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Chuong 1
HAM SO NHIEU BIEN SO

1.1. KHAI NIEM MO DAU

1.1.1. Dinh nghia ham s6 nhiéu bién sd
Xét khong gian Euclide n chiéu R" (n > 1). Mét phdn tu

x € R" la mo6t bé n =6 thuc (%, x5, ., x) . D 12 mot tap
hgp trong R". Ngudi ta goi 4nh xa ' '
' f:DP—=R

xdc dinh bdi
X = (X, %5, .., X) EDrru=fx) = f(x,, 5 - xn) R
la mdét ham s6 ciia n bién sé xac dinh trén D ; D duge goi 1a

mién xdc dinh cua ham s6 f ; Xy, Xy, .., X dudc goi la cdc
bién sé doéc Igp. NEu xem X[, X5, ., X 12 cdc toa dd cia mét

diem M € R” trong mot hé toa do nao dd thi cing cd th8 vist
u = fi(M).

Trong trudng hop thudng gap n = 2 hay n = 3, ngudi ta
dung ki hi¢u z = f(x, y) hay u = f(x, y, 2}

Trong giao trinh nay ta s& chi xét nhitng hé toa do décac
vudng goc.

1.1.2. Tap hop trong R™

o Giast M(x , x,, .., x), N(y,, ¥,, . y,) 12 hai diém trong R".

Khoang cach giita hai diém &y, ki hiéu 1a d(M, N), duge cho
bdi cong thic



‘ﬂ
1i2
dM, N) = (D) (% = ¥)* )
i=1
C6 thé ching minh dwoc ring v6i ba di€ém A, B, C bat ki
trong R", ta cd
d(A,C) < d(A,B) + d(B,C) (b4t dAng thite tam gisc)

e M la mét diém thude R"™. Ngudi ta goi € — lan cén cia M|
la tap hop t4t cA nhitng di€ém M caa R" sao cho d(M M) < &
Ngudi ta goi lan egn cia M_ la moi tap hop chia mﬁt £ - lan
cén nao dé cua M.

e E la moét tap hop trong R". Diém M € E duge goi 1a

diém trong cia E néu t6n tai mot £ - l4n cén nao dé cia M

ndm hoan toan trong E. Tap hgp E dugc goi la md n&u moi
diém cta nd déu la diém trong.

¢ Diém N € R" duge goi la diém bién cua tip hop E néu
moi £ - lan cén cia N déu via chda nhitng di€m thuge E, via

chita nhitng di€m khong thudc E. Di€m bién ciha tép hop E cd -

th€ thudc E, cing cd thé khong thude E. Tap hgp tdt ci nhitng
di€m bién cta E dugc goi la biérn cua nd.

e Tap hgp E dugc goi la déng néu nd chiia moi diém bién
cha nd (fic 1a bien cha E 12 mdt bé phan céa E).

Vi du : Tap hop tit ca nhitng diém M sao cho d(M_, M) <r,
trong dé M 1& mot di€m c6 dinh, r 12 mét s8 duong, 14 mét
tap hop m(’i That vay, goi E la tap hop dy. Gia st M la mot
diém bat ki cia E, ta cd d(M_ M) < r. Dat € = r - dM_, M),
£ - lan c4dn cia M nim hoan toan trong E vi néu P 1& mot
di€m cua lan c4n &y thi ta cé d(M, P) < & do dd theo bat
ding thdc tam gidc . '

d(M_P) < dM_M) + d(M,P) < d(M, My +e=r 1

o
Tap hop E dy dugc goi 1a gué cu md tam M, ban kinh r.
Bién cua tap hgp 4y gém nhiing di€m M sao cho dM_M) =
r, dude goi 1a mat cdu tam M ban kinh r. Tap hop nhﬂng
diém M sao cho dM M) = r la mot tip hogp dong dudc goi la
qud ciu déng tam M ban kinh r.
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o Tap hogp E duge goi la bf chgn néu tén. tai moét qua cdu
nao dé chia nd.

e Tap hop E duge goi la lien théng néu cd thé néi hal dlem
bat ki M. M, cta
E bdi mcﬂ: ducng
lién tuc nam hoan
toan trong E ; tap
hogp lién théng duge
gol 14 don lién néu
nd bi gisi han bai
mot mat kin (hinh
1.1a), la da lién
néu nd bi giéi han
bdi nhidu mat kin
roi nhau ting déi
mot (hinh 1.1b). Hink 1.1a , Hink 1.1b

1.1.3. Mieén xac dinh cia him s nhi¢u bién sd

Ta quy u6e rdng néu ham s8 u dude cho bdi biu thic u = f(M)
ma khong ndi gi thém vé mién xdc dinh cia nd thi mién xac
dinh cia u duge hi€u 1a t4p hgp tit ci nhitng di€m M sao cho
bi€u thic f(M) cd nghia, thuding dé 1a mét tap hgp lién thong.

Vi du 1 : Ham s6

z= y‘l—xzw? duge xic - dinh 1

trong midn x° + y® < 1, tic la

trong qué ciu déng tAm O ban %//

kinh 1 (hinh 1.2). //
4

Vi du 2 : Mién x4c dinh cta

ham 86 z = In(x +y - 1) 1a // X
mién x +y > 1 (hinh 1.3). %%
Vi du 3 : Ham s6 774
X . i
= Jl-—x‘-y‘-—z" dugec xdc
dinh khi x? + y* + 22 < 1, Hinh 1.2



mién xdc dinh eda nd la qua
Ly cdu md tAm O bdn kinh 1.

A Sau nay cac khai niém
\// sé duge trinh bdy chi tiat

cho truéng hgp n = 2 hay
n = 3 ; cdc khai niém A&y
cing dugc md réng cho
trudng hop n nguyén duong

. bat ki.
<

. 1.1.4}. G\i(’]i hg,m cha
Hink 1.3 ham sO nhiéu bién so

e Ta ndi ring ddy diém
{M, (x,, y)} din téi difm M_(x_, y,) trong R? va vist M_ — M_
khi n — o néu lim d(M_, M,) = 0 hay:néu
a n— o
limx, =x,, limy, =vy,.

n— " . n—> &

o Gid s ham s8 z = fiM) = {(x,y) xdc dinh trong mégt lé.n\

cdn V ndo dé cia diém M (x, v ), ¢ thé trir tai M, . Ta ndi
rang ham s6 f(M) cd gidi hgn ! khi M(x,y} ddn dén M  néu
vdi moi day di€ém M (x_y} (khdc M) thudc lan c4dn V ddn dén
M, ta déu cd

Clim f(x, y,) = 1.

n— o
Khi d6 ta viét
lim f(x,y) = { hay lim f(M) =

{x. -V) - (xo ) '\"”) ) M _bMo

Cing nhu khi xét gidi han caa ham sd mat bién s6, cd thé
ching minh ring dinh nghia trén tuong duong véi dinh nghia
sau : Ham s6 f(M) c6 gidi han 7 khi M dan dén M néu Ve >0,
33 > 0 sao cho

M, M) < 6 = |f(M) -] <&
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e Khai niém gidi han v6 han ciing duge dinh nghia fucné
ty nhu d6i voi ham s6 mot bién 86 Chang han }

— >+t khi (x,y) — (0,0).

. %2 + y2
e Cic dinh li vé& gigi han cha téng, tich, thuong d6i vai
ham s¢ modt bién s6 cing diung cho ham s6 nhiéu bién s6 va
duge ching minh tuong tu.

Vi dy 1: Tim lim f(x,5) , v0i f(x,y) = S5 .
(x.y)—(0.0) = +y
Ham s8 f(x,y) xdc dinh trén R? \ {{0,0)}. Néu cho (x,y) — (0,0)
theo phuong cia dudng thing y = kx, ta cd
f(x, bx) = —— Khix = 0.
Do do
k

lim f(x, kx) = R
X0 1+k* .

Vay khi i(x,y) — (0,0) theo nhitng phuong khac nhau,
f(x,y) ddn tdi nhitng gidi han khdc nhau. Do d¢ khong tén

tai lim f(x,y).

(x.3)— (0,0) :
Vide2: Tim lim gy , voi gx,y) = —F

L 2 : xy) , vOi gx,y) = :
®.3)—(0.0) Va® +y

Ham s8 g(x,y) xdc dinh trén RZ \ {(0,0)}. Vi x—’:_y_

Vix,y) = (0,0) nén
| |

lgx,yi = Nreae Iyl < Iyl .

Vay
lim g(x,y) = 0.
(x.—~@®.0)



_xy
Vi du 3 : Tim lim h(x, y), v8i h(x, y) = .
(530~ (0.0) 2x” +3y°

Ham sd h(x, y) xdc dinh trén R*\{(0, 0)}. Néu cho (x, y) — (0, 0)
theo phuong cia dudng thdng y = kx, ta cd

k3x?
h(x, kx) = ——— , ¥x # 0.
(k%) 2 + 3k'x*
Do d6 h(x, y} — 0 khi (x, y) — (0, 0) theo moi phuong
y = kx. Nhung diéu dd khong cd nghia la giéi han phai tim
tén tai va bang 0. That vay, néu cho (x, y) -+ (0, 0) trén dudng
= y‘3, ta o6 :

1
h(f.‘/)‘g 5

Do dd hiz, y) —» = k}u (x, y) (0, 0) doc theo dudng parabén

bacbax—y

1.1.5. Tinh lién tuc cita ham s6 nhién bién so

e Gia s ham s6 f(M} x4c dinh trong mién D, M_ la mét

di€m thugec D. Ta ndi ridng ham sé f(M) lién tuec tai M, néu
ton tai gidéi han

lim fM) = f(M,).
M—+M_

Néu mién D ddéng, M, l& mét diém bién ~da D thi
lim f(M) dugc hi€u la giéi han cia f(M) khi M dan dén M g
M—M,_ '
bén trong cua D.

Gid st M_ cd toa d5 12 (x, y,), M cd toa d8 1& (x, + Ax,
Yo t Ay). Dat Af = f(x, + Ax, y, + Ay) - f(x, y,). Dinh nghia
trén «¢d thé€ phat bifu nhu sau : Ham sd f(x, y) duge goi la
1ién_ tuc tai (x,, y) néu nd x4c dinh tai d6 vA né€u Af — 0 khi
Ax — 0, Ay — 0.
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Ham s8 (M) dugc goi 1a lién tuc trong mién D né&u nd lién
tuc tai moi diém thuéc D.
e Ham s6 f(M) duge goi la lign tuc déu trén mién D néu

Ve > 0, 3 d > 0 sao cho v&i moi cap di€m M’, M” thudc D
ma dM’, M) < § ta d8&u cd

[ (M) - fM”)]| < ¢

¢ Ham s6 nhiéu bién sd lién tuc cing cd nhitng tinh chat
nhu ham s6 mot bién s6 lién tuc. Chang han, néu ham s§ nhidu
bién s6 lién tuc trong mot mién ddng, bi chan thi nd bi chan
trong mién 4y, nd dat gid tri 16n nh&t va gia tri bé nhdt cia
nd trong mién 8y, no lién tuc déu trong mién 4y.

Vi du 4 : Khao sat tinh lién tuc ctia ham s§

| xy|«

néu (z,y) = (0,0)
f(x,y) = (:}:2 +y?

néu (x,y) = (0,0)

trong d6 « la mot hidng s6 duong.

f(x,y) lién tuc V(x,y) = (0,0) vi la thuong tia hai ham s6
lién tuc ma miu sd khdc khong. Vay chi cén xét tai di€m (0,0).
Theo bfit ding thic Cauchy, ta cé

1 1 _
|xyl < 5 & +y) = [fx,y) < o (x> +ydr1,

Do d6 néu @ > 1 thi lim f(x,y) = 0 , vAy f(x,y) lién tuc
(x.¥)~(0.0)

“tai (0,0).

Gid st o < 1. Ta 6

i

00N T g T i

khéng ddn t4i 0 khi x — 0,

vay f(x,y} khong lién" tuc tai (0,0).



1.2. PAO HAM VA VI PHAN

1.2.1. Dao ham riéng

Cho ham s6 u = f(x,y) x4c dinh trong mdt mién D ; M _(x_, v}
12 mot diém cia D. N&u cho y = y_, ham s6 mdt bién s6
x == fix,y ) e6 dao ham tai x = x| , thi dao ham dd dugce goi
1a dao ham riéng cua [ dél vii x tal M, va duge ki hiéu la

of - fu
£(%, > ¥o) hay —— (x,,5,) bay -— (x,,5,) -

bDat A f = f(x  + Ax, y) - f(x, y ). Biéu thic dd duge goi
la s6 gia riéng cha f(x,y) theo x tai (x_y ) Ta c6

Caf i !
0% (XO’ YO) Axr—nr(}Ax
Tuong td nhu vay, ngudi ta dinh nghia dac ham riéng cua
f d6i voi y tai M, ki hi¢u 12

, of.
fy(xn,yU) hay

y ®a» Yo hay = 3y = (s Vo) -

Céé dao ham riéng cﬁa ham s6 n bién s6 (n = 3) dugc dinh.‘ .

nghia tuong tu. Khi tinh dac him riéng cia mét ham s6 theo
bi€n s6 nao, chi viéc xem nhu ham s8 chi phu thudc bién sd

gy, cac bign s8 khac dude coi nhu khong ddi, r6i 4p dung cdc

quy tac tinh dao ham ctia ham sd mdt bién sé.
Videl: z=5%"(x>0).

0z Jz :
7 yx " x¥In x .
Vidu2: u = x3zarctg% (z = 0).

du Ju 1
.= = 3x?z arict:gZ ,—— = X2 .
X z dy YZ
145
2
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Ju 1

—)—-—-—x arctg +x*z
s

yz__
y2 + 22 ) ’

— _‘_y_ PR | X_
72 ( 32) x (arctgz
1+=
z2
; o f . .
Chit thieh Ix la mét ki hiéu, chit khéng phai 1a mét

thuong ; of va ox ddng riéng ré khong cd ¥ nghia gi.

1.2.2. Vi phan toan phan

& Cho ham s6 z = f(x,y) zac dinh trong mién D. Lay cdc
diem M (x,, y)) € D, M (x, + Ax, y, + Ay) € D. Bi€u thic

Af = -f(zx  + Ax, y  + Ay) - f(x_y ) duge goi 14 s6 gia toan
phén cia f tai M_. Néu c6 thé bifu dién ng duéi dang

(1.1) Af = AAx + B.Ay + aAx + Ay,
trong d6 A, B la nhitng s8 chi phu thuéc x, y_, ¢dn «, § din
t6i 0 khi M — M, tic 14 khi Ax — 0, Ay — 0, thi ta néi
ring ham s6 z 1a khd vi tgi M_, cdn biu thic AAx + BAy dugc
goi 1a vi phén foan phén cia z = f(x, y) tai M, va duoc ki
hiéu la dz hay df.

Ham s6 z = f(x,y) duge goi la khd vi trong mién D néu nd
kha vi tai moi difm cua mién 4y.

Chd thich. N&u ham sé f(x,y) khd vi tai M o(%, ¥,) thi ti

dang thde (1.1) suy ra rang Af — 0 khi Ax — 0 Ay — 0, véy
f(x,y) lién tuc tai M |

o D&i vai ham s6 mot bién s6 y = f(x), néu tai x = x, ton
tai dao ham (hiru han) f’(xo} thi ta ecd

Ay = flx, + Ax) - f(x ) = f{x )Ax + aAx,

trong dd a — 0 khi Ax — 0, tdc 13 f(x) kha vi tai x = x_. Déi
voi ham 8 nhidu bign s§ z = fix, y), sy tén tai cda cac dao
ham riéng tai M (x,y,} chua du d& ham s6 kha vi tai dd. That
viy, xét vi du sau :
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Cho ham sé&

X

Y
fix,y) = {x2+y?
0 néu (x,y) = (0,0)

néu (x,y) = (0,0)

. Ta cd

£, 0,0 = lim K00y, 10,0

h—10 h—i

0,

vi f(h,0) = 0 néu h = 0. Tuong tuy, ta ed £ _(0,0) = 0. Cdac dao
ham riéng f’v tai (0,0) déu tdn tai, nﬁtmg ham s6 f(z,y)
khong lien tuc tai (0,0) (xem vi du 3, muc 1.1.5) nén khong
kha vi tai (0,0).

Dinh H sau day cho ta diéu kién dG d& ham s6 z = f(x,y)
kha vi tai M_(x, y,)-

Dinh Ii 1.1. Néu ham s6 z = f(x,y) c6 céc dao ham riéng ¢
lén cén diém M, (x,, y,) vé néu céc dgo ham riéng dy lién tuc
tai M thi flx,y) khd vi tai M va ta co

{1.2) dz = £ Ax + f’yAy‘

. Thit vay, ta cd -
Af = f(xo + Ax, Yo + Ay) - f(xo, yo) =
= [f&x, + Ax, y, + Ay) - fix, y, + Ay)] + [fx, y + &y) - fix,, ¥ )]

Ap dung cong thic s§ gia gi6i nodi cho ham s6 mdt bi&n 86, ta
dudgce

fix, + 8x, y, + Ay)-- fix, y, + Ay) = Axf(x_ +6,Ax, y, + Ay)
fx, vy, + Ay) - flx, y) = AyAf'y(xo, ¥, T ,Ay),

trong dé 0 < 8, < 1, 0 < 6, < 1. Nhung vi £’ va f"Y lién tuc
tai M_ nén ' :

£ (x, + 8,45, y, + Ay) = £ (x,y,) t o,

£y Yo + 087) = £(x, y,) +

12
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trong dd @ —> 0, § — 0 khi Ax —» 0, Ay — 0. Do dg
Af = £ (x, y).Ax + f"y(xn,yn).Ay + aAx + fAy,
vay f(x,y) kha vi tai M_ va ta cd déng thuc (1.2),

Chii thich. Cang nhu d6i v8i ham s6 mot bién sd, néu X, ¥y
la bién s8 doc lap thi dx = Ax, dy = Ay, do dd

dz = f dx + £.dy.

e Tu dinh nghia ta thdy rang vi phan toan phan df chi
khac s6 gia toan phin Af mét vo cung bé bic cao han p =
=VAx? + Ay’ . Do dd khi Ax va Ay ed tri s6 tuyét d8i kha
bé, ta cd thé xem Af = df, tiyc 1a ’ :

(13)  fix,+Ax, y +Ay) = f(x, y,) + f(xy TAX + £(x,, y)Ay

. — . . 1,02
Vi dy : Tinh gdn ding arctg 0.05
Xét ham 86 z = arctg% - Ta cén tinh z(x + Ax, Yo T Ay),
voi x, = 1, Yo = 1, Ax = -0,05, Ay = 0,02, Ta c6.
z' = ——ZL-E s z’y = T{__z ; Théo.céng thide (3), ta cd
x“+y ' x“+y :
1.0,02+ 1.0,05
z(1 - 0,05 ; 1 + 0,02) = z(1,1) + 0 3 1.0 =
= -'E + 0,035 =0,785 + 0,035 =0,82 radian.

1.2.3. Pao ham cia ham s6 hgp
D la mét tap hgp trong R" Xét hai 4nh xa p : D — R™
f: ¢(D) = R. Anh xa tich fop xac dinh bai

v . .
fop : (x, ..., x,) € D— (uylxy, oy x), o, u (X, X)) € p(D)
f .

= flu(x,..x ). u(x,., x)) € R
duge goi la ham s6 hgp cia cac bién s3 Xy, . X, qua cdc
bién s6 trung gian u;,..., u_. D& cho don gian, ta xét trudng

hopn =m = 2 Dat F = fop, ta cé
¥ ' r
F:(xy) € D— (ulxy), vix,y)) € (D) — flu(x,y), v(x,y)) =F(x,y)

13
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Dink It 1.2. Néu f cé cac dgo ham riéng ——,}i e f lién tuc trong
[ [y

du Ju gv dJv

D éu u, v ¢d cdc doo ham rién -—, tr
w(D) va néu ¢ dgo g oy 0y’ 9x’ ay ong
. . . ) aF oF i
D thi trong D ton tai cdc dgo ham riéng pyont -{E va ta cé
o F _ of ou + of v
9x  du dx  dv ¥x

(1.4)

¢F af gu il af UV_

D9y  9u dy dv oy

Chu’ng mink. Gia sit (x, y) € D, (x, +h, y) € D. Dat
= Fix, + h, y) - Fix v,

= fux_ +h, y.), vix, + h, y)) - flux,, v, vz, y))

va ki hiéu u = ulx, y ). u; = uwix, + h, y), vo = vix,y,),

v, = v(xD + h, yn). Ta cd

& = f(up,v) = f(ugv,) = [f(u,vy) — fug vl + v fugv,)]

s flu,, v)) —flu,, v} u —u, My, vy) —flu,,v) v —v,
¢ = . + - :
h u, —u, _ h VY, h
of of . ke
Vi 29’ 9v lién tuc trong A nén céng thdic sé gia gidi ndi

ap dung vao f(u, v)) - flu V) va f{uo, v,) - f(u, v ) cho ta

0,
& of -y \"1—'\"0

0O
et )

trong dé w, = u, + 6/, - u), v, = v, tov, —v),0<8 <L
0 <6, < 1. Choh — 0, tadugc

é 6 ov '
lim ¢ 1’Y M n’ }) n’ ! _( o u)'_{th’y s} '
h—’(lh 0) ()X ¢ Ux o7 -

Ddé 1a dang thic ddu cua (1.4), Dang thie thy hai cta (1.4)
duge ching minh tuong tu. l

14



Céc cHng thue (1.4) cd thé vist duai dang ma tran

agu Jdu
oF oF,  of of |ox oy
(E)x EJy) - ('{’lu E)v) dv  dv|’
dx gy
trong dé ma tran
gu du
0x. oy
Jv Jv
0x 0y

duge goi la ma frén Jacobi cua anh xa ¢ hay ma tran Jacobi
cia u, v d8i v0i %, y, con dinh thiéc cia ma tran dy dugc goi
la dinh thite Jacobi ciia u, v d6i véi x, y va dugc ki hiéu la
D(u,v)

D(x,y)

Trong tinh todn, ngudi ta khong phan biét f va F, ching ldy
cung gia tri tai nhitng di€m tuong dng (u, v) va (x,y). C6 th& vist

of af du of ov
—_— + —_—

O x du ox dv ox’

af_ af ou a_fb‘v

dy du dy ov oy’
Vidy : Cho z = e'lnv, u = xy, v = x? + y2. Ta cd
22 _ In v.y +e" -1-,2x:e"3r [yln(x2+y2)—l; ]
Jx ) v X2+y2
0z ' 1 2
s—=e'lnv.x +&'. - 2y = & [xln(x2+y2)+ Y ]
0y v ) x2+y2

Chii thich 1. Néu z = f(x,y), y = y(x) thi z 1a ham s& hgp
cia x, z = f{x, y(x)). Khi dd ta c6 .

dz of

dz _ ot ot
dx = ox ayY(X)'
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Néu z = f(xy) , x = x{t), y = y{t) thi z |2 ham =6 hop cla t
théng qua hai bién trung gian x, y. Khi d¢ ta cd

dr _af Lo 0f
du du av dv

Chu thzch 2, Né&u gia thiét thém rang — 5% ay g dy lién
of

. s of .
tuc thi tir (1.4) suy ra ring %’ 7y lién tuc, do 46 z xem nhu
ham s6 cda x, y 14 kh& vi va ta co
dz = 7% dx + —-dy
ThE cac cong thic (1.4) vao, ta cd

af 2u af @v

dz = (‘é‘;,a—x'i'av ax)dx+(_—'~t;‘§;+-a—‘;_—y)dy=
=_§—i (g_: dx+g_'ud}') +a—£ (a—:dx +g—;dy) =
= g—idu+§—fdv.

Vay vi phan toan phdn cda ham s§ z = f(u,v) cd cuing mot
dang di cho u, v l& cdc bi€n s8 déc lap hay la cdc ham s6 cua
nhitng bién s6 déc lap khée. Do d6 vi phan toan phian cia ham
s6 nhidu bién s6 cing cé dgng bdt bién nhu vi phan cta ham
s0 mot bién s8.

Cac cong thic
vdu — udv
v

ding khi u, v 14 cac bién s6 doc lap nén cing ding khi u, v
la nhitng ham sé ctia cac bién sd khac.

du £ v) = du * dv, d{uv) = udv + vdy, d (%) =

1.2.4. Dao ham va vi phan cap cao

e Cho ham s6 hai bién s6 z = f(x,y). Cdc dao ham riéng
f, £, 1a nhing dao ham riéng cp mot. Cac dao ham riéng
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clda cde dab ham riéng cp mdt néu tbn tai duge goi la nhing
dao ham riéng cdp hai. Ta cd bdn dac ham riéng cdp hai dugc
ki hiéu nhu sau : :

of 02 f ,
2z (ox) = o = &)
a ,0f 22t

5?(@) = oyox - L&)

of 92 f ,
i(_) = Bxoy Fw(x_’”

a ,of ‘o2 f ,
-3y (5—);) T oayr Py 9>

i

Cdc dao ham riéng cia cdc dgao ham riéng cp hai, néu tén
tai, duge goi 1a cdc dao ham riéng cdp ba,..

Vidy: z=x% +x*

2, = 2xy3 + 4x° z’y = 3x%y?
27 = 2y + 12x2 z"yx = bxy?
_ z”xy = Bxy* zyz = 6x%y .
Trong vi du trén ta nhén théy rdng z'° = z’_. Liéu diéu

dd c6 ludn luén ding Ithéng ? Ta ¢d dinh If quan trong sau day
Dinh I 1.3 (Schwarz). Néu trong mot lon cgn U nao dé cia diém

M, (x,,y,) ham s6 z = fix,y) cé cic dgo ham riéng f’;y, f’;x vée

néu cic dgo ham dy lién tuc tei M, thi [y =y tai M,

Chtfng minh. Gid si h, k 1a nhitng 88 dd nhdé, khdac 0 sao

cho cit difm (x, + h, Yo X, ¥, + k), (x, +h, y, +k thuge
mién U. Tinh bi€u thic :

A = [f(x, +h y +k& - fix, y, + B - iftx, +hy) ~
- f(x,, y.)] theo hai cach khac nhau. Truéc het, dat

ply) = fix, +h, y) - flx, y),

2- THCC-TA ]' 7



“ta ed
3 A = P(yo + k‘) - p@o)'
Theo cong thidc s§ gia gidi ngi, ta duge
A = ke'(y, + 0,k),
-trong dé 0 < ¢, < 1. Nhung
P’(Y) = fy,(xg +hy - fy’(xo, )k
Vi vay A = l:[f’y(x0 + h,y + 6k~ f'y(xo, ¥, +. 8,k)l.
Lai &p dung cong thic s6 gia gisi noéi d6i voi bien x & v&
phi, ta duge A = kbf (x  + 6:h, y, + 6,K),
trong d6 0 < 6, < 1. Bay giv viét lai :
A = [fx,+hy +k)-fx +hy)] -[fx,y,+kB - fx,y)] =
= 9z, + b) - yx),
trong 46
y(x) = fix, y, + k) - f(x, ¥y
Cﬁngnhutrén,tﬁntaihaisﬁﬂé,e‘*,04634 LOo<#g, <1,
sao cho A = hy'(x  + 6;h) = B '

B

= hf(x, + 63h, y, + &) — £2(x, + 85h, y)] =

= hlv.l:y(xe + 65h, y, + 8,k).
So sanh hai két qua tinh trén, ta thdy _
f(%, + 63h, y, + 01K) = f(x, + O5h, ¥, + O,k)

cho h — 0, k — 0, do gia thiét lién tuc cia f, va £ tai M,
ta duge -
k3] : ¥
(% ¥ = &%y ¥o)-

Dinh li 4y clng ddidg cho cdc dao ham riéng cdp cao hon
cia ham s6 n bign s8 v6i n = 3. Chidng han, néu u = f(x, y, 2)

+ 1

thi u”’z = u”;x = uw’ = u = ...né&u cdc dao ham 4y lién tuc..

xy y Xy xzy
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e Xét ham s6 z = f(x,y). Vi phan toan phén cia nd
dz = f_dx + f’ydy,

néu tén tai, cing la mot ham s6 cia x; y. Vi phan toan phén
cia dz néu ton tai, duge goi Ia vi phan toan phin cAp hai cla
z va duge ki hisu la d%z . Vay : :

d’z = d(dz) = d(f, dx + £, dy) .

Cu ti&p tuc nhu vay ngudi ta dinh nghia cAc vi phan cép
cao hon

&’z = d (d%2)

Az = 4@tz .

Gia s x, y 1a nhitng bi€n s8 doc l4p, khi 4y dx = Ax,
dy = Ay do la nhing hdng s khong phu thudc x, y. Gia si
dzz tén tai. Ta cd

d?z = d(dz) = (f,dx + f’}r dyy,dx + (f dx + i"ydy)’y dy =

= f2dx? + (" + ) dzdy + £2dy? .

Gia thiét ring f"xy va f’ ’yx lidn tue, khi dd ching bing nhau,

- vl vay
d?z = f”xzzclx2 +2f”x), dx dy +f"yzdy2. !

Ngudi ta thuong ding ki hiéu tugng trung
2, — (9 9 3.\2
(15) d% (axdx + aydy) f

trong dd cac binh phuong cida iy "'h,i phép idy dao ham

9
adx’ @

2
rieng hai l4n d6i voi x, hai l4n d6i v6i y, o= 5y chi phép lay.
dao ham riéng mot 1dn d6i voi y, mot 14n d6i voi x.

Tiéptuctinhménnhuvay,taduqccongthﬁclﬁythaatuqngtmng
n, _ {_Y_ i LS
(1.6) d"z = (axdx Ydy) f,
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By gio gid ¥ x, y khong phai 1a bién s6 doc lap, ma la cdc
ham s8 cda cac bién sd dfc lap s, t. Khi 4y dx, dy khéng phai
12 nhitng hang s6 nita, ma phy thude vao s, t. Do dd

d%2 = d(de) = d(f,,dx + £ dy) =
= d(f)dx + £, d(dx) + d(f)dy + £, d (dy)
= Madxd + 2" de dy + f”yzdyz + £, dx + £, d%.

RS rang trong trudng hop nay, cong thde (1.5) khong con ding

nita. Vi phén toan phén cdp 16n hon hosc bing 2 cua ham sé
nhiéu bién =6 khong cd dang bAt bién.

1.2.5. Ham s6 thuin nhat

D 1a mit tap hop trong R" e6 tinh chét sau : néu
di€ém M(x;x,..x) € D, thl ¥t > 0 dim (tx,, tx,,..., tx ) clng
thu¢c D, tde 1A n&u D chda di€m M thli D ciing chda tia néi O
v M. : '

Ham a6 f(z,, X,, .., x )" xéc dinh trén D dugc goi la thudn
nhdt bgc &k ndu .

a7 fx, tx,, .., ) = tk(x, x,, .., x) VL > 0.

. x2 b4 x3y+yzzz+xz3 _

Vi du : sz + ? . ln.? rd:g; . x2+y2+zz lé nhm‘lg
- ham »8 thuéin nh&t theo thd ty cd béc 1 xac dinh trén R2, bac

0 xdc dinh trén R? \{(0,0)}, bac 2 xéc dinh tréen R \ {(0,0,0)}.

o Néu f la' mot ham s6 thudn nhét bdc k thi cac dao ham
riéng cdp moét-eia né la rihitng ham sé thudn nhdt bge k - 1.

That vay, dao ham hai v&€ cia (1.7) d6i vdi x, ta duge

t'f',_l (txl,txz,..‘,txn)=tkf‘xl (% %5, 5 X) '
do c_id f”‘. (tz;, tx,, ..., txh)= t“"lf’xl Xy X, 5 x) A

o Hum o6 f(x;, x,, ..., x,) la thudn nhdt bdc k khi vk chi khi
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- af
(1.8) z x, Fr

Cang thuie (1.8) duge goi 1a céng th:tc‘Euler.

That vay, gia st f 12 ham s6 thudn nh&t bac k, nd théa man
(1.7). Ldy dao ham hai v& cta (1.7) d6i v6i t, ta duge

Ex . (txl, e tx ) = kT I, %)
i=1

Cho t = 1 trong ding thdc dd, ta duge (1.8).

Dao lai, gia st ham s6 f théa mén ding thdc (1.8). Trong
(1.8) thay x, b&i tx, v6i moi i ta duge

n

2t e (txg, -, tx) = ki, ., tx)
i=1

'Nhén hai v& véi t¥°1, ta eo

Y oxf, (tx,, ., tx)th - kKT Uf(tx), ., tx) = O.

i=1

fltx,, ..., tx) -
V& trai la t}’t 86 cha dao ham theo t cia —_“J‘_“
ftz,, .., tx)
tk
Muén tim C chi viée cho t = 1, ta duge C = f(x,,.., x,). Do do
fitx,,..., tx) = t*f(x;, .., x). '
D6 chinh 1a ding thdc (1.7). B

Dao ham dd bing khéng, nén bang hing s6 C.

1.2.6. Pao ham theo hudng. Gradién

e ulx, y, z) 1a mdt ham s§ xdc djnh trong mdt mién D c R3.
Qua difm M (x,,¥,, z)) € D vé mét ‘dudng thing dinh hubng

ma vectd don vi 1a I; M 1a mét diém trén dudng théng fy, ta
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P MM = pi, trong dé p 1a d6 dai dai s8 cia vecto M M (hinh

1.4). Néu khi p — 0 (tdc 1a M dén 61 M, theo huéng ), ti 6

Au u(M)—u(MD)

P __ F
dén téi mét gidi han hitu han thi | gioi han Ay duoe goi la dao
ham cia ham s6 u theo huéng I tai M, vd duge ki hidu la
]
S04,

Néu ?tr\‘mg vdi vecto don vi i cia true Ox thi
u(x0+,0,y0,zo)—u'(xo,yo,zo) du(x )
P = Tax

i.[L:-(MD) = lim’
! s

' 3
Vay dao ham riéng —B—E

chinh 14 dao ham cia u theo &
Jbudng cia tryc Ox. Cang vay
Ju du
3y’ 9z 12 dao ham .cia u
theo huang cia Oy, Oz
Daol'@mcﬁahémsdutheo 0

huéng [ bidu thi téc do_bien
thién cha u thec hudng 7.

Dinh Ii 1.4. Néu ham s6 x
u = ufx, y, z) khd vi fai _ Hinh 1.4
diém M (x,, ¥,, 2,) thi tai

diém 8y né cé dgo ham theo moi hudfng Tva ta c6

du(M) du(M) duM)  du(M)
(1.9) 3T = Tox cosa+Tcosﬁ+ 0y oY

trong dé cosa, cosf, cosy l& cdc thanh phan cua T
Ching minh. Vi u(x,y,z) kha vi tai M, nén

= u(M) - uM) = %(MO) Ax +%§-(MD) Ay + g—:(Mo) Az +a(P),”*

22
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8 0,
5'£|£

‘trong dd a(P) la vo clung bé bic cao déi vai £ VI
Ax = fProsa, Ay = Pcosﬁ Az = freosy

nen

-AJTH = d—E(Mc)cosa + —(Mo)cos? + —--(Mo)cosy + (P)

Chuyé&n qua giéi han khi p — 0, ta duge (1.9). B

e ulx, v, z)1a ham s8 c¢d cdc dao ham riéng tai
M, (x,, ¥ zg).‘ Ngudi ta goi gradién cta u tai M la vecto ed
cdc thanh phan la

du Ju du

ax M) 55 My, o (M)
va ki hiéu n6 1a gradu (M) . Néu i, j, k 1a cc vects don vi
cia cdc truc Ox, Qy, Oz, ta ¢d
(L10) gradu(My = oMY+ a—“(1\:10)""+ MK,

Dinh Ii 1.5. Néu ham s6 u(x, y, z) khd vi tai M, thi tai dé6
ta c6

du

(1.1 ~—=s= ch— gradu.
ai ! .
That vay, vi T= cosal + cosﬁj + cosyk nén codng thic.

(1.9) cd thé viet 1a
du ——— [r_— —— [PV,
SM) = gradu (M) . 7= 171 . chgrad u(M,) = chygradu(,) M

au (M)

Chu thich. Tit (1.11) suy ra ring —E_r dat gid trj 16n
. .- ¢

nhét bang |gradu (M)|. Khi I d6ng phuong véi gradu. Vay

gradu (M) cho ta biét phuong theo né t6e d¢ bién thién cio u
tai M, c6 gid tri tuyét d6i cuc dai.

. . ) . . a .
Vi du : Cho u = x> + y3 + 23 + 3xyz. Tinh-gradu va -é—‘;—p
tai M,(1, 2, -1) bi6t 7 1a vectd don vi cda M_M, véi M(2, 0, 1),



. — 2 : . 2 — 2
.Tacoux—3x +3yz,uy—3y + 32zx, u, = 3z° + 3xy

gradu = 3(x? + yz) i+ 3(y2 + zx) i+ 3z + xy)f

gradu (M) = 3(—i + 3] + 3k) .
Vi M_M, c6 cdc thanh phdn 1a {1, ~2, 2} nen

cosa=%,cos,6 :'—%,cps;é:%,do dé
9 i -2 2
—a—‘;_.(MU) = (3)(z) +9.(F) + 9(3) =-1.

1.2.7. Céng thitc Taylor _
Cong thic s8 gia gigi néi, cong thide Taylor ddi voi ham s6
mot bién sé ciing dugec md roéong cho ham sé nhidu bién s6.

Dinh Ii 1.6. Gid s ham s6 flx,y) ¢6 cdc dao ham riéng dén
cedp (n + 1) lién tuc trong moét lan can nao dé ciae diém
M (x,, ¥,). Néu diém M(x, + Ax, y, + Ay) cang nam trong lan
can dé thi ta cé

1
(L12)f(x,+ A x, 5, +Ay) — f(x,, y,) = df (x,, Yo+ 37 d?f(x, y,) + ... +
A 1 +1
+ ;Jd“f(xa, ¥y + @n! " f(x, +8Ax, y, +0AY),
o ' _ 0 <8<l
Céng thde (1.12) goi 14 cong thite Taylor d6i v4i ham sé f(x,y).
Ching minh. Dat F(t) = f(x + tAx, Yo, T tAy), 0 < t < 1.

V& trai cta (1.12) bang F(1) - F(0). Vi f(x,y) ¢d cdc dao ham

riéng dén cdp (n + 1) lién tue, nén-ham s6 F(t) ¢ cac dao
ham lién tuc dén cfp (n + 1) trong doan [0,1]. Céng thitc Taylor
ap dung cho ham s6 F{t) cho ta

. 1
(113)  F(1) - F©O) = F(0) +%F”(0) ot FO (0) +

1
MCED TRRCE

0{6‘<1.Nh11ng'
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B

F'(0)
Fn(o)

f’x(xo,yt_])Ax + f’y(xo, ¥, Ay = df(z, ¥o!

A2 (x,y )AX? + 207, (x,y )AxAy +

HPp(x,, y)AY: = & (x,, ¥,)

FD(0) = d"f(x_, y,)
F*D@) = d™(x_ + 6Ax, y_ + 6Ay).
Th& cac ding thdc nay vao (1.13) ta duge (1.12). W

Dung cong thdc ldy thita tuong trung d& bi€u dién vi phan
cp cao ta cd thé€ vigt cong thdic Taylor (1.12) nhu sau

n

| . | |
(112) (D - fMy = 3 o (o Ax+aiyAy)"r(Mo) +
k=1 '
1 a . ]

n+l
+(n+1)! (axAx +£a ) f(M,)
v6i M; nam trén doan thlng néi M, v6i M.

Chu thich. Né&u trong cong thite (1. 12) hay (1.12') chon = 1
ta duge

(1.14) fx_ + Ax, y_ + Ay) - f(x,, y) = df(x_ +6Ax, y_+ 6Ay)
hay :

(1.14") M) - fM) =

ki) i)
.._(?;Ax + 5;113') fM,).
Do 1a cong thie s6 gia gisi néi déi voi ham sé f(x,y)

1.3. CUC TRI

1.3.1. Cuc tri cia ham sé nhiéu bién sd

Cho ham s6 z = f(x,y) x4c dinh trong mét mién D nao dg,
M (x, y) la mot di€m trong cha D. Ta néi ring f(x,y) dat cue

tri tai M néu voi moi di€m M trong mét lan cin ndo dd cua
M

»» bhung khse M, hieu s6 f(M) - f(M) c6 dfu khong dgi
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Néu f(M) - f(M,)) > 0, ta ¢6 cuc tiéu ; ndu f(M) - f(M)) < 0
ta c6 cuc dai

Trong phdn nay, ta s& ding céc ki hiéu sau :

p= FuM), q = ;M) = 2 (M), s = Ty, t = £y M)

Dinhli 17. Néu ham s6 z = f(x,y) dat cuc tri tai M, ma
rg_z:' d’é cdc dgo ham riéng p = f (M), q = f’y (M) ton tai thi
cdc dao ham riéng &y bdng khong :

(1.15) p=0,q=0taiM,

That vay. vi f dat cuc tri tai M, nén néu giry =y, thi
ham s6 mot bién s6 x = f(x, y,) dat cyc trj tai x = X,, vi
dao ham rieng fX (X,, Yoy t6n tai, né phai bing khong theo
dinh If Fermat. Cling -vay fi(x,, ¥,) = 0. n

Diéu kién (I.15) 1a diéu kién 4t ¢6 cha cuc tri, né cho phép
ta thu hep viéc tim cyc tri tai nhitng diém & d6 ca p va q déu
triét tiéu hodc nhimg di€ém & dé p hodc q khong tén tai. Nhimg
diém 4y dugc goi 14 diém 16 han.

- Dink li 18. Gid sw ham s6 z = f{xy} ¢ cdc d‘ao ham
riéng dén cdp hai lién tuc trong mét ldn cdn ndo dé cua
Mo(xo, Vo). Gid s tai M, ta c6p = 0, g = 0. Khi-dé tai M,

I) Néuw s2 — rt < O thi fix, y) dat coc i tai M,. D6 g cuc
tien néu r > 0, 1a cec dai néw r < 0

2) Néu s — rt > O thi fix,y} khong dat cuc 1ri tai M,

3) Néu s2 — rt = O thi fix,y) ¢ thé dat cuc wi tai M,, ciing -
cé thé khong dat cuc i tgi M, (truomg hop nghi ngo ).

Chimg minh. Gia st diém M(x, + h, y, + k) & lan cin M,
bat & = f(M) - f(M,). Theo cong thic Taylor, ta cé

(1.16) s = %(rhz + 2shk + ) + R(h.K)
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&‘Rf

‘trong 46 Reh, k) la mot v6 cung bé bac ba d6i véi p= Vh:+ KZ.
Do d¢ khi h va k khd nhé thi A cung dau vai g(h,k) = th? +
"+ 2shk + tk2.

Néu k = 0, gh, k) = k*ru? + 2su + t}, trong dé u = ; .

Gia st 8* - rt < O, tam thic bac hai ru + 2su + t luén cung
ddu véi 1, A cing vay. Con néu k = O thi g(h, k) = rhZ nd luén
cd dffu cha r (r = 0, vl s? ~ rt < 0),

Gia st s° - rt > 0, tam thdc ru® + 2su + t d8i dju khi u
bi€n ‘thién, do dé A cing d8i ddu, f khéng dat cuc tri tai M,

Gid st s2 ~ #t = 0, tam thdc ru? + 2su + t cd mQt'nghigm
h . Lt

kép u_. Néu I~ Y déu cla A 1a ddu cia vé ciing bé bic ba
Rih, k) tf'on_g cong thdc (1.16). Digu nay ta khéng lam & day. W

Vi du - Tim cyc tr_i cta ham s6 z = x* + 2y3 - 3x ~ 6y.

Tacsp=23x>-8qg=26y>2-6,r=26xs5=0t= 12.
p=0vaq=0k%khix==*1vay= +1. Vay ta cd bén diém
téi han la M (1,1), My(- 1,1}, My(-1,-1), M, {1, - 1).

Tai M tacdr=65=0t=12 ¢ ~rt = -72, M, la
diédm cuc tiéu.
Tai My tacdr = -6
la di€m cuc dai.

Tai My tacdr=-68=20¢t=12 3% -1t = 72, M,
khéng la di€m cue tri. :

Tai Mytacdr =6,5=0,t=-12 5% - rt = 72, M, khong
1a di€m cuc tri. _

Chii thich. Néu tai difm M tacdp=q=r=s =t = 0,
thl ta phai khai trién ham sd f theo cong thitc Taylor dén cac _
s6 hang c4p ba. Ta khong xét trudng hop d6 trong gido trinh nay.

,8 =0, t=-12 ¢ - 1t = -72, M,

Trong truong hgp ham sé n bién 86, ta pﬂéi xét ddu cia cic
s6 hang cAp hai trong khai tri€n Taylor, tic 1a phdn xét ddu
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mot dang toan phuong n bign sd. Gido trinh nay cung khﬁng
xét trudng hop dd.

1.3.2. Gia tri lon nhdt va nhd nhit cia ham sé nhiéu bién
s6 trong m¢t mién déng bi chdn. Ta biét ring moi ham s8
nhiéu bién s§ lién tuc trong mé6t mién déng bi chin D déu dat
gia tri 16n nhdt va gid tri nhd nhdt cta nd trong mién dy. Néu
ham s6 dat gia tri l6n nhdt hay gid trji nho nhédt tai mot diém
trong cia mién<D thi di€m 4y phdi 1a diém cuc tri cda ham
86, do'dd phai la di€m t4i han. Ham sé ciing c6 thé dat gia
tri l6n nh&t hay nhé nh&t trén bién cia mién D. Do d6 muén
tim gid tri 16n nhdt va gia tri nhd nh4t cua ham s6 trong mién
déng D ta cd thé tim nhing di€m tdi han cia nd & trong D,
tinh gid tri cia ham s6 tai cdc di€m 4y va so sanh chung véi
nhitng gia tr] cia ham s§ trén bién cia D.~

Vi du @ Tim gid tri 16n nhat va nhé nh&t cda ham s§

z=8x24+3y?+1-(2x%+y2+1)?

trong mién tron déng D x4c dinh bdi %2 + y? < 1.

R6 rang z lién tuc v6i moi x, y, nén nd dat gia tri 16n nh&t '

M va gid tri nhé nhdt m trén mién D. Ta cd
p = 16x - 22x% + y% + 1) 4x = 8x(1 - 2x% - y?)
q = 6y - 2( 2x2 + y2 + 1)2y = 2y(1 - 4x> - 2y?).
Che p =10, q = 0, ta dugc
1) x '
2)x

I
=

y=20

i
o

,1 -2y =0bhayx =0,y

ft
+
og-

3)y=0,1—2x2=0hayx=iﬁ,y

1 ~2x2 ~y2 =0

4
) 1 — 4x2 - 2y¢ =

, hé nay vﬁ_ nghiém.
Vay ta oo nam didm ti hon 1a gbc O,Al(o,%')’ Az(o,'—%),
1
A3(E ) A~ "_ ,0). Ca nim dim t6i han nay déu nAm trong

. 28
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‘midn D. Tinh gi4 tri cta z tal cdc difm 4y, ta duge

2(0) = 0, z(A)) = z(A,) = % , 2(Ay) = 2(A) = 1.

Bay git ta xét gia tri cia z trén bién cda mién D. Trén bién
§yx2+y2= l,vayy2=1—x2,dodé-

z2 =82 +31-xH+1~-@2x2+1-x2+1)2=

= —-xt + x? = x%(1 - x9). .

Ta phai tim gia tri cha ham s6 &y voi -1 < x < 1.

R6 rang ham s0 Ay bdng O khi x = *1 va dat gia trj lén
nhit khi x* = 1 - 22 = 2x® = 1 = x = i\{—% ; gia trj 16n-

1
nhit &y bing i

So sdnh t4t cd cdc gid tri d& tinh, ta thdy ring ham s6 z
da cho dat gid tri nhé nhdt m = 0 tai g6c O va dat gia tri
lon nhdt M = 1' tai cac diém A A, : .

1.4. HAM 86 AN. CUC TRI CO PIRU KIEN

1.4.1. Khai ni¢m ham so 4n
Cho phuong trinh
.17 - Fix, y) = 0, .
trong d6 F : U — R la mét ham sé xdc dinh trén tap hgp
U < R2 Néu v6i méi gid tri x = x_ trong mot khodng I nao
dd, cd mdt hay nhibu gia trj ¥, sao cho Fix, y ) = 0, ta néi
ridng phuong trinh (1.17) xd4c dinh moét hay nhiéu ham sé &n ¥
theo x troug khoang I. VAy ham s6 f : I — R 12 ham s6 &n
xac dinh bdi (1.17) né&u
Vx € I, (x, f(x)) € U va F(x, f(x)) = 0.
Chéang han td phuong trinh '
x ¥y

=+l =,
a? b?
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ta duge
b .
y = % 3 Ya? — xz.

Phuong trinh £y x4ac dinh hai ham s& &n trong khoang [~a, a].
Trong truéng hgp nay, ta da tim duge bi€u thic tudng minh
. cia y theo x. Diéu nay khong phai lic nldo cing lam dugc,
chdng han, tit hé thde x¥¥ = ¥ (x > 0, y > 0) khéng th& tinh
dude tudng minh y theo x.

Tuong ty nhu vay, phuong trinh
Fx,y,2) = 0

trong dd F : U — R la mét ham s6 xac dinh trén t4p hgp md
U < R? c6 th€ xac dinh -mot hay nhidu ham s6 &n z cia cdc
bién s8 %, y. Hé hai phuong trinh '

F(x,y, z,u,v) =0

Gx,y,2 uv) =0
trongd6 F : U > R, G : U — R 1a céc ham s6 xic dinh trén
tap hop U < R’ cd thé xdc dinh mot hay nhiéu cap ham sé
d4n u, v cua cdc bién sf x, y, z.

Ta cd cdac dinh li sau v& su tén tai, tinh lién tyc va tinh
kha vi clla cdc ham s6 &n.

Dinh i 1.9. Cho phuong trink
(117 F(z, vy} = 0,
trong dé F : U — R & mot ham 58 ¢6 cic dao ham riéng lien tye

trén mot thp hop mo U C R? Gid sz (x, y) € U, F(x, y) = 0.
Néu F’y(xo, y,) # O thi phuong trink. (1.17) xdc dinh treng miot
lan cgn nio dé cue x, mot ham s6 dn y = f(x) duy nhét, ham
86 dy c6 gid tri bang Yo khi x = x, lién tuc vd c6 dgo ham
lién tuc trong lan cdn noi trén.

Chitng mink. Khong gidm tinh tdng quit, cé thé gia thiét
F’y(xo, ¥y > 0. Vi F’y litn tuc trén U nén t6n tai s a > 0
sao cho '

Fux,y) > 0,¥x y) € [x, —a,x +a] x [y, - ¢, ¥, +al
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"Ham s6 y — f(x, y) ¢ dao ham F’ V(X ¥) >0 trén doan'
by, ~ @y, tal, nén tdng ngat trén doan dd. Vi Fix, y ) = 0, nén

fix, y,—a) <0, f(x,y, +a) > 0.

Cac ham s8 x — F(x, Yo — @) va x — F(x, y, + a) lién tyc
trén doan [x, - a, x, + @], nén t6én tai 6 § > 0 sao cho

Fix, y, - a) < 0, Flx, y, +a) > 0, Vx € (x, - §, x, + &)
Ldy x b4t ki trén (x, - 4, x, + 4). Ham s6 y — F(x, y) lién
tuc trén doan [y, - «, y, + al, 14y nhitng gid tri khac d&u tai
Yo - a@vay, +a Doddténtaiy € (y, - a, y, + a) d€ cho
F(x, y) = 0. Gia tri y 4y duy nh#t, vi ham s6 y = F(x, y) tang
ngat trén [y, - a, y, + «}. Vay hé thic (1.17) xdc djnh y la

ham s8 &n clia x duy nhét trén (x, - &, x, + d).

b4t y = f(x), duong nhién f(x)) = y,. Ta sé ching minh .
rdng ham s8 4n f lién tuc trén (x, - 4, x, + ). That vay, gia
st x; € (x, - 4, x, + &), £ 1a mot 8 ducng cho trude. Dat
y, = f(x)). Theo trén, ¥y € (y, - a, y, + @), fix,, y) = 0. Khi
dd, Vo, > O dd nhd, t4n tai 8, > 0 sao cho hé thie (1.17) xéc
dinh mdt ham s6 4n duy nhdat f) :

(x) = 68, % +3) = (y; - @, y, + a)). Chon a; < £ sao cho
(x; —~ 9, x; + 51)_>'< () = ap ¥ + @) C (x - 8, x, +J) X

o = 8, ¥, + 8. |
Ré& rang ta ¢d

fiix) = fix) Vx € (x; - d, x, +&)).

Vay '

|x - x,] < &, kéo theo [f,x) -yl = [f&x) -fxp} < & Do
dd f(x) lién tuc tal X,

Cu6i ciing, ta ching minh ring f kha vi trén x, - 4, x, +4).
Gid st x € (x; -6, %, +d), x+h € (x -3, x, + &). Khi dd
Fx, fx)) = 0, Fx + h, fix + b)) = :

Thec ecdng thic sd gia gidi noi, ta cd
0 = F(x+h; fx +h) - Fix, f(x)) =
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= hF’(x +6h, f(x) + 6(fx + B) — fx))) + |

+ (f(x + h) = £(x)F(x + 6h, f(x) + 6(f(x + h) — £(x))).

Do do

fx +k) — f(x) L F’x(x +6h, f(z) +6(f(x +h) — f(x))) ‘
h T T P& +6h, fx) To(x +h) - ()

Cho h -0, vi F, va I, lien tuc tai (x, f(x)), f lién tuc tai
x nén v& phai ctia ding thdc trén cd gi6i han 1a

F(x, fx))
P )

Do dé ham f ¢é dao ham tai %, cho bdi

) F' (%, f(x))
. T T F& )

dao ham 4y lién tyc vi F,, F'y va f lién tuc.

. Chd thich. Néu F'(x, y,) = 0, nhung F(x, v} # O thi dinh
- 1li 1.9 khang dinh ring phuong trinh (1.17) x4c dinh trong mét
Ian cén nio dd cda y  mét ham sé &n duy nhdt x = g(y), ham
83 8y cd gid tri bing x  khi y = y_, lién tuc va ¢d dao ham lién
tuc trong lan can néi trén. Néu F' (x, v) = Fi(x, y,) = 0 thi
khéng két luin duge gl'vé sy ton tai cla ham s 8n xac dinh
béi (1.17). Di€m (x, y) tai dd Fx, ¥) = F’y(xo, ¥, = 0 duge
goi la diém ki di cla phudng trinh (1.17).
Dinh li 1.10. Cho phuong trinh
(1.18) F(x, y, z) = 0,

trong d6 F : U —~ R la mét ham 56 ¢6 cée dao ham riéng
lien tyc ¢rén mot tp hop mé U C R’ Gid s (x, y,, 2,) € U,
F(x, v, 2, = 0. Néu F'(x, ¥, 2} # O thi phuong trinh (1.18)

32



ot

xdac dinh trong moét ldn cén nao dé cia diém (x,, vy, mét ham
86 dn duy nhdat z = fix, y), ham s6 8y cé gia tri bang z, khi
X =X, ¥ =Y, lifn fuc va cé cic dao ham riéng lién iuc trong
lan cGn néi trén. _

Ching minh tuong tu nhu ching minh dinh 1i 1.9.

Dinh Ii 1.11. Cho hé hai phuong trinh

' Fx,y,2,u v) =20
(1.19) _ {G((x, )):r, z, U, v)) 0,

trong d6 F : U - R, G : U = R la hai ham s6 c6 cdc dao
ham riéng lién tuc trén mot tgp hop mé U C R’. Gid su
(xo, Yep Zgp Uy V ) e U, F(xo, Yor Zo v) = 0,

O!

' G, v, 2, U vﬂ) 0. Néu tai d;em dy, dinh thuc Jacobi

F F

1] v

G!u G’

D(F, G)
D, v}

thi hé (1.19) xde dinh trong mot lan cgn nio dé cita diém (X Yoy Zo)
mot cgp ham s6 dn duy nhdt u = f(x, y, z), v = glx, y, z), cdc

“ham s6 &y c6 gid iri theo thi ty bing u, v_khix = x,y =y

z = z, ching lién tuc vd cé cde dgo ham riéng lién fuc trong
lén cn noi trén.

Ta thita nhin dinh H nay.

$.4.2. Dao ham ciia ham s6 4n

¢ Gia s cdec gid thidt cua dinh 1i 1.9 duge thda man. Khi
dy phuong trinh (1.17) xdc dinh mot ham 6 &n y = f(x), lién
tuc vd ¢6 dao ham lién tuc trong mét khoidng nao dd. Trong
khoéng iy ta cd

Fix, f(x)) =
Lady dao ham hai v& dé6i voi x, ta dudge

, , dy _
F, +F 5 =0

X
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- %

dy Ty
dx F,
. x>y
Vi du. F(x,y)z;+§-l—0
2 2
=2 p =2

x T g2y T 2
Véiy = 0, ta cd F’y = 0. Khi dé phuong trinh trén xic dinh

mot ham s§ 4n y = y(x), va

e Gia sit cic gid thist cia dinh 1 1.10 dudc théa man.
Phuong trinh (1.18) xdac dinh mét ham s6 8n z = f(x, y), lién
tuc va cd cac dao ham riéng lién tuc trong mét mién nao dd.
Trong mién dy ta cd "

F(x, y, f(z, y)) = 0.
Liy dao ham hai v& l4n ludt d6i vé6i x va y, ta duge

P, +F,.2, =0

F’y +F’z_z’y = 0.

Vi F’, # 0, ta dugc

2 = B 2 = Ty
. x P Py F
Vi du : _ . Fix, 9 2 =ez+xy+x2+z3—1 D

Fo=y+2xF =xF, =¢+ 3z2.
Vi P o» 0 Vg, nén phudng trinh trén xéc dinh mot ham sé
dn z = f(x, y) lién tuc va cd cdc dao ham riéng lién tuc :
2x +y , _ X

Z = — z 3 —
X e +322 " Y - e +322
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e Gid sd cdc gia thiét cua dinh Ii 1.11 duge thdéa man. He
phuong trinh (1.19) xac dinh hai ham s6 dn u = f(x, y, z),
v = g(x, y, z), lién tuc va co cac dao ham riéng lién tyc trong
moét mién ndo dd. Trong mién ay, ta cd

F(x, y, z f(x, v, z), g%, ¥, 2)) 0 .
G(X, ¥, Z, f(x: ¥, Z), g(x! ¥, Z)) = 0.

Ldy dao ham ddi véi x tling phuong trinh cta hé trén, ta duge
F, +F’ .o, + F,.v,=0
G, +G,. v, + G, v, =0

it

Do la mét he hai phuong trinh tuyén tinh d&i véi w', v, Vi
dinh thde etia hé iy 1a

F»,u F*:, _ D(F, &) -0,
G, @, Dfu, v)
hé 8y cd mot nghiém duy nhit
D(F, G) D(F, &)
. _ _DPx vy . D x
"xT TDE G 'xT TDEF G)
Dy, v) D(u, v)
Tuong tu nhu vay, cd thé tinh duge u’y, v’y, w’, v/ .

1.4.3. Pinh li vé anh xa ngugc
Dink U 1.12. Gid s U la mét tap hop md trong R2. Cho
anhxg T : U > R% (%, y) — (ulx, y), v(x, y)) cde ham s6 u(x, ¥,
vix, y) ¢6 cdc dao ham riéng lién tuc trén U. Gid st &, vy,) €U,
u, = ulx, yu], v, = vix, yo). Néu fqi (xo, yo}, dinh thiic Jacobi
D(u, v) _ vy Wy

D(x, y) ~

1
v x v

thi :

1) C6 mot lan can V cia (x,, y,) sao cho W = T(V) la mét
lan cgn cia (u,, v), dnh xa T hgn ché trén V (ki hiu la TI,)
ld moét song anh tit V lén W,
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9) Anh xa nguoe T tie W lén V duoc xdc dinh bdi
(u, v} — (x(u, v}, y(u, v)),
x(u, v), y(u, v) ¢6 cde dgo ham riéng lién fuc trén W.
D(x, y) 'D(u, v) —

Chung minh. Dat u = ulx, y), v = vix, y). Xét hé phuong
trinh

3) (1.20)

0
0

T va ¢ 12 hal ham s8 c6 dao ham riéng lién tue trén U x Q,
trong dé Q = F(U). Ré rang (x, vy, v, v ) la mot nghiém cia
he (1.21). Vi

D(F, G)
D(x ¥) (x o Yo Y VO)

I

[F(x, y, u, v) = u(x, y) — u
(120 IG(x, %, V) = v(x, ) ~ v

il

H

By

v,

D(u, v
(50 Yo) = s (i ) = 0,

theo dinh li 1.11, hé (1.21) xdc dinh mét cap ham s6 4n duy
nhit x = x(u, v), y = y(u, v), ¢6 cdc dao ham riéng lién tuc
trong mot lan can W cia (u, v ). V = T (W) 12 mot lan cén
cia (x_, y). Tl 12 mot song anh t V lén W.

x

Lay dao ham cdac phuong trinh coa hé (1.21) theo u va v,
ta duge

u;?‘.’.u + u’yy’u -1 =20

vxxu-i-vyyu:Ou’?:v+uyyv=0v’xxv+v’)yv’—1=0.
Tit do, ta cd

D, v) D(x, )  [%x Uy
D(x, y) D(u, v) = [v, ¥

Y. Y.
WX -Fl.lyyu w x’, -0-u‘y_y’\r
Vqu +v)’yu "’:3‘,\: +v!}y‘v
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Chai thich. V&i ham s6 f : R — R kha vi lién tue, néu f(x) = 0
¥x thi f c6 ham s nguoge toan cuc ' kha vi lién tuc va

1 o
()] = Fa - Pinh Hi 112 1a md rong ket qua 4y sang

danh xa T : R - R" n = 2 Nhung diéu kién dinh thic Jacobi
ctia T khdc khéng chi dam bao ring anh xa nguge T ! chi tén
tai dia phuong & lan cin méi diém.

1.4.4. Cuc trj ¢6 diéu kién

Ngudi ta goi cue tri cda ham 8

(1.22) z = f(x,y)
trong dd céac bién s6 x va y bi rahg buéc_ béi hé thic

(1.23) glx,y) =0
l1a cuc tri co didu kién.

e Didu kién &f co6 ctia cuc fri 6 didu kién

Pink I, Gid su M (x,,y,) la diém cuc tri ¢ didu kién cia
ham s8 (1.22) vdi didu kién (1.23). Gid su

1) O lan cdn M0 cac ham 38 flx,y), glxy) cé6 cac dao ham
riéng cap mot lién tuc,

2} Cac dgo ham riéng g’., g, khong dbng thoi bang khong
tai M. Khi dé ta ¢6 tgi M

r, r,

(1.24) ) >
gx gy

= 0.

Ching minh. Duong nhign ta cé g(x,y,) = 0. T gia thiét 2,
cd thé xem nhu g’ (x,, y) # 0. Theo dinh li v& ham s8 4n, hé
thie (1.23) xdc dinh mét ham s8 a4n y = y(x) kha vi ¢ lan
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can x,. Th& y = y{x) vao (1-.22), ham s6 mét bign s8 x — f(x, y(x))
dat cyc tri tai x = x_, do dd
f(x,y,)+ f"y(xo, Y¥'ix,) = 0

hay _

(1.25) fix,, ydx + f’y(xﬁ, ydy = 0.

Mat khdc, 14y vi phan hai v& cliia (1.23), ta dugdc _

{1.26) g.x,, y,)dx + g’y(xn, y ) dy = 0.

Xem hé¢ (1.25), (1.26) 12 hé hai phudng trinh tuy&n tinh
thuén nhat d6i v6i dx, dy, hé 4y c6 nghiém khong tdm thudng,
viy dinh thic cia né bing khong

f’x(xo,yo) f’y(xo,yo) —o
g,x(xo ’ yo) ’ g,y(xo : ¥ 0)

Dd chinh 1a hé thidc (1.24) ma ta cdn ching minh.
Heé thde (1.24) cing véi diéu kién (1.23) cho phép ta xac dinh
(xo! yO}

Chii thich 1. Hé thic (1.24) lai la didu kién cén va da dé
cho hé phuong trinh

P2y, ¥0) + A8 (x,,¥)
f’y(xo,_yo) + ] g’y(xo,yo)

xem 12 hé phuong trinh tuyén tinh thuin nhdt d6i véi 1, 4 oo
nghiém khong tdm thudng. Do dd néu céc didu kién cia dinh i
duge théa méan thi tén tai mot s6 A sao cho tei diém M, ta co
Fx,y) +1g(x.y) = 0
f’_\((x 9.Y) + A g’y(X,y)‘ = 0.

Hé¢ phuang trinh (1.27) cung v6i phuong trinh (1.23) cho phép
ta tim A, x, va y_. 86 1 duge goi 1a nhén & Lagrange. Phuang

0
0,

i

(1.27)
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3

phap tim (x y) nhu via trinh bay duge goi la phuong phap
nhén ti& Lagrange.

Chu thich 2. Dinh H trén cling nhu phudng phdp nhan tu
Lagrange giup ta thu hep viéc tim cuc tri cd diéu kién ciia ham
s6 (1.22) vai didu kién (1.23) tai nhitng di€m cd toa d¢ thoa
man hé thde (1.24) hay hé (1.27) hodc tai nhilng diém & dg
cac diéu kién 1/ hoac 2/ cna dinh li khéng duge thdéa mén.
Nhitng diém 4y duge goi 14 diém t6i han. Ta con phai xét xem
nhitng di€m &y cd thue su la diém cuc tri khong.

Vi dy I : Tim cuc tri cia ham s§ z = x* + y° véi diéu kién
ax + by +c = 0(c = O

Didu kién (1.24) cho ta hy

x Y

a b
Giai hé phuong trinh

X y

a b
ax + by +c =10,
ta duge mét di€m téi han duy nhit
ac be
0(_az+b2 T a2+b2)' . . Hinh 15

3

V& mat hinh hoe, ta phai tim cuc tri cia binh phuong khoang
cach ti gdc O dén mot di€m trén duong thdng ax + by + ¢ = 0
(hinh 1.5). Bai todn nay cd mot cuc ti€u, khong cd cuc dai, do
dd cuc ti€u chi cd thé dat duge tai di€m toi han, cuc ti€u &y

CZ
bing ———- , day 14 mét két qua quen thude.
a% +b?

¢ Phuong phdp khéo sat trén ciing duge md réng cho ham
s n bign 86 { n = 3).
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Fo(x,y,2) +ig, (x,y,2) = 0
(1.31) f’y(x,y,z) +,1g’y(x,y,z)=0
£ (x,y,2) +ag,(x,y,2z) = 0.
Vi du 2 : Tim cuc tri cia ham s6 u = x ~ 2y + 2z véi diéu
kién x2 + y2 + 22 - 1 = 0.

Cac hé thic (1.30) cho ta? = __}% = % . Giai hé phuong trinh

; . . .. 1 2 2 .
ta tim dugec hai di€m tdi han Ml( 3 3> .§) va
M --1— E g bé xé di€m M, cd la did tri

2( 33 3)‘ xét xem diém 1 €0 la diém cuc tri

khong, ta cho x, y, z nhitng s&8 gia h, k, I & lan cdn M, va xét
ddu cia s8 gia

1
3th) —2(
1
_[E_
Mat khac, ta phai cd

(l+h)2+(_§+k)z+(_§.+;)2=1

Au=(

e e

)

(_

3
hay
233—4—:+%+h2+k2+£2—-0
Bo dé
=h—2k+2l=—§(h2+k2+z~’)co

néu h k, ! khong d6ng thoi bang khong. Vay M, la di€m cuc
dai, u(M) = 3, tugng ty, cd thé thdy M, 1a dlem cuc tidu,
u(M,} =
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Cing cd th€ nhin xét nhu sau : Ham s6 u = x - 2y + 3z
lidn tuc trong R? nén néu chi xét u trén mat cédu
x? +y% + z2 =1 thi u cing lién tuc. Duong nhién mat cau 1a
mot tap hgp dong bi chén, nén thu hep cia u trén mat cau
"dat gia tri 18n nhdt va bé nhdt cua nd trén mat cdu, vay chi
cd thé€ cd cdc gia tri 4y tai hai difm t6i han M, M,

e Trutng hgp ham s5 ba bién s6 bi rang budce vdi nhau bdi
hai hé thidc :

Gia st M_(x_ ,y,,z) 12 di€m cyc tri cia ham s6

(1.32) u = f(z,y,z)

trong do cac bién sd x,y,z thdéa man hai hé thic
(1.33) gx,y,2) =0
(1.34) hix, y, z) = 0.

Gid st : 1) cac ham 36 f, g, h ¢6 cdc dao ham riéng cdp mdét
lién tuc 0 lan cén M,

2) dinh thidc Jacobi
D(g,h)
D(y.,z2)
Khi dé ta ed tai M0
£y f’y £,
(1.35) gy 8y 8, = 0.
h’, h’y h’,

# 0 tai M.

That véy, 14p luan nhu trong cdc trudmg hop trén ta oo tai M,
£+ £y, + 0,2, = 0
g!x + g,),y,x + g:Z Zax =0
W+ b,y +R,2, =0

Xem dd l1a mét hé ba phuong trinh tuy&n tinh thudn nh4t déi

v6i 1, y',, z, ; hé dy ¢d nghiém khéng tdm thudng nén dinh thic
cia nd bang khéng, vay ta duge he thde (1.35). W
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Hé thite (1.35) cling v4i cdc didu kién (1.33), (1.34) gitp ta
til’ll (x‘n’ y()’ z('))‘ . .
Trong trugng hdp nay phuong phap nhan ti Lagrange duge
phat bi€u nhut sau : Tim ndm s6 A, g, Xy Yo Z, thoéa man hé
phudng trinh )
iy +4g, +ub’ =0
r, +/1gy +,uhy =0

. *f’;+).g’z+‘uh’z:0
gx,y,2) =0
hix,y,z) = 0.

TOM TAT CHUONG I

¢ Gifi han clia ham s8 f(x, y) tai mét diém

Ta ndj rang f(x, y) ddn d&n ! khi (x, y) ddn tai (x, ¥, néu
¥e > 0, 39 > 0 sap cho .

VE ~x )7+ —y ) <d= |fx,y) - 1] <&

Ki hiéu limf(x, y) = L
() (%, ¥,)

e Tinh lién tuc cta ham s8 f(x, y) tai m6t diém
Ta néi rang f(x, y) lién tuc tai diém (x, ¥, néu flx, y) xdc
dinh tai (x, y,) va limf(x, y) = f(x, ¥, .
X ¥) > (x, ¥,
e Dao ham riéng
af f(x, +h, ¥o) —f(x,, yo)‘

(xy ¥o) = 5 (% ¥) = lim P
h—9

Khi tinh dao ham riéng cia f theo x thi y duge xem nhu
. ) of
khong d6i. Dinh nghia tuong tu véi fy(xo, ¥ = -a-y—(xo, ¥o) -
e Vi phin toan phén
df(x, y) = f(x, y)dx + £(x, y)dy.
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Dang cia nd khong ddi dit x, y la bién s§ doc 1ap hay x, ¥
la ham 86 cua cac bién s6 khac.
df(x, y} 12 phdn chinh cta s8 gia f(x + Ax, y + Ay) - f(x, y).
Cong thic tinh gdn dung

fix + Ax, y + Ay) = f(x, y) + f;(x, YAz + f;(x, y)AY.

¢ Dao ham cia ham s6 hgp
P f
F = f”‘P : (X, Y) — (u(x? Y)& V(X, y)) — f('ll(x, Y), v(x, y))

|27 _ sfou  ofov
Ux fu ox v ix
F _ et | alov
oy Ju gy Jv oy
e Dao ham cta ham s6 in .
Vai mét s6 diéu kién, hé thic F(x, y) = 0 xdc dinh mé6t him
s 4n y = y(x). Ta cd
Fi(x,y)
Véi mot s6 disu kign, he thtc F(x, y, 2) = 0 xdc dinh mot
ham s6 8n z = z(x, y). Ta cd

yix) = —

, F(x,y,2) Fy(x, ¥, 2)
A Towynn YT TRy

e Dao ham riéng cép cao

o L of. 9 " af 92f »

of .
w (i) = oy = Sy (a
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L ST
oxdy ’ dyox
mién D va n&u cic dao ham riéng &y lién tuc tai di€m M €D
thi tai di€m 4y
P
oxdy  Oyix
e Vi phan cdp cao
ddf) = d?f, d(d’) = a3, ...
Néu z = f(x, y) thi

Néu ham s6 f(x, y) ¢d cac dao ham riéng

trong

a2 = (g’;dx + gf’;dy):"f

anf = (%dx + %dy)nf

vOi quy udc xem (i)k ( 0 )lf la %a—];%.
X

ox) \ay
Vi phan cdp n > 1 khéng cé dang b4t bién.

® Dao ham theo hudng xac dinh bdi vecto don vi 7

u M li uaD ~ u(M,) t d6 OM = OM_ + ol
g = 0 0 s Gt - G

e Gradién cda ham sé u

— du — du — du vl
gradu(M ) = ~a;(MD)1 + EJ;(MO)J + EE(M“)R

Z—;,(Mo) = chograd u(M,).
¢ Ham s6 thudn nhét

Ham sd f(x,, Xy - X)) duge goi la thuin nhit bic k néu
Mlxy, tx, - tx) = X, x5, L, x), VE > 0.

45



- Ham sé6 f(x, x,, .., x;) 12 thuadn nhét bac k khi va chi khi’

n

r)f

r) = kf {cong thic Euler).

i'=
o Cang thdc s6 gia giéi noi
flx, + Ax, y, + Ay) - f(x, y,} = Ax. E;(x0+ BAx, y, +0Ay) +
+ Ay f(x, + 6Ax, y, + 6Ay), 0 < 8 < 1.
e Cong thic Taylor

f(x, + Ax, y, + Ay) - £z, y,) = dfx,, ¥) + 5 dzf(xo, Yo+t

+ —d fx, v, +

(n "‘1)'
o Cuc tri cia ham sb
Diéu kién cdn cita cuc tri : Néu ham s6 fix, y) dat cl._ic tri tai

M, (x, v;) thl tai d6 p = q = 0 (p = £(x, ), 4 = f(x, ).
Didu kién dd cla CI_IC tri : Gia si tai M (x, y) ta c6 p =

=q = 0. Néu tai M, s - rt < 0 thi M 12 diém cue tri, do

14 difm cue dai néu r < 0, 13 di€m cyc tleu néu r > 0. N&u
tai M, s2 — rt > 0 thi M khong la diém cuc tri (r =

= fi(x, ¥), s = {(x, ¥), t = £3(x ¥)).
e Cuc tri c¢d diéu kién
Diéu kién cén cia cue tri cd diéu kién : Néu ham s6 u =

= f(x, y, z) trong d6 cic bién s x, y, z thoa man diéu kién
g(x, y, z} = 0 dat cuc tri tai diém M _(x,, vy, z) thi tai dd

E_oh_ &
& & &

Cé thé tim (x, y_, z,) bang phuong phdp nhan ti Lagrange
nhu sau : Tim bdn s6 4, x, y_, z, thda mén hé bdn phuong trinh
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f, +Ag, =
fy +Agy =

z

gx, y, z} =

L R v B o S o ]

Bai tap

1. Tim mién xdc dinh ctta cac ham s6 sau -

a)z = Inxy ; b) z
1 + 1
Vx +y Vx—y '

e}z = Vxiny .

!

c)z =

2. Tim gidi han khi (x, y)
sau :

-y

ay flx, y} =
YTy
X3+y3

c) fx, y) = m ;

\14_xz_y2 +‘Ixz+y2__1

d)z = au'csiny

1

f)z =
y —x?

— (0, 0) cia cdc ham s6 f(x, y)

b) fix, ¥} = xarctg-i—

Z4
d) fix, y) = lix—f~(1 cosy) -
y

3. Tinh dao ham riéng cia cdc ham sé sau

%3 +y3

a) z .
x? +y2 ’

Bl

)z = in—
c) oz 2sin ;
¥y y

e) z = arctg% ;

\Jx2+y2 +x

b}z=ln(x+ﬂx2+F )
dz=x" (x>0

f) z = aresin(x - 2y)

x2 —y2
x* +y2

h) z = arctg
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1
2 et 2
Du=x(x>0y>0; pu=e TV

k) u =.e"stin%-

4. Khao sat sy lién tuc va sy toén tai, lien tyc cua cac dao
ham riéng cda cdc ham s6 f(x, y) sau :

_ xarctg(l)2 khi x = 0
a) f(x,y) = X
| 0 khi x = 0
xsiny — ysinx khi (x, y) = (0, 0)
b) fry) = 4 X+¥
| o khi (x, y) = (0, 0) -
5. Chung minh ring ham s§ z = yln(x* - y? théa man
. 1, 1 ., z
‘phuong trinh 3 % + ;zy = ; .

6. Tinh dao ham cha cdc ham s8 hgp sau day :
2 2 .
a)z=¢€e" "% 4= cosx, v = dxi *l-y2

b) z

In(u? + v9), u = Xy, v =

i

<) e

c)z:leny,x= , ¥ = 3u - 2v.

7. Bang phép d6i bién s6 u = x + y, v = x + 2y, tim ham
86 z(x, y) thoa méan phuong trinh

2z, —z, = 0.

8. Tim vi phan toan phdn cda cic ham s6 :

a) z = sin(x? + y%); b) z = X(cosy + xsiny)
ey et 2TV
c)z = lntgx ; d)z = arn:tgx_y

e)u=xYZz(xbO)-
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9. Tinh gdn dung

3 3 4 )
a) V(1,022 + (0,05)2 ; b) In (V1,03 + V0,98 - 1).
10. Tinh dao ham ctia cdc ham s6 &n xic dinh bdi cac phuong
trinh sau : :

a) x> -y = a%, tinh y’ ; b) xe¥ + yeX - &9 = 0, tinh y’
Xty

¢) arcig = %, tinh ¥’ ; d) In¥x? +y? = arctg%, tinh y’, y”

e)x+y+z = ¢, tinh z), z;

HDx>+y3+23 - 3xyz = 0, tinh 2z, z;

11. z = f(x, y) 12 ham s§ 4n xdc dinh t¥ phuong trinh
Z

z -~ x.¢¥ = 0. Tinh gdn ddng (0,02 ; 0,99).

12. Cho u =

Xtz H Y 4. N a Ca
¥z’ Tinh u, u, bigt ring z la ham s6 dn
cia x, y xdc dinh bdi phuong trinh

ze? = xe* + yel.

13. Tinh dao ham cta cic ham s6 &n y(x), z(x) xéc dinh
bdi hé

x+y+z=20
22 +y2 4+ 22 = 1.

14. Phuong trinh 22 + % = ¥y? — 2% x4c dinh hiam s6 &n
z = z{x, y). Chéng minh ring

p LS l T 1
X z.x y Zy = 7"
15. Tinh céc dao ham riéng c4p hai cia cdc ham s6 sau :
a)z = %\((xz + y2)3 ; b) z = x4ln(x + y)
¢) z = In(x + ¥xZ + %) ; d) z = arctg%.
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16. a) Tim ham s6 f(x, y) théa man phuong trinh f = 0.

b) Tim ham sd f(x, y) théa man phuong trinh f;; = 0.

¢) Tim ham sé u(x, y, z) théa mén phudng trinh u\;;’z = (.

d) Tim ham s6 f(x, y) bi&t réng f = 12x%y + 2,
£ = x' - 380m%, KO, ©) = 1, £1, D) = -2 |

e) Tim ham s6 u(x, y) bist ring u = x? - 2xy? + 3,

u = y? - 2kzy+3.

17. Ching minh ring ham s6 z = xf (%), trong d¢6 f la mot
ham s6 cd dao ham cdp hai lién tuc, théa man phuong trinh

2h 7 = ()

18. Ching minh ring ham s6 :

1 .
a) 'u = In-——5 thda mén phuong trinh
N

92u 9%
—+==0
ox2  oy?

1

b) u. = ———=—— théa min phuong trinh
J x% + ? + 22

22u  3%u 9%
—t— t—5 =0
axz 3y’ oz

19. Tim ham 88 f(x, y, 2z} ¢d dang g(r), trong d¢
r = yxZ + y2 + 22 sao cho

aef 9 9l
— + — - = 0.
e oyt Bzl

20. Tinh dao ham cia ham s6 &n y = y(x) x4c dinh bdi
hé thiic

. 50



x4y -3y .
arcsin —— 5 — = 4, a la hing s6.
x> +y> - 3xy?

21. Ching minh rdng n&u f(x, y) 14 mot ham s8 thuidn nh&t
bic 1 thi ta cd

(G = .63
22. Tinh dao ham cta bam s8 u = xy’z> tai diém M1, 2, l)
theo hudng xic dinh bdi vecto M M, vai M,(0, 4, 3}

2 2
=+ y2 + z— theo huéng

23. Tinh dao ham cia ham s6 u = -+ 5
a b c?

ciia ban kinh vects r. Khi nao daoc ham &y bang [gradu| ?

) 1 1
24, Tinh dao ham cGa ham sé u = —'= theo
r QXE + ? + 72

huéng cia vectd l vail l(cosa cosf, cosy). Khi nao thi dao ham

Sy triét tiéu ?

25. Cho u = x%?%z%. Tinh gradu va l—»tal M_(1, -1, 3) bist
ring i duge xdc dinh bdi vecto M} M vei M (0, 1, 1).
26. Ching minh ring :
a) grad (cju, + cyu,) = ¢,grad u, + cygradu,
. (¢, ¢, 14 hai hing s8)

b) grad (u, . u,) = ul.graa u, +u,. grad u,

¢) grad (flu)) = ). gradu

27. Tim ecuc tri cda cdc ham s§ sau : .

a)z =4k -y -x*-y?, b) z = 2+xy+y2~i~x—y+1
cdz=x+y-xe&f . d) z = 2x* +y4 - x% - 2y2
e}z = (x2+y2)e_("2+5’2);

28. Tinh gi4 tri 1dn nhit va nhd nh&t cda cdc ham s8 sau :

a)z = x% - y2 trong mién tron x% + y2 < 4
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b) z = x y(4 - x ~ y) trong hinh tam gidc g‘lGl han bdi cac
ducngthangx-Oy-0x+y 6

¢) z = 8% + 2xy - 4x + 8y trong hinh chil nhat gidi han bai
cdc dudng thdng x = 0, x = 1,y = 0,y = 2

d) z = e_("lJrf"z}(zx2 + 3y%) trong mién tron x2 + y2 < 1

e} z = sinx + siny + sin(x + y) trong hlnh chit nhat gi6i

. J'I'.'
hanbdlx—Ox—-z,y 0, y = 5
29. Tim cuc tri cd didu kién :
a) z = 1 +lv6i didu kién l -1~ i
X ¥y _ ) yz al
b) z = xy vl diéu kién x +y = 1
=
¢c)u =x+y+ z véi didu kién 1 l+~-=1
X vy 2
y2 z?
d) u = x2 + y2 + 22 vmdléuklén—z SE 7 1 (a »b >¢).

-~ 30. Hinh hop chi nhat nao néi ti€p trong hinh cdu ban kinh
R c6 thé tich 16n nhat.

Dap s6 va goi ¥

1l.a) {x, ) : x>0,y > 0} U {{x, y):x.<0y<0}

b) Vanh tron ddng gidi han bdi cic dudng tron x2 + y2 = 1,
x° + y2 = 4.

¢) Mién md ndm gia hai dubng ¥y = X, ¥ = —x, nAm & bén
phﬁ.l truc Oy.

d}{(xy)x>01—x$y£1+x}u{(xy) < 0,
l1+x =y < 1-x}.

e) {(x, :x20,y2 1} U{x y:x<0,0<ys 1},
) {{x, y):y#xz}.
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2. a) Gigi han khong tén tai : lim fix,0y=1, imf(0,y)=—1 -

x—0 y—0
1
bo 90 93 -
3.a) 2 = x* +3x%y? ~ 2%y oy + 3%y —2xdy _
& (2 +y2 (< +y2)?
by 2 1 : y
2, = =, Z = !
X W Y x4y 42 2
] X b - X X
c) z, = ycos;, z, = 2ysm; — Xcos— .
Dz = ¥ 7L 2 = o inxdy?
v _ ¥ s X _
9) zx = x2 +y2, ZV - x2+y2
f) z, = . ;= 2
NG Y T TGy
) 2 = 2 . 2x
A A Rl =
h) z; _ yz ] y

TR YT TR
i) u = v L u; = x¥ Inxzy* L u = = Inxy%Iny .
2x . 2y . 2z

')u'#-——-——u,u=-———-——-—u,u=——~——~u.
o R e e S o
+ y : 1
k) u = yze"yzsinz, uw = xze")’zsinZ + (-:-"5”‘.~cosZ
z ¥ z b4 z
LA r X _ Z l Z .
u, = xye? sz- ey 2 r:os2=
_ , 2x%y2 %
4. a) f lién tuc trén R? ; fx=arctg(z) 2_ £ = <y :
X x4 +y4 ¥ X4 +y4
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Chung lién tuc véi x # 0. Cén khdo sat thém khi x = 0.
f;(x, y) lién tuc khap noi, f(x, y) lién tuc khdp noi tri tai (0,0)

b) f lién tuc trén R2, £(0, 0) = £0, 0) = 0, nhung £, £
khéng- lién tuc tai (0, 0).

6. a) z = - goodx = 20 +?2).'(2003xsinx + 4x)
_ aCosx — 208 +y2)_4y

, 2, 2¢f-1
b)zx=—,zy=¥
X yy' +1)
2
c) Z:l = 2%1]’!(3“ - 2V) + ﬁ
u— 2y
s u2 2112
= —2—In(Bu — 2v) ~ ——— -
~ A PR

7. z(z, y) = F(x + 2y), F 1a mét ham s8 kha vi tiuy y.
. Véi phép d38i bién s6, phuong trinh trd thanh 2‘1: = 0, vay z
khéng phu thu6ec u, né chi phu thudc v.
8. a) 2(xdx + ydy)cos(x? + y?)
b) e*[(xcosy - siny)dy + (siny + cosy + xsiny)dx]
2(de de)
xzsm
xdy—ydx

d)
x% + y2

e) yzzxyzz_ldx + xyzz‘lnx.2yzdy + x)’zz.lnx.yzdz.
9. a) 1,013 b) 0,005.

Y(3xz Yz) , e¥ +yeX —
by =

10. a) y
x(3y2 —xz) —xe¥ — X +xe¥

. b4



2 + 2(x2 + v
Oy =—— vy =2 y,y”=———(x y3)
(x +y)? x-y x—-y)
e L
o)z, = = x+y+z-—1
f) 9__x2_yz s__yz_xz
x = zz—xy’zy_ 22 —xy
11. 0,02,
- +
12.‘1;: 1 P At ‘e"(l X)
Ytz (y+2)? F(l+7)
s Xtz + y-x e¥(l +y)
YT Tyt 4z H(l+z)
, o ETX , _ Y~X '
13. ¥’ = v —z z = g
2X2 +Y2 133 " ” x2+2y2 .

- _ Xy Z
R N i SR o Al SN

2x xZ + 2xy
b) z: = 2ln(x + y) + +
Y nd = 2l vy ome T

. 2x x2 " x2
T XFY  men’ T 2
X7y (x+ty) (x +y)
c) " x ” y
Z: = ——, = o —
S (}(2 + y2)3#’2 ny (x2 + y2)3f2
w X+ (xE—yHVRZ +y7
AR
& o = 2% wo_ ¥-x2 o, 2xy
T @Ayt T g VT T ey

16. a) f(x, y) = F(x) + Giy), F vd G la hai ham sd tuy y
b) f(x, y) = xF(y) + G(y), F va G 14 hai ham s6 tuy ¥.
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".sé

o) wx, y, z) = Gly, 2) + H(x, 2) + F(x, y), F, G, H [a cdc ham
s0 tuy ¥ '

d) fix, y) = x% - 5xy® +x2 + 1

3
+
e} u(x, y) == 3y3 - x%y? +3x+y +C
19, gv) = - % +b, (a, b la nhitng hing s6 tuy y).
Y
20,y = <

c] R g '
bat F(x, y) = arcsin ‘dx—-—y—~ﬁ —a, F(x, ¥y} 12 m§t
3 +y - 357

- ham s8 thuin nh4dt bac 0, nén theo cong théc Euler
xF, + yF; =0.

2 * LA :__X
Matkhach-i-Fyy—O::»y =

21. Dimng cong thic Euler.

Ham s6 & bai tap 17 14 mot ham s6 thuin nhdt bac mot
nén cing théa man hé thic nay.

22 28
-5
3 2
23.—:;=—E;a=b=c.
or r
9 LD
9q. W, _ LD et tiew khi L 5
ol 2

25. gradu(M_) = —6(-3i + 3j — k)
Ju
(M) = — 22 .
ol (M)

27. a) z = 8 tai (2, -2)
b) z.o= 0 tai (-1, 1).
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¢) Khong ¢6 cuc tri.

Dt = G (5o1) . (371) 0 (-1). (51

e)z . = 0tai(0 0 ; Z o = %trén dudng tron x% +y2 = ],
28. a) Gié tri 1on nhat 1a 4 tai (2, 0), (-2, 0)
Gia tri nhé nhat 1a -4 tai (0, 2), (0, ~2).
b) Gi4 tri 16n nhét 1a 4 tai (2, 1)
Gia tri nhé nhat 13 -64 tai (4, 2).
c) Gia tri 16n nhét 1a 17 tai (1, 2)

Gia tri nho nh4t 1a -3 tai (1, 0).
3
d) GiA tri 16n nhat 12 5 tai (0, 1), (0, -1)

Gia tri nhé nhét la 0 tai (0, 0).

1 W3 a ox
e} Gid tri 16n nhst la-—z—tal (3, §)

Gia tri nho nhat 1a 0 tai (0, 0).

VZ =8 -a 7z
W@ )=y

29.8)z = - tai (

-
i,ﬁl/m

b = i (11 1)

e u = 9 tai (3, 3, 3)

min
d) u, = c?tai (0, 0, t o), u,.. = a’ tai (x a, 0, 0).

2R

30. Hinh lap phuong ¢6 canh bang V3
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Chuong 11

NG DUNG cUA PHEP TiNH
VI PHAN TRONG HINH HQC

2.1. UNG DUNG TRONG HINH HQC PHANG

2.1.1. Tiép tuyén cia dudng tai mot di€m cia no

Trong hé toa dd dé& cdc vubng gdc, phuong trinh f(x, y) =
ndi chung bi€u dién mot dudng L. Diém M (x, y ) € L du:oc
goi 1a diém chinh quy néu %, y,) va f (xo, y) khéng dﬁng '
thsi baAng khong, 1a diém ki d; trong trubng hqp trai lai.

Gia st M 14 moét di€m chinh quy cta
L. Co thé xem nhu (x ¥,) = 0. Theo
dinh i vé ham sé éfn, phuong trlnh
fx, y) =0 xic dinh mét ham s8 &n
y =y(x), co gia tri y, khi x = x_, kha vi
trong mot lan cén ndo dd cia x, Trong
lan can &y ta co f(x, y(x)) = 0. Liy dao
ham hai v& d8i v6i x tai'x = x_, ta duge

F oz, ) + O, vy (x) =
hay f {xo, yo)dx + f (XO, yo)dy =0 Hinh 2.1
trong dd dy = y'(x, )dx Goi T la vectd, cd
thanh phan (f (xo, Yo Fy(xg yo)} dM la_yectd ¢6 thanh phin
(dx, dy). Hé thdc trén chung td ring n.dM = 0, vﬂy n 1L dM,

mia dM ndm trén tiép tuyén cia L tai M, do d¢ n la vecto
phdp tuyén cia L tai M.

Diém P(x, y) ndm trén ti€p tuyén cida L tai M khi va chi
khi M.P.n = 0, titc la
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.‘-"%‘,

. MM’ 1a ti s6 cia géc giita hai tisp tuyén

Ki hieu C(M). Vay

(2.1 & = x 0, yo) + & -y ) (x,, ¥, = 0.
Dd la phuong trinh cha tidp tuyén ctia dudng L tai M,
Néu M, la di€m ki di cia dudng L thi vects phap tuyén cda

'L tai M, Ié vectd khong, t1ep tuyen cda L tai M_ khong dugc

xéc d;nh

2.1.2. D) cong

s Cho mét dudng L khong ty giao nhau va cg tiép tuyén
tai moi di€m. Trén L chon mét chidu chay lam chiéu duong.
Trén ti€p tuyén céa L tai M, ta chon mot huéng dng v&i chiéu
duong cda L, goi né 13 "tiép tuyén duong”.

Dinh nghie 1. M, M’ 12 hai di€m trén L.
MT va M'T’ 1a hai tiép tuyén duong.
Ngudi ta goi d¢ cong trung binh cia cung

duong MT va M'T’ véi do da:L clha cung
MM’ (hinh 2.2). Ki hiéu C ( MM, Vay

a
MM’
trong dé o = |(MT, M'T")|.

Dinh nghia 2. Ngudi ta goi do cong
cla dutng L tai M la giéi han, néu cd, cia d¢ cong trung binh
Cipl MM') khi M’ dén téi M trén L. ¢

Cf MM)

¥

Hinh 2.2

CM) = lim C, (MM
M —M

Vi du 1 : Trén dudng thing,
Cp(MM') trén moi doan MM’ déu
bang khoéng, do dé C(M) = 0, VM.

Vi du 2 : Trén dudng trom
ban kinh R, ta e (hinh 2.3)

Hink 2.4
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MM*

L e
ClMM) = Ra

1
=§VM‘

s Céng thuc tinh. Gia

C(M)

Fi

vai moi cung MM’. Do dé

L
=

s dudng L cd phuong trinh trong
hé toa do dé cdc vudng géc la y = f(x).
Ké cdc ti€p tuy€&n ciha L tai M
va M’ c¢d hoanh dd x va x + Azx.
Goi ¢ vA ¢ + Ap 14 cdc gde nghiéng
cia ching. Khi ti€p di€m di chuyén
tit M dén M’, ti&p tuyén duong quay
mét gdc bang | Ap|, con do dai cung
MM’ bing | As|, s 1a hoanh dd cong

_ P (hinh 2.4). Do d¢
C(M) = lim |éﬂ‘il = |d—“’
As—s As ds
Hinh 2.4
Vil tgg = y’, nén ¢ = arctgy’, do

d 3

ds ?15:? = —L— Mat khac bidu thic cda vi phan cung cho ta
1 +y
= V1 + y2dx, do dd
d_P d@ E _ y!’
ds dx ds (1 + y’2)3f2‘
Vay
(2.2) C(M) = —li-l;_
(1 + 37"

Néu L dugc cho bsi phuang trinh tham sé x = x(t), y = y(t),

\d t d Wy'(t) — ¥t
Y 2 YO g 46 8 = EOVO YOO gy a0 2.2),

dx  x'(ty dx? - x"(t)
ta duge

2.9) can = XY=yl

(x" + y")¥?
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Néu L dugc cho bdi phuong trinh trong toa do cuc r
ta viét x = flpleosy, y =

= f(p),
flp)sing. Xem d¢ 14 nhitng phuong
trinh cia L theo tham s6 p, ta cd

x =

r'cosp - 1sing, y' = r'sing + rcosp,

X7 = rcosp ~ 2r'sing - rcosp, y” = r’sing + 2r'cosp - rsing,
th& vae (2.3) va rit gon, ta duoe

(2.4)

2
C(M)=lr2+2r rr

(12 + r)pn

Vi du 1 : Tinh do cong céia dudng day xich y = ach 3 @ > 0)
tai mot diém bat ki

$ v o= X > T _ x_ ¥y, o»_1.x_ ¥y
Tacoy—sha I +y —cha_a y'_aCha_a2'
Céng thic (2.2) cho ta '
| c-1 2¥_2a
a? 33 2

¥y
Vi du 2 : Tinh 46 cong cia dudng xy-clo-it

x = alt - sint), y = a(l - cost) (a > 0)
Ta ¢6 x’ = 'a(l - cost), y’ = asint
x!!

= asint, ¥’ = acost,
th€ vao (2.3), ta duge

C = |cost — 1f _ 1
2¥2a(1 - cost)d? | dasin %[ '

D6 cong chi x4c dinh tai cic di€m dng véi t = 2kx
Vi dy 3 : Xac dinh do cong cia dudng r
Ta cd r' = abe®, ¢

e’ (a > 0, b > 0)
= ab%®. The& vao (2.4), ta dugc

1
_\fl+b2.r..
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'2.1.3. Duang tron chinh khiic. Khic tam
Tai méi diém M cia dudng L, vé
dudng phap tuyén hudng vé phia lom
cua L, trén dd 14y mot di€m I sao cho

1
MI = C(M) (hinh 2.5). Dudting tron taim
I bép'kmh R = C(M) duge goi la duong

tron chinh khiic cia L tai M. NG tigp
xdc v6i L tai M, vi ed chung véi L
dudng tiép tuyén, va cd tai M cung dd Hink 2.5

1
cong C(M) = R vii dudng L. Tim cia
dudng tron chinh khic ﬂy duge goi la khic tém dng véi M,

_béan kinh cta né R = dugc goi 1a khic ban kinkh. Duong

C(M)
nhién & lan can M, x4p xi L bdi dudng tron chinh khic tét
hon bdi dudng tiép tuyén.

Bay git, hay xac dinh toa db X, Y cua khic tam I dng véi
diém M(x, y) € L. Gid sit phuong trinh cia L la y = f(z).

Phép tuyén cta L tai M o6 phuong trinh la
1
q y - y’ (& x)}

£, 1 la toa d6 nhirng diém chay trén phdp tuyén &y. Khic tAm
I ndm trén phdp tuy&n &y, nén

1
(2.5) Y—y-_.—--?(x—x)‘
Vi MI = R nén
(2.6) (X - %)% + (Y - y)2 = RZ.
T (2.5) va (2.6) suy ra
1 + 2 2
X=x2 Y0 *¥0 ¢ 1ty
{y"i ' vl

62

o' B
128
ﬁ‘%‘l

et
i .
2004



~eq,

1+
Néu y” > 0, ducngLIom nén Y > y, vay Y= y+—l—

1+ 1+y7
Néu y” < 0, thi Y < y, ta ¢ Y= y—|—y~yf—..y+ ,3:
1+y"2
Trong c4 hai trubng hop Y=y +—7— do dd tit (2.5) suy ra
(1 +y?) 1+
(2‘7) sz——Y(—Y-;’—-y_),Y:y -T;L

Néu L duge cho bdi phuong trinh tham s§ x = x(t)},
y = yi{t), thi '

3 !2+ Lo s ’2+ 52
(2.8) X=x-LE FY) v _ 2 *y)
Xy’ - y'x Xy’ - yx

2.1.4. Dudng tac bé, Dudng than khai
Dinh nghaa 1. Ngudi ta goi dudng tic bé cha dudng L la
quy tich, néu cd, cia cac khdc tim cda dudng 4y.

Nhu viy (2.7) hay (2.8) cho ta phuong trinh tham s& cia
dudng tic b€ chaa L.

Vi du I : Tim dudng tic b& cua parabdn y? = 2px (p > 0)

Liy dao ham hai v& d8i véi x, ta duge 2yy’ = 2p =
1 2 )
y=Puyr o i P s 27), ta os
y SRS
A s
X=3x+p Y= - o Cdé th€ xem d6 la phuong trinh

cia dudng téc b& phai tim theo tham sb x. Khu x ti hai phuong
trinh £y, ta dugc

8
Y2=§'};(X—P)3,

dd 1a phuong trinh cia parabén ban lap phuong (hinh 2.6).
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Hirh 2.6

Hink 2.7

Tim ban kinh chinh khic va ducng tic bE cia

Vi du 2 :
elip x = acost, y = bsint (a > b > ().
Ta ¢é x' = -asint, y° = bcost, "’ = -acost, ¥y’ = -—bsint,
1 2 + Woodty)?
the vao (2.3), ta duge R = & = (asin T )

_ Céng thic (2.8) cl-l_u ta

2 &
X =2 cos’t, Y = =+ sindt
- a b _
trong d6 ¢ = a b2. Dd la phuong trinh cia dudng ax-trd-it
léch (hinh 2.7).

Dinh nghia 2. Néu duang L nhan [ ]am dudng tdic b& thi
L duge goi 1a duong than khai cia T ,

Td hai vi du trén, ta thdy ring parabén y> = 2px la dudng
thin khai cia parabdén ban lip phuong v = ﬁl; (x — p)°, elip
x = acost, y = bsint l1a dudng than khai ciia dudng ax-—tré-it

. CZ c2
léch x = Y cos’t, y = o sin’t.
Ta thita nhan hai tinh ch&t quan trong sau day cia dudng
tde b€ va than khai
Tinh chdt 1. Phép tuyén tai mbi diém Mex, y) cie dubng L la
tidp tuyén cia dudng tuc b€ I' cie L tgi khic tém I ung véi M.
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Tinh chdt 2. D6 dai ctia mot cung trén duong [ béng tri s6
‘tuyét déi ciia hiéu ede khic ban kinh ctha duong thén khai L
ciia né tai hai mit cia cung dy, néu doc theo cung Gy khic
ban kinh bién thién don diéu.

Tt tinh chdt nay suy ra ring dudng
than khai cta duttng L 1a quy tich cua
mét di€m A trén nia dusng thing MA
ti€p xic v4i L tai M khi nita dudng
thing nay lan ma khong trugt trén L
{(hinh 2.8)

M

2.1.5. Hinh bao cia mot ho
dudng phy thuéc mét tham so Hinh 2.8

¢ Cho mot ho dudng £ phu thuoc
~mét hay nhiéu tham sd. Néu moi dudng
ctta ho £ déu tiép xic v4i mot dudng E
va ngugc lai tai méi di€m cua dudng E
c6- mdt dudng cta ho L tiép xic vai E
tai diém 4y thl £ duge goi 13 Aink bao
cia he £ (hinh 2.9).

Vi du 1 : Phuong trinh
(x - ¢)> + y* = R, trong dé R 1a mot
88 ¢f dinh, ¢ 1a m6t tham s6, bi€u dién
mdt ho dudng tron ban kinh R c6 tim
Hinh 2.9 trén truc Ox. Hinh bao cia ho 4y la
hai dudng thing x = + R (hink 2.10)

Vi du 2 : Phuong trinh
xcosq + ysing - 1 = 0, trong RY
d6 « la tham s, bi€u dién f KQ* 'K 7§ fﬂ \_
mdt ho dudng thing ma Q X X X M y /f
khodng cich tidt gdc O dé&n
duong thidng dy bang 1. Hinh
bao cia ho dy 1a dudng tron :
tam O béan kinh bang 1. _ Hinh 210

R "¢
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Vi du 3 : Phuong trinh y - cx = 0, trong dd c la tham séi,
bidu didn mot chim dudng thdng di qua géc O. Hinh bao cua
ho 4y la géc O (dudng tron tam O ban kinh bang 0).

Vi du 4 : Dudng tic b€ cia mot dudng L la hinh bao cta
ho céac dudng phdp tuyén ctia L (xem tinh chit 1. cha dudng
tic b&). Vi vay dutmg tuc bé cia L cdn dude goi la dudng phdp
bao cla L. :

® Quy tdc tim hinh bao cia mot ho dudng phy thujc mot
tham sd. '

Dinh Ii. Cho ho dudng F(x, y, ¢) = 0 phu thudc tham sé c.
Néu céc dudng cta ho 8y khong cé diém ki di (tuc la diém tqi
dé F' (x,y,¢) =F’ (x,y,¢) =0 thi phuong trinh cia hinh bao E
ciia ho 4y duoge xéec dinh blng cdach Rhit c tit hai phuong trinh

Fix,y,¢) =0

(29) . IF,C(X_’ ¥, c) =

Chitng minh. V6i mdi gisd tri cita tham s6 ¢, ¢d mbt dudng
L, ctia ho, do dd cd mét ti€p di€m M  cia L_ voi E. Hinh bao
E la quy tich ctia nhitng di€ém M_ Ey, toa d6 clia ching la

nhiing ham s6 x(c), y(c) ma ta phfn tim. Vi di€ém M (x(c), y(c))
€ L, nén F(x(c), y(c), ¢) = 0. Ldy dao ham hai v& d6i véi c,
ta duge

(2.10) F’ (x(c), y(c), e)x’(c} + F’y(x(f:), yie), e)y’(c) +

+ F’ (x(c); yle), ) = 0.
Mat khdc tai M_ cdc dudng E va L_ ti6p xdc nhau. Hé s6

géc cua tiép tuyén cia E tai M_ 14 k, yE; Vi L_ khéng cd

. ' , Fxy, 0

di€m ki di nén hé s§ gdc cha L_ tai M, la k, = ~ W.
y. ] ¥

Vi k, = k;, nén ta duge .
211 F* (x(c), yle), e)x’(e) + B (x(c') yle), ejy’{c) =

Tit (2.10), (2.11) suy ra F’ (x, y, c) 0. Vay toa d6 cla céc
diém M_ cla hinh bao phai thoa man hé (2.9). B

5
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A

Cha thich. N&u cdc dudng F(x, ¥, ¢} = 0 cd diem ki di thi
h¢ (2.9) bao gém ca phudng trinh hinh bao E va quy tich cua
cac di€m ki dj. .

Vi dyu I : Tim hinh bao cda ho dudng théng
xcosa + ysina - 1 = 0.

Cac dudng thdng khong cd di€m ki di, vay toa dé cac di€m
ctia hinh bao thdéa man he

F(z, y, @) = xcosae + ysina - 1 = 0
F' (%, y, a) = —xsina + yeosa = 0.

He¢ d6 cho ta x = cose, y = sina. Vay hinh bao phai tim I3
duting trdon tdm O bdn kinh 1.

Vi du 2 : Tim hinh bao ctia ho parabén ban lap phuong
(y - o? = (x - )%

Bao ham hai v€ theo ¢, ta dugc ylr
2y - ¢) = 3(x - )2

Th& vao phuong trinh cia hg, ta duoe

(x — ¢)® [1—%(::-—:.-)] =0

Néux -c=0thiy - ¢ = 0, vay
y = x 0 X

Nhung y = x la quy tich cita nhiing Z A o
di€m ki di cta ho parabén bén lap ’

phuong (d6 la nhiing di€m lai). Hini 211
9 4 . 8
Néu 1 -2 (®x - =0hay x—c=gthiy-c=z
do d6 _4
0déx -y =5

. ' 4
Vay hinh bao phai tlm 1a dudng thdngx — y = — (hinh 2.11).
Chu thzch Gid sd ta xét ho parabon ban lap phuong

(y - ¢)®> = x*. Dao ham hai v& dsi vdi c, ta dude 2{(y - ¢} =
Khit ¢ ti hai phuong trinh trén, ta duge x = 0, dd 1a phuong
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yé trinh ctia quy tich cac diém 1ui (hinh 2.12).°
Vay ho dudng cong nay khéng c¢d hinh bao.
Bay gitd xét ho parabdn bdn lap phuong
y2 = (x ~ ¢)* Dao ham hai v& d&i vdi c, ta
] X duge 3(x - c¢)* = 0. Khi ¢ t¥ hai phuong trinh

0 trén, ta dugec y = 0, dé 1a quy tich clia céc
di€ém ldi, ddng thdi cing la hinh bao cia ho
dudng cong (hinh 2.13).
Vi du 3 : Xét ho quy dao clia vién dan ban
td mot khfu phéo v6i van téc v, phu thude
Hinh 2.12 goc bén a. Phuong trinh chuy&n déng cta vién
dan néu chon truc toa d6 nhu ¢ hinh 2.14 1a
x = v tcosa
1 Y4
y = —Egt2+votsina
trong dd g 1a gia téc cla t_r'gng ¢ X
trugng. Khit t tit hai phuong trinh \
dy, ta dugc
. g )

= xt -—_— .
y = xiem 2v§c032ax

Hink 2.13

- Dat tge = c, ta duge ho parabdn
phu thudc tham sf c :

g .
=ex - — (1 + Hx%
y=ox -3 z ( )x
L&y dao ham 7}
hai v& ddéi vdi c,
ta duge

Hink 2.14
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~ dinh trén 1. Trong phdn nay ta sé

Thé& vao phuong trinh trén, ta duge
2
v g 2

Y= 2 T ®

Dé la phuong trinh cda hinh bac cia ho quy dao, vi céc
dudng parabén khéng ‘c¢6 di€m ki di nén hinh bao &y 1a mét

v

parabdn cat true Ox tai x = % -é—}, dd la tAm bAn xa nhdt cia
vien dan. Hinh bao 4y dugce goi 12 parabsn an toan.

- 2.2. UNG DUNG TRONG HINH HQC KHONG GIAN

2.2.1. Ham vectd

e Gia st I 1a mét khoé.ng trong
R Anh xa t € I-—»Rt) € R" duge
gei 12 hdm vecto cia bign s6 t xdc

xét vdi n = 3. N&u x(t), y(t), z(t‘.)
lé ba thanh phén cia vecto {t) € R?,

1, 1 5, K 1a céc vects don vi trén ba
truc tga d4, ta cd

Tty = ()T + y(t) + z(H)E
Dat OM = r(t). Diém M c6 cde
toa dé la x(t), y(t), z(t)} (hinh 2.15). " Hinh 215
Quy tich cha M khi t bién thién
trong I 12 mét dudng L trong R3, goi la #6c db cta ham vecto
r{t). Ngudi ta cing ndi rang dudng L cd cic phuong trinh tham
88 la x = x(t), vy = y(t), z = z(t).

e Ngudi ta ndi rAng ham vecto _(t) cd gidi hgn 12 a a khi t
ddn téi t, néu |r(t) — &l — 0 khi t — t_, téc 12 néu Ve > 0,
33 >Osaocho |t—t| <.6==-]_(t)-a<£

Ki higu : llm —(t)
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Ham vectd ?(t) xac dinh trén I duge goi la lién tuc tai’
t, € I néu

lim (t) = It

1=,

Tinh lién tuc cua I(t) tai t, tuong duong vdi tinh lién tuc
cda cac thanh phdn x(t), y(t), z(t) cclia nd tai t.

e Gia sit ham vecto r(t) duge xéc dmh trén 1 va t, € L
Gi6i han, néu cd, cua tl s6

m— Tt, + h) — t)

h h
khi h — 0 dugc goi la dgo ham cia T(t) tai t, ki hiéu la
dﬁt

r (to) hay . Dd 1a modt vecta. N&u dao ham r (to) ton tai,
ta ndi ring ham vectd khd vi tai t.. N

Trén tde d6 cta r{t) (hinh 2.16) ta thay ' ) e
r(to) OM (t +h) = OM Ar = MM
Khi h — 0, M déin dén M trén toc d6,
day MM dag dén ti&p tuyén cta toc do Mel®
tai M. Vay r’ (t)) 1a vecto ti€p tuy&n cla 0
téc d6 tai M_. Ta cd Hirh 216

x(t_+h) —x(t y(t, +h) —y(t) z(t, +h) —z(t
T — 2] h 0) ﬁ' o h j-!'l- < h 0) .Ep

Do dé néu csc ham s8 x(t), y(t), z(t) kha vi tai t, thi T(t)
cing kha vi tai t va ta cd

r(t) = 2T Y )+ 2K
Khi h kha nhé ta cé thé xdp xl vecto AF"= MM bdi vectd
tifp tuyén h.r(t ).
2.2.2 Dudng
o Tiép tuyén va phdp dién cia dudng tei mét diém
Cho dudng L trong khéng gian cd cdc phuong trinh tham
. 56 la x = x(t), y = y(t), z = z(t). Phuong trinh vecto cua
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no la It) = x(t)i + y(t)J‘;’+ 2K, M_ 13 mot di€m trém L, no
ig’ cac toa do (x(t), y(t), z(t )). Ta bisét riéng vecto
r(t) = X+ Yt )J + z (tn)l?ném trén tifp tuyén cla L tai

M, . Gia sﬁ X (tn)’.!,(tn)’ z’(t,) khong déng thdi triét tidu, khi
dy vecto r'(t) # 0. Diém P(x, y, z) nam trén ti€p tuyén cua

L tai Mn khi va chi khi vecto M*:P déng phuong véi vectd
r(t,), tic la |

- x(tﬂ) Y —-yt) Z - zt)

b (to) = yity) 0 2(ty)

Dd la phuong trinh cta tiép tuyén cia L tai M.

(2.12)

Moi dudng thing di qua M_ vuéng gdc vai tiép tuyén cia L
tai d6 dugc goi la phdp tuyén cta L tai M . Néu dudng L c¢d
ti€p tuyén tai M_ thi nd ¢d v6 36 phap tuyé’n tai M, ching
cung nAm. trong mat phdng vuéng gdc vai tidp tuyén tai M,
mat phing 8y dugc goi la phdp di¢én cha dudng tai M
Diém PX, Y, 2) nam trén phdp dién £y khi va chi kh1
MP N (to), tde la MP.r(tO) = _0, hay

(2.13) X - x(t N2(t) + (Y -yt ))y'(t) + (2 - 2t )2’(t) =0,

Dé 1a phuong trinh cda phdp dién cia dudng L tai Mn;

e Do cong. Cho dudng L trong khéng gian ¢ phuong trinh
"tham s6 1a x = x(t), y = y(t), z = z(t). Tuong tu nhu trong
mit phing, ta cé cong thdc vi phan cung

(2.14) ds = Vx2(t) + y2(t) + z 4t) dt.

Gid st dudng L ¢d tai M tiép tuy&n du%g MT, tai M’ tiép
tuyén duong M'T". Dat Ao = (MT, MT') (hinh 2. 17),

As = MM’ Gi6i han, n&u cd, caa ti sd | As | khi M’ d4n dén

M trén dudng L duge goi 1a d6 cong cia dudng cong L tai M,
ki hien C(M).
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Ngudi ta chdng minh duge edng thie tinh 48 cong cia dudng L

nhu sau :

‘4

z' x' |2
» %

VI L1
C = x7 y” y' oz 2’ x
& + g2 + 22 _ .
e Vi du. Lap phugng trinh quy dao cia diém M cé chuyén
dong viia guay trom déu quanh truc Oz v3i van t6c géc w via
tinh tién doc theo Oz vdi van t8c khong d8i 1a ak. Quy dao

(2.15)

1
\>\

-y

-
L4

2 Mak

—

\ Q,

=
y
s

X w
Hinh 2.17 Hinh 2.18

nay duge goi 12 dudng dinh 6c tru trdon xoay nim trén mat tru
tron xoay cd truc Oz, ban kinh a (hinh 2.18).

Hinh chi€u vudng gdc trén mat phdng Oxy céa moi di€m
M(x, y, z) cia quf dao déu nAm trén dudng tron tdm O ban
kinh a. Goi P 1a hinh chiéu &y, ta cd

— — — —
r=0M = OP + PM
Chiéu xuéng ba truc toa d9, ta duoc

x = acoswt, y = asinwt, z = akt,

trong d¢ tham s6 t la thoi gian chuyén dong cia ch&t di€m.

D6 14 cac phuong trinh tham s6 cia dudng dinh 8¢ tru tron
xoay. Ta c¢d
x'{t) = —awsinwt, y'(t) = awcoswt, 2'(t) = ak. -
Né&u ta chon hudng duong cid tiép tuyén dng vdi chiéu tang
“ clia tham s6 t, thi ti€p tuyén duong tai moi di€ém ctia dudng
dinh ¢ lam v6i truc Oz mot géc khong d8i y, véi
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,do dd tai M_ cd thé o6 vo =0 tiép

. k
COSy = ————= .
ks Vol + K2

Phuong trinh cda tiép tuyén tai di€m cuia dixéng dinh d8c iing
véi tham s6 t 1a

X — acoswt _ Y —asinwt Z —akt

—awsinwt = awcoswt  ak

Phuang trinh ctha phap dién tai di€m d¢ la
—awsinwt(X — acoswt) + awcoswt(Y — asinwt) +ak(Z — akt) = 0
Vi phén cung cia di_rtsng dinh 8c bang
. ds = a¥w? + KkZ dt.

Theo cong thie (2.15), d6 cong tai mot di€m bt ki cha dudng
dinh 6c bang

=%
a(e?+k2)
Véy d0 cong cia dudng dinh 6c tai moi diém déu bing nhau.

2.2.3. Mit
Cho mit 8 ¢ phuong trinh f(z, y, z) = 0 ; M, la mét didm

- trén mat S. Dudng thadng M T dugc goi 1a tiép fuyén cia mst S

tai M_ néu nd la ti€p tuyén tai M, cua mét dudng nao d6 trén
mét S di qua M_. Tai méi diém M, trén mat S ndi chung cd
vd 88 dudng thudc mat S di qua,

tuyén cia mat 8.

Di€ém M _ trén mat S duge goi
13 diém chinh quy néu tai d6 cac
dao ham riéng f’ (x, y, 2), f’y(x, Y. B),
f’,(x, y, z) déu tén tai, v& khong
dong thdi triét tiu. Mot di€m
khéng chinh quy duge goi la
diém ki di. Hink 2.19
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| Dinh li. Tép hop tdt cd nhitng tiép tuyén ciiac mat S tai mét
diém chinh quy M_ la mét mat phing di qua M.

Ching minh, Gid st L 12 mét dudng nao dé trén S di qua
M, céc phuong trinh tham s§ cia nd la =

x =x(t), y = yt), z = z(t).
Di€m M thudc L, toa do cia né 1a (x, ¥y Z,), trong do
x, = x(t), y, = y(h) z, = z{t)). Phudng trinh vecto cia L

1a ¥7= 1(t). Vects r’ (t) x'(t), y'(t,), 2’(t))) nadm trén tiép
tuyén cia L tai M.

Mat khic, vl dudng L nim trén mat S nén x(t), y(t), z(t)
phai théa man phuong trinh cia mit, tdc la

fix(t), y(t), z(t)) = 0.
Liy dao ham hai v& theo t, ta duge

f,.x’(t) + f;.y’(t) +f.2'(t) =
~ Tai digm M, (x, v, 2,) ta cd

Qo

LMY (t) + LMY'(t) + LM)Z(t) =
Goi n n 1a vects cd cac toa do f (M) f (MO) (MO) D¢ 1a mét
vecto xdc djnh, khéc 0 vi M, 12 mot dlé’m chinh quy cia mat 8.
dr(to)
dt - _
tuyén cta mat S tai M, déu vubng gdc véi n tai M, ching

nidm trong mét mat phldng vudng gdc vdi ;tgi M. B

Ding thdc trén chdng té ring 'y = 0, do dd moi tié’p

Mit phing chia moi tip tuyén cia S tai M, dugc goi 1a
tiép dién cia mat S tai M, Dudng thing di qua M_, dong
b d .
phuong véi n duge goi 14 phép tuyén cha mat S tai M,
Phuong trinh cia phap tuyén cta mat S tai diém chinh quy
M, 1a
X-x, Y-y, Z-g

(2.16) " = = =3 ’
£y~ M) LM
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Phuong trinh cha tiép diéﬁ cia mat S tai M_ 1a
217 LM MK —x,)+ f;_;(M( JY ~y )+ (M )z~ z)= 0.
Vi du : Viét phuong trinh cia phdp tuyén va phiap dién
cia mdit
x2+y2-22=0
tai diém M_(3, 4, 5).
Ta cd fix, y; z) = 1-;2+y2 -z¢ = g:: 2x, f‘:= 2y, f;=—22.
Vay phuong trinh cita phap tuyén clia mat tai M la
X-3 Y-4 Z-5
6 8 -1¢°
Phuong trinh cda tigp dién cta mit tai M_ 12
6X-3)+8Y-4)-102-5)=0

hay
3X+4Y -5Z = 0.
Chii thich. Ba hé sd chi phuong ctia phdp tuyén cia mat
flx, y, z2) = 0 tai M (x, vy, 2) 12

o o?
f(M,) , L), HM).
Né&u mat duge cho bdi phuong trinh z = F(x, y) thi bing

cach dat f(x, y, z2) = - F(x, y) + z, ta thdy ring ba hé s chi
phuong clia phip tuyén cia mat tai M 1a -p, —q, 1, trong d¢

p = z;(Mn), q = z;(Mn)

TOM TAT CHUONG II

e Phuong trinh tiép tuydn cia dudng f(x, y) = 0 tai M(x, y)
X — e y) + (¥ - »ix y) = 0.
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~ @ Cong thic tinh d6 cong cda duting phang tai mét diém
- Né&u dudng dugc cho bdi phuong trinh y = f(x) thi
_ |yn| ’
(1 +y9
~ Né&u dutsng duge cho bdi phuong trinh tham sd
x = x(t), y = y(t) thi
_ !x)y” _y:xnl
24y
~ Né&u dudong duge cho bsi phuong trinh trong toa do cuc
= r{p) thi
[ 12 + 2072 —1r’}
(12 + 1232
e Cong thidc tinh toa dé cia khic tam
- Néu dudng duge cho bdi phuong trinh y = fix) thi

- ¥ +!2 +’2
X=x—¥-(-1*7;y—);Y=y+}m—-,-,y—-.

- Néu dudng duge cho bdi phuong trinh tham s6
x = x(t), y = y(t) thi

S ’2+ 32 ’2_'_’2
X=x—x.§§.——¥.—2’Y=y+—?,,—y,r,-
Xy —¥x Xy —¥yx

¢ Hinh bao cia ho dudng pbing F(x, y, c) =0
Khi ¢ tit hai phuong trinh
Fix, v, ) = 0, Fc’(x, y,¢) = 0,
ta duge phuong trinh cta hinh bao va phuong trinh cta quy
tich cia nhing diém ki dj. .
® Cho dudng trong khong gian cé phuong trinh tham s6
x = x(t), y = y(t), z = z(t).
- Phuong trinh tiép tuyén cia dudng tai diém M dng véi
tham =6 t_:
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e

X-x(t)  Y-yt) Z-zt
) - y® 2@
Phuong trinh phap dién cia dudng tai di€m M |
(X - x(t) ¥t} + (¥ - y(©) YO + (Z - z(t) 2’(t) = 0.
D5 cong tai M

{Ix y| |y z| l l

(X’Z + y’2 + 2’2)3.1'2

o Cho mit cd phudng trinh f(x, y, z) =

Phuong trinh phap tuyén cha mit tai M(x, y, 2) :
X-x Y-y Z-z
Foy ~ F,00 T 0

Phuong trinh ti€p dién cua mat tai M(x, y, 2) :
X -, M) + Y - yf, M) + @ - 2 (M) =

Bai tap
. Tinh dd cong cia dudng :
1
1) y = ~-x> tai dim od hoanh do = = 3

2) xy = 1 tai di€m (1, 1)

3) bx? + a%y? = a?? tai (0, b) va (a, 0)

4) x = e'sint, y = e'cost tai difm dng vait = 1.
Tinh khic ban kinh cua dudng :

x2 yz .
1)*2'3+-§'-— ltz_udlém (0, 3)
2) y? = x> tai diém (4, 8)

3) y = Inx tai di€m (1, 0)
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4) y? = 2px tai di€m bat ki

x2 32
5)—2 — = = 1 tai didm bt ki
a h?

6) x = acost, y = asin’t tai diém bét ki

7) x = a(cost + tsint), y = a(sint — tcost) tai di€m bt ki, (a > 0)
8) r = a(l + cosp) tai di€m bat ki, (a > 0)

9) r2 = a’cos2p tai di€m bt ki, (a > 0). .

3. Tim nhing di€m trén cdc dudng cho dudi day tai dé khiic

bdn kinh c¢d gid tri nhd nhét :

T8

Dy=Ihx;2)y=¢ex

. X4c dinh khic tadm cta dudng

Dx3+y* = 2taidiém (1, D ;
2) xy = 1 tai diém (1, 1).

. Viét phuong trinh dudng tac b€ cia dudng :

1)y_2=x+%
2 2

25 -L =1 ‘
a2 b2 '

3) x¥3 + yzf?’ =1

. 4) x = alcost + tsint), y = a(sint ~ tcost) (a > 0)

5 x = a(t — sint), y = a(l ~ cost) (a > 0).

. Tim hinh bao ctia hg duding :

1) y? = c3x - ¢) 2) y = c*(x - ¢)*
- _ XLz X .
3)y—c+c 4)c

5) (x - ©)? +y2 = 4¢ 6) x-c)l+(y-o2 =4

7 ex? +cy = 1.



7. Mot doan thing di déng trong mat phidng Oxy sac cho
tdng cac doan ma nd chin trén hai truc toa d6 khéng ddi va
bing a. Tim hinh bao cia ho dudng thing &y.

8. Ching minh cdc c6ng thic dao ham vecto :

d - -» dp dq
D ra =74 *g
d — dp  da—
2}5(‘1-1’)=a‘&£+ﬁ¥p,aléh&msﬁkhév1cua__t
d "“‘—"_—'da’ di;.—»
S)E(pq)_pdt +dt‘q.
4}a(p/\q)=p/\.a~£+~£/\q.

9. Viét phuong trinh tiép tuyén va phap dién cta dudng :
1) x = a.sin&, y = busintcost, z = c.coszt_ tai di€m ung

vl t =

e

'e‘?zft Ly =1,z = e?;ttaidiémﬁngvéit =0
8)x =t y =tz = 1> tai difm Ung voi t = 3.
10. Tinh 46 cong cla dudng :
Dx=e y=et z=ty2
2)x = e’lsint, y = e .
11. Viét phuong trinh phap tuyén va ti€p dién cia mat :
1) x2 - 492 + 222 = 6 tai diém (2, 2, 8)

2) z = 2x2 + 4y? tai di€m (2, 1, 12).

2) % =

tcost, z = e

Dap s6
192 1 b a1 .
1. 1)"1*“23,2)7—5,3);\4':112‘2,4)‘3{f
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25 80W10 2x

2.0 3.2 "5, H AT, 9p(1+)
2 _ .2 ’2'—2'
5) (izx:lb—a) vli g = _aatb_ , -6} 3asintcost
4a a‘
7 alt], 8)—3——|cos%|, 9 3o
vZ2 1 . 1. . V2
3. 1) (—2—, —§1n2) : 2) (—§1n2, 7),
43 26
4.1 (@, EI); 2) (2, 2).
16 aZ +b? aZ +b?
- W3, — _
5.1)Y’2..27x, 2) X = = ¥3,Y = v y?

DX =x+3xBy?3 ;¥ = y+3x3y13; 4)X24Y2=a? _

5)X=-ma+a(t-sin?), Y= -2a+a(l —cosD), T=t-ax. .
x4

- 16!
By’ =4x+4;6) x-y2=8;Dx*+4y=0.

7.Vx +Vy = ¥a.

6.1)y=i§;2)y=0,y 3) 2722 = 4% ; 4) 2Ty = %3

a b c
X—F Y—5 Z—Z
2 2 2 aZ — ¢?
9. 1) a - o = —goa-ez- 3 =0
1
Z"'ﬁ )
x_y-1 _ : L.
2)1_ 0 = 1 (X + 2z ﬁ-—-o
x—3 y—9 z —29
=" =3 }x +6y+272 - 786 = 0.
10. 1) ﬁz;z)fg-e“
(x+y 3
-2 -3 |
mnx-2=IF, - 2y -gy+3-8=0

2)x~2=y-1=8(12-2);8+8y-2-12 =0,



Chuong Il
TICH PHAN BOQI

3.1. TICH PHAN PHU THUOC THAM SG

3.1.1. Trudng hgp tich phan xac dinh
Xét tich phan xac dinh phu thudc tham s6 y

b

(3.1) Iy) = [ f(x, y)dx

trong d6 ham s& f(x, y) x4c dinh trén [a, b] x [c, d] sao cho
f(x, y) kha tich theo x trén [a, b] véi moi y € [c, d]. Rs rang
tich phan &y phu thudc vao tham s6 y. Sau day 1a mét =6 tinh
chit cda tich phan 4y. '

Dink 6l 3.1. Néu ham s6 f(x, y) lién tuc trén fa, b} x [e, d]
thi Ify) la mot ham s6 litn tuc cia y trén [c, dJ.

That vay, ldy y € (c, d), cho ng mot s6 gia h sao cho
y+he€{cd) Tacs CoT :

) b
Iy +h) - Iy) = [ If(x, y + h) - f(x, y)ldx .

Do do

b _
Iy + b) - Il < [ Ifix, y + h) — f(x, )| dx .

e , | 81,



Vi f(x, y) lidn tyc trén [a, b] X [¢c, d] nén nd clng lién tuc
déu trén dé. Do dé Ve > 0, 36 > 0, s6 & nay chi phu thude &,

£
b—a Yx € [a, bl.

Do d6 |h| < & = |Ity + h) - Iy} < & vay Iy} lien tuc
tai y € (¢, @). D& thdy ring I(y) ciing lién tuc tai y = ¢ va
y = d.

Dinh i 3.2. Néu ham 6 fix, y) lién tyc tren [a, b] X [c, d] thi

gao cho |h| < 3= lf(x, y + h) — f(x, y)| <

d b . d
(3.2) [ Iyny = [ (J fx, y)dy)dx .
[ d C
Céng thic (3.2) c6 thé viét la
d b : b d
(3.2 JJ e pandy = [ (f fx y)dy)dx.
C 4 a o -

Day la céng thiéc ddi thd tu tich phan khi tinh tich phan
kép ,s6é duge ching mirh & phén tich phan kép.

Dd 1a dinh i vé& ldy tich phan duéi ddu tich phan.

Dink li 3.3. Gid sit ham s6 f(x, y) lién tuc theo x irén [a, b]
vdi moi y khong ddi trong [c, d] vk gid su dgo ham riéng
f, (%, ¥) lién tuc trén [a, b] X [e, d]. Khi dé fa c6

b
3.3y ry) = J fi(x, y)dx

{(dinh 1i vé ldy dao ham duéi ddu tich phén).
That vay, vi f(x, y) lién tuc theo x trén [a, b] vdi y khong dai

b b
thude [c, d] nén céc tich phan f fx, y + h)ydx , f f(x, y)dx
a a
tén tai. Xét
- b .
Iy +h) = 1) _ |y +h) = M)
h - h *
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Ap dung dinh i 58 gia g101 ndi vao bidu thdce dum ddu tich
phan, ta duge

’ b
I_(3il%‘_1(y_) - f f)(x, y + 6h) dx

trong déd 0 < & < 1. Khi h — 0 thi 6h — 0, do dg
f (x, y +.6h) — f(x, y) vi f (%, y) lién tuc theo gia thiét. Lap
luan nhu trong chung mmh dinh li 1, ta cd th& lam cho

|€(x, y + 6h) - £x, y)| <
mién 14 h kha nhé. Do do

£
b—a ¥x € [a, b]

b

ffy(

I(y +h) ~I(y)
h—-lJ

. L xb —xa .
Vidy 1:TinhI= | dx (0 < a < b).
aQ

Inx
Xb—Xa b 1 b
Vi = = [®dy nen I = [(f x'dy)dx Theo dinh Ii 3.2
nx a 0 a
ta ¢g
b1 ' b +1
I=Jdwamdy = [ (S5 X0y ay =
a o] a
} dy _ b+l
= — n
ARAR at+l .
T dx 1 1
Vi dy 2 : Xét I(y) = = —arctg— vdi y = 0.
, ) f Ty Ty oEy ol y
Lay dao ham hai v& d6i voi y, ta c6
1
dx 1 1 -1
I'yy = -2 3 = ~ —arctg— — .
» y{ (x? +y%)? 7208y Tyl
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Tu dé suy ra ring voi y # 0 ta cé

1
251 +y2)

Chii thich. Bay gio xét tich phan xac dinh phu thudc tham
s y sau day

j. = ! — arct 1
A (x2+y2)2 2y By

_ b(y)
(2.4) Iy) = [ f(x, y)dx.
a(y)

trong dd ham =6 f(x, y) xdc dinh trén [a, b] x [e, d], cdc ham

s aly), b(y) xde dinh trén [c, d} va thda man
(3.5) a<aly) €b a<hblyl €£b Vy € [c, d].
. Cd thé ching minh dugce cdc k&t qua sau :

® Néu ham s6 fix, y) lién tuc trén [a, b] X [c, d], cdc ham
86 a(y), b(y) lién tuc trén fc, dJ v thée man didu kién (3.5) thi
Iy) la moét ham s6 lién tyc déi véi y trén [c, dj.’

e Néu ngodi ra ham sé f{x, y) ¢6 dao ham riéng f°y(x, ¥)

lién tuc trén [a, b] X [e, d] va néu cac ham s6 afy), b(y) khd
vi trén [c, d] thi ham s6 I(y) Bhd vi theo y € [c, d] va ta ¢

(36) T = f £y(x, y)dx + f(b(y) NPE) — fay), va'e).
a(y)

3.1.2. Trudng hgp tich phan suy ring

Xét tich phan suy rong phu thuoc tham s6 y

+o0
(3.7) I = [f(x, yydx

trong dé ham sd f(x,y) xéc dinh trén [a, +e) X [c, d] sao cho
tich phan suy rong (3. 7) hoi tu véi moi y € [¢, d]. Cac khai
niém vh k&t qua trinh bay & day cting cé th€ dp dung mét cach
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b
thich hgp cho tich phan suy réng ff(x, y)dx, trong dé f — o
* a

khi x — a hay x — b.
0 day ta gap nhitng tinh huéng tuong tu nhu khi khao sat

cdc chubi ham s6. Ching han diéu kién f(x,y) lién tue chua du
dé I(y) lién tuc theo y.

® Khdi niém tich phén suy rong.héi ty déu : Trudc hét ta
nhic lai rdng tich phan suy réng {3.7) hoi tu néu
limI(y) = 1(y)

b—+=

: b
trong d6 L(y) = [ f(x, y)dx, v6ib > a, tic 12 Ve > 0,3 B > 0
a .

sao cho
4+

b>B=>|I(y)-Ib(y)|~:£hay|ff(x,Y)dx| < g
b

36 B ndi chung phu thuéc £ va y € [c, d]. Ta ndi rang tich
phan suy rong (3.7) héi tu déu déi véi y € [c, d] n&u Ve >0,
3B > 0, s6 B chi phy thudc & sao cho '

’ : 4o

b>B= |ff(x,y)dx' < & Vy € [c, d.
v b '

Dinh 1i sau cho ta mét diéu kién dd d& tich phan suy réng
(3.7) hoi ty déu d6i voi y

Dinh Ui 3.4. Néu ta c6 ¥ (xy) € [a, + @) x [c, d]
i, y) | < gx '

+x

va néu [ g(x)dx hgi tu thi tich phan suy rong (3.7) hoi tu déu
. i

déi vdi y € [e, dJ.
That vay, ta cd

+ow i +oo . +oe
| [tz Z’)dxl < f |f(x, y)|dx < [ g(x)dx.
b b b
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Vi _fg(x)dx hoi tu theo gid thiét nén V& > 0, 3 B > 0 sao

A
+ o

cho b > B = fg(x) dx < g, 86 B chi phu thuée &. Dodéb > B

b
teo

= |J-f(x, y)dxl < g vay tich phén suy rong (3.7) hoi tu déu
b

déi voi y € [c, dl.

+ro :
Vi dy : Tich phan suy rong [ — = — dx hoi tu déu doi
oy 1 +x?+y2
siye R |— | o1 en héde hoi ¢
vl v, = v 1C n 1 Uil
v 1+ x2+y? 1 +x? P o 1+x2

e Tinh chét ciia tich phan suy rong hoi tu déu
Dinh Ii 3.5, Néu ham s6 fix, y) lién tuc trén [a, +o} X [c, d]

ve néu tich phén suy réng (3.7) héoi tu déu déi véi y € [c, d] -

thi I(y) la mot ham s6 lién tuc trén [c, d].

That vay, ldy v € [e, d], cho né mjt s§ gia h sao cho. :

y+h € l[c, dl. Ta cd
+o0
Iy +h) - Iy) = JIfix, y +h) — fixy))dx =.
a
b

+= +
= [lfx, y + h) = f(x, y)ldx + [ f(x, y + hydx — [ f(x, y)dx.
d b b

bat I, I, I, 1an lugt 1a ba tich phén & v& phai. Ta cd

Iy +h -1y | = iI]‘ +112] _+ |I3|

Vi tich phan suy rong (3.7) hoi tu déu déi véi'y € [c, d)
nén ¥¢ > 0, 3 B > 0, s6 B chi phu thuéc € sao cho b > B =

11| < % va I < g diéu nay ding véi moi h kha nhé. Véi b
b

da xdc dinh trén, ff(x, y)dx la mét tich phén xdc dinh phu
a S
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thude tham s6 y. Theo dinh H 3.1 tich phan 4y 14 mét ham s6
lién tuc d6i vai y, vi vay 38 > 0 sao cho |hj <d = IIll_ < £
Tom lai . |

{Ky +h) - Iy} < ¢
néu |bh| < &, vay I(y) lién tuc trén [c, d1. W

Dinh i 3.6. Néu ham s6 f(x,y) lién tuc trén [a, +x} X [c, d}
vit néu tich phén suy rong (3.7} hoi tu déu doi v6i y € [¢, d]
thi ta cé

4w d

d
(3.8) fI(y)dy = _f (ff(x, y)dy) dx

a
{(dinh li 14y tich phan dudi dfu tich phan).
Ching mink. Ta c6 ¥ b > a

4 d b d  Je
findy = [ ( [, y)dx) dy + [ ( { f(x, y)dx) dy.
[ [ a [
Nhung theo dinh li 3.2, ta cd
d b b d
J (=, pax)dy = [ (] =, y)dy)dx-
Lo a a [
Do dd
d b d ' d +m. '

| oy — [ (f fx, p)dy) ax| < [ | Jfx, y)dx|dy.
c c c b :

a

Vi tich phan suy réng (3.7) héi tu déu déi véi y € [c, dl,
nén Ve > 0, 3 B > 0, s8 B chi phu thuéc £, sao cho

, +o _
b>B = |{f(x, y)ax| < dsj , Yy € [¢, d]

4 4w

= [ l | fx, y)dx|dy < £,
¢ b

87.
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d b d o
Nhu vay b > B = |fI(y)dy—f (ff(x, y)dy) dx| < £, ding
a C

thic (3.8) da duge chUng minh. Il

Dinh I 3.7. Gid su fix,y) xéc dinh trén [a, +w} X [fc, d] sao
cho ham s flx,y)} lién tyc ddi véi x trén [a, +o} véi moi y
khéng déi thuée fe, d} va f {x,y) lién tuc trén fa, +m) X [e, d].
Né’u tich phan suy rdng (3.7) héoi tn va néu tich®phén

ff (X, y)dx héi tu deu d6i véi y € [e, d] thi ta co

Foo
(3.9) P(y) = [ £yx, y)dx
a
(dinh 1 18y dao ham duéi ddu tich phan).

That vay, 4p dung dinh li 3.6 vao ham s6 f (x,y) va thay d
bdi mét gid tri y nao dé, ¢ £ y < d, ta cd

- o |
S (ff'y(x, y)dx) dy = [ (ff’y(x, y)dy)dx =
+oe

+x +oo
f (f(x, y)|Z:i) dx = ff(x, yydx — If‘(x, cydx.

Ldy dao ham v& dau va v&€ cudi d6i v6i y. Dao ham d6i véi

'y cia v€ cudi bing I'(y), cdon dao ham d8i véi y caa v& ddu
+roo )

bing f fy(x, y)dx, vi bi€u thic gy lién tuc d6i véi y.

Déng thic (3.9) d4 dugc ching minh. W
Vi dy 1 : Xét ham sd
+o —Xy
Iy) = s dx véiy = 0.

01+K

Xy

Bat f(x, y) = » d6 1a mot ham =8 lién tuc vai

+x2

1
(x,y) € [0, +=) x [0, +»). Ta lai cd [f(x,y)| < T+ ma tich
+ x
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+ oo
phian suy rong |
{ 1 + %%
tu déu déi véi y € [0, d], ¥d > 0. Do dd theo dinh li 3.5,
I{y) 12 mét ham s6 lién tuc trén [0, +).

hoi tuy, nén theo dinh li 3.4, I(y) hoi

e XY
Ta lai cd f’y(x,y) = —x 5o Tacd Vx 2 0, Vy = a > 0,
1+x
1 +
|z} < 3 e ™ ma tich phan suy rong [ e ™ dx hoi tu nén
) 0
+oo : '
tich phan suy rong ff’y(x, ¥)dx hoi tu déu d6i vai y = 0. Theo
0 .
dinh If 37 ta cé ¥y = a > 0
+ Xy
xe
r = - dx.
. ©) ’{{. 1+ x? )
Vi du 2 : Xét ham s8 gamma xéac dinh bai
+ o
I'y) = [ le™x.
o
Dat f(x,;y) = x¥¥ "1e ™™ . C6 thé vist
1 4+

T(y) = [¥ 7 ledx + [2¥ " le™ dx = [y(y) + L)
0 1

1
Vi 0 <« x s 1, tacé 0 < fix, y) < ¥ ! = =, Do ds
X

[i(y) héi tu n&u 1 -y <. 1, tidc la y >0.

Vi xzf(x, y) = ¥tle™ 0 khi x — + o, nén véi x dia lén
ta cd '

C
Oesf(x,y)s—z-

x L)
“+o0 C . .
Nhung tich phan [ —dx hoi tu, nén Ty)(y) hoi tu. Tom lai
1 X

ham s6 I'(y) duge xdc dinh ¥y > 0.
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Ta ¢cd Vx € (0, 1], Vy =2 a > @
0 < ¥ ™ < %271
i
ma tich phén

1(y) hoi tu
déu d6i voi y € [a, + ), Ya >0.
Ta c6 Vx € [1, +], Vy € [, b] v6i 0 < a < b
0 < x¥ " le™* g xP~lg7x
+ o

. ma t{ch phan fxb le™dx hoi t‘.u, nén Ty(y) hoi tu déu d&i le

¥ € [a, b] Tsm lal I'(y) hoi tu déu déi voi y € [a, bl, Vb >a > 0.
Vi vay ham s8 [(y) lién tuc Yy > 0.

Ta lai cd
£, (x,y) = x¥" Linx. e %’
Tuong tu nhu trén c6 thé ching minh rang tich phﬁn
-
Jx " Vinx. e %dx
0

hai tu déu déi vai y € [a, +=), Va >0, do d4 ta cd Vy € [a, + =),
Ya > 0 .

'y = fo‘l.lnx.e"‘dx.
0

3.2. TICH PHAN KEP
3.2.1. Khai niém tich phan kép

la mot ham sé xéc dinh, lén tuc, khéng 4Am trong mot mién
D déng, bi chan, cé bién L trong méat phdng Oxy. Hay tinh thé
tich cua vat thé hinh tru gidi han bdi mat phdng Oxy, mit

z = f{a,y) vh mat tru cé dudng sinh song song véi Oz tua
trén L (hinh 3.1).

e Bui todn thé tich cia vat thé hinh tru. Gia st z = f(x,y)
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Hinh 3.1

Chia mién D mot cach tuy ¥ thanh n méanh nhé, Goi tén va =~
cd dién tich ctia cic manh d¢ la- AS,, AS,, .., AS . Liy mdi
manh nhd &y lam ddy, dung vit thé hinh tru ma mat xung
quanh cd dudng sinh song song vdi Oz va vé phia trén giéi han
bdi mat z = f(x,y). Nhu vay vat thé hinh ‘tru dang xét dugc
chid thanh n vat thé hinh tru nhd. Trong méi manh nhd AS,
ldy mét difm tay ¥ M(x, ). Tich f(x, y;) AS, bing th& tich
ciia hinh tru thang cd day AS va chleu cao f(xl, ¥.), ndé khic
riat it thé tich AV, cia vat thé’ hinh try nhdé thd i néu manh
AS; cd dubng kinh khd nhd, vi ham s8 f(x, y) lién tuc. Vay cd
thé xem thé tich V cua vat thé hinh tru xdp xi bing

n -

2 f(x,, y)AS, Phép tinh xdp xi nay cang chinh xdc néu n cang
i=1

16n va cdc AS, cd dudng kinh cang nhé. Do dd thé tich V cua
vat thé hinh tru dang xét duge dinh nghia bang gi6éi han, néu
cd, cla t8ng trén khi n — = sao cho dudng kinh lén nhét trong
cac dudng kinh d, cia cdc manh AS, déin téi 0, gi6i han 4y
khong phu thuéc cach chia mién D thanh cidc manh nhd, cing
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nhu cich chon di€m M, trong AS,. Dudng kinh cia mét mién
bi chan la khodng cdch 16n’nhdt gita cic difm trén bién cda
mién 4y.

e Dinh nghia tich phan kép. Cho ham s8 f(x,y) xéc dinh
trong mdt mién ddng, bi chdn D. Chia mién D mét cach tay y

thanh n manh nhé. Goi cde manh d6 va ci dién tich cda chung
la AS|, AS), AS;,.., AS_ . Trong méi manh AS, ldy mét di€m ’

tuy ¥ M, (x;, y;). Tdng

n
I = 2 £, 7)AS,

i=1 _
duge goi 1a téng tich phén cia ham s6 f(x,y) trong mién D.

Néu khi n — « sao cho max d; - 0 ma I dan téi mot gidi
han xac dinh I, khéng phu thudc vao ciach chia mién D va cach
lay diém M, trong mdi manh AS,, thi gi6i han &y dugc goi 1a tich
phan kép cia ham s f(x,y) trong mién D va duge ki hiéu 1a

(3.10) Jf fx, y)as.
: D

D dugc goi 12 midn &y tich phan, f dudc goi 1a ham dudi déu
tich phan, 4S duge goi 1a yéu t6 dién tich. Néu tich phan (3.10)
ton tai, ta ndi rdng ham s8 f(x,y) khd #ich trong mién D.

Ngudi ta ching minh duge ring néu ham sé fix, y) lién tuc
trong mién bi chdn, déng D thi né khd tich trong midn Gy.

Néu f(x,y) lién tuc, khéng &m V (x,y) € D thi tich phan kép
(3.10) bang thé tich vat th& hinh tru xét & trén. Vay :

V = [{ fx, y)dS,
D

Néu f(x,y) = 1, V(x,y) € D thi tich phan kép (3.10) bing
dién tich S cia mién D '

ffas =8,

Chii thich, Vi tich phan kép khéng ph.l_l thudc cich chia mién
D thanh cdc manh nhé nhu d& néu trong dinh nghia, ta cé thé
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chia D, bdi hai ho
didng thing song
song vdi cac truc toa
d6 (hinh 3.2). Do d¢
d8 = dxdy va cd thé
viét :

f f f(x, y)dS = _f f f(x, y)dxdy.

D D

_e Tinh chét cia
tich phan kép

Tich phan kép cd
nhiing tinh chit tuong
tu nhu tich phan xac
dinh sau day, voi gia

dy-
el

/

X

c

Hinh 3.2

et

thiét ring cac tich phdn cd mat trong cac tinh chdt 4y déu tén

tai

D [fifx, y) + gx, ldxdy = [[ f(x, y)dxdy + [[ g(x, y)d=dy.
D

D

2) [f kf(x, y)dxdy = k [ [ f(x, y)dxdy (k 1a hing s6).

D

D

3) Néu mién D cd thé ch1a thanh hai mién D,, D, khong

dim 16n nhau thi

[tz yyaxdy = [f fx, yyaxdy + [[ fx, y)dxdy
D .

D,

D,

4) Néu f(x,y) = g(z,y), ¥V (x,y) € D thi

f f f(x, yydxdy <
D

I &=, y)dzdy.
D

5) Néu m =< f(x,y) < M, V(x,y) € D, m va M la hang s6, thi
mS < [ f(x, y)dxdy < MS, -

D

S la dién tich cda mién D.
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6) Néu f(x,y) lién tuc trong mién ddng, bi chin D thi trong
D cd it nhdt mot di€m (x, y) sao cho :

J[ fx, y)dxdy = f(x, y) . 8, § la dién tich cia mién D
D

(dinh li v& gia tri trung binh).
o Didu kién Ehd tich
bat
m, = inf f(x, y), M; = sup f(x, y).

(x.Y)EAS, (x.¥) € AS,
Cic téng

“n n
s = > mAS, 6 = > MAS,
i=1 i =.1
theo thd tu goi 13 tdng Darboux dudi, téng Darboux trén cha
ham s6 f dng voi cdach chia mién D. Cing nhu d8i v6i ham sd
mot bién sd, néu phép chia mién D trd nén min hon (tdc la
mdi manh cia phép chia sau déu ndm trong moét méanh nao d¢
cia phép chia trudc) thi s ting lén, 6 gidm xudng. Dat
I, = sup{s}, I' = inf{s}. '
Ta cd
s<I <«I* g0

Dinh 1i 3.8. Didu kién can va dit dé ham s f(x, y) khd tich
trén mién D la

lim(o —s) = 0.
maxd,—0
Hé qud. Néu ham s6 f(x, y) lién fuc frong mot mién bi chdn,
déng D thi né khd tich trong midn dy.
3.2.2. Cach tinh tich phan kép trong hé toa d¢ deé cac
¢ Mién ldy tich phan la hinh chit nh4t c6 cdc canh song
song vfi cac truc toa do

Dinh i 3.9. (Fubini). Gid su D = [a, b] X [c, d] va gid sz
f: D — R la ham s6 khd tich trén D. Khi Gy :
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fe

a) Néu Vx € [a, bl, ham 86 y ~— fix, y) khd tich trén [c, d]
thi ham s6
d
x — I(x) = f f(x, y)dy

B
khd tich trén [a, b] va

(311 JT fx, yydxdy
D

b) Néu ¥y € [c, d], ham s6 x — f(x, ¥) khd tich trén [a, b)
thi ham sé '

b b d
J Iwdx = [ ([ fx, y)dy)dz

b
[ fx, y)ydx

a

y = J(y)

khd tich trén [c, d] va
(3.12) Jf fx, y)dxdy
D

Chitng mink. Ta chdng minh a) chia cdc doan [a, b] va [c, d)
bdi cac diém

#

d d b
JIony = [(J fx, yydxydy.

axx0<x1¢'...<xn=b,
C=y, <y < .. <y, =d
Dat
Ax, =%y X ) Ay = Dy ¥y s
D. =Ax, X Ay,,i=0,1, .,n-1;k=01 .,m-~1

my, = inf f(z, y), M;, = sup f(x, y).
v E.Dik xye D,

Ta cé V(x, y) € D,,
m, < flx, y) < M, V&, y) € D;,

Lay &, € [x; x,,), ta co
Y+
myAy, < [ £, ydy < MAy,.
Ve ,
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¥4
[
Yol — —— — ///l//
7
J D7
)
i
0 "1: :gi Kt X
Hinh 3.3

Lay tdng theo k tit 0 dé’n m - 1 cd ba v€ ta duge

m-1 m-1
2 mdy, < f f(§;, yyy < 2 MikAyk :
k=0
Tich phan & giita bang 1) Nhan cé. ba v& vai Ax, réi lay

tdng theo i ti 0 dén n - 1, ta dudc

n—1 m-—1 n-—1 n—-1 m-—1}
E:szommAyk € Z I¢gpax, < E:xnkzomnkAyk

V& ddu va v&€ cudi theo thd tu 12 t8ng Darboux dudi s, téng

Darboux trén S, v& giita 12 téng tich.ph&n cta ham s8 I(z). Vi
f(x, y) kha tich trén D nén khi maxAx;, — 0, maxAy, — 0, s

va
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S cing ddn téi ff f(x, y)dxdy. Vay
D
n—1
lim Y I¢)ax = ff fz, yydxdy,
maxAxl—-O fi=o D :
b d
I fx, pyayyax = [[ f(z, y)dxdy.
a ¢ D
b) Duge ching minh tuong ty.
He¢ qud. Néu 1(x, y) lién tuc trén D = [a, b) X [c, d] thi

b d d b .
(3.13) [ f(x, pyaxdy = [ ([ fx, y)dy)dx = [ (J fzy)dx)dy. -
D

a < ¢ a



That vay, néu f(x, y) lién tuc trén D thi ¥x [a, b], ham
sb y + f(x, y) lién tuec do d6 kha tich trén (e, dl, vl vay ta cd
(3.11). Cang vay ta cd (3.12). So sanh ching, ta duge {3.13).

Céng thic (3.13) la céng thie d&i thu ty tich phan.

dxdy
Vi dy Tinh 1= [f =20 po< o a2
n x+y)
X 1
Vi — lién tuc trén D, nén
(x t+y)
2 2 dy
I=fdx | :
1 I(X+Y)2
Nhung
} dy 1 1
L (x+y)? x+1 x+2
Do dd
2 1 x+1 5 9
1=f(—x+1——x+2) =1nx+2|1=1n§,

Chii thich. Néu f(x, y) = f,(x) f,{y), ta e6

. b d
JJ fx yydxdy = [ dx [ £t y)dy =
D i a c

b d
= [ fix)dx. [ fv)dy.

o Midn ldy tich phan la mitn bat ki bi chan
Dinh U 3.10. Gid st D={(x,y):a2a < x € b, y®) €y < y,)}, -
Yy, ve y, & hai ham 36 khd tich trén [a, b], yi(x) < y,(x),
Vx € la; bl. Gid st { la mot ham s6 khd tich trén D. Néu
Vx € [a, b), ham s6 y — f(x, y) khd tich trén dogn by, (x), y,(x)1,
Yg(x)
thi ham 36 x — Ux) = [ f(x, y) dy khd tich trén [a, b] va
¥,
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o gE

ERAl bov.(x)
i3.14) f_f fix, yylxdy = f Ix)dx = f [J‘ fix, yidyids
1} B HERSRAS]
Chang minh. Viy,. y, kha tich
trén [a. b] nén t6n tai hai s0 ¢, d ¥
sao cho y{x) 2 ¢, y,ix) < d, abl -

¥Yx € [a, bl. Do dd DD la mot tap
con cta hinb chit nhat

Q = la, bl x [e, d]. Dat Cr-
|f(x.y) n€u(x,y) € D 3} -
FLX\)_l 0 néu(x,y)€EQD
R& rang ham F kha tich trén
hinh chid nhat Q va Hinh 3.4
ST fx, yydxdy = [[ Fex, yydxdy
D 0
Theo dinh i 3.9 ta ¢d
b d
ff F(x, yydzdy = _f dx f F(x, y)dy.
0 = C
Nhung
d LHEY
[ P pdy = [ s, y)dy
c ¥(%)
Do dd
I+ v(x)
JJ e pdxdy = [ ([ f(x, yydyydx
12 a v X)
Hé qud. Gid su D = {(x, y) :a € x £ b, y{x) sy < y,(x)},

¥, va y, la hai ham 84 lién tuc trén [a, b] Néu f la maot ham
56 lién tuc trén D thi ta ¢

b ¥ (d
(3.14) [[ fx, paxdy = [ (] €z, y)dyydx
D A _vl(x)
Dinh U 3.11. Gid stt D = {i{x, y) : < d, x, ) € x € )},

X, U X, i hai hivm s6 khd fich trén [c- d] x(y) = x,Ly) Yy € [c d].
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(ficd = £ ld mét ham sé khd tich frén ). Néu ¥y = [e, d).
ham sd x s fix, ¥y} khd tch trén doan [y} x,(yi], thi ham s6

x(¥)
y = Jy) = [ fix, y)dx khd tich trén le, 4] vt ta co
%)
d d %03
(3.15) ff f(x, yydzdy = [ Joydy = [ (] fix, ) dxdy
¢ i ¢

Ching minh tuong ty nhu dmh
li 3.10. ,

Hé qud. Gia su D = {(x, y) -
c sy =d xy<xs x,(y)t,

X, va Xy la hai ham s6 lién tuc
trén [c, dl. Néu f Ia mot ham so6
lién tye trén D thi ta cé

O

“ .

: " Hinh 3.5
i x(“)

(3.15) IS fx, paxdy = [ (f f(x, y)dx)dy
1> c X,(¥)

Chu thich. Gia sibién L ctia mién D bj méi dudng thing
song song vOi mét trong hai truc toa do cdt & nhidu nhat hai
diém. Dung hinh chit nhat nhé nhat cd cac canh song song véi
cac truc tea do chia mién D
thinh 3.6). Gia s¥ hinh chit Y ¢ Q
nhat dy la [a, b) x [c, d]. Goi ¢
M, N, P, Q la giao di€m caa
L v&i bién cda hinh chir nhat.

M |
Cac di€m M, P chia L thanh i :
hai cung MNP, MQP ecd ¢ - N T -
phuong trinh theo thd tu la 5 ! i') r
y = ¥,&),y = y,(x). Cac diém 2 Hinh 3.6
N, Q chia L thanh hai cung
e T .
NMQ, NPQ c6 phudng trinh theo tha tu §a x = x,(y), x = x Hyh
Néu f lién tuc trén D, ta cd thé€ tinh ff fx, y)dxdy theo cong
thic (3.14) hoac (315} Tacé : 0
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b ¥ix d Xa(¥)
(3.16) Jax [ix, y)dy = [ dy [ fix, yydx,

A yE c X0
Dé 1a cong thde d8i thd tu tich phan.
Vi du 1 : Hay xac dinh cac can tich

phan khi tinh I = J-f f(x, y)dxdy, trong
D

dé D la mién gigi han bdi cdc dudng

x = 2y = % y = x (hinh 3.7).

Mién I dugc x4c dinh boi 1 < x <2

¥

>y

1
;sysx,dodd

Hinh 3.7

2 X
I = fdx f f(x, y)ydy.
1 1/ '

Né&u ddi thd tu tich phan, ta phan chia D thanh hai mién

1 1
DlvéDz;Dlduq::xécdinhbéiﬁsysl,gs.xsZCbn

D, dugc xdc dinh bdi 1 < y < 2, y < x < 2 Dodé

¥

2 2
dy] f{x, y)dx + f dyf f(x, y)ydx,
. y

I =

| = ey

| =

R& rang cach tinh thd nhit don gian hon.

T vi du nay ta thdy rding khi tinh tich phan kép, cin chon
thd ty tich phan sao cho cach tinh don gidn hon.

Vidy2:Tinh I = [fx? + y))dxdy, trong d6 D la mién gidi
D
han bdi cdc dudtng y = x, y = x+ 1,y = 1, y = 3 (hinh 38).

R6 rang trong trudng hop nay nén ldy tich phan theo x
trude. Mién D duge xdc dinh bdi cac bdt ding thic I < y < 3,
¥y -1 < x <y Do dd
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o T
8
fg

3 ¥ &
= fdy [ = + yhdx = 3l TA—
! oy-—1 |
3 AV
1 ( )x-—y—l. . 1 / / :
3 [y3 -1 | !
=f[%+y3_(_y._)_yz(y_1)}dy= : v
1 0 1 3 x
¥ y3 (y—l)“ Hink 3.3
B ET Y |I

Ban doc hﬁy déi thu tu tich phian d€ so sanh hai cich tinh.

3.2.3. Ddi bién sd trong tich phan kép
o Cong thite doi bién s6 trong tch phan kép. Xét tich

phan kép _
J T fex, yydxdy,
D
trong dé fix,y) lién tuc trén D. Thuc hién phép d8i bisn s6 :
(3.17 x = x(u, v), y = y{u, v).
Gia st rang :. |

1) x(u, v), y(u, v) 12 nhitng ham s6 lién tuc va c¢d cac dao
ham riéng lién tuc trong mét mién déng D’ cda mat phing Q'uv ;

2) Céc cobng thitc (3.17) xdc dinh mot song dnh tit mién D’
1én mién D cia mat phézp__g Oxy ;

3) Dinh thic Jacabi

_ D,y _ |*u ¥ e 1
= B(u, v) = Y,u Y’v # 0 trong mién D"
Khi d¢ ta cd cong thuic
(3.18) I tx, yyazdy = [ f=(u, v), y(u, vyl J |dudv
D '
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L

Trudge hét ta xét mot hinh chid nhat A’ trong mat phang O'uv,
dinh duéi bén trai cia no la diém u, v, hai canh cﬁ‘a no la
Au, Av (hinh 3.9}, dién tich cta nd 1a A3’ = AuAv. Anh cia
A ndi chung 12 m6t td gidc cong A trong mat phing Oxy cé mot

dinh la di€m (x, y), trong do x = x(u, v}, vy, = ylu, v)
v Y
Aurs
/
u=u, A
(u()' VO) VZV() ) (Xos y‘)) Au']:,l
o u 0 X
Hink 3.9
Phuong trinh cta canh dudi cia A" la v = v_, anh cua no

la dung cd phudng trinh tham s6 la

x = x{u, v,), y = ylu, v ),
hay duéi dang vecty o -
rl(u) = x{u, vo]i + y(u, vu}j.

Vay vectd _
— — - — -
r, = x’u(uo’ vo)i + y,u(un’ Vol = X,ui + y,u-]

la vecto tidép tuyén cla dudng cong trén tai (x, y ). Tuong tu
nhu vay, vecto ti&p tuyén cda anh cla canh trii cta A’ (tidc la
u = u) tai (x, y,} 1a
— — - —» —= —
r,Z = x}\a‘(uo’ Vﬂ)i + y,\«"(u(l’ V“)j = X,Vi + y,vj' .
Vay khi Au, Av kha bé, ta cd thé xap xi dién tich-AS cuia
hinh thang cong A boi_dién tich cta hinh binh hanh xdc dinh

bdi cac vectd Aur’l, Avr’z, tic 1A bdi chiéu dai cta tich vectg
-—

= 3 ? - .
Aurl A Avrz = AuAv AT Ta cd
— — .
i j k Xy
— —> 4 ’ -
r, AT, = [ y-u 0 = ‘1.| ,U k=
! z , S X, ¥,
Xy ¥u
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o

’ X: —a —
=17 VN K=4dk
v, Y.
Do do
(3.19) AS = |J]Auav = |J| A8

Bay gio chia mién D thanh moét s8 hitu han manh cd dang
hinh t¥ gidc cong da néu trén hinh 3.10. Theo dinh nghia cta
tich phan kép ta co

n
ff f(x, yidxdy = lim 2 fx, ¥)AS,
13 mmdl--bi] 1=1
trong d¢ AS, 14 dién tich ctia manh thi i, {x;, 3,) 12 mot diem
tady ¥ chon trong manh &y, d, 14 dudng kinh cia nd. Goi (u

la diém dng véi (x, y). Theo (3.19) ta co
fix;, yPAS, = flx(u, v)), y(u, v,hH]J|AS,

V)
].

Do dg

n

ff f(x, y)dxdy = lim 2 fix(u, v), y(u, vi))iJ|AS’i
D

maxd—0 =1
trong d6 d;" 14 duong kinh cia hinh chit nhat AS’, tdng tich phan
&g vé phai trdi trén mién D’. Tw dd ta duge cong thie (3.18)

v ok . ¥ 4
AS'
!1
) {1~
/ Ay, 4
A Au;
NN 7
[ |~
7
fu.v} :
o w0

Hink 314
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Chi thich. Cong thic (3.18) vdn cén
ding khi dinh thdc J = 0 tai mot sod
di€m trong D. That vay, gia st J = 0
tai di€m A trong D. Goi D 1a mién tron
tam A ban kinh r ndm hoan toan trong
D (hinh 3.11). Coéng thdc (3.18) ding trong
mién D — D_. Goi D’, D’ 12 nghich anh-
cia D, D, qua anh za (3.17). Ta ¢ Hink 3.11

ff fdxdy = [ [fdxdy +ff fdxdy = ffﬂJIdudv + fffdxdy.
D

D-D, -0

0

Vi £ bi chan trong D nén cd thé chon r da bé d8 V £ > 0
ta cd

| If fdxdy| < .

5]

Do d¢

lim [f fiJ|dudv = [{ fdxdy.
=D -’ D
Nhung vi (3.17) 14 mdt song anh lién tuc, f |J| bi chan trén TV
nén khi r — 0 thi [ f|J{dudv — 0, do dd
D!
ff fIJIdudv—»ff f| J| dudv.
- D’

Vay

H

JJ faxdy

Jf #J]dudv B
D D'

Vidy 1:Tinh I = [ (x + y)dxdy, D 12 mién gigi han bdi
D
cicdudng y = x, y = x+3, y = 2x -1,y = 2x + 1,

Thyc hién phép d8i bign s6
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u=3x+ty y
v=-2x +y. v
Dé 14 mot anh
xa tuyén tinh tit R?

Z Y,
2 e ) D 4 7
vl ma tran eia g ég o
xa dy lé_ r
~21‘ 11 =3=0 Hink .12 .

Anh xa 4y la mot song anh bign mién D 1én hinh chi nhat D’
gidi han bdi cde dusng u = 0, u = 3, v = -1, v = 1 (hinh 3.12),

1
Vid = e1 nén ap dung cong thic (3.18) ta duuc

3
I=—:l§ffududv=él-fudu.fdv=

D’ 0

1

14l 1 9
57 Jo- v L =5g2=3
L

Vi dy 2 : Tinh I = [f 7Y dxdy, D 1a mién xac dinh

D
bdi x =2 0,y 2 0, 2 +.y = 1.

Thuc hign phép ddi bién
Yi vh
X —y=u
hay
Xty = P\ 1
1 ? 1 :D' 1
X = S(u + v) 2N 7
2 ' ) X -1 T
x
1 .
y = 5(v —w,

Hinh 3.13
D6 1a m6t song anh

td D31én D’ xdcdinhbdiu+v = 0, v-u > 0, v < 1 (hinh 3.13).
Ta cd
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1 1
p_Dxyy |2 oz) )
T Dtuv) L1l 2

22

Do do
1 " 1! oo

I = 3 fr o' dudv = 3 f dv f eV du

1y i} -

i
i
= — o -':——J—.\_l
2_[( 0 ){vd\ 1 (e B
o Tinh tich phan kép trong hé toa dé cyc. Coéong thuc lién
hé gifta cac toa do dé cdc (x, y) va toa dd cuc (r, ¢) cua cung
mdt didm la

X = T cosp, ¥y = t sing

Néur » 0, 0 € p < 27 thi cac cong thdc dy xac dinh mét
song anh gida cac toa d8 dé cac va toa d6 cuc. Riéng didm gée
toa d6 ¢ r = O va ¢ tuy ¥.

Xem céc cong thuc trén nhu mét phép déi bidn s6. ta cd

D co —rsi
:_(x,)_f_) - Ic?c(p rsing g
D(r, ¢) sihy rcose
tru tai géc (. Do dd tu cong thiuc (3.18) suy ra
(3.19%) ff f(x, y)y dxdy = ff f(rcosp , rsing)rdrdy

13 N

Theo chu thich & trén, céng thic (3.19) vin ding trong
trudng hop mién 1 chua gae O.

Néu mién D duge xdc dinh bdi « € ¢ < f, r{p) £ 1 € r,lp)
nhy & hinh 3 14, ta dugc

I rp)
(3.20 ff fix, y)dxdy = _f dy f f(rcosp, rsing jrdr
3 “ r.{v)

D¢ 14 cong thidce tinh tich phan kép trong toa d¢ cue.
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v A c
r,{e)
M
L2
B
| D
Y, B
L ()
X -
Y 2
Hink 3.14

Chi thich 1. Cing c6 th& tinh yéu
té dién tich dS trong hé tea dé cuc
nhu sau. Chia mién I} thanh cdc manh
nhé bdi cdc dudng tron déng tém
= h (h khong d6i) va cdc tia ¢ = k r
(k khéng d8i). Xem méi manh nhd
xdp x1 nhu mot hinh chit nhat ¢d kich
thudc ia dr va rde, do d6 dS = rdrdy
(hlnh 315). Hinh 315

Chit thich 2. Néu goc O nim trong mién D va moi tia xuét
phat tit O déu cit bién cia mién D tai mét diém cd ban kinh
vects 14 r{p) thi

2 )
ff f(x,y¥dxdy = f dy f f(rcosp,rsing)rdr .
[ 0 0

dxdy

Vit iy

D la mét phdn tu hinh tron don vi ném
trong gdc phan tu thd nhiat (hinh 3.16).

Vi du 1 : TlnhI—ff

Chuyé&n sang toa dé cue, bidu thdic dudi dau
rdrde
\| 14+71° ’

gi6i han bdi hai dudng r = 0, r = 1 va hai

3 J

tich phan duge viét la mién I’ cﬁirjc

- 7 .
tiap =0, ¢ = o Do do Hinh 3.16
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I:

S, b |

rdr' 7
de 5 \]1+r2 =-(V2 -1
0 \“+r |l 2

Vidu2:Tinh = [ +yldudy,

D
D 1a mién xie dinh bai x2+y -
2Y?0x2+y-1~<..0xzo

¥ ¥

2 0 (hinh 3.17).

Hai dudng x?> + y2 - 2y = 0,
» x4y’ = 1 cé phuong trinh trong toa

LY
1
7z L. ;
o X do cuc la r = 2sinp, r = 1. Chung cit
nhau ¢ mét di€m e toa dé cuc la

(1.7%). Vay mién D’ duge xdc dinh

b6i 0 < ¢ < =, 2sing < r < 1. Do

Hinh 317 6
z x
. 6 1_ 6 1_3
W61 =[dpfrr=]3 ; dep
0 0 SIY

2siry

s

I

6 1 6

J (1 - ssindp)dp = 3 [% - 8f (1 —.coszp)sinpdp] =
0 0

ol e

7 3 ; .
a (6t sow - ] s (el - )

3.2.4. Ung dung hinh hoc cia tich phan kép

e Tinh thé tich cua vat thé, Thé tich cua vat thé hinh tru
ma mat xung quanh la mat tru cd duding sinh song song vdi
Oz, day la mién D trong mat phang Oxy, phia trén gi6i han
bdi mat cong 2z = f(x, y), fix, ¥} 2 0 va lién tuc trén D duge
cho bdi ebng thic

V= [ f(x, y)dxdy.
b
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Vi du 1 : Tinh thé tich V ctia vat thé gi6i
han bdi cac mat phang x = 0,y = 0,z = 0
x+y= lvz’imatz=x2+xy+1.

¥

Do la moét vat thé hinh tru ma day la

mién D giéi han béi cdac dudng x = 0, X
y=0,x+y =1 (hinh 3.18). Trén D ta
co- 2 > 0, iy ; Hinh 3.18

ivex

1
Jax [ & +xy + 1)dy =
0 0 L

V= ff (x* + xy + 1)dxdy

D

; y2 y=kcok
=_£dx.(x2y + x5 +y) |;;=0 =

1 %3 : 4 2 5
=f(-3-zt)==(CFg=Tre) =%

Vi du 2 : Tinh thé tich V cta phén hinh tru gi6i han bdi mat
x? + y2 = 2x nadm trong mat cdu x*> + y*> + z2 = 4 (hinh 3.19).

Vi tinh d6i xidng, ta c6
=4 [[ J4-x*—y?dxdy, D la nia

D
_ mat tron x? + y% - 2x < 0, y = 0. Chuyén
%~ sang toa d6 cuc, mién D’ dugc xdc dinh

3. T
Hinh 3.19 bdi 0 < ¢ < 5,0 <1 < 2 cosp.

2,
=
2
Vay V = 4 fgofd—r%‘dr:
0

Il
OJII--
o Y~ A

JT
8 2

(4 — 32 |2cw dp = 3 J (1 - sindp)dp =
0

|
w| oo
" ey
(T

|
| o
S ——
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o Tinh dién tich hinh phding

Dién tich S cia hinh phang D dude cho bdi céng thuc .
S = f[ dxdy.
[}

Vi du : Tinh dién tich 8
cta hinh gidi han boi dudng

(x2 + y9?2 = 2a? (x?2 - ¥4y

Chuyén sang tea d0 cuc,
duting cong ddé c¢d phudng
trinh la _r2 = 2a’cos2p, dd
la dudng lem-nix-eat. Vi
tinh d&i xdng ta tinh
dién tich ecua mién D duoce Hinh 3.20
ddinh ddu trén hinh 3.20,

c e .8
dién tich ay bang T Mién D 4y duge xdc dinh bdi 0 < p < =
0 < r < ay2co0s2p. Vay

o T
g 4 aViody 4 2
7= Jde Jrdr  =a? [ cos2pde = bx
0 0 o
Do dd
S = 2a%

e Dién tich mqgt. Gid =0 cf

mot mat gidi han béi mot 3=f(xy)
dudgng kin. Phudng trinh cta
mat la z = fix, y), trong d6 f

(x, y) = f(x, y) la ham s6 lien E
tuc va cd cdc dao ham riéng :
lien tuc. Hay tinh dién tich 0

cita mat 4dy. Ty
Goi D la hinh chidu ctia mat « P
i

lén mat phing Oxy (hinh 3.21}
chia mién D thanh n manh
nho. Goi tén va cd dién tich nnh 3.21
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cua cac manh &y la ASI, AS,,

24 5 A5, Trong mdéi manh AS llfiy

- mot diem thy ¥ P&, ) Ung
Ti ! vat nd la didm M (&, 4, §) trén
mat. Goi T, la tiép dién cda
mat tai Mi= ATI & manh cuia

mat phang T, ma hinh chiéu
ctta nd xudng mat phang Oxy

f ! :
/ @ la AS,. D& cho tién ta ciing

dung ki hiéu AT, dé chi dién

Hinh 3.2 tich cia manh AT, Néu tit ci

=¥

cac manh AS, déu co dudng

n
kinh kha nhé, ta ¢d thé xem tdng 2 AT, x4p xi nhu dién tich
i=1
clla mat da cho.
Goi v, 1a gde gilta phdp tuyén cua mat da cho tai M, va Oz
(hinh 3.22), ta ¢o
&Si = AT-I(ZOS"/i = ATi = @
i
Ta biét rang ba hé s5 chi phuong chia phdp tuyén cia mat
tai M, la -p, -gq;, 1, trong dd p, = z' (N)), q; = z’_‘_,(N-l) {(xem
mue 2.2), N, 1a hinh chiéa cia M, xudng miat phang xOy. Do d¢

cosy, = —— = AT, = Y1 +pi +qZ A8,

1
v 1 +pl +q!
Vi vay ta cd thé xdp xi dién tich cua mat bdi téng tich phan

n
> Yl +pl+q? AS,
=1

“voi do chinh xdc cang l6n khi n cang lén va dudng kinh d. cia
AS. cang nhé. Ngudi ta dinh nghia dién tich 6 cta mat la gisi
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han, néu ¢d, cua ting 4y khi n — = sao cho maxd, - 0. Gidi

han ay chinh 1a tich phan kép ff V1 +];2ﬁ-ri§-dxdy va chac chan
13
tén tai vip = z’,, q = z', lién tuc trén D. Vay

(3.21) 6 = [f ¥1 +p?+qZdxdy
B

Vi dy : Tinh dién tich ctia phan mat cdu x? + y2 + 22 = 4
nam bén trong mat tru x* + y? = 2x (hinh 3. 19).

Vi li do d6i xung, chi cdn xét phdn cia mat nim trong goc
phédn tam thd nhidt. Khi dé

z = y4—x%—y?,
S X X - r y

= Z e e ] =z == T s A
P = Zy Ja-x2 o 175 %y Va-2-¢
"1+p2+q2 =.___._.._._._?—"

Do dd

trong dé D la nta mat trdon x> + y2 - 2x < 0,y = 0. Chuyén
sang toa dé cuc, ta duge '

412 |%% g

m

dr
6=3fdsvf -
0 \‘4 2

3.2.5. Ung dung cd hoc cda tich phan kép
o Tinh khoi luong cia mot ban phing khong dong chdt

Cho mét ban phing chiém mot mién D trong mat phing
Oxy. Lay moét manh tiy ¥ cha ban &y cd dién tich AS va gia
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s khoi lugng cia manh 4y 1a Am. Gidi han, n&u cd, cta ti =6
Am .

AS khi A5 — 0 sac cho méanh Ay thu vé mét di€m P cia nd
duge goi 12 khoi lugng riéng cta ban tai P va dude ki hiéu 1a

A(P). Néu ban 1a déng chat, thi p khong ddi.- Néu ban khong
déng ch&t thi £ 14 mot ham s6 cua P.

Bay git gid st cho biét khsi lugng riéng cia ban la mét ham
s6 lién tuc AP) = pPlx, y). Hay tinh khéi lugng cia ban. Chia
mién D thanh n manh nhé AS,, AB,, .., AS_ va chon trong méi

manh AS, moét diém tuy ¥ P,(x;, y,). Khéi lugng cta ban duge
tinh x4p xi bdi téng :

2. P(PYAS;

i=1

Gi6i han m, néu cd, cia tdng dd khi n — o« sao cho maxd; — 0
(d; la dudng kinh cla AS)) dugc goi la khéi luong cda ban. Vay

(3.22) m = ff P(x, y)dxdy.

 du .- Tmh khai lll'dl'lg cia ban phang choian mién D xdc
dlnh bdi x> + y*> - R* < , x 2 0,y = 0, biét khéi lugng riéng
P&, ¥y =

Theo c6ng thic (3.22), ta cd
= ff xydxdy.
D

Chuyé&n sang toa d6 cuc, mién D’ dugc xdc dinh bai
Osp_sﬁ 0 £ r £ R Vay

2,
2 R
m = [ dp [ rlcospsinprdrdy

0 0
E .
2 . R 4

_ 7 sin2p 3. _ _ cos2p 55‘1__13,1

—-{ 2 dzp,{rdr— i |n =%
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» Moémen quédn tinh cia bdn phang. Theo dinh nghia mémun
quan tinh cda mdt chdt di€m cd khéi lugng m dat tai didm
Pix, y) d8i vdéi truc Ox, d&i vdi truc Oy va d6i véi goc toa do
theo thu ty la

I = my*
(3.23) I, = mx?
, = mix? + y2).

Bay gio xét mét ban phing choan mét mién D trong mat
phang Oxy va ¢ khéi luong riéng p(x, y), véi p(x, y) 1a mét
ham s6 lién tuc trén D. Dya vao cdc céng thic (3.23) va dinh
nghia ctia tich phan kép, ta ¢d cac cong thic sau day dé tinh
mémen quén tinh cia ban phing déi véi truc Ox, déi véi truc Oy
va d6i voi géc toa d

L = JJ ¥’P(x, y)dxdy
D

(3.24) IL=f [{ x2p(x, y)dxdy

—
Il

o ff (x* + yH)p(x, y)dxdy.
D .

Vi du 1 : Tinh mémen quéan tinh d6i véi gée toa do cha
mién tron D xac dinh bdi mién tron x? + y2 - 2Rx < 0
(hinh 3.28) biét kh&i lugng rieng

Pix, ¥y = \‘xz-+yz.

¥y

7

///////// /
Chuyén sang toa d6 cuc, mién D’ O

duge xac dinh bai —f% < p = %

0 £ r £ Rcosp, vay Hinh 3.24

Ta cé

I, = [f 2+ yY) V<2 +y2dxdy,
D
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2 Roiomg
I=Jde [ riar =
_r ]
2
PR oty - o compap - A2 16
R T A A T Sk A A T R T
T2
Vi du 2 : Tinh moémen quan tinh d6i véi truc Oy clla mién
S L2 2
D xac dinh bdi L 1, biét rdng Pz, y) = 1.
a’ b? .
Ta cd
I, = ff x*dxdy.
' D
Bien cia mién D 1a duong olip o+ % =1y =+ 2
ién cta mién D 1a udngelpa2 b2—==-y-_a a“—x
Do da
b s
—Ya —x
S a d 2h
Iy=fx2dx [ oy = E—\Jaz—-xzxzdx
—a b 5= -4 ’
——ya—x
a

Thuc hién phép ddi bién s6 x = asint, 0 < t < % Ta 6

dx = acostdt, \Jaz —x* = a|cost| = acost, do d¢

T

o 4
4b 7 4.2 3L . 4
I, = — f a‘sin’tcos’tdt = 4ba f(smt — sin"t)dt
h a
0 0
' 1 31 wa’b
_ I el L S
=dba (5~ 43)5 = 4
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s Trong tém cte bdn phdng. Cho mét hé gém n chat

di¢m cd khéi lugng m,, m,, .., m_ dat tai cac diem P,{x,, y,),
PZ(X2= Y Pn(xn, yn). Khi dé trong tdm G cda hé c¢d cac toa
d¢ cho bdi cong thic
n n
> lel 2 ylml
(3.25) xg = 1 -nl Ve i=1

2 m; i I

i=1 i=1

Bay gig xét mot ban phing D trong mat phing Oxy. Néu
khoi luong riéng cha nd la mét ham s8 lién tuc P(x, y), thi cac
toa dd cia trong tAm G cia nd duge tinh bdi cong thic

JJ xp(xyydxdy I yp@xy)dxdy
(3.26) D D

XG=

— ¥ = :
f f Pixy)dxdy G _ f f Pxyydxdy
D D

Né&u ban déng chat thi p khong d8i, do dd
1 1 ..
(3.27) X =g J;)f xdxdy, y, = 3 {)f ydxdy

trong dé S 1 dién tich cda mién D.

Vi du 1 : Xac dinh trong tdm G ciia mét bin déng chdt xéc
dinh b&i x° + y° -1<0,x=20yz=20

Goi D 13 mién choan bdi ban do. Dd la mét phan tu hinh
tron. Vi li do déi xt’rng, ta c6 x5 = y5. Dung cong thdc (3.27)

dé tinh y5. VI 8 = 4, ta duge
1 VI-& 1
4 4  1-=x? 2 3 1 4
vo =7 [ ax [ yay =z f— ==z (x-3) 1, =3
(] (O 0
4
Vany=yG=—3g~r.

116



s

VI dy 2 : Xac dinh trong tdm G cia ban déng chat gisi han
bdi duting lem-nix—-cat (%% + y;_lz = 2a% (x° - yz) dng vdi x = 0
{xem hinh 3.20).

Vi Il do dé6i xing, ta cd y, = 0. Vi dién tich cda ban bing
a’ (xem vi du d muc 3.2.4), theo céng thic (3.27)
1
Xg = ff xdxdy
a” p

Chuyén sang toa dé cuec, mién D’ dudc xdc dinh bdi

-2 < p <2 0<r < avoslp, do ds
4 4 .
i g T
1 4 a\J-Zcos&!qo ) 2\’§ 4
X = 5 f dp [ rlcospdr = 5 @ J cospcos¥Z2pdp =
a_z 0 _z
4 4
z
NZ
= 54 J (1 — 2sin?p)¥2cospde.
: 0 :
Thue hién phép d&i bién s6 V2sing = sina, ta duge
. -
2
4 7a
X, = R@ f costada = —
3 0 4

3.3. TICH PHAN BOI BA

3.3.1. Khai niém tich phan boi ba

Cho ham s6 fix, y, z) xdc dinh trong mot mién déng, gidi noi
V cta khong gian Oxyz. Chia mién V modt cdch tiy y thanh n mién
nho, goi tén va thé tich cla cdc mién nhd dy 1A AV, AV, .., AV

Trong mdéi mién AV, ldy mot diém M(x, y, z) Tong

117



n
I, = Z f(x;, y;, )AV, N
i=1
dude goi la tng tich phan cia ham sé fix, y, z) trong mién V.

Néu khi n — « sao cha maxd, — 0 (d, ]a duong kinh cia
mién nhé AV) ma I dan t6i mét gist han xac dinh I, khong

phu thuéc vao cdch chia mién V va cach chon diém M. trong
mién AV&’ thi gidi han 8y dugce goi 1a tich phan b¢i ba cia ham

88 flx, y, z) trong mién V va dudc ki hiéu la

JIT tex 3, 9av.
v

Né&u tich phan trén tén tai, ta néi rdng ham s6 f(x, y, z)
khd tich trong mién V.

Ta thita nhan rang néu ham 8 fix, y, z) lién tuc trong mién
bi chdn, déng V thi né khd tich trong mién dy.

Né&u f(x, y, z) la khéi lugng riéng ctia vat thé V thi tich
phan trén cho ta khéi lugng cta vat thé ay.

Néu fix, y, 20 = 1 thi [f[aV
o

cho ta thé tich cta mién V. Rl

Tich phan béi ba cing cd
cde tinh chédt tuong tu nhu
tich phan kép.

Chii thich. Vi tich phan bbi 0 _
ba khong phu thude cich chia dx y
mién V thanh cdc mién nhé, /
ta ¢d thé chia mién V bai ba *
ho mat phang song song véi
cac miéit phing toa d& (hinh
3.24), do d6 dV = dxdydz va
c6 thé viét

Hinh 324

[Iffxy5dv = [ff fxy,zdxdydz.
v v
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3.3.2. Cach tinh tich phan b6i ba trong hé toa do dé cac
Tuong tu nhu khi tinh tich phan kép, ta cé thé dua viec

tinh tich phan boi ba vé vigde tinh ba tich ph&n don lién tiép.
Trong muc nay ta tinh tich phan boi ba

1= [[f fix,y, 2)dxdydz,
v

trong dd ham s8 fix, y, z) lién tuc trong mién V.
Néu mién V duge giéi han bdi cde mat z = z,(x,y), z = 2,(x, ¥),

trong dé z,(x, y), 2,(x, y} la nhitng ham s lién tye trong mién
D, D la hinh chifu ctia mién V lén mat phiang Oxy (hinh 3.25),

ta c6
,(xy)
(3.28) I= [ dxdy [ f(x v, 2)dz
D z,(xy)
Néu mién D duge gidi han bdi
cac dudng y = y {x), y = y,{x),
trong dd y,{x), y,(x) 12 nhiing
3“ 3=3,%) ham s8 lién tuc trén doan [a, bl,
ta duge
o ) bW o)
‘. ', 3820 1 =f dx [ dy [ f(x,y,2)dz.
0 5 ! - a0 5y
Bl - ’. ¥y
b A Vi du 1 : Tinh
dxdyd
* | 1= [ e Via

v (I+x+y+a)’’
mién gidi han bdi cac mat
phing toa d6 va mat phang

Hinh 3.25 x+y+tz =1
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o

Mién V dude xae dinh bdi cic
bdt dang thic : 0 < x < 1,
Oy l-x,0=<z=51-x-y%
{hinh 3.26). Do cong thic (3.29)

1I-x 1—x—v

fdxfayf—-~=

) (1 +x +y+2z)

(1+X+Y+Z) ‘= 1-x—v _
{d { 7240 N
1 DX g 1 __1} 1 1 v=1—x
BT IR R k iabrevows] e P bl wves | M
1
i 3 X 1 1-3x 2 1
=3 (G775 &= g7 - omaenl] -
i 5
:”2'11’12 - :.l—é

Vidy 2:Tinh I = fff zdxdydz, V Ia n@ta hinh cdu giéi han

béimatz=0vamatz—\, LR — X" —y°.

Goi D la hinh chiu cda V 1én mat phing z = 0, d6 la mat
tron ddan vi. Theo céng thie (3.28), ta ¢6 :

ﬂ R” _)'(3 - _vz 1
= [ dxdy [ zdz =§ff(R2—x2—'q,.xdy.
D 0 N
Chuyén sang toa dd cuc d& tinh tich phan kép trén, ta duge
21 R
1 aR*
zfd:pf(Rz —r—)rdr:—— (Rz—rz)z‘ =7

0 0

Chi thich. Cling nhu d6i vai tich phan ke’p, ta co thé d6i
thd tu tich phan khi tinh rich phan boi ba. Ta cing cd thé tinh
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tich phan I = [[[ f(x,y, z)dxdydz nhu sau. Goi S(x) la thi&t
7 _

dién cia mién V bdi mdit phang vuéng gde vdi truc Ox tai x.
Khi dg

b
(3.30) I= f dx [f fix, v, z)dydz .
A S(x) )
Vi du : Tinh [[[ x’dxdydz, V 12 mién gi6i han bdi mat
Vv
2 2 2
elipxoit — + 2 + = = 1 (hinh 3.27)
a’ b c”

Theo cong thuc (3.30) ta co

I=f x¥x [f dydz,
—a S(x)
JJ dydz bang dién tich cta thiét
83
dién 5{x}. Vi 8(x) la mién giéi han
bdi dudng elip

Hinh 3.27
voE %
b?  ¢? a?
hay
. . __, 42 .
X<y 2 Xy 2
byr-Z) (ey1-3)
nén dién tich cia S(x) bang abo(1 - 3‘5) Do dd
a
El %2 E %<+
I=abef x2(1 - = )dx = anc{ (¥ = )dx =
—d
x3 x° " 4
= Zfrbc(—g - Q) . = Tgra3bc
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3.3.3. Phuong phap ddi bién sd trong tich phan béi ba

o Cong thic doi bién s6. frong tich phan boi ba. Xét tich
phan bdi ba

TIT fx y, 2ydxdydz,
\_.’ .

trong do ham so fix, y, z} lién tuc trong V. -

Ta thuc hién phép d&i bi€n sb

X = ¥(u, v.w)
(3.30") y = yu, v, w)
z = z(uv,w).

Gid a4 ridng :

1y x{u, v, w), ylu, v, w), z{u, v, w} 12 nhitng ham s8 lién tuc
cling vai cdc dao ham riéng cip mot cla ching trong moét mién
dong V' cla khong gian Ouvw ;

2) Cic cong thie (3.30") xac dinh mé6t song dnh ti mién V’
lén mién V cda khdng gian Oxyz ;

3) Dinh thic Jacohi

X, x, ¥
D(x,y,z) ;

J = D(u,v,w) Yy

* 3 B
z

trong mién V’
Khi dé ta cé cdng thic
(3.31) ST fx, v, z)dxdydz =
v

= [f] flxu, v, w), y(u, v, w), 2(u, v, w)}| J|dudvdw.
!

o Tinh tich phan béi ba trong hé toa dé tru. Toa dd tru cia
mbt diém Mix, y, z} trong khong gian Oxyz la bd ba s6 (r, ¢, z),
trong dd {r, ¢) 12 toa do cuc ciua diém M’(x, y), hinh chiéu
cia M lén mat phang Oxy (hinh 3.28). V6i moi di€ém cta khong
gian, ta co

rz0,0<p <2n —w <z < to
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i

Gilta cac toa do dé cac (x, y, z) 3'
va toa d§ tru (r, ¢, 2) cia diém M
6 méi lién he : Mixyz)
(3.32) x = rcosp, y = rsing, z = z.
Néunr >0 0 =< ¢ < 21, .
-w <z <+, thi cac cong thic (3.32) 9 7 J;
xdc dinh mot song anh gita cde toa ¢ M
dd dé cdc va tga do tru. Riéng cac X
didm trén truc Oz o z xac dinh, _
r = 0 va ¢ tiy y. Dinh thie Jacobi Hink 3,28
ctia phép bién d6i (3.32) la
cosp —-rsirrp 0 cozp —rsing
d = [sing reosp O = |, =1
0 o 1 sing  rcosp

J # 0 v6i r # 0. Cong thic (3.31) cho ta

333y [[ff ftx,y, z)dxdydz =
V L3
= fff f(rcosp, rsing, z)rdrdpdz.
Vv’ ’

Do 1a coéng thde tinh tich phan bdi ba trong hé toa dd tru.

Cong thuc 4y cing vAn dung khi mién
V chuia nhitng diédm trén truc Oz.

Vi du 1 : Tinh
I = fff Vx? +y% z dxdydz, V la mién
v
hinh tru giéi han béi cdéc mat x2 + y2 =2y,

z = 0, z = a (hinh 3.29). Chuyén sang
toa do tru, ta cd

d
I = [[fr2ddpdz = [ r2drdp | zdz,
v D 1}

Hink 3.29
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trong dé D la mién tron gigi han bdi dudng x? + y° = 2y, hay

r = 2sing, do do
I 2sirg
I“—fdgo fr‘-dr =

av 251
=?J“ rwd{,p:

4a2 ™ 45 27
= —g—— f sin’pdp = f (1 — cos%p)singdep.
0 0 .

Dat u = cosp, ta cd du = - sinpdp, vay
8a? | 16a2
I = ———~f(1 - wddu = = [ (1 - uddu = —
0

Tinh 1 = [{f(* + y? + z9dxdydz, V la mién

Vi du 2 -
v
hinh ndn trdn xoay gidi han béi cdc mat z° = x? +'y2, Z = a
{hinh 3.30).
Chuyén sang tea do tru, ta co .

d
= [[rdrde f{r2 + z%)dz trong dé D
D r

1= [ffir* + 2%rdrdedz
A%
= a, do d6

la mién trdon gidi han b3di dudng r

2 a
= dgpfrdrf(r‘ + z2)dz
o0 r

2%, 12=a
fdgofrdr (IZ+—) e T
_ f 3, &r 4,
= 2x { {ar® + 3 3 r) dr
r 2 4, 3Bazal
= (e 23~ 3 H)| = g
Hink 3.30




o Tinh tich phan béi ba trong hé toa do can. Toa dd ciu

cia mot diém Mix, 'y, z) trong khéng

3t gian Oxyz 14 b6 ba s6 (r, 6, @), trong

Mixy.z) dé r = OM, ¢ la gdc‘giﬂa true Ox

va OM’, M’ 1a hinh chiéu cua M lén

< mat phang Oxy, 8 1a gdc giita truc

0Oz va OM (hinh 3.31). Vi moi digm
0 Mix, v, z), ta co

s

b Dsr<+e,0sfxsa 0<¢ s 2

X Gifla cidc toa 46 d& cac va toa dd

Hink 131 cAu cta difm M, cé méi lién hé

(3.34) x = rsinficosp, ¥y = rsinflsing, z = rcosf.

Néur >0, 0 <6 < x, 0 < ¢ < 27, thi cde cong thdc trén
xac dinh mot song d4nh gilia cdc toa d¢ dé cac va toa do cau.
Riéng di€m géc toa ddo cd r = 0, 6 va ¢ tuy ¥, con nhitng diém
trén Oz cd r xdc dinh, @ = O hodc 8 = =z, ¢ tuy y. Dinh thic
Jacobi cua anh xa (3.34) la

sinficosg rcosfcosp —rsinfsing
J = | sinfsing rcosfsing  rsinfcosp| = —rlsind,
cosfd —rsinf 0

J #2 0 véi r # 0 v sing # 0. TU cong thdc (3.31) ta duge

(3.35) J[] fx, y, z)dxdydz =
Vv

= [ [ [ f(rsind cosp, rsind sing , rcosh) r2sind dr db dp.
-

D6 1a cong thic tinh tich phan bdi ba trong hé toa db cau.

‘Cong thdc (3.35) vidn dung khi mién V chita nhiing di€m
trén truc Oz.
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Vi dy 1 : Tinh I=fff—
v

1
: dxdydz V la mién
Xt + vy + 2z _

giél han boi hai mat cdu x> + y2 + 22 = 1, x% + y? + 22 = 4,
Chuyén sang toa d6 cdu, ta cd
I= fffrsinﬂdrdedtp.
V!

Mién V' dudge xdc dinh bdi I = r < 2
0 = 6 € z. Vay

T T 2 3
I=fdgofsinﬁd@frdr:Zn,2.§=ﬁm
0 0 1

Vidu 2:Tinh1 = [[[(x* + y% dxdydz V la mién xac dinh
v
bdi x2 + y?2 + 22 € R%, 2z = 0.

Chuy&n sang toa dd céu, ta cd

I = [f[ r*sin3 drds dp
v’

V' la nia hinh cdu trén zdc dinh béi 0 € r €« R, 0 < 9 <
0 ¢ £ 2z, do d¢6

I

& 2 R

I = fdp[sin®ds [ r4dr = 27 .
0 1] 0

ol o
|

3.3.4. Trong tim cda vit thé

Cho mét vat th& V trong khong gian Oxyz. Néu khéi luong
rieng cua vat thé tai M{x, y, z) la p(x, y, z) thi khéi lugng clia
vat thé dugc cho béi cong thiic

m = fffp(x, v, z)dzdydz .
v
Toa d§ caa trong tdm G cta vat thé duge cho bai,
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X = — fff xP(x, y, z)dxdydz
v

m
1
(3.36) Vo = o JIS ypx y, 2)dxdyda
A%
1
Zg = oy fff ZA(X, ¥, z)dxdydz .
v

Néu vat th€ dong chdt thi £ khong ddi, do dd
1
X6 = ¥ fffxdxdydz
v

1
(3.37) Wvo = v JJI ydzdydz
A%

g = % fff zdxdydz
\Y

trong d6 ta cing ki higu V la thé tich cta vat thd V.

Vi dy . Xdac dinh trong tam cta vat thé déng chit gidi
han bdi mat ndn 22 - x% - y2 = 0 (z > 0) vd méat cdu

x? +y2 + z* = 1 (hinh 3.32).
Giao tuyén ectia mat ndn vad mit cdu duge xac dinh béi

1 - z% = 2% = 222 = 1=>z=—\f22.
Do dd nhing bdn kinh vectd cia
cac di€m trén giao tuyén dy lam voi
truc Oz mot géc bing % .
Vi li do d3i xing x5 = y; = 0.
Chuyén sang toa d¢ clu dé€ tinh z,
thee cong thuc (3.37). Ta cd

V = [ risinfdrdodep.
V!

Hinh 3.32
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MiénV’duqcxécdinhbeiOsrsl,O&Gsl—r,OépéZ‘fL.

Do dé
1
1 4 27 .
=fr2drfsin9d9fd(p=%. (1 —g) 2 =
0 0 ] :
242
= 3 .

Cing vay, ta cd

JJ [ zéxdydz = [[[ rcos .12 sing drde de
A A

1

sinfcosddd [ ridr = 2
0

dy

Il
cL—,‘g{’
c'-—-,.hlh

ol H

101
41

. 3 3 V2
DodozG=8(2 r)_§(1+7).

TOM TAT CHUONG III

b
e Tich phan phu thude tham s8 I(y) = [ f(x, y)dx

- Né&u f(x, y) lién tuc trén {a, b] X [¢, d] thi I(y) lién tuc
trén [c, d].

- Néu f(x, y) lién tue trén [a, b] x [c, d] thi

d b d
JIdy = [ (f tex, y)dy)dx
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~ Néu {(x, v) lién tuc theo x trén [a, b] v6i moi y khong
ddi trong [c, d] va f‘y(x, y) lién tuc trén [a, b] x {c, d) thi

b
I@) = [ £x y)dx.

+e

e Tich phan suy rdng phu thudc tham s8 I(y) = [ f(x, y)d=x
a

- Tch phan suy rong I(y) dugc goi 12 hoi tu déu dé&n
y €ie,dl néuve >0 3B > 0 sao cho

+o
b>B= Iff(x,y}dxl < £ Yy € [c, dl.
b

- Néu {f(x, y)| & g(x), V(x, ¥) € [a, +x)} X [c, d] vA né&u
+w
f g(x)dx hei tu, thi I(y) hoi tu déu d6i véi y € [c, dI.

a

— Néu f(x, y) lién tuc trén {a, +») X [¢, d] va néu I(y) hoi
tu déu déi véi y € [e, d] thi I(y) lién tuc trém [c, d].

- Néu f(x, y) lién tuc trén {a, +») x [¢, d] vA néu I(y) hai
tu déu d6i voi y € [¢, d] thi

+w d

d
JImdy = [ ([ fx, y)dy)dx.

- Néu fix, jr) litn tyc d6i vai x trén [a, +=} v6i moi y

khong d8i thudc [c, d}, f’y(x, y) lién tuc trén [a, +») X [e, d],
. +w .

néu I(y) hoi tu va né&u tich phan [ f,(x y)dx hoi tu déu d6i
a

véi y € [c, d] thi
+oo
I = ff,xy)dx.
a .
e Dinh nghia tich phan kép
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Che ham 28 f{x, y) xdc dinh trong moét mién gidi ndi, déng
D C R? Chia D thanh n manh nhé AS,, ., AS_. Trong AS,
ldy moét di€m tuy y Mi(x, y). Gidi han, néu cd, cia téng

n

Y. f(x,,y)AS, khi n — «» sao cho maxd, — 0, d, 14 dudng kinh
i=1 _ : .

cia AS,, duge goi la tich phan kép cia fix, y) trén D va duge
ki hidu 13 .

ff f(x, y)dxdy.

[

Néu tich phan &y ton tai, ta ndi ring f(x, y) kha tich trén D.
Néu f(x, y) lién tuc trén D thi nd kha tich trén D.
e Tinh tich phan kép trong toa d6 dé cac

- Né&u mién ) 1a hinh ch@ nhat xdc dinh bdi a € x € b,
c €y < d, thi

. b d
IS fx, yyaxdy = [ dx [ f(x, y)dy
D a o

- Néu mién D dugc xdc dinh bdia < x < b, y,x) £y < y,(x).

b ¥,
Jftx, yydxdy = [dx [ f(x, y)dy .
[ a  y,(x

e D6i bign sé trong tich phan kép

Xét tich phan kép I = [ff(x,y)dxdy. Thyc hién phép ddi
D
bign =8

»
I

x(u, v}, y = y(u, v).
Khi d6

e
I

ff f[x(u , v), ytu , ]| J]dudv
iy

trong dd J 1a dinh thic Jacobi
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? r
x-LI XV

Yu Yy

Dby
D, v)

*

anbh cua D' qua phép bién ddi trén la D.
e Tinh tich phan kép trong toa dé cuc

[[ ftx, yydxdy = [[ f(rcosp , rsinp)rdrdyp
D n

¢ Thé tich cua vat thé hinh truy cd dudng sinh song song
vdi Oz, ddy la mién D trong mat phing z = 0, § phia trén
gioi han bdi mat z = fix, y), trong dd f(x, ¥} .= 0 trén mién
D, béng

v=_ I f(x,y) dx dy .
D

e Dién tich cia mién D -trong mat phing Oxy bang
S = [ dxdy
D -

e Dién tich cfia mit cong z = f(x, y) giéi han bdi mot
duting cong kin bang

5 = ffﬂl +p? + ¢ dxdy,
D

trong dé D la hinh chidu cda mit cong lén méit phiang Oxy,

p = z’x, q =z
e Né&u ban phidng D trong mat phdng Oxy cd khdi lugng
riéng P(x, y) thi

- Khoi lugng cia ban D béing
m = [[px, y)dxdy
D

_ - Moémen quan tinh cha ban D d8i véi Ox, d6i véi Oy va
déi v6i gbc toa dé bang

L = [ yPx y)dxdy
D
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Iy
I, = [f & + y)p(x, y)dxdy
D

I 1 x%p(x, yyaxdy
D

- Toa d6 cda trong tAm G ctia ban D la

i

1
X = — fD J %P(x, y)dxdy

I

1
Yo = o JS yP(x, y)dxdy.
D

e Djnh nghia tich phan bdi ba

Cho ham s8 f(x, y, z) x4c djnh trong mot mién gidi ndi déng
V C R® Chia V thanh n mién nhé AV,, AV,, .., AV_ Trong
AV, ldy mot di€m tuy ¥ M,(x; y;, z). Gidi han, néu cd, cla téng

n ) .
2 f(x;, y;, z)AV, khi n. - = sao cho max d; = 0, d la dudng

=1 .
kinh cua AV, dugc goi 1a tich phan bsi ba caa fix, ¥, z) trén
mién V va duge ki hisu la

f f f f(x, y, z)dxdydz.
v

Néu tich phan 4y t6n tai, thl f(x, y, z) duge goi 1a kha tich
trén V. :

Né&u f(x; ¥. z) lién tue trén V thi né kha tich trén V.

e Tinh tich phan béi ba trong toa d6 dé cac _

Né&u mién V duge xdc dinh bdi a < x < by sy s ¥,(x),
z,(%, y) € z < z,(x, y) thi

b ¥ Xy
fff f(x, y, z)dxdydz = f dx f dy f f(x, y, z)dz.
v a  H &y

e D4&i bién s6 trong tich phan bsi ba
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uéb-..

Néu thyc hién phép ddi bign s6 x = x(u, v, w), ¥y = ylu, v, w),
z = z(u, v, w)} thi

I f=, y, z)dzdydz =
v
= ffff[x(“i"-w)’)’(“s",w),Z(u,v,w)llJldudvdw
v

trong dd J 12 dinh thitc Jacobi

x u x v b3 w .
_ D(Z,Y,Z) _ 1 ysv y,w
= - u b
D('ll,V,W) + z’ Z'
u v w

dnh cia V' qua phép bi&n d8i trén la V,
e Tinh tich phan boi ba trong toa do tru

fff f(x, y, 2)dxdydz = fff f(rcomp , rsinp ,z)rdrdpdz.
v v

e Tinh tich ph&n bdi ba trong toa dd céu
JIf fx, v, 2ydxdydz =
\Y

= [Jf frsivd cosp, reinfsing., reosd) reinddrdsdy.
v
® Thé tich V cia vat th€ V bang

V = [f] dxdydz.

e Né&u vat th€ V cé kh6i lugng rieng tai di€m (x, ¥y, 2} 1a
P&, v, z) thi : ' '

- Khéi lugng cia vat thé V bing
m = ffff’(x:y’ z)dxdydz'
v

- Toa d6 cia trong tdm G ciia vat thé V 1a
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X = 1 fff xP(x, y, z)dxdydz
m
v
1
vo =m J J f 3P, y, 2)dxdyda
1 .
26 = o f \_{ f zP(x, y, z)dxdydz

BAI TAP

1. Ching minh rén.g tich phan phu thu6c tham s6

1
I(y) = { f(x, y)dx,

trong ddé f(x, y) 1a mét ham sd gian doan xzdc dinh bdi

l1nux =y

f(st)= —lné'uxcy
Vé d6 thi cua ham s6 u = I(y).

2. Khao sat su lién tuc cta tich phan

, 1la mét ham s8 lién tuc cia y.

trong dé ham sd f(x) lién tuc va duong trén [0, 1].
| .
3. Tinh fx“(lnx)“dx, trong dé a > 0, n nguyén duong,
0 ]
o
4. Ching minh rang I(y) =f
: 0 1 + x

kha vi trén R. Tinh I'(y) r6i suy ra bifu thic cua Iiy).

arctgx +y)

5 dx la lién tuc va
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5. Tinh ecdc tich phéan

+ o
dx :
1) ~> 5 trong dé y > 0, n nguyén duong
o ® + ¥ .
too | —mx__, —fx

2} J‘E——:;dx,trongdcia>0,p’>0
0

4w max —ﬁxz

3) f?——_;;dx,trongdcia>0,ﬁ$0,
0 X

6. Tinh [ (cofx + sirfy) dxdy, D 1a hinh vuéng
D .

T
0sxs 5,0y =

N

7. D8i thi tu tich phan trong cac tich phan sau :

2 4 3 2y

D fdxffepdy; 0 2 [ dy [feydx
-2 ¥ 1 0

8. Tinh [[ —=%

3 , mién D duge xdc dinh bdix = 1,y = 1
p (x+y)

x+y <3
9. Tinh [ x*%y — x)dxdy, D la mién gisi han bi cic dudng
D -
y = x* vax = yz. _
10. Tinh [{in(x + y)dxdy, D la mién giéi han béi cic dudng
D
x =1l y=1y%=1+x
11. Tinh f[ |x + y|dxdy, D Ia hinh vuéng |x| < 1, |y| < 1.
D

12. Tinh [ f(x,y)dxdy, D Ia mién gi6i han bdi dudng elip
D .

[A¥]

2
X
LY

2 = 1, con f(x,y) = f zdz.
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13. Tinh [f (x — y)dxdy, D 1a mién gi6i han bdi cdc dutng

y=2-x%x*y=2z-1
14. Tinh [f x* + y* + 1)dxdy, D la mién gici han bdi dudng
_ D '

x2 +y2 - x = 0.

15. Tinh [f V2% + y? dxdy, D 1a mién gi6i han bdi
D

DD Cacdudngtron x2 +y2 = a2, x2 +y2 =422 a > 0
2) Dudng hoa héng bon canh r = asin2p a> 0.
16. Tinh [[(x + 2y + 1)dxdy, D la giao cta hat hinh tron
D
x2+y2£2yvéx2+y2s2x. : :
17. Tinh ff ¥4 — %7 — y%dxdy ; D 1a mién xéc dinh bdi
D

xz+y2—2x$0y;0

18. Cho I, J'fe-*’ ¥ dxdy, J, = j'fe ~Ydady, trong 46

D duacxacdlnhm1xaoyau x2+yz':a,A m,-.cm‘

dmhbt’hOe;xsa,Oasysa
1) Tinh L.
2) Chding minh ring Va > 0, I, « J, = qu!" Suy ra
- a

lim fe”"zdx.

a—++m ()

19. Tinh [f (x + y)3x - y)%dxdy, D 12 mién gidi han bdf cse
5 | .
d'uéingx+y= ,x-y=1,x+y=8,x-y=-1.
20. Tinh dién tich hinh phing gi6i han bdi cdc dudng
1) x = 4y - y?, x+y=8
2) y2 = x3, y2 = 8(6 - x)3
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Hy=y=-5y=4

4) r = acosyp, r.-bcoap(b>a>0)
5) r = sBin2y.
6) y = 0 v& mdt nhip cha dudng xi~clo-it.
x = a(t - sint), y = a(l -cost),_O £t s 271,
21. Tinh th€ tich cta vat thé gidi han bdi cdc mat
Dz=x2+y,,z=x+y
2) x2+y2 +122 = 22, x2 +y?2 = 22,

22. Tinh di¢n tich cla phin mat nén 22 = x2 + y2, 2 = 0
. pAm & trong mit try x* + y? =

23. Tinhdientichcﬁaph&nmi;.tz=% %(a:-o b > 0)

2
nh:atmngmattm%+—yi=1
a b
24. Tinh dién tich cia phén mat cfu 2% + y* + 2 = a? ndm
& trong hinh try (x? + yz)‘2 = g(x? - y2) (a > 0).

- 25. Xic dinh trong tam cila cdc b&n phing d6ng ch&t gi6i
hgn bdi cdc dudng :

Dy mdx+d, ¥y =-2x+4
x2 ¥

b 4
)—-—+?=1,—5-

Hyl=xxt=y
PHya¥x-x%,y=0
- B)r = a(l + cosp) (a > 0).

LA
+3-l

26. Tinh fff zdxdydz V 1a mién xdc dinh bdi 0 < x < %,
b .

X€y<2x0<z<yl ~x

137



27. Tinh [[[(1 —x —y — z)dxdydz V 12 mién xac dinh bdi
Vv

x20yv20z=20x+y+z < 1.

28. Tinh [[f (x* + ¥* + z9)dxdyds V la mién xac dinh béi
Vv L.

xz20,y =0,z =20, + =+ - < 1.

[
or| e
oM

29. Tinh [[[ |xyzldxdydz V la mién xdc dinh bsi
Vv

x2+y2£22,0£z$_a.

30. Tinh [[[ &* + y* + 2%dxdydz V la mién
v

2 2

x+y2 z
e +——-—-2$1-‘

a 3a

31. Tinh [f[ydxdydz V 12 mién giéi han bsi cic mat
v _

y=3yx“+ 2 vy = h (h » 0).

' dxdydz '
32. Tinh » V 1a hinh t
. f{{fﬂx2+y2+(z—2)2 o

*+y<1,-1<z < 1.

33. Tinh [[f z%dxdydz V la mién xdc dinh boi
v

x? + y2 + 22 £ RZ

34. Tinh [ [[ x%*z%dxdyds V xac dinh bsi
A\

4
3.2

35. Tinh [[f (xy + yz + zx)dxdydz V xdc dinh bai
v

+ < I

[
S
[\ 8]

DN|N

%+ 32+ 72 = R2

36. Tinh thé tich ctia vat thé gidi han bdi cdc mat
x? +y? + 22 = 2z, x* +y? = 22
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37. Tinh thé& tich ctia vat thé xac dinh bdi

2 2 2
X y z
Os,az+§ gsl,vhszsh,
38. Tinh thé& tich cia vat thé xdc dinh bdi
0szsxt+yixsys<l

39. Tinh thé tich cha vat thé giéi han bdi 6 mat phing

40. Xac dinh trong tam (G ctia vat thé giéi han béi cdc mat
Dx+y=1,z=x24+4y,x=0,y=0,z=0
2 x2+y2 =2az, x2+y2+22 =322 (z 2 0, a >0)

1
3)2x+3y—1_2=0,x=0,y=0,z=0}z=§y2_

PAP SO VA GO1 Y

1.I(y) = 1 néu ~w <y <0, I(y) = 1 -2y néu 0 <y < 1,
Ily) = -1 néul < y <« +oo,
2. I(y) gian doan tai y = 0.
1

3. (-1)° T (Dat I(a) = Jo’x“dx, tinh I'(a), ..., IMa)).
"135.@2n-1) 8
PV 946 o gyny ¢ Pl Y vz (VB - Va).
2 .
J
6. 15
4 Ay 2 3 & 3
7.1 [dy [ fixyydx 2) [ dx [ fx,y)dy + f dx [ f(x, y)dy.
0 —yy 01 2 w2
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w{p

10. —1n3 - 2]n2 -- E
4
11.

12,

13,

14. ——-
4
18. 1) - ma?; 2) —.

16.

.

Wle W

——

[CTEC I ]
!

Lol

po—

17.

|
Lol be
e

R & 2
18. 1) -11(1 —e?);2) lim [e™dx =

a—++te ()

o[

20 '
19.?(D6ibié'nx+y=u,x—y=v)'

1_ 2' 97 7 a2 2
20.1)6; 2)385, 3)T—m;4)z(b'—a);

Jaa

o . 2

5) 5 ,6)331?..

T
2].1)5,2):&'.
22. ay2,

23. %(5\6 - 1.
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24.

25.

28,

27.

28, ——

30,

31.

32. =

34,

as.,
3e.
37.

29. 1 4

Ea
4na _
V3
ah®

4
P V2 -1
z(3V10 ~ 8 \F+1m_3)-

, 5
33. L

15
4n(abc)® )
945

38. —

39.
40.



- Chuwong 1V
TICH PHAN PUONG. TiCH PHAN MAT

4.1. TICH PHAN DUONG LOAI MOT

4.1.1. DPinh nghia

Cho ham s f(M) = f(x,y) xac dinh trén mét cung phéng AB.
Chia cung AB thanh n cung nhd bdi cic di€m A = A, A,,
A,., A, = B (hinh 4. 1). Goi d¢ dai cung A, A 13 As. Trén

cung A, A ldy mot di€m tiy y M,( {, ). Néu khi n — «

1]
sao cho max As— 0, téng 2 f(M))As; ddn tdi mot giGi han xac
i=1
dinh, khdéng phu thude vao cach chia cung AB va cédch chon
' diém M, trén cung A _1 A, thl giéi han
d6 dugc goi 1 tich phan duong logi mot Y| 5
cua ham s8 fix,y) doc theo cung AB va . Tphq
duge ky hiéu 1a [ f(x,y)ds . N&u tich
AB

phan &y tén tai ta ndi ring ham sé fi(z, y)
la khd tich trén AB.

Né&u cung AB duge cho bdi phuong
trinh y = f{(x), X, € ¥ € X, né duge
. gol 14 #fron néu ham 88 x — fix) co
dao ham lién tuc trén [x 2] Né&u cung finh 4.1
AB duge cho béi phUdng trinh tham s6

= x(t), y = ylt), t, <t < t, cung AB tron néu cdc ham
56 t — x(t), t — y(t}) cd dao ham lién tuc trén [t, t,].
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Ngudi ta ching minh dudrf:_gang néu cung AB tron va néu
ham s6 fix, yj lién tuc trén AB thi fix,y) khd tich trén AB

Trong tich phan dudng loai mot, ngudi ta khong d€ y dén
chidu trén cung AB.

Né&u cung vat chit AB c6 khai luong rieng tai M(x, y) la
Pz, y) thi khéi luong cua cung AB bang Lf(x y)ds khi tich

phan iy ton tai.
Chiéu dai cung AB duge tinh bing i\ds.

Tich phan dudng loai mdt cd cdc tinh chdt giéng tich phan
- xac dinh.
Cung AB duge goi 1a fron titng khic néu nd gém moét s8
hifu han cung tron. Néu cung AB tron ting khic va n&u_ham
88 fix,y) lién tuc trén AB th1 f(x,y) cing kha tich trénm AB.

4.1.2. Cach tinh
Gid sU cung AB tron va duge cho bdi phuong trinh
y=yx), asx<b '
va gid sd rdng ham s6 f(x, y) lién tuc trén cung AB. Goi
(x. y) la toa d6 cla di€m chia A, i = 1,2, ., n, Ax, = x, - X,

y, = _yi - ¥iop Khi Ax, kha nhd, AS xdp xi bang chleu da1

doan thang Al IAl :

= VBT AR = |1+ () ax

1
Theo cong thic s6 gia gidi noi
Ay, y(x) — y(x - U ,

trong d6 x,_, < § < x. Do d¢

= y1 + yi’z(f;'i) Ax, .
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Goi M, la diém (&, y(¢)), nd ndm trén cung A_ A Ta co
n n
> fMAS; = 3 €€, yENWVT + yHE) Ax; .
i=1 i=1
V& phai la t8ng tich phAn cia ham s8
x — f(x, yx)IY1 + y'z(x) trai trén doan {a, b], do dd

lim 3 f(M)AS; = lim Z ¢, yENI + &)

maxAS, —+0 i =] maxéxi—*o i=1
hay

b .
4.1 [ #x yds = [ f(x, yoyWi + yZx)dx .
AB a

Ta did dua vidc tinh tich phan dudng loai mot vé viée tinh
tich phin xd4c dinh cia ham s8 mot bisn s6.

Né&u cung AB duge che béi phuong trinh tham s8
x = x(t), y = y(t), t, <t €t,

thi vi y'(x) = o4 Et; nen ti cong thic (4.1) ta suy ra
42 Lf(x, y)ds = f f(x(t), y(t)) Vx'Z(t) "+_'2‘_y ) dt .
Vi ; T{nh I = f\lx2+?ds, Lla 4y

dudng tron x2 + y2 = ax (hinh 4.2). .
Phuong trinh cia dudng trdn cd thé

2 . d
vit- 1a (x — -)2 +y? = R vi vay © % ax
phuong trinh tham s6 cia né la

a a .
x=5(1l+cost),y = ssint, ~x < t < .
2 2 Hinh 4.2
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VxZ + y?2 = a|cos—| = acos

w|.‘=1

d -l
g1 Tg=g s
tJ‘I

2
_ 2 Y b o2 5.2
I—zl{;cos§dt-afcos§dt—2asn§ = 2a%

4.1.3. Tnmng hop dudng lay tich phan 1a mét dlmng
trong khong gian

Tlchf_ghén dudng loai mdt ctia ham sé f(x,y,z) doc theo mbt
cung AB trong khéng gian cting duge dinh nghia tuong ty
nhu trén,

Néu cung AB 6 phugng trlnh tham sé la
x=x(t)y=yt),z=z2), t, st st
thi '

ds = VxX'(t) + y'2(t) m z'2(t) dt

va ta cd cdng thic

@3 Jfx,y,zds = fx(t), yt), 2(t) Vxi(t)+y2(6) +22(t) at.
AB

4

4.1.4. Trong tam cia cung dufjng o

Néu khéi lugng riéng cta cung AB Jtai M(x, y, z) 1a p(M) thi
cac toa d9 clda trong tam G cia cung AB ducc cho bdi cong thic

@4 x; = R[B‘:gp(M)ds, 6= gP(M)ds. 2, = Iﬁ gﬂ(M)ds,

trong dé m = Iﬁ(M)ds la khéi lugng cda cung AB.
AB
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4.2. TICH PHAN DUONG LOAI HAI

4.2.1. Dinh nghia

e Céng cia mot lyc bidn doi. Mot chdt di€m M di chuyén
theo mét cung phang L tt A dén B dugi tac dung cua moét luc
F = F(M) bién thién lién tuc doc theo AB, Hay tinh cong W
cua luc ay.

Chia AB thanh n cung nhd, bdi cac di€m A=A AL A,

A, = B. Goi Ax, Ay, la cdc thanh phin caa vecto

e . —
A A Néu cung A, _, A kha nho, cd thé’ xem nhu Iuyc F khong

i1
d8i tren cung dé va bang F(M) voi M(&‘1 , 7, 12 mot di€m nio
R ——

i — 14, ; xem cung A]_]

A, _,A. Do dd cong AW, cha hic F 1am cho chat di€m di chuyén

 d6 trén cung A A, xdp xi nhu day cung

tit A_, dén A, tren L xfip xi bing AW, = F(M) . A_ A.. Néu
hai thanh phan cua luc F(M) 1a P(M), Q(M) thi |
- AW, = P&, )ax; + QE,, 1Ay, ,
trong dd Ax, , Ay, la hai thanh phéﬁn cla m
Né&u moi cung m] déu kha nhd, ta c6

n

45 W=y [P & + QG o)

i=1
Phép tinh gan dung nay cang chinh xac néu n cang 16n va
cidc cung Ai*lAi déu cang nhd. Ngudi ta dinh nghia cong W
cua lyc F lam cho chat diém di chuyén ti A d&n B trén duong
L la giéi han, néu ¢d, cla tdng & v& phai cia (4.5} khi n — «
san cho max As — 0, As, la chidu dai cung A -1 Ai.

o Dinh nghza tich phéan duong loar hai. Cho hai ham sé
P(x,y}, Q{x,y) xdac dinh trén cung AB. Chia cung AR thanh n
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cung nho bdi cac diém A = A A, A, ., A = B Goi hinh
chiéu ecia wvecte A _ A l&n hai truec Ox, Oy la Ax, Ay
i— 17 " —.. i
M.(&, n,) 1a mot di€m thy ¥ chon trén cung A _ A, Néu .khi
n —» © sac cho max Ax, — 0, max Ay, — 0 tdng
n .

Z [P@p n)ax, + QE;, _T;)Ayi]

i=
d:_in t6i mot gidi han xac dinh, khong phu thudc ciach chia
cung;&B va cach chon diém M; trén cung A, _; A, thi gigi han
d6 dugce goi 1a fich phan dusng logi hai cla cée ham s8 P(x, y),
Q(x,y) doc theo cung AB va duogc ki hiéu la

(4.6) [ Pix, y)dx + Q(x, y)dy .
AB '

i

Ngusdi ta chitng minh duge ring né’g:_gung;’:B\ tron vé néu
c6e ham 6. Plx, y), Q(x,y) lién tuc trén AB thi tich phén duéng
loai hai (4.6) tén tai.

Chit thich. Khac vdi tich phan dudng loai mét, trong tich phan
duong loai hai, chidu trén dudng ldy tich phan ddng vai tro
quan trgng. Néu ta d8i chiéu trén dudng ldy tich phan thi hinh

—_—

chiu ctia vectos A, _ A 1én hai truc Ox, Oy ddi dau, do dd

J Px, ydx + Qx, ydy = — [ P(x, y)dx + Qx, y)dy.
AB ' . BA

Néu duiing lay tich phan 12 mot dutng kin L, ta quy udc
chon chiéu duong trén L 1a chidu saoc cho mot ngusi di doc L
theo chidu 4y sé thdy mi&n giéi han bdi L gin minh nhat & vé
bén trdi. Ta thudng ki hiéu tich phan dudng doc theo dudng
cong kin L theo chiéu duong la §3L Pdx + Qdy.

e Tinh chdt. Tich phan dudng loai hai cd céc tinh ch&t nhu
tich phan xédc dinh.

4.2.2. Cach tinh
Gid s cung AB tron va duge cho bdi phugng trinh tham s6
| x = x(t), y = yib),
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Cac mat A, B dng vai gia tri t,, ty cua tham s6. Gid su

cac ham s6 P(x, y), Q(x, y) lign tuc trén cung AB. Diung ki
hiéu & 4.1.2, ta cd

Ax; = x(t) ~ x(t_)) = x(T)At,
trong d6 t,_, < 7; < t. Goi M, la di€m (x(7), y(r)) nd nam
/""_"""n.

trén cung A_ A, Ta co

n

D 'P(Mi)Axi = ¥ P(x(T), yE)X (T)At,

1—1 i=1

V& phai 1a téng tich phan cta ham s6 t — P(x(t), y(t)}x (t)
trdi trén doan thang tit t, dén ty . Do dg¢

A

[ Pex, yax = [ Px(t), y(t)x’(t)dt.
AB .

Tucng tu

IB .
[ Q(t), y)y'(t)dt .

La

L Q& vy
AB

Vay

. ty
47 [ P y)dz+ Q(x, y)dy =J [P(t), y(t))x’(t)+ Q(x(£), y(£))y' (®)]dt.
AB :

.tA
Néu cung AB duge cho bsi phuong trinh y = y(x}, a 1a hoanh
d6 cda A, b la hoanh dé ciia B, ta cd

. b . )
(4.8) [P(x,y)dx +Q(x,y)dy = [ [P(x, y(x)) + Q(x, y(x))y'(x)ldx.
AR & .

xZ yZ
Vi du 1: Tinh 1 =, xdy - ydx, L la duong elip Rt
a

Phuong trinh tham s6 cia L la x = acost, y = bsint,
0 £ t £ 27, chiéu tang cla t 1Ung voi chidu ducong cia L. Ta
cé dx = - asintdt, dy = bcostdt, do dé
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e

2 2=
I = f [acost . becost — bsint( —asint)] dt = fabdt = 2rab.
0 : 0
Vidy 2:TinhI = [(x - y)dx + (x + y)dy, L la dudng néi'
. L
di€m (0, 0) voi di€m (1,1), néu L la : 1) dudng y = %, 2) dudng
y = xz, 3) dudng y = Vx. '
' 1
1) Trén dudng y = x, ta ¢ dy = dx, do d¢ I=f2xdx=l;
0
2

2) Trén dudng y = x°, ta ¢d dy = 2xdx, do d¢

! 2 3 4
_ 2 g = 15 L X L X 4
I—{(x-i-x +2x)dx—[2+3+2] |0_3,

3) Trén dudng y = Vx , ta cd x = y?, do d6 dx = 2ydy, vay

1
I=[@ -y +yy = [ﬁ—£+’—§]|;=3

| 0 2 3 -3

Vi du & : Tinh "

I = J(2zy —x)ds + (x +y9)dy, L 1a .
{ ) ) ~ds

cung cia dudng parabdn y? = 1 - x \

ti di€m A (0, - 1) d&n diém B (0, 1) .

(hinh 4.3). O/C T
Trén dudng L, ta ed x = 1 -~ yz, /A

do d6 dx = - Zydy, vi vay

1 : Hink 4.3
I=[@ +4y" — 49 492 +2y + Iydy =
-1

1
_ 42 _ols¥ Y Pl
—2{(43(4 4y? + hydy 2{45 43+y]|0—15
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Trong vi du nay, néu ta muén tinh 1 bing cach_dua vé tinh
tich phan x4c dinh theo x, thi ta phai chia cung AB thanh hal
cung AC va CB vi phudng trinh cung AC 1a y=-Vl - x
con phudng trinh cung CB Ia y = ¥l — x.

H

4.2.3. Cong thic Green

"D la mét mién Lién thong, bi chan, cé bién L gdm mét hay
nhidu dudng kin tran ting khue, rdi nhau ting d6i moét. Cong
thic Green cho ta mdi lién hé giita tich phan kép trong mién
D va tich phan dudng loai hai doc theo L. Ta & ching minh
ring : néu cdc ham s6 P(x,y), Q(x,y) vd cdc dao ham riéng cdp
moét cia ching lién tuc trong mién D thi ta c6

(4.9) J'f [— - g]d xdy = §3de + Qdy.

D¢ 1a céng thic Green.

. Trude hét giad st rng D
12 mién don lién va moi dudng
thdng song song véi cac truc toa
dé cat L nhidu nhdt tai hai
diém (hinh 4.4). Vay mién D
duge xdc dinh bdi a € x < b,
¥y, <€ y <€ y,x). Theo céng
thic tinh tich phan kép ta cd

Hinh 4.4
9P by (x)-P
ffa—dxdy fdxf —dy—
p ¥ : ww?

¥ = vy(x)

b
=_fP(x,

b b
ey TES P&, yx0dx ~ [ P(x, y,(x)) dx.
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M

Nhung theo cong thuc tinh tich phan dudng

b
fPx. y,)dx = f P(x, y)dx,

| AMB
b . .
- _f Pix, y](x))'dg = - f Pix, ydx = f P(x, y)dx.
a ' ANB BNA
Do dd
. . .
_ff ™ dxdy = f P(x, yydx = — fﬁ P(x, y)dx.
b ¥ AMBNA L :

Chiéu mii tén trén hinh 4.4 ting voi cdc tich phan dudng
trong ching minh nay.

Tuong ty ta cd
. B :
N T)% dxdy = § Q(x, y)dy.
D L

Ti hai két qua nay-suy ra céng thdc Green.

e Bay gio gia s ridng mién don lién
D _cd bién la dung L gdm hai cung IJ
KH ¢6 phuong trinh theo thd tu la
y = y,&), ¥y = y,{x), a€ x < b va hal
doan théng IH va KJ song song vdi Oy
(hinh 4.5). Tugng tu nhu trén ta dugc

3

ff ?}—dedy f P(x,y)dx + _fP(x,y)dx O
Y HK Hink 4.5

Nhung | P(x,y)dx = 0, f P(x,y)dx = 0, vl doc TH va KJ ta ¢
IH
dx = 0. Do dd

ff —dxdy dex +dex +dex + dex = —§P(x y)dx.
9% 1K Kl 1 13
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Con duong nhién ta cg

!

i) %dxdy = ?Q(x, y)dy.
D -

Tu do suy ra ecéng thdc Green.

e Bay git xét trudng
hop mién D da lien.
Chéng han bién céa no
g6m hai dudng kin L,,
L, r&i nhau nhu & hinh
4.6. Chia mién D thanh
sdu mién nhé ma bién
cua ching déu théa man
cdc gia thigt di néu.

Ap dung cbng thuc
. (4.9) cho cad 6 mi&n nhd
Hink 1.6 4y réi cong lai, ta dugc

Q  oP ' '
— — ——|dxdy = $Pdx + Qdy,
f‘[[[ax dy]xy f x + Qdy

vi tdng cdc tich phan dudng cta Pdx + Qdy tren citng moét cung
hai lan theo hai chiu nguge nhau bang khéng Vi L gém hai
dudng kin L, L, r3i nhau, nén chidu duong trén L phai chon
theo quy udc da néu & muc 4.2.1 : chiéu duong trén L, 12 nguge
chiéu kim ddng hd, chiéu duong trén L, 12 thuén chiéu kim
déng ha. ‘

Vi dy : Tinh I = ﬁ(xarctgx+y2) dx + (x + 2y~ ;e V) dy,
I

L 1a dudng tron x* + y* = 2y.

Ap dung céng thic Green. Ta ¢6 P = xarctgx + y° =
JP ' d '
F=2y;Q=x+2yx+yze'y==~-§=2y+l. Do do
’ .

I = ff [% - %?]dxciy = ffdxdy = §,
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S la dién tich cia mién D. Vi D 1a mién tron cd ban- kinh
bang 1, nén I = § = »x.

H¢ qud cua cong thic Green : Néu duong kin L la bién cia
mién D thi dién tich S cia mién dy duge chosbéi cong thic |

1 )
(4.10) 8 = —ﬁ xdy — ydx ,
. 27
That vay, chi viéc 4p dung cong thic Green vao P = - v,
Q= x. ' ’

Vi dy : Dién tich caa hinh elip gi6i han bdi duong

ﬁ

= 1 bang nab (xem vi du 1, muec 4.2.2).

.%I“

4.2.4. Diéu kién d€ tich phan dlwng khong phu thuéc
dudng lay tich phan

Qua vi du 2 cia muc 4.2.2, ta thiy ring tich phin dudng
f P(x, y{dx + Q(x, y)dy khong nhitng phu thudc vao hai mut
AB
A, B ma con phu thuéc ci vio dudng AB. Trong muc nay ta
sé tim xem véi didu kién naoc thi tich phan dudng chi phu

thugc vao hai mit A, B, ma khéng phu thugc vao dusng ldy
tich phan.

Ta sé thay rang tich phan dudng dex + Qdy chi phuy thuée

AR
hai mit A, B ma khong phu thudc dudng l&y tich phan.khi va
. oP
chi khi E = % (*), va didu kién (*) ciing 1a didu kién 4t cd

va dd d€ Pdx + Qdy la vi phan toan phdn cla mét ham s6
nao dd.

Dinh - li. Gid si hai ham s6 P(x, y), Qfx, y) lién tuc ciing
vdi cde dao ham riéng cdp mét cia ching trong moét midn

don lién D nao doé. Khi do bon menh dé sau ddy tuong duong
vdi nhau :
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)

UP f)Q

1) = dy = , Y(x,y) € D.

2) $ Pdx + Qdy = 0 doc theo moi duong kin L ném trong D.
L

Ky f Pdx + Qdy, trong do A}s’\ & mét cung ndm trong D,
AR

chi phu thuéc hai mit A, B ma khong phu thuée duong di tit
A dén B.

4) Biéu thuc Pdx + Qdy la vi phén toan phén cia mot ham
50 u(x,y) nao dé trong mién D.
Chiing minh. Ta ching minh dinh li theo s¢ dé sau :
DN=2)=3=>40)=1

¢ 1) = 2). Gia st L 14 mét duong kin ndm trong D. Goi
D, 1a mién gi6i han bsi L. Ap dung coéng thic Green, ta c6

dex+Qdy ff[——g]dxdy 0,

ox

P
vi theo gia thiét 1) ta ed % = ig! Vix, y) € D.
e 2) = 3). Gia st AMB va ANB 1a

hai dutng b4t ki néi A v4i B; nim trong M B
mién D (hinh 4.7). Theo gia thiét 2) ta cd

I Pdx + Qdy = ) A

AMBNX
hay N
J Pax + Qdy + [ Pax + Qdy =
AMB BNA : ) Hinh 4.7
Suy ra '
dex + Qdy = - dex + Qdy = dex + Qdy.
AMB BNA ‘ ANB

Vay f Pdx + Qdy chi phu thudc hai mit A B, ma khong
AB
phu thugc dudng di tit A dén B,
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® 3) = 4) . Gia sit Alx,, y,) 1a mot diém c§ dinh trong D,
M(x, y) la mét diém chay trong D. Xét ham sd

(4.11) u(x, y) = [ Pdx + Qdy # C, C la hing s6 tuy .
' AM

¥a Ham s6 &y hoan toan xac dinh

Y] S M My vi tich phan & v& phai khéng phu

thude duing 14y tich phan. DiEm
M x +h y)€& D véi h kha

] |

1 |

I 1
y A . nhé.
T : | E - Ta cd
O X0 X x+h X +h.vy —

%il' ®,y) = lim 2& ,yil uxy) _
Hink 4.8 =0

= lim & [ Lde +Qdy — { Pdx + Qdy]
h-—»() “AM .

Chon AM gém cung AM va doan thang MM, song song véi
truc Ox (hlnh 4.8}, ta dyge

x+h

——(x y) = hm—dex + Qdy = hm—fp(s ydE
. 0 MM h—~0

Theo dinh I v& gia tri trung binh d4i v6i tich phan xsc dinh,
ta cd

x+h E
-pr(g,y)dg =Px,y),x =x+6h,0<8<1,
X
Khi h — 0 thi X — x, do dé P(x , y) — P(x,y)
2,y = P, .

; o
Tudng ty nhu viy cd th€ ching minh duge riing — (x, y) =

= Q(x, y), do dé Pdx + Qdy la vi phan toan phédn ct‘la ham s6
ulx,y) cho bdi cong thsic (4.11).
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e 4) = 1). Gia sit Pdx + Qdy 14 vi phan toan phidn cta mot
ham sé u(x,y) nao dd. Khi dd

o tu
P = a: Q = ?)3;—)

_aP u 9Q 2% . . :
do dd Iy = yox ox T ax ay Cdc ham s6 4y lien tuc trong
D, nén theo dinh i Schwarz, chuing bing nhau

@ _ 9
Ay ex

H¢ qud 1. Néu Pdx + Qdy 1a vi phan toan phdn ctta ham
86 u(x,y) thi

J P(x, y)dx + Qx, y)dy = u(B) ~ u(A)
AB

doc theo moi dudng AB nim trong mién D.

H¢ qud 2 . Néu D la toan b6 R? thi Pdx + Qdy 1a vi phan
toan phan clia ham sé u(x,y) cho béi cong thic

x ¥
f P(x, yodx + f Qx, ydy + C
X, . v,

(4.12) u(xy )

hoac

¥ X
[ Qx,, y)dy + [ Px, y)dx + C.

¥ X

. ¥Ya .
Thay vdy, vi tich phan d vé& y L M
phai cta cong thic (4.11) khéng
phu thuodc dudng 14y tich phan nén
n&u chon dudng ldy tich phan AM
la dudng gdp khiuc ANM (hinh 4.9)  Yor -
ta duge cong thiie (4.12), n&u chon !
dutng 14y tich phan la dudhg gdp o %o,
khic ALM ta duge eong thdc (4.127). Hinh 4.9

(4.12%) ulx, y)

>
=z
P )
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Y

Vi dy 1 : Ching minh rang biu thic
6xe’dx + (3x° + y + 1)e¥dy la vi phan toan phdn cta mot ham
s6 nao d6. Tim ham s6 &y.
. P o
Ta 6 P = 6xe¥, Q@ = (8x? +y+1)e3’==-5=6xey Q
Viay Pdx + Qdy la vi phén toan phin cia mét ham sd u(x, y)
nao dd xic dinh trén toan R?. Ap dung cong thic (4.12") voi

X, =Y, = 0, ta duge

v X
ux,y) = [ (v + De¥dy + [ 6xe¥dx + C =
0 0

¥ .
=@F+ e |5; ~ [ ody + 32+ C = &' (y + 3x%) + C.
0

Vi du 2 : Bifu thde Px,y)dx + Q(x,y)dy, trong d¢
X —

+

P(x , (xy) =
x,y) = +y2 Q (xy Pty
trong moi mién don lién khéng chda gbéc toa d6, vi

5 la mét vi phan toan phan

P —x?+y?-2xy  9Q
ay (x2+y2)2 Toex

P
vaviP Q — s ﬁ khong lién tuc tai (0, 0). Né&u AB 1a doan

thang néi hal dlém A(1, 1), B(2, 2) thi vi phuong trinh cuia
dusng thdng di qua AB la y = x, ta-¢d

| oydy 2 -
[ Pdx + Qdy_j' yy Y. 4
AB 1 Y
Do d¢ vai moi .cung @ tao thanh cung P S
véi doan thing AB mot dusng kin gidi A
han médt mién khéng chda gée O, ta cd :
J Pax + Qdy =
—— .
AKBA Hinh 410

Q "
1
MfFE=="""""m

Xy
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Do do

f Pdx + Qdy = [ Pdx + Qdy = In2.

AKR AB

Goi L 12 dudng tron tdm O ban kinh R, phudng trinh tham
86 cua nd A x = Reost, y = Rsint, ta cd
2t .
ﬁde + Qdy = f [-(cost — sint)sint + (cost + sint)cost}dt
L .

=fdt =27

Tich phan nay khdc khong, vi mat tron gigi han bdi L chita
di€m géc, tai dd cac gia thist cta dinh i khéng duge théa man.

Ban doc hay ching minh ring I Pdx + Qdy doc theo moi
duong kin don (tdc la khéng ty giao) bao quanh gdc O theo
chiéu thuian déu bang 2x.

4.2.5. T‘rm‘ing hop dudng liy tich phan 1a mét dudng
trong khfmg gian
Néu AB la moét cung trong khing glan Plx, vy, z), Q{x, y. z)

R (x, y, z) 12 ba ham s8 xac dinh trén AB, ngudi ta dinh nghia
tich phﬁn dubng loai hai :

LP(x y,2)dx + Qfx, y,z)dy + R(x,y, 2}z

tuong ttj nhu tich phan dudng loai hai trong mat phing.

Né&u cung AB duge cho bdi phuong trinh tham sé x = x(1),
y y(t) , z = z(t), cdc mut A, B tdng vdi céc gla tri ¢,, t

B
cha tham s0, ta ¢6 céng thdc tinh :

'y
= J [Pa®), y(®), 2) ) + Q) , y(1) , 2() y'(1) +

s

Rix(t), y(t), z(t)) z’(t)] dt
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Chii thich. Phuong trinh tham s6 cda cung AB cd thé vidt
dudi dang vecto
M) = %)+ y) + z(t)k.
Khi 8y ta cd
F(H = X0+ y®i + 2Ok,
Goi -F—‘?x, ¥, z) 14 vectd ¢ cac toa d6 la P(x, y, z), Qlx, y, z),
Rix, y, z). Khi 4y tich phan dudng
I= LP(x, v, D)dx + Qx,yz)dy + R(x, y, z)dz

c6 thé viét ducl dang vectd

4.3. TiCH PHAN MAT LOAI MOT

4.3.1. Dinh nghia

Cho m6t mat cong S va mot ham sé f(M) = f(x, y, 2) xac
dinh trén S. Chia § thanh n manh nhd. Goi tén va ca dién
tich clla cdc manh gy 1a AS, AS, .., AS_. Trong m6i manh
A8, ldy mdt di€m tuy ¥ M, . 7, , §). Néu khi n — « sao

cho max d, - 0, d; la dudng. kinh cia AS, tdng 2 f(M,) . AS,
i=1

ddn tdi mot gidi han xdc dinh khong phu thudc edch chia mat 3

va cach ldy didm M; trén AS, thi gi6éi han dé duoc goi la tich

phan mat logi mét cua ham 36 f(x,y,z) trén mat S va duge ki

higu la

[ tx,y, z)ds.
S

Nguti ta ching minh ducc réng néu mat S tron (ke la lién
tuc v c6 phap tuyén bién thién lién tue) vd néu ham s6é fix, y, 2)
lién tuc trén mat S thi tén fai tich phan ff f(x,y,z)dS.

S
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Né&u mat S c¢d khoi lugng riéng tai Mx,y,2) 1a p(x, y, z) thi
khéi lugng cia mat S bang ffﬂ(x ¥, 2)dS.
5

Tich phan mat ff dS cho ta dién tich cia mit S.
S :

Tich phan mat loai mét cd cac tinh chat gidng nhu tich
phan kép.

4.3.2. Cach tinh

Gia st mat S dude cho bdi phuong trinh z = z(x, y), trong dd
2(x,y) 12 mét ham sd lién tuc, ¢d cdc dao ham riéng p =z’ (x, y),
q = z’v(x, ¥} lién tue trong mét mién ddng gidi nodi D, hinh
chiu cia S lén mat phang Oxy. Cho ham s6 fix,y,z) lién tuc
tréen mat S. Chia 5 thanh n méanh nhé AS,, .., AS_.
M(El, 7, 2(&; 7)) 1& mét di€m tuy ¥ chon trén AS,. Goi Ag, 1a

hinh chigu cta AS, lén mat phidng xOy. Né&u dudng kinh cta
AS, khd nhé, cé thé x4p xi AS, béi manh AT, cla tiép dién cua
mat 8 tai M, ma hinh chiu caa né lén mat phéng xOy cung
1a A6, (xem muc 3.2.4). Do dd

= V1 +pf + of Ar,

trong dd p; = 2.5, 7% @ = 2/ 1) Vay

> EMAS, = 3 G, np o, q) VT ¥ B F @ As

i=1 i=1

V& phai la tdng tich phan ctia ham sb

(%, ¥) = £x, y, 206 YO VT F 24x, y) + 255, 3)

trai trén niién D. Do do

(4.13) ff f(x,y, z)dS = ff f(x, v, z(x, ¥)) \‘1 + p2 + q2 dxdy,
8 p]
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trong d6 p = 2/(x, ¥), q = zy’(x, ¥). Viée tink tich phan mat
loai mét da dudge dua vé tinh tich phan kép.
Vi dy : Tinh I = [[23(x® + y?)dS, S 1a phdn cia mat cdu
: 3
x° +y2+ 2> = a’ing véix = 0, y = 0 (hinh 4.11).
Chia S thanh hai phén : S, dng
vdi z = 0, cd phuong trinh

z = Ya?-x?-y2 va 8, dng voi
z <0, cd phucng trinh
z = Ja —x2 —y2. Ta cd

I=1 +1

L= [[2x2+y)dS, i=1,2

. X ¥y
TrénSltacop=—E,q= -3
: o2 ' Hinh 4.11
1+p? +g* = = Theo cong thiic (4.13)
Z .

ta dugce

= a Ve o my? (2 +y) dxdy,
D

D la mot phin tu hinh trén tam O ban kinh a n3m trong
géc phdn tu thd nhit. Chuyén sang toa dé cuc dé€ tinh tich
phan kép, ta dugc

Q‘ﬁNW

Il 50 fdaz r3dr
" - 7T "
Dit r = asint, 0 < ¢t €_§ , ta cd
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E

2 5

f \,az — ¥ dr = a° f sin’t cos? t dt = 2—3'
<

) 15
Do dg¢
[ =g, % 220 m
& ]
Tuong ty I, = 7= dods I = 2

4.3.3. Trong tam ciia mit

Né&u khéi lugng riéng ciia mat S tai di€m M(x, y, 2) 1a (M) thi
cac toa dd cia trong tAm G cha mat S dudge cho béi cong thie

" 1 : 1 1 _
(4.14) x5= — [ [ xp(M)dS, y, = — ST ypMyds, 2= — Jf zpyds
5 5 s

trong d6 m = [[ A(M)dS 1a khéi lugng cia mat S.
S

4.4. TICH PHAN MAT LOAI HAI

4.4.1. Dinh nghia

e Cho mat S. Tai mbi di€m chinh quy M clia S, ¢6 hai
vectd phiap don vi n vA n’ = — n (hinh 4.12). Né&u ¢é thé chon

=¢

Hinh 412
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dugce tal méi di€m M cta S mét vecto phap don vi n sao cho
vectd n bién thién lién tuc trén S, ta néi ring mat S dinh
hwong duge va hudng cia mat S duge xdac dinh bdi huéng cua
n. Dai Mébius ma ta dung sau day la mét vi du cia mat khéng
dinh huéng dudc. Lay mot bang gidy dai hinh chit nhat ABCD
(hinh 4.13). Xoan bang gidy 4y nita vong theo chiéu dai réi gan
C v6i A, D véi B. Khi diém M chay mét vong tren dai Mobius,
Xudt phat td vi tri M_ thi lic gap lai M_ vecto n déi huéng.
Do d6 n khéng bién thlén lién tuc trén da1 Mobius.

A pas gl

Hinh 4.13

Trong muc nay ta chi xét nhitng mat dinh huéng ducc Chang
han, néu S 12 mét mat kin khéng tu cdt thi vecto n cé thé
huéng ra ngoai hoac huéng vao trong, tic la ta xét mat S
huéng ra ngoai hay huéng vao trong.

e Ta ndi ring trong mién V C R? xdc dinh mot trudng
vecto néu dWng v6i mdi difm M(x, y, z2) € V ¢6 mot vecto

F(M) xdc dinh géc tai M, véi.cdc toa d6 P(M), Q(M), R(M) la
nhiing ham sé ctia M.

e Gia su trong V cho moét mat dinh huéng S wéi n n 1a vecto
phap don vi. Néu vecto F khéng déi, S 1a mot mién phing dinh
huéng co dién tich cing dudc ki hiéu la S, ngudi ta goi théng
lugng @ cua trudng vecto F qua mat S 1a tich

=S.|Fl.cosn, F) = S.(F.5
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Né&u \_r’lé van tdc cha chdt long cd mat dé 2 chay qua mat S
thi thong lugng @ cia truong vecto F=_ P-\?bié’u thi khéi lugng
cua chét Iéng chay qua S trong mdét don vi thoi gian.

Bay gid gia st trudng vecto F(M) bién
thién lién tuc trong V, nghia 14 cdc toa
do PQM), QM), R(IM) cda nd la nhitng
ham s6 lién. tuc trong V. Hay tinh thc‘:hg
lugng @ cla ﬁM) qua mat dinh huéng S.
Ta chia S thanh n manh nhdé. Goi tén
va ca dién tich cta nhitng manh &y la Hinh 4.14
AS,, AS,, .., AS Né’u manh AS, ¢ dudng kinh kha nhd, cd
thé coi nhu vecto F(M) khoéng d61 trén manh 4y va bang_
F(M.), M, n;, §) 12 mot diém nao dd trong manh AS; va coi

manh AS; xédp xi nhy mét manh phang ing véi phia da chon
cda mat. Do dé théng lugng AP, cha F(M) qua A5, x4p xi bang

@, = AS; . (F(M) . n(M)) =
= AS, [P(M,)cosx; + Q(Mi)cosﬁi + R(M))cosy ],
trong dd «; = (EEMi), Ox), B, = (:(‘Mi), Oy), vy = (;(Mi)’ Oz).
Néu cdc manh AS, déu c6 dudng kinh kha nhd, ta cd

n
~ > [P(Mcose; + Q(M,)cof; + R(M,)cosy;]AS,.

i=1
Phép tinh gin ding nay cang chinh xac néu n cang 16n va
cic manh AS 6 dudng kinh cang nhé. Néu khi n — « sao
cho max d, — 0, d, 14 dudng kinh cia AS,, ma tdng & v& phai
ctia hé thic trén dan t6i mot gidi han xac dinh I khéng phu
thu¢c cach chia mién S va cach gy diém M, trén AS, thi I
duge goi la thong lugng cha F(M) qua mat 3. Trong toin hoc,
gidi han ay dudc goi la tich phdn mat loai hai cta cdc ham s§
Px, v, 2), Qx, v, z), R(x, y, z) trén mit S va duge ki hign 1a
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(4.15)  [[IP(x,y, z)cosa + Q(x,y, z)cos + R(x,y, z)cosy}dS.
S .

. z
Goi (AG.)W, (AG) » (A6), theo
tha tu la hinh ch:é’u cua AS lén Asi

cdc mat phang Oxy, Oyz, Ozx ta
€6 (A6) = AScosy., (A5)

i’xy i i i yz o)
= ASicosa;, (A6), "= AScosf. Do
do tich phan mat (h. 4.15) cdn cd

the duoc ki hieu la X

<

CQ(AG?),(y

Hinh 4.15
(4.16) ff P(x,y, z)dydz + Q(x,y, z)dzdx + R(x,y, z)dxdy.
8

Ngusi ta ching minh duge ring néu S l& mat dinh huong
lién tue ma vecto phdap tuyén tuong iung bién thién lien tuc va
néu cdac ham 36 P, @, R lién tuc trén mat S thi txch phin mat
(4.16) tdén tai.

Né&u ta dfi hudng niat S thi tich phédn mat loai hai (4.16)
d8i ddu, vi khi 4y cdc cosin chi huéng cia n ddi dau.

Ngoai ra, tich phan mat loai hai ed cac tinh chdt tuong tu
nhu tich phan kép.

Chu thich. Néu F(x, y, z) 1a vects c6 cdc thanh phdn la
P(x, y, 2), Q(x, y, 2), R(x, y, z) thi tich phan mat loai hai (4.15)
cd thé vist la

ff Fnads.
S.
4.4.2. Cach tinh

Ngudi ta cing tinh tich phan mait loai hai bang cach dua
né vé Fich phan kép. Chang han, xét tich phan mit

JJ Rex, 3, z)axdy.
S
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Gia sd¢ mat S cod phuong trinh 14 z = f(x, y}..f e¢d cac dao
ham riéng lién tuc trén D, hinh chiéu cua S xuéng mat phang
z = 0. Gid si ham s8 R lién tuc trén 5. 84 dung cac ki hiéu
cua muc 4.4.1, M(&;, 7, {) la mot di€ém nio d6 trén méanh As,

Ta cd

n n
> ROMAS, = X R, n;, 1, 1) (86))y,
=1 i=1
(A6),, > O néu cosy; > 0, {(A6),, < 0 néu cosy, < 0. Vay
v€ phai cua ding thdc trén 13 téng tich phan cia ham s6

x, y) — eR(x, y, fix, y))

trai trén mién D, £ = 1 néu cosy > 0, £ = ~1 né&u cosy < 0.
Do d6
(4.17) Jf Rx, y, 2)dxdy = [[ Rz, y, fix, y))dxdy
g b
néu vectd phap ;lém vAi Oz mét gée nhon,
(4.17) [f Rx, y, 2dxdy = — [ R(x, y, f(x, y))dxdy
S D

néu n lam véi Oz mbt gde ti.

Céde tich phén ff Q(x, y, z)dzdx, ff P(x, y, 2)dydz ciing duge
S i)

tinh tuong ty.

Vi du 1 : Tinh I = [[=xdydz + ydzdx + zdxdy, S 1a phia .

S
ngoai cia mat cdu x° + y> + z2 = RZ,

Vi phuong trinh cia mat cdu va bidu thie dusi dédu tich
phan khéng dé6i khi ta hoan vi véng quanh x, y, z, nén ta cé
_ff xdydz = ff ydzdx = _rf zdxdy.

5 : 5 5

Do dg ' - '

I=3 ff zdxdy = 3 [ff zdxdy + ff zdxdy]
S s, s,

trong dd 8, 14 nita trén cla mat cdu, ¢ phuong trinh
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z = VRZ - xI — y2, S, la nua
duéi cda mat cdu cd phuong
trinh z = —fﬂfgf Vi
vectd phdp tuyén cua nita mat
céu trén lam voi Oz mot goc
nhon, vects phép tuyén ecia nira
mat ciu dudi lam vdi Oz mot
gdc tu (hinh 4.16) nén ta duge

I1=6[fVR? - &2 ;yz dxdy, Hinh 4.16
D .

D la hinh tron tam O ban kinh R trong mat phang Oxy. Chuyén
sang toa do cuc, ta duge

2x R
I=6 [dp[{R? _ 2 rdr = 4R,
0 [
Vi dy 2 : Tinh I=[[(y —2)dydz +(z —x)dzdx + (x — y)dxdy,
S
S 1a phia ngoai cla mat non x* +y2 = 22, 0 < z € h (h khong
d8i) (hinh 4.17).

Ta tim cdch chuy&n tich phan nay sang tich phan mat loai
mét. Liy dao ham hai v& phuong trinh z2 = x? + y2 l4n lugt
ddi v6i x va y, ta dude

222’ = 2x, 2zz"-‘r = 2y =

p X ziq_z!

1 +p? +¢2 =1+

Viy ba cosin chi huéng ciia vects phap

tuyén nla — J 1 in 12
, 4 —,—, —— , vi n lam
V2 z2V2 vZ

v6i Oz moét gde th. Do dd

Hinkh £77
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e ENT PORENE Ao, . ). = pa§ o
I—ﬁfbj[(y )7t —(xy)]dS ﬁfsf(y x)dS = 0

vi mat S d6i xing d6i v6i cac mat phdng x = 0, y = 0 va
ham s6 duéi ddu tich phan la 1é déi v6i x va y.

4.4.3. Cong thuc Stokes

O 4.2 da ching minh cong thdc Green, nd cho ta msi lién hé
gitta tich phan dudng loai 2 theo mdot dudng phang kin L véi
tich phan kép trong mién D giéi han bdi L. Céng thdc Stokes
dudi day cho ta méi lién hé gitta tich phan duong loai 2 theo
moét dudsng kin L trong khong gian véi tich phan mat loai 2
trén moét mat dinh huéng S gi6éi han béi L. Do la két qua md
rong cong thic Green sang khong gian R>.

Gid su S la moét mdat dinh huéng tron titng mdnh, bién cia
né la mét duong kin L tron ting khic. Néu cée ham sé

Plx, y, 2), Q(x, y, z), R(x, y, 2) lién tuc cung vdi cdc dao ham
riéng cGp mot ciia ching trén S thi ta cé

dR  0Q P 9R ,9Q 9P £
(418) fsf (E "'—a;) dydz+ (§—~~é-;)dzdx+ (-a;- —“a—y—) dxdy =
= dex + Qdy + Rdz

L
chiéu ldy tich phan trén L dugc chon sao cho mot ngudi di doc
theo L theo chiéu &y nhin thdy mat S ké véi minh & bén trai.

Chitng minh. Ta ching minh ~ Z}
cong thic Stokes trong trudng hop S
cd phuong trinh 1a z = f(x, y),
trong dé f cd cac dao ham riéng
dén cdp hai lién tue trong mién
D (hinh 4.18). goi L, 1a bién 0
cua mién D. Gia s& phuong trinh
tham sé cua L la

A

<y

x=x(t.y =yt),ast<bh
o= * L,
-Hinh 4.18

168



Khi do phuong trinh tham s8 cia L la
x = x{t), y = y{t), z = f(x(t), yt)), a < t < b

Dat
I = f P, y, 2)dx + Q(x, y, z2)dy + R(x, y, z)dz
Ta c6 -
b . .
[ [P+ Qrm + R(-:—,f x'(t) + —‘,’5 y'()]dt =
p of | |
{ .[(P R o) EM) + (Q +rRE ) (t)]
={ (P+R%)dx+ (Q+R3}f()dy‘

1

Bi€u thic cubi cung 12 mét tich phan dudng trén dusng kin
phiang. Ap dung céng thde Green, ta duge

of 3 af
L= ][5 (2 FRE) -2 (P +RZ) ey
Tinh bi€u thdc dusi d4u tich phan kép, ta duge
8Q  2Qof  9R of  9R of of 92t
-t =+t —=—+% ——_—+R— -
ox dz ox ox oy dz % dy axdy

oP 9P of oRaf - oR of of 9%t
—_— = — +

- + — +R—) =
( Jy dz 0y ay ox dz dy ox E)yf)x)

_ (8 _o®, P R, R 2Q, of
_(ax E}y) (az )ay (E)y )ax'
Do ds
R 9Q)ef (aP oRYof (9Q oP
I=ff —.—",—Q—_ ,——.—,— —Q“— dxdy
ot Jy vz | ax Uz ._Idx oy X Oy
Céc cosin chi phudng cta phap tuyén cua mat S la
R o )
2 22 ? 32 a2 K +2 [¥3 '
£+ +1 \Ifx+f_v+1 \[fx+f_v+1
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Vi vay
of of :
o dxdy = dydz, — 7y dxdy = dzdx.

Cudi cing ta dudge
R ¥ P ©oR
I._ffa Q]dd [‘;z__

Vi du : Tinh I = 9Sydx + zdy + xdz,
L.

L la giao tuy&n ctia hai mat x +y +
+2z = 0, x2 + y% + 22 = a?, chiéu
trén L 14 nguge chiédu kim d6ng hé
néu nhin v& phia z > 0 (hinh 4.19)

x +y+ 2z = 01a phuong trinh
cia mot mat phing di- qua gée O
nén L 13 mét dudng tron l6n cia
mat cdu. Ap dung céng thdic Stokes
voi S 1a mat phdng x +y + 2z = 0
gioi han bdi L, hudng vé phia z > 0. Hink 4.19
'I‘accSP=y=>P’z=0,P'v:1;
Q:z=='Q’x=0,Q’Z=1';R=x=>R’y=O,R’x=1.

Cong thdc Stokes cho ta
I = —ffdydz + dzdx + dxdy.
RS

Chuyé&n sang tich phan méat loai mét, ta ¢ 2 = x -y =
p = -1, q = -1. Vay céc cosin chi hudng clia vecto phap tuyén
1 1 3

;tuong ing caa S la -‘J-—"'S—, ﬁ, ﬁ vi ;lém vdi Oz mot go’é
nhon, do dd
I =-¥3[[ds = —aV¥3a?
5
vi 8 12 m#t tron bdn kinh bang a,
4.4.4. Vecto rita

o Cho trudng vecto F(M) ¢d cac toa d6 1a P(M), Q(M), R(M).
Ngudti ta goi vecto réta (hay vecto xody) cia F la vects o6 céc toa
dé la
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IR AN dR 0Q np

iy 4z ooz gx T oux iy’
va ki hiéu la rot F, Vay
— — vR 0Q, ~—» uP R, — aQ 17) N
tF = (— - —3Vi+ (— - —=Vj + {=% - =YX
rotF ( iy 0z )1 ( vz % )J ( 14 oy ) k
Dé dé nhd, ngudi ta thudng viét bidu thie cua lgt?béng
_dinh thic cdp ba tugng trung sau :
- = -
i J k
— — 0 ¢ o
rotF = ix oy vz| =
P Q R

7R Q= oP R, — ] P, —
(Hw (R T ( R)F
Jy (74 0z gx ox oy
Bang cich viét d6, e¢6 thé dé dang chiung minh duge ring :
néu f la ham s8 ba bién s6 cé cée dao ham riéng lién tuc thi
(4.19) rot (gradf) =
That viy, ta cd

i 7K
02 @
rot(gradf) = [0x 9y 9z =
of ot
ax oy oz
52 o2 22 o2 Y 2
o<f of, — a-f of = |, of °f \ = —
= - i+ - - +(—- =
dydz  dziy dzgx  Uxoz gxdy  oyox
( )1+ (G ™ wan )3+ )

e Ngudi ta goi luu s6 ciia T doc theo duong kin L 1a tich
phan dutng

[ Péx + Qay + Rz = [ F.dr,
L . 1.
trong dd r = r(t) 1a phuong trinh tham sé dang vecto cua L.
Kh1 d6 cong thic stokes cd thé phdt bi€u nhu sau : fuu sé

cia ¥ doc theo mét dudng kin L béng théng lugng cia rotF
qua mdét mat dinh hudng 8 cé bién la L
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o

J F.dr = [f rotF.nds,
L s ]
n la vecto phap don vi cia mat dinh huéng S.

A% du Cho F(x, ¥, z) ='yzi i+ zxj i+ xyk Tinh thong lugng ¢
cua rot F qua phan cta mat cdu x2 7+ y +22=4 huéng vao trong,
namdtmngmattmx +y2 =
ing v6i z > 0 (hinh 4.20).

Theo cong thic Stokes, ta cé
ffrotF ndS = fF dr,

L 14 dudng tron, giao tuyén
cia mat ciu va mat tru. D& dang
thdy rang phuong trinh tham sé
cia L 13 x = cost, y = sint,

= V3, 0 < t < 27. Vay phuong

3 Hinh 420
trinh vecto cta L la
— — 5 - o
r(t) = cost.i + sint.j + V3 .k.
Do d6
o
r'(t) = — sint.i i + cost. j Mat khac

ﬁr_(,t)) = \f—smt.l + \I_cost.J + costsint. k.

Vi mit cdu huéng vao trong nén chiéu trén L 1a thuan chiéu
kim déng hé. Do do ’

2t 2 .
® = — [ (- V3sin’t + V3cost)dt = — V3 [ cos2tdt ‘= 0.
0 0 ;

o Y nghia cia vecto réta.

Glé st v la trudng van téc cia mot dong chat long, M 1la
mét diém trong chit léng, S, 1a mot dia tron tam M, ban kmh
a kha nhé. Vi rotv lién tuc nén

rotv(M) = rotv(Mo) VM € S,
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Goi L, 1a bién cia S, cong thic Stokes cho ta

JVidar= ff rotv.ndS = [ rotw(M_).ndS =
L - S S

= ra‘_r)(MO) ;;EMO) .ma?,

Do chinh xac cang 1n néu a cang bé. Do dd

—_— —_— ], e -
rotv(M)) . n(M) = lim — [ v .dr.
a—p 72 L

Do d¢ I;;t?(MD) ;('Mo) bigu thi tac dong quay cua chédt léng
xung quanh truc n Tac déng 8y cuc dai khi :dﬁing phuong
— — .
v8i rotv. Theo ¥ nghia 4y di€m M duge goi la di€m xody néu

— —> —
rotviM) = 0, diém khéng xody néu rotv(M) = 0,

4.4.5. Diéu kién d€ tich phan dudng [trdng khong gian
khong phu thudc dudng lay tich phéan

0 muc 4.2.4 cong thic Green dia duge st dung d€ tim diéu
kien cdn va d& d& tich phan dudng trong mat phéng
[ Pdx + Qdy khong phu thuéc dudng néi A, B. Tuong ty nhu
AB _
vay cd thé dung cong thdc Stokes d& tim diéu kién cdn va du
dé tich phan dudng trong khong gian dex + Qdy + Rdz khdng
_ | AB

phu thudc dudng ldy tich phan.

Gi4a s¥ rang mién don lién D < R?® ¢6 tinh chdt sau : moi
dudng kin L tron ting khic trong D déu la bién cia mot mat
tron tiing manh nidm hoan toan trong D. P, @, R 1a ba ham
80 c6 cac dao ham riéng cdp moét lién tuc trong D. Ngudi ta
ching minh dugc ring didu kién cdn va di dé tich phen dubng
trong khong gian J’Pd'x + Qdy + Rdz khong phu thuée dudng

AB
néi A, B ndm hoan toan trong D la:
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@ g
& ¥y
.9£sf

IR i i am {
4.20) | _B B _R QPR
dy iz iz Ux [i>:4 Jy
Didu kién (4.20) cing la diéu kién cdn va di dé Pdx + Qdy +
+ Rdz ld vi phdn toan phén cta mét ham s6 u(x, v, 2) nao do.
Ham s6 ufx, y, z) @y duoc cho bdi céng thiuc
(4.21) u(M) = u(z,y,z) = f P{x,y,z)dx + Q(x,y,z)dy+ R(x,y,2)dz+ C
M, M
M (x, ¥ Z,) 12 mét di€m nao do trong D, C lzfa hang s6 tay y.
Né&u mién D 13 toan bo R3, ¢6 thé tinh ulx, y, z) béi cong thie

X y
(4.21") ux,y,z) = [Pxy,z0dx + [ Qxyz)dy +
xO yO

z
+ fR()_z, v, z2)dz + C.

o

4.4.6. Truong thé

Cho trudng vecto F = FEM) cd cde thanh phan 1a P(M), Q(M),
R(M). P, Q, R cing v6i cdc dac ham riéng cAp mot cda ching
lién tuc trong mdét mién D nao dd. Né&u trong mién D tén tai
moét ham sd u = u{M) sao cho '

w—

—

(4.22) gradu = F
thi trusng F duge goi 13 trudng thé xéc dinh trong D, u(M)
duge goi la ham sé thé vi cla trudng 1—; Né&n i_:j_:?l?a cac
vecto don vi trén ba truc, ding thic (4.22) dude vist la

gu-—» gu — gu
—i + + —

= P+ Q5+ RE
ox ay ! T T QY

hay
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1
i

do. d6 Pdx + Qdy + Rdz la vi phén toan phan cua u, didu ndy
xdy ra khi va chi khi

R _q P _ R 0Q P
by ~ oz 0z ex T oax dy
— —»
tic la rotF =
Vay : diéu kién cén va du dé truong vecto F = F(M) la mot
— —
truong thé la rot F(M) = 0 VM.
¢ > - — — —_—
Vi du. Trudng vectos F(x, y, z) = yi + (2xy + e’?)j + 3ye’’k
12 mat trudng thé&, vi

— — >

i ] k
a2 B o
rotF = |5y ay dz

y2  Zxy+e3  3ye

—_ — e
= (363 - 3e’)i + 0 + (2y — 2y)k =

Ham th& vi u cua trudng 12 ham thoa méan

EJ_I.l = 2 D_u - 3z 9_‘_‘_ _ 3z

9% —y,ay = 2xy + e e = 3ye

Ap dung cong thiic (4.21°) vai x, =0y, =02 = 0, ta duge
u(x, y, z) = xy? +ye32 + C

C Ia hang s6 tuy y.

Chii thich. Gia st duéi tac dong ciia luc F mot chét diém
chuyén déng trén quy dao L tit A toi B. Gia si phuong trinh
chuyén déng la r = r(t), a < t < b, r(a) dng vdi A, r(b) dng
vf#i B. Theo dinh luit Newton thd hai, ta co

Fr) = mr(),
m 1a khGi lugng cua chadt dim. Vay cong sinh bai lye F la

b
W= [ F.dr = [ Fz(t)). r(tydt =
L a

b . mb'd ,
= [ mr (t).r(t)dt:EJ‘aE P (t)| %t =
a A
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_Mm = i = L T2 = L T2

- [ (f]{'(b)] |r(a)I ) - g mlv(b)l 2111 [‘(a)l ’

e — = 1 —

v = 1’ ]a’van téc. Dai lugng 5 m}v(t)}? duge goi la dong

nang cta chdt difm & thoi d¢idm t. Vay
W = Ki(B) - K(A),
trong dd K(M) la dﬁng nang clia chit di€m & M.
Néu tﬂmng F la trudong thé, thi ton tai ham s6 f(x, y, z)

gsao cho F = gradf Ham s6 P(x, y, z) = - {(x, y, z) duge goi
1a th& nang cia chdt di€m tai (x, y, z). Vay
F = - gT:dP.
Do dé

W= [F.dr=- [ gradP .dr =
h L L

o ap aP
- [ZRO+ Y0+ 5 ~ 2] at

d — -
= [ 3 Pa®, y(t), z(0)dt = - [Pe(b)) — P(x(a)] =

P(A) - P(B).
S50 sanh hai k&t qui tinh W, ta duge
PA) + K(A) = P(B) + K(B).
Téng cua dong nang va th€ nang duge bao toan.

Vi 16 d6 trudng th€ cdn duge goi 1a frudng bdo toan.

4.4.7. Cong thic Ostrogradsky

e Gia st V 12 mot mién gisi ndi ddng trong R? o6 bién la
mo6t mit kin, tron timg manh 8. Gia st P(x, y, z), Q(x, y, 2),
R{x, y, z} 12 ba ham 84 lién tuc cing voi cdc dao ham riéng
cdp mét cua ching trong V. Ta sé ching minh ring
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b7y

=

(4.23) [ J’  § ( = @ +(—) dxdydz = J [ Pdydz + Qdzdx + Rdxdy,
S

tich phan mat ldy theo phia ZA
ngoai cua mat S.

Céng thiic (4.23) dugce goi
la cong thic Ostrogradsky.

That vay gia st mdi dudng
thang song song véi cac truc
toa d6 cAt mat S & khong
qua hai di€ém (hinh 4.21).

Xét tich phan bdi ba ;
18 f1f Lraldyaz <
1 v, 0z
Zy(xy) a
R
= ffdxdy f g—-dz
e Hinh 4.21

trong dé D la hinh chiéu cia S lén mat phing Oxy, z = z,(x,y)
va z = z(x, y) 1a phuong trinh cia phén trén S, va phdn dudi
S, caa S, vay

b z=12, (xy) .
refi By gl ST 8

= [[R(x,y, 2y(x, y))dxdy — [[ R(x,y, z,(x, y))dxdy.
D D
Nhung theo cong thic tinh tich phan mat loai hai, ta cd

J | Rz, y, z)dxdy /[ Ry, z,(X, y))dxdy,
S : D

2

I

f J- R(x, y, z)dxdy ~ ff R(x, y, z,(x, y))dxdy
S, D

vi phédp tuyén ctia S, lam v6i Oz mot géc nhon, con phap tuyén
cia S, lam v6i Oz mot géc tu. Do do

J
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S1 2

Tudgng tu, ta cd

P
L = fff ?;—xdxdydz = _rf Pdydz
v S :

I, = [f Rdxdy + [ [ Rdxdy = f[ Rdxdy.
S, S

0Q
L = fff a—dxdydz = ff Qdzdx.
Cong ba két qua 4y lai ta duge c6ng thic Ostrogradsky (4.23).
Heé qud. Thé tich V ciia vat thé giéi han béi mdt cong kin
S duge cho bdi céng thice

o 1
(4.24) V=g J Sf xdydz + ydzdx + zdxdy. .

That vay, chi viéc p dung céng thic (4.23) vdo céc ham s6
P=x,Q=y,R=z A

Theo k&t qua nay, tich phan mat cho trong vi du 1, myc 44.2
bing 3 14n thé tich cda hinh cdu ban kinh R, tic la 4zR>.

Vi du : Tinh 1 = [f y?zdxdy + xzdydz + x’ydzds, S la phia

s

ngodi cia bién clia vat th&€ gidi han -
béi che mit z = x> +y4, 22 + y¢ = 1
va cac mat ph:’mgltga dd (hinh 4.22).

Ap dung cong thde (4.23) véi
P =xz, @ = x%y, R = y%z, do d¢
P =gz, Q’y = x2 R, = y2, ta duge

1= [ff(z+=x* + y)axdydz
v

V la vat th€ gigi han bdi mat 5. ’/X

NG duge xac dinh bdi (x, y) € D, Hink 4.22

0 € z < x2 + y% D ]a mét phén tu hinh trdn tdm O bén kinh 1
trong gdc phén tu thd nhdt cia mat phing Oxy. Chuyén sang
toa dé6 tru, ta dugec
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T

: 2 1 I
= [ff(z + 1)rdrdp = [dp [rdr f'(z + )z =
v 0 0 0

3
—2—r5dr =

ool |

Ej' Ly Car = L
20( )|z=0.r_2

ot

4.4.8. Dive cia mdét vectg
e N&u vects F(M) cd cdc toa d6 P(M), Q(M), R(M) 1a nhiing
h:‘im 86 cd cac dao ham riéng cdp moét thi tdng
3Q

ax ay
mébt dai ludng v6 hudng.

Dé& dang thdy ring : néu F = Pi + Q|ﬁ+ RE: cde ham sé P,
Q, R ¢6 cde dgo ham riéng clp hai lién tuc thi

(4.25) div(rotF) =
That vay

dudc goi 1a dive cla F ki higu 1a div F. Ds 1a

R 9Q 2 2Q oP)
dw(th):u[gy__a_z] ay —Q]J'az[?a;_a] -

_PR Qo R ¥FQ PP 0
T 9xdy . 0xdz  9ydz  o9yox  9zdx  dzdy

e Coéng thic Ostrogradsky cé thé phat bi€u nhu sau : Théng
luong cia truimg vecto F(M) qua mét mdt kin kuéng ra ngodi
bang tich phan béi be cia divF trong midn V gidi han bdi mat 8.

Vi du. Tinh thong lugng ¢ cla F = xyi -i-(y2 +e’“)j % sin(xy)k
qua bién S hudng ra ngodi clia vat thé V gidi han béi mat tru
z = 1 - x* vd cdc mat phdng y = 0, z = 0, y + z = 2
(hinh 4.23).

Tinh truc ti€p ¢ bing tich phan mat ff F. E&s_ rdt phic
; :
tap. Ap dung cong thic Ostrogradsky, ta duge
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¢ = [ff div-f‘:lxdydz =
v
=J f f 3ydxdydz =

1-% 2-2

- of o [an f oy ~
_ Ty
_3}'dx1.fx(2-z)
-1 0 i .
3L (2-2%q1-2
=§;r[ 3 ]-o dx
T
= 5-[ [(x* +1)° - 8ldx = . Hinh 4.23
_1 "
B . : . '
= — [ +3x4 +3x2 - Tydx = %-
0 .

. —

e Y nghia cia divF
Gia s{ v 1a vAn t6c cia chét léng c6 mat do S, cdc thanh
phfin cia vectd F = pPv. ¢d cdc dao ham riéng lién tuc. M la

mét di€m cha chat léng, B, 1a hinh cu tAm M  bén kinh a

khé nhé, 'S, 13 bien cia hinh cfu d6. Vi div F lién tuc nén cd
thé xem

divF(M) = divF(M,) , VM € B, .

Do 46 _ .
Jf F.nas = [f[ divPdxdydz ~ [[f divF(M )dxdydz =
s : "B,

A a

.
= divF(M,). V(B,),
V(B,) 1a°thé tich hinh cfu B_. Do d¢

divF(M,) = lim ﬁ ff F.nds.
5 .

a—0
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Vay néu divﬁM) > 0, thong lugng ra ngodi nhitng mat
cdu kha bé tam M la duong, ta ndi M l1a d:é’m ngudn. N&u
dlvF(M) < 0, ta ndi M la diém ro. Néu div F(M) 0 VM thi
thong lugng qua moi mat kin déu bing khéng. Khi 8y ta ndi
ring trudng vecto F‘EM) c6 thong luang bdo toan.

4.4.9. Toan td Hamilton -
Ngudi ta goi todn ti Hamilton (hay nabla), ki hieu 1a V, 1a

: ¢ s s . 2 d (i
vects tugng trung cd cdc thanh phin la %’ oy’ oz
AR A N wl ) |

Tox Yigg v k3,

Ap dung mét cach hinh thdc céec quy tdc tinh todn nhu d6i-
vi modt vects thuc sy, ta thu dudec mét s§ cich vist don gian.

Né&u u 13 mot ham sg, ta cd

—
=i———+3—+k— g'radu

Néu F 1a mét vecto cd cac thanh phén 1a P, Q, R, ta cd

—b_ i —bi KA — — —
V.F—(xax+18y+k ).(1P+JQ+RR)
P 9Q aR .
_-ax+-§+‘ z-—dn.rF,
— — —»
i i k
e a a b — —
VAF = ax 9y az__th’
P Q R
—_ 2 2 2
V2_V.Vza—2+—q—+d—2=A(toénteraplace)-
ax? oyt oz '
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Ham 6 u(x, y, z) thoa méan phuong trinh
9% azu 62u
T oax? ay2
duge goi 1a ham sé didu hoa.
Ta clng cd
div(gradf) = div(Vh = V. V¢ = Af.
Chii thich: .
Ding thic (4.19) cé thé viét la
0 = rotgradf) = V A (gradf) = V A V.,
Déng tll’ﬁc nay tuong ty nhu ding thde YAYV.a trong dai
s6 vecto, v 14 mét vectd, a 1a mot s6.
Déng thﬂc. (4.25) e6 thé vié’t_lé.' _
= div(rotF) = V.rotF= V.V A F

Ddng thdc nay tuong ty nhu ding thic vV A \_v’=‘0, '

— — .
v, w la nhitng vecto.

TOM TAT CHUONG IV

e Dinh nghia tich phan dudng loai 1

Cho ham s6 f(M) = f(x, y) xdc dinh trén mot cung phing
AB. Chia AB thanh n cung nhé 4s,, .., &s . Trén As, ldy mot

n
diém tuy ¥ M,. Gi6i han, néu cd, cla t6ng E f(M)As, khi n —
i=1
sao cho max d; — 0, d; 12 dudng kinh cua As;, duge goi 1a tich
phan dudng loal 3 cﬁa f(x, y) trén cung AB ki hléu
- [ f(M)yds .

AB
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. Cach tinh tich phan dudng loai 1
- Néu AR duge cho bdi phudng trmh y=yx),a<x <bthi

J = yds = f f(x, y(x))wh + y2(x)dx.

~AB
- Néu AB duge cho bdl phudhg trinh tham s6 x = x(t),
= y(t), t;, < t < t, thi

2 . )
Jfx,y)ds = [ x®), yo) VxZe + y2gdt
AB 4
e Dinh nghia tich phan dudng leai 2

"Cho hai ham sé s6 P(x, y), Q(x, y) xé djnh trén mot cung
phéng AB. Chia AB thanh n cung nhd bdi cée di€m A = A
A, Ay ., Al = B. Goi Ax, Ay; la hinh chi6u cua

AI_IAI lén hai tryc. M; 12 mot di€m iy tiy y trén A_ A, Gidi

: n
han, néu cd, cda téng 2 [P(MpAx, + Q(M)Ay,] khi n — = sao
i=1
cho mex Ax; -+ 0, max Ay, — 0 duge goi 1a tich phan dudng
loai hai cﬁa cac ham sé P(x, ), Qx, y) trén AB ki higu
J P y)dx + Q@ y)dy.
AB '
® Cach tinh tich phan dudng loai hai

~ N&u AP duge cho bdi y = y(x), a, b 1a hoanh db céa A,
B thi -

b ¢
J P y)ax + Qx,y)dy = f (P, yex) + Qs y(x))y'@)dx
AB —
- N&éu AB duge cho bai phuang trinh tham g6 x = x(t),
y = y{b), tA, tg la gia trj cia tham s6 dng v6i A, B, thi

JPey)ydx + Qe y)dy = f Px(t), y(B) + Q) , yOW ' ®)ldt,

AB : ta
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e Céng thic Green
o P
If (—9 - —) dxdy = dex + Qdy,
D
L la bién cta mién D. _
e Dién tich S cia mién D gisi han bdi dudng kin L

1
S=§{xdy—ydx.

e Diéu kién 4t ¢S va di d€ tich phan dudng [ Pdx + Qdy

AB :
khong phu thudc dudng 14y tich phén trong m6t mién D nao
ds 1a

%=2—3, V{x, y) € D. |
Khi diéu kién &y dugc théa man thi Pdx + Qdy 1a vi phan .
toan phdn cia mot ham s6 u(z, y) ndo dé. Néu D = R? u(x, y) -
duge cho béi

X ¥
ux,y) = [Pxy)dx + [ Q& y)dy + C

hay

»

¥ x
ux,y) = [Qx,ydy + [ P(x,y)dx + C,
yO xD
(x,, ¥,) 1a mét di€m cd dinh chon trong D, C la hang &6 tuy y.
e Dinh nghia tich phian mat loai 1

Cho ham 88 f(M) = f(x, ¥, z) xéc dinh trén mot mat S. Chia
S thanh n manh AS,, .. » AS. Trén AS; ldy mot di€m tiy y M.

Gigi han, néu cd, cha téng Ef(Ml)AS khi n — o gsao cho
i=1
max d, — 0, d, 1a dudng kinh cda AS,, duge goi 14 tich phan
mat loai 1 cta f(M) trén S, ki hitu [[ f(z,y, z)dS.
s
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e Cich tfnh tich phan mat loai 1
Néu mat S duge cho bdi z = z(x, y), (x, y} € D thi

It y,2)d8 = [[ (x5, 20, 9)V1 + p? + o2 dxdy,
S D

P=12z,q9=2,
e Dinh nghia tich phan msit loai 2

Cho ham s8 R(M) = R(z, y, z) xdc dinh trén moét- mat dinh
huéng S. Chia S thanh n manh AS, .. , AS . Trén AS; ldy mét
diém tiy ¥y M;. Goi D, 1a dién tich cia hmh chiéu cua ‘AS, lén
méit phidng Oxy véi. ddu + (hay -) né&u vects phap tuy&n cia S
tai M, lam vdi Oz mot gdc nhon (hay ti). Gisi han, néu cg,

n .
cia tdng X R(M).D; khi n — « sao cho max d, — 0, d, la
. i=1
dudng kinh cia AS, duge goi 1a tich phan mat loai 2 cda ham

s6 R(M) trén mit S ki hiéu ff R(x, y, z)dxdy.
k)

e Cach tinh tich phan mat loai 2
Gid sd mit S duge cho bdi z = z(x, y), (x, y) € D. Khi d6

S/ Ry, 2dxdy = [ Rx,y, z(x, y))dxdy
s D

néu vectd phip tuyén cia S lam vai Oz mot gde nhon,
f f R(z, y, z)dxdy = — f f Rix, y, z(_x, ) dxdy
s D

néu vecto phap tuyén coa S lam vdi Oz mét goe tu.
e Cong thdc Stokes

II(EB——B) dydz + (%—%g) dzdx + (%—%) dxdy =
_J'de+Qdy+Rdz,'
L
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L 13 bién cha méat S.
. Cﬁng thic Ostrogradsky

_rff ( E + —) dxdydz = [[ Pdydz + Qdzdx + Rdxdy,
8
S la blén clia V.

BAI TAP

1. Tinh cdc tich phan duong :

1) [ (x — y)ds, AB I doan thang néi hai 3i€m A(0,0), B(4,3).
AB

2) [xyds L 13 bién cia hinh chit nhat ABCD, A(0,0), B(4,0),
L i
C(4,2), D(0,2).

- 3
Y] J'V2_yds, L dugc x4c dinh bsi x = t, y=t§,z=t§,
L
0 <ts< 1.
* X
2. Tinh khéi lugng cia duﬂngy=%(ea+ e a), 0 s x=<a
bi&t khéi lugng riéng Px, y) (a > 0.

3. Xdc dinh trong tam cia cé.c dudng dong chdt :

1) x = a(t - sint), y = a(l - cost), 0 €t <
2)x=acost,y=asint,z=bt,0sts:t.

4. Tinh cdc tich phan dudng :

+ 1) [ (x - y)%dx + (x + y)’dy, ABC 1a dudng gap khic, A(0,0),
ABC

Bi2,2), C(4,0).
2) fydx -{y + x_z)dy, L 1a cung parabén y = 2x - x% nam.
L
g trén truc Ox theo chidu kim déng hé.
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AB
1)2x +y = 2
2)dx +y* =4
3) %% + g = 1 theo chiéu duong. )

6. Tinh cdc tich phan dudng :

2 2
ABC, A(-1, 0), B(1, -2), C(1, 2).
2) f2(x2 + yHdx + (4y + 3)xdy, ABC la dusng gdp khic,

ABC
A(O: 0)} B(ls 1)) C(O! 2)

3) é(xy +x +y)dx + (xy +x ~y)dy, L 1 dudng X% +y? = ax (a >0),
L

_ y + (X ' Y 1 \ .
1)%1{}1[ (x+ )dx +_( +y)dy],_Llabléncuatamglac

4)§X ( )dy—ys'(x;i~%)dx,le‘aduangxz+y2= 21£.

9. Tich phan dudng [ (1 —ﬁcosi) dx + (smy +lcosy) dy -

eé phu thudc dudng 14y tich phan khéng ? Tinh tich phén 4y
tit A(l, %) dén B(2, n) theo mét cung khong cét Oy.

+y?  3x% - 3y% ~x2 .
8. Tich phsn dudng J‘" "2( xxyzdx-!- yzyx dy) oo
phu thuéc dudng &y tich phan khéng ? Tinh tich phan fy theo

cung AB xéc dinh bdi x = t + cos’t, y = 1 +sin’, 0 < t < J—;—

9. Ching minh rdng cdc bifu thic Pdx + Qdy sau day la vi
phan toan phén cia mét ham s6 u(x, y) nao dé. Tim u :
1) (x2 - 2xy2 + 3)dx + (y% - 2x%y + 3)dy
2) (2x - 3xy¢ + 2y)dx + (2x - 3x%y + 2y)dy
3) [&*Y + cos(x — y))dx + [e¥Y - cos(x — y) + 2]dy
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4) eX[e¥(x — y + 2) + yldx + eX[e¥(x ~ y) + 1]dy
xdx 1 —xf —y?

%2 +-y2 %2 +y2

10. Tim m d4€ bidu thdc

5)

ydy .

(x —y)ydx + (x +y)dy
(XZ + y2)m

12 vi phan toan phdn cia mdt ham sé u(x, y) nao dé. Tim u.
11. Tim a, b dé§ hiu thic |
(ax® + 2xy +y2)dx — (x% + 2xy + byh)dy
(* +y?y '
12 vi phan toan phén cha mét ham s6 u(x, y} nao do Tim u.
12. Tim «, § d€ tich phan dudng
J-y(l ~x? +ay?)dx +x(1 — — y* + fx*)dy
L (1 +x* +y%)

khéng phu thude duding 1dy tich phan. Tinh tich phan &y td diém
A0, 0) dén diém B(a, b) dng vdi cac gid tri o, § da tim duge.

o dx + yd x?
13. Tinh §—§w—2, L A dudng elip — + ﬁ = 1.
L x> +y + 1) a2 b
14. Tinh tich phan mat [[ (x2 + y?)dS n&u :
s

I)Slamatnénz2 =x2+y4, 0z <1
2) S 1a mat cdu x? + y2 + 22 = a2,

15. Tinh cac tich phan mat : :
1) ff(x +y + 2)aS, S 1a bién ctia hinh Iap phuong 0 < x < 1,
g _

0<sy=<10=<z <

1
2) ff(z+2_x+%z)ds, S la phdn cia mat phéing
8

z

+ = + 1= 1 nAm trong géc phin tAm thd nhit ;

v ¥
|-
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3) ff (yz + zx + xy)dS, S la phdn cta mat nén z = Vx2+y2
)

nim 'trong mat tru x2 + yz - 2ax = 0.

1
16. Tinh khéi lugng ciia mat z = E(xz +y), 0 <z 51
néu khéi lugng riéng p(x, y, z}) = =z o
e ) x2+y2
17. Xédc dinh trong tam cia mjt dong chdt z = 2 - 5

z = 0.
18. Tinh cic tich phan mat :

1) ff xyzdxdy, S 12 m#t ngodi cda phan hinh cfu xic dinh
s
boi x2 +y° +22 = 1, x 20,y =0

2) [[ xdydz + dxdz + xz%dxdy, S 1A mat ngoai ciia phén hinh
S : ' '

cdu xdc dinh bdi x2 +y2 +22 = 1, x 20,y 20,z = 0
3) [f zdzdy, S la mat ngoai cia x* + y? + z2 = R?
5 N . .

¥

2 2
LI S
2 b &

5) [f x%dydz + y*dzdx + z%dxdy, S 13 m#t ngodi cia
S

dz '
4) _rf dyde + dzdx + dxdy’ 5 1a mat ngoai cla
s ¥ Lz

(z-a+(y-b2+(z-c?=R% R>0.
19. Tinh § 7 + z9dx + (22 + x¥)dy + (x% + y?)dz, L 1a giao
L

tuyén* cha cdc mat x_2 +y2 + 22 = 2ay, x2 +y° = Zi)y, z > 0,
a >b > 0, huéng di trén L la nguge chidu kim déng hdé néu
nhin tit phia z > 0. . ' '
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20. Tinh cédc tich phan mat :

1) ff xzdydz + yxdzdx + zydxdy S la phla ngoai cda blen
S

cia hinh chépx 2 0,y 20,z 2 0, x +y +z < 1

2) ff xdydz + y'dzdx + z>dxdy, S la phia ngoai cia mat cau
]
2 byl 4 g2 = R?

3) f f x%dydz + y’dzdx + z%dxdy, S la phia ngoai cia bién cua
S
hinh 14p phuong 0 < x € a4, 0 € y < 2,0 € z % a.

- 21. Ching minh cic cﬁng thic

— —-»--i-—b — ——
div(gF) = gradgF + gdavF dlv(G A F) rotc — GorotF ;
-r:i.t(gf‘s gradg AF+ g‘rotF. '

22. Ching minh rang cédc 'truélng vectd sau dAy la nhing
trudng th& Tim ham s6 thé€ vi cha trudng :

ft

"'X_.

— — 1 - e m
1) Fx,y) = e [Hy - In(x +y)]1 et

2) ﬁx,y,z) =yz(2x +y + z)i_:P zx(2y +z + x)j_rl- xy(2z +x + y)?
— — — —
A Fx y2)=(@F+2+(x +z)j + (x + y)k

23. Tinh théng ludng cia cAc trtxt‘:mg vectd sau :

1) F(x, ¥, Z) = xy1 i ¥zj T+ 2xk qua phén cda mat cdu

2+y+z2 R?, x 2 0,y 20,z 2 0 huéng ra ngoai.

2) F(x, Y, Z) = x?_’i + y3?+ zs?qué mit cdu x2 + y2 + 2% =x
hudng ra ngoai.

3)F(x ¥ z}—x1+y_| -+-quu.1axmat:z=1--1},;2 +y2.,z;:=0
huéng l&n trén.

—

- 2 2
-4)F(x,y,z)=%i+_| L3 ng N

z
qua m@t:'i"l-)-i +—2 =.1

‘-dlr—-
Y

hudng ra ngoai.
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24. Dat r = m Tlm ham s8 f{r) kha vi sao cho
f(1)y = 1 va div(f(r). OM) 0 tai moi di€ém M(x, y, z).
25. Cho vecto F(x y, z} = xf(r)1 + yf(r)_] + ZZf(r)k trong do
= 42—4_;_ Tim f d8 tén tai mot vectd G sao cho

= rotG blét ring £f(1) = 1. Tim mét bifu thdc clia céc thanh
phén cia G biét ring thanh phan thd ba cda ndé bing khdng.

T
—
F

6. Tinh lutu s6 cia trudng F= ¥+ Z)l +(z +x)_; +(x +y)k
dr._)c theo cung trdon nhé nhdt ctia dudng tron 16n cia mat céu
x2 + y2 + 22 = 25 néi cac difm M(3, 4, 0) va N(0, 0, 5).

27. Tinh [ 2xy’zdx + 2x%yzdy + (x3° — 22)dz, L la dudng
L

1
X = cost, y = %sint, z = Esint huéng theo chiu tang cua t.

28. Dat OM = r # 0. Tim hé.m séi f(r) thoa mén diéu kién
f(1) = 1 sao cho trudng vecto f(r). OM co thong lugng bao toan.
Tinh théng lugng cla trudng vecto 4y qua mat cdu S tam O
ban kinh R hudng ra ngoai. Cé thé ap dung cong thde
Ostrogradsky d€ tinh dugc khéng ?

PAP SO

5 1 3+2V3
1.1)5;2)24,3)5(3ﬁ~1+2 3 )
2. 1.

4a 4a 2a hx
3. 1) (-3'—, ?) ; 2) (0, = ?)
32
4. 1) ~3 2) 4.
17 4
5-1)1,2)E,3)§-
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: 2
18. 1) 15’ 2)
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+16)?

-
4

:; R
e 5z
8 2
7. Khéng néu dubdng tich phan khong cit Oy ; 1 + x.
8. Khong néu dudng tich phan khéng cét cdc truc toa d6 ;

3

6. 1)4;2)3; 3 ~

16n - 4

1 1 3
9. 1)—§x3—x2y2 +3x -!-E_;y3 + 3y +C;2)x2+y7'---§xzy2 +2xy +C;
3 e +sinx -y)+2y+C i Xy +dx-y+1)]+C,

) %l.n(x2 + ¥3) —-3—’22- + C.

10. m = 1, u = %ln(.x2 + yz) + arctg% + C.

-y
1i.a=b = -1, u = +C
; x2+y2'
ab
122.a=8=11= ——— .
g 1 +a” +b?

+y2 +1
13. 0. Biéu thdc dud6i ddu tich phan la ; d(x—yz)
x2+y% +1)?

14. 1) a¥2 ; 2) -g:n:a“.

€4
15. 1) 9 ; 2) 4V61 ; 3) Ea“‘f-f.

21 +6V3)

16 15

17. (o, 0, m(so? - 15\{3)).

2 12aR?

tigs -9 -

1J




8

-
R

Yy — . faohZ 22 2a2y . et 3
4)abc(ab + bc= + ca) 5}3JI_R(a+h+c),
19. -2zab?.
1 127R° .
20. 1}5,2)—5—-—,3) 3a*.
22. D eMinx +y) + C; 2) xyzix +y + 2) +.C ;

3) xy + yz + zx + C.

3zR* T be ca ab
23. 1) ¢ ,2}3,3)2n;4)4n(;+3+—c-),
1
24, 3 (ding céng thdc thd nhit bai 21).
1 - ¥z — XZ —
25. =, G=—"—i- 27
vt & +yH?2 @y
26, -12. ' :

27

-

. 0 (vecto (2xy?z, 2x%yz, x%y? - 22) la gradién ctia x%y?z - 2%,

con L la dudng tron giao tuyén cia mit clu x° + yZ + 22 = |
v8i mat phing y = V3z).

28

duge

13- THCC-

1
-f(r) = 3 ; ® = 47. Khong 4p dung cong thic Ostrogradsky

vi trudng vecto khéng xac dinh tai gée O,

193

T3



Chuong V
PHUO'NG TRINH VI PHAN

Ngudi ta goi phuong trinh vi phén la phuong trinh c6 dang
F(x, ¥, y,} Y”, AT y(n)) =

trong dd x la bi&n s6 déc lap, y = y(x) 1a bAm sd phai tim, y’,
¥, o ¥ la cdc dao ham cua nd

Cdp cao nhdt cia dao ham cia y c6 mat trong phuong trinh
duge goi 1a edp cia phuong trinh. Chéng han, ¥y’ + xy? - 2y = o
la phuong trinh vi phan cfp mét ; y* + 4y = 0 la phuong trinh
vi phan cép hai.

Phuong trinh vi phan dugc goi 1a tuyén' tinh néu F la bac
nh&t d6i véi y, y’, ..., ¥'V. Dang téng quit clia phuong trinh
vi phin tuy&n tinh cﬁp n la

YW +a &y D+ L +a )y +a @y = bx);

trong d6 a,(x), .., a (x), b(x) 12 nhitng ham 86 cho truédc.

Ngusi ta goi nghiém cla phucng trinh vi phén 14 moi ham
s8 théa mén phuong trinh fy, tdc 12 moi ham 6 sao cho khi
th€ nd vao phuong trinh ta dugc mét déng nhdt thdc. Ching

han, cdc ham s6 y = C cos2x + C,sin2x, trong d¢ C;, €, 1a cac

hing s8 thy y, déu la nghlém cia phuong. trinh y” + 4y = 0.
Cho C,, C, nhitng gia tri khac nhau, ta dugc nhitng nghigm
khsc nhau ctia phuong trinh- gy, vy phuong trinh &y cd vo
s8 nghiém.

Xét phuong trinh

y = cosx.
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Bang cach 14y nguyén ham hai v&, ta duge

. y=s8inx+C
trong dé C la hang s6 tuy ¥. Néu dat didu kién y cd gia tri
bang 2 khi x = % thi bing cach th& diéu kién &y vao y ta
dugc 2 = 1 + C = C = 1. Vay y = sinx + 1 1a nghiém cia
phuong trinh thdéa méan diédu kién da cho.

Gidi mot phuong trinh vi phan 13 tim tdt ci céc nghiém cta
nd. Vé mat hinh hoc méi nghiém cta phuong trinh vi phan xac
dinh mét dudng goi 1la duong tich phén cua phuong trinh. Giai
mét phuong trinh vi phan la tim t4t cd cdc dudng tich phan
cla nd, cic dudng 4y duge xdc dinh hodc bdi phuong trinh
y =f(x), hodc bdi phuong trinh ®(x, y) = 0, hoac bdi phuong
trinh tham s x = x(t), y = y(t).

Trong gido trink nay, ta chi xét nhitng phuong trinh vi phan
cdp 1 va cdp 2.

5.1. PHUONG TRINH VI PHAN CAP MOT

5.1.1. Dai cuang vé phudng trinh vi phian cip mét
e Dang tdng' quat cla phudng trinh vi phan cfp mét la
(5.1) Fx,y, y) = |

Néu gidi dude phuong trinh 4y d61 vfi y’, phuong trinh sé
cd dang

{5.2) y = f(z, y).

Vi du : y + 2y = xsing, yy’ +x?> + y? = 0 la nhing phuong
trinh vi phén cip mdt, ma phuong trinh dfu la tuyéfn tinh.

e Dinh i 5.1 (su #n tgi va duy nhat nghiém). Cho phuong
trinh vi phan cGp méi

(b.2) v = f(x, y).
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Gid s flx, y) lien tyc trong mot mién D nao dé ciia mat
phiang Oxy va gid si x, ¥,/ o mét diém nao dé caa D. Khi
dé trong mot lan can nao dé cia diem x = x, ton tgi it nhdt
mot nghiém y = y(x) cka phuong trinh (5.2), ldy gid tri y,, khi
x = x,.

L. of _ . : . :

Néu ngoai ra E (%, ¥) ciing lién tuc trong mién D thi nghiém
dy la duy nhét.

Ta thua nhan dinh li nay.

Diéu kién y = y(x) ldy gia tri ¥, kh1 x = x, dugc goi la
didu kién ban ddu va thudng duge vist 1a

Y_lxzxo = yﬂ‘

Bai toan tim nghiém cua phuong trinh (5.2) théa min didu
kién ban dav do dugc goi la bai toén Couchy cua phuong
trinh (5.2).

Vé mat hinh hoc, dinh If trén khing dinh ring véi cdc diéu
kién d4 néu, trong moét lan can ndo d6 cha didm (x o ¥, ton

tai m¢t dudng tich phan duy nhdt cta phuong trinh (5 2) d&i

qua di€m 4y.

e Nguti ta goi nghiém téng qudt cia phuong trinh vi phan
cAp mét y' = f(z, y) l1a ham sd

y = ¢lx, C),
trong d6 C la mot hing s6 tiy ¥, théa man cac diéu kién sau :
1) No théa man phuong trinh vi phan véi moi gia tri cta C ;

2) Vai moi (x,, y,) & d6 cac diu kién cia dinh I trén duge
théa man, ¢6 thé tim dugc mét gia tri C = C, sao cho ham
s60 y = plx, CO) théa méan digu kién ban didu

Vlx=x, = Yo
Vé mit hinh hoc, nghiém téng quat clia phuong trinh (5.2)

duge bi€u dién bdi mét ho dudng tich phan y = p(x, C) phu
thuéc mét tham sd.
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Doi khi ta khong tim duge nghiém téng quat cha phuong
trinh (5.2) dusi dang tudng minh y = o(x, C), ma tim duge
mot hé thde e¢d dang

dix, ¥y, C) = @, :
nd xdc dinh nghiém téng quat dudi dang 4n. Hé thic &y dugc
goi la tich phén téng quat cha phuong trinh (5.2).

Ngudi ta goi nghiém riéng cta phuong trinh (5.2) 1a moi
ham s6 y = p(x, C)) ma ta duge biing cach cho C trong nghlém
téng quat mot gida tri xac dinh C, Hé¢ thic ¢kx, y, C) =
mé ta dugce bang cdch cho C trong tich phan t8ng quat Iéy g1a
tri C duge goi la tick phan riéng.

Phuong trinh (5.2) cd thé cé mét s6 nghiém khéng ndm
trong ho nghiém tong quat, nhitng nghiém 4y dugc goi 1a nghiém
ki di. Tai cdc di€m trén dudng tich phan tuong dng, didu klén
duy nhédt nghiém bi vi pham.

5.1.2. Phuong trinh khuyét -
» Phuong trinh khuyét y : F(x, y) =
Ba truong hcp thutng gap 1a .

- Phuong trinh giai ra dudc déi véi ¥y cd dang ¥y = f(x).
Chi vige 14y tich phan hai v&, ta duge

y = [ix)dx = Fx) + C,
trong dé F(x) 12 mét nguyén ham cia f(x).

- Phuong trinh giai ra duqc dsi vai x ¢6 dang x = f(y').
Dat y' = t, ta cd x = f(t), = f(t)dt, dy = tdx = tf’(t)dt,
do d6 y = JtP(6)dt = bf(t) - ff(t)dt = tf(t) - F(t) + C, trong
dd F(t) 12 mft nguyén ham cia €(t). Ta dugc phuong trinh tham
s8 cia dudng tich phan : ’

= f(t), y = tf(t) - Ft} + C
Vi dy : Giai phuong trinh x = y'2 + y* + 1.
Dat y = t, suy ra x = t2 +t + 1, dx = (2t + L)t

2 1
dy = y'dx = t(2t + Ddt = 2t% + t)dt, y = -3—t3 + §t2.+ C.

Phuong trinh tham s6 cta dudng tich phan la
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2 1
x=t2+t+1,y=§t3+—2~t2+C.

- Phuong trinh ¢ th& tham s8 hda : fit), y' = g(t). Ta
c6 dy = y'dx = g(t)f’(t)dt, do do y Ig(t)f'(t)dt = hit) + C,
trong d6 h(t) 12 mot nguyén ham cta gt)f*(t). Ta dugc phuong
trinh tham s8 cta dudng tich phan.

e Phuong trinh khuyét x : F(y, y’) =
Ba truong hop thudng gap la :

d - d
— Phuong trinh dang y' = f(y) = = = f(y) = = Wy)
Lay tich phan hai v& ta duge x = F(y) + C, F(y) 12 m6t nguyén
ham cha —
" f(y)
- Phudng trinh dang y = f(y°). Dat y’ = t, suy ra y = f(t),
dy = f'(t)dt. Mat khdc 'dy = tdx, vy dx f‘Lt)-'t:lt,

t
= [ () dt = F(t) + C, FIt) la mot nguyén ham cua ——(-l ta
duge phudng trink tham s6 cia dudng tich phan.

- Phuong trinh tham s§ hda cua Fly, y') = 0 dudi dang

y = f(t), y’ = g{t). Ta cd dy = f'(t)dt = g(t)dx, suy ra dx = ~—(—)dt

g(t)
= G@) + C.
I8(13)
by
Vi du : Giai phuong trinh :
Y +yl=1 ~
Tham s6 hda nd bAng cich 0
dat y = sint, ¥’ = cost, Nha M/ 7/ .x
d M’
| ring y° = a—z, ta duge dy = '
costdt = costdx. Co 2 trudng
hgp : .
Hinh 5.1
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Néu cost # 0 thi dt = dx, t = x + C, y = sin(x + C), d¢

" 1a nghiém téng quét.

Né&u cost = 0 ta ¢cd t = (2k + 1)%, viy y = = 1. Hai

nghiém nay khdong ndm trong ho nghiém téng quat, dd 1a hai
nghiém ki di. Dudng tich phan tuong dng ia hinh bao cta ho
duting tich phan téng quat (hinh 5.1).

5.1.3. Phuong trinh véi bién s6 phan h
Do 14 phuong trinh c6 dang
(53) f)dx = gly)dy
L4y tich phan hai vé&, ta dugc
Jiwdx = [gydy
hay
Fi) = G{y) +C,

trong dé F(x) 14 mot nguyén ham cia {(x), G{y) 12 mot nguyén
ham cia gly).. :

Vi du : Giai phuong trinh (1 + x)ydx + (1 - y)xdy = 0.
Néu x = 0, y = 0, ¢é6 thé vist phuong trinh thanh
(£+1)dx= (1-5)ay
Lédy tich ph&n hai vé& ta duge
" In|xz| +x =y-Inyl +C
hay '
Injxy] +x -y =C

DS 1a tich phén t8ng quét cia phudng trinh. D& thiy ring
x = 0, y = 0 ciing théa man phuong trinh, ching biu dién
hai dudng tich phan ki di. '

Chi thich. Nhitng phuong trinh khuyét dang y' = f(x) va

y' = f(y) cing la nhitng phuong trinh véi bi€n =6 phan li.
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5.14. Phuong trinh thuan nhat
Do 1 phuong trinh vi phan cd dang

(5.4) y = f(%)

Ro rang phuong trinh &y khéng d6i khi ta thay (x, y) bai
(kx, ky) v6i k 12 hing sd, tic 1a né bat bién qua phép vi tu
tam O vdi ti ¢8 vi tu bat ki

Dit y = ux, trong d6 u la mét ham s§ cta x; suy ra

d
¥y =u+xu = flu) hayx—ll

= = flu) - u,
Do dd, néu f(u) —u = 0
d_x _ du
x  fu)-u

dd 12 mét phuong trinh véi bién s6 phan li.
Bang cdch tich phan hai vé& ta duge

d
Inlx| = [—"— = o +nlC],

f(w)
trong dé @(u) 1A modt nguyén ham cta m Do do
x = Ce®W, vay nghiém téng quat cta phuong trinh (5.4) 1a -

x = CePOX)

Cing c6 th€ vi6t phuong trinh tham s6 cta dubng tich
phan téng quat 12 x = Ce®™ y = Cue®™ d¢ 1a mit ho dutng
vi tu.

Néu f(u) = u thi phuong trinh (5.4) cd dang

nghiém t8ng quat cia nd la y = Cx.

Con néu f(u) = u tai u = u_ thi cd thé thi dé dang rﬁng
ham sd y = u X cing la nghlem cta phuong trinh.
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Vi du 1 : Giai phuong trinh y = ;xf;’ > a la hing s6.

D¢ la phuong trinh thuin nhit vi v& phai c¢6 thé duge viét

1+a(})
la -———T.Daty: u.Xx, suy ra
= (%)
+ 513_1+auh dx a-u
TR T a-u W T I e

L&y tich phan hai v& ta duge
1 .
In|x| = a.arctgu - an(l + u?) + In|C|

hay

xy1 + u® = Cerarcigu
do dd

Vx?2 +y2 = Cea'am.tg(i).
- N&u déi sang toa 40 cuc, dudng tich phan téng quat cs dang
r = Ceé®, dd 1a ho cac dudng xodn 6c lbgarit. .
Vi du 2 : Giai phuong trinh x%y'?2 - (x2 + y%) = 0.
D¢ 12 phudng trinh thudn nhat vi cd thé viét né dudi dang

y’2_ (i—)z = 1. . . *

- C6 th€ tham s6 héa phuong trinh 4y bing cich dat

¥

"y _=chtx=sht.

Suy ra dy= chtdx. Mat khac y = xsht, vay dy = shtdx +
xchtdt. De dg e
{cht - shi)dx = xchtdt.
Nhung cht - sht = ™' # 0 Vt. Vay
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e?l +1

dx
—— = e'chtdt = dt.
) X 2
L4y tich phan hai v& ta duge
2 4+ 9
In|x} = ° + 1n| C|
: 4

et +

bat g{t) = — 7 ta dugc

x = CefV), y = Cshteg(‘),

dé la phuong trinh tham s8 cua ho dudng tich ph&n t6ng quit,
mot ho dudng vi ty.

Chii thich. Phuong trinh dang
P(x, y)dx + Q(x, y)dy = 0, :
trong d6 P(xz, y) va Q(x, y) la hai ham s8 thudn nhit cing bac,

cing la phuong trinh thufn nhft, vi ti 56 % cd thé bifu dién

dudi dang f(i—). Chidng han, cdc phuong trinh
(2xy - Sy?)dx + (3y? - xy)dy = 0
y(x? - 2y2)dx - (x3 + 4x%y)dy = 0

13 nhitng phuong trink vi phan cAp mét thuin nhit.

5.1.5. Phuong trinh tuyén tinh
Do la phuong trinh cé dang
(5.5) ¥y +p(x)y = q(x),

trong d6 p(x), q(x) 14 nhing him s8 lién tec. Phuong trinh
tuyén tinh dugc goi 1a thudn nhdt néu q(x) = 0, 1A khéng thudn
nhdt néu q(x) # 0.

DE gidi phuong trinh (5.5), truéc hé&t ta gidi phuong trinh
thufin nhit tuong dng

(5.6) ¥y +px)y = 0,
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Néu y = 0, cd thé viét nd thanh

iyy— = —pi{x)dx,
d6 14 maot phuong trinh véi bién s6 phan li. Suy ra
In|y|] = - _fp(x}dx +1In| Cl,
C 1a hing s6 tuy y, do d6 :
(5.7) y = Ce™ IPXNx

dé 14 nghiém tSng quat cia phuong trink (5.6). Chu. § ring
y =0 cling l& moét nghiém caa (56.6) va la mét nghiém riéng
tng v6i C = 0.

Bay git xem C la mét ham s6, ta tim C d€ cho (5.7) théa
méin phuong trinh khong thuin nhit (5.5). L4y dao ham hai v&
cua (5.7), r6i th& vao (5.5), ta dudce
e~ IO (x) — Clx)p(x)e ™ IPO% + p(x)C(x)e™ IPOOX = q(x)
hay S _

T = d@e
Do dé

C = [qmelMdx + K
trong dd K 14 mot hidng s8 tuy y. Vay
(5.8) y = Kel_ fP(x)dK + e*.rp(x}dx_J.q(x)eIP(x)dxdx

12 nghiém t6ng.quat cia phuong trink (5.5). _
Phuong phép gidi trén goi 1a phudng phap bién thién héng s6.
Ta nhan xét rang sd hang thd hai trong v€ phai cia (5.8) 1a

mét nghiém riéng clia phuong trinh (5.5) wng v6i K = 0, con s8
hang thd nhédt 1A nghiém téng quét cia phuong trinh (5.6). Co
thé ching minh mét cach t8ng quat rAng : nghidm téng quat cta
phuong trinh tuyén tinh khéng thudn nh&t bing nghiém tdng quat
cia phuong trinh thuin nhdt tuong dng cong véi mot nghiém
riéng nao d6 cta phuong trinh khéng thuin nh4t.
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Vi duy 1 : Tim nghiém cda phuong trinh
2+ Dy +xy =1

théa man diéu kién y|, _, = 2

Phuong trinh thudn nhéit tuong ing la

dy X

(x2+ 1)y’ +xy = 0 hay = = — -

y Y Y y %2 +1

Lay tich phan hai v€, ta duge
1

Inly| = —§ln(x2_ + 1) + In|C],

_ C

Rk

dd 13 nghiém tOng quat cia phuong trinh thuin nhét. Bay gio
xem C la ham s6 cia x, th€ vao phuong trinh khdng thufn
nhit, ta c¢d .

\‘xz-!-lC_’-:l = C' =

K 1a hing sd tuy ¥. Vay nghiém tfng quit cta phuong trmh
khong thuidn nh&t la

_ln(x+ﬂx2+1)+K .
B vxZ +1 '
Td diéu kién ban ddu y |, _, = 2, ta duge K = 2. Vay nghiém

phai tim la
B ln(x+dx2+1)+2-

B Jx2+1

Vi du 2 : Giai phuong trinh (2 + Dy’ + xy = -

—1“— = C = In(x +{x2 +1) +K,
dx

Dé dang nhin thdy ring y = -1 la mét nghiém riéng cia
phuong trinh di cho, vi néu y = -1 thi y¥ = 0. Vay chi cdn
tim nghiém tdng quat cia phuong trinh thudn nbit tuong dng,

C
do la y = \!_2—+_1— {xem vi du 1). Vay nghiém t6ng quat cia
. X .
phuong trinh da cho la
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Cc
v = V= + 1
Vi dy 3 : Giai phuong trinh e¥dx + (xe¥ - 1)y = 0

Né&u xem y la ham &8 phai tim cta bién s8 x va viét phuong
trinh duéi dang

(xe¥ — 1)y’ +e¥ =0

thi phuong trinh & khéng thuée nhitng dang da xét. N&u xem
x 12 ham s6 phai tim cta y, ta dugc phuong trinh

- 1.

X +x=—,
ey

trong dd x’ = =——. DJ 12 mot phuong trinh tuyén tinh cdp mot

had
dy
d6i vai ham s8 x(y).

Gial phuong trinh thudn nhdt tuong dng ta duge

dx dx
——— 3 ———— —3 — + —3
dy + x 0, hay 5 dy, do dd x = Ce™?.

Cho hang s8 C bién thién d& tim nghiém t6ng quat cia phuong
trinh khéng thudn nhit, ta dudc

Ce¥Y=eY,dodd O’ =1, vayC =y +K.
Suy ra nghiém téng quat la
x=(y +Ke7¥ = Ke¥ + ye¥

5.1.6, Phuong trinh Bernoulli

D6 1a phuong trinh ¢d dang

(5.9) Y + py = qx)y*,
trong dd p(x), q(x) 14 nhiitng ham sé lién tuc, a 12 mot sé thue.
Phuong trinh 4y tréd thanh phuong trinh tuyén tinh khi o = 0

hay ¢ = 1. Vi v3y, ta gia thit « # 0 vi g = 1. Vi y = 0,
chia hai v€ cta (5.9) cho ¥% ta dugce

YU + p@Ey T = qx).
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Dat z = y! 7%, ta ¢d 2z’ = (1 —a)y %', phuong trinh trén
trd thanh
z' + (1 - a)plx)z = (1 - alq(x)
dd la mét phuong trinh vi phﬁn tuyén tinh cdp 1 d6i véi z.

Vi : Giai phuong trinh y’ + ily +(x + 1)%? =

Né&u y = 0, chia hai v& cia phuong trinh cho y?, ta dugc

-1 3 _
y & o+ X+1y +x + 1) = 0.

Dat y1 = z, ta ¢ —y %' = 2, phudng trinh trd thanh

2
LI = 3
z T+iZ% = (x + 1)3
dé 12 mét phuong trinh tuyén tinh. Phuong trinh thuin nhgt
tugng dng la

dz 2z dz 2dx
ax xz+1 - Ok =T

Do dd
In|z| = 2In|x + 1] +In|C| hay z = C(x + 1)2,
Cho hing s& C bién, thién, thé vao phuong trinh khéng thuén
nhit ta duge

P
C=x+1=C = @ 7 Klah&ngsétuyy

Ti dS ta cé

_(x+1)4+1{(x+1)2=> : 2
B -2 VT A rKE

Con y = 0 cing la modt nghiém cia phuong trinh, dd la
nghiém ki di.

5.1.7. Phuong trinh vi phan toan phan
D¢ 1a phuong trinh vi phan c¢é dang
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(5.10) P(x, y)dx + Q(x, y)dy = 0,
trong dé P(x, y), Q(x, y) 12 nhiing ham sf lién tuc cung véi
cdc dao ham riéng cdp mot cia ching trong mét mién don lién
D thdéa mén diéu kién
: 3P aQ
(5.11) ay -
Khi dé Pdx-+ Qdy 1a vi phan toan phén cia mét ham s8 u(x, y)
nao dé. Néu D = R? ham s§ u(x, y) dude cho bdi céng thic

x y
(5.12) uwx v = [ Px,y)dx + [ Qx, y)dy + K
xﬂ yD

hay

y X
(6.13) . ux y) = [ Qx, y)dy + [ Px, y)dx + K

Yo %

trong dé x_, y_ 1a hai 56 nao d6, K 1a h_éng_ s tiy ¥ (xem céng
thic (4.12) va (4.12°). Vay phuong trinh (5.10) c¢é th€ vi&t la

du(x, y} = Q.
Tich phan téng quit cia nd la
ux, y) = C,

trong d6 u duge tinh theo céc cﬁng thic (5.12) hay (5. 13) Cla
hing s8 tuy ¥.

Vi du : GiAi phuong trinh
(1 +x+ye*+e]dx + [eX + xe¥]dy.
Ta c6 P(x, y) = (1 + 2 +y)e* + &, Qx, y) = & + xe¥

P Q
oy =& + o = = - |
Vay Pdx + Qdy 1a vi phan toan phdn céa ham s6 u(x, y).

Tinh u theo céng thic (5.12) véi x, =y, =0, ta duge
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X ¥
ux, y) = [ [(A +x)e* + 11dx + [ (¥ + zxeV)dy + K =

L8] . Q
=xef+x+efy+xe¥ -x+K=(x+yef+xe¥+H.
Tich ph&an téng quat cta phuong trinh la
(x+ye+xe¥ =C

Chii thich. Gia st phuong trinh

(b.14) P(x, y)dx + Q{x, y)dy =
khéng phai 12 phuong trinh vi phan toan phdn. N&u ta tim
dude mét ham s6 «(x, y) sao cho

(5.15) alx, Y[Px, y)dx + Qz, y)dy] =

trd thanh phudng trinh vi phan toan phén, tdc la sao cho

(5.16) % @P) = = (eQ)

thi a(x, y) dugc goi 1a thita s6 tich phén cua phuong trinh (5.14).
Nghiém téng quat cia phuong trinh (5.15) trung véi nghiém
tdng qué.t clia phuong trinh (5.14).

Vi ; Glé.l phuong trinh
(2xy - 3yd)dx + (7 - 3xy2)dy =0
biing céch tim mdt thita s§ tich phén a chi phu thudc y.
Diéu kién (5.16) cho ta
2’ (y)(2xy? - 8y3) + aly)(dxy - 9y%) = -3yZaly)
hay '
2ya(y)(2x — 3y} + y2a'(y)(2x - 3y) =
Véai didu kién y = 0, 2x - 3y = 0, ta duge
20 + y(:;; O=a = % .
Chon C = 1, ta dugc phuong trinh vi phan toan phédn
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C(2x -~ 3y)dx+(r- —3x).dy = 0.

3
“

Ding céng thuc (5.12) véi x, = 0, y = 1, ta duye
X v 7'
u(x, y) = f (2x - 3ydx + f (;2— - 3x)dy =
0 1

5
F A

= x — 3xy + 7.

e | -3

Vay ﬁghiém tdng quat ciia phuong trinh la
2 T 3x C
X4 - - - = C,
v ¥
C la hang s6 tuy y. D& ki€m tra rdng y = 0 cing la mot
2
nghiém cia phuong trinh, nhung y = - x khong 1a nghiém cda

3
phuang trinh.

5.1.8. Phuong trinh Clairaut
D¢ la pbuong trinh 6 dang
(5.17  y = xy + fly"),

trong dd f 14 moét ham sd kha vi

Dat y' = t, ta cd y = xt + f(t).. LAy dao ham hai v& d&i véi x,
ta duge

: ¢ oodt
y —t+X‘&+f(t)E£—t
hay _
dt ;
[x + FH)l 5 = 0.
Suy ra :

dt
* x = 0 = t 12 hang s3, ta dude hg dudng thing D, phu -

thuge tham s3 t ¢ phuong trinh v = tx + ().
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o x = —f'(t), y = -tf(t) + f(t), d6 14 phuong trinh tham s6
clia dudng tich phan ki di E.

Dé& dang thdy ring dudng E ti6p xic véi moi dudng tich
phan D_. That viy, phudng trinh dubng ti€p tuyén cia E tai
Mit) la

dy"
Y -y = g & - xt)
hay T
' Y +tP(t) - f(t) = t(X + £(t)) hay Y = tX + f(t),.

dé chinh 14 phuong trinh cia D,. Nhu vay E chinh 14 hinh bao
cta ho duong théng D,.

Vi du @ Xét phuang trinh
1
y =xy - 3y%
D6 1a phuong trinh Clairaut, nghiém t8ng quit cia nd la

= Cx — %Cz, né bifu dién mét ho dudng théng phu thudc

mét tham s6. Cdc dudng thing khdng cd difm ki di, vAy né&u
khit C giita cdc phuong trinh

1
y=Cx-—-ZCZ
0=X—%C

ta duge phucng trinh cta hinh bao ctia ho dudng tich phan tdng
quat 1a y = x%. Vay nghiém ki di cia phuong trinh lay =

5.1.9. Phudng trinh Lagrange

Do 1a phuong trinh cd dang

(5.18) = xg(y’) + 5,
trong dd f vé. g 12 hai ham s8 khé vi.

Dat y' = t, ta cd y = xg(t) + f(t). Lay dao hé.m hai v& ddi
véi x, ta dude
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=gt 4y St oy
y =8l txgM) -ty g- =t
Suy ra

fg(t) — t]% +EMx + Lt = 0.

Bd 1A mét phuong trinh tuyén tinh d6i véi x(t). NEu nghiem

tdng qudt cia nd la x = Cp(t) + w(t), trong d6 C 1a hang s§
tuy ¥ thl y = [Cp(t) + w(t)lg(t) + f(t). Ta dugc phuong trinh
tham s8 cua cdc dudng tich phan.

Vi dy : Xét phuong trinh
y = xy? +y7?
"Daty =t tacdy = xt? + t2 Liy daoc ham hai v& ddi véi
x, ta duge
dt
t2—§+2e(x+1)3§=0.

Néu t2 - t = 0, ti phuong trinh trén suy ra
dx 2x 2
+

at  t-1 1-t°
Dd 1a phuong trinh tuyén tinh d6i voi x, nghiém téng quat

cia né la x = ¢ ; — 1, C 1a hing &6 tiay ¥, do d¢
(t-1)
Ct? . N :
y = — 5 Khit C giita hai phuong trinh d6 ta duge nghiém
t—1) |

tdng quat cia phuong trinh da cho la y = (Vx 1 + Cl)z, vai
C, = VC. X
Néut? -t = 0, thi hoac t = 0, do d6 y = 0, hosic 1,

t =
doddy = x+ 1.y = 0la nghiém ki di, con y = 2 + 11
nghiém riéng cda phuong trinh da cho.

-+

5.1.10. Quy dao truc giao

Trong mit phdng Oxy cho mot ho dudng (€) phu thuéec mot
tham s6 C ¢é phuong trinh la
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(5.19) F(x,y, C) = 0.
Nhirng duting cit tdt cA cdc dudng clia ho (&) dudi mdt goc

a = % duge goi 13 nhitng qu# dao truc giao cha ho (€) (hinh 5.2).

Muén tim phuong trinh cia céc
quy dao truc giao cda ho ©), trudc
hét ta lap phuong trinh vi phén cda
ho € bing cach khd C tit hai phuong
trinh

F(X, ¥, C) =
iF(x, v, C) =

Ta s& duge mot phuong trinh lign
hée¢ x, y va y’ Hinh 5.2
(5.20) fx, vy, y) =

Pao ham y' bifu thi hé. s8 gdc cha duﬁng tiép tuyén véi
dudng cia ho (E) tai didm M(x, y). Vi quy dao truc giao cia

(&) di qua M cit cdc dudng caa (&) dudi géc a = %, nén hé

. _ ' 1
s géc cia ti€p tuy&n cia nd tai M la y, = — ?, do dd

[}

1

y’ = — —. Vay phuong trinh vi phan cla ho cdc quy dao truc
N

giao cua (&) chinh 13 phuang trinh (5.20), trong d¢ ta da thay

1
' bai — =
y 'R

1
R G N Y. — =) =0
(5.21) f (x ¥ Ty )
Nghiém t8ng quat cha (5.21) cho ta ho cdc qui dao truc giao.

Vi du 1 : Tim cédc qui dao truc giao cia ho dudng thing
= Cx di qua gbc toa do.

Khit C gita hai phuong trinh y = Cx, y

C, ta dugc phuong

trinh vi ph&n cta ho dudng thdng 1a y’ %‘. Do dd phuong
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“Sp.

trinh vi phan cia cdc quy dao truc giao cia ho dudng thang
oy o8 = 3: dé 1a mét phuong trinh véi bién s6 phan li. Tich
phan téng quat cda né la

x? +y? = K?, K la hang sé tuy ¥.

Vay cdac quy dao truc giao phai tim la nhitng dudng tron
déng tam va cS tam & goc toa do (hinh 5.3).

Hinh 5.3 Hinh 5.4

Vi du 2 : Tim cdc quy dao truc giao cia ho parabén y = Cx2.

Khi C giita hai phuong trinh y = Cx? y° = 2Cx, ta dugc
phuong trinh vi phan cia ho parabén la

Do dé phuong trinh vi phan cta ho cac quy dao truc giao la
1 2 xdoty”

e = B ;hayydy ool Ty
Tich phan t6ng quat cta nd la

x2 yZ

ki e Yo AT

1 + 3. K=
Vay‘-céc quy dao truc giao phai tim la nhitng dudng elip cd ban
truc- 1a a = 2K, b = KV2 (hinh 5.4).
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Chii thich. Dubng céAt moi dudng cia ho () dudi géc «
khong d8i duge goi la quy deo ddng nghiéng cia ho dy. Ban
doc hay ching minh rdng phuong trinh vi phan cua cédc -quy
dao déng nghiéng cta he (€) la phuong trinh vi phan cia (€)

r —_— t N
trong dé y’ dugc thay bang %ﬁ;
y —tga \ _

(5.22) f(x, % T ) = 0.

Dung cong thic dd, ban doc hiy tim cic qui dao déng nghiéng
cia ho dudng thdng y = Cx vdi géec a = il

Z‘
5.2. PHUONG TRINH VI PHAN CAP HAl

5.2.1. Dai cuong vé phuong trinh vi phan cdp hai
e Phuong trinh vi ph&n cfp hai 14 phuong trinh c¢é dang

(5.23) Fx,y,5,5) =0 .
Néu giai duge phuong trinh 4y d6i v6i y”, nd cé dang
(5.24) ¥ =1z, v, ¥).

Vidy:yy’ - y2+yy +x5 =0 y”-2%=xcdsx 1a
x

nhitng phuong trinh vi phin cdp hai ; phuong trinh sau la

tuyén tinh.
o Dinh If 5.2 (su ton tai va duy nhdt nghiém). Cho phuong trink
(5.24) y' = fx, y, ¥).

of of .
Néu f(=, v, ¥), e x, ¥y Y)va 5 (%, ¥, ¥) lién tuc trong mot

mi2n D nao d6 trong R3 v néu (X, ¥ ¥ la mot diém thuge D

thi trong mot lan c4n nao dé cia diém'x = X, £n igi mot nghiém
duy nhét y = y(x) cia phuong trinh (5.24) théa mdn cde didu kién
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e
o

= YQ’Y’ = y:—_)|

(6.25) y |x =X, 3 X=X,
Ta thita nh4n dinh U nay.
Bai tosn tim nghiém cta phuong trinh (5.24) théa man cic diéu
kien (5.25) dugc goi 1a bai toan Cauchy ctia phudng trinh (5.24).
Vé mat hinh hoc, dinh I khing dinh ring néu (x, y,, y)) €D

thi trong mot 14n can nao dé cla di€m (x,, y,) cd mot dudng
tich phan duy nh&t cia phuong trinh.(5.24) di qua di€m &y, hé
sG gdc cua ti€p tuyén cua né tai di€m &y bang y;a.

o Ngudi ta goi nghiém téng quét cia phuong trinh (5.24)

la ham s6 y = p(x, C}, C)), trong d6 €, C, 12 nhitng hing s6
tuy ¥ théa man cdc diéu kién sau :

1) N6 thdéa man phuong trinh (5.24) véi mei gid tri cia C, C,,

2) Véi moi (x, y,, y;)) & d6 cac didu kién cda dinh li tén tail
vad duy nhét nghiém dugc théa min, c6 th€ tim duge cdc gia
tri xde dinh C, =C), C, = C9 sao cho ham 8 y = plx, C?, C9
théa man

=y, ¥ .= Y

X=x, x=x

y

He thﬁc ®(x, y, C,, C,) = 0 x4c dinh nghiém tdng quat cta
phuong trinh (5.24) du6i dang &n duge goi la tich phan téng
quit cfia nd. N6 bifu dién mét ho dudng tich phan phu thudc
hai tham sd.

Ngusi ta goi nghiém riéng cia phuong trinh (5.24) 14 mét ham
s6 y = ¢(x, CJ, C9) ma ta duge bang edch cho C|, C, trong nghiém’

tdng quat cac gid tri xac dmh CJ, C3. He thic ¢'(x y, C}, CD) =0
duge goi Ia tich phan riéng.

5.1.2. Phuong trinh khuyét
e Phuong trinh khuyét y, y' : F(x, y’) = 0.
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bat y° = p, ta duge F(x, p’) = 0, d6 1a mét phuong trinh
cdp mot d6i véi p. Néu nghiém t8ng quit cia phuong trinh dy
lap=fix,C) thiy = g(x, C)) + C,, trong d¢ gix, C)) la mot
nguyén ham nao d¢ cua fix, C)).

Vi du : Giai phudng trinh x = y'2 + y” + 1.
Dat p = v, ta dude x = p2 + p' + 1. Phuong trinh tham
s8 cta dudng tich phan tdng quit cia nd la

2 1
42 - 23y 22
x=t ft+1,p_3t + 5t + C

(xem vi du muc 5.1.2). Do d¢

y=[pix=[ (%t-” +%t2 +Cl)(2t + 1)dt;

= (%t‘* +gt3 + é—tz +2Ct + C,) qt.

Phuong trinh tham s6 cta tich ph:in t8ng quat cia phuong
trinh da cho la

4 53 1
- 2 AT S Y B 2
X =ttt y=qptt + Gt ot +CTH O +C,y

e Phuong trinh khuyét y : F(x, y', y'°) = 0.

Dat p = y’, ta duge F(x, p, p)) = 0, d6 1a mot phuong trinh
cdp mot déi vai p. ’

Vi dy : Tim mét nghiém riéng cia phuong trinh
(1 -x2)y” -xy =2

théa man cac diéu kién y | =09 = 0.
x=0 x=10

Pit y' = p, ta ¢d y” = p’, vay ta cd
(1-x%p -xp =2

Dd 12 mét phuong trinh cdp mot, tuyén tinh déi véi p. Phixong
trinh thudn nhdt tuong dng la :
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P
w®

dp " dp xdx
— x%)—= — = —_— = ‘
(1 —x9) ] xp = 0 hay D —
Suy ra '
In| p| | 11 1 2y + In| K| ha '
— _—— n —x n — .
Pl =3 ( %) YP = T2

Cho bién thién hing 8 K, th& vao phuung trinh khéng thuin
nhit, ta duge

2 .
= — =K = Zam31nx +C,

C, 1a hang s6 tiy ¥. Do dg

K,

2atesinx + C,
PRI
Viay -
2arcsim + C
y = de = (arcsinx)? + Carcsinx + C,.
D¢ 1a nghiém tﬁng. quét ctia phuong trinh da cho. Diéu kien
I A 0 cho ta C, =0, diéu kién y’|x'=0 = 0 cho ta C, = 0.

Viy nghiém riéng phai tim 14 y = (arcsinx)?.
e Phuong trinh khuyét x : F(y, y’, ) = 0.

dp- dp d d
bat y' = p, tacdy”=Eg=d—§.d—i=p.d—§,dod6taxem.

p la ham s6 chua bi§t cda y. Phuong trinh trd thénh
F(y, P, pj—?) = 0. D3 cling 14 mot phuong trinh cdp mot d6i
vai p. .

Vi du 1 : Giai phuong trinh 2yy” = y'2 + 1.

;i)at vy =p y' = pj—sa ta duge phudng trinh

d d 2
2ypd—§—p2+1hay—y: pdp

y p?+1
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Do 12 phuong trinh cdp mot d6i véi p, cd bién s6 phan ly
Ldy tich phan hai v&, ta dugc

. In|yl = In(l +p» +In|C,| hay y = C,(1 +pd).
T 46, ta cé '
dy 2Cpdp dx .
dx=*iJ——T—ZCdp——-dp 201
X
=p = E}— + Cz.

Vay nghiém tdng quat cia phuong trinh la

(x +2C,C,)?

y=cl[(2icl+cz)2+1]=gl+ o

bat 2C,C, = -a, 2C, = p, nghiém tdng quit cia phuong
trinh la ' '

2p —%) = (x - ay

né bi€u dién mét ho dudng parabén phu thudc hai tham s6 cd
duting chudn la truc x.

Vi du 2 : Bai todn v& van tfc vii tru cip hai : zdc dinh van
t6c nhé nh&t ma ta phai phdng modt vat thdng dding 1&n trén
sao cho vat khéng trd lai qua dat. Sdc can cha khéng khi xem
nhu khong déng ké.

Goi khdi lugng cha qua ddt 1a M, cua vat phdng lén la m,
khoang céch gita tAm qua ddt va trong tadm cta vat phdng 1a r.
Theo dinh luat h&p din cia Newton, lye hit tac dung lén vat

M
= k. Tz“l k 1a hing s6 hdp din.

Phuong trinh chuyén dfng cia vit 1a
d?r Mm

™ a2 2
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wie'de
BN
'.5"'%

- hay
P &2 M
5.26) = = —k—.
3 - de? ¢
Ta 56 f{m mot nghiém riéng cia (5.26) thda man céc diéu kien'
g & _
r|:=o_ * @t =0~ o

trong d6 R 1a ban kinh qui ddt, v la vin téc phdng.
Phuong trinh (5.26) 12 mét phuong trinh cép hai cia r(t)
. dr d&r dv dv dr dv
khuyét t. Datv=:&‘, taco:l'gz‘=a—a.a—vd—r‘ Thé
“vao phuong trinh (5.26) ta duge

dv M kM
VI < —kz hay vdv = — ?dr.

L&y tich phan hai v& ta duge

(5.27) f—le-l-C :

= 2 r 1

Tu diéu kien v| = v hay v 1_'=R = v, ta duge
v2 - W
o EM o kM
3 -® TG C =5 gy

Thé& vao (5.27), ta duge
v M % kM
=71tz &)
Vi vat phai chuyén doéng nén vin téc v phai duong, do dd
v . _
5 phAi duong. Nhung s6 hang ddu cia v€ phai dén tdi 0 khi
r dén tdi vd cung, nén ta phii cd

Vo _ kM .o [aM
2 TR TV NTR
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"Do dé van tSc nho nhdt ma ta phai phdng vat lén la

’ 2kM >
v, =\ “n, trong d6 k = 6,68.10°!! = _ R = 63.10°m
R- kg . s?

Trén mat dat, tic 1a khi r = R, gia téc cta trong trudng la
p:

g = 9,81m/s>. T¥ (5.26) suy ra M = L Vay
k

= V2gR = ¥2.(9,81) .63.105 = 11,2.10° m/s =
= 11,2 km/s.

D¢ la van toc vid tru cdp hai.

Chu thich. Nhitng phuong trinh cdp 2 khuyé&t eon duge goi
la nhitng phuong trinkh gidm cdp duge, vi cd th& dé dang dua
ching vé nhiing phuong trinh edp 1.

5.2.3. Phuong trinh tuyén tinh
D6 1a phuong trinh vi phan c¢d dang
(5.28) y7 + ey + q)ly = f(x)

trong dd p(x), q(x), f(x) 12 nhitng ham s6 lién tuc. Phuong trinh
dugce goi la thudn nhdt néu f(x) = 0, 12 khéng thuin nhit néu
fix) 2 0.

o Phuong trink vi phan tuyén tinh thudn nhdt
(5.29) vy’ +px)y +qxly = _
Dinh li 53. Néu y,(x) va y,(x) la hai nghiém cia phuong
trinh (5.29) thi Cy,(x) + Cy,(x), trong dé C, va C, la hai hing
6, cang la nghiém ciia phuong trinh dé.
That vay, vi y,(x) v y,(x)} la nghiém cia phuong trinh (5.29) nén
y; tp®y, +q®)y, = 0
Y2 + pE®)Y, + Ay, = 0.
Nhan dong trén vdi C|, nhan ddny dudi véi C, r3i cong lai,
ta dugce

(Cyy, + Czyzj” + px}(Cy, + Coyy) + qlx){Ciy, + Cyyy) = 0,
vay Cy; + C,y, 14 nghiém cGa phtong trinh (5.29). B

Il
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o

Dinh nghia 1. Hai ham sd y,(x), y,(x) dugc goi 1a dée lgp
¥,(x)
¥, (x)

dé. Trong trudsng hgp trai lai, bai ham s6 dy dugc goi 1a phu
thudc tuyén tinh.

tuyén tinh trén doan [a, b) né&u ti s6 # hing s§ trén doan

Hai ham s8 sinx va cosx déc lap tuyé'n tinh trén R vi
sinx

= tgx # hing s6 trén R ; hai ham s6 Ze va 5e°* phu
2e3% 2

gex O
Dinh nghia 2. Cho hai ham s6 y,(x), y,(x). Dinh thic

COosSX

thudc tuyén tinh vl

v Y2 : :
¥y _y'z —ylyz Y291

dudc goi 1A dinh thile Wronsky cla y,, y, va duge ki hiéu la
W(y,, y,) hay vén tat 1a W néu khéng s¢ nhim l4n.

Dinh Ii 5.4. Néu hai ham s6 ¥, (x) vt y,(x) phy thudc tuyén
tinh trén [a, b] thi W(yl, ¥y = 0 trén dogn dé.

That vay, vi y, = ky, vé6i k 1a hing s6 nén y’, = ky’,, do
do :
Y1 ¥2 v, ky Wiy
W(y ' ¥ = ! ; = ¢ * Uy s =0
v ¥2) i ¥ ¥ kY1 Yi ¥ ]
Dinh Ui 5.5. Néu dinh thic Wronsky Wiy, y,) cia hai nghzem Yp

' ¥, cia phuong trinh tuyén tinh thudn nhcﬁ‘ (6.29) khde khong

tgi moét gig tri x = X, ndo dé cia dogn [a, b], trén dé cic hé
$6 p(x), g(x) lién tuc, thi né khdac khong vdi moi x trén doan dé.

Chitng minh. Vi yi(x), y,(x) la nghiém cha (5.29), ta c6
vy + P®)y, + q@®y, = 0, ¥, + p®)y, + a®)y, = 0.

Nhan ding thdc ddu vai yz, ding thic sau v6i y, réi cong
lai, ta duge
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‘-'b e, oéa
5,
5‘&-‘

(5.30) W~ y¥)  P®OW, T v,y = 0
Nhung

vy, — ¥ = W

W o=yl by, - yay - YW = VS TV
Vay he thic (5.30) cd thé vies 1a

, dw
W + p(x)W = 0 hay 5 = —p(x)dx.

Tich phan hai v&, ta duge

X X
w
In]W| = - J p(x)dx + In[C| hay In ‘ —61 = — [ p(x)dx.
X X
Do d¢
‘I plx)dx
(6.31) W = Cex

Thé x = %, V&o hai vé, ta duge Wix ) = C. Vay

] s
(5.32) W(x) = W(x) e %
Vi W(x,) # 0 theo gia thist, nén W) = 0, vx € [a, b]. B

Céng thic (5.32) cliing ching to ring néu Wiy, y,) bang khong
tai mot gid tri x, nao 46 cha doan [a, b] thi nd d6ng nhit

bing khong trén dean dy.

Dinh li 5.6. Néu c6c nghiém ¥y, ¥, ctig phuong trinh (5.29)
la doc lgp tuyén tink trén dogn [a, b] thi dinh thite Wronsky
Wiy, yy) khac khong tgi moi diém ctie dogn &y.

That vay, gia st W = 0 tai mot diém nao d6 cta doan [a, bl
Theo dinh li 5.5, W = 0 trén doan gy, tic la yy, ~ vy, = 0
vx € [a, b]. Tai nhiing diém cua doan [a, bl g d6 y, # 0, ta cd
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P

Yi¥2 —YoY, Yz s
—y )

¥y
Vay tai nhitng diém 4y S’E = k, k 12 hang s6. Nguoi ta cing
1

' ¥
ching minh dudge ring y—z 12 hing s6 ca tai nhiing di€m & dd
1
y, = 0. Diéu nay maiu thudn voi gia thi€t y, va y, doc lap
tuyén tinh. Vay W = 0, Vx € [a, b]. W

Dink li 5.7. Néu y,(x), y,(x) la hai nghiém déc lgp tuyén
tinh cia phuong trinh (5.29) thi nghiém téng qudt cia (5.29) la

(5.33) y = Cy;(x) + C,y,(x),
trong dé C, C, la nhing hing s6 tiry y. ~ \
Chiing minh. Theo dinh li 5.3, y = Cy, + C,y, 1a nghiém
cua (5.29). Ta cdn ching minh riAng v6i moi didu kién ban dédu
cho trude, y | . =¥, y = y,, ¢6 th€ tim duge nhitng

=X X=K
hang s6 C,, C, d€ nghiém C,y, + C,y, tuang \ing théa man cac
diéu kién ay.

Thé& cdc diéu kién ban ddu vao (5.33), ta duge
y0 = Clylo + CZYZO

(5.34) . . .
Yo = Ci¥io + Ci¥ao

trongdd y, , = yll

X=X

P YZ0=y2‘x=
[+ ]

X, 1 Y10 =N xzxc’YZO =Y2 X=X

(5.34) 13 mot hé hai phuong trinh dai s6 tuyén tinh d&i voi
C,, C,, dinh théc cia he 4y la

Yo ¥
y,lo y’Zo
d6 chinh la gid trj cia dinh thic Wronsky W(y,, y,) tai x = x,

né khac khéng vi y,, y, doc lap tuyén tinh. Vay co thé xdc
dinh duge C;, C, dé C)y, + C,y, théa man cac diéu kién ban

-

223



ddu cho trude, do ddé (5.33) 14 nghiém téng quat cia phuong
trinh (5.29). B

Vi du : Phuong trinh ¥y’ + y = 0 cé 2 nghiém riéng 1a
¥y, = cosx, y, = sinx, hai nghiém ay ddéc lap tuyén tinh, vay
nghigém tong quat cia phugng trinh la y = Cicosx + C, sinx,
C, va C, la hai hang s6 tuy y.

Chi thick 1. Néu y,(x) va y,(x) 1a hai nghiém phu thudc
tuyén tinh cta phudng trinh (5.29), ta cd y,(x) = K y,(x) v4i K
12 mét hing s6 ndo dd. Do dd, bi€u thic y = Cy,(x) + C,y,(x),
C, va C, 1a hai héng s6 tuy ¥, cd thé viét lay = (C,K + C,) y,(x),
né thwe sy chi phu thudc moét hang s6 tuy ¥ nén khéng l&
nghiém t3ng quat cda phuong trinh (5.29).

Chii thich 2. Dinh 1i 5.7 cho thdy mufn tim nghiém t8ng quat
cta phuong trinh tuy&n tinh thuin nh&t (5.29), chl cdn tim 2
nghiém riéng déc lap tuyén tinh cia né. Nhu chang ta sé thay
d dudi, c6 phuong phap d€ tim duoec 2 nghiém riéng doc lap
tuyén tinh cta phuong trinh tuyén tinh thudn nh&t v6i hé so

khong ddi. Nhung d&i véi phuong trinh tuyén tinh thufin nhat

cd hé sé bi&n thién, khéng cé phuong phap tdng quat dé giai
quyé&t vdn dé d¢. Tuy nhién, dinhk i sau day cho ta cach tim
nghiém tdng quat cia phuong trinh tuyé&n tinh thudn nhit vai
hé 86 bién thisn né&u ta biét mot nghiém riéng khdae 0 cia nd.

Dinh ly 5.8. Néu da biét mot nghiém riéng y,(x) # 0 cia
phuong trinh tuyén tinh thudn nhdt (5.29), ta c6 thé tim dugc

mot nghiém riéng y,(x) cia phuong trinh dé, déc lap fuyén tinh

- bl y,(x), c6 dang y,(x) = y,(x).ulx).

Chitng minh. Dat y = y (x).u(x). Ta cdn tlm u(x) sao cho y
théa man phuong trinh (5,29). Ta c6

y =yutyw; ¥y =y u+2y 0 +yu’
Thé& vao phuong trinh (5.29), ta dugc

yiu’ + 2y’ +pypu + 7 +py’, tay)u = 0.
Nhung y”’;, + py’; + qy, = 0, vi y, 12 mét nghiém cua (5.29).
Vay ta duge phuong trinh cap 2 d6i voi u, khuyét u :

yu’ + @y, +pypu’ = 0
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wler .

Piat v’ = v, ta duge phudng trinh cfp 1 d6i vai v
VW @y, tpyv=20
hay '

Ldy tich phan hai v& _
In|v|] = —2In |y,| - fp@x)dx = =2In| y, | +p(x)+ni C, |,
p(x) 14 mdt nguyén ham nao dé cia -p(x), vay

— e?(®) = C, gx), véi g(x) = ev(X)‘
I S o
Do d¢ :
u = _Cl_fg(x)dx = CIG(x) + C,,

trong dé G(x) la mot nguyén ham ctia g. Ta duge
y = [C,G(&) + C,] y, = Cy,G() + Cyy,.

Chon C, = 0,C, = 1, ta duge ¥, = ¥,G(x), dé 12 mot nghiém
cua (5. 29), déc lap tuyén tinh véi y,, vl

Ny e = g = 0
(5) =@ == =om

Vi du : Tim nghiém L6ng quit cha phuong trinh
(1-x2)y" +2xy’ -2y = 0.

Dé thdy rang yl = x la mét nghidm riéng. Ta tim mét nghiém
riéng khde, cd dang y, = x.ul(x). Th& vao phuong trinh dﬁ cho,
ta duge

u”’ x(1 - x2) + 20’ = 0.
Dat v’ = v, ta 6
vz(l - x2) + 2v = 0

*
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hay
v 2dx |
v x(1l — x?)
Ldy tich phan hai vé& ta duge
1 — x2 1 '
v =K =K (— -1
1T 42 1 (xz ) .
1 .
K, la hang s6 tuy y. Chon K, = -1 ta duge v = 1 — = do

p:4
. 1 1
do-u—x+—+K2.Ch0nK2—0taduqou—x+x vay

y2=xu=x + 1 Ha1nghlemyl—x,y2=x + 1 la dbc
lap tuyén tinh, nén nghiém téng quat cia phuong trinh 1a
y=Cx+ Cz(x + 1),
C,, C, 12 hai hing s6 tuy ¥.
Chii thich. Cing cd thé tim y, td cong thic (5.31). Chia hai
v& cta cong thic &y cho yi, ta duge

Y2 T ¥V 1
R
a1 Y2,
Nhung v& trai la — (y—l), vy

Y2

i

[ CeJptosay + K .
A§1 ¥1

Chon C = 1, K = 0, ta duge .

(5.35) ¥ = ¥ fl . e_IP(x)d’ﬂx Lt

Nhu vay néu phuong trinh (5.29) cd mot nghlém rieng la
y,(x) thi nghiém t8ng quét caa nd la
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(5.36) y =Cy +Cyy f i e_IP(x)dxdx .
. ¥1

Tré lai vi du trén. Phuong trinh (1 -~ x2)y” + 2xy’ - 2y = O

cd mft nghiém riéng 12 y, = x. Chia hai v€ cia phuong trinh

2X | do d6

cho (1 - x?), ta thdy px) =

1 —x?

—fp(x)dx = f 22}: dx = In(x® — 1).
x* -1

: 2
Vay f —ylse_-llp(x)dxdx=f ;15 ot 1) gx =fxx2 ! dx = x +%-
1

Theo céng thdc. (5.36) ta duge
1
y=Cx+Cx&x+)=Cx+ C,(x* + 1).

e Phuong trinh vi phén tuyén tinh khéng thudn nhét
(5.28) vy’ + )y + q(x)y = f(x}.

Pink Ii 5.9. Nghiém téng qudt cia phuong trinh khéng thudn .
nhdt (5.28) bang téng cia nghiém t6ng qudi cia phuong trinh
thudn nhdt tuong dng (5.29) voi mdt nghiém riéng noo do cia
phuong trinh khéng thuldn nhdt (5.28).

Thay vay, goi ¥ 14 nghiém tdng quat cia phuong trinh (5.29),
Y la mdt nghiém riéng nao dé cta phuong trinh (5.28). Dat
y=y+Y Tacdy =% + ¥,y =¥’ + Y ThE vio phuong
trinh (5.28), ta duge

Yy +pR)y +q@®y =y’ + Y7 +px)F+Y) +qEx)F +Y)
' = + p)y +qEy] + Y7 +pix) Y +qlx) Y].
Nhung theo gid thiét :
y'tpE)y tqxy = 0
Y +px) Y +q® Y = fix),
do do
¥+ px)y +qxly = f(x).
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Vay y = 7 + Y ciling 1a hghiém cta phuong trinh (5.28). Vi
¥ phu thudc hai hang 6 tiy y nén y = ¥ + Y ciing phu thuéc hai
héng 6 tiy ¥, do d6 ¢d thé chiéng minh nd 1 nghiém tdng quat
cia phuong trinh (5.28) nhu trong chdng minh dinh li 5.7. B

Pinh Ii 5.10. (Nguyén i chéng nghiém). Cho phuong trinh
Y +p@y’ +qly = f,(x) + £,0).
Néu y (x) la mot nghiém riéng cia phuong trinh
¥ +px) Y + gy = f,(x),
¥o(x) la mot nghiém riéng ciia phuong trink
y' +p)y +qx)y = £,(x)

thi y = y,(x) + yy(x) l&a mot nghiém riéng cia phuong trinh
dé cho. '

‘That vay, ta cd _ :
Y’ +p@y +a®y = (ty)" +p) Gty +alx) 4y =

= Iy] + p@y; + 9@y, + vy + p@Ey; + a@yl =

= f,(x) + £,(x).

Vay y = y,(2) +y,(x) 12 mét nghi¢m riéng cia phuong trinh
da cho. :

Phuong phdp bién thién hdng s6. Gia st da bist nghiém téng

quét cia phuong trinh tuy&n tinh thudn nhft (5.29) la
(5.37 y=Cy, +Cy,-

trong dé C,, C, 1a hai hang s6 tuy y. Bay gid xem C,C, la
hai ham sd, ta tim C;, C, d€ cho (5.37) 12 mét nghiém cia
. phuong trinh khong thufin nh&t (5.28). Ta cd

¥’ =-Cly’1 + Czy'2 + C’lyl + C’zyz )
Chon C,, C, sao cho ' .

C'lyl + C‘zyz =0,
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Khi dd
. y = Cy, +Cy,
y = C]y'ln + Czy; + C"ly"l + C'éy'z.
Thé& vao phuong tr_inh (5.28), ta duge
Cily, + @Y, + a®)y) + Cylys +p()Y; + a(®)y) +
+Cy + Gy, = f(x).

Viy,, ¥, 1 hai nghiém cda phuong trinh thudn nh4t (5.29) nén
cdc bi€u thuc trong ddu ngodc cia v& trdi bing khéng, ta duge

C; y'l + C;fz = f(x).

Vay ham 36 (5.37) 14 nghiém cta phuong trinh (5. 28) néu
C,, C, théa min hé phuong trinh

Ciy; + Gy, = 0

Cly'1 + Coy, = f(x) .

Dinh thdc cia hé phugng trinh 4y chinh 1a dinh thic Wronsky
cia hai nghiém ddc lap tuyén tinh cia phuong trinh thudn nhdt
(5.29), nd ludn khic 0. Vi vay hé phuong trinh trén ¢ mot nghiém

duy nhét. Gid st C; = p,(x) C'2 = (pz(x) Liy tich phan, ta duge
C=¢'(x)+K1, —¢aﬁx)+K2
trong dd @, (x) 12 mdt nguydn him cia ¢, (x), P,(x) la mdt
nguyén ham cda ¢,(x) ; K,, K, 12 hai hdng s8 tuy y. Vay
nghiém tdng quat cla phuong trinh (5.28) la
y = Ky + Ky, + 94(x) -y + Pyx) -y,
Vi du : Giai phudng trinh
. (1 -x3)y” +2xy’ - 2y = 1 - x2.
Néu x # + 1, phuong trinh c6 thé viét la

(5.38)
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Ta da bigt nghiém téng quit cia phubng trinh thudn nhét tuong

ung la
y = Cx+02(x2+1)

trong dé C,, C, 1a cac hang s6 tiy ¥ (xem ‘vi du trang 225). Bigu |
thic 8y la ngh:ém clla phuong trinl; khéng thudn nhét da cho
néu C C 14 nhiing ham sé théa min hé

Cx +Cx*+1) =0
C, +C,2zx = =1.
Giai hé do ta dudc '

Cl=_1c2—1 __r(1+x2—1)_’
C,2=x2}-z—1
Do do
x — 1 ) 1
Cl=‘("+ln|x+1|) +Kl,02=§1n|x2—1[ + K,

trong ds K,, K, la nhitng hing s6 tuy y. Vay nghiém tng quat
phai tim la _ .

y=x (+in ] 5

1 ,
|) +3 & + Dipl=? = 1] +Kx+K,(x2 +1).

5.2.4. Phuong trinh tuyén tinh c6 hé sé khong d6i

. Phuané trinh thudn nhdt. Cho phudng trinh

(5.39) Y 4py tqy =6
trong dé p, q 12 hai hing s8. Ta B}&t rdng mudn tim nghiém
tdng qudt cia nd, chi cdn tim hai nghiém riéng déc lap tuyén
tinh. Ta sé tim nghiém riéng cta né dudi dang

(5.40) y = ekx, ,
trong d6 k 13 mot hing s6 ndo d6 ma ta sé tim. Ta c6 y’ = ke®
y” = k%X, Thé€ vao phuong trinh (5.39), ta dugc

e (k2 + pk + q) =

H
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&

~ (5.39) ¢d hai nghiem

Vi ekX = 0 ta e
(6.41) k? + pk +q = 0.
Vay néu k théa méan phuong trinh (5.41) thi ham s6 y = okx

12 mot nghiém cia phuong trinh (5.39). Phuong trinh (5.41)

duge goi la phuong trinh dic trung cla phuong trinh vi phan (5.39).
Do 1& mot phuong trinh bac hai, né cd hai nghiém k,, k, thue
hay phte. C6 thé xdy ra ba trudng hop :

1) Hai s6 k,, k, thuc va khéc nhau. Khi iy phuong trinh

yl = eklx f y2 = ekz"_

b R
Hai nghiém 4y doc lap tuyén tinh vi y—-l = elky ~ X 2 pang
2 ks

s6. Do dé nghiém t6ng quat cta phuong trinh (5.39) 1a
y = Ciekr + C, ekX

Cp C, 1a hai hing s6 tuy y.

Vi du : Tim nghiém cua phuong trinh
y'+y -2y=0
théa mén cdc diéu kién .
YIx=0=0!y’Ix=0=1' .
Phuong trinh dic trung cia phuong trinh da cho 1a k2 + k -
-2 =0, n6 ¢6 2 nghiém phan biét k, =1, k, = -2,
Vay nghiém téng quat cha phuong trinh d3 cho la
Do do
y = Cpef - 2Ce %
Ti cac diéu kién ban dau ta- dige

C+C, =0
Ci~2C, =1
. 1 1 . . -
Do ds C| = 3’ C,= = g’ vay nghiém riéng phai tim 1a
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& 0h
-&ve..

— 1‘_ X _ _1_ —2x
y=3¢ 3e -

2} %, va ky la hai 56 thyc trung nhau k| = k, Ta da cd mét -
nghiém riéng cha phuong trinh (6.39) la y, = "™, Ta s& tim mot
nghiém riéng y, doc lap tuyén tinh v6i y, duéi dang y, = y,u(=)
= ulx) ek‘x. Ta c6

y, =u. e+ klueklx
Y, = wekt + 2];;1‘1’ek1x + k? uet?®
Thé vao phuong trinh (5.39), ta dugc
X [u + 2k, + pyu’ + (k% + pk;+g)ul = 0.
V1 k; 12 nghiém kép clia phuong trinh dac trung nén ta cd

K +pk +q=0 k = —%hay2kl+p=0.
Do dd ta duge & u = ¢ hay u” = 0. Suyrau = Ax + B,
trong dé A, B 1A nhiing hing s6 tuy y. Chon A = 1, B = 0,

ta duge u = x, vAy y(x) = xe'™, Nhu vay hai nghigm doc lap

tuyén tinh cta (5.39) 1a y,(x) = ', y,(x) = xe'. Vay nghitm
tdng quét cia phuong trinh (5.39) la
y = o1 (€, +Cx).
Vi : Giai phuong trinh
_ y' -6y +9y = 0. .
Phuong trinh dic trung cia no la k2 - 6k +9 = 0, né ¢
mét nghiém kép k = 3, vdy nghiém t8ng quat chia né la
y = e* (€x +C)).
3 k, va k, la hai s6 phic lién hop : k =a+if k, = a-if.
Hai nghlém rieng clia phuong trinh (5. 39) 13

¥, = ple T B _ o ifx

?2 = &~ x _ e'ne_iﬁx‘
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Ding cong thic Euler _
e = cogBx + isinfx, e 7% = cogfx — isinfx,
ta duge
¥, = ™ (cos fx + i sin fx)
¥, = e (cos fix — i sin fSx).
Néu ¥,, ¥, 1a hai nghiém cia phuong trinh (5.39) thi

Nty Y1~ Y2 .
¥y = 3 = & cosfx, yp = o = o™ sinfix

'cﬁn'g 1a nghiém cta phuong trinh £y. Hai nghiém &y lai déc

¥
lap tuyén tinh vi }l = cotgfx khac hdng s6. Vay nghiém tdng
| Ty, .
quét cia phuong trinh (5.39) la

' = ™ (Cycosfx + C,singx).

Vi du : Giai phuong trinh y”’ - 2y’ + 5y = 0.

Phuong trinh dac trung ciia nd 1a k2 - 2k + 5 = 0, nd c6
hai nghiém phdc lién hop k, = 1 + 2i, k, = 1 - 2i. Vay nghiém
téng qudt cia nd la

y = €* (C, cos2x + C, sin2x).
Chu thich. D6i voi phuong trinh tuyén tinh thudn nhédt cd

hé s8 khéng d8i cép cao hon hai, phuong phdp giii cling tuong
ty nhu d&i v6i phuong trinh cdp hai.

Vi dy 1 : Giai phuong trinh y’ - 4y’ = 0.

. ]E_fhuo:lg trinh dac trung cda nd la k> - 4k = 0, nd cd ba
_nghtém lak =0 k = 2 k = -2, Do d6 nghiém tdng quat cia
phl.wng trinh da cho la

y=0C, + Cze + C3e'2"
vi du 2 : Giai phuong trinh y® + 2y” +y = 0.

Phuong trinh dic trung k* + 2k? + 1= 0 hay (k* + 1)? = 0
o6 kai nghiém kép k = i va k = -i. Do d6 nghiém tdng quat
_cia phuong trinh da cho la
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5
13
y = (C, + Cpx) eosx + (C; + C x)sinx . _
e Phuong trinh khong thuiin nhét. Cho phuong trinh -
(5.40) vy’ +py +qy = f(x), ' '

trong d6 p, q 14 nhitng hing 6,  trén, ta d4 tim duge
nghiém téng quit cta phuong trinh thudn nhit tuong ing (5:39).
Vay chi viéc ap dung phuong phép bién thién hing s6 d& tim
nghiém tfng quit cha phuong trinh khéng thufn nhit (5.40).
Nhung d6i voi mot 38 dang dac biét cia v& phai f(x), cd thé
tim dudec moét nghiém rieng cia phuong trinh (5.40) ma khong
cin moét phép tinh tich phén no. Chi cén cong.nghiém riéng
gy vao nghiém t8ng quat cia phuong trinh thuén nhdt tuong .
" dng (5.39), ta sédugc nghiém tdng quat cha (5.40).

Ta s& tim nghiém riéng cia (5.40) trong hai trubng'hq;ﬁ sau :
o Truong hop 1 : f(x) = e . P (x), trong d6 P.(x) 13 mot
da thiéc bic n, o la mdt hang s6.

Néu « khong phai la nghiém cda phuong trinh dac trung
ciia (5.39), ta tim mdt nghiém riéng cia (5.40) _eé_l.dang

(6.41) Y = e Q.(x),

trong dé Q _(x) 14 moét da thdc bac n, (n+ 1) hé sfS cia nd sé
duge x4c dmh nhu sau. Ta cé .

Y = aQ(x}e™ + Q@ (X)e
Y = #2Q (x)e™ + 2aQ (x)e™ + Q (x)e‘”‘
The& vao (20), ta dude _
eMQ (x) + (22 + PR x) + (& + pa + 9)Q (¥)] = 7P (x).
Suy ra |
(5.42) Qx) + (2« + P)Q,x) + (@ +pa b Q%) = P ).

Vi o khong 12 nghiém ciia phuong trinh dac trung cia (5.39),
nén a? + pa + q # 0, do d6 vé& trai cia ding thic (5.42) ciing
la mot da thdc bic n, cing bac véi da thdc & v& phai.
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" Bang cich déng nh&t hé s6 ciia cac s6 hang cung bac & hai
v& ctia ding thuc (5.42), ta duge (n + 1) phuong trinh béc nhét
cua (n+1) &n 1a cdc hé s6 ciua Q (x). Phuong phdp tim cdc hé

s8 cia Q (x) néu trén duge goi la phuong phdp hé s6 b4t dinh.
Néu a la nghiém don clia phuong trinh dac trung thi

a’? + pa+q =0, (2 +p) #= 0. Khi d6 v& irdi cla ding
thic (5.42) 1a mdt da thiic bac (n - 1). Ta nang bic cia nd lén
mot don vi ma khéng ting s6 céac hé s6 cia nd, mudn vdy chi

" viéc thay Qn(x} bai xQn(x)‘ Do dd, trong trudng hop nay, ta sé
tim mot nghiém riéng cha (5.40) cé dang

- (5.43) Y = xe™Q (x).

" Néu a 12 nghiém kép cta phuong trinh déc trung thi
a4+ patq=0 20 +p =0 V&trii cia ding thic (542) l1a
mot da thdc bac (n-2). Lap ludn tuong tu nhu trén, ta thiy
ring phai tim mdt nghiém riéng cia (5.40) cd dang

(5.44) - Y = x%2Q (x).
Vi du 1 : Gidi phuong trinh y” + 3y’ - 4y =

Phuong trinh ddc trung 1 + 3r - 4 = 0 ¢6 hai nghiem don
= 1, r = - 4. Vay nghiém t6ng quét cia phuong trinh thudn
nhét tuong ving la y = C& + Cze_“x. V& phai cia phuong trinh

cd dang €™ P (x), trong d6 @ = 0, P,(x)} = x.

a = 0 khong 12 nghiém cia phuong trinh dic trung, vay ta '
tim nghiém riéng cta phuong trinh da cho c6 dang
: Y = Ax+B

Th€ vao phuong trinh trén, ta duge

~4Ax + 3A - 4B =x.

1 3
Suyra:-4A =1, 84 -4B=0=>A=-22B=—-u=
X 3 e :
= -1 " 16 Nghiém tdng quat Iph&l tim la
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x 3.
4 16
Vi dy 2 : Tim nghiém téng quat cia phuong trinh
y”—j’=e"(x+l). ,
Phuong trinh daec trung r? - r = 0 cd hai nghitm r = 0,
r = 1. Viy nghiém t6ng quat cia phuong trinh thuin nh&t
tuong dng la y = C, + C,e* V& phai cia phuong trinh di cho
¢6 dang P (x), v6i ¢ = 1 1A mét nghiém don cla phuong
trinh dde trung, vay ta tlm moét nghiém riéng cia phuong trinh
da cho cd dang

Y = xe¥(Ax + B) = eX(Ax? + Bx).

y = Cje* + Cze_‘h‘ —

Ta cd .

Y = e*Ax? + Bx) + ¢ (2Ax + B)

Y” = &(Ax% + Bx) + 2¢%(2Ax + B) + &5 2A.
Thé& vao phuong trinh da cho, ta duge

e (2Ax + B + 2A) = &(x + 1).

1

Dods 2A =1, B+2A =12 A=5B=0=>Y =

%X

Ba| -

Nghiém téng quat phai tim la

y=C, + Cze"_+%x2d‘.

Vi du 3 : Giai phuong trinh y” ~ 6y’ + 9y = xe™

Phuong trinh dic trung cd nghigdm kép r = 3, nghiém téng quat
cua phuong trinh thuian nh4t tuong dng la y = Cx +C) ™.
Ta tim mét nghiém riéng cha phidong trinh di cho ¢d dang

Y = x%¥(Ax + B) = ¥ (Ax® + Bx?).
Ta cd -
Y = 3¢%(Ax® + Bx) + e%(3Ac? - 2Bx),

Y’ = 9% (Ax® + Bx?) + 6e¥ (3Ax! + 2Bx) + e*(6Ax + 2B).
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Thé vao phuong trinh da cho, ta dudgc
e [(6A — 10B) x + 2B] = xe*,
1 <3
Suy ra 6A - 10B = 1, B = 0=~A=E,B 0=>Y—Ee
Nghiém t6ng quat cia phuong trinh da cho la

3
X
¥y = (Clx + 02)93" + —é" e3".

& Trubmg hop 2 : f(x) = P_(x} cospx + P_(x) sinSx, trong dd
P (x) P (x} la nhitng da thic hac mn;Bla hing s8.

Ngudi ta ching minh duge ring

Néu £ if -khong 12 nghiém cha phudng trinh dac trung thi
cé th€ tim moét nghiém riéng cia phuong trinh(5.40) cé dang

(645 Y = Q (x)cosfx + R, (x)sinfx,
trong d6 Q(x), Ry(x) 1a !;hﬁng da thdc bgc [ = max (m,n).

Né&u % iff la nghiém cia phuong trinh dac trung thl ed the
tim mot ngluém riéng cia phuong trinh (5.40) cé dang

- (5.46) = x[Q; (x) cogfx + R, (x)sinpx].

Vi du 1 : Giai phuong trlnh ¥y’ +y = x sinx.
Phuong trinh dac trung r* + 1 = 0 c6 nghiém + i. Nghiém

" t8ng qudt cda phuong trinh thufin nhat tuong dnglay = C,cosx +

+ C, sinx. V& phai cia phuong trinh da cho cd dang R (x) singx,
trong 46 R,(x) = x, # = 1, nhung + i = % i la nghiém cua
phuong trinh déc trung, nén ta tim mét nghiém riéng cua
phuong trinh &a cho ¢6 dang

Y = x {(Ax + B) cosx + (A;x + B,) sinx]:

Tinh Y’, Y r6i thé vao phuong trinh da cho, ta duge
[4Ax + 2(A + B,)] cosx + [-4Ax + 2(A, = B)] sinx = xsinx.
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D0d64A1=0,A+B1=0,—4A=1,A1~B=0.Suyra
A = —%, B, = i, A =0, B =20 Vay Y ﬁ%(sinx—xcosx).

Vay nghiém t8ng quat ctia phuong trinh da cho 13 :
y = Ceosx + Cysinx + % (sinx — xcosx).

Vi du 2 : Giai phuong trinh y’ — ¥y = 2cosx.

Phuong trinh dac trung r> - r = 0 ¢6 hai nghiém r = 0,
r = 1. Nghiém cita phuong trinh thuin nhé4t tuong Gng la
y =C + Cpg* V& phai. cia phuong trinh da cho la
f(x) = 2cos?x = 1 + cos2x. Theo nguyén Iy chéng nghiém, ta
tim moét nghiém riéng cua phuong trinh da cho dudi dang tﬁng
Y, + Y,, Y, la nghiém riéng cta phudng trinh véi v& phai
" fi(x) = 1, Y, la nghiém riéng cha phuong trinh v6i v€ phai
f (x) = cos2x. Vi f;(x) = 1 = e"* vi @ = 0 1a nghiém cia phuong
tnnh dic trung nén Y, o6 dang Ax. Thé vao phuong trinh, ta dugc
A= -1, vay Y, = -x. Vi f;(x) = cos2x, md +2i khong la
-nghiém cha phuung trinh dic tntng nén Y, = Beos2x + Csin2x.
2

1
Th& vao phuong trinh, ta duge B = ~10° C = 1o’ vay

2 1
Y, = -ECOSZX - Esian‘ Vay nghiém tdng quat phai tim la

2 |
y=6C +Cpf ~x - -i-6c052x - ~1651n2x.

Chu thich 1. N&u f(x) = e™[P_ (x)cogfx + P_(x)sinfx], ta cd
th€ dua vé phuong trinh véi v€ phai c6 dang dd xét & trén
b?ang cich dat y = ™.z

Vi : Giai phuong trinh ¥ + 2y + Zy = xe'xéinx.

Dat y = e*z. Ta cd

V =e*2 —e¥z, ¥y = e Xz’ - 2% +e 2
Thé vao phuodng trinh, ta duge

2z’ + 2z = xsinx.
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‘Nghiém tdng quat cha phubng trinh nay 1a
z = Ceosx + Cosinx + X (smx — XCOSX)

(xem vi du 1). Vay nghiém tdng quat ctia phuong trinh da cho 1a
y=e?* [Clcosx + Czsiﬁx + % (sinx — xcosx)].

Chut thich 2. D6i v6i phuong trinh tuyén tinh khéng thuin
nh&t, ¢ hé s6 khéng d8i, cdp cao hon hai, cing cd thé tim
nghiém riéng tuong ty nhu d6i véi phwong trinh cfp hai

Vi du : Giai phuong trinh y* + 2y” +y = cosx.

) trén ta d4 thiy nghiém téng quit ctia phuong trinh
thudn nhét tuong ung la y = (C, + 22x) cosx + (C; + C,x) sinx,
vi phuong trinh dac trung (k* + 2k + 1) = 0 cd ha1 nghism
kép k = i v4 k = -i. V& phai cda phuong trinh da cho 12 cosx,
do d6 ta tim nghiém riéng cia phuong trinh khong thudn nhit
cd dang

y = x%(Acosx + Bsinx).

Thay vao phuong trinh da cho, ta tim duge
1
A=- g’ B =
Vay nghiém t8ng quat cua phuong trinh da cho la

1
y = (C; + Cx)eosx + (C; + Cx)sinx - g ‘x2 COSX.

5.2.5. Phuong trinh Euler
Dd 1a phuong trinh tuyén tinh c6 hé s6 bién thién dang

(5.47) x%y” + axy’ + by = 0,
trong dd a, b 14 nhitng hing s6. Thuc hién phép d5i bién sd
|x{ = e' hay t = Inl|x| '
ta cd

Y "3 " dtdax - at'x
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w4 dy 1y 1dy 1d
yhdx(dt’x)_ g2 dt  x dt

Th& vao phudng trinh (5.47), ta
d%y

dy
dt

duge

R dy.
(5.48) d—+(a-—1)—d-g+by-—0,

té

e

(& £-2(5-2).

dez  dt

ds la mét phuong trinh tuyén tinh cé hé s6 khong déi.
Vi du : Giai phuong trinh x%y" + 2xy’ - 6y = 0.

Bang phép déi bién s8 x = e!, phuong trinh dugc dua vé dang

dly  dy
'a;z 'F'EE - 6¥ = 0.

Phuong trinh dac trung cta phuong trinh nay +r-6=0 "

¢S hai nghiém r = 2, r = -3, vay
y=Cpe?+Cpe™

Vay nghiém t8ng quét ctia phuong trinh da cho la

X C2
y = Cx% +— .
1 x3

- 5.2.6.'Phuong trinh dao dong

Gid sit ¢ mot vat cd khéi lugng M duge dat trén mot 1d xo

“dan hdi (hinh 5.5). Chon truc Oy
thing ddng hudng ti¥ trén xudng,
gbc O dat & trong tAm ctia vat & vi

tri can bing. Goi y 1a d6 doi tinh

td vj tri c4n bAng. Gia si lyc kéo
vat vé vi tri can bang ty 1& véi 4o
doi, nghia 124 bang -ky, k 1A hé sé
dan héi cia 16 xo, con lyc cdn hudng
nguge chiéu chuy€n dong va ty l&
véi vAn tSc cia vAt, nghia 14 bing

d .
—i -a%’ 4 1a hing s6 duong.
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Theo dinh luat Newton, phuong trinh chuyén déng cua vat
trén 16 xo 1a

d%y dy
Ma't'z———ky—ﬂ‘az
' k
hay, né&u ctgitp=—1'\%sq=ﬁ,
(5.49) y' +py +qy =0
Phuong trinh dédc trung cia nd k? + pk +q = 0 ¢ hai nghiém 1a
7 7
__P P _ = _P_LIP _
h=-3*\V7 1k=-3 U

2

Néu 24— > q thi k;, k, 1& hai s6 &m. Nghiém t6ng quat cta

phuong trinh (5.49) 1a
y = CleyIll + Czekzt.

Do dd, v6i moi digu kién ban dfu, d6 di y — O khi t ~» +eo.
Trong trudng hgp nay, khong cd dao déng, vi luc can qua 16n.
| p’ L p |

Né&u 7 =1 thik, = k, = ~ 7 Nghiém t8ng quat cia (5.49) 1a

P

y=(C +Cte 2

Trong trudng hop nay, 46 doi y ciing ddn dén 0 khi t — +o,
nhung khéng nhanh nhu trudng hop trude.

2 L3
Néu P < qthlk =a+if k,=a-i8 trongdéa = - &

2,
2 -
B = 1’ q - %. Nghiém téng quat cita phuong trinh (5.49) la

y = ¢*(Ccosft + C,sinbt).

Dat C, = Asing, C, = Acosp, ta c6 A = CZ + CZ,
_ C :
¢, = arctg E—l The¢ C,, C, vao bi€u thic cha y, ta duge bidu
2

thic cia nghi¢ém téng quat cha phuong trinh (5.49) 1a
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y = e Asin (8t + p ).

Trong trudng hgp nay vat y
dao dong véi bién do Ae™ phu
thude vao thdi gian. Vi b ¥

a = —'% < 0, nén bién do }\<Y=Aew sin(BtH,)
dan dén 0 khi t — +=. Vay =
chuyén déng cua vat 1a mét o o™ t
dao déng tdt ddn. D6 thi cha s

dao dong tAt ddn dugc bidu f
dién trén hinh 5.6.

Diac bigt néu p = 0, tic
la vat chuyén dong khong
bi luc can thi nghiém tdng quat cia. phuong trinh (5.49) la
y = C,cosft + C, sinft = Asin(ft + ¢.). Chuyén ding cla vt

2
la mét dao dong diéu hoa cé chu ky T = ?‘E

Hinh 5.4

5.2.7. Nghiém khai trién dugc thanh chudi liy thia

Gia st ta mudn tim nghiém khai trién duoe dudi dang chudi
liy thita cia phuong trinh tuyén tinh thu&n nhat

(5.29) v’ +pR)yY +qx)y = 0-

Dat :

(5.50) y=a, +ax+ _azxz +.. o taxt+ .= Z a x".
) n=10

Ldy dao ham y titng s6 hang mot cach hinh thdc hai lan,
thé vao phuong trinh (5.29), ta duge mét chudi liy thita déng
nhit bing khong. Cho ecdc hé 6 cia chubi liy thia ndy bang
khong, ta xdc dinh duge cadc hé sd trong (5.50). N&u chudi ldy
thita (5.50) v&i cdc hé s8 di dugc xdc dinh nhu vay héi ty
trong mot khoang n3o dd thi ndé la nghiém cia phuong trinh
{5.50) trong khoang 4y, vi ¢d thé ldy dao ham ting s§ hang
mdt chudi ldy thda trong khoadng hoi tu clha nd.
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Vi dy 1 : Tim nghiém khai tri€n duge thanh chudi liy thua
clia phu_ong trinh

xy’' 4+ 2y +xy = 0,
Dat
y=a, +ax +ax’+. +axl+ ..

y =a + Zafc + 3a,x? + .. + nax""! +
= 2a, + 2.3a;x + 34ax’ + .. + (n - jna x" % + .

Th& vao phuong trinh trén, rit gon cdc s6 hang déng dang,
ta duge .

2a, +(6a, +a )x + (12a, +a)x? + .. +[(0? +n)a_+a_ _,]x""1+
+...=0

a al an_z

a1=0,a,z=—§,33 =—E=0,...,an=—m n > 2.
Vé.yné’un=2k+1thian=0;né’un=2kthi

Y L Lok -4 . 2
P T TBR@k+1) *x-2T T(Rk-4)(2k-8) M- 15
_ 2 N )l
27 73T T @kt Mo
Do dé
x2 gt xb x2K

y = a, (1 —‘é—!' +E—ﬁ' + .. +(—1)k(2?_*1)—!+.‘.),
a, 14 mdt haing s6 tuy y. Cd thé€ tinh duge d& dang ban kish
h61 tu ctua chudi liy thiia nay bing «, do do nd théa mén
phuong trinh da cho vdi moi x.

Chi ¥ rang chudi luy thita trong ddu ngoidc 12 khai tri€n cia

sinx sinx
= Vay nghiém da tim duge la y = !
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Vi du 2 : Tim nghiém khai tri€n duge thanh chudi liy thita
cia phuong trinh
: (1 -xY)y” - xy +4y = 0.
Cing nhu trén, th& (5.50) vao phuang trinh da. cho, ta dugc
(4a_ + 2a,) + (33, + 6ax + 12a,x% + (208, - 5a)x® + ...

+[(n+2)(n+1) an'+2—(n2—4)an] "4 = 0.
Do do

1 "1
a, = ~2a, a; = —papay=0a; = e R
n-—2
an+2 = n—+-1- a,n= 2, 3, 4,
Vay .
ay = 0véik > 2
1 3 2k -3
85 T 3.8 T g8 n 84 T T Bk
Suy ra :

1.35..(2k - 3) (2k — 3!

"1 = "T345. . @2g M T T @on k=2
trong d6 (2k) !! = 2.4.6.. (2k), 2k - 3) !! = 1.35.. 2k - 9).
Vay nghiém khai trién duge thanh chudi liy thita phai tim la

- x x 2k — 3)!! '

y = a,(1~2x% “‘1("'?"%"'" *(ZT)!!) = —)

trong dd a, a, 12 nhitng hing s6 tuy y.
D€ tinh ban kinh hoi tu cta chu8i ldiy thita, ta tinh
k-1 2! 2k-1 1

£= k'i“l (Zk +2)1 2k -3y ~ klf: 2k + 2

, : 1
Vay ban kinh héi tu cia chudi 1A R = 7= 1. Vay chufi liy

thita hdi tu trong khoang -1 < x < 1. Ban doc hdy xét su hoi
tu cua chufi tai cdc mit x = %+ 1. :

Dé& dang thdy rdng y,(x) = 1 - 2x% 14 mot nghiém riéng cla
phuong trinh da cho. :

Chii thich. Céc phuong trinh trong nhitng vi du trén déu 1a
phuong trinh véi hé s6 bién thién.
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5.3. HE PHUONG TRINH VI PHAN

5.3.1. Dai cuong

e Ngudi ta goi hé pku'ong trmh vi phan chudn tée cdp mot
12 hé cd dang
. y, = fl (=, ¥y Yo s yll)
¥, = (%, Yp ¥z oo ¥p)
y“ = fn(x‘) Yp ng bt yn)
trong d x 1 bi€n 6 doc lap, y,, y,, ..., ¥, 12 cdc ham s6 phai tim.

® Dinh Ii 5.11. (Su tdn tgi va duy nhdt nghiém). Cho he

phuong trinh vi phon (5.51). Gid sit cde ham 88 fix, 31, ¥p . yn)
of;

ciung voi cde dgo ham ridng — ™ € Y, ¥p w0 ¥h i =1, 2, .,
J

(551)

i=12 ..,n, lien tuc trong mot mién D trong R** 1,

| Gid st (x,, ¥, ¥5, . YD) l& mot diém thuge D. Khi dé trong
mét idn cén néo dé cie diém x = x, c6 mot nghiém duy nhét
ciia he (5.51) théa man cic didu kten

= W Yzl

Dinh I nay ta khOng ching minh.
V€& mat hinh hoc, dinh If khéing dinh ring v6i cdc dibu kién'
di néu trong mot lan cén ndo d6 cla di€m Xy ¥ ¥30 0 ¥
tén tai mét dudng tich phan duy nhét cia hé di qua diém 4dy.
& Ngudi ta goi nghiém tdng qudt cia hé (5.51) 12 b6 n ham sé
vi=e 5 C,Cy ., Chi=12 .,n
trong d6 C, C,, ..., C 1a cac hing s6 tity ¥, théa man céc diéu sau :
1) NG théa man he (5.51) v6i moi gia tri cta C,, C,, .., C_

7| =% [, =%

x=x x==x X=X°

2) V6i moi di€m (x, y{, y3, ., ¥2) & d6 cdc didu kién cta
dinh I tdn tai va duy nhdt nghiém ducc théa man, cé thé tim
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duge mot bo gia tri C| = CT’ C, =0C Cn' = Co sao cho céac
ham s6 y, = ¢, (%, Ccy GO C:D thoa man cac didu kién ban dau
¥ =y,i=12 .., n

X=X,

Ngudi ta goi nghiém riéng cliia hé (5.51) 1a nghiém ma cd dugc
bing cach cho C, C,, .., C trong nghiém tdng quat cac gia

tri xac dink C, = C}, C, = C§, ., C = Co.

e Duang dong ciia truong vecto. Gia su
trong mién D C R" xdc dinh mét trudng vecta
F (M) cd cdc thanh phén F (M), F,(M), .., F_(M).
Nguoi ta goi dudng dong cia trudng ld mot
dudng cong C ma ti€p tuyén tai mdi di€m
cia nd déng phudgng véi vects cha trudng tai
diém &y (hinh 6.7). Ching han, cac duong
sttc trong ti trudng hay dién trudng la cée
dudng dong chia ching.

Hinh 3.7

Néu phuong trinh tham s8 cia dudng dong l1a
X, = x(t), Xy = X,(t), ..., X = x, (1),
thi tigp tuyén cta nd tai méi di€m M(x,(t), x,(t), .., x (t}) ¢6
hé s6 chi phuong la x’ (t), x’,(t), ., X’ (t). Vi ti€p tuyén &y
déng phuong vdi vects F cla trudng tai M, nén ta cd

TG OO
F,(M) - F (M) - B F (M)

hay
dx, dx, dx,

FM) ~ FMy T F,M)°
D¢ la hé phuong trinh vi phan clia ho duong dong.
5.3.2. Cach giai
Moi phuong trinh vi phan cdp n dang

y(n) = f(x’ y? y’! iy y(n" j))
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d8u cd thé dua vé mot hé phuong trinh vi phan chuén tac
cdp mot. '

That vay, daty =y, ¥’ = ¥, .. ¥~ D =y ta duoc hé

Y1 =Y

Yy = Vs

y,n—l = yn

ly’n = £(X, ¥ ¥ - Yp)-

Dao lai, mét hé phuong trinh vi phan cdp mot chudn tic cd
thé duge dua vé mot phuong trinh vi phan cdp cao déi v6i mot
ham &8 chua bi&t bing cdch khi nhing ham s6 chua bi&t con
lai td nhiing phuong trinh cia hé. Giai phuong trinh vi phén
cdp cao dd, réi tim nhing ham s6 chua biét con lai. Phudng
phép gidi hé phuong trinh vi phan dé duge goi 14 phuong
phap khi. '

Vi dy 1 : Giai hé phuong trinh

y = by + 4z
z’ = 4y + Bz

Ldy dao ham hai vé phu’dng trinh dau, ta duge
y!! = 5y! + 42!-

Thay z’ b&i v€ phai cia phuong triph sau, ta dude
y’ = by’ + 16y + 20z.

"Nhung ti phuong trinh d8u suy ra z = — (y° — by). Thé vao

=

phuong trinh trén, ta dudc
' y’ - 10y’ + 9y = 0.
Nghiém tdng quit cha nd la
y = Ce¥ + Cpe’™.
Tinh y’, roi th& vao phuong trinh dau, ta duge
z = -Cpe*+ Czeg".
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Vi du 2 : Gidi hé phuong trinh
y’ =y 4z
Z =y +z+ X

Bao ham hai v& phuong trinh ddu, ta duge
y'=y+z.

Thay z’ bdi v€ phii cia phuong trinh sau, ta c6
vy =y +y+z+x

Nhung y + z = ¥°, nén ta duge
¥y’ -2 =x

Nghiém t8ng quat cia nd 1a

x2  x
y=Cl+CZezx_Z—Z'
Tinh y’ r6i th€ vio phuong trinh dfu, ta duge
f‘i X 1

4 4 7
Chd ¥ ring néu trit hai phuong trinh ciia hé titng v& mot ta duge
¥2
-y =x=z-y= 3 tK

K 12 hang s6 tiy ¥. Th& z rit tit d6 vao phuong trinh déu, ta duge

z=—Cl+Czez"+'

x2
y -2y =5 +K

d6 12 mot phuong trith cfp mét d6i véi y. Tim duge y, tinh y’
r6i th€ vao phuong trinh dfu cta hg, ta sé duge z.

Vi du 8 : Giai hé phuong trinh vi phan

Y’=X2"

z
. 1
Z=-2-y.

Dao ham haj v€ phuong trinh sau, ta duge
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Q'ﬁ

o _ 1,
z = Ey.
Th& y° bdi v& phai cda phuong trinh dfu, ta cd
1y
T2z
Nhung do phucng trinh sau yz 4z2, vay
zz” = 22’2,

D6 1a mét phuong trinh cSp hai d6i v6i z, khuy&t x. Dat
d .
=p tacdz’ =p d—:, phuong trinh trén duge viét thanh

dp

dez=2p2'
Né&u p = 0, ta duge
dp  2dz 2, 4z
=z =P=Cp zz—Cldx
1 1
ROPE U T A e s

Viy = 22 = 2Clz2, nén ta duge
.
VT Cx +

Néu p = 0, tic 1a 2’ 0,tathﬁyz=C(¢0},y=chmg
la mét nghiém cua he.

Chii thich. Trong mot s8 trudng hop, cd thé€ t8 hgp cdc phuong
trinh cia hé lai dé duge mot phuong trinh vi phan dé giai.

Vi du 1 : Giai hé pbuong trinh
y=1z2 =y
Céng hai phuong trinh cia hé ting v& mét, ta duge

y+zZ =y+z=> y+zz)—dx==~y+z—Ce"
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Tri hai phdong trinh cia hé ting v€ mot, ta duge
L diy —z) _ }
y-z=-y-z= . = —dx=>y-z=Ce™
T hai ké’t qua dy, suy ra
1 1
y=3 (Cex + Ce™),z = 5 (Cie* — Ce™).

Vi du 2 : Giai hé phuong trinh

Chia hai phuong trinh cta hé tfrng v& mot, ta duge

z’___ﬁ —C
z =y z = Cy.

Cong hai phuong trinh cta hé ting v€ mot, ta duge

d(y +2) 1
* v 2 L = = = —
y+z_(y+z}§> +z).2 dx y+z. ol Czl
Ti hai k&t qua trén suy ra

1 ' -G

y = z =

Ta+C)x+Cy’ T E+C)E+CY

5.3.3. Hé phuong trinh vi phan tuyén tinh thuin nhit
c6 hé s6 khong ddi
D6 1a hé phuong trinh vi phdn c6 dang

(a,
G = tay: te t A,
dy, .
(5.52) g = A tany Foe t Ay
dyn .
ax = A tagye toe tagy,

trong d6 cdc hé s6 ay la nhiing hang s6.
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~ e¢éc hé s6 cia nd phai bing khong

Néuw y,, yy - ¥y, 12 nghiém cta hé (5.52), ta dung ky hiéu
vectd Y ed cac thénh phdn y,, y5 .., ¥, 96 chi nghiém &y. Vi
hé (5.52) 1a hé phuong trinh tu&n t{nh thuén nh&t, nén cd thé
chﬂng minh dudc ring néu Y, Y,, .., Y la nhitng nghiém cda

hé (5.52) thi moi t8 hop tuyén tinh cta ching dang
CIY1 + v‘DzY2 . ¥ CmYm
ciing 12 nghiém cna hé ay. .
C6 thé giai he (5.52) ma khong cin dua nd vé phuong trinh
vi phan cip cao. Ta s& tim nghiém cta hé (5.52) cd dang
(553) Y1 = Ple'lx, Yz = pzeﬂ-x’ R yn = P elx ?
trong d6 p,;, p --» P, 4 [& nhing s6 ma ta sé xdc dinh. Thé&
cdac bigu thic (5 53) vao hé (5.52), ta duge hé phuong trinh dai
s8 tuyén tinh sau day d6i véi p;, pp - P -
(@, —A)p; + app, ¥ .- +ap = 0
aypy + (8 ~ APy + . Fayp, =0

apy +ap, +.. +@, —p, = 0.

D6 1a mét hé phuong trinh dai s6 tuyén tinh thudn nhat,
né phai cd nghiém khac khéng, do d6 dinh thic cia ma trén

(5.54)

8y — A By e a,
-1 ..
(5.55) 21 22 #2n - 0.
a, &5 e a, - A

Phuong trinh (5.55) dugc goi la phuong trinhk ddc trung cia
hé (5.52), né 1a mét phuong trinh dai 8 bac n déi véi 4. Ngluém
cia nd-duge goi la gia trj riéng clia hé.

Gia sit phuong trinh (5.55) ed n nghiém thuc phén biét
App Ay .y A Ung véi méi gia tri rieng A,, ti hé (5.54) ta xac
dinh duoc n $8 : Py Ppo o Poo B =1, 2, ..y m Vecto
(Pypr P - P 12 vecta rléng ung véi A,. Khi 4y hé phuong
trinh vi phan (5.52) ¢d n nghiém
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¥n = Pneﬂ"x’ ¥ = leei‘x’ o ¥y Pme’l‘x
Yiz = P ¥y = Pzzejzx’ s g =~ P
Yin = Pu® Yan = P2 o Yo = P
Hé nghiém &y duge goi 1a hé nghiém co ban. Khi dé nghiém
tdng quat cia hé (5.52) la
yp = Gy + Cypp + o + Cyyy
¥2 = Cyyy + Cypp + o +Cpyyy
yn = Clynl + CZynZ + . +-Cnyn.n . .
Néu phuong trinh déc trung (5.55) cé cac nghiém thuc
Ay 1_2, s Ay 18n lugt boi Ip by i Gy + L, + .+ 1 = n),
ta tim nghiém cta hé (5.52) du6i dang

Vi = PL@EX + p®)eE + .. + p, (x)ehX
¥y = PR + p(x)e® + .. + p,(x)elX

Yo = by (x)er* + Pl + .. + P (x)eh*

- trong d¢ p, (x) 1a cdc da thidc bac L-1{(k=12 .,8;i=
1, 2, .., n), cdc hé s6 cla da thdc nay phu thuéc n hing sé
tuy y C;, C,, .., C_. Dva vao hé phuong trinh (5.52), c6 thé
tim duge cdc hé s6 dd bing phuong phdp hé s6 b4t dinh.

Néu phuong trinh déc trung (5.55) cd cdc nghiém phic, mu6n
dudc nghiém tfng qudt cia hé phuong trinkh (5.52) duéi dang
thue thi tuong tu nhu khi giai cdc phuong trinh vi phan tuyén
tinh thusn nhit cp hai c¢6 hé s6 khong d6i ta dung cébng thic
Euler va ldy cdc nghiém riéng la phén thyc va phén.ac cia
nghiém riéng phic tuong ing.

Vi du I : Giai hé

v =y + 2z
= 4y + 3z

n
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Phuong trinh dac trung la
1-4 2

4 3-1 _
N6 c6 hai nghiém A, = 5, 4, = -1. Ung véi 4, = 5, hé phuong
trinh d€ xdc dinh vectu riéng

l(l - 5)p, +2p, = 0

=0hayi12-41 -5 = 0.

dp, + (3 = H)p, = 0

thye chdt chi gém cd mét phuong trinh la 4p, - 2p, = 0. Cd
theé 1y p, = 1, p, = 2. Vay vecto riéng dng vdi ; = 5 la
(1, 2). Tuong tu ta tim duge vecto riéng dng v6i 1, = -1 1a
(1, -1). Do dd6 hé nghidm cd ban la

Yi = X 2, = 2e5%
y, = e’* z, = —e’X.
" Vay nghiém t8ng quat cia hé phuong trinh da cho l1a
oy = Cles" + Ce™*

z = 20195" - Cpe™®
Vi du 2 : Giai hé
{y' =y — 5z
= 2y — =z
Phuong trinh dic trung 13

ll—z -5

= 2 =
2 _1_1\ = OhayA2+9 =0

c6 nghiém A, = 3i, 1, = -3i. Vects riéng dng vai A, = 3i la
(5, 1 - 3i). Do d6 ta cé nghidm

¥y = 5e* = Bcos3xz + i5sin3x

z, =(1- 3i)é3i" = (cosdx + 3sin3x) + i(sin3x - 3cosdx).
Vay nghiém t8ng quat cia hé di cho la

y = 5C, cos3x + 5C, sindx

z = Cl {cos3x + 3sindx) + C, (sindx ~ 3cos3x).
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Vi du 3 : Giai hé
y=y-z
z =y + 3z,
Phuong trinh dac trung 13
1 -4 ~1
t 3 -
cé nghiém kép 4, = 1, = 2. Do dJ ta tim nghiém cda hé cd dang
¥y = (ax + b)eX
z = {cx + d)e.
Thé& vao hé phuong trinh, ta dugc

2ax + 2b+ta=(a —-c)x +b -d
2cx +2d + ¢ = (a + 3c)x + (b + 3d).

Doéng nhit hé s6 cda cac s6 hang ciing bac, ta duge

A = Ohay A2 - 41 +4 =0

22 = a —e¢
2b+a= b-4d
1 2c =8 + 3¢
2d +c=b + 3d .

Choa=Cp,b= Cy €y, Gy thy ¥, ta duge ¢ = -Cp,d = —(Cl +C,).
Vay nghiém téng quit 13
y=Cx+ Cz}ie;’-x
Z = —(Clx +C, + Cz)ez".

-

TOM TAT CHUONG V
Phuong trinh vi phan cdp mét fix, y, y)) = 0

e Phuong trinh bién s6 phan ly : fix)dx = f(y)dy
Cach giai : 14y tich ph&n hai v&

e Phuong trinh thudn nhdt : y’ = f(%)

bat y = u.x, duge mét phuong trinh bign sé 'phﬁn ly dé tim u

254



.o
s
o

e Phuong trinh tuyén tinh y' + p(x)y = q(x) (N
Trudc hét giai phuong trinh y’ + p(x)y = 0 - (2)

Nghiém tfng quat cia né la y = Cy {x). Réi xem C 1a ham
sd cia x, tim Cx) dé¢ y = C(x). y,(x) 14 nghiem cua (1).

Nghiém t8ng quat cta (1) bdng nghiém tong guat cia (2)
cong mdt nghiém riéng cua (1).

e Phuong trinh Bernoulli : y' + p(x)y = q(x)y"

Chia hai v& cho y% dit z = y! 7% duge moét phuong trinh
tuyén tinh d€ tim z.

e Phuong trinh vi phan toan phén : P(x, y)dx + Q(x, y)dy = 0,

trong do %'= % Nghiém téng quat la u(x, y) = C, trong dé
X ¥ -
ux y) = [ P, ydx + [ Q, y)dy
X, Ya
hay
y X
ux, y) = [ Qx, )y + [ P(x, y)dx,
X

X, ¥, 12 hai s6 nao dg. .
# Phuong trinh Clairaut : y = xy’ + f¢’)-
bat y' = t, ta dugec ho dudng tich phan tdng qudt 1a ho,

dudng thing y = xC + f(C) va dudng tich phan ky di la hinh
bac ctia ho trén.

# Phuong trinh Lagrange : y = zg(y’) + fy).

Dat y' = t, th€ vao phuong trinh, 14y dao ham hai v& d6i
v6i x, duge moét phuong trinh tuyén tinh d&i véi x.

e Qu§ dao tryc giao cia ho dudng F(x, y, C) = 0. Khit C
t& hai phudng trinh F(z, y, C) = 0, = Fix, y, C) = 0, duge
phuong trinh f(x, y, y) = 0, 1a phuong trinh vi phan cia ho.
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Thay trong d¢ y’ bdi R ta dugc phuong trinh vi phan cia
1, .
ho quy dao truc giao f(x, ¥, —?) = 0.
Phuong trink vi phan c¢ép hai fx,.y, ¥,y = 0.

e Phuong trinh khuyét

- Né&u phuong trinh khuyét y va y’ : f(x, y°) = 0, dat y’ = p,
ta duge phuong trinh cdp mét f(x, p’) = 0.

- Né&u phuong trinh khuyét y : f(x, y’, y°) = 0, dat y’ = p,
ta dugc phudng trinh cdp mét f(x, p, p’) = 0O

- Néu phuong trinh khuyét x : f(y, y’, ¥’} = 0, dat y’ = p,
ta duge phuong trinh éﬁp mot f(jr, P p%) = 0.

e Phuong trinh tuyén tinh : y” + p(x)y’ + q®)y = f(x) (3)

~ Hay xét phuong trinh thusn nh&t y* + px)y’ + qx)y = 0 (4)

Néu y,(x), y,(x) 12 hai nghiém riéng doc lap tuyén tinh cia

(4) thi y = Cy (x) + C,y,(x) 12 nghié¢m t8ng quit cha nd.

Néu hist mot mghiém riéng cia (4) la y = yl(x),' co thé
tim mot nghiém doéc lap tuyén tinh v6i nd bing cach dat
¥o(x) = y,(x) . ux).

- Xét phuong trinh khéng thudn nhdt (3)

Nghiém t8ng quit ciia phuong trinh (3) bng nghidm tdng quat
cia phuong trinh (4) c6ng mét nghiém ridng chia phuong trinh (3).

Néu nghiém tdng quat cha phuong trinh (4) lay = Cy,x)+
+ C,y,(x} thi c¢6 thé cho C,, C, bién thién vA tim ching d€
y = Cxly,(x) + C,(x)y,(x} thda mén phuong trinh (3). Muén
vay C',(z), C’,(z) phai théa man hé

Cuy +Cy, =0
Cy, + Oy, = f(x).
e Phuong trinh tuyén tinh thuén nh&t cd hé s& khong ddi
y'+py tqy =0
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Xét phuang trinh dac trung k? + pk + q = 0 (5)

Né&u (5) cd hai.nghiém thuc phén biét k = k|, k = k,, nghiém
tong quat la y = Clekl" + Czekz". :

Néu (5) c6 mot nghiém kép k, = k,, nghiém t8ng quat la
y=(Cx + Cz)ekﬁ

Néu (5) cd hai nghiém phic lién hgp k = a * i8, nghitm
téng quat la'y = e (Ccosfx + C sinfx). -

e Phuong trinh tuyén tinh khong thudn nhdt cd hé sd
khong ddi .

y' +py tqy = fx)

Trong hai trudng hgp sau, cé thé tim mét nghiém riéng
cia no :

1) fx) = ¢™ P_(x), P (x) 12 mét da thic bac n. Ta tim mot
nghiém riéng cia phuong trinh cd dang

Y = ™ Q (x) néu a khéng 12 nghi¢ém cha phuong trinh (5)

Y = xe™Q_(x) néu « 1a nghiém don cia phuong trinh (5)
Y = x%™Q,(x) néu « 1a nghiém kép cia phuong trinh (5),

Q. (x) 124 mét da thic bic n, cdc hé s8 cla né dugc xdc dinh
bang phuong phdp hé sd bt dinh.

2) f(x) = P_(x)cospx + P _(x)sinfx, P_(x), P _(x) la nhiing
da thic bac m, n. Ta tim mot nghiém riéng cta phuong trinh
co dang '

Y = Qx)cosfx + Ry(x) sinfx néu + if khéng la nghiém cta (5)

Y = x[Q(x) cofx + R(x)sinfx] néu + i 1a nghiem cia (5).
Q/(x), R(x) 1a nhing da thdc bic ! = max (m, n).

Trong trudng hop tdng quat, ding phuong phdp bién thién
hang s6.
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2.

BAI TAP

Gidi cic phuong trinh vi phan ¢d bign s6 pl;an Iy -
D+x)yydz+(1-yxdy =0

2 x2-yy +yl +xy? =0

3} y'cos2y - siny = 0

4y +sin x+y) = sin (x - y)

cosy — siny — 1

8)y =cosx—sinx+1 _
6)y =cos(x -y)
Ny =x242xy - 1 +y2

, 1
8y ~x_y+1._

Tim nghiém riéng cua phuong trinh vi phan théa man

" diéu kién ban diu :

258 .

1)xﬂ1+5—rzdx+y\’1+x2dy=0,y =1

x=10

2) (1 + e yXdy = eXdx, y |x=ﬂ =0

=1
x=10

H&+ly =y +4y| =2

Gidi cdc phuong trinh vi phan ding cdp cﬁp mot :
Dy-x)dgs+(y+x)dy =0

2) xdy — ydx = VxZ + y? dx

3 xyy' +x2-2y¢ =0

4) (3x2 + y2)y + (y2 - 3Dxy’ = 0

5) 2(x + yy')? = yX1 + y'3)

6) xcos%(ydx + zdy) = ysin%(xdy - ydx)



e

s _x-y+l
0y T x+y+3

. y+2 b
By =2(r7y-1)"

4. Tim nhitng dudng cong thoa man didu kién sau diy : doan
cita truc Oy c4it bdi dudng phap tuyén cia dugng cong tai diém
M bang khodng cach OM. '

5. Giai cdc phuong trinh vi phan tuyén tinh cdp mot :
D2xx -1y +2x-1)y+1 =0
2)x(1 +x)y’ - (x2 -1y +2x =0
3y + 2xy = xe™¥
4) (1 + x2)y> % 2xy = (1 + x9)2

5 ’_L_ +13 _l
Y marn S &V =3

6) (1 +x2}y’+xy =1, y-l 0 = 0
xX=

7) 2ydx + (7 - 6x) dy = O

8) xy’ - y = xlarctgx

9)y’—ﬁx-=xlnx,y

10) (x3 + x)y’ + 3x%y = VxZ + 1.

6. Chitng minh ring phuong trinh x(x2 + 1)y’ - (2%? + 3)y =3
c¢d mot nghiém 1a mot tam thdc bac hai. Giai phuong trinh &y.

XxX=cC 2

X
7. Ching minh ring ham s6 y = xf dt 1a nghiém cuaa
1 4+ -
phugng trinh xy' —y = xzexz. Tim nghiém riéng cua phudng
trinh &y théa man diéu kién y = 1.

x=1
8. Giai cdac phuong trinh vi phan :-
Dy +x2(x+Dyy +3x-5=10
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2) y’ +xy = x3y3
"3) (ylnx - 2) ydx = =xdy

| om

Hy +y=e

| o

G’ Y |x=0 -

'5)ydx+(x+x2y)dy=0

6) - (xzy:" + xy) =

9. Ching minh ring phuong trinh (x> - 1)y’ = y? + x%y - 2x
cé mot nghiém riéng dang y, = x* Tim nghiém téng quit cla
phuong trinh sy bing cach dat y = y, + z.

10. Tim dudng cong di qua di€m (1, %) bist ring doan cia
truc tung cét bdi dudng ti€p tuyén cia dudng cong tai moi di€ém
bang binh phuong cta tung d9 cta didm Hy.

11. Giai cdc phuong trinh vi ph&n toin phﬁ.n :

D+y+Ddz+@-y2+Ddy =0
2) 2 (3xy? + 2x3) dx + 3%y +yD dy = 0

1 2
3)[L——]dx+[l—‘;—-]dy=0
x-y? = Yy ox-yP
+
7 xdx + (2x y)dy=0
x +y)?
1. x y 1 'y x
5)(Ysm; Sy -+-1)dx+(xcosx ;smy+y)dy 0

%3
6) 3x2 (1 + Iny)dx — (2y - —) dy = 0.

12. 1) Giai phuong trinh (2xy +x% + _Ysi ydx +(x* +y9) dy = 0
bang cach tim thita s8 tich phan dang a(x). |
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2) Giai phuong trinh y(1 + xy) dx — xdy = 0 bing cach tim
thita sd tich phan dang aly).

3) Giai phuong trinh xdy + ydx - xy?lnxdx = 0 bing cach
tim thita &6 tich phan dang a(xy).

13. Giai cdac phuong trinh vi phén :

Dy - ~2—— 5x?y>

2yxy =y — xcoszi

ey -y

3y = 2V "V

4 — 2xy?
Hx=y +y3

1
5)y = xy + —
y=x+o

By = xy + —
oy Y y

Ny +yd-yy =0.

14. Tim quy dao truc giao ciia cdc ho dudng cong phu thuoe
tham s6 C : -

1) y* = 2pix - C)
2)x2-y2=C
3) x¢ +y2 = 2Cx
4) (x? + y2)? = (x* - yHC2.
15. Cho phuong trinh vi phan (1 - x3)y - y* + x2y +2x = 0.
1) Tim m&t nghiém riéng cia phuong trinh c6 dang
y;x) = ax", a € R, n € N.

2) Giai phuong trinh bdng cach ;Igit'y =¥, +é
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16. Giai cdc phuong trinh cdp hai khuyét :
1} xyn _ ys = xzex

H

n__y'____ — = ‘= 1 = —
2)y s_7] *x -1 O,Y|x=2 Ly |x=2 1
7 il . ] 1
Hy'+2y -2 =0y| =0y| _ =3
2 4 s )
Dy -y =xxy| = -gy| o, =1

5 vy - y2+y? =0
6) y'* +y'2 = al
1
Ny’ = oy
17. Giii cdc phuong trinh vi phan :
1) x*(nx - 1 ¥y ' - xy +y =0, bigt ring ngé cd mot
nghiém iiéng dang y,(x) = x*, ¢ € R

2) 2x + 1)y + (4x - 2) ¥ - By = O, blét raing ndé cd
mdt nghiém néng dang y,(x) = ¢, a € R

.8 - 1} ¥y’ - 6y = 0, bit réng nd cd mot nghidm riéng
¥,(x) cé dang da thic
H2Zx-xDy +X-Dy+21-xy=0,y L =0
X =

Y et = 1 biét rang nd cd mot nghiém rigng y,(x) = e*

18. Giai phuong trinh (2x ~ x) y” + 2(x - 1) ¥y - 2y = -2
bi&t rdng nd cd hai nghiém riéng 1a yl(x) =1, yz(x) = X.

19. Giai phuong trinh

x(x+1)y"+(x+2)y’—y=x+

"l

biét rang phuong trinh thudn nhédt tuong dng cia né cd mot
nghiém riéng dang da thic.
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20. Giii cac phudng trinh :

e
e* + 1

1}y)!_y=

2)y”+2y’+y=3e10x+1

Ny +y=tgx

' 1
4 T3 + 5 r + 6 =
)y y Y= T3 o
By’ +y = ———
y y= cos2x YcosZx

21. Giai céc phuong trinh :
1) ¥y’ - 7y’ + 6y = sinx
2) y' + 9y = 6™
3)y” -3y =2-6x
4) vy -2y + 8y = e€Xcosx
5) y” + 4y = 2sin2x
6) y' +2y +y = 4%
7y’ - 9y’ + 20y = x2e®™
8) y’ + 4y’ - 5y = 2e°
9) y” + 2y’ + 5y = 2xe ¥ cos2x
10) 5y +y = x2cos?x
1)y’ - 3y = e - 18x -
12) y¥" +y = co 3x
13) ¥y - 4y’ + 4y = e cos’x

14)y” - 2y’ + (1 +a®)y = (1 +4a®) cosax, y

15) ¥’ + 6y’ + 9y = xe=
16) ¥ - (m+ 1)y +my =ef-x - 1.

Ax =

=1y
o ¥

x=0

=0
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22, Giai phuong trinh xzy” + xy' - 4y = x%lnx bing cach
d8i bién s6 x = '

23. Giai phuong trinh y” - y° = e® cose* bng cach d8i bién
s6 t = &

&y 2z
“+1 @P+1Y

24. Giai phuong trinh (x* + 1)y” + 2xy’ + bAng

céchddibiénssx=tgt,-g<t4g.

26. Giai phuong trinh (1 + x%)y” + xy’ - y = 0 bing céch
déi bi€n s x = sht.

26. Giai phuong trinh x%” - 2xy’ + (2 - x%)y = 0 bing
phép d8i ham s& phai tim z = z

27. Giai phuong trinh %" + 4xy + (x + 2)y = -1— bing

phép bign dbi y = _uE
X
28. Dat r = yx2 + y2 + z2. Tim ham s6 p(r) dé cho ham
sa()

56 u(x, y, z} = théa mén phucng trinh

8%u  8%u  g%u
— ~— = 4u.

+ JE—
ax2  By: 922
29, Dat r =.wlx2 + y2. Tim ham s6 p(r) d€ cho ham s8

o%u
u(x, ¥y} = ¢(r) thda man phuong trinh Ey‘ = 24 , e & not hing 8, .
'l'
30. Ngudi ta goi phuong trinh o6 dang F(x, y; y?) =01a

phuong trinh vi phan thuén nhit c4p hai. Ching minh rang cd
thé dua né vé phuong trinh vi phén cdp mot bing phép bién

déi ; = z. Giai phuung trinh
yyn _ys2+yy,+x2y2 - 0 .
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31. Tim nghiém khai tri€n duge thanh chudi liy thita cia
phuong trinh vi phén
(1 -xVy” -2xy’ +2y = 0
thda man diéu kién y 0= Gy = 1. T¥ do tim nghiém
x= x )

téng quat cua phuong trinh.

32. Tim nghiém khai trién duge thanh chudi lay thita cda
phudng trinh

1
(1 — x%” —xy + 3y = 0

. ' o 1
théa man diéu kién y lx:(} =1y |x=0 =3

33. Giai cac hé phuong trinh vi phan :

y = 4y — 22 ¥ =8y — 2z
1){z’=y+z 2){:’=2y_'z
5|V =yt 8 +& oY TETE e =0
z’_2y+z+93x 2 = -2y +3z + 1, zlx=0=0
L _1A r ¥
y =1 z y-2y+3z’ Y x=0=1
5) 1 6) -
+ y z Zz K=0_2
7= 2 = ———
| ¥ X 2y + 3z
» y2 ’::i
Yy =7 Y T
T 4 1 ) X
Z’='§y 22;
g |G-y =2 oy = . Y _ 4
1(z_y)22’=y ytz z+x x+y’
34. Giai cac hé phuong trinh :
y=z-y y =4y -3z
D {z’= -y—3z 2 z’ =3y t+4z
2656
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g,

d __ +y+ d _ +
@ =TIy e ==+
d d
3)~d—{=x—y+z 4)4d—{=—x+2y+z
 xty-z : 9 s
a-*TYTE a - *TEe
DAP SO
L. Dhnlxyl +x-y=¢C EY ¥ =
1 nlxyl +x y—_ ‘ D nl;l_
v _ |
9 x = In tgF| + ooy + C 4)23mx+ln|t%| =C
_ . X ' x—y
5)tg§..c(§g’2—'+1) (1-teg) &) x +ootg 5L =C .
_ 1 3 2 _
7)yfc—c_x—-x 8lx-y)=-2x+C.
2OVTFE +VTFF = VI +1 2y = Sarctgr -
3) Moi nghiém déu théa man diéu kién &y |
2(x2 ~1) +4x
Hy =) TZX
Y e
8. 1)y?+2zxy ~x2 = (2 2)1+2Cy-Cx2=0
8)y = £+ W1 +C&2 Hxax2+y) -Cy =0
5)x2+y2-20x-C2 =0 6) syeos? = C

Nxl-2xy-y?+2x-6y=CDatx=X+1,y=Y+2)
-Zarcty-'-z:
e | x3_ Cy + 2).

4.2 = C2y+0).

266



. "q'$

L 4

C ln{x—-+dxz—x)

8. 1) y= nfux < Qholicx > 1;
x“—-x 2. -x _
y= C - +arcsm(2x-1). nEu0 < x <1
' 'qx-_-? 2. \yx- .
)3 - 3y =e* .C +-xi
2)y=Cx+(1+0)_ ; yy=e™ (C+3)

Hy=1+HE+C). By=(@x+ 17 (£+x+;)
2

In(x :4121*‘1) s My -2x = Cy’ (giki x theo y)

1
8) y = Cx +xarctg —-xz-ln(xz + 1)5 9Ny = Elemf:

2
100y = & + 1) ° (52— + 1n|x| + C)-
8.y = Cx + (2x2 - ).

\|x2+1

.7y=x(1+f odt).

o1

8.1) = c(1+ )%“‘”’ NP +1+CF) =1

2
1

3)y(llnx+ +(}x2) 1. 4)y=e"‘(§-e"+l)2
o 1, :
5) x = ! theo y).6) = = Ce 20 —y? + 2

¥ yanleG e x e a8y = G *

3 _

9y=12+lé_xl
lt:"y=x:1
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x? y 4 2 4 3
11. 1)-2—+x+xy-—+3y=Cj 2) x* + 3x%y? +y3 =

3 lnl %' -

5)sin%—-cos—+x——“

3) a(xy)

metyer (24D = 1= o,
12. 1) afx) = &, ye* (22 +73) =C Z)a(y)—yz,yﬂr
1
R
x%y? ' 2 Xy

13. l)y"'—c

3

xy X
x-—y_c ; 4) In|x + y| T Fy

; =C;6x’(1 +Iny) -y

= Dy= --xarctg(ln’-a)
2 o

Cc

3)xy=C(x3+y3);- 4)x=t+t3,y=%+3~+c

5) Phuoﬁg trinh Clairaut. Nghiém tdng quat y = Cx +
Nghiém ki di y° = 4x.
6) Phuong trinh Lagrange. Nghiém t8ng quat
y = Cx-l-cc1 Nghi¢m ki di (x + y)? + 2x - 2y + 1
Dx = —u +%lnu(;+ul)+21 \r_al'ctg'zuT:;l + C
u? ‘
R 1

(Tham s6 hda phuong trinh theo t =

14. by

3y = Kx2 +y?) ;
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4) (x% + yz)z = Kxy
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S CxE+1
N T .
16. y () = - x%y = =73

16. D)y =& &-1D+Cx*+C, .2)y ='-122 (3x* -4z -36x% +72x + 8)
11 %3, 4
DY =3 " ox+) ) Ny=7g (x-3)
5)y—Clln|y]=x+C2} 6) y = C, £ acos(x + C})
- 2
Dy = £3& + CH¥ + C, .

] _ 2x+1)%
17.1)y=Cx+C,Inlx| ; 2)y=Cpe 2"+Cz[( Y _

2

b

2]

3
3y =Cx*~-x) + Cz[l —Exz

4)y = x% - el
18. y = Cx2 + C,x - 1) + 1.

+2 : 1 3
3 In|x| +C;x +2) +C,- +5 -

19. y = =
.y— 2

et e“". )
20. 1) y=5 (x-In(E + 1) + C) -5 (& ~In(@ + D+C).

4
2)y = e™X(C + Cx + (1 + x)*7)

3) y = Cieosx + C,sinx — cosxln't_g(% + %)I
4y = Ce™™ + Cpp™™ + %e_z"ln(l + &) + e X arctge
5) y = Cyeosx + C,sinx — Vcoex .

Hsinx + Tecosx

= .
21. 1) y = Gyt + G + ——

2) y = Cjcos3x + Cysindx + 593" |
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J&,"a;.,i
J'es

)y = C, + Ce™ + %2

. 1
4) y = eX(Cecos¥2 x + C'zsinﬁ x) + %T(&osx — 4sing)
5) y = Cico2x + C.sin2x — %coﬁzx
6)y = (C; + Cx)e™ + 2x%
1 ‘
= — {243 2 4
Ty = Cie¥ + Cpe* (3 + x +2x)e"

: a x
8)3I7=C]e"+Cze5’_‘+§e"

1
9 y = e™¥(Ceolx + C,5in2x) + e™* (gxc082x + %xzsin2x)
) x2  x%cos2x 4xsin2x  13cos2x
10)y=Clcosx+Czsmx+?—_1— s T g9 to7 .

- 1
1y =C +Ce* + §xe3" + 3x2 + 2x
. 1 3x |
12} y = Cjeox + C,sinx —ﬁcos&x +§—smx
13) y = %C, + Cx + a2 — Leo
y = 1+ Cx + x® — geol)
)y y =

cosax + 2a (e* — 1) sinax

o
(a +3)? (*-273)

15) Néu a = -8,y = (C, +Cx)e > +

3

Néu a = __3’ y = (C, + sz)e"z"’.‘ + '%—e_'-"".



LN

) "f'c‘-“.(
£,

2 X [1) - 1 x
1) Neum=0,m=1,y=Ce+Cpr™+t—xe" ~— ——— il
1-m m m

2

Néum=0,y=C]e"+Cz+xe“+§é—+2x
1 .
"Né’um=1,y=(Cl+sz)e"+§xze"—x—3.
29y = 3+ 20, + b - Lin
Y= x[z 3 o lﬁnx].

23.y = Ce* + C, ~ cose*.

b4 + 1*::2__1&1—1:2
11 +x2 21 +x2 41432

25.y = CI+&% +x + C1+< - x).

26. y = x(Cle® + Cpe™ .-

24. y = C

arctgx .

-1
27. y = ;E(Clcosx + Csinx — cosxln|cosx| + xsinx).

28, p(r) = Cle2r " Cze'z"‘

. r4—a 12'
29.Né’ua¢2,a¢4,gp(r)=—(~2—_am+cl +CZ
1
Néua =4, () = —5lor + Crf + G-
inr + O
Né&u a = 2, ¢(r) = Elnr +Cr +C, -
(—§ + - 2x- Cle_x)
30. y = Cpe
X l+x
3l.y =x;y=Cx+ Cz('iln‘ l—xl - 1)_
0 vl Lo 1 o3 1 o =3
32.y—1+§x gX ~1g% I 2 G S oyt

hoi tu trong khoang -1 < x < 1 |

1

m2
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33. 1)y = Ce*™ + 2C,e™, z = Ce® + Cye™

|
2y = (C; + Cxje* + 5085z = (G + Cpx) &
8) y = Cie¥ + Cpe3x — xe 3
C C .

‘= 1 x_._z'—3x..,l .1_ =Ix . Z o 3x

z—2e5 3 © 8e"+2xe ge "’
4) y = e (- 2cosx + sinx) + 2

z = ™+~ cosx + 3 sinx) + 1

1 -

._ Cx _ Cx
5),‘(-01028 +x 2z = Cpe
X X
6).y=g+1,z=-4—+2
7 — ' .
Ee S e T A e T ——
y Cx+ 02)2 2C(Cx+Cy
z 3
8);= C,, zy? -§x2= C,

9yl -22=C, 2 +(z-y?=C,
Z—X
y—x

10)

=C, -y x+y+2) =C,.
34. 1) y = (C, -'_-CZX) e X 7z = (C, - C, - Cx) e ™
20y = e™ (Cjeos3x + €, sin3x), z = ¢* (- C,sin3x + C,cos3x)
Hx=Ce'+Ce? y=Cpe'+Ce ™ 2=Cel- (C,+Cy) o2
4) x = Ce® + Cyeleost + Cyelsint
y = C,e?" + Cyelcost - C,e'sint

z = Cped - C,e'cost + Coe'sint.
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