Bai giang quy hoach todn

Chwong 1.  BAI TOAN QUY HOACH TUYEN TINH
PHUONG PHAP HINH HQC

1.1.  Cdc badi todn thuc té
1.1.1. Bai ton 1ap ké hoach san xuit

a) Vi du Dé san xuat keo va banh can 2 tht nguyén liéu chinh 13 dudng va bt mi,
v6i trir lwong hién c6 1 0,9kg duong va 1,1 kg bot mi. 1kg keo can 0,5 kg dudng va 0,3
kg bot mi; 1kg banh can 0,2kg dudng va 0,4 kg bot mi.

Gia 1kg keo 1a 10000d; 1kg banh 1a 20000d. Hay lap ké hoach san xuét sao cho
téng gia tri san pham 16n nhat.

Goi x; 1a s kg keo dugc san xuat; x; 1a s6 kg banh dugc san xuat.
C6 mo6 hinh toan hoc:

f(x) = 10000x; +20000x, — max

0.5x, +0.2x, < 0.9
0.3x, +0.4x, <1.1

X;,Xx, 20

b)Tong qudt Pé san xudt n logi san pham khdc nhau can m logi yéu t6 san xudt
V6i trit liwong hién c6 1a by, by, ..., b,,. Hé s6 hao phi yéu t6 i (i=1..m ) cho 1 don vi san
pham j (j=1..n) la ay. Gia I don vi san pham j la ' ¢; (j=1..n). Hay ldp ké hoach san xudt
trén co sé cdc yéu to san xudt hién c6 sao cho tong gid tri san pham I6n nhat.

Goi x; la sd san pham j duoc san xuat,
f(x) 1a tong doanh thu tng v6i ké hoach san xudt x = (x1,Xa, ..., Xn).
C6 mo hinh toan hoc:

n
f(x)= > cjx; — max
=

Zayx/ <b, (i=1..m)

x;20(j=1.n)
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1.1.2. Bai toan van tai

Co m kho hang chira cung I logi hang hoa voi s6 lwong 6 kho i la ai (i=1. .m).
Pong thoi ¢é n cira hang voi nhu cau & cira hang j la bj (j=1..n). Chi phi vin chuyén 1
don vi hang tur kho i dén cira hang j la cij Hay ldp ké hoach vin chuyén sao cho théa man
nhu cdu cdc cira hang va chi phi vin chuyén thap nhat.

Goi x; la s6 lwong hang chuyen tir kho i dén ctra hang j
f(x) 14 tong chi phi theo ké hoach van chuyén x.

Mo hinh toan hoc:
f(x) = > cijxj — min
=l j=1
qu <a, (i=1.m)

x; =b, (j=1.n)

1

;20 =1.m,j=1.n)

1.1.3. Bai toan xac dinh khau phin

C6 n logi thire an gia siic, gid 1 don vi thike én j la ¢ (j=1..n). Gia siic can m chat
dinh dwéng véi nhu cdu toi thiéu chat i la b; (i=1..m). Biét ham lwong chdt i c¢é trong 1
don vi thirc an j la a;. Hay xdc dinh khdu phan thirc dn cho gia siic sao cho chi phi thap
nhdt dong thoi dam bdo cdc chat dinh dwdng cho gia siic.

Goi x; la lugng thirc an j co trong khau phan,
f(x) 1a gia khau phan x = (x1,Xy, ..., Xy).
C6 mo hinh toan hoc sau:

fx)= 3 cx; — min

j=1
Zayx/ 2b, (i=1..m)

x;20(j=1.n)

1.2. Bai todan qui hoach tuyén tinh

Xét bai toan
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(1) )= cx — min

J=1

n

ZU/ b(l—lp)

J=1

(2) Zal/xl >b, i=p+1.k)

Zayxj <b (i=k+1..m)

Bai toan (1,2) goi 1a bai toan quy hoach tuyén tinh dang tong quat, ky hién 1a (®,1).
* f(x) goi 1a ham muc tiéu.

* HE (2) goi 1a h¢ rang budc.

*Matran A = (au)mxn goi la ma tran s liéu.

* Vecto C = (cj)n goi la h¢ s6 ham muyc tiéu.

M&di bo 36 x= (x1, X2, ..., X,) thoa man hé rang bude (2) goi la phuong éan, ky hleu Xe D.
Phuong an lam cho ham muc tiéu f(x) dat cuc tri can tim goi 1a phuong an tdi vu, hay 1a
nghiém cuda bai toan (®,f) .

1.3.  Phwong phap hinh hoc

Phuong phap hinh hoc dung dé giai bai toan (®,f) 2 an, hodc nhiéu hon 2 an
nhung c6 thé dua vé bai toan 2 an twong duong.

Xét bai toan
f(x) = ax +by — min (max)
(D) {a,x+b.y<ci (i=1.m)

Mién @ d 13 giao cic nira mat phang, hay 13 mot da giac. Bai toan co thé phat biéu bang
hinh hoc nhu sau:

Tim trong ho dudng thang song song ax+ by = f goi 14 ho dudng mirc ,mot dudng mirc
mg v6i f nho nhat (16n nhét) ¢6 it nhat 1 diém chung véi mién .

Vidul.l
f(x,y) =x + 2y — max
Sx+2y<9
3x+4y<I11

x,y2>0
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A0,11/4)

f

0 C9/5.0) X

Qua hinh v& thiy duong thang qua A(0, %) mg voi £ 16n nhit. Vay nghiém 1a x,=0,

xz=E va fax = E
4 2
Nhan xeét
- Nghiém Ia dinh cua da giac.
- Néu ham muc tiéu 1a f(x,y) = 3x + 4y thi nghiém 13 ca doan thing AB.
- Gia tri f cua ho dudng muc ting theo chiéu cua phap vecto.

Vidyl.2
f(x,y) = x + y — max
x—y=-1
x—2y<2
x,y20
<o

Theo hinh v&, ham muc tiéu khong bi chan trén trong mién % nén bai toan vé nghiém.
---000---
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Trang 5

1.4.  Baitp

Gidi cdc bai toan sau bang phwong phdp hinh hoc

1. f(x)=x+2y - max 2. f(x) =5x - 3y - min
3x+y<6 x+2y<4
3x+4y<12 x+3y=>6
x20,y2>0 x20,y>0

3. f(x) =3x + y > max 4. f(x) =2x + 3y +10 —» max

(3x+y£6
—3x+y=6
3x+5y<15 *ry<d
x+0y‘ : x+2y<4
> >
renre x>0,y>0

5. f(x) = 2x + S5y = max 6. f(x) = x + 3y — max

2x+y=>2

x+y<8 jx+3y£6

x+y>3 x+y>4

2x+y<12 x=20,y=20

x>20,y>0

7. f(x) = x + 2y — max 8. f(x) =2x + 3y — min

(x+2y28

Jx+y£8 3x+y=>6

2xty<14 3x+dy> 12

x>20,y>0 ¥20,30

9. f(x) = 5x; + 2x, + 3x3 — max 10. f(x) =2x; + X3 — min

(x1+x2+x3 =1 .

X, X, + X, =

2x,+5x, +3x,<4 j e
2x,+x,+2x,23

4x,+x,+3x,;<2
x,20,x,20,x;,20

x,20,x,20,x; 20

sk sk sfe sk sfe sk ske sk s sk ke sk sk sk skeosk sk sk sk skosk

GV: Phan Thanh Tao
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Chwong 2. PHUONG PHAP PON HINH
2.1. Dang chinh tic va dang chudn tic
2.1.1. Dinh nghia
Trong thuc té, da sb cac bai toan c6 diéu kién khong am cua céac an. T d6 c6 dinh
nghia dang chinh tac 1a bai todn (®,f) nhu sau:
fx)= 3 cx; — min )
=

iayx/ =b, (i=1l.m) (2)

ch >0 (j=1.n) 3)

(2) goi la rang budc cudng burc, (3) goi la rang budce ty nhién.
Vi bai toan (,f) chinh tac, c6 thé gid st m <n.

Mot truong hop dac biét cua dang chinh tc 1a ma tran $6 liu A = (ajj)mxn €6 chtra
du m vecto cot lam vecto don vi ctia khong gian R™ va b> 0 (i=1. m) g01 1a dang chuan
tac. Khong mat tinh tong quat, c6 thé dinh nghia bai toan (®,f) chuan tic nhu sau:

f(x) = Z ¢x; — min

xX; + Zayxj =b, (i=1..m)

J=m+1

x;20(j=1.n)
trong do b= 0 (i=1..m).

2.1.2. Cac phép bién ddi

? Céc phép bién ddi sau dé dua bai toan (D.1) bét ky vé dang chinh tic twong duong
deé giai, va tu do suy ra nghi¢m cua bai toan ban dau.
a/ f(x) > max <  g(x)=-f(x) > min

b/ Za x, <b < Za X, +x,,., =b, vO1 Xp>0

[/Aad] g
Zauxz >h, < Zay ;= X, = b, VO X120

X+ g01 13 4n phy. C6 két ludn sau:

Néu x= (X1, X2, <ees Xnp X1y +oer Xntm) 1a nghiém cuia bai todn chinh tac bién d6i thi
X=(X1, X2, ..., Xp) 121 nghiém bal toan gdc.

GV: Phan Thanh Tao
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¢/ Néu an x; khong rang budc vé dau thi duge thay bang hi¢u hai an khong am.
Nghia la dat x; =x;” — x;” vo1 x;°>0, x;”>0.

d/ Trudng hop b; < 0 thi nhan hai vé phuong trinh cho -1 ¢6 duge b>0.

Vay: Moi bai todn quy hoach tuyén tinh déu c6 thé dwa vé bai todn dang chinh tic
twong duwong. Hon nita co thé cac hé so tu do b; trong hé rang buoc la khong am.

2.1.3. Phwong an co ban

Xét bai toan (@.f) dang chinh tic
f(x) = z ¢iX; — min

Za,, ;=b, (i=1.m)
x,20(j=1.n)
bat  Aj=(ajj,a,...,an )la vecto cOt thir j trong ma tran A,

b =(by, by, ... m) la cot hé $b tu do.

Gia st x =(x, X2,..., x5) 1a phuong an ctia bai toan thi hé vecto { A/ ;j >0}
goi la hé vecto lién két véi phuong an x.

Dinh nghia
xe P la phuong an co ban néu hé vécto lién ket voi x doc lap tuyén tinh.
An x; goi la an co ban néu x; > 0.

Nhdn xét:
- Phuong 4n co ban c6 tdi da m thanh phén duong.
Phuong an co ban ¢ dung m thanh phan duong goi 1a khong suy bién. Nguoc lai
g01 1a suy bién. Bai toan c6 phuong an co ban suy bién goi la bai toan suy bién.
- S6 phuong 4n co ban ctia mot bai toan (@,f) 13 hiru han.
- Vi bai toan dang chuan tic thi ¢6 phuong an co ban 14 x° = (by, b, ... ,b,0,....0).

2.1.4. Céc tinh chit

Tinh chét 1 Bai toan (D.f) chi xay ra 1 trong 3 truong hop sau: ,
a) V6 nghiém b) C6 1 nghiém duy nhat c¢) VO s0 nghiém.

Tinh chdt 2 Néu ham muc tiéu f(x) 1a chin duéi (trén ) ddi v6i bai toan dang min (max)
trén tap phuong an @ thi bai toan (®,f) c6 nghiém.

GV: Phan Thanh Tao
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Tinh chdt 3 Néu bai toan (®,f) c¢6 nghiém thi c6 nghém 1 phwong 4n co ban.
2.2. Phwong phap don hinh
2.2.1. Noi dung
7 Xuat phat tir phuong 4n co ban nao do, tim cach danh gia no. Néu chua t6i vu thi
chuyén sang phuong an co ban méi tot hon. Néu bai todn c6 nghi€ém thi sau hiru han

budc s€ tim dugc phuong an co ban téi vu. Hon nita dau hi€éu vo nghiém cling dugc thé
hién trén thuat toan .

Vidu?2.1 Xétbai toan (@,f) dang chuan tic:
f(x) = x;-2x,+3x; -2X4 — min

2x,-3x, +x;, =4
X, + X, +x,=35
x,20(=1.4)

C6 phuong an co ban x° = (0, 0, 4, 5) va f(x°)=2 vdi x3, X4 1a an co ban.
Danh gia:
V X=(X1,X2,X3,X4) € D

2x, =3x, +x; =4 x;=4-2x, +3x,
X, + X, +x, =5 S 3x,=5-x,—x,
x,20(j=1.4) x,20(j=1.4)

f(x) =x;-2x,+3x; -2x4

= X1 -2X2 +3(4-2X1 +3X2) -2(5-X1 -X2)

=2 -3X1 +9X2

= 2—A1X1 - AzXz
Vi X1, X,>0 nén néu A;, A, <0 thi f(x)>2 va x° 1a phwong an t6i wu. Tuy nhién, ¢ day
A=3>0 nén x° chua phai 1a nghiém.

Thir chon x;, X4 1am an co ban , cho x,=0 va x;=0. Co
2x =4
{ : = x;=2 va x4=3.
X, +x,=5
RO rang Ay, A4 doc lap tuyén tinh nén cé phuong 4n co ban la x= (2,0,0,3)
vaf(x)=-4.
banh gia:
V X=(X1,X2,X3,X4) € D :

GV: Phan Thanh Tao
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{2x1 =-3x,+x; =4

X, + x, +x, =5

f(x) =x;-2x;+3x;5-2x4

= (2+% Xo - % X3) -2X2 +3X3 -2(3-% X2 + % X3)

=-4 +% X2 + %X3 (= —4—A2X2 - A3X3)

> -4
Vi Xo, X320 nén x 1a phuong an ti uu (A,, A3<0).

2.2.2. Bang don hinh

Cho bai toan (,f) chuan tic:
f(x)= > ¢x — min

J=1
X, + Zaﬁxj =b, (i=1..m)
J=m+l
x,20(j=1.n)
trong doé b>0 (i=1..m).

Vj=1.n dit A =

i=1

X°=(b1, by, ..., by, 0, ..., 0) v&i fx)= 3 ciby

i=1

Luuy: Aj=0, Vi=l.m

ciajj - ¢j va goi la udc luong cua an x; do1 voi phuong an co ban

Co bang don hinh sau:
Hé |An |P/An |x Xo Xm Xt Xs Xy
sO CB Ci CH Cm Crnt1 Cq Cn
Ci X] b, 1 0 0 Al mtl ajg an
o X5 b, 0 1 0 A mtl PN an
Cr Xy br 0 0 0 drm+l Arg Am
Cm Xm bm 0 0 1 Am m+1 Ams Amn
f(x) Ay AY) A Amt1 A A,

GV: Phan Thanh Tao
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2.2.3. Co s6 ly luan

Cho bai toan (@,f) chuén tic:
f(x)= D> c¢x; — min

Jj=1

X, + Zal] x, =b, (i=1.m)

J=m+1

x;20(j=1.n)
trong do b= 0 (i=1..m).
V]:]I’l dét Aj = i Cidjj -G
i=1
C6 phuong an co ban x°=(by, by, ..., by, 0, ..., 0) véi f(x,)= z cib;

i=1

Dinh Iy 1 ( Dau hiéu tbi uu)
Néu A; <0 voi moi j = 1..n thi x° la phwong dan 161 wu.

Chirng minh

m

Co f(XO): Z Cibi
i=1

A X:(Xj)ne DX+ Zn: 45X :bi (l:]m) = Xi:bi - Zn: AjiX; (z=]m)

J=m+l J=m+l
n
f(x) =Z CiX;
J=1
m
=2 Xt Z CiX;
i=1 J=m+l
m n n
= 2 cibi- X ax)t Y e
i=1 J=m+l J=m+l
m
=Z cib; - Z (Z Cijj-C;) Xj
i= J=m+l i=1
- Z AYRS
J=m+l

> f(x°) : vi Aj >0 va x> 0 (j=m+1..n)

Dinh Iy 2 ( Diu hiéu v6 nghiém)
Neu IA,>0va ay<0 Vi= 1..m thi bai toan vo nghiém.

Chirng minh
ViA=0, Vi=I..mva A, >0nén cé k>m.

GV: Phan Thanh Tao
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v 0>0, xét bd 6 x=(x;), Vi
x;=b,-8a, (i=1.m)
x, =8
x;=0(j=m+l.n,j#k)

Vi=Il..m: x;+ z QX = (bi—eaik) + aik0= bi (1)
J=m+l

X = 0>0 nén x>0 Vj=m+I.n

Vi=I1..m: x;=b;-0ay >bi >0. Vi 0>0 va a;<0.

Viy x=0 Vj=m+l..n (2)

(1) va (2) ¢6 xe D

f(X) = Cij

I
M S
o
Es
_|_
M
O
e

I
0
o

1
@

M=
Qo
£
~

_I_
<
ke
@

= f(x°) — 0( z Ci-c )
— f(x°) — 0A,

Cho x— oo thi f(x) — -00 trén ®. Hay f(x) khong bi chdn dudi trén .
Vay bai toan vo nghiém.

Dinh Iy 3 (Diéu chinh phuong 4n) ,
Neéeu VA, >0, 3 az>0 thi ¢ thé tim dwoc phiwong dn co ban maoi tot hon x°, trong
truong hop bai toan khong suy bien.

Chirng minh:
Gia su Ay = max {A;} voi A>0 (j=1..n).
Theo gia thiét 3 a;>0

Dat 6 =min {i } véiaig> 0. Co 0>0 do bai toan khong suy bién.

b , b b,
r , co r S i
rs rs ais

Xétbo 56 x =(x;), v6i

Gid su 0=
a

Q

GV: Phan Thanh Tao
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b,—9a, (i=1.m)
9
=0

RalliSa il
Il

(j=m+1l.n,j#s)

Vi=1.m: X; + z QjjX; = (bi—eais) + aiSOZ bi (1)

J=m+l

X~ 0>0 nén x>0 Vj —m+] n

Vi=Il.m: x;=Db;-0a; = b-—als>0 Vi -~ >b—’(z 1..m) va a;>0.
a is rs

Vay x>0 Vj=m+l.n (2)

(H)yva2)cod xe »

Co x, = b,-0a, =D, =0. Vay x, la an khong co ban.

Hé vecto lién két x° 1a m vecto don vi {A}, Ay, ..., Am}.

Vay hé vecto lién két x 13 hé con cta {A}, Ay, ..., Am} U {AJ\{A,}.

Gia st hé vecto lién két x phu thudc tuyén tinh thi hé {A, A,, ..., Am} U {A\{A,} phu
thudc tuyén tinh.

Nén 3 k;#0 sao cho: ikiAi + kA, =0 ( vecto khong)

i#r
m

Néu k=0 thi 3 k#0 (i=1..m) sao cho: D kA = 0 . Mau thuan vi {A, A,, ..., A} 1ahé
=1

i#r

vecto don vi. Vay k0 va iki A +kA=0

i=1
i#r

hay A, = f 4 3)
Ngoaira, Ag=(a15, a5, .., 3ms )= 2 3isA; (4)
i=1
Trir (4) cho (3) co
i(a[v +£)A[ +aA, = 0.
1:—1 ‘ ks
Do {A|, Ay, ..., A} la hé ddc lap tuyen tinh nén co6 ars—O (mau thuan)
Viay h¢ vecto llen két x 1a hé doc 1ap tuyén tinh. Hay x 1a phuong an co ban.

f(x) ZZ Cij

GV: Phan Thanh Tao
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U

= Z CiXi+ i Cij

i=1 j=m+l

ci(bi—GaiS)Jr i Cij

i=1 J=m+l

Il
NgE

m
Cibi -0 Z CiajstCq 0

i=1

= 1(x%) - 0> ciaiec, )
i=1

= f(x°) — 0A

<f(x%, vi 6>0 va A>0.
Hay phuong 4n co ban t6t hon phuong an co ban x° mét lugng 0A,.

Il

2.2.4. Cac buéc cua thuit toan don hinh

Buwoc 1 Kiém tra tinh t6i wu cia phirong dn x°= b, by, ..., b, 0, ..., 0
p g

m

* Néu A; <0 Vj = [..n thi x° 1a phuong an t0i vu va fnin=f(x")= Z cib;.

i=l1

* Néu 3A,>0 thi chuyén sang budc 2.

Buwoc 2 Kiém tra diéu kién vé nghiém
*Néu AL >0 va a3 <0 voi moi i = 1..m thi bai todn v6 nghi¢m.
* Neu Y A;>0, 3 ay>0 thi chuyén sang budce 3.

Buoce 3 Tim an thay thé va an logi ra
* Néu A; = max {A;} vé1 A>0 (j=1..n) thi dua x, dua vao tap 4n co ban .

;b . b, . S A A ,
*Néu ——=min {— } v&i a;> 0 thi loai x, ra khéi tdp an co ban .
rs is

* Chuyén sang budc 4.

Buéc4  Bién doi bang don hinh
* Bién do61 bang don hinh theo cong thurc sau:

a' :a'j
" a

rs

' ar/ .
a,=a,———a, (i#r)
rs

b'.=0

”

b =b, —b—fais (i #7)

rs

* Tinh la1 cac gia tri A;, quay lai buoc 1.

GV: Phan Thanh Tao
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Quaé trinh nay c6 thé mo ta nhu viéc bién doi so cap vé hang trén ma tran bo sung
cua h¢ rang budc sao cho vecto A, trd thanh vecto don vi thir r, va cac vecto don vi khac

van gilt nguyén.

Nhdn xét Céc cong thirc bién ddi cho a;; cling dting cho ca b; va A; néu xem b 1a cot th 0

va A 1a hang thit m=+1/ cua ma tran $6 liéu A s

Vidu2.2

f(x) = 5x; +4x, + 5x3 +2xX4 +X5 + 3X¢ — min

2x, +4x, +3x; + x, =52
4x, + 2x,+3x,  + x4 =60
3x, + X, +x, =36
x; 20 (j=1.6)
H¢ An P/An |x, X5 X3 X4 X5 X
50 CB 5 4 5 2 1 3
2 X4 52 2 4 3 1 0 0
1 X5 60 4 2 3 0 1 0
3 Xg 36 3 0 1 0 0 1
272 12 6 7 0 0 0
2 X4 28 0 4 7/3 1 0 -2/3
1 X5 12 0 2 5/3 0 1 -4/3
5 X1 12 1 0 1/3 0 0 1/3
128 0 6 3 0 0 -4
2 X4 4 0 0 -1 1 -2 2
4 X, 6 0 1 5/6 0 1/2 -2/3
5 X1 12 1 0 1/3 0 0 1/3
92 0 0 -2 0 -3 0

AJ <0 v.] :1"63 Xopt— (12, 6, 0, 4, 0, 0) va fmin=92

Vidu 2.3
f (x) = 3x; -2x, +2X3 - X4 — min
X+ X, -2x, =1
-2x,+ x;+3x, =1
x,20 (j=1.4)

GV: Phan Thanh Tao
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Hé Al’l P/An X1 X2 X3 X4
5O CB 3 -1 2 -1
3 X1 1 1 1 -2
2 X3 1 0 -2 1 3
5 0 0 0 1
3 X1 5/3 1 -1/3 | 2/3 0
-1 X4 1/3 0 -2/3 | 1/3 1
14/3 |0 2/3 -1/3 10

C6 A,=2/3>0 va trén cot nay khong cé sé duong nén bai toan vo nghiém.
2.2.5. Bai toan an phu
Cac phép bién d6i dé dua bai toan (@,f) vé dang chinh tic

n n
Zaijx‘v < bi < Zaijx' T X = bz‘ Vo1 Xn+i20
J=1 =1

g,

n n
Zai/‘x.' >h o Zaux. —x,,, =b, vO1 X:>0

J=1 J=1
Xp+i gO1 12 an phu. Co két luan sau:
Néu x= (X1, X2, «ovs Xpy Xnt1s ---» Xn+m) 1@ Nghiém cta bai toan chinh tac bién ddi thi
X=(X1, X2, ..., Xn) 1a nghiém bai toan gdc.

Vidu2.4
f (x) = -x; +3x, -2X3 — max

3x,— x, + 2x;+x, =7

2x, —4x,— x4 >-12
—4x, +3x, +8x, <10
x; 20 (j=1.4)

Bai toan chinh tic twong duong
g (x) =X -3x; +2x3 — min

3x,— x, + 2x;+x, =7
=2x, +4x,+x; +x; =12
—4x, +3x, +8x, +x, =10
x; 20 (j=1.6)

Trong d6 xs, x¢ 12 an phu.
Day la bai toan (®,f) chuan tac nén dugc dua vao bang don hinh dé giai.

GV: Phan Thanh Tao
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Hé An P/An |x, X) X3

X4 X3 X6

36 CB 1 3 2 0 0 0
0 X4 7 3 -1 2 1 0 0
0 Xs 12 2 4 1 0 1 0
0 X 10 -4 3 8 0 0 1

0 -1 3 2 0 0 0
0 X4 10 52 |0 9/4 |1 1/4 0
3 Xs 3 12 |1 Y, 0 1/4 0
0 Xg 1 52 10 29/4 |0 340 |1

-9 12 |o -11/4 |0 3/4 10
1 X 4 1 0 9/10 [2/5 |1/10 |0
3 Xs 5 0 1 7/10 | 1/5 [3/10 |0
0 Xq 11 0 0 192 |1 12 |1

-11 0 0 -16/5)-1/5 [-4/5 o

A <0 Vj=1.6,Xe=(4,5,0,0,0,11) va f,;,,=-11. Vay nghiém bai toan géc la
Xop= (4,5, 0, 0) va f,,,=11.

Néu céc gia tri min/max dat tqi nhiéu vi tri thi chon tuy y mot vi tri bat ky trong 56 do.
Thong thwong chon chi so nho nhat.

2.2.6. Bai toan 4n gia

Cho bai toan (,f) dang chinh tic:
fx)= 3 cx; — min

J=1

>ax;=b, (i=1.m)
j=1

x;20(j=1.n)
trong d6 b>0 (i=1..m).

Xét bai toan:

f(x)=7>3 cjxj+Mi Xp+i — min

j=1 i=1

Dax; +x,,=b (i=1.m)

j=1
x;20(j=l.n+m)
v6oi M 14 s6 duong kha 16n ( M—o)..
Bai toan nay goi la bai toan mo rong cua bai toan trén, hay bai todn M.

GV: Phan Thanh Tao
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Vi bai toan M ¢6 ngay phuong an co ban ban dau véi x,;(i=1..m) 1a cac an co ban .
Dung thuat toan don hinh dé giai.
Xp+i 201 1a cac an gia.

Sau khi giéi bai toan M, c6 dugc quan h¢ gitra bai todn M va bai toan (®,f) nhu sau:
e Néu bai toan M v6 nghiém th1 bai toan (,f) vd nghiém.
e Néu bai toan M ¢b nghi¢m x = = (X1, X2, +.er X, 0,...,0) thi x = (x4, Xp, ..., X,) 1&
nghiém cua bai todn (D,f).
e Néu bai toan M c6 nghiém x = (X1, X2, ..., Xntm) VA 3 Xpem)>0 thi bai toan (@.f) vo
nghiém.

Tién trinh giai bai toan M 1a loai dan cac an gia ra khoi tp an co ban cho dén khi loai tat
ca la bat dau giai bai todn goc. Nén tir do co6 thé khong can tinh cho cac c¢ft an gia. Néu
cuoi cung khong loai dugc cac an gia ma nhan gia tri 0 thi bai todn goc cling c6 nghiém.

O day gia st bai toan (,f) trong ma tran s6 liéu A khong c6 vecto don vi nao. Tuy
nhién, chi can thém mot s (<m) an gia cho du m vecto don vi.

Vidu2.5
f (x) = x; +2x; -X3 — max

—-x, +4x, -2x,<6
X+ x, +2x;, 26
2x,— X, +2x,=4
x, 20 (j=1.3)

Dang chinh tic twong duong:
f (x) = -x; -2x; +X3 — min

—-x, +4x, -2x,+x, =6
x + x, +2x, —Xx;,=6
2x, — X, +2x, =4
x, 20 (j=1.5)

trong d0 x4, x5 1a hai 4n phu.
Bai toan chinh tic can thém hai 4n gia dé dua vé bai toan chuin tic 1a x, x7.
Bai todn M tuong ng:

7 (;) = -X1 -2X; + X3 tM X4+M X7— min

GV: Phan Thanh Tao
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—-x, +4x, —2x,+x, =6
X+ x, +2x, — X5 + X4 =6
2x, — x, +2x, +x, =4
x,20 (j=1.7)
Day 12 bai toan dang chuén tic nén dugc dua vao bang don hinh dé giai.
Hé sé | An P/An |x, X5 X3 X4 X5 X6 X6
CB -1 -2 1 0 0 M M
0 X4 6 -1 4 -2 1 0 0 0
M Xq 6 1 1 2 0 -1 1 0
M X7 4 2 -1 2 0 0 0 1
3IM+1 | 2 4M-1 |0 -M 0 0
0 X4 10 1 3 0 1 0 0 1
M Xq 2 -1 2 0 0 -1 1 -1
1 X3 2 1 -1/2 1 0 0 0 1/2
M+2 [ 2M+32 |0 0 M 0 OM+1/2
0 X4 7 5/2 0 0 1 32 -3/2 |52
-2 Xo 1 -1/2 1 0 0 -1/2 1/2 -1/2
1 X3 5/2 3/4 0 1 0 -1/4 | 1/4 1/4
-9/2 11/4 0 0 0 3/4 M-3/4 | -M+5/4
-1 X| 14/5 |1 0 0 2/5 3/5 -3/5 1
-2 X) 12/5 |0 1 0 1/5 -1/5 1/5 0
1 X3 2/5 0 0 1 -3/10 | -7/10 | 7/10 |-1/2
-36/5 0 0 0 -11/10 | -9/10 _M+9/10 | -M-3/2

Nghiém bai toan M 1a x = (14/5, 12/5, 2/5, 0, 0,0,0), 4n gia da bi loai tir bang thi 3.
Nghiém bai toan géc chinh tac l1a x = (14/5, 12/5, 2/5,0,0), voi x4, x5 1a an phy, nén cé
nghién bai toan goc la x,,= (14/5, 12/5, 2/5,0,0) va . = 36/5

Vidu2.6
f (x) = 8x; -6x; -2x3 — max
4x, +3x, +4x, =4
4 x,+ x, —3x,=4
x,20 (j=1.3)

Bai toan M tuong Ung;:
f(x) = -8X1 +6X2 +2X3 +MX4 +MX5 — min
4x, +3x, +4x; +x, =4
4 x, + x, =3x, +x,=4
x;20 (j=1.5)

GV: Phan Thanh Tao
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Hé Al’l P/ An X1 X2 X3 X4

X5

$6 CB -8 6 2 M M
M X4 4 4 3 4 1 0
M Xs 4 4 1 3 0 1
8M+8 | 4M-6 [M-2 [0 0
-8 X 1 1 34 |1 /4 |0
M Xs 0 0 2 -7 -1 1
0 2M-12 | -7M-10 | -2M-2 0

Nghiém bai toan M la X= (1,0,0,0,0) ’
An gia x5 con 1a an co ban nhung nhén gié tri 0 nén nghi¢m bai todn goc 1a x = (1,0,0) va
fmax = 8

Vidu2.7
f (x) = -8x; +6x, +2x3 — min
4x, +3x, +4x, =4
4 x + x, =3x;=5
x; 20 (j=1.3)

Bai toan M tuong ung:
f(x)=-8x; +6x, +2x3 +Mx4 +Mx5— min
4x, +3x, +4x; + x, =4

4x+ x, =3x;  +x,=5

x; 2 0 (j=1.5)
H¢ sO | An P/An | x; X5 X3 X4 X5
CB -8 6 2 M M
M X4 4 4 3 4 1 0
M X5 5 4 1 -3 0 1
SM+8 | 4M-6 | M-2 0 0
-8 X1 1 1 3/4 1 1/4 0
M X5 1 0 -2 -7 -1 1
0 2M-12 | -7M-10 | -2M2 [0

An gia x5 con 1a an co ban nhung nhan gia tri xs =1>0 nén nén bai toan gdc vd nghi¢m.

GV: Phan Thanh Tao
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2.3. Cai dat thudt toan don hinh
2.3.1. Khai bao dir liéu

a) Xem b 1a ¢t 0, ¢ 1a hang 0 va A 1a hang m+1 cta ma tran s6 liéu a va f(x°)=a[m+1][0]
vo1 a[0][0]=0. Cac gia tr1 b;, ¢j, Aj va f(x) bién d6i thao cung cong thirc véi a;j. Nghia la:
b=a[i][0], ¢;=a[0][j], A=a[m+1][j].
Chi can khai bao mot ma tran A nhu sau:
float a[m+2][n+1];
b) Cac mang danh diu tip an co ban:
int  cb/n+l], acb[m];
v6i ¥ nghia:
xj la an co ban < cb[j]=1
va
Xj an co ban thir i < acb[i]=j

Tap an co ban ban dau gom m an dugc nhap tir ban phim

2.3.2. Tinh cac wéc lwgng A;

for (j=1; j<=n; j++){
a[m+1][j]1=0;
for (i=1; j<=m; i++) a[m+1l][j]l+= a[0] [ACB[i]]*al[i]l[j];
alm+l][j]-= al0][3];
}

2.3.3. Kiém tra t6i wu va tim an thay thé

int Toiuu( )
{
int s=1, j=1;
for (j=1; j<=n; J++)
if (a[m+1][3]1> alm+l][s])s=7;
return a[m+1] [s]>0;

}
2.3.4. Kiém tra v nghiém

int Vonghiem( )

{

int i,73;
for (j=1; j<=n; J++)
if (a[m+1]1([31> 0){
i=1; while (i<=m && al[i][]j]1<=0)i++;

if (i>m)retrun 1;
}

return 0;

GV: Phan Thanh Tao
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2.3.5. Tim 4n loai ra

r=1; while (a[i][j1<=0)zr++;
for (i=r+1; i<=m; 1i++)
if (alil[31>0)
if (alil[01/alil[j]1< alr]l[0]/alr][j])r=i;

2.3.6. Bién ddi bang

abc([r]:=s; cb[s]=1;

ars = alrl[s]; // Bién trung gian
// Bién d&bi riéng hang r

for (3=0; j<=n; j++) alr]l[jl/=ars;

for (i=1; i<=m+1l; i++)
if (il=1){

ais=alil[s]; // Bién trung gian
alil[j]l-= alr,jl* ais/ars;
}
---000---

GV: Phan Thanh Tao



Bai giang Quy hoach toan hoc Trang 22

2.4. Baitdp
Gidi cdc bai todn sau bang phwong phdp don hinh

1. f(x) = 7x; - 5X2 - 3X3 — max
(4x, + x, - 3x, = 15
4x, +3x, +5x,= 12
x, +2x, + 3x,= 10
x;20(=1.3)

2. f(x) = -5x; - 4%, + 5x3 - 3x4 = max
(2x, + 4x, + 3x,+x, = 42
4x, - 2x, + 3x, < 24
3x, + X, <15
{ x;20(G=1.4)

3. f(X) =T7x1 +15X2+ 5x3 — min
(3x, - 2x, -4x, 21
-X, T4x,+3x,>-3
2x, +x,+ 8x5;2>2
{ x;20(G=1.3)

4. f(x) = 2x; +17x, +18x3 — max
6x, + 4x, +7x,; <50
8x, +4x,< 30

X;20(=1.3)

5. f(x) = 3x; -X ¥2X3 X4 +5X5 — max

2X, -X, +X;+2x, +x; <17

4x, -2x, +X, =20

X, -X, +2x, + x5 =2—18

X, + X, +2x;+X, <100
x;20(=1.5)

GV: Phan Thanh Tao
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6.

8.

10.

11.

f(x) = -5x; - 4x, + 5x3 - 3X4 — max
(2){l + 4x, + 3x,+x, = 42

4x, - 2x, + 3x, < 24
3x, + X, < 15
{ X; >20(g=1.4)

f(x) = 8x; + 7X5 + 93 ---->min

4x,—5x, +x;=3
3x,+6x,—4x,<6
2x, +4x, +8x; =9
x;20,Vj=1.3

f(x) = 2xy - X, + 3Xx3 ---->min
7x, +3x, +9x;, <5

2X, - X, - 8x,=-18
6x, +4x, +2x, =20
x;20, Vj=13

f(x) = 3x; + 2x; - 4x3 ----> min
5x,—6x, +8x, =7
4x,+3x,+4x,=6
2x,—Tx,—2x, <3
x;20,vj=13

f(x) = 3x; - X + 5X3 ---->min
2x, +3x, +7x; <5

5x, -2x, -4x;,=-12
6x, +2x, +x; =10
x; 20, Vj=1.3

f(x) = x; + 2x2 + X3 — max
(X, -4x, + 2x,>-6
X, X, + 2x;=5
{2){1 -X, + 2x, =3
x;20(G=1.3)

sk st sfe sk sk s ke sfe sk sk s ke sfe sk sk sk sk skosk skoskeosk
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Chwong 3. BAI TOAN POI NGAU

3.1.  Cdc bai todn thuc té
3.1.1. Bai toan 1ap ké hoach sin xuit

Mot nha may san xuat hai loai san pham A, B gom hai phén xudng véi nang suat nhu
sau:

Phan xudéng I : 1 nghin san phém‘A + 4 nghin san pham B trong 1 nam. va
Chi phi 16 tri¢u dong. )
Phan xuong II : 3 nghin san pham A + 1 nghin san pham B trong 1 nam. va

Chi phi 15 triéu dong.

K¢é hoach Nha nuéc giao cho nha may 1a:1 nghin san pham A + 2 nghin san pham B.
Hay lap ké hoach san xuat sao cho tong chi phi thip nhat dong thoi dam bao ké hoach
nha nudc giao cho nha may.
Goi x; lathoi gian phan xuéng I san xuét ( don vi ndm),

X, 14 thoi gian phan xuéng I1 san xuat ( don vi ndm)
Téng chi phi cua ké hoach san xuit x=(x1, Xp) la

f(x) = 16x, + 15x, (triéu dong)
Mo hinh toan hoc:

f(x) = 16x; + 15x, — min
X, +3x, 21
(D) 34x, +x, 22

X, x, 20

3.1.2. Bai toan danh gia san pham

Vi nang suét hai phan xuéng ctia nha may nhu bai toan trén . Nha may san xuét duoc 1
nghin san phidm A va 2 nghin san pham B. Hay dinh gia tri cho 1 san phdm A va 1 san
pham B sao cho tong gia tri ctia san pham: phan xuong I khong vuot qua chi phi la 16
triéu déng/nam va phan xuéng II khéng vuot qua chi phi 1a 15 triéu ddng/nam, va tong
gi4 tri san pham cua nha may 16n nhat.
Goi  yj(nghin df)ng) la gid tri don vi sdn phém A,

y>(nghin dong) 1a gi4 tri don vi san pham B
Téng gia tri san pham theo ké hoach danh gia y=(yi, y») 1a

a(y) = y12yx(nghin dong)
Mo hinh toan hoc:

g(y) = y1t2y, — max

GV: Phan Thanh Tao
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v, +4y,<16
(D)43y, +y, <15
V1.V 20

X2

/ D

(5/11,2/11)

@) X1

f.in=f(5/11, 2/11)= 10 (triéu dong) ga=g(4, 3)= 10 (triéu dong)
Nhan xét: fi= Zmax

3.2. Bai todn déi ngdu

3.2.1. P6i ngiu khong doi xirng

Cho bai toan (®,f) dang chinh tic
(1) fx)=3 cx — min

Jj=1
a;x, =b, (i=1..m)

| Z
x;20(j=1.n)

Cung véi bai toan (I), xét bai toan (®, g) nhu sau:

m

(1) gly)= Y by — max

i=1

(P) Zaﬁyi <c¢, (j=1.n)
Jj=1

v, tudo (i =1..m)

(1) goi 1a bai toan ddi ngiu cua bai toan (1).

GV: Phan Thanh Tao
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Bai toan doi ngdu ciia bai todn (D, f) bat ky la bai todn doi ngdu ciia bai todn dang
chinh tdac twong dwong voi no.

Néu xem (1) 12 bai toan gdc thi (1) 14 bai toan d6i ngdu caa né.

Vé mit hinh thirc, cip (1, T) goi 1a cap bai toan d6i ngiu khong d6i ximg.

Cdch thanh lap
- Bai toan gbc ¢ dang chinh tic.
- Heé s6 ham muc tiéu cta bai toan nay l1a h¢ s6 tu do trong hé rang budc cua bai
toan kia.
- Ma trén s6 liéu chuyén vi cho nhau.
- Bai toan d6i ngu 1a bai toan max va rang budc 1a <.

Vi du
f(X) =X; t 2X,+3x3 — min
X, +x, +x;=1
(D) 12x, =3x, +4x, =5
x,20 (j=1.3)
Bai toan d6i ngau (@, g)
g(y) = y1-5y, — max
v +2y,<1
- -3y, <2
(@)
v, +4y, <3
Y.y, tudo

3.2.2. Péi ngiu doi xirng

Cho bai toan (®»,f) dang sau
@  fx)=3 cx — min

J=1

a,x,>b, (i=1.m)
(@) ; g

x,20(j=1.n)
Bai toan dang chinh tic twong duong
f(x)= > c¢jx; — min
Jj=1

n
Z%xj -x,,,=b, (i=1..m)
=1

x,20(j=1.m+n)

Xp+i 12 an phu.
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Bai toan doi ngau

(2) gly)= > by; — max
i=1

n

(%) Zaﬁyi <c, (j=1.n)
j=1

-»,20 (@ =1..m)
hay
(2) gy)= X biyi — max

i=1
N a,y,<c, (j=1l.n
() /Z; avi<c; (J )
y,20(@{=1.m)

Nguoce lai néu xem Néu xem (2 ) 12 bai toan gdc thi ( 2 ) 12 bai toan ddi ngiu cua né.
Vé mit hinh thirc, cap (2,2) goi la cip bai toan ddi ngdu ddi xtng.
Cdch thanh lap
- Hé s6 ham muc tiéu cta bai todn ndy 13 hé s6 ty do trong hé rang budc cta bai
toan kia.
- Ma trén s6 liéu chuyén vi cho nhau.
- Bai toan min rang budc 1a > va bai toan max rang budc 1a <.
- Ca hai bai toan déu c6 rang budc cic an khong 4m.

Vidu 3.1
f(x) = 3x; + 2x,+x3 — min
2x, —x, +3x, 24
x, +4x, —5x;, =26
Tx, —2x, +4x, 21
x;20(j=1.3)

(D)

Bai toan do61 ngau

g(y) = 4y,-6y, +y3 — max
2y, +y, +7y; £3

-y +4y, -2y, <2

~

(»)

3y, =5y, +4y, <1

y, >0(i=1.3)
Nhan xét ‘ ‘ , o
Vi bai toan (@ ,g) chi can dua vé dang chinh tac thi trd thanh dang chuan tac.
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3.2.3. So dd tucker

Tir hai cip bai toan di ngu (1, 1) va (2,2) c6 so d6 Tucker dé viét bai toan ddi ngau

ctia bai toan bat ky nhu sau

Bai todn goc

n
f(x)= > c¢x; — min
=

Bai todn doi ngau
m

g(y)= 2. by — max

i=1

D ayx;=b; (i=1..p) yi tw do (i=1..p)

j=l

n 4 > '= +

D" ajx;>b; (i=p+1..m) yi =0 (i=p+1..m)
I=

>0 (= —

XJ—O(J lq) z aljyl =CJ(J:1q)

Xj tw do (j=q+1..n)

=1
z aijyi SCj (j=q+l..n)
=1

1

Luu y Bai todn min khong c6 rang budc < va Bai toan max khong c6 rang budc >.
Vi du
f(x) = 2x; + X,+4x3 — min
2x, —x, +3x;, 24
(D) x, +3x, —=5x; =25
3x, = 2x, +2x; =2
X;,X%; 20

Bai toan do61 ngau

g(y) = 4y;-5y, +2y; — max
2y, +y, +3y; <2

(@) -y +3y, =2y, =1
3y, =5y, +2y, <4
V1,Y, 20

3.3.  Cdc nguyén ly doi ngdu

Xét cip bai toan d6i ngau (@,f) va (D ,g) véi f(x)—min va g(y)—max.
C6 céac nguyén ly sau
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3.3.1. Nguyén ly 1

a) Vxem, Vye @: f(x) > g(y).

b) 3x° € @, 3y’e D : f(x°) =g(y°) => f(Xx°) = f min V& 2(Y°)= Zmax
Chirng minh
a) VXe®,Vye®D:
fix) => c¢x

Jj=1
n

> (i AjjYi)Xj

J=1
n

Zi (2 aX)yi

i=1 j=1

>> biyi=g(y)
i=1
b) 3x° € @, Iy’e D : {(x°) =g(y°)
Vxe®: f(x) > g(y°) =f(x°) =>f(x°) = fiin
Vye ®: g(y)< fx°)=g(y’) =>2(y°) = Smax

3.3.2. Nguyén ly 2

Néu bai toan nay cé nghiém thi bai todn kia ciing co nghiém va cap nghiém do thoa man
diéu kién can bang frin = Emax

3.3.3. Nguyén ly 3 (P¢ léch bu)

Cho xe D, ye D.
Diéu kién can va du de x, y la nghiém twong ung cua cap bai toan doi ngdu la:

g,

Za..x. >b, =y, =0

1 1" )

y,=0= Zaijxj =b,
j=1

Z%J’i <c, =X, =0
@ 1" )
X, >0=> Zaijyi =c;

J=1

Chirng minh
Theo nguyén 1y 1 co6:
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f(x)= Z CiXj = i_ (er: aini)Xj Z (Z al_]X_]) Y1>Z biyi=g(y)
Do dé f(x)=g(y) @Z": CiX; = Z (Z aijyi)xj=i (Z aiXj) yi= Z ii

m

= Z (Z a;;y;-C;)x=0 va

3

(Z a;jx;-b;) yi=0
=

i=1

m
Dua vao cac diéu kién z a;jX;>b; , x>0, D ajjy; <c;, y>0 nén ve phai c6 nghia:
Jj=1 i=l1

1) Néu x;>0 thi y ajjy;i =C;
P
2) Néu i ajjyi <cj thi x;=0
pa
3)Néuy>0thi S ayx;=b,
=
4) Néu i a;jX; >b; thi y=0

j=1

C6 thé phat biéu cach khac vé nguyén 1y d6 1éch bu nhu sau:

Piéu kién can va du dé x, y la nghiem twong vng cua cap bai toan doi ngau la :
trong cdc cap diéu kién doi ngau néu diéu kién nay xdy ra véi bat dang thire thuwce s thi
diéu kién kia xdy ra véi ddu bang.

3.4. Y nghia kinh t¢

Xét cap dbi ngdu d6i ximg (2,2)

3.4.1. Y nghia bai toan (2)

C6 n cach khac nhau dé san xuat m loai san pham. Cach thit j st dung cuong do 1 cho a;
don vi san pham loai i 1(1=1..m) va chi phi ¢ (=I..n). Hay tim cuong d9 x; can su dung
cho tung cach san xuét, dé tong so don vi ctia san pham loai idwgc san xuét ra it ra bang
b; (i=1..m) va tong chi phi san xuat 1a it nhat.

X = (Xj )n : phuwong an san xudt

3.4.2. Y nghia bai toan (2)

Cung diéu kién voi bai toan (2 ) . Gia sir san xuat dugc b; san pham i (i=1..m) . Hay dinh
gia tri y; cho mdi don vi san pham loai i (i=1. .m), dé dam bao tong gia tri san pham san
xuat theo cach j j khong vugt qua chi phi san xuat 13 ci j=1..n) dong thoi tong gié tri san
pham 13 16n nhat.
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y=(yi) : phuwong an danh gia.
3.4.3. Y nghia nguyén ly @6 léch bu

Diéu kién can va da dé phuong an san xudt x= (Xj)n va phuong an danh gia y=(yi)m dong
thoi tdi wu 1a:
1/ Néu mot cach san xut duoc st dung (xj >0) thi tong gia tri san pham duogc san

xuat theo cach ay phai dung bang chi phi (i aijyi =C;j).
2/ Néu mot loai san pham c6 gai tri ( y=> 0 ;lthi tong sd san pham d6 duoc san xuat phai
dung bang nhu cau (i a;jX; =b;)

" ---000---

3.5. Baitip

Gidi cac bai toan sau bang phwong phap don hinh. Vzet bai todn doi ngdu ciia chiing. Dua vio
nguyén 1y do léch bi dé tim nghiém bai todn doi ngau.

1. f(x) = -5x; - 4x, + 5x3 - 3X4 — max
[2X1 + 4x, + 3x,+x, = 42
4x, - 2x, + 3x, < 24
3x, + X, < 15
{ x;20(0=1.4)

2. f(x) = 2x; +17x, +18x3 — max
6x, + 4x, +7x; <50
8x, +4x,< 30

x;20(G=1.3)
3. f(x) = -5x; - 4x, + 5x3 - 3X4 — max

[2){1 + 4x, + 3x,+x, = 42
4x, - 2x, + 3x, < 24
3x, + X, < 15
{ x;20(G=1.4)

4. f(x) = 8x; + 7x3 + 9x3 ---->min
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4x, —5x, +x,=3
3x,+6x,—4x,<6
2x, +4x, +8x;=9
x;20,vj=13

Viét bai todn doi ngau cdc bai todn sau. Gidi cdc bai todn déi ngau bang phwong phdp don
hinh. Dwa vao nguyén Iy dg léch bii @é tim nghiém cia bdi todn goc.

1. f(x) = 7x; +15x; + 5x3 — min
(3x, - 2x, -4x, 21
-X, T4x,+3x,>-3
2x, +x,+ 8x5;2>2
{ x;20(G=1.3)

2. f(x) =x; + 2x, + X3 — max
(X, -4x, + 2x,>-6
X, tx, + 2x;=5
{2){1 -X, + 2x, =3
x;20(=1.3)

sk sk sfe sk sk s sk sfe sk sk s sk sfe sk sk sk sk skosk skokesk
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Chwong 4. BAI TOAN VAN TAI
4.1. Bai todn van tai dang chinh tic
4.1.1. Dinh nghia

Can van chuyén mot loai hang hod tir m tram phat Ay, A,, ..., Ay, dén n tram thu
By, B,, ..., B,. Luong hang can chuyén dituonginglaa;, a,, ..., a,; yéu cAu clia cac
tram thu tuong ing lab, , b,, ..., b, . Chi phi van chuyén 1 don vi hang hoa tur tram phat
A; dén tram thu B;la Cij - Hay lap ké hoach van chuyén sao cho tong chi phi thap nhét va
dong thoi dam bao cac yéu cau cua tram thu va phat.

Goi x; la lugng hang chuyén tir A; dén B;
Tong chi phi theo ké hoach van chuyen X={ Xjj fmxn 12

f(x) = Z Z CijXjj
=1 j=l

Mo hinh toan hoc:

m
f(x) = Z ciiXj; — min

x;20(@=1.m,j=1.n)

Day 14 bai toan (@, f) dang chinh tic:
Bai todn do6i ngau la:

gu,v)= > vj- > u;— max

j=1 i=1

{v —u, <c; (i=1.m,j=1.n)

Cip diéu kién d6i ngiu la: xu> 0 <=>v; “Ui s <¢j
Tu do, theo nguyén ly do 1éch bu co tiéu chuan téi vu cho phuong an x={ Xij fmxn 12
1a ton tai hé thong sb {u;, vj } thod man:

_ < — _

*) v, —u, <c,(i=1.m,j=1.n)
v, —u, =c; neux; >0

u; goi 1a thé vi dong; vj goi 1a thé vi cot.

He thong {u;, vj }mm g011a h¢ thong thé vi.
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Vay, dé giai bai toan van tai can tim phuong 4n co ban va kiém tra tinh toi vu qua
hé thong thé vi.

Dua vao ¥ nghia chung cua bai toan ddi ngiu c6 thé xem thé vi dong u; 1 gia trj 1
don vi hang :cai tram phat A;, thé vi cot vj la gia tri tai tram thu B;. Cong thirc (*) mang y
nghia kinh té la:

Trong moi phiong dn vin chuyén tot nhat thi chénh 1éch gid tri hang tai tram phat
va tram thu déu khéng vueot qud chi phi van chuyén truc tiép giita hai noi. Va néu hang
van c{myén tr A; dén B; thi gia tri hang tai B; dung bcing gia tri tai A; cong chi phi van
chuyén.

4.1.2. Piéu ki¢n cin bing thu phat

bit: a= a; goi 1a tong phat

1:

=

b= b; goi la téng thu

Jj=1

Bai todn vin tdi dang chinh tdc cdn bang thu phat (a=b) luén luén c6 nghiém.
ab. ab.
1] — 1]

Xét X:{ Xjj }mxn vol Xij = b

co Xijj >0 (1=1m,J=1n)

n m b m
5 %3 oS a et
j=1 i=1 =1
2 Xi= ) alaj: >, bi(=l.n)
i=1 i=1 i=1

Néu a# b thi bai toan khong c6 phuong an . Vi vay bai toan ludn duoc khao sat véi gia
thiét a = b, goi 1a diéu kién can bang thu phat. Trong diéu kién nay bai toan luoén ludn cod
nghiém (2£ @ va fbi chan dudi trén @).

4.2. Bdng phdn phéi va tinh chit
4.2.1. Bang phan phoi

Cho bai toan van tai dang chinh tac
m n

f(X) = Z CjjXj — min
=l j=l
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in/ =a, (i=1.m)
J=l
x;, =b, (j=1.n)
i=1
;20 =1.m,j=1.n)

Day 1a bai toan (2,f) dang dac biét nén dugc dua vao bang phan ph6i dé giai theo
thuat toan riéng.

Béang phan phoi:

Phat\Thu b1 bz oo bi coe bn
a4 Cii Ci2 Cij Cin
a Co1 Coo . Coj . Con
a; Ci1 Cip . Cij . Cin
adm Cml Cm2 . Cmj vee Cmn

4.2.2. Tinh chat

Xét bang phan phdi mxn (m hang n cot)

e O0hangi, cot]goilad (iy).

e Day chuyén la diy 6 c6 dang: 2 6 lién tiép nim trén cing 1 hang hay 1 c6t, 3 6 lién
tiép khong cling ndm trén cting 1 hang hay 1 cot.

e Chu trinh (vong) la day chuyén khép kin.

Cac dang vong thuong gap:

Nhan xét: S0 6 trén mot vong la so chan.
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Tinh chdt I Véibang phan phdi m,n thi s6 6 t6i da khong tao thanh vong 1 m+n-1.

Tinh chit 2 Co m+n-1 6 khong tao thanh vong thi thém vao 1 6 bat ky s& chira 1 vong
duy nhat va ngugc lai bo di 1 6 bat ky trong vong d6 sé con lai m+n-1 6 khong chira
vong.

Goi x; 1a lwgng hang phan ph01 cho 6 (1,)).
Cho phuong an X={ Xjj } mxn- O (i,j ) goi 14 6 chon néu Xij > 0 ; nguoc lai goi 1a 6 loai.

Tinh chdt 3 Phuong an co ban 1a phwong an c6 tdp hop 6 chon khong chira vong.
4.3.  Thudt todn thé vi

4.3.1. N§i dung

Xuét phat tir phuong an co ban ban dau, dung hé théng thé vi kiém tra tiéu chuan
to1 wu, n€u chua t6i vu thi chuyén sang phuong an co ban méi to6i wu. Sau hitu han budce
c6 dugc phuong an to1 uu.

4.3.2. Xay dung phuwong an co bin ban diu

* Nguyén tic phan phéi toi da

Khi chon 6 (i,j ) & phan phdi, phan phéi téi da vao 6 (i,j ) 1a dat x;; = min (a; , by).
Sau khi phan phdi vao 6 (i,), loai hang i hodc cot j di thoa min nhu ciu ra khoi bang don
hinh. Tiép tuc phan phdi cho bang méi, cho dén khi théa man nhu cau cua tat ca cac tram
thi c6 dugc phuong an co ban ban déu. Vi.bang nguyén tic tdi da, tip cac 6 chon khong
tao thanh vong.

* Cdc phwong phdp phén phéi

a/ Phuwong phap phan phoz theo chi phi nhé nhat
Ul tién phan phdi cho 6 ¢6 chi phi cij nho nhit.
b/ Phurong phdp géc tdy bic
Ul tién phan phoi cho 6 (1,1), 6 & goc tay bac.
¢/ Phwong phap xap xi Foghen
Ul tién phan phdi ¢ 6 ¢6 cudc phi nho nhat thudc hang (cot) co chénh léch
16n nhét giita cudc phi nho nhét va nhi.
Nhan xét:
Phwong phdp goc tdy bdc, tuy c6 phwong én co bdan ban ddu xa phirong dn t6i wu, nhung
thuan tign trong cai dat.
Phwong phdp Féghen c¢é phirong dn co ban ban dau gan phirong dn t6i wu, vi ¢6 tinh dén
budc sau.
Dé don gian va it budc 1ap, cac vi du dugc trinh bay theo phuong phap chi phi nho nhat.
Tuy nhién, trong hudng dan cai dit thi dung phuong phéap goc tdy bic.
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4.3.3. Cac buéc ciia thuit toan thé vi

Buorc 1 X4y dung phuong an co ban ban dau

X4y dung phuong an co ban ban dau véi tap S cac 6 chon gdm m+n-1 khong chira
vong bang bét ky phuwong phép nao.

V61 bai todn khong suy bién, mdi 6 chon chi ¢c6 mdt tram thoa man va duge loai ra
khoai bang phan phdi, tinh lai nhu cau va phan phdi tiép. Riéng 6 cudi cing, do cn bing
thu phat nén ca hai tram déu thoa mén.. Vay c6 ding m+n-1 6 chon khong chira vong.

Buorce 2 Xay dung hé thong thé vi {u;, Vif.
Giai hé vj-u;=c¢;néu (1,)) € S.
Day la hé m+n-1 phuong trinh, m+n an nén c6 thé chon 1 4n tuy y, thong thudng chon
cho u;=0. Cac thé vi con lai duoc tinh theo cong thirc sau
v, = u; + c; vi u; da biét va (ij) € S
w; = v, - ¢; v6iv;da biétva (ij) € S

Buoc 3 Kiém tra tiéu chuén tdi wu.

Dat Ajj = vj - u; - ¢ij. Co A; =0 néu (1,)) € S

Néu A <0 V(1) thi X—{xu}mXn 1a phuong an tdi wu.
Néu 3(i,j)>0 thi chuyén sang budc 4.

Buoc 4 Piéu chinh phuorng an
Néu A, = max Ajj thi 6 (1, k) goila 6 diéu chinh.
SuU{(r, k)} chira mot vong duy nhat, goi 1a vong diéu chinh V.
Tim vong V bang cach danh so6 chén 16 bat dau tir 6 6 (r, k). Goi Vi 12 tap 6 ¢ chi s6 1
va Vnia 12 tap 6 ¢6 chi s6 chan.
bat g= min {xc}, v6i1 xc la x;; vO1 (1,)) € Vepgn. q got 1a luong diéu chinh.
Néu Xiojo =q thi 0(i, Jo) tr¢ thanh 6 loai trong phuong an co ban mai.
Vi bai toan suy bién, luong diéu chinh q c6 thé dat tai nhiéu 6, khi d6 chi loai 1 6, cac 6
con lai tré thanh “6 chon 0”.
Bién d6i phuong 4n x thanh x' theo cong thirc sau:
X’=x; + q néu (i,j) €V
X,l']':.xi]' -q néu (l, ) € Vcha:n
Quay lai budc 2.

Sau hiru han budc c6 phuong an toi wu.
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Vidu 4.1 a=b=130

a\b; [40 [70 [20 [v; a\b; |40 170 120 v

80 | 20| 20|+ 80 | 20| 40| 20
0 1o |2 |0 10 |9 |2 |°

30 20 20 30 @ 6
4 |3 |1 |° 4 |3 |1

20 | 20 20 | 20 g
Y le |2 |8 2 |6 |2

w |10 |9 |7 u |10 % |7

f(X)=830 Aij <0V (I,J), frnin=730

Vidu4.2 a=b=311

a\b; |76 [62 [88 |45 [40 |v;| |a\bj |76 |62 |88 145 40 |v;

79 | 64 15 79 | 34 45

10 [19 |15 |6 |7 |° 10 [19 |15 |6 |7 |°
102 14 | 88 102 44 | 38

13 111 Is |7 |a |° 13 (11 |8 |7 |4 |°
70 + 30| 40 70 30 40

12 [17 |10 |5 |3 |! 12 |17 |10 |5 |3 |°
60 | 12| 48 60 | 42| 18

12 [18 |18 |10 |9 |72 12 |18 |18 |10 |9 |7
u; 10 16 13 6 4 u; 10 16 13 6 6
F(x)= 2866 F,...= 2806

4.4. Cac dang khac
4.4.1. Khong can bang thu phat

Néu a# b thi bai toan khong c6 phuong 4 an. Tuy nhién thuc té khong doi hoi phai chd hét
hang tir cac tram phat méi dap ing yéu cau cac tram thu; hay trai lai c6 thé lugng hang &
cac tram phat khong dap ing dugc yéu cau cac tram thu. Khi d6 ta thém tram thu gia
A1 hodc tram phat gia Bnﬂbéng chénh léch giita tong thu va tong phat:
an+;=b-a néu a<b
hoac by, =a-b néu a>b

Luong hang van chuyén tir tram phat A; dén tram thu gia B,,, nghia la lvgng hang do
duoc gilr lai A; , va lugng hang chuyén tir tram phat gia A,,.; dén tram thu Bj nghia la tai
B; luong hang a ay khong duoc thoa man.

Tat nhién cudc phi cac 6 trén tram gia bang khong.
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Cudc phi & cac tram gia bang khong, thuong nho nhat, nhung van wu tién phan phéi cho
cac 6 co cude phi dwong nhé nhat ¢ cac 6 khong phai ciia tram gia, cudi cing hang con
lai phan phdi vao céc 6 cta tram gia.

Vidu4.3 a=120, b=100. Thém tram thu gia véi a4,=20.

a\b; |30 |40 |30
20 |6 |4 |3
40 |8 |3 |7
40 |7 |5 |6
20 |5 |1 |2
a\b; (30 |40 |30 [20 |v; aj\b; |30 (40 |30 |20 |v;
20 20 20 20
6 |4 |3 |o |° 6 |4 |3 Jo |°
40 20 20 40 30 10
8 |3 |7 |o | 8 [3 |7 Jo |
40 30 10 |+ 40 30 10 3
7 5 6 0 3 7 5 6 0
20 200 0 20 10| 10
s 11 |27 lo ! 5 |1 |2 |o |!
u |4 2 3 -1 uy |4 2 3 -1
F(x)=410 Fonin= 390

4.4.2. Suy bién

Vi bai toan suy bién, khi xay dung phuong an co ban dau tién c6 thé dong thoi
thoa min ca hai tram thu va phat. Pé c6 dugce ding m+n-1 6 chon, chi loai mot tram,
tram cOn lai xem nhu van con nhu cau 0. Khi phan phéi cho tram nay tao nén “6 chon 07,
nghia 13 6 chon véi lugng hang phan phéi 1a 0. Hay lwong diéu chinh q c6 thé dat tai
nhiéu 6, khi d6 chi loai 1 6, cac 6 con lai trd thanh “6 chon 07
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Trang 40

Vidu 4.4
a\b, [30 [20 [25 [35 [40 |v,
30 30
18 17 le |2 |12 |°
20 0 20
5 |1 |10 |5 |11 |°
40 + 5| 35
10 |5 [3 |7 |14 |°
60 30 25 5
6 (3 |2 |11 |10 |7
e 1 1 2 9
F(x)= 885
ai\bi 30 20 25 35 40 Vj
30 30
18 17 le |2 |12 |°
20 0| 20
5 (1 (10 |5 |11 |°
40 + 25| 5| 10
10 |5 [3 |7 |14 |°
60 30 30
6 |3 |2 |11 |10 |7t
u; 5 1 2 9
F(x)= 810
ai\bi 30 20 25 35 40 V;
30 30
18 7 e |2 |12 |°
20 10| 10
5 (1 |10 |5 |11 |t
40 10 25| 5
10 |5 |3 |7 |14 |°
60 20 40
6 |3 |2 |11 |10 |7
u; 4 0 2 8
F,.;.=800
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4.4.3. Dang cuc dai
Xeét bai toan van tai dang max:
f(x) = > qyx; — max
i=1 =1
Zxﬁ =a, (i=1.m)

j=1
> x;=b, (j=1.n)

i=1

>0(=1.m,j=1.n)

i

Pua vé dang chinh tic trong dwong bang cach dat Cij = - qij (i=1..m, j=1..n)
g(x)= z q;jXj — min
i=1  j=1

n

inj =a, (i=1..m)

Jj=1

> x;=b, (j=1.n)

i=l1

x;20(@=1.m,j=1.n)

Cé fmax= -Emin-

Vidu4.5 )
Phan phoi lao dong.

Mot cong ty van tai bién can tuyén 110 ngudi dé bd tri 10 ngudi lam may truong (MT),
25 tho 1, 30 tho 2 va 45 tho 3. Phong to chirc tim duoc 90 ngudi gom 25 k su (KS), 20
trung cap (TC) va 45 cong nhan (CN). Kha nang can bd dugce danh gia theo cong viée
qua bang sau

Cong viéc

MT | The | The | The
KS |5 4 0 0
TC | 3 5 4 0
CN|O | 5 4

Can b tri sao cho sir dung t6i da nang luc ctia moi nguoi.
Day la bai toan van tai dang max. Khong can bang thu phat. Pua vao tram phat gia:
a;=110-90=20
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ai\bi 10 25 30 45 Vi
25 10| 5 10

5 |4 o |o |°
20 20| +

3 |5 |4 |o |!
45 30| 15

0 |-1 |-5 |4 |*?
20 20

o |o o |o |°
w |5 |4 |1 o

a\b; [10 [25 [30 [45 v,
25 10| 5 10
5 |4 o |o |°
20 10| 10
3 |5 |4 |o |!
45 20| 25
0 |-1 |5 [4 |?
20 20
o |0 o |0 |7
u S5 |4 |3 2

Day la phuong 4an t6i wu

Vay ¢6 phuong an phan phdi lao dong toi vu nhu sau:
10 k¥ su lam May truéng
15 k¥ su lam Tho 1
10 Trung cap lam Tho 1
10 Trung cap lam Tho 2
20 Cong nhan lam Tho 2
25 Cong nhan lam Tho 3

Vidu4.6  Baitoan phan phdi dat trong

C6 3 loai rudng A, B, C véi dién tich twong tmg 1a 20, 25, 30 ha dé trong 3 loai lta I, 11,
111 v6i dién tich theo ké hoach 13 15, 30, 30 Aa tuong Gng. Hiy tim phuong 4n phan phdi
dat trong sao cho tong san luong cao nhat ddng thoi dam bao ké hoach. Biét san luong
laa trén ting loai dit cho trong bang sau (tin/ha)
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la |1 |10 |10
datN_| 15 [ 30 |30
AQ25) |12 [8 |8
B25)[8 [10 |9
C(30)|8 |10 |10

Day la bai toan van tai dang max

ai\bi 15 30 30 Vi
25 15 5
12 1-8 |-8 |°©
20 25
8 [-10 |9 |?
45 5 25
8 |-10 | -10 |2
w |12 |8 |8
£ .=770

Vidu4.7 Bai toan bo nhiém

Can phdn n viéc cho n nguoi. Nguoi i lam viéc j thi nang sudt la c; (ij=1..n). Hay
phdn cong viéc cho n nguoi dé tong ndng sudt cao nhat.
bat x;=1 néu nguoi 1 lam viéc j; nguoc lai dat x;=0. Bai todn nay con goi 1a bai toan quy
hoach nguyén 0-1. Vi suy bin nén co thudt toan khac tién hon.
Bang ning suit dugc cho nhu sau

Viéc | 1 2 3 4
New

=Meoll--1Fd
oo | |w
NEININ
Q|| n o
SN IS EN

GV: Phan Thanh Tao
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ai\bi 1 1 1 1 Vi
1 11 0
5 |2 |6 |4 |°
1 1 0
3 17 |5 |6 |?
1 T 1
4 -1 |5 |2 |7
1 1 0
8 |6 |-7 |3 |!
u 7 |5 |6 |-4
f(x)=23
ai\bi 1 1 1 1 Vi
1 1
5 |2 |6 |4 |0
1 1 0
3 17 |5 |6 |?
1 1/ 0
4 |1 |5 |2 |72
1 1+ 0
8 |6 |7 |3 |°
u 8 5 7 4
f(x)=24
ai\bi 1 1 1 1 Vi
1 1
S5 12 |6 |4 |°
1 1 0
3 17 |5 |6 |?
1 1/ 0
4 -1 |5 |2 |7
1 1/ 0
8 |6 |-7 |3 |!
u 7 5 7 4
£ . =24

GV: Phan Thanh Tao
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4.4.4. Bai toan xe rong

Bai toan xe r5ng ung dung thuong xuyén trong thuc té, nén duoc xem 13 mot dang dac
biét cua bai toan van tai
Vidu 4.8 Cong ty van tai can hoan thanh hgp dong chd hang sau:

1) Than: Kim Lién
2) Ximang: Ga Ha Noi
3) Ximang: Ga Ha No6i
4) San: Mai Linh
5)Mudi:  Thuong Tin
6) Mubi: Thuong Tin Trac Son: 8 tin
7) Ngo: Kim bai Ha Pong: 34 tin

Hay lap ké hoach véan chuyén sao cho tong sb tdn xe rdng it nhat.
Véi cu ly cac dia diém nhu sau:

Ngoc Hoi: 50 tin
Chudng: 24 tin
Ba tha: 10 tan
Ha Pong: 8 tin

Ha Pong: 42 tin

L Ll

Ngoc hoi | Chudng | Ba tha | Hi Pong | Tric Son
Kim Lién 11 27 40 10 21
Ga Ha Noi 12 28 41 11 22
Mai Linh 18 18 31 7 4
Thuwong Tin | 6 34 35 17 28
Kim Bai 26 2 15 15 20
Cudc phi la cu ly

Noi c6 hang 1a noi thu xe rong
Noi can hang 1a noi phat xe rong

Tram thu xe rong Tram phéat xe rong
Kim lién: 50 Ngoc Hoi: 50
Ga Ha Noi: 34 Chuong: 24
Mai Linh: 8 Ba Tha: 10
Thuong Tin: 50 HaDong: 84
Kim Bai: 34 Trac Son: 8

Day 1a bai toan van tai dang cuc tiéu can béng thu phat.

GV: Phan Thanh Tao
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a\b. [50 [34 [8 [50 [34 [v
50 50

11 |12 |18 |6 |25 |©
24 24

27 |28 |18 |34 |2 |U
10 10

40 |41 |31 |35 |15 |72
84 S0 34, 0 +

10 (11 |7 |17 |15 |*
8 8/ 0 O

21 |22 |4 |28 [20 |7t
u |6 7 3 6 13

F(x)= 1404

a\b. [50 [34 [8 [50 [34 [v
50 50

11 |12 (18 |6 |25 |°
24 24

27 |28 |18 |34 |2 | M
10 10

40 |41 |31 |35 |15 |72
84 50| 34 0

10 |11 |7 |17 |15 |7
8 8/ 0 O

21 (22 |4 |28 |20 |°!
u |8 9 3 6 13

F..= 1404

Bang phan phoi xe rong vdi tong tanxkm xe rong it nhat 1a:
SO tan xe rong

Tuyén duong
Ngoc hdi —Thudng tin
Chuong — Kim bai
— Kim bai

Ba tha

Ha dong — Kim lién
Ha dong — Ga Ha noi
Trac son — Mai linh

50
24
10
50
34
8

GV: Phan Thanh Tao
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Két hop céc tram co nguén xe (Ga Ha ndi, Bén xe Kim lién), cé thé phan phéi 16 trinh tbi
uu nhu sau:
1. Ga Hanoi (24 xi mang) — Chuong — Kim bai (24 ngd) — Ha dong — Ga Ha ndi.
2. GaHanoi (10 xi mang) — Ba tha — Kim bai (10 ngd) — Ha dong — Ga Ha ndi.
3. Kim lién (42 than) — Ngoc hdi — Thuodng tin (42 mu01) — Ha dong — Kim lién.
4. Kim lién (8 than) — Ngoc hdi — Thuodng tin (8 mubi) — Trac son — Mai linh

(8 san) — Ha déng — Kim lién.

4.4.5. Bai toan 6 cAm

Do yéu cau k¥ thuat, phai han ché khong duoc van chuyén trén mot sd tuyén duong
nao d6. Khi dé ta xem cude phi ctia 6 (i,j) bi cAm 1a cii= M kha lon( M—o0). Tiép tuc
thudt toan thé vi binh thuong.

Vidu4.9

ai\b,- 72 45 9 V;j

22 22

5 (3 |7 |°
60 60 0

1 |2 M |!
5 5

M |3 |4 |!
23 23

M |2 |5 |!
16 12 | + 4

3 (3 |6 |1
u |2 3 5

ai\bi 72 45 9 Vi

22 22

5 |3 |7 |
60 | 60

1 |2 |M |!
5 5

M |3 |4 |!
23 23

M |2 |5 |!
16 121 0] 4

3|3 !
u |2 3 5
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4.5.  Cai dit thudt todn thé vi
4.5.1. Khai bao dir liéu

a) Ma tran cudc phi C=(Cjj)mxn » mang hang phat A=(a;), mang hang thu B=(b;), , phuong
an XZ( Xij)mxn

int  afm], b[n], c[m][n], x[m][n];

b) Hé thong thé vi {u;, Vit
int  ufmj, v[n/;

¢) Mang S cac 6 chon va vong diéu chinh V duoc khai bao 13 cac ma tran 0/1 dé danh dau
nhu sau:

int Sfm][n], VIm][n];

v6i ¥ nghia:

SliljIFl< 06 (i,j)) €S
va

V[i]jIF1< 06 (i,j)) €V

4.5.2. Xay dung phuwong an co bin ban diu

Tim phuong 4n co ban ban dau bang nguyén tic phan phdi toi da va phuong phap goc tay
béc.

Céc mang danh dau cac tram di théa man chua (da loai khoi bang phan phdi).

int  aalm], bb[n];.

vo1 y nghia:

Tram A; da théa man < aa[i]=0
va

Tram B; da théa man < bb[j]=0
void phanphoi ()
{

int i, j, dem=0;

for (dem=0; dem<m+n-1; dem++) {
i=0; while (laal[i])i++;
J=0; while (!bb[]j])j++;
S[1i]1[3]1=1;
if (alil<=b[3J]1){
aal[i]l=1;
bljl-=ali]l;
x[1i][J]l=alil;
}
else {
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4.5.3. Xay dung hé thong thé vi

Dé don gian, 13p nhiéu nhit m+n-1 1an cho viéc kiém tra ca bang phan phdi.
Cac mang danh dau cac thé vi u;, v; da duoc tinh chua
int uufmj, vwinj,.

v61 ¥ nghia:

u; da co < uuli]=1
va

vjda co < vv[j]=1

void Thevi ()

{

int i, J, uwu[m]={0}, vv[n]={0}, dem;

ul[l]=0; uwulll=1;
for (dem=0; dem<m+n-1; dem++) {
for (i=0; i<m; 1i++)

for (3=0; j<m; Jj++){
if (ulil){v[jl=ulil+c[i]1[3]; vv[]I=1;}
if (viv]){ulil=v[jl-cl[i]1[J]; uulil=1;}

}
4.5.4. Kiém tra t6i wu
Vira kiém tra t6i wu vira tim 6 diéu chinh (r,k).

int ToiUu ( )

{
int 1,3, drk;

drk=v[0]-[u[0]-c[0][0]; r=0; k=0;
for (i=0; i<=m; i++)
for (3=0; Jj<m; J++)
if (v[jl-[ulil-cl[i][J]1>drk){
r=1i; k=3j;
drk= v[j]-[uli]l-c[1][]];
}
}

return drk>0;

GV: Phan Thanh Tao
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4.5.5. Tim vong diéu chinh

O treo trong tap V 1a 6 & mGt monh trén dong hoac cot.
Thuét toan tim vong di€u chinh V duy nhat trén tap S bang cach x0a tat ca cac 0 treo cho
dén khi khong con thi tap 6 con lai 1a vong V can tim.

int TimVongDC( )
{

int i, 3j,done=0,dem;

for (i=0; i<m; i++)
for (Jj=0; j<n; J++) V[i]l[j]= S[i][J];

while (!done) {
done=1;
// treo tren hang
for (i=1; i<=m; 1i++){
dem=0; for (3=0; j<m; j++)dem+=V[i][]];
if (dem==1) {
for (3=0; j<m; J++)VI[i][]j]1=0;
done=0;

}

// treo tren cot
for (3=0; j<m; J++) {
dem=0; for (i=1; i<=m; i++) dem+=V[i][]];
if (dem==1) {
for (i=1; i<=m; i++)V[i][j]1=0;
done=0;

}
4.5.6. Bién ddi bang

int Biendoi ( )

{
int i,3j,9;

i=r; j=k;

// tim luong dieu chinh g
j=0; while (j<n || j==k || !VI[r][J]) j++;
g=x[r][3]; 10=r; jO=3;

while (i'!'=r || J!'=k){
j=0; while (j<n ||!VI[i][j]) j++;//di theo hang tim o chan
if (x[1][31<a){ g= x[i][3]; 10=i; jO0=3;}
i=0; while (i<m | |!V[i][j]) i++;//di theo cot tim o le
}
// dieu chinh
x[r][k]l=q; S[r]lk]l=
x[10]1[30]=0; S[10
while (i!=r || j!=k

1

10301=0;
) {

GV: Phan Thanh Tao
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j=0; while (j<n ||!V[i][j]) j++;//di theo hang tim o chan
x[1][J1-=qg;
i=0; while (i<m |[[!V[i][]j]) i++;//di theo cot tim o le
x[1] [J1+=9g
}
}
---000---

4.6. Baitip

Gidi cac bai toan van tai dang min sau ddy:

1. 2.
phat\thu | 76 | 62 88 | 45 phat\thu [40 [ 100 |20
79 10 |20 15 6 50 8 9 2
102 5 11 8 7 45 4 3 1
70 12 |4 10 5 35 2 6 5
60 10 |18 2 10
3. 4,
phat\thu |30 [40 |30 phat\thu | 30 |20 25 35
70 6 9 6 35 2 8 6 2
40 6 2 7 25 5 2 1 3
50 5 5 3 50 9 5 4 6
20 4 1 2
5. 6.
120 |45 | 65 | 180 70 30 170 |80
240 19 3 5 7 65 9 3 7 4
70 |5 2 |8 |6 55 16 1 |4 |2
100 | 6 3 |4 |2 60 |2 5 19 |5
7. 8.
100 |35 |45 | 200 phat\thu | 30 | 20 25 35
240 | 8 7 6 7 35 2 8 6 2
60 5 2 4 6 25 5 2 1 3
80 6 3 3 2 50 9 5 4 6
9 10.
120 | 50 |45 | 100
200 | 6 1 3 7
75 3 2 4 5
80 4 3 9 2
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Chwong 5. PHUONG PHAP HUNGARY

Phuong Phap nay duoc nha toan hoc Hungary Egervary cong b trong mot bai bao
nam 1931, 16 nam trude khi phwong phap don hinh cua Dantzig ra do1, nhung khong ai
biét dén, cho dén nam 1953 nha toan hoc My Kuhn dich bai bao va dat tén 1a “Phuong
phép Hungary”.

5.1. Baitodn bo nhi¢m

Can phdn n viéc cho n nguoi. Nguoi i lam viéc j thi chi phi la cij (ij=1..n). Hay phan
céng viéc cho n nguoi dé tong chi phi thap nhat.

bat x;=1 néu nguoi 1 lam viée j; nguoc lai dat x;=0.
Mo hinh toan hoc:

n n

g(X) = Z z Cinij — I'Ilil’l

=l j=l

1xij =1 (@{=1.n)

E

J

Z x =1(j=1.n)
i=1

xij =0hayl (1,j=1.n)

Ma trdn C=(c;))nxn goi 1a ma tran chi phi.

Thuc su ¢ thé bo han ché x;7=0 hodc 1 dé thay X 1a 5O tu nhién thi moi rang budc dam
bao x;;=0 hodc 1. Do d96, rang budc x;=0 hoac 1 duoc viét lai 1a x;;=0, nguyén. Day la mo
hinh thyc su ctia bai toan van tai. C6 thé dung thuat toan thé vi de giai. Vi thuat toan nay
cO 7p.1 0 chon. Tuy nhién chi c6 n 6 chon khéc 0, vi bai toan suy bién. Vi vay co thé ¢
nhiéu budc 1ap ma phuong an méi khong tot hon.

R& rang modi phuong an 1a mot hoan vi ctia cac so /..n. Vi du hoan vi (4,2,1,3) nghia la
nguoi 1 lam viée 4, nguoi 2 1am viée 2, nguoi 3 lam viée 1 va nguoi 4 1am vige 3. Mot
cach viét hoan vi dang ma trdn M=(mj;)nxn, voi m;=1 khi va chi khi nguoi 1 1am viéc j.

Dinh ly 5.1. Néu ma trdn chi phi cua bai todn bé nhi¢m co cac phan tir khéng am va co it
nhdt n s6 0, thi mot phirong dn toi wu ton tai néu n sé 0 nam trong cdc vi tri cdc s6 1 cia

ma trdn hodn vi Pnxn. Ma trdn P biéu dién phiong dn t6i wu.

R& rang, moi phuong 4n déu c6 tong chi phi khong nho hon 0, nén 0 14 nho nhét.

GV: Phan Thanh Tao
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Dinh 1y nay cung cap mot muc tiéu ciia thuat todn. Chung ta s& ching to rang c6 thé thay
d6i chi phi ma khong thay 601 161 giai. Thuat toan s€ trinh bay cach sua d6i dé ma tran chi
phi c6 chira cac s6 0 trén mdi dong va mdi cot.

Dinh ly 5.2. Gia sir ma tran chi phi la C= (cu)nxn Gia su X= (XIJ)leIl la phwong dn toi wu.
Goi C” la ma trdn co dugc tir C bang cdch cong hang s6 a vao dong thir r. Thi X ciing la
phwrong dan t6i wu ciia bai todn méi xdc dinh béi C.

Chirng minh
Ham muc ti€u cua bai toan mai la
n

g(X) = Z Z C,inij:z Z CijXjj + Z (er+a)xrj

i=1 j=1 i=1 j=1 Jj=l1
i#r

—Z Z CiiXij +“Z Xy

i=l =l
=Z Z CijXij T a
i=1 J= 1
vi mdi dong c6 tong bang 1. Do d6 gia tri nho nhét cho g(x) nhan duoc khi f(x) nho
nhat. Hay hai bai toan cung phuong an t6i uu.
Phét biéu tuong tu cho viéc cong thém hang s6 vao cot. Do do, chién thuat 13 sira doi
C bang cach cong thém vao mdi dong/cot cac hang sd.

Vi du 5.1. Gia sit bai toan bd nhiém c6 ma tran chi phi

4 |5 |2 |5
3 1 I |4
12 13 |6 |3
12 |16 |5 |9

Bit dau rit gon dé mdi dong c6 s6 0 bang cach trir mdi dong cho s6 nho nhat trén
dong do.

2 3 10 |3
2 0O |0 |3
9 0 |3 |0
7 1 |0 |4

Cot 1 khong c¢6 s6 0. Trir ¢ot 1 cho 2 ¢6

(RN | fen )l Kan]

—_—O (O |W

[« R ROS ) Fan) Kan)

(O [W|Ww

Bay gid ¢6 it nhat 1 s6 0 trén mdi dong/cot.
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Thur gan céc s6 1 cho ma tran hoan vi.

Thuc ra, khong can ma tran hoan vi, ma chi can danh dau “*” tai cac sd 0 trén ma tran
chi phi dé biéu hién mot bd nhiém. Phai danh déu * tai vi trf (4,3) vi dong 4 chi c6
mot s6 0. Con lai bat dau tir dong 1 1a (1,1), dong 2 14 (2,2), dong 3 1a (3,4).

0* 13 10 |3
0 0* |0 |3
7 0O |3 |O*
5 1 |0* |4

May thay day 13 phuong an tdi wu, va tong chi phila: 4+ 1+ 3 + 5 = 13.
Tuy nhién, khong phai luén gdp may nhu vi du 1.

Vidu 5.2

W D |\O |

N (SN |~
NN |\ —
N[00 || W

Trir méi dong cho phan tir nho nhét, ¢ duge

N |— W W
O |IO

S|W| O
— O |3 |W

Trir moi ¢gt cho phan tir nhd nhat, c6 dugc

||
O~ |O
S|W|O(N
— O ||

Tao mgt cach danh dau “*” ting dong, c6 dugc

2 0* 12 |3
2 4 |10* |7
0* 10 |3 |0
4 4 10 1
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Ma tran nay khong biéu dién cach bd nhiém déy du; nguoi 4 chua ¢ viée. Co hai
truong hop: hodc 1a khong thé hoan thanh viéc danh dau “*” cho cac s6 0, hodc la c6
nhung thuat toan khong tim ra.

Luuy dau tién 1a cac s6 0 trong ma tran nxn c6 tinh chét 14 tat ca cac s6 0 c6 thé duoc
phu boi n dong/cot. Vi dy, chon n cot dé phu ca ma tran. Gid st cac $6 0 ¢ thé phu
v6i k dong/cot, k<n. Goi a 1 phan tir nhoé nhat khong phi.. Tao ma tran C’ méi bang
cach trlr @ vio mdi phan tir trén mdi dong khong phil va cong @ vao mdi phan tir trén
mdi cot bi phi. Mdi phan tir khong bi phu bi giam a, vi chung thudc dong khong phit
va cot khong phu. Mdi phan tir bi phii boi mot dong/cot thi khong thay doi: hodc
chung thudc dong phu va cdt khong phu nén gitr nguyén; hoac ching thude dong
khong phu va cot phu nén chung dugc cong thém a roi trir bot 4 nén cling gitr nguyen.
MBJi phén tir bi phu ca dong va cot (phu kep) dugce cong thém a. Do d6 C” ¢6 cac phan
tur 0 tai cac vi tri ma C khong co, va do co thé 1a kha ning hoan thanh b6 nhiém. Thu
tuc sira d6i ma tran C c6 thé phat biéu don gian hon: trir @ vao mdi phan tir khong bi
phu va cong a vao mdi phan tir phu kép. Vi vi du trén, pht ma tran cudi ciing nhu
sau

EEN K== | SR )

S W IO
— O W

HO|H~|O

Phan tur nho nhat khong phu trén C’ 1 1. Trir 1 vao mdi phan tir khong phu va cong 1
vao moi phan tu phu kép, cé

W O ||
N =
S|l |O|N
S| N

Dung thuat toan b6 nhi€ém cho ma tran cudi cung c6 duoc

1 0* 12 |2
4 10* |6

o* |1 14 |0

3 4 |10 |O*

Thu tuc trén dya vao dinh 1y sau, dugce ching minh bang 1y thuyét d6 thi boi Konig.

Dinh Iy 5.3. S6 t6i da cdc s6 0 dwge danh dau “*” bang sé t6i thiéu cac dong/cét can
dé phu tdt ca cac so 0.
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Trong vi du 5.2, vi c6 thé phu tat ca cac s6 0 v6i 3 dong/cot, nén theo dinh 1y trén thi
nhiéu nhat 12 3 s6 0 dugc danh dau “*”. Nghia 1a khong thé danh dau “*” cho 4 s6 0,
va danh du “*” nhiéu sb 0 hon phai dung thi tuc mé ta & trén. Mot kha ning khac
khong hoan thanh b6 nhiém 1a thuét toan tim theo dong that bai.

Vidu5.3.
4 2 9 |7
7 8 5 6
3 3 4 1
7 5 2 6

Trir mo61 dong, rdi trir moi cdt nhu trén, cd duoc

W o |Io|o
WIN|W|O

OS|W|IO |

(O~

sk

Trén mdi dong, danh dau cho phan tir 0 dau tién khong nam trén cot da danh dau

trudc do, co duoc

0* 10 |7

0 3 10* |1
0 2 |3 |O*
3 3 10 |4

viéc bd nhiém chua hoan thanh. Tuy nhién c6 mot cach danh dau hoan thanh 1a

0 0* |7

0* |13 |10 |1
0 2 |3 |0O*
3 3 10* |4

Do d6 phai khai trién mot thuét toan tim ra cach danh dau “*”. Céc bude cta thuét
toan nhu sau:
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Buée 1. Trir mdi dong, mdi cot dé mdi dong va mdi cot co it nhat mot s6 0.

Buée 2. Trén mdi dong, danh dau “*” cho phan tir 0 dau tién khong nam trén cot da
danh dau trude d6. Néu n s 0 duoc danh dau thi hoan thanh b nhiém, dung; ¢6 duoc
phuong an t6i wu.

Buée 3. Gia sir danh ddu it hon n s6 0, xac dinh c¢6 cach khac dé danh du hoan thanh
khong. Néu c6 thi ding sau khi b6 nhiém lai.

Buéc 4. Néu viéc danh dau lai khong hoan thanh thi tim k dong/cot (k<n) dé phu tat
ca céc sb 0.

Buée 5. Goi a 1a phan tir nho nhat khong phu. Trir @ vao mdi phan tir khong phu va
cong a vao mdi phan tir phtt kép. Quay lai budc 2.

Chi tiét buée 3

Goi iy la dong khong danh dau duoc & bude 2. Trén dong iy, phai co s6 0 trén coOt Jo ma
cot jo da dugc danh ddu, vi j, chua danh dau thi dong iy khong that bai. Goi 6 danh
dau trén cot jo 14 6 (iy,jo). Bat du tir 6 (i0,j0), xay dung duong di xen ké theo dong rdi
theo cOt, mot ta nhu sau:

0 tai (io, jo) dén

0* tai (i1, jo) dén

0 tai (i, j;) dén

0* tai (i, j;) dén
& day cac ¢t jo, j1, J2»---» Jn phai khac nhau.
Céc 6 tiép theo trong diy nhan dugc nhu sau.

Trirong hop A. Gia st dang ¢ 6 (i, jx), tim 0* trén cot j,. Néu c6 thi thém vao day.
Néu khong c6 0* trén cot j thi danh d4u lai trén ma tran C’: trén day tir (ip.jo) dén
(ix.ji) d6i 0 thanh 0* va nguoc lai. Luu ¥, bang cach nay tao mot 0* trén dong i va
mdi dong trude d6 ¢ 0* van gitt nguyén. Bay gio lap lai budc 3 cho dong tiép theo
chua danh dau.

Truong hop B. Gia sur, cach khac, dang ¢ 0% tai 0 (ix+1, j). Tim O trén dong iy khong
nam trén cot di c6 trong day. Néu c6 thi thém vao diy. Néu khong co 0 thi khong thé
stra di nhu truong hop A.; ma quay lai danh nhan cot k 1a cot can thiét va dinh
hudng lai cach tim. Thuc hlen diéu nay bang cach xoa 0* tai 6 (ik+1,i) va 0 tai 6 (i.ji)
ra khoi ddy. Néu k>1 thi quay lai 0* tai (iy,jx:1) va 1ap lai tién trinh nay voi dong iy
thay cho dong iy;;. P6 13 tim 0 trén dong i, khac v6i 0 trén cot ji (cot can thiét) dé
khong nam trén cot da co trong diy.

Néu k=0 thi tim 0 khac trén dong iy, gia sir jo’, xdy dung duong di nhu trén bat dau tai
(i0jo”). Néu khong tim dugc phan tir 0 phu hop khac trén dong i, thi chua tao dugc
mot bd nhiém hoan thanh.
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C6 hai cach xay dung diy nay co thé két thiic. Mot cach khi thay 0 thanh 0% va
nguoc lai. Cach khac 1a khi khi tat ca cac 6 duoc x04 vi ching nam trén cot can thiét.
Trong trudng hop nay, khong thé bd nhiém, va phai sang budc 4.

Vidu5.4.

DN |ON | |CO
W =N
\OR SR § N}
AN | \O |00 [\O

C’=

SN |W|
— OO
S|Ww |
NN~ (O

Panh dau 0 bt q5u tur dong 1 6 budc 2. Thay dong 2 13 dong dau tién khong c6 0 trén
c6t chura danh dau. O diém nay,

— OO O

SN |W|—
S|W |
NN~ |O

ROi bt ddu xay dung lai ddy 0 va 0* theo budc 3. O dau tién 13 6 (2,2), chra 0. Tim
0* trén ¢t 2 ¢ 6 (1,2). Tim O trén dong 1 ¢ 6 (1,4). Trén cdt 4 khong c6 . Roi vao
truong hop A. Day 0 1a: (2,2), (1,2), (1,4).

Do6i 0 thanh 0* va nguoc lai, co

1 o [2 [o*
co— |3 |o* |5 [4

5 o [3 |6

0* [1 |0 |2

ting dugc 0* mot phan tir. Bay gio lip lai budce 3 cho dong 3.

Khéng c6 0* trén dong 3; do d6 xay dung day 6 bat dau ty 6 (3,2). 0% trén cot 2 &
6 (2,2). Nhung khong c6 0 trén dong 2. Roi vao trudng hop B va cot 2 13 cot can thiét.
Day 6 1a: 0 tai (3,2), 0* tai (2,2).

Vi tit ca cac 0 trong ddy déu nam trén cot can thiét nén phai sang budc 4 dé xac
dinh cac dong can thiét.
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Mot dong duoc goi 1a can thiét néu c6 0* trén cot khong can thiét. Bat dau véi
dong 1, tim 0* trén ¢4t 4, vi vay dong 1 1a dong can thiét. Dong 2 ¢6 0% trén cot can
thiét, cot 2. Do d6 dong 2 khéng can thiét. Dong 3 khong c6 0* vi vay khong can
thiét. Dong 4 ¢6 0* trén cot 1 nén 1a dong can thiét.

Chi tiét buwéc 4

Pht mdi dong va cot can thiét vi mot duong cho ra k duong pht nhu mé ta trude
day. Thu tuc nay tu dong phu tat ca cac phan tu 0 cua C’.

C’ duogc pht nhu sau

1 0 |2 |O*
= 3 0* |5 |4

5 0 |3 |6

o* |1 |0 |2

Sang budc 5. Trur 3 vao mdi phan tir khong phu, cong 3 vao mdi phan tir phu kép. C’
dé quay lai budc 2 la

IO |~
A O|IO (W
(el fen) | SR \S]
N|W|— O

Hoan thanh bd nhiém & buéc 2 nhu sau

1 3 [2 |O*
0* 10 |2 1
2 0* |0 |3
0 4 10* |2

Bay gid c6 thé viét lai budc 3 trong thuat toan nhu sau: Gia sir khong c6 0 trén dong
i0 dugc danh ddu va c6 mot phan tir 0 tai (ig.jo). Xy dung mot diy theo cot ri theo
dong xen ké tir 0 dén 0* dén 0, dén 0%, ... nhu sau:

(A) Néu dang 0 tai 6 (ix,ji) tim 0* trén cot jk. Néu c6 thi ndi vao day. Néu khong ¢
thi thay d6i trong diy vai 0 thanh 0* va 0* thanh 0 va tim dong tlep theo khong co 0*.
(B) Néu dang 0* tai 0 (ixs1,jx) tim O trén dong .. Néu c6 thi ndi vao diy. Néu khong
¢6 thi danh dau j Jk 1a cOt can thiét va xo0a céac 6 (lk.Ji) va (1k+1,_]k) ra khoi day. Néu ¢c6
nhiéu 6 thi xem 12 0% & 6 (iy, ji.1). Lap lai truong hop B. Néu khong ¢ nhiéu 6 trong
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day, tim phan tir 0 trén dong iy khong nam trén cot can thiét. Néu tim thay trén cot jo’
thi lp lai budc 3 bat dau tir 6 (io.jo’). Néu khong c6 thi sang budc 4.

Thuét toan nay goi 1a phwong phap Hungary vdi cong trinh cta hai nha toan hoc
Konig va Egervary. Phuong phap Hungary gia st bai toan dang cuc tiéu. Tuy nhién
c6 thé sira d6i mét it dé giai cho bai todn cuc dai nhu sau: Néu nhan -1 cho moi chi
phi thi chi phi duong thanh 4m va khéng ap dung duoc tiéu chuén tdi vu cta dinh ly
5.3.Dé str dung phuong phap Hungary, sau khi nhan -1, cong thém chi phi l6n nhat
trén ma tran gdc, thi tat ca chi phi déu khong am.

Vi du 5.5. Gia st bai toan bd nhiém chi phi dang cuc dai cho boi

@
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Q\|—= || W
DN [W (N

NS N N fo oR [ SN
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Lay chi phi 16n nhit 13 8 trir cho tét ca chi phi, c¢6 bai toan dang cuc tiéu tuong tmg 1a
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5.2.  Baitdp

Gidai cdc bai toan bo nhiém dang min sau dady:

1. 2.

10 |20 15 6 4 |5 3
5 11 8 7 8 19 2
12 |4 10 |5 4 |3 1
10 |18 2 10 2 |6 5
3. 4.

9 3 s |7 5 7 |2 |9
5 > T3 e 9 3 |7 |4
G 3 12 2 6 1 (4 |2
5 |4 |8 |3 2 |5 19 |5

Giai cac bai toan bo nhiém dang max sau day:

3. 6.

3 1 2 |5 5
2 1 5 3 2 7 8 6 |2
8 7 16 |7 9 3 7 |3 1
5 2 |4 |6 5 6 2 1 3
6 3 3 12 9 2 5 |4 |6

st sk sk s sk sk sk sk st sk st sk sk s sk sk sk sk
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