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LOI NOI PAU

Trong hoat dong khoa hoc ky thudt thuomg gdp nhiéu vén dé cé lién quan
dén viée tinh tong vo han cdc s6 hang (la 6" hodc ham s6), hodc tim nghiém
cia phuong trinh ham trong dé ¢é chita cd dao ham cia ham cdn tim. Trong
gido trinh nay ching toi dé cdp 161 hai van dé dé va chia ra lam hai chuong.

Chuong 1. Gioi thiéu khdi niém chung vé chudi s6, chuéi ham. Trong
chudi ham s&" c6 mot Iop chubi thiwong gdp trong k3 thudr dé la chudi g
thita vi ur chudi dé ta ¢6 khd ndng tinh dugce téng ciia né biéu dién dudi
dang biéu thitc gidi tich, véi bicu thite gidi tich dé ta ¢é thé dir dodn dugc
ddng diéu thay doi cia chudi vé han cde s6 hang. Nguoe lai, véi ham sé bt
ky ta c6 thé' khai trién thanh chudi lu§ thiva dé viéc tink todn thudn o,

Chuong 1. Trinh bay cdc phuong phdp gidi phuong trinh vi phan cdp
mot, phuong trinh vi phdn cap hai va hé phuong trinh vi phan cdp moét
thuong gdp trong cdc bai todn kv thudt.

Hai vdn dé néu trén la mét bo phin quan trong cita todn hoc cao cdp vi
né lién hé chgt ché voi ede van dé thuc 16 thuong gdp, dong thoi nho né ma
cdc mé hinh ky thudt dwoc gidi quyét dé dang. Trong méi chuong, déu cd vi
du minh hog va cdc bai tdp d¢ gitip sinh vién hiéu ré hon vé Iy thuyét.

Do pham vi cita cdc vdn dé la khd réng, di mudh ciing khong thé gici
thiéu hét cde van dé ma thuc 16 k3 thugt quan tam. Vi thoi luong trong pham
vi ciia gido trinh todn cao cdp cho cdc nganh ky thudt cé han, chiing 16i gioi
thi¢u nhifng van dé co bdn nhdt, giip sinh vién dit dige nghe gidng trén lGp
hodc khong cd diéu kién nghe gidng ciing cé thé doc va hiéu dwoc van dé
phuc vu cho hoc tdp, nghién ciu.

Gido trinh Chudi va Phuong trinh vi phdan dvoc cdc tdc gid bién soan
ldn dau nén khong thé trdnh khoi nhitng thiéu sét hodc trinh bdy chwa ddy
di theo nhit mong mudn cia sinh vién va déc gid. Chiing 161 hy vong sé
nhdn dicge nhiéu y kién ddng gép ciia ban doc.

Cdc gop y xin giti vé Khoa Todn-Tin ving dung, Truimg Pai hoc Bdch
Khoa Ha N¢i, S6'1 Pai CoViét, Ha Noi.
CAC TAC GIA
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CHUONG 1
CHUOI

Trong chuong nay, trinh bay cic khdi niém vé chudi s6, mot so tiéu
chudn héi tu cia chudi s6 duong, chudi s& cé diu bat ky, chudi s§ dan ddu.
Phén chubi ham s6, trinh bay mot s6 khai niém vé chudi ham hoi tu, hoi tu
déu, chudi luy thira, phuong phap tim ban kinh héi tu cta chudi lu§ thira,
chudi Taylor va chudi Fourier cia ham s6. D€ hoc t6t chuong nay, dodi hoi
ngudi hoc can on lai cdc kién thitc vé gidi han cua day s& va ddy ham sé.
1.1. CHUOISO
1.1.1. Khai niém vé chudi s¢
Dinh nghia 1.1.1. Cho mét day vo han cdc sé& {an}, n=12.3,.... Biéu thirc

ata,+--+a, +-- (1)

duoc got la chudi s6 va ky hiéu Zaﬂ .
m=1
Céc s6 ay, ay, ..., Q,,... dugc goi 1a cic 56’ hang clia chudi s6, va a, duge
goi 1a 56" hang t6ng qudt.
Tdng n s& hang d4u tién

4]
Sn:a]+a2+‘ =Z

goi 12 tdng riéng thit n cha chudi s§ . Diy s6 { } .. duge goi la
ddy cdc téng riéng clia chudi so (1).

Pinh nghia 1.1.2. Chudéi s6' (1) duoc goi la chubi s6 hoi tu néu ddy cdc
tong riéng {S n} cua nd cé gidi han hitu han (khi n — o)

Iim§,=S.

n—w

Gid tri S duoc goi la tong cita chudi s6'(1) va viét
D
Zan =S.
n=1

Néu day {S n} khong cé gidi han hitu han thi ta néi chudi s6' (1) phan ky.
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. - 1
Vidul. Xétchubiso ————
o +l)
1 1

n(n+l)=n n+1

1 1 1 (1 1] (1 1] [1 1 ] 1
S, =t —— ..+ SR N N (O TR L P DL
1.2 23 nn+l) \1 2 2 3 n n+l n+1

va limSn=lim[1+ 1 ):1.

nse T psael | n4l

Gidi: S6 hang tong quat a, = , ta ¢6 téng riéng

Vay chudi 56 dd cho hoi tu vacé tdng S =1.

x
Vidu 2. Xét chudicdp sGnhan Y g™

n=]
Gidi: Tac6 S, =1+q+q* +..+¢"" 1at8ag mot cap s6 nhan cong bdi ¢q,
do do

S,=1+q +q* +.tq™ =9 yhi g 2.

I-¢

+ Néu |g|<1thi lim ¢”" =0 do d6 lim S, = chudi di cho hoi
e A3 | - q

s o 1

vacotong § = —.
1-q

+ Néu |g|> I'thi lim ¢” =0 dodé lim S, = oo, chudi di cho phan ky.

-0 H—=»X

+Neug=1thi § =]1+1+..+l=n, limS, = lim»n=o0, chudi di cho
! _—:1"_’ n-sx | poeo

phan ky.
+Néu g =—1 thi

1 &) 1é
Sn:1-1+l—...+(—l)":{ e e

0 néu nchin

do d6 khong ton tai gidi han lim §,,, chudi dd cho phan k3.

H—ra0
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>
Vay: + Néu \q‘ <1 thi chuéi Zq”_l hot tu va ¢ téng S = o
n=I -4

+ Néu \q}zl thi chuéi Zq”‘l phan ky.

n=1

.4
. ]
Vidu 3. Xét chudi so —.
E Jn

Gi'.a?l‘f [aco
= +—‘\/_+‘—‘\/7+.+‘\/— 1 M, n=1,

lim vn =c0 dod6 lim S, =o0. Vay chudi da cho phan ky.

H—r n—>L

1.1.2. Dicu kién &t c6 cira chubi sé hoi tu

S

o
Dinh Iy 1.1.1. Néu chudi s¢ Zan hoimg thi ima, =0.
=1 H—r0

Chimg minh: Ta c6
Sn:al +az +"‘+an__l +an=S”_] +an :>an:Sn—S”_l. :

x
Do gid thiét chudi )" a, hoi ty, 6 éng 1a S va limS, = limS,,_, =S
0

H—C
n=|

-

nén
lima,=1IimS, -limS,  =S-5=0.

=0 H—w0 H—C
Dinh 1y duge chitng minh.

H¢ qud: Neéuw Wm a, khong 16n 1ai hodc t6n tai nhung khdc khong thi
H—>%0

oo
chudi sé Zan phdn ky.

=]

Vidu 1. Ching minh ring chudi Zan phan k¥, néu s6 hang tdng quét @,
n=]
duge cho nhu sau:



2n 2
+1 +1
&) a”:(—l)”n ;b an-——[n+1] ; c) an:n :
n+2 n+2
Gidi:

a) Dy s6 {a,} khong ¢6 gidi han, vi lima,, =1, limay,, =-1.
H—r o

Vay chudi s6 di cho phan ky.

. . o T .
b) Ta ¢6 lima, = llm[rH ] = llmHIJr} } =¢’ # 0, do d6 chudi
[E 3= iz n H—ru ¥l

$& da cho phan ky.

n? +1

¢) Tacod lima, = lim

=00, vy chudi s& da cho phan ky.
H—>C n—se n+2

el
Cha y: Néu lim a, =0 thi khong duge két luan chudi so Zan hol tu
H—X n=1

(chudi s6 d6 ¢ thé hoi tu, co thé phan k¥).

R R
Vidu 2. Xét suhoi tu cua chudi s6 Zw—- (chudéi diéu hoa).

n=1

. L] . e .
Gidgi: Tacé lim g, = ltm — = 0. Tuy nhién chuoi Z— phéan ky.
H—rx H-»0 1 =1
That vay, bang phuong phdp phin chitng, gid st chudi hoi tu va c6 téng S.
Xét

| R 1 1 1 1
a=lt—F+ -+ = vasS,, =l+-+ -+t
2 3 n 2 3 n n+l 2n
ta co
S, —S = : + +—>L+.. +~1—=n-—1—:l,‘v’n21,
S | 2n  2n 2n 2n 2

. i . .
do dé lim(S,, —S,) 2 —. Diéu nay mau thuan véi
AL 2

lim(S,,-S,)=S-S8=0.
n—yec

Vay chudi di cho phan ky.
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1.1.3. Tinh chat cuia chuéi so hoi tu

ey x*©
Tinh chdt 1. Néu hai chudi s¢ Zaﬁ vd an hot tu ¢6 tong ldn legt 1 S

n—| a=1

o
va S, thi chuéi s& Z(aﬂ T b, Yciing hoi tu va e téngla S+ S

a=|

.
Chiing minh: Xét téng riéng cla chudi téng Z(a,, +5,), tacd

=l

S_”:(a,+bl)+(a2+b2)+---+(an+bn):

=(ay+ay+-ta)H(b+b++b)=a, + Y b,.
k=| k=1

Do limS, = limZak +limZbk =5+S".
LIRS Rl FEE Fal l"(:! H— k=[
fesl
Viy chubi s6 Z(an +b,) hoituvacéténg S+ 5.

=1

ad
Tuong ty chudi s& Z(an —b,) hoituvacétong S —S'.
n=]1

€% =
Tinh chat 2. Néu chudi sé Zan hoi tu ¢6 t6ng la S thi chudi s& Z(can),
n=1 n=1

trong dé ¢ la hdng s6, ciing hoi tu va cé 1dng la cS |

ol
Chimg minh: Xét tong riéng cta chudi Z(can) 1a
n=|

n

S, =(ca,+eay+-tea)=c(a +a,+++a)=cda,,
k=]

H—por H—y =

. # "
tacé limS, =lime) a, =clim a, =cS.
-l H—ro k=1

w
Vay chudi s Z(c’a,.) hoi ty va cé tong ¢S .

n=]
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Chudi so

d . +a tta A m=0,12.. (2)
dugce goi 14 chudi dir thir m cia chudi s6 (1),
Tinh chdt 3. Chudi s6' (1) hoi tu khi va ohi khi chuoi s6 diwe (2) hoi tu.

Chirng minh: Gid st chudi (1) hoi tu ¢6 tong 1a S, S, 12 tong riéng thit m cla

m+l i+l -k

né va S, 13 16ng rieng tha & ciia chudi du (2). Khi dé
I LS' —Slk_m.

Wbk M

~5,)=5-5

S, =a,,, ta,,++ad

Hi+l m+2

Vi chudi (1) hoi tu nénlimS'k = }(in’l_(S do d6 chudi du

I+ nt

(2)hoituvicoténg S'= S-S, .
Nguoc lai chudi du (2) hoi tu, gia sttco 1ong S*. VG k> m lacod
SI = S.k B Snr = Sk = Sm + S.;c

k-m -
*

nén limSk = }_i__m(Sm +8'_)=S_ +S". Vay chudi (1) hoi tu.

m
e
Hé qud. Tinh hoi ne hay phan ky clia mot chudi s6" khong doi néu 1a bor di
hode thém vao chuéi s6 dé mot s6 hitu han cdce s6 hang ddu tién.
1.1.4. Chudi sé duong

o)
Pinh nghia 1.1.3. Chudi sé Zan duge goi chuéi s duwong néu moi sé&

n=|
hang ciia né la déu la s6 khong am, nee la a,20,Vne N' . Néu
a, >0, Vine N thi chudi s6' da cho duge goi la chudi s& dwong thuc su.
Nhdn xét: Day tong riéng {Sn} cta chudi s6 duong 1a day don diéu tang vi
S =S _+a,z2S,,, Vnz2.

Day {S”} cé gidi han khi ddy do6 bi chan trén.

Nhu vay mot chudi s6 duong cé diy tong riéng bi chén trén thi hdi tu.

Khong mdt tinh téng qudt, tir nay vé sau ddi v6i cde chudi s6 duong, ta
chi xét cdc chudi s duang thyc sy (a, >0, Y 2 1), vi khi chudi c6 mot s6

n-l*

s6 hang bing 0, ta ddnh s6 lai dé duge chudi sé duong thuc sy Ching han,
ddi véi chudi s6

12



o 1+(_])n
> ——,

= 2n+1
L+ (=1)" 0 khi n=2k +1
sd hang téng quit ¢, =——— = k=012...
meonzd T 2n+1 2 khi n=2k
2n+1

Vay chudi s6 dd cho ¢6 thé duge viét lai dudi dangz
oo &k +1

“

la chudi sd

duong thuc su.
Sau day ta trinh bay modt s6 tiéu chuin dé xét su hoi tu cha chubi s6
duong thuc su va cling goi 1a chudi sd duong,

x* ey
1.1.4.1. Tiéu chudn so sanh 1. Cho hai chuéi so duong Zan va an

n=1 n=1

thoa mdn

a,sb, Ynzn, (n,eN"). (3)

" "

o 20
+Néu chuéi sé an hoi tu thi chudi s Zan hoi ty.

n=1 n=1

o e &
+N&u chudi sév Zaﬂ phan ky thi chudi s¢ an phdn ky.

n=1 n=1
Chiing minh: Theo hé qua cha tinh chét 3, khong lam giam tinh téng quét ta
c6 thé gid thict ny =1.
bat

S,=ay+ay+--+a, S, =b+by+---+b

Theo gid thiét (3), ta cé

Vnzl. (4)

o x
+ Né&u chudi s6 Zb” hoi tu co tong 1a S' thi §", < S'( vi chudi s6 an

n=1 n=I1

la chudi s6 duong). 1 (4) tacéd S, £S5', nhu vay chudi s6 duong Za”

n=
n=1

13



el
cé diy {Sn} bi chan trén. Theo nhan xét trén, chudi s6 Zan hoi tu.

n=1

+ Néu chudi s6 Za phan ky thi limS, = +oo.tir (4)tacélim S, =

H— ”_)ox\
n=l

Vay chudi s6 an phan ky.
n=|
Vidu 1. Xét cdc chubi so

- n+1 6+ 2(-1)"
a) o b)
HZ:| n2 HZI 2?’?4‘3
. _n+l n_l_b i > e
Giai: a) Tacoa,=— > == =0y, n=1. Chubi Z— phan ky
n n L n=1
n+l
(xem vi du 2, muc 1.1.2), theo t1éu chuin so sinh 1, chudi s6 Z~“--
n=l A

phan ky.

6+2(-1)" 8 iy
b) V6i Wn>l,tacéd 4<6+2(-1)" <8 = hl (ﬂ) < =|—1.
2H+J 2)’I+3 2

< f : : 1
Chudi Z[—i) hoi ty (vi 12 chudi cap s6 nhin vdi cong bdi | g ]=5 <1),

6+ 2(-1
theo tiéu chuin so sanh 1, chudi sé Z ( )
- 1 2?‘.‘ 3

1.1.4.2.Tiéu chudn so sdnh 2. Cho hai chudi s& duong ZQH , an va
n=1 n=1

lim 27 = k. (5)

oo
H—> n

14



1) Néu O<k <+oo thi cde chudi sé Za” , an cing hoi tu hode
n=1 n=I1

cung phan ky.

v 43 an
2) Néu k =0 va néu chuéi sé an hoi ty thi chudi s¢ ZCIH hoi tu.

n=1 n=1

ox o
3) Néu k = +oc va néu chudi sé Zan phdan ky thi chudi s6 an
n=1 n=1
phdn ky.
Chirng minh:

+Néu 0 <k <+o0, tir (5) theo dinh nghia gidi han cta diy s6 ta cé

4]
Ve>0,3ny:Vnzny=>k-e<t<k+e,
H

hay
a, <(k+g)b,. (0)

o frad
Chudi s6 an hoi tu nén theo tinh chat 2, chudi s6 Z(k + £)}b, hoi .

n=1 n=1
o
Theo ti¢u chudn so sdnh 1, chubi s& Zan hai tu.
n=|

. b 1
+ Néu O<k <+ thi lim—2=

—, 0<Z
n-e g, k

1
Z <+ . Theo chitng minh

ol s &3
trén, néu chudi s6 ) a, phan ky thi chudiss » b, phan ky.

n=| n=]
Chit y. Néu a,va b, 1a cac VCB (hoic cac VCL) khi n— o0 va limi =1
H—»0 a"
o o
thi a,,~b, (tuong duong) khi n— 0. Khi d6 cic chudisé ¥ a, , Db,
n=1 n=}

cung hdi tu hodc cing phan ky (vi 0 < £k =1 < +o0).
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Vidu 2. Nct ciac chuil 6

) Z —-—-—-I--—TL-}—‘. h) 25inz :Fi

n—l\fzh‘-1 + 1t n=I 2
n+1 1 ]
Giai: a) bat a, T b, =— tucod
Va2t 1 #

a n+1 no 1
lm —*=lim——- .. —=—.
"_”:bn H—>x ;2” + 1 ] \/E
-
Chudl diéu hod Z“_ phin ky, theo titu chuan so sdnh 2, chudi so
n= 11

o

Z n+1 hin ks
—— phan ky.
H-—i\.l'2H4 + 1

T 7.{‘) Es 2 ’ ] H
b) Tacé a,=sin” /_”T b, khi 1 —> o Chuoi ;: :ﬁZ{—J
31 3..?? M:IB-!.lr 0=\ 9

N . 1 - . ) o~ 2T
hot tu (vi ‘q‘ = 6 < 1) theo tiéu chudn so sdnh 2, chuédi s& Zsm — ho1
n=1 3

.

s
1.1.4.3. Tiéu chuan D' Alembert. Cho chuoi 56 diong Za” va ton tai

1=

lim fu=t =D, (N

= L
# ()‘H

x
D Néw D <1 thi clhioi sé Zan hoi .

H=|

) Néu D>11hi chidr s Z(JH plrdn kY.
n=i
3y Néw D= 11hi cliua két tudn (cluéi 56" e thé hot te, o6 the phan kyv).



Cluiiy minh:

) Cho D <1 i (7). vGi >0 di nho sao cho & <1 — 1) theo dinh
nghia 210t han

_ . o,
Sy Wi y == —a=l <frig.
f

"

bat D+e=q, O<¢g<ladug a,,, <ga,, v& n=n,.
Theo he qua ctia tinh chit 3, khong Iam giam tinh 6ng qudt ta <6 thé gia
thiet g = 1. Khi d6 ta ¢6

(s < qa,

2
(y < ga. < g-a,
- . "
Ay <qa, <..<g a

P

Vi 0<g <l nén chudi so Zu]q” hoi ¢ xem vidy 2. muce LL0). Vay
-t
o
chuai so Za” hor tu theo tieu chuan so sinh 1.
n=1

2y Cho D=1t (7)véie =D —1 theo dinh nghia gidi han

a,
I I VT  TLNE— Sl ol B § S [N (. >
] {} a i i

H
-
Nhur viy @, khong thé ticn 161 O khi 17 = . Vay chudi so Z ¢z, phan k¥.
=1
3) V6i D=1 chua ket ludn vi ¢6 trudng hop chudi hoi tu. clng ¢o
truong hap chudi phan ky. do d6 khong thé dp dung tiéu chuian D" Alembert
dé xét su hoi tu hay phan k¥ cua chudi s6 trong trudng hop nay. Chang han

+ Chudi so Z hoi tu (vidu 1. mue 1.1.1), trong khi
o +1)
=
.o . nln+1
lim —tL = Jim _anrl) 1
no>E :}—)r(ll+l){!?+2)



s

+ Chudi <o Z phin Ky (v du 2. muc 1.1.2) ma
1
H=1

a, ., i

hm ~t =i ——- = 1.
TS a” R 4 l

Vidu 3. XCtsuhol tu ¢ha cde chudi 86

s .
" - 3"t
a) ; b) —_—
”;4” ;1.3 ..... (2n—1
Glai:
) i n+l
&) Tacd a, =~ a, ,=—— Vi
4."? 4”
. . n+1) n om0y 1
Jim = = Jim (——]) - |= lim arly_1 <.
r=>x (), H—>x 4”"’ 4” n—o  dn 4
Theo ti¢u chuan [’ Alembert chudi s& da cho hoi tu.
by Tacd
a. .. 3"+ I 1.3....2n-1) . 3n+l) 3
lim =lm : . =lim———==>1.
woeq el 132 =12+ D) 3! wove I+l 2
Theo ticu chudn D' Alembert chudi sé di cho phan ky.
L
1.1.4.4. Tiéu chudan Cauchy. Cho chudi sé diong Z @, vaiton iyl
n=I
lim fa, =C. (8)
n—>x

o
Dy New C<1 thi chudi sé ZGH hol ti.

A=l

.
2y New C=1 thi chudi sé Za” e k3.
n=l
3y Neéuw C =14 thi chia két Tuan.
Cliimg minh:
1) Cho C<1.tir {8) véi & <1 - theo dinh nghla gidi han
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GncTnzae, = o, < Cre.
bit C~e=¢, 0<g <1 taduge a, <¢”. v& T2y, Khong lim gidm
tinh tong quat ta ¢6 the gii thiet iy =1, Khi dé 1 eo

" [
a, <¢ , Viezl.

X
Vi O0<g <] nén chudi so Zq” hol tu (xem v du 2 muc 1.1.1) Vay
ITE) |
S
chuoi so Z({,; héi tu theo tiéu chuin so sénh |
n—t

2) Cho Cx>1tr (8§) véi ¢ =C—1 theo dinh nghia gidi han
dn'g:Vnzn'y= @“ra” >C-¢e=1 = f{fa,, >1= a, >1.
s
Nhu vy a, khong thé tién 161 0 khi 7 — oc. Vay chudi so Za” phan Ky.
HE]

3) Vai C =1 chua két luan vi ¢é trudmg hop chudi hoi tu, ciing ¢d trudng
hop chudi phian ky. do d6 khong thé dp dung tiéu chuian Cauchy dé xét su
ho1 tu hay phan k¥ ctu chuéi 6 trong trudong hop nay.

Vidu 4. Xétsuhoi tu cua cdc chudi so

H

. nin+d)
2141 3 _ = ”er

aj) Z : b)

n=1 n+3 ”:3(111.’?)” =l\”+2/’

Gidi:

. 2n+1Y . r— . 2n+1 .
a) Ta ¢6 a, :{ vi lim Yla, = lim - ~-=2=C=>1. Fheo
a+3 = n—r j1+ 3

ticu chudn Cauchy chudi s6 da cho phan ky.
By Ta cd lim ta, = lim — =0=(C <1. Theo tiéu chuin Cauchy
H— #rxIn H

chudi 50 di cho hoi tu.
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¢} Tacd
_n+3
P42 1 (n+2)

! ]_I —e =0 <],

n+2

n+3
llmqﬁz = llln[n+l--J = lim (l-f- -

H—r -0 n—i— H—y0

Theo tiéu chuin Cauchy chudi s& da cho héi tu.
1.1.4.5. Tiéu chudn tich phdan. Cho ham sé f(x) lién tuc, dwong va gidm
rén khodng [V+ ). Khi dé chudi sé dirong

Za —Zf(n) véi f(n)=a, n=123..

n=1

[ Res]
va tich phan suy rong I f(x)dx cang hot t hode ciang phan ky.
|
Chitng minh: Ham s f(x) lién tuc va gidm trén [£; kK +1] véi Vk 21,
nén theo dinh 1y vé gid tri trung binh cua tich phén, ta ¢
k+1

fle+D)s [f(x)dx=f(e)< f(k), celhkk+1),
k

dodo
A—| n " n=1 A+l -1
D Sl = fUo< [fdc=Yy. [ fx)dx<y £k
k=1 k=2 I k=t % k=)
hay iak < j:[f(x)dx < iak . (9

Theo tiéu chuén so sdnh | va tir (9) ta cé diéu phai chitng minh.
Vidu 5. Xét suhoi tu cha cdc chudi s6

d)z

Gidi:a) Do a, =

b) i% e R,
=1 n

nlnn

= f(n), xét ham s8 f(x) =

lién tuc, duong
ninn xlnx

20



va giam dan téi O wen [2;+ oo). Mat khéc

J'xlnx Inx

. f e
Theo tiéu chuan tich phan chubi s6 Z ——— phén k.
o ninn

1 1
b) Ta ¢6 a,=—=f(n). Néu @ >0 ham s§ f£(x) =-— lién tuc,
h X
duong va gidm ddn t&i 0 trén khoang [1;+ o). Tich phan

hoi tu khi @ >1 va phanky khi 0 <ar <1.
Theo tiéu chudn tich phan, chubi s¢

iL
n=l na ,

hoi tu khi & >1 va phanky khi O < <1.

. R | 1 e
Néu or <0 thi chudi s6 » — phan ky vi a, = —khong tién 16i 0
n=l n“ )
khi n >,

1
Viy chu01 sO Z-—— hoi i khi & > 1 va phan ky khi a <1.

nln

1.1.5.  Chudi s6 ¢6 ddu bat ky, chuéi s6 dan ddu
1.1.5.1. Hoi tu tuyét déi, ban héi tu

Xét chuéi so

o

>a, (10)

=]
trong d6 cac s6 hang a,c6 ddu bat ky.
Cung v6i chudi s6 (10), ta xét chudi tri tuyét dsi
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s

Z']a”i, (th

H=1

Dinh nghia 1.1.4. Néu hai chudi s6° (10) va (11) ciing hoi tu, ta néi chudi
5O ¢6 dan bar kv (10) hot e tevét doi,

Néu chuoi tri tuyét doi (11) phan kv, chudi s6 (10) héi ne, ta néi chudi s
(10) ban héi .

Tu dinh nghia trén ta thdy viée xét sy hoi tu caa chudi s6 ¢6 ddu bat ky ¢
thé thong qua chudi tri tuyel d6i clta né (13 chudi s6 duong) dé xét.

Dinh Iy 1.1.2. Néu chuoi tri tuyét doi (11) hoi e thi chiuéi s6 cé ddau bt ky
(10) héi ne va la hoi e navét doi.

Chimng minh: Ta cé
\ .
0<a,+a,l < 2‘%‘ véi Vn=1.

-
Chuoi s6 ZZ%QH\ hoi ty nén theo tiéu chudn so sdanh 1, chudi so
A=l

i(an +la,]). (12)

=1

I
hoi ty. Cong chudi s6 hoi tu Z— ‘an] vGi chudi (12) ta duge chudi s¢

1=l
nw o
Z(an + ‘anl _‘an‘) = Zan ’
n=1 =l
ciing hoi ty. D6 la diéu phdi chdng minh.

Vidu 1. Xét sy hoitu clia cdc chudi s6

= sinna = (n+1)sin(2n
a) 277, aeR; b) (3 ?) (3 B),BER.
i = Yn’ 478 41
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sinng!

sz
Giai: a) Xét chudi s6 Z ‘ ‘ ,ta cod
sin na’|
‘ £—.,Vn=>l].
ac
Chudi s6 2 — héi tu (vi &« =2>1), theo tiéu chuin so sdnh 1, chudi so
n=1
=, |si nna
Z h01 tu.
n=I
sin ne

Vay chudi sé Z
n=1 ?2

hoi tu va L& hoi ty tuyét déi.

by Tacé n+1<2n, [sin(2nB) <1, n’ +7n’ +1>4" dodé

|(n+1)sm(2n[3)\ _,
7:/3 4/3 "

+7n+l\ n f

e 4}
e L 1 , 4 . .
Chubi s6 z 2- i3 hoity (via= -5 > 1), theo tiéu chuan so sanh 1, chudi
n=l "

s6 Y |a,| hoi tu. Vay chudi s6 da cho hoi tu va 12 hoi tu tuyét déi.

n=I
Cha ¥. D8 ching to sy hoi tu mot chudi s6 ¢6 ddu bat ky (10) ta ¢6 the sir
durg Dinh 1§ 1.1.2 vA céc tiéu chuén hoi tu clia chudi sé duong. Chudi s&
(11) phan ky thi chua két luan chudi s¢ (10) hoi wy hay phan ky. Tuy nhién
ta ¢ két ludn sau

1} Néu 11m|a ‘ # 0thi chubt s6 c6 ddu bat ky (10) phan ky.

=30

2) Néu 11ml Al

H—ya a

= D > 1thi chudi s6 ¢é ddu bat ky (10) phan ky.

3)Néu lim gfla,| = C > Lthi chudi s6 ¢6 dau bat ky (10) phan ky.

"

23



Vidu 2. Xétsu hoi tu cua cac chudi so

. bl i _ Fl
D> (-1 by > (2
"

71+ 1

H= | =l

Giai:a) Taco
S B S A
11m_\,|a”‘ lim = =3=C>1.
H—x H—r ¥ (an)

Vay chudi s¢ di cho phan ky. (Chi ¥ lim Un =1 ).

b)Y Ta co
L i -1 # 2
. la, b L 127 (m+ D 27 . 2(n+1
lim |~ = im (n 1) :—— | = lim 2ntD) = +C,
noEd, | Ao n+2 n+1 nasx pu4+2

Vay chudi s6 da cho phéan ky.
Mot s6 tinh chat cia chudi s6 hoi tu tuyét doi

s
Tinh chat 1. Néu chudi s¢ Zan hoi tu tuyét doi va cé téng la S thi chudi s¢
n-l
ditge suy ra tiv chudi s6'dd cho bang cdel thay doi vi i cae sé hang ciia né
mot cach tiy ¥ ciing héi tu tuyél déi va o6 téng 1 S,

e o
Tinh chdt 2. Néu hai chudi s¢ Zan , an hoi i tuyér déi ¢6 tong ldn
=1 =1
lwot 1a Sva S thi chudi sé&

ZZaab,;..k

n= k=1
(goi la tich ciia hai chudi s trén) ciing hoi ty tuyét doi va c6 tong 16 S.S".
1.1.5.2. Chuoi sé dan ddu. Tiéu chudn Leibnitz
Binh nghia 1.1.5. Chudi s¢

A x

-a, =a —ay +o 4 (=1)"a, + .. (13)

n=I

trong dé  a, >0 véi Yz, dwge goi chudi sé'dan ddu.
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Chudi s6 dan ddu 1a truong hop riéng cta chudi s6 ¢6 ddu bat ky. Vi vay
x€t sur hol ty hay phin ky cla chudi $6 dan diu ta ¢6 thé xét nhi dal véi
chudi 56 ¢6 ddu bat ky. Tuy nhién ta con ¢6 tiéu chuan sau dé xét vé su hoi

tu cua no.

Tiéu chudn Leibnitz. Chudi dan déy (13) hoi e néu thod man cde didu

kién san
iyday {a,} don diéu gidm (nic l a.>a,, Vk=n).
it) lima, = 0.

Hon nita, 1ong S cvia chudi s6'(13) théa man bdt ddng thire

0<S§<q.

Cluing minh: V6t i 12 s8 chin #=2m (ta ¢6 thé xem n,=1)

Sap = (a — a5 )+ (ay ~a4)+...+(af_,m_ { = ds, ).

Vi dEiy {an} don dléll glém Uyp_| —Aqp > 0, Vk 21 » NéN d;:iy {Szm} don

di¢u tang. Mat khic ta lai ¢6

S2m =aq - (612 —dj ) - (a4 - aS) - (a"»'m a7m—]) A -

Viday {a,} don dieu gidm a5, —as;,, >0, Vk>1= Sy <a.

Vay day {Szm} don diéu tang va bi chan trén nén cé giéi han

HY -

VoL n 14 56 lé n:2ﬂ7+1 ta ¢co Szm_” :Szm +a2m+}. Theo glé [hlét

lim a2m+| :0 dOd()

H—x
lim§,,  =limS, +lim &y, =5+0=5.
Il M= T
Vay limS, =S, S<a,.

Ly S
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Chuéi thoa min gia thiét cia tiéu chuan Leibnitz duge goi 1a chuds
Leibnitc.
Vidu 3. Xét sy hditu cia cdc chudi so

. - 2
= (-1 - net In" 1
a) ; b) -1 —_—
£3n +2 % ( ) 1
Giai: a) Chudi so da cho 1a chudi 56 dan dau. Ta ¢o
1 ] 1 I
p = >0,a, = > = =d,,. Vu>1,
3n+2 In+2 3n+5 3n+1)+2
nén day {an} don diéu giam va lim g, = lim EP 0. Theo tiéu chuin
H—3 n—x 3+

Leibnitz chudi $6 da cho hai .
In? x
b) bat p(x) =

, stt dung quy tic L'Hospital ta ¢

211nx
. . In? e .21 .2
lim @(x) = lim X~ lim X = lim Zlnx _ lim = =0.

X X+ x Ao 1 xSem oy Xty

Mat khic

0'(x)= -19—;5(2— Inx) <0 khi x >e?.
X

In~n . . .
Vay day {a”} trong d6 a, =-—- = @(n) don di¢u giam khi n>e’va
n

2
a1 In“ n

lim a, = 0. Theo tiéu chudn Leibnitz chudi s& Z (—1)

hoi tu.
H—>a

n=1

Chit y: i véi chudi Leibnitz thi chudi du
Rm - i(am+l Ay t Ay )
cling 14 chubi Leibnitz va tong cliia né khong vugt qui a,,

‘Rm‘ < ptl-
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Vidu 4. X¢t sy hoi tu clia cdc chudi s6

,
= {(~1" - a—l [n" n
a) ) ——: b) (- - —.

. . 2o (1) . . ) I
Giai:za) D¢ dang thdy riang chudi ZQ hoi tu theo tiéu chuan Leibnitz.
n=l n

. o = o (=1 1) S
Tuy nhién chudi s¢ i tuyér dai Z‘an‘—— Z phan ky vi
n=I| yn=| n=

day la chudi diéu hoa.

i

Vay chudi so Z - la chudi ban hoi tu.

n=| g
> In? »
b) Chudi sé Z (—l)r"_I ——(trong vi du 3, ¥ b) cling 14 chudi s& bdn
7

n=|

hdi tu vi chudi so ( l)'H

=l

Z—~— phén k¥ theo tiéu chudn tich phan.

=l
Vidu 5. Xét suhoi tu cia chudi s6 Z (-1)" nl

7=2 nz'_3n+2
v+l

Giai: Dat a, = (-1)" ————— . Xét chudi s6 wyet déi
n —3n+2
o * \/ﬁ
Z= ; n =3 _-5
la cd
3 n+ \/E 1
"[“ “3n+2 A b

o e . . 3 . . . f
Chudi so z 7o (Vi o= 5 > 1), theo tiéu chuan so sdnh I, chudi s6

n=|

D |a,| hoitu. Vay chudi s6 da cho hei tu vi 1 hoi tu tuyét déi.

n=|\
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1.2. CHUOI HAM SO
1.2.1. Khai niém v¢ chuoi ham sé
Dinh nghia 1.2.1. Ta goi chudi ham s& (chudi ham) 1a chubi c6 dang

S, (%), (1
n=1

trong do cde so'hang w(x), 1y(x),..., #,(X),... ld cdc ham s6 ciia x ciing
xdc dinh wén tap hop D < R

Ta néi chudi ham (1) 1oi 1y tai diém x, € D néu chudi s6

ZM”(Xo), (2)
n=1

hoi t va Bdi i tuyét dot tal diém x, € D néu chudi s6

> e, (x)]. (3)
n=1

héi .
Néu chudi s6 (2) phan k¥ thi ta néi chudi ham (1) phdn k¥ tai diém x,.

Tép hop tat ca nhitng diém x sao cho chudi (1) hoi t duoe goi 1a mién hoi
1 cua chudi ham (1),

1
Tong S, (x)= Z”k (x)duge goi 1a 16ng riéng thit n cia chudi ham (1).
k=1
Néu t6n tai gidi han

lim S, (x)= S(x),

thi S(x) latong cia chudi ham (1). Téng cia chudi ham (1) 1a mot ham s6
xdc dinh trén micén hoi tu clia né.
Vidu I. Tim mién hoi tu clia cdc chudi ham s8 sau

a) ix”; b)z—l;; c) iln—x
n=0
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Gidi: a) Theo v du 2 myc 1.1.1, chudi da cho hoi tu néu [x| <1 va phan ky
néu ‘xl >1.

Vay mién hoi tu clia chudi ham d4 cho 1a khoang (—1;1) va ¢6 téng

1 . .
Z x" = 1— (chuél cap s6 nhan i vo han).
N - X

b) Chudi ham s¢ Z — hoi tu néu x >1 va phan k¥ néu x <1 (Xem vi
n=1_ n*
du 5b, muc 1.1.4).
Vay mién hoi ty cla chudi ham da cho 13 khoang (1;+w).
=] q??
¢) Xétchudi ) Z— trong d6 g = Inx, x>0 . Tacé
=l

n+1 "

9 .9

n+l n

= lim

H—w0

a,
lim 22
H—roo a’

= lim ‘q

R ‘ n+1 ‘q‘

o 4
Theo tiéu chuin D’Alembert néu Iq|<l chudi Zq— héi tu va néu
n=1

}q‘ > | chudi phan ky.

Néu g =1, chubi Z
n=1 "

hé_“)i tu (xem vi du 3, muc 1.1.5).

o
1
Néu g =1, chudi E — phan k¥ ( vi day 12 chubi diéu hoa).
.

[n" x
Béi vay chudi ham Z

hoi tu tuyet dsi néu Jinx| <1 (tic 1a ¢ <x<e)

va bén hoi tu tai lnx:—l (tic 1a x = e“ ). Tai nhitg diém khdc chuéi phan
F.'
ky. Vay mién hoi tu cha chudi ham Z — ld khoang [e” ;e).

n=\
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1.2.2.Chudi ham s6 hoi tu déu
Dinh nghia 1.2.2. Chudi ham (1) duwgc goi la hoi ty déu toi ham S(x)irén
tip £ < Rnen
Ve>0,3dn,e N1 Vnzn, Viell = ‘S(x)— S”(.x')| <eg.

Tt dinh nghia cua chudi ham hoi tu déu ta thay chudi ham (1) hoi tu déu
khi va chi khi chudi du

Rx)=S(x)=S, (x)=u, (x)+u, (x)+u
hoi ty déu tdi 0. nghia la

(x)+...

n+3

supﬁR}7 (x)‘ —> 0 khi n —>w.
xe k£

Vidy 2. Ching minh chudi ham 6 hoi ty déu trén tap E, néu

"‘l =1
a) un(x):%, E=R.
x“+n
i 11
n-
by u, (x)=x"", EL=|-—;—|.
e -3
) u, (%) al E =[1;+ =)
C , = . =11 .
’ (1+(n=Dx)1 + nx)
o _ )!’?—1
Gidi.: a) Chudi haim Z—- 3 hoi tu véi Vx € R, vi n6 théa man cdc
n=0X +n

, x0 _1 k—i
di€u kién cla ti¢u chuén Leibnitz. Ta c6 S(x) - S, (x) = Z '(_E—)—
kenel X+ K

cling la chudi dan dau va 12 chudi s6 dur, nén

< e Ves0. VreR,

R, (0] =[$(x)=5,(0)] < —
X+nr+lon
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] 1 1
tr — <& = n>—.Chon n[,={—} thi khi dé véi Vrn2ny. VxeR tacé
n £ £

'|S(x) ~S, (x)\ <€
theo dinh nghia chudi ham da cho hoi ty déu trén R.

b) Do 14!},,‘,(x):xn_1 nén

roo o 1=x" 1 11
Sn(x)zzx" = v S(x) = . Vxe[—.—}
P ] 1 272

- X - X
A‘”
= |R,(x)| =[S(x) =S, (x)| = -
1 1

DO—ES.\’S—:H—X?.—,HCH

|R,(x)| =[S(x) =S, (x) = ﬂ <L

n H l_.)( 2fr-l.
Vi — 0, khi = o nén sup|R,(x)] = 0 khi n > =,

2n—l xek
Vay chuébi ham da cho hoi ty déu trén {— %,%} .
¢) Taco
X 1 1
u,(x)= = —

d+{n-Dx)¥t+mx) {d+n-Dx) +nx)

nén
S, (x)=1-~ l + I + 1 - ! =1- ! ,
l+x 1+x 1+42x 1+2x 1+ nx 1+ nx
tir dé
S{x)=1, R (x)= :
1+ nx

Bdi vi x €[l;490) = x21=>1+nx > 1+ 1 chonén véi Vx €[1;+90) taco
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O0<R, (x)= ! < : — 0 khi # >0,
(l1+nx) 1+n

Vay chu6i ham da cho héi tu déu trén khoang [1;+o0).

Vidu 3. Xét tinh hoi tu déu ciia chudi ham Z(x” - x"") trén doan [0;1].
n=t)
Gidi: Tacé tong riéng
_i+l

S, (x)= -+ =+ o+ =™ =1 —-x"", 0<x <1,
do do

lim S, {x) = lim(1~x"") = S(x) =

n--poz

I, khi0<x<l,
0. khix=1.

khi d6 sup|R, ()| =|S,(+)~S(x)|= 1,40 khi n > 0.

(1= y=]

Vay chudi ham da cho hoéi ty khong déu trén doan [0;1].

o o]
Tiéu chudn Weierstrass. Néu 1on tai chudi sé dirong ZQH hoi ti, sao cho
n=]
e, (x)|<a, Yn2l VxekE, (4)

thi chuéi ham sé

S (),

hot tut tuyét déi va déu trén E.

O day khong chirng minh. (Xem trong {6]).

Vi du 4. Chimg minh chudi ham s6 Zun(x) hoi tu déu trén tap £, néu

n=1
sin nx
a) u,(x)=——, E=R.
nin
2nx )
by u,(x)=——=, E=(0;+x).
l+n'x



Gridi:

a)Taco
‘sm nx| ] .
‘“”(x)|_' ' ' <_ I.T—_z '3!_,} Vi) VHZI, VXER.
nxnu nvu o
o 3
Do chudi sé Z—},} héi tu (vi o = ; > 1) nén theo ticu chuan Weierstrass
n=1#" =

chudi ham da cho hoi tu déu trén R.

byTacé 1+7°x >21" “x khi x> 0 . do d6

: 2nx l .
i, (x) = 55 S 3y VO YR 21, Vx € (0340),
l+n'x” n'l -~
. i 3 .
Chuoi so Z v hd1 tu (vi o :5 >1) nén theo 1iéu chuan Weierstrass
n=1F

chudi ham da cho hoi ty déu trén khodng (0;+cc).

Mot 56’ tinh chdt ciia chuéi ham s6 héi tu déu

e

Tinh chdt 1. Néu chudi ham Zun (x} hoi 1y déwe dén ham  f(x) irén
r =]

dogn [a,b] va tdt cd cde s6 hang cita chudi ham g cac ham s lien tue wén

doan [a,b], thi f(x) ciing i ham s& lién e trén dogn {a,b].

og
Tinh chat 2. Néu chudi ham Zu”(x) hoi me déu  dén ham  f(x) trén
n=|

dogn |a,b]va cdc ham sé u,(x) (Ynz1)lién we wén doan [a,b] thi

If('c)dx IZ u (x)dx = Z ju (x)dx .

PR nl

st
Tinh chat 3. Néu chudi ham Zun (x) hoi e dén ham f(x)trén dogn
n=|

[a,b). cde ham sé u, (x) (VY 21) lién tue va cé dao ham lien tee wrén

"
[y



a
doan [a,b], déng thoi chudéi ham Zu' LX) hoi ty déu trén doan [a,b]
n=1
thi f(x)cé dao ham trén (a,b)va

f(x)= {iun(X)J = iu'n(x)-
n=1 n=I

Nhimg tinh chat trén day ta cong nhan va khong ching minh (xem [6],
[71). ma chi minh hoa biang mot s6 vi du.

jr &1
Vidu 5. Xét tinh hoi tu déu clia chudi haim Z(x" — %™ trén doan [0;1].
n=l|
Gidi: Ta cd cdc ham sd u,(x)=x" — %", Wizl lien tuc trén doan [(;1] va
2

n-1

I
S,(xy=x'=x+x? —x' 44X " =1 X,

do doé
-1, khi0<x<l,
0, khix=1,
Ham s6 S(x)gidn doan trén doan [0;1]. Vay theo tinh chdt 1, chudi ham
da cho héi tu khong déu trén [0;1].

ImS (x)=lm(-1+x")=S(x) = {

Vi du 6. C6 thé tich phan timg s6 hang cla chudi z

n=1

trén doan
n_xX

[O;1] khong?

Gidi: Ta cé céc ham s8 u,(x) =

— ,¥n2>1 lién tuc trén doan [0;1] va
2"n ’

L <

‘un(x)‘z Y E véi Vr21, Vxe[0;1],

[ . = . “ 1 A el . = -~
chuoi s6 Z——; hoi ty (vi g = 5 < 1) theo tiéu chudn Weierstrass chudi ham

u=I

sl 1 Y - » - ,
Z —— hoi tu déu trén doan [0;1]. Theo tinh chat 2, c6 thé 1dy tich phan
=1 2%n
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tung sG hang caa chudi trén doan [0;1].

Vi du 7. Hay tinh téng cua chudi him trén khoang héi tu ciia no

5

.

v
Gidi: Chudi him Z'—cé khoang héi tu la —1 < x <1 (xem vi du lc, muc
n
n-1

1 b

. X . P - .

1.2.1) vi cde s6 hang u,(x})=— Vn 21 lién tuc. Chudi ham Zx” b es
n n=|

dugc bang cach 18y dao ham ting s6 hang cua chudi ham da cho hoi tu déu

. : i .
trén doan |—q,q], 0 < g <1vacétong . Gia su
- X
o Ft
X
> = ).
n=1

Lay dao ham, ta dugc

fi=Y ! :Til_'
n=1
tir do
'J.f’(t)da‘:f(x)—f(O): .[Ldt:—ln(lﬁx).
o Olﬂt
Vay

ZL:—]n(l—x) vol —l<x <],
=t

H
1.3. CHUOI LUY THUA
Chudi 1ty thiva 12 chudi ham cé dang

>a,(x—xy)", (1)
n=0

trong d6 ay, ay,4,,... 1a cic hang s6 thuc va dugc goi 1a hé s6 cia chudi.
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Trong trudng hop x, = 0. chudi liiy thira (1) ¢6 dang

ianx”. (2)

n=0
RS rang chudi lug thia (2) luon hoi tw véi x=0. Bing cdch dit
X = x-x, . chudi lu§ thira (1) dwa duge vé chuédi luy thira (2). Do d6 trong
cac muc 1i€p theo ta chi xét chudi luy thira (2).
1.3.1. Mién hoi tu ctia chuéi loy thiva

Xét chudi liiy thita (2), vdi x = x;chudi liiy thira (2) tr& thanh chudi 6

D a,xg, (3)
a=0

néu chudi (3) hoi tu thi ta néi ring x, 1a diém hoi tu cha chudi Iy thira,
trong trudng hop trdi lai x 13 diém phan ky.

Dinh nghia 1.3.1. Tdp hop tdt cdc cde diem x € R ma tai dé chuoi Iy
thita hoi e thi dioe goi la mién hoi ty cua chudi 1ay thira.

Vidy 1.+ Chudi lily thira Y x” c6mién hoitula (~1;1).
=0
aT x}?
+Chudi liiy thira Y “— ¢6 mién hoi t 12 [—1;1).
n=\ 1

(Xem vidu I muc 1.2.1).
Dinh Iy 1.3.1. (Abel) Néu chudi lug thiva (2) hoi tu tai diém x, # 0 nao dé
thi nd s€ hoi tu tuyét doi tai moi diém x € (=] x, |, x, 1).
Fe
Chitng minh. Theo gid thiét chudi s& Zanxg hoi ty, do dd s6 hang téng
n=0
qudt cua né dan téi 0
a,xy >0 khi n-— o,
vi vay ddy so {a”x(’;} »1=0,1,2.... bi chén, tic 1a t6n tai hing s6 M >0

sao cho {a,x; |[< M, Vn. Ta c6 ddnh gid
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”

<M

n

=My" Vn.

i . w_
x| =

n
w X _ N
Unxil al auxf)
.'(“

] xU

Néu g= —El

s k8
<= x| <|x,|. thi chuéi Zanq” hoi tu, suy ra chudi Z!anx"
X[rl n=0 A=

héi tu. Vay chudi hoi tu tuyét déi tai moi diém x e (— | X, 1 X, 1)

Hé qud. Néu chudi Iy thiva (2) phan  ky iai diém x, # 0 nao dé thi no sé

phan k3 1ai moi diém x : ‘x[ x| (e la x < —| x| hode x >

x|

Thar vay: Theo gia thiét chudi s6 Zanx" phan k¥ tai x, # 0. Néu n6 hoi ty
]
tai diém x,:

X, > x, 1, thi theo dinh I[f Abel né phai hoi t tai x,, trii véi
gia thiet. Vay chudi phan k¥ tai moi diém Jx} >l x|

Nhur vay, mién hoi tu ciia chudi luy thira (2) c6 thé xdy ra trong céc
truong hop sau;

1) Chuéi (2) hoi tu tai mot diém duy nhdt x = 0.

2) Chudi (2) hoi tu tai moi diém xe R.

3) Tén tai 6 R >0 sao cho chudi hoi tu tuyét dsi khi x| < R va phan ky
khi [x| > R. Khodng hoi tu ciia chudi (2) 1a ~R<x<R. Tai x=+R ta
dugc cdc chudi s6, phai xét cu thé d6i véi cdc chubi s6 dé.

Vidu 1. Chudi liy thira Z n°x" . Véimoi x#0,ludnténtai ne N du

ne=|
16n dé ‘nx‘ >1={a,x"|=|n,x" ) > 0khi n — . Do d6 chudi phan k¥ véi
mol x=0.

T n

N x . T b ..
Vidu 2. Chubi lily thira Z — . Xét chudi tri tuyét doi Z ‘—-— , theo tiéu
. n=l ' n=0 YI!
, . ) ‘x n+l ‘x " ix‘ y )
chuan D'Alemberttacé 2L .2 - 21 g v6i VxeR khi #n—> o0,

(m+D !l on+l

Vay chudi di cho hoi ta tuyét d6i véi Vxe R .
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Vidu 3. Tim mién hoi tu caa chudi

[P
X+ x o x {(*)
27 3°
1
e b - 1 | ‘e A
Gidi: bit ax" = +x".a, x" x"" . Theo tiéu chudn
a (n+1)
D'Alembert, ta cé
el 2
. la, .x ‘ . {n+1y
lim || = ]n’n# x|=lxi< 1,
H— a x” | = -
"

suy ra khoang hoi tu cua chudi dicho la =1 < x <1,
Chudi dia cho hoi tu tuyét doi khi —1<x<! va phan ky khi
x<-1, x>1.

Tair x=1,t0(*)tacéd

1
]+—]‘_)—+—_J+"'+]_2+"'1(**)
273 n

13 chudisé hoitu(vi a=2>1).
Tai x=-1.tr(*) tacéd

—1+

1 1
— - — et __1”_._)_|_..., # koo
R (-1 = (F#%)

chudi tri tuyét ddi ciia(***} tring v6i chudi s6 (**) nén hoi tu.
Vay chudi di cho héi tu v6i moi gid tri ctia xthéa min bdt dang thic
—-1<x<1.

Binh nghia 1.3.2. S6 R >0 sao cho chudi Wiy thiva (2) héi tu voi |x! <R
va phdan ky vai |x‘ >R, dwwge goi la bdn kinh hoi tu. Khodng (—R, R) dioc

goi ld khodng hél ny,
Truong hop néu chudi luy thira (2) hoi tu tai diém duy nhat x =0 thi
R =0, néu chudi (2) hoi tu tai moi diém xe R thi R=w.
1.3.2. Cach tim ban kinh hoi tu cua chuédi liiy thita
Xét chudi luy thira

i a,x", 4

n=(}

trong 46 a, # 0, Vn.
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Dinh Iy 1.3.2. Néu t6n tai gici han

{1n+]

an

lim

n—pia

:)01

thi ban kinh hoi tu cia chudi tuy thiva (4) duge xdc dink bdi cong thiic

Q, P = +oo,
1
R=<¢—, 0<p<+x,
po)
+oo, o =0.
N
Clitng minh. Xét chudi tri tuyét doi Z anx”i cla (4), ta ¢é
n=0
n+l
. a . a
lim = = lim |- !xi = plx‘ =D.
H—30 anx H—ro an

Néu p=+w,x#0 thi D=+0>1, theo theo D'Alembert chudi

i‘a,gc"' phan ky va ianx" phan ky véi moi x#0.Dodé R=0.
n=u

LEI]

Néu 0 < p < +oo thi chudi i|aﬂx" héi tu khi p‘x| <l |x‘ < _l_
n=0 f2

Khi p|x|>1< x| > L thi D> 1 va chusi ila"x"l phéan k.
,0 =0

1
Viy R=—.
Po,

Néu p=0 thi D=0<«1, theo D'Alembert chudi Zanx"i hoi tu véi

n=0
moi x€ R.Dodé R =+,
Tuong tu cach ching minh trén ta ¢6 dinh 1y san
Dinh Iy 1.3.3. Néu tén tai gidi han

lim j|a,| = o,
H=35
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thi bdn Kinh hoi ue cia chudi s thiva (4) dicge xde dinh boi cong it

'[r.(}. £ =+,
il
R=<—, 0O<p<+w
i e
i+"13. )(j - 0.
B s ___1 n—[‘ "
Vidu I. Xét chudi lay thira Z (__)_r
n=| g
o i} (_1).”—] . )
Giai Dat a, = va, #0.Vne N, tacd
7
: aﬂ‘li . n+l
lim|—=4 = lim =1.
HN—wo an N—p: n

Do d6 R =11a bdn kinh hoi tu. Khodng hoi tu ctia chudi da cho 12 (—1;1).

Véi x = -1, acéd chudi —» — d6 14 chudi didu hoa, nd phan kY.
i p y
n=l

- s (=D s e
Véi x =1, ta ¢6 chudi Z 1) day 1a chuéi dan dau, né thod min cic

n=|
dicu kién clia tieu chusn Leibnitz, nén hoi tu (xem vi du 3a, muc 1.1.5).
Vay mién hoi tu cla chudi luy thira da cho 1a (~1;1].

} o l i
Vidy2. Xétchudi liy thita  » [f’L} (x+1)".
1

=l

N g . - l n , ) l "
Giai. Dat X' =x+1, ta cé chudi luy thira z [f—:] X (Mvaa, :(n+ ] .
n n

ni=1

Do lim4f| e 1= lim”™ L~ 1 nen R =112 ban kinh cia (*). Khoéng hoi tu

= =¥ n

e Ly
clia chudi > [ﬂj X2 (L),
M

=l

43 n

=1

' . - " ) ) . . . l " .
Vé X =1, chu@Z(fﬂJ co sO hang tdng quat la (”_J”,_J ma
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. (n+l
Iim

woern
. R

] =e# () do do chubi phan ky.

H
.. o n+l " y v e e
Var X =-1, chudi Z[ —] (=1)" , s0 hang t6ng qudt c6 tri tuy¢t doi
n

H=l

+1Y .
lé{!? ] —>e=0 khi 7 — e do d6 chubi phan k.
n

. " :
e TS ol a0 B N
Mien hoi ty clia chudi lu§ thira Z[ ] X"la-1< X <.
7

Vay mién hoi tu ctia chudi da chola —1<x+1<1 hay -2 < x < 0.
= (n+1)x"
2"

el

Vidu 3. Xétchudi liy thira

|

e n+ )
Giai. Dat a,=——_ Tacd
. H
2"n!

i [t = Jim (’l’f+2)_ NUE2) I (n+2) _
" Oye an H—a 2”‘- (n+1)! znn! o 2(”+ 1)‘_

Nén ban kinh hoi tu R = +oo. Vay mién hoi tu ctia chudi lu¥ thira dd cho 1a
(—o0;+00),

Chit y. Trudng hop chudi ham s6 cé dang > @,x™ , dat X = x” duoc chudi

M|

liiy thira Zan){ " Ta dp dung cic cong thiic trén dé tim ban kinh hoi tu.

f=|

Vidu 4. Tim mién hoi tu ctia chudi him

- 1 2n
o 2n
A b - - - - - a”.‘_| . n 1 » = -
Giai: Né&u xét hinh thdc lim[—22 = lim 2"=—=R=2,dodé chubicé
et an e 2"+ 2

khoang hoi tu 1a -2 < x < 2, diéu ndy vo Ii, vi v6i x = V'3 ta ¢6 chudi s§
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=l

- 3” ~ s _3_ N
ZF‘;{J |

chudi nay phan ky ¢ :§> .

Dai v6i chudi di cho ta phai dat x* = X > 0, ta dugc chubi

Esl "

Zzn’

#n=1

Cé bdn kinh R = 2 nhung do X =x” 20 nén khoing hoi tu coa né la

0 < X <2.Khoang héi tu ctia chudi ham da cho 12 —v2 < x < /2.

Khi x=+/2 ta ¢6 chuéi s6 i -
=1 2”

a, =140 khi n — o). Tuong ti chudi phan ky tai x = —2.

Vay micn hoi ty ty clia chudi him di cho [ V2 <x<2.

1.3.3. Tinh chat cua chudi lity thira

Tinh chdt 1. Chudi g thita (2) hét tu déu 1rén moi doan [a,b) thudc véo

khoang hoi ty ctia né.

Tinh chadt 2. Tong cia chudi luy thiva la mot ham sé lién tuc tai moi diém

trong khodng hor tu.

Tinh chdt 3. C6 thé ldy dao ham timg s6 hang ciia chudi lu§ thiva (2). Chudi

mdi nhdn dicge ¢6 cing ban kinh hot tu nhu chudi ban dau.

:i] , chudi s6 nay phan k¥ (vi

n=t

Titc landu f(x)= a,x"c6 khodng hoi tu 1a (—R,R), thi

f(x)= i(anx")' = Zﬂw‘:anmc”_I

cling ¢6 khoang héi tu (—R, R).

Tinh chdt 4. Néu f(x) = i a,x" cé khodng hoi tu la (=R, R), thi véi moi
n=0

xe(=R,R), tacé

o

;[f(X)dx = I[i anx"]dx - i '](a”x”)dx _ Z%"xw ’

oy =0 n=0 g n=0 K 1
Ban doc ¢ thé xem chiing minh céc tinh chat trén trong [1], [3], [5], [6].
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Chi y. Trong vidu la, muc 1.2.1, ta da biél

Zx":l+x +x2~-+x"+---:L, (| x|<1).(*)
a=l 1*.’(
Tu (*) thay x boi —x tacd:
o ]
Z(—x)":l—x +xt (=) x" (x| ).
l+x

Y]
Vidu 1. Tinhtong cla chudi
2 3 — o
T+ 2x +3x° +4x" b mx™ +-- w6 jx|<].

Griai: Ta da bigt khi | x|< 1 thi

l+x+x" +x +. +x'+..= |x|<l1.

Ldy dao ham hai vé&, ta duge

S(xX)=1+2x+3x" +4x° ot mx" 4. = [2 tdng clia chudi d3 cho.

(1-x
Vidu 2. Xétchubi lay thia Y “— c6 khodng hoi tu la (~1;1). Hay tinh

=l

16ng clia chudi dé.

Giai: Dat S{x) = Z E—— Lay dao ham
n

n=I1

= ) & 1 I
S(x)= =y e = S'(x)=—— .,
(x) [Z ] Z — ()=

Lay tich phan hai v& trong khodng hoi tu ciia né , ta duoc

xjs ()t = S(x)~ S(0) = flljdr = ~In(l-x).

Do S(0)=0, nén

S(x)zix =x+f2;+£3_—+...=—ln(1—x), (Ixj<1).

n=|
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3.4. Khai trien ham sé thanh chudi livy thira
Déi v6i chudi luy thira, t6ng 1a mot hiim kha vi vé han 14n trong khodng
hoi tu cua nd, dong thdi ta c6 thé 1dy tich phan timg s6 hang ctia chudi. vi
vay lam viéc v6i chudi luy thira rat thuan loi. Van dé dat ra nhitng him s
ndo ¢ the bi¢u dién duge dudi dang chudi lu§ thira?

Gia sir ham s6 f(x)cé dao ham moi cdp trong mét lin cin ndo dé cla
diém x, va trong lan cin d6 c6 thé bidu dién duge dudi dang téng cia mot
chudi luy thira

fx)=a,+alx—x)+a,(x—x,)" -+ a,(x—x,) +-,
Hay tim cdc hé so a,.i=0.12,.
Theo tinh chét cia chudi uy thira, ta ¢
S(x)=a +2a,(x —x}+3a,(x ~ x,) -+ na,(x—x,)"" +

S'(x)=2a, +3.2a(x = x)) -+ n(n—Da,(x—x,) 2+
Cho x = x,. ta dutge
ay = f(x,). a,:f“ f'g:ﬂ =M

Vay
1 ﬂ)
f=f)+ L) ) L)y )

Chudi luy thita (5) duoc goi 1a chudi Taylor cha ham f(x)trong lan can

_ S %),

n!
S {(x)trong l4an can dé.

.Cdc hé s6 a, n=0,12,..dugc goi la hé s6” Taylor clia ham
Neu x, =0, ta dugc chudi

" (n)
f(.X) f(0)+f(0) f(O)x2_+__”+_.f_-(0_)xn+

2! n!

(6)
va goi 1a chudi Maclaurin.
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Ta s& xemn xét dieu kién dé chudi Taylor cia ham /'(x) hoi tu va ¢6 16ng
bang f(x).

Nhu vay, vé mat hinh thitc chi cdn ham s6 £ (x) kha vi vo han l4n tai diém
x, va lan can cba né thi ¢6 khai trién (5) (tic ta chudi Taylor). Ta con phai
x¢t di¢u ki¢n nao dé chudi Taylor hoi tu vé ham f(x). Khi chudi Taylor (5)
hoi ty vé ding f(x). ta n6i hAm f(x)da khai trién dugc thanh chudi
Taylor.

Dinh Iy 1.3.4. Néu trong mér lan cdn ndo dé cia x,,, ham s6° f(x) khd vi
vé han lan va

‘f“”(x) <M, YneN,

trong dis M la mot hdng s6 ditong, th ham 56 f(x) 6 thé khai trién digc
thanh chuéi Taylor trong lén cdn dy.

Ching minh. Theo céng thic Taylor (cong thic 32, chuong 3, tap I [2]),
trong mot 14n cin cla x, ta ¢

£(x) = Z /- “‘“) (xr—x)) + R (%),

SEY

trong dé R (x) = (x—x)"", & 1a trj trung gian gilta x,va x.

{(n+)!
Theo gid thiét cla dinh 1y ta c6
La+h)
”( )1 . f (éf) xo )n+1 < M | - X, |n+|
1)1 (n+1)!

Chubi Z — hoi tu tuyétl déi véi VX € R (vi du 2, muc 1.3.1), do d6 s&
n!

Xr’? i ) (x_xu)n-{l

— 0, khi » > o, nén
n! (n+1)!

hang tong quat — 0, khi n >,
Vay lim|R (x)| =

Khi d6, ham  f(x) c6 thé khai trién dugc thanh chudi Taylor
(n}
f(x)= Zf (“)(r x,)". (7)
n!

n=tl
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1.3.5. Khai trién thanh chudi Maclaurin mét s6 ham so cdp co ban
1.3.5.1. Khai trién ham f(x) = e* thanh chuéi Maclaurin

Taf(x)=e" tacd f"(x)=e", n=0,1,2...Vé VYxe(-R.R), VR >0,
vi ne N thi|e"|<e® = M, theo dinh 1y 1.3.4 ham s8 /(x) = ¢” khai trién
dugce thanh chuéi Maclaurin trong khoang (—R.R)bét k¥ (ndi cdch khac
ham s6 khai trién duge trén toan truc s6 R).
Do /™(0y=1. n=0,1,2....Vay

2 " el n

] X
+ e 4= —_— VXER. (8)
n! =0 f?!

Trong cong thike (8) ta thay x bdi ~x ta duoe

. X X
e":l+F+

- H
e X x

oY = __1_!+2_!__...+( 1)__+ Z( 1)—, vxeR. (9)
Tir cong thite (8) va (9) ta suy ra
X -y 2 3 2n
Chx:e e =1+f—+——-+-—-+ al +---, VxeR.
2 2! 4! (2m)!
X -x 3 2n+l
shx:e ¢ :£+x—+---+—x—-—+——-, ¥xeR.
2 i 3! 2n+D!

1.3.5.2. Khai trién ham f(x)=(1+x)*, @ € R thanh chudi Maclaurin
S dung cong thiic (6) ta ¢6 khai tri€n thanh chudi Maclaurin. Tir
Jx)=(1+x)tacod
L) =al+x)*",
S(x)=ala-1)(1+x)"7",
Sy =ala-Na-2)1+x)7
F N5y =ala —1Ha-2)..{a—n+ D1 +x)*",...
Vaéi Vxe(—Ll:1)va vn=0,1,2,..
S =laa = e - 2). (@ —n+ DA+ x)*
<la(@-a-2).({a-n+D)|<M
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theo dinh 1y 1.3.4 ham s6 f(x)=(1+x)" khai trién duogc thanh chuédi
Maclaurin. Mit khac

S0 =ala-)a-2)..(a—n+1), n=0.1.2,
Theo cong thic (6) ta duge

(1+x)“‘:1+ax+—a{‘;:1)f+...+O‘(“"D‘(“_z)”'(“_””)f+--- (10)

n!

¥xe(—L1).
Trong cong thite (10) véi a = ~1, ta duge
1

—— =l-x4+X - A )XY+ D'x", (| xl<1). 11
e 1) ;,( ) (|xl<]) (1D
Trong cong thiac (11) thay x boi —x, ta duge
1—:1+x+x‘+x3+...+x”+---=Zx", (|x|<l). (12)
-X

=0
Trong cong thitc (11) thay x béi x°, ta duge
1
l+x?

=1-x"+x =+ A1)+ _Z( e, (lxl<1). (13)

Tich phén hai v& clia (13) trong doan [0,x], 1 x|<1, ta duoc

) 5 2n+l ”m—l

arctanx:x—%-+x?—---+(— g _Z( D

'

(I x[<1)y (14)
n=4 1
cong thirc (14) ding trong ca trudng hqp x==*l.
Trong cong thic (11), tich phéan hai v& trong doan [0,x], { x|< 1, ta dugc

2 x.l x4 H+l n+

In(1+x) = x—%+?—?+ N al Z( 1)"

Cha y: Tt cong thic (10) véi | x |<l ta suy ra duge nhiéu cong thitc khai
trién ciia ham sé so cdp.
1.3.5.3. Khai trién ham thanh chudi Maclaurin ciia cdc ham sé

f(x)=cosx, f(x)=sinx.

p Uxl<) (5

=0

Tt f(x)=cosx tacd [ (x)= cos(x+n%} n=012,...
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Vo Vxe R, Vn=0,1.2.... thi

l.f““”(X)j =

<l,

s
Cos| x+n—
2

theo dinh Iy 1.3.4 him 56 f(x} = cos x khai trién dwoc thanh chudi

I n=4%
. i . " T n=4k+1
Maclaurin trén R. Mat khic f0)=cosn= = , k=0L2 .
2 -1 wn=4k+2
[0 a=4k+3
Theo cong thite (6) ta duoc
x2 x“1 x2” ' an
cosx=l-—+—+ (-1} — ... = -1y, (16
2! 4! =1 {(2n)! ,,ZU( ) (2n)! 1o
YxeR.
Tuong tu, ta cd
) xJ xi x2n+! o 2+l
SINX =X ——+4"—++-+(=])" = -1 , (17
3 s ( )(2n+l)! ;:( )(2n+l)!

VxeR.
Chu y: Cic cong thic tir (8) dén (17) 13 céc cong thitc khai trién ham sé
thanh chudi Maclaurin. Trudng hop khai trién thanh chudi Taylor trong lan
can x, (nghia 1a khat tri€n theo x—x,), chi cén dat x - x, = X ta duge khai
trién Maclaurin d6i v6i X . d6i vé bich cii X = x—x,ta dwge khai trién
Taylor.
Vidu 1. Khai trién ham s6 f(x) = 2" thanh chudi Taylor tai lan can diém
X =1
Gidi: Khai trién Taylor tai lan can x, =1, nghia 12 khai trién theo x —1.

bar X =x-1=x=1+X, thay vio him s&

S(x)=2"=2" 222" 22" = F(X)

Theo cong thiic (8) ta duoc
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(sz 2

Z

=0

F(X)y=2. Z

In*2
k!

Vay f(x)=2"= 2.2

k=0
Vidu 2. Khai tri€én thanh chudi Maclaurin ham s& f(x) = arcsinx.

1 =. {Ix|<1}. Sir dung cong
VI—-x°

: | -
thite (10) véi @ = —5 vathay x bdi -x*, ta duoc

P = \/1‘ L e (":IE](‘%)_

(x~1)".

Gidi: Ta ¢6 f(x)=arcsinx = fix)=

T 232
1_x2—l—2(x)+ Y (=x")y +
1 3 5 1
[*5)[‘5)(‘5]"'(*5‘””]
+ (=x*Y +... (|x|<D
n!
=1+—x>+ 123 X i 2n D) L ™M)
2.1 2°2! 2".n!

Tich phan (*)trong doan [0,x], | x|< 1. ta dugc

1.3 x5+ + 1.3.5...(2?’1—1)x3”+|

S(x)=arcsinx = x=x+ X
2.3.1 2°.5.2! 2".2n+ 1)

. ) 1
Vidu 3. Khai tri€én hAim s6 f(x)= ———  theo x - 1.
X' —2x+

Gidgi: Dat X =x—1=x=1+ X, thay vao ham s¢

L1 1
S = n ey
Yy

= F(X).

‘ . X7
Ap dung cong thitc (11) thay x bdi B ta dugc
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e 5 o]

:11—1X3+i,)(“—i3/\’" (- 1) Xz"
20 2 2’ 2

1 1

W=7 50573

1 .
1= (=1 +=5 (x= D — (=D . (Y = (e~ 1 e |
[()()2;()()2,,()}
Vi dy 4. Khai tridn ham s6 £(x) = cos® 2x theo x — %:—.
. T T N .
Giai: Dt x——z =X::>x:X+E, thay vao ham s¢

) I 1 1 1 1 1
X)=Cos 2x=—+—cos{dx)=—+—cos@X +m)=——-—cos@X)=F(X),
fx) 22(36)22( )22()()

Ap dung cong thitc (17) thay x bETi 4X , ta duge

@ ("—l)n(4X)2n
F)= 2 2Z @2n)

=}

Vay

42.'1 o 2n
fx )————Z( Y 2 ),[ 4] :

Vi du 5. Tinh téng cha chudi s&
50y

Giai: Theo cong thic (8), ta cé

Z(f) LGB By WYy 5
g It 2!

-t troe=e
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Vidu 6. Tinh téng clia chudi s6
- 1
(-1 =
; 2n+1
Giai: Theo cong thitc (14), ta c6
o 2nel

3 (1) — = arctan x, (| x < 1).
2n+1

n=0
Thay x =1 ta duge

>y

s 2n+1

1. 4. CHUOI FOURIER
1.4.1. Pat vin dé

T
=arctan| = —.
4

Trong nhiéu linh virc clia khoa hoc k§ thuat ta thudng gap céc hién twong
tuan hoan, nghia 14 hién tugng lap lai sau mot thdi gian T ndo d6. BE bidu
dién cdc hién tuong tudn hoan, trong todn hoc ta di ¢6 him lugng gidc tugn
hoan theo chu ky 7, d6 la cdc ham sinat, coser.... Tong quat, ¢(f)1a ham
tudn hoan ¢é chu kv T néu @(t+7T) = ¢(¢).

Mot trong nhing ham s6 biu thi dao dong don gidn nhit 13 dao déng
diéu hoa
S(t) = Asin(wt + @), (1)

© . 2
trong dé A 1a bién do, w la tdn s6 dao dong véi chuky T = el , @ la géc
@

léch pha ban dau.
Nhu vay tir cdc ham diéu hod don gian, ching han
Yo = 4y,
¥, = 4 sin(wt + @),
¥, = A, sin(Rat + ,),
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. . ) 2r 27 2z e
¢6 chu ky tuong ing 7, = Iy =— .-, T, =—,---. Ldy tong ciac ham
© 2w nw
. . N . 27
do ta duge ham tuan hoan ¢6 chu ky 7= —.
©

. “ 2r : e
Nguoge lal, che ham tuan hoan () chu ky 7 === Véi cic diéu kién
w

nao ham () c6 thé khai trién dugc thanh téng vo han (chudi) cic ham
diéu hoa don gién dang (1):
PO) = A, + D A, sin(kaot + @) (2)
k=1

Cac khai trién dang (2) thudng gap trong k¥ thuat nhu phan tich mot am
phic tap thanh téng cic am co ban; phan tich dong dién xung thanh cac
dong dién dicu hod.

Trong (2), dat x = wt tacd @(t) = @(i) = f(x), f(x)1a him tudn hoan

@

¢é chu ky 27 va duge viét lai dudi dang

f(x)za—2‘J+Zak cos kx + b, sin kx, 3)
k=1

trong d6 a, =24,,a, = A, sing,, b, = A, cosg,, k=0,1,2,..

Chudi (3) la ham tudn hoan véi chu ky 27 .

Van dé dat ra la: néu f(x) 12 ham tudn hoan c¢é chu ky 27 (c6 thé 14y 1a
khodng [-7, 7)), thi v6i di€u kién ndo hdm f(x)cd thé khai trién duoc
thanh chudi cé6 dang (3).

1.4.2. Chudi lugng giac
BDinh nghia 1.4.1. Chudi ham lugng gidc la chudi ham cé dang
§2ﬂ+i a,cosnx+b sinnx, 4)

trong dé a,, a,, b, (n=1,2,3,..)la cdc hdng sé.

n=1

S6 hang tong quat cha chudi (4) u,(x)=a,cosnx+b,sinmx 1 him tuin
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27 . MRS I
hoanc6 chu ky — . lién tuc vi kha vi dén mot cép.
n

Vi

a,cosnx+b, sinnx|<|a, |+ |b | véi VxeR, V21,

, Z]bnl hoi ty thi theo ddu hicu Weierstrass chudi

Hs]

o0
nén néu céc chudi Z a,
n=1

luong gidc (4) hoi tu déu trén R va ¢6 t8ng S(x)1a ham tuin hoan véi chu
ky 27 .

1. 4.3. Chuéi Fourijer

Trudce tién ta xét bé dé sau:

Bo dé 1.4.1. Vi m,n la cde s6 nguyén khong am, ta ¢é

1) Isin nxdx = 0.

i 0, n=1223...
2) Icosnxa’x: 5 0
T, n=0.

-
i 0, n=+m,
3) J‘cosnxcosmxdx: T, n=m#0,

=T

2z, n=m=0.

) ) 0, n=m,
4) J.sm nxsin mxdx =

7, n=m=q.

T

3) Icos nx sin mxdx = 0,

Cic cong thiic nay, ching minh duoc bang céch sir dung céc cong thirc
lugng gidc sau;

cos’ mx = %(I +c0s 2mx),

sin’ mx = %(1 —cos 2mx),



|
COS MX.COSHX = E[cos(m + 1)x + cos(m — n)xl,
. 1 . .
SIN MX.CO8 AX = Elsm(m + n}x +sin(m - n)x],

i . 1
SIN MX.SINAX = E[cos(m —n)x —cos(m+ n)x|.

Bo dé 1.4.2. Gid sir f(x) la ham tudn hoan véi chu ky 27, khd tich trén
[-m, 7}, cé thé khai trién dicoc thanh chudi livong gidce

a > .
f(x)=§+z a,cosyx + b _sinnx (3)
n=|
hoi wy déu, cdc hé s6 ay, a,, b, n=1273,..diwgc tim theo cdc céng thitc

Sdit

= 1 _[ F{x)dx,
;T -

a, = L J‘f(X)COS nxdx, n=1,2.3,..} (6)
‘?r -iT

b, = L If(x)sin nxdx, n=123,..
Fia

-7

Chimg minh. D€ tinh a,, 18y tich phan hai v& cta (5) trén [ z,m]), st dung
B6 dé 1.4.1, ta duge

_[f(x)dx I odx+2[ Icosnxdx+b J.snlmcabc]ﬂm0

a=l —a

Do dé a, = 1 j' f(x)dx.
71- -m

Dé tinh a,, nhan hai v& cha (5) v6i cosnx, sau d6 1dy tich phan hai v€ trén
[~7, 7], st dung bd dé 1.4.1, 1a duge

T

T
(x) cosnxdx = a CDS2 nxdx=a rm ’
" n

-r -r
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1 4
=a,== | f(x)cosmxdx , n=1,23,..
T -
Tuong ty, nhan hai v€ cia (5) véi sin nx, réi 14y tich phan hai v€, ta duogc
L7 .
b, =— jf(x)sm nxdx, n=1,2.3,....
T -

Céc h¢ s6 cia chudi lugng gide duge xdc dinh theo cong thic (6) goi 1a
hé s& Fourier cia ham f(x); chudi lugng gidc (5) ¢6 cic hé s& 12 he s6
Fourier thi (5) goi la chudi Fourier cha ham f(x)trén [-m;7].

Do chudi lugng gidc (5) tuan hoan chu ky 27 nén gid tri cha né Lip lai sau
moi chu ky. D6 thi 1a dudng cong dugce lap lai sau mdi chu ky.

Nhu vay, van d¢ dat ra & day 1a vdi diéu kién nao clia ham s6 f(x) thi né

c6 thé khai tri€n duge thanh chudi Fourier va chudi dé hoi tu vé ding ham
s6 f(x)? :
Dinh nghia 1.4.2. Ham f(x) goi la don diéu ting khiic trén [a,b] néu cé thé
chia doan dé bdi mét s6 hitu han diém chia  a = x,,%,, Xy, %, = b 1o
thanh cdc khodng (a,x),(x),%,),..,(x,_,b) sac cho trén méi khodng dé
ham f{(x)don diéu.

Vidul: f(x)= {

[-1,1] (Hinh L.1).

X -1<x<0

) 1a ham don diéu tirng khic trén doan
x'=-1 0<x<l1

v

Hinh 1.1

Tir dinh nghia ta thdy rang n€u ham s6 f(x)don diéu titng khic vA bi
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chan trén doan [a,b] thi trén doan d6 hogc 1a ham s6 f(x) lién tuc hoic
c6 the ¢d cdc diém gidn doan loai 1. Thyc vay, gid sit ¢ € (a,b) 1 diém gidn
doan cua ham s6 f(x), do don diéu va bi chan nén tén tai

Jim f(x)=fle=0). lim f{x)=f(c+0)
hitu han.

Sau ddy ta phat bi€u, khéng chitng minh mot dinh 1y vé& diéu kién dii dé
mot ham $6 c6 the khai trién duge thanh chubi Fourier (xem [6], [7]).

Dinh ly 1.4.1. (Dirichlet) Néu ham s6 f(x) tudn hoan véi chu ky 2 , don
diéu timg khic va bi chan trén doan [—m, 7} thi chudi Fourier ciia né hoi tu
voi Vx dén téng S(x) va

1) S(x) = f(x)tai nhitng diém lién tuc ciia f(x).

i (o) L1020

Ta quy u6c, gid tri cha ham s& f(x) tai cdc diém bién cha mdi chu k¥
Sz +0+ f(7-0)

5 :

Tu dinh Iy nay ta suy ra 1dp ham khai trién duoc thanh chudi Fourier kha
rong va n6é duge sir dung rong rai frong cdc nganh todn hoc ciing nhu céc
nganh khoa hoc k¥ thuat khic. (O khong ching minh dinh 1§, xem [3], [5]).
Vi du 2. Khai trién thanh chudi Fourier ciia hAm f(x) tuén hoan véi chu k¥
27, trong d6

tai nhitng diém gidn doan (logi 1).

[-7;7]la dai lugng

0, -r<x<0,

-1, O<x<n.

f(x)Z{

Gidi: D6 thi cha f(x) dugc mo ta trong Hinh 1.2.

Ya
""""" /L/
27 -7 O T 27 X
Hinh 1.2
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RS rang ham s6 f(x) thoa méan cdc diéu kién cta dinh ly Dirichlet.

17 1" g t 77 7
Tacd g =— X =—| |0c+ bk |=—. - =2
! 7r_;[f() ir[_;[ 6[ } r 2 2
'y 1" 1 cosmx|r |—=, n=2m-1
“n:i jf(X)ODS”‘m':_IXOOSdez_"C%m = ;
T Ty nt n |0
* t 0, n=2m
m=12...
L T 1 - -, n=2m-1
b, =— J‘f(x)shmxdx:—jxsmfmit:——oosnx =4
T T nr 0 |
' -—, hn=2m
n
m=12,...
Vay
7 2{cosx cos3x cosSx sinx sin2x sin3x
JX) = =" - + + e |
4 I 3 5 1 2 3

Cong thidc ding v&i moi x trén truc s6, trir nhig diém x = (2m + D7, tai d6
tng clia chudi & vé phai bing trung binh cong cua gidi han trédi, giéi han
phdi, nghia 14 bing

7+0 7

2 27
1.4.4. Khai trién Fourier ctia ham s& chan, ham so 1é
Gia sit f(x) la ham s6 chdn trén [-7;7], thi f(x)sinzx 13 him s6 1€,
S (x)cosnx 1 ham s& chin. Khi dé

a, = 1 _[f(x)cos nxdx = 2 _[f(x)cosnxdx, n=012,...
;r—rr n ¢

b=t [feosinnds =0, n=12,..
T

Vay chudi Fourier ciia ham s6 f(x) chin 1a
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f(x):%wLZ a, cosnx, n=12,.. (D

n=l
Tuong ty, néu f(x) la ham s6 1 trén [—7;7] thi f(x)sinsx 13 ham s6
chin, f(x)cosrnx 12 ham s6 1é. Ta cé khai trién

f(x):z b, sinnx, (8)

n=|
) 27 :
trong d6 b = — jf(x)sm nxdx , n=1,2,.....
T 1
Vi du 3. Khai trién Fourier clla ham f(x) = x|, x € [-7; 7].

Giai: Ham f(x)1a ham s& chén, do thi ctia f(x) va théc trién tudn hoan clia
né dugec mo ta trong Hinh 1.3.

ylL
-2 -7 Q0 T 27 x'
Hinh 1.3

Ré rang ham s6 f(x)thod mén cédc diéu kién cta dinh 1y Dirichlet. Ta
cd b,=0 (n=12,.) va

2.7r
ao=—_[xdx=7r,
EO

4 .
. : » . —, Wi 2k,
02 mmzz[xsmww] zp_l} o
Ty L n o 7L oA 0, ke n=2k

Khi dé véi moi x e [-7; 7], ta ¢

T 4 cos3x cosdx
=|lx|=———|cosx+ + e
S(x)=|x| 5 E[ 3 Pz ]
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Vidu 4. Cho ham f(x)1a ham s6 lé, tudn hoan v&i chu ky 2z va

. khi 0<x<Z,
f(x)= 2

0, km-gﬁxéﬁ.

Khai trién Fourier cta ham f(x).

Gidi: D6 thiclia f(x) duge mo td trong Hinh 1.4.

RO rang ham s6 f(x)thod man cdc diéu kién cl@a dinh 1y Dirichlet. Vi

fi(x)lahamsdle nén a,=0 (n=0,1,2,..) va

b, = z _[f(x)sin nxdx = 2 Isin nxdx + _dex i[l - cosnE] = is.in
T Tl nm 2

n
2

Vay

o

fx)=Y —4—sir12 %sin nx.

n=i AT
1.4.5. Khai trién Fourier cita ham s6 tudn hoan chu ky bat ky

Cho f(x) la ham s& tudn hodn chu ky 2/, />0, don di¢u ting Khiic va

bi chan trén [-1./].

p - L A m 4
Bang cidch doi bién x'= 7 ta cd
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Flx) = f[ix'J = F(x)
yia

trong d6é F(x") 12 ham tudn hoan chu ky 27, don diéu tung khiic va bi
chan trén [-7, 7). Vay

s’

fix)=F(x")= 5 +2a cosnx'+ b, sinnx'

n=l|

hay

mrx

f(x)= —2‘9— i s—+b ©)

trong dé

3 {
a,= 3 JF(x')COS”x'dx' -1 Jf(X)COS%dx, n=0,12,..
73 14 !

T f
b=t [ Fxysinmxtdx' = ! [reosin=2ax, n=1,23,...
T I /

Vi du 5. Khai trién thanh chuéi Fourier cia hAm f(x) = x*, tudn hoan chu
ky 2/=2 tréen [-1,1]

Gidi: Ham f(x)!a ham s6 chdn, don diéu ting khdc trén {-1,1] d6 thi cha
Jf(x) va thdc trién tudn hoan ctia né duge mé ta trong Hinh 1.5.

oy
1\

-1 0O
Hinh 1.5

o f(x)la ham s6 chdn, nén b =0 (n=12,..) va
2]
a, = — xzdng,
5 3
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1
a, = % J x* cos nmxdbx tich phan timg phan hai 14n ta dugc
6
4 p=2k,
2.2
a,=—5cosnn=<" 1 k=12
wn I TV
n2n?

Khidé véimoi x e R, ta cé

f(x)=x2=l-i2 COS TX —~ lq cos2x + 11 Cos3mx 4+ |
3 2 3

1.4.6. Khai trién Fourier cia ham sé bat ky

Gia str f(x)1a ham bat ky, cé thé khong tudn hoan, xdc dinh va don diéu
tirng khiic trén  [a,5]. Mu6n khai trién 7(x) thanh chudi Fourier, trude hét
ta phai xay dung F(x) tudn hoadn, ding bing ham f(x) trén [a,b]. Néu
F(x)khai trién duoc thanh chudi Fourier thi téng cha chudi d6 tai moi
di€m x €[a,b] (irit ra nhing diém gidn doan trong khodng («,b) bing ding
ham f(x). Khi d6 ta dugce khai trién cia ham f(x) thanh chudi Fourier
trén {a,b]. Ching han, ham s& f(x)xdc dinh va don didu timg khic trén
[0,/], ta bS sung cho ham s6 trén [-/,0] mot céch tuy ¥, dé duoc ham tudn
ho&n chu ky 2/, xdc dinh va don diéu trén [—/,/]. Thong thudng ngudi ta bd
sung sao cho f(x)1a ham s6 chin hodc 1é trén {-1,1].

Pé hiéu 18 hon, ta xét vi du sau

2
Vi dy 6. Khai trién ham s6 f(x) = x - % trén [0;2] thanh chudi Fourier.

2
Gidai: Ham s6 f(x) = x—% xdc dinh trén [0;2], nghia 14 xdc dinh trén

nira chu ky 7=2. Ta cdn thdc tri€n ham f(x) thanh ham x4c dinh trén
[-2:2] v6i chu ky 2/ =4. C6 nhiéu cdch thic trién khdc nhau. Néu thic
trién thanh him s6 F(x)chan, tudn hoin, chu ky 2/ = 4 thi
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Hinh 1.6

Ham s6 F(x) thod man cdc diéu kién cla dinh 1y Dirichlet (Hinh 1.6).
Do £(x)la ham sd chan, nén b =0 (n=1,2,..) vi

2 2 2 2 k) 2
ao=lIF(x)dx: - |de=| 2 X _2
2 o 2 2 610 3
X ? x? X
= IF(x cos—dx: X—— [coOs——dx =
2 ; 2 2
2
=i x =2 |sin X[ j(l—x)sm—-—dx—
nir 2 2 0 nr
4 nmx|2 > nmx
=——(l-x)cos 0+n2”2 6fccvs dx =
4 4 41+ (-1)"]
=:1—2th2;12 COSH?T=—“‘77}2—, k=l,2,3,...

Do d6 tai méi di€m lién tuc ta c6 khai trién Fourier clia ham f(x) la:

f(x)_—“— 1D Ccos x.

3 7l n’ 2
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Néu thdc trién thanh ham sé F(x) 1, tuan hoan, chu ky2/ =4 thi

—f(—x):—(x+£], -2<x<0,
F(x)= 2

2
X

f(x)=x—?-. 0<x<2.

172

Hinh 1.7
Ham s6 F(x) thod man cdc di€u kién cla dinh 1y Dirichlet (Hinh 1.7).
Do F(x)1a ham s6 1é, nén a,=0 (n=0,1,2,..) vi 4p dung cong thiic

tich phan titng phén hai lan, ta dugec

2 2 2
b”=l _{F(x)cosf-@—dx: x -2 lsin ZZZ gy
2 2 AT

|
o
©
7]
=
<
+

3.3 33

8 .
=0 (-1Y] n=123,..
nrx HT nr

Ta ¢6 khai trién Fourier ctia ham  f(x) la:

O

F/ il 2
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BAI TAP GIAI SAN

Bai 1. Tim tong riéng va téng cla cdc chudi sé

at (_l)n
);4n -1 2 Z 3"

Giai: 1) Phan tich 21 &l l - ! ] khi d6 téng riéng clia
4n -1 2\ 2np—1 2n+l1

l 1 J 1( 1 ]
+ - =—|1- )
[2n—l 2n+1 2 2n+1

chudi 1&

i)

Ta co limSn=1iml[l— ! ]:l

now " nse 2\ 2n41) 27

1
Vay chudi da cho hoi tu va o tong Z a1 = 5
n=|

2)Tacé Z(;? = Z[—%] , tng riéng ciia chudi la
e
3 3 3

1'[”1] 3
Tacé imS, = lim— 52 -3
Ay no® 1 4

1+

Vay chuéi di cho hoi tu va c6 téng Z( D = 3

= 34
Bai 2. Dung diéu kién at ¢6 cla chudi hai tu, chitng minh céc chudi sd sau
phan ky

= =, T
1 2 nsin—-,
) ;n(2n+]) ) ,,Zzl 2n
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NE7AES

Gidgi: 1) Tacé a, = ——— do
n(2n+1)

NS 1

lima, =lim————=— %0
R~ iy, n(2H+ l) 2

Vay theo di€u kién at ¢6 ciia chudi hoi ty, chudi di cho phan kv

S . T
2) Tacé a, =nsin—, do

2n
.

T sin I T
lima, = limnsin-— = lim no_-"20.
B s H—3ur Zn " oy T 2 2

2n

Viy theo dicu kién 4t c6 chia chudi hoi tu, chudi di cho phan ky.
Bai 3. Ap dung tiéu chudn so sanh xét su hdi tu cla cdc chudi s& sau
x 3?1 o l
1) o 2)

,,Z::‘ 3 +5" +n Z

o
al [J* 1+ x*dx
Q0

e T kd n+2
3) arctan : 4) \/; In[ ]
2 retan- 2,

A=l i+l

H " A & (3 n
Gidi: 1) Tacé _ < > = EJ . Vn>21,ma chudi Z(*} héi ty
3'"+5"+nm 5" 5 PN

(Vi g= —z- < 1), theo tiéu chudn so sdnh 1, chudi s6 da cho héi tu.
2)Tacs Y+x' >x= [(ax'des fxasc:-”z—, do dé
(] 0

0<a”:——}——<i vnz1,

n 2
[rextax
0
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ma chudi Z_z hdi tu (vi & = 2 > 1), theo tiéu chuan so sdnh 1, chudi s6 da

n=i

cho hai tu.

yis yis Tt . =
> =—5=>b,ma chudi E b, hoi tu
nn  ndn wC

a=]

3)Ta c¢6 a, = arctan

3 .
(vi a:5>1), nhung khong 4p dung dugc tiéu chuan so sanh 1. Ta xét

arctan
. a X
lim—* = hm—ﬂ =1

Bt b H—r T
B

nh
Theo tiéu chufin so sdnh 2, hai chudi c6 cling tinh chat.
Vay chudi s¢ da cho hoi tu.

4y Tacod

an:ﬁln[n+2]=\/;ln[l+~l—]j~\/;ﬂ-l— L khi n —> o,
n+

n+1 n+l n''?

2 I
ma chudi ) b, phanky (viar = < 1).

=1
Vay theo tiéu chudn so sanh 2, chudi s6 da cho phan k¥.
Bai 4. Ap dung tiéu chudn D'Alembert hoiic Cauchy, xét su hoi tu cia cac

chudi sau
2 5" (nt)? @ [ n-1 J"‘"'”
1 : 2 .
) ; (2n)! ) Z

mAn+2
" ! 2
Gidi: ) Tacé a, ="
(2m)!
i+l "2 " 12 2
f Gy ST DY ST L S S

mve g onw (2p42)! (2n)! w20+ 2)2n+1) 4

Vi D= % >1 theo tiéu chuan D'Alembert, chudi s& di cho phan ky.
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-l mia=-11
2YTacd a":[n ] va

n+2
n l nia-1y 3 in-h)
limy/a, =limy =lim| [+ =
- oo a4+ 2 H—por n+2
-3 -1
A2 N
) -3 )3
=lm|| 1+ =e =(.
H=3r n + 2

Do C =e” <1 theo tiéu chuin Cauchy, chudi s6 da cho hai tu .

Bai 5. Ap dung tiéu chuan tich phan xét su hoi tu cla cdc chudi s6 san

af I o l
Y ) 2) , 12 tham s6).
;n(lﬂnn) ,,Z;‘n(lnn*)ﬁ (# )
1 . 1 .
Gidi: 1) Ta ¢6 a, = f(ny=————— | xét ham s6 f(x) = ———— lién
n(l+Inn) x(1+1nx)

tuc, duong va giam trén [2;+ 00). Mat khic

o Rral +
j'—J—cix: IM:ln(l+lnx) ;O=+oo.

s x(1+Inx) 7 l+linx
w
Theo tiéu chudn tich phan chudi s Z phéan k¥.
aonlnn
2YTacéa,= f(n)=—— ,xétham s6 f(x) = lién tuc,
S n(inn)’ J) x(Inx)”
khong am va giam trén [2;+ o). Mat khic

Tl Td e bt
.[ Fox = .[ : nxﬁ) = L
7 x(Inx) 3 {(Inx) b >1

(B-1)(In2)"""

Vay theo tiéu chudn tich phan, chudi s6 Y phan k¥ khi # <1, hoi

n=2 n(ln n)ﬂ
tukhifg>1,
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Bai 6. Xét sy hoi tu cua chudi so sau
1) Z—ri— 2)Zsin(\/n+1-\/n—1).
= 2" (n+1)" p
nﬂzsﬂ'

2"(n+1)"

n" 5" . 5 5
lim ¢/a, —llmn—_-——llln————n=—.
nx n—m 2 (”+1) n—x 2(1*'_-1“] 2e

Gidi: 1) Chudi s6 di cho 1a chudi s6 duong, ta cé g, =

#

5 , X~ .
Doe>25=>C= 7% <1 theo tiéu chuin Cauchy, chudi sé dd cho hoi tu.
e

2) Tacd sm(\/n+ —Jn- ) sm\/ 1iJ 1.chué‘i s0 da cho la
n+ n—

chudi s6 duong.

2 2 2
sin{vn+l—+vn-— sin khi n - 0,
( ) Jn+l+dn-1 Jn+l+dn-1 2\/_ JB

ma chudi Z \/_ phan ky (vi a = % < 1), theo tiéu chudn so sinh 2 chudi

s6 dd cho phén ky.
Bai 7. Xét sy hoi tu cua cdc chudi sé sau
1 L1+1,01+1,001+1,0001+..-;
)_1_+2+_3"_.+i+ 5 +
V33 33 9 9.3
)_ 14 1.4.7 14710
2 26 2610 261014

Gidgi: 1) Tacé a,=100....... 01=l+i,n:1,2,... lima, =li I+i]:1¢0,
S 10" e -0 Wy

A=l
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theo dicu kién at c6 cha chudi hoi tu, thi chudi s& di cho phan ky

n n+1 . R -
2)Tacd a, =G = JemEe M= 1,2,..., chudi di cho 1a chudi s
duong va
i2
. a . n+l 3 l
lim —L = Jim -
M= o

no g 3[”*’””- :E:D<1‘
Theo tiéu chudn D'Alembert, chudi s6 di cho hei tu
3) S6 hang 16ng quar ciia chudi s6 da cho 1a

 1.4.7.10..(3n-2)

= an+| = n *
2.6.10.14..(4n—2) 4n +2
va

H

3n+1

lim et = i 3241 3

n—a. a

e 4p 42 4
Theo tiéu chuan D'Alembert, chudi s6 di cho hai tu

Bai 8. Xét s hoi tu ciita cde chudi sd sau

!
rl+] 2:‘1—1- =
v Z( St Z[ 1 ]

, ta ¢6 lim|a,|=cos1 20, theo didu
Fia =

kién at ¢6 chia chudi hoi ty, thi chudi s¢ di cho phan ky

Gidi:\)bat  a,=(- l)"“ oS 2n |

|
A+— n+—
H

n n "
2) bata, =
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n i3 nf?
lima, =lim———— =lim

H—sw H-¥ ¥ 1 " H—s s 1 L
n' 1+ — 1+ —
" n
1

—llnn 0 . l " . 1 " n: 0
Vi limn” =lime” =¢°=1, lim 1+— 1 =limj| 1+— =e =1.
L s = n—e n' H—y n'

Do d6 lima, =1#0. Vay theo diéu kién & cé cta chudi hoi tu, thi chudi

0

]

$6 da cho phin ky.
Bai 9. Xét su hdi tu clia cac chudi so sau

1) 23” : 2) i(\/n+ _\m_])sinn.
n=1 g

n=|

!
Gidi:1)Tacéd a, = "n. . chudi da cho 12 chubi s6 duong va
n
(At} 2 " 2 "
+1Y
lim 221 = im 3 (nml) .3 _1 ! ﬁ:ﬁ:,{)_
e an e (p+ DY n" o (4 1)" e
NE

Vi D= <1, theo tiéu chuan I)'Alembert, chudi s¢ dd cho hoi tu.
[

2) Chudi $6 ¢ cho 1a chudi s6 ¢6 ddu bat ky. Ta ¢o

w_lsinn\( 2 ) 1( 2 J< A
" n Nirt+l+n \/n+1+\/n—1 2n\/n—1 n\/; '
khi n —>

IR . . 3 . . . s
Ma chudi s6 Z 5y ol (vi a = 3 > 1), theo tiéu chuan so sdnh 1 chudi

=2
s0 dd cho hoi tu tuyét doi.
Bai 10. Xét sy hoi tu cha cdc chudi s6 sau

0 22”+n 2 i_-l_

~ 3" +n —lnn

Gidi: 1) Chudi s6 da cho 1a chudi s¢ duong. Ta ¢6
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2:1 2 H n
a, = o ~2 = 2 khi n — o0,
3"+ 3 3

ma chudi s6 Z[g] héi tu (vi [q|=§—<l). do d6 chudi s6 di cho hoi tu.

n=2
1 1
2YVilnn<n, Yn22—— < —— Maichudi diéu hod Z— phan ky,
n Inn o
theo tiéu chuén so sdnh 1 chudi s6 di cho phan ky.
Bai 11. Xét su hoi ty cha cac chudi s sau

2nm
» COS——

~2n-3
D Z—I‘OW; 2) 3,
n=l n=1

Gidi: 1) Chudi s6 da cho l1a chuédi s§ duong. Ta c6 10"'” =n"">r, Wn>l.
Do dé

2n-3

a,= 1o" - pio-]

khi # > o0,

2 ) ,
ma chudi Z e hoi tu (vi ¢ =Inl0—1>1), theo tiéu chudn so sinh 2

=t 1
chudi sé¢ dd cho hoi tu.
2) Chudi s6 dd cho 1a chudi s6 cé ddu bat ky, ra xét

2nr
CoS——

lanl = VYn =1, ma chudi s6 Z— hoitu(vi g = % <1), theo

2n 2:: ! - 2

tiéu chuén so sdnh | chudi s6 di cho hdi tu tuyét d6i.

Bai 12, Xét su hoi tu cia cde chudi s6 sau

b i(_l)m(ml]’”‘ . i(m)m
=| n+3 ’ n:l‘\f”4—2n2+5

Giai: 1) Chudi s6 da cho 1a chudi s6 dan ddu, ta xét

=2{n+ly
o3

n+3

n+l
11m1a ‘“llm(fﬂ_;) = lim [1+ _23) ) =e2 20,
=y = n-‘- H—F n+
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theo di€u kién at ¢6 cta chudi hoi ty, thi chudi s8 d4 cho phin ky.
2} Chudi s6 dd cho 1a chudi so duong, ta xét

k)
B (n+l)w1+4 n’z

an —:_u—qﬂ_‘jw 2
v =2n+5 1

1 —

khi #—> o,

Fa | —

e

. 1 _ . ) f0 .
ma chuéi Z—, phan ky (vi a=5<l), theo tiéu chuin so sénh 2 chudi so

da cho phan k.
Bai 13. Xét s hoi tu cua chudi

)Z / n+3n+5 ) 2 l+nn.
=\'14n" = 2cosn ,.:1(1+n)

n—x H—>F

E . il 2 5 l Py . & #
Gigi: 1) Vi lima, = lim k f St = # 0, theo di€u kién it c6
14n° —2cosn /14

cha chudi hoi tu, thi chudi s§ da cho phan ky.

2)Tacé a = l+n"~ n _ khi n—w. Ma lim(—i—] =l¢0!
(1+n)" (1+n) e\ l+n) e

theo tieu chuan so sdnh 2, chudi sG da cho phan k3.
Bai 14. Xét sy hoi cila cic chudi 6 sau
. -7;:

I)Z 2)21n(1+ﬁ—\/ﬁ).

7" (nty’
Gigiypat a =L ")

>——, Chudi s6 di cho 1A chudj s6 duong, ta c6
n
7"+ DY 7 (n! 7 7
lim %t — i (0 +)) : (ﬁ ) lim TR
no= g n—x (n+ l) 2n+l n‘" - bcr[ l ] e
1+—
n

7
Vie>27=¢e>729=D=-3<1

, theo tiéu chuin D'Alembert, chudi
e

s0 dd cho hot 1.
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2) Chudi s6 da cho 1a chuéi s6 duong. Ta ¢

3 3
l+vn+2—Jn—1|=Inl 14 ] khi n - o,
in ~n-1)= [ N Pl R e N o 2\/71
Ma chudi Z

1
hian ky (vi a=—<1), theo tieu chuin so sinh ?
n=2 '\/7 p y 2 )

chuédi di cho phan ky.
Bai 15. Xét sy hoi tu clia cdc chudi s sau

- )
1) 213%: 2) Z](n””] ~1)

) ] b ] :
Giai: 1)Do a, = f(n) = 3_n_r21 Xétham s§ f(x)= ;—f lién tyc, duong trén
n X
[2;4+00). Tacéd

l3x2—6x1nx

fo)= = I‘Biifxm,véi Vx22,

dodé f(x) don dién gidm trén [2;+ o).
Mat khic

+ao

Jl—n—{;dxz—l J‘lnxd[l]=—~l- — Inx
3x 3 3

DT

‘In2+ :l(ln2+1).
2 x| 2 6

Theo tiéu chuan tich phan chubi s6 da cho hoi tu.

2) Chudi s6 da cho 1a chubi s6 dwong.Ta ¢é

! Inn

- ¥ l .
it —l=gm 1~ ;1” khi n > o,
n+1
1 l
vil ,? nl nz — h01 tu (két qua trén), theo tiéu chudn
n o+

n=2

so sdnh 2 chudi s§ di cho hoi tu.
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Bai 16. X¢t sy hoi tu va tinh tong clia chudi sé:

ia i g - n +9n+3
— " (n+1)(2n+3)(2n+5)(n+4).
Gidi: Ta ¢6 a, = AR - khi n>eo. ma chudi

(n+D2n+3)2n+5)n+4) 4n°

x

24 7 hoitu (vi a=2>1), theo tiéu chuan so sanh 2 chudi di cho hoi tu.
n=) TH

Phan tich

I 1 5 1 5 1 1 1
a,=——- +=- 377 5+? R
3 n+l 4 n+§ 4 ne2 3 ont

Khi d6 t6ng riéng thit »# clia chudi s6 di cho 1a

0 S X M M (T
s n+2 n+3 n+4d 2 3 2\ 3 2n+5

dod6 § =limS, :1(_1_l_l)+§=
" 37 273)7%

2
5"
Y o L) FE) ” o~ " 2
Viy tong cua chudi sd dichola S = 3"

Bai 17 . Xét su hoi ty cua cdce chudi s6 sau

N Z( ,,{n +4], 2)2

n=2 H— lnn ’
n +4 - : TRy
Gidi: 1) Vi lim|a,| = lim — 5 - I # 0, theo diéu kién 4t ¢6 clia chudi hoi
Nyl =t n +
tu, thi chudi s6 da cho phan k3.
2) Tacd
o5 _l ? a0 1
SN () ¢ 1
o on—lInn ,,:zn—lnn mhn-Inn
trong d6 chudi so Z 1) la chudi dan ddu thoa min cdc diéu kién cua
—n—Ilnn

tien chuin Leibnitz, nén hoi tu; chudl s6 z

phan ky vi
mn—Inn
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1 1. . 2 A el . . ,
~—khi n > o, ma chuéi diéu hoa Z— phan ky. Vaiy tong cua
n—lnn n e 1

mot chudi hoi ty va mot chudi phan kv 13 mot chudi phan k.

Bai 18. Cho chudi s6 ) a, hoi tu tuyet doi. Xét sy hoi ty ctia cdc chudi

n=1
sau;
= i+ 7
l : 2 -,
) Z —a, )En
Giai:l) Ta ¢6 |n+1 . _nl a,|<2|a,|. Ynz1. Ma ian hoi ty tuyét
n H n=1

. . . . O + 1
del, theo tién chuan so sanh 1 chudi s6 Z "

n=1 n

a, hoi tu tuyét doi.

2) Ta cod

1 1 . R .
En S—(aj +—2J, Vn 21, Ta di biét chudi Z—L hoi tn (vi
ni 2 R n

n=|

a =2 >1), mat khéc, vi chubi Za" hoi tu tuyét doi, nén lim \aJ =0.Vdéi

n=1
ndolontacéd

al <la,|, Yaz1,

vi Zan hot ty tuyét doi, theo tiéu chuidn so sanh I, chudi sé Za,f hoi tu.

n=I n=l

2

IR | 1 . . . , . .
Do d6 chudi sé ZE[G’E +——J hoi tu, lai theo tiéu chuan so sinh 1 chudi
n

n=l

L a . s
sO Z—” hoéi tu tuyét doi.
a=I| R

Bai 19 . Xét su hoi tu clia cdc chudi s6 sau

> 2 n o l 2
1) Zl+2 +n...+n : 2 Zn(e”—l} '
n=l

n=t R
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Gidi: 1) Ta ¢c6

1+2°+3' +.4+n" _ o
a, = - z2—=1 Vn>1,
n n’
dodd lima, 21 . theo diéu ki¢n &t c6 ciia chudi hoi tu, thi chudi sé da cho
phan ky.
2) Tacé

1 2
= 1 1
a”:n[e“—l} ~ N.~—=—khi n > w0,
" n

N - 1 : . . S e
ma chudi diéu hoa Z— phan ky, theo tiéu chudn so sinh 2 chudi s& da

n=I

cho phan ky.

Bai 20. Cho hai chubi s6 phan ky Zan va an trong dé céc s6 hang
n=|

n=I1

o
a,20,b,20. Xé sy hoi ty cta cic chudi so > min(a,.b,) va

n=|

imax(an,b”).
n=|

Gidi: + Vi a, <max(a,.b,), Vn>1, ma chudi s6 ) a, phan ky, do d6

n=i

chudi s6 i max{a,,b,) phan ky.

n=i

+ Chudi s6 Y min(a,.b,) c6 thé hoi tu hodc phan k. Vi du:

n=I

- a,, =0 & b, =1
Chudi Y a, voi { Yo v chudi 3h v {2 th
a = n=I

RITES

n=1 2+l

min{a,.b,) =0, ¥n21,chuéisé Y min(a,,b,) hoi .
n=1
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. 1 1 . 1 s
Véi a,=—, b =— =min(a,b)=—, Vnz1, thi chudi s
n 2n 2n

i min{a,,5,} phan ky.
n=t

Bai 21. Néu chudi duong Y a, hoi ty va chubi cé dau bit ky Y b, hoi w,

n=1 =l

hdy ching minh chuéi ) (a,5,) ciing hoi tu. Néu cdc chudi cé ddu bat

i1

Ky Y a,. > b, hoi tu, 6 ket luan duoe chudi 3 (a5, )ho tu hay khong?

n=1 n=1 n=l

Gidi: + Gia thiét chubi E b, hoi ty, nén limb, =0, do d6 véi # Al 16n thi
=
n=|

2,

<1va|ab,|=a,

b,| <a,, theo tiéu chuin so sanh 1, chudi s6 > (a,b,)
n=|

hoi tu tuyét déi.

+ Néu cdc chudi c6 ddu bdt ky Y a,,> b, hoi ty, thi khong ket

n=| n=]

o -1 d
luan chudi Z(a,,bn)hc}i tu. Vidy g, =5, = (1) , theo tiéu chuin Leibnitz

n=] \/;

~ o o . o o 1
cac chudi ) a,,) b, héity, nhung chudi ) a,b, =) — phanky.
n " g nn n
n=l

n=| n=1 n=l

Bai 22. Néu chudi duong Zan hot tu, hdy chiing minh chudi Zail cling

n=1 n=l]

hoi tu. Néu chudi ¢6 dau bat ky Zan hoi tu, ¢6 két luan duoc chubi

n=|

Zaf' hot ty hay khong?

n=|
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Gidi: + Gid thi€t chudi s6 duong )" a, hoi tu, nén lima, = 0, do dé véi n di
H— o
#=|

16n thl a; < a,, theo tiéu chuan so sanh 1, chudi s6 Zaf hoi tu.

A=

+ Neéu chudi 6 ddu bat ky > a, hoi ty, th khong két luan duge chudi
n=1
= el -
Za; hoity .
n=I

Chéang han, néu a, = (\f) . chudi E a, hoi tu (theo dinh 1y Leibnitz),
n

=1

nhung chuédi Zai = Zl phan k¥ (chuéi diéu hoa).

=1 n=I

Bai 23. Khao sét su héi tu theo tham s6 thuc a ctia chudi Z(n"u - 1) .
=1

Gidi:  Trudng hop 1: @20, do n™ =1>n-1ma lim(n—l): +00 suy ra

A

lim(n"u — l) = 4+, chudi phan ky.

n—;

Trudmg hop 2: a<0. Do n” 120 nén chudi s6 da cho 1a chudi s6
duong. Ta cé

it t
. % " I hm #' Inn
lima" =lime” ™" = e+ =e =1,

H—ic H—xn
nén n” —1 ~ ln(n"( —1+l)=n" Inn khi n > .
Ta xét Zn" Inn (*)
n=|

+ o 1 W > l n
+ Néu -1<a<0thi n“Innzn =—, Vnz23 ma Z—: phin ky =
n = n

chudi (*) phan ky = chudi d cho phan ky.
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+Néu g <-1,khid6 3£>0,a >1 dé —ga=qa, +¢£. Tavict

R 1 Inn
nlnn=—070 n—.
nt o on
. Inn 1 Inm 1 .. . . ea
Do 11m—7=0 nén ——.——<— vdi moi n=>n,, nyla s6 tv nhién nio
now B n' n n
PR S I % .. R ..
d6. Vi ZT hoi tu = chudi (1) héi e => chudi da cho hoi tu.
|

F

Kétluan: a2 -1 chubi phan ky.
a < —1 chudi hoi tu.
Bai 24. Cho chubi s6 Y a, véi céic s6 hang @, > 0 va 16n tai
=1
. In(1/a,) B
lim ——*~ =g (hitu han).
A=+ Inn
Chimg minh rang chudi nay hoi tu khi ¢ > 1, phan ky khi 0<g <1,
Gidi: +Gia st q > 1 khidé Jasaocho g>a > 1.

. ln(lf’an) ln(lx’an)
Vi lim —— =g¢, dn, saocho Yz n, = ———=~

>a,dodé
asve np Inn

In(l/a,}>alnn=a, <La, V,2n,.
n

. | I : , ; RS o
Chudi Z-— hdi tu véi @ > 1, theo Tiéu chudn so sdnh 1, chubi Zan hoi

74

H n=1
tu.
+ Vi 0<g <1 khidé 38 saocho g< B <.
In(1/a m(l/a
Vi lim—«L-—")zq,Eln] sao cho Vnzn]:>(—"—l<,8,dod6
nor Inp Inn

In(1/a,)< Blnn :>an>;1?,‘v’n2n,.
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. 1 . . ) . 2
Chuoi Z__f? phanky vi # <1, theo Tiéu chuin so sinh 1, chudi Zan
n n=1
phan ky.
Bai 25. Xét sy hoi tu va tinh téng cda chudi s6:

[2xnj
, Cos

Z‘ 3

=l 2" '

Gidi: Chudi da cho hoi ty tuyét déi, (xem bai 11, ¥ 2).
Ta tinh t6ng cha chudi. Vi

cos[z%x]:l, khi n =3k,

cos[gﬂ} L hine 3k,
3 2

do dé

| 1

B2l l = 23 - fa -
za "Zaﬂ +Za3k+l +ZGS£+2 Z 34 Z 3k2+1 +Z 3k2+2 =
n=] k=0 k=l 2 k=0 k=t) 2

lllll

]
221 4,1 s, ]
8 8

2
1 7
2 K} = - — . 2

Vay tong cta chudisd dichola S = et

Bai 26. Tim mién hoi tu chia chudi ham

> 1
Z 2n

EH] l +Xx

Gigi: Him u,(x)=

T xdc dinh véi moi x. Xét cdc trudng hgp:
+Xx

+ Néu | x|<1, thi limu, (x)=lim

H—0 02 I + x

=1+ 0 chudi phan ky.

+ Néu |x|=1, thi 11m u, (x) =lim L = ?12— # 0 chudi phan ky.

no ] 4]
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) o Ju ()L tex™ .
+ Néu | x[>1, thi llan It | = lim————=—. Chudi da cho héi tu
n—w_wl un (x) = 1 + x- X

Vay mién hoi tu cia chudi ham di cho 1a x > 1 hoac x < —1.
Bai 27. Ching minh cdc chudi ham s6 sau hoi tu déu trén mién tunng ing

£ 2

X ln(l+nr)
1)) ———, xeR; 2 ——, xe R.
§1+113x‘ )g 1+ #'x"

x° 1 .
y<—=5=—3.Vn2LV¥x=0.Neéu x =0.1acd
l+2%* n'x* n

Gidi: 1) Ta ¢6 ‘u (X)]*

1
u(x)y=0<—, vn=1.
n(x) n}

Nhu vay

u (x)| 3 ,VxeR, Vnz1, ma chudi s6 Z——hm tu, theo
n=(
tiéu chudn Welierstrass chudi him da cho hoi ty déu trén R.
2)Néu x #0, ta cd

u, (x)= ln(1+nx )< l*nx‘_ »—LME-:;—:L khi n - 0.

1+n'x? t+n'x? w'x n’

. |
Néux=0,1acé u,(x)=0<—,Vn21,
n

Nhu vay ‘u (x)|< el VxeR,Vn21, mk chubi s6 Z—hél tu, theo
n=ll
tién chudn Weierstrass chudi him da cho hoi tu déu trén R.
Bai 28. Tim mién hoi tu clla chudi ham
i n+l [ 2x 1 }
St rn+l\x+1 )
n+1 2x-1Y )
5 cx#-l,tacéd
nt+n+ly x+1

Gidi: Dat u, (x)=
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2 (Zx—lJ”'l' el [2x—|”
ol (n+ 1Y 4+ 20 x+1 ) Tt va+t x+1

C2x -1
x+1]

2x—1
x+1

n+2 n2+n+1

—llm
»o (n+ 1) rne2  n+l

x <
x> 2.

Chudi ham da cho héi tu khi = 11 <1=>0<x<2, chubi phan k¥ khi [
| x+

: . . o n+l I 2 | | .
Tai x =2, c6 chudi s6 Z—-;—— [acO6 —— ~— khi n >0, ma
o M+t n+n+l n

chuoi dicu hoa Z— phan ky. suy ra chudi sé trén phan ky.

LE

n+l1

Tai x=0, ta ¢6 chudi s& Z( l)" ————, day 1a chudi dan ddu vi
s n+n+l
+1 '
L _50,vn20.
n +n+i
+1 .
bt bnzz—n~—tac() limb, =0.
Pantl o e
Pat f(x):Txfl— o =) 600 do d6 ham
X +x+1 (x"+x+1)

S(x) don di¢u giam véi Vx>0, ta ¢6 b,,, <b, Yn>0. Theo tiéu chuin

n+l —
Leibnitz, chudi s6 hoi tu.
Vay mién hoi tu cua chudi ham dachola: 0<x < 2.
Bai 29. Tim mién hoi tu ctia chudi ham

in(::ﬂ)[x—BT"

' T+l Lx+1

In
Gidi: Dét urr(x)zn(n+l)[xw3) N x#-1.Tacd

1 Lx+1
it () 2 DX By 62397 (a0
mlu,,(x)_m (n+1’+1 \x+1) nta1 (x4l
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e D+2) el _(x—3]2_[x—3J2
aor (n+ly+1 aln+1) Lx+l x+1)

5 2

Chuéi ham da cho hoi tu khi {X_TJ <l x>1. Do dé khoiang hoi tu
X+

cuachudiham by x>1.

L +1 1
Khi x=1 ta ¢cd chudi s6 ZM Vi —}?(?+—) ~l khi n-—> o, ma

oo 1+ ] o+ 1 "
= -2 ~ - l - [y = ~ - - -
chudi dicu hoa Z— phan ky suy ra chu6i sé trén phan ky.
n=l
Viay mién héi ty ty cla chudi haim diachola x> 1.
Bai 30. Tim mién hoi ty cua chudi liy thira

i(_l)ﬂ l&n—l'xn

n=1 n!
4 X - - \ Ty . o - - o — IUJ_I
Giai: Chuoi ham di cho L chudi lay thira voi cdc hé s6 a,=(-1) — 7 0.
!
Ta cé
n On—] ) 10
2= lm= = lim AU = lim =0:>R=l:oo.
i lal (e DU gl e (4 1) P
Vay mién hoi tu clia chudi [ khodng (—co, +0).
Bai 31. Tim mién hoi tu cua chudi Tu¥ thira
- " 4
Z(_ ) n o+ n(r—l)
— Sn—n
Giai: Dat a, “( l)" " 4n
Sn—n
1) +4(n+1 -’ 1
p=lim| st < iy VLD T A0 Snon o 1
now e 5n+ )= (n+ 1) n’+4n P

Khodng hoi tu cﬁa chudi hamddachola —l<x—-1<le>0<x<?2.
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o 2
. ) . Z P +4n X . )
Tat mit x=2, cd chudi Z(ul) 5 > 1a chudi s6 dan ddu, ta cé

n=f
2

) cn+4 - .
im|(—1) ? =1=# 0, chudi phan ky.
o Sn—n"

. APy T 7 .. +dn .. .
Tai mit x =0, ¢6 chudi > ———=,1acé lim - =1%0, chudi phan ky.

S In—n 7% 50 —n

Vay mién hoi tu clia chudi dichola O<x<?2.
Bai 32.Tim mién hoi tu cha chubi liiy thira

i(:;:lz]n(x_s)h '

n=]

Gidi: Pat X =(x-5)%, v6i diéu kien X >0, cé chudi Z(;H-lz) X"
n+

n=1

. ) +1
(*) 1a chudi liiy thira véi cdc hé s0 a, :( 1
3In+2

— n+l 1
= lim#fla | = lim =—,
p H—POGJ_H‘ n—bac3n+2 3
do dé chudi (*) ¢6 ban kinh hoi tu 1A R=3, va khodng hdi tu la
0<X <3.

] #0.Tacd

. 3Y
Tai mdt X =3, 6 chudi Z[g’”z} ta c6
n+

n=|

tim[ 27423 il 4 — e 20,
oo\ 342 ) moel o 3mt2
chubi phan ky.

Nhu viy mién hoi tu cla chudi (*) 1a 0< X <3, do d6 mién hoi tu
ctia chudi hAm dacho 12 0 </ x~5|< V3 < 5-3 <x<5+43.
Bai 33. Tim mién hoi tu cha chudi liy thira

} 9(n_1) "l n
Z[4(9“10)] (x+4).

n=2
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Giai: Dat X = x + 4, ta duge chudi Z

n=l

1 \m"
=) X" (*)1a chudi liy
4(9n+lO)J

ni2
MJ ;f_-O.Ta Cé

thira, v6i a, =
(4(9;1 + 10)

. 9(n-1) 31
p=limz Hl_hm — ] ==
nro =\ 4(9n +10) 6 2

do d6 chudi (*) cé ban kinh hoit 1a R=2, khoang hoitwla -2< X <2.

ni2
Tai mit X =2, ¢d chudi Z M ,tacd
S 4(9n+10)

-1 _ T
lim 49(n ) *llm[l.+——?E—J =e ® %0,
e 4(9n+l ) s\ 360+ 40
chudi phan ky.

Tal mit X = -2, ¢6 chudi Z( 1)

n=|

nt?
4.9{n-1 o
___(n ) =e % 20,
4(9n+ 10)

Nhu vay mi€n hoi ty ctia chudi (*) 1 ~2 < X <2, do d6 mién hoi tu
ciachudidichola-2<x+4<2=-6<x<-2,
Bai 34. Tim mién hoi tu cia chudi ham s&
o (x2 - X+ l)"

"

Giai: Pat X = x? - x+1, ta dugc chubi Z
i Vn+1

n—rx

lim (—1)”(

(*). Tim mién hoi tu cia

chudi lity thira (*), tacé a, =
’ vr+l
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l Al _ - v 1

rll ¥

do d6 chudi (¥) c6 bdn kinh hoi w & R =1 vd khodng hoi w la
-l< X <1.

= lim

=

Tai mit X =1, ta duge chudl so phan ky (vi
Z\1n+
1

| RS 1
a, =- ~—— khi » = o0 . ma chudi ——— hinkydo o =—<1).
NCE N ; 7P 2

Tai mit X =-1, cé chudi 12 chudi dan ddu, hoi tu theo tiéu
>

chudn Leibnitz.
Nhu vdy mién héi ty cia chudi (*) 12 -1< X <1. Khi d6 mién héi tu
cua chudi ham da cho 1

~1<x* —x+l<lhay O<x<l.

- 3 "
. ) \ I & dx —

Bai 35. Tim mién hoi tu cita chudi ham Y — [ * SJ ‘
no(n +l) X

3 n
| Y (4x-
Gidi: Dat u (x) = — ( d 3] Maco
(n”+1) X

T G N 20 [4x 3}”*' " [4x—3jﬂ _

nel gy (\')i "—m ((n+1Y+1)° L x (r+1)’L x

Chubi da cho hoi tu khi

4x -3
X

4x—3|

x |

<l |4x -3 <lx e 15x° - 24x+9 <0 <:>%<x<l.

3 3
_ ) R n | - R .
Tai x=1, ta ¢6 chufnz 5, =5 7 ~—khi n->0, md chuébi
S(re) @D n

3

di€u hoa Z phan ky, do dé ZL phan k¥.

n]” nUn-i-l

86



4o, 3

. . 2. o " 4 - . N -
Tar X = — | ta ¢d chudi dan dau Z(—l) ———— . ¢hudi nay thoa min
5 n=il (n2 + l)
cdc dieu kién cha ticu chudn Leibnitz, chudi héi tu (1a chudi bén hoi tu).
A . 3
Vaymién hditula —<x <1,

o n

Bai 36. Cho ¢ >0, b >0, tim mién hoi tu cta chudi 1ily thita Z Ty
n=l & +

Gidi: bat ¢, = ta dugc chubi Z c,x".

" "
b n=I

a +

Neu O<a<bh,tacd

g n +1
N (A 1 1 . a+b ) b 1
p=lim =lm———— — =lim-———— = lim—————=—,
H—»0 !c”| H— a + b” a + b" H—¥s an + bn+ s a "
a E +5b

do d6 chudi lu§ thira ¢6 bdn kinh hoi tu 1a R = &, khoang hoi tu 13(—b,5).

n

Tai mit x =-b, c6 chudi »_(-1)"

.Tacd
= T4 b
. " 8 . " . |
im|(-1) ———— = lim———=lim—————=120,
H—b a _|_b now gy _+_b now (g
— 1 +1
b

theo dicu kién at ¢6 clia chudi hoi ty, chudi trén phan ky.
i "
Tai mit x =b, ¢6 chudi » —
w a’ +
Vay: +Trong trudong hop 0 <a <b chubi lu§ thira ¢6 mién hoi tu la
(=b,b).

+ Néu 0 < b < a, 14p luan tuong tr trudng hop trén chudi ¢é mién hoi
twla (—a,a).

Tuong ty nhu trén, chudi phan ky.

-
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Bai 37. Cho chudi ham sé Z 2" COS(-MBEJ“{T nH
n!

1) Tim mién hoi ty D cua chudi ham s6 (1).
2) Got S(x) 1a tong cia chudi ham (1), chifug mink
S"(x)=28'(x)+ 4S(x) =0, ¥xe D,

. . { nr Y x” i
Giai: 1y bat u, (x)=2" L COoS —3-)—‘ Jtacéd
n!

"o

(0] =

#H H
nw\x 27 .
2”[c05 ] ]-—T‘S—fr =v,(x). VxeR,
ntl n!

. S o V(X S . .
Xét chudi Zvn(x), vi ilm*%(—l =0 <1, chudi Zvn(x) hoi  véi
= L A7 vﬂ X

Vx € R. Do d6 chudi ham s6 da cho hoi tu v6i Vx e R.

R=()

n

S N g 2 o nm . .
2) bat S(x) = zlfn(x) = Za”x” vol a, =—‘cos—3-, theo tinh chat cua
=0 n=U e

chudi lity thira ta ¢6 thé 14y dao ham timg s& hang clia chudi

S'{(x)= inanx""' = Z(n +Da,,x",

n) n=1]

S"(x)= _‘“n(n+l)an+]x"_] :Z(n+l)(n+2)an+2x",
n=l n=0
" 1 = 2H+3 n+2 n+1 H n
=S (x)—S(x)+4S(x)=Z cos T—COS——m+cos—7 [x" =
parcli¥ ). 3 3 3
= o n+l | n+t |,
= S| 2008~ 7.C0S—~ T — COs— 7 |x" =0,
=0} n! .5 3 3

Bai 38. Cho chudi liiy thira
(= 1) E)——I
" n{n+1)
1) Tim mién hoi tu clia chuéi.
2) Tinh tong clia chubi trong khodng hot tu clia né.

n
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#+|
(*). Vi a, =(-1y —

Gidi:1) Pat X =x-1, ¢6 chudi i(—l)’”'
#=|

n(n+l) ”(”H).
Tacd
i a,., lim 1 : 1 — lim_M_: ,
o, | T D+ 2) nne]) o (n (- 2)

do dé chudi (*) c6 ban kinh héitula R =1 va khoadng hoitula -1< X <1,

- 1
Tai mat X =-1, 1a duge chudi (**) 1a cd ~— khi

;n(nwl) nn+1) n’

~ ot l oz
n-—>w,machudi Y — hoim(vi ¢ =2>1), dodé hoi ty
;f?* ,,Z_(n(n-irl)
“ <. . = b 1

Tai mat X =1, ta dugc chudi dan dsu Z(—l) ] (¥**%) ¢6

par n(n+ l)
chudi tri tuyét daéi triing véi chudi (**) da xét & trén. Do d6 chudi (k)
hoi tu.
Nhu viy mién hoi tu clia chudi (*) 1d —1< X <1, do d6 mién hoi tu cia
chubidichola -1<x-1<1<0<x<2.

[n+l
n(n+1)'

chat clia chudi lily thira ta c6 thé ldy dao ham ciing nhur tich phan timg s6
hang clia chudi trong khoang (-1;1):

S'(1) = g(_l)”*‘ r g(_l)’“‘ fimta =

1

- )‘(i(—l)"” ! ]dt = ;[I—‘j_f—r =In(1+1).

O\ A=l

Theo tinh

2) Dat:x—1:>md—hD,SU):51—Um
n=1

Tich phan 2 v€ dang thitc nay trén [0,t); ta duoc
()~ $(0) = fIn(l+ 1)t = (¢ + Din(l+ 1) 1.
0
Khi £ =0 thi $(0)=0.

Vay S(x):xlnx—x+l voi x e (0 2).
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Bai 39. Cho chudi him so

Sy o)

e 3n+1
1) Tim mién hoi tu.
2) Tinh tong clia chudi ham trong khoing hoi tu cia né.

N ) . (X— 1)3”'2 )
Giai: 1)y b x}=(-1) —/———— .t
fdi-yPat u (xy=(-1) ] ta c6
i 3o+l -2
3 x-1 Ax—1
T T €3 1y ) (1) Gl B
by (x) | 3n+3 3n+1
3n+i

=0l

Chudi da cho hoi ty khi i(xﬂl)". <l 0<x<?,

n—r.

oS 1 1 1
Tai x=0 ta ¢ chudi - ta c6 ~-— khi # >, ma
—3n+l 3n+l  3n

o = = ]
chudi diéu hoa ) — phan ky, do do —Z_—l phan k.
+

n=I n=ll

Tai x =2 ta ¢6 chudi dan dau Z% chudi ndly thoa min cdc diéu
el n+

ki¢n cha tiéu chuan Leibnitz, chudi hoi tu.
Vay mién hoi tu cua chudi da cho la (0:2].

i _l _)H+‘.
2) Tinh tong S(x)"Z( ) s bty

1

n=ll In+l
l)(\n+1}
—l =(x-1)G
)3 () = (-6,

al

{3n+1)
trong d6 G(x) = Z( ),,(r_3)_ (*) 12 chuédi liiy thira, nén
n=l n +
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? l+(X"‘l)
dx
=Gix)= -+ (=
( ) '[l+(x—l)"
—hln ’1rudn2 =3 + (7, (FF)
m J3 Vi
tr (%) v () tacé G)=0=-—" 4= (=
63 6~/3
1 2x— 3 T
Vay S{x})= —=arctan —=— LGt O<x <2
()=(x- { e R
Bai 40. 'Tim mién hoi tu va tinh téng cita chudi ham so:
A 21
-] n+l i X .
Z} ).3”un—n!
2n-1
Gidi:1l) Dt u,(x)=(- )"+|3—;é—n~_17.Ta cé

lim i )‘— 1 ‘
noe | gy x)\ ﬂ"ﬂ“|92n(2n+l)i

Vay mién hot tu cha chudi him di cho 13 khoang (—oo, +00).
2) Tinh téng

=0x’=0<1.¥xeR

S(x)= Z( ')"”W;‘ Z( " [2;)1) i

[ H6L.6 6 |

1! 3 51 7!
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s
= (%J i L—;-jzgsm[ } {theo céng thitc (17) muc 1.3.5).
"t 2n ] 1 X
Vi N = _gin| = |véi VxeR .
ay ;( ) S (2 1) 351n[3}vm x e
Bai 41. Tinh tong cha chubi s6
o n+|
Z -
Giai: Ta Cc')
x ( = n+l an : ks Ll
Z4 520 IEH ZJ = | 2 () e
n=l A= =1 0 n=l g oL a=0
~ | o
ol
:j ﬁﬁ=ﬁﬂf_i—dr:—MHj X _ +j n2anE
01+x g0 4 1 5 2 50 1 1
fy X l=—m=x{ -2 “lx—| +2
X i X X |
<15 ol
=lli l In X +Larctan Xl =
2520 242 ~X l+ 2 V2 V2
£
x
2 111
1 lim —ln x: J_zx 1 x -1 ]n2+\/_
2 2 R Jox e 2J'2 AN AETN
1[1%%@() ] l{hanﬂﬂf}
AR W21 2 2
=——= In(1+2 +£}.
2J5[ [ ) 2
Bai 42. Viét khai trién Maclaurin cho ham
1
S(x)=

1+ )0+ xH)A+xH0 + x4
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Giai: Taco

f(x) = | -x l-x
(1+x)(1—x)(1+x2)(i+x4)(1+x") 1-x'®
S(x ;
= IE) - Zx”’ |x|<1.
(Theo cong thie (12) muc 1.3.5).
Vay f(x) Zx”’” hoac f(x)= Z( —x)x'™" vl ~l<x <1,
A= a=0
s 1 .
Bai 43. Khai trién ham /' {x) = ————— thanh chudi Maclaurin.
x"-3x+2

Gidi: Tacd

B 1 _r ot 1l _
f(x)rx2—3x+2_x—2 x-1 1-x 2 X
2
n X " < n c ! = l "
DB IS IR ¥ (Rery
n=0 n=0 2 n=(0 n:02 n=0 2

vl ~1 < x <1 (sirdung cong thirc (12) muc 1.3.5).

Bai 44. Khai trién ham f (x) = xe ™™ thanh chudi Taylor tai lan can diém
x, =1.

Gidi: Pat X =x—-1,khidé

=0 n! n=l n!

RIS E e X]

(str dung cong thirc (8) muc 1.3.5).
Bién d6i chisd n+1=m, tacd

f(x)=1+X)e" " =e"le ¥+ Xe TV ]=¢ [i(l) Xn+i(_1) X" ]:
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S0 X (- 1)”’ X" Y X"

:_Z :_Z (n—]

- ( m— n-

n!
Khi do
()

f(x)e'{l+zT§((;)‘1};”}e‘{lJri(——i)—”(ln)X”}

-1 nol 1 !

[ I+Z —n)X"]:li-g(l—n)(x*l)".
.

=il =l

Vay f(x) =xe " = litl%_(l -m){x-N",

e .- H.

Bai 45. Khai trién ham f(x) =

thco chudi [y thira cta

X X
V1+x l+x

Gidi: Pat 1= ——= f(x)=p(t)=

t
1+ x N

St dung céng thitc (10) muc

[.3.5. ta co
1 1 113, 1.3..(2n-3)
= — )V =1+—ft+—=-=f _._.._..—t”
N i S Rt U v

khi do
1, 13 3+...+ 1.3...(2n-3) ,

i 2 24 2.4..(2n-2)

th -

Vay
x x 1 xY 13 xY l.3...(2n—3)[ x J"
= == oo | et +
S s T 2(1+x) 2 4(l+xj 24 (2n-2)\1+x

Bai 46. Khai tricn thanh chudi Taylor ham s6 f{x)= sin% trong lan

can x, = 2.

Giai: Ta c6 f(x)= sm[ 4r] ¢é dao ham moi cdp bi chin trong lan can
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4 4
fx) = (%j sin[%x—k %r} = /"(2)=0.

n=4k
0 =4k +1
ma sin(n+ 1) = " . k=012,...
2 -1 n=4k+2
0 n=4k+3
Vay ta c6 chudi
2 2 3 4
X Y (x-2) (xY (x-2)
x}y=sin—=1-] = 2 4} =) X0 ...
/) 4 [4} 2! (4] 4!

Qk(x 2)
He )[4] ek

Chit ¥. Ta ciing ¢4 thé sir dung khai trién cha sinx, cosx. Pat x—2=X, ta

duogc
f(x)= sin 2* = sin——mﬂ(X *2) = sin[i/—\iwtzj
4 4 4

2
(5] +al5e)
=cos—X=1-—|—=4X — =X | -
21 4 41\ 4
[..”ij"
—”Zu( D ;( )(2 T YT
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Bai 47. Khai trién thanh chudi Fourier ham s6
f(x)=m+x. —g<x<nrx.
Gidi: Xay dung ham s6 g(x) tuan hoan vé&i chu ky 27 sao cho

g(x)=f(x):7r+x, -7<x<m (Hinh 1.8).

o

b

=

%

HqE----

S
g
-y

Ham s6 da cho théa man céc diéu kién cita dinh 1y Dirichlet. Ta ¢6 :

ay =;1£ jf(x)dx:;lr— j(mx)dx:% jxdx+i [xdc=27+0=27.

-

1 k3 I ki l T
a, =— Jf(x)cosnxdx 1 I(:r+x)cosmcdx: Icosnmir+— jxcosnxcbc:
ﬂ-—ff ﬂ-—rr - ;r—.rr
g 1 . Y4
=2 |cosmxdx +0=—sinnx| =0, n=12.3....
n
4]
b, =l If(x)sinnxdr:l _[(7:+x)sinnxdx = J.sirm.xr:iawi Ixsinnxdx =
;r—:r x—:r - ﬂ—x
= 0+g xsinnxdx = ——2-)—C~cosnx i +i Icosnxdx =
T nrw nr
=——cosnm +— sin ax 7 = ——2~cosn7r = %(—1)"”. n=123..
n nr n n
Vay
x (_1)!}+| i .
f(x):n‘+x=7r+2z sinnx vot —r<x<m; flhkny=n , k=2n+1,
n=l n
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Bai 48. Viét khai trién Fourier clia ham f(x) = |sin x‘ trén [-—7?,71’].

Gidi: Ham f(x)1a ham s6 chin. Ham s6 7(x) thoa man céc diéu kién cha

dinh [y Dirichlet. (Hinh 1.9)
Tacd 5,=0(n=12,.) va

2%, 2 T 4
dy =— |sinxdx = ——cosx| =—,
T Fia 0
2% 217% . )
a, =~ |sin xcos nxdx = = — j[sm(] +m)x +sin(l - n)x|dx =
JTU T 1]
21 1 bia
=———| ——cos(l+n)x+ cos(l-m)x || =
72| 1+n l1-n 0
| 1 1 1 1
=——| ———COSAT ~——COSNT — —— —— | =
Tl l+n 1-n l+n 1-n
_“—4—*7, khin=2k
={a{l-n")
0, khin=2k+1

trongdé k=1,2, ..

Hinh 1.9

Khi d6 véi moi x e[-7;7], tacé

|sinx|=——-—

T w3 ~15 (1-4k%)

4 4 [cos 2x  cosdx cos 2kx }
-+- +...+__._+...
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Bai 49. Khai trién thanh chudi Fourier theo cdc him s& cosin ciia ham sO
Sau:

f(x)=1-x, 0<x<~7
Gidi: Do mudén khai tri€n thanh chudi cfia cdc ham cosin, ta thac trién ham
s& da cho thanh ﬂx)lﬁl ham s& chin, tuan hoan véi chu ky 27 (Hinh 1.10) va
(x). O0<xs<snm 1-x, 0<x<nm,
Flx)- { f(x) ) {

J{—x), —r<x<0 |l+x, -7<x<0.

L J

big 22 Arm

Hinh 1.10

Do F(x) 1a him s6 chan, nén b6, =0, n=1,2,3,... Tacéd

—%Tl—x)dx 2[1—3]

a, =%J(l—x)cosnxdx=%{(l—x)sinnx 7(;+ Jsinnxdx}=
b
:i[—lcosnxj = [ (1) - 1] 2k1 k=1,2, ..
nrT\ n 0 m? =i~

= 2k -1
Vay flx)=1- T2y o8 =Dx g van
2 T k=] (Zk - 1)“
Bai 50. Khai trién thanh chudi Fourier theo cdc ham s6 sin clia ham sé sau
f(x)=m-x, O<x<n7.

Gidi: Do muén khai trién thanh chudi clia cdc ham sin, ta thic trién him sé
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da cho thanh £ (x)1a ham s6 I¢, tuan hoan véi chu k¥ 27 ( Hinh 1.11) va
Fix)=f(xy=m—x, 0<x<m.

ANEEAN
LN

Hlnh 1.11
Do F(x) 1a him s& ¢, nén a, =0, n=0,1,2,3,...Ta cé

27 21
b =2 ((r—x)sinmrar= 21
s ;Tal‘(i’f x)sinnx dx ;rn[(]r x)cos nx

jr k3
+ |cos nxdx
0 1]

21 1.
=~——| -7 +—sinnx
TN n

”Ji, n=1,2.3,..
0 n

Vay f(x)= zzsmnx, (0<x<n).

n=1

Bai 51. Khai trién him cho trén (-2; 2)c6 chuky 2/ =4

-2<x<0,

f(x)=

O<x<?2,

u|$-< o

thanh chudi Fourier.

Gidi: D6 thi ham F'(x) duge mo ta trong Hinh 1.12, 12 théc trién ciia ham
F(x).

Ham s6 /'(x)thoa man cdc diéu kién clia dinh 1y Dirichlet. Ta c6

17 i 1
ZEJF(x)dx {j()afx j- J:E% =

=3
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2 : ,  khin=2k+],
a =— _[F(x)cosﬁgfdrzé gws%Eaﬁcz v
2 0 0, khin=2k
2 A+l
1 I
bn:_,[F(x)Sinn—de=— % sin 27X g - (2D
! 2 : nn

Hinh 1.12

Vay tai mdi diém lién tuc cia ham  F(x)ta cé

g -2 QRue-Dmx (D" . nm
f(x)—4+§{x2(2n‘l)zcos > + - sin 5 }
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BAI TAP TU GIAI

Tim tong riéng va téng clia cdc chudi s6:
b
34 45 (n+2)(n+3)

1 1 1
2) — 4+ — 4+ +
1.4 4.7 (3n-2)3n+1)
3)—1-—+ +ret 1 +
1.23 234 nln+1)n+2)
1 1 (-1

1.2. 1)1——+————+---+ ~
3.9 27 3"

11 1 1 1 1
D\ s+t mrF |+ == e
3 5 35 3" 5

3)@;){z-%{z;}...{ ] “)"I]+---
2 2 6 4 18 2" 23"

b

reet

o l o
1.3. 1 ~— 2)
) ;nz— ;4n2+4n 3’
= 2n+1 . 3
— 4 sm—cos—.
) gnz(nmz ) Z, 2" 2
1. 4. Dung di€u kién &t c6 cla chudi hoi tu, ching minh cdc chudi s§ sau
phan ky
4
= An +1 2n? +3n+1
D 2) Z( T
= H(2n+1) 3 en+3 +n+3"
l
3) Znsm— 4) Z(n st

1. 5. Ap dung dinh Iy so sdnh xét str hoi tu clta cdc chudi s6 sau

o 3?1' Lo al . 3+(_l)ﬂ'
1 T — 2 St ————;
) Z3”+5"+n ) Z n’

=l
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3) i 4)2\”‘1 +n+
m’i{ z1+x_dx 3n” +2n+l

A 1 ) 1
3) ;ln(Hran 6) ;(e -l)smm.

=
1.6. Tim nhimg gid trj ctia & d€ chudisé »_a, héi tu, vdi

n=]

1) an:[arctgl—ln(l+l)] T 2) an:n"(ln(n2+1)—21nn).
n

R

1.7. Ap dung ticu chudn D'Alembert xét su hoi tu cia cdc chudi s6 sau

> f_ﬂ 1.5..(4n-3)
23 )226 (4n-2)’
= (2n+ 1) (3n)!
4 ;
Z3, "(Gn+d)’ )243” nty’
S)Zn!(:n, a>0,a#e; 236""( ')' csn?—.
n=t N -1 :

1. 8. Ap dung tiéu chudn Cauchy, xét su hoi tu ciia céc chudi s6 sau

. 3 " ) 3 nrin-1)
0 350 > 3 En)

2n+1

o

\IIH"+3!1+| .
n
3 ; 4 —_—, 0;
) Z(rwl} ) Z(ln(n+1))'"’2 @

n=1

r|+!

5) )Z[eml) [5]2"”
et (32 +2n+1)‘"+3“2‘ 5n—3 6,

1.9. Ap dung ti¢u chudn tich phan xét su hoi tu cha céc chudi s sau

1 2)Z:ln n

an(1+lnn) o

M%

1 M5

1)

H=
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1.10. Xét su hoi ty clia cdc chudi s6 sau

3n + 4 % (2,6)"n!
l);n [2?1 +3J 2) ,,Z:; o
9’”n' = "1
3 4 S
)z ) ;ﬁﬂfln(nwtl)

r2ml
] Syarctanva+ 2

5) —1n —_— |; 6) »y —— =

Z [ \/n+1} Zl nlnz(n+1)

w0

Z—)}-— Z ¢6 s hang tong
n (n')

11

n=l

1.11. Ching minh ring cdc chudi sé

quat g, > 0khi n >«
Xét su hoi tu cua cde chudi sé sau
w mia+l)
cos? x

in [
XSin xdx; 3)2 I

w 1n 3 @ T
1.12. 1)2]’ vy ) Z. | — ]
A=l g =l xn

n=|

0 ” (_l)n—l =
1.13. 1 2) Qo —— )" ;
)ZJ,H. ) ;filn(r1+l) Z:] n' +1

n=l
o COSH,CO8—
n

Inn = 8inA
— 5 — 6 —
2 YL

of n+1Y = nat, H+1
DAY PATRL

S 1-n(-1)" i .
, f+( 1)

1.15. X€t sy hoi tu va hoi tu tuyét doi cla céc chu01 50 sau
w2

DI T D 3 o s

n=I

« COSH. C(}lSl
4) Z

3 LY
) Z n=1 \/;

n=1
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1.16. Chitng minh chudi ham s6 zu“(){) ho1 tu déu trén tap £, néu

-]

_ n—1
D )=~ B[00
Jrfn+\/;
n-1 "
2) u(x)=— X Eo[L1];
n n+1
X
3y u(x)= . E=[0:+ ),

(n+x¥l+n+x)

sinnx  sin(n+ Dx

- v E=(—w+ ),
\/; v+l (moort o)

Tim mi€n hoi ty clia cdc chudi ham s6 sau

1.17. l) ie_m; 2) z In” JC; 3) i(s_xj)n; 4) an e .

n=| =1 f=| H=2

L1S. 1) Zcosnx 2)i S

n=| n=| x2+\[;’
S ! l —mNinx
3)2[%1m(1+§)} : 4)2( ) g

n=2

4) u (x)=

1.19. Tim khodng hoi tu clia cdc chudi ham s6 sau

1) i(sin(\/n+l -Imx+1y; 2) i[arcsinin](x—S)";

n=| n=l

A=l
3 Z( 2”+1J 2):: ’ 4) Z( l) 2H+3x2n+l )

A\ 3n+2 ~ 3n'+4
Tim mién hoi tu clia cdc chubi ham s6 sau:
H
= 2“.)’:‘! ] = X 1
1.20. 1) >y, 2)Z(n )4;
n=l 1 n=| 2 —-n
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l+l

2 Z[“(T}‘ b3y Lo

s n+l

121 Yy Z)i : [I_xJ;

n=| 3( +1) ,,|.J’H-3 1+ x

3) 2[14- j e 4y i2”cos" X .
n=| n=1

ﬂ'

1.22. Cho g = 0, tim mién héi tu cha chudi Z
o n+a”

1.23. Tim mién hoi w va tinh tdng cha chudi ham trong khoang hoi tu ciia

nd
1) in(n +2)x"; 2) i:(hl)"‘i n(n+1)x";
n=I =l
(x )3::4-2 - ) .
3) 3 (1) 4) Z(—l) 2n
n={} n=
2n+‘\ 2n+l) 2n+3
6) y ———
) 237;:(2 +l) ; 32:!
1.24, Cho chudi ham s& 22” sin (H;J% (1)
n=0 H.

1) Tim mién hoi tu D ctia chudi ham s6 (1).
2) Goi S(x) 12 18ng clia chudi ham s& (1), ching minh

$"(x)-28"(x)+45(x)=0.VxeD .

1.25. X¢ét su hoi tu déu cita chudi ham s6 ZHH[ZXH) trén doan [— l,l].
+

3”
=1
Khaj tri€n tharh chuéi Maclaurin cic ham sé sau:
1.26. 1) (1+x)e™™; 2) (I1-x)In(1-
3) (1+x*)arctan x; 4) _}%x_—l-i_
X +x—6
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1.27. 1) In(12-x-x"); 2) cos® x;

3) _[G_I]d! ; 4) Jarctan d dr .
] a !
1.28. Khai trién cdc ham s sau thanh chudi Taylor tai lan can diém x,
1
1) =———, x,=1;
X =5x+6

2) (x+Dcos’x, x, =-1;

3) In(x* +2x+2), x, = -1;

X' =3xt+4x-1

? Woawrz o BTh
Tim tong ctia cic chudi 6 :
o 2 oozn' l
1.29. 1) Z.% 2) ZU—EZ%)
= (1) w2
3)2((2;111’;!; » Z;;
e i =
130D ,,Z:[;(n+1)(2n+l); ”;Msz
= (1) =
S)Z;n((snll); » ,,Z:;n(anLl)'

1.31. Khai trién ham s6 f(x) thanh chudi Fourier, hdy tinh tdng clia chudi
ham tai diém x,:

D fix)y=x, —n<x<n,x,=7;

) fly=io OEEET 0
X)= X, =
0, —t<x<0 '
0, -n<x<0,
3 = X, = =1
) S0 {x, O<x<m °
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2x, —-m<x<0,

4) f(,ac):{‘3

X, =TT
X, O<x<m

1.32. Khai trién ham s6 f(x) thanh chudi Fourier :
1, O<x</,

D f(x)= % x =1, trén khoang (0;2/);

1, I<x<2f
2) f(x)=lx]| trén khoang {~1:1];
a, -—-nf2<x<mn/2,
3 X)= trén khoa —-n/2:3n/2);
AR {b, R)2< k<3, o Khoang (Fm/2i3n/2)
4 foy=1" 0<x<l, trén khoang [0;2]
)= rén khoang [0;2].
2—x, l<x<2; &

1.33. Cho ham s6 f(x) tudn hoan véi chu ky 27, xéc dinh trén R, thda

man
f(x)= cos%, Vx e[-m,m).

1) Khai trién ham f(.x) thanh chudi Fourier.

2) Tinh t8ng clia chudi i l(_jl) =
=l L7 n

1.34. Khai trién ham 56 f (r) = x,0< x < thanh chudi Fourier theo cosin.

1.35. Khai trién ham 5§ f (x) =008 2x, 0< x <7 thanh chudi Fourier theo sin.

1.36. Khai trién thanh chudi Fourier trén (0; ) theo cosin ham s6 sau

pis yis
E—L 0<x<5,
f(x)=

T
0, —<X<Tm
2

1.37. Khai trién thanh chudi Fourier trén (0;7) theo sin ham s& san
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siny, 0<x< g,
f(x)=

T
0, —< X< T
2

1.38. Khai trién ham s6 f'(x) = x* thanh chudi Fourier
1) Trén doan [—m;m] theo cosin.
2) Trén khoang (0;m) theo sin.
3) Trén khoang (0:2n)theo cosin va sin.

Tix cdc khai trién nay tinh tdng cdc chudi s sau

o 1 ( 1)n+l e 1
Z Z > g(zn—lf'

2

1.39. Khai trién ham so f(x) =x —%, 0 < x <1 thanh chudi Fourier

1) theo cosin;

2) theo sin.
DAP SO
1 1
1.1. I)Sn:l— 1 S==:2) S, 1[1* ],S=—:
3 n+3 3 3n+1 3
. S”:l L el
212 (n+1)(n+2) 4
lﬂ'|
.S, = 1( )_1 , :i
4 3" 4
Q,Snzz_;_ L g3
4 23" 45" 4
n-l
3 S :ﬁ_ 3 ( 1) _51

n -1 nI’S
8 2 83 8

13. 1) sn=§_l[-l_+ ! j S =
n+l n+2 4
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1.5.

1.6.
1.7.

1.8.

1.9.

1.10.

1.12.
1.13.

R L S S P
3 4\ 2n+1 2n+3 3

I

3 S =1- .
) S (n+1)°

S=1;

-l

4 S = 1[5m2 sm—l—J S:lsin2.
2 2

1y Hoitu:  2) Hoitu; 3) Hoity;
4) Phan ky; 5) Hoit: 6) Phan ky.

1
D a>—; 2) a<l.
) 5 )

1) Hoi w;  2) Khong két luan:  3) Phan ky;  4) Hoi tu;
3) Hoi tu khi @ <e; Phanky khi ¢ >¢; 6) Hoi tu.

1) Hoit; 2) Hoi tu; 3) Khong két tuan:

4) Hoiw véibatky a; 5) Hoiw; 6) Hoi tu.

1) Phanky;  2) Phan ky.

1) Phan ky; 2) Hoitu; 3) Héi ty;
4) Phan ky; 3) Phan ky; 6) Hai tu.
1) Hot ty; 2} Hoi tu; 3) Phan ky
1) Hot ty; 2) Ban hoitu;  3) Phan k¥;

4) Hoi tu; 5) Hoi tw; 6) Hoi tu.

1L14.1) a :[ nr 1) — ¢ #(n— o). Chudi phan ky.
n+2

2)a,=1n n+l>0 vnzl, lima, =hmln”—+l:0
n Ry o n

f(x)= it — f'(x) <0 Vx>1 ={a,| don dieu gidgm. Chudi hoi tu.

3)it i l) +z l)"]\/_

X

n=21 H=2 n n—- l) n=2
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= (- ! !
Zm’ hOl tu tuyét doido \/;(”_1) ~ n”z s H— 0

Z(—l)”_l \/_l hol tu theo tieu chuin Leibnitz = Zu hoi tu.

#=2 H— n=2
4) iu = i(—l)"i+i—l~—
n=2 " =2 n. N n—1 n=2 n.\‘/; ~1
ES Af 2
;(—l)”. ni/% hoi tu theo tiéu chudn Leibnitz ,

1 | 1 =
E ———— hoitu do ~ s B> o= E i, hoi .
—nyn-1 nyn—1 nyn "

=12

L.15. 1) Bin hoity;  2) Hoi tu tuyét d6i; 3) Ban hoitu;  ~ 4) Ban hoi .

1.17. 1) Hoi tu tuyét d6i khix > 05 2) Hoi tu tuyét doi khil/e < x <e;
3) Hoi tu tuyét d6i khi2 <) x |< v/6 ; 4) Hoi tu tuyét d6i khix = 0.
1.18, 1) Ban hoi tu khix = k27, ke€Z:2)Banhoitu khi xeR;
3) Hoi tu tuyét doi khi| x |< 3; 4) 1di tu tuyét dai trong khoang
2kr<x<(2k+D)m, keZ banhoitukhi x=kx, keZ.

1.19. 1) -2<x<0; 2)0<x<6: 3)—%<.r<%; 4) -l<x<l.

1.20. l)—\/g<x<\/g; 2y -l<x<3;
2 2

3) (~ool—¢)Ufe+ 149 4){ f f}

121, el <x<e’; 2)x>0; 3)x>-1; 4)E+k7t<x<2_;+kn,

1.22, + Trudng hop 0 <@ <1: mién mién hoity la [-1,1];
+ Truong hgp a > 1: mién mién hoitu 1a (-1,1);

"

—>1z0.

x:ianlU;J:njLan
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1.23. 1) (~L1), S(x)= fl(:;)

2
2 (). S(3)-

3) (2;0). S(x)=(x+1) { x+2 2x+l V4 }

N f NCEPN A
2x'
(1+x7y

: 2r+1
5) -3<x <3, S{x) =3x22X =3,€(*X+ In|——==

4) (-1;1) S(x) =

1+X
1-X

T 2n+1 2

. L2
6) S(.\‘)=.r"F[i):9x3. 9+ T
)7 o)

1.24. 1) Mién hoitu R; 2)5( Za x" véi a, z—smﬂ

1=0 ' 3
\S 7 1:1'” vzl Vxe[—l,l]

} ij’:}, X <1

+1

1.25. V6i Vre[-LI] = <1=fu,(

X+1

on+l e g e : .
Z 3 hot tu. Theo dinh 1V Weilerstrass chudi Zu”(x) hoi tu déu
n=I =1

trén [—11]
n+l
1.26. 1)1+Z( x",—oo<x<oo;
( [n+l]
2) —x+z . xl<l;

n=1

!11-]

3) x+z

4 (13 2 L xicl

r=l]

D x|« 1
4n* —1 ’
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o 1 4—"_3—:?
1.27. 1) ln12+z ) |x|<3
4
¥ 22”]
2) l+Z( 1) =——x*, | xl< 40
n=| 2 )T
- (_1) x2u+l’ l)(.‘( +OO;
ot 2n+1)
Z =D X x k.
o 2;‘.'+1)
1.28. 1) 2(1—2“"*”)(;:—1)", |x|<1;
n=0
2)I+COSZ )”_l 22”4 Dl )" ' 2 .
(x+1)1 c052; (x+1"" +s ng 1)r( +1) x| oo
Z (x+1)2", |x]<1;
n=|
4) 1+(x*1)+2(—1)"(x—1)2", |x|<1.
n=1
, I . 3
1.29. 1) 2e; 2) 3e°; 3) E(COSI-—SIHI); 4)5,
130. 1)2In2; 2) o-21n2. 3 3—3T£—21 2. 4)3—5£—§1n2
9 3 2
131 1) £(0) =22 ()" 22 | xkx, 0
n=| A
1 2 &sin(2r-1Dx
2 X}=—+— )y ———  Odxln
)f()zﬁg . x|
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3) f(x)=§—z[(l—( 1)")°°5”x +(=1y S‘“’”J Ixkx, g;

n=|

o

4) f(x)————SZ[(l—( =

H’]

+(=D”

cosnx cosnx] 57
|x|<m



sl

- 2p—]
132, 1) f(x)= *+32 L sin = e ke

T 2n—1 /
4 Seosm(2n-Dx
2 == ) — .
) B 2 n3§ (2n-1y
3 _a+b Aa—b) (-1 e
) f(x) 5 + - ; ”_1cos(2n Dx;

1 4 Seosa(2n+1)x
4 :_ NIRRT
) /) 7* ; (2n+1y

1.33.l)f( )—coq——=—+Z( 1)"i l - Cos nx -
=1l n -
2) Thay x =0 ¢6 Z( l) ,:E-i.
pr —4n- 4 32
134, f)=2_2 im

2 T o=l (2?? 1)2

1.35. 45 (2n-Dsin@n-hx
Je9= fr; (2n=-3)2n+1)

4&1 .
1.36. f(x):£+— —Zsmzﬂcosrzx..
8 wmisn 4

1.37. f(x)—%smxwL—Z( Iy

- sin 2rrx.

1.38. 1) f(x)= +4Z~———( ' cos

2) f(x)= ; Z:(—l)”+1 (F— —&:’gﬂg}in nx;

n

3) f(x)ﬂ— 4Z[cosnx fzsmnxJ SF%; S:ﬁ; SJ:f;j

n

1.39. 1) £(x) =§

f=1

1 & 1 sin(2n—-Dzx sin2nzx
2 =— - .
A ﬂ§[1+7r2(2n——1)2}[ 2n-1 2n ]
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CHUONG 2
PHUONG TRINH VI PHAN

Chuong nay trinh bay mét s6 phuong phdp tim nghiém ctia phuong trinh vi
phan va hé phuong trinh thutng gap trong k¥ thuat. D& hoce tét chuong nay
nguoi hoc céan doc lai va ndm viing cdc cong thife tinh dao ham, tich phan
cua ham 56 mot bicn s6 va nhi¢u bién s6 di duge hoc trong gido trinh Toan
hoc giai tich (tapl, tap 2) [2].

2.1. KHAI NIEM CHUNG VE PHUGNG TRINH VI PHAN

Nhi¢u van dé dugc dit ra trong khoa hoc k¥ thuat can thiét phai tim méi
licn h¢ gita hai dai lugng x va y, nhung thudng khong thé ¢6 duge ngay
moi lién hé gitta ching ma lién hé d6 con thong qua dac ham céc cap cla
dai lugng nay v6i dai lugng khac. M6 lién hé nhu vay duge goi la phirong
trinh vi phdn.

Trong gido trinh nay ta chi dé cap dén nhimng phuong trinh phu thude vio
moét bi¢n s6 doc lap. Con phuong trinh phu thudc vao nhiéu bién s6 doc lap
(phuong trinh dao ham riéng) s xét trong gido trinh khic.

2.1.1. Bai toan dan dén phuong trinh vi phan

Xét mot 56 bai toan dan dén phuong trinh vi phan.
Vi dy 1. Tim phuong trinh chuy€n dong clia mot vat khai lugng m roi ty do
vGi luc cdn cha khong khi ti 1& véi dao ham cla van téc roi.
Gidi: Goi v(f) 1a van tc rai clia vat. Khi d6 ¢6 hai luc téc dong lén vat roi
la trong luc ) = mg (cung chiéu v&i chuyén dong cua vt) v luc can clia
khong khi F, = —av(f)(ngugc chiéu véi chuyén dong), trong dé g 1a gia t6c
trong trudng, « > 0 1a hé s6 cian. Theo dinh luat cia Newton, ta cé

dv

m—=F, F=F +F :mg—av:>m6—13=mg~av,
dt : dt

day 1a phwong trinh ma ngoai ham cdn tim v(f), né cdn chifa ¢ca dao ham
van tc v'(f). N6 14 phuong trinh vi phan cap mot.

Vi du 2. Mot thanh kim loai duge nung néng dén 100°C 4at trong moi
trudng luon ¢6 nhiét 46 khéng déi 20°C . Tim quy luat thay déi nhiét da
cua kim loai.
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Giai: Goi T(r)la nhi¢t do thanh kim loai tai thoi diém ¢. Theo dinh luat
Newton v¢ sy giam nhiét cha vat thi tdc do giam nhiét —ty 1¢ vé6i hiéu

nhiét do cha vat thé va nhiét do moéi trudng tai thoi diém dé (T(n-20).
Vay

ar

O k(T(1)-20), k>0,
dt
la phwong trinh vi phan ¢dp mot véi 4n ham 7(¢).
Vi du 3. Tim phuong trinh clta mét duding cong di qua diém (2;3)va ¢6 tinh
chat sau: moi doan thing cha ti€p tuyén véi dudng cong nim giita hai truc
toa do déu bi ti€p di€m chia thanh hai phan biang nhau (Hinh 2.1).

v
B

Hinh 2.1

Gidi: Gia st M(x,y) 1a di€ém thy ¥ trén dudng cong phai tim. Hé s6 géc
ciia ti€p tuyén v6i dudng cong 1a y'. Mit khdc, hé sé géc d6 lai bing

tana = -P—};I. Nhung khi M(x,y) 1a diém gifia ciia doan AB thi P 1 diém

giffa cia doan OA, do d6 OF = PA=x. Vay
tanar = -2 hay y'=-—£. (1)
x X

Déng thifc (1) cho ta méi lién hé giita bien s6 doc lap x, him cén tim y
va y'nghia la ta c6 phuong trinh vi phan.
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. . X ) C
V6i phuong trinh nay ta dé dang kiém tra duge ring ham s¢ y=—
X
(C la hang so bét ky) théa man phuong trinh (1).

Do mudn tim dudng cong di qua di€m (2;3), ta budc y = — phai di qua
x

di€m d6. Tir d6 suy ra C = 6. Vay dudng cong can tim c¢6 phuong trinh 12
6

y=-—.
X

Tir cac vi du trén ta ¢6 cdc khéi niém chung vé phuong trinh vi phan,
nghiém, nghiém riéng,...
2.1.2. Pinh nghia

Pluong trinh vi phdn 1a phuong trinh (dang thic) lién hé gitta bién doc
lap x, ham cdn tim y v& cdc dao ham y',p", ...y cta né. Cdp cla
phuong trinh vi phén 12 c&p cao nhét cha dao ham cé trong phuong trinh.

Nhur vay phuong trinh vi phan ¢ap # ¢6 dang

Fle,y,y'y" 3™ =0, (1)
hoac duéi dang giai dugc theo dao ham '
y{n] _ f(x‘y‘ypﬁyrr, s ‘{n—ll). (2)

Cac phuong trinh trong cdc vi du 1,2,3, muc 2.1.1 la phuong trinh vi
phén cap mot,

Phuong trinh y"- x*y = 6e” phuong trinh vi phan cdp hai (i cé y").

Phuong trinh y"=2y"-3y'+ x1a phuong trinh vi phan cdp ba (vi ¢6
y"h..

Nghiém cia phuong trinh vi phan 12 moi ham s6 y = ¢(x)ma khi thay
vao phuong trinh da cho ta dugc déng nhit thiic.

D6 thi ctia hdm s6 y = ¢(x) duge got 1a dwong cong tich phan.

> . C » n . >
Chang han trong vi du 3, ham s6 y =— (C - const) déu 13 nghiém clia
X

phuong trinh (1). Nhung chi ¢6 mot dudng cong di qua diém (2;3).
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2.2. PHUGNG TRINH VI PHAN CAP MOT
2.2.1. Pai cuong vé phuong trinh vi phan cdp mot
Phutong trinh vi phan cdp mor 1ong qudt ¢6 dang
Flx,y,v})=0, (1)
dy

trong dé y'= o F 13 ham s& cua ba bién s§ x.y,y' (¥ 12 ham s6 cdn
X

tim).
Néu phuong trinh (1) giai duge d6i v6i ', thi phuong trinh vi phan cap
mot ¢ dang
y'=flx ), (2)
trong d6 f 1a ham s6 cha hai bién s6 x v y.
Bal toan Cauchy: Tim y = y(x)Ila nghi¢m cua phuong trinh (1) hoic (2)
thod min di¢u ki¢n
Yx,) =y, (3)
titc 1a, tim dudng cong tich phan cla phuong trinh (1) hoac (2) di qua diém
M (x,, ).
biéu kién (3) goi 1a diéu kién ban ddu (hay so kién).
Vi du 1. Xét bai todn Cauchy
y'=2x, y(l)=2.
Gidi: D& rang thdy ring y = x* + C (*) la nghiém ciia phuong trinh y' = 2x,
v4i C 1i hiing s6 bat ky. Vdéi x, =1, y, = 2 thay vao (*): 2=1I+C=>C=1.

Vay nghiém cta bai todn ta y = x° +1.

Bai todn Cauchy cé thé c6 hoic khong ¢6 nghém. Néu bai todn Cauchy
c6 nghiém thi van d¢ dat ra [a c6 duy nhdt hay khong. Dinh 1y sau cho ta
bi€t diéu kién t6n tai va duy nhat nghi¢m ciia bai todn Cauchy.

Dinh Iy 2.1.1. (Ton tai va duy nhat nghiém cta bai todn (2)-(3))
Néu ham s f(x,y) lién tyc tong mién DcR?, thi voi moi diém

(xy-y,) € D, bai todn (2)-(3) ¢6 nghiém y = y(x) xdc dinh trong mét ldn
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cdn cua x,. Ngoai ra, néu dgo ham riéng %cﬁng lién tuc trén D thi
nghiém doé la duy nhdt.

O day khong chimg minh (xem [1], [4], [S]).

Ham s6 y = ¢(x,C), C la hing s6 twy ¥, duge goi la nghiém tong qudt
cta phuong trinh vi phan cdp mot trén  trén mién D« R?, néu véi moi
diém (x,,y,)€ D t6n tai duy nhat hing s6 C, sao cho y=¢(x,C,) la
nghiém cda bai todn Cauchy vdi di€u kién ban dau y(x,) = y,.

Nhu vay, ham s6 y = @(x.C)} 12 nghiém t8ng qudt clia phuong trinh vi
phén cap mdt néu thoa méan cédc diéu kién sau:

+ la nghiém cia phuong trinh dé,

+ phuong trinh y, = ¢(x,.C) ton tai duy nhat C,.

Nghiém bat k¥ nhan duge tir nghi¢m tong quét khi cho hdng s6 C mot gid
tri cu thé duge goi 1d nghiém riéng. Tat nhién nghiém cha moi bai todn
Cauchy déu 14 nghiém riéng.

Néu khong tim duge nghiém 1dng quét ctia phwong trinh vi phan cdp mét
dudi dang twong ¥y =@(x,C), ma tim duge dudi dang hé thite O(x,y,C)=0
(dang an). H¢ thitc d6 duge goi 1a tich phan téng qudt cha phuong trinh vi
phan cip mot. Véi C =C thi O(x.y,C,)=0 goil 14 tich phdn riéng cla
phuong trinh vi phan.

V& mat hinh hoc, tich phan 16ng quit (hay nghiém t6ng quét) 13 mét ho
dudng cong tich phén phu thudc tham s6 C, ndm trong mat phang toa do
Oxy .

Luu ¥y rang, khéng phai bt k¥ nghiém ndo cla phuong trinh vi phan ciing
nhan duge tir nghiém téng qudt bing cdch cho hang s& C nhing gid tri cu
thé. Nghiém khong thé nhan duge tir nghiém téng quét cho dii C 14y bat ky
gid tri nao duge goi la nghiém ky di. (Trong gido trinh nay ching ta sé
khong nghién citu sau vé nghiém ky di).

Vi du 2. Phuong trinh y'=X c6 nghiém y={Cx 1a nghiém 16ng quat
x
trong mién D= {(x, V)| x= 0} (mit phéng bd truc tung). That vay, véi moi
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e |
(x4.15) €D, ham s& f(x.y)= ; va é};:;lién tuc trong lan can cia

diém (x,.¥,). cho nén bai todn Cauchy ¢6 nghiém duy nhét, nghiem dé

¥

chinhla y=Cyx véi C, =
x{

!

Vidy 3. Xét phuong trinh viphan y'=1-)*, [y]<1. Khi y = £1, ta dugc

\/L =dx=aresiny =x+C = y =sin(x+C),
-y

[a nghiém téng quat. Ngodi rata thdy y = | vay = - | cang la nghiém,
nhung ching khong duge nhén tir nghiém tdng qudt, d6 la cdc nghiém k¥ di.

Néi chung, khong c6 mot phuong phép t6ng qudt dé gidi phuong trinh vi
phan cdp mot. Sau day, ta xét mot s6 phuong trinh vi phén cdp mét cé thé
gidi dugc bang phuong phdp tich phan.
2.2.2. Phuong trinh vi phan bién s phan ly

Phitong trink vi phan  bién s6 phan ly 1a phuong trinh viét duge dudi
dang

f(x)dxe+g(y)dy=0. (1)

Cdch gidi phuong trink (1): Ldy tich phan hai v€ phuong trinh (1), ta dugc
If(x)dx + J'g(y)dy =C
néu F'(x)= f(x), G'(y)=g(»), thi
F (x) +G ( y) =C
la tich phan tdng qudt cia phuong trinh da cho.
Vi dy 1. Tim tich phan tong quét cia phuong trinh
xdx N ydy

. =0.
1+x7 147
Giai: Lay tich phan hai vé, ta dugc
J’ xdx J‘ ya’y _
1+ x° 1+ y°

do d6, tich phan (6ng quat clia phuong trinh di cho [
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Sin(1+2)+ T n{1+57)=C hay (1+x)(1537) =% =C 50
Nhdn xét: Phuong trinh dang
Si(x) &)+ £(x) g (v)ay =0, 2
c6 the dua duge vé dang bién s6 phan ly. That vay
- Néu g,(») f,(x) #0. bing cdch chia hai v&¢ ciia (2) cho g (¥)fi(x),

ta duge

j"(x)dx+g2(y)dy=0,

f2(x) g ()
d6 1a phuong trinh vi phan véi bién s phan ly.
-Néu g, (¥)=0 tai b (ke g (5)=0)thi y=b la nghiém ciia (2) va
la nghie¢m ky di.
-Néu f,(x)=0 1ai a (tic f,(a)=0)thi x = a 1a nghiém cia (2) va
la nghiém k¥ di.
Vi du 2. Giai phuong trinh
y=xv(y+2).
Gidi.: Phuong tinh da cho viét lai duge dudi dang dy = xy(y + 2)dx .
Néw y(y+2)#0,tacé phuong trinh vi phan véi bién s6 phan ly
dy

—————xdx =0,
y(y+ 2)
lay tich phan hai v€, ta duoc
j—fiy—— fxdx=lln|c|,
y(y+2) 2
= In|—=—|-x"=In|C}, C#0 hay ~2—=Ce" , C#0 I tich phan
Y+ y+2

téng quét ctia phuong trinh da cho.
Néu y(y+2)=0,thi y=0,py=-2ciing la nghiém clia phuong trinh da
cho.
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Chau y 1. Mot s6 phuong trinh khuyét dua duge vé€ dang bién s phan ly
+ Dang

y'= 1, (3)
¢6 cong thitc nghiém tdng quat
y=1{s(x)ax+cC.
+ Dang
y'=rm, 4)

cong thirc nghiém duge xdc dinh nhu sau

Néu f(y)=0 thi y'= f(y) duoc viét dudi dang gz=f(y) hay
x

dx = dy . khi d6 cong thitc nghié¢m tong quat Ia
f()
X = & +C
1)

Néu f(y)=0 tai y=>b thi y =5 la nghiém cha phuong trinh.

Néu f(y)=0 thi y=C langhiém cia phuong trinh.
Cha y 2. Phuong trinh

y':f(ax+by+c), (5)

6 thé dua vé bi€n phan ly.

Néu b =0, tacddang (3).

Néu a =0, tacé dang (4).

Néu a#0.b#0, biang cich doi bien z=ax+ by +c. Thay cho viéc
tim hdm y, tatim him z = z(x)}. Ta¢d z'=a+ by', thay vao (5), ta duge

z2'=bf(z)+a,

do 1a phuong trinh dang (4), da biét cdch giai.
Vi du 3. Gidi phuong trinh

y'=siny.

vt

o - . . d -
Giai: Phuong trinh duwge viét lai dudi dang < _sin y hay dx =
dx sin y

siny # 0.
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Khi d6 1dy tich phan hai v&€ biéu thic dx = 2 , ta duge

sin y

tanz +C,
2

X = I fdy +C e x=lIn
sin v

day la nghiém cta phuong trinh da cho.
Néusiny =0,y =kx (kc€Z)thi y=kr cling 12 nghiém cia phuong
trinh di cho.
Vi du 4. Tim tich phan tong qudt chia phuong trinh
1+ y'=(x+yp).
Gidi: Phuong trinh da cho khong phai 12 dang bién s6 phan ly, nhung néu
dat z=x+y.tacd z'=1+ y', thay vao phuong trinh di cho, ta duge

2'=z%,
hay
dz

—=z.
dx

Néu z#0,tacé dz; =dx, day 1a phuong trinh vi phan bién s6 phan ly.
z

LAy tich phan hai v&, ta duagc

Id—f: J’dx+C<:>—l:x+C,
Z

Z

hay - =x+C.

X+y
Néu z=0thi x+y=0hay y=-x Ii nghiém, vi y'=~1] thda min
phuong trinh da cho.

Vay phuong trinh da cho ¢6 tich phan 16ng quat — =x+C.

X+ y
Vidu 5. Gial phuong trinh

y'=cos(x-y—1).
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Gidai: Dat z=x—y—-1,ta ¢ z'=1-y  hay y'=1-2z', thay viio phuong
trinh di cho, ta dugc
l-z'=cosz<z'=1-cosz,

hay
dz=(1-cosz)dx.

= dx, day 1a phuong trinh vi phan véi

Néu 1-cosz#0, ta cé
l-cosz

bién s phan ly. Lay tich phan hai v€, ta dugc

I dz :Idx+C<:>—cot£=x+C,
l—cosz 2

hay
z=-2arccot(C+x)+kr < x—y—1==2arccot(C +x)+ k7, (ke Z).
Néu l-cosz=0thi z=2k7, (ke€Z) S y=x-1+2kr, (keZ)la
cac nghi¢m.
Tém lai, phwong trinh da cho ¢é nghiém
y=x-1+2km,
y=x-1+2arccot(C+x)+kx, (keZ).
Vi du 6. Xét lai vi du 2 ctia muc 2.1.1, ta da xdc lap dugc phuong trinh
%—T— = k(T -20), k>0¢*) v6i T(0)=100. Gi s biét them ring sau 20
f
phiit, nhiét do kim loai con 60°C . Hoi sau bao nhiéu phit, nhiét d6 kim loai
con 30°C?
Gidai: Tu(*)taco
dar
———=—kdt = In(T -20)= -kt +InC, (**)
T-20
T(0)=100= C = 80,

T(20)= 60 >In40=—-£k20+In80 =k = 5161n2.
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T (**),tacé T = 20+§?—.V6i T=30"C=>1t=60.
2%
Vay sau 60 phut nhiét do thanh kim loai cdon 30°C.
2.2.3. Phuong trinh ding cap
Ham F(x, y} dugc goi la thudn nhat bac & néu véi x,y va 1> 0 bat ky,
tacd
F(tx.ty)=t“F(x,y).
Chéng han cdc ham

- z + 1 . -
*7) X xy‘x_ —~2yx |a cdc ham thudn nhéat bac 0, 1, 2 tuong

2x+y  x -y
\tng.
Nhdn xét: Néu ham f(x. ) 1a thudn nhat bac O thi f(x,y) 12 ham s6 cla

mot bién <, titc 13 ham S(x.») c6 thé viét & dang F{xy)= ;D[ZJ :
X X

Phitong trinh ddng cdp 1 phuong trinh dang

y'w[Z]- (1)
X

Cdch gidi phitong trink (1): Pat u = Z, = y'=u+xu'. Thay vao (1), ta
X

duoc
utxu'=p(u) <> xu'=p(u)-u.
Néu o{u)-u=0,taco
dx du

x p(u)-u’
day 1a phuong trinh bién s6 phan ly (da biét cach giai).

Néu p(u)—u=0=>xu'=0do d6 u'=0=>u=C = y=Cx cling la
mot ho nghiém cla phuong trinh (1).
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Vidu 1. Giai phuong trinh

y'= b4 +sin Y .
X x
Glai: bat u = RN y'=u+xu', thay vao phuong trinh di cho, ta dugc
X

U+u'x=u+sinu<>u'x=sinu.
Néu sinu # 0, tacod
dx du

x  sinu
day la phuong trinh bién s6 phan ly. Tich phan hai vé, ta duge

bl

lMxhhﬂmn%HhMCLC¢0

do d6 x = Ctan% =>x= Ccotzl, day 1a tich phan t6ng quét cla phuong
X

trinh di cho.

Y

Néu simu=0<>==kn, keZ thi 16 rang y = kzx ciing 1a nghiém cha
X
phuong trinh,
Vi du 2: Giai phuong trinh
4 2
. XT-xy+
paX Tty
Xy
X —xp+)*

Gidi: Ham vé€ phai cta phuong trinh di cho 13 thudn nhat bac

2
2 pa ot I_Z+(X]
0. Do x#0 nén * YRy X A\
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bat u = RANSN yv'=u+xu'. thay vao phuong trinh di cho, ta dugc

X
, l—u+u’ , -2+’ N
utu'x=— S u'x=s—— S u'x=
U u u
Néu 1l-u=0,tacd
dx  udu
x l-u

day 1a phuong trinh bi€n sé phan ly. Tich phan hai v€, ta duagc
nlx=—u~-In|{l-u|+In|C|,C#0,

-

C . , \
do d6 x= :>x:——~—('—_, day la tich phan tong quédt cua phuong

(1-u)e’ [1_ z)ei
X

trinh da cho.
Ngoaira u =1, téc y = x ciing 1a nghiém clia phuong trinh d3 cho.
Vi du 3. Giai phuong trinh

dy _y+x’ -y’

dx x '
Giai: Ham v€ phai cha phuong (rinh da cho 14 thudn nhét bac 0, do d6 ta ¢6
thé bi€n déi vé phuong trinh dfmg cap .

Datu—y,y wc:>xdx+u u+|x| du:signxxfl—uz

X X

.. 1. x>0
vii signx= .
-1, x<0

Néu l—u? 20, taco

du . ax ) .
\/1—2 = s:gnx? = arcsinu = signx ln‘x\ +C.
—u

Thay u = s , ta dugc tich phan t6ng quat cha phuong trinh d cho 1a
X

arcsin 2 = sighx ln‘x\ +C.

X
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Ngoaira u = +1 thi y = +x ciing 12 nghiém ciia phuong trinh.
Chit y 1. Phuong tinh P(x.y)dx+Q(x,y)dy =0 s& dua duge vé phuong
trinh déng c4p néu cac ham s6 P(x, ¥).0(x,y) 1a thudn nhat cing bac.
Vi du 4. Giai phuong trinh
(x* + yH)dx —xydy =0.

Gidi: Cac ham x* + y°, xy thuan nhdt cing bac hai, nén sé& dua duge vé
phuong trinh dang cap.

bat y =ux = dy = udx + xdu . Thay vio phuong trinh da cho, ta duoc

[x? + (xu)* Jdx = x u(udx + xdu)

hay
xtdx = x udx .
+ Néu x # 0, ta dugc
1
ude =—dx .
X

day [a phuong trinh bién s6 phan ly. Tich phan hai v€, ta c6

%=1n1x|+1n|c*|,C¢o,

2

hay zlz— = In | Cx| 1a tich phén tdng qudt cha phuong trinh di cho.
X

+x =0cling la nghiém ctia phuong trinh.
Chi ¥ 2. Phuong trinh dang

' ax+by+c

Y=l (2)
ax+b,y+c,

trong d6 a,,b,.¢; (i =1,2) 12 hing 56, c6 thé dua vé phuong trinh ding cdp.

4 bl

Truong hop 1. Néu D= # 0. N6i cich khdc, hé

a b,
{a]x+b,y+c, =0

ax+by+c,=0

128



dy d
cé mot nghiém duy nhét (x,,y,). Pat x=u+x,, y=v+y,. Vi e A

b
dx  du
nén taco

éi:f[ a(u+x,}+b5(v+y)+c¢ }@ dv _f[ a,u+b]v}

du ;1’;_

a,(u+x,)+b,(v+y,)+e, a,u + b,y
day la phuong trinh vi phan dua dugc vé dang dang cdp (dd biét cach giai).
5 g al b1 - - a[ b| -
Truong hop 2. Néu D = =0, khidé6 —=-—"=1.bat
a, b, a, b,
z
z=ax+by :>azx+b2y=;,
phuong trinh d cho ¢6 dang
- + +
z a,:f z+q o z—a+bf z+e ‘
b, z
—+c, —+,
AT A

ta duge phuong trinh ¢6 bién phan ly (da biét cich giai).

Vi du 5. Giai phuong trinh
(2x+4y+6)dx+(x+y~3)dy =0.

Gidi: Phuong trinh da cho khong phai 1a phuong trinh dang cip, nhung néu

x+y—3+#0, phuong trinh di cho twong duong v6i phuong trinh

2 - 4 ! + 6 - . a -
y'= e A , ¢6 thé dua vé dang phuong trinh dang cdp. That vay, xét
x+y-3

he

2x-4y+6=0 2 4
, D= =0=%0,

x+y-3=0 1 1

hé¢ ¢6 nghiém duy nhat x, =1, y, =2. Dat x=1+u,y=2+v, ta dugc

(2u- 4v)du+(u+ v)dv =0,
14 phuong trinh ding cap.
Pat v=wuz, dv=udz+ zdu, ta duoc
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(2-3z+ 2" Ydu+u(l+2)dz=0. (*)
Khi dé, néu 2—3z+ 2z #0, ta c6 phuong trinh bi€n s& phan ly

3
@_*_ (1+2)dz _0:>u(z—2) B

u 2-3z+2° (2;_1)2 -

i) <)

-
“

do d6 (y - 23«:)3 = C(y—x-1) latich phan téng quit cla phuong trinh di
cho.

hay

Néu 2-3z+z" =0 z=1,2z=2, phuong trinh (*) con c6 nghiém
z=1lvaz=2,
Vai cic nghiém z=1vaz=2ta c6 y=x+1vdy=2x ciing 12 nghiém
cua phuong trinh di cho.
Néu x+y -3 =0<¢ y=3-x khong la nghiém.
Vidu 6. Gidi phuong trinh  {2x-2y-1)dx+(x—y+1)dy =0.
Gidai: Néu x— y+1=0< y=x+1 khong I1a nghiém.
Néu x—y+1= 0, phuong trinh duge viét lai dudi dang

o _2x=2y-l
x—y+1'
7
DOD:‘I l‘zosdéthx—yﬁzfl—y'hayy'=1*2'-Tﬂcé
. 2z-1 . 3z
l-z'=- & z'= ,
z+1 z+1
hay Z+ldz:3dx,de‘1y 1a phuong trinh bién s6 phan ly. Tich phan hai v€, ta

z
dugc z+In|z|=3x+C. Thay z=x-y, ta dugc 1A tich phan téng quat
cua phuong trinh da cho la
x—-y-3x+Injx-yl=C.
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Vidu 7. Gidi phuong trinh (x+ y+2)dx+(2x+2y~1)dy =0,
Gidai: Xét hé
x+y+2=0,
{2x+2y-1 ~0.
=7

1=0,dat x+y=z. dy=dz—dx tacé

2
DOD:L

(z+2)dx+{2z-1){dz~dx)=0.
Néu z #3,tacéd
(3-z)dr+(2z-1)dz =0=-2z-5Injz-3[+x=C.
Thay z=x+ y, ta duge
x+2y+51n|x+y—3|=(’,

la tich phan tOng qudt cua phuong trinh d3 cho.

Ngoai ra v&i z=3 hay Ia x+y=3 <> y=3-x cling 13 nghiém cla
phuong trinh.
2.2.4. Phuong trinh vi phan tuyén tinh cap mot
Phuong trinh vi phdn tiyén tinh cdp mér 1a phuong trinh c6 dang
y'+p(x)y=q(x). (1
trong dé p(x), q(x)1a cdc ham s cha x (hodc 13 hing s6).
Néu q(x] =0 thi phuong trinh

y'+p(x)y=0, 2)
dugc goi la phuwong trinh vi phan niyén tinh cdp mor thudn nhat,
Néu q(x) # 0 thi phuong trinh (1) duge goi 12 pluong minh vi phan
tuyén tinh cdp mot khéng thudn nhdt.
Cdch gidi plurong trinh (1): Ta tién hanh theo cdc budc
+ TruSe het xét phuong trinh thudn nhat (2) twong ting, phwrong trinh (2)
6 dang bicn s6 phan ly. VI y =0 1a nghiém cta (2), nhung khong iné 1a
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nghiém cua phuong trinh (1) nén ta chi xét y # 0 va ta ¢6 Y _ —p(x)dx.
Tich phan hai vé, ta duge

In|yj=- Ip(x)a(x+ In|C|,C#0 hay y= Ce_J‘p(x)dx, (*)
day la nghiém tong qudt cta (2) véi C = const.
+ Do phai fim nghiém cia phuong trinh (1), nén tir (*), coi C = C(x) va
tim C(x) sao cho

y=Clx)e M

la nghiém cua (1).
The (**) vao (1) ta duge

C'(x)= g(x)el.
Tir d6 ta cé
C(x)=C+ Iq(x)ejp{x}dxdr, (%)
v6i € 1a hing s6 bat ky. The (***) vio (**) ta dugc nghiém téng quat ciia
{(Hla
y=e P {C + Iq(x)ejp(x)dxdx] 3)

Phuong phdp tim nghiém téng quat cha phuong trinh (1) nhur trén goi la
plutong phap bién thién hdng s6 (phuong phdp Lagrange).
Vidu 1. Giai phuong trinh

y=—y=x'.
x
Gidi: Phuong trinh thudn nhét tuong ng
1
y-—y=0,
x

giai ta dugc nghiém y=Cx.
Tim nghi¢ém phuong trinh khong thudn nhat dusi dang y = C(x)x.
Thé vio phurong trinh di cho, ta dugc
C(x)x—C(x)+C(x)=x> & C'(x)x=x"

132



2

:>C'(x):x<::>C(x)=—);—+C.

Vay phuong trinh di cho ¢6 nghiém téng qudt 1a y= [3‘;— + C’Jx.

Vidu 2. Giai phuong trinh
y'+ycosx=¢ 7,
Gidi: Xét phuong trinh thudn nhat tuong tng
y'+ycosx =0,

giai tadugc nghiém y=Ce ™",

Tim nghiém clha phuwong trinh khéng thudn nhat dudi dang
y=C(x)e™™* . Thé vao phuong trinh da cho, ta dugc

Clx)e™ =™ =Cx)=1C(x)=x+C.

Vay phuong trinh da cho 6 nghi¢m tong quit 1a y = (x +C)e ™",
Chu y. DE gidi phuong trinh (1), ta ¢ thé sir dung phuong phédp sau: Nhan

PR o |Pla)e
ca hai vé cua (1) vai ej( " ta dugce

y,ejp(.v)a.r + p(x)ve ftaas _ g (x)ej”{""“,
hay

A el J B [p(x)a
o ( ye g(x)e .

Lay tich phan ca hai vé& ta dugc
ye Jotan C+ jq(x)ej.p(xmdx S y= e_J‘p(x)dk [C + Iq(x)ej.p(xmdx}

day chinh la cong thiic (3) 43 duge ching minh & trén.
Vi du 3. Giai phuong trinh

v+ ytanx =

COSX

. . PR tan xdx ~Inic
Giai: Nhan haj v& vé6i ej =e " = —ta duge
COS X
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| SIn X I
'+

COS X cos’x cos’x
Phuong trinh trén duge viét lai duéi dang

1
d[y ]= 12 dx .
CoOsX ) <¢os’x

LAy tich phan hai v&, ta dugc
}!

COS X

day 12 nghiém téng quat clia phuong trinh da cho.

=C+tanx <> y=Ccosx+sinx,

Vidy 4. Gidi phuong rinh y'(x + y*) = y.

Gidi: Ban than phuong trinh da cho khong phai 12 phuong trinh vi phan
tuyén tinh d6i v&i v, nhung ¢6 thé coi x 12 ham s6, yla doi s6. Khi d6, ta
cd

dx _x+y’

dy y

*

d
hay 1 ;fﬁ—f: y, day 1a mot phuong trinh tuyén tinh d6i véi x. Xét
y y

phuong trinh thuin nhit tvong {ng

d_x_o

dy y
gidi ta dugc nghiém x =Cy.
Tim nghi¢ém phuong trinh khong thuan nhét dudi dang x = C(y).y .
Thé vao phuong trinh da cho, ta duge
C)y-COM+C)=y=C=1 =C(y)=y+C.

Vay phuong trinh dd cho ¢6 nghiém téng quat la x=(y+C)y.
2.2.5. Phuong trinh Bernoulli

Phuong trinh vi phan dang

y+p(x)y=q(x)y*, (1)
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trong d6 a la s6 thuc bat ky véi a =0, @ #1, duge goi Ia phuong trinh
Bernoulli.

Truong hop « =0 hodc a =114 phuong trinh vi phan tuyén tinh cép
mot (da biét cdch giai).

Néu a =0, #1 vd néu y* =0 phuong trinh (1) duoc gidi nhu sau:
chia ca hai v€ phwong trinh (1) cho y*, ta duge

Vv iyt p(x)yi_a = q(x). (*)
= z'=(l-a)y “y". Thay vao phuong trinh (*), ta ¢é
z+(l-a) p(x)z=(1-a)q(x),
la phuong trinh vi phan tuyén tinh cdp mot d6i véi z (d3 bigt cach giai).
Khi @ >0 thi y =0la nghiém cha phuong trinh di cho.

1573

bat z=y

. 1
Vidu 1. Gidi phuong trinh  y'+ —p = x3°.
x
Gidi: Néu y =0, phuong trinh da cho duge viét dudi dang
oo, b
Yoy =x

1
bat z=p™ = z'=—y?y', thay vao (*), ta dugec z'-—z=—x day I
x

phuong trinh vi phan tuyén tinh c&p mét ddi v6i z. Theo cong thite (3) muc
2.2.4,taduoc z = —x2 +Cx.

1
-x*+Cx
Ngoaira y = 0 ciing 12 nghiém ctia phuong trinh di cho.

Vay phuong trinh dd cho ¢6 nghiém téng quat1a y =

. 2
Vidu 2. Gidi phuong trinh  y'+ =y = 3x°p*"°,
x

Gidi: Néu y # 0, phuong trinh dd cho dugc viét dui dang
q

BE 2 F% 2 %
y y+;y =3x". (%)
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] 3
Ditz=yp 4 :>z'=—§-y ’y' thay vio (*), ta duge

7'——z=-x?, (**)

3x
day 1a phuong trinh vi phan tuyén tinh cip mot d6i véi z.
Phuong trinh thuan nhit twong dng clia (%*) 1a
2

z'-Z2=0,
X

gidi ta duge nghiem z =Cx*".
Tim nghiém phuong trinh khong thudn nhat (**) dudi dang z = C(x)x*".
Thé vao phuong trinh (*#) ta dugc _
b3 1 3
C'x)x™ =—x" & C(x)=-x"> ﬁC(x)z—;xanC.

Khi d6 phuong trinh (*#) ¢6 nghiém tdng quiét la z = (u%xm + C)xm.

Vay phuong trinh dd cho ¢6 tich phan téng quit 1
1

Ngoaira y = 0 ciing 12 nghiém cha phuong trinh d3 cho.

Chu y. Mot s6 phuong trinh vi phén, khi ta coi y 14 ham clia bi€n s x thi
nhén dugc phuong trinh khong thudc nhimg dang da xét. Do d6 ta ¢6 thé coi
x la ham cha bién s¢ y d€ nhan duge phuong trinh quen thuéc.

Vidy 3. Giai phuong trinh  (x*y* + xy)dy —dx =0,

Gidi: Néu col y laham cia bién s6 x thi nhian dugc phuong trinh

N |

1

khong thudc dang di xét.
Néu coi x 12 ham cda bi€n s6 y ta duge phuong trinh
x'= yx = y3x2 »
dang Bernoulli d6i véi x.

136



+ Néu x 2 0, phuong trinh da cho dugc viét dudi dang
x_le—- },x..l — y3 (*)‘

bat z=x"'

- z'=-x"’x", thay vao (*). ta duoce
Z' yz = -y (FF),
day la phuong trinh vi phan tuyén tinh cdp mét déi véi z biénsd y.
Phuong trinh thudn nhat tuong ttng cla (**) 1a
—qz+yz=0<::>£{:—ya{v.
dy z

giai ta dugc nghiém z = Ce 2.
Tim mét nghiém riéng cua phuong trinh khong thuan nhét (**) dudi dang
z= C(y)e_? . Thé vao phuong trinh (**), ta duge

- 2
B

C'y)e I ==y & C(y)=—ye?,

r i ¥
= C(y)= J“}v’je2f«‘i’,1f+‘3:>C-‘(y):—yze2 +2e? +C.

» » a
Phuong trinh (¥*) ¢6 nghiém téng quat 1a z = {—yze 2 +2e? +C’]e 2.

., 1 e
Vay phuong trinh dd cho c6 tich phan téng quatla —=-y* +2+Ce 2.
x

+x =0 cling la nghi¢m cta phuong trinh da cho.
Vi du 4. Tim céc dudng cong sao cho doan thang OB bi cit bdi tiép tuyén
trén truc tung bang binh phuong tung d6 PM cua tiép diém (Hinh 2.2).
Gidi: Gia sit M(x,y) la diém nim trén dudng cong phai tim y = y(x).
Phuong trinh ti€p tuy€n cna dudng cong tai M ¢4 dang

Y—y:y'(x)(X—x).
Cho x=0tacéd Y =0B = y—xy' Theo gia thiét ta cé
y—xp'=y".

Véi x # 0 ta ¢6 phuong trinh vi phan
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t i 1 2
y-—y=-=y.
X X
Pay 1a phuong winh Bernoulli. Gidi ra ta duge tich phan tdng quét cda

phuong trinh da cho la ! =2 ¢ .

V X

-

3 P N X

Hinh 2.2

Vay cdc dudng cong can tim la y = , x2-C.

x+C
2.2.6. Phuong trinh vi phan toan phan
Phuong trinh vi phan dang

P(x,y)dx+Q(x,y)dy =0, (1
dugce goi 14 phuong trinh vi phédn toan phdn néu P(x,y)dx+ O(x,y)dy Ia
vi phan toan phdn cha mot ham s6 u(x, y)ndo do, nghia 1

du(x,y) = P(x,y)dx+ Q(x,y)dy.
d0(x,y) , OP(x,y)

ox

Né&u cdc dao ham riéng lién tuc trén mién D va

20{x,») _ OP(x,»)
ox oy

; (2)
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thi P(x,y)dx+Q(x,y)dy lavi phan toan phn ciia ham s6 u(x,y)nao dé.
Khi dé phuong trinh (1) duge viét dudi dang
du(x,v)=0,
va tich phan tdng qudt ctia né la
u{x,y)=@. (3)
Pé tim u(x,y) ta luu y ring, néu du(x,y) 1a vi phan toan phin cha v& trii
(1) thi

- P 1 k] 4
Ox (x y) )
Su
X O(x.v). 5
5 O(x.y) (5)

Lay tich phéin hé thitc (4) theo x, ta duge
u(x,y)= IP(x,y)dx+C(y):> u(x,y)=0(x,y)+C(y), (6)

O . T
trong do Q%Q = P(x,y), C(y) la hiing s& d6i véi bien x va 1a mot
ham bat ky (khd vi) theo y. Tiép theo, 1dy dao ham (6) theo v, két hop (5),
ta co

oD (x,y) +dC(y) _0(x),
oy dy
tir d6 ta tim duge C(y)vacé u(x, y)theo cong thic (6).
Vi du 1. Gidi phuong trinh
3y +2xy+2x)dx + (6xy +x* +dy = 0.
Gidi: Dat P=3y" +2xp+2x, OQ=6xy+x>+3,tacéd

0Q(xy) _ _P(xy)
rw =6y+2x= & , Y(x,y)

thoa mén di€u kién (2). V& trdi cla phuong trinh di cho 12 vi phan toan phdn
ctia ham s6 u(x, y)ndo dd.

boi véi u(x, y) ta cé
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Ou(x.,y)
ox
ﬁu(x.y)
dy

Lay tich phan (**) theo y, ta duge
u(x,y)=3xy2+x2y+3y+C(x) (¥¥*),
Dao ham (*#*) theo x, két hop (*), ta dugc

dC(x)

39" +2xy + —L =357 +2xy + 2x,
dx

=3y +2xp+2x (%),

:6xy+x2+3 (*%),

ac 2
do dé d(x) =2x = C(x)=x" + C,. thay vao (**¥) ta dugc u(x,y).
X

Theo cong thitc (3) u(x,y)= e la tich phan tdng quat cia phuong trinh
da cho, hay
3y +x’y+3y+x’ =C, C=e€-C,.
Cha y. Theo két qui ctia Dinh 1y bén ménh dé tuong duong (xem [1], [2]),
ta ¢6 thé tim u(x, ) theo cic cong thiic sau

u(x,y)= IP(x, Vo )elx + -j.Q(x,y)dy, (7
hose  u(x,y)= _[P(x,y)dx + L[Q(xo,y) dy. (8)

trong d6 (x,,¥,) 12 di€m bat k, sao cho tai d6 P(x,y),0(x,y)lién tuc va
cdc dao ham riéng cdp mot lién tuc va u(x, y) = ¢ la tich phan téng qu4t
cla phuong trinh (1).

Vi du 2. Tim tich phan tong qut ctia phuong trinh

(x+y-1)dx+{e"+x)dy=0.
Giai: Vi gy—(x+y—l): ] :é(e"' +x) vél V(x,y) thda man diéu kién

(2), nén phuong trinh da cho 14 phuong trinh vi phan toan phédn. Tinh
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u(x,y) theo (7) ldy x, =0,y, =0, tacé

u(x,y)= ](x—l)dx+}j(ey +x)dy:%2—x+ey +xy -1
o] u]

Vay tich phan t6ng quit cta phuong trinh di cho 1
2 2

%—x+e-"+xy—l = ¢ hay %—x+e}’+xy:C, C=@+1.

Chu y. Phuong trinh
P(x,y)dx+Q(x.y)dy =0, (9

90(x.y) ) OP(x,y)
&x cy
thi phuong trinh d6 khéng 14 phuong trinh vi phan toan phén. Ta ¢6 thé tim
mot ham s6 x = u(x.y) sao cho khi nhan g véi hai vé€ ciia (9), ta duge mot
phuong trinh vi phan toan phin

H(x, V)P (x, y)dx + u(x, v)Q(x, y)dy =0, (10)

N

nghia 1a
o) _ ouP)
ox oy
Ham s6 gdx,y) c6 tinh chat nhu trén duge goi 14 thira s6' tich phdn cha
phuong trinh (1),
Ham s6 u(x,y) duge tim nhr sau: gia sit u(x,y) 12 thira 58 tich phan
cta (1), thi

B(uQ) _ o(uP)

Ox oy
hay
oP 0@ ou cu
— = |=0=-PX, 11
#[ay ax] o S (11)

Trong mét s6 trudng hop dic biét, ding thic (11) cho phép tim duogc
thira s3 tich phan u cu thé.
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P 20
oy Ox

Truong hop 1. Néu = (x) (12 ham cla mot bién x). Khi d6 ta

tim dugc thira 6 tich phan g dudi dang ham mot bién w(x) va

o jq,a[ Xl .

p(x) = (12)

Truomg hop 2. Néu pr =(y) (1a ham ctia mot bien y). Khi dé ta

tim dugc thita s6 tich phan g dudi dang ham mot bién u(y) va

w ¥
)u(y):eI . (13)
Vi du 3.Giai phuong trinh (x2 —sin’ y)dx +xsin2ydy = 0.
Gidi: Dat P=x"—sin’ y. QO =xsin2y.tacd
op = -2sin ycosy, 4Y =sin2y.
dy ox
op o9
Nhr vay opP . ?g’ nhung dy  Ox _ —251nycc')sy—sm 2y _ “_2_'
oy X e xsin2y X

Sit dung cong thic (12) ta duge thifa 6 tich phan
xelx - de 1
,U(JC):QLP( Jet —e j_r ___e—2|nx =—.
X
Khi d6 phuong trinh

[I_SIHZy}dx_i_Mdy:O, *)
X X

13 phuong trinh vi phan toan phan, phuong trinh (*) c6 thé vigt duéi dang

.2 .2
d[x+sm y]=0:>x+sm y=C,
X X

14 tich phan t6ng qudt ctia phurong trinh di cho.
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Vi du 4. Giai phuong trinh (x*y” + y)dx + (3 - x)dy =0,

3 o P
Giai: bat P=x2y“+y, Q:y"—x,tacé -2—-_—2xzy+l, QQ:-I_

y ox
oP &0
T Al 2
Nhu vay ggia—Q,nhung & Ox = 2(x£v+l) = z
oy x -P —y(x“y+1) y
Sir dung cong thitc (13) ta dugc thita s tich phan
2
e v b - _m LI
PR Y

L o’ b e 1
Nhén hai v&€ phuong trinh d3 cho véi >, ta duge
y

(x? +l)dx +(1 —iz)dy =0, (¥)
¥ y

day la phuong trinh vi phan toan phan. Gidi phuong trinh (*). Chon
X, = 0,y, =1, theo cong thirc (8) ta cé

T 1 { X’ x
u(x,y)= J(x2+—de+ dy=—+"+y-l=¢@
0 Y f[ 3y

Vay 3y* +x’y+3x=3Cy (trong d6 C=3(@+1)) la tich phan téng
qudt cia phuong trinh di cho.
2.3. PHUONG TRINH VI PHAN CAP HAI
2.3.1. Pai cuong vé phuong trinh vi phan cap hai
Phitong trinh vi phdn cdp hai 13 phuong trinh ¢6 dang
F(x,y,y',y")=0. (1)
Néu (1) gidi dugc d6i v6i dao ham p” thi phuong trinh vi phan c4p hai c6
dang
yi=fleyy). (2)
Chéang han:
y"=x"+xy,
Wi () =0,
y'—xp'+x’y = xe
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la nhitng phwong trinh vi phan cip hai (vi ¢6 chita dao ham c4p hai).

Bai todn Cauchy 13 bai todn tim nghiém cta phuong trinh vi phan c¢4p hai

(2) thdéa man diéu kién
J’(xu) = V- }"(XU) =y, (3)
V61 X4, ¥, 1", 12 nhitng $6 cho trude. Didu kién (3) duoc goi 1a didu kién ban
dau (hay so kién).
Dinh 1y 2.3.1. (Ton tai va duy nhat nghiém ctia bdi todn Cauchy (2)-(3)).
. . of &
Néu ham so" f(x,y.y'} va cdc dao ham riéng a_fa_f' lién tuc trong
id

mién mo D < R’ thi voi moi didm (%05 Voo vy eD, tén tai duy nhdt mor
nghiém y = y(x)ciia phuong trinh (2) xdc dinh trong ldn cdn cia X,, théa
mdn diéu kién ban ddu (3). (Xem [4], [3)).

Ham s y=¢(x.C,.C,}, trong d6 C,,C, 1a nhimg hiing s6 tuy ¥, duoe
gol 1a nghiém tong qudt cia phuong trinh vi phan cdp hai trong mién

D = R’ néu thoa min cdc diéu kién sau:

+ la nghiem cha phuong trinh vi phan cdp hai véi mei C,,C,,

+ voi moi diém (x,, vy, 5", ) €D, t6n tai duy nhét mot cap s6 c,C)
sao cho y = qo(x. CF,CS) la nghiém cia bai todn Cauchy (thdéa min diéu
kién y(x,) = Yos ¥(x) = y').

T nghiém tdng quit y = ¢(x,C,,C,) bang cdch cho cic hing s6 C,,C,
nhitng gid tri cu thé C,O,C;J thi y = qo(x._C,O,C;))duqc goi la nghiém riéng
cla phuong trinh da cho.

Con néu tir nghiém tong quit y = ¢(x,C,,C, ) , k&t hgp vdi diéu kién ban
ddu (3) ta xic dinh duge cée hing 58 C, = €7, C, = Cithi y = p(x,C},C3)
dugc goi 1a nghiém cla bai todn Cauchy (2)-(3). Nghiém ciia bai todn
Cauchy 14 moét nghiém riéng.

Hé¢ thic ®(x,y,C,.C,) =0xdc dinh nghiém 6ng quit chia phuong trinh

cdp hai dudi dang ham an dugc goi 12 rich phdn téng qudt cha phuong trinh
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d6. He thic ®(x,».C7.C7)=0v6i C}.CY 1a nhitng & cu thé duge goi 1
tich phdn riéng.

Vé mit hinh hoc, tich phan t6ng qudt hay nghiém 6ng qudt caa phuong
trinh vi phén cdp hai 1a ho dudng cong trong mit phéng toa d6 Oxy phu
thudce hai tham s6 C,C, . Cdc dudng cong d6 goi la dicong cong tich phdn.

Sau day sé€ trinh bay cdch gidi mot so phuong trinh vi phan cap hai.

2.3.2. Phuong trinh giam cap duge
1. Phuong trinh vé phdi khong chiza y va v' dang
v'=f(x). (1)
Cédch gidi: LAy tich phan 1an thit nhat theo bi¢n x. ta dugc
»' = [fodx+C,
nghta la ta dd giam tir cdp hai xuéng cdp mot. Tich phdan mot ldn nita theo
bi€n x, ta ¢é nghiém t6ng quét cta phuong trinh (1) 12
y=[(Jrmax)ac+ cavc,. (€. Cy1acic hang s6 bat k).
Vidu 1. Giai phuong trinh
y"=x+sin2x.
Giai Ldy tich phan hai v€, ta duoc
2
. b
y' = _[(x +sin2x)dx+C, = y'= 5 ECOSZx +C,
1a phuong trinh vi phan cdp mot.
Tiép tuc 1ay tich phan mot 1dn nira, ta duge

2 1 l )
y= ic—+lc::)s?_x+(3] dx+C, =y =x———sm2x+C]x+C2

2 2 . 6 4

12 nghiém tong quét cia phuong trinh da cho.
2. Phuong trinh khong chita y dang
F(x,y',y")=0. (2)

Cdch gidi: Dat y'=z(x), thay viéc tim ham y ta tim ham z. Ta c6
y"=z'(x), thay vao phuong trinh (2), ta duge

F(x,z,z'):O,
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la phuong trinh vi phan cdp mét, giai duge z, sau dé tir y'=z(x)ta tim
dugc y.
Vi du 2. Giai phuong trinh

y'- %y' =x",
Gidi: Phuong trinh di cho khéng chita y nén dat y'=z(x), ta c6
y"=z'(x). Khi d6 phuongtrinh dé cho c6 dang

2
z'——z=x",
X

la phuong trinh vi phan tuyén tinh cdp mot doi vdi z. Theo vi du 1, muc
3
- - 2 - * x - - L]
2.2.4 phuong trinh ¢6 nghiém t8ng quét 1a z = —2— +Cx, matkhdc z=y' ta

26 phuong trinh
3

}":?-FC]X

tich phan hai v& ta duge nghiém téng quét cha phuong trinh di cho 1a

4 2
X

X
y:?+Cl?+C2.

Vi du 3. Giai phuong trinh
y'+2y =ey”,
véi diéu ki¢n y(0)=1,y'(0)=1.
Gidi:Pat z=y'= z'= y", taduge
2z =€z (%)
la phuong trinh Bernoulli déi véi z.
Ta ¢6 z=0 la mot nghiém cha phuong trinh (*) nén
y'=z=0=y=C la ho nghiém dac biét, nhung khong thoa min diéu
kién ban diu d3 cho.

Véi z# 0, phuong trinh Bernoulli dua vé dang

27224227 =e”,
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bat z7' = u, ta duge

X

u'-2u=-e",
[a phuong trinh tuy&n tinh cip mot d6i v6i u, theo cong thic (3) muc 2.2.4
ta duge nghi¢m tdng quat

- I
u=e +Ce™",

ma z =u=y'=—, do d6 y'=— 5 - Két hop véi diéu ki¢én
U e +Ce

y'(0)y=1,tacé | =

= C, =0, nhu vay

1+,

| d
y':—xva y:I—f+C2:>y:—e_“+C2.
e e

Két hop véi dicu kién y(0)=1.1ac6 1=-1+C, = C,=2.
Vay nghiém cantim Ia y=-¢7 +2.
3. Phuong trinh khéng chita x dang
F(y,y.y")=0. (3)
Cdch gidi: Dat z = y', nhung quan niém z 13 ham s6 hop cha déi s6 trung
gian y tacd z=z(y) va
b _dedy_ d

=—= =z—,
dx dydx dy
. d
Khi d6 phuong trinh (3) dva duge vé dang F[y,z,zd—zJ =0 12 phuong
Y
trinh cp mét him cdn tim z, bi€n s6 y.
Vi du 4. Giai phuong trinh
yyn_ yl’. — 0
. Fa LY ~ - - ~ 2 b H dz
Giai: Phuong trinh da cho khong chita x nén dat z=y' = y"= z—, ta

ay
dugc

yzgz—z2 =0z ygi—z = 0.
dy dy
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Néu z=0=>y'=0= y=C (=const) la mét nghiém cta phuong trinh.
. d dy dz
Neuy= 20 ) miz=y'dods
ay v oz

d d
y':C]}’:d—’::C]yz—g=C,dx:>lny=C1x+C2.

Vay nghi¢m 6ng quét cta phuong trinh da cho 1a y = "<
Vidu 5. Giii phuong trinh

}{yn_ })12 - y4’
véi didu kien p(0)=1. pY(0)=1.

dz
Giai: Pat y'=z, y"=2z"_Tacé

dy
dz 5 4
Z———2z" =3, (¥}
V. dy Y
. ) dz 1 , 3 . X
+New y=0,1ac6 (*) o 2=y (phuong trinh Bernoulli)
Yy oy

d
bat 2’ =v= 2zd—z =v'=>v'- Ev =2y’ (phuong trinh tuyén tinh cfp mot).
Yy y

Giai ra ta dugc v:(y2+Cl)y2, mi z° = y?=v,
Kéthop y'(0)=1, y(0)=1=>C, =0= p? = y*,

Vi y'(0)=1>0::y‘=y2:%:dx:—gl;=X+Cz-

Kéthop y(0)=1=C, =-1.

Vay nghiém cin tim la 1. l-x hay y= L .
y l1-x
+ ¥y =0 la nghi¢m cta phuong trinh da cho, song khong thod min diéu
kién ban dau.
2.3.3. Phuong trinh vi phan tuyén tinh cdp hai
2.3.3.1. Mot 56 khdi niém chung
Phuong trinh vi phdn tuyén tinh cdp hai 1a phuong trinh ¢6 dang
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y"+p(x)y'+q(x)y=f(x), a<x<bh, (1
trong 46 p(x).¢(x), f(x) 12 cac ham s6 lien tuc trén khodng {a.b).
Néu f(x);_!O phuong trinh (1) dugc goi 1a phuong trink vi phdn
tuyén tinh cdp hai khong thudn nhat.
Néu f(x)=0, Vx € (a,b), phuong trinh
y'+p(x)y'+q(x)y =0, (2)
dugce goi 1a phuong trinh vi phdn tuyén tinh cép hai thuén nhd.
Néu  p(x),g{x) 1a cic hing s6 thi phuong trinh (1) duoc got 13
phuong trinh vi phan tuyén tinh cdp hai hé s6 hing s¢.
Ky hiéu vé wdi cia (1) 1a L{y), tic 1a: L(y) = y™+ p(x)y'+q(x)y thi
L 1a mét dnh xa tuyén tinh tr tap R vao tap R, va n6 duge goi la todn nr vi
phan tuyén tinh cdp hai. Toan tir L (»)cé tinh chét tuyén tinh:
L. L(ky) = kL(¥), k hing s .
2. Ly, +y,)= Ly} + L(y,).
Céc tinh chat nay dugc kiém tra mot cich dé dang.

2.3.3.2. Cdu triic nghiém cia phuong trinh vi phdn tuyén tinh cdp hai
thudn nhdt

Dinh Iy 2.3.1. Néu y, (x], Yo(x} la hai nghiém cia phuong trinh thudn
nhat (2) thi Cy,{x)+C,y,(x) (C\, C,la hdng s6 ey $) ciing I mot nghiém
cia phiong trinh thudn nhdr (2).
Chiimg minh. Theo gia thiét y,(x), y,(x) |2 hai nghi¢ém cla phuong trinh
thudn nhat (2), do d6
o+ p{x)y +q{x)y, =0,
Y+ p(x)y, +q(x)y, =0.
Thay y = C,y,(x)+ C,y,(x) vio phuong trinh (2), ta dugc
[Cy, () + Gy, (O] p()[C 0 () + Copy (0]'+ g (x)[Coyy (x) + Coyy ()] =
=Gy, + P(x)yl + q(x)}’1]+ Cz[Y: + P(x)J’:: + ‘?(x)J)z] =0,
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Vay y =y (x)+C,y,(x) la nghiém cta phuong trinh (2).

Binh nghia 2.3.1. Cdac ham 56" y,(x), v, (x) dugc goi la phu thude tuyén
tinh trén khodng (a,b). néu ton tai cdc s6 «,, a, khong déng thoi bang 0,
sao cho.

oy (x)+a, v, (x)=0,Vx e(a.b). (3)

Néu hé thite (3) chi thod man trong truimg hop o, =a, =0 thi hai ham
56y, (x),y2 (x) duoc goi la doc lap tuyén tinh.

Nhu vay, hai ham s6 y,(x).y,(x) doc lap tuyén tinh néu ty s6
2x) # const trén khoang (a.b).
Y, (x)
Vidy 1. Cdc ham s6 e*,e*" doc lap tuyén tinh trén khoang (@, b)bét k.

Céc ham s6 x,2x phy thudc tuyén tinh trén khoang (a, 5)bat ky.
Dinh nghia 2.3.2 Cho cdc ham 50" y,(x), y,(x) khd vi trén khodng (a,b).
Binh thic

nx) y(x)

t

yi(x)  y,(x)
ditge goi la dinh thite Wronski cda cdc ham y,(x), y,(x).

Wiy, »,]=

Dinh 1y 2.3.2. Néu cdc ham 56" y,(x), y,(x) khd vi va phu thuc tuyéh tinh

trén khoang (a, b)!lu‘ dinh thitc Wronski cia chitng bdng 0 trén khodng dé.
Nghia la W[y,.y,]=0, Vxe(a,b).

Chimg minh. Vi cdc ham s6 y,(x),y,(x) phu thuodc tuyén tinh trén khoang

(a,b), nén ta ¢6 ay(x)+a,y,(x)=0,Vx €{a,b) trong d6 cic 6 «,
khong dong thoi bing 0.
Ly dao ham hai v& clia he¢ thie @, y,(x)+ o, y,(x) = 0, ta dugc

alyl(x)+a2y3(x) =0.
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Khi dé ta ¢6 he¢ phuong trinh véi céc 4n «, «,

oy (x}+a,y,(x) =0,

. , (4)
ay(x)+a,y,(x)=0.

Hé¢ (4) la h¢ phuong trinh dai s6 tuyén tinh thuan nhat, dé he (4) 6
nghiém khong tdm thudng ¢, «,, thi dinh thific cla hé trén bing 0. Ma
dinh thifc cha hé cling la dinh thiic Wronski Wiy, y,]. Vay W[y,,v,]=0.
Nhdn xét: Néu h¢ (4) c¢6 dinh thiic W[y,,v,]# 0 (du chi tai mot diém nao
d6 cba (@,b)), thi hé c6 nghiém tdm thudng duy nhdt @, = o, =0, tic
¥, (x), y,(x) doc 1ap tuyén tinh trén khodng (a,b).

Vidy 2. Cic ham  y, =%y, =¢"" (v6i k # k,) 1a doc lap tuyén tinh
trén moi khodng (a,b) , vi

ek..t ekzx

W[ y.]= ket k.ot
1 2

= (ky - k)™ £0,Vx e(a,b).

Dinh Iy 2.3.3. Cdc nghiém y,(x).y,(x) cia phitong trinh vi phan wyén
tinh cdp hai thudn nhdr (2) déc Idp tuyén tinh khi va chi khi W[ Vs yz] =0
vol moi Vx € (a,b) :
Chitng minh. Néu W[yl,yz] #0 trén (a, b) thi theo dinh 1y 2.3.2 cdc ham
¥ (x),y2 (x) doc 14p tuyén tinh.

Nguge lai, cho cic nghiem y, (x),,(x) doc 1ap tuyén tinh trén (a,b),
ta cdn chimg minh W[y, y,]# 0 véi moi Vx e(a,b).
Bang phuong phdp phan ching, gia st 3x, € (a.6): W[ y,,y,] =0. Khi d6
h¢

{a,yl(x0)+ a,y,(x,) =0, )

a(x,) + e, ¥,(x) =0,
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cé W[yl,y:] =0, nén c6 nghiém khong tdm thudng «,,«, (khong dong thot
bang 0).
Ham s6 =y {x)+a,y,(x)cing 12 nghiém cla phuong trinh thudn
nhét (2). Hon nita, theo (5) thi nghi¢m d6 thda mian diéu kién ban dau.
y(x)=0. y'(x,)=0.

Theo tinh duy nhat nghi¢m ctia bai toin Cauchy, thi y =0 1A nghiém
trén {a.b). Nhu vay oy, (x)+a,p,(x) =0 uen (a,b), tic 1a y, (%), 3, (x)
phu thudc tuyén tinh. Binh 1y duge chiing minh.

Dinh Iy 2.3.4. Néu y, (x).yz(x) la cde nghiém déc ldp tuyén tinh ciia
phicong trinh thudn nhat (2) wén (a,b), thi nghiém 16ng qudt ciia phuong
trinh dé 1a
y=Cy (x)+Cy,(x), (6)

trong do C,, C,ld cdc hang s6 tuy y.
Chimg minh. Theo dinh 1y 2.3.1, ham sg ¢é dang (6) 13 nghiém cha (2) véi
moi hang s6 C,, C,.

Nguoe lai, gid sit C\y, (x)+C,y,(x) 12 mot nghiem cia (2) véi diéu kién
ban dau

}”(xu) =y Y(n)=yx e (a’b) ,

thi phdi t6n tai duy nhat cap hing s6 C7.C; sao cho CVy, (x)+Cyy, (x)
cling la nghiém cta phuong trinh (2).

That vay, xét h¢ phuong trinh véi cdc an C,,C,

Cy{x,) + Covy{x,) = Yo

X ' ' (7)
Cyi(x)+Coyy(x,)) =y,

Vi cdc nghiem y, (x).»,(x) doc lap tuyén tinh trén (a,b), nén dinh thic
cua hé phuong trinh 13

b (xo) Y2 (xo)

W[_V],J’:] - y]'(xo) y;(xo)

20. (8)
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Vay h¢ (7) cé nghiem duy nhét C7.C;.

Nhu vay dé tim nghiém téng quét cta phuong trinh thuin nhét (2), ta
phai biet hai nghiém doc lap tuyén tinh cla phuong trinh d6. Tuy nhién,
néu bi€t mot nghiém cua phirong trinh (2) thi ta ¢6 thé tim mot nghiém riéng
clia (2) doc 1ap tuyén tinh véi nghiém da biét theo dinh 1y sau:

Binh Iy 2.3.5. Néu dd biéi y, = y,(x) = 0la mgt nghiém cia phuong trinh
thudn nhdt (2) 1a ¢6 thé tim mét nghiém riéng y, = y, (x)a?a (2) doc lap
tuyén tinh voi y,(x)theo cong thice

e—fﬂ(-f)ﬂ’-f
¥, (x)=x,(x) jmdx (9

Chiing minh. Gia sir 1a bi€t y, (x) = 0 1a mot nghiém chia (2). Ta tim nghiém

thit hai dang y,(x) = y,(x)u(x), vi ham wu(x)# const (khi d6 y,(x), »,(x)
ddc lap tuyén tinh). Ta cé

Y, =nut+yu', v, = yu+2yu'+ yu'.
The (9) vao (2), ta duoc
Y2y + p(x)y Ju'+[y, + p(r)y, +q(x)]=0.
Vi y, (x)1a nghiém ctia (2) nén y,“ + p(x)y; +g(x)=0, do d6
yu'+[2y + p(x)y Ju'=0.
bat z=u", ta dwge phuong trinh phén ly
nz'+ 2y, + p(x)y,)z =0.
Giai phuong trinh trén, ta dugc
z= —I,—eujp(x]dx : '
Y
- o) - [p(x)a

dodéd u= '[eyf (x) dx hay y,(x)=y (x) Ieyf(x)

cx 1a diéu phai chimg

minh.
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Vidy 4. Tim ngl iém t6ng quat phuong trinh
2
yﬂ_+____yi+},=0,
X

Sin x

bi€t phuong trinh ¢6 nghi¢m riéng y, =

Gidi: Theo cong thiic (9), nghiém riéng thi hai dwoc tinh

ofy
X -2 [= )
sinx e °~ sinx ¢ dx COSXx
yl(x): I ; ydx = I 2. :
x smx} x Ysin®x X
x )

Vay nghiém t6ng qudt ctia phuong trinh di cho 12

sin x COS X
y=C, . +C,

x

Chit y. Néu y=¢(x) la nghiém ctia phuong trinh thudn nht (2) thi y = ag(x)

(a =const) ciing la nghiém cla phuong tinh d6. Trong vi du trén
COS X

Y, =- ta o6 thé ldy y, =
x

cosx

2.3.3.3. Cdu triic nghi¢m t0ng qudt ciia phuong trinh vi phén tuyén tinh
cdp hai khéong thudn nhdt

X¢ét phuong trinh vi phén tuyén tinh cap hai khong thudn nhét (1).
Dinh 1y 2.3.6. Nghiém tong qudt ciiu phwong trinh vi phdn tuyén tinh cdp
hai khong thuan nhdt (1) bang nghiém 10ng qudt cita phitong trinh vi phan
tuyén tinh cdp hai thudn nhdt neong img (2) cong véi mot nghiém riéng ciia
phuong trinh khéng thuan nhdt (1),

Chimg minh. Gia sir ; 1a nghiém tong quét clia phuong trinh thudn nhét (2)

twong tng (1), ¥* 1a mot nghiém riéng cua phwong trinh khong thuidn nhat
(1), nghia la

¥+ p(x)y+g(x)y =0,
y*'+ plx)y* '+ g(x)y* = f(x).
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Cong hai hé thire trén ta duogc
" Y*)+ pOY+ 7 ¥ )+ y+y*) = f(x).

Viy y= ; + »* la nghiém cua phuong trinh (1).

Vi ; la nghiém t6ng qudt cia phiong trinh thudn nhét (2), phu thude
hai hang s6 C,,C, dodé y = fypn y*cling phu thuoc hai hang s6¢ C,,C,. Ly
luén tuong ty nhu dinh 1 2.3.4, ta ¢6 y = ;+y* 12 nghiém téng quét cha
phuong trinh (1).

Tim nghiém riéng cua phuong trinh khong thudn nhat
Ta trinh bay phuong phdp tim nghiém riéng cha phuong trinh khong

thuan nthat khi biét nghiém téng qudt cha phuong trinh thudn nhét twong tng
bing phuong phdp bién thién héng s&. Xét phuong trinh khong thuin nhat
y'+ p(x)y+q(x)= f{x). (10)
Gia thiét y, = (%), ¥, = ¥,{x) 1a cdc nghiém doc 1ap tuyén tinh cla
phuong trinh thuan nhat tuong Ung
y'+p(x)y'+q(x)y=0, an
Khi d6 nghi¢m tong quér chia phuong trinh thudn nhét (11) ¢6 dang
y=Cy +Cy,,
trong d6 C|, C, 1a cic hang sd tiy .

Ta tim mét nghiém riéng cda phuong trinh khong thudn nhat (10) dudi
dang

yr=Cx)y + G0y, (12)
trong d6 C, = C,(x), C, = C,(x) lacic ham s6 clax cdn xdc dinh. Ta cé
y*¥=Cy+Cy + Gy +Cy,.
Dé don gian hon trong tinh todn, ta chon C,, C,sao cho
Cy, +Chy, =0.
Khi d6
y*' — Clyl + CZ-VZ’

y¥"=Cy+Cy,+Cy, +C,y,.
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Thay vao phuong trinh (10), ta dugc
G +p(x) 7 +4(x) 3 1+ Clly, + p(x) vy +q(x) 1,1+ Coyy + Coy, = £(x).
Vi 3, », la nghiém clta phurong trinh thuan nhét (11), tic 1

WPy +g(x)y, =0 v, + p(x)y, +q(x)y, =0,
cho nén ta cé

Cy +Cy, = f(x).
Nhu vay C, C, ¢6 thé tim dugc tir hé sau
Cy +Cy, =0,
Cn+Cy, = fx).
Vidinh thdc cta hé (13) ciing la dinh thic Wronski ca hai nghiém doc tap
tuy€n tinh y,, ¥, cha phuong trinh thuan nhat (ll) nén khiac 0, do dé he o

(13)

nghiém duy nhat. Giai (13) ta duge Cl = @,(x), Cz = ¢,(x), 18y tich phén ta
duge C\(x)=®@ (x), Cyx)=D,(x). Tir d6 ta tim dugc nghiém riéng
Y*=C(x)y,(x)+ C,(x)3,(x) cha phuong trinh khong thudn nhat (10).
Phuong phép tim nghiém ri¢ng cia phuong trinh khong thuin nhat (10)
nhu trén goi 1a phuong phdp bién thién hang s6 (phuong phédp Lagrange).
Vidu 5. Tim nghi¢m tdng qudt clia phuong trinh y"+ i—y'+ y =1, biél rang

. . . e sinx COS X
phuong trinh thudn nhat twong dng c6 hai nghiém riéng y, = s W=
x

—
Gidi: Nghiém t8ng qudt cua phu’cmg trinh thuan nhat tvong fing 13

sinx COS X
=C, 204G
X

x
Nghi¢m riéng cla phuong trinh di cho duge tim dudi dang

C( )Sl X C( )COSJC

trong d6 C,(x), C, (x)duqc Xdc d;nh tir he
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sin x COS X

Cy(x) +C,(x) =0,
x
C]'(x)[sinxJ +C;(x)[cosx) 1
X x
hay
C(x )Smx ;(x)co;x _o.

C, (x)(xcosx —sinx)+ C;(x)(—xsin X ~cosx)=x".
Giai hé trén ra dugc
Cll(x) = XCOS X, C; (x)=—xsinx.
Tich phan ta duoc ,
C, (x)=xsinx+cosx, C,(x) = xcosx~sinx.
Tir d6 ta c6 mét nghiém riéng clta phuong trinh thudn nhat 13

.« . sin x COS X
y*=(xsinx + cosx)

+{xcosx —sinx) =1.
X x
Vay nghiém tdng quat ctia phuong trinh da cho 12
Y=y yt=C smx+c2 cosx
x

X
Binh ly 2.3.7. (Nguyén 1y xép chéng nghiém)
Néu y,’ (x), y; (x) tucng itng la nghiém riéng cia cée phiwong trinh
y' pl)y'+g(x)y = fi(x), 3"+ p(x)y'+q(x)y = f,(x)
thi y = y: (x)+ y;(x) la mot nghiém riéng cua phwong trinh
y'+ p(x)y+g(x)y = fi{x)+ f,(x).
Ban doc dé dang chitng minh dinh 1y nay.
Vi du 6. Tim nghiém (Gng quat ctia phuong trinh
cotx

L 2 1
yt—=y+y=l+—-,
X X

bi€t rang phuong trinh thudn nhét twong Gng ¢6 mét nghiém riéng dang
¥, = x“sinx, a lahing s6 cin xdc dinh.
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Giai: Xét phuong trinh thudn nhét tuong (ng
" 2 1 )
yr—yry=0.0%
X
Dé y, =xsinx 1a nghiém cita phuong trinh (*), ta tinh
¥, =oax" " sinx+x“ cosx.

- . . .
¥y, =a(a—Dx““sinx+2ax" " cosx — x“sin x,

thay vao (*) va dong nhat thco hé s cia sinx, cosx ta duogc a=-1, do dé

sin x
= .
x
U sy . CosXx )
Tim nghiém riéng y,ctia (*) (xem vi du 4) ta duge y, = . Nghiém

téng qudt chia (¥) 1a
sin x cOS
y C Cz -

x X
ta tim y* la mdt nghiém riéng cla phuong trinh khéng thudn nhit dudi

dang y*=y, + y,. Trong ¢6 y, 1a mot nghiém clia phuong trinh

2 - L]

y'+—y'+y=1va y =1 (xem vidu 5). Con y, la mot nghiém riéng cia
x

phuong trinh

2 cotx
y+ }""}’_

Ta tim nghiém riéng y; bing phuorno phdp bién thién hing s6 Lagrange

blnl COSX
=y (x) +C,(x)
trong d6 C,(x), Cz(x)duqc xdc d;nh tr hé
sin x COS X
C( ‘) C( ) =0,
C].(x)[smx] +C;(x)[cosxj _ cotx,
X X X
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hay

voosinx .t Cosx

C(x)—+C,(x) =0,
X X

v XCOSX-—Sinx " . —XxSinx—cosx cotx

C](X)‘_'—Z"-—‘FC:(X) 3 = .
x X X
sinx X
Gidi taduge y, = In tana :

Vay nghiém ng quét cia phuong trinh da cho Ia

- sin x COSX sin x
y=y+y*=C( +C, +14+ Int

X X X

X
an—| .
2

2.3.4. Phuong trinh vi phan tuyén tinh cdp hai hé s6 hang so
Phicong trinh vi phdn tuyén tinh cdp hai hé 56 hdng s6'1a phuong trinh

y'+py'+ay = f(x), (1)
trong d6 p, g 1a cic hing s6.
2.3.4.1. Phuong trinh vi phdn tuyén tinh cdp hai thudn nhdt hé sé hing
50

Xét phuong trinh

Y+ py+qy =0, (2)
trong d6 p, g la cdc hing s6. Ta biét ring, dé tim nghiém téng quét cia
phuong trinh thudn nhat (2) tuong dng, cdn phai biét hai nghiém riéng doc
1ap tuy€n tinh clia né. Ta fim nghiém cla (2) dusi dang y = e, trong d6 &
14 6 cdn dugc xdc dinh. Thé y = €™ vao (2) ta dugc

(k> + pk+q)=0.
Nhu vay d€ ham y = e* Ia nghiém ctia phuong trinh (2) thi s6 k cén tim
phai thda man phuong trinh
K>+ pk+g=0. 3)
Phuong trinh (3) dugc goi 1a plurong trink ddc trung cha phuong trinh vi

phan (2). Phuong trinh (3) c¢6 thé ¢6 nghiém thuc (don, boi) hoac phic lién
h¢p nhu sau:
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Truong hop 1. A = p* —4q > 0, phuong trinh (3) ¢6 hai nghiém thirc phan
biét &, va k, (k, # k,). Khi dé phuong trinh (2) c6 hai nghiem  y, = **,

L9ES

hy—fey 31X
— e( 1 pRA
X

= e"* doc lap tuyén tinh (vi
Y2 p tuy

- # const ) nén c6 nghiém téng
o
quat

y=Ce" +Ce™". (4)

Truong hop 2. A = p* — 4q = 0, phuong trinh (3) ¢6 nghiém thyc képla k
(k=k =k, = —% ). Vay phuong trinh (2) ¢ mot nghiém riéng y, = €.

Ta tim nghiém riéng thit hai theo cong thic (9) muc 2.3.3:
—Ipaft

Y2 = e .[eerx

Vi k:—g,dodé

Jkx
fe kx
y, = e ~dx = xe* = e {dx = xe* .
2 ez

Vay nghiém tSng qudt ctia (2) 14
y=Ce" +Cxe* =" (C, + C,x). (5)
Truong hop 3. A = p* —4q < 0, phuong trinh (3) ¢6 cip nghiém phifc lién
hop
k=a+if, k,=a—if, (B=0) (trongdé iladonvido i* =-1).

Khi dé phuong trinh (2) ¢6 hai nghiém

:1:'1 = ol o g [cos Bx +isin Bx],

:1;2 =l g [cos Bx —isin Bx].

Vi t6 hop tuyén tinh cta chdng ciing 14 nghiém ctia phuong trinh (2) nén ta
lay
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Y= %[L + .;2:! =¢"" cos Bx,
y, = L[;l —;‘2] = ¢“" sin fx.

2i
Céac nghiém nay doc lap tuyén tinh. Vay nghiém tong qudt cua (2) ¢é dang
y =e“"[C cos fx + C,sin px]. (6)

Vidu 1. Giai phuong trinh

y"+4y'+3y=0.
Gidi: Phuong trinh dic trung

K*+4k+3=0,
¢4 hai nghiém 4, =-1 k, =-3.

Vay theo cong thifc (4), phuong trinh d4 cho ¢6 nghiém téng quét
y=Ce +Ce™.
Vi du 2. Giéi phuong trinh
y'=10y'+25y=0. y(0)=1, y'(0)=5.
Gidi:Phuong trinh dac trung £° — 10k +25 =0 c6 nghiéem kép & =35, do d6
theo cong thifc (5), nghiém t6ng qudt ctia phuong trinh ¢4 cho 1a
y=Ce™ + C,xe™.
Tir diéu ki¢n ban dau y(0)=1= C, =1, mat khéc
y'=5Ce" + Ce™ + 5C,xe™,
nén »'(0)=5=>5C,+C,=6=C, =1,
Vay nghiém cdn tim 12 y =™ (1 + x).
Vidu 3. Giai phuong trinh
y'+2y'+4y =0,
Gidi: Phuong trinh dic trung k*+2k+4=0 c6 cic nghiem phic
k=-12iV3 (v A'=-3=37).
Vay theo cong thifc (6), phuong trinh da cho ¢6 nghiém téng quat
y=e’ (C, cos/3x + C, sin \Bx)
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2.3.4.2. Phuong trinh vi phan tuyén tinh cdp hai hé s6 hang khong thudn
nhdt

Ta d3 biét nghiém 16ng quat cta phuong trinh vi phan tuyén tinh cap 2 ¢6

dang:

yEyeyt,
trong doé ; 12 ngiém t8ng quat cia phuong trinh thudn nhat (2) di tim dugc
theo cong thic (4), (3), (6); Nghiém riéng y* clia (1) dugc tim bing
phuong phép bién thién hing s& Lagrange.

Tuy vy, khi v& phai f(x) cé dang dic biét, tacé phuong phdp khac dé
tim nghiém riéng y * tién lgi cho trudng hgp hé sd hang, dé la phuong phép
hé s bdt dinh. Ta xét moét s6 trudng hgp sau:

Truong hop 1. f(x)=e""P(x), trong 6 o la hiang s thuc, P (x) la da
thirc bac n

P(x)y=a,+ax+ax’ +..+ax".

Trong truong hop nay, nghiém riéng y * cua (1) duge tim tir mot trong céc
dang sau:
"0 () néu o khong 13 nghiém ctia phuong trinh déc trung (3)
y¥ =4 x¢*'Q (x) néua tring véi nghiém don thye cta phuong trinh dic tnng (3) (7)
£ Q,(x) néu o triing véi nghiém kép thuc clia phuong trinh dic tning (3)

trong d6 Q (x) 1a mot da thie can duge xdce dinh, cling bac véi P,(x):

O (x)=A,+ Ax+ Ax +..+Ax",
Ciche¢ s0 A4.,i= 0.n duge tim bang cdch budc y* phai théa min phuong
trinh (1), nghia 1a tinh y*', y*"thay vao (1), dong nhat hai v€ theo lily thira
ctia x ta dugc hé phuong trinh dai s6 tuyén tinh #+ 1 phuong trinh #+1 dn
Ay A A, Giditaduge A4, i=0,n.
Vi du 4. Giai phuong trinh  y"— y'~ 2y =4x7,
Gidi: + Xét phuong trinh thuan nhdt twong tng y"- y'-2y =0, phuong
trinh dic trung k° —k~2=0 c6 nghiem k, =-1, k£,=2, do d6 nghiém
tdng quat clia phuong trinh thudn nhat tuong dng la
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y=Ce *+ e
+ V& phii f(x)=4x" (@¢=0.n=2) ta ¢c6 =0 khong Id nghiém

cua phuong trinh dac trung nén nghi¢m riéng can tim dudi dang da thic bac
hai (theo céng thiic (7)

v*=Ax"+ Bx+C.
Pé xic dinh A4, B,C tatinh

pE =24+ B, y*"=24,
ThéE y*, y*', y*"vio phuong trinh ¢ cho. ta duge
24X +(-2A4-2B)x+(2A-2B-2C)=4x".
Pong nhat hé s6 hai v&€ theo lily thira clia x, ta duge
-24=4
-24-28=0 = A=-2,B=2,C=-3.
24-2B-2C =0
Do d6, phuong trinh da cho ¢é mét nghi¢m riéng y* = —2x° +2x-3.
Vay nghiém tong quat 1a
y=y+yr=
=Ce " +Ce” —2x° +2x-3.
Vidu 5. Giai phuong trinh y"+y'=2x" +1.
Giai: + Xét phuong trinh thudn nhat y"+ y'=0, phuong trinh dic trung
k* + k=0 c6 nghiém &, = 0,k, = -1, do d6 nghiém t6ng qudt clia phuong
trinh thudn nhét tuong ng 1a
y=C+Ce™.

+ V& phdi f(x)=2x"+1 (@ =0,n=2), ta c6 & =0 12 nghiém cia

phuong trinh dac trung nén theo cong thirc (7) nghiém riéng cin tim cé dang
y* = x(Ax* + Bx + ),
hay
y*=Ax’ + Bx + Cx.
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Pé xdc dinh A, B.C tatinh
PE=34x"+2Bx+C, y*"=6A4x+28.
The y*, p*',y*"vao phuong trinh di cho, 1a duge

3AX +(6A+2B)x+(2A+C)=2x% +1.
Pong nhit he s6 hai vé& | ta cé

34=4
64+28=0 :>A=—§~,B:—2,C:5.
2B+ (C =0

Do do, phuong trinh da cho ¢é mot nghiém riéng  y* = Ex2 -2x+5.
Vay nghiém dng quat la
y=y+y*=

=C, +C,e™ +%x2 —2x+35.
Vidu 6. Giai phuong trinh  p"+4y =e ',
Gidi: + Xét phuong uinh thudn nhat y"+4y =0, phuong trinh dic trung
k*+4=0 c6 nghiém &, , =2/, do d6 nghiém tdng quét ciia phuong trinh
thuan nhat 1a

y= C,cos2x+C,sin2x.

+ V& phii f(x)=e™x (a@=-2,n=1), ta ¢c6 a=-2 khong 1a

nghiém cua phuong trinh dic trung nén (theo céng thic (7) nghiém riéng
c4n tim ¢6 dang

y*=e(Ax + B).
Lay dao ham

y*¥ = (-24x+ A-2B),
y*"=e (-4 Ax -4 A4+ 4B).
Theé y* y*', y*"vio phuong trinh d3 cho, ta duge
e (8Ax +8B -4 4)) = e Fx,
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Péng nhat he s6 hai v&, ta ¢
84 =1 I 1
=A==, B=—,
88-44=0 8 16
|

Do d6, phuong trinh da cho ¢6 mot nghiém riéng y* =" [%x + 1_6-]
Vay nghiém tong quait 12

y=y+yt=

=C cos2x+C,sin2x + e [lx + —I-J
8 16

Vidu 7. Gidi phuong trinh y"+2y'+ y = ¢™*,
Gidi: + Xét phuong trinh thudn nhat y"+2 y'+y =0, phuong trinh dic
trung &*+2k+1=0 ¢6 nghiém kép & = -1, do dé nghiém téng quat cia

phuong trinh thudn nhat 12
y= Cee™ +Coxe™.

+ V€ phai fx)=e™ (a=-1,n=0), ta c6 ¢ =-1 la nghiém kép cua

phuong trinh dac trung nén (theo cong thirc (7) nghiém riéng cdn tim c¢é
dang

Y*= Axte ™,
Lay dao ham
y*'= de " (2x - x7),
y*'=Ade(2-4x+x°).
The y*,y*', y *"vao phuong trinh di cho, ta dugc
A (0x" +0x+2)=e™ <& 24e™ = ¢,
Déng nhat heé s6 hai v&, ta ¢6

2A:l::>A=l.
2

L
Do d6, phuong trinh dd cho ¢6 mot nghiém riéng  3* = —2—x2e .
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Vay nghiém tong quat 12
J} = },‘ + }.‘* =

o]
=Ce " +Cxe™ toxe

drn

-X

Vi du 8. Gidi phuong trinh y"-2y'—-3y =™ (x - 2).
Gidi: + X¢ét phuong trinh thudn nhat y"-2y'-3y =0, phuong trinh dac
trung k* — 2k —3 =0 c6 nghiém k = —I. k =3, do d6 nghiém téng qudt cla
phuong trinh thudn nhat 1a
; =Ce™ +Ce™.
+ V& phii f(x)=e™(x-2) (a=2,n=1), ta c6 a =2 khong la

nghiém clia phuong trinh dic trung nén (theo cong thite (7) nghiém riéng
cla phuong trinh dd cho ¢é dang

y¥=e""(Ax + B).
Lay dao ham
yE =" (2Ax + A+ 2B),
y*'=e(4Ax +4 A+ 4B).
The y*, y*', y*"vao phuong trinh di cho, ta duge
e (-3A4Ax-3B+24)=e""(x-2).
Déng nhat hé s6 hai v&, ta ¢6

-34=1 1 4
=DA=——,B=——.
24-3B=-2 3 9

. : wf 1 4
Phuong trinh déd cho ¢ mdt nghiém riéng y*=e¢~ [-Ex - EJ .

Vay nghiém tdng quat 12
y=y+y*=

=Ce " +Ce" +e™ (—J-x —i]
i 3 9

Vi du 9. Gidi phuong trinh 3"+ v'+ v = xe™ + 27",
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Gidi: + Xét phuong trinh thuan nhat y"+ y'+ v = 0, phuong trinh dac trung

. _I i 31’ . i »
k*+k+1=0 cé nghiém k :—~2—\~/~_- , do d6 nghiém tong quit cla

phuong trinh thuan nhat 1a

_lx( J3 J3 ]

y=e? C cos—x+C,sin—x
\ 2
Ve phdi f(x)khong c6 dang dic bigt. nhung dat f(x}= f(x)+ f,(x) thi
Si(x), f,(x) ¢6 dang dac biét, cu thé f(x)=xe* (a=1,n=1), ta c6
a =1 khong 1a nghiém cua phuong trinh dac tung, f,(x)=2e¢™
(x=-1,n=0),tacé a=-1 khong la nghiém cua phuong trinh dic trung,
nén nghiém riéng cin tim c6 dang (nguyén li x&p chéng nghiém)
v =y +y, =(dx+B)e" +Ce™”,
va y¥' =(Ax+ A+ B)e ~Ce™, y*"=(Ax+2A4+B)e" +Ce™
Thé vao phuong trinh di cho, ta duge
24xe” +(2A+2B)e" +2Ce ™ = xe* +2¢7".

Péng nhidt hai vé&, ta cé

24=1
24+2B=0 :>A=l, B:—l, C=1.
2 2
20=2
. - [ . 1 1 x -x
Do d6 ta duge mot nghiém riéng  p* = Ex—— e +e .
Vay phuong trinh di cho ¢é nghiém t6ng qudt
y=y+y =

s
=e? C,cos£x+Czsin£x +(lx—~}-)e’+e"‘.
2 2 22

Truong hop 2. f(x)=¢e™ [P (x)cos fx+Q,(x)sin fx],trong d6 o, F la
cac hing s6 thuc, P(x), @, (x) I1a cdc da thic bac n,m tuong mg. Trong
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trudng hop nay nghiém riéng v * cia phuong trinh (1) dugc tim tir mot
trong cdc dang sau:

a) y*= e [G,(x)cos fx + H,(x)sin px]|néu o B khong la nghiem

cta phuong trinh dic trung (3), (8)
b) y* = xe™* [Gk(x)cos Bx+ H (x)sin ﬁx] néu o i langhiém cha
phuong trinh dac trung (3). 9)

Trong d6 G, (x).H,(x) la cic da thic bac k véi k = max{m,n} va
Gilx) = Ay + Ax+ ..+ Ax". H (x)= B, + Bx+...+ B x*,

cic hé s6 4,.B,. j:ﬂ duge xdc dinh bang cich tinh y*', y*", Thay
vao phuong trinh (1), déng nhdt hai v& theo hai budc sau-

a) dong nhat theo hé s6 cua cos Fx, sin Bx,

b) dong nhat ti€p theo liiy thira cha x ta dugc hé 2k + 2 phuong trinh vdéi
2k +2dn dé xdc dinh 4, va B, j=0,k.
Vidy 10. Gidi phuong trinh y"+ 23'- 3y = cos x.
Gidi: + Xét phuong trinh thudn nhat y"+ 2 y'=3y =0, phuong trinh dac
trung k° +2k-3=0 ¢6 nghi¢m & =1, £ = -3, do d6 nghiém téng quét cla
phuong trinh thudn nhat 13

y= Ce"+Ce ™,
+VE€ phai f(x)=cosx(a=0.8=1,m=0,n=0,k = max{m,n} =0),
Ta cé a £ fi = +i khong [ nghiém cha phuong trinh dac trung nén theo
cong thiic (8) nghiém riéng cla phuong trinh da cho ¢6 dang
y*= Acosx+ Bsinx.
Tinh dao ham
y*' =—Asinx+ Beosx,
y*"=—Acosx - Bsinx.
The y*, y*', y *"vao phuong trinh di cho, ta duge
(-4A4+2B)cosx+(-2A-4B)sinx = cosx.

Dong nhat hai v& theo hé s6 ciia cosx va sinx, ta dugc
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—44+28B=1 1 1
2A4-4B8=0 5° 10

. . . . 1 1
Do d6, phuong trinh da cho ¢6 mot nghiém riéng y* = ——cosx + —sinx.

Vay nghiém téng quat la

yEy+yt=

_ wo [
=Ce' +Cie " ——cosx +—sinx.
- 5

Vidu 11. Giai phuong trinh y"+4y =¢" —cos2x.
Gidi: + Xét phuong trinh thudn nhédt y"+4y =0, phuong trinh dac trung
k* +4 =0 c6 nghiém k. = +2i, do d6 nghiém 16ng quét clia phuong trinh
thuin nhat 12
y= Cicos2x + C,sin2x.
Ta tim nghiém riéng y* = y; + y; (nguyén Ii xép chéng nghiém).
+ X¢ét phuong trinh y"+4y =" (*), v€ phii fi(x)=¢" (=1, n=0),

ta ¢6 =1 khong 1a nghiém cia phuong trinh didc trung nén (theo céng
thuc (7) nghiém riéng cin tim ¢é dang

Y, =Ae" =y = Ae",y = e’

Thé€ vao phuong trinh (*), ta dugc

SAe" =¢" :3A=l.

, 1
Do d6, phuong trinh (*) c¢6 mot nghiém riéng y, = ge”.

+ X¢&t phuong trinh y"+ 4y = -cos2x (**), v& phai f,(x)=-cos2x
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(@=0.0=2,m=0.n=0k=max{mn}=0), ta cé @+ Bi =+2i |2 nghiém

cua phuong trinh dic trung nén theo cong thite (9) nghiém riéng cén tim ¢6
dang

v, = x(Acos2x + Bsin 2x),
hay
¥, = Axcos 2x + Bxsin 2x .
Tinh dao ham
¥y = (A+2Bx)cos 2x + (-2 Ax + B)sin 2x,
o "= (—4Ax +4B)cos 2x + (—4 A — 4 Bx)sin 2x.
Thé y;,y; ' y; " viao phuong trinh (*#), ta dugc

4Bcos2x -4 A4Asinx =—cos2x.
D&ng nhat hai vé theo sin2x va cos2x, ta c6

A4-0,B=-1
4

Do dé, phuong trinh (**) ¢ mdt nghiém riéng y; = —%xsin 2x.
Vay phuong trinh da cho ¢6 nghiém tdng quit
YEyEyt=yay by =
=, cos2x +C,sin2x + %e“’ —%xsin 2x.

Cha y. Phuong trinh vi phan tuyén tinh cdp hai dang
(ax + b)Y v"+ plax+b)y'+ qv = f(x),
trong d6 a,b, p.q (a # 0) 1a cic hang s6, goi 1a phuwong trinh Euler. Trong
trudng hop nay ta dat ax+b=¢' néu ax+5>0 vi ax+b=—¢' néu
ax +b <0, s& dua phuong trinh trén vé vé phuong trinh vi phan tuyén tinh
cap hai h¢ s6 hang sd.
Chiéng han, xét phuong trinh
X' y" pry gy = X0, (F)
trong dé p,qg 13 hing so.
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Po6i bién s6
x=¢" v6i x>0vix=-¢ vdi x<0.
Gidstr x=¢'.1acé
dy _dydx dy xdy

di dxdi ds dy
dzy_“c_f_[xdy] dx dl xd_(dy]
i’ di\de ) dt dx dx )
:iy;+ d’ d’y dx a’v+ d’ v _c_!ierzd‘:v.
dt dr’ dr di dx’ dt dt”

dv  Ldy & ;
Nhu vay, ta cé xd_{'}/_ _av J’ ay v

dx dr" & drt dr

Thé vao phuong trinh
(*}, ta dugc
d’y
d 2
déy la phuong trinh tuyén tinh ¢6 hé s6 hdng bién s6 r da biét cach giai.

. d: s :
Vi du 12. Giai phuong trinh x° _«1_ —xg}—} +y=Inx, x>0.
x* x

(p—l)—+qy—e

Gidgi: Dat x =¢', khi dé phuong trinh da cho tré thanh phuong trinh tuyén

tinh cdp hai h¢ s6 héing s&
d’y 5 dy
ar’  dl

Tré lai bi€n x ta duge nghiém tong quét chia phuong trinh d4 cho 12
y=Cx+Cxlnx+2+Inx.
2. 4. HE PHUONG TRINH VI PHAN
2.4.1. Hé¢ phuong trinh vi phan cdp mot
Hé¢ » phuong trinh vi phan cp mdt c6 dang

! t
ty=t=>y=ce tcyle' +2+¢.

Y= ﬁ(xsywyz*"-syn)e

= 2 (X ) Yy V) (1)

Vo = L AX Y0 Va0 Vo )i
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dugc goi 1a #é chudn tdc, trong d6 x 14 bien doc lap, V12 Vaseus ¥, 12 cdc n
ham phai tim .
. Baitoan Cauchy déi voi hé (1): Tim nghi¢m N(x), y,(x)..., ¥, (x)cha hé
(1), thod min diéu kién ban dau
y(x) =y i=12...n. 2)

trong d6 x,, ¥, . y5..... 3" 13 nhitng $6 cho trudc.
Dinh Iy 2.4.1.(V¢ su t6n tai va duy nhat nghiém ctia bii todn Cauchy)

Gid s cdc ham s6 f(x, 3, V..., Y, ) cing voi cdc dao ham riéng

agfL(x.yl,yE....,yn), i=12....n, j=12,..n, liégn tuc trong mién
y.

4
DeR™, (x{).ylﬂ,_v;],...,yf:) € D. Khi dé trong mét lan cdn ndo dé cia
diém x = x,, bai todn Cauchy (1)-(2) 6 mot nghiém duy nhdt.
Téap hop # ham s6
Y, =y(x,C,C,,....C ), i=12,..n, (3)
trong d6 C,C,,....C, la cdc hing s6 tuy ¥, dugc goi 12 nghiém 16ng qudt cha
hé (1) néu (3) ;
+ la nghiém cua hé phuong trinh vi phan (1) véi moi C.G,....C,,

+ v6i moi diém (x,, )/, v5....y") € D, he phuong trinh

¥, = y,(x0,C,Cors C ) i =1,2,0m

giai ra dugc d6i véi cic hing s6 C7,CY,...,CY . (Xem [4]).
Cdch gidi hé phuong trinh vi phain

Tir h¢ (1), ta dua vé€ mot phuong trinh vi phan d6i véi mot 4n ham bing
cich khir nhitng an ham chua biét con lai cia hé (1) duge mot phuong trinh
cdp cao. Gidi phwong trinh vi phan cap cao d6, sau d6 tim nhitng 4n ham
chura bi€t con lai. Phuong phdp d6 goi 1a phuong phdp khir.
Vidu 1. Giai hé phuong trinh

¥, = COSX — ¥,

y, =4cosx—sinx+3y, —dy,.
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Gidi: Lay dao ham phuang trinh thi nhat theo x

Y, =-sinx-y,,
két hgp véi phuong trinh thi hai. ta ¢6
y]" =~-sinx—4cosx +sinx -3y, +4y, =
=-dcosx~3y, +4y,.
DBé khir y,,tathay y, =cosx—y, (tir phuong trinh thit nhat), ta dugc
,V;r + 4}’; +3y, =0,
1& phuong trinh vi phén tuyén tinh cap hai d6i v6i y, hé s6 hang s6. Giai
phuong trinh nay, ta dugc nghiém t6ng quat 1a
y=Ce ™ +Ce™.
Tit he thite y, =cosx~y,,tacé y, =cosx —Cie™™ —3C,e ™,
Vay nghiém clia h¢ phuong trinh da cho 1a
y,=Ce "+ Cze_‘“,
{y: =-Cie™" —3C,e”™ +cosx.
2.4.2. Hé phuong trinh vi phan tuyén tinh c&p mot véi hé s6 hing
Dai v6i he phuong trinh vi phan tuyén tinh ¢4p mot hé s hing ¢6 nhiéu
phuong phdp dé gidl. Sau day ta s& trinh bay mot phuong phép, goi 1a

phuong phdp Euler. Khong mat tinh tdng quat, ta xét hé ba phuong trinh, ba
dn ham x, y,z, bién s6 doc lap ¢

[ dx
_Jt_ =a,x+a,y+a,z,
dy

)y Z=021x+azzy+a23z’ (D
dz

Ld_t = da; X + ady,y + 3,2,

Ta s€ tim nghiém cta hé (1) dudi dang
x=ae", y=pe¥, z=ye", 2)
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trong dé cdc hang s6 a. B. .4 cin dugc xdc dink sao cho (2) 13 nghiém
cita (1}. Thay (2) vao (1), ta duge
(a, ~Da+a.f +a,y =0,
aytt +(ay, — ) +a,y =0, (3)
a0 t+anfB+(a;;, — Ay =0.

He (3) la h¢ phuong trinh tuyén tinh thudn nhét, c6 nghiém khong tam
thudng khi va chi khi

a, — 4 a5 a3
as, ap—-A  ay |=0. (4)
]
ay, ay; dyy — A

Ping thite (4) 13 mot phuong trinh bac ba d6i véi 4 va né duge goi la

phiong trinh ddc 1rmg clha hé (1). Nghiém cla né goi 1a gid tri riéng ctia
hé.

Ta han ch€ xét phuong trinh (4) ¢6 3 nghiém thyc phan biét 4,4,,4,.
Thay 14n lugt vio phuong trinh (3), v&i méi gid tri rieng A, A,, A, tuong tng
ta duoe nghiém cta h¢ (3) 12 o, B,,7,, @5, Ba- V. €3, 55075 -

Khi d6 nghiém cta hé (1) duge viét dudi dang

x(1) = Ce™ + Cooe™ + Caye™,
1y =C Be™ +C,Be" +C,pe™,
z2(£)=Cy,e™ + Coy,e™ + Cypie™.

Vi du 1. Tim nghiém t0ng qudt cia hé

dx
—=-x-12y,
dt 4
dy
— =3x+4y.
dt d
Gidi:Lap phuong trinh dac trung
-1-4 -2 s
=0 A" -34+2=04=14=2.
3 4-1 -
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{(-1-Da-24=0
S3a+(4-1)fF =0
phuong trinh o+ f=0. Ta ldy a =1, f=—1, khi 46 v&i 4, =1ta c6 céc

nghiém riéng x, =¢', y, =—¢'.

+ Vi A4 =1ta c6 heé { . thuc chat ta chi ¢6 mot

+ Tuong ty v6i A, = 2 ta cé cdc nghiém riéng x, = 282’,})2 = —3e”.
Vay nghiém t6ng quat ciia hé phwrong trinh di cho L3

x=Ce + 2C2e2',

y=-Ce' ~3C,e".

BAI TAP GIAI SAN
Bai 1. Tim tich phan tdng quat cia phuong trinh
cotanydx — xInxdy =0.
Gidi: Néu xInx # 0, cosy # 0, phuong trinh da cho twong dwong vé6i
dx  siny
xlnx cos ¥
day la phuong trinh phan ly bién s6. LAy tich phan hai v€, ta dugc
J- dx _Ismydy:mC
xlnx “Jcosy
do dé, tich phan tdng qudt clia phuong trinh di cho 1a
ln|1n x| + ln|cosy| = ln‘C‘ hay Inx.cosy=C.

Bai 2. Giai phuong trinh

dy =0,

L,C=0,

, 1
r= 2x+y’
Gidi: Pat z=2x+y, ta ¢6 z'=2+y' hay y'=2z'-2, thay vio phuong
trinh d4 cho, ta dugc

, 1 . 2z+1
2'-2=—z'= )
z z

. 1 ,
Néu z#—-z—,taco
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e = zdz 1
2z+1

day 1a phuong trinh vi phan véi bién s6 phan ly. Lay tich phan hai vé, ta
dugc

Idx:j 2dz +C <:>x:lz—lln‘22+l|+(? .
2z+1 27 4 !

hay ln|4x+2y+l[:2y+ln‘(.", In|C|=4C, = dx+ 2y +1= Ce™

. ] ! 1
Néu Z:_E thi 2x+y:~; <y = —2x—5 clng la nghiém (vi no

thda man phuong trinh di cho).

Vay phuong trinh da cho ¢é tich phan téng quat dx+2y+1=Ce? va
t
mot nghiém y = -2x -3 (nghiém k¥ di).

5 =x
L. & - = - L = 1 e EA
Bai 3. Bing cdch dat y = u.x, hiy giai phuong trinh sau xy'= y+4—3— vii

diéu kién ban ddu y{1)=1.

4 ¥

Cre IR Lta Vv
Gidi: Di€u kién x # 0. y'==+
x 4y

Thay vao phuong trinh (*), ta duoc

(). Dat y=ux=> y'=u"x+u.

3

hY

= % = du'du = e“dx.
du

D6 la phuong trinh bién s& phan ly, giai ta duge

t

i

u=e'+ =y = x"*(e" +C)‘
Véidieukién y(1)=1.1acé C=1-¢.
Vay nghi¢m can tim la  y* = x* (e" +1 —e).

Bai 4. Tim tich phin t6ng qudt clta phuong trinh

. y+\!x2-y2

X

y
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Giai: Viét lai phuong trinh da cho dudi dang

-

' f
J":l+55.?”(l')\/]*tiJ . )
X x

day 12 phuong trinh ding cdp. Dat £ = 4 . ta 6
X

u _ A _ ax
X—tu=u+sign(xl-u < sign(x)— = =, (u=1).
dx XooAf1-uf
Lay tich phan hai v&, ta duoc
sign(x)In | x |= arcsinu — C = arcsinu = sign(x)In [x|+C.

Thay u = 4 » phuong trinh dd cho ¢6 tich phan téng quat cta 13
X

.y
arcsm-— = sign(x}n| x| +C.
X

(Khi y =x thi tlt (*) ta ¢c6 y'=1, nén y=x ciing 12 nghiém cta phuong
trinh da cho).

Bai 5. Tim tich phin téng qudt clia phuong trinh
dx dy

, + —— > =0.
x"—4xy Tx -2xy+6y
Gidi: Viét lai phuong trinh 44 cho duéi dang
722 Jre[ )
y=——se 2L ()

&R

, a di
day la phuong trinh dang cap. bat Y u,tacd y=ux= i x—E +u.
x e
Thay vao phuong trinh (%), ta duge
du 2u’ -u+7  dx 4y —1
X— = > — = ~—2——-—du '
dx 41t — | x 2ut—u+7
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day la phuong trinh bién s6 phéan ty. Liy tich phan hai vé, ta duge

dx du -1
-—;—deu*ln\d (C #0)

@= jd(ZHj—u——f)_ln‘C‘
X 2ut —u—17
hay

2u' —u-7
In|x|=1In|24° —u—?l—ln‘C| ox=t TR0
Tit d6 suy ra tich phan tdng quat cta phuong trinh da cho la

2y —xyp+Tx" = Cx’.
Bai 6. Giai phuong trinh (x +2)(y'+1)=y.

Giai: Néu x+ 2 # 0, phuong trinh di cho duoce viét lai dudi dang

1
x+2)y'—y=—(x+2)e> p-——y=-1
(x+2}y'-y=—(x+2)y 3

12 phuong trinh vi phan tuyén tinh cap mot.
Xét phuong trinh thudn nhat
1 dy dx

:0:>—= .
x+2y y x+2

y'-

co nghiém y=C(x+2).

Tim nghiém phuong trinh khong thudn nhat dudi dang y = C(x).(x +2).
Th¢ vao phuong trinh da cho, ta duoc

C'xX)(x+2)=-1=C'(x)= ;il—z =C(x)=—-Inlx+2]+C.
Vay phuong trinh di cho cé nghiém tdng quadt 12
x=(C-In|x+2}{x+y).

Chi ¢ ring x = -2 khong 1a nghiém ctia phuong trinh da cho.
Bai 7. Gidi phuong trinh vi phan y'=3(2xe™ — y}.
Gidi:Phuong trinh dd@ cho duge vi€t lai dudi dang twong duong
y'+ 3y = 6xe”>* (*), day 1 phuong trinh vi phin tuyén tinh cdp mot.
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n - d - . i)
Phuong trinh thudn nhé y'+3y =0 Y = 3dx c6 nghiém tong quat

}?

-3x

yv=Ce

Xem C =C(x), ta ¢6 y=C(x)e™. Thay vao phuong trinh (*) ta c6
Cle™=6xe” =>C'=6x=>C=3x"+C

Vay nghiém t6ng quit ctia phuong trinh d3 cho 1a

y=(3x+Ce.
. By 2 2
Bai 8. Giai phuong trinh vi phan A —V=— i
dx x X°COsX

Gidi:+Nghiém tng quét ctia phuong trinh tuyén tinh thudn nhét twong tng
dy

2 c L
_+_y=0]€1y:—2,(:li\ihang$6.
dax  x x

C(x)

T
X

+ Coi C = C(x) Jfacd y= Thay vao phuong trinh di cho ta ¢6

C' lﬂ: 22 e 2 1+sinx

x° X' Ccosx cosx

=C=1In +C.

l-sinx

Vay nghiém tng quat clia phuong trinh di cho 12
1 +sinx

y = [ln + C}——l; .
] X
Bai 9. Giai phuong trinh 2ydx +(y° ~6x)dy =0 véi p(1)=1.
Gidi: Néu y = 0, phuong trinh da cho dugce viét lai dudi dang twong duong
ax V8§ o £—1x="x,(*)
dy 2y dy y 2
day la phuong trinh tuyén tinh cap mot d6i véi dn hdm x.

—sin x

. . dx 3 :
+ Phuong trinh thuan nhat 3—2 —=x =0 ¢6 nghi¢m tng quat x = Cy’.
Yy

+Coi C=C(y),tacé x=C(y)y’ . Thay vio phuong trinh (*), ta duge

11:>C:-I—+C'.

Cl=-
2y° 2y
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y
Vi y(l) =l=C= % Vay nghiém can tim & x = {;(l +y].

Bai 10. Gidi phuong trinh - xy'+ v = y” Inx.

: : o s !
Nghiém tong qudt cua phuong trinh (¥) 13 x = (?— + CJy?'.

Gidgi: Phuong trinh da cho ¢6 dang Bernoulli. Néu y # 0, phuong trinh da
cho dugce viét duéi dang
o Inx

o1
YoyH+—y o =——. (%)
X X

. - 1 Inx
Dat z=y ' = z'= =¥ 7y, thay vio (*), ta duge z'-—z=~-—Z= day la
X x
phuong trinh vi phan tuyén tinh c4p mot d6i véi z. Theo ¢Ong thirc (3), muc

224, tadugec z=1+Inx+Cx.

1

I+Inx+Cx
Ngoaira y = 0 ciing la nghiém ctia phuong trinh d3 cho.
Bai 11. Giai phuong trinh

Vay phuong trinh da cho ¢6 nghi¢m téng quat 1a y =

@—x:‘siny+ 2y = xc—ﬁi.
dx dx

Gidi: Viét phuong trinh di cho duéi dang tuong duong

. cb .
x“slny+2y—r= X & 2y6—b£~x=—x35my. (*)
dy dy
ta dugc phuong trinh Bernoulli véi ham x, bién y . Chia hai vé phuong trinh

(*) cho x°. (x # 0) ta duoc

2yx'3ﬁ)E —x7 =-siny
dy
d ; )
Ditz=x"= £ - -2x i ta duge phuong trinh tuyén tinh
dy dy
. d. '
yéz—+z=smy hay —z+lz: smy, (y#0).
dy vy
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Tinh theo cong thic (3). muc 2.2.4 ta dvoc
C —cos y c-
L COsy 2 _ Osy
Y _
Chid y rang y = 0 ciing 1a nghiém ctia phuong trinh da cho.
Bai 12. Giai phuang trinh

(3x2y+x3)dx—(y3—x3)dy=0.

y=(C-cosy)x*.

. oa. 3 3 . FP 5 R
Giai: Dat P=3xy +x°, Q=-v'+x 1acé —=3x"= Y vé V

oy Ox
nén phuong trich da cho la phuong trinh vi phan toan phan. Chon
Xo =0, ¥, = 0, theo cong thic (7), muc 2.2.6 ta c6 tich phan tong quit cla
phuong trinh da cho la

(x.p),

A

.]‘(xs )dx - I(y3 ~x )dy =C,
hay 0 0
—Ji - i +x'y=C
P G
Bai 13. Gidi phuong trinh vi phan

(x +e’t ) dx+e™” (l - iJ dy =0
Y
v6i diéu kién y (0) = 2.

N ., oP v
Gidi: Ta ¢ P=x+e"”, Q=e"" [l—fj . Do —=a——Q—:——x3€’ vdi
y d x oy
Y(x,y), ¥ #0, nén phuong trinh dé cho la phuong trinh vi phan toan phan.
Tinh u(x,y) (dy x, =0,y, = 1), theo cong thic (7), muc 2.2.6 ta c6
X

X X ¥ 3 x
u(x,y) = J[x +et de + l'[({y = {% 1 yel} )

Vay tich phan 16ng qudt ctia phuong trinh di cho 1a

o e

Y

+
dh

2 x
X x
== +ye’ —1.
) Y

X )
- +ye’ —1=C.
5 Y
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2 ¥

Khi sz,y=2,lac€>§ +ye;—l-—-2.

Bai 14. Tim ham s6 A(x) sao cho phuong trinh
h(x)[(y +¢os ¥ )dx +(1-sin y)dy] =0
1a phirong trinh vi phén todn phdn. Giai phuong trinh d6 véi h(x) tim durgce.
Gidi: Dat P(x.v)=h(x).(y+cosy). O(x.y)=h(x).(~siny+1), ching
lién tuc ciing v6i cdc dao ham riéng trén R* néu h(x)lién tuc trén R.
Pé phuong trink da cho 1a phuong trinh vi phan toan phén thi
o0 _op

—— <> h'= A, (y;t£+2kfr.keZ):>h=Ce", C=0.
dx oy \ 2

Vé6i h=Ce”, ta ¢6 phuong trinh vi phan toan phén
e (y+cosy)de+e (1-siny)dy =0. (%)
Chon {(x,, y,) = (0;0), khi d6

v

IeA'dx + Ie" (1-siny)dy = C,

{ 1]

;+ex(y+cosy)

X

e

y:C,
0

e —1+e"(y+cosy)-e" =C.
Vay tich phan téng quét cha phuong trinh (*) [a
e*(y+cosy)-1=C,
Bai 15. Tim ham s6 A(y}sao cho phuong trinh
h(y)[(l ~sin x }dx + (cos x + x)dy] =0,
la phuong trinh vi phan toan phan. Giai phuong trinh d6 véi A(y) tim duoc.
Gidi: Dat  P(x,y)=h{y)(1-sinx).Q(x, y)=h(y)(cosx+x). Px,y), Axy)

va cdc dao ham riéng cla chiing lién e rén R*néu A(y)lién tuc trén R.
Dé phuong trinh da cho 12 phuong trinh vi phan toan phan thi

182



%:Z—iah':h. [x;e%m;m. keZ)@h=Ce",C;¢0.
Véi h=Ce”, ta c6 phuong trinh vi phin toan phan
e’ (I-sinx)dx+e' {x+cosx)dy =0. (%)
Chon (x,, ,) = (0;0), khi dé
Je“'dy + ]e-" (I-sinx)dx=C.
0

f]

Vay ¢ —1+e"(x+cosx)=C la tich phdn tdng qudt clhia phuong trinh di cho.
Bai I6. Giai phuong trinh
(3y° = x)dx+2y(y* =3x)dy = 0
bang cdch tim thita s6 tich phan A(s). £ = 3* + x.
Gidi: Dat P(x,y)=h()(3y" —x), QG »)=h(t)2y(y* =3x), t=y" +x.
D€ phuong trinh da cho 12 phuong trinh vi phéan toan phén thi
%;% - %i_’ (*)

00 _ 6yh+2y(y? —3x)h L. =
Ox

=—6y.h+2)(y" =3x)h,
or =6y.h+(3y —x).ht, =
oy '

=6y.h+2y(3y° —x).h.
Tit diéu kién (*) suy ra

' dh 3h dh 3dt
R4y’ +4xy)=—12hy o —=-"— > — = - |
(4y ) y e ; P X
day 12 phuong trinh bién sé phan ly v6i an ham A déi 6 7. Gidi ta duge
h=£3hayh: ¢ 7» C =0 la him cén tim.

t (y2+x)
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Khi d6, phuong trinh da cho trong duong véi phuong trinh vi phén toan
phan sau
337 —x ”1(1 - 3x)
- —dx +
(v +x) (3" +xy
Chon (x,,y,) =(0:1). khi dé

ILffr+ j—d} C,

dy=0.(%)

(V7 +x)
A 4 _ ™,
= ——1—-'~—+—- ] - a’r+'|‘-—d)—- .
(v +x) (7 +x)
+ + ~ -~ ..,\‘ & v
== 20+ -7+ e Syt =
[ L ] : ] 47 1
Vay tich phan tong qudit ciia phuong trinh (*) 1a
| 2
———+l— Y l 11 =(C.

2302 (7)Y Vi tx ¥y
Bai 17. Gidi phuong trinh x(1+ xp)dy — ydx = 0 bing cdch tim thira s& tich
phan.
Gigi: Dat P=-y, QO =x(1+xy).tacé
oP  oQ

8} O _-1-1-2xy 2

Q x(1+xv) X
St dung cong thite (12). muc 2.2.6 ta duge thira s& tich phan

o ¥ e - g”‘x _ 1
ﬂ(,\‘):f’f fy = -[x =e 2]nx:_2_'

X

. . o
Nhan hai v& phuong trinh di cho véi — | ta duge
e

(IJFJQ"]G{V——Z:—dx:O,

X x°

1a phuong trinh vi phan toan phin. Ta cé thé viet né dudi dang
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AT
di et l-0.
i\ X = /'I
4 2 A = 3 ", . = s Y };E —
Vay tich phan tong qudt cua phuong trinh da cho [3 = +2— =
X
Bai 18. Gia st y,,y,.y, 1a ba nghi¢m riéng khic nhau cia phuong trinh vi

phan y'+ p(x)y = g(x). Trong 46 p(x).q(x) 12 cdc ham s& lien tuc khoang

=/

“ f - . - 1".'3 — ¥ " N N o
(—oo;+oo). Ching minh rang biéu thic =2 ) khong phu thude viao bién x.
BATRR G

Gidi: Theo gia thi€t y,.y,.y, 1a ba nghiém rieng khdc nhau phuong trinh
V4 p(x)y =g(x).nén ta cé
. . 5 | e x)ex
Y=y p(x) (32— v)=0= p, -y, =Ce b
. : = | p(x)dx
Y=+ plx) (y, --y}):{):>yl -y, =Ce jp .

dods 2220 G const khong phu thude x.
-y, G

Ta cling ¢6 thé viét

yl _ e— jp(.r]ci\' [CTI N Iq(x)e J‘pfxld_rdxj,
j; (R T7is Ip( & Yol
y, = Cy+ [qtxre’ ax |,

y=e (g x fgmele s |
tir d6 suy ra dicu phai chiing minh.
Bai I9. Cho phuong trinh tuyén tinh y'+ ky = g(x), trong dé k 1 s6 thue,
q(x) 1a ham s& lien tuc theo bi€n x va ¢ gidi han tai v6 cuc: Xlgnmq(x) =b.
Chitng minh rang néu & > Othi moi nghiém cita phuong trinh trén déu déan
tGi -E khi x — +o0; néu & <0 thi chi c6 mot nghiém 6 tinh chat nhu vay.
Hay tim nghiém dé.
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Gidi: Nghiém t6ng quat clia phuong trinh da cho trong doan [0;x] viét dugce
dudi dang
»(0)+ ) q (I)e”d[
};(x) = ’h (*)'

¢

Ta x€t cac trudng hop :
+ Trudng hop & > 0. néu b # 04p dung quy tic L'Hopital ta c6
b
Ilm y{x)=-—.
vx)=2

Néu b=0 dp dung dinh nghia giéi han: Ve > IM >0,néu x> M = g(x)|<&.
Khi d6 véi x du 16n thi

| fq ”df‘ b 0)+€_r dfl

e NG

|y(0) +—i—(eh —1)
eh i ekx

dodé lim y(x)=0.

X—r+m

+ Trudng hgp k <0, tacd lim e =0.Dé lim y(x)= i thi

X+ X+

lim [})(0)+ I g(t )e‘"dt] =0,

X7

dodd y(0)= [ q(r)edr (**). Khi k <Othi (**) hoi ta. Thay () vao

X—r+m

(*), ta duge lim y(x):—z , ton tai duy nhat. (Kiém chding nhd quy tic

L'Hopital
y(x)= Eﬁq({).ek(*_xidr.
Bai 20. Tim dudng cong sao cho tam gidc xdc dinh sau day c6 dién tich

khong déi a’: céc canh ciia tam gidc 13 truc hoanh Ox, ti€p tuyén cua dudng
cong va doan thang néi ti€p diém véi g toa do O (Hinh 2.3).
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Gidi:Phuong trinh tiép tuyén MA cua dudng cong
Y—v=vi(x{X - x).

Hinh 2.3

Vi M(x,y) 1a ticp diém, A(x,,,) 1a giao diém cla ti€p tuyén va truc
hoanh Ox, thi khi dé

Do d6 dién tich tam giac

| ]
S=—-MHOA=—yx,=a",
) y P

1 '—
hay Ey[uj =a’, tacé phuong trinh vi phan
2 d
xyy'—y® =2a’y’ hay xy -2a’ = yz—x.
dy
. o ] 28 _ o
Vai y#0,1a ¢6 x'=—x=-—, diy 1a phuong trinh vi phan tuyén tinh

Yy
dai véi x. Gidirata cé

x:y[a2 +C}.
Y
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¥
x—1
Gidi: Phuong trinh da cho 1% phuong trinh vi phan cap hai dang khuyét y.
bat y'=p=y"= p' Thay vio phuong trinh di cho, ta dugc

Bai 21. Giai phuong trinh "

~(x-1}x=0,v6 y(2)=1,p'(2)=-1.

1 )
p'- ——lp = x(x —1) (phuong trinh tuyén tinh cap 1).
x J—

14 2
Giai phuong trinh trén ta duge p = (x~ I)LC] + ; ) ma y'= pnén
x.? xl x-1 x3 - xZ
Y'=—o-—=+Cx-C( = y=—-—+C—-Cx+C,.
2 2 &8 6 2

1

Kéthop dicu kien p(2) =1.y'(2)=-1.tac6 C, =-3, C, :%.

Vay nghiém can tim 4
1 3 2
y=£"—l——3x—+3x+l.
8 6 2 3

Bai 22. Giai phuong trinh 2yy"- »* =1,véi diéu kien y(1)=1, y'(1)=1.
Gidi: Phuong trinh da cho 13 phuong trinh vi phan cép hai dang khuyét x.

bat y'=p, y"= pfjﬂ. ta c6
dy

) d,
day 1a phuong trink Bernoulli, Pat p° =z = 239—‘;1,£ =z', ta duge
Y

] . ]
z'-—z = —, (phuong trinh tuyén tinh cdp mou).
Y

. ] ]

Giairata dugc z =[-—+ C]]y, ma p- :y'2 =z.
J,‘

Kéthop y'(I} =1L y(l)=1=C =2= y?=2y1.
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Vi y'(1)=l>0:>y':,32_1.-'—l = (Y = \/%T:xz ’2}’—1+C2.

Kéthop y{1)=1=C, =0.

\ o !
Vay nghiém cantim la y = -

Bai 23. Tim nghiém tong quét cha phuong trinh vi phan
(I+x)x"y"= (1+2x)xv'+ {1+ 2x)y=0.

bi¢t mot nghiém ctand la v, = x.
Gigi: x =0, x = —1khong 1a nghiém cta phuong trinh.
Néu (1+ x)x # 0, phuong trinh d4 cho duge viét lai dudi dang tuong duong

v”_(1+2x) y (1+2x)

(1+x)x (l + x)x7

Bi¢t mét nghiém riéng y, = x, khi dé mot nghiém riéng khic duge tim dudi

dang y, =u.y, trong dé u = j— JP{‘m‘dx {cong thie (9) dinh 1i 2.3.5),

N

{i+2x) 1o
R T AT (A VAR 1
tacé 5= e Iron 1 Joa LN g =—(+x)x=—+1,
X X

.,Vl X7 X

nén u= |idx = J‘Ilwtl]dx:ln|x‘+x:>y2 =xIn|x|+x*.

x
Vay nghiém téng qudt clia phuong trinh di cho

y=Cy +Cy,=Cx+0C, (xln‘x| +x° )
Bai 24. Tim nghiém tong quat cia phuong trinh vi phan

Y+ p'tanx - ycos’x =0,

biét ring nd ¢6 mot nghiém rieng dang y = e“™* | v4i a 12 tham s6 cin x4c
dinh,
Gidi:Th y=e™"" =)' =acosxe™"", y" = e (crcos x—sinx) . Thay
vao phuong trinh da cho, ta duge

(a7 ~1)cos’ x=0, Vx= a=4tl.

189



Do dé phuong trinh dd cho ¢6 hai nghiem y, =¢ ™" va y, =¢""*, ma
¥, ¥, doc 1ap tuyén tinh. Vay nghiém t6ng quét clia phuong trinh dé cho 1a
y=Ce ™" +Ce"".

Bai 25. Tim nghiém tong quat cua phuong trinh
(2x—x" )y 2(x = 1) v'=2p=-2.
biét rang nd ¢d hai nghiém riéng 1a v, =1 y, =x.
Giai: Xét phuong trinh thuidn nhat tuong ting
(2x -x )y"+ 2{x—1)y"-2y=0.(%)
Theo gia thiét y, =1, y, = x 14 hai nghiém riéng cha phuong trinh khéng
thuian nhat da cho, do dé ¥, = y, - v, =1-x la mot nghiém cia phuong
trinh thudn nhat (*) (Kiém tra bing cédch thay truc ti€p vao phuong trinh
thudn nhat (¥)).
Ta viét lai phuong trinh (*) dudi dang
2(x-1) 2 s
2x—x° a 2x — x° y=0.0%
Ap dung céng thitc (9) dinh 1{ 2.3.5, ta tim nghiém riéng Y, cia (*)

y+

I - 2 X |ax
K}:YI’[ - € j” ]ddx.
- }/.’l_
Tacé
CRIN d{2x-x")
e—_[p(.\'ldx _ J‘z.\---ﬁi :e.[ 2v-x :2x__x2,
va
2x - x° _2x+1-1
I—l? j‘;()ddx=]'x ’qu/:_.[%dx:
Y, (x~1) (x-1)
2
= — 1- : 5 dx:‘“(X'F l ]:_x x+l-s
(x—1) x -1 x-1
khi d6 ¥, :—(x—l)f—leiz-(xl-x+1).
x_
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Khi d6 nghiém tong quat cua phuong trinh (%) la:
y=CY, +CY, = C(x—1)+Cy(x* —x +1).
Nghiém 16ng quat coa phuong trinh da cho la vy = ;+y*, trong d6 y* la
mot nghiém riéng clia né ¢6 thé chon 1d v’ = lhoic ¥, = x, vay
y=Clx—D+Ci(x* —x+1)+1
Bai 26. Giii phuong trinh x°y"—3x1'+ 4y = xIn x béing cich dat x=¢'.
Gidi: Do x>0,tacd t=Inx tacé phuong wrinh vi phan trd thanh
1” — 4}-': +dy=et (%)
+ Xét phuong trinh thudn nhat y"-4y'+4y = 0, phuong trinh dac trung
k*—dk+4=0,

¢6 nghiém kép k£ = 2, khi d6 nghiém tong quét ciua phuong trinh thudn nhat
la

y=(C,+Cyt)e™.
+ V& phdi fi(1)=¢'t (a=1.n=1), ta ¢6 o =1 khong la nghiém cia

phuong trinh dac trung nén (theo cong thic (7), muc 2.3.4) nghiém riéng
can tim ¢6 dang

ye=e'(At+BY=> y*' = (At + A+ B).y*" =& (At + 24+ B).
Thé vao phuong trinh (*), ta dugc
A=1,B=2 = y¥=¢e'(t+2)
Phuong trinh (*) ¢é nghiém tong quat
y=y+y*= (C +Cyr)e™ +e'(r+2).
Do ¢’ = x nén phuong trinh di cho ¢6 nghiém tdng qudt la
y=(C, +C,Inx)x" +x(Inx +2).

by

Bai 27 . Giai phuong trinh - y"—y = ol
+e

Gidi: Xét phuong trinh thuin nhdt y"—y =0, phuong trinh dic trung

k*—1=0 c6 nghiém k = +1, do dé nghiém téng quéat cha phuong trinh
thuin nhat Ia
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v=Cet v Ce™.

Nghiém riéng cia phuong trinh khong thuan nhdt di cho dugc tim dudi
dang y*=C\(x)e" + Cy(x)e™". trong d6 C, = Ci(x) C, =C,(x) duge xdc
dinh tir h¢

ch,'e-" + (e =0,

E.L(‘flé)\ _ (‘:C)' x -
Giai hé trén va tich phan ta dugc

C(x)= %[x -In(e” + ). O, (x) = ——;[x ~In(e” +1)].
Khi d6
yE= —;-e"'[x —In{e* +1)] —%e""[x —In(e® +1)].
Vay nghi¢m t0ng quar clia phuong trinh di cho 13

y=Ce +Ce "+ %e"’[x —In(e’ +1)] - %e_x[x —In(e” +1)]

Bai 28. Giai phuong trinh vi phan y"+ V= —1—-—
sin x
Giai: Xét phuong trinh thudn nhit »"+y=0c¢6 phuong trinh dic trung
K +1=0 k=i, khi d6 nghi¢m tong qudt cda phuong trinh thudn nhat
la
;:C, cosx+C,sinx.

Nghiém riéng cia phuong trinh khong thuan nhat da cho duge tim dudi
dang y*=C (x)cosx+C,(x)sinx. trong dé C, = C\(x), C, = C,(x) duoc
Xac dinh tir he

C,cosx+C,sinx =0

~C sinx+C,cosx = —
S$mmx
A : . COsXx .
Gidi hé tren taduge € = ~1. ¢, = === = C, = —x, C, =Injsin].
Sinx
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Khi d6
V*=—xcosx+sinxn|sinx|.
Vay nghiém tng qudt cia phuong trinh da cho 1a

y=C cosx+C,sinx—xcosx+sinxin|sinx|.

: 1
Bai 29. Gidi phuong trinh  p"+2y'+ y=¢ ° (l + —].
X

Gidi: Ta ¢é

L4

D
Y42y =e Tt =g,
x

Xét phuong trinh thudn nhdt y"+2y'+ y =0, ¢6 phuong trinh dic trung
K 4+2k+1=0k =k, = -1,

do d6 nghiém t6ng quat cta phuong trinh thudn nhat 13 ; =Ce " +C,xe™™.

Nghim riéng y* clia phuong trinh khong thudn nhat duge tim theo
nguyén li xép chéng nghiem y* =y + v,

+ Xét phuong trinh y"+2y'+ y =€ (*), do @ =~1 tring vdi nghiém

kép chia phuong trinh diic trung, # = 0, ta ¢6 nghiém riéng dang

Y, =Ax%e T = )= 2Axe™ — Axe ™ = (2Ax— sz)e"' ,

»"=(24-24x)e - (12Ax— Ax® )e_"' = (2A — 4 Ax + sz)e_x.
Thay vao phuong trinh (*), ta duoc

(24 -44x+ Ax")e +2(24x - Ax® Je ™ + Ax’e ™ =
& (2A +0x + 0x* )e"' =e ",

. . , . 1 N R
dong nhat hé s6 hai v€, tacd 24 :l<:>A=5 =y ==x'e",

—-x

€ N . . p
+ Xét phuong trinh y"+2y'+ y = . Ta tim nghiém riéng dudi dang
X

y, = Ci{x)e™ + C,(x)xe™, trong d6 C (x) C,(x)dugc x4c dinh tir he

193



e*C, +xe*C, =0 C +xC, =0, (1)

El

—
e (i-x)e = =G (1R G = (2)

T (1) +(2) = C, :~1-:>C3 = In|x.
x -

= C +1=0=C =-x.Nhvay y, =—-xe " +xe " In|x|.

Vay nghiém tong quat ciia phuong trinh da cho la
- - * . - —x l —x —y
y=y+y¥=y+y +v,=Ce "+ C,xe” —Exze + xe” ln‘xl.

Bai 30. Giai phuong trinh vi phan y"—5y'+ 4y = 3xe** + 2sinx.
Gidi: + Phuong trinh thuén nhat twong dng 1a y"-5y'+4y =0 (*), phuong
trinh dac trung
k*=5k+d4=0k =1k =4.
Nghiém tdng quat ciia phuong trinh (*) Ia
y=Ce" +Ce™

Nghiém riéng y* ctia phuong trinh khong thuan nhdt duge tim theo

nguyén li x&p chong nghiém y* = p; + ;.
+ Xét phuong trinh y"—5v'+ 4y = 3xe’™. (¥*)

Do « =4 trung v6i nghiém cta phuong trinh dac trung, n=1 nén
nghiém riéng co6 dang '

y, =(Ax+ B)xe™
(A‘x2 + Bx)e*""‘

tinh

L]

y'=e™[44x’ +(4B+24)x+ B],

yi"=e*[164x" +(164+16B)x +(8B+24) .
Thay vao phuong trinh (¥*) tacéd: 64x + 24 + 3B = 3x
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i 1
6A =3 A=3
- -
2A+3B=0

| =y = (%xz —%x]e“.
| B - -

3
+ Xét phuong trinh p"~5yv'+ 45y - 2sinx. (F%%)

Vi a+iff=+i khong 1a nghiém cua phuong trinh diac trung,
n=0,m =0 nén nghiém riéng cd dang
y» = Asinx + Beos x,
tinh

v, = Acosx - Bsinx.

y,"=—-Asinx - Bcosx.

Thay vao (***) ta cé (34+5B)sinx+(38-54)cosx =2sinx

3

34+58=2 |17 7
= =

54+3B=0

B = ,’;:ﬁ(?)sinerScosx).

17
Vay nghiém téng qudt ctia phuong trinh da cho 1a

- . * - . l
y=y+y +y,=Ce" +(Ce" +(

A 1 .

—x° ~-—x)ej”l +—(3sinx+5cosx).
2 3 ) 17

Bai 31. Gidi phuong trinh

X X
— Y= —4—Cc0s82X,
. )

thudn nhat la

Gidi: + Xét phuong trinh thudn nhdt y"- y =0, phuong trinh dic trung
k*—1=0 c¢é nghiém k = +1, do d6 nghiém tong quat caa phwong trinh

y=Ce +Cye".

Nghiém riéng v * cta phuong trinh khong thudn nhit duge tim theo
nguyén I xép chéng nghiém y* =y + v,.
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+ Xét phuong trinh y''—y = ; (*), v€ phai f,(x) :g (x=0,n=1)tacéd
a =0 khong 14 nghi¢m cta phuong trinh dac trung nén nghiém riéng can
tim cd dang

yl‘ :Ax+B:>y]*'=A,yr":0_
The€ vao phuong trinh (*), ta duoc
l *
A:~—c31]:—£
5=

s

+ Xét phuong trinhy"—y:%cos2x (**), v€ phai fz(x)zgcos@x,

(a=0,8=2, m=0,n=1k=max{mn}=1), ta cé a * fBi=22i khong la
nghi¢m cla phuong trinh dic trung nén nghiém riéng cdn tim ¢6 dang

yy = (Ax + B)cos 2x + (Cx + D)sin 2x.
Ta cé

¥y'= Acos2x — 2(Ax + B)sin 2x + Csin 2x + 2(Cx + D)cos 2x,

y;"=—4Asin2x ~ 4( Ax + B)cos 2x + 4C cos 2x — 4(Cx + D)sin 2x.
Thay y*',y*" vao phuong trinh (**) va bi€n déi ta dugc

[4C = 5(Ax + B)|cos 2x —[4 A+ 5(Cx + D)]sin 2x = %cos 2x
Déng nhit hai v€ theo hé s& clia cos2x, sin2x ta duge he
4C —5(Ax+ B) = g

4A+3Cx+D)=0.
Pong nhat 1dn nifa theo lily thita ctia x, ta duge

SA:l

2
{4C-5B=0

53C=0
44+5D=0
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Giai hé ta dugc A:——l—._ B=0,C:0,D:—2—.
10 25

Do d6, phuong trinh (**) ¢6 mot nghiém riéng

*

2 .
Y, = ——Jicos2x+———sm 2x.
) 10 25
Vay phuong trinh dd cho ¢6 nghiém tdng quat
yEyEy 4=

=Ce" +Ce" — o2 cos2x+ isin 2x.
. 2 10 5

Bai 32. Giai phuong trinh vi phan

yU-4y'+ 4y = cos’ x.
Gidi: Xét phuong trinh thudn nhit y"-4y'+4y =0, ¢ phuong trinh dic
tring

kK -4k+4=0k=2,
do d6 nghiém tdng qudt clia phuong trinh thudn nhat 13 ; =Ce™ + C,xe™.
V¢€ phéi cha phuong trinh da cho dugc viét lai dudi dang

/(x) =—;~ez"(1 +C052x) :%ez" +%€2"' cos2x = f(x)+ £, (x),

trong 46 f,{(x)= %ez"', f{x)==e"cos2x.

1
2
1
+ X¢ét phuong trinh y"-4y'+4y = Eeh (*), do & =2 tring véi nghiém
kép cia phuong trinh dic trung, # = 0, nén nghiém riéng c6 dang
Y, = A5’ =y = AQ2xe™ +2x%M ) = 24(x + x°)e,

W= 2401+ 2x)e™ + (x + x7)2e™ ] = 246 (1 + 4x + 2x7).
Thay vao phuong trinh (*) va dong nhdt theo lily thira cia x, ta dugc
l o1

A=—> y =—x'e*.
s N Ty

1
+ Xét phuong trinh  y"-4y'+4y = Eez"‘ Cos2x (**), viatiff=2+2i
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khong la nghiém cua phuong trinh dic trung. # =0, =0 nén nghi¢m riéng
cé dang

Vo = e [Beos2x + Csin2x|.

Tinh y; ', y," thay vio phuong trinh (*%) v déng nhit hai vé& theo hé s6

clia cos2x, sin2x ta dugce hé phuong trinh. Giai hé ta duoc
I . 1
B=——.C=0= y.=——(cos2x)e™.
8 8
Vay nghiém tong quat cta phuong trinh di cho la

. . ] . 1 .
y=y+y ty = (C + sz+1x" —gcos 2xJe"‘ .

\

Bai 33. Giai phuong trinh vi phén B
Xyt (6.1cj +2x)y'+ (F)x2 +6x + 2))} =4x’e™,

bang cdch dat y = ux .
Giai: Tt y =ux=>y'=u'x+u, v"=u"x+2u". Thay vdo phuong trinh da
cho va bién doi ta duge phuong trinh vi phén tuyén tinh hé s6 hing

u"'—6u'+ Y =4de™ (%)
Phuong trinh thudn nhat «"— 6u'+ 91 = 0. ¢ phuong trinh dic trung

kP —6k+9=0ck =k, =3,
Nghiém 6ng qudt clia phuong trinh thudn nhat 1a
7=Ce™ +C,xe™.

Nghiém riéng cla phuong trinh khong thudn nhit ¢6 dang w* = Ax’e™ vi
a =3 tring vdi nghiém kép cha phuong trinh dac trung, # =0. Thay vio

phuong trinh (*), ta dugc 4 =2= u*=2x"¢". Nghiém tdng quit cha
phuong trinh (*) 1a

—— T “\ }. 3
u=u+ut=Ce" +Cxe™ +2x%e™.
Vay nghiém t6ng qudt cha phuong trinh da cho 1a

y=ux = (Cx+Cx° +2x%).
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Bai 34. Giai phuong trinh vi phan x*y"+4xy'+(x* + 2)y = ¢* bang cich

z
da’[ y=—5.
X
e z 2 c
Gai: Th y=—=>z=x"y.taco
x

z'=2xy 4+ X7y,
2" =2y+dxy'+ X’y
Ta viét lai phuong trinh da cho dudi dang
(X y"+dxy'+ 2y)+x7y = e,
ta dugc phuong trinh vi phan tuyén tinh
"z =e" . (%)

Phuong trinh thuan nhit z"+ z = 0, cé phuong trinh déc trung

K41=0 ki,=%1.
Nghiém téng qudt cta phuong trinh thuan nhat [a

z=C cosx + C, sin x.

Nghiém riéng ciia phuong trinh  khéng thuin nhat ¢é dang z* = Ae” vi
a =1 khong trung vdi nghiém cua phuong trinh dic trung, » = 0. Thay vao

phuong trinh (*), ta duge 4 = 1 =zt = %e“.

X

) . s s . e
Nghiém téng quat clia phuong trinh (%) 1a z = C, cosx + C, sinx +-—.

Do z=x'ynén
z C C e’

y=-—5=—Fcosx+—=sinx+

x° X x 2x
Bai 35. Gidi phuong trinh xp"+2(1-x)y+(x-2)y=e" bing cdch dat
Zz = yx . .

5

Gidi: Th z=yx = z'=v+xy',z"=2y"+xp". Ta viét lai phuong trinh da
cho dudi dang

(xy"+2y) -2y + ) +xy=e,
ta dugc phuong trinh vi phan thuyén tinh
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o2+ z=e",
Xét phuong trinh  thudn nhdt z"-2z'+z=0. phuong trinh dac trung
k* ~2k+1=0 c6 nghi¢m kép £ =1. Nghiém tong qudt cha phuong trinh
thudn nhat 1a

c=Ce' +Cyxe’.
Nghiém riéng cua phuong trinh  khong thufin nhat ¢é dang z* = de™ vi
a = —1 khong tring v&i nghiém clia phuong trinh dac (rung, n = 0. Thay

N o ! 1
vao phuong trinh (%), ta duge A = 1 =z¥=—e",

. 7 - 3 N “ I —
Nghiém tong quart cua phuong trinh (*)1a z = Cle" + Cyxe™ +—e™*.

Do z = yx nén ta duge

x

z e 1 _
~=C—+Ce" +—e".
x X 4x

y =
Bai 36. Giai phwong trinh vi phan y"+ y'tanx — ycos’ x = sin xcos® x bing
phép ddi bien ¢ =sinx.
Gidi: Ta co
y'=y, =y 1 =y cosx,
Y=y, =yl cosx—y,sinx =y, cos’ x— y, sinx.
Thay y', y" vao phuong trinh di cho, ta duge

Y,y =1,(%
1a phuong trinh tuyén tinh cap hat hé s6 hing, bién s 1.

Phuong trinh dic trung 4° -1=0< k=+1, nén nghiém cha phuong
trinh thudn nhat twong tng (%) a y = Ce' +C,e™.

Nghiém riéng cta phuong trinh khong thuan nhat (*) ¢6 dang
y¥*=At+ B (vi a =0 khong tring vdi nghiém clla phuong trinh dac trung,
n =1). Thay vao phuong trinh (*) vi dong nhét theo Ity thira cua 4, ta duge
A=-1B=0= y*= .

Nghiém tong quét cita (*) 1a y = Cie’ + Cpe™ —1.
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Do £ =sinx nén nghi¢m tdng quét cua phuong trinh di cho 12

y=Ce"™ +Ce™™ —sinx.
Bai 37. Tim phuong trinh vi phin tuyén tinh cap hai thudn nhat néu biét
phuong trinh d6 c6 hai nghiém & y, =x va y, =¢*.
Gidi. Phuong trinh vi phan tuyén tinh cép hai thuan nhat ¢6 dang

i+ px)y+g(x)y=0.(*%)
Theo gid thiét y; va v, ta cdc nghiém cla phuong trinh (*) nén thay céc
nghi¢m y, =x, y, =e" vio phuong trinh d6, ta dugc hé phuong trinh véi
cdc 4n ham p(x), g(x) phai tim

p(x)+g(x)x =0,
{1 + p(x)+g(x)=0.

Gii hé ta duge p(x)= ——— . g(x) =——., (x#1).
x—1 x-1

. 1
Vay phuong trinh can tim 13 y"——J-C—1 y'+ 1 y=0,.
X - X -
Bai 38. Giai hé

dx
—=Tx+3y,
at d
dy
= =6x+4y,
dt 4

Gidi: He da cho 1a hé phuong trinh vi phan tuyén tinh c4p mot he s& hing.
Theo cong thitc (4), muc 2.4.2, ta lap phuong trinh dac trung
‘7 -2 3

=0 A -114+10=0 4 =1,4, =10,
6 4-1 h=14,

ba+38=0
ba+35=0
dinh. Ta cho a =1, thi f=-~2, khi d6 v6i 4 =1 ta c6 cdc nghiém riéng

!

x, =€,y =-2e.

+Va A =1tacohe { (theo cong thitc (3), muc 2.4.2) hé vo
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+ Twong ty véi A, = [0 ta ¢d cdc nghiém riéng x, = e'm,y2 =e'

Vay nghiém tong quit cta hé phuong trinh di cho [a

{ ~ 1
Fx=Ce +Ce,

1_1«’ =-2Ce" +Cye'.
Bdai 39. Giai he

b

,—r =6x—12y—2z,
ot

& =x-3y—z,
dt
dz
—=—4x+12y+3z.

ot

Giai: H¢ di cho la h¢ phuong trinh vi phan tuyén tinh cdp mot hé s6 héng.
Theo céng thite (4), muc 2.4.2, 1ap phuong trinh dic trung
6-4 -12 -1

1 -3-4 -1

=0 -642+114-6=0
4 12 3-4

oA =14,=21=3.

) F - b o 3
+Véi A =1 tacé cic nghiem rieng x, = 2¢',y, = 7e”, z, =3e” .
o o SR 2 3
+V6i A, =2 tacdécdcnghiemriéng x, =¢',y, =3e”, z; =¢” .

+V6i A, =3 tacé cic nghiem riéng x, = —2¢',y, = —8¢”

. Z, = -3¢”.
Viy nghiém 18ng quat ciia hé¢ phuong trinh da cho 1a
x=2Ce¢ +7C,e” +3C,e”,
y=Ce' +3C,e" +Ce,

z=-2C¢ -8C,e” -3C,e”.
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BAI TAP TU GIAI

1.1. Giai cdc phuong trinh bi¢n s6 phan ly sau:

D (xy° +x)dx+(y—.x2)-')d_1-‘ =0; 2) xyy'=1-x%;
1-2
3 w'= x; 4) y'tanx—-y=a;
Y
5 xy+y =y 6) v'+ ll_yz =0;
- X
7) \/l—yzdx+y\11»x§c.{v:0; 8) e"‘(l+§):l:
r
9) y' =107, 10)y'+sinx;y=sinx*y.

1.2. Tim nghiém riéng cla cic phuong trinh vi phan sau, thoa méan diéu kién
ban dau da cho:

1) y'sinx:ylny;y[zjze; 2) y'=l+y”y(0)=l;
2 1+ x°

1

3) sin ycos xdy = cos ysin xdx: y(0)} = %:-

4 y-xy'=bl+x"y) v(hy=1.

1.3. Giai cdc phuong trinh ding cdp sau:

2
X+
Dy =2-2; 2) y'=2,
X xX-y
3) xdy — ydx = ydy 4) y'= 22xy2;
5 y'=242y 6) xy'—y =x* + 3 ;
y X
7y +xy' =" 8) y-:e?+X;
. X

9) 3% +3xy + xV)dx = (x* + 2xp)dyv;  10) xy':ylnz.
x
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1.4. Tim nghiém riéng cta cdc phuong trinh vi phén sau, thoa man diéu kién
ban ddu da cho:

1y (xp'— y)arctan}—, =x:y(1)=0;
X

2) (y* =3x%)dy + 2xvdx = 0; (0)=1:

2 Kl
, —2xy—x-
3) yl= 2

= v =1,
Y4 2xy - x° M

dy 2 dy
4 — | +2x——v=0; (N =5 .
)y(dx) xdx N v

L.5. Giai cdc phuong trinh vi phan tuyén tinh sau:

) y'+2y=4dx; 2) y'+2xy:xe“"3;

3) y'+1;22xy=l; 4 1+ x)y'-2xy =1+ x2);
5) y'+ y =cosx; 6) 2ydx +(y* ~6x)dy = 0;
7 y'= ) x(y'- y) = 1+ x)e"

2x -y’
1.6. Tim nghiém riéng ctia céc phuong trinh vi phan sau, thda mén diéu kien
ban ddu di cho:

1) y'- ytanx = s p(0)=0;

COS X
Dy xy'+y-~e" =0; yv(a)=b;
3) == = x; p(1) = 0;
x+1

4 11+ 12)dbx = (x + xt* - 1)tz x(1) = ~§.

1.7. Giai cdc phuong trinh vi phan Bernoulli:

D y42xy=2x")%; 2) y'+—’V—+y2 =0:
x+1
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2

3) xdx:{x——y3de: 4 xy'+y=y’Inx;
Y

2y 2y

5) y'—ytanx+ y cosx =0; 6) y'+—=—">—;
X  COs x

1
2x - y°
1.8. Giai cdc phuong trinh vi phén toan phan sau:
1) 2% —xyHdxe+ (23" - x* )y = 0;
2) etdx +(xe" - 2y)dy =0;

xd
3) = }"2:{ 2y ,z_ljdx:
X +y T+

7 y'= ; 8) x(y'-y)=(1+x")e".

4y y*'dx+x Inxdy = 0;
xdx + ydy  ydx —xdy
\/xz +y° ¥t

1 . 1 .
6) (—smi——yz—cos-z + lex +(—cosiv———x2—sm£+i2]dy =0.

y ¥y x x X x Yy y oy
1.9. Tim ham s6 A(x) sao cho phuong trinh h(x)[(y+ In x)dx—xdy:l =0

5)

la phuong trinh vi phan toan phan. Giai phuong trinh d6 v6i A(x) tim duge.
1.10. Tim ham s6 A(x) sao cho phuong trinh
h(x)[ZCos 7 ydx — msin erdy] .

la phwong trinh vi phan toan phan. Giai phuong trinh d6 véi A(x) tim duge.
1.11. Gidi phuong trinh vi phan 2xy In ydx+(x2 21457 )dy — 0 biet
ring phurong trinh c6 thira s6 tich phan dang a = a( y) .
1.12. Tim ham s6 A(y) sao cho phuong trinh

h(p)| 2ex+ (1427 + 4xy)dy} =0,
12 phuong trinh vi phan todn phén. Giai phuong trinh d6 véi A(x) tim duge.
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1.13. Tim ham s6 A(y) sao che phuong trinh h(y)[(y +xp° )dx—xdy} =0
[a phuong trinh vi phan toan phén. Giai phuong trinh d6 v6i A(y) tim duge.
1.14. Bang cich dat y = ».x hiy gidi phuong trinh sau

xw'= v +2x cosx’, y(\/;) =0.
1.15. Gidi cdc phuong trinh sau:

D y'=ax+by+c: 2) y':___y+x—2;
y—x-4
' 2+J4f)/‘—x2 .
3)y:y—}7“—; 4) y(y* -x)=y;
2 dx 2_3 : ]
5) x‘ +2 4x dy =0 6) (2y+xy e +(x+x"y )dy =0;
Y y
3
7) [21y+x2y+y?]cbc+(x3+yg)dv:0; 8) y'=xJy + fyl;
x -
9) xy‘cosZ:ycosX—x: 10) y'= —tany.
x X COS y

1.16. Cho phuong trinh %} +a(t)x= f(x) trong d6 a(t)2C >0, f(1) >0

khi = +ec. Ching minh rang moi nghiém cla phuong trinh trén dén dan
t61 G khi # — 40,
1.17. Giai cic phuong trinh sau:

1) y"=x+sinx; 2) y"=arctanx;
3 y"=lnx; 4y xy"=y'";
S5y y'=y'+x; 6)y"=i+x;
X
7 1+x7)y"+ () +1=0; 8) xy"=y'In;
X
9) 1+ (y"y =2py"; 10) ('Y +2py"=0.
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1.18. Giai cdc phuong trinh sau:

2 )

D a’y"-y=0; 2) y"+I—~(y')“ =0;
—
3wy =L 4) 2yy"-3(y') =4y":
5 y(I-Iny)y"+(1+Iny)}y)y =0; 6) "= ¥y =y"y"
7 "= w'iny = (¥ 8) y"z.v{L— 1—41;
y y

I o) 9

9) xy"—z(y")'—y'ZO: 10) 2xp'y"=(y') —1.

1.19. Giai cédc phuong trinh sau bang cdch dat

t

}{y‘:pe (})')3 =p, xy':p, -‘J_;_:p_’
D xyy"+x(p') =3 2) xp"=ye" ~1);
1
3) yyu+(y')2 =X 4) y!t+_ym_lz=0;
X X
dZy dy ]2
%2 [P V200 6w =yl 1),
) ydxz[dxy ) "=y -y

1.20. Giai cdc phuong trinh sau:
D y'(x*+1)=2xp". y(0)=1, y(0)=3;
2) xy"tx(yy -y'=0,02)=2 (2=
I x»
3 Y7o S ) =0 Y (2= s

X

-

4) y"=e”, y(0)=0, y(0)=1;
5) 200 =y"(y-1 y(1)=2, Y1) =-1;
6) y"=xy'+y+1, y(0)=1 y(0)=0.
1.21. Tim nghiém t6ng qudt cia phuong trinh (l — xz)y"_ 2xp'+2y =0,

bi€t mot nghiém rieng cland la y, = x.
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r k) i 2 .
1.22. Tim nghi¢m t6ng quat ctia phuong trinh y"+ = p'+ 3 =0, biét mot
X

nghiém riéng cuanéla y, = x“sinx, & (cin xéc dinh).

1.23. Phuong trinh {2x-x’ )y "+ (x* = 2)y"+ 2(1-x)y =0, c6 nghiém
y =e€". Hdy tim nghiém cta phuong trinh, thda man céc diéu kién ban ddu
yH=0,yM)=1.

1.24. Tim nghiém t6ng quét clia phuong trinh (l —x )y"— xy'+9y =0, khi
nghiém riéng cta né 1a da thiic bac ba.

125, Tim o d& y =e™ 1a nghiém cla phuong trinh vi phan
(x-1)y"=xy'+ y=0. Véi o d6 hiy tim nghiém téng quat cia phuong
trinh.

1.26. Hiy tim nghiém cta phuong trinh (1+x)° y"+ 2x(1+ xy'+y=0,
théa man diéu kign ban ddu y(0)=-2, y'(0)=-1, bing cdch dat
u=yJl+x°.

1.27. Giaj phuong trinh vi phan x*y"+4xy'+ 2y = In(1+ x), biét phuong
trith thudn nhdt teong ing cé mot nghiém riéng dang y, = x*, & 13 hing s6
can xdc dinh.

1.28. Tim nghiém tng qudt clia phuong trinh x?y"- 3xy'+4y=xlnx, biét
rang phuong trinh thudn nhat tuong Gng c6 mot nghiem y = x2.

1.29. Giéi phuong trinh x°y"+ 7xy'+ 13y =100x In x bing cich dat x =¢'.
1.30. Tim nghi¢m tong quét clia phuong trinh xp™+ 2y'+ xy = x bing cdch

dat y:E.
X

1.31. Giai phuong trinh x’p"-{6x" +2x)p'+(9x> + 6x+2) y = 4x’e>
phrong y

bing cach dit y = ux .
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1.32. Tim nghiém téng qudt cdc phuong trinh vi phan sau:
ghic 24 p g P

) v'"+y'=2v=40; 2y y'—4ry'=0;
3) ¥'=9y=0; 4) 3y"-2y"-8y =0
S v+ y=0; 6) v'+06v'+13y=0;
" ! . d:x dx
7) 4y =8+ 5y =0; 8) 492 20 125020,
dt” dt

1.33. Tim nghiém cua cdc phuong trinh sau thoa min diéu kién ban dau:

Ly »"=43'+3y=0. p(B) =6, y'(0)=10:

2y v'+4v+29v=0. v(0)=0. v'(0)=15;

B Ay+ay'+y =0, (0)=2. »'(0)=0,

4y y"+yv=0v(m=1Ly(7)=1.
1.34. Tim nghiém tong quéat cdc phuong trinh ¥"-33'+2v = f(x). ncu
f(x) bang:

1) 10e *; 2) 3e™: 3) 2sinx;

4y 2x° - 30: 5) 2e” cos%: 6) x—e " +1.

1.35. Tim nghiém tong qudt cdc phuong trinh 2y"+5v'= f(x), néu
f(x)bing:
) 5x" —2x-1; 2) e 3) 29cos x;

4) Cos” x: 5) 29xsinx; 6) 100xe " cosx.
1.36. Tim nghiém tong quét cdc phuong trinh y"-4y'+4y = f(x), néu
f{x) bing:

D1; 2y e 3) 3e™":

4) 2(x+sin2x);  5) sinxcos2x; 6) 8(x° +e™* +5sin2x).
1.37. Tim nghi¢m tong quat cdc phuong trinh 3™+ y = f(x). néu f{x)bing:

1 2x' —x+2; 2) —8cos3x; 3) cosx;

4y sinx—2e™; 3) cosxcos2x.
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1.38. Tim nghiém tong qudt cic phuong trinh sau:

X

D y'=2y+y=——0:
x +1

4

2y yi-y'l=——
e +1

3) ¥"+ v =—cot’x.

1.39. Tim nghiém cua cic phuong trinh sau thoa min diéu kién ban dau:
D) 4y"+16y"+15y =de 2 p(0)=3, y'(0)=-5,5;
2) ¥"-2y+ 10y =10x" +18x + 6, y(0)=1. y(0)=3.2;
3y =y =2(1-x). »(O) =1, »(0)=1;
4 y"=2y'=e(x" +x~3), W0)=2, y(0)=2.

1.40. Giai cdac hé phuong trinh sau:

d—x:y—?x, ?:2x+}’.
b ;!r 2) dr
34 'y
=-2x—-5y. ——=3x+4y.
dr g di g
dx"x— '+ z i{"2x+
i > ’ Y
3} E(“E:JCer—-z, 4) @:x+3y—z,
dt t
dz dz
_.:2x_ ’ —*221'+3Z‘_x.
dt ) t ’
DAP SO
LI DI+ =C(l-x"); 2)x*+y’'=InCx?; 3)p=YC+3x-3x*:
y-1

4) _}‘:CSII'lx—a’, 5) Cx:-—’ 6) x\/l_}72+}:\/l_xzzc,
Y

7 W=arcsinx+€; 8) e =C(l-e):
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DI +107 =C: 10) In

tanX‘ =C —ZSiI’IE.
4 2

unl‘r l +
1.2 l)y:eI 2y = +x:3)cosx=xﬁcosy:4)y:b )
1-x I+ bx
1.3.1) y-2x=Cx'(y+x):2) urclanz=lr1C'v’x2 +y7 13 lr1|y|+~JE =C;
X ¥y

4y x* +y* =Cv:5) y=1x2In|Cx|:6) x" =~ +2Cy N e =Cy;

8) In{Cx|= ‘6’_7‘.’: 9) (x+ v)* = stem“é‘.;: 10) y = xe'™ .

'1.1‘ 1o
2 &l

14. 1)y’ +y  =er 1 2) v =y -x3) y=—x; 4) y* =5+ 25x.

2 |
15. Dy=Ce™ +2x~1; 2) y=¢~ [C+%J; 3) y=Cxe* +x°;

4y y=(x+CY1+x"); 3) _v=Ce"'+%(cosx+sinx);

2 3 - Ty | S 1
QJY*2XZCV:7)XZC€J+§y“+ly+—;

27 g
. AT
S)y:e'£ln|x|+~2—J+(e'.

1.6. 1)y= Ly y-drabze
COS X X
3 y= ad (x-1+Infx|); 4) x=-rarctant.
x+1
1.7. 1) -l—zzCez"J+x2+l; 2y y= 1 ;
y 2 (1+x)[In|1+x|+C]

)& =yUC-y) D a(+Inx+Cx)=1;

5) px+ Cy=——1 6 Jy =TI
X

COSX
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I 1 . x°
Dx=Ce™ +=y +—yp+—: 8) y=e'l In|x|+— |+ Ce".
Sy gyt )y { | x| 2}

18. Ux'—x'+3'=C:. ) xe*—3* =C;
J;‘

3) x+arctan=— = 4 x=C;
x
5) «/x2+y3+zzc; 6) sini—cosfjtx—lzc_
X x y Y
1.9. h:—lg,—llnx—l—l}q—]:C.
X X X x

1.10. h(x)=e>,e* cosmy=C.

1 , I i3
1.11. =—, x°1 —M1+v ) =C,
(y) }_ X ny+3 (+} )

2
L h=— I oc
yooy 2
2 2
1.14. u':m,f:szsinxz.
~U

LIS. 1) abx+ B y+a+be=Ce™; 2) ¥ +2xy— v —dx+8y=C:

r +intx+y|[+3lnly—-x]=C; 4 y-‘_3xy:(j;
X=y

5 x° -y =0y 6) 3x’y+x’y' =C;

3)

7)y(x +7] Ce™ 8)3\/j:C4x2—1+x2—1;

Ly
M=

Nxe *=C; 10) siny=x-1+Ce™
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i | .,
1.16. HD: Phirong trinh QE +a(t)x = f(x) cé nghiém téng qudt la
{

x(0)+ If(s)e;'a{xmds

x{r) = .

€

Vi f(1) >0 khi £ — +o0 nen: Ve >03M(£)>0 Vi > M=|f (1) <&

j el x Jebx
)

Do d6 x(1) — 0 khi + —> +oo,

1.17. 1) yz’; —sinx+Cx+C,;

arctan x
2) y=

(xz—l)—gln(l+x2)+C|x+C2;

2

3) y= ; {lnx—%}ﬂ-C]erCz; 4 y=Cx*+C,;

5) y=Cle"+C2-x—%; 6) y:%x3+Clx2+C2;
7) y:(1+C]2)1n|x+C.‘I |-Cx+C,;

Z
8) y=(Cx-C)e" +C,1 9) (x+C,)* =4C(y—C);

10) y=C/(x+C,)*.

1.18. D y= Cle; +C‘_’€_;; 2) y= X+CI ,
) x+C,

H(x+CY =y =C5 4 yeos’(x+C)=C,;

Y

N x+C)ny=x+C; 6)Cx+C,=In
- - y+C

[l

x+C,

7 =Ctan(CIny), C > 0; 8) In{Cy|=2tan(2x +C,);
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L.19.

3

g) ,1/’ = (jtx(x— (:‘l ) —+ CE\ },‘ — x?’

+C;

10) 9C,v" =4(1+Cx)’. y=1x+C.

Dy =Cx" +C,; 2) v=In

1

C, -xY

1 - =+
3) J;:\ngs—kclx—kcz; 4) ,V:C|X+C~-__
X

&
Hyv=Cxe', 6)In|y+C |+ =x+C,.
1
1.20. l)ﬂv:x3+3x+l; 2) y=2+lr1£; 3) y=3x 2X—E,
4 5 5
x+1 e
Hyv=-Inl-x[; Hy= : 6) v=2e> -1.
x
1.21. y = Cxlnl ~2C, +Chx.
1-x
122 g=-1 y=C30X, o 08X
X X
1.23. y=x"—¢"

1.24.
1.25.

1.26.

1.27.

1.28.
1.29.

214

y=C(4x) = 3x)+ C,W1-x" (4x —1).
o =1. yl:e"'!yzz_x! ’:Cﬁ’x-l—sz.
CY+C x4+ 2

TN

—xz)ln(1+x)+§(xﬂ2)].

MNZO’ u:CIX+C2’ y

CC1+

X X X

o =—1. y=—

yo=x.y,=x"Inx, y=(C +C, ln)c)x2 +xinx+2x.
t=Inx, Yy 46y, +13y =100z¢" .
y =x[C cos(2inx)+ C,sin(2In x)]+{5Inx - 2).



1.33.

1.34.

1.35.

! .o
cu"tu=x, y=—(Crcosx+C,sinx+x).
X

cu'—bu'+u=4.e", y=ux=e" (C.’lx +Cox’ +2x° )

l) y= C,e"' + Cze_z't; 2) V= CT]eJI + CZ; 3) y= C!33x + C'ze_‘?"r "

1

4) y=Ce* +Ce ¥ : 5) y=C, cosx +C,sinx;
6) y=e"(C cosx+ C,sin2x);

x X oo X : 2.5
7 y=e(C COSE+(.3 smz); 8) x =(C, +Cyt)e™".

1) y=4e* +2e7: 2) y=3esinSx;

3) y:e_z(2+x): 4) y=—cosx—sinx

*

. 5 5
) y=Ce +C.e”™ +y*, trong dé y*= Ee_"'

2) y*:3xez’; 3) y*:%cosxvtésinx;

9 , 21 I5
4) y*r=x'+ x4+ x——;
)y 2 4

2 X X ] 5 1
Sy y*=——e€"|cos=+2sin=|; 6) yE=—x+-——e ",
YT { 2 2} g

2 4 12
1) y=C +Ce™ + y*, trong dé y*=lx3-—§x2+ix;
3 5 25

2) y‘z%e-‘; 3) y*=-2cosx +5sinx;

4y y* =_1_.x+—-5—sin2x—icos2x;
10 164

5) y’“:[—fix—E cosx—[Zx—@ sinx;
29 29

6) y*=e "[(10x +18)sinx — (20x +1)cos x];
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1.36. 1) y=(C, +C,x)e™ + y*, trong d6 y*=—

l : ]
2y y¥=—¢™" 3 ,v*zéx“e"; 4} y*=1x+l+lcos2x;
2 2 4

I -
5) y* :—(—ésin 3x+60053x]—L(3Sinx+4cosx);
169 50

6) y¥=2x" +4x+3+4x e +cos2x.
1.37. 1) y=C cosx+C,sinx + v*, trong dé y* =2x" ~13x+2;

-x,

b 1
2) y*=cos3x: 3) yF=_xsinx: 4) Jf*=—5x005x_e :

“—

Sy y*= J—(xsinx-lcos_?x].
4 4

1.38. 1) ¥y =(C, + Cox—Invx* +1 + xarctan x)e*;
2) y=e'(x+C)-(¢" +Dn(e* +1)+ C, ;

X
tan—|.
2‘

3) y=2+Ccosx+C,sinx+cosxin

1.39. 1) y=(l+x)e™™ +27%°
2) y=¢"(0.16cos3x+0,28sin3x)+ x* +2,2x+ 0,84
3y y=e"+x"; 4) p=e(e"~x—x+1).

x=e "(C cost +C,sint),

1.40. 1) 9 _
y=e"[(C, +C,)cost+{C, ~C,)sint].

r-(“e +Ce
y=-Ce¢ +3C'e“r

x=Ce +Ce" +Ce™,
y=Ce' -3Ce™,
z=Ce +Ce” -5Ce™".
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x=Ce* +e”(Cycost + C,sin),
4) Jy=e"[(C, +C)cost +(C, - C,)sinr],
z=Ce” +e¥[(2C, - C,)cost +(C, + 2C,)sint].
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