoi tu d&n khong. Theo dinh 1i 5.1, chuéi sd 2 uw,
n=|

hgi tu. Vi uyv, = lu, - uw,  vad céc chudi sé Eun va

n=1i

o« o
zunwn déu hdi tu nén chudi sd 2 u,v, hoi tul]
n= 1 n= 1
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Vi du 1. Chudi dan dau

Z (— pn- lan =a =~a, +a; —a, + .

n=1
trong dé a, > 0 vdi moi n va {a } 1A mgt day gidm, hoi tu dén 0,
thoa man ecde didu kién ctia d4u hiéu Diriclé. That vay, ta cd
u = 1, u; = -1, uy = 1, ... DAy tdng riéng caa chudi s
oo
> u, bichan bi 1. Do do chudi da cho héi tu. Ta thdy lai
n=1

ddu hiéu Laibnit.[]]

sin nx

Vi du 2. Xét chudi Y

n=1|

" i pER.

| sin nx| 1

€ — v6i moi n. Chudi
nP nP

1° Néu p > 1 thi Ju | =

=~ 1 -
2 . hoi ty. Do dd chudi da cho hoi ty tuydt ddi voi moi x € R.
n=0

20Giast 0 < p< 1 Tacs

x 1 1
- L4 . - — —_— —— — + - i
zélnkxs1n2 cos(k 2)x cos(k z)x
Do dg
2sin= (sinx + si 2x + ... + sinnx) = x_ + !
sin g (sinx + sin2x + .. + sinnx) = cosg — cos (n 5 )x.

Néu x = 2ka, k € Z thi

X +1
cos-—¢cosfn+-3x
. ] 2 ( 2)

sinx + ... + sinnx = — .

Zsin %

Do d6 néu x # 2kz, k € Z thi
|sinx + .. + sinnx| € ——-— |
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Nhu vay n€u x # 2kt, k & Z thi chudi 2 sin nx ¢d diy tdng
n=1
. . o1
riéng bi chan, day so { } giam va h01 tu d&n khong. Theo dau
nP

hiéu Diricle, chuéi dia cho héi tu. Hién nhién néu x = 2kn voi
mot kK nguyén nao dd thi chudi da cho héi tu.

Ta chdng minh véi x = kx, k € Z chuéi da cho khong hoi

o . sin nx
tu tuyét @6i (néu 0 < p < I'hat vay, néu chudi 2 | I
n=1 0F
sin 2
= 3 % . 2
hoi tu thi vi sin‘nx < |sinnx| nén chudi E e e h tu. Ta cd
no1 0P
i sinfnx (2 1 cos2nx)
n=1 nk 2 n—l n= nP
R w03 2nx e s e
Vi chudt Z T hoi tu voi moi x # ka, k € Z nén tu dd
n
n=1

i .
suy ra chudi z — voi 0 < p € 1 hoi ty, diéu nay la vo li.
n=10P
Vay néu 0 < p < 1 va x # kx, k € Z thi chubi da cho ban
héi tu. ’
3° Gia st p < 0. Truée hét ta ching minh néu x = kn, k € Z
thi sinnx -4+ 0 khi n — . That vay néu lim sinnx = 0 thi

n—sx
2

lim sin(n + )x = 0. Vi
n—=
sin{n + 1)x = sinnxcosx + cosnxsinx,
nén ti dé suy ra
lim cosnx = ¢

n—*x
- = - i 5 . . 2
Diéu nay la vo li vi |sinnx| + |cosnx| = sin?nx + cos*nx = 1.
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Tét d6 suy ra néu p < 0 thi -~ 4 0 khi n — . Vay chudi

da cho phan ki.

Vi du 3. Xét chudi sd 2 cos
n=2

(= e

InZn

Chuéi s6 dan dau Y

n=2

hdi tu theo dau hiéu Laibnit va

J
n+l
chudi s6 da cho héi tu.

day sé {cos } tang va bi chan. Do d6, thee d4u hiéu Aben,
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Chuong IX
DAY HAM SO VA CHUOI HAM SO

A. DAY HAM SO

§l. CAC PINH NGHIA VE HOI TU.
TIEU CHUAN HOI TU bEU

1.1. Mién héi tu

Dinh nghic. Gia st f), f,, ..., f_, ... 12 nhiing ham s6 thuc xac
dinh trén mgt tap hop X. Véi méi x € X, {f (x)} la mét day sd
thue. N&u day s6 thyc {f (x)} hoi tu thi ta ndi rang ddy ham s6
{f,} hdi tu tai di€m x. Diém x duge goi 12 di€m hoi tu cda day
ham s6 {f }. Tap hop cdc di€m hdi tu cua day ham sd {f )} goi
14 mién hoi tu cha day ham s8 dd.

Néu day ham s6 {f } khéng hdi tu tai difm x € X thi x goi
la diém phan ki cua diay {f}.
Vi du. Xét day ham sé

fx})=x"n=12, ..
xac dinh trén R. Ta cd

. 1 véix =1,
nli‘_’;fn(") = |0 véi -~ 1 < x < 1,
va day ham phan ki tai diém x = -1 va tai cde di€m x ma

jx| > 1. Vay mién héi tu cta day ham s6 da cho 1a : (-1, 1]
1 véix = 1,
0 vai—-1<x <1

Hai tu f(x) = 1

goi 14 ham sé gidi han cua day ham sd da cho.
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1.2. Dinh nghia. Gia si f, fi, 5, .. la nhitng ham s6 xdc
dinh trén tap hop X. Tu noi ridng diy ham sé {f,} héi tu di€m
(thoac hodi tu) dén f trén X néu véi moi x € X, ta déu eg
lim f (x) = f{x).

N o

Nhu vay day ham s§ {f,} héi tu di€m dén ham s6 f trén X
khi va chi khi véi moi x € X va véi moi £ > 0, tén tai mot 6
nguyén duong N sao cho

nzN-=|fx - fx) <&

86 nguyén duong N phu thudc vio £ va ndi chung phu thusc
vio X.

Néu vai méi € > 0 cho truse déu tim duge mét s& nguyén
duong N chung cho moi x € X thi ta ndi rdng day ham sé {f,}
hoi tu déu dén f trén tap hop X.

1.3. Dinh nghia. Gia st f, f, f5, ... la nhitng ham sé xac
dinh trén tap hop X. Ta ndi ring day ham s§ {f,} hoi tu déu
dén ham s6 f trén t4p hop X néu véi mét s6 £ > 0 cho trudc
bit ki, tén tai m6t s6 nguyén duong N sao cho

nz N=[f(x)-f(x)] <& véi moi x € X.

Khi dg, ta vist

u
f —. trén X hoac f, ~ f trén X.

n-—»
Dinh li sau day cho mot diéu kién tuong duong cia dinh nghia 1.3.
1.4. Dinh 1i. Gia st f, f,, f,, ... 1a nhitng ham s6 xac dinh

trén tap hop X. Khi dé £ > f trén X néu va chi néu

lim sup [f(x) - f(x)| = 0 (1)
n—= x& X
RA



Chitng minh. Gia sq f 2 ftrén'X va £ > 0 la mot s6 cho
trude bat ki. Khi d6, tén tai mot s6 nguyén duong N sao cho
nz N=|f& - fix)} <& vdi moi x € X,

Do do
n = N =sup [f(x) — fix)] <¢,
xE X
tic la fim sup |f,(x) — f(x)| = ©.

n—xxeX

Dao lai tit (1) suy ra riang vai £ > O bt ki, ton tai N nguyén
duong sao cho

n 2 N=sup|f(x) —fix)| <€
x€ X

Do dd

nz N=|[fx - fix) <¢véi moix€eEX

Vay £, 7, ftrén X []

—»

Hién nhién néu f_ _'1'_: f trén X thi day ham s6 {f_} héi tu di€m
dén f trén X. Vi du sau day cho thdy diéu nguge lai khong ding.
Vi du. Gia st {f_} 1a day ham 56 xdc dinh trén khoang {0, 1) bsi
f(x) =x"n=12 ..

Vi lim x" = 0 v6i moi x € [0, 1) nén day ham s8 {f } hdi tu

n-—x
diém dén ham s6 f(x) = 0 trén {0, 1). Tuy nhién f [J O trén {0, 1).
That vay, ta cd

sup | £(x) ~ 0] = supx® =1+ 0khin—>o
X € [0,1) x€E [0, 1)

Néu o 1a mét sé sao cho 0 < « < 1 thi f, 7, 0 trén {0, a].
Thit viy, ta co
sup [f(x) — 0| = sup x” = a" — 0 khi 0 — .

X & [0, er} x & [0, a
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1.5. Tiéu chuin Cbst vé su hoi tu déu
Dinh Ii. Gia su {f } ]1a moét day ham sé xac dinh trén tap
hop X. Khi do {fn} hoi tu déu trén X néu va chi néu vdi mot
s6 £ > 0 cho trudc bdt ki, tén tai mét s6 nguyén dudgng N sao cho
mz2NnzN=|[f ()~ i) <¢ (1)
vai moi x € X.

Chitng mink. Gia s day ham s6 {f } hoi tu déu dén ham s
ftrén X va £ > 0 1A mdt 86 cho trude bat ki, Khi dd, tén tai
mot s6 nguyén duong N sac cho n 2 N = [f.(x} - f(x)| < %
vioi mol x € X,

Néum = Nvan > N thi

£ £ . .

[f (x) - fx)] < 5 va |f (x) - fx)| < 5 Vol moi x € X
do do |f (x) - f(x)] < [f (x} - fx)] + [f&x} - £ (x)] < & v&i
moi x € X.

Dao lai, gia sd day ham s8 thdoa man diéu kién (1). Khi dd
voi méi x € X, day s6 {f (x)} 12 mot day Cosi. Do dé day hoi
tu trong R : lim f (x} = {(x). Ta dé xdc dinh mét ham s& f trén X.

. n—+=
Trong (1) ¢8 dinh x € X van 2 N. Cho m — =, ta dugc
Hix) - f(x)} < & (2)

Bit ding thic (2) ding véi moi n = N va v6i moi x € X.
Vay f 7, f trén X. [

§2. CAC TINH CHAT CUA HAM SO GIOI HAN
CUA MOT DAY HAM SO HOI TU PRU
2.1. Tinh lién tuc

Dinh li. Gia st I la mot khoang cta R va {f } 1a mot day
ham sd lién tuc tai diédm £, € . N&u {f } hoi tu déu dén ham
s6 f : I — R trén I thi f lién tuc tai di€m x_.
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Chung nunph Vai mol x € 1, ta cd
[fx) = fix )l < [fix) - £ 0] + [fx) - £ + [f () -
- ﬂx”” (1) '

Vi f 77 ftrén I nén vdi moi £ > 0, tén tai N nguyén duong

sao cho

n N = [0 - fwl < % )
véi moi x € I. Ldy n = N va ¢0 dirh n. Vi f_ lién tye tai x
nén ton tai mot 58 &4 > 0 sao cho

(8}

Wx €D lx = x] < 8= & - &) <5 @

Ta (1), (2), (3) suy ra
Wx €D |x ~ x| <d=][fx) - fix)| < ¢
Vay f lién tuc tai diem x L[]
Chit ¥, a) Trong dinh 1i 2.1, ¢¢ thé thay khoang I bdi mot tap
hgp bat ki X € RP. Chiung minh dinh i khong cd gi thay déi.

b) Trong gia thiét cta dinh 1i 2.1, khéng th€ bd qua diéu kién
hoi tu déu cda day ham sé {f}.

Vi du. Cho day ham sé {f} xdc dinh trén doan [0, 1] bdi
fix) =x"n=12 .

Cac ham s6 f  déu lién tuc trén [0, 1]. Dé dang thdy rang
day ham {f } hoi ty diém trén [0, 1] dén ham s6
0 vai0 € x < 1,
09 = 11 weix = 1.

Ham 56 gidi han { gidgn doan tai diém x = 1. TW dinh 1i 2.1
suy ra rang day ham {f } khong hoi tu déu trén {0, 1].

¢! Tinh héi tu déu cla day ham s§ {f } trong dinh li 2.1 chi
14 digu kién dua ché khong phai la diéu kién can. Ta lgy lai vi
du sau dinh 1 1.4. :
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Day ham s
f(x) =x" n =12, ..

(gém nhidng ham s6 lién tuc trén khoang [0, 1)) chi héi tu
diém chd khéng hoi tu déu dén ham s f(x) = 0 trén [0, 1). Thé
nhung ham sé gidi han f lai lién tuc trén khoang nay.

Nhu vay, tfnh_ lién tuc cia cdc ham sb f, va& tinh lién tuc cha
ham s8 gidgi han f khong kéo theo tinh héi tu déu cia day ham
s6 {f } Tuy nhién, ta cd

2.2. Dinh H Dini (Dini) Gia st day ham =6 lién tuc {f,} hoi
tu di€m dén ham s6 lién tue f trén doan [a, b]. Néu {f,} 1la mot

day ddn diéu trén {a, b) thi £ = f trén [a, b].

n —

Chiing minh.* Ta ching minh cho truang hop {f_ } 12 mét day
tang (néu {f,} 1a mot day giam thi {- f } la mot day tang). Dat
pax) = f(x) - f(x), x € [a, bl. Khi dd {p } 12 mot day giam hoi
tu dén 0 : lim ¢ (x}) = 0 vi moi x € [a, b]. Ngoai ra p_(x) = 0

n— o
trén [a, b].
‘Gia st f, T2 f trén [a, b). Khi d6 ¢ }3 O trén [a, b}. Tén
tai mot 6 € > 0 cd tinh chit sau -
V&i moi n, t6n tai m = n va tén tai x, € [a, b] sao cho
tpm(xn) = £

Vi {p,} 1& mot day gidm nén tit dd suy ra p (x) = £ Ta
duge moét day di€m {x,} cda [a, bl. Theo dinh I
Bonzand-Vayoxtrat, day {x,} ¢ mét day con {x, t hgi tu :

Hm xk‘1 = x € [a, b].
n-— o0

Véi méi s6 nguyén duong j, ta ¢6 k, = j v6i n da 1én. Do do
?’j(xkn) = Pkn(xkn) = E.
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Vi p; lién tuc nén tif do suy ra

P(%,) = lim goj(xk) e (1)
0% "
Bat dang thic (1) ding voi moi j. Diéu nay khoéng thé cé vi
.lim pi(x) = (I
=

Chuyén qua gidgi han dudi ddu tich phén

2.3. Dinh 1i. Gia st day ham s6 lién tuc {f,} hoi tu déu dén
ham s6 f trén doan [a, b} va x, € [a, b]l. Dat

X x
F &)= [ f@dx, Fix) = [ fx)dx, x € [a, b]. Khi d6

X b 4
2] o

F_ T, F trén [a, bl

Chiung minh. Vi cic ham sé f,, déu lién tuc trén [a, b] va
f, = f trén [a, b] nén f lién tuc trén [a, b]. Do d6 { kha tich

trén [a, b] va f kha tich trén méi doan chda trong (a, b]. Véi
moi x € [a, bl,

|F (x) - Fx)| = |[ € xdx— ffxydx] = | fif, (x) — f(x)ldx

X

b

< [ sup |[f(x) — f(x)l dx = (b - 2)sup |, (x) ~ f(x)}.
a x<[ab] X |a,bj

Do dg

sup |F,x) - F@)l < (b - a) sup £ — o))
X € [a, b} ® € [a.b]

Vif T, ftrén [a, b] nén im sup |f (x) — f(x)] = 0. Do dg

n —
n—m x€<[a,bj

tit bdt ding thdc tren suy ra F, 72 F trén [a, b][]
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Tiu dinh li trén suy ra

2.4, H¢ qua. Néu day ham sd lién tuc {f } hoi tu déu dén
ham s& f trén doan [a, b] thi

b b
lim [ f(xdx = f fx)dx.

n—=w« a
b b
tic 1a lim [ fxdx = [ lim f (x)dx,
n-—*x H a n— =<

(Nhu vay ki hiéu lim da dugc chuyén tit ngoai vao trong dau _f ).

Chi y. Vi du sau cho thdy trong céc gia thiét cia 2.4, khéng
th& bd qua diéu kién hoi tu déu cha diay ham s6 {f }.

Day ham sé {f } véi
f(x) = n’xe”™, x € [0, 1]

hoi tu di€m dén ham sé f(x) = O trén [0, 1]. Ta sé chi ra ring
day ham {f } khong hoi tuy déu trén doan nay. That vay, ta co

M (x) - fx)| = nlxe ™

A . 1 n .
Vﬁl méi n, ta cé x, = = e [0,1]valf&z) - f(x )} = . Do dd
sup |f (x) — i(x)] = 2 va lim sup |f(x) — f(x)| = + .

X € [0,1] ®  nowexe(n]]

Ta co
’ 1
J lim £ (x)dx = 0,

On—e
con

1
lim [ f(x)dx = lim [1 —e™"n + 1)] = 1.

n—w @ n—w

® Vi du sau cho thdy tinh hoi tu déu cua day ham sé {f }
chi la diéu kién d4 chi khéng phai 1A didu kién can.
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Vi du. Xét day ham sé
f X)) = nx(1 - x)", n =1, 2 ... trén [0,

Dé dang thay rang {€. héi tu difm dén ham s6 f(x) = 0O trén
doan [0, 1]. Tuy nhién {fn} khong hdi tu déu trén doan nay.

That vay, ta eo
|fn(x) - fix)] = nx(1 - x)" x € [0, 1].

. 1 - . N Lin
Vix, = € [0, 1] v6i moi n va {{ (x ) - fix )| = (1——;1—) nén
1
sup |f (x) - f(x)| = (1 - —)n vdi moi n.
X€ (0.1] n
_— Iin 1 .
Vi lim (l —;) =  nén sup |f(x) — f(x)| 0 khi n — w.
n— o« x€ (0,1}
Thé& nhung ta vin c6 ding thdc.
1 1
lim f f(x)dz = lim — S —— =0 = f lim f (x)dx.

@+ D +2)

n-—a@ { n—oo
2.5. Dao ham cua ham s6 giéi han

Dinh Ii, Gia st day ham sé {f,} c6 cac dao ham lién tuc trén
doan [a b]. Néu

a) Day {f .} héi tu tai mét di€m x, € [a, bl,

b) Day {f;’} hoi tu déu dén ham s6 g trén [a, b] thi day {f}
hoi tyu déu dén mét ham s f ¢ dao ham lién tuc trén [a, b] va
f'(x) = g(x) v8i moi x € [a, b].

(Ni mét cach khdc, ta c6 (lim f,) = lim £.)

n—om -~

Chung minh. Dat a =lim f (x_). Vi f) g trén [a, b] va cdc

n—ac

ham s6 ' déu lién tuc trén {a, b] nén g lién tuc trén doan nay.
Do d6 g kha tich trén [a, b]. Dat

fx) = a + [ gt)ydt , x € [a, b]

X

3]
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Ta co f'(x) = gix) véi moi x € [a, b] Ta ching minh
f, =, f trén [a, b). That vdy, ta co

—

X
0 = fx) + [ £'(t)dt, x € [a, bl.

X
a

Vi f’ 7 g trén [a, b] nén, theo dinh li 2.3,

f £(x)dx =2 [ g(t)dt trén [a, b].

o %o

Ngoai ra vi lim f (x) = « nén tit dd suy ra day {f.} hoi tu

n—eos
déu dén ham sd f trén [a, bl.0J
Chu y. Trong gia thiét cia dinh li 2.5, khang thé bé qua didu
kién hoi tu déu cia day dao ham {f’}. Song d¢ chi 12 diéu kién
di chd khong phai la didu kién can.

B. CHUOI HAM SO

§1. CAC PINH NGHIA VE HOI TU.
TIEU CHUAN VA DAU HIEU VE HOI TU DEU

1.1. Dinh nghia. a) Gia s& {u_} 12 mdt day ham s6 xdc dinh

trén tap hgp X. Né&u v6i phdn t¥ x € X, chudi s8 z u (x) hoi

n=1

tu thi ta ndi rdng chudi ham sé Z u,  hdi tu tai di€ém x. Diém
n=1
x dugce goi 1a di€m hoéi tu cta chubi ham sd.
Tap hgp cdc difm hoi tu cla chudi ham s6 goi la mién hoi
tu cla nd. Néu x € X khong phai 1a mét di€m hoi tu cta chudbi
ham s6 thi x duge goi 1a diém phan ki.

1
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==}
by Gia su Z u, la mét chudi ham sé trén tap hgp X (tic
n=1

la cic hang td u), u, ... cia chudi ham la nhitng ham sd xac

n
dinh trén X). Téng 8 = Z u, goi l1a tdng riéng thd n cuia
k=1
o
chudi ham s& da cho. Hign nhién chuédi ham sd 2 u,  héi tu
n=1
tai diém x € X khi va chi khi day ham s6 {S_} hoi ty tai diém
% va mién hdi tu cda chudi ham cing 14 mién hoi tu cda day
téng riéng cua nd.

Vi du. Chudi ham sd 2 x"  héi tu véi {x] < 1 va phan ki
n=1

vdi |x] = 1. Mién héi ty ctia chudi ham la : (-1, 1).

1.2. Dinh nghia. a) Gia st D, u, 12 mot chudi ham s6
=1
trén tap hop X. Ta ndi riing chudi ham héi tu (hoac héi tu di€m)
trén X néu nd hoi tu tai mbi di€m cha X.
Hién nhién, chudi ham s6 hoi tu trén X khi va chi khi day
téng riéng cta nd héi tu trén X
Ham s8 x ~— S(x), x € X, trong dd S(x) l1a tdng clha chudi sd

z u (x) goi Ia tdng cta chudi ham s 2 u,

n=1 n=1

b) Gia st chudi ham =6 2 u, hoi tu trén tap hgp X, cédc

n=]
ham s6 8, va S, theo thd tu, 1a téng riéng thi n va téng cha
chuéi ham. Ham sé

r, =8 -8,
goi 13 phan du thd n cta chubi ham s6 da cho.
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Hi€n nhién lim r (x) = 0 va
n- =
=]
! - u .
= }4 u.(x}) vai moi x € X
k=n+1i

Chudi ham s6 héi tu déu

1.3. Dinh nghia. Gia st chubi ham sé 2 u, héi tu trén
n=1
tap hop X, 5 1A téng cua nd. Ta ndi rdng chudi ham sé hoi tu
déu trén X néu day téng riéng {S_} hoi tu déu d&n S trén X,
tuc ia

sup [S(x) — S, (x)) — 0 khi n — .
xeX

< sup |r(x)} = sup 1 z uk(x)| — 0 khi n — «,
e X xEX k=n+1

1.4. Tiéu chufin Cobsi vé sy hoi tu déu cia mdt chubi
ham s

Dinh li. Gia st u|, u,, .., u,, .. 1a nhing ham s8 xac dinh

al
trén tap hop X. Khi d6 chuéi bam s6 », u_ hoi tu déu trén X
n=1
n&u va chi néu vai mét s6 € > 0 cho trudc bét ki, tén tai mot
sG nguyén dudng N sao cho

(¥Yn,pe N n = N=lu, x)+ U, ox) + ..+ ump(x)l < £
vai moi x € X.

Chiing minh. Goi {S} 12 day tong riéng cia chudi ham sd
i v, . Chudi ham hoi tu déu trén X khi va chi khi ddy ham {8}
n=1
hdi tu déu trén X. Theo tiéu chufin Cosi vé sy hoéi tu déu cia
moét ddy ham s6, td do suy ra chudi ham i u, hoi ty déu trén X

n= i
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khi va chi khi véi mot s6 £ > 0 cho trude bat ki, tén tai mot
s0 nguyén duong N sao cho

(Vn,pe N9 nz=N= tSmp{x) - 8, < & voi moi x € X,

tic la |u , (x) + . +u (x| < £ v6i moi x € X.

n+p

1.5. DAu hiéu Vayoxirat

x
Pinh li. GiA su Z u, Ia mét chubi ham s6 xdc dinh trén
n=1

tap hop X va Z «, la mot chudi s6 duong héi tu. Néu
n=1

lu,x)| € «a, vdi moi x € X va véi moi n.

thi chudi ham sé& z u,  hai tyu déu trén X
n=1i
Chiéng minh. Cho £ > 0 thy y. T6n tai mét s6 nguyén duong
N sao cho

nzN=a ta,,t.. . ta < £

n+1 n+ p
vGi moi p nguyén dudng. Do dé vdi moi n = N va vdi mei p,

ta cd

lu, (x)+ .. + ump{x)l S @t T, < £ V6 moix € X

Theo dinh 1i 1.4, ti d6 suy ra rang chuéi ham s6 » u, héitu
n=1

déu trén X.[]

Vi du. Chuéi ham s6 > x"  hoéi tu (diém) dén ham s6

n=10

1
S(x) = oy trén khoang (-1, 1}. Song chubi ham da cho khong
hoi tu déu trén (-1, 1). That vay, ta ¢d
1 —xntl
S, =
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|x|n*l
el = 18(x) — 8 (0 = T-x ¥E€ (-1, 1.
xnt! .
Vi véi méi n, lim =5 = * © nén sup lrx)| = + =
x—tl_ X X&(_IL)

Tuy nhién néu « 14 mét 86 sae cho 0 < « < 1 thi
[x]" < a" v8i moi x € [~ a, a]

o
Ngoai ra > a" la mot chubi s§ hoi tu. Do dd, theo ddu hicu
n={

oo
Vayoxtrat, chudi ham 2 x" hoi tu déu trén doan [-«, «]
n=10

§2. CAC TINH CHAT CUA TONG CUA MOT CHUOI HAM

T dinh nghia chudi ham s6 héi tu déu va cac tinh chat cua
gioi han cla mot day ham s§ hoi tu déu, dé dang suy ra cac
tinh chdt sau cta tSng cta mot chudi ham s6 hoi tu déu.

Tinh lién tue

2.1. Dinh li. Gia s chu6i ham s6 » u, hoi tu déu trén
n=1
khoang I cua R. Néu cac ham s6 u_ déu lién tuc tai di€m x, €1
thi tng 8 cia chudi ham s6 lién tue tai diém x .
Nhu vay voi cdc gia thist cia dink li, ta cd
=] == =
lim 2 u (x) = Z u (x,) = 2 lim u _(x).
XX n=t n=1 n=1x-+x,

Ki hiéu lim da dugc chuyén tit ngoai vao trong ki hiéu 2
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Chu y. Dinh 11 2.1 vAn dung néu khoang I duge thay bdi mot
tap hop bdt ki X C RP,

x
2.2. Pinh li." Gia s¥ chudi ham sé z u, h&i tu déu trén
n=1
tap hop X C RP va x, 14 mot diém tu cua X. Néu vGi mol n,
w
ta déu ¢ lim u (x) = a,_ thi chudi s5 » a_ hoi tu va
XK n=1

x al

lim z u (x) = 2 lim u (x) = i a, .
n=1

Xorx o= | n=1x=x

Chung minh. Cho £ > 0 tiy y. Vi chudi ham Z u, hoi tu
n=1
déu trén X nén, theo tiédu chuidn Cosi, ton tai modt sd nguyén
duogng N sao cho

(Vn, p €E NJn 2 N={u, x)+ ..+ un+p(x)| < £
v8i moi x € X. Trony bat ding thic trén cho x — x|, ta duge

< ool =
fa,, +.. ta t s vfin = N

T+ pl

=
Vay chudi s¢ z a, hot iw

n=1

Vai méi n, dat

n : o

T& tinh hdi tu déu cua z u trén X va tinh héi tu cuaa
n=1|

chudi 80 2 U (x) dé dang suy ra rang chudi ham sé z u,
n=1 n=l

hoi tu déu trén X U {x }. Vi cac ham s6 4 déu lién tuc tai
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diém x_ nén ap dung dinh H 2.1, ta cé dang thiéc cin ching
minh.[]

2.3. Pinh li. Gia s& » u 12 mot chudi ham s5 lién tuc
n=}l

hai tu déu trén doan [a, bl va S la t8ng cta chudi ham. Khi dd

B S—

w b
Sx)dx = Y [ u (x)dx,
n=1a

tuic la

- 3

o B
(2 un(x)dx) = 2 f u (x)dx.

n=1 n=1a

L S— T

Ngusi ta ndi ring cé thé ldy tich phan ting s6 hang cha
chudi ham.

Chitng minh. Goi {8 } 1a day téng riéng ctia chudi ham so6

z u . Cac ham s6 S déu lién tuc trén [a, b] vA S —, S trén

n=1i

{a, bl. Do dd

b b
lim [ S ()dx = [ Sydx.

n—*< 5

b n b
J' S (x)ydx = z _f u, (x)dx,
a k=1a

nén ta co

= b b

Hm E _r uk(x)dx) = f S(x)dx,
n—+o k=1a a

tic 1a

18

b b )
J u s = [ Sxydx! ]
1a a

n
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2.4. V&i cac gia thiét caa dinh 1§ 2.3, ta cd
2 X
Chuéi ham so6 z f u_(t)dt hoi tu déu trén [a, b] vé ham s6

n=1a
I Setyat.

2.5. Dinh li. Gia st cac ham s6 u,, u,,
lién tuc trén doan [a, b]). Né&u

<oy U, €0 dao ham

a) Chudi ham s6 ) u, hoi tu tai mot di€m x, € [a, b],

n=1
b) Chuéi dao ham Y u, hoi tu déu trén [a, b] thi
n=1
¢ Chudi ham E u, héi tu déu trén [a, bl,

n=1

e Tdng S cia chubi ham 2 v, cd dao ham lién tuc trén
n=1

[a, b] va
S'(x) = ), u(x), x € [a, b],
n=1
tic la
(2 un(x))’ = 2 u (%)
n=1 n=1

Nguvi ta ndt rang cé thé 18y dao ham ting s hang cta chubi
ham.

Chu y. Cang nhu d6i v6i cac diy ham sé, trong cac dinh li

cda muc nay, diéu kién héi tu déu cia chubi ham sd 2 u,

n=1
khéng thé bd qua, song dd chi 1a diéu kién da chu khong phai
la diéu kién cdn.

100



§3. MOT VAI DAU HIEU HOI TU PEU KHAC

Khi xét tinh hoi ty déu cta modt chubi ham s6 khong héi tu
tuy¢t d6i, ngudsi ta thudng st dung hai ddu hidu sau :

3.1. D&u hiéu Diriclé

Pinh Ii. Gia st

a) Chudi ham s6 z u, ¢d day tong riéng bj chan déu trén

n=1

tap hop X, tic la tn tai mét s6 M > O sao cho

n
sup |8 _(x)| = sup |z u(x)l < M véi moi n,
x€X XEX k=1
b) Diay ham s6 {v,} gidm trén X (tidc 12 véi méi x € X, {v ()}
la m6t day s§ gidm) va v 7 O trén X.

Khi d6 chudi ham s6 2 u v hoi tu déu trén X.

n=1

Chitng minh. Ta ap dung tiéu chufn Cosi vé& sy héi tu déu
cia chudi ham s6. Cho £ > 0 tay y. V&i moi sé nguyén duong
n, k ta cg

ntp

| 2 U, (%) v, (x) | = ’ 2 [By(x) — 8 _ 1 (DIv,(x) I

k=n+1 k=n+1

n+p n+p-1

] E S, (xv(x) - E Si(x)vy 4 1(x) |

k=n+1

i

n+p-1
= | Sn+p(x)vn+p(x)+ ZSk(x)[vk(x)— Vi (X Sn(x)“'nﬂ(x) I

k=n+1
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Vi vii méi x € X, {v{x)} |2 mét day 86 giam nén v (x) — vy, {x) = 0.
Ngoai ra, vi {v (x)} gidm va lim v (x} = 0 nén v (x) = 0 vdi
n— =
moi x € X. Theo gia thist |S (x)| < M v6i moi x € X va véi

moi n. Do dé tu bat ding thdc (1) suy ra

n+p ntp-1i
‘ z uk(x)vk(x)‘ = M[vn+p(x)+ z (v (x) — v (O] +v,y l(x)}
k=n+1 k=n+1

= 2Mv (x) v6i moi x € X.

Viv. ~ 0 trén X nén tén tai mot s6 nguyén duong N sao cho

n —»

£ .. .
ne=N=0=« {x}) <« —— v6i moi x € X.

Vn+ 1

2M
Do da
ntp
nzN= |2 uk(x)vk(x)| < £ v6i moi x € X.
k=n+l

Vay chuéi ham s6 >, u, v, hoi tu déu trén X[

n=1
3.2. Ddu hiéu Aben (Abel)
Pink li. Gia su

a) Chud6i ham sd z u_ hoi tu déu trén tip hop X,
n=1
b) Day ham s6 {v_} don diéu trén X (tde 1a vai mdi x € X,
{vn(x)} 12 mot day s6 don didu) va bi chan déu trén X, tic la
tén tai mdét s6 M > 0 sao cho

sup |v (x)| = M v6i moi n.
xeEX

Khi d6 chusi ham s6 D, wyv, hoi tu déu trén X.
n=1 -
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Chiing minh. Gia st {v_} la moét day tang trén X (Néu v,

la mot ddy giam trén X thi {~ v } 14 mdt day tang trén X). Cho

B
€ > 0 tay y. Vi chuéi ham s6 ) u  hoi tu déu trén X nén
n=|

ton tal mot s6 nguyén duong N sao cho

iYo,peN)In=N= |rnp(xj| lum ((x)+. .+ u,, pfx)| < 3-\71 (1) véi moi
x €X
Ta co
Unet = T Upep = Ty ™ Tog-1 vol k = 2.

Do dd véi moi n, p nguyén duong, ta c6

‘ Z uI'l + k(x)vn t k(x) ]

K=

= |un+1(x)vn+l(x) + Z [rn‘k(x) - rn‘_k—l(x)]"m-k(x”

P p—1
= 1 Ve (®) X 0 V() = D 1 00%, 0 (3)
. k=2 k=1
p-1
= |Z Tk®) pnd®) = v ] + rn‘p(x)vn+p(x)| (2)
k=1

Vi {v,} 12 mét diay tang nén ti (1) va (2) suy ra véi moi
n = N va vdi moi p, ta co

I Eun+k(x)vn+1\(x)‘ M 2 [vn+|\+1(x) vn+|\(x)]+ 3M| Vn+[;(x)|
k=
= 331 Detp®) = Vi + gp 1v,5 00

& P .
<§Tﬁ 2M+mM:£v01moleX.

103



Theo tiéu chudn Cosi vé su hoi tu déu ctia chudi ham s6, tu
dé suy ra chuédi 2 u_v, hoi tu déu trén X[
n= i
Vi du I. Xét chudi ham sé
=] 1 .
Z —sin nx
n
n=1
S 1
Vi chubi s6 2 o phan ki nén ta khong ap dung duge diu
n=1

hiéu Vayoxtrat. Tuy nhién, néu doan [a, bl chia trong khoang

0
(0, 2x) thi day tdng riéng S (x} = z sinkx , n =1, 2, ... clla
k=1

chuéi ham so 2 sinnx bi chan déu trén [a, bl (xem vi du 2 sau
n= |

1
VII.5.2). Ngoai ra, day sé {H} gidm va héi ty dé&n khéng nén,

thec ddu hiéu Diricle, chubi ham s6 da cho haéi tu déu trén {a, b].
Vi dy 2. Xét chubi ham sé
n
n=1
trén doan 1 = [0, 1].
RN Gk S
Chudi diéu hoa dan dau z - héi tu. Ddy ham s& {e™™}

n=1|

n

giam trén 1 va bi chan déu trén 1: 0 < ™ < 1 v6i moi x € L.
Theo diu higu Aben, chudi ham s8 da cho hoéi tu déu trén L
(Chd ¥ rdng day ham s8 {e" ™} khong héi tu déu dé&n khdng

trén I).
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C. CHUOI HAM SO LUY THUA

§1. DINH NGHIA. BAN KINH HOI TU
1.1. Dinh nghia. Chudi ham s6 ¢d dang

E ax" =a tax+taxZ+. . +ax"+.. (D
n=290
trong dd a 12 nhing hang s6 thuc, x 12 bién s thuc goi 1& chubi
ham s6 lay thita (goi tat 1a chudi liy thita).

Mot cach téng quat, chudi liy thira ¢d dang
2 ax —x))" =a,+alx - x)+ ax - xﬂ)2 + ...+
n=70
+alx - x )+ .,
X, 12 mét s6 thuc khoéng d8i. Tuy nhién, néu dat t = x - x_ thi
chudi ham s8 nay duge dua v& chubi ham s6 (1).

Hién nhién moi chuéi luy thita (1) déu hsi tu tai diém Q. Do
d6 mién hoi tu cda chudi liy thita 12 mot tap hop khac réng.

1.2. B8 dé Aben (Abel). Néu chusi liy thita Y a x hoi tu
n=1a
tai di€m x, # 0 thi nd héi tu tuyst d6i tai moi di€m x ma
x| < Ix,l.

Ching minh. Vi chudi s6 Z a x> hoéi tu nén lim a x? = 0.
n=10_ n-—*ca

Do dd day s6 {a xI'} bi chan : tén tai mot s6 k > 0 sao cho
|anx3| £ k vdi moi n.

Né&u x la mot s6 thuc sao cho x| < [x | thi

X X
la x"| = {a x| |-- nékl—‘nv(}i moi n.
x() x[‘
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o
. X £ X - .
Vi | : | < 1 nén chudi s E ( - \,n hoi tu. Do dd chudi
X X
O n= O (3l

Z la, x" hoi tu. [

n=10

[= =]
1.3. Dinh li. Cho chudi liy thita ), a x". T6n tai mot phan
n=1o0
t¥ duy nhit R € [0, +e=] sao cho

a) Néu |x| < R thi chudi hdi tu tuyét déi

b} Néu |[x| > R thi chudi phan ki.
Chung minh. Goi X la mién héi ty cha chudi lay thia

==
2 ax". Ta biét rang X = & Dat
n=10

R = sup |[x| (R € R hoac R = +w).

XxeEX
a) Néu x| < R thi ton tai x € X sao cho |x| < [x].

Vi chudi sd Z a x" héi tu nén theo bd dé& 1.2, chubi s8

noo
n==0

2 a x" hoi tu tuyét doi.
n=10 -

b) Néu |x| > R thi x ¢ X. Do d6 chudi sb 2 a x" phan ki

n=140

Tinh duy nhdt cia R. Néu tén tai hai s6 R va R’ cung thda
man cac diéu kién a) va b) cia dinh li va B # R’, chidng han
R < R’, thi vdi moi x € R sao cho R < |x|] < R’, chudi via
hoi tu tuyét d6i vita phan ki. Didu nay 1a vo 1i.L]

1.4. Dinh nghia. S6 R € [0, +w] trong dinh 1i 1.3 goi 13 ban
kinh héi tu cta chudi liy thita » ax". Khoang (- R, R) goi la

n=0
khodng héi tu ciia chudi liy thua.
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Vi du 1. Chudi liy thita » x"  hoi tu tuyét dgi véi x| < 1
n=10
va phan ki v&i 1x| > 1. Vay ban kinh héi tu cda chuéi ham la
R = 1. D€ ¥ riang ham khéng hoi tu tai cac didm x = £1.

Vi du 2. Xét chudi liy thia

Ta ap dung ddu hiéu Dalambe. Vdi x = 0, ta cd

lu, 4 (0 |x["*1 ! | x|

oGl ~ @ADL o - nt1 O KHmoe

Chuéi ham héi tu tuyét déi Lai moi difm x & R. Viy ban
kinh héi tu cia chudi ham 1a R = +e.

Nhan xét. Ti két luan trén suy ra rang vai moi x € R,

. xD
lim — = 0.
n—o

Vi du 3. Xét chudi liy thia
N oax® =1+ 1x+ 22+ L+l +
n=+1{

Véi x = 0, ta ¢d

IU +1(X)I n+1lxn+l
Tm,xl _ n')l-ilfl = (n + )|x| = + khi n = o.

Chudi liy thita phan ki tai moi difm x # 0. Ban kinh héi tu
cia chubi ham la R = 0.

Vi du 4. Xét chudi liy thita
e x2 xN
S o=x+5 ++— +
2 n
n=1

B M
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Vaéi moi x # 0, ta ed

Un (%) fx|n*!l  n n
| u, (%) = xlr T n+1

[x] = {x] khi n - o.
Chuéi hoi tu véi x| < 1, phan ki véi |x} > 1. Ban kinh hoi
tu caa chuéi lay thita da cho 1a R = 1.
Chudi phan ki tai di€ém x = 1 va hoéi tu tai di€m x = - 1.

Nhu vay tai hai ddu -R v& R cta khoang héi tu (-R, R) cla
chuéi lay thita, chudi ¢6 thé€ héi tu hoac phan ki.

Vi du 5. Ta biét rAng néu n 13 mot s6 tu nhién thi

- - 1)..{n-k+
(1+x" =1+ m+E£I;I—Ux2+ ---+n(rl D k('n 1) XK+ 4+ x0

Bay gi¢ ta xét chudi liy thira

+ ala — l)x2+ a{e - D(a — 2)x3+

1 +ax 7 3!

+

ala—1)...(a—n+1)
+
n!
trong dd « la mét sé cho trude.

x0T+ ...

e Né&u « la mot s ty nhién thi cdc hé s6 cha x**1 x*+2
déu bing khong

o Néu o khong phai la mot s6 tu nhién ciac hé s6 cda x" déu
khac khéng véi moi n. Khi d6, véi x = 0, ta cd

Tugy ()] _ jale=1).(@-nmx" n' B
lu i (n + 1) ala—1)....a—n+ 1)x" | B

—-n
= | iﬂ | |x{ — {x| khi n > . Chuéi ham héi tu tuyst déi

voi |x| < 1 va phan ki véi [x| > 1. Ban kinh hoi tu ctia chudi
Hiy thia 12 R = 1.
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Nhgn xét. Tu két luan trén suy ra rang néu Ix| < 1 thi

c_:c_“a~1)‘,,(cc—n+1)_ X"

lim Y =0
n!
n— oo
Thay a bdi a - 1, ta duge
lim (@ =1} {a —2) .. (« —n) < = o

n!

n—«

1.5. DPinh 1i Adama (Hadamard). Gia sit > ax" la mot
n=10

chudi liy thia va
n
P = lim sup UlarJ.
n—x

Khi dé ban kinh héi tu ctia chubi liy thira 1a

1
J-,gné’u0<p< + a0,

to néup =0
0nup =+ w

R =

Chung minh. Dat u(x) = a x". Véi x # 0,

lim sup r!I\”un(x)] = lim sup(rvlﬂ—a-nrlxl) = plx|

n— n— o,

Theo dinh i VIIL.3.4, chubi liy thita hoi tu néu Plxl < 1 va
phan ki néu plx| > 1. Do do

. 1
® Néu 0 < p < +oo thi chubi hoi tu véi x| < PV phan ki

1 . .
vai x| > P Vay ban kinh héi tu cta chudi liy thia la
1
R=-.
)z
® Néu £ = 0 thi p{x| = 0. Chudi lay thita hoéi tu vai moi
x € R. Vay ban kinh héi tu cta chudi liy thita 1&a R = +m.
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n_. _-___.
e Néu p = +eo thi lim sup \ﬂun{x)—f = + » {véi moi x = 0}

-—* ot
Chubi ham phan ki tai moi diém x = 0. Ban kinh hoi tu cua
chudi liay thiua a2 R = 01

Vi du. Xét chudi liy thia

n
n=1
Ta cd
n 3+(— "
p = lim supVla | = lim sup—(n———)
n—x n— ﬁ
= lim sup[3 + (- 1) = 4.
n— %
- . , Ko T ehs 1
Ban kinh hoi tu cua chuéi lay thita la : R = 1

52. TONG VA TiCH CUA HAI CHUOI LUY THUA

Dé& dang thdy rang téng va tich cda hai chudi liy thifa cing
la mot chudi liy thira. Quan hé gita ban kinh hai tu cia chubi
téng va tich voi cdc ban kinh hoi tu cta hai chudi liy thua da
cho dude cho bdi hai dinh li sau.

2.1. Pinh li. N&u cédc chudi liy thua z a x" va 2 b x" cd
n=20 n=0

ban kinh hdi tu 12 R, R’ va chudi tdng z (a, + b,)x" cé ban
n=90
kinh hoi tu 1a R” thi
R = min(R, R"
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Chitng minh. Gia s x 1a mot s6 thye sao cho {x| < min(R, R").
o

Khi dd {x| < R va |x] < R’. Do d6 cdc chudi 6 Z ax" va
n=0

D, bx" déu hoi tu tuyét déi. Vi

n=1

fa, +b)x" < lax"| + |b x"| véi moi n

nén chudi sé z ](an + bn)xnl héi tu. Do do

n=1

R” z min(R, R).CJ

@ an
2.2. Dinh Ii. Néu céc chudi lay thia » ax" va > bx" co
n=>0 n=19x
ban kinh héi tu la R, R’ va chudi tich cua chung
ab, + (a b, + abx + (ab, + ab, + azbn)x2 + ..

(R

.+ ab -+ alb + ..+ anbu}x” + ..

on -]
¢6 ban kinh hoi tu 14 R thi
R” =z min (R, R").
Chiing minh. Néu |x] < min (R, R’) thi ¢a hai chudi lay thita
dd cho déu hoi tu tuyet déi. Do do chudi tich cua ching cling
hoi tu tuyét déi. T¥ d6 suy ra R” = min (R, R) [

§3. CAC TINH CHAT CUA CHUOI LUY THUA

3.1. Dinh li. Gia s& chuéi lay thita >, ax" c ban kinh hoi
n={Q
tu R > 0 va 0 < ¢ <« R. Khi dd chudi liy thita hoi tu déu trén
doan [-p, F].
Chitng minh. Chudi s6 duong ¥ |a{p" hoi tu va

n=0

la x| < la |P™ vai moi x € [-p, pl.
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Theo ddu hiéu Vayotrat, » ax" hoi tu déu trén [-p, AIL]
= []

T dd d& dang suy ra

3.2. Dinh 1i. Téng ca chuéi liy thita » ax" lién tuc trén
n=10
khoang héi tu (-R, R) cia no.
Chung minh.

Gia s¥ x, € (-R, R). Goi p la mot s6 duong sao cho p < R

va x, € [- £, 1 Vi chudi ham 2 a x" hoi ty déu trén [- £, £l
n=0

va cdc hang td déu la nhitng ham s8 lién tue trén [- £, £] nén

tdng S cua chudi ham lién tuc trén [- 2, P1. Do dd S lién tuc

tai x [

b <3
Nhu vay, néu chudi lily thita ), a,x" ¢d ban kinh hoi tu R > 0
n=9
thi vé6i moi x, € (-R, R}, ta cd

lim Sx) = Y, ax" (1)
X=X, n=¢9

Ta bi&t rang chudi Z ax" cd thé hoi tu hoac phan ki tai
n=0

cac diém R va - R. Dinh li sau cho thdy néu chubi liy thia hoi

tu tai R (hoadc — R) thi ta cing c6 ding thic tuong tu nhu (1).

3.3. Dinh 1i (BS dé Aben). Gia si chudi l@y thira ) ax" cd
n="0
ban kinh hoi tu R > 0 va S 1a tong clda nd. Khi dé
a) Néu chuéi luy thita héi tu tai di€ém R thi
lim 8(x) = z a,R",

x—bR n=1
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b) Né&u chudi lay thira héi tu tai diédm -R thi
lim 8(x) = Z a (— R)"
x-=(—R)" n-0
Ching minh.” a) Dat x = R, 0 < r £ 1 va b, = a R", ta
duge a x" = b_r". Ta sé chiing minh

lim i bnr“ = i bn (1)
n=10

=1 n=10

That vay, chudi s6 2 b, hai tu. Véi mdi r € [0, 1], {r"}
n=1>0
la mét day s6 gidm. Hon nita, sup " < 1 véi moi n, tide 1a diy
xE10,1]
ham s6 {r"} bi chan déu trén [0, 1]. Theo dau hiéu Aben {xem

dinh 1i B.3.2), chudi ham s6& Z b r" hoi tu déu trén [0, 1]. Do
n=10
dd tdéng ctia nd lign tyc trén {0, 1] va ta cd ding thdc (1).

b) duge ching minh tuong tu.[]
3.4. Cha y. Ménh dé dao cta dinh li trén khong ding : Co

nhitng chudi lay thia z a x" voi ban kinh hoi tu R > 0 sao
n=10

cho lim S(x) tén tai nhung 2 a R" phan ki. Chang han, chubi
x—R~ n=Q
lay thida
DD =1 -x+xd -3+ L+ R+
n=4

. 1
c¢d ban kinh hoi tu R = 1 va téng S(x) = T35 -1 « x < 1.

1 o X

Ta ¢6 lim S(x) = 5 . Tuy nhién chuéi s6 > (- 1) phan ki.
x—1 n=10
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3.5. Dinh nghia. Chudi liy thia

a

n-oa 2 n-1
2 na x =a + 2azx + 333x + .+ nax + ..
n=1

goi 1a chudi dao ham cua chubi liay thira 2 ax".
n=10
3.6. Dinh li. Chudi liy thia Z a x" va chudi dao ham cia
n=1
né c¢6 cung ban kinh hoi tu.
Ching minhk, Ban kinh héi tu ctta chubi ldy thia 2 ax" 1a
n=>0

1 n .
R = 5 v6ip= limsup Via | (néup =0thiR = +, néu p = +w

> X

thi R = 0).

Hién nhién x € R !4 mét di€m hoi tu cha chudi lay thia

2 na x" "1 khi va chi khi nd 1a mét di€m hoi tu cta chuéi lay thita

n=1
o0 . =]
Z na x". Do dd hai chuéiiz
o=

n=1

héi tu R’=}317 véi £ = limsup ?ﬁﬂ?rj =~ lim sup(%. n#lan[) =

n-- o n ==

o
na x" R E na x" c6 ciing ban kinh
1 noot

n
= lim sup Vla | = £ Do ¢6 R* = RO
n—x
Tt dinh 1i trén suy ra rang cdc chudi dao ham moi cip cida
mét chudi liy thita déu c¢d cung ban kinh héi tu.

3.7. Dinh li. Gia s chudi liy thia Z a x" cd ban kinh hoi
n=0

tu R > 0. Khi d6 téng $ clia nd cd dao ham trén (- R, R) va
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oc

S'(x) = 2 na x" ! (1)

n=1

vii mol x € (- R, R).
Chiang minh. Gia st x, € (- R, R) va £ 12 mét s8 thyc sao

cho Ix,| < p < R. Khi d6 chuéi ham ) ax” va chuéi ham
n=10

> pax"~! cing hoi tu déu trén [~ p, PI. Do d6 ham s6 S cé

n=1

dao ham trén [- o, Pl va S'(x) = Z na x" ! véi moi x € [~ p, ).

n=1

Dac biét, ta cd §'(x) = > nax"~ L Tit d6 ta cd ding thic (1)
n=1

v8i moi x € (- R, R).[] -
Ti dinh 1i 3.7 suy ra

3.8. H¢ qua. Néu chubi lay thita ), ax" cd ban kinh hoi tu
n=90
R > 0 thi tng S cia né ¢é daoc ham moi cdp trén (- R, R) va
S'(x) = 2 nax" ! = a + 2ax + Ba;x? + ..+ mnax™! + .
n=1

87(x) = E n(.“_ lax""2=2a,+23ax+..+nn- Dax" 2+ .

n=2

S&x) = X n(n - 1) .. (n - k + Daxvk =
n=k
= klak +(k+ Dk .. 2a,, x + ..
vl moi x € (- R, R).
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3.9. Dinh li. Gia st chudi lay thita 2 a x" ¢6 ban kinh hoi
n=0
tu R va téng 5. Khi dd chuéi lay thita

i xn*1 x2 x3 xN
Z a, iy = ax + alE + a, 3 + -+ an_l; + .- (1)
n=10
cé cung ban kinh hoi tu v&i chudi da cho va
x x n+ 1 2 n
X X x
JS@®dt=a ——F=axtagtota T+ (@
0 n=1{ )

vai mol x € (- R, R).

Chitng minh. Chuéi liy thita (1) ¢d chudi dao ham 1a chubi

Iy thita > ax". Do d6 chui (1) ¢6 cung ban kinh hoi tu véi

n==0
chudi da cho. Theo 3.7, t8ng T(x) cta chudi ham (1) ¢ dao ham
la 8x) trén (- R, R), T’(z) = S(x}, x € (- R, R). Do d6

X
T(x) = f S(t)dt + 4, trong d6 A 12 mot s& thuc khong déi. Vi
0

. X
T(0) = 0 nén 4 = 0. Vay | S(t)dt= T(x), tic la ta of dhng thic (2)[]
0 -

§4. CHUOI HAM MAC-LORANH (MACLAURIN)

Cho dén nay ching ta xudt phit ti¥ mét chudi liy thiua va
xét téng clia nd trén khoang hoi tu. Bay gio ching ta di tit mot
ham s6 f xdc dinh trén mot khodng I c6 trung diém la 0. Vin
dé dat ra la

1? T6n tai hay khong mot chubi ldy thita cd tdng bing S trén [ ?
Khi d6 ta ndi rang f khai trién duge thanh chudi ham liy thita
trén I
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2Y Néu c6 mot chudi liy thita nhu vay, nd c6 duy nhat khong ?

Dinh H sau tra loi cho cau hoéi 29

4.1. Dinh K. Gia sit I 13 mét khoang mé véi trung diém 0
va f la mét ham s6 xic dinh trén I. Néu f(x) bing téng cua
chuéi liy thua 2 a x" v6i moi x € I thi f ¢6 dao ham wmoi cdp

n=o

trén I va

(1) N (0)
au = f(O), 31 = T 3 aeey an = l'l! PR

Chitng minh. Gii st
f(x) = a, +ax+ .':12}{2 oo tax"+
v6l moi x € I. Khi d6 f(0) = a_. Theo 3.8, f ¢cé dac ham moi
cip trén 1 va f'(x) = a;, + 2a,x + ... +nax" '+ ., x €1
Do ds f(0) = a,, ..

finx) = n!an +n+1a, x+ ..

f(0)

Do dé  f(N(0) = nla, va a = m

- O

4.2. Pinh nghia. Gia st ham s6 f ¢ dao ham moi cdp trén
mdt lan cdn cha di€m 0. Chubi liy thia

¢ (0 P0) . (0 €0
> n(! ) e £f(0) + ~%!—)a +$x2+...+_#xn+__

n=40
goi Ia chubdi Macléranh cia ham s6 f.
4.3. Chu y. Néu f la ham sé chén thi fZ™1{0) = 0 v6i moi n.
Do dé chudi Maciéranh ciia f chi cd cdc liy thiia bac chin cta x.

Tudng tu néu f 12 mot ham s8 1& thi chudi Macléranh cia f chi
cd cac liy thita béc lé cha x.

4.4. Ching ta hay trd lai vdn dé 1° da néu & trén. Gia st f
14 mét ham s& xac dinh trén khoang 1 ¢6 trung di€ém 0. Didu
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kién can d& f khai tri€n thanh chudi liy thita trén 1 1a f ed cac
dao ham moi cdp trén 1. Néu diéu kién nay dude théa man thi
ta Iap duge chudi Macléranh cia ham s6 f. Dé 1a chubi liy thia
duy nhét ¢d thé ¢d téng bang f trén I. Vidn dé 19 bay gits duge
diat ra mot cach cu thé hon :

a) Chubi Macloranh cta f c6 héi tu trén I hay khéng ?

b} Né&u nd héi tu thi tdng clia né c¢d bang f trén I hay khong ?

Tra 13i .

a) Co nhitng vi du ching td ring chubi Macléranh cta f cd
thé ed ban kinh hdi tu bing 0.

b) Xét ham s6 f : R — R xac dinh bdi

i

3

fix) = {¢ ¥ vdi x > 0,
0 wvoix < 0
Hién nhién f cd dao ham moi cip trén R \ {0}. D& dang
chiing minh duge ring f{"(0) = 0 véi moi n. Nhu vay f cd dao
ham moi cdp trén R. Chudéi Macléranh cta f ¢d moi s6 hang
bang khong. Do d¢ téng S(x) clia nd bang 0 v4i moi x € R. Nhu
vay S(x) = f(x) » 0 vdi moi x > 0.
Vi du nay chdng té ring chudi Macléranh eta f cé thé cd ban
kinh hoi ty R > O nhung t8ng cla nd khong bang € trén 1.
Tuy nhién, ta sé thiy nhidu ham s§ thong thuong khai trién
duge thanh chudi liy thia trén mét ldn can coa diém 0.
Dinh Ul sau cho modt diédu kién dv d€ mot ham s6 khai trién
duge thanh chudi liy thua.

4.5. Dinh K. Gia sit ham s& f c6 dao ham moi cdp trén khoang
(- R, R) (R > 0). NEu tdn tai mét s6 M > 0 sao cho

[fM(x)] < M vi moi x € (- R, R) va v6i moi n,
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thi
o

n)
fix) = 2 fE(,O_) xn (1)

n'
vdi moi x € (~ R, R).

, . - T X ,
Chitng minh. Diat S (x) = 2 = X Theo cong thie
k=0

Macléranh, ta cd

f(x} = S, (x) + R (x),

fin * oxy

vGi R (x) = n + 1)l

x"tlL 0 <@ < 1.

Do d6, vé6i moi x € (- R, R),

net

m+1) -

f(x) - S (xM = |[R(x)| « M

n+1
Vi llmm =0, tit bdt dang thiuc trén suy ra f(x)= limS (x)

> I o

v8i moi x € (-R, R), tuc 1a ta cd (1).[]

Chit y. Vi du dudi day ching té diéu kién néu trong dinh li
4.5 chi la da chd khong phai 1a cén.

i g xh

!
n.
=1

Vi du. Xét chubi liy thia
n

Dé dang thdy rdng ban kinh héi tu cia chudi ldy thia la +ew.
Goi f(x) 12 tdng cta chubdi da cho. Ham s6 f ¢d dac ham moi
cdp trén R.

fi{0) = 2" vgdi moi n.

Cac dao ham f("{x) ctia f khong bi chan déu trén bit ed mot
khoidng nao chua didm 0.
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§5. KHAT TRIEN MOT SO HAM SO
THANH CHUOI LUY THUA

3.1. Ham s6 f(x) = sinx

Ta cd |fM(x)| = |sin(x+ng-)‘ £ 1 vai mai x € R va vdi
moi n. Do dd, theo dinh 1i 4.5, ham s6 f khai trién dudge thanh
chudi liy thita trén R :
%3 %3 x2nt1
i = — = - (- 4
sinx = x =g * 5 D" an iy

vdi moi x € R.
Tuong tu, ta cd

5.2, Ham s6 f(x) = cosx khai tri€n duge thanh chudi liy thia
trén R

%2 x4 Xt x40
cosx = 1 ~ % +71_!_§ + o +(—1)"(2n)I + .
voi moi x € R.
5.3. Ham s6 fix) = e*
Al_p dung cong thdc Macloranh, ta duge
e = 1 +%+§+'"+§+Rﬂ(")’
e
R(x) = -(n_,_l)!x”+I ,0< 8 < 1.
Véi mot x € R ¢ dinh bat ki, ta cd
. |x|n*1 .
IR ()] < el (n+1)! —- 0 khi n— o,
Do d¢
e"=1+%(|+;—2!+ ‘+XT+

v8i mpi x € R.
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5.4 Thay x bdi -x, ta duoge

. X x2  x? L X
e 21—1—1-"‘2—'—? +(—])§+

véi moi x € R,

5.5. Thay ¢ va e bdi khai trién cta ching trong cac dang thic

et +e X et —e X
chx = 2-——-;shx=—2 )
%2 x4 x2n
chx =1 + E + z““ + o+ -(21’1)! + ...
va
x B % x2nt1
shx = — + = + &

b
v ta tE t @nF )
voi moi x € R.

56.Vsia>0 a=1,tacdéa =e Dodg

< ! xln a + x4nZa . x"n"a
at = LA oy T T

voi moi x € R.
5.7. Ta biét ring

: 1
- = - + x2 — ¢3 o+ (- n
T+ % 1l —x +x x>+ (— D=" + .

vdi moi x ma |x| < 1.

Lay tich phan cac hang td va chu y rang In{l + x) = 0 vdi
x = 0, ta duge

x2 x3 4 n

In(1 %) = % — & + = = 4 + (= 1)P 7 4 ()
2 "3 "1 n

véi 1x| < 1
Vi chudi ham (1) hoi tu tai di€m x = 1 nén, theo bd dé Aben
(dinh i 3.3. ), ta cd

In2 =1 - =
ne = 2
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3.8. Ham sé f(x) = arcigx
Ta cd
1
S 4 _ — 2
1+x2_l X+ x o (= e+

vdl moi x ma |x] < 1.

LAy tich phan cd¢ hang t¥ cda chudi ham va d€ § rang
arctgd = 0, ta duge
3 5 2n+1

X
=% = — + = — .. —- nyn -
arctgx = x 3 + 5 + (- 1) on + 1 +

vai | x| < 1.
Vi chuéi ham hdi tu tai di€m x = 1 nén, theo b8 dé Aben
(dinh H 3.3), ta <d
%:arctgl=l— :_:’—+(2;"1_):
5.9. Ham s6 f(x) = (1 + x}*, a & N
Chudi Macloranh cia ham s6 f la

-+

2| —

- -D..(a—n+
1+ S +a(‘;’il)-x2+m+O((Gr D (@ ~n l)x“+~-
1! 2! n!
Ap dung d4u hiéu Dalambe, ta tim duge ban kinh héi tu
cia chudi ham trén ia R = 1 (Xem vi du 5 sau 1.4). Ta sé

ching minh

ala—1) ala — D...(a—n+1)
TR nl

v8i meoi x ma |x} < 1.

"+

(I+)® = 1+ Jyx+

That vay, ta viét cong thic Macldéranh cho ham s6 f vai phédn
du dang Cési (v6i [x|] < 1)

a _ ala= 1)A2+m%a(a—l)..,(a—n+ 1)

(l"{‘x)’l =1+ T x+ a1 - An+Rn(X),
a—1) ... —
Rn(x) = ﬁ({_)rr(t_z_ - l‘) (1 -1 +6x)* ~ 0~ lyn +1
= An(X)Bn(x)Cn(x),
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trong dd

A = (@—-1)a—2).. (a —n) N

n!

B (x) = ax(l + 6x)* 1,

1-6 .,
Cox) = (1+9x)‘

Véi x cho trude, |x| < 1, ta co

IB,x)| = lax|(1 + |x)*" ! néu a » 1, véi moi n,

B, x)| =< lax|(1 - [x|y* ! néu a < 1, véi moi n.

tC (x)| = (I%EIQTl)n < (—i_—g)n = 1 v&i moi n.

Nhu vay voi x ¢6 dinh, {x{ < 1, cdc day s6 {B,(x)} va {C (x)}
déu bi chin. Ngoai ra, ta ¢d

lim A (x) = 0

n—x
(xem Nhan xét truéc 1.5). Do d¢

lim R (x) = lim A (x) B (x)C (x) = 0 véi |x] < 1.

n—=oa n— oo

Tu d6 suy ra didu cdn ching minh.

5.10. Ham s6 f(x) = V1 + x
Trong céng théc khai trién ham sé fix) = (1 + x)%, lay

a ta duge

=3,
(= ..{a-n+l) 1 5 2n-3, 1
=y 22 (") (- (-7 )u
1.3.5 _(2n-3)
2 4.6 (2n)

(- b
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Do do
1

S 1 1 135 (2n—3)

— Z _ o — gl .. n— 1 xN
Vit x = (1+x)° = T+ ox — ox®+ - H(= 1) o) +
vai x| < 1.

1
5.11. Liy « = - 5, ta dude
1
1 _1+-5_11+32 . lml__'i_fl@“_l)
Viix _tx) ° = l-oxtax =1 Zn)

vai [x] < 1.

5.12. Trong 5.11, thay x bai -x?, ta duge
1 i

Ve 0T
1

1.3.5..20-1) ,
3 + ...

2.4 6..(2n)

=1+

3
x2+§x4 + -+

vai tx| < 1.

5.13. Vi (arcsinx) = 11 va arcsinQ0 = 0 nén
— X
Cvesing = gl X 32 185.@2n-1) xFl
arcsinx = X33 "85 "7 24.6..(2m) 2n+l-

vai x| < 1.

D. CHUOI PHUARIE
§1. CHUOI LUONG GIAC

1.1. Pinh nghia. Chudi ham s6 cd dang

a .
0
5 + acosx + bysink + ... + a _cosnx + b ginnx + ... (x € R),

trong dd {a,}, {b,} 1A hai day s6 thuc goi la chudi lugng gidc.
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Véi méi n, ham sé x — u (x) = a cosnx + b sinnx ¢d cac dao
ham moi cdp trén R va cd chu ki 27. Néu chudi lugng gidc hoi
tu dé&n ham s6 f(x) thi f 14 mét ham s8 ¢d chu ki 27 trén R.
Cac hang s8 a,, b, goi l1a cdc hé s§ cla chuéi.

Ta bi€t rang chubi lay thiua Z a x" c6 dao ham mei cdp trén
n=70
khoing hoi tu céa nd. D&i vai cac chudi lugng gisc thi khéng
phai bao gid ciing nhu vay. Tdng cta moét chudi luong gidc cd
thé khéng lién tuc trén mién hoi tu cia né. Co nhitng chubi
lugng gidc ma tng lién tuc nhung khéng ¢ dao ham tai moi
di€m ctia mién héi tu.

Sau day 1a mot sé dinh N don gian vé su héi tu, dao ham va
tich phan cda mot chudi luong giac.

1.2. Dinh li. Néu csic chudi s6 > a,  vA > b hoi tu

n=1 n=1
tuyét d6i thi chudi lugng giac
a, o
5 + E {ajcosnx + b sinnx) (1)

n=1

hoi tu déu trén R va tdng ctia né 12 mét ham s3 lién tuc trén R.
Chitng minh. Ta 6
|a cosnx + b.sinnx| < |a | + |b. | véi moi x € Rvan = 1.
Vi chudi s6 z {EX o+ |b i) hoi tu nén, theo ddu hiéu
Vayoxtrat, chudi (1) héi tu déu trén R. Vi cac hang tit ciua chudi

la phitng ham s& lién tuc trén R nén tdng cda chudi 1a mot ham
88 lién tue trén R[]

Ap dung ddu hidu Diriclé vé& sy hoi tu va hoi tu déu cua mot
chudi ham sé, ta duge
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1.3. Dinh li. Gia si {a,} va {b } la hai day s6 duong giam
dén khong khi n — «. Khi d6 chudi lugng gide

a{l

3 + 2 {(a,cosnx + b sinnx)
n=1

héi tu tai moi diém x € R \ 2xZ vi hoi tu déu trén mébi doan

[2%n + o, 2k + 1)a -~ «l, k € Z, @ > 0. Do d6 tdng cda chubi

1a mot ham s6 lién tuc trén R \ 2nZ.

CO5 nX

Vi du 1. Chudi lugng gide 2 hoi tu tai moi diém x =
n=1
2kn, k € Z va phan ki tai x = 2kr, k € Z.

sin nx

Vi du 2. Chudi ),

n=1

2kz, méi s6 hang cia chuéi déu bing khong. Tuy nhién t8ng cia

chudi chi lién tuc trén R \ 27Z. (Ta sé thdy rang tdng cua chubi
da cho gidn doan iai cac diém x = 2kn, k € Z).

1.4. Pinh li. Né&u

hoi tu tai moi x € R vi vai x =

o€

2 n(la | + |bn]) < ®

n=1
thi tdng f cia chudi lugng giac
a oG
—2—0 + z {(a,cosnx + b sinnx}) (1)
n=1}
la mét ham s6 cd dao ham lién tyc trén R va dao ham f'(x)
nhan duge bang cach ldy dao ham titng hang ti cia chudi (1) :

'(z) = Z (— nasinnx + nb, cosnx).
n=1

Ching minh. Tu gid thiét suy ra

Y ayl + b)) < o
n=I
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Do do chudi (1) va chudi dao ham cta ng
~ asinx + blcosx + .+ (- na sinnx + nbncosnx) + ... (2)

déu héi tu déu trén R. Vay f cd dao ham irén R va f'(x) bang
tdng cta chudi (2) véi moi x € R

Dé dang ching minh duge

1.5. Dinh . Néu hai chufi s6 > a,  va > b déu hoi
n=| n=1
tu tuyét doi thi tdng f clta chudi lugng gidce
a('l =
5 *+ D, (a,cosnx + b, sinnx) (1)
n=1
lién tue trén R va téng cta chudi lugng giac
a() il n . n
—x + (— sinnx ~ —~cosnx)
2 n n
n=1
nhan dugc nhd ldy nguyén ham titng hang tit cta chuéi (1) 1a
mot nguyén ham ciaa f trén R.

§2. CHUOI PHUARIE

Gia st f 1a m6t ham s6 tuln hoan vai chu ki 2x, Vin dé dat
ra la trong nhitng trudng hop nao tén tai mét chudi lugng gisc
hdi tu trén R va c6 tong bang f ?

2.1. Dinh li. Gia st chudi lugng gidc

a(l

> + E {(a,cosnx + b_sinnx) N

n=1

hdi tu déu trén doan [0, 22} (do d6 hoi tu déu trén R) va o6
téng la f(x). Khi dd, ta ec
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1 r
a, = - f f(x)dx ;
0
27
f f(x)cos pxdx ;
C

)

27
1 .
bp = = f fix)sinpedx , p = 1, 2, ..
0

Chitng minh. Vi chudi (1) hai tu déu trén R nén chudi ham
nhan duge bing ciach nhan ting hang tit cha chudi (1} véi mét
ham s6 bi chan trén R cling hoi tu déu trén R. Do d6 cdc chubi haAm

a =]
]

f(x)cospx = 5 €08 PX + z (a,cosnx + b sin nx)cos px,
n=1I
a(l =
f(x)sinpx = —2—sin px + 2 (a,cosnx + b sin nx)sinpx,

n=1
p =0, 1, 2. hoi tu déu tréen R. Vi vay c6 thé 14y tich phéan
tiing hang tt cda cac chudi ham dd trén {0, 27] :

n
f f(x)cos pxdx =
0

a 27 © 27 2n
= -%f cospxdx+2 [an fcosnxcospxdx+ b, f sinnxcospxdx] (3)
0 n=1 0 Q
va
2
f f(x)sinpxdx =
0
oo 2n 27
= E [an f cos nx sin pxdx + b f gin nx sin pxdx] (4)
n=1 0 0
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T cdc ecodng thic
Zcosnxcospx = cosin - pJX + cos(n + pix...

dé dang tinh duge

2z 2T
f sin nx cos pxdx = f cosnxsinpxdx = 0 v6i n, p € N,
a0 0
2r 2T

d[0 vdin # p,

C€O0S nX cos pxdx = sin nx stn pxdx ..
S p J p |z voin = p

0 0

Do do tu (3) va (4) suy ra
27

f fix)dx = na

o

f f(x)cospxdx = 7a, p = 1

pA

f f(x) sin px dx
0

srbp, p =1

TU dd suy ra cdc cong thic cdn ching minh.[]
~ Dinh i 2.1 gi4i dap mot phan tinh duy nhat cia chubi luong
giac Wng v4i ham sé f cho trude.

Chudi Phuarié va cdc hé s6 Phuarié

T day d&n cudi chuong ta sé chi xét cic ham s8 lién tuc
ting khic.

2.2. Dinh nghia. Ham s6 f xdc dinh trén doan [a, b] goi la
lién tuc tung khie néu tén tai mét phép phan hoach

A =X <X <..<x =b

cia doan [a, b} cd tinh chit sau

Vdi moi i, ham s6 f lién tyc trén khoang (x; |, x), i =1, .., n

c6 giol han phai hitu han tai di€m x, | va gidi han trdi hitu han
tai diém x_
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Naéi mét cach khae f 1a lién tuc tung khuc trén [a, b] néu ng
chi ¢d mdt s6 hitu han difm gidn doan loai I va lién tuc tai moi
difm con lai cta doan.

2.3. Dinh nghia. Gia sd f 12 m6t ham s8 tudn hoan xac dinh
trén R vai chu ki 2x, lién tue ting khic trén mdi doan bi chan.
Chuéi lugng giac

al) =
5 + Z (acosnx + b _sinnx),
n=1

trong do cac hé s& duge cho bdi cde cong thuc

21

a, = f fix)cosnxdx, n = 0, 1,
0
2T .

b, = = f fix)sinnxdx, n = 1, 2, .
]

goi 12 chudi Phuarié cda ham s6 f.
a_, b dugc goi la céc hé s6 Phuarié cia f.

Trude khi xét tinh hoi tu cha chudi Phuarig, ta néu ra mit
vai nhan xét giop cho viéc tinh cdc hé s§ Phuarié duge thuin
tién hon.

2.4, Ta giit nguyén cic ki hiéu trong 2.3.

a) Vi f la mét ham s6 tudn hoan chu ki 2z nén nhad mot phép
ddi bién s6, dé dang chding minh duge rang

Z
f(x) sin nxdx ,

a+2n

1 1 LF
a, = 4 _f fix)cosnxdx , b, = =

Re— t

o

vidi moi ¢« € R. Dac bhiét, ta co

1 i)
a, = - [ ftx)cosnxdx, n = 0, 1, 2, ..
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1 2
b, = ~ f f(x)sinnxdx, n = 1

n 2

>
-

b) Néu f 1a mot ham 6 chan thi x — f(x)cosnx 1a nhitng ham
s6 chan va x » f(x)sinnx la nhitng ham sé 18. Do dd
g -
e

a =

o fix)cosnxdx, n 2 Ova b =0, n = 1.

& b

Chudi Phuarié cua f c6 dang

a, o0
—2~ + 2 a, cos nx.
n=1

Tuong tu, néu f 12 mdét ham s8 1é thi x ~» f(x)cosnx Ia nhitng
ham s6 1¢ vd x > f(x)sinnx la nhitng ham sé chin. Do d¢

2

a =90, nz20vab =

n n = 7 J f(x)sinnxdx, n = 1

R

Khi ddé chuéi Phuarié cia f cé dang

z b sin nx

n=1
- Tu dinh li 2.3, vin dé t6n tai mot chudi lugng gisc dng vai
ham s6 f cho truéc da néu d trén duoc dat ra mot cach ty nhién
nhu sau :

Gia sd f la mot ham s6 tudn hoan chu ki 2% xic dinh trén R,
lién tuc titng khic trén méi doan bi chéan. Chudi Phuarié cta f
co hdi tu vé f hay khong ?

Chudi Phuarié cla f c6 thé phan ki. Trong trudng hop chubi
Phuarié cia f hoi tu, téng cta né cé thé khac f : Ngudi ta o6
thé xay dung dugc nhitng ham s6 ma chudi Phuarié phan ki hoac
hdi tu dén moét ham sd khdc. Tuy nhién viée lap nhiing ham s6
nhu vy qua dai, ching ta sé khéng néu ra & day.
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bé& dam bao cho chudi Phuarié cda mot ham sd cho trudge hai
tu vé chinbh nd, ta c8n mot vai didu kién bS sung. Diéu may
man 13 cac diéu kién nay khong qua chat ché.

2.5. B6 d¢ (Riman). Néu f 12 mét ham sé lién tuc t¥ng khiic
trén doan [a, b] thi

b b
lim f f(x) cosdxdx = 0 ; lim f f(x)sindxdx = 0.

A—++ g i— + wg

Ching minh, Khéng lam giam tinh t8ng quat cha van dé co
thé xem f lién tuc trén [a, b]. Ham s6 { bi chan trén [a, b] : tén
tai mot s6 M sao cho |f(x)] < M v&6i moi x € [a, b]. Cho £ > 0
b4t ki. Vi f lién tuc déu trén {a, b] nén tén tai mot s6 & > 0
sao cho

(Vx', x" € [a, b)) |x - x| <48 = |fix) - fix”)] < &
Goi

o a=xu<x}<...4xn=b

12 moét phép phan hoach doan [a, b] ¢d dudng kinh d(x) < 4.
Khi dd

by n X
Ity = f f(x)cos Axdx = 2 f f(x) cos Axdx

a |~1x -1

2 f(x,) f cosdxdx + 2 f [f(x) — f(x;)] cosAxdx.

i=1 X |--]x._I

Do dd

n

[y =« M 2' f cosﬂ.xdxl + £ 2 (x, ~ x,_ )
1=1'x% . =1
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Vi Ix} cosdx dx | | 1— (sinix; — sindx; . )) i %
i-1

vi 4 > 0 nén

2M
Il = Tn +&g(b —a) véi moi 4 > 0.

,taed [I)| < &1 +b - a). Vay lim I(1) =

A+t 0
Dang thuc thi hai duge chiing minh tuong tu.[]

2.6. Dinh li. N&u f ]a mot ham s6 tudn hoan vai chu ki 2x
xdc dinh trén R, lién tue ting khuc trén méi doan bi chan va
a,, b 1a cdc hé s6 Phuarié cia ham s6 f thi

lima, = 0, limb = 0.

n—»rcoa n—w

Dinh 1i 2.6 14 hé qua cia b8 dé 2.5.

2.7. Cong thic Diriclé

Bé dé. Gia st f la mdt ham s& tufin hoan vdi chu ki 27 xic

dinh trén R, lién tuc ting khic trén méi doan bi chan va 5, la
téng riéng thd n cta chubi Phuarié cia ham sé f Khi d¢

1 sin(n+-;—)u
S, (x) = f [f(x +u) + f(x —u)] ————— du (D

0 sin =

2
(1) duge goi 1a cong thic Diriclé vé tdng riéng cia chubi Phuarié.

A

Chitng minh. Ta sé ap dung cdng thdc

sin(n +%)x

X
1 -
2sin _2

, X # 2km, (2)

dé 1ap cong thic tinh S (x).
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Goi
a, + had b si
5 Z a,cosnx + b_sinnx

n=|
la chudi Phuarié ctda ham s8 f. Ta cd

acosnx + b sinnx =
ke 4

: | 2
z f f(t)cos nt cos nxdt + f f(t)sin nt sin nxdt

— 3

i

ST

H

1 7 .
7 f f(t) cosn(x — t)dt.

- X
Do dg
a()

n
S (x) = 5 t E (acoskx + bsin kx)
k=1

= % j' ft) [% + ¥ cosk(x—t)] dt
—-x k=1

Ap dung cong thic (2), ta duge

sin (n +%) (x —t)

1 T
S.(x) = - [ f(t) —5 1 dt
- 2sin
2
Phép bién ddi s6 u = t - x cho
. 1
R sm(n+§)u
S.,(x) = 5 f f(x +u) E— du.
—IX sin 5

1
sin(n+§) u
Vi cdac ham 86 u — f{x + u) VA U > ——n.

déu co
_u
sin 5
. 2
chu ki 2x nén
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aln(n+;) u

S W) = 5 f f(x +u) —-‘7u—— du.
sm§
i, 1
sinf{ n+ sinf{ n+
1 (n+g)u 1 (n+3)u
= o [ f(x+u) —="—du +—ff( +u) ——————du,
2 T sin% sin ;

Thay u bdi ~u trong tich phan thd nhét, ta duge

: 1
sin {n +: ) u
" [f(x +u) + f(x —u)] e du O

sin 5
2

1

S (x) = 5,;

& =y

2.8, Néu lay fix) = 1, x € R thi a; =2,a, =0,b, =0 vai
n=12 .,vAa8 (x} =1 vdi moi x € R va v4i moi n. Thay
vao céng thuc Diriclé, ta duge

1
sin(n+—2~) u
(1 +1) -5 du.
sin—

2

1

1:—29—_['

o

Tu d6 ta duge

x Sin (n +—) u
—— " du = x v&i moi n. (1]

2.9. Biéu dién moét ham s6 theo chudi Phuarié cia né

Ta nhéc lai rdng néu ham sé lién tuc ting khic trén doan
{0, 27] thi gi6éi han phai f(x + 0) = lim f(x + h) va giéi han trdi
h—o*

fix — 0) = lim f(x—h} tén tai va huuw han tai méi diém x € (0, 27)
ot
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itai 0 va 27 tdn tai f(+0) va [(2x - 0} hiy ha_n). That ra ia i
flx + 0} = fix - 0) = f(x) trit mot s6 hitu han diém.

Sau day la dinh H co ban vé chudi Phuarié.
2.10. Dinh 1i (Pini). Gia s f la mét ham sd tudn hoan vai

chu ki 2z xdc dinh trén R, lién tuc titng khac trén méi doan bj
chan va x, 1& mot sé thue sao cho cac gigi han

f(x“ +h) ~ f(xo + 0 f{xu —h) - f(xo -0

liln R h _ . lim __...__.__T__.._.__._

h—ot h—o"

tén tai va haw han. Khi 46 chuéi Phuarié cta ham s f hoi tu
taj di€m x_ va cd téng la

% [f(x, + 0) + f(x, — 0)]

Dac biét, néu f cé dac ham tai didm x, thi chudi Phuarié cia
f hoi ty tai x, va cd téng la fix,,).

Chitng minh. Goi 8 la t6ng riéng thi n cia chudi Phuarié
cla ham 3 f. Ap dung cong thic Diriclé va cong thic (1) trong
2.8, ta c6

f(x,, +0) + f(x_ - 0)

Sx,) — - 5 =

sin(n+%)u

17
o I (fix, +u) +f(x —u)]
0

sin —
2

. 1
f(x, +0) +f(x, —0) = Sln(n +‘2*)u

- 2t ! " du
sin
. 1
1 sin (n+ —2-) u
= 5 f[f(xo+ wyt f(x, ~u)— fix +0)— f(x — 0)]Tnum-u du
0 ..
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= % f g(u) sin (n + :]2) udu.
]

Ta ching minh ham sé
fix, +u) + f(x,—u) - f(x,+0) ~ f(x, — 0)

glu) = .
sinE
lien tuc ting khdc trén [0, x].

That vay, hién nhién ham s6 g lién tuc titng khue trén (0, x].
Chi con phai chitng té giti han phai g(0 + 0) = lim g(u) tén tai

+
u—{

va hitu han. Diéu nay suy ngay ra t& gia thigt vi

f(x, +u) —f(x, +0) fix, +u) —f(x, +0)
lim a = 2 lim . —_
u—0t Sin§ u—o0t
va
f(x, —u) —f(x, —0) f(x, —u) —f(x, —0)
lim a = 2 lim . .
u—o? sin 3 u—0t

Theo b8 d& 2.5 (Riman), tif d6 suy ra

e
lim _r g(u)sin (n + %) udu = 0.

n—®

va ta cd didu cédn chitng minh. (]

§3. MOT SO Vi DU

3.1. Cho ham s6 tufin hoan véi chu ki 27 xac dinh bdi

%vc’!ixe(—%,g),
f(x)=<—%v6ix6(‘g,3_;);
0v6ix=i%.
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f{x) 4
n
4
e — ™ N | —
3! 1 2 S
2, -m "2 12 @ 2
; i 0 | i X
1 1 { 1
! ! R !
4
Hink 26

Dé dang thay ring ham sé f thda man cac diéu kién ctia dinh
li Dini. Ngoai ra

[y

f(x) = [fix + 0) + f(x - D} v& moi x € R.

2
Vi f ]a mot ham s6 chin nén

a %
1) . .
f(x) = El + 2 a,cosnx v moi x € R.
n=1

Ta co
2
27 223 27 T 7 T
a0=EJO.f(X)dX= E{zdx*‘?{ (_Z)dx =4 1= 0,
2
z 25_17: 27 n
a = Ef f(x)cosnxdx = E-r 1 cosnxdx + EJ- (- Z) cosnxdx
o 1} X
P
1 n
Hsmng,n— 1, 2,
Do do a, = 0 voi n chén,
(- Dk
A+ :ﬂ.*——l’k—o’ I,
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Vay
_ cos3x cosHx {(— 1)1_‘ .
f(x) = cosx I + 5 T + ok T 1 cos {2k + )x + -
véi moi x € R. Dic biét, vdi x = 0, ta c6
1 1 1 (— Dk
=log*s -7t gy
3.2. Cho ham 6 f tuan hoan véi chu ki 27 xdc dinh bsi
f(x) = x voi |x| < &=, fln) = 0.

A~ E

L] f()(}

LK AS

Hinh 27
Ham s6 f théa man moi diéu kién cua dinh li Dini. Chubi
Phuarié coa f 1a

ke _ jxn~—i Sinnx
221( 1) — .

Véi |x] < =, ta od

E (- o1 sin nx _
n=1
Vai x = xn, ta cd

2 (_ 1)“" sin nx = _1_ (JI —JI) =0

n=1
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Thay x bdi x + x, ta dudce

z ————— = EI;~X vgi x & (0, 7).

sin nx

[= -]
Ta thdy rang téng cta chudi lugng gidc 2 gian doan

n=1

n

tai cdac di€m x = 2kn, k € Z (xem lai vi du 2 sau 1.3).
Cé thé dng dung chudi Phuarié dé tinh tdng cia mét s6 chudi
s6. Sau day la mot vai két qua dac sac.
3.3. Cho f la ham s6 tudn hoan chu ki 2x xac dinh trén R bdi
fix) = |x| v6i |x| < =

Day 14 mét ham s6 chdn. Ta 6

n

2 T
a, = 5 _(]; xcosnxdx = — (cosnr — 1),
" 5 4

an:()vdnnchan,aZkH: —m.
Do do

n _ii cos 2k +1)x _ tx| véi [x] < 7

2 n4L (2k+1)2
Vdi x = 0, ta duge

1= "

Lok +12 8

. That vay, ta cd

\gk
5, | -

T (1) ta tinh dugc

n=1

201 > 1 d 1
2w 2t 2 my
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va

= 2
2%=% | )

3.4. Co thé nhan duge ding thdc (2) bang cach tim chudi
Phuarié cia ham s8 tuin hoan chu ki 2z xac dinh trén R bdi

flx) = x2 véi | x| < =

Ham s6 f lién tuc théa mén moi diéu kién cda dinh li Dini
nén bang téng cha chudi Phuarié cda nd tai moi di€m cta R :

2 - (— )P
x2=£-+42( ) cosnx v6i |x| < = (3)

3 ne1 0
Thay x = & vao (3), ta duge (2).
Thay x = 0 vao (3), ta duge
i ey 2
n2 12 -

n=1
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Chuong X

TiICH PHAN SUY RONG
TICH PHAN PHU THUOC THAM $6

A. TiCH PHAN SUY RONG

Cho dén nay ta mdi chi xét tich phan cda nhitng ham s bi
chén trén cac doan tdc 1a trén cdc khoang déng bi chan. Nhiéu
dng dung doi héi phai mé rong khai niém nay. Trong phan déu
cia chuong nay, ta sé nghién cdu tich phan trén mét khoang
khong bi chan, sau d¢ la tich phan cda mo6t ham s6 khong bi
chan. Cac tich phian méi nay duge goi 13 tich phan suy rong.
Tich phan trén mét khodng khong bi chan con goi 12 tich phan
suy réng loai I, tich phan cua mét ham s6 khéng bi chan con
goi la tich phan suy réng loai II.

§1. TICH PHAN TREN CAC KHOANG KHONG BI CHAN
(TICH PHAN SUY RONG LOAI D)

1.1. Pink nghia. Gia sit f 134 mot ham s6 xac dinh trén
khoang [a, +») va kha tich trén moi doan [a, b] véi b > a.
Né&u
b
lim | fojdx = I,
b—x g
trong dé I € R, hoac I = 4w, hodc 1 = -« thi I dugc goi 1a
tich phan cda hoi tu f trén khoadng [a, +o) va duge ki hidu la
+ o

_I- f(x)dx .
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+ =

Khi d6 ta ndi rang f f(x)}dx 16n tai. Néu I 1a hitu han tuc la

H

+ =

a

tu goi 1a phan ki.

+ oo
Vi du 1. Tinh [ e™xdx.
0

Véi moi s6 thue b > 0, ta co

b
fe_"dxz(—e_")h:. 1 —e b
0
0
b
lim [ e ™x = lim (1 —e™ ™ = 1.
h—+ = () [ =]
+ oo
Do d6 [ e *dx hoi tu va
0
+ =
fe_"dx =1
0

Vi du 2. Ta cd

+ = b
f dx i J. dx
0 1 +X2 hist 26 @) 1 +x? b+ + =
+ = b
Vidy 3. [dx = lim [dx=limb = + .
0 h =+ b—s 2
+ o
Tich phan suy réng f dx ton tai nhung phan ki.
0
+ o
Vi du 4. Xét tich phan suy rong | sinxdx.
0

= lim arctgh =

T
5 -

1 € R thi ta ndi rang [ f(x)dx 1a hoi tu. Tich phan khong hoi
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Tich phan
b
f sinxdx = 1 — cosb
0
+ o
khéng c6 gidi han khi b — +«. Do dg f sin xdx phan ki.
0

Vi du quan trong sau day dudge st dung nhidu trong thye hanh.

Rl -]

X .
1.2. Xeét | -5 - la mot s6 thuc cho trude.
!

Néua = 1thivéimoibe R, b > 1, ta ¢d

P dx
J & =nb—+x khib -+
1

+mdx
Do do — = +®
1 X

Gia st o # 1. Khi dd, vé4i moi b > 1, ta cd

}d_x._ x! —« b bl—(z _ 1
}x“_l—ail_l—a 1—a
b

~ d
e Néu o < | thi im [ — = +, do d§

|

b—+= | X

J--q-)i=+m_
{

b
e Néu g > |} thilim f i: ST Cde két qua duge phat

h—+ x |
bi€u trong dinh i sau :
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. 7 dx
Pinhk i, Tich phan suy réng f Y € R hdi tu néu a > 1
I

va phéan ki néu a < 1.

Y nghia hinh hoc
+ =
d .
{ ;;f bicu thi dién tich
1

hinh phing dugc gach chéo.
Hinh phang dugce trai ra AT

vd tAn nhung nd van cd thé
co dién tich hitu han. Hinh 28
1.3. Gia st ham s8 f xac dinh trén khodng [a, +%) va kha
tich trén moi doan [a, b] v8i b > a. Khi d6, véi moi sé thuc
a’ > a, ta cd
h

b a’
[ fxydx = [ f(x)dx + [ f(x)dx.

b b
Do dd lim [ f(x)dx t6n tai khi va chi khi lim [ f(x)dx t6n
b—++xy - b—+ =g
tai va
+ % t =

| f(x)dx hoi tu khi va chi khi [ f(x)dx héi tu.

Hl
Néu mot trong hai tich phén suy réng ndi trén tén tai thi

+ oo + x

J fodx = f f(x)dx + J‘ f(x)dx.

Dé& dang ching minh duge.
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1.4. Dinh H. a) Né&u cac tich phan suy rong f fix)dx va

i
o + =

f g(x)dx héi tu thi tich phan suy réng f [fix) + g(x)}]dx ciéng
H d

h(?l tu va + = + x + o

Jlfx) + goldx = [ fxdx + [ gxidx

+ o

b) Néu tich phan [ f(x)dx h6i tu vaA A 1a mét hing s6 thuc
A
+ + + >

thi tich phan f Af(x)dx hoi tu va f Afix)dx = }lf fix)dx
a da 4
Tich phan suy rong ctta céc ham s6 khéng am

1.5. Dinh 1i. Gia st f Ia mot ham s6 xac dinh trén khoan
[a, +), kha tich trén moi doan [a, b] vdi b > a. Néu f(x) =

véi moi x € [a, +e) thi tich phan f f(x)dx ludn luén ton tai

a
(hitu han hodc bing +w),
b

Chiung minh. Dat F(b) = f fix)dx, b 2 a. Néu b’ 2 b thi
b b o b
F{b) = f fxydx = [ fx)dx + [ fix)ydx = F(b) + [ f(x)dx > F(b).
a b h
Hém 6 b +— F(b) tang trén [a, 4w} nén tdn tai
h + 2

lim F(b) = lim [ f(x)dx, tuc la tén tai [ f(x)dx, va

h—s+ o h—=+ x5 a

+ I
f fix)dx = sup F(b) = sup f f(x)dx.
a héfa+ =) be fa 4wy o
- - b
Hién nhién f f(x)dx hoi tu khi va chi khi sup ff(x)dx< +o0,
“ bhza a

3]

tic la ham s6 b f f(x)dx bi chan trén [a, +).

“
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1.6. Dinh li. (Ddu hiéu so sanh)

Gia s [ va g 1a hai ham s6 xdc dinh trén khoang (a, +«) va
kha tich trén moi doan [a, b] vdi b > a. Néu

0 < f(x) < g(x) vdi moi x € {a, +w)

thi
+ o + oo

f fix)dx < f g(x)dx.

Tu d¢ suy ra
+ o + oo
Néu f g(x)dx hoi tu thi f f(x)dx hoéi tu,

4 a

+ o + =
Né&u f f(x)dx phan ki thi f g(x)dx phan ki.
a a
Chung minh. V4l mol 56 thuc b = a, ta cd
b b
f fix)dx < f g(x)dx.
a

a

Do dé
b b
lim f f(x)dx < lim f g(x)dx,
b—+= 3 h—>+ o 3
tic la
+ oo + o

[ fxydx < f gx)dx.

1.7 Hé qud. Gia s f va g la nhing ham sé xdac dinh trén
khodng [a, +=) va kha tich trén moi doan [a, b] v4i b > a. Néu
fix) 2 0, g(x) =2 0 trén [a, +=)} va

f ~ g khi x — +w

147



+ o + =
thi cac tich phan f fix)dx va f g(x)dx cung hdi tu hoac cung
A d

phan ki

Ching minh. Vi f ~ g (x — +») nén t6n tai mot ham s6 h
xac dinh trén [a, +«) sao cho
f(x) = gxh(x) v6i x di 16n va lim h(x) = 1.
X+ =
Do do tén tai mot sd thuc a’ > a sao cho hix) < 2 vdi moi
X = a’ va ta cé
0 < f(x}) € 2g(x) v6i moi x = &’
+ o
Theo dinh li 1.6, ti¥ d6 suy ra rdng néu f g(x)dx hdi tu thi

a

+ o +
[ f(x)d=x héi tu. Thay d6i vai tro cia f va g : Néu f fx)dx hei
a a

+ =

tu thi [ g(x)dx héi tu.(]

a

+ oo
Vi du 1. Xét tinh héi tu cia tich phan f e~ % dx.
0
+
Tacé 0 <e ¥ < e % vai moi x > 1. Ta biét ring f e Xdx
o
+ o
hoi tu. Do dd [ e *dx hoi tu.
0
P 2xdx
Vi du 2. Xét sy héi tu cua tich phan | ———— |
~ - P { T e
Ham s dudi ddu tich phan duong va lién tuc trén [1, +w).
2x 2x 2
e ™ — = —— khi x = +=.
Ve +x +1 x32 g3 *
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+ =
. dx . .
Vi tich phéan f =z hdi tu nén td d6 suy ra tich phan da cho
1 X

hoi tu.
4+ o :
Vx> +2

Vi du 3. Xét sy hoi tu cia tich phan f
1 2% +x—1

dx.

Ham s8 dudi ddu tich phan duong va lién tuc trén [1, +w).

3
LY SV N NS SRR
2x2 +x —1 2x2 2 xi2 * ’

+ o

. d . ,

Vi tich phan f sz phéin ki nén ti dd suy ra tich phén ducge
1 X

xét phan ki.
+ ~1
% COS

Vi du 4. Xét tinh hoi tu cta tich phan [ ——dt.
1

2

2 1

Véit > —, tacd cosL > 0. Vi vay khi xét tinh hdi tu hoidc
phén ki cta tich phén, ta ¢6 th& xem ham s6 dudi dfu tich phan
cia tich phan di cho 12 m6t ham s6 duong.

1
COSt

1
-~ - — +aoo).
t g (t )

+ m
dt .
Vi tich phan [ T phan ki, tit d6 suy ra tich phan da cho
4 :

X 2
phan ki. .
Chu y. Dinh li 1.6 va hé qua 1.7 chi duge ap dung cho trudng
hop ham s6 dudi ddu tich phan khéng am (vai gid tri da ign

cdia a).
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Dinh i sau day dugc dap dung cho c¢i cac ham s6 dudi dau
tich phan c6 dau bat ki
1.8. Tiéu chudn Cési vé sy hoi tu coa tich phan

oo

Dinkh li. Gia si f 1a mot ham s§ xdc dinh trén {a, +=) va
kha tich trén moi doan [a, b, b > a Khi dd tich phan

a

f fix)dx hoi tu néu va chi néu vdi mét sg duong £ bat ki, tén

tai mot s6 thuc b, > a sao cho

bl
(Vb, b, ER)b, 2 b, 2 b = |ff(x)dx| <e
b

1
Ching minh. Goi F 1a hAm s6 xac dinh trén {a, +o) bdi

b
b— F(b) = [ fx)dx

Theo tiéu chudn Cési vé su tén tai gidi han cia ham sé,
lim F(b) = Ve > 0, Ab, = a sao cho

(Wb, b, € R) b, = by = b, = |F(b)) - Fb)] < &
b

2

Ma F(b,) ~ Ftb) = { f(x)dx, nén tit dd suy ra diéu cdn ching
bl
minh.[]

Tinh héi tu tuyét déi cua tich phan

+ o
L.9. Dinh nghia. Ta ndi ring tich phan [ f(x)dx hoi tu tuyst

a
+ =

d6i néu tich phan f | fix)ldx haéi tu.
A
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1.10. Binh li. Tich phan hoi tu tuyét d&i thi héi tu.
Chung mfinh. Gia s tich phéan f fix)dx hoi tu tuyél doi, tuc

Y
+ =

la tich phan [ |f(x)|dx héi tu. Cho ¢ > O tuy y. Theo tiéu chudn

a
Cosi vé sy hoi tu cia tich phan, tén tai b, = a sao cho
ty,
, 25 2 b = [ foldx < &
h
1

b

Do d6
b, b,
| J feodx | < [ l&x)ldx < £ véi b, = b > by
b by
] 1
+ m

Vay tich phan f f(x)dx hoi tu (theo tiéu chudn Cosi)]

a

) . . L T % cos kx
Vi du 1. Xét tinh hoi tu cua tich phan f = _-;——2 dx, 2, k € R,
p B°TX

a = 0. Voi moi a # 0, ham s6 dusi d4u tich phan xac dinh va
lién tuc trén [0, +o). V&i mei x = 1, ta cd

cos kx 1
— | s =.
l a? +x2 x?
+ @ tx
s e d ] kx
Vi tich phan [ X hoi tu nén tich phan | | = l dx hoi
S % , a2 +x?

tu (theo ddu hiéu so sdnh), téc la tich phan dugce xét hoi tu
tuyst d&i (do d6 hoi tu).

+ o
Vi du 2. Xét sy hdi tu caa tich phéan f e %inaxdx, a € R.
0
+
Vi |e*sinax| < e * v6i moi x € R va fe""dx héi tu nén
0

tich phan dugc xét hoi tu tuyét déi.
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Chi 3. Ta sé thdy 6 nhiing tich phan hoi tu nhung khong
hoi tu tuyét ¢6i Tich phan nhu vay goi 1 ban héi tu.

Khi xét sy héi tu coa cic tich phan khéng hoi tu tuyét doi,
ta thudng cén t6i hai ddu hiéu hoi tu khac : Diu higu Diricle
va ddu hiéu Aben.

1.11. Diu hiéu Diriclé
Dink I1. Gia su
a) Ham s6 f lién tuc trén [a, +=) va ham s6

b
b~ F(b) = [ f(x)dx bi chan trén [a, +w), tdc 12 ton tai M > 0

a

saoc cho
[F(b)] < M v6i moi b > a,

b) Ham sd g don diéu trén [a, +») va lim gx) = 0
’ X+ =
+ =

Khi d6 tich phan [ f(x)g(x)dx hoi tu.
a

Chitng minh. Ta ching minh dinh li v&i gia thigt bé sung :
Ham s6 g ¢6 dao ham lién tuc trén [a, +).

Ta 4p dung tidu chudn Cosi vé sy hoi ty cta tich phan. Cho

X
€ > 0 tuy ¥. Ta higt rang ham s x — F(x) = f f(t)dt 14 mot nguyén
&
ham cda ham s6 f trén [a, +%). Véi moi s6 thuce b2 = b1 z a, ta
b, b,
e [ fgx)dx = [ gx)dFx) = [Fx)g(x)]
h

b,
- J Fx)g'xdx }
b, b

1

h'.’
b

1
1

by

= F(byg(b,) — Fb)gb) ~ [ Fmyg'eidx. (1)
h]
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Vi ham s6 g don diéu trén {a, +o) nén dao ham g ecia no
khong ddi ddu trén khoang nay. Theo dinh 1i vé gia tri trung
binh mé rong cia tich phan, t6n tai moét s6 thue ¢ € [b,, b,]
sao cho

b b2

[ Fgoax = Fo) [ gadx = Fo)lghy, — gl
‘hE bI

Thay vao (1}, ta dudgc

b

J fxgxdx = [Fb)) - Fle)lg(b,) + [F(c) - Fb)lg(b,).

b,

Do do

I,

| J fogeodx | < 2Migb,)l + 2Mlgb))).
hl

Vi lim g(x) = 0 nén t6n tai mot s6 thuc b, = a sao cho

X— + oo
x 2 b, = [gx) < L
4] 4M )
Cuéi clung ta duge
by, ¢
£
,=b 2b = |]{f(x)g(x)dx| <M F Mg = €

|
+ =

Vay tich phan [ f(x)g(x)dx hoi tud -

a
1.12. Dau hiéu Aben {(Abel)
Pink li. Néu

b

a) Ham s8 f lién tuc trén khoang [a, +») va tich phan
+ oo
f fix)dx hoi ty,
d
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b) Ham s6 g don diéu va bi chan trén khoang [a, +o) thi tich

phan [ fix)g(x)dx hoi tu.
Hd
Chung minh. Vi ham s6 g don diéu va bi chan trén [a, +e=)
nén ham s6 g cd gidi han hitu han khi x -» 4w : limg(x) = A € R.
Xx—+ oo
Ham s& g~A don diéu trén [a, +«) va lim [gx) — A] = 0. T¥ a)
X+
b
suy ra rang ham s6 b — f f(x)dx bi chan trén ja, +x}. Theo
d
+ oo

ddu hiéu Diriclé, tit d6 suy ra tich phan f f(x)[g(x) ~ Aldx hoi tu.
&
+ =

Vi f f(x)dx hoi ty va

a

+ @ + w +®
J fxeg@dx = [ folex) — Aldx + [ Af(x)dx
+ oo

nén tich phan f f(x)g(x)dx hoi tu. [ ]
da
Vi dy 1. Xét sy hoi tu ctia tich phan
toe
J- sinx
xP

dx, p la médt s6 thyc cho trude.
1

e Dé dang thdy rédng néu p > 1 thi tich phan da cho hoi tu
tuyét d6i.

® Ta sé ching minh ring néu 0 < p < 1 thi tich phan dugc
xét 12 ban héi ty, tic 1a héi tu nhung khong héi tu tuyét dai.

Thit vay, v6i moi b = 1, ta cd

b
|f sinxdx| = |cosl ~ ecosh| < 2.
[
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1
Ham sé g(x) = glc’im trén {0, +eo} va lim g(x) = 0. Do dg,

x—+» 1t =

theo dau hiéu Diricle, tich phan duge xét hoi tu

Tich phan da cho khéng héi tu tuyét doi vi ndu ndé hoi tu

tuyét déi, tie Ia tich phan

f } lnxl

; dx hoi tu thi ti bidt dang
X

1
thic sin’x < |sinx| v6i moi x suy ra tich phan

+w
sinzx -cos 2x d
el Z J‘ e dx
p  xP
=
. a1 . cos 2x X
hdi tu. Thé ma tich phan f r— dx héi tu, 0 < p € 1, theo
X
1

ddu hiéu Diriclé (ching minh tuong tu nhu vai tich phan da
cho). Do dd tich phan

+ =

. dx .
hai tu. Diéu nay khong thé vi véi p < 1, tich phan f > phan ki.
x

e N&u p < O thi tich phan da cho phan ki
+
That vay, vi p = 0, ta dugc [ sinxdx. Tich phan phan ki.
1

Gia st tich phan da cho hoi tu véi mot p < 0 ndo dd. Pat

+
sinx

fx) = —, gx) = x > 1. Khi d6 [ f(x)dx hoi tu v ham
X
1

s6 g giam vA bi chan trén [1, +=). Theo d&u hiéu Laibnit, tich
+ oo + @
phan | f(x)g(x)dx = [ sinxdx hoi tu. Vo Ii !
i 1
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Vi du 2. Tich phan Phoretxnen (Fresnelt. Xét sy héi tu cia
cdc tich phan
+ o + x>
[ cos(xdx va [ sin(x?dx.
0 0
Ham s6 x « cos(x?) lién tuc trén [0, +w). Ta ching minh

t o=

f cos (x°)dx hoi tu. Thuc hién phép déi bién s6 t = x? <

=Vt. Véi b = 1, ta ¢o

b

J cos(x?)dx = (1
1

v
t.
f cos
1

+ =
, 08
Theo dau hiéu Diricle, tich phan [ ‘32 dt hoi tu. Do d6

1

+ o=
llmf‘-:-?-?—td fE;,—_S—-t—d

b—s + ] ) 1

. Do d6 tit (1) suy ra

lim f eos (x9)dx =
h— + ;]

t
J-os
1

I.\'Jf'—‘

Vay tich phan f cos (x%)dx héi tu. NG la ban hdi tu vi tich

n=1

= cost
phan f D

n=1

dt 12 ban hoi tu (xem vi du 1). Tuong ty, tich phan

sin (x%)dx cing la ban hoi tu.
0

I~ 8

n
Chu ¥ ring trong hai tich phan ndi trén, ham s6 dudi dau
tich phan khong tién dén 0 khi x -~ +ew. '
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1.13. Tich phan trén céc khoang (-, b] va (-x, +w)

a) Tich phan trén khoang (~«, a] duge dinh nghia tuong tu
nhu tich phan trén khoang [a, +e) :

Gia st f la mot ham s6 xdc dinh trén khoang (-, a] va kha
tich trén moi doan [b, a] véi b < a. N&u

lim [ fixydx = I,
h—+—w h

trong dd I € R hoac I = o thi I duge goi la tich phéan cia

a
ham s8 f trén khoang (-«, a] va dugc ki hiéu 1a [ f(x)dx.

- -

b) Gia sd ham s6 f xdc dinh trén R. Dé dang thiy riang néu
+ =
v0i mot s6 thue a nao dd, hai tich phan suy rong f fix)dx va
a
+ oa

A d
f(x)dx tén tai va téng | f(x)dx + J f(x)dx ¢d nghia (tdc la
) )

— a

khong ¢d dang « - o) thi v8i moi s§ thuyc b, téng
b + oo
§ fx)dx + [ f(x)dx cé nghia va

+ =

b + ® Y
[ fdx + [ foodx = [ fydx + [ fxydx. (D
- b - a

Khi dé méi téng trong (1) duge goi la tich phan cla ham sé
’ +
f trén (-, ), ki higdu la f f(x)dx. N&u tich phan nay hitu han
thi né duge goi 1a hoi tu. Hién nhién
+ oo [¥]
f f(x)dx = lim f f(x)dx.
- x d-— T by
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, dx 7
Vi du. | = lim [ --- . = lim (- arctgb) = = .
2 X2 2
) Ir—= - oy h—» -~ =
1] +
. d d .
C4a hai tich phéan f e va f X déu héi tu nén tich
- e 1 Hx2 p 1 +x?
+ o
d
phan f S hoi tu va
RS
te dx 0 dx iy dx R R
___f. e = T g
Tl o1 4x? 1+x? 2 2
¢) Gig tri chinh Cosi
+ = + 2

Néu tich phan [fx)dx hoi tu thi [fx)dx =

- o0

] b 3]
= lim [J'f(x)dx+ { f(x)dx]z lim  [fxydx .
b=+ -~ h a b—=tx — %
b

Néu lim _f f(x)dx tén tai va hitu han thi né duge goi la gia
b—=+% —h

+ =

tri chinh Cosi cia tich phan f f(x)dx, ki hiéu 1a

-
+

v.p. _f f(x)dx

Tuy nhién tir sy tdén tai clia gia tri chinh Cosi cta tich phan
khéng suy ra tinh héi ty c@a tich phan. Chang han, vdi f(x) = x,
ta cd

+ = b
v.p_fxdx = limfxdx = 0.
. b+ o—ph
+ =

Thé nhung tich phan [ xdx khong tén tai.
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§2. TICH PHAN CUA CAC HAM SO KHONG Bl CHAN
{TICH PHAN SUY RONG LOAI II)

2.1. Dinh nghia. Gia st f la mét ham sé xac dinh trén
khoang ¢a, b] (a, b € R, a < b) vd kha tich trén moi doan [c, b],
vdia < c € b N&u

h
lim [ f(x)dx = I

c—-a+C

¥

trong dé 1 la mét s6 thue hoaec I = +o thi I goi 1a tich phan
cua ham s6 f trén khodng (a, bl va duge ki higu la

I
f f(x)dx hoac f f(x)dx.

4 at

I\l
Khi d6 ta nei ring [ f(x)dx ton tai. N&u I Ia hitu han thi ta ndi

T

ring f f(x)dx hoi tu. Tich phan khéng hoi tu goi la phén ki. Di nhién
d

ta cd thd thay déi vai trd cfla a va b, didu nay sé ndi ki sau.

. X b
Vi du. | ————= = lim —= = li — aresine) = = .
tan L= f o T im =2

! c-o—17 e (0 1)
Vi du quan trong sau duqc sd dung nhiéu trong thuc hanh.
2.2. Xét tinh hoi tu cta tich phan

dx B
— » a la mot s& thue cho trudc.
X

d
Néuazlthlf ;{-X-= — Inc — +w khi ¢ ~ 0. Do dd
[N
Idx
f—---: + @
X



1 p ! dx XI_.‘I 1 1 Cl et
Néu « = 1 thi f - = Lo .

el pevl H s el e
-
1
» . dx 1
e Néu « < 1 thi lim f — = -
&oxe 1 —«
c-+f) O
1
. - dx
oNeu<r>lth111mf7:+oo,
cspt e X

Cac k&t qua duge phat bifu trong dinh i sau :

1
C d .
Dinh li. Tich phén f x‘)’( hoi tw néu ¢ < 1 va phan ki nfua = 1.
0
Y nghia hinh hoc v

1
Tich phan | % bigu
i
thi dién tich hinh phang
duge danh diu bdi cac nét
gach. ' 1
2.3. Gia st ham s6 f
xac dinh trén kheang (a,

b] va kha tich trén moi 0
doan fc, b] vdia < ¢ € h

Khido véia < c < b <b, Hink 29
ta coé

b b by
_f f(x)dx = f f(x)dx + f f(x)dx.
« c b

Do do
) b
lim [ dx tén tai khi va chi khi lim [ f(x)dx tén tai,
+ +
¢coen C ¢-+a €

b [
[ f(x)dx hai tu khi va chi khi [ fix)dx hoi tu.

i ]

160



Néu mot trong hai tich phan suy réng ndi trén tén tai thi

I+ 2l tr

[ fixydx = [ fixydx +  fixydx.
] a b

Tich phan cua cdc ham sé khong am
Tuong ty nhu voi cdc tich phan loai I, ta co

2.4. Pinh li. Gia s¥ f 12 mét ham s6 xac dinh trén khoang
{a, bl, kha tich trén moi doan [c, b] vdia < ¢ < b. Néu f(x) = 0
b
v3i moi x € (a, b] thi tich phéan f f(x)dx ton tai va
4
1] M
f fix)dx = sup ff(x)dx.
A

cEeEfab) ¢

b b
Do do [ f(x)dx hoi tu khi va chi khi him s6 ¢ — Fie) = [ f(x)dx
a C
bi chan trén (a, bl.

2.5. Dinh li. Gia st f va g la hai ham 36 xac dinh trén
khoang (a, bl, kha tich trén moi doan [c, b] vdi a < ¢ < b. Néu

0 s fix) € glx) vai moi x € (a, bl

thi
b by
I fodx < [ gxydx.

b b
Do dd néu f g(x)dx hoi tu thi f f(x)dx hoi tu, ndu tich phan
M| o
b b

§ fexydx phan ki thi [ g(xjdx phan ki.
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2.6. Hé qua. Gia su f va g 1a hai ham s6 khong am xac dinh
trén khoang ta, bl, kha tich trén moi doan [c, b] véia < c s b
Néu

fix) ~ gix) (x —a’}

b b
thi hai tich phan f fix)dx va f gx)dx cing hoi tyu hodc cing
L a .
phan ki,
L dx
Vi du 1. Xét tinh hoi tu cha tich phan | ———.
p SinX

Ham s6 dudi ddu tich phan lay cdc gid tri duong trén khoadng
(0, 1] va

i

I
o~ = (x = 0)
sSIMX X

I
. r d . . .
Vi f _xi phan ki nén t{ dd suy ra tich phan duge xét phan ki
0

Vi du 2. Xét tinh hoi tu clha tich phan

Dat t = 1 - x, ta duge

1 In(1 —-t)

3 Wi
(2-t)2

—
Il
CL—ﬁN|—‘

Ham s6 dudi ddu tich phan liay cdc gia tri &m trén khoang
1 . X
(0 , 2] (D& dang thiy rang hé qua 2.6 van ding néu cdc ham

s6 f va g ldy cdc gia tri am trén khoang (a, b]). Ta c6
- - 1
b md-y 1 o—t L
i Vi 292Vt w2 !
(2 -1t); t
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1

2
. dt .
¥: tich phan f oz hoi tu nén tif dd suy ra tich phan duoc
i}

xét héi tu.

Cing nhu déi véi tich phan loai I, dinh li 2.5 va hé qua 2.6
chi 4p dung duge cho trudng hop cac ham s§ dusi diu tich phan
khéng &m.

2.7. Tiéu chudn Cési vé sy héi tu cia tich phan

Dinh li. Gia st f 1a mét ham s6 xdc dinh trén khoang (a, b],
kha tich trén moi khodng (c, b} v4i a < ¢ < b. Khi d6 tich phan

b
f f(x)dx hoi tu néu va chi néu véi mot s§ duong £ bat ki, tén

a

tai mdt sd duong & sao cho

©
Ve,c,ERa<e €£¢c,sa+d £b= |ff(x)dx| < £
C

1
h

2.8. Dinh nghia. Tich phan suy rong [ f(x)dx dugc goi la

b
hoi tu tuyét d6i n&u tich phan suy rong [ |f(x)|dx héi tu.
a

2.9. Pinh li. Tich phan suy rong héi tu tuyét déi thi hoi tu.

1

1 sin;
Vi du. Tich phan | —= dx hoi tu tuyet d6i véi @ < 1 vi

0

sin— 1
| = ‘ < & Vi moi x = 0
y dx
va [ — hoitu véia < 1.

0 X

Tudng ty nhu trong trudng hgp tich phan suy réng loai I, ta
cung c¢d cdc ddu higu Diriclé va Aben d5i véi tich phan cdac ham
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s6 khong bi chan. Ban doc hay phat bi€u va chidng minh cac ddu
hiéu nay.

2.10. Ham s8I

a) Cac tich phan suy rong thudc hai loai da néu (loai I va loai II)
cé thé dong thai xudt hién. Ta hdy xét vi du sau :

Cho s6 thue « > 0. Chidng minh rang tich phin

+ =

J e *x*~ldx hoi tu.
0

Ta ¢6 tich phan cia mdt ham s6 trén mot khoiang khdng bi
chin. Ngoai ra, néu a < 1 thi ham s6 x +» e *” ! khéng bj

chan trén khodng (0, 1). Ta cd

+ o + o

1
Jexldx = [ e Mx + [ e = ldx (1)
0 o 1

1
e Xét tich phan [ e %~ ldx. Ta co
0

1
R i ~  (x—0")

x! -
Viigia >0, tacdl - a < 1. Do d6 tich phin héi tu.

+ m

e Xét tich phan [ e %7~ ldx.
t

Ta cd

x(x) = x%e " %x* 1) = e" %! "2 5 0 khi x — +o.
Do dé x%ftx) < 1 voi x di 16n, tic la
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+ =
1 . podx .
fix) = —; vOi x du 16n. Vi f "5 hoi tu nén tir dé suy ra tich
X | X
phan duge xét hoi tu.

Vi ca hai tich phan & v& phai cta (1) déu hoi tu nén tich
phan & v& trai cia (1) hoi tu.
b) Ham s6 I' : (0, +o) — R

+ 2

a > Ta) = | e" %@~ ldx
0

goi 14 ham s6 gamma Ole (Euler).
+ oa

. Tac6T(1) = { e *dx = 1. Ap dung cong thic tich phan ting
0
phéan trén [0, b], ta cd

b 1 1 b
J e =xx-19x = et l:; + 4 J e xedx.
0 0

Cho b — +w, ta duge I'(a) = é Ifa + 1), tuc 12
Na + 1) = al(a).
Do dg

r) 1.I(1) = 1),
(3 = 2r2) = 2',.
I'n) = (n - 1),..

"

Hinh 30 cho d8 thi cua
ham s6 T.

S oy~

Ham s T la mot trong
nhitng ham s6 khéng so cip
quan trgng nhit. Nd 13 thac
trién cia ham s6 giai thira Hink 30
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n +— n ! trén tap hop cac s6 nguyén duong. Cd thé€ ching minh
duge rang ham sd [ cd daoc ham moi cdp trén khoang (0, +w).

Gaoxo (Gauss) di ching minh dude rang ham s6 I a4 gidi
han cia day ham sé sau :

n'n®

() = lim x(x+1) .. (x+n)

n—a«
Tich phan suy rong
+ =
Ix) = § e" 4w ldt
0
goi la tich phan Ole loai II. Tich phan suy réng

1
Béx, y) = f 711 — ty " ldt
0
goi 1a tich phan Ole loai I. Ngudi ta ching minh duoc ring tich
phan nay hoi tu vdi moi x > 0, y > 0 va I'(x) va B(x, y) lién
hé vdi nhau bdi hé thic

_I'ry)

Bz, y) = l,(x_'_y),x:»O,y}(l

-
2.11. Tich phan [f(x)dx va cic tich phan suy réng khac

a

b~ ' b
a) _f f(x)dx duogc dinh nghia tuong tu nhu tich phan f f(x)dx
a a

Gia s ham s6 f xde dinh trén khoang [a, b) va kha tich trén
moi doan [a, ¢] vdi a < ¢ < b. Néu

C
lim f fix)dx = 1,
c=>h &
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trong dé I la mét s6 thye hoac 1 = *wx% thi | goi la tich phan
ctia ham sb f trén khodng [a, b) va duge ki hiéu la

b b
f f(x)dx hoac f f(x)dx.
a E
b) N&u ham s6 f xdc dinh trén khodng (a, b) va vai mot didm
-
¢ nao dd thude (a, b), hai tich phan f f(x)dx va f fix)dx déu tdn
a s

tai va téng

f fxydx + f f(x)dx (h

cd nghia thi téng dé duac goi la L;ch phan céa ham s6 [ trén
b
khoang (a, b) va duge ki hiéu ia f f(x)dx hosac f fix)dx. Né&u
a at
b
tong (1) hiru ban thi tich phan suy réng [ fixydx duoe goi 1a hoi tu.
Dé dang thdy réng su hoi tu va gia tri cia tich phin suy rong
b
f f(x)dx khéng phu thude vao viéc chon digm c.
o
c) Giz sit ¢ la mot didm trong cua doan [a, b} va f la mot
ham s6 xdc dinh trén [a, b] \ {c}. Néu ca hai tich phan suy
b
rong f f(x)dx va f f(x)dx déu ton tai va téng cna ching 6 nghia
4 ¢
thi téng d6 duge goi 1a tich phan (suy rong) chia ham sé f tvén

b

doan [a, b] va duoc ki higu 1a f f(x)dx. Tich phan suy réng nay
d

dugc goi 14 hoi tu néu téng da néu la hitu han.
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. . X
Vi du. Xét su hoi tu cia tich phan | o dx
0o X7

xac dinh trén khoang (0, 1). Tha viét

Ham s6 f(x) = T
%2 —

I
1 Inx 2 In x Inx
J—d& = [ dx + [ —— dx (1)
g X2 -1 n+x2—l , x2-1

2
Ta co fix) > 0 trén (0, 1) va
Inx .
~ —Inx i(x —= 0*).

x-—1
!
Vi tich phén suy r(f)ngj Inxdx hoi tu nén tich phan thd nhat
.
d v& phai cua (1) héi tu.“
Dé dang thay rang lim R : . Do d¢ tich phian thy hai

x—1

d vé&€ phai cta (1) hoi tu.

Vay tich phan dugc xét hdi tu.
d) Gia st ¢ 124 mot diém trong cha doan [a, b], ham s8 f xdc dinh

#“

b
trén {a, b] \ {c} va tich phan suy rong f f(x)dx héi tu. Khi d¢

b c— ¥ b
[ fx)dx = lim [ fx)dx + lim [ fydx.
a F-spt 8 g0ty
Hién nhién gidi han
[N b
lim [ [ fxydx + f(x)dx] (2)
cTE

£ a0
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B
ton tai va bang f f(x)dx. Tuy nhién su tén tai cia giéi han (2)

b
khéng kéo theo su héi tu cda tich phan suy rong f f{x)dx.

H

. 1
Vi du. Cho ham s6 f(x) = — , x € {-1, 1] \ {0}.
N

Dé dang thay rang

0 1
. dx dx
voi moi £ € (0, 1). Tuy nhién ca hai tich phan [ = va [ —
-1 X l]+ X
déu phan ki

Gidi han (2) duge goi la gia tri chinh Coési cta tich phan suy
b

rong | f(x)dx, ki higu la

a

b
v.p f fix)dx.

a

B. TICH PHAN PHU THUOC THAM SO

§1. TICH PHAN PHU THUOC THAM SO
TREN MOT DOAN

1.1. Gia st f la mdt ham s8 xdac dinh trén hinh chit nhit
R=i{x, ) ER?:a<xshc<tsd vavdimdite [c dl,
ham s8 x ~ f(x, t} kha tich trén [a, bl. Dat
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[
Ity = [ f(x, tydx, L € [c, d],

A
[ 12 mot ham sé xdc dinh trén doan [c, d].

Ta sé xét cac diéu kién dé ham s6 I lién tuc va cdc didu kigén
d€ e th€ ldy dac ham va tich phan duai ddu tich phan.

1.2. Dinh li. Néu ham s6 f lién tuc trén hinh chi nhat R thi
ham s¢ I lién tuc trén [c, d].

Chitng minh. Gid st t, 12 mét diém bat ki cia [c, d]. Véi
moi t € [c, dl, ta o

3] h
Iy - Ity = [ fix, hdx — [ fx, t )dx

I
= [ [fx, v) — f(x, t))dx.

Vi f lién tue trén t4p hop compic R nén nd lién tue déu trén
R. Do d6, vdi moi € > 0, tén tai § > 0 sao cho

(Vx, x> € {a, b], Vt, t’ € [c, d])

lx - x} < dvalt-t] <«d=|fix, t) - fix, t")] < B{—;{
Dac biét
Vx € [a, bVt € [c,d) lt -t ] <&
£
== If(x, t) - f(X, t(]}! < E-;—g .

Do dé

b b
o = 1)l < [ 1 v - fx, t)ldx < [ =5 dx = &

A a

véi [t -t} < & Vay I lién tuc tai diém t, [l
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1.3. Dinh li. Gia st f la m6t ham s8 xdc dinh trén hinh chu
nhat R = {(x, 1} :a2a € x € b,c £t € d}. Néu véi mbi L € [, d].
ham s6 x ~ fix, t) lién tuc trén doan [a, b] va dao ham riéng

f’ cha f lién tuc trén R thi ham sé

b
Ity = [ fix, tydx, t € [c. d]

cd dao ham trén {c, d] va

d b b
I'w = g [f f(x, t)dx] = [ £(x, tyx, t € [c, d].

Chiing minh, Gid st t, 12 mot di€m b&t ki cta [c, d]. Véi

moi t € {c, d], ta cd

b
Ity — It = [ fix, ) — f(x, 1 )ldx.
a .
Theo dinh li Lagrang, ton tai mét s6 thyc ¢ giita t va t | sao cho
f(x, t) - f(x, t)) = £'(x, o)t — t)
Do d6, voi moi t # t, ta co

Ity — I(to) b
ﬁ = f f[’(x, c)dx

b b
= [ £x t)dx + f [£'(x, ) — £(x, t)]dx.

Vi f’ lién tuc trén R nén chung minh tuong ty nhu déi véi

dinh i 1.2, ta duge

b
lim f [f(x, ¢) - £(x, t)}dx = 0.
l..l-]_: o
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Do do

1ty — it ) b
lim __f_:t = f f[’(x, t“)dx.

=1, o El

Vay 1 ¢6 dao ham tai di€ém t  va
h
Uee) = [ £, t)dx (]
i

Chi y. Hi€n nhién dinh 1i 1.3 ding néu trong gia thiét cia
dinh li, diéu kién "v6i méi t € [c, d], ham s6 x > f(x, t} lién
tuc trén [a, b]” dugce thay bdi didu kién "ham s6 f lién tuc trén
hinh chit nhat R".

Vi du 1. Dé dang thdy rang ham s6

xdc dinh va cd dao ham trén (0, +o), va
i d
SCRR S Peaverd LU

dx

In (a) = — 2Zna ! Ex‘—“’2+az)n+]

= — 2nal , (a).
Tu cong thic

1 1
li(a) = ;arctgg,

dé dang tinh duge cac gid tri cia
Lya), L la), .., I (a), ..
Vi du 2. D& dang tinh dugc

-,--.-—2— v a y a.



Cac dao ham riéng

i 1 -1 9 1 - cosx
(—-—--—-- ) e et . U ( — e )

da\ a+ becosx (a+ beosx)? ?b\ a+ beos x (a+ bLqu}‘—

déu lién tue, theo thi tu, trén cdc tap hop

{x,a) : 0 s x <7 a>|[bl}va{(x,b):0<x <x
—a < b < a}, nén, theo dinh {i 1.3, ta cg

T cos xdx — b

j‘. dx 7a T
) (a+beosx)? (a2 —b2)¥2’ ) (a+bcosx)?  (aZ-1b)¥2

Ldy dao ham lién tiép hai v& cla cdac déng nhét thuc trén,
dé dang tim dugc cdc gia tri cua

% cosPxdx L. .
f vl moin, p € N, p < n.
0

(a +bcos x)"

1.4. Dinh li. Néu ham s6 f lién tuc trén hinh ch@ nhat
R=1{{x,t):a € x<bcs<t < d} thi ham s6

b
Ity = | f(x, t)dx

kha tich trén doan {e, dl], va

d d* b b d
f Ityat = [ [f f(x, t)dx]dt = f [f f(x, t)dt}dx (1)
< < o a C
(DE cho gon, ngudi ta thuong vist tich phin
d b d b
f [J. f(x, t)dx]dt dudi dangf dt f f(x, t)dx. Do d¢ céng thic (1)
C < ]
c6 dang
d b b d
Jat f fix, dx = [ dx [ fx, tyd).
o a a <
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Ching minh. Theo dinh li 1.2, ham s6 I lién tuc trén doan
fc, d], do dd nod khi tich trén doan nay. Th sé chitng minh

b

} [f f(x, t)dX] =} [} f(x, t)dt] dx

voi moi y € [, d). Voi y = d, ta duge ding thde cdn ching
minh. Dat

F(y) = } [j: f(x, t)dx] dt , G(y) = } [} f(x, t)dt] dx

y +— F(y) va y » G(y) 12 hai ham s6 xdc dinh trén doan [c, dj.
b
Vi I(t) = f f(x, t)dx 12 moét ham s6 lién tuc trén [c, d] nén
a
¥ b

d
F(y) = &y [ f I(t)dt] Ity) = [ fix, y)dx . (1)

y
f f(x, t)dt, (x, y) € R thda man
L

cdc gid thigt cta dinh H 1.3 :

Ham s6 (x, y) — ¢ix, ¥)

e Vai méi y € [c, d], ham sd x — p(x, y) lién tuc trén [a, b]
(theo dinh L 1.2),

(f f(x, t}dt) = f(x, y) lién tuc trén R.

* p /(% y) = %

b b b
d
G = o [J e nax] = J o) widx = [ fex ydx @

a

Tt (1) va (2) suy ra F'(y) = G'(y) v&i moi y € [c, 4]. Do do
Fiy) = G(y) + C véi moi y € [c, d], C la mdt hang sé. Vi
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Fle} = G(c) = 0 nén tir dé suy ra C = 0. Vay Fiy) = Gy}
trén [c, d].0J

X

Vi dy. Tinh tich phan I = [ *-
0

Ham s8 dudi d&u tich phan cé thé viét dusi dang

h_ - h
x! = f x'dt,

a

X

lnx

Do dd

1 h
I=[dx [ xdt.
0 a
Dé dang thdy rang ham s6 (x, t) — x' théa min cac diéu kién
cua dinh li 1.4. Do d6 c6 thé ddi thd tu tich phan :

b
xtt1

b !
=1
Iz{dt{x‘dt:f (t+1)|:=0 dt

a

booat b+1

T e
i

Cd thé ap dung dinh li 1.3 d€ tinh tich phan da cho.

Xem a la moét hang s va I 14 mot ham s6 cia b, b = a :

I b a

X" —X
Ib) = [ e %
0

va
I{b) = In(b + 1) + C, C = const.
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Vaib = a, tacd Ifa) = 0. Tu &6 suy ra C = — Infa + 1) va

b+1

I =Ib) = Inib+ 1} -Inta+1) = 1ln -~ .
a+1

§2. TICH PHAN PHU THUQC THAM SO
vOl CAC CAN LA NHUNG HAM SO

2.1. Gia st f : (x, t) — [(x, t) |2 mdt ham s& lién tuc trén
hinh chit nhat R = [a, bl x [¢, dl, «, 8 : [e, d] - [a, b} 12 hai
ham 8 xac dinh trén [c, d] va ldy gid tri trén doan [a, b]. Khi
dé, vdi mbi t € [c, d], tdn tai tich phan

A(t)
Ity = [ fx, t)dx.
a(t)

I & mét ham sd xace dinh trén doan {c, dl.
Ta sé& xét cac diéu kign d& ham s8 I lién tuc va kha vi trén (¢, dl.
2.2. Dinh li. Néu ham sé f lién tuc trén hinh chir nhat

R = {a, b] x [c, 4}, cac ham s6 «, B : [c, d] x [a, b] lién tuc
trén [c, d] thi ham sé

B
Ity = [ fx, t)dx
a(t)
lidan tuc trém [c, d].
Chiung minh. Trudc hét ta chding minh ham s6
F:P =1[cdl x [a, b] x [a, b] =R
v

(t, u, v) — Fit, u, v) = [ f(x, tydx

u

lién tuc trén hinh hép chu nhat P.
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That vay, gia su (t, u, v, 12 mét di€m bat ki cua P va ¢

ia mot 56 dudgng cho trude tuy y. V&i moi (t, u, v) € P, ta cd

(b

v

¥ n
F(t, u, v) - Fle, u, v) = [ fix. tydx — [ f(x, t )dx
u

LN}

l.ln R v \"“
= [ fx, tydx + [ f(x, hdx + [ [fx. ) — fix, t)ldx (1)
L h% u

n o

Ham s6 f lién tuc trén tdp hgp compiac R nén bi chan trén
R : Tén tai mot s6 M > 0 sao cho |fix, t}] € M véi moi (x, t)
€ R. Do dd ti (1) suy ra

|F(t, u, v = Ftt,, v, vl € Mlo - ul + Mlv - v | +

o A 4]

+ | J‘ [f(x, t} — f(x, tn)de‘

Theo dinh H 1.2, ham s6 t — _f fix, t)dt lién tuc trén [e, d}.
u

Do d6 tén tai 4 > 0 sao cho

. v

[t -t} <n= l I Ifex, t) - fix, t“)]dx| < % ,
u'}
5 N
Dat d = mm(BM \ 13), ta duge

it =t} <48, lu-ul| <8, |v-v] <d=|Ft u v -
- Fit, u, vl < & Vay ham s0 F lien tuc tai di€m (t,, u, v}

Vi ham s6 «, § déu lién tuc trén [c, d] nén td dd suy ra ham
s hop I(t) = F(t, «(t), f(t)) lién tue trén [c, )15

2.3. Pinh li. C6ng thitc Laibnit (Leibniz)
Gia su
e Ham s6 f va dao ham riéng f’ lién tyc trén hinh chi nhat

R ={ix,t) :a < x b c<t = d}.
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e Cdc ham 86 a. # : [¢, d] — [a, b] ¢6 dao ham trén {c. d].

Khi dd, ham =6

B(1)
Ity = [ f(x, t)dx
rz(t)
o¢ dao ham trén [c, d], va
1)
Iy = [ (x, t)ydx = fla(t), t) «'(t) + £B(L), tYF'(), t € [e, dl.
(1)

Chung minh. Ham s6

¥
Fit, u, v) = f fix, tydx

u

cd cdc dao ham riéng lién tuc trén hinh hép chit nhat
P = [g, d] x {a, b] x [a, b} :
v
F’(t, u, v} = f f'(x, t)dx,
1}
FJju, v, v) = ~f(u, t), F (4, u, v) = f(v, t}.

Ngoai ra, cdc ham sé a, f ¢ dao ham trén [c, d).

Do ddé ham hgp
By
[) = Fit, alt), B = f fix, t)dt
(1)

c¢d dao ham tréen {e, d} va
ity = F't, alt), 1) + F/(t, alt), Bt)a’(t) +

+ F(t, alt), BaNg(t)

A
= [ £7(x, t)dx - flalt), ') + W), DFW), t € (e, AT

(1)
Vi dy. Tinh cac dao ham riéng cta ham s6
Xty
fix. y) = [ sin(x? + t2 - y2)dt.
Xy .
12-GlAI TicH-B
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Ta co

f)(x, y) = sinfx? + (x +y)? - y?} = sinlx? + (x ~ p)? -y} +
x+y
+ 2x _f cos (x2 + tZ — y9)dt
x—y
X+y
= 2cos 2x%sin 2xy + 2x f cos (x* + ¢ — yi)dt,
Xy

£'(x, y) = sin[x? + (x + y)? - y%] + sin[x* + (x - y)? - y°] -

Xty
- 2y [ cos(x? + t2 — yddt
Ty
x"'y
— 2sin 2x%cos 2xy — 2y [ cos(x? + t2 — yhydt,
L

voi moi (x, y) € RZ.

§3. TICH PHAN SUY RONG PHU THUOC THAM SO

Hoi tu déu
3.1. Gia st ham s8 f xac dinh trén tap hogp

R={ix,t):a<€x<+o,cst<d}viveimdbite [c d]
tich phan

+ =

I(t) = [ f(x, tydx (1)
A

hoi tu. Khi dé t — I(t) 14 mot ham s8 xdc dinh trén doan [e, d].

Khoang bi€n thién [e, d] cda tham s6 cd th€ duge thay bai
mét khoang bédt ki md, déng hoac nla md, bi chan hodc khong

Vi du. Cho ham s6 fix, t} = e ¥
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Vi méi t > 0, ham 86 x — e X lién tuc trén [0, +o), do do
kha tich trén [0, b] v8i moi b = 0. Ta cd

i}

1 XK=t 1
- = {— .. a" = — (] — a- b
{e“‘dx—( tElx)|x:n—t(l e 1
Do dd
+ o 1
Ity = f e” Xdx = lim fe dx = T
b—+= (

Ham s6 I xac cﬁnh trén khodng (0, +w).

D& xét tinh lién tuc, kha vi, ... cda ham s§ I trong (1), ta
thudng can tdi khai niém hoi tu déu cia tich phan suy rong phu
thugc tham s6. Su hdi tu déu & day dudc dinh nghia tuong tu
nhu sy héi tu déu cia mét day ham sé. Gia s& tich phan (1)
héi tu trén [, d] (tvc 1a hoi tu tai méi difm t € [c, d]) va £ la
moét s6 dudng cho trude tuy ¥ Khi dd vdi méi t € {c, d], tén
tai mét s6 b, > a sao cho

b

b
bzb, = [I(t) -] f(x, )dx | < ¢
0
d

+ o
tic la . | fix, t)dx| < &
b

Ngi chung s& b, khong nhitng phu thudc vao € ma con phu
thude vao t € [c, d]. Né&u tim duge méot sé b, chung cho moi
t € [e, d] {titc 1a b, khong phu thude vao t) thi ta ndi rang tich
phan suy réng hoi tu déu trén [c, d]. Mat cach chinh xdc, ta cd

3.2. Dinh nghia. Gia s& f 1a mot ham s§ xéc dinh trén tap
hop R = {(x, t) : x 2 a, ¢ £t < d} vd v6i mdi t € [c, d],
tich phan
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4

Ity = [ f(x, tydx

hai tu. Ta ndi rang tich phan nay héi tu déu trén [c, d} n&u véi
mét 6 £ > 0 bdt ki, tén tai mét s6 thuc b, = a sao cho
+ o0
bz b, = |ff(x,t}dx‘ < £ voi moi t € [e, d]
b

Dé dang thay rang
+ e
3.3. Tich phan I(t) = [ f(x, t)dx hoi tu déu trén [c, d] khi

a

va chi khi

+ =
sup | f f(x, t}dxl — 0 khi b — 4.
tEfed] b

Chi y rang trong 3.2 va 3.3 ¢6 thé thay doan [c, d] bdi mét
khoang b4t ki trong R.

Vi du. Xét tinh hoi tu déu ciia tich phan

+ oo

I(t) = [ te” Mdx
0

trén cdc khodng [a, +e) vdi a > 0 va (0, +c).
Ta tinh tich phan

+

fteoxdx, b 2 0
h

Véi't = 0, tich phan bang 0 vdi moi b. Vi t > 0, d8i bién
g8 u = tx, ta duge :

+ oo + o
f te~xdx = fetdu = e 11,
b bt
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+ x

Visup | [ e ¥dx | = gup e M = "M S 0 khib — +w nén
TE [a 4=} I L=

tich phan da cho hoi tu déu trén [a, +o), trong dd a > 0 nhéd
tiay y.
Tuy nhién tich phan dd cho khong hoi ty déu trén (0, +e) vi
+ o
sup | J te” xdx | =supe ™ =1 vdi moi b > 0.
t>0 b t>0

3.4. Tiéu chudn Casi vé€ sy hoi tu déu cua tich phan

Gid stf ham 8 f xde dinh trén tap hop R = {(x, t) 1 a € x < +w,
c st < d} vdavdi mdit € [c, d], ham s x — fi(x, t) kha tich
trén moi doan [a, b} v4i b > a. Khi dd tich phan

+ =

It) = [ fix, tydx (1)

héi tu déu trén (e, d] néu va chi n&u vdi mbt s6 £ > 0 cho trudc
bat ki, tén tai mot s6 thyc b, = a sao cho

b
b z2bzb = fix, t)ydx | < ¢ 2}
a
3]

vi moi t € [e, d].

Chiing minh, Gia s tich phan (1) hoi tu déu trén [¢, d] va
£ 1a mot s6 duong bat ki cho trude. Khi 46, tén tai mdt sé thuc
b, # a sac cho

+
£ .. .
b =b, = lf f(x, t}dxl < 5 voi moi t € [e, d].
b

Do do ta c¢
b +x +w

b 2bzb = |_{' f(x, t)dxl = 1[ f(x, tydx — [ f(x, t)dxl
b b ol
+ oo

t o
= I{f(x,t)dx] +|_£f(x,t)dx| €'§+-§=g_
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Dao lai, gia st v6i mot £ > 0, tén tai b, = a théa man 2.

Trude hét tit gid thiét nay suy ra rdng vdi méi t € [c, d], tich
+ =

phian | f(x, t)dx hoi tu. C6 dink b = b_ va cho b’ — +x, ta duge

1

+ ;0

| f fix, t)ydx | < ¢
I

vii moi t € [e, d}. Viy tich phan (1) héi tu déu trén [c, d]
3.5. Dau hiéu Viayoxtrat

Dinh li. Gia sit ham 8 f : (x, t} — fix, t} x4ac dinh trén tap
hop R = [a, 4o} x [¢, d] vA vdi mbi t € [e, d), ham s6 x —
f(x, t}) kha tich trén mot doan [a, b], b 2 a. Né&u tén tai mot
ham s& ¢ : x v p(x) xdc dinh trén [a, +e) sao cho tich phan

J p(x)dx hoi tu va

d
[f(x, t)] = p(x) v6i moi (x,t) € R
thi tich phan
+ x

It) = [ f(x, tydx (1)

hoi tu tuyét d6i (voi méi t € [c, d]) va héi tu déu trén [c, d].

Chiing minh. Theo ddu hiéu so sanh, ti gia thiét suy ra ring
+
tich phan [ |f(x, t)| dx héi tu voi méi t € [c, d]. Do dd tich phan (1)
héi tu tuth d6i voi mdi t € [¢, dl. Cho £ > 0 bat ki. Vi tich
+ =
phan f @(x)dx hoi tu nén t6n tai b, = a sao cho
a y
b2 bz2b, = [ pxydx < &
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Do dd néu b’ = h = b, thi
b b

b
U fix. vdx | < J 1, tldx < f px)dx < ¢
b > b

vai moi t € [e, d]. VAy tich phan (1) hai ty déu trén |c, d] (theo
tiéu chudn Casi).[]
Vi du I. Tich phan

.

Iy = [

242
Oa+x

sintx

x,a =0

héi tu déu trén R theo ddu hiéu Vayoxtrat, vi

sin tx 1 . )
| £ ———viimoixz Q0 teR
a +x? al + x?
-
dx i
va f ———; héi tu.
p L tx°

Vi du 2. Xét su hoi tu déu cda tich phan
+
f e Xxldx
0
trén doan {0, a), trong dd a 14 mét s6 dudng cho trude.
Ta cd

fe*x!] = e *x! £ e *x? v4i moi t €{0, a].
+
Dé dang ching minh duge rdng tich phan [ e~ *x® héi tu. Do
0

dd, theo ddau hidu Vayoxtrat, tich phan da che hoéi tu déu trén
[0, al.

Diu hiéu Vayoxtrat rdt tién dung trong thue hanh. Tuy nhién
chi 4p dung dugc ddu hiéu nay khi su héi tu cta tich phan la
tuyét déi va déu. Trong trudng hop tich phan hdi tu nhung khong
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hoi tu tuyét d6i, ta cdn dén cdc ddu hiéu tinh t& hon - ddu hiéu
" Diriclé va ddu hiéu Aben.

3.6. Ddu hiéu bDiricle
Dinh Ii. Gia su

a) f: (x, t) — f(x, t) 1A mét ham s6 lién tuc trén tap hop
R = [a, +=} % [¢, d] va ham s6

I
(b, t) = Fib, t) = [ f(x, t)dx

a
bi chan trén [a, +w) X e, d], tic 14 tén tai mot s5 K > 0 sao cho
[Fb, t)| < K véi moi b € [a, +=), t € [c, d] (1),

b} g : (x, t} = glx, t) xdc dinh trén R sao cho véi méi t & [c, d],
ham s6 x — gix, t) don didu trén [a, +o) va g(x, t) hdi tu déu
dén 0 trén [c, d] khi x — +=», tdc 12 véi mbi £ > 0, tén tai
b, = asaochob = b, = [g(x, t)] < £ véi mei t € [c, dl.

Khi dd, tich phéan

+ @

Ity = [ fix, t)g(x, tydx

hoi tu déu trén [c, d].

Chitng minh.* Tuong tu nhu véi dinh Ii A.1.11, ta ching minh
dinh 1i v4i gid thi€t b8 sung : Ham s6 g ¢ dao ham riéng g’
lien tuc trén R. Theo gia thiét, ham s& '

F:R—R

X
(x, t) — Fix, t) = [ f(u, t)du

4a

bi chan trén R. Vi vdi méi t € {c, d], ham s6 u +- f(u, t) lién
tuc trén [a, +) nén F’(x, t) = f(x, t), (x, t) € R. Ap dung cong
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thitc tich phan tiing phdn trén doan |b, b’] (v4i b* = b = a),
ta duoc
Iv b

[ fix, t)x, tydx = f F.(x, t)g(x, t)dx
Jal

= F(x, t)g(x, t) | - f F(x, t)g (x, t)dx (2)

Vi voi mbi t € {c, d]. ham s6 x +> gix, t) don diéu trén [a, +e)
nén véi méi t € [e, d), g (x, t) gitt ddu khong d6i khi x bién
thién trén f{a, +e«). Do d6 theo dinh li vé gia tri trung binh mso
rong cua tich phan, ton tai £ € [b, b'] sao cho

b’ b’
[ Fx, g (x, tydx = FE ) f g'(x, tydx
b b

= F& Olge, 01 |°27 = FE 0lgb, £ — g, bl.

Thay vao (2), ta duge
b
ff(x, tg(x, t)dx = [F(b’, t) - F&, t)1gl’, t) +[F(§, t}- F(b, t)]gb, t). (3)

Do do tx (1) suy ra

1f f(x, Dglx, tydx | < 2Kigh’, ] + 2Klgb, ]

Vi lim g(x, t) = 0 déu vdi t € [c, d] nén voi £ > O cho trude

x—+ =

bat ki, tén tai b, > a sao cho

x 2 b, = jgx t}| < 71% v6i moi t € (¢, d}.

Do ddé
b

b’z b = b, = ff(x t)g(x, t)dx| < 2K E+2K Z_KME

vai moi t € [c, d]. Vay tich phan I{t} héi tu déu trén [c, d]L]
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3.7. Ddu hiéu Ahen
bink Ii. Gia su

a) Ham s6 f : (x, t) — f(x, t) lién tuc trén tap hap
+ =

R = [a, +=) x [c, d] va tich phan [ f(x, t)dx hai tu déu trén [c, d],

4

b) Ham s6 g : (x, t} +» g(x, t) bi chdan trén R va vai mdi
t € [¢, d], ham s6 x v g(x, t) don diéu trén [a, +o).

Khi d6 tich phan

+ =

Ity = [ f(x, tyg(x, t)dx

hoi tu déu trén [e, d].

Chitng minh.” Ta chdng minh dink i v&i gia thigt bs sung -
Ham s6 g ¢d dao ham riéng g lién tyc trén R. Ham F : R - R

duge dinh nghia nhu trong ching minh dinh i 3.5. Lap luian
tuong tu ta di dén ding thic (3) trong chitng minh dinh li 3.5.
Vi ham 6 g bi chan trén R nén |g(x, t}] € M véi moi (x, t) € R.
Tu ding thic (3) suy ra

b b’
|ff(x, g(x, t)dx| = M | f fx, t)dx| + M| jf(x, t)dxl (1)
b & b

+ w

Vi tich phan f f(x, t)dx hoi tu déu trén [c, d] nén v6i £ > O

a
cho trude bat ki, tén tai b, = a sao cho
b
) [ . .
b zbzb = |{f(x,t)dx| < 5y VO moi t € {c, d].
Do do tu (1) suy ra

b
b 2b2b, = |j f(x, t)g(x, t)dxl < £ v6i moi t € [e, d].
b
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Theo tiéu chudn Cési, tich phan f fix, t)g(x, t)dx hoi tu déu

trén fe, d1.00

Vi du. Xét tinh héi tu. déu caa tich phan

sinx

+ =
Ity = [ e & dx trén [0, +e).
0

Ham s8 dudi ddu tich phan lién tuc trén [0, +) x [0, +)
néu ldy 1 lam gia tri cda né voi x = 0,

_ .. 8inx
[ e =5 |

<= e_ 1x
X

Do d6 tich phan da cho héi tu tuyét déi vdi moi t > 0. Véi

t = 0, ta duge tich phan f i%l—)-‘- dx. Ta da bi&t rdng tich phan nay
0
+ oo
ban héi tu. Chi cdn ching minh J{t} = f e X
E

sinx

dx (€ > O)
hoi tu déu trén [0, +o].
Ham s6 (x, t) v f(x, t) = sinx théa man diéu kién a) trong dinh

i ¢ ¢

H35vdi K =2 Voimbit= 0 ham s6 x — g(x, t) =

- X

e . .
gidm trén (g, +oo). Ngoai ra lim ——~ = 0 déu v6it =2 O wi
Xx— + o X
e X 1 : .
0 < S voi moi x > 0, t 2 0. Theo ddu higu Diriclé, tich
X

phan J{t} hoi tu déu vdi t = 0.

+ o
Co thé ap dung ddu hiéu Aben : Tich phan _f Slxﬂ dx hoi tu ;
! U]

ham s6 (x, t) — ¢ % bi chan trén [0, +eo) X [0, +) : 0 < e ¥ < 1
vdi moi x = 6, t = 0. Ngoai ra vdi mbi t = 0, ham s x — e™ ™
gidm trén [0, +=). Do d6 tich phan da cho hdi tu déu trén [0, +w).
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3.8. Cdc tich phan suy rong phu thude tham s6 cg dang

+

I fex, vdx va [ f(x, tydx

-]

duge dinh nghia tuong tu.

3.9. Tich phan cia cdc ham s6 khéng bi chan phu thuéce
tham so

Gia s £ : (x, t}) — f(x, t} 12 mét ham s6 xde dinh trén tap
hop R = (a, b] X [c,d] (a € R) va véi méi t € (c, d), tich phan
' b
Ity = [ fx, t)dx (1)
hét tu. Khi dé t — I{t) 1a mot ham s8 xac dinh trén doan {c, d].
Ta co

b
I(ty = lim | f(x, t)dt.
6—b0+ a+d

b) Ta ndi rang tich phan (1) héi ty déu trén fc, d] néu vai
mét s6 £ > 0 cho trude bat ki, tén tai mot s6 9, > 0 sao cho
a+d, € bva

atd

0<d=xd,=|[fx, t)dx| < & véi moi t € lc, d).
a

Ban doc dé dang thigt lap duge tiéu chusn Coési vé su hdi tu
déu cua tich phén, cac ddu hiéu Vayoxtrat, Diriclé... nhu trong

trudng hop tich phan phu thuéc tham sé trén csc khodng khéng
bi chan.

Tinh lién tuc. D8i thit ty tich phan. Tinh kha vi

3.10. Dinh li. N&u ham s5 f : (x, t) f(x, t) lién tuc trén
tap hgp R = fa, +») x [e, d] va tich phan
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+ =

Ity = f fix, tdx (1)

hoi tu déu trén {c, d] thi ham s6 I lién tyc trén [c, d].
Chitng minh. Goi 1 : [c, d] — R la ham s6 xdac dinh bdi

a+tn
L) = [ fix, dx, n=1,2 ..
A
Theo dinh 1i 1.2, I 12 nhitng ham s6 lién tuc trén [c, d). T
s¢ hoi tu déu cia tich phan (1) suy ra rang diay ham sé {1}
hoi tu déu trén [c, d] dén ham sd L. Do dg I lién tuc trén [c, d]
(theo dinh 1i IX.A.2.1)]

3.11. Dinh Y. Néu ham s f : (x, t) — f(x, t) lién tuc trén
tap hgp R = la, +e) x [c, d] va

+ =

ity = f f(x, t)ydx

hoi tu déu trén [e, d} th .
+ d

d
[ uat = [ dx [ fix, tdt,
L a C
tic Ia
d + + = d
[at [ fix, ydx = [ dx [ f(x, tydt.
C ) d <

Ching minh. Gia st {b_} 12 mot day s6 thuc sao chob, = a
va lim bn = 4+

n— + x

Theo dinh i 1.2, cac ham sé

b

n

I(t) = [ fix, t)dx
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déu lién tuc trén [c, d]. Do d6 chung kha tich trén doan nay.
Theo dinh i 1.4, ta cd

I

d n d
JIwdt = f dx [ fx, d.

& L3

Vi day ham sdé {L;} hoi tu déu dén ham s8 I trén [c, d] nén,
theo dinh li IX A.2.3, ta co

d d
J1de = tim [ 1 de

n—+= ¢
Tt d6 suy ra dang thdc cin ching minh. (]
3.12. DPinh 1i. Gid s% ham s6 f : {x, t) — f(x, t) va dao
ham riéng f’ : (x, t) ~» f’(x, t) cia nd lién tuc trén tap hogp
R = [a, +w) — [¢, d]. Né&u tich phan

+ =

Ity = [ f(x, tydx

hdi ty trén [c, d] va tich phan
. + =

Ity = f f(x, t)ydx (1)

héi tu déu trén [c, d] thi ham s& I cg dao ham trén [c, d] va

Lit) = Jit), t € [e, d],
tic la
+ +

d of
% J fx, tyax = [ 5 (6 bt
a

a

Chitng minh. Theo dinh N 1.8, tir gia thist suy ra ring cdc
ham s8

atn

I(t) = f fix, tydx, n = 1, 2, ..
H|
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¢6 dac ham trén [c, d] va

atn

Lty = [ £(x, tex,

Ti gia thiét suy ra rdng day {I } hoi tu dén [ trén [e, d] va
day {I’} hoi tu déu trén [e, d] dén J. Theo dinh H A. 2.5, tu

dé suy ra ring ham s6 I cé dao ham trén [c, d] va
I'(t) = J(t} trén fc, d1.0J
3.13. Mot s6 vi du

Ta sé 4p dung céc dinh li vita néu d€ tinh mot sd tich phan
suy rong.
Vi du 1. Tinh

+

I = [

0

dx
(xz +a—.:'2*); ,a > 0, n nguyén dugng.

Ta s6 ching minh ring ham sé 1 cé dac ham trén khodng
(0, +o) va

+oe
+ee
a _ —2na
I'ta) = [ Zx2+ad)y hx = [—=- -dx = -2nal_ (a) (1)
n (@) {aa(x 2 = S e o1 @) ¢
0

That vay, cac ham so

a
(xz + aZ]n +1

(x, a) = va (x, a) —

zx2—+“a2)“
déu lién tuc trén R x (0, +w). Hién nhién tich phan I (a) hoi
tu véi moi a > 0. Ngoai ra néu cho a bién thién trén doan ia, §]
vii 0 < « < § thita co

a

| € - -
{XZ 4 aZ)n +1 l (XZ +(12)n +1
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dx

Vi tich phan f héi (u nén tit d6 suy ra rung tich phan

(x#l,: p
+J-x — 2na —d
o2 rahpe X

hoi tu déu trén (e, fl. Ap dung dinh 1 310, ta duge ding thic (1)
voli moi a € [«, $}. Vi cé thé 18y cde 36 a > 0 va 4 > « mot
cach tuy ¥ nén dang thue (1) ding véi moi a > 0.

Tu dang thic

n
IL(ay = | — = =,
( ) { X‘ +a 2a
nho cong thde truy héi I '(a) = - 2nal_, (a), oo thé lien tigp

tinh duge I,(a), Lia),... :

[(a)—-—S,I()—Hl-35 2n-3) g @n-3 5

(2n—=2) 9xn-1 ~ 2n -2 a1

Vi dy 2. Tinh cde tich phz‘m

+ =

Ity = fer 228 dx va g = fﬁ’—‘ dx

0
Ta biét rdng ham s§ dudi ddu tich phan lién tuc trén tap hop
[0, +) X [0, +=) va tich phan I(t) héi tu déu trén [0, +x). Do
dé ham s6 I lién tuc trén [0, +oo) (T dinh H 3.10 suy ra rang |
lién tuc trén [0, a] v86i moi a > 0. Do dd 1 lién tuc trén [0, +ow)).
Ta dd ta cd

J = 10 = lim i),
"

Ta s& chi ra rang ham s6 I kha vi trén (0, +e) va tinh dao
ham cta nd. Hi€n nhién dao ham riéng
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T Xginx

lién tuc trén [0, +o) x [0, +o). Ngoai ra, néu « 13 mat 56 duong
bat ki thi véi moi t = «, ta ¢6 |e Ysinx| < e “* Vi tich phan
o

f e’ “*dx hoi tu nén, theo ddu hiéu Vayoxtrat, tich phan
0

+ or

f e~ Xginxdx
0

héi tu déu trén [a, +e). Theo dinh li 3.12, ham s6 1 ¢é dao ham
trén doan la, ] voi moi § > « va

+ % :
'ty = — fe_ Ysinxdx véi moi t € [, S
0

Ap dung cong thic tich phan ting doan [0, b] (b > 0), ta dugc

h

- fe_ Keinadx = [
0

cho b — +w, ta duge

e” ™(cosx +tsinx); x=h
1+t? ] |

1
'in=- . -— (1)
- i+12
vii moi t € |a, Bl. Vi cac s§ thuc a > 0, § > « la tuy ¥, tit d6
suy ra | kha vi trén (0, +o0) va (1) ddng vé&i moi t > 0. T (1)

suy ra
lit) = — arctgt + C véi moi t > 0,
C la mét hang s6. Tit bét dang thdc |sinx! < x vdi moi x = 0
suy ra
+ =
Iyl = f e Zdx = n vai moi t > 0.
0
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Do do lim I(t) = 0. Vay C = 2 va

|— + =
Ity = J% —arctgt, t > 0
Cho t — 0%, ta dugc
f E}E dx = le .
Vi du 3. Trong vi du A.2.10, ta da xét ham s6 gamma Ole

+ 2

I't) = [ e "ldx, t > 0.
0

Ta ching minh T lién tuc trén khoang (0, +w).
That vay, ta cd

+ o

r(t) = j e *xt " ldx +_fe xxt=ldx (1)

Hién nhién ham s6 dudi diu tich phan (x, t) +— e *x" ! lién
tuc trén [0, +w) X (0, +x}. Gia si a, § 12 hai sé thuc bat ki,
0 < ¢« < B. Khi d6 vé6i moi x € (0, 1] va véi moi t € [a, ],
ta cé

0 < e’ g g0 1 =
<! @
l

Vi [ -

o X

x
- héi tu vdi ¢ > 0 nén, theo ddu hiéu Viyoxtrat,

tich phan thd nhidt & v& phai cla (1) hoi tu déu trén [a, Bl

Tich phan thé hai & v& phai cha (1) cang hoi tu déu trén
[e. ).



That vay, v6i moi x = | va vdi moi t € [o, 8], ta ¢d

0 < x?e *x" 1 ¢ x2exxf 1= x1+8eX 5 0 khi x —» 4+,

Do dd, tén tai mot s6 b = 1 sao cho

x 2 b=xThex g1

1
T dé 0 < e %! < — voi moi x = b va moi t € [a, §1.
X

) + = dx ) ) )
Vi tich phan f = héi tu nén theo ddu hiéu VAyoxtrat, tich
X
1
phan thd hai d v& phai cda (1) hoi tu déu trén [a, #]. Theo dinh
li 3.10, ti d¢ suy ra rang cad hai ham s8

1 + 2
t — f e %! " ldx va t f e *xx! ~ idx
0 1

déu lién tuc trén [a, §]. Do dé ham s8 I' lién tuc trén [a, S1. Vi
co thé 18y o > 0 nhd tay y va £ ldn tuy ¥ nén [ lién tuc trén
khoing (0, +w). -

Ap dung dinh Ii 8.12, dé dang ching minh dudc ring ham s6
F ¢é¢ dac ham moi clp trén (0, +«).
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Chirong XI
TiCH PHAN BOI

Chuong nay gigi thiéu tich phan hai 16p va ba 16p. Dau tién
ta dé cap dén tich phan hai 16p trén moét hinh chir nhat dong
va tich phan ba 14p trén mét hinh hop chir nhit dong. Cac dinh
nghia, cde tinh chdt co ban va diéu kién kha tich trong céc
truong hgp nay dude xay dung hoin toan tugng tu nhu trong
_ truong hap tich phan don ¢ chuong IV. Tiép theo, ta ma rong
dinh nghia tich phan trén mét tap hop bi chan trong R? va R?
va x€t cdc tinh chat caa tich phan trong trudng hop tong quat.
Cdc dinh )i Phubinj cho phép dua viéc tinh tich phan hai 16p va
ba 16p vé viéc tinh tich phan mot l6p. Cdc cobng thic ddi bién
sé gilp ta chuyén cac tich phan cho trude thanh nhitng tich
phan dé tinh toan hon. Sau cung la tich phan béi suy rong, tich
phan boi phu thuéc tham s6 va mét vai dng dung vat li.

A. TICH PHAN HAI LOP

§1. TICH PHAN HAI LOP
TREN HINH CHU NHAT DONG
1.1. Phép phan hoach. Téng tich phan. Cic tdng Ddcbu

a) Chia hinh chit nhat R = [a, b} x [c, d] (a, b, c,d € R,
a < b, ¢ < d) thanh mét s6 hiu han hinh chi nhit dong

AR,, AR,,..., AR_
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o F-—-—=-
o h-————-
3

Hinh 31
gao cho hai hinh chit nhat khic nhau bat ki cd cdc phidn trong
khong giao nhau. Nhu vay méi hinh chiét nhat AR, c6 dang
AR, = {a, ] X [y, 6, [e, Bl C [a, bl, Iy, 81 C e, dl,
n
va IntAR, N IntARj =g@gviii=]) R=U AR
i=1
Goi |R! la dién tich hinh chit nhat R, |R| = (b -~ a){d - ¢).
Ta van dung ki hiéu AR, dé chi dién tich hinh chit nhat AR,
Khi dd
[H
IRl = D, AR,.
=1
M&i phép chia nhu vay goi 12 m¢t phép phan hoach hinh chit
nhat R, thudng duge ki hiéu 12 z. Nhu vay
% = {AR,, AR,, .., AR,}.
Goi d; 1a d¢ dai dudng chéo hinh chi nhat AR, S&

d(r) = max d;
i=1...n

goi la dudong kinh cia phép phan hoach x.
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b} Téng tich ph.m-z
Gia st f : R — R la mét ham sé xac_dinh trén
(%, y) — fix, y)
hinh cht nhat R = [a, b] x [¢, d] v&a & = {AR,, .., AR} la mot
phép phdn hoach hinh chir nhat R.
Goi P&, ) 1a mot diém bat ki ctia hinh chi nhat AR,
i=1, ., n Tdng

4]
6 =o(x P, ., P) = &, 5) AR,
i= 1

goi 12 tong tich phan cia ham s6 f dng véi phép phan hoach x
hinh chit nhat R va cach chon cdc diém P, € AR,

c) Céae tdng Pacbu.

o Gid st f : R — R 1a mot ham sé bi chan trén hinh chi
nhat R = [a, b] x [e, d] va 7 = {AR,, ., AR_} 1a mot phép
phan hoach hinh chit nhat R. Dat

m, = inf f(x, y}, M. = sup f(x,y),i = 1, .., n.

1
(x.y) € AR, (¥} € AR,

Cac téng
n n
s(m) = z mAR; va S(x) = z MAR, ,
i=1 =1
theo thu tu, goi la tng Dacbu dudi va tdng Dacbu trén cia ham
s0 f Wng voéi phép phan hoach m hinh chir nhat R.
Chi y rang v6i mot ham s6 f cho trude va vai mot phép phan
hoach m hinh chi nhat R, ¢d v6 s6 t6ng tich phan nhung chi cd
mot téng Déacbu dudi va mot téng Dacbu trén.

d) Véi gia thiét trong c), goi 6(x, P, ..., P ) 1a téng tich phan
cia ham sé f dng vdi phép phan hoach 7 hinh chi¥ nhat R va
ciach chon cdc di€m P o= (& g € AR, i = 1, .., n. Dat
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m = inf fix, y). M = =sup f(x, y)
xype R v e R

Khi dd. v61 moi cach chon cac diém P, € AR, ta déu co

m|R] < stz) < otx, P, P < Sin) € MIR| (1

n
d) Gia su
# = {AR,, AR,, .., AR}

va x'= AR, AR,, .. AR}

in
}a hai phép phan hoach hinh chit nhat R. Ta ndi rang 7’ min
han & néu mdi hinh chir nhat ARJ.’ cha 7’ déu chda trong mot
hinh ch@ nhat AR, ndo d¢ cia x.
Tuong ty nhu d6i voi phép phan hoach mét doan trong R,
e Né&u #’ min hon n thi
s(z’) = s(x) va S(x’) < S{x).
Tt dd suy ra
S(x’) - s(x’) s Sia) - s(a)

. ® s(7) = inf 6(x, P|,.. P ), 8iz) = sup 6(7, P,,.., P).
P €AR P € AR

e) Day chudn tdc nhitng phép phén hoach

Gia s {x } 14 mot day phép phan hoach hinh chi nhat
R = [a, b] x [e, d],

7, = {AR,, AR,, .. AR }.

P,

Day {x } goi la chuin tac néu lim d(r ) = 0.

n—x
1.2. Dinh nghia tich phan hai lép
(14 s f: R — R 1a mot ham s6 xac dinh trén hinh chit nhat
Ix, v} — fix, v}
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R = [a, bl x [e, d]. N&u tén tal mdr 36 thye | san cho véi
mot day chudn tac bat ki {7 } nhing phép phan hoach hinh chir
nhat R

i, = {AR,, &R, .. AR}

n 1A

va voi mét cach chon bat ki cdc di€m P, = (&, 5) € AR,

i=1 .., p, ta déu cd
Pa
lim 6, = lim a(z, P,, ., Ppn) = lim Ef(éji,;gl)AR]. =1
n-+= n-—+x n—=x = |

thi I duoe goi 1a tich phan hai 16p cia ham sé f trén hinh chit
nhat R va duge ki hiéu la

ff f{x, y)dxdy.
R

Khi dé ham s6 f duge goi la kha tich trén hinh chit nhat R.

2. PIEU KIEN KHA TiCH CUA MOT HAM SO

Tri dinh li cudi cung, cdc dinh li trong muc nay déu duge
chiing minh tuong tu nhu trong trudng hop tich phan don.

2.1. Dinh li. Néu ham s6 f : R — R kha tich trén hinh ch
nhat déng R thi nd bi chan trén R.

Day chi 14 diéu kién can ché khéng phai la du.

2.2. Dinh 1i. Gid st f : R — R 12 mo6t ham sé bi chan trén
hinh eh@ nhat R = [a, b] x [c, d] ; {z,} la mot day chudn tac
bt ki nhitng phép phan hoach R. Khi d¢ hai day téng Dacbu
{s(z )} va {S(x )} hoi tu va gisi han cta chung khong phu thusc
viao viéce chon day {z }.

2.3. Dinh nghia. Gia s f : R — R 1a m6t ham s6 bi chan .
trén hinh chit nhat déng R, {x_} la mot day chudn tac bat ki
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nhung phép phan hoach R. Khi dd. cdc 36 thyc lim sz} va
n--=+x

lim S(r ), theo thy tu. dude goi 1a tich phan dudi hai 18p va tich

o+

phan trén hai i6p cia ham s6 f trén hinh chit nhat R, ki hiéu la

ff f(x, yydxdy va ff f(x, yydxdy.
R R

Vi s(r ) < S(x ) véi moi n, nén

_ff fix, y)dxdy = ff fix, y)dxdy .
R R

2.4. Dinh Y. Gia st f : R — R 1a mét ham s6 bi chan trén
hinh chu nhat déng R. Khi do

a) s(n) = fff(x, yidxdy = ff f(x, y)dxdy € S{m),
R R

véi moi 7 € P(R),

b) sup s(x) = ff fix, yydxdy , inf S(7) = fff(x, yydxdy |,
aePwy R ey R

trong dd 9AR) 1a tap hgp tdt ca cdc phép phan hoach hinh chit
nhat R.

2.5. Dinh li. Gia s f: R — R 1a mét ham s6 bi chan trén
hinh chu nhat déng R. Khi dd { kha tich trén R néu va chi néu

ff f(x, y)dxdy = ff f(x, y)dxdy.
14 R

RV, T —

2.6. Dinh li. Gia s f ]a mo6t ham sé bi chan trén hinh chir
nhat dong R. Khi dé f kha tich trén R né&u va chi néu vdi mot
s6 £ > 0 cho trudc bat ki, ién tai mét phép phan hoach x hinh

chir nhat B sao cho
Sim) - s{7) < £
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Tu dinh 1i nay, tuong tu nhu d6i vai tich phan don, dé dang
ching minh dinh ¥ sau :

2.7. Dinh li. Ham 6 { : R — R lién tuc tréa hinh chi nhat
déng R thi kha tich trén R.

Tdng quat hon, ta cd

2.8. Dinh 1i. Gia s& ham s6 f x4c dinh va bi chin trén hinh
chit nhat dong R. Né&u t6n tai mdt tap hop E C R cod dién tich
khong va ham s6 f lién tuc trén R \ E thi f kha tich trén R.

Chitng minh.* Tén tai mot s6 M > 0 sao cho |f(P)| < M véi
moi P € R. Cho¢ > 0 tuy y. Vi |[E| = 0 nén dé do Giodedan
ngoai cia E bang 0. T dinh nghia clia dé do ngoai suy ra ring
ton tai mot phép phén hoach n = {AR,, .., AR } caa R sao cho
téng dién tich cde hinh chit nhat AR,co di€m chung véi E nhé
han &. Goi C 1a hop cua ciac hinh chit nhat déng AR. khéng c¢
di€ém chung v6i E. Vi C 13 dong va bj chan nén C la mot tap
hop compic trong R%. Ham s6 f lién tuc trén C nén lién tuc déu
trén C. Do d¢ t6n tai mét s6 8 > 0 sao cho

VP, Q e C) ||P - Qll < &= {f(P) - fQ)} < ¢

Néu cdn thi thay = bdi mét phép phan hoach hinh chit nhat

R min hon, ¢6 thé coi d(n) < §. Ta ¢d

S(r) — s(r) = > (M, — m}AR,
1=1

= > (M, ~ m)AR; + 2., — m)AR,.
(M, = sup f(x, y), m;, = inf f(x, y)), téng Z] chia cdc s6 hang
(xv)E AR, xy) € AR,
ma AR, C C, téng 22 chia cic s6 hang con lai. Khi dd
XM~ mAR, < £), AR, < &Rl
2 (M, — m)AR, < 2MY AR < 2Me.

203



Do dg
Siay - slm < (R} + 2M)s.
Theo dinh li 2.6, ti d6 suy ra f kha tich trén R. |

Xem nhu mot bai tap, ban doc hay ching minh dinh li sau.
2.9. Pinh li. Gia s& f Ia mét ham s8 xdc dinh trén hinh chi
nhit R = [a, b] x Ic, d} va 1 14 mdt sd thuc
ff f(x, y)dxdy =1
R
khi va chi khi véi moi sé duong £, tén tai mét s6 duong J sao
cho v6i moi phép phan hoach x hinh chi nhat R
a = {AR|, AR,,. .., AR}

R n!

va v6i moi céch chon cac di€m (£, n,) € AR,, i =1

n
d@r) < 6 = |2 fi&, g)AR, — 1] < €.
1=1

§3. TICH PHAN HAI LOP
TREN MOT TAP HOP Bl CHAN

3.1. Dinh nghia. Gia st D 1a mdt tich phan bi chan trong
R? va f : D — R 1a m6t ham s6 bi chan trén D. Khi dé tén tai
mét hinh chit nhit déng R chida D. Goi f, : R — R la ham sé
xac dinh bdi

£ _ |f(x, y) voi (x, y) € D,
o ¥) = 0 voi(x,y) € R\D

Né&u ham s6 f, kha tich trén R thi ta ndi rang f kha tich trén D
va dinh nghia

[ fx, yydxdy = [ [ £ (x, y)dxdy.
> R

Dé& dang ching minh duge rang gia tri ff f (x, y)dxdy khong
R
phu thuéc vae viée chon hinh chi nhat dong R chia D.
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Y nghia hinh hoc cua tich phéan hai lgp

3.2. Dinh 4. Gia st D [a moét tap hop bi chan trong R:

f:D — R la mét ham s6 b chan va khong am trén D Dat.
A = {(x,y,z)ER3:(x,y)ED,Oézéf(x,y]}.

Néu f kha tich trén D thi tap hap A la do dude theo nghia

Giodedan trong R3 va thé tich cua A la
viA) = |A| = ff fix, y)dxdy.
p!

Chitng minh. Gia sd R 1a mét hinh cha nhat dong chita D
va n = {AR,, ., AR_} 1a mdt phép phan hoach hinh chi nhat
R. Goi f  : R — R 1a ham s6 xac dinh t& f néu trong dinh nghia
3.1, s(z) va S(x) la cac tdng Dacbu cia ham sé f, ing vai x.

n
Dé dang thdy rang s(x) = 2 m AR, 1a tdng cdc thé tich cua cac
1= 1

n
hinh hop chit nhat chia trong A va S(r) = > M|AR, 12 téng cac
gt
thé tich cta cdc hinh hop chi nhat cd diém chung véi A. Vi

ff [,(x, y)dxdy = sup s(r) va ff f,(x, y)dxdy = inf S(x) nén
R x Ry R e RRr)

tit d6 suy ra
J Tt yydxdy < v, va [ [ fx ydxdy = v, (1)
R R

Vo va V,, theo thd tu 12 d§ do trong va dé do ngoai eda A.

Néu f kha tich trén D thi [ [ f(x, y)dxdy = [ [ [ (x, y)dxdy =
R R

= ff I (x, y)dxdy = ff f(x, y)dxdy. Do dd tit (1) suy ra
R D
va =V, = ff f(x, y)dxdy. Vay A do duge theo nghia Giodedan
trong R3 va tll)né' tich ctia tap hgp A Ja

Al = [ [ f(x, y)dxdy. [ ]
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3.3. Dinh li. Gia sq D 12 mét tap hop bi chan trong R? va
¥ : D = R la ham s6 xdac dinh bdi y(x, y) = 1 v0i mo {x, y) € D
Tap hop D la do dugc theo nghia Giodedan khi va chi khi y kha
tich trén D. Khi do

|D| = _ff ¥(x, y)dxdy = ff dxdy.
13 D

Chitng minh. Goi R 12 mot hinh chi nhat ddng chia D,
Z, : R —> R la ham s6 xac dinh ti y nhu trong dinh nghia 3.1
Gia st =7 = {AR,, .., AR} 1a mot phép phan hoach bat ki hinh
chit nhat R, s(r) va S(x) va cdc tdng Dacbu cua ham s6 y,, dng
véi . Khi dd s(n) 1a téng dién tich cia cac hinh chit nhat
AR, chida trong D va S(x) la t6ng dién tich cla cac hinh chit nhéat
AR, c6 diém chung vai D. Do dd [ [ y(x y)dxdy= s, va

R

T J zyx, yydzdy = 8,
R

sy va S, k4 do do trong va db do ngoai cha D. Tt dd suy ra
rang y kha tich trén D khi va chi khi s;; = S, tdc 14 D do duge
theo nghia Giodcdan. Khi dd dién tich cha D la

ID| = [ [ z,(x, y)dxdy = [ I xx, yydxdy = [ [ dxdy. L]
R D D

3.4. Hé qud. Néu D la mot tap hop bi chan trong R? thi D
la do duoc theo nghia Giodedan khi va chi khi bién cia D cd
dién tich khéng : {4D| = 0.

Chitng minh.* Ta gilt nguyén cac ki hiéu trong 3.3. Gia st D

la do duoge theo nghia Giodcdan, Khi d6, theo 3.3, ham s6

%, : B — R kha tich trén hinh chit nhat R. Cho ¢ > 0 bit ki.

" Theo 2.6, ton tai mét phép phan hoach n hinh chit nhat sao cho
£

Sy - slx) <« 3 (1)

Hiéu S(z) — s{n) la tdng dién tich cua cac hinh chi nhat AR,
cé diém chung v6i 9D va khong chda trong D. Ngoai ra cd thé
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¢ nhing hinh chi nhat AR chida trong D va ¢6 diém chung
voi 9D, Hién nhién cac di€m chung cua oD va ARJ- déu nam trén
bién cua AR, Vi vay cd thé chia méi AR{I dé thanh cde hinh chi
nhatl nhé hon sao cho téng dién tich cta cac hinh cha nhat c¢d

diém chung vai 9D nhé hon g, Goi 7> 1a phép phan hoach hinh

ch® nhat R nhan duce L & sau phép chia cac hinh chir nhat
AR; (cd di€m chung véi 9D va chda trong D). Vi 7' min hon =

nén tu (1) suy ra S(r’) - s(x’) < % . Do dd téng dién tich cac

hinh chit nhat AR cta 7’ cd diém chung vai 9D nhod hon . Vay
|sD| = 0.

Dao lai, dé& dang chung minh duge rang néu |9D] = 0 thi D
12 do dugc theo nghia Giodedan. [

3.5. Hé gud. Néu ham 6 [ - [a, b] —= R kha tich trén [a, b]
thi dé thi I' ctta f ed dién tich khong.

Chitng minh. Khong lam giam tinh tdng quat cta vin dé, co
thé gia thiét f(x) > 0 trén [a, b). Vi f kha tich trén {a, b] nén
tdp hop

D={(x,y}ERz:aﬁxsb,{)syéf{x)}

la do duge theo nghia Giodedan trong R2. Theo 34, tit dé suy
ra |#D] = 0.

Vi C 4D nén t& d6 suy ra |T| = 0. [

Tap hgp mé lign thong trong RP duge goi 1a moét mién trong
RP. Néu D la mét mién thi tap hop D, bao ddng cia D goi la
mot mién déng ; D cing la mét tap hop lién thong.

Tit 34 va 35 suy ra

3.6. Hé gud. N&u bién cua mdt mién bi chan D trong R?
12 hgp clla mét ho hitu han cung sao cho mdi cung la d6 thj
cia mét ham s§ lién tuc y = yix),a € x £ b hoac x = x{y),
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¢ £y < d thi D la mot tap hgp do duge tta xem dié€m la truéng
hgp dac biét cua cung).

Mién bi chan trong R? théa man cic diéu kién caa 3.6 goi la
mot mién chinh quy trong R~

Phan trong cia mdét dia elip, phan trong cua mot hinh tron
bo di tam hoac bé di mot ban kinh, phdn trong cia modt hinh
vanh khan la nhiing mién chinh gquy trong R*.

§4. CAC TINH CHAT CO BAN CUA TICH PHAN HAI LOP

Cac dinh li sau day (4.1, 4.3, 4.4, 4.5) dugc ching minh trude
h&t cho tich phan hai lép trén mot hinh chii nhat ddng tuong
ty nhy trong trudng hgp tich phan dan. Tu dinh nghia 3.1 suy
ra rang cdc dinh li vAn dung d6i v6i tich phan hai 16p trén mot
tap hop bi chan

4.1. Pinkh Ii. a) Néu f va g 1a hai ham s6 kha tich trén tép
hop bi chan D C RZ thi ham s& f + g ciing kha tich trén D va

1 tfx,y) + gx, Mdxdy = [[ f(x, y)dxdy + [ [ glx, y)dxdy
D 1 13

b) Néu ham s6 f kha tich trén D va a € R 12 m6t hiang s6
thi ham s6 of cing kha tich trén D va

ff af(x, y)dady = « ff f(x, y)dxdy
(B D

4.2. Nhan xét. Goi R(D) la tap hop cac ham s6 kha tich trén tap
hop bi chan D C RZ Dinh li 4.1, o6 thé dudc phat hi€u dudi dang

a) R(D) la mét khéng gian tuyén tinh thuc.

b) Ham s6 R 3 f — [ [ fx, y)dxdy
1>

la mot dang tuyén tinh trén RiD).
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4.3. Dinh L. Néu f va g 1a hal ham so kha uch trén tap hop
bi chan I} € R? va fix, y) < gix, y) véi moi (x, y» € D thi

ff fix, y)dxdy = ff gix, vidxdy
(B] I

Dac biét, néu f la mo6t ham s6 khéng am kha tich trén D thi

[ ] 1z, vidxdy = 0
)
4.4. Hé qud. Gia st D) la mot tap hop do duge trong R” va f
14 m6t ham s6 kha tich trén D Néu m va M 14 hai s6 thye sao cho
m < fix, y) £ M vdi moi (x, y) € D
thi
m|D| < [ [ fix, y)dxdy < M|Di.
D
4.5. Dink li. Néu ham s8 [ kha tich trén tap hgp bi chan
D < R? thi ham s& |f] cing kha tich trén D va

| It y)ddeI < [ [ |fex, y)l dxdy.
12 b

4.8. Dink Ii. Néu D la mdt tap hdp do duge trong R va ¢
12 m6t ham s& lién tuc va bi chan trén D thi £ kha tich trén D
Chitng minh. Gia st R la mét hinh chit nhat dong chia D va
f,: R = R la thac tri€n cha f (trong dinh nghia 3.1). Vi D la do
duge nén |9D| = 0. Hién nhién f, lién tuc trén R \ 3D. Do do theo
dinh 1i 2.8, { kha tich trén R, tdc la f kha tich trén D. L]
4.7. Pinh . Néu D la mot tap hop o6 dién tich khéng va f
12 mo6t ham s6 bi chan trén D thi f kha tich trén D va
[ f fx, y)dxdy = 0.
8]
Chitng minh, Gia st [fix, y)] € M vdi moi (x, y) € D va ¢
1a mot s6 duong cho trude bit ki. Goi R 12 mdt hinh chiu nhat
déng chia D va £ : R — R la thac trién cia f. Vi D co dién
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tich khong nén tén tai mét phép phan hoach 1 hinh ché nhat
R sa0 cho téng dién tich cta cac hinh chi@ nhat AR, ¢d diém
chung véi 13 nho hon ¢ Goi str) va Sur) 14 cac tdng Dachu cia
f, tUng véi 7. Dé dang thdy rang Si1) - s(n) < 2Ms. Vay f kha
tich trén R. Do d6 f kha tich trén D va
| ] foo yydsdy | < [ f Ifix, yyldxdy < MID| = 0
B N
Vay ff fix, yydxdy = 0. L]
D
4.8. Dinh L. Gia stt g : D — R 1a moét ham s6 bi chan trén
D va f I4 mot ham s6 kha tich trén D. Néu t4p hgp E € D c6
dién tich khong va g(x, y) = fix, y) voi moi (x, y} € D \ E thi
g kha tich trén D va ff gix, yidxdy = ff fix, y)dxdy.
N 13
Chung minh. Gid s&@ R la mét hinh chit nhat ddng chda D, £,
va g, la thdc tri€n coa f va g trén R. Khi do ham s6 h, = g, - f,
bi chan trén R va bang 0 trén R \ E. Theo dinh 1i 4.7, ham s8
h = h, | lakba tich trén E va [ [ h(xy)dxdy = 0. Diéu d¢ co
i 1
nghia la h kha tich trén B va [ [ h dxdy = 0. Theo dink li 4.1,
R
tit dé suy ra rdng ham s6 g = [ + h 1a kha tich trén R va
S [ gdxdy = [ [ fdxdy + [ { hdsde = [ [ fdxdy Vay g kha
R R R R
tich trén D va [ [ gdxdy = [ [ fdxdy.
3] 1
4.9. binh li. Gia st D va D, la hai tap hop bi chan trong
R-. D, N D, c6 dién tich khong. Néu D = D, U D, vaf:D =R
la moé6t ham sd kha tich trén D, va D, thi { kha tich trén D va

] fx, yyaxdy = [ [ fix. yydxdy + [ [ f(x, yydxdy (1)
[y D, 1,

Ching minh. Gia s R la mot hinh chd nhét ding chda D
va f : R - R la ham s6 xdc dinh bdi
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jf(x, y} voi {x, y) € D,

fi(x, y) =
' 0 véi (x, y) € R\ D,

i = 1, 2. Tu gia thiét suy ra rang f, va f, 1a nhitng ham s6 kha
tich trén R va

JJ tx, yydxdy = [ [ fix, yyaxdy, i = 1,2 (2)
R 1>

Theo dinh Ii 4.1, tit dd suy ra rang ham s8 f; + f, kha tich
~trén R va

ST (¢ + fdxdy = [ fidxdy + [ [ fdxdy (3
R L3 R

Vi f(x, y) = fi{x, ¥} + f;{x, y) v6i moi (x, y) € D \ (Dy N By)
nén, theo dinh H 4.8, f kha tich trén D va

[ tx, yydxdy = [ [ [f(x, y) + f(x, y)ldxdy
D D
= [ f(x, y) + L(x, pldxdy  (4)
R

Tit cac ding thde (2), (3), (4) suy ra ding thic (1). [
Céc dinh H vé gia tri trung binh cta tich phan

4.10. Pinh li. Gia sd D la mot tap hop do duge, f : D = R
12 mdt ham s8 kha tich trén D. Néu

m < f(x, y) < M véi moi (x, y) € D

thi tén tai mot s8 4 € [m, M] sao cho

J J fx, y)dxdy = u|D|.
D

Chitng minh. Néu | D| = O thi k&t luan hién nhién dung. Gia
stt |[D| > 0. Tu bat dang thic trong 4.4 suy ra

1
m = B ff f(x, yydxdy = M.
i3
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1 \
S6 « = Dl I | fx, y)dxdy théa man két luan cua dinh li. |. |
13

4.11. Dinh li. Néu D 1a mét tap hgp déng do duge lién thong
va f: ) - R la mét ham s6 lién tuc trén I thi ton taj mot
di€ém P = (&, ) € D sao cho

T fx, yydxdy = P)| D
13

Chiing minh. Gia st |D| > 0. Vi D 1a mot tap hdp déng va
bi chin nén ndé la moét tap hgp compéic (chi y rang tap hop do duge
la bi chan) Dat m = inf f(x,y), M = sup fix, y). Do

ixy)ED xyvIED

1
“ = Tor {J fix, yydxdy € [m, M] va D la mét tap hop lién
1>
théng nén theo dinh i V.11.13, tén tai it nh&t mét didm
P = (¢, n) € D sao cho f(P) = u.
Né&u {D| = O thi hién nhién dinh li ding. []

§5. CACH TiNH TICH PHAN HAI LOP

Cac dinh li sau cho phép dua viéc tinh tich phan hai lop vé
viéc tinh cdc tich phan mot lap.

5.1. Dinh li Phubini (Fubini) trén hinh chi nhat

Giast f : R — R 13 mét ham sé kha tich trén hinh chit nhat
dong R = [a, bl x [e, d].

a) Néu v6i méi x € {a, b], ham s6 y — f(x, y) kha tich trén
[e, d] thi ham sé
d
p(x) = [ f(x, y)dy
kha tich trén [a, b] va

212



b
J I i, yyaxdy = [ p(xydx ,
R a :

uic 1a
b d
J T tx, yydxdy = | [J fex, iy |a (1)
R a [

b) Néu v6i mbi y € [c, d], ham s6 x — f(x, y) kha tich trén

[a, b} thi ham s&

h
Py} = [ f(x, y)dx

kha tich trén [e, d} va

d b
J [ iz, yydxdy = [ [ I fx, y)dx] dy. (2)
34 C a

Dac biét, néu f 12 mdt ham s8 lién tuc trén R thi ta cd dong
thoi hai dang thic (1) va (2).

b d
(Tich phan [ [ § fx, y)dy] dx thudng duge viét dusi dang

Aa <

b d

f dx f f(x, y)dy va goi 1a tich phan lap).

d C

Ching minh. a) Giad st {z,} 12 mét day chufin téc nhiing

phép phan hoach [a, b},

L — —
:rn.a-xo<x]<...<xpn—b.

Léy cdc di€m bat ki & € [x,_,, x] va lap t8ng tich phan

Py
On =1 0(p, 77y &y, s 5 ) = D p(E)AK;
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Ta ching minh

limo, = ff f(x, y)dxdy.
n o= 4
Goi {7’} la mot day chudn tde nhitng phép phan hoach doan
[c, d].

31

A R STRSER S A d.

Khi d6 1, = {Ax, x Ay;} = {[x , 3] X ly_pylbi=1, ... p,
i=1 .,q,n =1 2, ... 1a mot day chudn tédc nhirng phép
phan hoach hinh chit nhat R. Pat’

m, = inf  f{x, y), Mij. = sup f(x, ¥) .

(x.y) € Ax ¥ ‘5-"_1' (x.¥) € &x; X ij
ta cd
m, < fix, vy} < M!.j véi moi (x, y) € Ax, x ij,
Dac biat,
m, < fl&, y) < Mij vdi moi y € Ay,
Do do
y.
m; ij = Jl (&, ydy = Mijij =1
y]'—;
4,
z m Ay, < f f¢&, vdy < X, Mjay,
i=t 1=1
tic la
l“]" qn
> mdy; < pE) < 2 My, i =1, .., py
i=1 =
T do
m4, Py n,4q,

2 z m Ax Ay, z PpENAX, < z z M; bxAy,

i=1j=1 | [ T |
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tue ia
s(f, 7.V € 6, s §(, ) voi moi n,
stf, @ v va B(f, 7)) 1a cdc tdng Dacbu cta ham sd [ dng voi
phép phéan hoach v hinh chit nhat R.
Vi f kha tich trén R nén

im s(f, ) = lim S(f, 7) = [ [ fix. y)dxdy.
R

n—x n— =

Do dé lim 6, = ff fix, y)dxdy.

-+ iR
b} duge ching minh tuong tu.

Néu ham s6 f lién tuc trén R thi no kha tich trén R. Hon
nta vol méi x € [a, b], ham sé y — f(x, y) lién tue trén e, d].
do d¢ kha tich trén [c, d]. Vi vay ta co ddng thic (1). Tuong
ty ta cd (2). []

Vi du Tinh I = [ [ (x +y)ldxdy, R = [0, 1] x [0, 2].
R

2

1
Tacd 1= f dx f (x + y)dy,
0

1]
F gy . X FYP 2 _ 1 o3 _ 1 s
{(x +yydy = gt ‘_»-:-u =g +2P% - 2 i,
1 1! 16
I=§{{x+2)3dx—§{x3dx=-—3-—_

5.2. Dinh li Phubini trén tap hop bi chan.

Gia st ¢, va p, 1a hai ham s8 kha tich trén [a, bl, (X)) € plix
vdi moi x € [a, b],

D= {(x,y):a £ x € b, Pix) € y € pyxd}



Néuw fla mot ham 86 kha tich tron I va val mét x € (a, bl,
ham s6 v — fix. y} kha tich trén doan [p 1x), ¢,1x)] thi ham s0
LX)

px) = [ f(x, y)dy
¥, (X)
kha tich trén [a, b} va

b
TT e, yydxdy = [ pexydx,
1>

}

a
tue la
b ‘f':(x)
ff f(x, y)ydxdy = f dx f fix, y)dy (1)
15 a (%}

(Né&u ¢, ¢, déu lién tuc trén [a. b} va f lien tuc trén D thi
ta ¢d dang thic (11,

Ching .m:'nh. Vi £ Py kha tich trén [a, b] nén ching bi chan
trén [a, bl. Gid st ¢,(x) 2 ¢ vA p,(x} < d véi moi x € [a, bl
Khi d6 D chita trong hinh cht nhat R = [a, b] X [c, d]. Dat

[ fix, y) vai (x, y) € D,
fn(x’ y) = ﬁ
| 0 v6i (x, ¥y} € R\ D.

Khi d6, theo dinh nghia 3.1 cia tich phan trén mét tap hop
bi chan, ta cd

ff fix, v)dxdy = ff f(x, y)dxdy 2)
D R

Thee dinh 1 5.1, ta co

b d
ff 6 ndxdy = [ dx f f(x, y)dy
R a .
b ¥ .x)
= [ dx [ fix, My (3)
i ¢ Ax)
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y
dlL-- -
T e N Y E as(x)
\_‘____‘_A,/_N--\\ y - (p1(x)
C ______
) [
s s
0 a X b "X
Hinh 32
vi vé6i mdi x € [a, b,
d ¢ ,(x) ¥ 5(X) d
T =, mdy = [ fx, dy + [ fx, y)dy + | fx, y)dy =
¢ c (0 9,0
P(x)
= [ f(x, y)dy.
¥ ,(x}

Tir (2), (3) suy ra dang thic (1) can ching minh. [
Vi du. Tinh 1 = ff (5x* — 2xy)dxdy, trong dé D la tam gisc

N
gidi han bdi dutng thidng x + 2y = 2 va hai truc toa do.
Ta co6

D={(x,y}:04x52,05y51~.’25}

1 -=

2 P
I = [ dx [ (522 - 2xy)dy,
0 0
X
1 3 | X
J (6% — 2xy)dy = (5x% — xy?) |2 =
0 y=1
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. ,
= — = x' + 6x° - X

4

I=f (—}1 x* + 6x° —x)dx:i}.
0

Tuong tu nhu 5.2, ta cd
5.3. Pinh &, Gia st
D =1{x 5 ¢ fy) € x ¢,y c <y < d}

trong d6 x = y,(y} va x = y,ly) 1a hai ham s6 kha tich trén
fe, dI, v ly) € ¢,{y) v0l moi y € [c. dl.

Néu f : D —= R 1a mot ham 56 kha tich trén D va vdi mbi
y € [e, d], ham s8 x — f{x, y) kha tich trén doan
[y, (¥), ¢,(v)] thi ham s6

bo(v)

piy) = | f(x, yydx
v {¥)

kha tich trén [e, d} va

d
[ fix. yydxdy = [ p(y)dy .
8] s
d ey
tuc la ff fix, yydxdy = f dy f {(x, y)dx.
1 S !;-I(_v}

Hién nhién, dinh i dung néu 4, ¥, I hai ham s6 lién tuc

trén fc, d} va f lién tuc trén 1.

$6. PHEP DOI BIEN SO TRONG TICH PHAN HAI LOP

Trong nhiéu trudng hogp nho mét phép dai bién s thich hop
¢ thé dua mét tich phan hai lap cho trudéc vé mot tich phén
dé tinh hon. Ta thia nhan dinh li sau :
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6.1. Dink &. Gida st U la mét tap hop md trong RZ, D la
mot tap hdp con do duge compic cla U, ¢ : U —» R? |a anh xa
xic dinh bdi

plu, v} = (x(u, v}, ylu, v)),
trong dé
® Cic ham s6 x, y : U — R thugc 16p C! trén U

H

e Thu hep cia ¢ trén IntD la mot don anh,

Dix, y)

e Giacébian J(u, v) = Diu, v)

# 0 véi moi {u, v) € Inth.
Khi dd
a) p(D) 1a mét tap hgp compic d6 duge.

b) Néu f : (D) — R la mét ham s6 lién tuc trén (D)) thi
If (l))f(X,y)dxdy = ff{)f[X(u,v),y(u, Wild(a, v)[dudv. (1)
¥

6.2. Phép d6i bién s6 trong toa dod cuc
Xét 4nh xa
p : R2 — R?
B, r} B 1) = (x, v
vidi x = rcos#, y = rsinf.
Anh za ¢ ¢é cac ham s6 thanh phdn x, y : R? > R thuéc l6p
C* trén R? (tic 1a nhitng ham s6 c6 cac dao ham riéng moi cdp
lién tue trén R?) va co giacebian

_ Dxy) _

— rsin¥ cos#
96, 7} = v =

reos! sinfd

= — T

Dé dang thay ring p khong phai la mot song anh. Tuy nhién
véi m6i « € R, thu hep cua ¢ trén tap hop

A= [a, a+ 21) x (0, +o)

12 moét song anh ti A lén R? \ {(0, O)}.
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Chi y ridng anh cia nda dusng thang {a} x {0, +w) gua anh
xa ¢ la nia dudng thang D goéc 00, 0} tao véi truec Ox gic a.
o dd thu hep cla dnh xa ¢ trén tap hop mao

Uu = {a, a + 21) x (0, +=)
la mot song anh ti¥ U, 1én tap hgp mé R? \ D (mit phang

bd di nia dudng thang déng D). Ngoai ra J(f, r) # 0 vdi moi
i, e UQ,

Né&u D la mot tap hdgp compice do duge sao cho IntD C U
voi mot ¢« € R nao dd thi thu hep clia ¢ trén Int 1) 1A mét don anh
va J(@, v» = 0 trén IntD. Khi dd, +d1 mot ham s6 f : p(D) — R bat
ki lién tue trén (D), ta co

f_f f(x, y)ydxdy = ff f(rcos 6, rsinf)rdrds.
D} D

Vi dy. Tinh 1 = | | e_"l_yldxdy , trong dd A la hinh trdon
A
don vi (A = ((x,y) € R2: x2 +y% < 1}).

Chuy&n sang toa d6 cuc, dat x = rcosf, y = rsinf, dé dang
thdy réang A = (D) vai

D=8 :0<8< 21 0<r <1} =[022] x [01].
Do ddé

2 1
1= [fe “rad6 = [ do [ e Trdr
12 0 0

6.3. Nhdn xét. Néu trong cong thite (1) trong 6.1, ta My fix, y) = 1
véi moi (x, y) € ¢(D) thi v& trai la dién tich caa ¢{D). Ta co
lp| = [ [ 19(u, v)|dudv. Goi D_1a hinh tron déng tam
(b]
(u, v) ban kinh r, M_ v2 m_la gia tri 16n nhdt va nhé nhat
caa |Jd(u, v)| trén D Khi d6
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miID} < f [ {Jwu, vildudy < M D,
)
m, D} < D) < M| D,
(D)l v

s T = .
l'l'lI_ |Dli r

Khi r — 0, M, va m_ déu din dén |dtu,, v ). Vay

Gia tri tuyét d6i cua Giacébian cua anh xa p tai di€m (u ,
bing gidgi han cla ti s6 cdc dién tich clia hai tap hop (D) va D,
trong d6 1) 1a lan can cua didm (u, v)), p(D) la anh cia D qua
anh xa ¢ khi D thu din vé diém (u

A r)

o Vo)

6.4. Tich phan hai l6p trén mét tap hup déi xing

Gia sit ham s8 f : D — R kha tich trén tap hop D ¢ R2, va
D 1a mét tap hap d6i xing (qua mét dudng thing hoac qua mdt
di€m). Ta ki hiéu .9’ 1a phép déi xing do. Gia si

D =D, UD,D, =.%(D)), D, D, la nhitng tap hop do duge
va |[D, N D,| = 0. Khi dd, ti dinh nghia cia tich phan hai lép
suy ra

a) Néu véi moi (x, y) € D, f{.%(x, y)] = f(x, y) thi

J [ fx, yydxdy = 2 J I fix, y)dxdy,
iy I)]

b} N&u voi moi (x, y) € D, f[,/(x, yH = - f(x, y) thi
J [ fix, y)dxdy = 0.
13

Vi dy. Tinh T = ff (x? — y%)dxdy,
§]

I T
D la dia elip 2 + b2 £ L
Tap hop D d6i xing qua hai truc toa dé. Ngoai ra, ta cg

fix, -y) = f(x, y) va f(-x, y) = fix, y} v6i moi (x, y) € D.
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Do dd néu dat
Dlz{i.x.y)el'):xzo,y;()}
thi

1 =4 [ [ (x* - yHdxdy.

D,
Thuc hién phép d6i bién s6 x = arcosl, y = brsinf,, ta co

|d(r, ) = abr val = 4 f_f r(aZcos? — blsir@)abrdrds,
A
trong dd

A={(r,8;;0srsl,0sgs_%},

a
2

1 =4 f.do | ab(a’cos® - blsind)ridr
0 0

2
1= %5 J [a¥1 + cos26) - bi(1 — cos26)] df

4

fal — b2 + (a2 + bd)cos 26] d6,

it
po!
S oy b | H

mab(a® — b%)
; .

7. THE TICH VAT THE

Gia st D 1a mot tap hop do duge trong R%, ¢, va ¢, 12 hai
ham s6 kha tich trén D, ¢ (x. y) € @,(x, y) v3i moi {(x, y} € D.
Goi B la tap hop trong R xac dinh bdi

B = {ix, y, 2) ER:ix,y) €D, pix,¥) £ 2= P,(x, ¥}
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Tu dinh 1i 3.2 dé& dang suy ra ring thé tich cta tap hop B
{vat thé B) 1a

=IBl = ff [Pa(x. ¥) = ¢ (x, y)] dxdy.
1>

Vi du. Tinh thé tich elipxéit

x2 LI
N AT

5

a‘ b? (ol
Mat phing z = 0 chia elipx6it thanh hai phdn cd thé tich
bang nhau. Phan elipxoit nam vé phia trén mat phing z = 0

' gidi han bdi mat z=¢ 1'——;——“ va dia elip D, P S
- a2 bl

(trong mat phdng z = 0). Thé tich caa elipxéit 1a :

x2 2
= 2¢ ff \’ 1 T2 bE dxdy.

Chuyén sang toa do cuc {md réng) : x = arcosd, ¥ = brsing,
ta dugce

2 1
= 2abe [do VI~ Zrdr= - Zzabcf\{_—_zd(l -
0 0 0

xabe.

4 gl 4
= — 5 mabe(l — )3 |[l = 3

3

§8. DIEN TICH MAT CONG

8.1. Mat tham sé tron

Dinh nghia. Gia sit U 1a mot mién trong R* (tde 1a mot tap
hop mé lién théng trong R2) va 2 la mot mat véi bigu dién
tham sd8

X = xl(u, v}, y = ylu, vi. z = ziu, v, fu, v) € 1.
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/—

a) Mat > goi la tron néu x. y, z }a nhiung ham sé thuoc 16p
¢ trén U (tdc 14 cdc ham s6 x, y, z ¢ cdc dao ham riéng lién
tue trén U) va hai vecto
X iy )z

ST (g, V), e (u, V) )

aut T fa

ﬁu’(_u._ v)

I
——
—_
=
e
—_

va
M - (B Ay "
Mg, v) = {000 Vi ok, V) (. )
la déc lap tuyén tinh voi moi (u, v) € U.
Ta bist rang khi dé mat Y cd tiép dién tai méi diem My, v) =
= (x(u, v), y(u, v), z(u, ¥)) cua no (do ja mit phang di qua dié¢m
M(u, v) va song song v4i hai vectd M (u, v) va Mv(u v)).
Hién nhién mat 2. la tron khi va chi khi vecto
_I\-I’{u, v) = ﬁu'(u, v) A ﬁv’(u, v)
khac khéng vai mei (u, v) € U. Vectd ﬁ(u, v) la vecto chi phuong
cita phap tuyén ctia mat 2 tai diém M(u, v).
b) Mat 2. goi la don néu dnh xa
(u, v) — M(u, v} = (x(u, v}, ylu ,v), z(u, v, (u, v) € U
la mot don anh.
8.2. Gia su Y. la mot mat tron véi biu dién tham sd
x = x{u, v), y = y{u, v}, z = z(u, vl, {u, v} € U,

trong dé U 13 mot mién trong R2. Khi d6 vects phdp tuyén cia
mat 2, tai diém M(u, v) la

- = —»
i ] k
—» 1 T Al
N(U, v) = %y ¥ Zu
7 r r
X, ¥ %

2 z » z * 1 x H 1

Yu u TR v Ju

= 1 4 N ' 3 1 3 r

Yo %y & X X Y

1

(Afu, v). Blu, v), Clu, v1).
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Do dai cua vecta _l\f{u. vy fa

b b a Wt :
[IN@u, vi|| = (A(u, vj + By, vy + Cou. v))s .

Vi cac ham 6 x. y, z ¢ cae dao ham riéng lién tyc 1rén U nén
{u, vl — I!E}(u, vil |

la miot ham s6 lign tue trén U

8.3 Dién tich mit cong

Gia st 2 la mot mat don tron voi bidu dién tham s6

X = xiu, v}, ¥y = yia, v), z = z{u, v)), (u, v) (I}

voi (u, v) € U trong d6 U la mst mién cia R?

S la mot mat véi bidu dién tham s6 (1) v&i (u, v) € D, trong
dé I} 1a mét tap hdp compac do duge chda trong U.

Nhu vay 8 1a mét tdp hgp con cua 2. Vi anh xa

(u, v} — Mtu, v) = (xiy, v), ytu, v), z{u, v)), (u, v € U
lien tuc nén S = M(D) la mot tap hop compdc.

Vi ham s6 (u, v) — | |N(u, v)| | lien tuc trén tap hop compéc
do duge D nén nd kha tich trén tap hop nay.

Dinh nghia. $6 thyc Khong am
I 1IN, v dudy
1

goi la dién tich ctia mat S, ki hiéu la «(S) hoac |5].
Yé&u t& dién tich
Ta ki hiéu
ds = |IN(, v)|| dudv
va goi nd la y&u td dién tich cia mat S
Ki hiédu
d6 = f\?(u, vydudy
gai 1A véu t6 veeta dién tich cua S,

15-GlAl TICH-A
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[
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8.4. Dién tich mat z = f(x, y).

Gia st U la mét mién trong R4 f: U - R la modt ham so
thuée lop C! trén U, Khi do mat z, ddy thi cia ham s6 f 14 mdt
mat ddn tron val bigu dién tham so

* =x, 5y =y, z = fix, y), {x, y) € U.

Phap tuyén ctia mat 2 tai diém M(x, y) €6 vectd chi phuong la

iy K
Nowy) = (1 0 K| = (- £y, - L%, 1),
0 1 '

x93

[Nex. il | = VT ¥ 73 39 + T vy

Néu 8 1a mat z = f(x, y), tx. y) € D, trong dd D la mot tap
hgp compéc do dudge chda trong U thi dién tich cia mat S ia

D '

Vi du 1. Tinh dién iich phdn cta mat dinh 6c

x = reost, y = rsinf, .. = h#, 0 s r € a, 0 s 0 s 21
Ta co
—» —> —
i i k [
s
N(r, #) = |cos# sinf D |

—rsinf/ rcosf hi

= (hsinf/, - hcosf, 1),
Hﬁ{r, || = ¥h™ + r?.

Dién tich phan cia mat dinh éc da cho la :

23 it
8= [do [ Vh? +ridr = a(a¥h’+ 12 + hln(r + Vh? +17) il:
0o
g e — , a-+t hi+a’ .
8 = x| a¥h® +a + hen ——\IB—-
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Vi du 2. Tim dién tich phan cia mat paraboloit z = 1 - x2 - y?
nam trong mat tru x¢ + y? = 1.

Mat tru cit mat paraboléit theo dudng tron x2 + y2 = | trong
mat phang Oxy. Ta c6 z’ = — 2x, z, = -2y Dién tich phan cia
mat da cho la

5 = ff vi+ z’x;Z ;l-z’}z, dxdy = ff 1 +4(x2 +y%) dxdy,

[ 1

D 1a hinh tron {(x, y) : x> + y2 < 1} trong mat phing Oxy.
Chuyén sang toa dé cuc, ta duce

2T |
S=[do [ VI +4aZ rdr 8
[}] 1]

1 2 ; |
%2 2
g(1 +4) |

_ 55 -1
= 76 .

B. TIiCH PHAN BA LGP

§1. TICH PHAN BA LGP
TREN HINH HOP CHU NHAT DONG

1.1. Phép phan hoach hinh hép chit nhat

Cho hinh hop chit nhat déng P = [a, a’] x [b, b'] x [e, ¢'].
Chia P thanh nhung hinh hép chit nhat déng Av, Av,, o, Av,

doi mét co phan trong khéng giaoc nhau. Nhu vay méi hinh hop
chu nhat Av; cé dang

Avi = la, ] X [, 1 x [y, V] C P,

n
IntAv, N Il‘ltAVj =@ véii=} P =0UAv.
1=1
Goi |P| 1a thé tich hinh hép chit nhat P,
|P| = (@’ - a)}b’ - b)c’ - ¢). Ta vin diung ki hiéu Av, d€ chi

n
thé tich cta hinh hop chi nhat Av. Khi do [P| = ¥ Av, .
i=1
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Mdi phép chia nhu vay goi la mot phép phan hoach hinh hép
chi nhat P, thutng duyoc ki hiéu 1a z. Nhu vay

A = {Av,, Av,, .., Av_ }

n
Goi d; 1a do dai dudng chéo ciia hinh hép chi nhat Av,. 54

d{n) = max d,
i=1l..n

goi 14 dudng kinh cGa phan hoach =

Day {zx_} nhing phép phan hoach hinh hép chit nhat P goi

14 chudn tic néu Hm d(z ) = 0.
-+ %

1.2. T8og tich phan va cac tdng Pacbu trén va dudi cia mot
ham s& xdc dinh trén mot hinh hép chii nhat duge dinh nghia
hoan toan tuong tu nhu trong trudng hgp tich phan hai lp va
tich phian mét 16p.

1.3. Dinh nghia tich phéin ba l6p

Gia st f: P — R 12 mét ham s6 xdc dinh trén-hinh hinh hop
chit nhat déng P. Goi {z_ } la mdt day chudn tic nhing phép
phan .hoach hinh hép P,

m, o= {Av,, .., Avp},

n

Lidy mot diém bat ki Q, = (5, 1, §;) € Av,, i = 1, .., p. Dat

P
Oy = 0Ty Qp - Q) = ¥ Q) av,.

i=1

Né&u tén tai mot s6 thuc I sac choe vdi moi day chudn tac {x,}

nhing phép phan hoach hinh hop P va vdi moi cach chon céace
difm Q, € Av;, ta déu cd lim 6, =1

-+
thi I goi la tich phan ba 1dp cia ham s§ { trén hinh hop chit
nhit dong P, ki hiéu la
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fff f(x, v, z)dxdydz hoac fff f(x, y, z)dv.
l)

I)
Khi d6 ham s6 f duge goi Ia kha tich trén P

Diéu kié¢n kha tich cia mot bam sé duge thist 1ap hoan toan
tuong tu nhu déi v6i tich phan hai 16p. O day ta chi néu mot
dinh li vé su t6n tai cta tich phan.

1.4. Dinh li. Gia st f : P — R la mot ham s6 bi chan trén
hinh hép chit nhat dong P va E C P la mot tap hgp cd thé tich
khong. Néu f lién tuc trén tap hgp P \ E thi f kha tich trén P.

Ching minh twong ty nhu ching minh cia dinh 1i A.2.7.

§2. TICH PHAN BA LOP TREN MOT TAP HOP BI CHAN

2.1. Pinh nghia. Gia st B 1a mét tap hop bi chan trong R,
f: B — R la mét ham s6 xac dinh trén B. Goi P 1a mét hinh.
hop chit nhit déng chida B va f,: P =R la ham s8 xac dinh bai

| f(x, y, 2) v6i (x, ¥, z) € B,
fo%: % 2) = 10" v6i x, y, z) € P \ B

Né&u ham s6 f kha tich trén P thi ta ndi ring f kha tich trén
B va dinh nghia

SISt y, ydxdydz = [ [ [ € (x, v, z)dxdydz
B 1

Gia tri f ff f.(x, ¥, 2)dxdydz khong phy thudc vao viee chon
P

hinh hop chit nhat P.
Y nghia hinh hoc

2.2. Pinh . Gia si B la mot tap hop bi chan trong khong
gian R3 Goi y : B = R 12 ham s8 xdc dinh bdi

7(x, y, z) = 1 vdi moi ix, y, z) € B.
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Tap hop B la do duge theo nghia Giodedan khi va chi khi
ham s6 y kha tich trén B,

Khi ddé thé tich cua B la
viB} = |B| = fffx(x, ¥, z)dxdydzszf dxdydz = fff dv
B 1 B

Ching minh tuogng ty nhu ching minh dinh li A.3.3.

2.3. Hé qué. Néu B 1a mot tap hdp bi chian trong R? thi B
12 do duge theo nghia Giodcdan khi va chi khi bién 9B cia B cd
thé tich khong : v(aB) = {9B| = 0.

Ching minh tuong tu nhu ching minh hé qua A34.

2.4. Pinh L. Gia st D la métl tap hop do duge trong R?,
f: D —R 1a mot ham s6 kha tich trén D). Khi dé mat z = f(x, y),
(x, y) € D, tidc la d6 thi § cua ham s f

S={x,y,z2) € R}: (x, yJ €D, z = (x, ¥i}
c6 thé tich khéng : |S| = 0.

Ching minh. Khong lam gidm tinh t8ng quat cia vdn dé, cd
thé€ coi f(x, ¥y} = 0 trén D. Theo dinh i A.3.2, tit dd suy ra ring
tap hop

A={xy2€ER: :(x,yeED,O0 =<z < flx, Y}
la do duge theo nghia Giodedan. Do dg, theo 2.3, bién 2A cia A
cd thé tich khéng. Vi S C 9A nén S 6 thé tich khong. [

T dinh |i trén suy ra

2.5. Hé qudé. Néu D 1a mét mién chinh quy trong R? va
f:D--R la mét ham sd lién tuc va bi chan irén D thi mat
z = {(x, y), \x, y} € D co thé tich khéng.

Tu do dé& dang suy ra

2.6. Hé qud. Gia st B 14 mot tap hop bi chan trong RY
Né&u bién 9B cia B la hgp cia mét ho hitu han mat z = z(x, y),

x, y) € D, x = xly, 23, {y, 22 € D, y = yiz, x), (z, x) € I)},,
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t.ro\ng dd z, x, v Ia nhing ham =0 lién tue trén cac mién chinh
quy dong D, D, D_ trong cdac mat phang toa do thi B la mét
tap hop do duyce theo nghia Gicdedan (ta goi bao ddng cua mét
mién chinh quy la mién chinh quy ddng}.

Mot s6 mat vira néu cd thé suy bién thanh nhitng cung hoac
diém.

Vi du. Hinh cdu, elipxoit, hinh tru tron xoay 1a nhitng tap
hop do dudge theo nghia Giodedan.

2.7. Sy tén tai tich phan

Dinh 1i. Néu B la mét tap hop do duge trong R* va f: B — R
la mét ham sa lién tuc va bi chan trén B thi f 1a kRha tich trén B.

Ching minh tudng tu nhu ching minh dinh i A4.6.

Chu y. Tich phan ba lép ¢d cac tinh chéit tugng tu nhu tich
phan hai Iép.

§3. CACH TINH TICH PHAN BA LO6P

Cing nhu trong trudng hgp tich phan hai 18p, cdc dinh li sau
cho phép dua viéc tinh tich phan ba ldp vé viéc tinh tich phan
hai 16p va tich phan moét lép.

3.1. Tich phan ba ldp trén hinh hép chi nhat

Pink i (Phubini). Gia st f : P — R la mot ham s6 kha tich
trean hinh hép chu nhat dong P = [a, 2] x [b, b’] x [c, ']

a) Néu vgi mél (x, ¥y) € R = [a, a’] % [b, '], ham sd

z — fi(x, y, z} kha tich trén doan [c, ¢’] thi ham sd

pix, y) = [ fix, y, 2)dz

¥

kha tich trén R va
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fff fix. v. z)dxdvdz = f_] ix, vy dxdy,
i ERA RN

fff {tx, y. 2)dxdvdz = ff dxdy _f fix, y, z)ydz (1}
[jilxlhhl v
hy Néu vdi mdi z € [¢, '], ham s (x, y) — fix. vy, z) kha
tich trén hinh chit nhat B = f[a, a’] x [b, b’J thi ham 30

yiz) = ff fix, v, 2)dxdy
R

kha iich trén [c, ¢'] va

o
fff f{x, y. z)dxdydz = f wiz)de,
i c

fff fix, y, z)dxdydz = f dz f_f fix, v, z)dxdy (2)
¢ ja.]x [bb)
Ching minh tuong tu nhu trong truéng hgp tich phan hai lép
trén hinh chit nhat ddng.

3.2. Néu ham s6 f : P — R lién tuc trén hinh hép chi nhat

déng P thi hién nhién ta c¢d hai cong thic (1} va (2) trong 3.1,
<

Khi d6 vi ham s8 (x, y) — p(x, y) = | f(x, y, z)dz lién tuc trén
-

hinh chit nhat R = [a, a’] x [b, b'] nén

Iy’

[ f ex, ydxdy = f dx [ p(x, y)dy.

R A b
Do dg
d b o
fff fi{x, v, z)dxdydz = f dx f dy f f(x, y, z)dz.
i I S

(S
b
)



3.3. Gia su [ 14 mot tap hop do duge theo nghia Gioocdan

trong R*, ¢, ¢, : D — R la hai ham s6 kha tich teén D
P 1x, ¥} € pox, y) voi moi (x, yr € D.

Goi B 1a tap hop trong R* xdc dinh bdi

B = {(x,y,2) € R :(x, 9 €D, o,(x, y) € z < p,{x, y}}.

Dinh Ii. (Phubini). Gia st f : B — R 12 mot ham s6 kha tich
trén B. Néu vdi méi (x, y) € D, ham 86 z +— fix, y, z) kha tich
trén doan [ (x, y), ¢,{x, y)] thi ham s&

(X.¥)
wix, y) = | f(x, y, 2)dz
_ (X ¥)
kha tich trén D va

TSI T fx, y, 2ydxdydz = [ [ p(x, y)dxdy,
B

13
¥15{%.¥)
fff {(x, ¥, z) dxdydz = _ff dxdy _r f(x, y, z)dz.
3 D 7 (x.¥)
4z
b 4
: Z=pa(x. ¥)
/"".i_"“"-\.
| B
-~ | .
. . -~
0 —~ _____L _____ | Z=gyix.y) .
LT Y

Hink 11
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Chiung minh, Tdong ty nhu ching minh cda diah 1§ A5.2.

L4y m6t hinh hop chit nhat déng P chwa B. Goi f, : P — R
la ham s6 xdac dinh bdi

[ .
_ fix, y, z) voi (x, v, z2) € B,
fox v, 2) | 0 voi(x, y.2) € P\B

Ap dung dinh li 3.1 cho ham s6 f, trén hinh hop P, ta duge
cong thuc cin ching minh. [

3.4. Dac biét, néu D la mot tap hop do duge trong R°, ¢,
¢, 12 nhitng ham s6 lién tuc va bhi chan trén D va f: B — R 1a
mo6t ham s6 lién tuc va bi chan trén B thi dinh li 3.3 dung.

3.5. (Gia st B 12 mat tip hop do duge {theo nghia Giodedan)
trong R*, gidi han bdi hai mat phing z = ¢, z = ¢’ va véi mébi
z € [e, ¢'1, thist dién ciua B cat bdi mat phang Z = z 1a mét
tap hgp do dugc theo nghia Giodedan trong R2. Goi B, la hinh
chidu cia thiét dién dd trén mat phiang Oxy.

Pinh 1i (Phubini}. Gia stt f : B — R 1a mot ham s6 kha tich
trén B. Néu voi mdi z € [c, ¢’], ham s8 (x, y) +— f(x, y, 2) kha

tich trén B, thi ham so

p(z) = ff f(x, y, z)dxdy kha tich trén [c,‘ '] va
3

J-J.J. f()i._. Y. Z) dXdydz
B

[ #(2)dz,

JIf tx vy 2ydedydz = [ dz [ [ fix, y, 2)dxdy.
13 ¢ 3

Bae biét dinh It ding vt ham sé £ lién tuc va bi chan trén B.
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Hinh 34

Ching minh. Liy hinh hép chir nhiat déng P chda B. Goi

f, : P = R la ham s6 xdc dinh badi

flx, y, 2) véi (x, y, z) € B,
f(x, ¥, 2) =
0 véi (x,y, 2) € P\ R

Ap dung dinh 1i 3.1.b) cho ham s f, trén hinh hép P ta dwoc
céng thuc cdn ching minh. [ ]

Vi dyu. Tinh 1 = [ [ [ xdxdyds
13

B={(x,y,z}:x20,y30,z?0,x+y+z$l},

B la td dien OPQR, O(0, 0, 0), P(1, 0, 0), Q(0, 1, 0}, R(0, 0, ).
Ta viét B dudi dang.

B={{x,y,z):(x,y)EAOPQ,OS_zsl—x—y}_

235



Theo dinh i 3.3, ta cd

I -x

ffdxdyf xd}'zfdxf(x*x‘ — xy)dy

ACHO) ]

S LA

s4. PREP DOI BIEN 80O
TRONG TiCH PHAN BA LOP

Tugng tu nhu dinh li A.6.1, ta cé

4.1. Dinh L. Gia st € la mét tip hop md trong R3 B la
mot tap hop con compéc do duge caa Q, p : @ — R*? 1a 4nh xa
xdc dinh bdi

30{11, v, W) = (x(u, v, W), y(U, vy W), Z(u! v, W)),

trong dd

e Céc ham s6 x, y, z : @ — R thudc lép C! trén Q,

e Thu hep clia ¢ trén IntB la moét don 4nh,

D(x, y, 2)

]j(u v, W) =0

e Giacdbian J(u, v, w) =

vdi moi (u, v, w) € IntB.
Khi do
a) ¢(B) 1a mét tap hop compac do duge.
b) Néu f : p(B) —~ R la mdt ham s6 lién tuc va bi chan trén go(B) thi

.”.f f(x, y, 2)dxdydz =
w3}

= [f[fxqu. v, w), y(u, v, w), z{u, v w))| d(u, v, w)| dudvdw
13
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4.2, Toa do tru

Trong khong gian chon 4z
mot hé truc toa do Hécac 7
vuéng gdc Oxyz. Gia su .
Mix, vy, 2z} 14 mdt diém . ~
bat ki trong khong gian. M
Goi N ia hinh chiéu cia M
trén mat phang Oxy. Dat
|ON| = r, (Ox, ON) = ¢,
ta duge x = rcosp, P ¥y

y = rsinp. (1) o .
Méi bd ba s thue !
(r, v, 2), trong dd r, ¢

thoa méan cdc hé thuce
trong (1) goi 14 mot bo tea Jhink 35
do tru cua di€m Mi(x, y, 2). Thudng ngudi ta lay r = 0, 0 < ¢ < 2r.

Méi digm M(x, y, 2) cd vd 56 toa do tru.
Xét anh xa ® : R? - R3 xac dinh béi
D(r, p, z) = (rcose, rsing, z).

Cac ham s6 x(r, ¢, 2) = rcosp, y(r, ¢, z) = rsinp, z = z déu

thugc 16p C* trén R3.

cosg — rsing 0
J{r, ¢, 2) = |sing recos¢ O] = r
0 0 1

HHr, ¢, z) # 0 v3i moir > 0.
Vai méi « € R, thu hep cia @ trén tap hop
A =10, 4o} X [a, a + 272) x R

la mot song dnh td A 1én khéng gian R? bo di truc Oz. Giacobian
Jir, v, 2) = 0 trén A
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Thu hep cta b trén tap hop mad

Q =0, +e0) X {a, a + 21) x R

la mét song anh ti Q  lén tap hgp mo V= R\ P:, trong do
P! la nia mat phang dong cd bién la truc Oz, cat mat phing
Oxy theo nita duong thiang tao v6i truc Ox gdc «.

Néu B 1a mot tap hop compic do dude sao cho IntB C €2 vOi mot «
nao do thi thu hep cia ® trén IntB 1A mét don anh va Jir, ¢, 2) = 0
trén IntB. Khi d6, v6i moi ham s6 f : ®(B) — R lién tuc trén P(B),

ta co fff fix, vy, 2} dxdydz = fff f(rcosp, rsing, 2)rdrdpdz.
P(R) 1

: . zdxdydz
Vi du. Tinh 1 = T
u n f{f 1 +x2 +y°

B 12 hinh tre tron xoay
B={(x.y, 2 :x>+y2 <a% 0<2z<hl,a, h>0
Chuyé&n sang toa dé tm., dat
x = rcosp, y = rsing, z = z,
B 14 anh cta hinh hép chit nhat [0, a] x [0, 2#] x ([0, hj
qua anh xa @ via néu. Do dd

Hl 2T h a h
zr r
1= [drfdp [ -——dz=2rf S dr. [ zdz
0 0 p 1+r° p 1+r 0
I = 1 hin (1 + af
=3 n{ a“).

4.3. Toa dd ciu

Chon mét hé truc toa 4o Décac vudng goc Oxyz trong khong
gian. Gia su M(x, y, z) la mot di€ém bat ki trong khéng pgian.
Goi N 1a hinh chifu cia M trén mat phang Oxy Dat
lO—l{f[l = r, (0%, (ﬁﬁ) = ¢, (Ogz, 0_1\’1) = f, ta cd
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X = rsinffeosy, v o= orsinflsing. 2 = reosH. N

Méi bo ba s8 thuc

z
tr, ¢, ) thoa man cac ,
hé thuce trong (1} goi \\\
A mot bd toa do ciu \\\
cua diem M(x, y, z). N M
Thudong ngusi ta ldy
r=z0 90 =< p g 27, }
{
0 <6 < x.
Xét danh xa 0 ,y -y
. /4
® : R' - R? xdc djnh © s
s
hai dir, p, &) = J
= (rsinficosy, e /N
rsinfising, rcosé). X
Céc ham s8 Hinh 36

X = rsinficosp, y = rsinésing, z = rcost) déu thude lép C* trén R3

sinflcosy  — rsinfising rcos fcos ¢
J(r, p, 8) = [sinfsing  rsinGeosp rcosfsing | = rsind.
cosf 0 — rsinf

Jr, 9, ) =2 0O v6i moir > 0va 0 < § < 7.
Vol mdi @ € R, thu hep cua @ trén tip hap
A= (0, ) X [a, a + 24) x {0, )

la mot song anh tir A lén khong gian R3 ba di true Oz. Giacobian
Jir. o, 6} = 0 trén A

Thu hep efia @ trén ta;ﬁ hop ma

Q = (0, +a) %X 1u, a + 27) x (0, m

14 mot song anh t¥ Q  lén tap hop ma V, = R*\ P’ trong do
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P la nita mat phang dding cd bién ia truc Oz, cat mil phang Oxy
theo nia ducng thang tac véi true Ox goc

Né&u B la mot tap hop compic do duge sao cho Inth C €2
v&i mot a nao dd thi thu hep cua @ trén Inth la mot don anh
va Jir, ¢, ) = 0 trén IntB. Do do

Véi moi ham s6 f @ ®(B) — R lién tuc trén $Hi(B), ta co

[[f tx, y, z)dxdydz =
D)

= [[f tix(r. o #), y(r. 9, 0), 2(r, ¢, 6)) risin 6drdpdd.
13

Vi du. Tinh thé tich elipxéit

x2 oy 4l _
B=l{xyz):— +>5+ , <1l
| Toat bt ¢t [

The tich cha elipxoit 14 :

V = v(B) = [ [ [ dxdydz . Ta thuc hién phép ddi bién s6
B

x = arsinflcose, y = bfsin(isinqa, z = creosd,
Hinh hop chir nhat
{ir, p, ) :0sr=1,0<p <z 0<<2n)
¢6 anh qua anh xa ¢ : R} - R}
(r, ¢, #) v (arsinficosp, brsinfsing. rreodd)
la elipxoit dang xét.
[Jir, ¢, ® = aber’sind.

Do do
27 a 1
V = ahc f dy I d¢ f r'sin 6dr
0 0 0
2x o 4
= 3 abe f sinfdf = 3 qabe,
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C. UNG DUNG VAT ti CUA TiCH PHAN BOI

§1. KHOJ LUONG CUA MOT VAT THE

1.1. Khéi lugng ricng
Gia su V la mot vat thé va M = (x, y, z) }a mot diém caa V.
Liy moét tap hgp con do dugc AV chuya didm M. Gid sd AV co

. . ., . Am .
thé tich AV va khdi lugng Am. Néu ti s6 NG c¢d giol han khi

AV thu dan vé diém M thi gigi han d6 duge goi !a khéi luong
rieng cdia vat thé V tai di€m M, ki hiéu la p(M).
A
PMY = lim o
AV - 1M
£ 1a moét ham s6 xdc dinh trén V. Néu vat thé V la dong chit
thi £ la mot ham hang.

1.2. Tinh khéi lugng cia mot vat thé

a) Gia st V 1a mot vat thé do duoe va P(M) 1a khéi luong riéng
clia vat thé tai di€ém M cta V. Ta sé chi ra rang c¢d thé tinh duoc
khéi luong ctia vat thé V néu bigt ham s6 M+ p(M), M € V

Ldy mot hinh hop chit nhat dong P chia V. Goi {a,r & mot
day chu&n tac nhung phép phan hoach hinh hop P

T, = {Av, Av,, .., Av }.
Bat AV, = VN Av,i = 1, ., p,. Ldy mét di€m bat ki M € AV,
i=1,.,p, va lip tdng

P,

O_n = 2 _P(_MIJAVI.
i=1

Mot 36 tap hdp AV, cd thé bang ¢. Khi dd ta gan cho s hang
luong dng cia tdng 6, gia tri 0. C6 thé xem PIMDAV a gid tri
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gan dung cua khéi luong cua vat thé AV va o la gia trl oan
ding cua cal goi la khdi lugng coa vat theé V. ma ta s6 dinh
nphin Mét cach Ly nhién ta dinh nghia :

Néu

limo, = m & R

n-o* o

va gidi han m khong phu thudc vao viéc chon day chudn tac
{z_} va viéc chon cac digm M, € AV, thi m duge goi la khéi
lugng cua vat thé V.

b} Néu vat thé V la mot tap hop do duge va £ la mot ham
28 lién tuc va bi chan trén V thi khdi lugng cua V 1a

m = fff Pix. vy, z)dxdydz
V

Chiung minh. Goi £, P — R la thac trién cta ham sé p tu
Vlen P

[ PM) voi m €V,

puM) = vaii M e P\ V

Dé dang thdy rang six i € ¢ < S{x)), trong dé sl va
Stz ) 1a cdac t6ng Dacbu dudi va trén cha ham sé p, Ung voi
phép phan hoach n_. Vi V 1a < duoc. /2 lién tyc va bi chan trén
V nén g2 kha tich trén V, tde la g ki tich 1rén P. Do dd
lim s(x ) = lim S(z_) = fff A Ux, ¥, z)dxdydz =
!’

o= % no-rx

= fff Pix, y, 2ydxdydz
¥

Tit dé tim o = [ f [ pix, y, z)dxdydz
\_.l'

n—=
Vay khéi lugng cha vat thEé V la -
m = rff Pix, v, zidxdydz
v

| £54
riy
[
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Vi du. Tinh khéi tuong cia hinh lap phuong V = [0, a] x
x [0, a] x [0, a] biét khdoi lugng riéng cia hinh lap phuong tai
diem M = (x,y, 2) la pix, y, 2} = x +y + z

Khoi lugng cua hinh lap phucong la :

m= [ x+y+ 2)dxdydz
L
| H] a
=_fdxfdyf(x+y+z)dz
0 0 0
m:ga“.

1.3. Gia si D 1a mét ban phang do duoe, A(M) 1a khoi luong
riéng cta ban phang tai di€ém M = (x, y). Néu £ la mot ham sé
lién tuc va bi chan trén D thi khéi luong céa ban phang la -

m = [ [ px, yydxdy

1>

§2. MOMEN QUAN TINH CUA MOT VAT THE

2.1. Ta biét rang mbémen quan tinh cia mdt hé n chat didm

Mi(x), ¥, 20, Malx,, ¥, 25}, o, M Ix . y, z,} v6i khdi luong
m,, ni,, . ., m, d8i vai mat phang Oxy, truc Ox va géc toa dg O,

theo thid tu, Ia : Ix_\, = z z:m
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Tuung tu nhu trong §!, ta ¢d két qua sau :

2.2, Néu V 1a mdt vil thé do ducge va ham khéi lugng riéng
M p(M;, M € V caa vat thé lién tuc va bi chan trén V thi
mémen quan tinh cta vit thé V déi vai mat phang Oxy, truc
Ox va goc O, theo thu ty, la :

L, = fff 22P(x, y, z)dxdydz ,
y 3

L= fff (y* + z9)(x, y, z)dxdydz ,
v

It

I = [ f[ & +y + 220, 3, z)dxdydz |
v

2.3. Néu D lA mot ban phang do duge vad ham khéi lugng
ritng M «~ p(M), M € D cda ban phéing lién tuc va bi chan trén
D thi mémen quan tinh cda ban phang d&i véi true Ox, truc Oy
va goc toa dé O la .

I, = [ ] y¥P(x, y)dxdy ,
[

Iy = f[)f xzﬁ(x, y)dxdy ,

—
{

o= J T & + y9p(x, y)dxdy.
N

Vi du. Tinh mémen quan tinh cia dia elip

2 2
X y
D = » : T + i E 1
{9 s+ |
ddi voi truc Ox biét rang P(x, y) = 1 vdi moi (x, y) € D.
Momen quan tinh cda dia elip D d6i vai true Ox la :
I = ff y2dxdy.

b

Chuyén sang toa d6 cuc

x = arcosfl, y = brsinfi,
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ta duge

23 !
1, = f d¢ f b°résin’d . abrdr
n 0
27 1
= ab' [ sin’pdg [ rldr = 727
i 0

§3. TRONG TAM CUA VAT TRE

3.1. Cho hé n chit diém M, (x,, Y Zy), ., M (x, Yo %) vOi
khéi lugng my, .., m. BDi€m G, 5, §) voi cde toa dé

n n
2 xm, 2 ym,

1=1 =1

R e
E m; 2 m,

i=1 P=1 i=1
goi 1A trong tam cla hé chét di€ém da cho.

3

n

Z Zm;
p= 1

n

2 m;

Tw d6 suy ra

3.2. N&u V 12 mét vat thé do ducge v ham khdi Wong riéng
M — p(M), M € V lién tuc va bi chédn trén V thi trong tim cia
vat thé la di€m G vai

1
xo = o J S I %pix, v, 2)dxdyaz
v

1
Yo = o fff YPA(X, y, z)dxdydz ,
v

1
z,, = o fff zfx, y, z)dxdydz ,
v

L ]

trong dd m = fff Px, y. z)dxdydz la khéi luong cha V.
v
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Né&u vat thé V ia déng chit thi

1
X = Vi J._\I;f xdxdydz,
y.(; = i:J—l J'J-Jl ydxdydz,
v

1
Z; = V] J'_\[f zdxdydz ,

trong ddé | V| 1a thé tich ciua vat thé V.

3.3. Néu D la mot ban phéng do duge va ham khéi lugng
rieng M +— p(M), M € D cta 0od lién tuc va bi chan trén D thi
trong tam cta bdn phing 1a difm G(x;, y, @) vOi

i

1 1
xi = — [ ] wpx maxdy |y = o S ] 9P yydxdy,
12 D

trong d6 m = [ | P(x, y)dxdy la kh6i luong ciia ban phang.
§]
Né&u ban phing 1a dong chat thi
i

1
x(i = G- ff dedy, Yo T Inr J-J- ded.Y)
ID| 7 ; IDI 5

| D| 1a diép tich cia ban phang.

, [
Vi du. Xae dinh trong tadm cla 3 hinh tron dong chit

D={(X,y):x2+y2£az,xZO,yEO}A

Do D 1a d6i xing qua dudng phén gidac y = x nén trong tam
G cta D c6 cae toa do bdng nhau : %, = y;. Ta cd

1
X z.y(} = DT fr;f xdxdy.
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Chuyén sang toa dé cue, ta duge
1

) 2 A
X, = ¥, = Dl f df) f reos Hrdr
0 0
4 l il
= = f cos Adi f r2dr,
aas 0 0
4a
*G T Y4 T gy -

D. TICH PHAN BOI SUY RONG
VA TiCH PHAN BOI PHU THUOC THAM SO

§1. TICH PHAN BOQI SUY RONG®

Cho dé&n nay ta mdi chi dé cap dén tich phan hai lop va ba
l6p cua mot ham s6 bi chan trén mot tap hgp bi chan. Cang
nhu déi vai tich phan don, ta sé dinh nghia tich phan boi trong
trudng hop tap hgp trén do ldy tich phan khang phai la mat tap
hgp bi chan va trong trudng hgp ham s6 dudi ddu tich phan
khong bi chan.

1.1. Day bao nhing tip hap compéc

Dinh nghin. Gid st A 12 mot tap hop trong khéng gian RP
va {K,} 1a mot day tang nhung tadp hop con compac cia A (tic
la K, CK,C . C K, € .. C A). Ta goi {K,} la mot day bao
néu voi moéi tap hop con compdc cia A, tén tai mot m nguyén
dudng sao cho K C K C A

Vi du 1. Liy A = RP va K, = {x € R": ||x|] € n}. D&

dang thdy rang {K_ } la mot diay bao nhing tap hgp compic

trong A.
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Viode 20 Gia s0 A mot é@p hop con md thue sy caa RP v

1
K = Ix e R': ||x]] € nvadix. ROy Ay = n}f

n

(dox, RP Y A 1A khoang aich 10 diém x d&n tap hop RP YA,

dix, RP\ Ay = inf [ix — y{[). Day {K_| 1a mat diay bao nhiing
v R A
tap hop con compice cua A

Chu y. Hién nhién néu {K } 12 mét day bao nhing tap hop

o
con compde cba tap hap A thi A = U K. Tuy nhién mot day
. n=1

tang {K ! nhitng tap hop con compiac cua A sao cho

A= U K ¢ the khong phai la mot day bao cua A. Day la
nol
mot phan vi dy @ Trong R lay A = -1, 1) va

K r]:—l+—:;._—-31]U{0}U|:%,1—-;}n33_

nl
Dinh nghia tich phan bdi suy rdng.
Tit day cho dén hét muc ndy, lta chi xét khong gian RP vai
p=2vap=3

1.2. BS dé. Gia su A la mot tap hop trong khéng gian R?,
f: A — Rla mat bam s khéng am trén A, "{Kn} la mét day bao
nhitng tap hgp con compac cia A sao cho f kha tich trén moi X
va day [ [ [ fdxdydz hoi tu : lim [ [ [ fdxdydz = I € R. Khi

K IW_‘x K'.\
dé, néu {H_ !} la mot day bao gébm nhiing tap hop con compac
ctia A sao cho f kha tich trén méi H_ thi day {f [ [ fdxdydz
H
héi tu va

lim fff fdxdydz = L
i
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Ching minh., Vi {fff fdxdydz} la mot day tang nén

K
fff fdxdydz = lim fff fdxdydz = 1 vdi mot m
K n o= K

r

Vai méi n, tén tai m sao cho H, < K, Do dd

JJ [ fdxdydz < [ [ [ fdxdydz < 1.
I K

Day {fff fdxdydz} tang va bi chan trén nén hai tu va
H

lim [ [ [ fdxdydz < L
n—=x

Thay d4i vai trd cia H, va K, ta dugc

I < lim [ [ [ fdxdydz
11

]‘

T¥ d6 suy ra ding thic cdn chdng minh. [

1.3. B de. Gia st AC R, f: A - R la mét ham s6 xac
dinh trén A va t6n tai mdt day bao {K} nhitng tip hop con
compic cia A sao cho f kha tich trén méi tap hop K, va day
s6 {J f { |fldxdydz} hoi tu. Khi do

K

kH

a) Day s6 {[ [ [fdxdydz hoi tu : lim [ [ { fdxdydz=1 € R.
K n—x K

n

by Neu {H_} la mét day bao nhitng tap hop con compac cia
A sao cho f kha tich trén méi H, thi day s6 {[ [ [ fdxdydz hoi
1
tu va

1im fff fdxdydz = L.

n— % ll"

Ching minh. a) V6i n < m, ta co K, € K. Vi f kha tich
trén K_ va K nén ndé kha tich trén K, VK, va
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\ fff fdxdydz — fff fdxdydz l ‘ fff fdxdydz‘ =

K, \K,

m

< [ [ 1fldxdydz = fff {fldxdydz - fff | f] dxdydz

K \K,

Day s6 {[ [ [ |fldxdydz} hoi tu nén la mot day Cosi. Ti bat
K

ding thdc trén suy ra {fff fdxdydz} 1a mot day Cési trong R.
K

il

Do dd né la mot day s6 hoi tu.
b) V&i méi n, tén tai p_ sao cho H C Kp. Cé thé€ chon sao

cho p, < p;, < ... < p, < ... Tuong ty nhu trong a), ta cd

|fff fdxdydz — fff fdxdydz | <

fff | | dxdydz — fff | f] dxdydz (.

I'1

Vi {f [ [ fdxdydz} 1a mot day con caa day {f [ [ fdxdydz

K K
Po 1
nén lim [ [ [ fdxdydz = 1. T& b3 dé 5.2 suy ra
n— Kp
lim [ f1fldxdydz= lim [ [|f}dxdydz = limf [ [ f| dxdydz
e K e K > oe H_

Do d6 trong (1) cho p—sw, ta duge lim ffffdxdydz =10

f-*x Iln

1.4. Dinh nghia. Gia s« A C R¥>va f: A = R la mot ham s6
xdc dinh trén A. Néu ton tai mét day bao {K_} nhing tap hop
con compdc clia A sac cho f kha, tich trén mdi tap hop K va
day 6 {J [ [ Ifldxdydz} hoi tu thi day 6 ([ [ [ fdxdydz} hoi

K, K,
tu. Gigi han [ = lim f ff fdxdydz goi ia tich phan suy rong cda

fi-=e K

n
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ham s0 f trén tap hop A, ki hicu la fff fdxdydz. Khi do ta
A
ndi rang tich phan fff fdxdydz hoi tu. Tich phan khéng hai
A
tu goi 14 phan ki.
Trong trudng hop ham s6 f kha tich trén tdp hgp A, tich phén
suy réong va tich phan cda f trén A 1A bing nhau

1.5. Dinh nghia tich phan hai l6p suy rong hoan toan tuongs
tu nhu dinh nghia tich phan ba ldp suy réng. Cac bd dé 5.2, 5.3
va dinh nghia 5.4 dugce lap lai tung chi cho trudng hgp tich
phan hai 1p suy rong.

1.6. Chu y. a) Ty dinh nghia 5.4 suy ra ring tich phan suy
rong fff fdxdydz t6n tai khi va cht khi tich phan suy rong
f\

J {f 1fldxdydz tén tai. Nhu vay chi c6 cac tich phan suy rong
A
hoi tu tuyét dai.

b} Vi du sau cho thdy, trong dinh nghia 5.4, sy hdi tu cia

day sb {fff | fldxdydz} 12 quan trong, khoéng thé bd qua.
K

n .

Trong RZ I8y A = {(x, y): 0 < x £ 1,0 <y < 1} va
f:A— R la ham s8 xdc dinh bdi

fe, vy = -5
¥y = -5
(xz + y2)2

Dat
Kn:{(x,y):lsxél,—l-sys 1},n= 1.2, .
n n

Dé dang th&y rang {K_} 1a mot day bao nhitng tap hgp con
compéc céa A. Vi f lién tuc trén A va K_ 12 nhitng tip hop cou
compéc do duge (theo nghia Giodedan) cua A nén f kha tich trén
moi K . Hién nhién ff fdxdy = ¢ v&i moi n ; do do

K

lim [ | fdxdy = o.
n—== K
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1t

Hn:i(_x,y):--r-}séxsl.r-]-ESys1},n:1,2,,,.

{H,} 12 mét day bao nhing tdp hop con compie cta A. Ta co
it 1 1

ff fdxdy = — - + aretg— + arctgn — arctg— |

H * ne n

va

lim { [ fdxdy = % _

n—x

Vi du 1. Che A

[0, +) x [0, +e). Tinh 1= [ fe™% ~¥dxdy.
A

bDat
K, ={x,DeR :x*+y <0l x20y=20,0n=12 .

{K,} 1a mét day bao nhing tap hgp con compic do duge cia A,

Viflx,y) = e” ¥ lign tuc trén A nén f kha tich trén moi K.
Hon nia f 1a dugng trén A. Chuyén sang toa do cuc, ta tinh duge
ff e *E‘Yldxdy = %(1 — e n:),

KI’]
va
: - -y _ T
lim ff e ¥dxdy 1
n o*x Kn
Vay [ [ e X Ydxdy = T |
: 4
il
Dé dang thdy rang day {H } vai
Hn--{(x,y):()sxsn,()sysn}
etng la mdt diay bao nhing tap hdp con compac do dude cua A
Do dé f kha tich trén moi H | va
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lim ff c - .\"'.dxdy = 4{

nosx E]n

n
Vi ff e X - 3"‘dxdy = (f e"-‘ldx)z , nén ti dd suy ra
Iln i
n —
lim f e Xdx = v;:[ .
n- o ()
+ om
Vay tich phan suy réng (don) f e~ Xdx héi tu va
0

ey, - VT
{e dx = 5 -

Vidy 2 ChoA = {(x,y,20 € R%: x2 + y2 + 22 » 1. Xt
tinh hdi tu cha tich phan

dxdydz
IS en

Dat
K,=1{xv,22 R*: 1 sx2+y2+zzsn2},n: 1, 2, ..

Dé dang thdy rang {K} & mot ddy bao nhiing tap hgp con

1
compic do duge ciua A. Vi fix, y, z) = — ~ e
p ) y (xz +y2 + Z;.J(I.z

trén A nén f kha tich trén moi K, Ngoai ra { duong trén A.

lién tuce

Chuyén sang toa do cdu, ta duge

dxdydz = o y
I = o 5 = | d¢ [ sintds [ 2 edr =
n ff!:‘ (xz +y‘__ + Z‘)II,Z ‘(!; ‘{{. '{

mn
= 4z f r? 7y,
1

® Véi @ = 3. tacd I = 4alnn — = khi n — . Tich phan
da cho phan ki
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4i : N L Vo 3
e Vdi « = 3, taco [, = 3 (1 —n' ), va

L

4t ) .
limi = ——; v ¢ > 3, lim 1l =+ vdi a < 3.
n w -3 1]

n *»=x n-+x

Vay tich phan duge xét hoi tu khi va chi khi « > 3. Khi dd

[ __dxdydz 47
A (X2 +)'2 + 32)(112 - a—3
Vidyi3 Cho A = {(x. y,2) € R¥:x2 +y2 + 22 < 1} va
ham s6 f : A — R xde¢ dinh bdi

1
fix, v, z2) = (Xz + }'2 + zl)m’Z
0 vai (x, y, z) = (0, 0, 0).

véi (x, y, 2)

H

(0, 0, 0,

Xét tinh hoi tu cta tich phan

J [ [ fdxdydz

Tuong tu nhu trong vi du 2, dé dang chitng minh dudc rang
tich phan héi tu khi va chi khi « < 3.
Tinh chét ctia tich phan say rong

1.7. Dinh li. Giad st A € R, f va g la hai ham sb xdc dinh

trén A. Néu cac tich phan _f_ff fdxdydz , ff_f gdxdydz héi tu
A A

va tén tai mot day bao {K } nhiing tap hup con compac cia A
sao cho f va g déu kha tich trén moi K_ thi vai moi o, § € R,
tich phan [ [ [ (af + Bg)dxdydz hoi tu va

A

[ f [ taf +Bgdxdydz = « [ [ [ fdxdydz + [ f | gdxdydz
A A A

Dinb li suy ra ngay td dinh nghia cta tich phan suy réng.
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L& J1é qud. Gia st A C R 6 mot day bao nhung ap hop
con compiace do duge (theo nghia Giodedani Khi de

at Tap hop cdac ham s6 f : A — R licn tue trén A c¢d tich

phan fff fdxdydz hoi tu {a mot khéng gisn con tuyén tinh caa
A

khong gian C(A) cdc ham s6 lién tuc trén A,

by Ham 58 f v fff fdxdydzla mét dang tuyén tinh trén CeA),
A

1.9. Tiéu chudn héi tu

Dinkh Ii. Gia st A C R? c6 mét day bao {K_} nhirng tap hop
con compac sao cho ham s6 f : A — R kha tich trén ma; K,
Khi d6 tich phan fff fdxdydz h&i tu néu va chi néu tén tai

A
mot ham 36 khong am F @ A — R sao cho tich phan

ff f Fdxdydz héi tu va
A

|f(x, y, 2| < Fix, y, 2) vai moi (x, y, z} € A.

Chitng  mink. Diéu kién cdn I3 hién nhién. (Néu
fff fdxdydz hgi tu thi ta lay ¥ = |f]). Ta chithg minh didu
A R
kién da. Gia st tén tai ham s6 khéng am F théa man cac diéu
kién néu trong dinh li. Khi d6 tén tai mat day bao {H } nhing
tap hop con compie cia A sao cho F kha tich trén méi H, vaday
sO . fff Fdxdydzl héi tu. Vai mdi n, tén tai m sao cho K, cH,
COH
Goi P 1a mét hinh hop chit nhat chiia H,f, :P—=Rva
F, P —= R la hai ham s6 xac dinh bdi
[ fix, y 72) vai (x, y, 2) € K,
f“(}{, ¥, Z) = ]J .
i 0 vii ix, y, 2) € Py K.
[ Fixo oy, z) voi (x, y, 2z € M.
F”(x, v, z) =
0 vai tx, y, 20 € P A H



Vil = F tén A va K C H | onen VFoax.y, il o= 1 ax, v, o2

véi moi ix, y. 2 € P Do dd

f ,-_‘- |{ |dxdydz < flf F dxdydz
I* b

tue la

{ [ ] Ifidxdydz < [ f [ Fdxdydz < bim f f f Fdxdydz
K i il

m--=x

Day so {fff | fldxdydz} tang va bi chan trén nén hoi tu.
K

"

Do d6 [ [ [ fdxdydz hoi tu.
A

Hié¢n nhién ta co

Ujj fdxdydz| < [ f Ifldxdydz < [ [ f Fdxdydz .
A A A

Tiéu chufn hai tu 5.9 la don gian nhung duge dng dung trong
phan 16n cie trudng hop.

T dinh li 59 suy ra ddu hiéu so sdnh sau :

1.10. Pinh li. Gia st A € R? ¢ cac day bao {K.} va {H.}
nhitng tip hgp con compéic sao cho céac ham s6 f, g : A = R,
theo thd tu, kha tich tréen méi K, H va

0 < fix, vy, z) = gix, y, z) voi moi (x, v, 2) € A
Khi do

a) Neu [ [ { gdxdydz hoi tu thi [ [ [ fdxdydz h&i tu,
A A

by Néu fff fdxdydz phan ki thi fff odxdydz phan ki.
A A

H{idn nhién cac dinh li va hé qua 5.7, 5.8, 5.9, 5.10 dang cho
truing hop tich phan suy réng hai lop.
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1.11. Ap dung. Gia st A la mot tap hop dong trong R~ sao
n =1, 2, .

cho A= {ix, y) € A x4+ v: € n-},
12 nhing tap hop compac do duge va
f:A - Rla mot ham s6 lién tuc trén A. Khi dd
Néu ton tai mot @ > 2 va mot €6 k > 0 sao cho
o

=2+, v < k voi x2 + y2 di 16n thi [ fdxdy hei ty.
A

Chitng minh. Theo gid thiét, tén tai mét s3 nguyén dusng m
sao cho

(x? +y7)

{(Vix, y¥ € A) 2 + yz > m? = | fix, y}]

T
2

Vi {A} la mét day bao nhitng tap hgp con compic do duge
cia A va f lién tuc trén A nén f kha tich trén moi A

Vin =2 m, ta cd

[ ifldxdy = ff | fldxdy + [ [ |f]dxdy (1
A ANA

Mat khac vi A\ A 1a do dugc (theo nghia Giodedan) va

—z lién tuc va bi chan trén A\ A, nén

ham sb gix,y) = —

(x* +y%)
g kha tich trén A \ A Pat D, = {(x. y) € R? : x? + 32 < n?},
dxd dxd
ta duge ff _9x¢ 3—{--, < f f _)_{__Y_mz .

A Y, . \m(xz +y2 ) I).-. \I)m (x" +y‘)

Chuyén sang toa d6 cuc, ta dugc (v6i a > 2).

dxdy 2kt . .\

) | fI dxd}' = k = - {m< "% - p- ”J
\{.\'!\“_ :‘].\‘{.) [X + oy )( 2 0 —2
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2k N
< Soome
¢ -2

T

vdi moi n.

Day s6 | | fldxdy | tang va& bi chan trén nén héi tu. L
: g
L :

s2. TICH PHAN ROI PHU THUOC THAM SO

Tich phan béi phu thudée tham s6 duge dinh nghia tuong ty
nhu tich phan don phu thuée tham s6.
2.1. Dinh nghia. Gia sd¢ K la mot tap hdp compéac do duge
trong R, AC R*vaf: K x A — R 12 m6t ham s6 lién tuc.
(x, v, t. u, v) — (f, x, y, 1, u, v)
Khi dd v6i méi (t, u, v} € A, ham s6 {x, y) ~= fix, y, t. u, v)
lign tue trén K, do do kha tich trén K. Dat

I(t, v, vy = ff fix, y, t, u, v)dxdy
K

I 14 mot ham 86 xs¢ dink trén A

Tich phan bdi phu thude iham s8 cing cd cdc tinh chét tuong
ty nhu tich phan don phu thuge tham s6. Hai dinh i sau day
ciing duge ching minh tuong ty voo trong trudng hgp tich
phin don.

2.2. Dinh li. Vdi cdc gia thist trong 2.1, 1 14 mot ham so
lién tuc trén tap hop A.

2.3. Pinh li. Gia st K la mot tap hgp compéc do duge trong
R-, J 14 mot khodng cia R va

f:- K xdJd—=R
(x, v, tV — fix, vy, t}
1a mot ham sé lién tuc va ¢d dao ham riéng ft’ lien tuec trén K % J.

Khi d¢ ham =6
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Ity = ff f(x, y, t)dxdy
K

cd dao ham lién tuc trén J, va

') = [ ] £'(x, y, t)dxdy véi moi t € J.
K
Dinh nghia va cdc tinh chdt cia tich phén don suy réng phu
thudc tham s6 va khai niém hoi tu déu cda tich phan don suy
rong phu thudc tham s6 duge chuyén mét cach tu nhién sang

truong hop tich phan bdi suy rong phu thude tham sé. Ta xét
mét vai vi du.

Vi du 1. Gia sit A 12 mét mién déng do duge trong R3 va
F A—R (x vy 2z) — Px, y, 2 12 mdt ham s6 lién tuc trén A

Xét tich phan

€ 1.0 = [ 2222 axayer (D
A

trong do r = V¥ -&)* + (y —q)° + (z —§)°.

Vai méi di€m P, y, ) € R* \ A, ham s6 du6i d4u tich phan
lién tue trén A nén kha tich trén A. V4i méi P € A, (1) 1a mot
tich phan suy rong. Ta sé ching minh ring tich phan (1) 14 hoi
tu v4i moi P € A.

That vay, véi mdi n, goi B, 14 hinh cdu mé tam P ban kinh
1 < .
o vi K = A\ B . Dé dang thdy rang {K,} 12 mét day bao

nhiung tap hop con compic do duge cia tap hop A \ {P}. Vi
ham s6 dudi ddu tich phan (1) lién tuc trén A nén ndé kha tich
trén moi Kn.

Dat 1 = [ [ I’Oi:'—z)—l dxdydz
K

n
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Vi ham s6 £ lién tuc trén tap hop compéac A nén P bi chan trén A
Ton tai M > 0 sao cho |P(x, y, z2)| < M véi moi x, y, z) € A. Voi
n<mtacéi K € K va

0<1 -1 =f[f 'fi"’—r’f’-?-)-l dxdydz < M [ [ f % dxdydz
K AVK K VK,

Vi K, \K, CB_ \ B_ nén tir dd suy ra
1
IL,-I<sM[f][ - dxdydz.
B\ B_
Chuyén sang tga do ciu.

x - £ = rcospsing, y — y = rsingsind, z - { = rcosé,

ta ducc

l
21 2 n 1 1
OsIm—InsMfdgofsinﬂd@frdr=27zM(——--—).
0 0

3=

Day s6 {I,} |2 mot day Cébsi nén hoi tu. Vay tich phan (1)
hoi tu. Nhu vay ham s6 I trong (1) xac dinh trén R3. Cg thé
ching minh duge rdng ham s6 1 lién tuc vA cd cde dao ham
riéng cdp mot lién tuc tréen R

Trong vi dy sau, ta sé xét tich phan don suy réng phu thuéc
hai tham sda.

Vi du 2. Vi méi diém (&, 7)) € R x (0, +wo), dat
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Néu f : R — R 1a mét ham s6 lién tuc va bi chaa trén R thi
tich phan

LI~ 3

iy

ui, ) = }qf (x &2 4 2

héi tu tai moi di€m (£, 5) cha nda mit phang 7 > 0. Cé thé
ching minh dude ring ham s& u lién tuc trén nia mat phang
n > 0, ¢S gigi han tai méi di€m bién (£, 0) cla nida mat phang
7 > 0 bang f(£) va c¢6 cdc dao ham riéng cdp hai théa man
phuong trinh u:::& +u

';'? = 0 trén nia mat phing d¢.
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BAI TAP CHUONG VII
NG DUNG HINH HOC CUA DAO HAM VA TICI{ PIIAN
Dé cho gon, ta gia thiét cac mat phiang toa dé va khong gian

toa dé trong cac bai tap cta chuong nay déu la nhing mat phang
va khong gian v4i hé truc toa do Bécac tryc chuln.

1. Cho duéng cong phang I vdi bidu dién tham so
¥ =t-sint,y =1-cost, t € R.

a) Xac dinh ti€p tuyén cta I" tai didm M(t) = (t - sint, 1 - cost)
vl t # 2ka, k € Z.

b) Xac dinh cac didm ditng M(t) € [ va ti€p tuyén caa I tai
cdc di€m ding do.

(M{t) goi 13 mot diém ditng cia I' néu M(t) = 0).

2. Xét ciac nhanh vo tan cia dudng cong [ véi bidu dién tham s6

x = t2 4+ y:t+—l-—,
t+], t?.__]_

3. Ching minh ring hai dudng thang x = 2 + 2t, y = 2 + 4t
z=2-4tvax=4+¢t y=6+2t z=-2- 2t tring nhau.

4. Cho dudng cong I' véi biéu dién tham s
x = 3t,y = 3t2, z = 2t} t € (0, +eo).

Viét phuong trinh tiép tuyén cda I' tai diém M(t) va xdc dinh
giao diém cua ti€p tuyén do véi mat phang Oxy.

5. Chiing minh rdng dudng cong I' vdi bidu dién tham s

3, 3
x2-2—1;‘—2t+5,y:7t—2,z=§t2—4t+1

la mot duong cong phang.

6.* Cho duang cong I' véi bigu dién tham sé

262



X = cost. ¥y = sinfisint, z = cosflsint, vai # € R cho trude
Xdc dinh mét veets phap fuy&n cda mat phing mat idp cia I’
tai digm Mity = T.

7.7 Cho dudng cong T véi bidu dién tham s0

X =ty =t z =t}

Viét phuong trinh mat phang di qua ba didm Mo, M),
M(t;). Tt dé suy ra phuong trinh mat phang mat tiép cia [ ta
digm M{t).

8.* Cho cung I' = AB vdi bigu dién tham =6

x = xi(t), y = y(t), z = z{t), £t € [a, b].

A = M(a), B = M(b}). Gol C = Mig) 3 mot diéfm cua cung [
~0i ¢ € {(n, b).
Chung minh rang n&u hai cung AC va CB kha trugng thi

cung AB kha trutng va 1(@) = 1(@} + I{ El—ﬁ).

9. Tinh d6 dai cdec cung sau :

a}x:cosst,y:sin5t,0st$%,

b} x = elcost, y = elsint, t € [0, Inx],
e} x#3 + y23 = a23 (cung ctia dudng axtrdit),
d) y2 = 2px, x € [0, a), p > 0, a > 0,
e}y =chx, 0 £ x £ 1,
f) x = e?lcost, y = eflsint, z = -e2' +1, 0 € t < a.
10. Cho dudng cong [’ vdi bidu dién tham s6
x = x(t), y = vit), z = z{t}, t € X C R,

—
va vecta V = (a, b, ¢} # 0. Vit bifu dién tham s6 cua mat try
—

cd dudng chudn la T va dudng sinh song song vai V.
11. Cho dutng cong [ véi biéu dién tham sé
x = x(t), vy = yith, z = zith, t € X C R
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va mot diem Six .y .z, & I'. Viét bidu dién tham 6 caa mat
ndn c¢o dinh 13 didm 8 va dudng chuan la 1.
12. Ching winh rang hal mat phang P va Q vdi cac bidu
dién tham =8
X =2+u+2v,y =2+ I - u-—-v.
va X =1+3u-v,y=23+3u+v,z=1-2u
14 trung nhau.

b2
=
+
-
N
i

13. Cho dudng cong I' véi bi€u dién tham s6
X = CcO8U, ¥ = sihy, z = u

il

vd difm P nam trén ti€p tuyfn cta [ tai di€m M(u) xac dinh
bdi MP = vl\?’(u}, v € R. Tim bigu dién tham s6 ciua mat 2
tap hgp cédc diém P
4. Tim mét vecty phiap tuyén cla mat 8 vai bi€u didn tham s6
x = Reospcost, vy = Rceospsin#, z = Rsing
i T
tai diém M (i ) Z)
15. Viét phuong ftrinh tiép dién cda mat 8 vdi bigu dién tham s6
x = Reospcosi, y = Rcospsin#, z = Rsing
tai didm M (% , -})
16. Cho mat Z val bidu dién tham s8
x = 1 - cosu, y = sinuchv, z = (1 - cosu)shv.
Chung minh rang phap tuyén clia mat Z luén tua trén mot
duong cong ¢6 dinh cda mat phang Oxy.
17. Cho mat 8 voi bidu dién tham sd
x = (1 + uicosv, y = (1 ~ ulsinv, z = u.
Viét bi€u dién tham sd cta dudng cong T'. tap hdp cdc didm

caa mal 3, tai dd tidp dién cva S song song vdi true Qz.

264



18. Cho mat 5 vdi bidu dién tham sé
X = VCOsU, ¥y = vsinu, z = v + g(u),
trong dd g la mét ham s6 kha vi

a) Viét phuong trinh tiép dien 7 cta mat S tai diém Mu,, v )
sao cho g'(u ) = 0.

b) Ching minh rang khi v,, bién thién, tiép dién 7 luén di
gua moét dudng thidng c6 dinh.

19", a) Ching minh rang dudng cong I' véi bidu dién tham s
x = elcost, y = elsint, z = 2t
nam trén mat S vdi phuang trinh e/ = x? + y2

b) Ching minh rdng mat phang mat tigp cua I' tai digm M(t)
trung voi tiép dién cia S tai didm nay.

20. Chung minh rang dudng cong I' véi bifu dién tham s3
x = 8in2t, y = | - cos2t, z = 2cost

nam trén mét mat cdu cd dinh va T' 1a giao tuyén cua mét mit
tru tron xoay va mot mat tru parabol.

21. Ching minh rang cac tidp dién ax + by +cz+d = 0 cua
mat 27xyz + 1 = 0 théa man hé thic abc — d3 = 0.

22. Ching minh rang duong cong ' vdi bi€u didn tham s&
x = e™2cost | y = eVZgint , z = W2
nam trén mat ndn x? + yo = z2varT tao vaoi dudng sinh caa
mat nén gdc % .
23. Cho mat S v6i phuong trinh xyz = a3, a > 0.
a) Viét phuong trinh tigp dién x cia mat S tai diém x, v, 2).
b) Viét phuong trinh clia mat Z tip hop cAc hinh chiéu cia

di€ém gGe trén cde tiép dién x cua §.
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24. Xac dinh mét tiép dién cia mat x° + y° + 2z = 1 vuéng

gdc vai dudng thang x = i = -5 MO
25. Tinh dé dai cdc cung vai phuong trinh cuc sau :
6 b3
é:osﬂ’ﬁe [0’;1_] !

br =¢ 8 e [0, 21],

arr

clr = asin3% .8 e [0, 3n)

26. Tinh dién tich hinh quat gidi han bdi cac dudng vdi cdc
phucng trinh cyc sau :

a)r:sinze,ae[0,%‘-],9:0,9:%,

b r=1-sind, # € [0, 21, 8 =0, 6 = 2n,

- I _ _J'l
c)r-2sm39,9€[{),5],()-0,9_-3,
Hr=-—L _ g=" 6=2 (parabol)

= {Zcosg '’ T 47 T 2P '

BAT Gl1AI, HUONG DAN, PAP $O CIHUONG VII

1. a) lﬁ)’(t) = (1 ~ cost, sint) # 0 voi t # 2kn, k € Z.

b) M{t) l1a mo6t diém diung caa [ néu t = 2kx véi mot s6
nguyén k nao dd ; M(t) = (sint, cost), M7(2kr} = {0, 1) = 0.
Tiép tuyén ctha T tai diém ditng ¢6 vecto chi phuong la : (0, 1).
3

2. Khi t — -1, T’ cd tiém can la dudng thingy = — 4

|

3
Khit — 1, T ¢d tiém can ding x = 5 Khi t -= o, [ ¢é nhanh

parabel theo phuong cua Ox.
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3. Hai dvong thang cd di€m chung (2, 2, 2) va ¢ cung phuang.

4. 1\?(1:) = (3, 6t, 612, Phuong trinh tiép tuyén cta tai di€m
M(t) la : '
P Sk N s
X 3t = o R
A2t, t2, 0).

9. Dudng cong ' nim trong mat phéng di qua di€m (5, -2, 1)
> 3 3
va song song vdi hai vecto doc lap tuyén tinh V = (5’0’ §> va
—
V, = (-2, 7, -4).
— —
6. M’(¢) A M(t) = (0, — cosd, siné).
7. Phuong trinh mit phdng di qua ba di€m Mit)), M(t,), M(t,) la
X =ty -t o2t
- 2 3 _
Lot -t 13-t =0,
hoh B -
tic la
(tltz + t2t3 + tSt‘l)x - (tl + t2 + t3)y +z - t|t2t3 = Q
Ti do suy ra rang phuong trinh mat phing mit tip cta I’
tai di€m Mit) 1a
3t?x - 3ty +z - t3 = 0.
8. Gia sit = 1a mét phép phan hoach doan [a, b].
Toa=t, <t <. <t =h
Tén tai i sao cho t. |, =

i1 ¢ <t ;57 =x U {c} la mét phép
phan hoach doan [a, b] min hon . Bat

z o= {t, t, b, el van” = {c t, ot}

Ta co

L, <1, =1, +1» < I(AG) + I(CB).
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Goi P la Ltap hop cdc phép phan hoach doan [a, b]. Tap hap
s6 thue {{, : x € P} bi chan nén cung AB kha trugng va
IAB) < 1LAC) + 1 CB) (1)

Cho £ > O bat ki. Tén tai phép phan hoach x’ doan [a, c] va
phép phan hoach x” doan [c, b] sac cho

Iy > U(AC) = va L > KTB) - 5

3

7 = U r’ la mot phép phan hoach doan [a, b] va
= L.+ L»>KAC) + (CB) ~ ¢
Do dd
I(AB) > I(AC) + U(TB) - ¢
TUu dd suy ra
E(AB) HAC) + I (,B) {2}
Tir (1) va (2) suy ra dang thic cdn ching minh.

9. a) D6 dai cha cung da cho la

T i
2 2
I = [ x5ty + y4t) dt = [ BsintcostyVsin®t + cost dt
9 0
n 3
5 2 _ 5 7
= 4 [ sin2t¥T + 3cos™2t dt = — 3 [ VI + Beos2t d(cos2t)
0 0
b /N3,
{ = 8\[_ ( os2t¥ 1+ 3cos*2t + ln(\[_cos2t+ Vi+ 3cos-z2t)l 2
5 1 +
8 ﬁ

V2(r - 1).

I =
Biéu dién tham s8 cda dudng axtrdit 1a

x = acost, y = asin’t, t € [0, 2=},



2 — - [
d) Phuong trinh cia parabol la x = ;I_’ . ~¥2pa<sys V2pa.

V2pa ¥2pa yz ‘)‘rz "
f—2f\[_+ )dy ?.,f Zd f\ry—-kp dy
P 0

2 V2
= (2y\fy p? +§p1n{y+\i—“+p))’ b

:

— 2a +¥2a 4+
= ¥2a(2a +p) + pln"_:“_L%_P
Vo
1 1
e) I = é_(e - E) .

3
D1 =56 - 1)

10. Goi M{t) = ix(t), y{t), z(t)) 1a mat didm _lléit ki caa I, Cac
di€m cua mat tru la cice dim cd dang M{t) + iV, t € X, 1 € R.
Toa dé cha cic diém nay la :

x = x(t) +al,y = y(t) + b, z =zit) +ed, t € X, 1 € R.

Bd la bi€u dién tham s6 cia mat try.

11. Goi M(t) 12 mot di€m b4t ki ctia I. Céc di€m cua dudng
thing SM(t) cé cac toa do la :

x = X, tAx(t) -x )y =y, +AF® - Yoh 2 = 2, + Alz(t) - z ).
Cac phuong trinh trén véi t E X, 2 € R la bifu dién tham sé
cua mat ndn.

12. Hai mat phing P va Q déu di qua dié’m A2, 2, 1) va
song song v&i hai vecto doc lap tuyén tinh V =11, 2, -1) va

V, =21, -1)

13. Vecto chi phuong ciia tiép tuyén tai diém M) € T Ia

p—
M’(uy = (- sinu, cosu, I}.
M—(u)_P’ = (—vsinu, vcosu,v).
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Toa dd céa diém P la :
x = cosu — vsinu, y = sinu + veosu, z = u+ v. D
Cac phuong trinh (1) véi u € R, v € R la biéu dién tham

54 cua mat Z .

oM
14. (Tkp = (—~Rsinpcosl. —Rsingsinf), Reose),
—
oM ,
g = {-Reospsinté, Reosgcostd, 0),
s I K
‘—-'b _—) 1 J
= M oM
N{p, &) = ‘(— A Ea—ﬁ— = RZ |—singcosf —singsind cosp
—cospsiné cos pcos 0

= -Ricosplcospcost, cospsing, sing).

Thay ¢ = € = i vao vectd (cospcost, cospsinf, sing), ta duge

mot vecto phap tuyén cta mat S tai diém M ('Z , J;) :

. 11 1
| N=1(3-2-73}
15. Ta st dung bai tap 14.
R R RVZ
M(3-3) (222 )

Phuong trinh tiép dién cda mat S tai diém M (’; : %) 1 -

3(x3) p(-3) () o
hay
x +y +¥2z - 2R = 0.
16. 9}:— = {sinu, cosuchv, sinushv),



oM
- = (0, sinushv, {1 - cosulchv).

Phap tuyén cia mat E tai diédim M(u, v) c6 vecto chi phuong 1a -

— —
oM oM . . .
wo A== = lcosu - 1)eh?v + sin?u, sinu(cosu ~ 1)chv, sinZushv).
ou H

v

Phuong trinh phap tuyén cia 2 tai di€m M(u, v} 1a :

X +cosu —1 ¥ —sinuchv

(cosu — 1)ch?v +sinu  Ssinu(cosu — l)chv

z +(cosu — lishv

sin“ushv
Phap tuyén cit mat Oxy tai di€m

(1 —cosu)ch?v 2sinuchv
x = e Ly = Y,

Dé dang thdy rang y? = 4x. Vay phap tuyén ctua mat Z ludn
tua trén parabol y? = 4x trong mat phing Oxy.

oM
17. d— = (ecosv, - sinv, 1),
Jua
oM ]
—- = (= (1 + u)sinv, (1 - ulcosv, 0).
v
— r')_ﬁ rﬁd’
N(uw, v) = — A — = ((u - Dcosv, ~ (1 + u)sinv, cos2v — u)
du thy

12 vecto chi phuong cta phap tuyén cta mat S tai diém Mu, v).
Tiép dién n cta mat S tai di€m M(u, v) song song vdi truc Oz
khi va chi khi
ﬁ(u, v) 1 Oz ﬁﬁ(u, v)A‘k_)x 0 <> cos2v — u = 0. Bi€u dién
tham s6 cha I' 1a :
x = 2cos’v, y = 2sin’v, z = cos2v.

v )

43 [}

18. a) Phuong trinh tiép dién 7 cla mat S tai diém M(u
sao cho g'(u,) = 0 la :
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xtv cosu — gy dsinu )+ yly sinu, +giu Jeosu )~ vz ty glu) =0
hay
v ixcosu, + ysinu - z + glu ) + g'lu Ji-xsiny + ycosu ) = 0
Khi v, bién thién ti€p dién a luén di qua dudng thang
xcosu , + ysinu, — z + glu ) = 0, xsinu, - ycosu, = 0.
e
19. b) M'(t) = (el(cost - sini) , e'{sint + cost), 2),
—
M”(t) = e' (- 2sint, 2cost, 0).

Phuong irinh cia mat phang mat ti€p cia T tai digm M(1) la :

X — e'cost Y - elzint Z — 2t
el{cost — sint) e'(sint + cost) 2 = 0.
— sint cost 0

Phap tuyén cia mat phing mat tiép ctha [ tai di€ém M(t) co
vecto chi phuong la
ﬁ’l = {-2cost, -2sint, e').
Phudng trinh tiép dién x cia mat S tai di€m M(t) la
(X - 02x + (Y - y)2y - (Z - 2)e? = O,
Phap tuyén cta z tai di€m M{t) cd vecto chi phuong la

=
I\‘2

(2x, 2y, - ¢) = (2e'cost, 2e'sint, -e’) =
= ~ e!{-2eost, - 2sint, e').
el —=

Ta 6 N, = — elN,.

20. I’ nam trén mat cdu x* + y° + 22 = 4. Hinh chiéu caa T
trén mat phang Oxy la dudng cong cd bi€u dién tham s6 x = sinZt,
y -1 = - cos2t (z = 0). Do 14 dudng tron 2 +(y - 1¥ =1
trong mat phang Oxy.

Hinh chidu cta I" trén mat phang Oyz ¢é biéu dién tham s& la

y = 2sin’t, z = 2cost. DS la parabol % + (E)‘ = 1 trong
mat phang Oyz.
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21. Dat fix. v, z0 = 27xyz + 1. Tz cd
o = 20z , o = 27sx of = 27xy. Phuong trinh 1iép dién
tx YTy Tz g i
cia mat da cho tai diém Mix, y, z) 1a
27yz(X — x} + 27zx(Y — y) + 27xy(Z - z) = O,
hay
yeX + zxY + xyZ4 - 3xyz = 0,
hay

1
yvzX + zxY + xyZd + - = 0,

. 1 . :
vl XyZ = — 57 Tiu dd dé dang suy ra diéu cdn chidng minh.

22, W(t) = % elive (cost — ¥2sint, sint + V2cost. 1y.

Vectd chi phudgng cia dudng sinh OM(t) cta mat ndn la -
\7 = (cost, sint, 1).

Goi a 1a gdc tao héi tiép tuyén cua T tai di€m Mit) va dudng

sinh cda m#at non di qua diém nay Ta cd

|M(t) . V] 2 x
ST T HdC e
M@l v
23. a) Phuong trinh tiép dién x cta mat § 1a
vzX + zxY + xyZ = 3a’ (1)
b) Phuong trinh dudng thang di qua géc O va vuéng gde vai
~ . . X Y Z 3
mat phang 7 la : vz oo xy e=xX = yY = 27 {2}

Hinh chiéu H = (X, Y, Z) c¢d cdc toa d¢ théa man déng thoi
(1) va (2). Vi xyz = a', tit d6 suy ra

xyzX? + xyz¥? + xyzZ? = 3ot YXY V) (7).
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haw
X<+ Y+ 725 = 27a%XYZ.
)6 la phuagng trinh ¢da mat E, 1ap hop cac hinh chidu cua
O trén a1
24. Phuang trinh tiép dién a cua mat elipxéit tai diédm
Mix, v. z) la :
MX - x)+yiY —-y)+ 22472 -2) =0 )]
Tiép dién T1 vuadng goc vai dudng thang D khi va chi khi phéap
—
tuyén n cda miat phang 5 song song v6i D. Vecto N = (x, y, 2z}
3 mét vecto chi phuong cua phap tuyén n cia x. Dudng thing
B —
) cd mat vecto chi phuong 12 V = (1, 3, -2).

n/lex = % = - z (2)

Vi Mix, v, z) 1a mdt diém cia mat elipxéit nén x4 + y* + 222 = 1. (8)
. . 1
Tir {2). +3) ta tinh duge x = + i?_j . Thay vao (1), ta duge

X — xr + 3x(Y - 320 - 2x(Z + x) = O,

T do ta tim duge phuopg trinh cda tiép dién n vubng gdc
v&i dudng thing D
X +3Y - 24 2 23 = 0.

EOR B

a
4 1 sin‘d
I = [ N9+ 746 dv = 6 | \j S a1
0 08

do =
=6 [ —— = 6tgd !4 =6
0 cose

b7 o= V227 - 1)
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» Jaa
s =5

26. a) Dién tich hinh quat da cho la

Iy &
S = f F20)d0 = f Sind20d0 =
= = 2 S - 8 -
i \]
3n
¢) § = :; .
a a
22 g 2 2
ws-Zp W w0
2 % (I-cost) 2 5 ggpe?
0 PR
T ;] x
5 2 di{cotgy) 2 2
p 2 p & g
= -7 ] == 1+ cotg?;)d{ cotgy
4 f sin2? 4 f( cotg’y) d(cote )
4 2 a

T

pr, 6 1 6
= (coth + Ecotgsé) 1.1;2

2
I r 1 o an 4
= (cotg8+3c0tg8 3)

ol W

p? | R
:I(ﬁ+1+§(f2+1)3—

)

pz
8 = g (V2 +3).
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BAI TAP CHUONG VIII
CHUOI 8O

1. Tinh téng cua cac chudi s6 sau :

ac l =3 .
WX Grepee iy M2 0D - WEET )

- 2n-—1 ke 1
c) —_— d) arctg —— ;
23 n(n? - 4) I;::n & l+n+n
- 1 - 37 +2n
e) arctg -— n — ;
nzl & 2n~ n§=:[} 6"
= 2 ® 3
g D PO h Y —
n=1 n=1

2, Xét sy hoi tu cha cdc chudi s6 sau ;

> nZ+5n+1 >, 2n

2_ - 1
no4nf —2sinn

c)i(;-%);j d)i%nln(l+%),

n= 0= i

e)Zsinn ; f)ishnn.

n= n=1{
= =
3. Chiing minh réng né&u cac chubi sé z u, va Z v, hditu
n=1 n=1

o
Au, < w, € v vdi mai n thi chubi 2 w, hoi tu.
n=1



Néu ca hai chudi sé 2 u, va z v, déu phan ki thi chudi

n=1 n -1
80 Z w, €6 phan ki khong ?
=1
4. Xét sy hdi tu cta cdc chubi s6 sau

)2 1—311“_; b)zzn 2n —1

: 2
S, n?+38n% -1 2 +3n — 4
had - Inn
¢y >, me " D
n=1 n=1
e) E e~ fn . ) 2 10 (nny’
= ne i

5. Ching minh rang néu lim nu, = a € R, a # 0 thi chudi

n— o

s8 2 u,  phan ki
n=1

o
6. Ching minh ring chudi s6 2 In(1 + u ) hoi tu tuydt doi
= n=1
khi va chi khi chudi s6 » u_ hoi tu tuyst déi.
n=1
7. Gia st Y a va > b la hai chudi s6 duong hsi tu.
n=1 n=1
Chiing minh rang cac chudi s6 sau hdi tu :

8. Ching minh rdng néu chudi s6 E n’ul héi tu thi chudi

n=1

6 > u, hoi tu tuyet ddi.
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9. Xét sv hdi tu caa cac chudi s6 sau
A V2 + 2 V2 +\[z—\J_+\F2 +
+ \fz—\E+ 578+

1

a-----——);‘ , p 12 mdt s5 duong cho trude,
,(Inn

b)

n

nMg

sk

c) (Vo' +2n+1 - ¥n' +an), a 1a mot s6 duong cho trudce,
n=1

w ' 1
d) 2 arccosy 1 — 5 ;

n=1

d 1 fr
} h 1 + — .
e nzl (argc > )

n

10. Xét sy hoi tu cda cac chudi s6 sau :

= ! S 3np!
a Y b > e
n=1 n n=1 n
= n! > 2n
© Y~ (a > 0); > -
n=14 n=(1 +2
n? s ,n+a. g
D h D2 (7))
n= (2+) n=1
n
{a, b la nhung s6 thyc dudng)
5n+1, - ninn
05 (Gipn) s wIi
— ‘n-~4n +2 n=i(inn)
ll. rI‘uy theo cac gia tri cia a > 0 vA « # 0 hidy xét su héi
tu cua chudi s 2 u, o, voi
n =1
aﬂ
Uy = '
nr’:
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12. Chuang minh rang

li : + L + + : = In?
tn 1y n+1 - ap | TR
n-—=x
13. Cho
_ 1 i + 1 1 N 1
MTT T2 7374777 9n

Ching minh rdng lim a, = In2.

n— =

=

- -t N . o "l -

14. Xét sy héi tu cia chudi 36 Z u viii
n-l

o
15. Gia st chudi z a x" hoi tu tuyér déi vai |x[ < 1 va cd
n=10

n
tong la flx). Dat s = z a, Chitng minh rang chudi
K=o

f(x)

2 s x" hoi tu va ¢d tdng la T-a voi |x| < 1.
ne=1

16. Cho hai chudi 88 vdi s6 hang téng gquat

(- et
S Gl D

h n Vn , 02

Ching minh rang ching hédi ty nhung chudi 56 tich cia ching

%
—

g
I

n+ ] 11lvn + u‘lvn-l LT 'ln Y2 t+ un"r

phan ki
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w
17, Gia =u Z u.la mot chudi 6 duang hai tu va fu } la
el

mot day giam. Ching minh rang lim nu, = 0

11- w2

18, Xét sy hdi tu caa cac chudi 56 sau :

(-1 o (- n
14 Z mh b 2 e in # -x);
n 2 n=1
o . 3n+d - (= D"
cl - [yn | ; d) —_
!12]{ J n{n +1) n§2n+(— 1)1’1
19. Xét sy héi tu cha cdc chudi s6 sau :
S _{._, ___l_)n_ . S — Mmool 1
Jﬂ;j(ln.n) To b]ngl( 1)"v¥n sim- .
20. Xét sy hdi tu cha cac chudi s8 sau -
o . {ln n)z X (._. l)n
at - W ——" b) Inn .|l 1+ ——y ;
: 11§=:]{ ) \{; n§=:2n " ( n ) .

X S |
i — n =1 TY—
¢ Z (— 1" Yn sin— .
n-1
21. Xét tinh hdi tu cta cac chudi s6 sau :

o
il -——
al Z sinayn- + 1 :
n= 1

u 2n* +n? +an+b
b) cosa [ - ————— -—, {(a >0, b > 0)
T!AS-_'-:[ ( 2]’12 )

22. Xét sy hoi tu cha cac chudi s6 vai s6 hang téng quat sau ;

(— Iyn _ ) n+1
atun, = - -— g > 0) ) u, = e/
n+i— N [t ]}“\rn —n
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a - {—— l)”\f—n

¢y, = ~——=: {a € R} ;
n (- 1)”\rn
(- s

Y u = + —=" 17 -
4y, [1 Vn ] !
23. Xét sy hoéi tu caa cac chudi s6

l _]_ - 1 + ]_ + l 1 i +
Al -y gty tyg-g 7t

: 1

b 2 F—mﬂ-{l— {a la mdat s8 thuc cho trudce)

n= Vrn

=, ©os2n cos n cos n
c) Ez:j nlnn '’ @ ngl ! )nZI

24. Xét sy hoi tu cla cdce chubi 86 voi s6 hang t8ng quat sau :

in3 3
cosn sin“n(ln n)
alu_ = {— )t —; b) u = —- ;
Yu, = (-1 Vo ) a, T ;
cosn _ sin nsin n?
c)u, = ————— du, = ———
Vvn +cosn n

25. Xét sy hdi tu cha chudi so

26. Xét tinh hoi tu tuyét d6i va ban hdi tu eta chudi

nPsin nx
—— ., q >0, 0 < x < 7.

— 1 +n4
n=1

27. Xét tinh hoi tu cta chudi sé
S __L . 7€ R
~_n“(ln ny* ’ “ ’
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trong cac trudng hdp sau :
ara > 1, by« < 1 ; o= L

28. Xat sy hoi tu cha cdac chudl 58 vii cac 56 hang tdng

quat sau :

) 3 b) 1

U = o e U = e
S e T U " ncos’n

_ In?2 +1n3 + ... +1n’n

¢y, = = ,a e R

n

d} | 1 2] : 1
u = |ln - | e)u = ——— .
" 008 T Wm0

n

a +32+'“ +an

29. Gia sif {a,} la mot day s6 thue va b = - 5=,

[= ~]
Ching minh rang néu chudi Z al  hoi tu thi

n=1
tim bn = {.
B T i

30. Cho mét chudi sé¢ dugng héi tu 2 u,

n=1
oG uun
a) Ching minh ring chudi s6 2 T hoi tu vdi a > L
n=|

b} Ching minh rang tén tai mét héng s6 K sao cho

n
S = Z Vu, < K¥n vai moi n > I
K=
Tu dang thuc
noyy g
-l k 1 ‘l n
''''' - — o . a + -
s ktl’ ( 1 g )Sl + [{n B I}” n‘*‘-} n i n“ {1



\fu"

|

ching minh rang chudi 38 Z hoi tu vai @ > 5
n =

n-=

1 . .
c) Vai o = 3 hay cho mot vi du vé mot chudi =6 duong

£ x \[U
2 u,  hoi tu nhung chudi s6 2 phan ki

nwl r1=|rl

31. Cho mét day s6 thuc {a_}. Ching minh ring néu chudi

g0 Z — hdi tu voi x = x thi nd cing hoi tu vdi moi x > X,
n
n=1

BAI GIAL HUONG DAN, PAP SO CHUONG VIII

L oa 1 1 1 1 ),

" Bn-2)Bn+l) 5(3_&;5 3n + 1
n
1 1 1
w2 (3-z " me1) “ 5 (! “mmai) ~s
khi n — . Chudi s6 hoi tu v 6 tng S = ;

b)sn=z\.ﬁi—;‘2'—22ﬂ+1 +E\fk =

k=1 k=1 k=1

=1 -VE VR F T +Vn T2

. 1
Vi lim yn+2 ~¥yn+1) = lim ———-————~ = 0 nén
s % noeVn+2 +yn+1
imS =1 - V2.

norx
Chubi s6 hoi tu va cé téng la 8 = 1 — {2.
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k-1 1. 1 5 ] . 3 1 K = 3
k(k2-4y 4 k 8 k+2 8 k-2 " 7
1 w1 5o 1 3 « |
5. =72k 82 kiztE> ko2
ko 3 k=3 k=3
75 1 ¥ 1 5 1 1 1 1
— - — — ——— — e -
48+96 4(n—l n) 8(n—~1+n n-+1 n+2)
. &9 e . . _ 89
nli:r;sn = gé.Chum 86 hoi tu va cd téng 12 § = 96
n+ I)—
dy arctg———— ( )—n

= = +1) - :

ot ol arctg]+n{n+1) arctg(n+ 1) — arctgn
n

5 = E [arctg(k + 1) - arctgk] = arctg(n + 1} —Z khin —» =

TS 2

Chubi s6 hoi tu va cd téng 1a S = % .

) ) 1 ¢ 2 . CZn+1)—(2n-1)
e) arc gznz—arc g = arc g1+(2n+1){2n_1)

= arctg(2n + 1} — aretg(Zn — 1},

n
3, = 2 [arcig(2n + 1) ~ arctg(2k —1)] = arctg(Zn + 1)} =
k=1

— arctgl, lim 8§ =

n—«

o |
|

Ei
2

Chudi s6 hoi tu va cd téng la § = =

1

o7

J2.

NSO S Tb I IS S S
By "h=n " -1 T @-2 @ - 1) vdin = 2.



x*

o 1’12 x 1 1 |
nzl nt ! +ﬁ2_, [n —-2_)' +n§=:a(n__l—}7 =l+et+te -1 = 2
S AR Gt ) SN .3 IR W
ot~ (n— 1) (n -1 (n - 2)! (n—1)
_ nh—=2+3 1
T (-2 -1y
1 3 1

= (_11_-73)1 + {T—_2_)T + (n—_l')'i- v3in = 3
- x 1

1
2 - 1+4 +Z 3)1 Z (n 2)! +n§=:3(_1_{_—1)_!

n= l
=H5+e+3e-+e-1-1) =
2. Cdc chudi s6 da cho déu phan ki vi s6 hang t8ng quat
u, # 0 khi n - .
e) Ta ching minh sinn 4 0 bing phan chdng. Né&u sinn — 0
khi n — o thi
sin{n + 2} -~ sinn = 2sinlcos(n + 1) — 0,
~do dd cosn — 0 khi n — ». T d¢ suy ra sin’n + cos’n — 0
khi n — o ; diéu nay la vé 1{ vi sin?n + cos?n = 1.

el — ol™m
) shn = — 5 ~ = 4w khi n — .

3. Tu gia thiét suy ra chudi s6 duong z (v, — u,) héi tu. T

bat dang thic
0w -nu € v, - u, vldi moi n

suy ra chudi sé duong 2 (w, —u) hoi tu. Do do chusi
n=1
2 w_ hoi tu
n=1
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T4 bat ding thic u, < w, € v, vol moi n va tinh phan ki

cia hal chudi so zun va Evn khong suy ra chudi Ewn phan ki.
i 1

v. = -, w_= 0 vdi moi n

Vidu:lz‘iyunz—nfn n n
} —3n had
4, a) Dat u_ = - ——— . Chudi s6 z u la mét chubi
- L] 3 2 n :
n’ +3n- -1 o

, 3 <

s6 am. Ta ed —u, 7 —; khi n — . Chudi s6 Z(— u_) héi tu.
n

Do d6 Yu, hai tu

, 1
b) Day la chudi sd duong. Ta cd u_  ~ - khi n — =. Chudi

phan ki.

¢} Ta ¢ n*u, = nfe™™ -» Q0 khi n — . Do dd

. , i .
0<n3un<1vc’nndulc’m==-0<un<—2vd1nd1‘116n‘
n

Theo d4u hiéu so sdnh, chudi da cho hoi tu.

d) n¥?2 —lnn—>0kh' — o = 0 < <L 6i n dv
nrewe, = -J? 1n - u, n3"2 vOol n du

lén = chudi da cho hoi tu.

e} Lap luan tudng ty nhu c), chudi hdi tu.

n2
0 nlu, = e
Lo(nny
In(nu ) = 2Inn - {(nm)¥4nl0 — -« khi n — =.
= nfy_— 0 khi n — «. Chudi da cho hoi tu.
5. Gia st a > 0 Khi do u, > 0 v4i n dd 1dn. Co thé xem
Zun 12 mot chudi s6 duong. Tu dang thic da cho suy ra
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a . . 1 .
Uy, ~ g khin = «. Vi chuéi didu hoa > > phan ki, tir do
n n
suy ra chudi da cho phan ki.

Néuw a < 0 thi ~a > 0. Vi lim n(—u)) = -a > 0 nén. theo

n—x

= ot
diéu viia chding minh, z (—u,) hoi tu = E u,  hoi tu.

=1 n=1

6. .Giésﬁun—»Okhin—*oO. Khi do

In(l + u o~ fu,l khi n — .
Chubi z u_ héi tu tuyét dsi :-Z In{(l + u )} héi tu tuyét déi.

® Néu u_ -0 khin - e thi In(l + u) + 0 khin—» . Ca
hai chudi déu phan ki.
8. Ta co

i 1
lu b = |nunf; < §(n2uﬁ +—) v6i moi n = 1.

Theo ddu hiéu so sanh, tir d6 suy ra chuéi s 2 [u { hoi tu.

9.a) Ta cd u, = V2 =2cos-z,

U, = \{_—_ﬁ = ‘JQ(I ~cos%) = 2sin =

23’

-\12 - {2_':_‘[? = JZ - N2 -H:OS%) =

= \’2(1 ~cosg—) = 2Sin§i.

Bang quy nap ta duagc

=
W
i

u, = 2sin-——
n gn ¢
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— 2 _f_E —_ _;'T khi Ch - Py 1 héi I) de
U“ ' on i T 9n 1] —= G uor s z 91 011U, O di

chudi 6 da cho hai tu.

b) Ta cd
; 2 . n'i n!/? - .
lim n¥2y = lim -——=— = + © = - —— > 1 v@i o di idn =
n-oex h o (N )P (Inm)?
l L U6 n di 16n Vi chui 3, L phan ki, ti do
—-- » —— v@l n du lgn. Vi chuot ) —- n ki, t o su
(Inn)P nl2 nl P Y

ra chudi 6 da cho phan ki
¢} Ta cd

[ S (2 —a;n + 1
u =yn3 +2n +1 — ¥vat ¥ an = — — e
n Vot +2n+1 +yn'f +an

) 1 B
e Néua=2thhu, ~ —— khi n — ®. Chudi héi tu.
2n?

e a # 2 thi ta dugc mo6t chudi s6 duong hoac chudi s6 Am.
< . . n ]
Chubi da cho ¢ cung tinh ch&t véi chudi sé z —— = z =

Chuéi phan ki
d) Dat u, = arccos ] - ,0<u =< 5. .Tacd

1 1 1
su_ = \' - —: = s8ipy. = 5 = ~ —— khin — =.
COS U 1 3 sinu, T u, i hi

Chudi hoi tu.

’ 1 1
e) Dat a, = argchj 1 + -5, ta duge cha, 1 + —
n- n*

_ ] 1
Do do sh’a = ch®a, -1 = — =sha =
o2

3| —
§
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L 1 1 1. 1
u, = al = ( argsh -~ ) cou, = [In ot l+;-__1' )) -

khi h — o.
Chudi hoi tu véi « > 1, phan ki v3i ¢« s 1

10. 2) Day la mot chudi 86 duong. Ap dung ddu hiéu Dalambe,

ta od
RN E . U, R R S
u, (a+Hnt! n .n + ] 1 e

khi n — .

Chudéi hoi tu.

LS 3 3 .
b) ot 2 oLe > 1 (n — ). Chudi phan ki
Un 1+l n e
(1+3)
u +1
o M _ BT e (n — ®) Chudi phan ki.
u, a
2 2
dy u, = L v, {(n — o),
n+20 20
Yn+1 + 1 £i 1 as
= 5 3 < 1 (n — o} Chudi hdi tu.
v, n

e) Day la chudi s6 duong. Ap dung ddu hiéu Cosi, ta duge

n ném 1 .
\ru_n =173 < 1 {(n — =), Chudi héi tu.
2 +—
n
a,n
+...
’,“r"_ nt+ta,n (\1_ n) e’ Coi—b )
£ u, (n+b) B s e in - =)

] ( ] + 2 )I"I (<]
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e Néua < bthi o' < 1 Chudi hoi tu
e Néu a > b thi e ™ > 1. Chuéi phan ki.

e Néua=">bthiu, =1voimein Viu +0khin-—
nén chudi phan ki.

5 1
. (1 _Y +__F,.)I‘I
] Ty— — n- “51’] + l n Tt ne s
u = —_— = —
g Vu, = () AT
( n nz)
e’
>y = e« 1 {n — x}
e
Chudi hoi tu.
inn
_1 lnn
I o} —
h) \run = ——- . Dat a_ =n" va tim lima. Ta cg
Inn i n
n—=
ln )
na, = “22° . 6 khi n — . Do dd lima =1 va
' T
n—=x

im Y4, = 0. Chusi héi tu.

S
11. Day la mét chudi so duong. Ap dung d&u hiéu Cosi, ta
duge Vu = —— Do dd

n nli

e Néu « > O thi lim Yu, = 0 Chuéi da cho hoi tu.

n— x
e Néu a < 0 thi lim Vu, = + . Chudi phan ki.
12. Ta ap dung cong thuc

. 3 1 .
lim (1 +§ + - +}1———lnn) = C , trong dé C la hing

nosx

s6 Ole.
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v - p— - - + . PR
Dat a, 1 n+2 o0
1 1
Cn =1+ E + -+ ;‘-,
ta duce

a, = ¢, —c, = le,, - In2n)] - {c, - Inn} + In2.
Do do

liman=C—C+ln2=ln2.

Tu d6 suy ra dang thic cdn chdng minh.

13. Ta van su dung cdac ki hiéu cta bai tap 12. Ta cd

Do d6 lim a, = In2
n—s o
14. Dat
1 1
a, =1 +§+--- +H—~lnn,
ta ¢6 lim o, = C (C 1a hang s6 Ole), va
n— o
1 1
1+ + - +—- =a +Inn
2 n n
Do do
“n  lnn
U = o T
DE dang thay rang hai chudi 56 3 " va S 27 deu hoi
ng thdy réng hai chudi sd z 7 va z 7 déu hoi tu.

No dd chudi s4 da che hdi tu.
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xx
15. Chudi s6 » s x" ia tich clia hai chudi s6 hoi tu tuyet
n =i

os 0
ata = al ~ ~ -
doi 2 ax" va Z x" . That vay, ta cd
n=10 n=10

< 2_)(2 +

n _ n n 1
s x” = ax 1+ a x"lx + a

2

bk n
. an_kx X~ + L+ a.x".

Vay chudi s6 2 s x" hol tu tuyét d6i véi [x] < 1. Tong cta
n=A1

£ - I e o . -
chubi sb z X" = g Ve {x| < 1. Do dé tdng cua chudi sd
n=>0

x 1 f(x)
] 5. - = 43
E s A ) o = 7o vai jx| < 1.

n=u

1
16. > u_ la mot chudi dan d4u, lim u, = 0, {ﬁ} la mot day

n—.s

giam. Theo d&u hiéu Laibnit, chudi s6 Y u, hoi tu.

w ._ —_ n+3 L 1 1 L
a1 = O e e Ve )

n
1

| w

Theo bat dang thuc Cosi, ta cd

k+(n—k+1) n+l

Vk(n — k + 1) = 3 5

Do dg
1 2
[E— —— 2 -
kin —k +1) n+i
292
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2n .
va fwn[ = n+lﬂq2 khi n = o Vi w_ 1> 0 khi n -» = nén

chudi s » w,_  phan ki
n=2

17. Gia st nu_ 4+ 0 khi n — «. Khi d6 tén tai moét s6 duong
£ ¢d tinh chat sau :

V&i moi s6 nguyén duong n, tén tai mét s6 nguyén duong

£
m 2> 2nsacchomu._ =z ¢g=>u = — .
m m m

. s - & . . .
Vi day {u,} gidm nén u_ 2 ~ vdi moi n € m. Do dd
n m

i“ml+“n+2+'“+‘:'m| su tu .t oty =
>( n £ - m g £
== m - L —
}m 2 m 2

Theo tiéu chuidn Cosi vé sy hoi tu caa chudi s6, t& dd suy ra
rang chudi s6 Z u_ phan ki Diéu nay trai v&i gia thist.
18. a) Chubi dan ddu héi tu theo ddu hiéu Laibnit.

“b) V& n dd 1én x + n > 0. Do dé ¢6 thé xem chudi s5 da
cho 12 mét chuéi dan ddu. Chudi hdi tu theo ddu hiéu Laibnit.

¢) Ta co

PR S G VL
=D n+1 n?+n

o . 1)11 =1

Chubi s6 Z 7 hoi tu theo ddu hiéu Laibnit.

(- 1)“‘1

Chudi sé 2 hoi tu tuyéet déi.
24n

n=1

Do do chuéi da cho hoi tu.
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d) Ta co

(- DM =(= 1 _ - -1

; n’ -1 nf-1
e e -1+ -0 =Dt =Ent 1
nZ —1 n+1 n? -1 né—1
n
Chudi dan ddu Z --—-~--1~ héi tu theo ddu hiéu Laibnit, chudi
(_ 1 n
s0 2 e h01 tu, chuéi Z —
nd —
da cho ht‘:n tu.
1
19. a) Day 1a mot chudi s6 dan ddu. Dat v = ———~ |
(Inn) ¥n
n = 2, ta duge : lim u, = 0. Ta ching minh {u } la mot day

n—x

s6 duong gidam. That vay, xét ham s6

e(x) = Inx. Vx tren [2, +e).

Inx

(Inx)e * |

P(x)

inx

1
P(x) = -Eex (x +Ilnx — In%x), x = 2.
x

e{x) > 0 voi n da 16n. Do dd ham s6 ¢ ting trén [a, +)

véi a du lon. Tt d6 suy ra day s6 {(Inn) Vn} tang k& tit mot
chi s6 nao dd tro di. Vay day s6 {u,} gidm ké ti mot chi s
nac doé trd di. Theo ddu hiéu Laibnit, chudi 36 da cho hoi tu.
. %3
b) Ap dung céng thydc khai tri€n sinx = x - 37 +x% (D
tx — 0) ;
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w1 . 1 1 __ '
- sin - = (— T Py —
(—=1)" ¥n sin - l) ¥n ( o T (}(1)). 1) 0 khi

h — x. Do dd
(_l)n‘—l (_l)l]+(_1]n
\( n 6 n."‘_-"E n'r.-"2

e 1
{(-1) ¥n sin-— = 0(1)

Cdc chudi s6 z( 2 va 2(_?,31 0¢1) hoi tu tuyét d6i, chudi

_..1 n

s8 Z( ) hai tu theo ddu hiéu Laibnit. D¢ dd chudi s§ da cho
Vo

hol tu.

20. a) Day 1A m6t chudi 86 dan didu. Chudi théa mén ddu hiéu
Laibrit nén héi tu. That vay, ta cd lim u, = 0. D€ ching minh
N
(In n)?
Vn

day { } giam, ta xét ham sé

In x)?

plx) = e X ? 1
%) Inx (4 -Inx)
x) = —— @4 -Inx),
i 2xVx
w'(x) < 0 v8i x di ldn. Do dd ham sé ¢ gidm trén [a, +w)
vdi a du 1dn.
b) S& dung khai trién

2
In{l1 +x) = x - %— + x20(1) (x — 0), ta duoc

L S
- o5 0h)
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. inn
Cde chudi =6 2 =, wA Z ()(1) déu hoi tu. Chudi dan dag

ne

Inn . . . o . .
E (—1)" e hal tu theo ddu hieu Laibnit. Do dd chudi da cho
hai tu

¢) Day la mdt chudi dan diu. Ta chiitng minh nd théa man
dau hidu Laibnit. Hién nhién lim u, = 0. Xét ham so

r]—bx
_. R
@ix) = x'¥sin— trén {1, +o).
X
. T 1 1
plix) = xlx 2 (sm-— — lnx sinz- — cos) .
X x X/
. P | . 1. .
Vi lim | sin —Inx sin —cos—) = -1 nén
\-z-'x‘ X X X

1 1 1
sin—)-c- —lnxsin-x —eos - < 0 véi x di ldn. Do d6 ¢’(x) < 0 vdi x

du lon. Vay ham sé ¢ giam trén [a, +w) v8i a da lan. TU d6
suy ra day s6 . Vn si n--l giam ké tit mdt chi 56 nao do trd di.
Chudi da cho h(‘)i tu.

21. ay Ta o

u, = sinf(x¥n*+1 —zn) +an) = (= 1Ysin@Vn? + 1 - an)

ot

= (- 1}” SiTy —m— e )
Vi +1 + It
i . T L
la day s6 giam, — 0. %) vai
IVn2+1 4n! y 508 Vni+1 +n ( Z-)
n z 2 Do do day
P sin -;r“.-_!:- — | giam dén khong khi n — «. Theo ddu hiéu

Laibnit, chudi da cho hai tu.
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b Ta co

; an + b
u, = cos (:m + {-r- + 20 . ) = (— 1)"cos (‘ + —
2 2n- 2 2n#
an+b
= (-1 'gin -2
(=1 5

D U, 1a mot chudi s6 dan ddu véi n da 16n. D& dang thy

ax+b i .
rang ham sé p(x) = Tl giam trén (0, +w). V@i n da lon
%2

an +b an +b
e (0 , ) Do dd diy s6 ﬁ[bm —~“-—] giam dén khong.
2 2n? |

2n?
Theo ddu hiéu Laibnit, chudi da cho hoi tu.

(= Dn® == DM _ (= 1)'n® 1

22. a) u = : = .
n n%= — 1 nr —1 n‘“ -1

—_ 1 Y 4
( )n_ hoi tu theo ddu hiéu Laibnit. Chudi

1

. 1 .
chudi da cho hi ty véi ¢ > 5 phan ki v6i 0 < o < 3

b} lim u, = — 1. Chudi phan ki.

n— =

AN = (=D)WVal Ny + (- 1)

) u, = — =
Vo Vo — (= 1)7] Vn(n —1)
_@-Vn+(- hlfa—(-1)™n
Vn (n - 1)
_a-b (= Dhra (= 1Wn
n—1 Vn(n — 1) n—-1
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— 1 I"I — l I
Chubdi E \f(n(n }_ l) héi tu tuyét dai, chudi E ¢ --—)—@— 61 tu

. a -
theo déiu hiéu Laibnit. Chudi Y L7j Boi tu néu a = 1, phan
ki néu a = 1. Vay chudi da cho hoi tu v6i a = 1, phan ki vai
a # 1.

d) Ap dung khai trién

2 3

-+ L 0y (= 0,

12 = *
(1 +x) —1+2 3 i6

ta duge

-H™ 11 1 (-1 i
§ SR e T ) (o w)

—_— 1 I i 1 n
Chuéi 2 (Sull)) hoi tu, cdc chudi 2 ( ) 2 —_— 3;2 0(1)

1 .
hoi tu tuyét d8i, chudi 2 . phan ki. Do d6 chudi da cho phan ki.

23. Dat u; = Lu, = -1,uy =-L,u, =1, u; =1 u, = -1,
. 1 = d > P
u, = -1, ., v, = T, n o= 1, 2, ... Chudi sé 2 u, co day tdng

n=1
riéng bi chan, day s6 {v,} gidm d&n khong. Theo dfu higu Diricls,
chudi da cho hdi tu.

1
b) e Voia = Zkr, k € Z ta duge chusi s6 3, = . Vi

1 1
% = e nén chudi phan ki

Inn 4
cosna, v, = ‘l_;_ , ta duoc

o Néu a # 2kz thi dat u,
- 1
| 2 cos ka i € -=-- - v0i moi n, day s6 {v_} gidm dén khong.
k=1 sin 3
Theo ddu hiéu Diriclé, chudi da cho héi tu.
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¢, d) Ap dung ddu hiéu Diricle, chudi hai tu.

yu = L IHcosZn 11 cos2n.
“M T 9T Ty 5 {n n /)
2
Chudi z — phan ki, chudi 2 f._s_;_n hdi tu. Do dé chudi da
cho phan ki.
24. a) Ta 6
_ yn SOsD_ cosn(l +)
S e
i
leos(l + ) + cos2(1 + ) + ... + cosn(l + | € —- ,
. 1+=
sin —--

1
day s6 { -‘l.—_} gidm dén khong. Theo ddu hiéu Diricle, chudi hoi tu.
n

b) Ap dung céng thic sin3x = 3sinx - 4sin’x, ta dugc

tu = 4sin’n(lnn)3 _ 3sinn(inn)®  sin3n(In n)3 v - w
o3 nl3 nl/3 n n

Cac chui ) v, va ¥ w_ hoi tu theo ddu hieu Diricls. Do dd
chuéi da cho hoi tu.

. cosn 1
C) Ta cd un = \(; “"“Eé-ﬁ- =
1+
¥n
cosn cosn  cosn 1
= /(1 - 2224250 Do) o
Vn ( Vn n n )) )
_ cosn cosZn cos’n  cosn ol
TR T T Y m Yo
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(U'“ﬂ / . » .. . N . -
Chudi 2 hoi tu theo ddu hiéu Diriclé, cac chudi

3 <n
cos'n ~ cosn co
z % va Z 0¢1) héi tu tuyét déi, chubi z i - phan

ki. Do do chudi da cho phan ki

) 1 .
d} Ta cd sink.sink- = 5 [coski(k — 1) — cosk(k +1)]. Do do

lz sink . ::mk“l = —2 2 {cosk(k — 1) — cosk(k +1}]
k=1 k=1

1

=3 fl —cosn(n+1)] < 1 v4i moi n.

o1
Day s6 J1 o } giam dé&n khong khi n — . Theo dau hiéu Diriclg,

chudi hoi tu.
}r -
25. Ta ¢6 P an khi n — .

Ta lam sang té diéu nay trong cac dang thdc sau :

an? an

cos - i CoS (n—+]— — an + .?zn) =
sn?
= {— 1)"cos(n+l —J?-'ﬂ)

— {— 1yntl L
= {—1) cos -y -

Do do

(-t n
- e e

1]
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(- 1}:1+I

Chudi dan dau z : a - jz hoi tu theo ddu hiéu Laibnit, day
nn

i ting va bi chan. Theo diu hiéu Aben, chudi s6
da cho héi tu.

26. Vi v4i 0 < x < i, sinnx + 0 khi n - « nén didu kién
cdn d€ chudi da cho héi tu fa )

nP

-~ 0 khin — © e<q > p.
1 +n4 q P

Do lai, giad s q > p. Ta viét chudi da cho dudi dang
2 §innx 1
1
ni-p 1
nfl

sinnx
ol r

Chudi . hoi tu theo ddu hieu Diricle, day s6

1
{ 1 ], tang dén 1 khi n — . Theo ddu hiéu Aben, chuéi da

1+—
n4

cho héi tu.

Ta xét tinh hdi tu tuyét déi cia chudi da cho. Ta ¢6

nP . . nP 1
lu(x)| € -~ —- v6i moi n. Vi ~ ~ «~— khin - o
1 +nd4 1 +nd nHdow
. np -
nén chudi 2 1'+:] héi tu néuq -p > 1 Vay véigq - p > 1,
n

chubi di cho héi tu tuyét d6i. Ta ching minh chubi da cho khéng
hoi tu tuyét ddi v0i 0 < q - p < 1. That vay, néu chudi da cho
héi tu tuyét d&i thi tir bat ding thic

.3 . .. w nPsinfnx )
sinnx < |sinnx| suy ra chudi Z -—-- - hoi tu. Mat khac,
noy 1+nd
_ nPsin’nx I , & nP — nVcos 2nx
ta cd -—- = - ( —— - —_—
1 +n 2 t +nY ‘b +nd

neol ne=
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nt nl’
Chuéi -~--— phan ki va chudi -—-—- gos2nx hodi tu
Z 1 +nd P 2 ] +nY N ’ ’
theo ddu hiéu Diriclé (vi chudi E cos 2nx 6 day t8ng riéng bi

nit )
chan va day { T o | giam dén khong khi n — ). Do dd chudi
L n' !

1+nd

nPsin?ox . . .. .. i i
Z phan ki, Ta di dén mau thuan.

Vay chuéi da cho hdi tu tuyét d8i véi g — p > 1 va ban hoi
tu v6i 0 <« g - p € |

27. a) @ > 1. Day la chudi sé dudng.

; | .
e Néu g = 0 thi u < vammnaz

Vi chudi Z % héi ty nén, theo dau hidu so sinh, chubdi da
cho héi tu.
e Né&éu 8 < 0 thi ldy mot s6 p sao cho a > p > 1. Khi do
H 1 1
v I oy
1

Vi « - p > 0 nén lim -—- =
n—s D% P(ln ny*

0. De dd

1

. . I ) R .
- 3 < 1 voi n da lgn = u, < — vdi n da 16n. Vi chudi
n” " P(In ny nP

1 -
E - hoi tu nén theo ddu hiéu so sanh, chudi da cho hoi tu.
n

Vay néu « > 1 thi chudi da cho hoi tu voi moi § € R.
by o < 1.

1 ) _ 1
- véi moi n = 9 Vi chubi E: L
n

X L

e Néu g < 0 thiu =
phén ki nén tif d6 suy ra chudi da cho phan ki.
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e Néu ff > 0 thi ldy mdt s6 p sao cho ¢ < p < 1. Khi d¢

] l np a4

n (ln n)f T f_ln_r_l}ﬁ

n ™

Vi 0 ] nt v Do d n’ _; 1
Ip-«a> én lim - & = +eo. d ————5 > Gi
p -« né ) .1_1c (in ny? w. Do (dany vl n

1 . ) 1 . .
da lon = u_ > — vdi n du i8n. Vi chubi E — phéan ki nén tu
nl nP

dd suy ra chuéi da cho phan ki.

Vay néu a < 1 thi chuéi da cho phan ki vai moi § € R.

1
¢) « = 1. Khi d6 chudi da cho ¢6 dang 2 n(lnw :
Ta st dgng d&u hiéu tich phan Cosi. Xét ham sa
i
f(x) = )E[—l—n—x)ﬁ X = 2.

dang thdy ring ham s6 f duong va giam trén {2, 4c)

Chuéi da cho héi tu khi va chi khi giéi han
¥ ¥
lim | fxydx = lim _—"iﬁ’ 4 hiru han.
}.-——.v-i—n: 2 )J—-+oo 2

Thyc hién phép ddi bién s6 t = Inx, ta dugc

Y gt
fix)dx = —

In2

) t——ﬁ‘-’

Iy

Dé dang thay rang lim f 3 hitu han khi va chi khi 8 > 1.

\—n+::c In2

Vay néu a = 1 thi chudi da cho hoi tu vai B > 1 va phan ki
vii < 1
Két lugn.

® Néu e > 1, chudi da

cho héi tu véi mei g,
® Néu « < 1

. chubi da cho phan ki voi moi pj,
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1, chudi hoi tu vai § > 1, phan ki vdi 3

e Néu g = = 1.
1

28. a) Day 1a mot chudi s6 duong, 20 V" bang 2 hoac 5 - Do

3 3 . .

dé v, = - oo T khi n — . Chuéi da cho phan ki,
"own 200 Vn

b cosn = 0 véi mwoi n nguyén dudng vi néu khong thi 7 la

mat s6 hitu t1 5 u, = o véi moi n = 1. Chudi phan ki

¢) Day la mot chudi s6 duong. Ta co

n - | s0 hang
— N N
inn +In?n + .. +ln‘n  (n —D)In°n In’n | .
u, € ——— = Som— TS khin — o.
nt nt n? - 1

. . .. Inn . .
e Néua -1 » 1 e« > 2 thi chudi E 7 ho6i tu. Do do
n* "

chudi da cho héi tu.

n - | 53 hang

- __/\_
1022 +1n22 + .. +In?2 (o - 1)In?2 In’2 .
u, R = A T T khin— e,
n

n n
. ) .. 1n%2 .
e Néua -1 < 1esa = 2 thichudi ), —=, phan ki. Do
ne |

86 chudi da cho phan ki. Vay chubi da cho héi tu voi a > 2 va

phan ki vdi a € 2.
1 1 i 1
d} — i = e = 1 4+ —= + = 0(1) (n - o)
1 o 51 2n‘ n2
cos — 1 — 2sin® 5
n 2n
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] 1 . 1
Chudi hoi tu vii 2 > 1, tde 1a « > - vi phan ki vdi «« «

2 T
e) Day la mot chudi s6 duong. Ta cd
1 1 1 K }
Uy 4 = U ~oomm— 7T -+ w
- 2k +1 VZ ¥k
Jzk 1+ o _

1
Vi chudi s6 2 VK phidn ki nén theo diu hiéu so sanh, chudi
k=1

u,, ,, phan ki. Tir dé suy ra rang chuéi ZUH phan ki. That

&

,uMS

k !
viay, ta cé
6,= 3 Uy ;; ~>+o khi n — o
k=1
Goi S, 1a t8ng riéng thd n coa chudi E u, Khi do
nt | n
Son+1 = 2 B 2 X Uycyy = Oy
k=1 k=1
Do dé 8, ., — += khi n — . Vay chudi Zun phan ki.
29. Chuéi s6 duong 2 a2  hoi ty nén day tdng riéng {S |
n=1
bi chéan -
n
SnziaﬁsSvéimoin.
k=1

Ap dung bit ding thic Bunhiacspxki, ta dugc
la, +a,+ .. +af < Vn Val + = +al = yn VS

Do do

n = r .
T dd Uy ra lim brl = {.

n-*x
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80. a) Chudi 6 ) u_ héi ty nén u_ - 0 khi n = . Do dd

day {u.} bi chan, tdc la

0 € u < M vdi moi n, M la mot hiang s6.

Vu, VM

Tit d6 suy ra — -~ € -== vdi moi n.

n{f -nl‘f.

. i
Vi E — (e > 1) héi tu nén theo ddu hiéu so sanh, chuédi
n

Vu,

D --;} hoi tu.

b) Ap dung bit ding thic Bunhiac6pxki, ta duge

QZ\E xnzuksnzuk
k=1 k=1
Po dg
a 2
S, < KVn v6i moi n, trong dé K = | Y u,
k=1
Vuy :
Dat "[‘n = pral n =1, 2, .. Ta bi&t rang chudi s6 duong

n=1

Trong tong T =

u

o

=1
hoi tu khi va chi khi day tdng neng {T,} cia nd bi chan.

el thay ‘[‘EI; = 8§, — 5, _,, ta nhan

k=1

duge dang thdc (1) trong dé bai. Do d¢
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trong dé o, la tdng riéng cua chudi s8 duong ¥ v, ., voi
n=2
1 1

—— | . - ‘
v“=m—(‘|{|_n—l;"[l —'(1+n—_i) ] ~ nacilfz'khln_’m va

1 .. 1 . . o s
a + 3 > 1 véia > 3 nén chubi sd 2 v, hoi tu. Do d¢ day téng
riéng ctia né bi chian : Tén tai mot s6 duung L. sao cho

Gnvaéiinn?Z
Do do

T, < K (o, +{“) < K(L + 1) véi moi n.

n n(X

Vu, 1
Vay chubi sb E Fn— héi tu vol a > 3

1
"7 nlnn)?

¢) Chudi s6 » u, v6i u hoéi tu
n=2

nhung chubi s8 Z = E nl phﬁn ki (xem bai tap 27).
n=20

31. Ta viét chuéi s6 da che dudi dang

Chusi Y, -~ hoi tu, day {— ] gidm dén 0 v6i x > x,
n=1] %, n*x

Do d6 chudi da cho héi tu theo dfu hidu Aben.
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BAI TAP CHUONG IX
DAY HAM SO VA CHUOI HAM SO

A. Day ham sé
1. Xét tinh hoi tu déu cia cic ddy ham s6 sau -

a) f (x) = x" - x™! trén doan [0, 1],

1 .
b) £ (x) = o trén khoang {0, +w),
nx
c) f(x) = T%n+3 trén {0, 17,
. X N
d f(x) = sin _ trén R,
f =1 ! én R
el n(1()— _;x2+1 trén R,
f £ (x) L trén R, trén (0, +)
x) = —: rén R, tr , +eo
n n’xZ +1
nZx
f = t = R’
g f(x) L+nd2 0

h) f(x) = n ( \} x+% - \rx_) trén (0 , +w),

) £(x) = n(x!/" — 1) trén (1, a], a > 1.
2. Cho day ham s6 {f,} xdc dinh trén [-1, 1]
f(x}) = sinnxe™ ™ + y1 —xZ.
Ching minh ring
a) {f } hoi ty di€m dén mot ham s6 € trén [-1, 1],

b} {f,} hdi tu déu trén [§, 1), & 1a mot s6 duong cho trudc,
o0 < 1. T do suy ra rang f lién tuc trén (0, 1].
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¢} {f } khong hoi tu déu trén [0, 1].

3. Cho s6 duong a va day ham sé {f} xdc dinh trén [0, +w).
f(x) = n"xe”™ 'n=1,2 .

a) Ching minh rang diay ham s6 héi tu di€m trén [0, +w).

b) Ching minh ring diy ham s6 héi tu déu trén [a, +w) vai
mei 50 duang a.

¢} V&i cac gia tri nao cia « day ham sé da cho hl ty déu
trén [0, +x) ?
4. Cho day ham s6 f. : R - R
f,(x) = nxe™ +sinx, n = 1, 2, ...
a)} Tim mién hoi tu A cia day ham s6 da cho.

b) Chiing minh rang day ham s6 da cho hdi tu déu trén [4, +w),
d 1a mdt s6 duong cho trudgc. T dS suy ra ham s6 gidi han f
lién tuc trém (0, +oo).

¢} Day ham s6 da cho cd héi tu déu trén (0, +w) khong ?
5. a) Ching minh ring day ham sé {f,} voi

1
x%sin— + 1 vdix = 0,
' nx
1l vdgix = 9,
héi tu déu trén moi tap hgp compic caa R.
b) Day ham s6 da cho c6 hoi tu déu trén R khong ?
6. Cho day s6 {u,} héi tu dén |, ], Uy, Uy, o, U, .. € {a, b)

vad moét day ham sd lién tuc {f,} hdi tu déu d&€n ham s6 f trén
(a, b).

a) Ching minh rang lim f (u) = f(l).
n(p)

n— oo

b) Xeét day 56 {f,(u)} v6i () = 7o

n =1, 2, ... So sanh vai f(l). Giai thich két qua.

va u, = ,

n
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7. Cho ham s& lién tuc f : R — R sao cho [f(x)| < |x| vdi
moi x # 0 vad mét sé thuc A > 0.

a) Ching minh rang voi moi £ > 0, tén tai 4 > 0 sao cho

x| <« & = |[fx)] < &

[ 1(x)
x

b) Dat k = supi

- x €[4, Al U [-A, -8]:. Ching minh

rang k < 1.

e)* Tir dd suy ra rang day ham s6 {f"} héi tu déu trén
[-A, AL {ifP = foafo ... of)
-

n lian

8. a) Chung minh ring day ham s6 {f } xdc dinh trén [0, 1] bdi

¢ _ ne X 4 x2 L2
n(X) - n+x t n = ’ L]
hoi tu déu trén [0, 1].
L
ne % +x2
b Kl -
) Tim lim f Ttz

n—« {}

9. a) Ching minh rdng ddy ham sd

hoi tu di€m trén {0, 1].
b) Day ham sé da cho ¢ hoi tu déu trén [0, 1] khong ?

Ching minh ring v61 0 < § < 1, day ham s6 da cho héi tu
déu trén [4, 1].

¢} Chitng minh ring day ham {f - f} bi chan déu trén [0, 1],
tic 14 tén tai mdét s6 M > 0 sao cho
|f (x) - f(x})] < M véi moi x € (0, 1] va v&i moi n.

I
d) S dung b) va ¢), tim lim [ f (x)dx.

n-—= {}
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10. Cho day ham =4 1f,} xac dinh trén R.
i 1
——— - vdix < 0 hoac x > o

nln ( 1 - )

f(x) = nx

Ovai0 < x s -,
n
a) Chéng minh rang cac ham &8 f_ lién tuc trén R.

b) Ching minh ring day {f_ )} hdi tu diém trén R.
c}* Ching minh rang ham s6
i 1
| =t e | yaiy # 0,
In{l -y ‘
Ply)y = 1y =
vii y = 0, ’

tal

bi chan trén (-, 1]. Tu dd ching minh day {f } héi tu déu
tréen R.

11. Cho day ham sé {f,} xdc dinh trén [0, 1] :

nx 1

o) = l+nxdinp  1+xion’ "7 2o

a}) Ching minh rang day ham s6 di cho hoi tu difm dén ham
sd f trén doan [0, 1].

l l
b) Tinh [ f(x)dx va lim | f (x)dx. Néu nhan xét.

0 n—=%Q
12. Ching minh rdng day ham s6
f(x}) = nx{l - x}", n =12, .
khéng héi tu déu trén {0, 1] nhung

} 1
lim [ f(x)dx = [ lim £ (x)dx.
n—=x { gn—c
13. Gia s0 ham s6 f ¢6 dao ham f lién tuc trén (a, b). Ching
minh rang day ham s6 {f } vai
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. 1
fix) = n [.f'(x + n) - f(x)] . X € ta, b)
hét tu déu dén ham sa 0 trén mbi doan |, §] € 1a, by

I4." Gia su {f } 14 mét day ham s8 kha tich trén doan [(a, b)
héi tu déu trén [a, b] dén ham s6 f. Ching minh rang

a' f kha tich trén (a, b],

h b
by lim [ £ (x)dx = [ fx)dx,

n-+%
15.° Gia st {f } 12 mot day ham s6 hoi tu déu dén ham s6
f trén tap hogp X < RP va x 12 mot diém tu coa X. Néu vdi
moi n, ta déu ¢d lim f (x) = 1 thi day s6 {I_} hdi tu va
XX

Im fix) = lim 1,

X"'Xn n ==
tite 1a

im (lim £ (x)) = lim (lim £ (x)).

K=Y N—*x n— x X ~*¥%
o 1]

18." Gia su {f } 13 mdt day ham s6 cd dao ham trén khoang
bi chan I. Ching minh rang néu {f } hdi tu tai mét di€m a nao
do cua [ va ddy dao ham {f '} hoi tu déu dén ham s6 g trén I thi

a) {f } hoi ty déu trén I,

b} Ham gigi han f cla ndé c¢d dao ham trén [ va

f'ix) = glx vai moi x € L

B. Chudi ham sé

1. Tim mién hoi tu ctta cde chudi ham s6 sau :

x o0

n

al : =
 x0 _‘121'1—1

I =
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{n+x)" e y
}n‘S::] xn+tn f)ng:ltg" (x * 1’1) ’
X" _ — In (1 +x7
g 21;:; yz 0, h)nzl—-—n-y---— (x = 0).
n= =

2. Xét tinh hoi tu déu ciéa cac chudi ham s6 sau .

o0 Xn .
a) > 7 trén (0, +w) ;

=0

+ =

b) 2 (1 — x)x" trén doan [0, 1] ;
n=10

X

) .2:1 [(n —Dx + lj(nx + 1)

trén (0, +e) ;

e) z 20 singxg trén doan [-a, a] {(a > 0) ;

n=1

H > = V1 — x7 trén doan [-1, 1] ;

n=1
= =)
nx
) ——— trén R ;
& ngl 1 +n’x?

fd 2
h) z % (=" + x~ ™ trén doan [% , 2] ;

n=1
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n* 2 In (1 + —X—) trén doan [-a, a] (a > ) ;
e ninin

- 1
0 2ngin —- trén (0 ; +»).
1121 3"x

o

3. Xét tinh hoi tu déu cua chubi ham s8 » u,  véi
n=20

v (x) = (3 - x)x"
trén dean [0, 1] tiuy theo cdc gia tri cta s > 0
(Xét cac trutng hop :a) 0 <s < 1;b)s=1;¢cs > 1)
4. Ching minh ring chudi ham so

2 fnxe” ™ — (n — Dxe ("~ 1X]

n=1

khéng héi tu ddu trén [0, 1} nhung t8ng cua nd lién tuc trén
doan nay.

5. Cho chufi ham s6 ) u,  véi
n=1
1 1

u (x) = - x = 0.
n(¥) 1+xd  14xnti’

a) Ching minh rang chuéi ham s6 di cho héi tu di€m trén
[0, +o0).

b} Chudi ham s6 da cho o6 héi tu déu trén [0, +), trén [0, al
v3i 0 < a < 1, trén [b, +=) v6i b > 1 hay khong ?
6. X6t tinh hoi tu déu cia chudi ham sé

2sin nx

trén R.
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7. Chiing minh rang chudi ham sé

n=1 n2

héi tu déu trén moi doan [a. b] nhung khoéng hoi tu tuyéet dai
tai bdt ki di€m nao cua R.
8. Xét tinh hoi tu déu cta chudi ham s6
Z —n
n=1 x? + n
trén R.

9. a) Chung minh rang chudi ham sé

oo (- 1)"e” Yox
ngl n

hoi tu déu trén [0, +x) va téng S cda nd la mot ham sé lién
tuc trén [0, 4o0).

b) Tim lim S(x).

X -+ +oc
10. Cho chuéi ham s&
oo _ .I. n
Z ‘(—“—;L , X € R.

=] n
a) Vi cde gia tri nao cia x chubi da cho hoi tu tuyét déi,
ban hodi tu ?
b) Chiing minh ring téng cia chudi ham s6 lién tuc trén (0, +w)

11. a) Tim mién héi tu cta chudi ham s6
s 1
2 (x + __)n .
n
n=1

b) Xét tinh lién tuc cta téng cia chudi da cho trén mién hoi
tu cla nd.
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12. Tim cdc gidgi han sau
=3 i . 2
al lim —— b} Yim 2 ST

x—-l]+ n=1

13. Cho wmét chudi s6 hoi tu tuyét doi

ac an
a) Ching minh rang chudi ham sd 2";‘--;—“ hoi tu va téng S
n=
cua nd lidn tuc trén (0, +w).
b) Tim lim S(x).
x-+0t

14. Cho s6 thuc a < 2 va chubi ham sb

o
2 X2 T ™

n=I[
a) Ching minh riang chuéi ham s3 da cho hoi tu diém trén
[0, +oo}).
b} Chitng minh ridng néu a < 1 thi chudi héi tu déu trén [0, +).
"¢} Xét tinh lién tuc ciia téng cia chudi ham s6 da cho trong

trudng hop ¢ = 1. Chudi c6 héi tu déu trén [0, +=) khong ?

oD
15. a) Ching minh rang chudi ham s6 », ne” ™ hoi tu déu
n=1 ,
trén khoang [n, +}, trong dé h la mot s6 duong cho trude thy y.

b
b) Goi f 1a t8ng cta chudi ham s da cho. Tinh f f(x)dx, a,
a
b 14 hai s6 dudng cho trude, a < b.

16. Cho chuéi ham s8 » u,  véi
n=41
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a) ChUng minh rang chudi da cho héi tu di€m trén R nhung
L

chudi sd 2 _f u (x)dx khéng héi tu.
n=00
b) Chudi ham sé da cho ed hdi tu déu trén [0, 1] khéng ?

T

2 %

. 1
17. Tinh [ f(x)dx, trong d5 f(x) = 3 o gz—"n _
x n=li
6
I8. Ching minh ring téng cta chudi ham &
I
n=1 ﬁj +1

lién tuc trén [0, +w) va e6 dao ham trén (0, +w)

19. a) Ching minh ring téng S cia chudi ham s& Z —‘('
~o

c¢6 dao ham moi cp trén (1, +w).

b) Tim lim S(x).

X—» + a0

20." Gia s chudi ham s6 > u,  hoi tu déu trén [a, b}
n=1
Ching minh ring néu cic ham s§ u,, déu kha tich trén [a, b] thi
a) Téng S cia chudi kha tich trén fa, b], va
b b 2 w b
b) f S(x)dx = f ('2 u (x))dx = Z f u (x)dx.
a

a n=1 n=1=u

¢} Chuébi bam s& Z f u,(t)dt hdi tu déu tran [a, b] dén fS(t)dt .

n=la a

21." Gia s

o
a) Cac hang t cda chuéi ham s0 E u, c©d daoc ham trén

n=1

mot khoang bj chan I,
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b) Chudi z u, hoi tu tai mot diém a nao doé cua I,
n=1

¢) Chuéi Y, u,’ hoi tu déu trén 1.
n=1

Chidng minh rang tdng S cua chudi 2 u, c6 dao ham trén
n=1

1 va
S'(x) = (2 un(x))’ = z u '(x) voi moi x € I.
n=1 n=1
99.* Xét phuong trinh Phorethdm (Fredholm)
. ,
px) = 4 _f K(x, s)p(s)ds + f(x) )

a
trong d6 K : [a, b} X {a, b] — R la mét ham s6 lién tuc, f &
mot ham sé lién tuc trén [a, b]l, ¢ 14 mdt ham a4 cdn tim kha
tich trén [a, b].

b
a) Dat ¢ (x) = f(x), x € {a, bl, p,(x) = _f K(x, 8)p, - (s)ds
a
nz 1l
Ching minh rang ¢, xdc dinh va lién tuc trén {a, b] v&i moi n.
b) Chitng minh rang ham s6
w(x) = 3, ()
n=0

xdc dinh va lién tuc trén [a, b] v6i moi A thoa man diéu kién

1
e trong dé M = sup ‘K(x; S)l
M(b —a) X € [a.b}

s € fa,b]

fa] <

¢) Ching minh rang y la mét nghiém cia phuong trinh (1).

d) Ching minh rang phuong trinh (1} chi cé nghiém ¢ lién tuc.
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Tu dd suy ra rang néu i thoa man bat dang thde trong b
thi ¢ la nghiém duy nhét cga phuong trinh (1)

Viée gidi cac bai tap sau can dén cdc ddu hisu hoi tu déu
Diricle va Aben.

23. Cho chudi s6 heoi tu 2 a,. Ching minh rang chudi ham

=1

s6 E = héi tu déu trén [0, +o0).
n
n=1

. sl — Iyntt n
24. Tim lim E (—-)—~-— X X
x—=1tn=1 n x4
25. Chiing minh riang chudi ham sé
i sinx . sin nx
Vn +x

hai tu déu trén [0, +w).
26. Cho chufi ham s§

- (— 1)"x
ngown+x '

a) Tim mién hoi tu cia chudi.

b) Chéng minh ring téng cia chudi ham s& cg dac ham trén
mién hdi tu cta ng.

27. Cho chuéi ham s6 > u_ véi

n=1

xsin nx
U x) = ——————  x € (0, 21).
n(%) 2¥n + cosx

Ching minh rang
a) Chudi héi tu diédm trén khoiang (0, 2n),
b) Chudi h6i tu déu trén moi doan [a, b} C {0, 2n).
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C. Chudi ham sé lay thia

1. Xac dinh ban kinh hi tu va mién hoi tu cta cae chudi luy
thira sau :

a xn xw
—- - n .
a}z\[n : b)len[n+1),
n=| n=1
a x %N
c) 2 n'x" d) 2 s
n=10 n=110
ac Xn f] i (1 + )n n
_.___ il L
n—zn(h‘n)s n= 1
o (nY)? SIS
) e S 2, a>0b>0;
& 4 (@n) ngla“-i-b“
o x3n+t! = .
DY (s Dyexttl,aeRa=0
n=1 n=0

9. Tim ban kinh héi tu R cda chudi lay thia

=
z (arc tg n*)x", a la mot g6 thue cho trudc.
n=1

Xét tinh hoi tu cta chudi tai cac diem R va -R.
3. Tim mién hdi tu cta chudi liy thia

had 1 - "

2 (.E.F(___n_)_)xn_

n=1

4. Xac dinh mién hoi tu cna chubi liy thua

= 3

- I)n o
2 (l_ + £~;1—)-—) =M.

n=1

5. Xac dinh bap kinh hdi tu cia cdc chudi lay thita sau :

952 <3 (-2)kx2h xH
a) 1 4x = e s e b T b s e,
12+1 11+ k- +1 kt +1
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by x +x2 + x4+ +xT +x x4 4k

p la 86 nguyén to,

1
_k_-l-_ﬁ vdli n = 3k,

c) E ax", trong dé a_ = 1 vein = 3k + 1
kk ’

n=1
(- a)* véin = 3k + 2,
a la mot s6& duang cho trudc.
6. Tim mién hoi tu cua chubi liy thia

»

z a¥nyn ,a > 0 cho trudc
n=1

7. Tim ban kinh h$i tu cia cdc chudi liy thira sau :

= 2n
X . .
a} E —-———— _a la mdt s6 thuc che trudc,
=, 2 —sinna

b) 2 (n — eSinnEyxnt1l g 1a mat s§ thue cho trude.
n=1

8." Cho chuéi iy thira » u,  véi
n=1
Xn

u (x) = = (1.1 +2.2'+ .. +n.nY

Ching minh rang
nix|" < |un(x)| < (n + 2)[x|™ v6i moi x € R.

Ti dd xdc dinh ban kinh héi tu cta chudi da cho.
9. Tim mién hoi tu cla cdc chudi lidy thita sau :

1
o
a) 2 ax" voia = f x"e " Xdx ,
n=1 4]
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x

b)z ('1 +-lj+--- +-r1-]-‘}x",

n=1

10. Cho chudi lay thia ) ax" c6 ban kinh hoi tu duong.
ne ot

-
Ching minh rang chudi liy thira Y, ;': x" ¢ ban kinh hoi tu 1 +e.
n=0""

Il. Gid s cde chudi liy thiua z ax" va E b x" ¢d ban
n=10 n=20 '
kinh héi tu Ja R| va R,. Chuing minh ring néu R, < R, thi chudi
lay thita ) (a, + b )x" cd ban kinh hoi tu R = R,.

n=1u

12. Tim ban kinh hdi tu cta chuéi iy thira
& x!
S+ an)
‘_-‘] n

trong dé a la mot so thyc cho trude, a = 0.
13. Gia st chubi liy thirn » ax" o ban kinh hoi tu la 1.
n=1

Vdi mdi n nguyén duogng, dat

s, =a,ta + ..+ a,.
‘ . a.“-4—al t.ootag
va n n+1

a) Chung minh rang chudi luy thua Z s, x" cd ban kinh hoi ty
n=1{)

bang 1. Tinh téng Tix) cia nd theo téng S(x} cta chudi z ax" .
n= A0
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b) Tinh ban kinh héi tu cua chuéi luy thia z b x" .

n=10

14. Gia si hai chudi liy thita > a x" va > b x" cd ban kinh
n= 0 n=490
hoi tu 1a R, va R, Goi R va R’ la ban kinh héi tu cha céc chudi
liy thia D (a, + b )x" va Y (ab, +a,_ b, + .. +ab )x"
n=10 n={)
a) Cho vi du vé céc chuédi liy thita sao cho R > min (R, R)).
b) Cho vi du v& cdc chudi liy thita sao cho R’ > min (R}, Ry).
15. Tim ban kinh hdi ty cta cdc chudi ldy thita sau :
oG ) xn ]
a) Z x"sin nf ; b) 2 o Sin no,
n=1
trong dd 6 la mot s thuc cho trude, 8 = kx, k € Z.
16. a) Tim ban kinh héi tu R cta chudi ham ldy thiua vdi
(- npot! n+1
hang t& téng quat u (x) = ———— x*"*1 o = 1.
ang g9 n®) = T eT
b} Tim téng
Sx) = x + Y u(x), |x|] < R.

n=1

17. Cho chuéi luy thua
1-x+xd-xP+x% - x7 + o+ x3k - 3l
a) Tinh ban kinh héi tu cia chudi da cho.
b) Tim téng cta chudi.
18. Cho chudi liay thita v6i hang tu téng quat
n
u,(x) = (- 1)“;(-11—:5- ,h = 2

a) Tim mién héi tu cha chudi da cho.
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o =4
b} Tim mién hoi tu cta chudi z u ' va chudi Z u”
n=2 n=2
¢) Tinh téng cua chuéi liy thita da cho.
19. X4c dinh mién hgi ty va tinh t6ng clia chudi lay thua
x xin—1

]4n—1 ’

n-_-
20. Xac dinh mién h¢i tu va tim téng c@a cac chubi lay
thita sau :

a0

a)an“ ; b)i(-— Lyn ~lp2xn -1

n=1 n=1
21. Tinh ban kinh hoi tu R va tdng cda chuéi liy thita

0

xn
2 n(n - )(m —2) -

n=3

22. Cho chudi liy thiua

x (_ 1)"X2"+1
n§=:1 2n+1){2n-1)°
a) Xic dinh mién hoi tu J cha chudi da cho.

b) Xac dinh tdp hgp cdc diém lién tuc cda tdng S cia chudi
da cho.

¢} Tinh 8(x), |x|] < R (R 1a ban kinh héi tu cha chudi da
(="

4n -1

cho). Tt d6 tinh tdng cda chudi s6 2
n=1

23. Tim ban kinh hoi tu va tng cha cic chudi liy thira sau :

y L 2 et
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24. a) Tinh ban kinh hoi tu R cda chudi lay th¥a
= 1

2 -— x"

= nlnn

b} Chéng minh rdng chuéi da cho va chudi dao ha~ cdp p
cia nd hoi tu voi [x| = R, p 1a modt s6 nguyén dudng bat ki.

25." a} Tinh ban kinh hdi tu Ry cua chudi ldy thia bién s x

mx”cosg
2=

b) Tim tap hop A cdc diém (x, y) € R? sao cho chuéi ¢a cho
hai tu.

n=1

¢} Goi f(x, y) 14 téng cta chuéi liy th¥ta da cho. Chdng minh

s . . ) of of
rang ton tai cac dao ham riéng e va — trén IntA.

oy
26. a) Ching minh ding thic

1 *
xP 1 1
dx = = E -
£2+x 2“20( ) 2%n +p +1)
p 1a mét sd tu nhién.

. . 1 « - "
b) Tinh téng cta chuéi s6 - 2 D7 .
2 & 9mn + 4y

n=>0

27. Khai tri€n cdc ham s6 sau thanh chuéi liy thita va tinh
ban kinh héi tu clia ching -
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X
a) cos?x ; 1},

1 +x — 22
1 +x _ 1
(_‘,} ln - d) [ L=
1 -x 1 4x+x?
e} shxehx ; f) —-——
(1 —x)?

£t§22 — arctgx vt x # 0,
e fx) =4 x . )
0 vaix = 0.

28. Khai trién cdc ham s6 sau diy thanh chudi ham lay thiua
va tinh b4an kinh héi tu cta chiang :

X
a) fe Ydt; b f EEEdt c) f —— dt .
0

29. Khai trién ham s sau thanh chudi liy thua tai di€m 0 :

2
3

1 —-x

f(x) = arctg-l-

+x

30. Khai trién cic ham s6 sau thanh chudi ldy thita tai diém O
va tinh ban kinh héi tu cta ching :

in(l —x) e X
x—1 b)f(x)_l+x‘

a) f(x) =

31. Ching minh cac dang thic sau :

(- " a2ntl — - — 1yn - 1.
}2(2n+1)" .= 0 h}ng( b (2n)'-_ b
gert o v o1
© o atg T T ey
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32, Chung minh rang chudi s6 2

n=

{_. 1)11

ban héi tu va tinh
o 3n+2 i j

téng S cua nd.
33.* Chding minh dinh i Bocnoxtaing (Bernstein),

Néu ham sd f khéng am va ¢ dao ham moi cdp khong am
trén deoan [0, R] thi

ro)

(0) , fi 0y
- ) AN I

T T T

n +

fix) = f{O) +

vdi moi x € [0, R).

34.* Ap dung dinh li Bocnoxtaino ching minh ring ham so
f{x) = tgx khai trién duge thanh chuéi liy thia tai di€m O trén

T

khoang ( — 5 J—zr-)

35." Ching minh dinh li Taobo (Tauber) :

Gia st chui lay thita ) ax" hoi tu dén f(x) véi |x| < R
n=10

==
vda, > 0 voi moi n. Néu lim f(x) = S thi chudi s3 > a R hoi
n—-R- n=20

tu va ¢d téng 1a S.
36." Ching minh dinh Ii Taocba (Tauber) :

Gia su chudi liy thia E a x" héi tu dén fix) véi [x] < |
n=1

va lim na, = 0. Néu lim f(x) = S thi chudi s¢ Z a, hol tu
n— o« X""’l_ =1

va cd téng 1a S.
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D. Chudi Phuarié

1. Cho ham s6 [ xac dinh trén doan [o , 2‘,] besi

1 1
— - —/— Vi 0.
fix) = {x sing O X7
0 véix = 0.
Ching minh rang
.. ) A
a) f lién tuc trén [0 , :—2},
¥ '
2 sin (Zn + Dix
b) f T TP ax = o moi n,
o sinx 2
T
[2n+ N3
. “ sinu 7
c) lim f " du = 5
n— =< {)

2. Cho ham s6 tudn hoan f : R = R vdi chu ki 27, xdc dinh bdi

. ot 4
—ale—H$x<——2—,
£ i — L € x € =
Xy = X v - = & X -
(x) 2 s 9
ae T _
O.’V(JI'Z""QX‘(JI,

 la mot s6 thue cho trude.

a} Vigt chuéi Phuarié cua ham s6 f. Chudi cé héi tu trén R
khang ?

by Tinh S (E

2) , 5 la tdng cua chudi Phuarié cua f

3. Cho ham s6 fix) = sup(sinx, 0), x € R.

a) Xac dinh chudi Phuarié caa f.
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b} Ching minh rang f khai trién duge thanh chudi Phuarié
vé chudi nay hoi tu déu trén R.

, - {— ¥
¢ Tinh s = 3 10
42— 1
4. Cho s6 thuc « ¢ Z va ham s6 tudn hoan f v&i chu ki 2%
xdc dinh trén R bdi '
f(x) = cosax, x € [-x, ).

a) Ching minh rang f lién tuc trén R va f khai trién duae
thanh chuéi Phuarié trén R. Hay viét chudi Phuarié coa f.

b) Ching minh rang chudi Phuarié cta f hoi tu déu trén R.

c) Kiém tra lai ding thdc

i :%4_2&2(_—._12_

sinax

d) Tim téng cha chudi
- a, - bn

(-— sinnx — — cosnx) , X € [z, 7).

n n
n=1
a,, b, 1a cdc hé s6 Phuarié cta f.
5. Cho ham sé

f(x) = |sinx|, x € R.

a) Xae dinh chudi Phuarié cia f. Chudi ¢é héi tu dén f khéng ?

b) Ching minh radng véi moi ham sé h lién tuc trén doan
[a, b), ta déu cg

b b
2
lim [ h(t) |sinutldt = = [ h(t)dt.
Fi

u—+o y

6. a) Ching minh ring ham s6 tudn hoian F : R — R v&i chu
ki 2% xde dinh trén [0, 2x) boi
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X -

Fooy - | 5 veix € (0 20,
0 vai x = 0,

khai trién dugec thanh chuéi Phuarié trén R. Xdc dinh chudi

Phuarié caa F va chi r6 cdc doan trén d6 chudt hoi tu déu.

by Gia st f: R — R 14 mét ham s6 tudn hoan vdi chu ki 2x,
lién tuc ting khic trén [0, 2x], bang 0 trén modt lan can cua 0
va 2x. Goi

[ #4 b
3] A
5 + z (@ cosnx + f sinnx)
n=1

la chuéi Phuarié cta f Chipg minh ring

s ﬁn 12.*{ a—t
n§=:|__ =~ _{I]' f(t) —5— dt.

BAI GIAI, HUONG DAN, DAP SO

CHUONG 1X

A. Diay ham sé
1. a) Ta 6 lim f (x) = 0 = f(x), x € [0, 1]. Day ham s6 {f}

n—wm

hoi tu diém dén ham sd f(x) = 0 trén {0, 1]. Ta ching minh

lim sup [f(x) - f(x)] = 0.
n—oew xe |0 1]

That vay, ta cd
r(x) = {f(x) - fx)| =x" - x™!, x €10, 1].

r’(x) = nx"! - (n+ 1x" = x"Yn - (n + x].

rn’(x) = 0 —_ X = 0’ X = - e
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n n
x:?(fllffn(X) S o= rn(n+1) = (n+])n(1 _n_-l-_l_)

! ! 0 khi
= — - — in— .
+
(1+1)" n+l
n
Vay day ham s6 {f } héi tu déu dén ham s6 f(x) = O trén
[0, 11.
b} lim f = i ~~1——0 i i 0
im f (x) = lim x7n = Qvoimox € [0, +).
n—e oo n—e 20
[£00) = Ol = —— < ~ véi moi 0, +
n(x) —X+n-.hnvdlm(_)1x6[, 20}

1
= sup f(x) —0] £ = -» 0 khi n — o.
X € [0, +] n

Vay fo, 3 0 trén (0, +o)

nx
¢) lim f (x) = lim ——— = x = f(x), x € [0, 1.
N n n__m1+n+x
nx x +x? 2
1600 — 0l = | Toaex ~*| = Tonex < ae1
¥x € [0, 1].

2
= sup |f(x) — f(x)| < ni] > 0khin —»w

x€]0.1]

Vay f == f trén {0, 1]
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d) fx) = lim £ (x) = lim sin% -0 xeR

= n—r oo
, .
sup |f (x) ~ f(x)| = sup |sm;| = 1. Visup [f (x) - f(x)| +0
xR xR xeER

khi n — « nén {fn} khong hoi tu déu trén R.

1 1 véix = 0,

e} f{x) = lim f (x) = lim (1 -

n—==x n— o

nx2+T) T 10 vdi x = 0.

Ham s6 giéi han f gian doan tai di€m O nén day {f } khong
héi tu déu trén R.

£) lim f (x) = 0 v6i x »# 0. Voi x = 0, tacd f(0) = n > 4=

n—®
(n — ). Mién héi tu cla day ham =86 da cho la R \ {0}. Day
{f,} khéng hoi tu diém trén R nén khéng héi tu déu trén R.

fix) = lim f (x) = 0 v6i moi x € (0, +w).

n—sm
n
r(xy = |[f(x) - fx)| = Sai1 " > 0,
rn(l) - , ¥n = sup r (x) = a -+ 1 khi n —» w.
n n+1 x>0 n+1
sup |f(x) — f(x)| +> 0 khi n — = = (f } khong hoi tu déu

x>0
trén (0, +w).

g) fix) = lim f (x) = lim 2 = 0 v6i moi x € R.

s 50 nsa 1+ 1032
nx ..
r(x) = [f (x) - f(x)| = ] vai x > 0.
1

n n
r (H) = T35 = Sup If (x) - f(x)}| = T
x& R
{fn} khong hgi ty déu trén R.
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h) f(x) = n(

£

|
f‘
e

ft

|

|

|

|

|

i

1 .
i f(x} khi n — .

1
x+— +\I_

'fn(x)—f(x)! = |=

1 .- .
= — » V31l moi x > 0.

2nﬂ('\’x+% +Vx)?

sup |f(x) ~ f(x}] = +o vdi moi n. Day {f } khong héi tu déu
x>0

trén (0, +oo).

im _ 1
D) f(x) = lim £ (x) = lim
oo n—x —
sk

= Inx, x = 1.

r(x) = {f(x) - fx)| = n (x”" - 1) —inx, x = 1.

1 x1/m g
> = xim-1 _ * _
r(x) = xin =

> 0 v6i moi x > 1.

m

Ngoai ra, r, lién tuc trén [1, a]. Do d6 ham s r, ting trén

{1, a]. = supr (x)=r n(@) —= 0 khi n — o. Vay f,(x) =2 Inx trén
xe [1,a]
[1, a].
2. a) V&i méi x € [-1, 1], lim f (x) = \f__z—f(x)
n—s=
b) [f(x) — fx)| = |sinnx]e ™ g g~ véi moi x € (4, 1].

= sup [f(x) - fx)] € e ™ >0 khin — w
x € (4. 1]
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= f =2 f trén [, 11. Vi cac ham s6 f_déu lién tuc trén &, 1]
tir dé suy ra f Hén tuc trén [8, 1} = f lién tuc trén (0, 1].

[f (x) - f(x)} = |sinnxje™™

c) rn(x)

it

E

1
r, (—) sinle " — sinl khi n — « = sup r (x} +> 0 khi
n xE]0,1]

n — . Day ham s6 da cho khong héi tu déu trén [0, 11.

3. a) fix) = lim € (x) = 0 v6i moi x > 0.

n—x

by r (x) = {f{x) - f(x)| = n%xe” ™, x = 0.
1
r (x) = n% (1 — nx); r(x) = 0 e>x = o
1
x 0 —
n
r(x) + 0 -
rn(X} . nﬂ'_l
s -

i
Véi n di 16n, tacd a > . Khi d¢ f gidm trén [a, +oo) va

r(x) r(a) = f (a) vdi moi x € [a, +=).

= sup r (x}) < f (a) = 0 khi n — «. Vay f 3 0 trén fa, +w).

XZ=a
1 nx i
c) sup r(x) = r, (?1) = - Do dd lim sup r(x}) = 0
x=20 n-sox =l

=g ~-1<0f{a >0 =0<a=<l

4. a) Vai x < 0, ta ¢d lim f (x) = — o= Voi x = 0, ta co
n—
f,(0) = 0 véi moi n. Véi x > 0, ta cd lim f (x) = sinx. Viay mién

n-»x
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hoi ty cua day ham s6 da cho [a : A = [0, +e), ham gisi han
cia day la f(x) = sinx. '

b} Tuong tu nhu cau b) baj 3. () diay ta nédu mét cach ching
minh khdc. Ta ¢6 |f(x) — f(x)] = nxe ™ x » &

= 1

Vi lim nxe™™ = lim ye™Y = 0 nén Ve > 0, 3A > 0 sac cho
n—x ¥ »+ o

y = A=ve¥ < g

Vinx 2 néd vdi moi x € [5, +@) nén

n2x=mnx >A=nxe™ < ¢ NéuN la mot 6 nguyén
A 7
ducong sao cho N = 3 thi

n 2 N = |f (x) - sinx] < £ v6i moi x € {4, +w).

Vay f(x) 3 sinx trén [§, +w).

¢} Vi {fn (%) - f(%)l = e” ! voi moi n nén {f } khéng

‘héi tu déu trén (0, +=).

5. a) f{x) = lim f(x) = 1vdimoix € R. Gia st K la mot tap

n—x

hop compic trong R. Khi d6 tén tai a > 0 sao cho K C [-a, al.

1 1
€00 = 00l = | xin | < 82 = I 2 e
n nx n| x| n n
x € [-a, a] \ {0}. V&i x = 0, ta cd |fn(0) - f{0)] = 0 v&i moi n.

Do do

60 - (0l € > v mel x € [-a al =

sup ffn(x) -~ fx)| = Z . Vay f =2 ftrén [-a, a)l = f,=3 [trén K

—_—
XE|-aa)
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' s 1 : .
b) |f (n) - fin}| = n<sin 5 —1 khi n — o. Day ham so da
n

cho khéng héi tu déu trén R.

6. a) Cho £ > 0 bat ki. Vi f, 3 f trén {a, b) nén f lién tuc
trén (a, b).

If (u) - (D] < [fu) - fu)) + [fu) - (D] D
Vi f 3 f trén (a, b) nén 3N, nguyén duong sao cho

nzN = |fﬂ(x) - flx)] < % vdi moi x € (a, b).

Dac biét,

nox N, = fu) - fugl < 5@

Vi f lién tuc trén {(a, b) nén 35 > 0 sao cho

Vx € (a, b)) |x - 1] < 3= [fx) ~ £ <%. (3)

Do lim u, = 1 nén 3N, nguyén duong sao cho

n—m=
nzN,=> |y -1l <94

Do dd tu (3) suy ra

£
n = N, = [flu) - fih| < g (4)

Pat N = max(N,, N,}. Tu (1), (2), {4) suy ra
n > N=|fu)- D <& Vay lim f ) = f).

n—=w

by f(u) = fn(—l—) =

vai moi n
n

1
2
1 vai x = 0,

f(x) = lim f (x) = JO vdix = 0.

n—%
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1 . .
flly = f(0) = 0 = lim f (u) = . Vi hAim s6 giéi han f gian
n n) 2

n—=%
doan tai diem 0 va cac f, déu lién tuc trén [0, +e) nén
f 3 ftrén bat ki khoang nao chia diém 0. Didu nay giai thich
két qua viua néu.
7. a) Tu gia thidt suy ra fi0} = 0. Vi f lién tuc tai di€m O
nén ta co diéu ciAn ching minh.
b) K = [3, A} U [-A, 4] 1a mdt tap hgp compac trong R.

f(x
Ham s8 x ‘ —(-xl | lién tuc trén K nén dat gia tri 1é6m nhat

| f(X)l | f(xn)l

trén K : Ton tai x, € K sao cho x| S |x|--=k<1vdi
(%]

meoi x € K.
c) Cho € > 0 bat ki. Véi moi x € R, ta ¢d

[ 1] = (iG]l < [ = {[fM™x)}} 1a mot day giam.
Goi & > 0 la s6 ndi trong a) Khi dg
x € 1{~3, ) = [fx)| < &va |[Mx) < £ voi moi n.
x € K= |[fix)] < k|x]|.

Vi lim kPA = 0 nén t6n tai N nguyén duong sao cho kMA < 8.
n— oc
Ta ching minh [fN(x)] < & véi moi x € [-A, Al bang phan
ching :

Gia si tén tai x, € K sao cho [fN(x )| = 3. Khi dg

[fx )| = 2 )l = .. =2 }fNx )| = 4.
Vi fix), f2(x), .., fNx) € K nén
| fx)| < klx|,
| PP ) = [fIfx )| < k[ fix )| = kx|, ..

[N M < kKN[x,| € KNA < &
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trai vai gia thiét phan chung. Tu d¢ suy ra
n > N=|Mx| s ™z = [INx)]] < £ véi moi x € [-A, Al

Vay £ =2 0 trén [-A, Al

8. a) f(x) = lim [ (x) = e * v4i moi x & [0, 11.

n—x

. _ ne” * +x° o | %% — xe ¥} 2 .
|f‘n(xJ - f[x,| = ‘ LIl — e X\ = n—i}_(__ < 1-_1 vii
moi x € [0, 1]

= f - f{ trén |0, 1]
—>

n

b) Vi cdc ham s6 f_ déu lién tuc trén [0, 1] nén tit a} suy ra

ne % +x2

lim ~dx = { e xdx =1 —e L
f n-+x f

n-*x () 4]

(x* + e X v8i x € (0, 1],

9.2 f(x) = lim f,x) = J0 vix =0
! =

n— &

b} T d6 suy ra {f - khong lién tuc déu trén [0, 1]

) n(x? + xje ¥
}fn(x) - f(X]l = I {—nx_:)i . (X2 + l]e"" | =
_&Aher 2
T o nx+1 T nd

véi moi x € {4, 1] = f_ - f trén [, 1].

ey |f (x) - fx)| < (%2 + e € 2 véi moi x € (0, 1], moi n
f (0 - f(0) = 0 vdi moi n
Do dd |f (x) - f{x)| < 2 voi moi x € [0, 1] vA moi n.
dy Cho £ > 0 bat ki. Ta ¢6
1

i ¥
[ fxdx = [ € dx + { f (x)dx .
1 0
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L

[ 1
Tu b} suy ra lim f f (xydx = f f(x)dx. Do d6 3N nguyén duong
}

n—o &

sao cho

] I
nzN= |f fxdx - [ f(x)dxl < £
¥ &

Tit ) suy ra
¥ S ¥
|f £ (x)dx — | f(x)dx’ < [ Ifx) ~ fx)ldx <
13} 0] 1]
¥
< [ 2dx = 2¢
1]

Do do

1 1
nzN-= f (x)dx — | f(x)dx | < 3¢
n
0 0

Vay
1 1 l
Hm [ fdx = [ fxydx = [ 2 + 1)e"*dx = 3 — ge~ L.
Q 0

n—*o )

1
10. a) f lién tuc tai moi di€m x # Ovax # — . Taix = 0

¥

hi€n nhién lim £ (x) = 0 = f.(0), lim f (x) = 0 = £,(0). Vay £,

X} x>0

.1
lién tuc tai di€m 0. Ching minh tugng tu f, lién tuc tai di€m — .

]

b) lim f (x) = — x = f(x)} véi ¥x € R

n—*oc

c) Vi lim ¢(y) = 0 nén JA > 0 sao cho

y— T ®

¥ < —A=>(ply'} £ 1.
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¢ lién tuc trén [-A, 1] nén bi chan trén doan nay. Do dd ¢
bi chan trén (-=, 1]. Tén tai M > 0 sao cho @(y) £ M vdi moi
y € 1. Ta ching minh {f } hdi tu déu trén R. Cho £ > 0 bat ki.

e Vi x < 0, ta co

E(x) - f(x}| = ! —4x|=—|nx + _711___
nln(l———) ln(l...h_x)
1

?%p(y)é%ﬁMé‘v()in>é. (y:a)

, 1
Goi N la s6 nguyén duong 16n hon . Khi dé

nz N = |[f(x) - fx)| < Me vai moi x < 0.

1 1
.Véixzs,t.acdx>;v6in.>,N>-£,Dodd
M
n2N=|fx - f(x)] =¢T®s;<mv6imoixas.

® V3i 0 € x < g, ta 6 fn(x) = 0 hoac fn(x)= -
nln( 1- ;1;)
Do dd

[f,(x) - f(x)] = [x]| hoac |f (x) - f(x)| = @ . Tit do

M
E+K<(M+1)£vﬁin2N,

[f.(x) - fx)] < Ix| + Soi—Y) <

Tom lai, ta cd
nzzN-= ifn(x) - fix})] <« (M + 1)¢ v6i moi x € R.
Vay {{_} héi ty déu trén R.

0 véi x = 0,

11. a) fx) = lim {(x) = {_ | viix = 0

n—=
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In(1 _fr_nlen n) In(l+xinn)
2lan lnn

b) F (x) = [f (x)dx =

1
o _ In(1 +nlnn) In(l +1Inn)
_(I]' [odx = F (1) = F(0) = =520 - 220

1 1
lim [ f (x)dx = 1 [ fxydx
]

i

1
5 deXZO.
0

n—= o [}
1 1
Vi lim [ f(x)ddx = [ lim f(x)dx nén day ham s6 {f,} khong

n—=f dn—=

hoi tu déu trén [0, 1]

f x+%) — f(x)

13.1lim £ (x) = lim

i = f(x) v0i moi x € {a, b).
n— = n— x _
n

|fx) ~ ) = |f’(x) - f’ (x + %) | 0 < ¢ < 1. Liy B,

sao cho a < a < § < §, < b. Vi f lién tuc déu trén [a, #,] nén
vdl moi £ > 0 ton tai > 0 sao cho

Vx), x5 € [, B |x; - x| < 8= [Px) - Fx) <& Ta
lay & < g, - B. Vdi ;11.,<5 tic la n>-é— , ta cd
| r(x)y — f’(x + %)l < £ vOi moi x € [, 8]. Goi N la s6 nguyén
ldn hon % . Khi do¢

nzNs=|f&x-{&x]| <z&véimoix € [a, gl

14.* a) Cho £ > 0 bat ki. Dat rx) = flx) - f(x}), x € [a, b].

Vi f 2 f trén {a, b] nén tén tai n nguyén duong sao cho
[r (x} < & v6i moi x € [a, bl.
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Né dang thay rang néu u va v la nhiung ham s8 bi chan

trén tap hop X thi sup |u(x) + v(x)] < sup u{x} + sup v(x) ,
xe X X X xE X

inf [u(x) + v(x}] = inf wx) + inf v(x).
E X xCX xE X

T do suy ra ridng néu 7 la moét phép phan hoach doan [a, b] :

;z:azxncxlq...{xn:b

thi
Sif, o

s(f, =} = s(f, x) + s(r, n),

i

S(fn, ) + S(rn, ),

Stf, n) va s(f, n) la cac t6ng Dacbu trén va dudi cda f dng
vii . Do dd

S(f, 1) — stf, 2y = (S, 1) - s(f, m] + [8i(r, 7) - sie,, 7}]. <
< S(f, x) - s(f, x) + 2eb - a).

Vi f kha tich trén f{a, bl nén t6n tai mot phép phan hoach
n doan {a, b] sao cho S{f, n} - s{f, n) < & Véi phép phan
hoach dd, ta cd

S(f, =) - s(f, A1) < (1 + 2(b - a)e.
Vay f kha tich trén [a, bl.

3] b b
b) [  feax - f f(x)dx’ < [ ) — f(x)ldx

b
< [ sup |f(x) - fx)dx = (b — a) sup [£(x) — f(x)] — O
a XE€|a b X € {a.b]
khi n — o« vi f =2 f trén [a, b}. Tit do suy ra dang thic cén

ching minh.
15.* f 33 f tréan X nén Ve > 0, 3N sao cho

m=zNmnz2N=|[fx-fx|<e¢vs moixe X
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Cho x — x,,. ta dudge

1112N,n?:N==~|lm-]n] g ¢,
Do do day s6 {1} héi tu : lim ] =1 & R. Dat

Tn--*x

I fix} voix € X\ {x }
Fn(x) = 1

I, véi x = x,

flx) voi x € X \ {x,}
Fx) =

|l v4i x = X,

Dé dang thdy rang ¥, =3 F trén X U Ix_} va cdc ham sd |
déu lién tuc tai di€m x . Do dd F lién tuc tai X, va ta cd

lim F(x) = F(x), tic 1a lim f(x) = 1.

X *x KX
&) Bl

16." a) Ta ap dung tidu chudn Coési v& su hoéi tu déu cua mét
day ham s6. Dat f (x) = f (x) - f (x), x € [. Ap dung céng
thie sé gia hitu han, ta duge

fax) = £ = [, ) - £ @]+ (a)

m.n:

fr;_n(c)(x —a) +f_ (a)

il

[f(c) — f()](x ~ a) + £ (a) — f (a),
¢c=a+6x-a),0<8< 1 Dodd

o)y - L001 < [f (o) — £l [T} + £ a) — €@, {1 1a

d6 dai cua I Vi {f’} hoi tu déu tren I va day {f(a)} hoi tu nén
Y¢ > 0, 3N nguyén dudng sao cho

m =N, n = N=sup If'm’(x) - fﬂ’{__x)l < Tgﬂ
xel
va (€ (a) - f(a) < &
m n- - 2
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Do do

m 2 N, n 2N = sup | (x) - fix)l < &
x|
Vay {f_} hdi tu déu trén [

by Gia sy x, 1a mot diém bat ki cia l. V8i moix € 1, x # x,,
ta o

fix) — fix,) f(x) —f(x,)
ez | e e e
L xi] n—==x X~ x(]

Ap dung bai tap 15, ta ching minh day ham so
00 = £,05)

: < —x } hdi tu déu trén 13\ {x.}. That vay, sU dung cdng
| _

Ly
thie s6 gia hitu han, ta dude

fill(x} - fl‘]'l(xi‘l) fﬂ(x) - fI'I{XU i’!TI\Tl(x) - fm.n(xn)

X_XO X_X“ X._XU

= £, (0) = fi(c) = f(o),

_xel'.x:xo,c:x“+9(xvxo),0<9< 1. Do dg tu gia

fa00 — £4(x) ]

}, théa man
(M)
tidu chudn Coési vé su hoi tu déu ciaa molL day ham s6. Theo bai
tap 13, ta cd

f) — f(xo) f”(_x) - fn(xn)

lim -~ LT = lim ( lim —-}—{-—_—_-;-——) = lim {'(x) = 8(x,)

n— x

X — X

thiét dé dang suy ra ring day ham s& }

X=X 0 N e
Vay f'ix ) = glx).
B. Chudi ham sé

1. a) Ap dung d&u hiéu Dalambe hoac Coési. Mién hoi tu la .
(—ee, — 1) U (1, +eo),
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b Ap dung d&u hiéu Dalambe hoac Cési. Mién hoi tu la
10, +oo0).

¢) Mién hoi tu ctia chudi ham s6 1a : (-, -1} U (“-,3—,+oo)_
d) Vai x = 0, ta ¢c0 lim u (x) = lim nc” * = +w. Chubi
n— = n— %
phan ki.
Vai x > 0, ta ¢d
n%u (x) = n’% ™ — 0 khi n = =

. 1 . . fr 4 at
= u,(x} < = voi n du 1én. Chudi hoi tu.
n

eln+x > 0 v3in > -x nén cd théd xem day la chudi s8
duong.

et
)”,_ ~ — khi n — . Chudi hoi tu vai
nx -nX

upx) =

n

x > 1, phan ki véi x < 1.

f) “\|TH= |tg(x+%)\—»|tgx| khi n — .

Chudi da cho hoi tu tuyét dai véi |tgx| < 1, tdc la

—%+k5t<xc%+kﬂ,kez,
phan ki v&i |tgx] > 1. Ta xét cac trudng hgp |tgx] = 1

F

e Néutgx = 1, tc 1a x = = + kr thi

4
¥un
1 +tg=
(G ) w3 - el
(1-tey)
= u, — _e_i = e?¥ khi n — ». Chubi da cho phan ki v8i moi

e ¥
y € R.
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® Néu tgx = -1, tidc la x = — + ot thi tim Ju | = ¢

-

.'_I'

4

Chudi da cho phan ki véi moi y € R,
Mién hoi tu cua chudi ham da cho 1a :

U(-Z2 4+, + R.
kez( 4 Ty ) *

g} Ta xél cdc trudng hgp sau :

"0 <y <1 Khidé Ylu| = —nl—"[__—_-»|xi khi n — o.
n +y"
Chudi héi tu tuyét d6i vdi |x] < 1, phan ki véi |x]| > 1.
1 1

Voi x = 1, taco u, = 1;;;1 z =71 Chudi phan ki.

— 1 n
Véi x = -1, ta ¢ u, = AL . Chuéi dan dau héi tu theo
n +y"

ddu hiéu Laibnit.

2°y > 1. Khi d6 |u | ~ (%)” khi n = . Chuéi héi tu
x|

tuyét d&i vai |7 < 1, titc 1a |x| < y va phan ki vai |x| > y.

v6i x = +y, ta ¢ lim |u | = 1. Chudi phan ki.
n-*r=
Vay chudi ham s6 da cho hoi tu tuyét déi véi 0 < vy < 1
va |x] < 1 hoac |x|] < y vay > 1, ban hoéi tu v6i x = -1
va 0 £y < 1.

h) Ta xét cac trudng hgp sau :

190 = x < 1. Khi dd In(l + x™ = x" khi n — «. Do do
. one—— X . -

u — =v.Vi yv. = — —»x khi n — o nén chudi da

nY n n n¥/n

cho héi tu vdi moi y € R
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In2
2 x = 1 Khi do u, = . Chui Riman hoi tu véi y > 1,
n

phin ki véi vy < 1.
1
3¢ x > 1. Khi ddl--l—x"':x“(l +---) va
xl’]

. 1
In(l + x™ = nlnx + In (1 + *h')
. X

1 1
nlnlx + -t 0(1) khi n —= =,

X X
! 1 1
= X (1) (a - @)
n n¥ 1 n¥x" n¥x?

Cac chubdi 2 : ! va z

0(1) déu hdi tu vol moi y € R,
n¥xn n¥x"

In . .
Chuéi ¥ y_xl hoi tu voi y > 2, phan ki véi y < 2. Do dé chudi
1

da cho hoi tu v4iy > 2, phan ki v6i y < 2.

2. a) Tdng clia chubi ham s6 da cho la S(x) = f ; phdn du

n k
. X
la r(x) = e - 8 (x) = & _kEOX! ;
1 @ xK
lr ()] = eX 1-—;2 wi| =t khix -t

k=10

= sup |r(x)] =

to v4i moi n. Chubi khéng héi tu déu trén
x=R

{0, +).

n
b) S x) = > (1 -x)xb=1-x""1 x e [0, I].
k=0

e 1 vaix € [0, 1),
S(x) = lim 8,(x) = Oviix =1 )

n-+=

Irx) = x"! vai x € [0, 1), r (b = 0
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sup [r(x)l = sup x"'' = 1. Chuéi khong héi tu déu trén 10, 11
x € j0,1] xEe 0]

Cach khac. S gian doan tai di€m x = 1, cdc ham sd
u (x) = (1 - x}x" déu lién tuc trén {0, 1]. Do do chudi da cho
khong hoi tu déu trén [0, 1].

A X
¢) Syfx) = E‘I [(k — T)x + 1l(kx + 1)

1 1 I

({k—l)x+1 a kx+1} =1

{
Vg E!

k=1

S(x) = lim S (x) = 1,x > Q.

n—a
1
sup |rn(x)| = sup ———7 = 1 = chudi khong hoi tu déu trén
x>0} £>1 .
(0, +eo).
(= 3 n 1 3 n o . 3
d lu x) = i (E) on = (Z) vd# moi x < lnE X

- 3
Theo ddu hiéu Vayoxtrat, chudi da cho hai tu déu trén (— o, In E)‘

2 _
e) lu (x)| = 2" l;nl < (g)“a vdi mot x € [~a, a]. Chudi da

cho hdéi tu déu trén [-a, al.

fy u, xdc dinh voi [x{ <1 va lu (x| < on véi fx| < 1.
Chudi hoi tu déu trén (-1, 1].

g Tacs 1 + n°%2 2 202 |x| vai x = 0.

1 i .
n| x| B (0

= [u (x)] = x| - 2
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vii x # 0. Bat dang thde (1) cung ding vdi x = 0. Chudi s6

1
Y. —; hoi tu = Chuéi ham da cho hoi tu déu tren R.
o5

h) Ta ¢ x" + x 0 < 2" + 2" = 2™ y6i x € [;2]

gl
n<

1
= |y (x)| = T 20t ygi 5 S X< 2.

2
Chusi s6 duong > —— 2°*! héi tu theo dau hiéu Dalambe.
Vyn!
Do d¢ chudi ham sd da cho hdi tu déu trén 1:% s 2].

i} D& dang chding minh dugc bdt ding thic

In{l + x} £ x v8i moi x = 0.
Po do _
2 %2 a2

X
) < <
nlnn nlnZn  nln’n

lu ()| = ln(l + vai moi x € [-a, al.

Chuéi s6 duong z >

héi tu nén chudi ham s8 di cho héi tu
n— o nln“n

déu trén [-a, a).
j) Voi mdi x > 0, ta ¢6 20sin ~- ~ (—)“.l(n—;m).
3ng X

Do do chudi ham da cho héi tu diém trén (0, +w).

Ta ching minh chudi ham khoéng hoi tu déu trén khoang nay
bang phan ching. Theo tiéu chudn Cosi, néu chudi ham héi tu
déu trén (0, +e) thi

lim sup |Sn+p(x) ~ S x| = 0

n—+w x>0
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Dat bict, 1a ¢S lim sup |8 (x} =8 _,(x)l
p-*2 N> ()
= lim sup |y (x)| =
n-*m: x>0

=

Mat khac, ta cd
1

U ()

Ta di dén mau thuan.

2%sin]l —» +w khi n — o=,

3. D& dang thiay ring néu s > 0, chudi him di cho hoi tu

di€m trén [0, 1] ; u (x) = 0 vé6t moi x € [0, 1).

a) 0 < s < 1.

= o c ] n+1 xn+1
Il = Y uy = (1-x° P xb= (1-xf 7=, = e
k=n+1 k~n+1
xn+]
véi moi x € [0, 1). Vi lim———— =+« nén sup|r(x)|= +e .
S(1-x)!7s €
x> x €[0.1)
Chuéi khéng hoi tu déu trén [0, 1].
b) s = 1. '
Ir(x)f = x™! v8i moi x € [0, 1) ; sup |r (x)| = 1.
€ [0.1]

Chudi khéng hoi tu déu trén [0, 1]

el s > 1.
lu (x| = u (x} = (1 - x)%";
u’x) = x"" 1 — xp "!n - (n +s)x] ;

un’{x)=0¢rx=0,x—1,x=£+—s.

Dé dang thdy rang

n n N
D () < (TRR) e
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A
= |un(x)| € - véi moi n. Chudi héi tu déu trén [0, 1)
n

4. 5 (x} = nxe™™; §(x) = lim S (x) = 0 v6i moi x € [0, 1].

1 1
lr ()} = nxe™™ x € [0, 1] ; |rn (n) =n X ﬁe"' = e ! vaj
moi n. Chudi khong hoi tu déu trén {0, 1]. Tuy nhién $ lién tuc
trén [0, 1].
1 ' 1
5. a) B (x) = Tvx  TIgo 1 x = 0.

0viix = 0, x = 1,
S(x) = lim S (x) = 1 +x

1 +=x

vl 0 < x < 1,

voix > 1.

Vay chubi hai tu diém trén [0, +eo).

b) e S5 khong lién tue trén [0, +«) nén chudi khong héi tu
déu trén [0, +w)

e Vi 0 = x £ a < 1, ta cd

| | = 1 1 4+ X xntl
S e T e P s

v6i moi n. Chudi héi tu déu trén [0, a] theo ddu hiéu Vayoxtrat.
e Viix =2b > 1, ta co
1 1

n - .
71 1 = (—) vl mol n.
+x

Jr ()| = b

Chudi héi tu déu tréen [b, +) theo ddu hidu Vayoxtrat.

6. Vai moi x € R, ta co
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bl
> <

Chudi 3 -’5-2- héi tu nén chudi da cho hoi tu tuyét déi.

n:.—.].n

Ta ching minh chudi ham s6 da cho khong hoi tu déu trén
R biang phan ching. N&u chudi hoi tu déu trén R thi t¥ tiéu

chudn Cési suy ra lim sup |un(x)| =0 (1)
n*»x xR
Liv x_ = n7 + L ta cd
Y Xq T B 2n *

(n;r +2:rr_n)2 |sin (DEJI +%)|

lu, (x } : -
! (n7+5) +n
(nr e ) 2

trai vai (1),
7. Tén tai M > 0 sao cho [a, b] € [-M, M].

+ & 1)“

u (x) = (- 1)n ,x € R,

M
—2 € — v&i moi x € [a, bl

1(~1)“--

| x

2
= Chudi z (- " ”3 hoi tu déu trén [a, bl. Chudi sb

n=1

2 - n) hoi tu. Do d6 chubi ham s8 da cho hai tu déu tren
n=1

fa, bl.

x? +n x2 1
tu (x)] = —5 =7t
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=2

oc 2 x

- - F X - = ) -~
Véi moi x € R, chudi Z — hoi tu, con chudi s6 z
le -

=1 n= |

phan ki.

=
Do dd chuéi z [u.(x)} phan ki.
n= I
8. Dé dang thay riang vdi mdbi x € R, chudi dd cho 1la mot
chudi dan ddu théa méan ddu hidu Laibnit. Do dé nd héi tu.
Hién nhién chudi da cho khong hoi tu tuyét d6i tai bat ki
1 1
__._‘....__._ _“{‘-
x*+n+1 ntl
v8i moi x va moi n. Do dd chudi d& cho hoi tu déu trén R.

di€ém nao cda R. Ta o6 |r (x)| < |u_ . (x)| =

9. 3) Vadi méi x = 0, ta cd mdét chudi dan ddu théa man cac
digu kién cua didu hiéu Laibnit. Do dd chudi hoi tu di€m trén
[0, +).

-¥n+lx
e 1

<
n+l n+1
Vay chu6i hgi tu déu trén [0, +w).

lr,x) < lu,, ,x) = v8i moi x = 0.

b} Vi chudi da cho héi tu déu trén [0, +o} nén voi mbi £ > 0,
tén tai N nguyén duogng saoc cho
n=zN=|rx< —;-vdi moi x = 0. (1)

Liy n 2 N va c¢6 dinh n.

S5(x) = S (x} +r (x), x = 0. {2)
Hi€n nhién lim S (x) = 0. Do dé 3A > 0 sao cho

Xx—+ =

x> A= (Sl <g. (3)

T (1), (2}, (3) suy ra
x 2z A= |S@x] <&
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Vay lim S(x) = 0.
x— + =
10. a) Chuéi hoi tu tuyét d6i véi x > 1, ban hai ty véi
0 <« x < 1, phan ki v&i x < 0.
b) Gia s a 1a mot s6 duong bat ki. Ta ching minh chudi da
cho héi tu -déu trén [a, +w} That vay, vdi moi x = a, chudi

= _ 1 n
z % }a mot chubi dan diu thoa man cac diéu kién clia dau
no= ] n

hidu Laibnit, va
1 1
= .
(n+ 1y {(n +1)?

!I‘n(X)l = Iun+1(x)| =

Chudi da cho hoi tu déu trén [a, +w). TU dd suy ra tdng S
cua chudi da cho lién tuc trén [a, +=)}. Vi c6 thé ldy a > O nhd
tly ¥ nén S lién tuc trén (0, +ow},

n e i

1. a) Vlu i = |x + ;‘ — | x| khi n = =. Theo ddu

hiéu Cosi, chubi hoi tu voi |x| < 1 va phan ki véi {x| > 1. Véi

. : \

x'=1,tacdu(l)= (1 + —)“ — e khi n — «. Chudi phan ki.
n

t

Vaix = -1, tacd lu-Di = {1 - 1" e 1 khi n — w. Chudi

: -.Ilr

n’

phan ki. Vay mién héi tu cta chudi ham s6 da cho la : (-1, 1).
b} Gia s r 14 mot s6 duong bdt ki nhé hon 1. Ta c6

1
lu x) < (r + E)n véi moi x € {-r, r}.

X i 1 .
Chudi s6 2 (r + —)“ hoi tu. Do d6 chudi ham s da cho
n=1 n

hdi tu déu trén [-r, r] = Téng S cta chudi da che lién tuc trén
{-r, r} = 8 lién tuc trén (-1, 1).
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- 12,

20

>

n=1

a) Dé dang ching minh duge rang chudi ham sé

oo hoi tu déu trén [0, +o). Do dd t8ng cda nd lién tuc

tréen {0, +=) va ta co

) - 1 d A 1 - 1
lim —n—x=z 11m~—n—-£=z~—n-zl.
x—)0+n=12n ﬂ:Ix—i-(]+2n l'lzl2
x? 1 . . L .
b Ju )| = ——5 = véi moi x € R = chuéi ham sd
1 + n%x? n?

X
E ———— hdi tu déu trén R. Ngoai ra, lim u (x) = — . Do d¢
1 +n%x® = & n(¥) a2

n=1 K-+ =

a ® A
0 n
— + ,
X 2 x+n
n=1
2 2 0 1, 2
_ < " . _
lu ()l |x+n| —— véi moi x , n , 2,
Chudi ham s6 > hoi tu déu trén [0, +w) theo ddu hiéu
o lx +n
= an
Vayoxtrat. Do dd téng T clha le T lidgn tuc trén {0, +=) va
o=
a()
S(x) = - + T(x) , x > 0. (1)

Hién nhién S lién tuc trén [0, +c).

by Vi T lién tuc trén [0, +w) nén
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lim T(x) = T(O) = -r—?

x->0" n=1
Do dd tu (1) suy ra

-« néua, < 0,
lim S(x) =

+
x—=0

14- © néu a, > 0.
®
14. a) V&i x > 0, tacd 0 < e* < 1. Vi chudi » e ™ la
n=1
mot cdp 86 nhdn véi céng bsi e™* nén nd hoi tu. Tl dd suy ra
ring chudi ham s8 di cho hoi tu véi moi x > 0. Véi x = 0, ta
cd u (0) = 0 v6i moi n. Vay chudi dd cho héi tu vdi moi x = 0.

b) u’(x) = e”™x! "2 - —nx) ;

u'(x) = 0e=x =0 x =

= - e - = . . b 2 - z
Dé dang thay ring ham sé dat cuc dai tai digm x = wr-l-c-

T

1

2-e’?

un(“—-) = (2 -a)P %.e _2.n

, 1
lu )l = (2 — )2~ % "2

- véi moi x 2 0 va vdi moi n.
n

: =1
Néu @ < 1 thi chui s6 » ——— hoi tu. Do dd, theo ddu hiéu
n=18

Vayoxtrat, chudi da che hoi tu déu trén [0, +w).
¢) Véi ¢ = 1, ta duge chudi ham s6 > xe” ™ Véi x > 0, téng

n=1

ctia chudi da cho 13 :
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xe ¥ X
1—e"% -1

S5(x) =

Véi x = 0, ta 6 S(0) = 0. Do d6 S(x) = ;-3—1- véi moi x = 0.

Vi lim S(x) = lim —— = I = S(0) nén téng S cua chudi

x—ot xﬂ()+
gian doan tai di€m 0. Tit d6 suy ra chudi khong héi tu déu trén
[(, +eo).
15. b) Lay mét s6 duong h sao cho h < a < b. Tit a) suy ra
rang chudi ham s6 dd cho hoi tu déu trén [a, b]. Do d6 cd thé
lay tich phan ting hang ti cda chudi da cho :

b w b e
f fix)dx = Z _r ne ™dx = -~ 2 e_”"|:
A n=1u n=1

I
\g!

2

|
M

16. a) V6i x = 0, ta cd u (0) = 0 voi mot n. Vai x = 0, chudi

< 1. Do d6 chuéi

1
da cho la mot cdp s6 nhan v8i cong boi
1 +x?

héi tu. Vay chuéi da cho hoi tu digm trén R. Ta o6
1
1 1
v, = u (x)dx = - - .
" { o) 2n-1)  2vn -1y
b) Dé dang thdy réng chuéi ) v, khéng hoi tu Do dd chubi

ham s6 da cho khong hoi tu déu trén [0, 1].
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1 X
17. Dé dang thdy rang chudi ham sé Z —tg—z-- hoi tu déu
n=1
trén doan [6 , 2] Do d6 co thé ldy tich phan ting hang ta
cua chudi.

Ll
f(xydx = z ! _f tg—x— dx,

oMy RN

I'I_l o 2“
6
x LN
1 Z 1 z s1n—2—n b %
E{tg;dng{——;—dx= —lncos; \i =
s s “on ¢
= lncos(%v%) ‘1n608(%'%) ;
T
2 w z 1 o x 1
_[ f(x)dx = Z In cos (EE) - Z lncos(g —2_“)
A n=1 n=1
6
- x 1 = x 1
= In (nEL cos(g E"—')) - In (nlzllcos(-z-— ;)), (1)
trong d¢ ki hiéu nlillcosg; chi tich
x * RIS X x x
cos 5 - co8 5 - cos -~ d.nlinx(cosz cos ;- coszn)
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Ta co

. X . X 3 X X . X
sinx = 2cos-é sin 5 = 24008 - cos-— 8in -
11

2 92 92

3 X X X . X
2-cos — cos — cos — sin — =
2 92 23 93

Il

X b4 X . X
= 2"¢cos 5 ¢os —= -+ CO8 — sin —
2 92 an 9n
n X ) 1 . i _ sinx .
= l_[ cos — = sinx .- — sin x khi
2k . X X X
k=1 2N gin — an —
n 21’1
n—ow vii x # 0. Do d¢6
o n -
X ) X _ sinx
l_l cos; = lim Q\n cos;) = voi x = 0 {2).
n=1 n—w =
Ti (1), (2) suy ra
% sin = sin %
dx = 1 6 l 2 _ 3
ff(x)x—nE —nE —lnf2",
T
P 6 2
e~ Ynx 1
18. a) |u (x)| = <

- mvéimoixBOvéinnal.
yn3 +1 D

= chudi ham da cho héi tu déu trén [0, +w). Vi cac ham s8

u déu lién tuc trén [0, +=) nén tit do suy ra ring téng S cia
chudi lién tuc trén [0, +w).

.

S [ L .
) u'(x) = el iA st a la moét s6 duong bat ki
e" rﬁa
lu ' (x)] = T vai moi x > a vd moi n. Vi chudi s6 duong
a0 e~ Vna :

hdi tu nén theo ddu hiéu Viayoxtrat, chudi z u' héi

n=1

n=1
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S tu déu trén |a, +=) Do d6 8 cé dao ham trén {a, +=). Vi ed
"thé &y a > 0 nhd tly ¥ nén S cd dac ham trén {0, +w).

1
19. a) Chudi ham sb 2 ug, o u(x} = — hoi tu véi x > 1.
n=1 n
l
Gia st a > 1. Ta ¢d u(x) = — L ;
n'.'(
nn
lu, (x)] < — véi moi x 2 a
nd
Inn . . . .
Dé dang thay hai tu. Theo dau hiéu

n=1

Vayoxtrat, chuéi u’ hoi tu déu trén fa, +«). Do dd téng S

=1
cia chudi ham =6 2 cd dao ham trén [a, +o) va
= = Inn
Sx) = > u/X) = - > —— ,Xx = a (1)
n=1 n=1j n

Vi es thé ldy a > 1 gdn | tuy y nén S cé dao ham trén (1, +w).

Bang quy nap, ta ching minh duge S ¢d dao ham cdp p voi
p nguyén duong bat ki trén (1, +«) va
had _ - 1nPn
S(p)(x) = z u%pjtx) = (- 1)p —;l—x"" , X > 1.

n=1 n=1

by Ta ¢d lim S(x) = 1 . Ching minh tuong ty nhu Ob).

Xx—»t o
20. Ap dung bai tap A.l4.
21. Ap dung bai tap A.16.

22. a) ¢, = f xac dinh va lién tuc trén [a, b]. Giad su ¢
xa¢ dinh va lién tuc trén [(a, b]. Khi dd
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I
PalX) — e X7y = f {K(x', s) — K(x", s)le, .. (s)ds.

Ham s6 K lién tuc trén tip hgp compéc [a, bl x la, b] nén
lién tuc déu trén tap hgp dd : Ve > 0, 30 > 0 sao cho

(Vx', x”’, ", 8 € [a, b)) |x - x| <« dva|s ~s7| <6
= |Kix’, ') - Kix"”, s < £ (2).

Do dg

(Vx’, x” € [a, b)) |x - x7| < 4= |Kx,s) - Kx”, s) <&
véi moi 8 € [a, b)
b
= |p (x) - px”)] = J 1R, 5) — K&, s)l g, _ ((s)ids
a

b
€ £ f lgon,_l(s)|dsA

Vay ¢, lién tuc trén {a, b]. .

b) Dat k = sup f(x), ta dugc
XE{a,h]

e (0] < k voi moi x € [a, bl,
b
lp, )| = [ 1K@z, 9)llp ()lds < Mkib - a), ...

lp (x)} € EM"(b - a)™

Xét chubi ham s6 > A% trén [a, b]. Ta c6

n=i

| A" (x| = A7 x) < k(|A]M(b - ah" véi moi x € [a, bl.

1 . el
< P —— 1 P4 3 _ n -
Né&u 4] < Mo =) thi chudi SOHZE O(l/‘lIM(b a))" hoi tu. Do

dé, theo d&u hiéu Vayoxtrat, chubi duge xét hdi tu déu trén [a, b].
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Vi cac ham s8 A"p  déu lién tuc trén [a, b] nén téng v cha chudi
lidn tuc trén [a, b].

b h o
o) A [ Kx, syp(s)ds = A [ K(x, s)(z A (s) )ds 3
El a n=4i

Vi v3i méi x € [a, bl, ham s6 s — K(x, s) bi chan trén [a, b]

nén v6i méi x, chudi ham s6 s +— > K(x, s (s) hoi tu déu
n=0

trén [a, b]. Ngoai ra cdc hang tit cliia chudi déu lién tuc nén cd

thé tich phia tiing hang tit cia né. Do d6 tit (3) suy ra

b w b
A § K, syp(syds = 2 At f Kz, s)p (s)ds

n=0
= Y Intlp L (x) = px) - f(x) , x € {a, bl.
n=190
d) Chi c8n chding minh ham sd h : [a, b] — R xic dinh bdi

b
h(x) = f K(x, s)p(s)ds

lign tuc. That vay, v6i x°, x € [a, bl, ta cd
b
|hix’) - h(x™)] = [ |K(x’, 5) — K(x”, s)| p(s)| ds.
a

Vi K lién tuc déu trén [a, b] x [a, b] nén vai moi £ > 0, tén
tai d > 0 sao cho
|x’ - x| < & = |Kix’, s) - K{x”, s)] < &

Do dd

b
x' — x| <8 = |hx") - h(x”)| < & [ |p(s)ids.
a
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Va_y h lién tue trén [a, bl
“ ‘ la nghiém duy nhdt cta phuong trinh ().
" Gia st y, va %, la hai nghiétm cia (1). BDat
pu = sup |¢,(x) — pux)|. Khi do
X € |a.b]

b
v @) — vox) = 4 [ Kx, s)ly(s) — y,(s)lds ;

[, (x) — ¢o(x)| < || Mud ~ a) v6i moi x € [a, b].

= u < |i|Mu( - a).

Néu [4] < thi tir b4t dang thic trén suy ra ¢ = 0.

_1
M(b —a)
Do do

P, (x) = y,(x) v6i moi x € [a, bl.

23. Theo gia thist, chudi s6 D a_  héi tu. Véi méi x €[0, +w),
n=1

1 1
dﬁys6{;—;}giém. Ngoﬁmﬂd;é 1 voi moi x = 0 va vai

1
moi n = 1, tie 14 day ham sﬁx-—»—x,n = 1, 2, ... bi chan
n
déu trén [0, +w). Do dd, theo ddu hiéu Aben, chudi ham s6 da
cho héi tu déu trén [0, +w).

¢ (= bt
24. Chudi s6 ), ~-——

n=1

hoi tu. Vai mbi x € [1, +), day

xn XN
56 { } tang. Hon nita, ta lai c6 0 < < 1 v6i moi
X"+ 1 x"+1

. . 1a L < x" i
x = 1, moi n, tdc 1a day ham s6 x — ——— , n = 1, 2, ... hi
x"+1

chan déu trén (1, +«). Theo ddu hiéu Aben, chudi ham s6 da
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cho héi tu déu trén |1, +e). Vi cac hang t& cua ng déu la nhiung
ham s6 lién tue trén [1, +«) nén téng S cua chudi ham =8 lién
tue trén [1, +=). Do do

(- )n+|. 1’3( ln_*_l_l
llmS(x) 2 hm+ ol 3 2 - =5 in2

x—11 n=1I x—1

n n
25. 25 (x) =, 2sinxsinkx = >, [cos(k— 1)z cos(k+ 1)x]
k=1 k=1

= 1 + cosx - cosnx - cosin + l)x.

Do do

|8, (x)] < 2 véi moi x € R va v6i moi n.

. 1 = ..
V&1 moéi x = 0, diy sd {m }n:l giam.
1 L L ) 1
ﬁsﬁvmmolx30='Dayhamséx-—>ﬁ,
n =1 2, .. hoi tu déu dé&n O trén {0, +s).
Theo ddu higu Diriclé, chudi ham s6 da cho hai tu déu trén
[0, +o).

26. a) Voi mbi x € R \ Z, chubi E (—-—l- héi tu theo ddu

hiéu Laibnit. Do dé chudi da cho hcl t.u tai moi x € R\ Z.
— )., (= 1)n
n¥x ) T (n +x)?

b) u(x) = (g véi moi x € R\ Z.

¢ u' 1a nhitng ham s8 lién tuc trén (R \ Z)

o Ap dung ddu hiéu Diriclé, dé& dang ching minh duge réﬁg
chudi 2 u,’ héi ty déu trén moi khoang (k, k + 1), k € Z.

Do d¢ cd thé ldy dao ham tung hang ti cda chudi ham sé da

cho trén méi khoang (k, k + 1), tit dd trén R \ Z, tic la téng
S ectia chudi da cho ¢ dao ham trén R \ Z va
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X

27. a) Voi mébi e (0, 2x), da —— i | oidm va
2 X Y { 2¥n +cosx ! &

lim ———— = 0 Ngoai ra, voi mdi x € (0, 2xn), chuédi

nssx 2Vn +cosx
a0

sinnx ¢ day tdng riéng bi chian
=1
n
I z sin kx I £ —
k=1 | sin |

1

(1)

Theo ddu hiéu Diricle, chudi da cho héi tu tai moi x € (0, 2x).

b) Gia s [a, bl C (0, 2z). Chuéi ham s8 > sinnx cd day
n=1

tdng riéng bi chan déu trén fa, b]. That vay, ham s6
x = | sin% | lién tuc tren [a, b] nén dat duge gid trj nhd nhat

m trén doan nay. Hién nhién m > 0. Td (1) suy ra

- 1
| z sin kx | £ pooy vdi moi x € [a, b] va v&l mei n.
k=

Ta da bigt véi mdi x € (0, 27), day { JL giam. Ngoai ra

2Vn +cosx

0 =< X < 2
2¥n + cosx 2¥n — 1

véi moi x € [a, bl va moi n.

Do dd day ham 88 x — ———:—x— s 0= 12, .. hoi tu déu
2¥n +cosx

dén khong trén [a, b].

Theo ddu hiéu hdi tu déu Diriclé, tit dd suy ra chudi ham sé
da cho hoi tu déu trén [a, b).
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C. Chubi ham s6 iay thira

1. a) Ban kinh héi tu cda chudi ldy thia 12 R = 1. Mién héi
tu 1a : [-1, 1)

by R = 1. Mién héi tu la (-1, 1).

¢} R = 0. Mién héi tu la {0}.

d) R = +ew. Mién hoi tu la R.

e) R = 1.
i 1

e Vi x = 1, ta duge chudi s5 . -~ . Chuéi hdi tu néu

n=yn(nn)y®
s > 1, phan ki néus < 1.

. = (-1

e V4i x = -1, ta duge chudi sé dan diu E —. Chudi

a =5 n(lnn)®

hoi tu tuyét dSi néu s > 1, ban hoi tu néu 5 < L.

Vay néu s > 1 thi mién héi tu cia chuédi 1a [- 1, 1], néus <1
thi mién hoi tu caa chuéi 1a [-1, 1).

f) Ap dung dfu hiéu Cosi :
1
Vo @l = (1 + ;)"|x| — e|x| khi n — . Chuéi hoi tu

1 . . 1
tuyet d6i vai elx| < 1, tire la [x] < o phan ki véi |x| > <

. 1
Vay ban kinh héi tu cla chubi lay thita da cho la R = o
. 1 £ < Lynt 1 .
e V6i x = — , ta dugc chubi sé Z (1 +—) .— . Bbat
€ n=1 n el
1.2 1
= + = — 1
a, (1 n) .en,ta cé
1 = -—n+nin{l vy o
na, = n+n n( n) =
1 1 1 i .
= - 2 e — = — — =}
n+n (n 2n3+n2 0(1)) 5 + (1) (n )
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1 1
lim Ina, = - 7 lim ¢, = e 2z Chudi phan ki

n—= n—«x

D | =

e Tuong tu véi x = — = | chudi phan ki.

. 1
Vay mién hdi tu eha chudi ham s6 da cho l1a : (— P ---) .
g2 R = 4.

|un+1(i 4)| _ 2(n+1)
lu (= 4] = 2n+1

Vaéi x = 14, ta cd > 1 voi moi n.
lu,(x)| 4 0 khi n — . Chudi phan ki. Mién hoi tu cta chudi
la (-4, 4).

h) ¢ Néua > b thi

| x|™ | x|™ ~ 1=l :
lun(X)l = a“t—b” = an[lj(ﬁ)n] (%)n khi n —» oo,

a
Chudi hoi tu tuyét déi véi |x|! < a, phan ki véi |x] = a

1
2
phan ki véi | x| = a. Ban kinh héi tu cta chudi la R = max(a, b).
Mién hoi tu la (-R, R)

e Néua =bthi|u (x)| = (l—zl)" Chudi hoi tu vai [x| < a,

i) Vi x = 0, ta cd

lu, @ om +1y
| (x)| T n+2

[x]? = 2[x|? khi n — «. Chudi héi tu

i 1
tuyet d6i véi 2)x|3 < 1, titc la x| < = , phan K vai |z| > 5 .
uyé | x| c la [x| 1z p | ] 2
1
Ban kinh héi tu cia chudi la R = o
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Six = R N Sl . .
e Véi x = T3 ta duge chudi ngu ¥z Sheraul Chudi dan dau

hai tu theo ddu hiéu Laibnit.

1
- ﬁ_(n +1)

o Vdix = — —%ﬁ , ta duge chuéing ( ) Chudi

0

. 1 1
phan ki, mién hoi tu cta chudi la : (— T Tﬁ]

DR= _ 1 Mién hoi tu ia (— — _n),

Vial Vial = {lal

2. @ N&u ¢ > 0 thi lim arctgn® = % Do ds vai x = 0

n—x
lum] ~ 5 1xl" 0= )

Chudi héi tu tuyét déi voi |x| < 1, phan ki véi |x| = 1. Ban
kinh hai tu : R = 1.

o Néu « = 0 thi chudi da cho 1a ), 7 x7 . Chuéi hoi tu tuyét
' n=1

d6i |x| < 1, phan ki v6i {x| = 1. Ban kinh hgi tu R = 1.

o N&u« < 0thilim n® = 0vaarctgn® ~ n”{n->w) Vdix =0,

n-—=w

lu ()] ~ n® x|? (n — =).
Ap dung ddu hiéu Dalambe, ta duoc R = 1.
Vay v6i moi o« € R, ta déu cd R = L.

=
Véi x = 1, ta duge chudi Y. arctgn® véi x = -I, ta duge
n =1

2 {(— Yarctgn®
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e N&u « 2 0 thi arctgn”® +» 0. Chudi da cho phan ki tai

¢ Né&u « < 0 thi arctgn” ~ n® (n - =) Chudi

2 arctgn® hoi tu v8i —« > 1 tée la @ < -1 va phan ki véi -1
n=}
s a < 0

Chudi dan dau z {(— 1)" arctgn” hoi tu v6i @ < O theo dau

n=1

hiéu Laibnit.

i
2k —e— 1 1 )2k
3'kli.mx ﬂa2k| hkliq:o % + 2k] -
. 1 2k | 1/2 _
= g () =
. 2k . 1 Ltk
g Vel =i (g = geen)

N
Vay lim qlanl = 1. Theo dinh li Adama, ta c6 R = 1.
n—x
= 1 (=0

e V&i x = 1, ta duge chudi 2 (z_n + T—) . Chuéi hai tu.

n=1

z, -1 1 .
8 Voi x = -1, ta duge chudi 2 (u+-—). Chudi phan ki
n=1 2" n
Vay mién hoi tu cua chudi lay thia da cho la : (-1, 1}.
1
4, lim sup ?ﬂa :ezz-R=g-.

n—

] o
e Vdi x = - | ta duge chudi =6 E
e

n=1\

n

{é (1 + (_____!_)__r_])”]n _
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lnun—Zk[—1+2k1n(1+.21k)]
1
=2k[ ]+2k(ﬁ—-8k2 > ())]
1

1

]
= lnuzk—i*é khi k.—> o = u, —e’ 3 khi k — «.

u_ + 0 khi n — «. Chubi s6 phan ki

1
. V()ix=—g,t_acfmgco'un+»0khin—->m,
e L. ) I X ) 1 1
Mién héi tu cta chudi ldy thua da cho la (— P g).
5. a) Ta co
{_- - ovai no= 2k,
k? + 1
a, =
vain = 2k + 1
k4 +
2% V2 .
lim \“a | = lim ———— = ¥2 ,
e e (KA DR
2k+1 1
lim \[_a ] = dim ey = 1
s 2k + 1 ;\_.m{k“ +1)1f2k+1
f:»!lmsupq = V2 . =='R-—--—
s o V2o
by a = [0 néu n khong nguyén 1o,
41 = 11 néu p nguyén té.
: guy
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Day s6 { VIa, |} ¢6 hai gisi han riéng : 0 va 1.

lim sup W&TJ =1l=R=1
-0
1 i
i vdi n = 3k,
-k
. |k +VEKY?
o Vla] =, L M
(E) voin = 3k + 1,
ak/3k2 véin = 3k + 2.

n
Day { d|an!} ¢ ba gigi han riéng : 1, 0, «! .

= lim sup n\l la |} = max(1, a”s)

n—sw
1 . - 1/3
¢R=m:mm(l,a )

6. lim \|a| = lima'™n = 1= R = 1.

n— oo n—o

Véi x = 1, ta duge chuédi s > a'm ; véi x

n=1

= -1 ta duge

i (— 1)ra¥n .
n=1 _
1° Néu a > 1 thi a'™ b 0 khi n — . Chudi da cho phan ki
tai cdc diém x = x1. Khi dd mién hoi ty cha chudi liy thua

la (-1, 1)
2° Gid st 0 < a < 1. Ta ldy moét s6 thue s > 1. Khi dg
(1)

lim n*a'® = 0.

n—«

That vay, ta cd
In(n%a’™) = slnn + ¥nlna — -« khi n = «.
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T d6 suy ra {1} va ta cd

nfa’l < 1, tuc la a'" < = vgi n da lén

1
n®

= Chuéi s6 3, a'" hoi tu = Chudi lay thia da cho hoi tu
n=1
tuyét d6i tai x = +1. Mién héi tu cha chubi liy thua la [-1, 1]
7.a) |u (0| < | x| 2" v6i moi n = Chuéi hdi tu véi x| < 1.
|x 2n
lu,(x)] = 5 véi moi n = chudi phan ki vai |[x]| > 1.
Vay bdn kinh héi tu cua chudi da cho la R = 1.
Vai x = %1, u (x) ++ 0 khi n - . Chuéi da cho phan ki tai
+1. Mién héi tu cha chudi da cho la (-1, 1)
b) (n - e} x|™! < lu (x})| < (n - e Hjx| ™!
= Chubi hoi tu tuyét d6i véi |x| < 1, phan ki v6i (x| > 1
= R = 1. Hién nhién chudi da cho phin ki tai x = *1. Mién
hoi tu cia nd 1a (-1, 1).

1..1_.+ 2 R n-2 _LB:_.1_+ (1)
( ‘o n@-1)..3  nn-1) n n)

8. u (x} =x"

Do d6 |u (x)| = n}x|" véi moi x € R.

Téng 1. % + com2e 4 4 2
On8 L - nn—-1)..3 nm-1)

c¢6 n - 2 s8 hang,

n—-2 . o . X
amn=1) la s6 hang I6n nhdt. Do dd téng nay nhdé hon

trong d¢

(n - 2) < 1. Tu d¢ suy ra tong trong ddu ngoiac 4

n-2
n(n — 1)
v& phai cta (1) nhdé hon

n—1
1+ —+n<2 +n
I



= |u (x})| < (n+ 2)|x]" vdi moi x € R.
T¥ bit ding thic da chdng minh suy ra : R = 1.
Vai x = + I, tacd n < |u (D] < n + 2 v6i moi n. Chudi

ldy thua da cho pban ki tai cac diém x = + 1.

1 1
1
9.a)€fx"dx‘can¢fx“dx,
0 0

1 l 1
<a, < voi moi n. 03

e
'\Jl '\‘ < Ya <« 1 &
Py n n+1 Vlmoln

= limVa, = 1 = Ban kinh hoi ty cia chui da cho la R =

fr—+ x

® V6i x = 1, ta duge chudi s6 » a . T (1) suy ra chuéi
n=1i

nay phan ki.

® V&i x = -1, ta duge chudi s6 », (— 1)™a_. Chudi dan dau
n=1
héi tu theo dfu hiéu Laibnit.

Mién héi tu cta chuéi ldy thita da cho 1a [- 1, 1).
b) Vai x # 0, ta c6
! 1

VTSI
Ju, . )l ( 27T n+1) .
ey = i 1 |xf — |%x| khi n = .
n 1+=-+...+=
2 n

Theo ddu hiéu Dalambe, tif d6 suy ra R =

1 1
Cd thé sd dung diu hiéu Adama : Dat a=1 +§ +... +-—n- .
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Hién nhién

1<an<n:-14 [U—ér;c rUF==-lim'{Fa_=l.==-R=].

n
n +a

Véi x = 1, ta duge chudi s0 E a, vl x = -1, ta duge
n=A1)

> (- "a, Vi a, + 0 khi n > ® nén ca hai chudi s& déu
n=1
phan Kki.
Mién hoi tu cia chudi liy thita da cho la (-1, 1).

10. Theo gia thiét, tén tai x, € R, x, # 0 sao cho chudi s6
S ax? hoi tu. Do d6 day {ax} bi chan, téc la tén tai M > 0
n=4%
sao cho

|ax" € M véi moi n.
n o

® 3
Ta chitng minh chuéi Z ~n—r: x" héi tu vai moi x € R. That viy,
n=0""

<

n M X n .. R
|—~,—x" _T|_| v8i moi n.
n! !

8]

= M
Dat @ = |i1 . Chuéi s6 duong 3 — a" hoi tu theo ddu
X, n:{}n!

hidu Dalambe. Theo diu hiéu so sanh, tir dd suy ra chudi s6
= a
z 1—[::(“' héi tu.
n.

n=>0

11. V&i |x| < Ry, cdc chudi ) ax" va ¥ bax" déu hoi tu.

n=10 n=0

Do d6 chudi Y, (a, +bx" hoi tu. Tu d6 R = R,.

n=1
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Gia st R > R,. Lay x, € R sao cho R, < [x | < min(R, R,

. ke =3 =1
Khi dé chudi Z a x phin ki, chudi 2 b x} hoi tu va chudi
n=20 n=10

> (a, + b)x" hoi tu. Vo li | Vay R = R,.

n=1{

12. Chudi ldy thua da cho ¢d cung ban kinh héi tu vdi chudi

=
dao ham cia ng 2 (1 + amxn |
n=1

va do d6 cd ciing ban kinh h¢i ty véi chubi luy thita

o0

>l +amx (1)

n=1

D¢ 1a tdng cia hai chudi lay thira 2 " va z a™" . Cac
n=1 n=1

. . 1
chudi nay ¢é bdn kinh hoi tu la R =1 R, = m .

1° Néu R, # R,, tuc la 1|a| #z 1 thi bin kinh héi tu cua chudi
dachola R = min(l , m)

20 |al =1

e Néu a = 1 thi chudi (1) trd thanh > 2x" . Ban kinh hoi
n=1

tu cha chudi 1a R = 1.

e Né&u a = -1 thi chudi (1) trd thanh E 2x2". Ban kinh hoi
n=1
tu ctia chudi la R = 1.

Vay v6i moi a = 0, ban kinh héi tyu cda chudi liy thia da
s X 1
cho la R = mm(l ' T3] )
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13. a) Chubi lay thia E s, x" la tich ctia hai chudi ldy thia

n=1{

. o0 .
2 ax" va 2 xn cung o bdn kinh héi tu la 1. Do dd bdn

n=10 n=1

kinh hoi tu céa chusi ) sx” la R = 1,

n=>0
Mat khde, ta cd a, = s, va a =s,-8_, véig 2 1. Do do
vl |x] < 1, ta ed
o = b =) =
n — —_ n — o n _ n
Z ax" = 5 + Z (3, — s,_ | )x" = 2 5. X X 2 8.X
n=1 n=1 n=9 n=10

Néu |x| < R thi tit ding thdc trén suy ra ridng chudi

> ax" hoitu. Dods R < 1. Vay R = 1.
n=10
S(x)

T(x) = 8(x) », x" = Tog vei Ixl < L.
n=0

b) Chuéi liy thita > t x" 6 ciing ban kinh hdi tu véi chuéi
n=10
% % Sn
.. - +7 _ +1 x» - - a ~
liy thiua EU t x" = zn—n 1 x" 71 Chudi nay 1a mdt nguyén
n= n= -

o
ham cda chuédi lay thira 2 s.x" . Do dd ching cd cung ban kinh

n=1{

hoi ty. Vay chudi D tx" c6 ban kinh héi tu la 1.
n=1

14, a) Tiu bai tap 11 suy ra diéu kién cAn d€ cd bat ding
thic trong a) 1a R, = R,
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Lay i ax" = i 7, i b x" = i (— =M. Hai chuéi lay
n==0 n=0

n=10 n=1

thita cing ¢ ban kinh héi tu la 1 con chudi

(a, + b)x" = > Ox" c6 ban kinh hoi tu la R = +ew.
=0

ne= n=1

b) Ldy > ax® = > x" va » bx"= Y 0x" . Chudi thy
n=0 nz=i n=10 =0
nhdt ¢ ban kinh hoéi tu 1a R, = 1, chudi thd hai 6 ban kinh

hoi tu 1a R, = +w. Tich cta hai chudi d6 la chudi Y 0x" o6
n=0Q
bin kinh héi tu R’ = +oe.

@ n
15. Chuéi lay thita > ~— sinn o6 cung ban kinh hoi ty.vosi

n=1

o
chudi dao ham E x" " lsinn¥ cha nd, do dd c¢d ciung ban kinh
n=1

hoi tu voi chudi liy thita » x"sinnd. Vay hai chuéi lay thia da
n=1
cho cd cing ban kinh héi tu. Vi chudi trong a), ta 6

jxfsinnf| < |x|™ v8i moi x € R. Do dé chudi hdi tu tuyét
déi vai |x| < 1. Véi |x] = 1, ta co

fu (x})| = |sinn8| 4> 0 khi n — o (vi & # kx). Do d6 chudi
phan ki. Ban kinh hoi tu cta chudi 1a R = 1.

10 X%\ n s .
16. a) u (x) = — 3 (x) (-— 1—0) . Chuéi da cho 14 mdt cdp
2
56 nhan véi cong boi g = _%‘ Chubi hoi tu khi va chi khi
x2 _
—1'-'6 < ] = lx| < ﬁO .

-
-3
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Ban kinh héi tu cia chudi lay thia da cho ta R = ¥10.

1 Qx3

b Sy = x + 24l < V0.
(x) = x 32+ 10) Ix] < ¥

17. a) lim sup Wra_;r =1=R =1

n e

b) Dat u, = 1, u, = —x, .., u, = —x¥?

Sux) =1-x+ 13 - xt + AR o k-2

= (1 - x}] +x3+ 43y =
1 —x3k . 1 - x3k

= ]_—’ _ .

S 1+x+x2

Véi |x| < 1, ta e

1
S(x) = lim 8, (x) = ——— .
) - 2 = e

18. a) Ban kinh héi tu cia chufi lay thita D u, laR = L.

n=2

Mién hoi tu cta nd 1a [-1, 1]. Chudi hoi tu tuyet déi tai
X = * 1.

b) Mién hoi tu cia chudi ) u, la (-1, 1.

Mién hoi tu céia chuéi y u " la (-1, 1).
1
¢) §7(x) = 757 5 $'® = In(l +x) ; S&) = (1 +xIn(l +x) - x.

19. Ban kinh héi tu ctia chudila B = 1. Mién hai tu : (- 1, 1).

Liy dao ham ti¥ng s6 hang clia chudi. Tong cia chudi dao
2
ham 1a §'(x) = -I—’f—; . T d6 tinh duge
— X
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1 1+ 1
S(x) = i In lw:z -3 arctgx , [x| < L.

20. a) Ta viét chudi da cho duéi dang x ) mx" !

n=1
oo »

> nx"~! 1a chudi dao ham cta chudi ) x° c6 ban kinh hoi

n=1 n=1

tu R = 1, mién hoi tu la (-1, 1) va tdng S(x) = %

Téng cla chudi da cho 12 X 2 Iz| < 1.
1—x)

b) Liy nguyén ham ting hang ti cta chudi da cho, ta duge

chuéi liy thita ¢6 tdng 1 ——— , |x| < 1. Chudi da cho cd
(1 +x)2
l_
téng la L , 1zl < 1.
(1 +x?

21. R = 1. G¢i S a téng cia chudi da cho. Ldy dao ham ting
hang td cia chudi, ta duge

xn—l

5'(x) =n§3m ,Ixl <1

® xn—2
5"x) = Y —5 . Izl < 1;

n=3

- 1
S”’(x) = Z xf‘l = m R lxl < 1
n=140

Tu d6 tinh duge
S (x) = -lm{l - %), |x| < 1;

x) = x+ (1 -x)n(1 —x), |x|] < 1;
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S(x) = , x% — 5 é (x - DAn(l -x), |x] < 1;

e
>

S(— 1) ~ 2In2 ; S(1) = lim S8(x) = i, )

x—1"
22. a) R =1 ;4 = [-}, 1].
b} Chudi héi tu déu trén J. Tong S lién tuc trén J.

(= 1
2n—1

e) u’(x) =

o — 1yng2n X _lnx2n—l
S(x) = 2 (2l'l+l =X 2 (——2;1)—:—1'—'— = xTx), Ix| < 1.
n=1

n=|\

Tx) = Y, (-~ D2 = -

n=1

T(x) = - arctgx, |x| < 1. Do dg

X
$’(x) = - xarctgx, x| < 1. = S(x) = — [ tarctgtdt.
0

X x? +1

S(x) = 5 — —g arctgx, [x] < 1.

Vi 8§ lian iuc tai diém x = 1 nén

w1

. 1 1
3(1) = lim 8(x) = 3~ arctgl = 3

x—+1

tuc la

S 1 g
E41r12~1_2 4

n=1

23. a) R = 1. Chudi phan ki tai cdc di€ém x = + 1.

o n+l d o n

n n= 1
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x

xfl
043

20 1 _ .
z x" = 1—x"° lx| < 1. Dat T(x) = z
n-o n=10

tx| < 1.

% n+2

xIT(x) = ETZ ; (Tx)y = > x0tt = l_}_(_x" Ixf < 1.
n=10 n=20

t
xT(x) = [ T 9= -—x-In(l-x, [x] < 1.
0
1 In{l —
Ty = -+ - 7% w0 x] < L
X x

Téng cta chudi da cho Ia -

1
Z vaix = 0,
s |2
(x) = 1 1 In(l1—-x)
-+ ——=vdix 2 0, |x}{ < L
l‘_x X xz
b) Chusi 3 —- c6 ban kinh hsi tu R, = 1, chudi
n=1 .
ia—n“’bénkinhhﬁ'tul‘ —LV"R én ba
5, X ¢ _1_aR2-|aI.1l:=R2nn n

n=1

kinh héi tu cia chudi liy thita di che la R = min (1 . |_a_|)

Goi S 1a tdng cta chudi da cho. V&i |x| < R, ta cd

i n= —ln(l—‘x);i@i—w: — In(l —ax) .

' n=1

o | %

He |
Do do -
S(x} = ~ In[{l1 - x)(1 - ax)], |x] < R.
c) Ap dung dfu hiéu Dalambe, ta tim duge R = +» Ta cg
n' = An(n - 1¥n - 2) + Ba(n - 1) + Cn + D,
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vi {x{x - DMx - 2), x(x = 1), x, x"} la moét co sd clia khéng
gian tuyén tinh céc da thdc ¢6 bac nhé hon hoac bang 3. Bang
phuong phap hé s6 bat dinh ta tim duge : A= 1,B = 3,C=1,
D=0

n? = nln-1in-2)+3nn - 1) + n

w13 1
S a T m-3)  @m-2)  @m-1)’

n = 3.

S(x)

i

n xﬂ
SR Ja-ay O 2 (n—2)' *2 o

n=3

S(x) = (x? + 3x? + x)e* véi moi x € R.

24. a) Ap dung ddu hiéu Cosi, ta tinh duoec R = 1.

b) Chudi dao ham cta chudi da cho la

=

> gt O
Inn -1
n

n=1

Chuéi dao ham cfip p caa chudi did cho la

oc

'I -
o p o—p pinn 1
vai x| = 1, ta od
~H@m-2)..(n-p+])
! u(p}(x)| I:lln n—1
nP ! 1
;_thn—l - pion—p

V&i n du 16n, ta ¢6 lon - p > 2, do d6 0™ P > n? va

1
|u$1PJ(j: l)l < ‘;15 .
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Vay chusi Y ulP)(x) hoi tu voi |x]
n=p

| x"cos ny| |x{P
25. a) = — vl moi y € R, x € R.
Vn Vn Y

Z " hoi tu vai x| < L. Do d6 ban kinh hoi tu cla

n=1

chudi liy thua dia cho la R) z 1. Ta chiing minh R3 £ 1
That vay, chudi dao ham cba chubi liy thda da cho

Vn x" " !cosny cing c6 ban kinh héi tu la R, Véi x = 1, ta
4

n=1

duoc chudi E Vn cosny. V&i moi vy € R, ta ¢d cosny 4+ 0 khi
nw=1

n — o (vi néu cosny > 0 khi n — = thi trong ding thic cos2ny

= 2cos’ny ~ 1, cho n — », ta duge 0 = -1. V&6 1i 1). Do d6 chusi

o0

Z Vn cosny phan ki. Tt do Ry £ 1. Vay Ry

n=1

b) Mién hoi tu cia chudi ham da cho.

o n
Chudi 2 = cosny héi tu véi x| < 1, y € R bat ki
n= lqH
e Vdi x = 1, ta duoe chudi z cosny . Chudi nay hai tu véi
n

n=1
y # 2kn {(theo ddu hiéu Diriclé). V6i y = 2kxn, k € Z. chudi
phan ki
& Vai x = -1, ta duoc chudi

z (- l)”uosny E cm:n(y +n) |

n=1 n: |
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Chudi hoi tu voi y + & # 2kn, tdec la y # 2k - lxn, k € Z
(2k - I, k € Z Viay mién hdi tu cua

va phan ki vai y =
chudi ham s6 da cho 1a :
= {x,y) € R?: |x] < 1} U {1, y}:

y # (2k - Da}.
o) IntA = {{x, y) € R?: |x] < 1}.

y = 2ka} U {(-1, ¥):

e V&i méi y € R, chudi lay thua 2 x’cos ny v&i bign s0 x
A=t )
1. T8ng f cia nd cé dao ham riéng theo

co bdan kinh hoi tu R =
x trén (-1, 1) va

of N —
— = -1
pod (x, ¥) = 2 ¥n x" leosny .
n=1
n
e Vii méi x € R, |x| < 1, chuéi ham so 2 X CoRy
n=1
bién s8 y hdi tu trén R. Chubi dao hAm cua nd
- E ¥n x"sinny
n=1
ho6i tu déu trén R theo ddu hidu Vayoxtrat vi
| — ¥n x"sinny] < V¥n |x|? v6i moi n.
Do d6 f co dao ham riéng theo y va
af hat
— (%X, ¥) = — z V¥n x"sinny .
n=1
1 1 1 & x"
—_— . = . — —_ n _— .
26.9) 5o =5 22(1) x| < 2,
]. +§ =
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= go—— = ¥ (- )" =— , |x| < 2. Ldy tich pban tiung

hang td trén doan [0, 1], ta duge dang thic cdn ching minh,

b) 1o + 81 2
3 ny -
1 2 2Zn--l )
27. a) cos’x = §(1 + cos2x) = 1 +n21(— ne .(Qn)! x-0
R = +o ;
11 + 2 1
l+x—9x2 3 l-x 3 1+2x’
1 2
1-_;{-=l+x+x +___+x“+._.,|x|<1;
! = 1— 2x+ 4x2 — 83+ .+ (=12 + ., x| < !
1+ 2x T 5 -
X = l i (- 1)n2n+l + 1}xn+l R = £ .
1+x—-2x2 3 &, 2
1+
o) In 1_" =In(t +x) - In(l - x)
B g2k +1
1 1-x o
d) = - = {1l - 3n
Prxre  1ow x)n;x

= 2 (x3 - x3*H . R = 1.

n=1
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1
e) shxchx = 5 sh2x

Bt 2k ke
3 5! ) (2k + 1)

=1+2x+3x*+ .. +n+1x"+.. :R = 1.

_ = X+X‘““+"—",“X5+m+——"xn+l+--- .
2 n!

(2n - 1) 1! = 1.8356..(2n - 1)

X

od ro : C e g .
28. a) dx (JI' e"‘dtJ = e~ %, Khai trién e”¥ thanh chudi lay
0

thita sau d¢ lay tich phan tUng hang t¥, ta duge

X
) 13 = — i __x_ _____ . = .
{ e Ydt = Y (- 1 SEn i) R = +» ;

X - . )
sint (— 1)igen ™!
y i = L I, — o
b (f} dt HZU(zn Fhény Dy BT
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X

o

et —1 x"
o [ vdt= 3 i R = 4o

29. f(x) = -- )—:—Zz—ZxE:(— )t

n=1I

= 92 Z (_ ])n-+lx4n+1 iR = 1.

n=0>0
Ldy nguyén ham tiung hang tt elta chudi, ta duge

4n+2
2n+1°

f(x) = 2 + 2 (- !

n=10Q
Tu f(0) = arctgl = %suy ra d = % . Do do

fx) = 5 + E CO ne2 =
4 In + 1 ’ '

]

%2 x3 X0
30.a}1n(1—x):—x—-§——3——---—?—---
_1___1_ R . R S . _
-1 - X - X X U 5 Ry =

Nhan hai dang thde trén, ta duge

ln(l—x)
x -1

12

:ngl (1 + % + o+ %)x“,

( 1+ 2) ( 1+%+ %) x3+-~+( 1+%+"'+'rl_1) XN+

Chudi (1) cd ban kinh hdi tu R = min(R|, R,) = 1. Néu
R > 1 thi t8ng echa chuéi (1), tdc la ham s8 f lién tuc tai diém

= 1. Diéu d¢ khong ding. Viy R < |. Tt dd suy ra R =

1.
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Coé thé& 1ap luan nhu sau : Vdi x = 1, ta dugc chudi s6

x

I 1 . 1 1 . N
Z (! +§+~-+h—).Vil+§+--v+-l—l--|—)0kh|n-—*oo nén

n=1

chudi phan ki. Vay R = 1.

SR SIS TN SR S S
Trx ~ 2 CD(Irqgrg ot )R-
o x2n +1
31.3)811"1){:2(— l}nm‘i“)—lvﬁi moi x € R,
n=40 )

Thay x = x, ta duge dang thic cdn chitng minh.
x 2n

b} cosx = z (- (;n)!
n=10

vdi moi x € R.

Thay x = x, ta duge dang thic cdn ching minh.

el +1 1

c) 5o = 2 (e + e l),

32. Dé dang thdy ring chuli s6 d4 cho 1a ban hdi tu. Xét
chubi ldy thia
x x3n+t2
= 2 5vg
n=40
f(-1) = 5. Ban Fkinh héi tu cia chubi liy thita 1a R = 1. Theo b3
dé Aben (dinh li 3.3), ham s6 f lién tyc tai didm z = -1 va ta co

5 = lim f(x).
x—{- Nt

Ldy dao ham tlitng hang t¥ trén (-1, 1), ta dudge

i X
f’{x):Zx3“+1 = -
n=20 1-x?
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Tu do ta tim duge

1. 14x+x2 1 xV3
f(x) = 6tn—(‘1—_x—)2-— — ﬁarctg +‘§ , X € { 1, l),
va
1
S= - :lng + 3

33. Ta viét cong thite Macléranh v&i phan du dang tich phan.

’ T'I)
fx) = £(0) + ~ Dy 4 %(,ﬂx? + ot ﬁhQ

= x" + R (x) , (1)

trong do
R (x) = _]'( ) fin *D(ydt, x € {0, R].

(Xem Giai tich tap I, chuong IV, A.8.6)
D&i bién s6 t = sx, ta duge

ntl

R (x) = j (1 — s)"f(n + Usx)ds.

Vi véi x = R, n + 1 s§ hang dau trong (1) déu khong am
nén f(R) = R (R), tuc la

o

n+1 1

f(R) = R ] (1 — snn* UsRyds (2)
0

Vi ™ 2)(x) = 0 trén [0, R] neén fin+1) tang trén [0, R]. Do dd

n+i L
0 <R (x) < x—= J (1 = 9"+ D(sRyds vi moi x € [0, R]. (3).
1]

Tu (2} va (3) suy ra

0= R < (5)" IR voi 0 < x < B
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= lim R (x) = 0 vai moi x € [0, R).
n o
34. 1)é dang ching minh du¢oc ring ham sé f(x} = tgx co dao
a
' 2
Bocnoxtaing, chubi Maciéranh ctia f ¢d téng bang f(x) vdi moi

ham moi cdp khong Am trén [0 ) Do dd, theo dinh U

X € [0 . %) Vi f la mot ham s6 16, t0 dd suy ra ring f khai

tri€n ducge thanh chudi ldy thia trén (— .r_zr, s g)

35. V&1 mdi n, ta co
n . o
lim f(x) = > aR¥ +1lim > axk =8
=R k=10 x—=R  k=ntl

a
Via 2z 0 vdi moi n nén lim 2 ax* z 0. Do dd
x+R k=ntl
n
0 < 2 aR* < S v6i moi n.
k=0

Chuéi s6 duong 2 a R" cd day tdng riéng bi chan nén hdi

n=0
sl

tu. Theo dinh li 3.3 (b8 dé Aben), ta ¢6 lim f(x) = > a R" Do
x—h n=1
dé > aR" = S.
n=1>0
l n
36. Dat T, = — 3 kla], ta cd lim T, = 0 (xem bai tap 11
n—x

k=0
(ai tich tap 1 chuong II, trang 291). Ta cing cd lim f(x ) = &

n-—>w=

- Do d6 +oi moi £ > 0, ton tai N sao cho

=

vcixnzl—

390



. - & &
n = N = [fix) -8 < 3 T, < 3 nla | <

Dat 5, = > a_ . Véi |x| <1, ta co
k=10

S, — S = —S+zk(1—x")—2akx
k=10 k=mn~+|
Véi méi x € (0, 1) vAa méi k, ta cd
l - x* =1 ~x)1 +x+ ... +x50 € kil - .

Do dd voi méi x € (0, 1) van 2 N, ta cd

£
IS, = S| < |fx) - S| + (1 -xJkZ(]k'ad Fa(l - x)
B 1
Layx:xn=1—g}taduqc
£ £ £
|sn_s| <§+g+§_£,

D. Chuéi Phuarié

1. a) Chi can ching minh f lién tuc tai di€ém O Ap dung quy
tic Lopitan ta duge

. . sinx —x . cosx — 1
lim f(x) = lim ~— = 1 — =
+ + xsinx + sinx + xcos x
x—=0 x—>1} x—1
. — sinx
= lim z—-- —- =0 = f(0).
¢ 2cos% —xsin X '

x =0

Viy f lién tuc tal di€m O,
b) Ta biét ring

.u
sin 5

2

(Xem cong thuc (1) trong 2.8). D61 bién s6 u = 2x, ta duge .
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::ln (Zn t 1)

sinx

- dx = it

]
:‘-——-.r_”'-l

Tw dd suy ra dang thdc cdn ching minh.

¢) Ap dung bd dé 2.5 (Riman), ta cd

T

2
lim f f(x)sin (2n + L)xdx = 0, tdc 14
n-*% ()
li Zj? LR 9n + lxdx = 0. Do d6 i cd thu
im (x sinx)sm( n+ Lxdx = 0. Do do cong C

n—== 1

trong b) suy ra

‘T
Y

fon j- sin (2n +1)x dx 7

_2_ .
n—+=>10
DSi bign s6 &t = t2n + L)x, ta dugc
{2n+1)§-
sint i
lim f " dt = 5 -
n—=x

2. a) Vi f ]a m6t ham s6 1& nén chudi Phuarié ctia nd co dang

E bnsmnx
n=
x
) 2 -
2 7 . 2 ] . S
b, =+ f f(x)sin nxdx = — f xsin nxdx + —- f sinnxdx
1} 0 z
2
a
2
_f sin nxdx 1 cosnrr + ! sinn;fI
X 4 = — 5 5 - = -
o 2n 2 n2 2
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e V3i n chan, n = 2k,

e L

5 - -2 — (= 11 &
xsin nxdx = 4k(,oslm: (- 1) ik
e Vainlég n = 2k - 1,
2 1 — k!
f xsinnxdx = ——— -7 sin (kx - {E) = Q
0 2k — 1)y 2 (2k — 1)?
[ sinxdx = L (cos™E -
J sin nxdx = n(c092 cosmz).-
2
T 1
) — . - _ k_
e Voin = 2k, J“ sin 2kxdx = 2k(( 1) 1),
N
e V3in = 2k - 1, { sin(2k - Iyxdx = 5—7 -
2
Vay
Gl S b PPN
by = g~ T (DT D5
(kT2 2a

Pa—1 = a2k — 1) T rk-1)

Chudi Phuarié cta f la :
> by, _ sin (2k = 1)x + bysin Zkx].
k=1

Vi { thoa man cac didu kién cda dinh i Dini nén

_ f(x +0) +f(x —0)

B 2

S(x)

vioi moi x € R.

393



£{5+0) +f (5 ~0)

3. a) fla mdl ham sd tuidn hoan vai chu ki 2n.
0

T ] 1 2
a, = f fix)dx = f Odx + — f sinxdx = .
T 0
I3
a, = }f J' f(x)cos nxdx = — f sin xcos nxdx
- 0
1 1+ nn
= — —(————)-- , h = 2,
7t 1 - n?
a, = 0
1 P I .
b, = E J‘ f(x)sin nxdx = o f sin xsin nxdx ;
- Y
1 .
b1=§;b“:0\’01n;’2-
Chuébi Phuarié cta f la :
Tl -2 cos2k
AT

b) Dé dang thdy riang f théa mian cde didu kién cta dinh
Dini. Ngoai ra f lién tuc trén R. Do d6 f khai trién ducge thanh -
chuéi Phuarié trén R

Chudi hoi tu déu trén R (theo ddu hiéu VAyoxtrat).

c)Véix:%,taco’
P 1 1 2.& (-
((g) =1=at*s AR -1

Do da
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4. Hién nhién f lién tuc phai tai difém x = -1

Vai x € [-3n, ~—m), ta o6 x + 21 € |-x, x). Do do f(x) = filx + 2x)
cosal(x + 2x) va lim f{x) = cosen = fi-x) = f lién tuc trai
x o -ay

tai di€m -z Vay f lién tuc trén [-z, x). Vi [ 12 tudn hoan vdéi
chu ki 2x nén f lién tuc trén R. Ngoai ra dé dang thiy rang f
thoa méan cae diéu kién etia dinh li Dini. Do do f khai trién dugc
thanh chufi Phuarié trén R.

Vi f la mét ham s6 chiin nén chudi Phuarié eha f o6 dang

af) d
5 * a,CoS NX.
n=l
]‘- 4 2sin an
o = 7 J cosaxdx = —r g
0
j’- d 1) sinanr 2«
a, = 5 J) cosaxcosnxdx = ( ) ERNC B
0
Chudi Phuarié cia f 13 -
sinan N 2asin an i (— "
COS NX.
an 4 al —n?

n=1
b} Ap dung dau hiéu Vayogxtrat.
¢) Cho x = 0, ta duge
sinax N 2asin ax i (— "

f(O):lzaJI o 3 7 -

Fonge g it

Ti dé suy ra ding thifc cAn ching minh.

d) Vi chudi Phuarié cia f hoi tu déu trén R nén o6 thé ldy

tich phan ting hang td cda chudi. Véi moi x € [-u, #), ta cd
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ax = X

X
f fit)dt = —(2‘ + 2 J- a cos ntdt
0

n=14

(%) 2 n
= -7 sin nx
2
n=1
= o
smmal i sinan + no
o 0 - axm X SIN nX
n+l
Do dd
= a5 sinax  sinar [ )
— Sin = - = .
zns nx p e X, x € |-, 1

n=1

d. a) Chudi Phuarié cia ham s6 f 1a :

2 4 & cosZkx
E_J_IE_: , (1)

Ham s6 f théa man cac diéu kién cta dinh 1i Dini. Ngoai ra
f lién tuc trén R. Do d6 f khai trién dugc thanh chuéi Phuarié
trén R. '

b} Dé dang thdy rdng chudi (1) hdi tu déu trén R. Ta cé

2 4 & 2k t
|sinut| = P 2 cos u_ v6i moi t € R,
hit 2kut
= 2 h(t)|sinut| = = h(t) 2 (ﬂ% L tER (2

L=]

Vi h bi chan trén {a, b] nén chudi ham s6 (2) hoi tu déu trén
[a, b]. Tich phan tiing hang t¥ cha chufi, ta dugc

o b

b tr

2 4
{ ntylsinut|dt = 2 J byt —— > e f h(t)cos2kutdt (3)
: a e
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1 . .
Vi chuéi s6 2 4——2—1 hoéi tu nén tén tai mot sé nguyén dugng
k=1 -

N sao cho
4 > 1
- ‘z .« £
TN 1 4k — 1
el 42 :
4 r E A2 — 1 f h(t)cos 2kutdt
k= N +1
241.;2 f |ht)ldt < K, i
k=N +1)

b
v6i K = [ |ht)|dt.

a
Tu (3) va (4) suy ra

b 2h
|f ht)| sinut|de ~ > f ht)dt |
a

e X
D e — | f h(t)cos2kutdt| + Ks (5)
k=l4k2
: b
Vi lim f h(t)cos Zkutdt = O nén
u—=+ow g
b
= E J h(t)cos Zkutdt | — 0 khi u — +o. Do dd tén
T “ 141:2 -1
tai A > O sao cho
481 p
uzz= A= - hitjcos 2kutdt | < &
;41;2 -1 | f © |
Do dd
=z A= 'f h(t)|sinut|dt — = f h(t)dt| < (1 + K,

tdc la ta cd ding thlIc cdn ching mmh
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6. a) D& dang thdy ring ham sd F théa man cdc diéu kién
cta dinh i Dini. Ham s6 gian doan tai di€m O. Tai d6, ta co

FH) = — 2‘ CVai x € [-27, 0), ta c6 x + 2x € [0, 20). Do do

Fix) = Fix + 21} = — 5= g
. . x+n 7 .
va lim F(z) = lim ~—— = —2- , tie 1a Fi-0) = 5 Vi
x—( x—=0
F(+0) + F(-0) 1 X Ry o om
‘g =53(-3*3) =0=T0O,

nén F khai trién duge thanh chudi Phuarié trén R.

Vi F 1a moét ham s6 18 nén chudi Phuarié cia né cd dang

z b sin nx.
n=1
27 17 1
b, =5 f F(x)sinnxdx = — f (x = n)sinnxdx = — =
0 0
g 1 )
Fix) = - E o sin nx.

n=1

Chudi héi tu déu trén moi doan [a, 1 C (2kx, (2k +2)7), k € Z.
2
i .
b) By = 7 J f(x)sinnxdx
0

n ﬁk 1 2
S-S
k=1 0

Sm kx

smkx "

f f(x) @
(Gia su f triét tiéu trén [0, « ] va 8., 2=x].
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sin nx
Vi chufi ham sé& 2 T héi tu déu trén [u“, [5“] va [ bi

L sinnx
chan trén [a, B, nén chudi ham sé Z f(x) W hoi tu déu

n=1
trén [«,, B.1. Do d6 trong (1}, cho n — w, ta dugc

::[}

2_

= j' f(x) (i Slm) dx

n
n=1

1
= — f f®) (- Fix)) dx

lﬁ" T —x
= [ @ 5 dx
=—ff(>111’5dx

BAI TAP CHUONG X

TICH PHAN SUY RONG
TICH PHAN PHU THUQC THAM S$6

A. Tich phan suy ring
1. Tinh cac tich phan suy réng sau :

+ oo +em

d <+1
a) . S b) J' rra dx ;
Y (x+ )% +x—6) ) X
+ o= 1 T oA
y arctg — dx d) [ x% %dx ;

! 0
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" arc tgx Py dx
— = X ; f) —_— o
s (L+x)? 1 x ¥1 +x° +x©
arctgx )
g j L X5+ 1)()(2 +4) i '!; (1 +x%)*? k
+ oo tx d
X
iy | x"e” Xdx ; ) ——
I R

ox +1 x+2
_,_,_d . [ d -
+ xln(1+1) +
- % 1 1
o . ook L .
c)f i dx d}{x(e’x cosx)dx,
TPin(l +x) *PInl +x)
e) f -— dx ; f)f A dx ;
1 x | X
+e + » 2
g [ x%e” Xdx ; W f (1 - cos”)dx.

1

3. Cho hai 36 thuc «, 8. Ching minh rang tich phan

+ =
(In x)*
fO 0
2
la hoi tu néu 8 > 1 hoac 8 = 1 va @ < -1, phan ki néu f < 1
hoac B =1vaa = -1

4, Tinh cac tich phan sau :

a) f ———; b}

tgxdx ;
s 1 —X

= ey bt

400



1
e) [ --—-1{1-3(—1 dx ; dy [ xln’xdx ;

p (L +x)° 0
i dx ] dx
) ’ - e , ’ ﬁ f —_— N
'(I] V(I —x) ) (2—x){1~x
3 2
X xInx
g)_f3\!9~£2 X {(1+ ~)c

1 i

X dx
a) - = dx b) _—
'[[]. sin’x o (x2+ l)\f_
1 }
dx
c) / FETTR d) { Vx ln xdx ;
! dx l dx
0 x : o (1 +x) x)
) j- Inx d b} j- dx
_ < = .
8 o (1 xW1 —x? 0 Inx
tgx —1 x3dx
D gy e
_j + w dx
k toex dx - 1 e
Vg dx e
,‘!
. +xe,,x
1 i I d M
" f\fl—smx n)f X X
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T
2 . 1
In (sin x) Inx

a} — dx ; 3 — dx ;

T Py 1%

0
)”’ ! —cosx ) j- dx :

q —=dx ; r T— , n >

0 xe o V1-x°

-

hoi tu ?
7. V8i cde gia tri ndo cha n, tich phéin

+ x
dx

]n - J' el

n
01+x

hai tu ? Tim lim [

n—rx

8. Cho ham s8 f lién tuc trén khodng {0, +w). Dat

o+ o
a} Gia s tich phan f f(x)dx hoi tu va A 1a gia tri cia nd. Tim
0

+

lim F{x). Cho A # 0. Xét tinh hoi tu cda tich phan [ F(x)dx.

n—=tx 0
b)Y Gia so A 1a mét s6 thue bat ki, Xét tinh hoi tu cua tich phan

+ ¢
f F2(x)dx .
0
402 26-GlAI TICH-B



9. Ching minh rang voi moi a > 0, ta déu cd
+ 2 1
fe ¥dx < - e 7.
a
d
10. Xét tinh hoi tu tuyst dai cia tich phan
+ =
f (sinx — 2cosx — 1) ——-mm o= dx

1 \|_+ 3xZ —

11. Ching minh rang tich phan sau hoi tu tuyét dé6i :

] 1
sin (Eos,—x) dx

12. a} Xét tinh hdi tu tuyét d&i cia cdc tich phan sau :

—
]

1 L
I 1 dx - J- sin x d
= o8 — — vid = | —=—dx
o ¥ Ysinx 0 X Vx

b) Ap dung cong thuc tich phan ting phédn, hay chdng minh

. . iy sinx .
rang tich phan f ~ dx hdi tu.
1

13. a) Ching minh ring tich phan
d

dx
I = —
() '!,- Vx Inx

hoéi tu vdi mei s6 duong a < 1.

b) Tim lim I(a)in a.

a—*0+

14. Cho hai ham s6 f, g : [a, +») — R thda man cédc diéu
kién sau :

a) f lién tuc trén [a, +e} vA ham sé
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I+

b Fi(b} = [ f(x)dx bi chan trén {a, +e), tiic la tén tai mot

il
g6 K sao cho

|Fib)| <« Kvdimei b 2 a

+ oo
b) g ¢d dac ham lién tuc trén fa, +«), tich phéin f g'(x)dx

hdi tu tuyst d6i va lim g(x) = O
X --» 4 oo
+ =
Ching minh rang tich phan f f(x)g(x)dx hoi tu.

15. V4i cac gia tri nao caa p, q € R, cdc tich phan sau hai tu :

24

+ 2
d d

a) ., b) [ ———

o xXP+x4 o sinPxcosix

+ @ + o

P t d

c arcrex dx (g > 0) ; d) f x .

o x4 + 2 | xP In%

16. Vi gid tri naoc cta o € R, tich phin sau héi tu :

T Cn 1+
I:f——%a—xldx?
0

17*. Vi cdc gid tri nao clia o, § € R, tich phan

+ oo
dx
I =
(@ £ { x*(1 +x%)
hoi tu ? Tinh I(1, B).
18. Xét tinh hoi tu tuyét doi va ban hoi tu cia cdc tich phan sau :
+ m

a) [ sinxsin (
1 : 0

M |
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+ =

c) [ xZcos (e)dx ; d} f X'sinx
0

19. a) Che mét s @ > 0. Ching minh ring néu f 1a mot
+ oo
ham s6 lién tuc trén {1, +) va tich phan f x*f(x)dx hoi tu thi
1
+ oo
tich phan f f(x)dx hoi tu.
1
b) Gid st P (x) 12 mdt da thic sao cho P (x} > 0 v6i mot x = 0.

+ oz

Ching minh rdng tich phan f P (x)sinxdx phan ki (n > 0).
. 0

20. Tim cac gigi han sau :

X
Vi +¢77 at
a) lim (x _lf Cost b} lim ;
x-p* ( < ) > + o x3 ’
+ oo
ftletat |
x—07 In — x—0"

X
trong dé « > 0 va f lién tuc trén [0, 1], £(0) = O.

21.* Cho ham s6 f ¢d dao ham lién tuc va bj chan trén khoadng
' + o

l[a, +). Ngoai ra tich phan f f(x)dx hoi tu tuyét d6i. Ching
@
minh rang
+
a) Tich phan T = [ f(x)f(x)dx hoi tu tuyét déi.

a
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b) Ham s6 f° cd gigi han hiiu han tai +o.

¢) lim f(x} =

n— +x
22.* Gia st f la mst ham s8 lién tue trén {0, +=) va tich phan
+ x
fi
J‘ ﬂ d
X

24

[(e) =
héi tu voi moi s6 duong «, a va b 12 hai s6 duong sac cho a < b.

+J.°° fax) — f(bx)

a) Ching minh rang tich phan " dx hoi tu va
[44
tinh gid tri caa né.
< f - f(b
b) Chiéng minh ring tich phan f Lx( *) dx hoi tu va
0
ft)
gia tri cia ndé bang f(0) ln— + f dt.

<l f(b:
Ti d6 suy ra su héi tu va gia tri cta tich phan f w dx.

0
23. a) Ching minh ring tich phan
2
I = f In (sin x)dx
0
hdi tu va
2
I =J = In(cosx)dx
0
b) Tinh I.
+ e
24." a) Chung minh rang tich phan [ = f e” %sin‘"xdx hoéi tu.

0
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b) Tim hé thuc gita I, va I__, Ti d6 suy ra

1 1 1
0 <l <upvoiug = (1=g) (1-g) (1-3)
Tinh lim I

n-+ =

25." Ching minh rang tich phan

+ =

I:f dx

o (1 +x9)(1 +x9)

khéng phu thuéc vao « (e 12 mét s6 thuc cho truée bit ki).

B. Tich phan phu thudc tham sé

1. Ching minh rang ham sé

LX)
F(t) = { O dx

lign tuc trén R \ {0} vi gidn doan %ai di€m t = 0, biét rdng
ham sd f lién tuc va duong trén doan [0, 1].
2. Tim céc gigi han sau : )

I+t

1 e
a) lim f \lx2 + t? dx ; b) lim f - dx_

2442
1—0 —f f0 g LEXEHE

3. a) Tinh tich phan

1

Ia) = f dx

o (& + 12 +a%)

,a =21 a > 0.

b) Tt do tinh

407



4. Cho ham 6 k(t) = f txi e” ¥ ax,
\

Cé th& tim lim [(t) badng cach chuyén qua gigi han dudi diu
] |
tich phan dugc khéng ? Giai thich két qua.
3. a) Ching minh rang ham sb

d

X
cd dao ham moi cdp trén (0, +e), a 12 mot s6 duong cho trudc.

|
dx
Tim hé thge gida JI" "Dy va 1, = | ——=m )
: g (t) va 1, {(]+x2)”

{ H dx
by Tinh [ o5
g (1 +x°)

6. Gia st f 13 mot ham sO lién tue trén [a, b] va I la ham
I
s0 xac dinh boi I{t) = f (t = x¥f(x)dz, t € {a, bl.

Tinh I"*(t).
7. Cho ham sb

4

Iix)y = f In(l — 2xcos8 + x9)df , x € (-1, 1).
R

a) Tinh I'(x).

b) Ching minh rédng I 12 m6t ham hang.

&

=)

(Thue hién phép d6j bién s6 t = tg 5

8. Gia st f: (u, v) — flu, v) la mo6t ham s6 cd cdc dao ham
riéng lién tue trén R Chung minh rang ham s6
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L) = f fix + o, 2 —)dx, @« € R
0
¢é dao ham trén R va

IMa) = fla, —a) + 2 f f'(x +a x — a)dx
0 .

9. Gia sl f'14 moét ham s6 lién tue trén R.

a) Chding minh rang

h h+ 4 .
Jfex + ax = [ fix)dx , 1 € R,
a a+l

b) Tim dao ham cédp hai cia ham sé

h h
Fx) = [ dE [ fix + &+ p)dy,

0 0

h 14 m6t s6 duong cho trude.

10. Tim cdc difm cuc tiéu cta ham sd
3
I(a, b) = [ (a + bx ~ x?)%dx.
1
11. a) Tinh tich phan

F dx
e B = '(I; alcos?x + f%sin?x

,a > 0,8 > 0.

b) St dung phép ldy daoc ham dudi ddu tich phan, hiy tinh

tich phan
a dx
J{a, = .
(e, £ { (aZcos?x + B%sin®x)?
12. Cho hai ham sé
1 . 1 — lz(l +r’.)
_ 2 2 e

f(t) = ™ X 3 = [ s dx .
(t) (f e” Xdx )" va g(t) f T dx

0 0
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a} Tim dao ham cla cdc ham s6 dé. Tit dd suy ra
fity + gty = C,
C la mét hang s8 thuc.

+ oo

b) Tim lim g(t). T dd tinh tich phan f e~ ¥dx.

1—+ o }

13. Su dung phép ldy dac ham dudi ddu tich phan, hay tinh
tich phén

1 +acosx dx

I@) = ln(l—acosx) cosx ’ lal < 1.

@ e MR

14. Ching minh rang tich phan

+5o
Ity = [ e *xldx
o

héi tu déu trén doan [0, B] véi moi 8 > 0 nhung khong hoi tu
déu trén {0, +w=).

15. Xét tinh hoi tu déu cua tich phan

trén cac khoang
a} [a, +»} v3ia > 1,

b} (1, +oe).

16. Xét tinh hdi tu déu cia tich phén
I
0 X

trén khoang (0, 1).
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17. Xét tinh hoéi tu déu trén [0, +=) cua cac tich phan sau :

+ = + =
dx

a} I . = J(' e - rxx:dx : b) J PN E— S .
() '!; ‘ @ =1 (x —a)* +1
18. Ching minh rang tich phan

+

I(@) = f

0
hoi tu déu trén moi doan {a, b] khong chia digém O va khéng
héi tu déu trén moi doan [a, b] chia digm O.

19. Xét tinh hoi tu déu trén [0, +=) clia cdc tich phan sau :

sin ax
dx

+ o0 L - 2
a) f s1:x e “dx ; b} I{p} = f Shx dx.
0 . o 1 + xP

20. Xét tinh hai tu déu cha tich phan

17 4
X
dx

Ha) =

Qh.‘»—-

1 —x

trén [0, +o).
21. Chming minh rang ham sd

e .
Ity = [ te~ ¥dx
0
gian doan tai diém t = 0. Xét tinh hdi tu déu cta tich phan
trén doan [Q, 11.
22, a) Ching minh rdng ham sé
+o
Ity = [ e~ (1 +2) gin tdx
0
gian doan tai difm t = 0.
b} Tich phan I(t) cd hdi tu déu trén R khong ?
411



23. Tinh tich phan

I(t) = __t_'(.:l_x_.__
Ty 12

Xét tinh hoi tu déu cia tich phian I(t) trén mét doan chia
diém O.
24. Tinh tich phan

+ o 2

1 = J
0

dx

1 +t2x2 tER

Xét tinh lién tue ctia ham s3 I trén R. Giai thich két qua.
25. Ching minh rang ham sé
+ o
i) = [ e” &~ Udx
0

lidn tuc trén R.
28. Ching minh rang

a) Ham s6

te xdx
I@) = 'r 2 +x*
0
lién tuc trén (2, +ow).
by Ham s&
+
cosSx

J(a) = f <7 dx
1
lién tuc trén (0, +o).

27." Ching minh ring ham sé

+ oo 2
e““ﬁ
Ity = —— dx
© 'g 1 +x?

xac dinh va lién tuec trén R.
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Tinh 1{0} va chdng minh rang lim L) = 0.

t—+

28. Cho tich phan
+ = 2
I = [adtf e ™dx
1] 1

Chitng minh rang cd thé d&i thd tu phép lay tich phan. Tit
do suy ra gia tri cda tich phan

= _
e t_e 2t

J - ——— dt.
0

29. a) Tinh tich phan

+ =

Ity = [ (2tx — tx%e” Wdx, t = 0.
0

b) So sanh hai tich phén

+ o

1 1
J Ivdt va [ dx [ (2tx — t2x%)e” ™dt.
0 o 0

Tich phan I(t) cd héi tu déu doan [0, 1] khong ?
30. Cho tich phan

+ %
Ity = [ e"™dx, ¢t > 0.
1]

a) Chding minh réng cd thé nhan duge dao ham cdp n cuda
ham sé I bang cdch lay dao ham n lan dudi ddu tich phan.

b} T4 d6 suy ra

+ o

f x"e” dx =
f

n'

peal

t > 0
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31. Ching minh rang néu n 12 mo6t s6 nguyén ton hon 1 thi
ham s6

cd dac ham moi clp trén (0, +w) va

1) = — 2ntl , ((t), t > 0.

32. Cho ham s

+ =
Iit) = [ e Xcostxdx, t € R.
0

1
a) Ching minh rang I'(t) = — 3 tlit), t € R.

b) Tinh Kt). Tit dé ching minh céng thic

+ oo

1
f e"®costxdx = = \‘ e~ e ¢ > 0.
0 _

33. Cho ham s6

o |d

b

I2

+ o
Ity = [ e <dx,t = 0.
0

a) Ching minh ring I'(t) = -2I{t), t > 0.
b) Tim I(t}). Tit dé ching minh cong thdc
+ = v ¢

Sl
_fe x dx = e 2l vai moi t € R.

3
2

} b 2
xe' X _E—ﬁx

J=— i dx,a>0,8>0
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bang cdch 4y dac ham dudi ddu tich phan.
+ = -
: . ) S Vo . o
35. Ap dung cong thic f e” ¥dx = 5 ching minh rang
0

+ e 1
Je™ax = —'\’E véi moi t > 0.
g 2 ¥t

T d6 ching minh céng thic

+ o
[ e Xy = 1:3mCnoD)
o gn+1 ’

BAI GIAIL, HUONG DAN, DAP SO CHUONG X

A. Tich phan suy roéng

b dx

o = { x+1)E+x—-86)

-5+ 2 4 3
<x+1 x—2 x+3

1
- 30

—

el

1 (x+3P(x —2)? |

30 (x + 1)5

b
3"

Tich phan da cho la
I =lim Ib) = 1-1 & = 1 3
= lim I(b} = 30n45- 30n27.

h— +e=

by x* +1 = x* +2x2 + 1 - 2x2 = (x2 + )2 - 2x? =

= (x* ~x¥2 + DHx? + V2 + 1) ;
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xX+1 (x‘-+l—x\f_)~_|'x_\"2 .
x4+ 1 x2 —x¥2 + 1)(x? +xV2 +l)
1 xV2

S + - Se—
2 +x¥2 +1 xt+1

b 2
+1
I(b) = J'x——— dx = Y2arctg(xV2 + 1) +— 31“3'38'("2)
0 xt+1

I=liml(b}=\[§(£—{i) +—_~—=Td-.

bh— + = 2
¢) I = +o (4ap dung cong thic tich phan tling phén).

d) I = 2 (ap dung céng thiéc tich phan ting phdn).
¢) Ap dung cong thue tich phan ting phan, ta duge

f b
arctgx 1
Ih) = [ 2F2BX gy = - tgxd (o
() {(1+x)‘ X _!;arc gx (1+x)

arctgx b b
= 1+X |0+‘£__“

b
arctgb 1 1 -x+1
T 1+b +_'(j;(x+1+ )dx

1+hb 2 x2 41
arctghb b+1
_i b § ln Jl_)zi-—l + 2 arctgb
I = lim I{b) = —
h— + 20
f 1 _ 1 _
N1+ 40 11
£V =+ —
x %
1

1
5 .
116 \]7;)2 +;('1};+1



1
D&1 bién s6 t = — - ta duge
%
1
1 dt 1 1
1= - [ —-= = = t + o + Vel
5‘!;\Jt2+t+1 51!&( \r )r\:
2y3
+ = + x
dx dx
o) 1 = e - 9 f e
(X +1)(x“+4) 0 (X‘+1)(X‘+4)
b b
2 1
I(b = - —:ydx =
by = { (x‘+1)(x‘+4) 3{ ( 4+x‘)
2 -t b
=3 (arctgb -3 arctgg) ;
1=1imIb) = %
h— + x

h) D4@i bign 88 t = arctgx, ta duge

dt = . . = cost (0 € t € %) ;
1+x2° ¥1+x 27
z
2 a1

I = [ teostdt = (tsint + cost) |2 = 5L
0

i) Ap dung céng thic tich phan tung phén, dat.
u = x", dv = e *dx,
ta dudce
b
f xe” Mdx =
n

1l

1 (b}

3
—b%e P +n f x " le” Xdx.
0
27-GlAl TiCH-A 417
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= lim [ (b}

h-s—+ =

!
=
—

+ oo
= fe_xdx
[}

I
—_
[
d—-

J) D6i bign s6 t = Y1 + x%, ta duge t2 = 1 + x2 : tdt = xdx.

I[’b) = }dix _.1+h:_dt'_
T wWITEY mti-d
ll t—1 ,¥; +p 11 VI +b7 — 1 11 \!_2—1
= — In — — — — ;
2 t+1|y2 VI+BZ+1 2 VY2 +1
1 ¥2+1
I =limIb) = 5Iln —— .
b >4 o 2 \I_—
5¢+1 _ 5 “ra ,
2.8) 2=~ T (x > 4w Vi [ < phan ki nén tich phan
x2 —-2 X 5 X
da che phan ki
+ e
+2 1 dx
b) e~ —;{—, = s (x e ) Vi f —h61 tu nén
x* +3x -2 L x
tich phan da cho héi tu.
1 1
xln(1+-—) X. -
X X 1 .
c) P ~ —— = — (x — +w). Tich phan da cho
x<+1 X b
hi tu. ‘
1 1 1
d) e = 1 + — + = + — (1),
X Iy %2
1 1 i
T — e 4 — —>
cos 1 o T O(1) (x — oo},
1 1
el —cos- = = + = (1) (x = +o) ;
X X
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L

X

(e”‘ - cosl) -

~ ) (x — 4=} Tich phan di cho hoi tu.
X

In{l +x) I
y —— > . vdi mo

+ %
L d
ix >e-1.Vitich phan f Yx phian
1
ki nén theo ddu hidu so sanh, tich phan da cho phan ki.
f) Lidy mét s6 thue « sao cho 1 < a < 2. Ap dung quy tac
Lopitan, dé dang ching minh duge

L In(l +x) In(1 +x)
x* ., —= =

— 0 khi x — +o,
xZ XZ—Q

Do dd
In (1 +x) . .
X — 5 £ 1 vl x > 0 da lon.
X

+ 1
w0 1 x> 0dulen
x? x“

+ =

. X . ca . N . ¢
Vi f pr héi tu nén theo d4u hiéu so sanh, ti dd suy ra tich
0

phan di& cho héi tu.

g) Liy mot s6 thuc @ > 1. Ap dung quy tdc Lépitan, ta duge

a+ 3
% (x%e” X) =

— 0 khi x = +».
Do do

1 X
0<x3e_"$gv6ix>0du lon.

Theo dau hiéu so sanh, ti dd suy ra tich phin di cho hdi tu.
2
h} cos —
X

1
1 - 3 + ) 0(1) (x ~» +o)

X X
2 . . .
= 1 — cos S ™~ = {x — +e). Tich phan da cho héi tu
<2
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3. & Gia st g > 1. Goi s l|a mot 53 thue sao cho 1 < 5 < 5.
Khi do
l X 43 l L
(nx)® . (nx)

: 80 . v A,
lHm x%. 5 i s 0.

X— + x X-—+ +~ 20
Do do

nx)® 1 .
—F ES stclx > 0 du ldn.
Theo dau hiéu so sanh tir dé suy ra rang tich phan da cho
héi tu.
e Néu = 1 thi dai bién s t = Inx, ta duge

+ = 1

T In x)*
j( dx = [ — dt.
2

X —ir
In2t‘

Tich phan héi tu khi va chi khi @ > 1, titc 13 « < -1.

e Gid st § < 1. Goi r la mét s6 thue sao cho 8 < r < 1.

Khi dd lim Xr.(—l—'r;:-(;;)— = lim [xr"ﬁ(]n Xy = + oo

X—+ x—+ =
Do dd

i a 1
.Qi’x%”_ > véix > 0dd lon

Theo ddu hiéu so sanh, tit d6 suy ra tich phan da cho phan ki.

4. a) Vai mei b € (0, 1)}, ta ed

b &l
dx 1 1 1 1 1+b
e ) s e
khib —1
L dx
Vay f—-—; = o
o 1-



F

b .
; sinx
b) Véi moib & (0, %) ta cg f tgxdx = f poven dx = — lncosb -+
0 i\

=
2
)_,Dodcif tgxdx = + o

khib—r(-
0

z
2
c) - In2. (Ap dung cong thic tich phan ting phan).

d) V&i moi 6 thue & € {0, 1), ta cd

1
1 1 1 42
— = - b2 - 582 - 2
I(é)—_!s'x!nzxdx— O3S + 5 Fné + 4 -
1 ‘ 1
lim §(8) = — . Vay [ xin’xdx = —
5ot 4 . 4

e} V&I moi s6 thuc a, fsao cho 0 < @ < § < 1, ta 6

= arcsin (2x — 1) [ﬁ

8 dx
Iz, B) = | wion
= arcsin{28 - 1} - arcsin(2« - 1) ;

1

dx
Hm Ka, ) = 7. Vay | ——— =
(z—~0+ { \Jx(l —X)
B—1"

f) V&i moi s0 thuc b saoc cho 0 < b < 1, dat

tr

I(b) = J' _dx—
o (2 -x)¥1 —-x
D6i bign s6 t = Y1 — x, ta dude
I2® gt _
I(b) = — 2 f 1—+-t'j- = 2arctgl — 2arctgyl —b ;
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1
lim I(b) = . Vay _f
b1 0

dx JE

(2-~xV1 —x 2

g) Vai moi 86 thyc a, ﬁsaocho—3<a<,643,tacd

fa x2 B dx
Ka, f) = [ ———dx = — ~x2dx +9 [ ——=e
(@, B) f —1d f V9 — x2 dx f o

1 X 5
= — in — — — y2
=3 {Qare sin 3 ~ X 9 —x
3
9 { 2 9
lim I, f) = —Jz.Vayf—dex=§Jt
a—s(- 37" -3 Y9 -x

p—3
h) Ap dung cong thic tich phan ting phan, vdi moi sé thuc
a, A sao cho 0 <« a < B, ta ed

2

A xlnx 1 X Inx
B
e, = ] ———dx = {—-In -
@ B { (1 +x%)?2 * (4 1 +x2 2(1+x2)) |
- In« 1 az
lim Ka, lim | —~ > 1n
ﬁ,,+m( 2 s [2(1+a2) 4 1+a2]
a--»0+
1 n a 1
= - =1 + -1 =0
2(:—1-n(;1+(1+a2 2 " l+a2)
T xlnx
Vay f 0
o (1+ 2)2
X 1 . .
5. a) — ~ (x — 0}. Tich phan da cho phan ki.
sin’x
X
) ————— -— (x ~— ). Tich ph4n d4d cho hdi tu.
(x2+1)v‘¥ \’_ P T
¢) phan ki ;
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d) lim (Yx Inx) = 0, x = 0 la di€ém gidan doan bdé duge cia
x—0"

ham s8 dudi ddu tich phan f. Do d6 f kha tich trén [0, 1]

e} Tich phan hoi tu. Co thé ap dung dinh nghia hodc déi bién
60 : Dat t = 1 - x, ta duoe

l

f dx _}ﬁ
o VI-x g Vo
f) Phan ki
1
N . S S
¥ A oNT== L
1
27 Inx ' Inx
veil = [ ————dx; L, = [ ———— dx
o (L +x)V1 —x? , A +x)V1 —x?

L g

Dé thdy I, hoi tu. V6i I, d6i bién s6 t = 1 - x, ta duge

Inx _ Inx (-t
A+Vi-%2 (1+x)7Nl-x  (2-t Nt

In(l —t)

@ -7Vt

-
Pt
I
O"-—-.Ni'—-

Ham s6 dudi ddu tich phan lay cac gia tri am v&i mei
1
ve (00 g];

In(1 -t 1
—~ -
(2 . t)3.-"2 ﬁ 2"'2 ﬁ (t )

[, hoi tu. Vay tich phan di cho héi tu.
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l
2 !
dx
h)I:f-lﬁ'}-(_flnx-i-flnlel-i-lz'
0 0 1
) !
1 2
Vi lim -— = 0 nén tich phan I, = f —— h01 tu.
x___){ﬁ.lnx 0
1
Vai I, = f 1 ~~ d8i bign s6 x = 1 - t, ta duoc
|
2
1
2
dt
L= YD)

. . 1
Ta c6 tich phidn cta mét ham s8 Am trén khoang (0 \ 5]

Vi in (1]—-_70 ~ - % (¢t - 0') nén I, phan ki. Do d6 I phéan ki.
i) phan ki.

) hoi tu.
k) Déi bién 86 t = tgx, ta duge

+ o

Vigx dx = f —~-~t— dt ; I hoi tu.

—_
Il
o=

I I

{F—Z f\f_'* {W=11+12.

1 1
ﬁﬂ_{f - x\ﬁ +x

1 1
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m) D&i bién s6 x = % - t, ta duge
X I
b dx 2 dt
I = Temee——— = | S
{ﬂ—sinx { V1 “cost
1 1 y
~ V2 Lo

Vi-cost " t
2Si1’12-2 -

Tich phan da cho phan ki.

+ m — 1 —x + oz —x
nl=f-—dx=[— dx + [ — dx
) 0 1
L eTx TleTx
f ~ dx phan ki, f ~ dx héi tu. Do d6 I phan ki
0 1
o) In (sinx) < 0 véi ixe (0. 5\ Na 12 mot s6 thu
—_— v oi x )
x 1 mg ( ,2) éu o 1& mot s8 thuc
1
sa0 choica< 1 thi
In (sin x)
Hm (%% =4 = 0.
x_‘:;‘+(x <2 )

Tu d6 suy ra tich phén da cho hdi tu.

!
Inx z Inx ! Inx
sdx = dx + |

5
2 —x2

1
p) =]

o 1—x o 1 —x

Dé dang thdy rang I, hoi tu va

. Inx
lim -——— = -
1 -x?

[ ST

x—1
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Do do [, hoi tu. Vay I héi tu.

+ 3:]4 :
Q) i_f— X ax = f—c—os"d +f T g = 1, 4+ 1,
x% | -
1 —cosx 1 . 1 ~cosx
Vilim ————— = 5 nén ham 36 f(x) = — kha tich trén
o X 2
X—

[0, 1], tic la I, httu han. V6i moi x = 1, ta co

_1_1

x2

0 <

h

NN|M

Do do I, héi tu. Vay I hoi tu.
r) Ta cd
1 -x" = (1 -x)1l +x+ ... +x"h
Do dg
1 1 1

- o~ e -1
o mdoom ® )

. 1 , .
Vivdin > 1, ta o o< 1 nén tich phan da cho héi tu.

6. 0 < a < 1.

7. Dé thdy v6i n < 0, I phan ki. Véi n > 0,

1
~ — (x = +w)
1 +%" x"

I, hoi tu v6i n > 1. Ta cd

1 + o dX

'gl-i-x" fl+x” "
+ = + oo

dx dx 1
e de=wa
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L dx
Do dé lim [ ~ - = 0.

s | 1 +x"
1 I
d n
J- xn =1 —f x rld)(;
g 1tx e 1 tx
1 N 1
1
J’*—-}-—;dXt(J-x"dx: 1
o 1 tx 0 n
l dx
Do d6 lim | =1
noswg 1 Tx"
Tu (1), (2), (3) suy ra : im [, = 1.

=+ o

8. a) Hién nhién lim F{x) = 0. Ta cd

x— + =

+ w0 t oo

A= [ fydt = [ feydt + [ feyde.
o - 0 X

Do do

A - | feeyde

X
F(x) = ”
VoL A = 0, ta cd

F(x) = %[1 +0(1)]  (x — +o)

Do d8 F(x) ~ % {(x — +w).

+ o0
Vay tich phan [ F(x)dx phan ki.
0

{2y

(3)

427



el

b) Tu dinh nghia cha F suy ra rang tén tai mot s6 M sao cho

> M .
Fx) € - vai x da lan,

£

+oan
Do d6 [ FX(x)dx hoi tu (diéu ndy vin ding vé6i A = 0).
iy

9, Vg moi x > a, ta c6
ax < xZ2 = e” @ > " X {1}

Vi x — e ™ va x > e~ X 13 hai ham s lién tuc va ducng

+ o + 2,
trén [0, 4+c) nén hai tich phan f e X dx va f e X dxy déu tén
o d
+e s t+x 1 .
tai. T (1) suy ra f e Xdx <« f e” Tdx = 3 e @,
a ]
X X
10. ‘ (sinx — 2cosx — 1) ————— | € 4 —————=
x° +3x? -3 x> +3x2 -3
vdi moi x = 1.
' 1
Vi X~ & tw)

va f —,2 héi tu nén theo ddu hiéu Vayoxtrat, tich pkan da cho

hoi t1_1 tuyét déi.

1
11. D&i bién s6 t = —— , ta duge
CO5 X
dt
X = arccos— , dx = — ]
t v —

" sintdt 2 ogintdt " sintdt
= +f — =1 +1,
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Ta co

sint 1 N )
| - T__‘ s - vdi moi t > 1.
tVte — 1 tytZ — 1
Vi
- L~ L L 1)
tVer =1 e +ive—1 V2 Vt-T
2

dt
va tich phan | - hoi tu nén I, hoi tu tuyét déi.
L VE—1

Vi

1 1
— (t — +e)
tWtZ — 1 R

+ oo

-+
£

. t . . -
va tich phan f 3 hoi tu nén I, héi tu tuyét déi.

Vay I héi tu tuyét déi.

12. a) Ta c6
1 1 1 .. A
‘ cos _ﬁ—l_n—xhj = ng‘—nhx' vél moi x € (0, 1.
1
Vi —— T —- (x — 0") nén I hoéi tu tuyét dsi
Vsi 12
sinx X
L sinx T sinx
J = 3= dx + I y— dx = J, +J
{ % V% { % Vx I
sin x
Vi ;—2\{—; 7= (x = 0°) nén J; hoi tu
. sin x 1
Ta ‘ -xr | = ﬁ_)_(—_ );45 (x — +tw)

suy ra J, héi tu tuyét d6i. Vay J hdi tu tuyét dai.
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b) Ap dung coéng thdc tich phan tiing phén, v6i moi b > 1,
ta cd

by cosb
dx = - f < d(cosx) = cosl — 5
i

COS X
—— dx
x2

b sin x
I =

—_t— T

4]
. cOos
Vi tich phan [ =

1

X 0 s a2 .
S dx héi tu tuyét doi, tit dang thidc trén
X
. . . Y sinx
dé& dang suy ra rang tich phan f ~ dx hoi tu.
1
13. a) Ta cd limIlnx = — . T¥ dd suy ra |ink| > 1 vai

+.
x—=0

x > 0 dad nhd. Do dd

1 1
X
Vay I{a) hoi tu tuyét d6i véi 0 < a < L.
b) D&i bign s§ t = Vx, ta dugc

Va gt

I(a)zf-—,
0lnt

Hién nhién ham s6 f : [0, Val —= R xdc dinh bdi

| S
f(ty = int vii 0 <t < ﬁ,
0 vdit =20

lién tuc trén [0, Va). Theo dinh li vé gia tri trung binh cua tich

phan, tén tai mot s0 thue ¢ € (0, Va) sao cho I(a) = lnﬁc . Do dd
Yalna
I(a)lna = _i;lc_ .

Khi a — 0", ta 6 Vvalna — 0 va lnc — -«. Do dd
lim I(a)ina = 0.

E] —*{)+
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14. Ap dung céng thidc tich phén ting phén trén doan [a, bj,
b > a, ta duge
—fF(x)g (x)dx.

El
b

= F(bg(b) - f F(x)g’(x)dx.

f f(x)g(x)dx= f g(x)d¥(x)=[F(x)g(x)]

Vi F(b) bi chan va lim gh) = 0 nén

Che b — +w.
. h—+ x
Hm F(b)g(b) = 0. Ngoai ra, vi
h—+
|Fix)g’ )] < Klg'&)| véi moi x = a
+ oo .
nén tich phan [ F(x)g’(x)dx héi tu tuyét d6i. Do dd tich phan

0

+ =

f f(x)g(x)dx héi tu.

o ! dx
15. a) I = =f ——— =1, +
0 xP +xq 0 xP + x4 1 xP + x4

Néu p = g thi I, héi tu véi p < 1, I, hoi tu vai p > 1. Do
dé I phan ki, Gia st p > . Khi d¢

I Jl- dx
. = —_—
Ly X941 +xP 9y

1 1

0 77— {x = 0"),

x9(1 +xP 79 x4
I, hoi tu vdi q < I, phan ki v6i q = 1.

+ o0
d

NS N
1 XP(L +x97P)

¥

1 1
e —— 7 — {x —» +w).
xT‘(I +xt T p) xP
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I, hot tu v6i p > 1, phan ki vgi p < 1.

Vay 1 hoi tu vaip > 1 va g < 1 hoac p < | viq > L

I a 2
2 4 2
dx dx dx
by IT= _f —_—— =f — e 4 | ——— — =]+ ]
o slnpxco#x ) SinPxcosix - smecos‘lx
.
1 1
[ — ~ {x — 0t },
sinPxcosix xP

I, hoi tu voi p < 1, phan ki v6i p = 1.

1 ~ Y o Nz
m—nb;(;:osqx (.:_osqx (n )(l (x (2) )’

1, hoi tu véi q < 1, phan ki v6iq = L

Vay ] hoi tu vai p < 1 va g < 1.

o1 fXciEx o targx o Cadwtex
o x1+2 y x9+2 | x3+2
=1 +1
xParc tgx 1 1 1
= _ —oxptl = o = Oty -
£(x) T2 5 X 5 e X0

I, hoi tu véi ~(p + 1) < 1, tic lap >~ 2 phan ki véi p € -2

— :’T 1 .
f(x) 2 (x = o) ;

I, hoi tu v6i g - p > 1, phan ki véiqg - p < 1.
Vay Lhoitu véip > -2 vag-p > L
d) D&i bien s6 t = Inx, ta duge x = e' va
i T el - el! - P)t p)l

I:J; dx _ € T = J' tq J‘

:l & ]
xPlnYx o 14 p 1
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e(l —pi 1 . ;
f(t) = e ™ — (= 07)
t4 ™

I, hoi tu v6i q < 1, phan ki v6i q = 1.

e V6i p > 1, ldy mét s8 thue s > 1 bdt ki, ta cd

Y r
tsf(t,) = [ —= 0 khi t — +=,

1
Do d6 0 < f(t) < — vdi t dd 1dn. Do ddé I, hoi tu.
th

+ =
dt ;
e Voip =1, tacd I, :ft—q . Tich phan heoi tu véi q > 1,
!
phan ki véi q < 1.
e Vai p < 1, ta cd f(t) — +o khi t — +ew. Tich phan phan ki.

Vay I hdi tu v8ip > 1 vaq < 1.
+ =

1
In (1 +x) In(1 +x)
16. I:f—de+f—-de=Il+Iz,
0 1
In(l+ 1
f(X) = n( x X) ~ _ (X _"0+)
X xa 1

I, hoi ty v6i @ - 1 < 1, tdc 1a « < 2, phan ki vdi ¢ = 2.

Vai 1, ta xét cac truong hgp sau :

a) ¢ > L.
Liy mot s6 thue r € (1, «). Khi do
In(1 +
lim x'f(x) = lim _?_(_Tx) = 0.
X(Z

x—++ = x— + o

1
Do dd fix) < > vol x du 16n. Vay I, hoi tu.
X

by @ < 1.

. 1 .
Vi fix) = o véi x du 16n (x = e — 1) nén I, phan ki
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lim
o
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Vay [ hoi tu véi 1 < « < 2
17. Ta xét cdc trudng hogp
a0

e Néu f# < 0 thi

i 1
W = gy T e x = te)

e Néujg = 0 thi
1
x) = (x = +oo)
f(x) o X .
Vay voi # < 0, tich phan hai tu véi ¢ > 1, phan ki véi « < 1.

by g > 0
1
~—— — +oo
fix) P (x )

Tich phan héi tu véi @ + 8 > 1, phan ki vdi o + A= 1

T d6 suy ra tich phan I(1, 8) hoi tu khi va chi khi A =0
Khi dd, d6i bién s8 t = % ta ¢6

4 .o , +
. dx - 4T dy 1 1 ¢
I, ) = : (1 +5F) f S+ 7B -1[ t1+t) B n 2.

4

18. a) Vi moi b = 1, ta 6

o]

[f sinxdx’ = |cos]l — cosh| < 2
]

) 1 .
Ngoal ra, ham s6 x — sin - giam trén [l, +w) va
X

sin X = 0. Theo ddu hidu Diricle, tich phan da cho hoi tu.

x
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Tich phan da cho khéng hoi tu tuyét déi. That vay, néu tich
+ oo 1
phan f | sinx]| sin ;‘dx hoi tu thi ti bat ding thie |sinx| = sin’x
)
vai moi x = 1 suy ra tich phan
+ =

1
f sin’x sm dx = f 1 — cos 2x) sm ~dx (1)

1 1
4 =

. s 1 1
hoi tu. Mat khac [ sin~dx phan ki (vi sin= =~ = khi x — +w)
1 X X X
+ oo 1
va tich phan f cos 2x sin; dx héi tu (theo diu hiéu Diriclé). Do
1
dd tich phan & v& phai cta (1) phan ki. Ta di dén mau thuan.
+ a0
. 1
Vay tich phéan f sinx sin; dx la ban héi tu.
]

b
b) Vdi moi b = 0, \f sinxdx| < 2. Ngoai ra ham s8
0 .

X — VX_ iam trén [a, +o) véi a di 16n va lim LE
x+ ] x>+ uox + 1

= 0. Theo

ddu hiéu Diricle, tich phan da cho héi tu. Tuong tu nhu trong b),

dé& dang chiing minh dugc ring tich phan da cho la ban héi tu.
c) DA&i bign a6 t = ¥, ta duoe

+ o 4 e lnzt
= f x%cos (e*)dx = f —; cos tdt.
0 1
Theo ddu hiéu Diriclé, tich phan da cho héi tu. D& ching
minh duge I 1A ban héi tu.

+ o . 1 N + -
J- x*sin x x“sin x xsin x
x = [

dy 1 = T +x

x =1 +1,
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x“sinx 1
1 +x x|

Vi f(x) =

khi x — 0" nén [, hoi Lu (tuyet

d6i) véi - (@ + 1) < 1, tic Ja « > -2, phan ki véi a < - 2.

I

. . X .y s
® Né&u « < 1 thi ham s8 x — 135 Slam trén [a, +=) vdi a
o b
X
do lon va lim T3z = 0. Ngoai ra |f sinxdx| € 2 v3l moi
%>+ = 1

b = 1. Theo ddu hiéu Diriclé, 1, hoi tu.

« Néu @ = 1 thi 1, phan ki. That vay, néu I, hoi tu thi

+ oo ' +ml +x . ) B
_f sinxdx = f e f(x)dx hoéi tu theo ddu hidu Aben. Diéu
1 1

nay vo !

xfx
[ |f(X)| = I+—X vii moi x = 1.

x® 1

Vi ~ khi x —» 4 nén, theo ddu hiéu Vayoxtrat,
1+x xl—a

I, hoi tu tuyét d6i v6i 1 — a > 1 tdc 1a « < 0. D& dang ching
minh duce rang I, khong hoi tu tuyét d6i véi « = 0.

Tém lai, I héi tu tuyét d6i v6i -2 < a < O, ban hoi tu véi
0 a < 1.

+ ao -
19. a) Néu tich phan [ x“f(x)dx hoi tu thi theo d&u hidu Aben,
l
tich phan

+ o + =

f txdx = | ;‘1; (x™f(x)) dx
|

!
hoi tu.
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+ x
b} Phan ching : Gia st tich phan f P _(x)sinxdx héi tu. Vi
0

1
P (x) » 0 v6i moi x = 0 nén ham s6 x r— 5—— gidm trén [a, +«)

P (x)
vdi a da 16n va lim P—() 0. Theo ddu hiéu Diriclé, tich phin
n— o
+ 00 + o

_([; sinxdx = { Pnl(x) (P (X)sinx)dx

hoi tu. Vb 1!
- . . cost .. .
20. a) Ham s6 dudi d4u tich phéan f{t) = 2 > 0 v moi
t € {0, 1].
f(ty ~ L o
t) t_2 (t — 0")
t .
Tich phan f — dt phan ki ; hm f c:S dt = + . Ap

x—-l] X
dung quy téc Lépitan, ta cd

" cost .
(‘[ t? dt)

i cost x
i dt} = lim ——————
im (x { t) im

2 1
x—»0+ t x—*0+ (-*)’
X
COSX
) x? .
= lim ~——— = lim cosx = 1.

+ 1 +

x—0 - — x—=0
x2

X + oo i
b) lim [ VI + t7dt = [ V1 + % dt = + .
X— + =) 1]
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Ap dung quy téc Lopitan, ta cé

X
[T FE de
0 T+ xd 1
lim e = lim Vi X
Xx—» + o X x—>+ % 3X
+ =

+ m 1
c)Tacs [t le tdt = [t lemtdt + [t letdt = I + 1,
0 0 1

+ o
Dé thay I) = +w va I, hoi tu ; lim [ t7le"!dt = + w .
x—-U+X
+ 1
J t7lemtdt ft7lemtat
X X [2
lim ~————— = lim — 1 + lim e =
x>0 In-- x—0* In — x—=0%1n —-
X X X
1
[t 1ot
= lim —
+ —Inx
x—+0
12 .
(vi lim (— Inx) = + » nén lim = 0). Ap dung quy tac
+ ,— Inx
x—0 x-+0
Lopitan, ta cd
+ =
ftte 1t
. X . - x lg7% . -
lim e e lim — = lime * =1
x--vﬂk x—-[]+ - -0t
: ft f(o
dy Vi f(0) 2 0 nén RO} it — 0%). Do dd
ger H1 g+l
1 :
. ft) , o
lim f e dt = + . Ap dung quy tac Lépitan, ta duge
¥ .

X=X
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H Y R, = 11 —_ =
11m+(x f trz+1) = lim Ep— e
x-+1 X x—i

21. b) Vdi moi s8 thyc x,, x, sao cho a £ x| < x,, ta co

%
2(x,) - fAx)) = 2 [ FEfxdx.
Kl
Vi tich phin I héi tu nén véi moi € > 0, ton tai b = a sao cho
Kl p
xz > xl zb=> IIF(X)f(XJdX‘ = 5 -
X

1

Do do

X, 2 b, x, 2b= |f2(12) = f2(X1)| < &

Vay lim f%(x) t6n tai vaA hitu han (theo tidu chudn Cosi).

X— +
¢) Ta ¢ lim 2(x) = { = 0. Khi d¢ lim {f(x)] = ¥I = 0. Né&u
x—*+ = X“*+"J_
{ > 0 thi tén tai b = a sao cho | f(x)] >%>Ov6imgix3b,

+ >
Tit d6 suy ra tich phan [ |f(x)|dx phan ki.
H]
Diéu nay trai voi gia thiét. Vay phai co { = 0.

22. a) D&i bién t = ax, vdi moi § = «, ta ¢d

8 o
fgi—x)dx=ff(Tt)dt,

£ r

Do dc
+ t oo
{ —f%’f)— dx = | f(t] dt = Kaa)
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Tuong tu,

9 4y = 1)
X

Do do’

byl
dx = I{ac) — I(ba) = J’ f(_t) d

T flay - fbx)
t

X

(1)

[24 arr

b) D&i bién s6 t = ax va t = bx, v8i moi £ € (0, &), ta cd

ex A bex
f flax) = fibx) ff(t—t) dt —[f%'ﬂ dt

X

hilrs

f(t f(t
-7 © @

dt + f (2)

Trong vé€ phai cta (2), tich phan ddu khéng phu thude vao &.
Ap dung dinh li vé gia tri trung binh md réng cda tich phan
cho tich phan thd hat, ta duge

fit
f f(t)

ag

b
dt = f(B)ln—~ , vii af <« 0 < bE.

b

h
 f(t b
Khi £ — 0, tacdH—rOvéth—)-dt—m-f(O)lng. Dec do

Hrr

X b
f f(ax_)_;‘_@l J‘ (--- dt + £(0) In (3)
1]
Tit (1) va (3) suy ra
f Sl —fbx) £(0) In >

X
0
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23. a) Ham 50 x ~— In(sinx) lién tue va lidy cdc gid tri am

trén khoang (0 2

,2]. Sy héi tu cda I suy ra tu

lim [Vx In(sinx)] = 0.

x-»0t
D6i bign s6 t = g — x, ta dugc I = J.
2
b) 21 =T+J = -2 In2 + [ In(sin 2x)dx (1)
h]

DéEi bien s8 t = 2x trong tich phan via nhan duge, ta co

= LI

1
In (sin 2x)dx = 3 f In (sin t)dt
0

| e

2
1 T
= 5 J InGint)dt + 5 J In(sint)ydi. (2
0 x
2
DGi bign s6 t = % + u trong tich phdn cudi cung, ta duge
T
. 2
f In (sin t)dt = f In (cos u)du
wf2 0

T (1), (2), (3) suy ra

I
a

(i
—

3

i 1 1
= - = + -1+
21 2ln2 2I 5
Nia
I-——§]n2.
24. a) Ta co

0 < e%sin?"x < e * v4i moi x = 0.
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¥

Vi tich phan f e *dx héi tu nén theo ddu hiéu so sinh suy ra
0
tich phan I_ hoi tu.

b) Ap dung céng thic tich phan titng phdn hai ldn, dé dang
tim duge hé thic (4n? + DI, = 2n(2n - DI__,

Do I, = 1, tit d6 dé dang tinh duoe

4]
_ 2n@Zn-1) 2(n —1)(2n -3) 2.1
f 4n? +1 4(n—1)2+1 4.12+1

- n 2k(Zk - 1) ﬁ (

4k% + 1

Do dg

Ta cd

- 1 .
Chuéi s6 Z In (1 - ?n) c¢d cac s6 hang am. Vi
n=1

1
ln(l-——-} —2—n(n—)w)

e | . - 1
va chudi s6 2 5 phan ki nén chuédi sd 2 ln(l - -2—1—1) phan

n=1 n=1
ki vA c6 tdng bang -e. Do d6 lim Inu, = — o, va lim u, = 0.
] n— %
Tu bt ding thic 0 < [ < u_ vdi moi n suy ra lim [ = 0.

n-*ox
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25. Ta co

R

f

o (1+x2)(1+x")

+ %0

dx
+ = 4 ]
{(1+x2)(1+x“) b

£

{1+x2)(1+x“)

. 1 ,
Doi bién s6 x = T trong tich phan I, ta duge

+ =

t*dt
'[1 = f 2 (z.
] {1 +t<3(1 +t)
Do dé
+ m + >
x“dx dx
I =1 +1I, = +
b2 Jl-(l+x2)(1+x“) I(I+x2)(1+x“) ,Ifo

B. TICH PHAN PHU THUOC THAM SO

1. Gia st a, b 1a hai s6 thuc bat ki sao cho 0 < a < b. Ham s6

th(x)

(x, t) —
t2 + x2

lién tuc trén cac hinh chi nhit

Ry ={{x, t) e R?:0 < x < l,a<t<b)vaR, =1(0, 1]
x [-b, —a]. Do dé ham s6 F lién tuc trén [a, b] va trén [-b, —al.
Vi cd thé lay a > 0 nho tiy y va b > 0 lén thy ¥ nén F lien
tuc trén R \ {0}.

o F gian doan tai diém t = 0.
Ta co F(0) = 0. Ap dung dinh li vé gia tri trung binh ma
rong cua tich phan, tén tai ¢ € [0, 1] sao cho

F(t) =
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Theo gia thiét, m = inf fix) > 0. Do dg

x€[01]
1 . 1 b
| Fit)] 2 m | arctg—l , t = 0. Vilim (m‘arct,g— ) =m. ; nén
£ o t 2
F{t) + 0 = F(0) khi t — 0. Vay F gian doan tai diém t = 0.

1
2. a) D& dang thdy réng ham sd t — I(t) = [ ¥x? + 2 dx
=1

. 1
lién tuc trén R, do d6 lim Kt) = [0) = [ {x|dx = L.

1—0 -1
I +1
. P dx .
b) Theo dinh li B.2.2, ham s6 t > I(t) = [ ———— lién
. 1+x2+42
! dx
tuc trén R. Do dcilli_nj'{nll(t)=l(0):_(];1+x2=%.
| 1
3. a) I(a) = ST (Z o arctgg) (a > 0).
. 7 1
b)I(l):hmI(a)—§+z.
a1
X 1
s = (-t Y ol e ?y tao
dm = (—ge ) L,=a(tme )
1
lim I(t) = = .
1—0 2

T4

1 _
f lim ()—; e |

Q 1-+0 t
ddu tich phan duge vi ham s6 dudi ddu tich phan gidn doan tai

diém (0, 0).
5. a) Cac ham s8

)dx = (. Khong chuyén qua gigi han dudi

(x, t) — .
t +x?
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va

7 1 1
)= = (—— ) = — -
b © at ( t +x? ) (t + x2)2

déu lién tuc trén hinh chié nhat [0, a] x [a, jl, trong d6 a,
la hai s6 thuc bat ki sao cho 0 < @ < . Do d6 ham s6 J c6
dao ham trén [a, f] va

M Py = —{ (H 2)2’ t € [a, Al.

Vi c6 thé ldy @ > O nhé tay ¥ va 8 > 0 16n tay y nén J co
dao ham trén (0, +=) va (1) ding v&i moi ¢t > 0. Tueng tu, ta cd

a

d
I =2 [ — x2)3 i

o (1
y dx
JOT D) = (- h" "L - 1) —
®=(Hn -1 {(sz)n
Do ddg
_ = -t (n—1)
= "o P
1 1 ayt
J(t) = — arct J(t)y=— 5 t732 =t ——
(t) ﬂarc gvr_, (t) 2t (arctg\,_ t+a2)
Voi t = 1, ta duge
da
dx 1 a
= - T = = + —
2 o (L+x22 2 (arﬂga 32+1)

1
6. I'(t) = [ f(x)dx ; I"(t) = f(t), t € [a, b].

7. a) Cac ham sd
(@, x} — In(l - 2Zxcos + x2)
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va
i 2(x —cos@
(6, x) — -,i- [in(1 — 2xcosf + x2)] = 2 Tcosh)
ux 1 —2xcos8 +x?
déu lién tuc trén hinh chit nhat
R=1{HxSR -1 <8 <mx -1<x=<1l1)
(1 — 2xcosf + x2 > 0 v4i moi (@, x) € R).
Do do ham s6 I cé dao ham trén (-1, 1) va

T

I'xy = f

R 4

2(x —cosd)
1 - 2xcosf +x?

dé.

b} D&i bién sd t = tg% , ta duge I'(x} = 0 v6i moi x € (-1, 1}
Vi 1{0) = 0 nén I{x) = 0 trén (-1, 1).
8. Ap dung cong thdc Laibnit (dinh i 2.3), ta 6

I'(a) = f(22,0)+ [ [f (x+ax —a) — fxta, x—a)ldx (1)
0
Chu y rang
of of of
ox fu v
Do dg

Ja, —thdx = 2 [ £dx — [ fldx
. 0

X =dr

fldx — f(x + a, x — a) o
x=

=2 ) f’dx - f(2a, 0) + fla, —a).

Il
]
N N T T

Thay vao (1}, ta duge ding thdc cdn ching minh.
9. b) Theo a), ta co

h h+x+&

Fey = [ dé [ fopdy
0 X +e
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Cac ham sé6

h+x+¢&

&, x) — f f(s)dn

xt &
va
h+x+g

G o ([ fdg) = fhx ) - fx+E)

o
X 4t

déu lién tuc trén RZ. Do d¢ ham s6 F ¢d dao ham trén R (vi F
cd dac ham trén moét doan [a, b] bat ki) va

h
Fx) = [ [fth+x+&) — f(x, &))dE
Q

2h + % htx
F(x) = [ fig)dk - [ fi&de.
h+x X
Do do
F'(x) = f(2h + x) ~ 2f(h + x) + f(x)
3 3
ol | )
il 2 A — 2
10. aa—-Z_!'(a+bx x)dx,ab 2{{a+bx x4) xdx.
d1 26 ol 26
E:2(2a+4b—?) : db=2 (4a+—3—b—20),
§£ =0 _ _11
a? "7 E
e —— — 4
db 0 b
. N N
Ham s6 1 ¢ mot digm dimg M, (- 5 , 4)
3y L] 52 »
!az (Mu) = 4‘ Ih‘) (M(a) = _E}_ ? Ialr(Mn) = 8 ’
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ar M

AIM,) = LpIy - (L)% >0 Vay T cd cuc ti€u tai diém

M“( g 4).
11. 2) la, B) = ai‘ﬁ- :
b) D& dang thdy riang cd thé |dy dao ham dudi diu tich phéan.

al g cosZx dx

= (a, = — 9% [ —— D

sz (@ ) '{{ (aZcos?x + fsin’x)?
q o sinx dx

oI
B @h =" { (aZcosx + fsin’x)?

T dé suy ra
1 ol 1 &l
Ja, B) = = 5 da @ B —%gﬁ(a,ﬁ)

1 1
~5%f (2 " 5)

t
12. a) f(t) = 2eC [ e ¥dx ,
0

1 {
gy = — 2t e G +¥) gy = — 2te” ' J e o dx.
0 0

D&i bién s6 u = tx trong tich phan cuéi cing, ta duge

1
g) = — 27 [ e Vdu = - 1)
1]

Do do
Fity + gty = 0 = fit) + g(t) = C = const.
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T cac dang thic g(0) = [

C =% Dodsft) +gt) = 7

- = T va f(0) = 0 suy ra
X= 4

0

7 v8i mol t & R.

b) V&i moi x € {0, 1], ta cd

———— =< e U teR
1 +x?
! +
=0 < gty s [ e Vdx = e ' = lim git) = 0.
U [—roo+
+ =
Do d¢ limf(t) = SN f e ¥ dx = v
4 2
1— + ]
1+acosx 1 1
13. ln( 1= acosx ) X o = [in{1l +acosx) — In(l —acom)] . i
2acos x Wy -
T Teosx 2a (X_, (E) )
1+
ln(l_acosx)_ ! v6i 0 € x < %,
Pat f(x, a) = acosx / Cosx

2a v x =

T
X

Ham s& f lién tuc trén [0 , %:l x (= 1, 13, do d¢ lién tuc

trén hinh chit nhat R = [0 , %] X {~ a, a], trong d6 « 1a mot

86 thuc bat ki sao ¢cho 0 < a < 1. Dao ham riéng cua f

(x,

cung lién tuc trén

(-1, 1) va I(a)

I
=]

29-GIAI TiCH-A

DL
a aa(x,a)—

R.

—_ 2 —_—
1 —aZcos?x

Vay I cé dao ham trén [-a, <], do dd trén

H

z dx

1 ~ acos?x
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Déi bién 36 t = tgx, ta dudc

t = dt
Py = 2 [ ——- - -2 = —%— ja|] < L.
=) {1-—az+t2 V1 ~aZ
Do d¢ lia) = marcsina + C. Vi 110) = 0 nén tu dd suy ra
C = 0 Vay lia) = wmarcsina, -1 < a < 1.

14. V&i moi x = 0 va moi t € [0, A), ta co

0 < e*x! € e X35
+
Vi tich phan f e X%/ dx hoi tu nén theo ddu hiéu Vayoxtrat,

0
tich phan da cho hoi tu déu (theo t) trén [0, §].

Tuy nhién tich phan da cho khong héi tu déu trén. [0, +e).

That vay, vé6i b > 1, ta <@

+ o + oo + ag
f e %dx = r e *bldx = b f e *dx.
h h b

+ o nén vai t du 16n,

Vi lim bl =

j— 4 x
+ =
_f ¢ uidg o=
b

15. a) Vi

1 1 o + ~ + - 2 A
0 < - < — v6i moi x = 1 va moi t = a va tich phan

x! x4

+ =

PG| . .
f —}f hoi tu nén, theo ddu hiéu Vayoxtral, tich phan da cho hoi
X

ty déu {theo t) trén [a, o) voia > 1
b) Véi moi b = 1, ta cd

e _ L
'S (t — bt !
29-GlAI TICH-B
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1 . .
Vi lim —————— = + « nén tich phan da cho khéng hoi tu
=1

déu trén [1, +=).

16. Vai moi a € (0, 1) va t € (0, 1), ta c6

!
dx 1
2L -
1) <= o -atTh
a
| Rl R |
Vi lim (— al_—-r-) = —Ina > 0 nén tich phan da cho

1— 1
khéng hoi tu déu trén (0, 1)
17. a) D& bitn s t = Yax
4+ 6

Ia, b) = [ Vae = dx (b > 0), ta c6
b

trong tich phéan

+ =
(o, by = [ e dt.
el

4 20

1 2 .

5 tacs I(a, b) = [ e"Udt > 0. Vay tich phan da
1

cho khong hoi tu déu trén [0, +w),

Vi a =

b) D6i bién s6 t = x - « trong tich phan

+ = dx
Jla, by = [ ———— | ta duoc
b (x—a)2+1
4 =
dt
J s h) = = , = 0.
(@, b) h:rutZ +1
1 o
. . dt T .
Véia =b, tacé Jia, b) = | —— = % . Vay tich phan Ji{«)
, 1+t 2

khéng hdi tu déu trén [0, +o).
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18. a) Ap dung ddu hiéu Hiriclé.
|

e Hlam s6 (t, @) — F(t, @) = [ sinaxdx bi chan trén [0, +o)
Qa

x [a, b] :

' 1 ]

Fit, &) = f sinaxdx = (— o coacrx) |:] = = (1 — cosat).
0

tFAtl‘cic 2 i itz=0 € [a, bl

(a, t)| < [a] < min(lal, lh!} vdi mol 2 0, a a, .
. ) 1 .1
e Ham 56 x — < giam trén [1, +=) va lim ;= 0.

Xx— + oo

Do dg tich phan da cho hg§i tu déu trén [a, b] khong chda
diém 0.

b) Tich ph#n da cho khéng héi tu déu trén [0, b] vai b > 0.

That vay, d6i bién s6 u = ax, vdic > b ta cd
+
J- sinax j- sinu
C 74
Véia = — , ta ¢6
+ oo,
sinax sinu
\f i lf > 0.
X
¢ {

Vay tich phan da cho khéng hai tu déu trén [0, b] vdi b > 0.

Tu d6 suy ra riang tich phan da cho khong hai tu déu trén
fa, 0] véi a < 0. '

19. a) Ap dung d&u hiéu Aben :

. +xsinx i
e« Tich phan f 3 dx hoi tu theo ddu hiéu Diricle.
0
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o Ham s6 (x, @) — e~ bi chan trén {0, +e) x 10, +eo}

0 <™ g 1lvGimoix 20, a2 0.

Vi méi @ = 0 ham 86 x — e ™ gidm trén [0, +o).
Do do tich phan da cho hoi tu déu trén [0, +w).
b) D&i bign s6 t = x4, ta dudc
+ o .
sint
Ip) = [ ——
0 L
2Vt (1 +t2)

- dt .
P

+ =

.. Tich phan 7

0

e Vi méi p = 0, ham =8 t — -

1 +t?

1
Ngoai ra; ham sé (t, p) — o
1+ ¢2

1
P

1+t2

£ 1l védimoit =0, p=z=0

int
f Z22dt hoi tu theo ddu hiéu Diricle.

giam trén [0, +x).

bi chan trén [0, +o) x [0, too) :

Theo ddu hidu Aben, tich phin I(p) hoi tu déu trén [0, +e).

'¥s
20. 0 € 0 & 1
Vi —x2 V1 —%?2

Vi tich pha } dx
i tic an | ——=
PR NI«
tich phan I{a} hoi tu déu trén [0, +eo).
21, I(0) = 0. D3i bién s6 u = tx, ta duge

+ o
Ity = [ "9 du > 0 v4i moi t > 0.
Q

véimoix € [0, 1), « = 0.

hai tu nén, theo ddu hiéu Vayoxtrat,
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Ham s6 1 gian dean tai diém t = 0. T d6 suy ra rang tich
phan I{t) khong héi tu déu tréen [0, 1].
22.a) O) = 0 ; Ift) = e Usint Il e” 1% dx.
0
Dé&i bién 88 u = tx, ta duge
e Usint ' " ?
Ity = —— feWdu,t >0
0

+ >
lim I(t) = { e"¥du > 0. Vay ham s6 I gidn doan tai di€m t = 0,
1ot 0
b) Tu d6 suy ra rdng tich phan I(t) khong héi tu déu trén R.
23. DFi bign s8 u = tx, ta dugc

I(t) T du Zvait >0
= = 5 vadl .
o 1 +u? 2

Ity = 0 ; I gidn doan tai diém t = 0.
T d6 suy ra tich phan I(t)'khéng héi tu déu trén mot doan
chia diém 0.
24. DEi bién s6 u = tx, ta duge
It) = J—2E It], t € R.

Ham s6 I lién tuc trén R. Vi

t2 t2 . .
< < —— =~y vli moi x 2 I vamoit e R, va
1 +t2x? t2x2 x?
+ =

d . .
tich phan f —?_: hoi tu nén tich phin I(t) hai tu déu trén R. Vi
PX _
ham s6 dusi ddu tich phan 1ién tuc trén [0, +») x R nén tit do
suy ra ham s& I lién tuc trén R.
Che y rang I khong c6 dao ham tai di€ém t = O,

464



25. D61 bign 56 u = x — t, ta duge
+ oo 0 + =
I(t) = fe”du—fe“du+fe“du
=1 1 1)
0
Hién nhién ham sd t —» f e Ydu lien tuc trén R. Do dd ham
-1
6 | lién tuc trén R.
+ x
xdx xdx

i
26. a) I(C-'.') = 5—4'—}{; + 2 < I(CZ) + 1 ((Z)
]

Dé dang thdy rang ham s8 I lién tuc trén (2, +x).
Gia su a, b 12 hai s6 thuc sac cho 2 <« a < b,

X X e . N N
0 —— € — = ~~-~ vl moi x 2 1 vAa a € [a, b] va
2+ x* x¢ x4 :
+ oo

; d )
tich phan f -._a%_l- héi tu v8i a > 2 nén theo diu hidu Vayoxirat,
] X

tich phan I,(«) hgi tu déu trén (a, b]. Do dé ham s6 I, lién tuc
trén fa, b]. Vi c6 thé 1dy a > 2 va giin 2 tuy ¥ va lay b 18n tay
¥ nén [, lién tuc trén (2, +w). Do dd [ lién tyc trén (2, +ow).

b) Giad sit a, b 14 hai s6 thuc b#t ki sao cho 0 < a < b. Theo
ddu hidu Diriclg, tich phén J{o) héi tu déu trén [a, b]. Tu d6 dé
dang suy ra diéu cln ching minh.

27. Ta cd
l‘x‘I_ 1

< -— vfimoix > 0, t € R.

0 < -
1 +x2 x¥2

Vi J- Y hot tu nén theo dau hiéu Vayoxtrat, td dd suy ra

tich phan da cho héi tu déu trén R. D& dang ching minh tinh
lién tuc cia ham s8 1 trén R.
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L

10y = [~ dx = 7

1]

4 -1 LY P
TS -k E S I R il I
o 1+x? , 1+x? L 1 +x?
= 1 (t) + Lytt) + Lyit).
Cho ¢ > 0 thy ¥. Ta cd
+ = _le +md
0 < f Q dx = 7)(2 .
1 +xs b X
dx .. .
Vi lim f = 0 nén b du lén, ta cd
x’ixz
bh—=+x h
. £
IS(t) <3 (1)
{X 2 I3 +
I(t) = f . dx-.hf\]_dx=§ ¥2 — 0 khi a — 0",

0
Do dd vai a di nhé, ta co

(2)

|

Lty <

Chon a va b sao cho I{t) va 1,(t) thda man hai bit dang thuc
(1) va(2). Khi do

b __sz\[—- b
e X _as? \]x
Lo = [ o desen [ s

] a
Dang thic lim e™* = 0 kéo theo lim L(t) = 0. Do dd tor
1—+ = t—+ oo

tai £, = 0 sac cho

t 2z t, = 1Lit) < % : (3)



T (1), 12), (3) suy ra

£
t?tn:"l(t) ‘ﬁg.
Vay lim I(ty = 0.
{—+ =
28. Ta cd
+ o 2 . +cce___t_9_21
—_ —1x = [
I—fdtfe dx—f i dt.
0 1 0
Dé dang thay rang tich phan
+ oo

Jx) = [ e”xdt
0

hoi tu déu (theo x) trén doan [1, 2}. Ngoai ra ham s6 (t, x) — e X
lién tue trén {0, +o) x [1, 2]. Do d6 ed thé déi thd ty phép ldy
tich phan :

+ = 2 dx
dx [ e ®dt = — = 2.
0 1

—
il
._.L_ﬁN

29, a) Vit = 0, taed I(0) = 0. V&i t > 0, ta cd

b
I{t) = lim f (2tx — t?) e ™dx
b=+ @

: - =b . 2 -
= lim (tx%e™ ¥ Ix_ = lim (th%e™ M) = (.
h—+ o x=10 b+

: 1
Vay I{t) = 0 v6i moi t = 0. Do d6 [ I(t)dt = 0.

0
b) Mat khde, ta cd
+ ma 1 + o=
[ dx f (2tx — t%x%e " ™dt = [ xe Xdx = 1.

0 0 0
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Hai tich phan néu trong b) ldy cde gid tri khdc nhau. Tu do
suy ra tich phan I(t) khong héi tu déu trén [0, 1].

30. a) Tich phan 1(t) hoi tu trén (0, +) That vay, véi t > 0,
ta co

+ oo
e X 1

) = f e tdx = lim (— ) [00 = O

o s+ x=0 t
Ham s6 1 xdc dinh trén (0, +=). 'I‘é 58 'chling minh
d"] L e ;
G ® = { B %) dx = { (— DxMe™xdx (2)
véi moi t > 0.
That vay,-gié st a vi b A hai s8 thuc bat ki sao cho 0 < a < b.
Cac ham sd
(x, t} — e
va
(x, t) = o (e™1%) = (_ l)nine_”‘
ot
déu lién tuc trén [0, +e)} x {a, bl

Ngoai ra, vi

-1)"xMe ™) = x"e™® g x"e ™™ v4i meoi x = 0, £ € [a, b]
+ o )
va tich phéan f x"e” ®dx héi tu nén theo diu hidu Vayoxtrat,
0
+ =

an
tich phan f % (¢" ™) dx hoi tu déu trén [a, bl, n la mot s6
i
0
nguyén duong bt ki. Vi vay cd thé nhan duge dao ham cép
n caa I bang cach ldy dao ham lién tiép n ldn ham s6 dudi
ddu tich phan tic la ta ¢6 (2) w6i moi ¢ € [a, b] do do vai
moi t > 0.
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by Td (1) suy ra

dnl _ n n! 0 ,
_cﬁ (ty = (—.1) t_“+_| , L > (3)

Tu (2) va (3) suy ra ddng thdc cdn ching minh.

31. Dé dang thdy rang tich phan da cho hoi tu trén (0, +o).
Gia s a va b 1a hai 6 thuc bdt ki, 0 < a < b. Ta chiing minh
ham 86 I ¢6 dao ham vdi moi t € {a, b] va

+ =

Ly =2 [ XSiEL} ()
n 0 at (xl +t2)n
That vay, cic ham so
e 2
va
(x. © Hi[ xsin x } _ - 2ntxsui_ﬁ
! gt (XZ + tZ)n (XZ + tZ)n +1

déu lién tuc trén [0, +w) X [a, b]. Ngoai ra, vi

I — 2ntxsinx 2n tx n

| < G e <
(x2 +tHn+1 (x2+t30 x2 42 x?
+ =
A - I\ H dx P . I3
v6l moi x > 0, t € [a, b] va tich phan f ") hoi tu nén tich
] X
g 2ntxsin x

phian ! (;ETJ”H dx hoéi tu déu trén [a, b]. Do d6 I, cc dao

ham trén {a, b] va ta cd (1) véi moi t € [a, b]. Do d6 I, cd dao
ham trén (0, +w) va (1) ding v6i moi t > O :
Xsinx

+ =
I'(t) = ~ 2nt | —

) (x‘sz)n:-l - 2nt1n+1(t), t > 0.

Vi L, ¢ dao hiam trén (0, +) nén tif d3 suy ra I, ¢6 dao
ham cdp hai,..
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32. a} Dé dang thdy rang tich phan da che héi tu trén R

Cac ham so
e
(X, 1) »—> e~ ¥ costx

va
) u e el
(%, t) — i (e”X¥ costx) = — xe ™ sintix

+ =

déu lién tue trén [0, +o0) x R. Ngoai ra tich phéan f xe” x:sin txdx
0

hoi tu déu trén R. Do do ham s6 1 cd dao ham trén R va

o 2 s
rey = f o {(e” *costx)dx = - _f xe ¥sintxdx , t € R.
0 07

+ 2 + o

Ap dung codng thuc tich phan ting phan, ia dudgc

¥

2|

+
1
T'(t) [ sintxd(e™ X)
0

+ &
= o 1 2
= — e ¥sintx l e f te” ¥ cos txdx
x= 2 0
1 .
[ty = -5ty , +t € R
b) T dé suy ra
[2
I’(t) t tz -—+C
= = = = — — + =g =
1) R InI(t) 1 ¢ Ly e , C = const
+ =
Voi t = 0, ta cd 1(0) = [ e ¥dx = ‘[; . Do d¢
. 0
Ity = % e” 't e R.

= VYo x , ta duge

DS bién s6 u
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t o

. tu 1 t

: 1T
fe_‘""‘costxdx = Ve _!; e ! CDS(W)du = Tg[(_‘rz_)

0
Tu d6 cd cong thic cdn ching minh.

33. a) D& dang thdy ring tich phan da cho hgi tu vdi moi
t € R. Gia st a, b la hai s6 thyc bat ki, 0 < a < b. Ta ching
minh ham s6 I ¢d dac ham trén [a, b] va

k) ki

+ o » U + v
, o, T T2 2t "X T2
Iy = a_t(e )dx:_g—;e dx (1)

vé#i moi t € {a, b].

That vay, cac ham sé
, t
BRI

(x, £} — pix, t} = ¢ T oyoi x % 0 (ta dat @(0, t) = 0)
va

9 o, "X
— — *
0 = o (e )
déu lién tuc trén {0, +ee) x [a, b]. Ngoai ra, do
T IZ
t _xh“; b _ . .
0« —e € — e ¥ véi moi x > 0,1t € [a, b]
x2 x2

+ o ,_x__"

. e .
va tich phan f 5 dx hoéi tu nén theo ddu hiéu Vayoxtrat, tich
1 X

¥

+ oo ? !

t X5 5 .
phan f - —e ¥ dx hoi tu déu trén [a, bl. Vi vay ham s6 [
0 3

cd dac ham trén [a, b] va

ks
+ % b

94, 3
» — _ X
ey = f e dx
0
v8i moi t € [a, bl, do dd véi meoi t > 0.
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t
D& bién s6 u = g ta duge
+ ae 2 11
—ut-
Py =-2fe Ydu=-2KY,t>0
0
by Tu dd suy ra
Inlit) = - 2t + C ; I{t}) = e ?.e', C = const.

vr
2

Dé thay ham s I lién tuc trén [0; +«). Do dé e¢ = 1(0) =

va
I(t) = LECE T
2
Vil la mdét ham s6 chan nén

I(t) = ‘% e 21Ul v4i moi t € R.
34. Gia st a, b 1a hai s6 thyc bat ki, 0 < a < b. Véia, 8 €
e”"xz—e_ﬁ"l .
[a, bl, dat fix, @) = | g Voix =0
0 viix = 0

Khi d6, cdc ham s6 )va

of ol
(x, @) = 5= (X, a) = — xe o

déu lién tuc trén [0, +=) x[a, b]. Dé dang thay rang tich phan

+ oo

T = f -
u

T +
— X _ e_. ﬁx_
e dx

X

hoi tu trén [a, b]. Vi
1 2
0 < xe ™ < xe & vdi moi ¢« € [a, b)]
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4o

va tich phan f xe % dy hoéi tu nén theo ddu hiéu Vayoxtrat,
0 '
+ = .
tich phan f — xe” “* dx hoi ty déu trén [a, bl. Do d6 ham =6 1
0
cd dao ham trén [a, b] va

4 =

2 1
() = ~ { xe ¥ dx = — 55 vdi mei ¢ € [a, bl.
. 1 . 1
Dodo](a):—Elna+C.ViI(ﬁ):0nénC:élnﬁ,vz‘i

<

In g voi moi a, § € [a, b], do do vdi

b | e

I{e) = % (Inf — Inay =

moi «, 8 duong.

BAI TAP CHUONG XI

TICH PHAN BOI

A. Tich phan hai 16p
1. Ap dung dinh nghia tich phan, hay tinh

I = [ [ fx, y)dxdy,
R

R = [a, b] x [c, d] 1a mot hinh ch@ nhat dong, f(x, y) = 4,
trong dé A la mét s6 thyc khong déi.

2. Ching minh rang

a) Tap hop con cias mét tap hop o6 dién tich khong la mot
tap hop co dién tich khéng ;

b) Hgp cla mét ho hitu han tap hgp od dién tich khéng la
mét tap hgp cé dién tich khéng
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3. Gia s A, B 1a hai tap hop do duge (J) {(do duge theo nghia
(ticocdan) trong RZ?. Chung minh rang

a) Cac tap hop A N B va A U B la do duge (J) va
w(A) + u(B) = w{A N By + u(A U B

(#(A) chi dién tich cua tap hop A),

b) Cac tap hop A \ B vaA B \ A la do dugc (I} va
@A U B) = wlA\ B) +u(A N B) +u(B\ A

¢) Néux € R2thi tap hgp x + A = {x +a :a € A} la do
duge (3) va : '

uix + A) = plA).

4. Gii st A va B 1a hai tap hop do duge (J) trong R?. Ching
minh rang )

a) Néu A N B = @ thi u(A U B) = ulA) + u(B),
b) Néu A C B thi (B \ A) = u(B) — u(A).

5.* Goi J(R?) 14 ho cde tap hgp do duge (J) trong R, C, la
hinh vuong nda md [0, 1) x {0, 1). Ching minh ring

C Né&u 7 : J(R?) — R 1a mot ham sd cd cde tinh chdt sau :
a) y{A) = 0 voi moi A € J(R?),
b) Néu A, B € JBR? va A N B = @ thi (A U B) = yA) + (B,
¢ Néu A € J(R?) va x € R? thi y(x + A) = y(A),
d) y(C,) = 1

thi y(A) = w(A) v6i moi A € J(R?) («(A) 1a dién tich cia A).

8. Gia st v : JIR?) — R 1a mét ham s6 cd cac tinh chét a), b), ¢
trong bai tap 5. Ching minh ring ton tai mot hing s6 m = 0
sao cho v(A) = mu(A) véi moi A € J(R?).

7. Ching minh rang néu A € J(R?) thi phan trong A 1a bao
dong A cia A déu thuge J(R? va u(A) = u(A) = w(A).
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+ o
va tich phan f xe” & dx hoi tu nén theo ddu higéu Vayoxtrat,
0 '
+ =
tich phéan f ~ xe” ™ dx hdi tu déu trén [a, bl Do dé ham s6 1
0
c0 dao ham trén [a, b] va

+ =0 1
= — -— v@i moi @ € [a, b].

Ple) = — f xe”® dx =
o 2a

1 . 1
Do do I(a) = ~§lna+C.ViI(ﬁ]=0nénC= ilnﬁ,vﬁ

i vOi moi a, f € {a, b}, do dd vai

lna

B =

I{cy = % (Ing ~Ina) =

moi «, 8 duong.

BAI TAP CHUONG Xi
TICH PHAN BOI

A. Tich phan hai lop
1. Ap dung dinh nghia tich phan, hiy tinh

1= [ fix, y)dxdy,
R

R = [a, b] x [c, d] 1a m&t hinh chir nhat ddng, f(x, y} = A,
trong dd 4 la mét s6 thyc khong déi.

2. Chdng minh rang

a) Tap hop con cia mot tap hop cd dién tich khong la moét
tap hop cd dién tich khong ;

b} Hgp cta mét ho hitu han tdp hgp cd dién tich khéng ia

mét tap hop cd dién tich khong
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8. Chung minh rang néu A € J{R?) va (A} > 0 thi tén tai
mét hinh vudng déng C C A sac che wi(Cl > O

9. Giast f: R — R 'a mét ham s6 kha tich trén hinh chi
nhat déng R va A 13 mét tap hgp con do duge (J) cia R. Chung
minh ring ham s6 f i,»\ : A — R 1a kha tich trén A

10. Gia st A, B € J(R%, B ¢ A. Chdng minh ring néu ham
36 f : A — R kha tich trén A thi ham s6 f " kha tich trén B

11.* Dinh li vé gia tri trung binh cia tich phén.

Gia st D € J(R?) la mot tap hop lién thong va £ : 1) — R
1a moét ham s6 lién tuc va bi chan trén D. Ching minh rang ton
tai mot di€ém P € D sao cho [ [ f(x, yydxdy = f(P)|Di.

¥

12. Ching minh rang néu f, g - D — R [a hai ham s6 kha

tich trén tap hgp bi chan D € R? thi ham s6 fg kha tich trén D.

13. Gia sit D € J(R?), f, g 14 hai ham s6 kha tich trén D va
g(x, ¥y) = 0 v6i moi (x, y) € D. Ching minh rang néu m = inff(D),
M = supf(I}) thi ton tai mot s6 thuc ¢ € [m, M] sao cho

Jffx, vgix, yydxdy = ¢ [ [ gx, y)dxdy.
N [p]

14. Chitng minh rang ndéu ngoai cac gid thiét cta bai tap 13,
D la mot tap hap lién thong va f lién tuc trén D thi tdn tai mot
diegm P € D sao cho

ST e e yidxdy = (P [ [ g, y) dxdy.
» D
15. Gia s¢ D la mét tap hop do duge (J) trong R, f, f,, £,
la nhitng ham s6 kha tich trén D. Chdng minh rang néu day
If } hoi tu déu dén f trén D thi

Hm f_f f{x, y)dxdy = ff fix, yidxdy.
n-»= [3 B
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16. Tinh cac tich phéan sau :

all = _ff - x7 — y9dxdy, R = {ix, y) :

dxdy

by J = -— . R = ¥
) ff . {tx, ¥

o) K = jf — = dxdy , R = [0, 1] x {0, 1].

17. Cho hinh chit nhat R = [a, b} X [c, d] vA hai ham s6
lién tuc f : [a, b] = R, g : [¢, d] = R. Ching minh ring

b d
JJ ) e dxdy = [ fxydx [ g)dy.
K i C

18. Gia st ham s0 f : R — R ¢d cdc dao ham riéng dén cédp

hai lién tuc trén hinh chit nhat R = [a, b] x [¢, d]. Tinh

i=fF fx;(x, y) dxdy
1

19. Cho ham s& f liér tne trén (a, b]. Ching minh rang

M

(f fix)dx '}2 = b - r 2(x) dx.

20. Tinh céc tich phian sau ;

a1l = ff xydxdy , D = {tx, y) :x = 0, y
9]

= [ ] (x + 2y)dxdy, D la hinh phang gidi han bdi cic
8]

dutng thang y = x, y =
o= ff (x — y)dxdy, D la hinh phéng giéi han bdi cdc

>0, x+y < 1}

2x, x = 2, x = 3

8]
dudngy = 2 - x>, y = 2x - 1.
30-GIAI TICH-B
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dy I = f_f (x + y)dxdy, D la mién tam gidc voi cac dinh O(0, 0),
I3
AL, 1), B(2, 0).

21. Tinh cac tich phan sau :

&) I = [ [ (2 +y)dxdy, D la hinh phing gi6i han bi cac
]
dudng thaing x = 0,y = 1,y = 2,y = x.

by I = [ [ (1 +x + y)dxdy, D 1a hinh phing gidi han boi
»
cac dutng x +y = 0, x = vy, y = 2.

xdxdy
c) I = . )
I ey
d I = ff (x — y)dxdy , D 1a hinh phang giéi han bdi cac
[
dutngy = x + 1, x =y y = %l

D={(x,y}:0$_x£2,y2$2x}

22, Cho tap hop
D={xyeR:¥x +Vy = 1, VI=x +VI-y = 1}

“a) Ching minh rang

D= {{x,y):0 s x €1, x—2Vx+1 éy5x+2\ﬁn——x—1}.

by Tinh I = [ [ (x + y)dxdy.
D

23. Tinh [ = [ [ ¥y — «7 dxdy

x| <1
D=y=2

24. Tinh I = [ [ [x + yldxdy,
[

D={x,y):0<x<2 0<ys 2}, [x+y]laphin nguyén
caa x + y.
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, s N U B
25. Tinh I = ff sign(x- + y° + 2)dxdy, I} 1a i hinh tron
0

D=V{ix, y»:x+y <4, x20y=z 0}
26. Tinh cac tich phan sau :

a) I= {f(x+y)*x —y)ydxdy , D la hinh vudng gisi han bdi
13 :
cdc dudng thang x +y = LLx —y=1,x+y =3, x -y = -1

b) I= [ (v —x)dxdy , D 13 hinh phing gi6i han béi cic dudng
[

x 7
3 gr.y_

thingy = x+ 1,y =x -3,y = — + 5.

x
3

27. Su dung phép d&i bién s6 thich hgp, tinh dién tich hinh
phang D gidi han bdi cdc dudng cong xy = 1, xy = 2, y = x?,

y = 2x%

28. Tinh cdac tich phan sau :

’ 2
a)I=ff -(xidxdy.

s
x2+y‘sl

o 1
b) I = [ [ xyVx?+2y7 dxdy , D la mot i hinh tron.

7
D={x,y):x*+y <1, x 20y = 0}

o) [ f Va2 = =yldxdy , D = {(x, y) : x% - ax + y? < O}.
N

d) [ +yhHdxdy, D = {x, y) : x2 + y2 < 2x}.
D

e) ff xydxdy , D = {(x, y) : x° +y2 +3 < 4x, vy = 0}
1>

6 [ [ VxT¥37dxdy, D = {ix,y) :x 2 Oy = 0,
>

Rx € x% + y2 < 4R}
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g [ x+ydxdy, D = {x,y) :x*+y° €<xry y<x
n

h) _ff (x2 + y¥)dxdy , D la phdn cia nda hinh tron {(x, y} :
D
x2 +y2 £y, x » 0} nam ngoai hinh tron {(x, y) : x* +y% < x}.

iy [ &+ y2 dxdy
12

D= {(x,y):x =0, a £ Vx? yzsa(1+ X )}, a>0.

dxdy a
i} —e— D={x,y):0sxsa 0y < =}
M G

a, b >0
; . ; . ; . A 2
29. Tinh dién tich phan cda hinh tron x¢ — — x + v < @

V3

2

o

ndm ngoai hinh tron x? + 1.

e

R

2
W

30. Cho D = {(x, ¥} - IR

s.l}

a) Tinh dién tich cta D.
b) Tinh cdc tich phan sau :

x ¥ X ¥
= 4 2
St ep oAb k>0
32. Choa > 0,b > 0
. x2 y?. 2 x? y2
D= (= +2y - (= ~-=) =0
fen:(Grg) —(E-w =0 W

D= {{x, v eD:x =20y =z 0}
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a) Chitng minh rang D} = 4|D’)].

b) Tinh dién tich cta D.

33. Tinh dién tich hinh phang gigi han béi dudng Lemnixcat

(x? + y?)? = 2a2(x? - y?) va dudng trén x% + y2 = a2, véi
x? + yz = aZ

34. Tim dién tich hinh phing trong gdc phdn tv thd nhat gioi
han bdi la Décse x* + y3 = axy (xem hinh 29 trang 282 Giai
tich tap I).

35. a) Chidng minh ring
J-J- e‘("2+y2)dxdy _ %{1 _ e—al)
D,
trong d6 D, = {(x, y}) :x 2 0,y 2 0, x2 + y2 < a2}, a > 0.
b} Ching minh ring

b
Ir e“(xz“yz)dxdy = (f e_"zdx)z,
0

R,

trong dd R, = {(x, y) : 0 € x < b, 0 £y £ b}, b > 0.

) +

¢) Ti bao ham thic D, C R, C D,/ , hay tinh f e X dx .

0

36. Gia st ham s6 (x, y) > f(x, y) lién tuc trén mét lan can
cia di€m (0, 0). Chiing minh rang
1
lim — [ [ f(x, y)dxdy = (0, 0).
re0 I 2o 2

37." Chohams6 F(t) = [ {x + y? dxdy,t e R.
G-+~ s

Ching minh ring

' +
Py = [ f =

DYl RS S
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X
38.* Cho ham s6 f(t) = [ [ e ¥ dxdy t > 0.
0=sx=1

O=sy=1t
Chdng minh rang
-2
ity = _t,._ :
39.* Gia st f 13 mot ham s8 lién tuc trén R? va F : (0, +) = R
la ham s6 xac dinh bdi

Ft)y = [ [ f(x, y)dxdy.

Lyt
Ching minh rang
T
. F(t) = [ tf(tcosH, tsin8)do.
0

40. Tinh th& tich cia vat thé gidi han bdi cdc mat :
a)z = x> +y5,y=x%y=112=0,
b) x2 + y2 + 22 = 4a?, x* +y? - 2ay = 0,
c)x2+y2=8,x=0,y=0,z=0,x+y+z=4,
d}x2+4y2+z:1,z=0,(x?0,y20,z?0)
22 X2y 72
e)a_2+gi'+§:1’;+§:';E(220)’
f}xz-’ryzzaz, x2+zz=az,
g)z=xy,x+y+z=1,z=0,
h}z:1—x2—y2,y=x,y=x\[§,z=0(x,y,z?0),
Dy =x*+1,z=38y=51z=0(x1y z=20),
Dx =2y, x+2y+tz=4y=02=0
41. Tinh dién tich phan mat cdu x? + y? + z2 = 4R? gi6i han
boi hai kinh tuyén ¢ = ¢, ¢ = ¢, va hai vi tuyén 8 = 6, 8 = 0,.
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42. Tinh dién tich
a) Phin cda mat nén z = ¥x* + y?2 ndm trong mat tru

5

X%k yv? = 2x.
b) Phin cia mat tru z = x° gigi han bai cdc mat phang
x+y=¥2 x=0y=0.
¢) Phan mat try x° = 2z gioi han bsi cde mat phang
X~ 2y =0, v = 2x, x = 22,
d) Phdan mat tru x2 + 72 = 4 nam trong mat tru x? + y- = 4.
e) Phan cia mat parabaloit y = x? + 22 nam trong mat tru
» bl
X+ z- = 1.

2 nam trong mat tru

fi Phdn mat cdu x° + y2 4+ 2?2 = a
x? +y? = ay, a > 0.
g) Phan mat cdu x? + y¢ + 22 = 4 nam trong mat tru

-2
);— +y¢ = ]

h) Phan cia méat az = xy ndm trong mat tru x2 + y2 = a2
(a = ()

i) Phan cia mat 22 = 2xy gi¢i han bdi cdc méat phang
x =1,y =4

B. Tich phan ba lap
{. Tinh cac tich phan sau :

a)I = [[[ edxdydz B = {(x, 3,2 :x20,y20, z 2 0,
13
x+y+z < al’a>0

b) I = [[[ (x* + yhdxdydz , V 1a kh6i td dién ABCD vei
A4

Ala, b, 03, Bla, -b, 0y, C(0, 0, ¢}, IXO0, 0, —¢), a, b, ¢ > 0.
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c) I = fff (2x + 3y — z)dxdydz B la lang tru tam giac giai
B

han béi cac mat phangz = 0,z =a,x =0,y =0, x +y = b,
a b > 0).

2. Tinh I = [[f (x + y + 2)%dxdydz B Ja vat thé gioi han
H

béi mat tru x2 + 22 = 1 va hai mat phdngy = 0, y = 1.

3. Tinh cdc tich phan sau :

a) I=[[[2%dxdydz B = {x,y,2 : x +y> < R% 0 < z < h}.
B3

by I = fff z VxZ + y2 dxdydz trong do
B

B={(x,y,2):x?~2ax+y2 € 0,0 < z < b}.

4. Tinh céc tich phan sau :

a) I = [ff x%dxdyds b) J = [ ¥x2"% 37 + 22 dxdydz ,
B b

B la hinh cdu tam O(0, 0, 0), ban kinh a.

dxdydz

5. Tinh iich phan I = fff ﬁ:yz_—;*'- ,
X Z

R

B={(x,y,2:0<b? s x2+y+3z2 < a?}.

6. Tinh tich phar I = [[[ V3% + y7 ¥ 27 dxdydz,
B

B = {{x,y, z) : x +yZ + 22 < z}.

7. Tinb tich phan I = [[f x2 + y2 + 2?)dxdydz,
B

B={x,y,2) :x+y2+22 € x+y+z}
8. Tinh tich phan 1 = [[] zdxdydz
B’

B={(x,y, 2 :x2+y <22 x2+y2+22 5 a2 2 > 0}.
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9. ChoB = {ix,y,z: —; + 75+ —-< 1,x20y=01z2= 0L
a .

Tinh

I = fff xyzdxdydz va § = fff zdxdydz
B B

10. Cho B 1a mdt tap hop do duge (J) trong R® c6 thé tich
dugng. ChUng minh rang t6ép tai moét hinh lip phuong ddng cd
thé tich duong chita trong B.

11. Gia st B € J(RY), tic la B la moét tap hop do duoc (J)
trong R3, f, g : B — R 14 hai ham s6 kha tich trén B va
gix, y, z) = 0 v6i moi {x, y, z) € B.

a) Ching minh tang néu m = inff(B), M = supf(B) thi t6n
tai mot s6 thuec # € [m, M] sao cho

_”-f f(x, y, z)g(x, ¥y, 2)dxdydz = ¢ fff glx, y, z)dxdydz
B B

b) Ching minh ring néu ngoadi ra, B la mét tap hop lién
théng dong thi t6n tai mot difm Q € B sao cho

[ fgdxdydz = 8Q) [[[ gdxdydz .
B B

12.* Dinh li vé& gia tri trung binh cda tich phan.

Gia stt B la mot tap hop lién thong do dugc trong R, f:B—-R
13 mot ham s6 lién tuc va bi chan trén B. Ching minh rang ton
tai mat diem @ € B sao cho

JfJ fx, y, z)dzdydz = £(Q) | BI.
B

13." Gia st E 1a m6t tap hgp dong do duge (J) trong R? va
f: E — R la mot ham s6 lién tuc trén B sao cho
ff[ fx, y, z)dxdydz = O véi moi hinh ciu B C E. Ching

B
minh rang
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.”..r f(x: ¥, Z) dXdydz = 0.
I

14. Cho ham s6 lién tuc f : [0, +=) — R va ham sé
F : [0, +x}) — R xdc dinh hdi

Fit) = [{[ fx? + 32 + 22) dxdydz
x2+y2 +22 2 ?
Ching minh ring

F’(t) = 4xt2(t?) voi moi t = 0.
15. Tinh thé€ tich vat thé gidi han bdi cac mat
a)z = x2 +y2 z = 2x2 + 2y%, y = x, y = %%
b)z=x+y z=xy,x+y=1,x=0,y = 0.
c)hz =x2+y% z="h h > 0.
d) z =6 - x% - y2 z = VxZ2 + y2.
e) z = Vx? +y2 |, z = x2 + y2,

f)x2+y2:az,z=23—{;z+y2,a>0,

1 2 2 2z 2 2 2 oA :
g)xzi(x + y9), x* +y* +z° = 4 (vat thé nadm phia trong
mit tru)
h)x2+y2+z2=Zaz,x2+y2=zz(xz+yzg32)’a>0_

Dx2+22 =a |x+yl =a, |x -y} =a, a>0

16. Tinh th& tich vat thé A gisi han bsi mat

(alx +bhy+ clz)2 + (azx + by + (:zz)2 + (a3x + b3y + 032)2 R?,

biét rang
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C. UNG DUNG VAT Li €UA TICH PHAN BOI

17. Tinh khéi lugng ctia mdt ban hinh tron bén kinh R, biét
ring khdi lugng riéng cia ban tai mdi di€m cia nd ti 1é nghich
véi khoang cach ti diém do dén tam hinh tron va bang & tai
mbdi diém bién cta ban.

18. Tim toa dé trong tam cia cdc ban dong chédt gidi han bdi
cde dusng sau ©

AV +Vy = Va,x =0,y =0,a > 0.

by ay = x%, x +y = 2a,a > 0.

19. Tim toa d6 trong tam cia vat th& dong chit trong goc
phén tam thd nhdt gidi han bdi cdc mat

%2

2Ly 0 0 0
—_— ~ — = N X = , = R 7z = .
a2 b2 Y
20. Tinh momen quan tinh déi v6i cac mat phang toa db cia
cdc vat th€ dong chat gidi han boi cac mat sau :

2 2 2
x y z
I A
a? b2 c? ’
2 2 2
X Z .
X+ =% s=cabc>0,
a?z bl c?

bist rang ham khsi luong riéng cia vat thé M — o{M) = 1 tai
moi di€m cha vat thé,

BAI GIAI, HUONG DAN, DAP S0 CHUONG XI

A. Tich phan hai 16p
1.1 = AIR|] = A(b - a}d - ¢)

3. Cac tap hop 9A va 9B, bién cia A va B déu cd dién tich
khong. Dé dang ching minh dugc rang céc bién

2(A N B), A U B), 9A \ B), (B \ A)
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déu la nhilng tap hop con cta A U oB. Do dé ching co dién tich
khong. Vay AN B, A U B, A\ B va B\ A déu do duge (J).

Lay mot hinh chu nhat ddng R chia A U B. Goi ian R—R
la ham s6 x4ac dinh bai
] 1 vai x € A,

Xalx) = ¢
0véix € R\ A

Cae ham 86 x5, ¥4 | p XA n s duoe dinh nghia tuong ty Vi cée
tap hgp dugc xét déu do duge (J) nén cic ham s& nay déu kha
tich trén R. D& dang thdy rang

It an = xane T xaun
Do d¢
#(A) + u(B)

ff X5 dxdy + f.’- x dxdy

R R

=SS Ga + apddxdy = [ 00y *+ 24 ) dxdy
R R

= ff Xanpdxdy + .”I XAy p dxdy
R R

= u(A N B) + 2(A U B)

Dang thic trong b} duge ching minh tuong ty.

c} Néu R la hinh chit nhat déng chita A thi x + R 1a hinh
chit nhat déng chida x + A Néu n = {AR,, .., AR} 12 mot phép
phan hoach hinh chit nhat R thi r, = {x + AR, ., x + AR}
la moét phép phan hoach hinh chit nhit x + R. Goi
AR, .., AR, 13 cdc hinh ch& nhat cia = c6 di€m chung véi a

1

Khi d6 x + AR, ., x + AR, 1a cac hinh chd nhat cta X, co
1

di€ém chung v6i x + A va tdng dién tich cia ching bdng téng
dién tich cda cac hinh chit nhat AR, .., AR, . Tu dé suy ra riang
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d6 do ngoai cua tap hop x + A bang do do ngoai cta A. Ching
minh tuong tu, dé do trong cta x + A bing do do trong cua A.
Tit d6 suy ra diéu cdn ching minh.

4. Suy ra tit bai tap 3.

5. Goi C_ 14 hinh vuong nia mé C, = 10,277 x [0,2 ), nla
moét s6 nguyén duong. Vi C 14 hgp caa 22" hinh vuéng nua md,
cac anh tinh tién cta hinh vuéng C_, d6i mot khong giao nhau nén

I = §(C,) = 22%%(C,). Do d6 §(C) = 272" = p(C,).

Néu A, B € J(R?) va A C B thi »(A) < »B). That vay, ta
6B =AUB\LA vaAN B\ A — g Dodé ti a) vab)
suy ta

S(B) = y(A) + 7B\ A) = wA).

Gia sit A € J(R?). Khi dé, vi A la mot tap hop bi chan nén
A chida trong phan trong cia hinh vudng dong R = [-27, 2m]
x [-2M 27 véi m nguyén duong du 16n. Cho £ > 0 tay y. Tén
tai mot phép phan hoach hinh vuéng R thanh cic hinh vuong
¢ canh dai 27" sao cho tdng dién tich cdc hinh vuéng AR, .., ARp
chia trong A }on hon p(A) - £ va tdng dién tich cdc hinh vuéng
AR, . AR cé diém chung v6i A nhd hon u(A) + £ p € Q.
Méi hmh vuong AR, khac anh tinh tién x; + C, cia C mot tap

hop ¢ dién tich khong. Do dd

p q
(A - & < p(UJ (x+ C)) < u(A) s u(J (x,+C)) < plA) +& (1)
i=1 i=1

Vi 4 va y déu bat bién qua phép tinh tién cac tip hop va
bang nhau tai méi C_  va vi cac tap hop x; + C,, d6i mot roi
nhau nén

- . )_p
u(U{x+C) 2p(x+0,) Zx(x+c = 7 (U (x +C).
1=1

=1 1=} 1=
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Do do
P 4

WAy - ¢ < ;,( U (x, +Cn}) < yA) s y(U@x+C)) <
i1 j o=

!
< wlA) + & (2)

T (2) suy ra |7(A) - w(A)| < & Vie > 0 oho tiy ¥ nén ti
dé suy ra y(A) = u(A).

6. Tu cdc tinh chit a), b) cia », d& dang thdy rang v la mét
ham s8 tang, tic 1a

(VA, B € J(R)) A C B = v(A) < «(B).

Pat C, = [0, 1) x [0, 1).

Néu v(C} = 0 thi d& dang thdy ring vai moi tap hgp bi chan
A, ta déu ¢ v(A) = 0. Do dd v(A) = 0 vdi moi A € J(R?). Didu
khang dinh ding néu ldy m = 0. Né&u v(C)) > 0, ta dat

a(A) = v(A), A € J(R?).

) 1
v(C,,)

Khi d6 @ e6 cdc tinh chit a), b), c), d) cia bai tip 5. Do dg
a = u Taldy m = +(C).

8. Ldy mot hinh chit nhat déng R chwa A. Theo dinh nghia
dd do trong cia mét tap hop, tén tai mot phép phan hoach
# = {AR|, .., AR} cta R sac cho téng dién tich cta cac hinh

A . R
chi nhat AR, cht¢a trong A lén hon ;% > 0. Lay mdt hinh chi

nhat AR, C A va moét hink vuéng C C AR, . Hinh vudng C théa

1 1

man diéu kién doi hoi.

9. Cho ¢ > 0ty y. Vi A € J(R?) nén biér #A ¢6 dién tich
khéng. Do d6 tén tai mot phép phan hoach 7, hinh chi nhat R
sao cho tng dién tich cdc hinh chi# nhat nhd ed didm chung -&i
dA nhé hon & Vi f kha tich trén R nén tén tai mot phép phan
hoach = = {AR, .., AR_} cta R sao cho

S(f, 7) ~ s(f, =) < &,

479



S(f, n) va s(f, x) la cac tdng Dacbu clha ham 56 [ dng voi &

Ta ldy » min hop ;. Dat M = sup |f(x)] va goig: R =R la
re R

ham s6 xdc dinh bdéi
" fix) véi x € A,
g(x) =
\ 0vai x € R\ A

Ta viét hiéu cac tSng Dacbu cia g dudi dang

n
S‘J - ‘j)z M - JAR. = -‘+ + s
(g T)_ s(g, igl( i m:) 1 Z] ZZ 23

trong dé 21 la t8ng cia cac s6 hang ma AR C A, 22 la tong
cda cac s6 hang ma AR, N 9A = & va AR, € A, z% la téng

cdc s6 hang ma AR, N A = @. Khi d6 ¥ =0,

z! < 8(f, 1) — s(f, ) < € vi gix) = f(x) v6i moi x € AR,

vol cdec AR, cd mat trong téng 21 )
>, < 2M 2 AR, < 2Me.

Do ddé S(g, n) - sig, © < 2ZM + e
Vay g kha tich trén R, tic la f kha tich trén A.
10. Suy ra td bai tap 9.
11. Chu y riang dinh I 4 11 la mét truong hop dac biét cua
bai tap nay.
Néu |D| = O thi hién nhién didu khang dinh diung. Gia su
ID| > 0. Dat m = inf f(x, y), M = sup {{x, y}. Ta cd
xyyen x.v)E D}
1
m < 1] [ fx, yydxdy < M (1).
D
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Néu ca hai bat diang thic trong (1) déu la nghiém ngat thi

tén tai bal difm tx,. y,} va (x,, y,) cia I} sao cho

1
m < flx,, ¥y < |0 ff f(x, yydxdy < fix,, y,) < M
D

Didu khang dinh suy ra ti dinh i Bénzano-Cosi (dinh i
V.11.13, Giai tich tap 1». '

Gia s [[ f(x, y)dxdy = M[D]. Néu ham sé f dat dugc gia

1

tri M tai diem P € D thi diéu khang dinh dia duce ching minh.
Gia su fix, y) < M véi moi {x, y) € D. Vi [D| > 0 nén tén tai
mot hinh chit nhat déng R € D sao cho |[R{ > 0 ixem bai tap
8). Vi R la mét tap hop compic va f lién tuc trén R nén

max f(x, y) = « < M. Do dd
(vl e 1

MiD| = ff fix, yydxdy = ff f(x, y)dxdy + ff fix, y)dzdy
1> R [)'\'R

< «/R| + MID \ R|
< M{IR| + |D \ R|) = M|D|

Vo li ! Truong hop [ f(x, y)dxdy = m|D| dugc xét tuong tu.
D
12. Tudgng tu nhu déi vai tich phan moét lop, ta ching minh
duge néu f va g 12 hai ham so kha tich trén hinh chit nhat
R <€ R-> thi ham sé fg kha tich trén R. Tu dinh nghia cia tich
phan hai lgp trén mot tap hop bj chan DD C R? suy ra diéu can
ching minh.

25 . i
5 oK =13

. 35 .
16.3,}I=§; hy J = ln

I8. I = fib, d) - fta, d} - fib, ) + fia, b

19. Ham s6 (x, y) == [f(x) — fiyi]* lién tue va khong am trén
hinh vuang R = [a, b] x [a, b]. Do do
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JT iy = )l dxdy = 0
1R

I I
= f dx f [fix) — fiyifdy = 0.

H i

T d6 suy ra bat dang thdc c4n chding minh.

1
t.} = P = 20+ .
20. a) 1 24 by ] 2’53
b D ={ix,yv) -3 g w1, 2x-1=sys«
I 2w 4
l:fdxf(}(“}')dyz‘—’l'lg.
1 2x-1
! X 2 2x
dir b = f dx J ix + ydy + f dx f (x + y)ydy
i 1 : 1 [t
hecace
| 2oy 4
I = f dy f (x + viux = 3
2 v
21, Y D = 4x, vy 01 £ v s 20 s x5 yh
2 v
1= [dy [ (24 yidx = 5.
1 0
byI) = {ix.y}): 0 sy s 2, -y = x < vyl

k] V";

I:j‘dyf.(] tx +ydx =g

{1 oy

¢r Cd thé vigt D dudi dang

-

..!'ﬂ

Do ofxowy o -2

i
et
i
[N
LS
i
i

3_ B

13 44¥2
_ _+. B

15
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. 5
= [VB Tyray - [ (y2-+1)dy=2-ln5——.

22 a) Hién nhién : (x, yy e D=>0<sx s 1,0 =<y < L
Vi +Vy 2 11 —Vx s Vy =1 - 2x +x <y,
Vi - x+Vicyzlel - ¥ -x sVl -y
= (1 — Vi - x)¥ g1 —ye=y € x+2{1 —x — L,
Dé dang thay rang .
1 —2yx +x < x +2¥1 —x — 1 vai moi x € [0, 1].
Tu d¢ ta cd a).
b} Tap hop D d6i xdng qua dudng phan giac thd nhat y =
Do do
J'_f xdxdy = J-J' ydxdy, va
D

1 X+ \II__: =

=2 ff xdxdy = 2 [ dx [ xdy = 3.
(3 0 x - 2x t 1l

23. Ban doc tu vé hinh. 1a cd
y - x2 < 0 voi moi (x, y) € Dy,
:{(x,y):—lsxél,UEySXE},
y — x¢ 2 0 vél mei (x, y} € D,
= {(x, y): 1< x <1, x €y s 2}
ff Vx? -y dxdy + ff vy —x? dxdy .
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n
hY

1
STV =y dxdy = [ dx [ VETY dy = 5
-k

i

oo t
1 2 4! \
ff Vy —x7 dxdy = f dx f Vy —x¢ dy = 3 f (2 — x9)5dx
0, _ < < 0
D8I bign 6 x = ¥2sint, ta tinh dude
i z 4
f@—x7dxdy=—;—+§.
1,
1 n 4 bl 5
l=3+5+3=5%3
24. Chia D thanh 4 mién D,
D, D5, D, b3di cac duang thang gy
xty=%k k=1, 2 3 Taecd
Ix+yl =k -1vix y € ImD.
T d6 suy ra D4
I =0ID,| +ID,] +2{D,] + Ds
+ 3|D,!, D,
D = 2. D, = IDy = 5,
X - 2 : 2 = 3 - 2 1 D1
I =6 0 M
25. Hipebon x?2 - y2 + 2 = 0
N L Hinh 37
chia 1 hinh tron D thanh hai hinh
phang D, va D,,
D={xneD:0<sxs,{x+2 sy < {4 ~x%},
D, =D}y D, Ta co

r

x> -y + 2 € 0 vdl moi (x, y) € B,

il

x“ -y + 2 2 0 vai moi ix, y) € D,.
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Hinh 38

De dg
— 1 v6i (x, y) € IntD,,

: 2 _ .2 —
sign(x® - y° +2) = | 1veixy) € IntD,

U= [[ dxdy = [f dxdy = [D,)] - ID,| = ID| - 2{D,]
[3. i)l

Dién tich ctia | 1a :

_ : t Va-Z
D] = [f dxdy = [ dx Jdy = [ (W4 —%7 - VxZ ¥ 2)dx
D o Ye+2 0
1+V3
Dl =% —1In LE]
3 V2
T 1+V3 T 1+V3
I_”_2(§_l“_—ﬁ )_3+21n—2~--=

26. a) Ban doc tu vé hinh.

Dé&i bién s6 u = x +y, v = x — y, ta duoe
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1 1
= = = |du, il = 5.

! 1
_ D, y) 2 2
1 2 2

Jfu, vy = D(u.- v)

A={u,v)i:1l susi3 -1<veli-Goig:R—=R?1a

anh xa (u, v) — (x, v} = ( ------- -, ——----—-) .Ta e I = p(A) va

3 1
f widu f vidy = %q )
1 ‘

ba| —

D= ff w2 du, o) dudv =
A -1

by I = -8 .

27. Hinh phidng D) gigi han bdi hai parabén va hai hipebon.
Ban doc hay vé hinh. Dién tich hinh phang D la

ID{ = [ dxdy.
i}

D6i bitn 56 u = xy, v = % Anh xa ¢ : (4, V) = (x, y) bién hinh

X
vadng A = {(u, v) : 1l £ us 2,1 £ v < 2} thanh D : ¢(A) = D.

¥ X :

* ].
Ty = |- L= —av s g vl - 5,

X3 Xz x

(u, v € A,

28. a) Chuy&n sang toa do cue, [ = 7 (1 + 2In ( —))

by Chuyén sang toa do cue
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I
l 2

e 7
I = f ridr f sindcosh Y1 + 3sginf? d¥ = Sz -
0 0 2
. a,: > a”
¢) Bign 9 cna D la dudng tron (_x - ‘_Z) vy =y

Chuyén sang toa df cuce @ X = rcos#, vy = rsin#, ta dude
i = [f ¥af =17 rdr,
A

A= {(9,1‘):—%sHs%,Oérsacosl‘)},
f-i- acost! ] - a_3
I = f dﬂf Va? — rZrdr = {3z —4)@—_
- 0 '

Pt {26

dr 1 = ‘r_ )

o) Bién D cta D 13 nia dudng tron (x-2)° +y° = 1,y 2 0.
Chuyén sang toa do cuc

x = 2 4 rcosf, y = rsinfl,
I = f_]. (2 + rcos8)rsin6rdrdd

A=1{6r1 0s68<a 0=sr=s 1}
4
L= 4.
f) Chuyén sang toa d¢ cuc : x = reosfl, y = rsinf,
1 = [ c2dedo, A = {(a,r):osesg,Rcososrszm.
f’.\
. 4y
2 2R
[ = [ de J ridr
0 Reost
2 1
- S mifo, —
I=3R (2% — 3) 2 i
. . 1 0 R 2R
D= {xy: (x* 2--)2+ (_y - Q)z < -,y<x} Hinh 1
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Chuy€n sang toa do cuc

E 3 y
X = reosf, y = rsin#,
1= ff r{cosf 4+ sin &rdr,
A
A={g .- " <9<, 1
4 4 74
0<r<vy2ecos ('9 - i—)}
it
1 e i f oo Y -
3 veeosif g 0 1
I= [ (cos +sinfhdy [ rdr=". 2
a 0
T Hinkh 40

b} Chuyén sang toa do cuc

X = rcosfl, y = rsinf,

I = ff H.rder,A:{(H,r):% % 6 < %,cos@érssinﬂ}.

sin# 1
dg [ rdr = g

cosf

I
| — |

1} Chuy&n sang toa d6 cuc : x = rcosf, ¥y = rsind.

I=fridodr A= {6,0):~ % < 0 <« Z asr<all+cosh)).

Eid

; 2 2
Al + cosé)

d¢ [ rldr = a3 (

it

,_.
i
— ity

[N}

J# T2 cd D= D U D, (xem hinh v&)
(‘.huyé’n sang toa do cuce
X = rcosf, y = rsinf,
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Y
&
V3
O,
7o x
0 a
Hinh £!
J-J- o dxdy J*J- dXdy
(b2 +x (b2 +x2 +yH”
s (b2 +r)’? 8 b2+ 122
JI'[ a
— 3 . —_ { [
Al_{{9,r).0£9$6,0$r~.c059},
T X a
= 9, A= g < a 0 = =0 }
Az AR 6 2 V3 sing
= a
o cos@
: 1
_ rdfdr =J‘d9 L.oxdr > :gb barcsm e (2)
as (b2+r2)?’"{2 0 0 {b2+ I.Z)"’ z{a“-l- h?
2 V3amé
rdr df rdr
Iz=.” =Ja [ 2 W
(b2 + 12)32 T o (b2 +1?)
i)
3b
7
= — aresin —.:: (3)
3b b 2yaZ +3p7
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T (1), 23, ¢3) suy ra
: l 3t
I =1 +1, = —2'— }—( arcsin--=-————+ aresin: -'-}-'-'—)1-4—7)
> b WaT+ e 2VaZ+ 3b7
29. Goi D la hinh phang cdn tinh dién tich. Dién tich cda
D la : '

[# ]

= ff dxdy. Chuyén sang tea dd cuc : x = reos#f, y = rsinf,
D
S = ff rdfdr, A = {0, r) : — e .lgr g -icos{i},
£ 6 £ K]

(Chu ¥ rang hai dugng tron bién cdt nhau tal hai diém co

hoanh d6 x = ).

T

2
) cosd
Sz}dﬁ Hf edr = = (3W3 — )
R 1 18 '
T e
30. a) Dién tich cta dia elip la : 8§ = [{ dxdy.
[}

Chuyén sang toa d¢ cuc md rong : x = arcosf, y = brsinf ;

[J(8, 1)] = abr, 8 = [[ abrdgdr, & = {6, 1) : 0 < 6 < 27,
A

0sr =< 1}.

27 I
S =ab [ d8 [ rdr = zab.
0 ]

2 1
VI = ; J = - nab{a® 2).
by 1 3 rab ; J 4J{db(‘1 + b?)

31. Ta viét phuong trinh cda dudng cong da cho dudi dang

4

X a .7 y b . 2 ac Bl
(2 =) (b a) =am ¥ e
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Dién tich cia hinh phang D gidgi han bdi duong cong da cho

X A
a8 = ff dxdy. Chuyén sang toa dd cyc - =

I A oy reosf,
b
% -3 = rsinf, ta cd
[Jig, v} = abr,
S = ab ff rdgdr,
A
_ L
1 a2  be 3
A= n 0<o <2 O<r<5 (it g0

xab ,af  b?
- = + ——),
4 ( h? k4
32. a) Tap hop D ddi xung qua hai truc toa dé. Tu dd suy
ra dang thic cdn chding minh.

S:

b) Chuyén sang toa d6 cyc : x = arcosf, y = brsing. Ta c¢
|J(@, r)| = abr. T bat phuong trinh trong (1) suy ra
r* - r2cos20 € 0 «=r < Vcosy
cos28 = 0
0 <6 < % 5
Dién tich hinh phiang D 1a :

ID| = 4 [[ dxdy = 4 [[ abrdodr,
D’ ’

A

A
A’:{(ﬂ,r‘):Osf}s%,Oﬁ.rs\fﬁ&;%}

.
+ Veos2p

ID| = 4ab [ d¢ [ rdr = ab,
0 0

33. Chuyén sang toa d6 cuc x = rcosfl, y = rsinf.

Phudng trinh ctia duong lemnixeat la : r = aVcos26.
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Dutgng  lemnixcat
cat dubng tron tai 4
digm. Giao difém A
trong gde phin tu thu

nhat cd toa do cue la

i 5 e B
(g ca . Hinh phing

doi xung qua hai truc

toa d§. Goi D 1a phin
cia hinh phang nam
trong gde phan tu thy

nhdi. Dién tich echa

hinh phang 1a :
S =4 [f dxdy = 4 [ ragdr, Hink 12
¥ A

=
I

o, .0 < # <= a < r < aVylcos20}.

T

0o AJZLUH_ZE

S =4 {as J rdr = 22 (V3 —%) :

o a

34. Hinb phing ddi xing qua dudng phan gidc tht nhat. Goj
D la phan hinh phiang nam gitta truc hoanh v duding phan gidc
thd nhdt. Dién tich cia hinh phing l1a - S. = 2 J-f dxdy. Chuyén

I

sang toa dd cuc, phuong trinh cia 1a Décde 1a : ricos’® + sin?g)
= asinfcosf.

asin fcos #

cos’f + siny

L O0sr=

S =2 ffrdedr,A:{(B,r):()sGs%
fu
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LA

I _iminveost 7
1 cosH - sin 4 1g2“ o2
S=2] dv [ rdr=a [ Fo—digh =
12 .
0 0 o (1 +tg) 6
+ =
35. ) _(I; e” x'1dx = —vré__{— .

36. Goi D, la hinh tron : D = {(x, y) : x* +y? € 3}, r > 0.
Theo dinh li vé gia tri trung binh cta tich phan, tén tai mét
diem (&, ) € D, sao cho

If fx. yydxdy = |DfE, 5) = ar’fE, »).
P,

1
ST e, yydxdy = £ 7).
are Ty

Vi f lién tuc tai di€m (0, 0) nén lim (&, 4) = (0, 0).

r-={

37. Chuyén sang toa d cuc : x -t = reosH, y — t = rsinf.

CF(t) = [ V{t +rcosd)F + (L + rsin#)? rdvdr,
A
A={H1) :0<88 < 21,0 <r <}

20 1

F{t) = f ds _f V(1 +rcos®)* + (t + rsin)? rdr,
0 0
2 1 .

F(ty = [ (6, tydo voi 106, 1) = [ V{t+ reosd)’+ (t+ reind)? rdr.
0 o

Dé dang thay rdng ham s f lién tuc va ¢d dao ham rieng
of
" lisn tuc trén RZ. Do d¢
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! - ' t + reogi+ t + rsing |
o . e

nf
Fity - (. i)dp = dfi - S
{ rit "I; ‘!; Vit+ reosi) <+ (L esind)©
X +
= J.j 'v’:'?_,'.".l.:}::;;: dxdy.
(X -0y s Ty
tu. v = tv, ta cd

38. D61 bifn 88 x

t
diu, v} = 0 t

11

t= ff em‘E dudv = ct® vdi ¢ = ff em v dudy,

O=u=i
Dsws ]

Osu=l

f(t) =
fewvst

2et?  2M(1)

Pity = 2t = - = St > O
t. t

39. Chuyén sang toa db cuc : x = rcesfl, y = rsinfl, ta duge

F(t) = [f f(rcos, rsin8) rdddr,
A

A={Hrn 0=<60< 2z, 0<r<t)

21 i &
Fity = [ a6 [ frcoss, rsindyrdr = [ o068, t) do,
1) o 0

1
vii ¢if, t) = fircos#, rsinf) rdr. D& thay ¢ L3 ham sé lién tuc
¥ ¥y P

0
va cd dao ham riéng ¢ lién tuc 1rén [0, 27] % (0, +eo),

P, (6, 1) = fitecos8, tsinO)t.

Do d6 F oo dao ham trén (0, +oec) va

27
Flity = f tfitcosd, tzind) 46

{
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40. a} VAt thé gidi han phia trén bdi mat parabdldit tron xoay
z = x% + y2, phia dudi bdi mat phang Oxy, xung quanh b&i mat
tru y = x* va mat phdng y = 1. Vat thé ducc bidu dién dudi dang
B={xvy 2 :(x,y) €D 0< 2z=<x" + y.}}:
trong dé D la hinh phang trong mat phiang Oxy :
D={x,y:-1sx< 1, %x<ys 1}
Thé tich vat thé 1a

1 1
2 3 : 88
V= JJ o ryhady = [ax [ o+ yhdy = g
b Sy

b) Vat thé ecin tinh thé
tich 1a phan hinh ciu tam O
ban kinh 2a nam trong mat
tru x2 + y2 - Zay = 0. Vat
thé déi xdng qua Oxy va Oyz.
Phan vat thé nim vé phia
trén cha mat phang Oxy dudgc
bi€u dién dugi dang

B=1x v 2 :&x vWe€D,
0 < z < ¥4aZ —x% —y?}, trong
dé D la hinh trén trong mat

phang Oxy :
D = {(x. y) : x* + {y - a)¢ < a?}
Thé tich vat the 1a

Vo= 2 [[ 427 2%y dxdy.
i
Chuyén sang toa dé cuc x = rcosf, y = rsinf, ta dude

Zitmrf
g 16a°

i f vda® = ¢ wdr = = (3 - 4.
) i

-t
Il
-
= e ba Y
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¢! Ban doc hay ve hinh, vat thé duge cho bdi
B={xyv2):x,yyeED 0=<2z=s4-x-y}

DD 12 mot phdn tu hinb tréon trong mat phéng Oxy,

D = {{'_x,y):-xz-Fy‘)éS,XZU,yBU},

Vo= ff (4 — x — y)dxdy Chuyén sang toa 4o cuc, ta tinh dude

1

32y2

v 8E

3
dy Mat phdng z = 0 cat mat z = 1 - x? - 4y% theo elip
; y*
B
X 1 1

Thé tich vat thé la

V= [[ (1 -x? - 4y)dxdy, Dl dia clip trong mat phang Oxy,
b
D = {(x, vy : x? + 4y2 < 1}. Chuyén sang toa do cuc x = rcosf,

1 .
y =3 rsinf, ta tinh dugdge V = ~

e} Mat ndn -}i;; + :; = -?f:; (z = 0) cdt mat elipxéit theo elip
ai—- = C‘i
XZ y2 1 . L
-, +* .= trong mat phang z = . Goi D 1a dia elip trong mat
a2 bl 2 2
. 2yt 1
phing Oxy. D = (x y) 1= +§ 31 Thé tich cha vat thé 1a -
a~ bt 2

_ .1’ oy
_J;;r (.(, 1 2 b c

Chuyén sang toa do cuc x = arcosf, y = brsin#,

|
K

Ye ¥ e
V = abc f a4 [ (¥1 - 2 — ryedr = '-—é— (2 ~ ¥2).
0 0 ’
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Y Var thé déi xing qua
ba mat phéng toa do6. Phéan
cha vit thé nam trong gde phén

tam thd nhit duge cho bdi

B = {xv 2}:ix y € D,
0 < z s Va2 — x?}, trong

| S
dé D la 1 hinh tron trong

mat phang Oxy :

D = {(x, y) : x* +y* € a‘,
x =0,y = 0}

V:Sff\ra‘—xzdxdy X
9] Hinh 43
] :i'? —X_l ].6
V=28[dx [ Va?-xPdy =5 @’

0 0

g) Mat phang z = 1 — x - y cAt miat z = xy theo giao tuyén
ma hinh chiéu trén mit phang Oxy 1a hipebhdn

il

|
5

|
e
g
e
}

xy

Goi D la mién tam giac OAB i(At], O), B(O, 1)) trong mat
phang Oxy. Hipebon chia D thanh hai mién

D

1 - x
1:{(X,y},0$x£1,05y51_+x},
D, = V. o0sx<sl 2 ay €1 x)
2_{(X)y. = X % :1+thh wh

Vit thé B duge xde dinh bdi

B={{x vy 2):(,¥y)€D,.,0=< 2z <xy} U {lxy z:
x.yv & D,, 0 £z £1-x-y} Thé tich ectia vat thé la
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vV = ff aydxdy + ff (1 ~x — yydxdy = ;—’; - 2ln 2

0, 1,
T
hy V= 18
v =12

J» Vat thé giéi han phia trén bdi mat phang z = 4 - x ~ 2y.

phia duéi bdi mat phang z =

va méat tru x =

0, xung quanh bdi mat phéng vy = 0
2y°. Goi D la hinbh phéng trong mat phing

Oxy gidi han cdc dudng thadng y = 0, x + 2y = 4 va parab6n

X =
B={xv,2:{ veDO0
D= {lx, vyJ:0 <
V= ff (4-x-2ydxdy =

12

41. Bigu dién tham =8 coa

phan mat cdu da cho la

. x = Rcosficosy,
y = Rcosfsing,
z = Rsind,
P, S ¢ £ P, 0,658,

Véeto phdp tuyén cia mat tai
diem Mtp, &) = (xlp, 6), yip, 8,
zip, 61} la .

—
1

~ Rcosfsing
— Rsinfcos¢y

Nig. 0) =

198

i k!
| dy
£

2y°. Vat thé duge xac dinh bai

<z s 4 -x - 2y},

ysl,2y25x$4—2y}.

- 2

' 2
J 4 -x-2ydx = 35_

kd

2y

ffindt 45
_-'P —
j k
ReosAcos ¢ 0

— Rsinttingy Rcosé
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= {(R2cos26cosp, R7cos Gsing, Risinbcosd)
IIITI)((p, &)} |2 = Ricos’®. Dién tich phdn mat cdu dg la :
S = [f N, ®I| dpds, D 1a hinh chit nhat

i
D = [p, ¢,] X [6,, 65).
i 9,
S = R? { dp [ costds = R¥p, — ¢))(sind, — sind)).
¥y 8,

42. a) Mat tru cat mat phang Oxy theo dutng tron (x - 1)2 +
y?> = 1. Goi D la hinh tron tam (1, 0) ban kinh 1 trong mat
phdng Oxy. Dién tich cla phin mat nén nadm trong mat tru ia :

8 = ff 1 + 22 + 22 dxdy,
D ’

¥ — y

x pd
= Y, Z, =& T — =
d;Z + yz ¥ %2 + y2 ¥

S =1v2 ff dxdy = x V2.
D

b) Phan mat tru cdn tinh dién tich ¢d hinh chigu trén mat
phang Oxy la D, mién tam gidc
OAB vai A(YZ, 0), B0, V2).
Ta c6 1 + 22 + 2’2 = 1+ 4x2.

']

Dién tich phén mat trudd 1a:

S = ([ 1 + ax? dxdy
D

oo
1t

VI o Y2-x 7
fax [ V1 + 4%% dy
0 4]

5 V2 : A
§=5+ -Z—ln(Z\D + 3). ’/x

ey S = 13. Hinh 46
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dr Xem hinh 44 trong bai tap 40f). Phan mat tru cén tinh *
dién tich d6i xuing qua ba mat phang toa dé. Phdn mit nam

trong géc phdn tam thd nhidt cd phuong trinh 1a : z = ¥4 = %7,

1 .
Goi D 1a i hinh tron trong mat phing Oxy :

={x, X2 +y <4, x20y2 0 Tacs

X
2, = m—= .2/ =0;1+22+22 = —-— :

X 4_..X2

Dién tich phdn mat tru dé la :

S = Sff ——-. dxdy = 16 f dx f — = 32.

—x? \14 —x2
e)S:%(m‘E—l).
f) Phan mat cdu ndm trong mat tru d&i xing qua hai mat
phang Oxy va Oyz. Phuong trinh phdn mat cu ndm vé phia

trén mat phang Oxy 1a : z = Va2 — x2 — y2_ Goi D la nia hinh
tron trong mat phidng Oxy xdc dinh béi

a,2 a2 -
D = {(x, y) x"+(y—§)$z,x30},'l‘aco
1 X » y
Z = - — — Z -
X _— 1 v ———
a2 —x2 - y2 : a? —x2 —y?
a

1 + z’f + z"z__ = T g

: ; al —x2 - y2

Dién tich phan mat cdu nidm trong mat-try la :

= 4 J‘J’ e dxdy

22 _xz ~y



Chuyén sang toa doé cuc : x = rcosh, y = rsinf,

S = 4a _f dB f \F = 2ai(n — 2).

g) Phian mat cdu ndm trong mat try d6i xding qua ba mat

phang toa d6. Phuong trinh cta nifa mat cdu nam vé phia trén

cia mat phang Oxy la : z = 4 - ¥ - y?. Ta c6
1 bl 4 . N 1 - N N
1 +27 428 =-———-.6GoiD lazdia elip ndm trong mat

y 4—x“—y
. x?
phanngy:D:{{x,y):z+y2$1,x30,y;0}.Dién

tich cian tinh la :

5=8 dxdy =
ff ‘__—4——1( =
;-
4 dy 16
= 16| dx = = —=x
'g 'll; 4_x2_y2 3

h) § = %na2(2\(§ - 1.

i) Phan mat duge xét d6i xdng qua mat phang Oxy. Phuong
trinh phdn mat ndm vé phia trén cia mat Oxy la : z = VZxy.

Ta cd

Zx’_v_@ V’:~—U2X,l+z’§+z’2=1+;§--+l,
2x Y 2y y 2y 2x

Goi D 1a hinh chit nhéat trong mat phang Oxy : D = {{x, y) :
0sx=<1,0<y < 4}
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Dién tich phdn mat da néu la

1 4
szsz\]1+-;)}+2¥£ dxdyzzfdxf".;.—’.'dy,
1 0 0 y

V2
‘ Lovx Ay 40V2
S=ﬁ{dx}[(fy_+ﬁ)dy= 3. - -
B. TiCH PHAN BA LOP
4
Layl=2

24

b) Ban doc hday vé hinh. Vat thé V d6i xding qua hai mat
phéng Oxy va Oxz. Goi V| 1a phdn cia vat thé V nam trong goc
phdn tam thd nhat. V, la khéi td dién COEA vdi E(a, 0, 0).

Phuong trinh cla méat phang CEA la : z- + % = 1.
x
Vi=1{x,y,2): (x,y) €A,0 < 2 sc(l —;)},Alamién
tam gisac OEA. Vi ham s8 (x, y, z) — x? + y? ldy cung gia tri
tai cac didm déi xing qua hai mat phing Oxy va Oxz nén
X
(173

4 ] &2 + yhdxdydz = 4 [ dxdy [ (2 + yddz.
v A 0

t

=
I

1
— 2 2
= 15 abe(3a- + be).

—
{

1
ol=15 ab?(10b — 3a).
2. Ta cd
x+y+z)} =(x+2zP+3x + 27 + 3x + 20y + y,
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1 1
[ = f dy ff (x + z)*dxdz + 3 f ydy ff (x + z)’dxdz
0 ] 0 [

! 1
+ 3 f y2dy ff (x + z)dxdz + f yidy ff dxdz ,

0 [ 0 )
trong d6 D 1a hinh tron don vi trong mat phang Oxz : D = {{x, z):
x2 4+ z2 < 1}. Vi D déi xing qua géc O va ham s6 (x, z) > x + z
ldy cac gia tri d6i nhau tai hai diém (x, z) va (-x, -z} nén
[[ (x + z)dxdz = 0. Tuong tu [ (x + z)* dxdz = 0. Do do

3 1>

ST

1 3 &7  =n
+ z)2 - = —-Z 4+ = =
J;af (x + z)2dxdz + 1 | D 5 gtz =T

1 .
3. a)1 = 3 zR%h?,

b) B l1a hinh tru tron xoay o6 ddy 1a hinh tron (x - a)2 +y? < a?,
chiéu cao b trong mat phang Oxy. Chuyén sang toa dd tru

x = rcosf, y = rsin@, z = g,

iy
2z 2acost b 16
I = _f dé f ridr f zdz = £y a’h?l.
0 Q

E
2.

4, Chuyén sang toa 'df cdu.

4
- 5. — 4
a)l—15na, by J = ma®.

5. Chuyén sang toa db ciu.

I = 2x(a? - b2,
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o . ) 1. . ) 1
6. B 1ad hinh cdu tam I{ 0, 0, 5 ), ban kinh 7

Chuyén sang toa do cdu

x = rsinficosp, y = rsinflsing, z = rcost,
2 72 cosé
1= [dp [ d8 [ r3sinbdr
0 0 0
T
12 _ ™
= 2. 4 { cos*fsin Ade = 10"
C - . 1 1 1 } . V3 .
7. B 1a hinh cdu tam | (2 '3 5), ban kinh - . Chuyén |

sang tea do ciu
1 . 1 ) . 1
X = 5 t reospsinfl, y = o + rsingsin®, z = - + rcosf,
2 2 2
[

< |

R 2 2

3
I= f singds f rédr f ( 4—+ r?+ r{cospsing+ sinpsing+ cos‘))) dp
St 0 0

S

= } sin 6dg f 2t 12 (g + 2 + rcosﬂ) dr
0 0

3 ¥3
o2 g2 T Z
= 93 f sin 6do f (--;_1— + r4> dr + =% f sin26 do f ridr
0 0 0 0
r? S £
= 2.2 ( 4 " ) 02 * 0
s
L= =



8. B la phén cua hinh cdu tam O, ban kinh a nam trong nua
trén ca mat nén tron xoay x2 + y? = z°, z 2 0 c6 truc la Oz,

7L

dusng sinh tao véi true gdc 4 Chuyé&n sang toa d§ cau

x = rsinflcosp, y = rsinfising, z = rcosfl,

1
27 i 4

I = [ dp [ dr | rcosé.risineds
0 0 0
1

i 4 aad
=a [ fdr [ sin20d6 = ——

0 0
9. Chuyén sang toa d¢ cuc md rong
x = arsinfcose, vy = brsinfising, z = crcosf,

ta ¢6 J(r, @, 6) = aber?sing,

z 2
2 2 1
I = abe f de f de f abcrsin?fcosfcospsin prisinfdr
0 0 0
a x
2p2e2 2 29
= 225 [ sinacsing) [ 5 sin2pdy.
0 0
aZb?c?
T 48 >
_ mabe?
T 16

12. Ching minh tudng tu nhu trong bai tip 11 phin A

13. E la mot tap hgp déng va bi chan trong R¥ nén E 1a mot
tap hop compéac. Do d6 ham sb lign tuc f : E — R bi chén trén
E. Gia st Q, 12 mot diém trong cua E. Khi d6 tén tai mét hinh
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ciu Br = B [Qn, r] ¢ E + > 01 Theo gia thiét,

fff fdxdydz = 0. Theo dinh li vé gia tri trung binh cia tich
B

phan (xem baij tap 12) tén tai mét digm Q@ € B, sao cho

I tdxdydz = £§(Q) .-‘,i—, T
B, *

Do dd f{Q) = 0. Khi r - 0 thi Q — Q. Vi f lién tuc trén E,
ty do suy ra f(Q,) = 0. Vay f ldy gis tri khdng trén IntE. Do
E do dugc nén bién 9E cta nd c6 thé tich khong Tu do

fff fdxdydz = [[[ fdxdydz + [[[ fdxdydz = 0.

int i Ak

14 Chuyén sang toa dd cue, ta duoe

21 T
Ft) = [ dp [ sinode f f(rdyrddr = 4n f f(r¥ridr.
0 0

Do dé .
F'{t) = 4af(tHt?, t = 0.
15. a) Vat thé B duge xée dinh bdi
={ix,y,2) : (x, ) €D, 22+ < z £ 2x% + y2},
trong dé D 1a hinh phang trong mat phing Oxy xdc dinh bai
= {{x,y):0 s x <1, %2 sy s x).

Thé tich cta vat thé B la : 2(x? + y?)

2 +y)
V = fffdxdydz—ffdxdyfdz
. . x+5
1 x 2 +v)
V=[dx [ dy J’dzz—
0 x- by
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x by

fdxfdvfdz:—.

g
<
I

xh?
C) V = "2— .

d) Vat thé B gidi han phia dudi bdi mat ndn tron xoay z= VxZ+y2Z,
phia trén bdi mat parabsléit tron xoay z = 6 — x* — y%. Mat non
cit mat parahb6ldit theo dudng tron xZ + y? = 4 trong mat phing
z = 2.

= {x,y, 2 :(x,y) € D, Vx* +y% € z € 6 - x* - y%},
D la hinh* tron tam O bin %inh 2 trong mat phang Oxy.
Chuyén sang toa d¢ tru, ta dugc

T 32«
szffdxdydz=fd8frdrfdz= 3 -
B . 0

e)V:%.
33
6

16

g

frv =

h) Vat thé B 1a phdn hinh cdu x2 + y2 + (z - 2)® < a? nam
trong mat nén x? + y?2 = z2 Chuyén sang toa d¢ cdu, ta dudc

T

2acos@

= fff dxdydz = f dyp f sin 8dP f riddr = x
s

i) Vat th€ d8i xing qua ba mat phing toa d6. Goi B 1a phan
cia viat thé nidm trong géc phdn tam thu nhit. Thé& tich vat

thé€ la :
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L
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LT 1~
= I e 1 e
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=== -5
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\\ e 0 A B ¥
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A - - !
QrAotty p
£
#
-
-
X -
Hinh 47

a  a-x Yi-o
V=28 [[fddydz =8 [dx [ dy [ dz
B 0 ] 0

d
V=28f(a-xVal - dx
0
a d
= 8a | YaZ — x2 dx +4 [ \a? - x% d(a? - x9)
0 0

23
V= (-4,

16. Thuc hién phép d&i bién s6
ax + by + ez, w = ax + by + cgz.

u=ax+by+cz v
Tap hop A bién thanh hinh cdu
B = {iu, v, w) : u? + vZ + wi « R2}.
] S Rmew
d(x, ¥, 2) = D(x.y,7) = = 0.
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Thé tich vat thd A la : V = [[f dxdydz
A

Ap dung cong thuie déi bién s, ta duoe

é aR? = [[f dudvdw = fff Al dxdydz =
' 3 A

= | Al fff dxdydz= |A[V.
A

Do dg

1
Vo= .

= TAF aR3.

3| W

C. Ung dung vat li caa tich phan boi
17. m = 2aR25.
18. a) Dién tich cta ban phiang D 1a :
a (Ya—¥x)? a2
(D] = [ dx fdyzE,
0 0
Trong tam G caa ban phdng cd cac toa d¢ la
LA (\G —\lfx)' a

1 6 _
Xg = T'D_I‘fnf xdxdy = ;{xdx{dy =z

1 a
Y6 = p[ fo ydxdy = < .

b) Trong tam G cua ban phang cd céc toa do la :
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19. Thé tich cta vat thé B bang 3 thé tich cia khol elipxoéit :

1 4
V = - x - aabe =

P 3 Tabc.

Sl =

Trong tam G cua vat th§ cé cac toa do

1 1
G =y f_f_f xdxdydz ; y, = v f_rf ydxdydz ;
B B

t

Zo, = \l{ fff zdxdydz
i

Chuyé&n sang toa dé cdu md rong x = arsinfcosgp,

y = brsinfsing, z = crcosf, ta duge

T I
X, = 8 } de } dp j. arsin fcos ¢ . aberZsindr = 3 a;
G rabe A o 0 877

3 3
YG=gPi = ge

20. a) Mémen quan tinh cha vat thé B déi voi mat phing
Oxy la :

ly = f_ff zédxdydz
B

Chuyén qua toa dé cdu md réng, chu y rang vat thé d6i xling
qua mat phang Oxy va ham s6 (x, y, z) = z* 12 chan déi vdi bién z,

ta dugc

27

L, =2 [ dp
4]

!
dej f c2reoss# . abe rlsin 6dr
0

= e b A
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cos*éd(cos 6)

&
— b Y

4]

4n 0
= 2 hdeosd = . 3
Ix}, 15 abc’cos’f |% 5 mabe’.

Mémen quan tinh caa vat thé déi véi cdc mat phang Oyz va

Ozx Ia

4 4
. 3 . - 3
1‘\,Z = 15 *? be; L, = 15 nab’c.
X2yl g2
b) Mat nén — + = = -- cat mat phdng z = c theo elip
a2 b2 c?
L S s g ol o
=+ ) = 1. Goi D la dia elip trong mat phang Oxy :
a 3

%2 y2
D:{(x,y):;2—+§$l}.

Mémen quan tinh cia vat thé V déi véi mat phiang Oxy 1a :
L, = J/ #*dxdydz
B

Chuyén sang toa dd tru md réng

x = arcosd, y = brsing, z = z, ta duge

iy 1 C
I, = f d¢ [ dr [ z?abrdz
’ ¢ 0 er

1

2 .
=3 rabe? '!]. r(l — rHdr,
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1

_ . 3
Ix)__ = 5 aabc’t
Tuong ty, ta tinh dugc
1 .
[,W- = fff x4dxdydz = 50 za’he,
3]

vi

X

[fI y¥dxdydz = —21—0— mablc.
B
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§3. B9 Jdai cung 24
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81,
§2.
83,
§4.
§s.

t¥inh nghia. Ban kinh hoi tu

Téng va tich cia hai chudi 10y thua
Cic unh chdl coa chudi lay thua
Chudi hiam Mac- Loranh

Khai trién mot s& ham s6 thanh chudi ldy thita

£ - CHUOI PHUARIE

gl
§2.
§3

Chudi luong gidc
Chudi Phuarié

Mal sa vi du

Chirong X. TICH PIIAN SUY RONG.
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A - TICH PHAN SUY RONG

§l.
§2.
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§l.
. §a
§3
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§1.
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57,
8.
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i - TiCH PHAN BA 1LOP
§1. Tich phan ha ISp trén hinh hop chil nhil dong
$2. Tich phan ba 3p irén man tip hdp bt chin
§3. Cach tinh tich phan ba lap

§4. Phép ddi bidn sG trong Uch phan ba lap

C — UNG DUNG VAT Li CUA TICH PHAN BOI
§1. Khdi ligng cia mot vat thé
§2. M6men quan tinh cla mét vat thé

§3. Trong tdm cta vt thé

I - TICH PHAN BOI SUY RONG
VA TICH PHAN BQ1 PHU THUQC THAM SO
§1. Tich phin bdi suy rong
§2. Tich phan bdi phu thude tham s¢
Bai tap chudng VII ~ Bii gidi, hudng dan, dap sd
Bai tap chuong VIII - Bai gidi, hudng dan, dap sd
Bai tap chddng [X - Bai gidi, hudng din, dap sd
Bai t4p chuong X - Bai gidi. hudng ddn, dap =8
Bai t3p chuong XI - Bai gidi, hudng din, dap s6

262 -

276 -

308 -

399 -
463 -

227
227
229

236

241
241
243
245

247
247

. 258

260
283
330
415
476

515



Chiu trdach nhiém xudt bdn :
Chi tich HDQT kiém Téng Gidm d6c NGO TRAN AI
Phé Téng Gidm déc kiem Téng bien tap NGUYEN QUY THAO

Bién tgp ldn ddu:
VU MAI HUONG
Bién tdp tdi bdn:

TRAN PHUONG DUNG

Trinh bay bia:
TA TRONG TR
Swua bdn in:
DANG THI MINH THU
Sdp chir:
PHONG CHE BAN (NXB GIAO DUC)

GIAI TiCH — TAP HAI
M3 s : 7TK280T7 — DAl

In 1.000 ban (QD88), khd 14,5 x 20,5cm. Tai Nha in Ha Nam
S6 29 - Puong Lé Hoan - TX. Pha Ly Ha Nam

S8 in: 474. $6 PKKH xuét ban: 11-2007/CXB/218-2119/GD
In xong va nép luu chiéu th4ng 11 nam 2007.
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