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LO'1 NOI BAU

Tiép theo chuong trinh ton hoc dai cuong bao gém giai tich 1, 2 va toan dai s6. Sinh vién
chuyén nganh dién tir-vién thong con can trang bi thém cong cu toan xac suit thdng ké va toan ki
thuat.

Pé dap tmg nhu ciu hoc tap ciia sinh vién chuyén nganh dién tir vién théng ctia Hoc vién,
chung t6i d bién soan tap bai giang Toan ky thuat tir nim 2000 theo dé cuong chi tiét mon hoc
ciia Hoc vién. Qua qua trinh giang day ching toi thdy rang can hiéu chinh va b6 sung thém dé
cung cip cho sinh vién nhitng cong cu toan hoc tot hon. Trong lan tai ban 1an thi hai tap bai giang
dugc nang 1én thanh gio trinh, ndi dung bam sat hon nita nhimg dic thi ctia chuyén nganh vién
thong. Ching han trong ndi dung ctia phép bién dbi Fourier chung toi sir dung mién tan s6 f thay
cho mién @ . Dya vao tinh duy nhét cia khai trién Laurent chiing t6i giGi thi¢u phép bién doi Z
dé biéu dién céc tin hiéu roi rac bang cic ham giai tich. Tuy nhién do dic thu cua phuong thirc
dao tao tir xa nén chung t6i bién soan lai cho phu hop véi loai hinh dao tao nay.

Tap gi4o trinh bao gdm 7 chuong. Mdi chuong chita dung cac ndi dung thiét yéu va dugc
coi la cac cong cu toan hoc déc luc, hiéu qua cho sinh vién, cho k¥ su di sau vao linh vuc vién
thong. Noi dung gido trinh dap tng day du nhimg yéu ciu cta dé cuong chi tiét mén hoc da duoc
Hoc vién duyét. Trong timg chuong ching t6i ¢b ging trinh bay mot cach tong quan dé di dén cac
khai niém va céc két qua. Chi ching minh cac dinh 1y doi hoi nhitng cong cu vira phai khong qua
sdu xa hodc chirmg minh cac dinh Iy ma trong qua trinh ching minh gitup ngudi doc hiéu sau hon
ban chét cua dinh 1y va gitp nguoi doc dé dang hon khi van dung dinh 1y. Cac dinh Iy kho chimg
minh s& duoc chi dan dén cac tai liéu tham khao khac. Sau mdi két qua déu c6 vi du minh hoa.
Cudi cung tung phﬁn thuong c6 nhiing nhan xét binh luan vé viéc m& rong Kkét qua hoac kha nang
ung dung chiing. Tuy nhién chiing t6i khong di qué sau vao cac vi du minh hoa mang tinh chuyén
sau vé vién thong vi sy han ché cua chung toi vé lanh vuc nay va cling vi vuot ra khoi muc dich
cta cudn tai lidu.

Thit ty cua timg Vi du, Dinh 1y, Dinh nghia, dugc dénh sb theo timg loai va chuong. Chéng
han Vi du 3.2, Pinh nghia 3.1 1a vi du tht hai va dinh nghia dau tién cua chuong 3... Néu can
tham khao dén vi du, dinh ly, dinh nghia hay cong thirc nao dé thi ching t6i chi 1o s6 thir tu cta vi
du, dinh 1y, dinh nghia twong tmg. Cac cong thirc duge danh sb thir ty theo ting chuong.

H¢ thong cau hoi 6n tap va bai tap cua tung chuong co6 hai loai. Loai trac nghiém ding sai
nham kiém tra truc tiép muc dg hiéu bai cua hoc vién con loai bai tap tong hop giup hoc vién van
dung kién thurc mot cach sau sac hon.

Vi nhan thirc ctia chiing t6i vé chuyén nganh Dién tir Vién thong con han ché nén khong tranh
khoi nhiéu thiéu sot trong vi€c bién soan tai liéu nay, cling nhu chua dua ra hét cac cong cu toan hoc
can thiét can trang bi cho cac can b nghién ciru vé chuyén nganh dién tir vién théng. Chung toi rat
mong sy dong gop cta cac nha chuyén mon dé ching t6i hoan thién t6t hon tap tai lidu nay.

Tac gia xin bay to 101 cam on t61 PGS.TS. Lé Trong Vinh, TS T6 Van Ban, da doc ban thao
va cho nhing y kién phan bién quy gia va dic biét toi KS Nguyén Chi Thanh ngudi da giup toi
bién tap hoan chinh cudn tai li¢u.
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Cubi cung, tac gia xin bay to sy cam on dbi v6i Ban Giam dbc Hoc vién Coéng ngh¢ Buu
Chinh Vién Thong, Trung tdm DPao tao Buu Chinh Vién Thong 1 va ban bé dong nghiép da
khuyén khich, dong vién, tao nhiéu diéu kién thuan loi dé chung t61 hoan thanh tap tai liéu nay.

Ha No6i 5/2006

Tac gia
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CHUONG I: HAM BIEN SO PHUC

PHAN GIOI THIEU

Giai tich phuc 1a mot bd phan cua toan hoc hién dai co nhiéu ung dung trong k¥ thuat.
Nhiéu hién twong vét 1y va tu nhién doi hoi phai st dung s phirc méi mé ta dugc. Trong chuong
nay chung ta tim hiéu nhitng vin dé co ban cua giai tich phtrc: Lan can, giéi han, ham phtc lién
tuc, giai tich, tich phan phic, chudi sb phirc, chudi lity thira, chudi Laurent... Dé nghién ciru cic
van dé nay ching ta thuong lién hé véi nhitng két qua ta da dat dugc doi véi ham bién thuc. Mbi
ham bién phic w= f(z) = f(x+iy) =u(x, y)+iv(x,y) tuong Gng v6i hai ham thuc hai bién
u(x,y),v(x,y). Ham phic f(z) lién tuc khi va chi khi u(x,y),v(x,y) lién tuc. f(z) kha vi
khi va chi khi u(x, y),v(x,y) c6 dao ham riéng cip 1 thoa méan diéu kién Cauchy-Riemann. Tich
phan phirc twong tmg véi hai tich phan duong loai 2 ...M&di chudi sb phuc twong tmg voi hai
chudi sb thuc co s hang tong quat 13 phan thuc va phan do ciia sé hang tong quat cua chudi sd
phue da cho. Sy hdi tu hay phéan ky dugc xac dinh bai sy hoi tu hay phan ky cua hai chudi sb thuc
nay.

Tir nhimg tinh chit dic thu cia ham bién phtc ching ta c6 cic cong thic tich phan
Cauchy. D6 1a cong thirc lién hé giita gia tri ciia ham phirc tai mot diém vai tich phan doc theo
duong cong kin bao quanh diém nay. Trén co s& cong thirc tich phan Cauchy ta c6 thé chimg
minh dugc cac két qua: Moi ham phuc giai tich thi ¢ dao ham moi cdp, c6 thé khai trién ham
phtc giai tich thanh chudi Taylor, ham giai tich trong hinh vanh khin duoc khai trién thanh chudi
Laurent.

Bing cach tinh thing dy cia ham sé tai diém bat thuong c6 14p ta ¢ thé ap dung dé tinh cac
tich phan phirc va tich phan thuc, tinh cac hé sé trong khai trién Laurent va phép bién ddi Z
nguoc.

Duya vao tinh duy nhét ciia khai trién Laurent ta c6 thé xay dung phép bién ddi Z.Phép bién
d6i Z cho phép biéu dién diy tin hiéu sb roi rac bang ham giai tich.
Dé hoc t6t chuong nay hoc vién can xem lai cac két qua cua giai tich thyc.

NOI DUNG

1.1. SO PHUC

1.1.1. Dang tdng quat cia sé phirc
S6 phtrc c6 dang tong quat z = x +iy, trong d6 x, y 1a cac sb thyc; i?=-1.
x 12 phan thyc cia z, ky hiéu Rez. y 1a phan 4o ciia z, ky hiéu Imz.
Khi y=0thi z=x 1a s6 thuc; khix =0 thi z = iy goila s6 thudn ao.

S6 phirc x —iy, ky hiéu z , duoc goi 12 s6 phirc lién hop véi s6 phitc z = x+iy.
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Hai s6 phitc z; = x| +iy; VA z, =X, +iy, bang nhau khi va chi khi phan thuc va phan ao

ctia chung bang nhau.

. . X=X
Zy =X+, 2, =X+, Z,=2Z, & 3 (1.1)
V=0

Tap hop tét ca cac s6 phtic ky hiéu C.
1.1.2. Cac phép toan

Cho hai s6 phtic z1 =X +iy| va zp =X, +1y,, ta dinh nghia:

a) Phép cong: S6 phuc z = (xl + X5 ) +1i ( i+ yz) duoc goi 1a téng cua hai sé phirc z] va
Zy,kyhi¢u z=2z; +2z,.

b) Phép trir: Ta goi s6 phitc —z = —x —iy 1 s6 phic d6i ciia z =x +iy.

S6 phitc z =z +(~z,) = (xl - X ) + i(yl - yz) duoc goi 14 higu ciia hai s6 phirc z; va z,,
ky hi¢u z=2z; —z,.

¢) Phép nhan: Tich cua hai s6 phirc z; va z, l1a s6 phitc duogc k¥ higu va dinh nghia boi

bicu thirc:
z=2zz,= (x1 +1iy, )(x2 +iy2) = ()clx2 ) ) + i(xly2 + X, ) 1.2)
r 4 1 —_—
d) Phép chia: Nghich dao cua so phiic z =x+iy # 0 1a so phtc ky hi¢u — hay z 1, thoa
z

min diéu kién zh=1. Vay néu z7l =x'+ iy' thi

xxl_ny=1 . X , —
{. . XN 2,y=2y2. 1.3)
»'+xy'=0 x“+y x“+y
. _ + — ) s
S6 phuc z = 21221 = xlx% y12y 22 +l.y1x§ x12y2 duoc goi 1a thuong cua hai s6 phtic z; va
Y @) X+

25, ky hicu z=§—1 (zy 20).
2

Vidu 1.1: Cho z=x+iy, tinh 22, zz.
Gidi: z° :(x+iy)2 :(x2 —y2)+i(2xy), zz=x>+y%.
Vi du 1.2: Tim céc s6 thuc x, y 1a nghiém cua phuong trinh
S5(x+y)(1+i)—(x+2i)(3+i)=3-11i.
Gidi: Khai trién va dong nhat phan thuc, phan ao hai vé ta dugc

2x+5y+2=3 7
= x=-3,y=—.
4x+5y—-6=-11 5
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. z+iw=1
Vi du 1.3: Giai h¢ phuong trinh .
2z+w=1+i
Gidi: Nhan i vao phuong trinh thir nhét va cong vao phuong trinh thi hai ta duoc
1+2i  (1+20)(2-i) 4+3i
2+1 5 5

. w=i(z—1)=i(_1+3i]=—3+i.
5 5

(2+i)z=1+2i = z=

3

Vi du 1.4: Giai phuong trinh 22 42z+5=0.
Gidi: 2 +2z+5=(z+1) +4=(z+1) —(2i)" = (z+1-2i)(z +1+2i).
Vay phuong trinh ¢6 hai nghiém z; =-1+2i, z, =—1-2i.

1.1.3. Biéu dién hinh hoc ciia s6 phirc, mit phing phirc

Xét mat phéng voi hé toa do truc chuin

Oxy, c¢6 véc to don vi trén hai truc tvong ung la y A
i va f . Mbi diém M trong mit phing nay hoan
toan dugc xac dinh bdi toa d§ (x; ) cia nd thoa
min OM =xi+yJ. N P M
S6 phitc z=x+iy ciing hoan toan dugc it
xac dinh bdi phan :[huc x’ va Ijhénvéo ) cua no. 0 —~ N N
Vi vdy nguoi ta dong nhat moi diém c6 toa do
(x;y) v6i s6 phitc z=x+iy, luc d6 mit phing
nay duoc goi 1a mat phang phiec.
1.1.4. Dang lwong gidc ciia so phirc vt
Trong mat phéng v6i hé toa do truc chuin
Oxy, néu ta chon Ox 1am truc cuc thi diém
........................................ M
M(x;y) co toa d0 cuc (r;¢) xac dinh boi z Z
. j A v ¢ '
r=0M , p=(0x,0M) ) -
o\ 7 X X
X =7Ccos
théa man { ) £
y=rsing
Ta ky hi¢u va goi
|z| =7 =0OM =+/x* +y2 (1.4)
Argz=@+k2n , ke Z (1.5)

la mo dun va argument cua so phirc z =x+1y .
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Goc @ ciia s6 phic z = x +iy # 0 duogc xac dinh theo cong thirc sau

tgQ=yx
{cosq)—x/\/x2 +y2 (16
Gia tri cua Argz nam gitta —m va © dugc goi la argument chinh, ky hi¢u argz. Vay
—w<argz<r.
Tur cong thuce (1.4) ta cod
z=x+iy=r(cosp+ising) a.7)
g0i 13 dang heong gidc ciia sé phirc.

Str dung khai trién Maclaurin ¢6 thé ching minh duoc céng thirc Euler

¢ = cosp+ising (1.8)
ip + —ip ip _ _—ip
Do do COS(pz%, sin(oz%. (1.9)
i

Tir (1.7)-(1.8) ta c6 thé viét s6 phire duwéi dang mii

z =z (1.10)
Cic tinh chét ciia s6 phirc
L =T+ o, A (i}i_ 11
2 )/ 22
= Rez="2%, mz=2"2 7eR & z==. (1.12)
2 2i
"=z & {|Zl|:|22| ¥ {|Zl|:|22| (1.13)
argzy = argz, Argz) = Argz, +k2x
-zZ—|zz,1=i_:i2,i:%. (1.14)
i A
" lez|:|zl||zz , i:|5—1|, |Zl+Zz|S|Zl|+|Zz|. (1.15)

* Arg(zzy) = Argz) + Argz,, Arg (j—lj = Argz; — Argz, (1.16)
2
M
" z=X4y = va |z|£|x|+|y| (1.17)
<l
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Vi du 1.5: a) Tép cac sd phitc z théoa min |z—2| =3 twong Gmg Vi tap cac diém co khoang
cach dén 1(2;0) bang 3, tap hop nay 1a duong tron tim / ban kinh 3.

b) Tap cac sé phic z théa man |z—2| :|z+4| trong ung vo6i tip cac diém cach déu
A(2;0) va B(—4;0) d6 la duong trung truc ctia doan AB ¢6 phuong trinh x =—1.

1.1.5. Phép nang liiy thira, cong thirc Moivre

Liiy thira bac n cua s0 phtic z 1a s6 phuc M=zz.0z
—
n lan

Tu cong thuc (1.15)-(1.16) ta c6 cong thirc Moivre:
z" =|z|" (cosnp+isinng), Argz=gp+k2r. (1.18)
Dic biét, khi |z| =1 ta c6

(cos@+ising)"=(cosng+isinng) (1.18)'

Vi du 1.6: Tinh (—1+J§i)10.

10
10
Giai: (—1+\/§i) :[2(cos%+isin2§ﬂ =210(0052077z+isin207”j

2

=210 (coszgﬂ'sin%{j =210 (—l+gij =27 +i32°.

1.1.6. Phép khai cin
Sé phuc ® dugc goi la can bac n cua z, ky hi¢u o = %, néu 0" =z.
Néu viét duéi dang lugng giac: z = 7(cos@+isin @), ®=p(cosO+isinB) thi

p=1r

n
z=0" o P 77 N . (1.19)
{n@z(p+k2n, keZ g @ +h2T

n

Vi Argument cua mot so phtrc xac dinh sai khac mot boi s6 nguyén cua 21 nén vdi moi sO

phuc z#0 c6 dung n can bac n. Cac can bac n nay cé cung mo dun la 1y , Argument nhan

o k2 i . o h A X
cac giatri 0 = A . tng v6i k=0,1, ..., n—1, vi vy ndm trén dinh cua n-gidc déu noi tiep
n n y A
trong duong tron tam O ban kinh 1y .
i
Vidu 1.7: Giai phuong trinh z* +1=0 z] Zo
Gidi: Nghiém cua phuong trinh 1a can bac 4 i
cia —l=cosm+isinm twong ung la: Y 4 1 >
0 X
9 Zy z3
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v

1.1.7. Cac khai niém co ban cua giai tich phirc
1.1.7.1. Mt cdu phirc

Trong 1.1.3 ta d3 c6 mot biéu dién hinh hoc cia tap cac sd phizc € bang cach dong nhat
mdi sb phtc z=x+iy voi diém M co toa do (x;y) trong mat phéng voi hé toa do Oxy. Mat
khac néu ta dyng mat cau (%) c6 cuc nam tiép xtic v6i mat phang Oxy tai O, khi d6 mdi diém z
thudc mit phang Oxy s& tuong ng duy nhat voi diém @ 1a giao diém cua tia Pz va mit cau
(%), P 1a diém cyc bic cia (7).

Vay mdi diém trén mit phang Oxy dugc xac dinh boi mot diém trén mat cau (%) ngoai trir
diém cuc bic P.

Ta gan cho diém cuc bic nay sd phirc vo cung co. Tap hop sé phic € thém sé phuc vo
cung duge goi 13 tap sb phirc mo rong €. Nhu vay toan by mat cau (:#) 1a mot biéu dién hinh

hoc cua tap so phirc mo rong.

Quy udc: — = (z#0), zw=00 (z#0), z+00=00, V—z =00,

z
0
1.1.7.2. Léan cdn, mién

a. Lan can

Khai niém €—1an can cta z, € C dugc dinh nghia hoan toan twong tw v6i €—1an cén
trong R? , d6 12 hinh tron ¢ tm tai diém nay va ban kinh bang ¢ .

By(z0)= £ €|z z| <) (1.23)
N-lincin0eC:  By(o)={eC|[> Nju o} (1.23y

b. Piém trong, tip mé
Gia st £ 1a mot tap cac diém cua mat phéng phurc hoac mat cau phuec. biém zy dugce goi

la diém trong ciia E néu ton tai mot lan can cliia z, nam hoan toan trong £ .

Tap chi gdm cac diém trong dwoc goi 1 tdp mo.

10
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¢. Diém bién

DPiém z1, €0 thé thudc hodc khong thudc E , duoc goi 1a diém bién cia E néumoi 1an cin
clia z; déu cé chira cac diém thudc E va cac diém khong thuoc E .

Tap hop cac diém bién cua E dugc goi 1a bién E , ky hiéu OF .

Hinh tron mo {z € C‘ |z —zo| < r} va phan bu ctia hinh tron mé {z € C‘ |z —ZO| > r} la céac

tap m& co bién lan lugt 1a {zeC‘ |z—zo| :r} va {zeC‘ |z—zo| :r}u {oo}.

Hinh tron déng {z € C| |z —zo| < r| khong phai 1a tap mo vi cdc diém bién |z zo|=r
khong phai 1a diém trong.
d. Tap lién thong, mién

Tap con D cuia mit phang phirc hay mat cau phirc duoce goi 13 tdp lién théng néu véi bat ky
2 diém nao cua D ciing c¢6 thé ndi chung bang mot dudng cong lién tyuc ndm hoan toan trong D .

Mot tap mo va lién théng duoc goi la mién.

Mién D cung bién 6D ciia né duge goi la mién déng, ky hiéu D = DU D . Mién chi ¢6
mot bién dugc goi 1a mién don lién, truong hop nguoc lai goi 1a mien da lién.

Ta qui wdc hudng dwong trén bién ciia mién 13 hudng ma khi ta di trén bién theo hudng do
thi mién D & bén tay trai.

Mién D duoc goi la bi chan néu ton tai R >0 sao cho |z| <R,VzeD.

1.2. HAM BIEN PHUC
1.2.1. Pinh nghia ham bién phic

Pinh nghia 1.1: Mot ham bién phitc xdc dinh trén tdp con D ciia C hodc C la mot quy
ludt cho twong itng méi s6 phitc z € D véi mét hodc nhiéu so phircw, ky hidu w = f(z), zeD.

Néu véi mdi z chi cho trong g duy nhat mot gia tri w thi f (z) duoc goi 1a ham don tri.
Truong hop ngugc lai f dugce goi 1a ham da tri.

Ham s8 w= f(z)=z* +3 1a mot ham don tri, con ham s6 w= f(z)=+/z 1a mét ham da
tri.

Tap D trong dinh nghia trén dugc goi 1a tdp xac dinh. Ta chi xét tdp xac dinh D 1a mot
mién, vi vdy D dugc goi 1a mién xac dinh.

Thong thuong ngudi ta cho ham phirc biang cong thirc x4c dinh anh f (z), khi ¢6 mién xac
dinh D 1a tap cac s6 phitc z ma f (Z) c6 nghia.

z

22+1

Hamsd w= f(z)=

¢4 mién xac dinh 1a D:{z| z;tii}.

Ta c6 thé biéu dién mot ham phire boi hai ham thyc cua hai bién (x, y) nhu sau:

11
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u=ulx
z=x+iy va w= f(z)=u+iv thi {
V= v(x, )
Goi u(x, y) la phﬁn thue, v(x, y) la phﬁn ao cua ham f(z).

Hamsé w=z>+3=(x+iy)> +3=(x> =y +3)+i2xp ¢
v=2xy

u:xz—y2+3

(1.24)

Trudng hop mién xéc dinh D c R thi ta ¢6 ham phtrc bién sb thyc, ta ky hiéu w= f(¢) c6

bién s6 1a ¢ thay cho z .

Trudng hop mién xac dinh D 14 tap sb tw nhién N thi ta c6 diy sb phtc z, = f (n), nenN,

ta thuong ky hiéu day s6 1a (z, Juen hay (z,)7_; .

1.2.2. Gi6i han
Pinh nghia 1.2: Day s6 (z,, );Ozl hoi tu vé zy = xy + v, k¥ hiéu lim z, =z, néu
n—o0
Ve>0,IN>0:n>N = |z, —zo|<e
Day s6 (zn )2021 c6 gidi han la o, ky hiéu lim z, = o, néu
n—>0
Ve>0,IN>0:n>N = |z,|>¢
Tir (1.17) suy ra rang
lim x, =x,
. . n—®0
lim Z,=Zg=Xg +t1)Yy < .
- lim vy, =y
n—>®0

(1.25)

(1.26)

(1.27)

DPinh nghia 1.3: Ta néi ham phicc w= f (Z) xdc dinh trong mot lan cdn cua z co gidi han

la L khi z tién dén zo, ky hiéu lim f(z):L, néu véi moi lan can B, (L) t6n tai lan can

Z—>ZO

Bs(zg) sao cho véi moi z € Bs(zq), z # z thi f(z)e B.(L).

Truong hop z,, L € C dinh nghia trén duoc viét dudi dang cu thé sau:

lim f(z)=L & Ve>0,35>0:Vz 0<|z—z9|<8=|f(z)-L|<e

Z_>ZO
Tu (1.17), (1.24), twong tu (1.27) ta co:
lim u(x,y)=u
(x,»)—>(x9,¥0)

lim v(x,y) =V
(x,3)>(x0,¥0)

lim f(z)=L <

Z%ZO
trong d6 zo = xo +iyg, L =ug +ivy.

12
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1.2.3. Lién tuc
Dinh nghia 1.4: Ham phirc w= f(z) xdc dinh trong mién chira diém zy dwoc goi la lién

tuc tai zy néu lim f(z)= f(z). Ham phirc w= f(z) lién tuc tai moi diém ciia mién D dwoc
Z—)ZO

goi la lién tuc trong D .

Tir (1.29) suy ra rang mot ham phie lién tuc khi va chi khi hai ham thuc hai bién (phan
thue, phén 40) xac dinh boi (1.24) 1a lién tyc. Do do ta co thé ap dung céc tinh chét lién tuc cua
ham thyc hai bién cho ham phtec.

1.2.4. Ham kha vi, diéu kién Cauchy-Riemann
Pinh nghia 1.5: Gid sir z = x+iy la mét diém thudc mién xdc dinh D ciia ham phirc don

tri w= f(z) Néu ton tai gidi han

lim S2+42)= /() (1.33)

Az—0 Az
thi ta noi ham w= f(z) kha vi (hay c6 dao ham) tai z, con gioi han do dwoc goi la dao ham tai
z, ky hiéu f'(z) hodgc w'(z) .

Vidu 1.8: Cho w= z?, tinh w'(z).

Giai: Aw:(z+Az)2—22:22AZ+AZ2 3%:22+Az,
Dod6 w'(z)= lim A% _ im (2z+Az)=2z.
Az—0 Az Az—0

Pinh Iy 1.1: Néu ham phirc w = f(z) ~ u(x,y)+ iv(x,y) kha vi tai z = x+iy thi phan thyc
u(x, y) va phﬁn ao v(x, y) c6 cac dao ham riéng tai (x,y) va thoa man diéu kién Cauchy-

Riemann

%, 3) =, )

ox oy

(1.34)
% (y) =L (x.y)
oy ox

Nguoc lai, néu phﬁn thuc u(x, y), phén ao v(x, y) kha vi tai (x,y) va thoa man diéu kién

Cauchy-Riemann thi w= f (z) khavitai z=x+1y va

, ou OV ov . Ou
(@)= y)+i = () =—(x,y)-i—(x.y). (1.35)
ox Ox oy oy
Vidu1.8: Ham w=z2 = x? =32 +i2xy & Vi du 1.7 ¢6 ax 4 ,, +dod ham kh v
w_ Ly, »
oy ox

tai moi diém va w'(z) =2x+i2y=12z.
13
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- 0 0 A :
Vidu 1.9: Him w=z=x-1iy co a—u =1, av = —1 khong thoa man diéu kién Cauchy-Riemann,
x y

do @6 ham khong kha vi tai bat ky diém nao.
1.2.5. Ham giai tich

Pinh nghia 1.6: Ham don tri w= f(z) kha vi trong mét lan can cua z dwoc goi la giai
tich tai z. Néu f(z) kha vi tai moi diém ciia D thi ta néi f(z) gidi tich trong D. f(z) gidi tich
trong D néu né gidi tich trong mot mién chira D.

Khéi niém kha vi va dao ham cua ham phtrc dugc dinh nghia tuong tu nhu trudong hop ham

thuc. Vi vy cac tinh chat va quy tic tinh dao ham da biét d6i v6i ham thuc van con dung dbi voi
ham phtrc.

(f(2)tg(2)'=f(2)1g'(2).
(f(2)g(2)'= f(2)g(2)+ f(2)g'(2). (1.38)

£(2) _S'(2)g(2) - f(2)g'(2) 0
g(Z)j (g(Z))Z , g(z)#0.
(Fu@)) = /'@ ).
1.2.6. Cac ham phikc so cip co ban
1.2.6.1. Ham liiy thira w=z", n nguyén dwong > 2.

\ A s . EYOY e : \ n-1
Ham s6 x4c dinh va giai tich voi moi z, dao ham w=nz" .

Néu z = r(cos@+ising) thi w=r"(cosne+isinng).
Vay anh cua dudng tron |z| = R 1a duong tron |w| = R". Anh cta tia Argz =@+ k2m la
, 2 ,
tia Argw =n@+ k'2m. Anh cia hinh quat 0 <argz < T a mat phang w bo di truc thyc duong.
n

A

y

v

/

14
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1.2.6.2. Ham cin w="z

Ham can bac n: w=7%z 1a ham nguoc ctia ham Ity thira bac 7.

Moi s6 phirc khac 0 déu c6 dung n can bac n, vi vay ham can la mot ham da tri.

1.2.6.3. Ham mii w = e”
Mo¢ rong cong thirc Euler (1.12) ta ¢6 dinh nghia ciia ham mil
w=e? =" = ¢*(cos y +isin y) (1.39)
¢ |w=e", Argw=y+k2n.
¢ Ham mii giai tich tai moi diém va (ez) =e°

2]

e — n j
o efeP2 = phita ’ _ A h ’ (ez) - S ez+1k2n:ez. (1.40)
Z
e
T
0 ) ir
o e =1,e?2=ie"=-1

¢ Qua phép bién hinh w=e”, anh cua dudng thing x = a 1a dudng tron |w| =e“, anh
ctia dudng thang y =b latia Argw=b+k2m.

Anh cua bang 0 < y < 2m 1a mit phing w bo di nira truc thuc duwong.

b
y=b 1

’ Jea I;
w
C2 v

1.2.6.4. Ham logarit

Ham nguoc ctia ham mii dugc goi 1a ham 16garit. w=Lnz < z=¢"

w=Lnz=u+iv < z=e" =e"*" =¢"(cosv +isinv)

Rew= ln|z|
Vay w=Llnz < (1.41)

Imw=argz+k2n

15
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Piéu nay chimg to ham 16garit phtc 1a ham da tri. Ung voi mdi z ¢ vo sb gia tri ciia w,
nhitng gia tri nay c6 phan thuc bang nhau con phan 4o hon kém nhau bdi s6 nguyén cua 2w, Voi
moi k = kg ¢ dinh ta duoc mot nhanh don ta tri cia ham w=Lnz .

w= 1n|z| +i(argz + ko2m)
Nhanh don tri tng véi k =0 dugc goi la nhanh don tri chinh va dugc ky hiéu Inz .
Inz= ln|z| +iargz
trong d6 In & vé trai 1a ham bién phtrc, con & vé phai 1a ham bién thuc.
Mot sb tinh chat cia ham 16garit.

= Ln(-1)= ln|— 1| +i(arg(~1) + k2n)= 2k +1)ni = In(=1)=in

2]

‘ Ln(2,) = Ln(z, )+ Ln(z,). Lr{ ]:Ln(zl)_Ln(zz), Lns" = nlnz.

Z

Céc nhanh don tri ctia ham 16garit giai tich trén nira mat phang phirc Z bo di nira truc thuc
am (x <0).

1.2.6.5. Cdac ham lwong gidac phirc

Mo rong cong thire (1.12) cho cc dbi sé phire ta duoc cac ham lugng gidc phirc

iz —iz iz —iz
e +e ) e’ —e
cosz=——, sinz=—; VzeC (1.42)
2 2i
sin z T coSz
tgz = ,z¢(2k+1)—; cotgz=——; z#km.
Ccosz ¢ sin z

Céc ham luong giac phirc con giit duge nhiéu tinh chat cia ham luong giac thuc.
= Ham cosz, sinz tudn hoan chu ky 27, ham tgz, cotgz tudn hoan chuky 7.
= Cac ham luong giac phirc giai tich trong mién xéac dinh

(sinz) =cosz; (cosz) =—sinz, (1gz) =—=—, (cotgz) =——
COS Z Sin- z

. coszz+sinzz=1; VzeC
= Céc cong thirc cong goc, ha bac, tong thanh tich, tich thanh tong van con diing.

Tuy nhién cé nhitng tinh chat cia ham lugng giac thuc khong con dang dbi voi ham luong
giac phuec. Chéng han ham lugng giac thuc bi chan nhung ham lugng giac phic khong bi chan (ta
c6 thé chirmg minh diéu nay bang cach p dung dinh 1y Louville):

|c0s x| <1,

>1.

—n n —n n
) . e " +e .4 leT—e
smx| <1, Vx € R nhung cosni =T>1, smm| =‘

2i
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1.2.6.6. Cdac ham lwong gidc hyperbolic phirc

z -z z_,72

chz shz

= Céc ham luong giac hyperbolic phtrc giai tich trong mién xac dinh

, (cothz)' =

shz) =ch , (ch '=sh , (th = y
(shz) =chz, (chz) =shz, (thz) R 2

» chz+shz=e”, chz—shz=¢e"?, siniz=ishz, cosiz=chz.
2 2_ _ _ 2 2
» ch“z—sh“z=1,sh2z=2chzshz, ch2z=ch“z+sh“z.

1.3. PHEP BIEN HINH BAO GIAC

Nhiéu van dé trong khoa hoc va thuc tién (vi du bai toan nd min, bai toan thiét ké canh may
bay...) dwa dén bai toan: Tim phép bién hinh bao giac bién mién D thanh mién A nao d6 ma ta da
biét hodc d& dang khao sat hon. Trong muc nay ta dua ra vai nguyén 1y va phuong phap tim phép
bién hinh trong nhing trudong hop don gian.

1.3.1. DPinh nghia phép bién hinh bao giac

Pinh nghia 1.7: Phép bién hinh w= f (z) dwge goi la bdo gidc tai z néu thod man hai
diéu kién sau:

i. Bdo toan géc giita hai dwong cong bat ky qua diém z ( ké ca do 1om va hidng).

ii. C6 hé so co dan khéng doi tai z , nghia la moi dwong cong di qua diém nay déu cé hé
s6 co dan nhw nhau qua phép bién hinh.

Phép bién hinh w= f(z) dwoe goi la bao gidc trong mién D néu né bdo gidc tai moi diém
cuia mién nay.

Dinh 1y sau day cho diéu kién du cta phép bién hinh bao giac.

Pinh Iy 1.2: Néu ham w= f(z) kha vi tai z va f'(z)#0 thi phép bién hinh thuc hién boi
ham w= f (Z) bao giac tai diém z , dong thoi arg f '(z) la gbc quay va | f' (z)| 1a hé sb co gidn tai
diém z cua phép bién hinh dé.

Tir dinh 1y nay ta suy ra rang néu w= f (z) giai tich trong D va f" (z) #0,Vze D thind la
mot phép bién hinh bao giac trong D.

1.3.2. Phép bién hinh tuyén tinh w=az+b, a#0

Phép bién hinh nay bao giac trong toan mién C vi w' (z) =a#0,Vz.

Néu a = |a|ei‘P thi w= |a|ei(pz +b . Diéu nay chimg t6 phép bién hinh tuyén tinh 1a hop cua

ba phép bién hinh sau:

9

= Phép vi ty tdm O ty 6 k = |a
= Phép quay tam O, goc quay ¢,

17
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= Phép tinh tién theo véc to b .

Vay phép bién hinh tuyén tinh 13 mot phép bién hinh ddng dang (hop ctia mot phép vi tu,
phép quay, phép tinh tién). N6 bién mot hinh bat ky thanh mot hinh dong dang voi né. Pic biét
bién mot duong tron thanh mot dudng tron, bién mot dudng thing thanh mot dudng thing, mot da
giac thanh mot da giac dong dang.

Vi du 1.10: Tim phép bién hinh bao giac bién tam gidc vudng can cé cac dinh A(— 7+ 2i ) ,
B(— 3+ 2i), C(— S+ 41') thanh tam giac vudng cén c6 cic dinh 4, (2i) , B (0), C (1 + i).

Gidi: Hai tam giac vudng cin bat ky déu dong dang v6i nhau nén ton tai mot phép dong
dang w=az+b, a#0 bién AABC thanh A4 B,C;. Phép bién hinh niy bién A4 thanh A4,
bién B thanh B,, do d6 a, b théa man hé phuong trinh

2i = a(-7+2i)+b =73 i 3
= = =
0=al(-3+2i)+b _ . 3 2

Thay z =—5+4i taco W=—é(—5+4i)—l—%i=l+i.

A A

Yy %
4i 2i (M
2 i B ~~§C1
—7 -3 b B 1 u

1
1.3.3. Phép nghich ddo w=—
A

iy 1 . . i
Phép bien hinh w=— ¢6 thé mé rong Ién mit phang phirc m¢ rong € bang cach cho anh
z

ciaz=01a oo vaanhciua z=o la w=0.

Pao ham w' (z) = _—2 #0, Vz #0, oo nén phép bién hinh bao giac tai moi diém z#0, .
z

Hai diém A, B nim trén mot tia xuét phat tir tdm I ctia duong tron (W) ban kinh R duoc goi

Ia lién hop hay déi xtmg qua (%) néu IA.IB=R?.

18
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1 —_ — N . A 4 \
Vi Arg==—-Argz =Argz nén z va w =— cung nam trén mot tia xuat phat tor O.
z z
. 1 N SRR . . :
Ngoai ra |z|‘T =1,dodd z va w == d0i xing nhau qua duong tron don vi.
z‘ z

Vay phép bién hinh nghich dao w =§ 1a hop cua phép ddi xing qua duong tron don vi va
phép dbi xtmg qua tryc thyc. Phép bién hinh nay bién:

= Mot dudng tron di qua O thanh mot duong thang.

= Mot duong tron khong di qua O thanh mot dudng tron.

= Mot duong thing di qua O thanh mot duong thiang qua O.

= Mot dudng thang khong di qua O thanh mot duong tron di qua O.

( . . 1
Néu ta xem duong thang 1a mot dudng tron (c6 ban kinh vo han) thi phép bién hinh w=—
z
bién mot dudng tron thanh mot duong tron.
, 1 ‘ ) .
Anh cua duong tron |z| =R la duong tron |w| = R anh cua hinh tron |Z| < R 1a phan ngoai
cua hinh tron |w| > R Anh ctia M trén tia OB la N trén tia OB', B' 1a doi xting cta B qua truc

thuc va OM.ON =1.

-
N

N
£h
z\

C zadl v O

az+b
cz +

3.4. Phép bién hinh phan tuyén tink w = ;¢#20,ad —bc#0

. . +b , I~
Ta c6 thé mo rong ham phan tuyén tinh w = az 1én mit phang phirc mé rong C bang

cz +

4 d 4 a
cichchoanhcia z=——1la o vaanhcia z=o la w=—.
c c

19



Churong 1: Ham bién sé phirc

d—-b d iy ) Dz
Pao ham ' (z) L 0, Vz #——, © nén phép bién hinh bao giac tai moi diém
(cz+d )2 ¢

Z#E——, 0.
C

_az+b_acz+bc_a(cz+d)+bc—ad_a+bc—ad 1

W_cz+d_c(cz+d)_ c(cz+d) Tc ¢  cz+d’

Do d6 phép bién hinh phén tuyén tinh 1a hop ctia 3 phép bién hinh:

¢ Phép bién hinh tuyén tinh: z b cz+d,
. e 1
¢ Phép nghich dao: cz+d ,
cz+d
. . - 1
¢ Phép bién hinh tuyén tinh; s De—adg =

cz+d c cz+d ¢

Vi cac phép bién hinh tuyén tinh va nghich dao bién mot dudng tron thanh mot duong tron
va bao toan tinh dbi xtmg cua 2 diém d6i ximg qua duong tron, nén phép bién hinh phéan tuyén
tinh ciing co tinh chat do.

X +b 2 A .
Phép bién hinh w=22""" ¢ £0 co thé viét lai
cz+d
aZ+b
Lo +b +b
e dc:alz L hodic w= k-2 (1.44)
P Z+d1 Z+d2
C

vi vay chi phu thudc 3 tham s6. Do d6 mot ham phan tuyén tinh hoan toan dwgc xac dinh
khi biét anh wy, wy, w3 cua 3 diém khic nhau bt ky z|, z5, z3. Dé x4c dinh 3 tham sé

a, by, dy ta giai h¢ phuong trinh sau day.

3 aqz; +b1 W = a1zy +b1 W = a|z3 +b1

W , , 1.45
L Z1+dl ) +d1 3 z3 +d1 ( )
Hozc ham phai tim ¢6 thé x4c dinh bai phuong trinh
W_WI_WZ_WI :Z—Zl _Z2_Zl (1.46)
wW—w3 Wy —Wj Z—Z3 Zp—Z3
Dic biét néu W(ZO ) =0 va w(zl ) =00, theo (1.44) ta co
w=k =0 (1.47)
z—2n
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1.3.5. Céc nguyén ly tdng quat ciia phép bién hinh bao giic

a. Su ton tai ciia phép bién hinh

Pinh Iy 1.3 (Pinh Iy Riemann): Néu D va A 1a hai mién don lién (khong phai 1a mit phang
phirc mé rong hay mét phiang phirc mé rong bo di mot diém) thi ton tai phép bién hinh w= f (z)
giai tich, bao giac don trj hai chidu bién D thanh A .

Hon nita néu cho trudc zy € D, wy € A va 8 € R thi chi c6 duy nht w= f(z) thoa man

wo = f(z0), Arg f'(z9)=0p.
Dinh Iy Riemann chi cho ta biét sy ton tai ctia phép bién hinh chir khong cho ta cach tim cu
thé phép bién hinh nay. Trong thyc hanh, dé tim phép bién hinh bién mién D thanh mién A nguoi
ta tim phép bién hinh bién D, A vé hinh tron don vi |Z| <1 hay nira mat phang trén. (Cac phép

bién hinh nay c6 thé tim trong cac s tay toan hoc).

¢ Néu ¢ = f(z) bién hinh don trj hai chiéu bién D 1én hinh tron [¢|<1,
¢ Néu ¢ =g(w) bién hinh don trj hai chiéu bién A lén hinh tron [¢| <1,

thi w=g "o f(z) bién D thanh A .

b. Su twong &ng bién

Pinh 1y 1.4: Cho hai mién don lién D va A c6 bién la 0D, 0A. Gia st 0D, OA la dudng
tron timg khic, A bi chian. Néu w= f (z) giai tich trong D va lién tuc trong D , bién hinh 1-1
oD 1én OA sao cho khi z chay trén 6D theo chiéu duong, twong tng W chay trén 6A ciing theo
chiéu duong, thi ham w = £(z) bién hinh bao gisc don trj hai chiéu tir D 1én A

¢. Su béo toan mién

Pinh Iy 1.5: Néu ham w= f (Z) giai tich, khac hang sb trén mién D thi anh A = f (D) cling
1a mot mién.

Mt vai chii y khi tim phép bién hinh bdo gidc trong cdc trwong hop thwong gip sau:

1. Dbi v6i hai mién ddng dang ta ding phép bién hinh tuyén tinh w=az+b, a#0.

2. Bién mét cung tron thanh mot cung tron hay duong thang ta ding ham phén tuyén tinh

=az+b ; ¢#0,ad—bc#0.

w
cz +

3. Bién mot goc thanh nira mit phang, ta xét w=z".
4. Bién mot bang song song véi truc thuc 1én nira mit phing ta ding w=e” .

Vi du 1.11: Tim phép bién hinh bao gidgc w= f (z) bién nira mat phang trén Imz >0

thanh hinh tron |w| <1 sao cho W(ZO ) =0,v6i Imzy > 0.
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Gidi: Vi % ddi ximg véi zy qua Ox, oo d6i xing v6i 0 qua |w| =1, do d6 theo nguyén

Iy trong ng bién ta chi can tim ham phan tuyén tinh bién truc thuc Imz =0 1én |w| =1 va bao
toan chiéu.

Hai mién di cho khong dong dang nén ¢ # 0. Mat khac W(ZO ) =0 va tinh chit bao toan

tinh déi ximg nén w(zg)=o0, do do theo (1.47) ta c6 thé xét ham phan tuyén tinh dang

w=k=—Z% Khi z=xeR thi [w(x)=1 = k= 20| _ |k||x 20/ & k| =1.
Z— 2 X — Z0 X — Z
= k=¢". Vay w=e®Z"20
Z—2Z

Vi du 1.12: Tim phép bién hinh bao gidc w= f (z) bién hinh tron |z| <1 thanh hinh tron

|w|<1 sao cho w(zy)=0, voi O<|ZO|<1.

‘. o1 1
Gidi: Vi z(, doi xung v6i — qua |Z| =1, do d6 dnh cta z, 12 0 thi anh cia — 1a oo vi
Z0 )
0,00 déi xémg nhau qua |[w|=1. Tuong ty vi dy 1.11 va cong thirc (1.47) ta c6 thé xét ham phan
—Z0 _ Zok 720

ZOZ—l.

tuyén tinh dang w =k
Z i —
20

Vianh cia |z]=11a [w]=1 va |z|=1:>2=1.
z

z—z z—z |Z_ZO|H — — .
R o B R e
>
z—z
Vay w=e® "0
zoz—1

Vi du 1.13: Tim phép bién hinh bao giac w= f(z) bién hinh quat 0 <argz <§ thanh
hinh tron [w <1 sao cho w(em/6)= 0 va w(0)=1i.

Gidi: Phép bién hinh &= z> bién hinh quat O<argz <§ thanh nira mat phang trén
Im&>0 va a(e"““): ¢™2 =i, £0)=0 . Theo Vi dy 1.11, phép bién hinh w = ¢™® =>— 577 bién

E+i
Im& >0 thanh |w| <1 théaman w(i)=0, w(—i)=
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Néu ta thém diéu kién W(O):i thi i = e’ 05 = e =—i.
+1
» \ 2 —i
Vay phép bién hinh can tim la w=—i 3 .
z7 41
|Z| <1
Vi du 1.14: Tim phép bién hinh béo gidc w= f(z) bién miénD : il 1 thanh bang
Z —f >
ol i)

—1<Rewx<l.

y . +b
Gidi: Phép bién hinh phan tuyén tinh & = @z

— bién i, 0,—i lan luot thanh oo, i,—i, do
zZ—1

d6 & bién mién D thanh bang —1<Imé& <1 .
Phép quay w =i bién bing —1 <Im& <1 thanh bing —1<Rew<1 .

Vay phép bién hinh can tim 12 w = —3iz ] 3Z il .

z—1 zZ—1

=3iz+1

v

1.4. TICH PHAN PHUC, CONG THUC TiCH PHAN CAUCHY

Trong muc nay ta nghi€n ctru céc tinh chat va cac bi€u dién ciia ham phirc giai tich, vi vay
ta chi xét cac ham don tri.

1.4.1. Pinh nghia va cdc tinh chit ciia tich phan phirc

Khai ni¢m tich phan phtrc doc theo mot duong cong dugc dinh nghia twong ty tich phan
duong loai 2.

Giase w= f (z) = u(x, y)+ iv(x, y) xéc dinh don tri trong mién D. L 14 dudng cong (c6 thé
dong kin) nam trong D ¢ diém mat dau 1a A mut cudi 1a B.

Chia L thanh n doan béi cac diém A = Z0s 21> 295 s Zpy =B nam trén L theo tha tu tang

dan cua cac chi sO.
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A

y

A . N \ a, 4R Af o .
Chon trén moi cung con Zk-1,>Zk cua duong cong L mét diem batky €; =&, +iny .

bat z, =x, +iy,, Az, =z, -z, A, =x, X, Ay, =y, — Vs k=12,..,n

= f(Cr)Az, (1.48)

k=1
duogc goi 1a tong tich phan cia ham f (z) trén L tng v4i phan hoach va cach chon cac diém dai
dién trén. Tong nay ndi chung phu thudc vao ham f (Z), duong L, cach chia L béi cac diém z;, va

cach chon cac diém (j, .

Néu khi max |Az k| -0 tong S, tién toi gi¢i han 7 € C khong phu thudc cach chia duong
1<k<n

L va chon céc diém Q « thi I dugc goi la tich phan cuia ham f (z) doc theo duong cong L tir A dén

B, ky hiéu I f . Vay
4B

[ = dz = 1 1.49
zjg f(2)dz %lgléto i) Az (1.49)

Téng tich phan (1.48) co thé phan tich thanh tong ctia 2 tong tich phan dudng loai 2.

gf(é/k)AZk :g[”(gkank)"‘iv(ékank)](mk +iAyk)

= > [l & ) Axy =v(Emi ) Ay |+ [ v( & ) Ay +u (&g ) Ay | (1.50)
k=1 k=1

Tuong tu (1.27), ap dung (1.17) ta c6

max |Axk| —0

max |Azk| S0 o sk
1<k<n max |Ayk| -0
1<k<n

Vi vy tich phan phtic (1.49) ton tai khi va chi khi hai tich phan duong loai 2 ¢6 tong tich
phan (1.50) ton tai va c6 dang thic
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J. f(z)dz: J. udx—vdy+i-|. vdx + udy (1.51)
4B

Py .

AB AB
Néu ham w= f (z) = u(x, y)+ iv(x, y) lién tuc trén D va cung 4B tron timg khuc thi ton
tai hai tich phan duong loai 2 & vé phai cua (1.51) do d6 ton tai tich phan phirc trong tng.
Ping thirc (1.51) suy ra rang tich phan phirc ¢6 cac tinh chat nhu cac tinh chét cua tich phan
duong loai 2.

[ (F()rg(2)d= [ f(2)dz [ g(2)d.

Py

4B AB 4B
. J‘kf(z)dz:k'[f(z)dz;k—const.
AB AB

. if(z)dz:—if(z)dz.

I f(2)d=

< J.| f (z) ds,

L
vé phai cua bat ding thuc 1 tich phin dudng loai 1 trén cung L c6 vi phan cung la
ds = |dz| = \/dx* +dy* . Dic biét, néu |f(z) < M, Vz e L va I 1ado dai ciia duong cong L thi

[£(z)dz| <M. (1.52)

L

Khi A tring v&i B thi L 1a duong cong kin (ta chi xét cac dudng cong kin khong tu cét, goi
la duong Jordan). Tich phan trén duwong cong kin L. dugc quy uéc léy theo chiéu duong, ky hiéu la

?f(z)dz.

Vi du 1.15: Tinh tich phan I = j 22dz; A=1+i, B=2+4i

AB
1. Doc theo parabol y:xz, 1<x<2. y 4

2. Doc theo duong thang ndi A va B.

Giai: 4i B
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1= I 22dz = I (x+iy)2 (dx+idy): I (xz—yz)dx—2xydy+ij 2xydx+(x2—y2)dy

~ ~ .

AB AB AB AB

1. Néu lay tich phan doc theo y = x? thi dy =2xdx

= 1=?[(x2 *)-ax ]dx+zj[2x +( by ]d —_—86—61.

2. Néu ly tich phan doc theo dudng thang ndi tir A dén B thi y =3x—2, dy = 3dx

I =Hx2 ~(3x-2) —2x(3x—2)3}dx+ij[2x(3x—2)+3(x2 —(3x—2)2)}dx:_786—6i.

Qua vi du trén ta nhan thay gia trj cua tich phan khong phu thudc vao duong ly tich phan tir A
dén B. Céc dinh 1y sau cho diéu kién can va du dé tich phan phirc khong phu thudc vao duong lay
tich phan ndi hai ddu mit cia duong.

1.4.2. Pinh ly tich phian Cauchy

Pinh ly 1.6: Diéu kién can va du dé tich phan cua ham f (z) trong mién D khong phu thudc
vao duong lay tich phan 1a tich phan cia f (z) doc theo moi duong cong kin bat ky (khong tur cat
nhau) trong D phai bang 0.

Pinh 1y 1.7: Néu ham phic w= f (z) giai tich trong mién don lién D thi tich phan cia
f (z) doc theo moi dudng cong kin L bét ky trong D déu bang 0.

Chirng minh: Ap dung dinh 1y Green dé dua tich phan dudng loai 2 vé tich phan kép va
cong thic (1.51) ta cod

u
dz = Qudx—vdy +iPvdx+ud ———— |dxdy + ——— |dxd
R L | ) | ol
trong d6 A 13 hinh phang gi6i han bdi dudng cong kin L ndm trong D.

Viw=f (z) giai tich trong mién don lién D nén cac ham dudi dau tich phan trong hai tich

phan kép & trén déu bang 0 do théa min diéu kién Cauchy-Riemann. Vay q; f (z) dz=0.
L

Hé qua 1: Néu w= f(z) giai tich trong mién kin, don lién D thi. q; f(z)dz =0.

oD

Chirng minh: Ton tai mién don lién G o D va f (z) giai tich trong G. Ap dung dinh 1y 1.9
cho ham f (z) trong G va tich phan ly trén duong cong kin oD < G.

Hé qua 2: Gia sir ham f (z) giai tich trong mién kin da lién D c6 bién ngoai 1a Iy va bién

trong 1a I7,...,I',, thi

gSf = cj';f(z)dz (1.53)
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Chirng minh:

Cét D theo cac lat cit ndi Ty v6i I, ..., T, thi ta duoc mot mién don lién. Tich phan trén

bién clia mién nay bang 0 va chu y rang luc do tich phan trén duong nbi Ty voi Ty, ..., T, duogc

lay hai lan nguoc chiéu nhau vi vay tich phén trén bién bang CI) f (z) 7 i Zn: i} f (z) dz=0.

T, k=1 T,

C6 thé ching minh dugc ring h¢ qua 1 va hé qua 2 con dang khi f(z) giai tich trong D va

lién tyc trong D.

d. .
Vi du 1.16: Tinh tich phan [, = 4)( z —; neZ trong d6 L 1a dudng cong kin bat ky
1(z—a
khong di qua a .
Gidi:
Goi D 1a mién duoc

gi61 han boi L.

= Néu a ¢ D thi f(z)=

gidi tich trong Dnén /,, =0.

>
* Néu a e D. Goi C. = {z € CHz—a| = r} la duong tron tdm a ban kinh 7. Chon r du
bé dé C, = D. Xét D' 1a mién nhi lién c6 dugc bang cach lay mién D bé di hinh tron tim a ban
X y 1 .
kinh 7. D' c6 bién ngodi la L, bién trongla C,.. f (z) = giai tich trong D'. Theo hé qua

(c-a

2 ta co:
dz dz
I, = —= —.
?(z—a) <é'?(z—a)

Phuong trinh tham s6 cta C, cz=a+re"; 0<t<2m. Do dd
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21
) j idt khi n=1
T et 2ni khi n=1
=2 _a={ ° e A (1.54)
. rnelnt 1 2n 0 khi n#1.
— j M g khi n# 1
rn+1 0

1.4.3. Tich phan bét dinh, nguyén ham
Ham F (z) dugc goi 1a mot nguyén ham ctia ham phirc f (z) néu F '(z) = (Z)
Tuong tw nhu ham thye, ta c¢6 thé ching minh duogc rang néu F (Z) la mot nguyén ham cua

f(z) thi F(z)+C ciing 13 mot nguyén ham cia f(z) va moi nguyén ham cia f(z) déu c6 dang
nhu thé.

Tap hop cac nguyén ham cia f (z) duoc goi 1a tich phan bat dinh cua f (Z), ky hi¢u
I f (Z)dZ .

Pinh ly 1.8: Gia su ham f (z) giai tich trong mién don lién D, zy € D . Khi do

F(z): Jf(z)dz= J- f(z)dz
Zy ¥4

la mdt nguyén ham cua f (z) Trong d6 vé phai cua dang thic trén 1a tich phan phuc duoc lay
theo dudng cong bat ky nam trong D ndi Zg dén z .

DPinh ly 1.9: (Cong thuc Newton - Lepnitz)

Néu ham f (z) giai tich trong mién don lién D thi ton tai mot nguyén ham F (z) Khi do,

véi moi zg, z; € D taco:

[£(z)dz=F(2)|.=F(z)-F() (1.55)
n+l
Vidu 1.17: jezdz=eZ+C, '[z"dz:z +C, Isinzdz:—cosz+C;
n+l
2+4i 3 .
.[zde:Z— 2+4l=—§—6i.
1+i 3 1+ 3

1.4.4. Cong thirc tich phan Cauchy

Pinh Iy 1.10: Gia st f(z) gii tich trong mién D (c6 thé da lién) c6 bién 1a 8D . Khi do,

voimoi a € D ta co:
1 ¢ /()
=——0p—2=d 1.56
f(a) Zm'iz—a : ( )

tich phan duoc ldy theo chiéu duong ciia 0D .
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Chirng minh: Vi moi € >0 chon 7 di bé dé dudng tron tim a ban kinh r: C, c Dva
| flz)-r1 (a)| <& (diéu nay c6 dugc vi £(z) lién tuc tai a). Goi D_; 12 mién c6 dugc bang cach bo
di hinh tron C, = {z € C‘ |z —a| < r} tir mién D. Bién cua D_; gdm bién 0D cua D va C,. Ham
/()

2277 oiai tich trong mién D; , ap dung hé qua 2 cua Pinh 1y 1.6 ta dugc

zZ—a
1 Cﬁf(z)dZ: ! Cﬁf(z)dz
2riy, z—a 27ricl,z—a

%miwdz—f(a)

zZ—a

Mat khac, tirvidu 1.16 ta c6

27 r

0= f(a)=-=¢L g

2riy, z—a

L 8% i)

Vi & >0 bé tuy y cho trudc nén

1.4.5. Pao ham cip cao ciia ham giai tich

Pinh ly 1.11: Ham f (z) giai tich trong D thi ¢6 dao ham moi cip trong D va véi moi

aeD taco:

£ (a)= n! S[) /(z) dz (1.57)

272_1 % (Z_a)n+1

Tur (1.56)-(1.57) ta c6 cong thue tich phan Cauchy:

§ 7 amp(a) §LE o) as
ap Z—a

J (Z B a)n+l 0!
trong d6 C 1a duong cong kin bat ky bao quanh @ nam trong D.

Nhén xét:

1. Pinh 1y trén suy ra rang dao ham ctia mot ham giai tich 1a mot ham giai tich.

2. Két hop dinh 1y 1.7 va dinh 1y 1.10, ta suy ra rang: diéu kién can va di ¢é ham don tri
f (z) c6 nguyén ham trong mién D 1a giai tich trong D.

cosz AP \
—~dz , trong d6 C la dudng tron: |z - 1| =3.

Vi du 1.18: Tinh tich phan [ = CﬁW
z+1)z

C

5 \ . . . 1 .
Gidi: Bang phuong phap dong nhat hé so, ta c6 thé phan tich — thanh tong cac phan
(z + l)z
o 1 I 1 1
thirc hiru ty toi gian VTS L .
(z + l)z zZ z z+1
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Do d6 I:q.D—COSZ dz:—Cﬁ%dz%er)COiZdZJrCI)COSZdZ.
vz

C(z+1)z2 vz v z+1

Céc diém z=0 va z=—1 déu nam trong hinh tron giéi han boi C. Ap dung cong thirc
(1.56)' va (1.57)' ta co:

I ==2ricosz|,_,+2mi(cosz)'|,_y+2micosz|,_, =27mi(~1+cosl).
1.4.6. Bat dang thirc Cauchy va dinh ly Louville
T cong thirc (1.58) suy ra rang, néu dudng tron Cgr: |z = a| =R nam trong D va

|f(z)|SM voimoi z e Cp thi

()=t f(2) J <n! M2Rz
‘f ((1)‘ 272_ i(z_a)nﬂ Z1= 272, Rn+l
hay
‘f(”)(a)1 <M 01, (1.59)
R}’l

Bt ddng thire (1.58) dwoc goi la bdt dang thire Cauchy.

Pinh ly 1.12 (dinh 1y Louville): Néu f(z) giai tich trong toan mat phing va bi chan thi nd
1a mot ham hang.

Chirng minh: Theo gia thiét, ton tai M >0 sao cho | f (z] <M véimoi zeC. Ap dung
bat dang thic Cauchy (1.58) voi n=1, ta dugc ‘f‘(a)‘ S} véi moi R >0 suy ra f'(a) =0

voéimoi aeC.

Ap dung cong thitc Newton - Lepnit, ta c6

76 Flep)=J Mz =0 = 1(2)=f(eo). ¥z <C.

20
1.5. LY THUYET CHUOI PHUC
1.5.1. Chudi s6 phiic
r w ~ r
Cho day so phtic {u b }:): - ta dinh nghia mét cach hinh thuc Zun la mot chuoi cac so
n=0

phitc ma s6 hang thir 7 13 u,, .

Téng S, =ug+u; +---+u, dugc goila téng riéng thir n cua chudi trén.
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o0
Néu diy cac tong riéng {S " }2020 ¢6 giéi han hiru han 1a S € C thi ta ndi chudi Zu n hoi
n=0

o0
tuva S duge goi 1a tong ciia chuéi, ky hiéu S = Zu " -
n=0

Trong truong hgp nguoc lai, day {S " };O:O khong c6 gidi han hodc c¢6 gi6i han bang oo thi

ta n6i chudi phdn ky.

o0
Tuong tu (1.27), mdi chudi phic ZLtn hoi tu khi va chi khi hai chudi sé thyc twong mg

n=0
o0 o0 o0 o0 o0
> a,, Y.b, hoituva Y u,=>a,+i» b, ;trongdé u,=a,+ib,.
n=0 n=0 n=0 n=0 n=0

V6i nhan xét nay, ta co thé ap dung cac két qua da biét d6i véi chudi sb thuc cho cac chudi
s6 phtrc. Chang han:
o0

¢ Diéukién can dé chudi D u, hoityla lim u, =0.
n=0 n—>o0

0 0
¢ Néu chudi cic mddun Y |u,| hoi tu thi chudi » u, ciing hoi ty. Khi d6 ta néi chudi
n=0 n=0

[ee} o0 o0
Z”n hoi tu tuyét déi. Néu chudi Z“n héi tu nhung chudi cac modun Z|un| khong héi tu thi
n=0 n=0 n=0

ta noi chudi ban hoi tu.

1.5.2. Chudi lu§ thira
Chudi c6 dang

o0
ch(z—a)n ,voic,,z,aeC (1.60)
n=0

duogc goi la chudi luy thiea tam a . Khi cho z mot gia tri cu thé ta dugc mot chudi sb phirc, chudi
s6 phirc nay hoi tu hodc phan ky. Mién hoi tu ciia chudi (1.60) 1a tap hop céc gid tri z ma chudi
nay hai tu.

R rang rang moi chudi luy thira tim @ bat ky c6 thé dua vé chudi luy thira tim 0 bang cach
datE=z—a:

D ¢, &" véic,, EeC (1.61)

n=0

Vi vy dé don gian, trong cac trudng hop sau ta chi xét sy hoi tu ctia chudi lity thira tim 0.
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0

Mot vi du dic biét caa chudi luy thira 1a chudi cdp sé nhan Z 2", ¢6 tong riéng 1a tong cua
n=0
) 1 _ Zl’l+1
cdc so hang cia cap sonhan S, =l+z+z" +---+z" = v6i z #1, do d6
-z
1 .
khi |z[<1

iz” =9 1-z

n=0 phanky khi |z]>1
Pinh 1y 1.13 (dinh Iy Abel):

1. Néu chubi (1.61) hoi tu tai z thi hdi tu tuyét ddi trong hinh tron {|Z| < |ZO|} :

2. Tlr d6 suy ra rang néu chudi (1.61) phan ky tai z; thi phan ky tai moi diém z : |z| > |zl| .

o0
Chirng minh: Chudi chzg hoi tu suy ra lim ¢,z =0, vi vdy tdn tai M >0 sao cho
n—»o

n=0
n N
cnzg‘SM, ¥n=0,1,2, .. Dodd e,z"|=|e, 2] <M=
ZO ZO
Chuoi ZM— hoi tu khi |z|<|zo|. Suy ra chuoi Zan” hoi tu tuyét d6i khi
n
n=0 0 n=0

|z| < |zo| . Phan 2. cta dinh 1y 1 hé qua cta phan 1.

Pinh nghia 1.8: S6R (0< R <o) théa min mot trong nhitng diéu kién sau duoc goi 1a
ban kinh hoi tu cta chudi (1.61):

¢ Néu chudi (1.61) hoi tu tai moi z thita dit R=o0.
¢ Néu chudi (1.61) chi hoi tu tai z=0 thitadat R =0.

¢  Chudi (1.61) héi tu khi |z[ < R, phan ky khi |z| > R.

|cn+1|

Pinh Iy 1.14: Néu p= lim ““* (tiéu chuan D'Alembert)
n—0 |Cn|
hoic = lim 2|, | (tiéu chuin Cauchy) thi
; p Hw\/l al (€ y)

0 néu p=w

néu 0< p<w (1.62)

x|~

o néu p=0

1 ban kinh hoi tu ctia chudi (1.61).
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Nhén xét: Dinh 1y trén cho ta cach xac dinh ban kinh hoi tu cua chudi (1.61). Dé tim mién
hoi tu cua chudi nay ta chi can xét thém sy hoi tu cta chudi trén duong tron |z| =R.
o 0]

Pinh 1y 1.15: a) Néu chudi (1.61) c6 ban kinh hoi tu R thi tong ctia chudi f(z) = chz"
n=0

o0
la mot ham giai tich trong hinh tron héi tu |z| < R, dao ham f (z) = Z ncnz"_1 i
n=l1

0

b) F(z)=3 %z”“ 14 mot nguyén ham cia f(x).
n=0

0
- c ~ 4 /4 r A 2\
c) chnz" b z 2 2"*! ¢iing c6 ban kinh hoi tu 1a R.
n=l1

1.5.3. Chubdi Taylor
Pinh nghia 1.9: Chudi lity thira c6 dang

o (1)
Loy .69
=0 :

dwoe goi la chudi Taylor ciia ham f(z) tai a.

Pinh Iy 1.16: 1) Chudi luy thira bt ky 1a chudi Taylor ctia ham tong ctia nd trong hinh tron
hoi tu.
2) Nguoc lai, moi ham f (z) gidi tich tai a thi co thé dugc khai trién thanh chudi Taylor trong

< R . C6 thé chon R 14 sé thuc dwong 16n nhét sao cho f (z) giai tich trong lan can

lan can |z —a
|z — a| <R.
Nhén xét: Néu ham f/(z) giai tich tai @ thi ham c6 thé khai trién duy nhat thanh chudi luy

thira tim a , d6 chinh 1a chudi Taylor cia f (z) tai a. Vi viy, néu co thé bang mot phuong phap

o0
khac, ta ¢6 khai trién f(z)= > c,(z—a)" thi
n=0

c

(n)
A C) R (2) 4 (1.64)

w7 2xi Y (z—a)"

Chuéi Taylor tai diém a =0 dwoc goi la chuéi Mac Laurin.

n

1.5.4. Khai trién thanh chudi Mac Laurin ciia cac ham s6 so' cip co béan
a. Ham f(z) =e”

Véimoi n, f(”)(z):eZ:> f(n)(O):l.Vay
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2

ol +—+ —
o2 Z

Ham giai tich tai moi diém nén ban kinh hoi tu cia chudila R = .
b. Ham f(z) =sinz
Foet 1l g ()

sinz=2 "¢ Z—— i 2 —Z
2 2|45 n

n!

=— -1)" )= e
2 ; n! ~D né)( ) 2n+1)!
Ham giai tich tai moi diém nén ban kinh hoi tu ctia chudila R =o.

c. Ham f(z)=cosz

cosz = smz Z( )”%—Z( 1"
(2n+1)! =0 (2 )'
Ham giai tich tai moi diém nén ban kinh hoi tu cia chudila R = .

1

d. Ham f(z)= i

r _ & =) (-D"z".
) n=0

z+1 1-(-z

Ban kinh hdi tu ctia chudi 1a R =1 vi ham sb khong giai tich tai —1.
e. Nhanh chinh cua ham l6garit va ham Iily thira

n+l
z

n+l’

Viham In(1+ z) 1a mdt nguyén ham cua

! 1 nén In(l+2z)= > (-1)"
n=0

Ban kinh hoi tu ctia chudila R=1.
Ham Iy thura m e R :

m(m'—l)zz . m(m—l)...('m—n—i-l) o
n!

(1+z)m =1+mz+

Ban kinh hoi tu ctia chudila R =1.

i 1 _1 1
Pac biét: :(1+z) ) =1-—z+

D" (2”’)'
Vi+z 2 Z 022" (n

1.5.5. Khong diém ciia mdt ham giai tich, dinh Iy vé tinh duy nhét

Pinh nghia 1.10: Piém a duoc goi la khong diém ciia ham gidi tich f(z) néu f(a)=
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Khai trién Taylor cia f (Z) tai khong diém a co dang

F2)=enle=a) +epm(e—aV™ o= Seple—alf = 3 L@ g

k=n k=n k!
, , f(n) (a) , ,
SO tyr nhién n bé nhat sao cho ¢, = ' # 0 thi dugc goi la cap cua khong diem a .
n!
Néu n 1a cip cua khong diém a thi
f(2)=(z-a)"o(z), véi @(a)=c, 0. (1.65)

(p(z) 1a tong ctia mot chudi luy thira c¢6 cung ban kinh hoi tu véi chudi Taylor cua f (z) tai @ nén
giai tich trong lan can cua a .

Pinh ly 1.17: Gia st [ (z) giai tich tai @ va khong dong nhét bang 0 trong bat ky lan can
nao cua a . Khi do, néu a la khong diém cua f (z) thi ton tai mét 1an cén cua a sao cho trong
lan can nay khong c6 mot khong diém nao khac.

Chirng minh: Vi a 1a khong diém cua f (z) nén c6 thé biéu dién dud6i dang (1.65) trong do
ham giai tich (p(z) théa man (p(a);t 0. Vi vy ton tai mot 1an can cua a dé trong lan can nay
o(z)#0,dodé f(z) ciing khac 0.

Hé qué: Néu f(z) giai tich tai a va ton tai day khong diém {a,, | c6 gii han 1a a khi
n—o,thi f (z) ddng nhat bang 0 trong mot 1an cén cia a .

Pinh Iy 1.18 (dinh 1y vé tinh duy nhat): Néu f (z) , g(z) 1a hai ham giai tich trong mién D
va tring nhau trén mot diy hoi tu vé a trong D thi f (z) = g(z), VzeD.

1.5.6. Chudi Laurent va diém bat thuong

C6 thé xay ra truong hop ham f (z) khong giai tich tai @ nhung giai tich trong mdt lan can

clia a bo di diém a: 0< |z - a| < R hodc giai tich trong hinh vanh khan r < |z —a| < R. Trong

truong hop nay ham f (z) khong thé khai trién thanh chudi luy thira (chudi Taylor) tai a . Tuy

nhién, c6 thé khai trién duoc dudi dang chudi Laurent tai @ nhu sau.
1.5.6.1. Chuéi Laurent
Dinh nghia 1.11: Gia sir ham f(z) giai tich trong hinh vanh khan K = {z‘ r< |Z —a| < R} ;

0<r<R<o.Khidbchudi

icn(z—a)n,vdic =21”_g8 /(2) 4 (1.66)

dwge goi la chudi Laurent ciia ham dé tai a, trong d6 C 1a dudng cong kin bat ky nam trong K
bao quanh a .
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o0 o0
Téng  fi(z)= ch(z—a)n dugc goi 1a phan déu va f,(z)= Z o — duoc goi 1a
n=0 n=1 (Z - a)
phan chinh cia chudi Laurent (1.66).

Pinh 1y 1.19 (dinh 1y ton tai va duy nhat cta chudi Laurent):

1. Moi ham f (z) giai tich trong hinh vanh khan K: r < |z— a| < R déu c6 thé khai trién thanh
chudi Laurent (1.66).

o0
2. Nguoc lai, chudi bat ky c6 dang ch(z—a)n hoi tu trong hinh vanh khin K:

n=—o0
r< |z - a| <R; 0<r<R<ow c6hamtongla f (z) thi chudi nay 1a chudi Laurent ctia ham tong

f (z) trong hinh vanh khan K.

o
- 1)(2)

Gidi: RS rang rang ham f(z) khong giai tich tai 1 va 2. Vi vay, khi khai trién theo chudi

Vi du 1.19: Khai trién ham f (z) = thanh chudi Laurent c6 tAm tai z =1.

Laurent tim tai 1 thi chi khai trién dugc trong hai mién: 0 < |Z - 1| <1 va |z - 1| >1

a. Khai trién Laurent trong mién 0 < |Z - 1| <lI:

b
! z=2 dz.

Chon dudng cong kin Z; bao quanh 1 nam trong mién nay. c,=— —
2ri g, (z-1)

"n+2<0 = ¢,=0 (theodinhly1.7).

1

"n=-1 = ¢ = ! (j) z=2 4, - ! | =—1 (theo cong thirc (1.56) dinh 1y 1.9).
2mL z—1 z—2"z=1
1
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(n+1)
*nz20 = ¢, = 1 (lj
(n+D)1\z-2
(1.57) dinh 1y 1.11).

Vay f(z) ZC z—1)" Z(z—l)n.

n=-—w n=-1

1 =) D!
1 (n+D)! (=)™

=—1 (theo cong thuc

b. Khai trién Laurent trong mién ‘Z - 1‘ >1:

Chon dudng cong kin L, bao quanh 1 nam trong mién nay.

1 1

2 (e

dz.

=

Chon I, T’y lan luot 1a 2 duong cong kin nam trong L, bao quanh 1, 2.
Ap dung cong thirc (1.53) hé qua 2 cta dinh 1y 1.7 ta co:
1 1

7 S n+2
cn: 1@ 1 n+2dzz 1@ (2_21122dz+ lé(z_l) dZ
27 Ly (2_2)(2_1) 2 I (Z_l) 27 I

1
Twong ty trén ta c6 1-36 (2_2’22 dz:{_l neu n<-2
27it (z-1) 0 néu n>-1
1
n+2
1 CJs(z—l) b 1 +2| 1 véimoi n
27 ; (2_2) ( —l)n 2
0 néu n<-2 .
VA B 1 =
ay ¢y, {1 néu n>-1 n—Z_:o:: z— P

Ta ciing co6 thé khai trién Laurent ctia ham f (z) cach phan tich thanh tong cia cic phan
thirc hitu ti t6i gian
1 1 1
P L.
(z-1)(z-2) z-2 z-1

. 1 _1 o0 o0
Trong mién 0<|z—1/ <1 thi = =— (z—l)" = f(z):— (z—l)".
-1 z=2 1-(z-1) g;) El
5 1 1 X 1 -1
Trong mién |z—1|>1 thi = :Z — :Z -
2 (1= ) AET S
z—
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1

_1)” '

» .=
= flz)=)] p —Z_1=n§2(z

iz -1)
1.5.6.2. Diém bit thwong cé lip
Pinh nghia 1.12: Néu ham f(Z) giai tich trong hinh vanh khan 0 < |Z - a| < R va khong
gidi tich tgi a thi a dwoc goi la diém bét thuong c6 lap hay kp di ¢6 lap ciia ham f(z).

Theo dinh 1y 1.19 ¢6 thé khai trién thanh chudi Laurent ctia ham trong hinh vanh khin tng
v6i diém bat thudng 6 1ap. C6 ba truong hop xay ra:

a. Néu khai trién Laurent ctia ham chi c6 phan déu, nghia 1a
f(z)z o +cl(z—a)+c2(z—a)2 4.
thi tdn tai lim f(z)=cq. Do d6 néu dat f(a)=cy thi f(z) giai tich trong hinh tron
zZ—a

|z—a| < R. Vi vay a dugc goi 1a diém bt thuong bo duge.

b. Néu phan chinh chi c6 mét sé hitu han cac s hang, nghia 1a

_ c_
f(z)= L +co+cl(z—a)+cz(z—a)2+~-
(z - a)” z—a
trong do6 c_,, # 0 thi a duoc goi la cuc diém va n duoc goi la cdp ctia cuc diém. Cuc diém
cap 1 duoc goi 1a cure diém don.
¢.  Néu phén chinh c¢6 v s sb hang thi a dwoc goi 1a diém bt thuong cdt yéu.

2 2 L7 sin z 22 4 g0

Vidu1.20: sinz=z——+——-——+ +
3! g W M z 357

Vay z =0 1a diém bat thuong bo duoc.

= Ham f(z):; trong vidu 1.19 ¢6 z =1 1a cyc diém cép 1.

(z—l)(z—2)

- 1 2 1A \ L X
sHam e? =1+—+ + -t +--+ ¢6 z =0 la diém bat thuong cot yeu.

£ - nlz"

1.6. THANG DU VA UNG DUNG

1.6.1. Dinh nghia thang duw
Gia sit f(z) giai tich trong hinh vanh khin K = {z\ 0<|z—d|< R} c6 a 13 diém bat
thuong c6 1ap. Tir hé qua 2 cta dinh 1y 1.10 ta suy ra rang tich phan 13y theo moi duong cong kin
C bat ky bao diém a nam trong hinh vanh khan K 1a mot sé phtrc khong phu thudc vao duong C.
Ta goi s6 phttc nay 14 thing du cia [ (z) tai a , ky hiéu
1
27i

[Res f(z);a]===¢ f()dz (1.67)

C
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1.6.2. Cach tinh thang dw

a. Tlr cong thirc khai trién Laurent ciia ham trong hinh vanh khan K : 0 < |z - a| <R (cong
thue (1.67)), ta co

[Res f(z):a]=c, (1.68)

trong d6 c_; la hé sd cuia s6 hang tmg véi trong khai trién Laurent ctia ham f (Z ) .

z—a
2 . . 1
Chang han, tir vi du 1.19 ta c6 Res———:1|=-1
(z-1)(z-2)
b. Thang du tai cuc diém don
Néu a la cyc diém don cua f(z) thi

[Res f(z);a|=lim(z—a) f(z) (1.69)

z—a

Dic biét, néu f(z)= 9l2) thoa mén diéu kién @(a)# 0, y(a)=0, y'(a)= 0 thi

w(z)

{Res (D(Z);a}: (p'(a) (1.70)
v(z) | v'(a)

Vidu 1.21: {Res ;; 2}zlim ! =1. [Res cotgz;O]:L(,O)zl.

G DGE-2) | =iz (sinz)

z=0
c. Thang du tai cuc diém cép m
Gia str a 1a cyc diém cip m cua [ (Z ) thi
| L m
[Res f(2):a]= ryim (z=a)" f(2)] (1.71)

2
Vidu 1.22: Res%;—Z :ilimd—z[l}:ilim(%j:_l.
z(z+2) 2224z | z 2122\ z 8

1.6.3. Ung dung ciia ly thuyét thing dw

Pinh Iy 1.21: Cho mién dong D c6 bién 1a 6D . Gia st f(z) giai tich trong D, ngoai trir

tai mot s hitu han cic diém bat thuong co 1ap ay,..., a, € D . Khi d6

1 (z)dz = Zm"zl[Res f(2)sa,] (1.72)
.

Vi du 1.23: Tinh tich phan [ = QSW ,
zZ— zZ+

C

trong do
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a. C la duong tron: |z| = % .

b. C la duong tron: |z| =10.

z
Giai: Ham e—2 ¢6 z =1 1a cyc diém don va z = -3 cuc diém kép.
(z=1)(z+3)

z

e e

Res——————:1|=1lim -
(z-1)(z+3) =l (z+3)" 16

e 1. d| € S 1 5¢7
Res———— ;-3 |=—lim— =lime oL = E 2
(z=D(z+3) =ldz z—1| =1 z=1 (z—=1) 16

. 3 .z
a. Khi C la duong tron |Z| = 5 thi trong C ham da cho chi c6 mdt cuc diém z =1.

2

vay [=2miS =
16 8

b. Khi C la duong tron. |z| =10 thi trong C ham da cho c6 hai cuyc diém z =1 va z=-3.

3 [ 4
Dodé I=2mi & _2¢ =’”(e 5).
16 16 23

1.6.4. Ap dung Iy thuyét thing dw dé tinh cac tich phan thuc

gzx; dx , trong @6 P(x), O(x) la hai da thirc thye.
X

B6 dé: Gia st ham f (z) giai tich trong ntra mat phé‘ing Imz >0, trir ra tai mot s& hiru han

(e 0]
1.6.4.1. Tinh tich phin I = |
—o0

cac diém bat thudng c6 lap va thoa méan:

lim  zf(2)

Imz>0;z—>0

0 (1.73)

Knido lim [ f(z)dz=0. trongdo Cy —{eC|lz/ =R mz20}.
-0
Cr

Dinh ly 1.22: Gia su P(z), Q(z) 14 hai da thtic h¢ s6 thyc bién phirc, bac ciia P(z) 16n hon

bac cua Q(Z) it nhat 14 hai. Néu Q(x) #0,VxeR va ay, ..., a, 1a cac cuc diém ndm trong nira
mit phang Imz > 0 ctia phan thic R(z) = @ Khi do
o(z)
'[R(x)dx:27zizn:[Res R(z);ak} (1.74)
—»o k=1
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T od
Vi dy 1.24: Tinh tich phan 7= [—=—.
0 (x2 + 1)
. 1 1 . X s N
Gidi: Ham R(Z) = = - €0 cuc diém kép z =i nam trong nira mat

(2+1) (=) (=+1)

phang Imz > 0. Vay

17 dx 1 ) 1 } . d 1 e Y 4
I=—|——==27i| Res————;i |=milim— = =S5
25 (xP41) 2 (22 +1) =i dz | (z+1) (20 4

1.6.4.2. Tich phan dang | R(x)cos Bxdx, [ R(x)sin Bxdx

—00

Hai tich phan trén 13 phan thyc va phan ao cua tich phan J. R (x) e dx .

B6 dé: Gia sir ham f (z) giai tich trong nira mat phéng Imz >0, trr tai mot sb hitu han cac

diém bt thuong co 1ap va thoa man:

|f(z)|££k,VzeCR; k>0, M 13 hing sb (1.75)
R

thi lim ei)“zf(z)dz =0,voimoi A >0. Trong dé Cp = {z € C‘ |z| =R, Imz2>0 }
R—o0
Cr

. P A

Pinh ly 1.23: Giai st R(z) = % la mot phan thure hitu ty thoa man cac dicu kién sau:
%

i. R(z) giai tich trong nira mit phang Imz > 0 ngoai trir tai mot sd hiru han cac cuc diém

A1y ooy Ay

ii. R(z) c6 thé c6 m cuc diém by, ..., b, trén truc thuc va R(x)ei’b7 * Kha tich tai nhitng
diém nay.
iii. Bac ciia O(z) 16n hon bac clia P(z) it nhat la 1.
Khi d6
I R(x)e®dx = ZﬂiZ[Res R(z)e" ;a, ] + m‘Z[Res R(z)e” ;bk} (1.76)
b k=1

k=1

Vi dy 1.25: Tinh tich phan 7 = J.%x ., (A4 a>0).
0 X +a

Gidi: Vi ham duéi dau tich phan 1a ham chin nén
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1 7 cosAx 1 T 1 e e
I=—|——dx=—Re dx |=—Re| 27i| Res——;ai | |= )
2 -[ X’ +a’ 2 (J;, x> +a’ j 2 ( { ‘va’ D 2a

X +a

sin x

o0
Vi du 1.26: Tinh tich phan 7 = j

dx .
0 X
T A Al 1S A 1 T sinx 1 T e
Gidi: Vi ham dudi dau tich phan 1a ham chan nén [ =— .[ dx =—1Im I —dx |.
2_OO X 2 o X

Ham R(z) =— thoa man cac diéu kién cta dinh 1y 1.23, c6 cuc diém don duy nhat z =0
z

trén truc thuc. Do d6 [ = %Im[iﬂ{Res ¢ ;OD = %Im(z‘ﬂ) = %

z
2n
1.6.4.3. Tich phin dang J.R(cos nx,sin nx)dx.
0
. no ,n . n__-n d
bit z =e" thi cosnx = Z2rz , sinnx = L, dx=2
2 2i iz

Khi x bién thién tr 0 — 27 thi z =™ vach 1én duong tron don vi C theo chiéu duong. Vi

vay
2z n -n n__-n
IR(cosnx,sinnx)dngﬁR 2rz z % (1.77)
0 - 2 2i iz
2n dx
Vi du 1.27: Tinh tich phan I = j P ¥
0 5+3sinx
e 1 \ A 2 2 9 ) A A l N
Gidi: Vi ham so T = - chi ¢6 mot cuc diém don z = -3 nam
3(22+3lz—1j 3(z+j(z+3i)
trong duong tron don vi C, do do
¢ 5+(z—j 2 Jc 3(22+lz—lj 3(zz+lz—lj 32
2i E 3 3

1.7. PHEP BIEN DOI Z

Duya vao tinh chat xac dinh duy nhat cia ham s giai tich trong hinh vanh khan r <|z| < R

boi diy cac hé sb trong khai trién Laurent ctia nd (1.66) - dinh 1y 1.19, ngudi ta xay dung phép
bién d6i Z va sir dung dé biéu dién céc tin hidu roi rac qua cac ham giai tich trong hinh vanh khan.
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Phép bién d6i Z c6 rat nhidu ing dung trong 1y thuyét xtr 1y tin hiéu va loc s, vi noi chung viéc
khao sat cac ham giai tich s& thuan loi va dé dang hon so voi khao sat cac diy roi rac.

1.7.1. Pinh nghia phép bién dbi Z

o0
n=-—00

Pinh nghia 1.13: Bién doi Z ciia day tin hiéu {x(n)} la ham phirc

X(z)= ix(n)z_nz ix(n)(z_ly (1.78)

n=—0o n=—00
Mién hoi tu cua chuoi (1.78) la mién xac dinh cua bien doi Z.

o0
n=-—00

Truong hop ddy tin hiéu {x(n)} chi x4c dinh v&i n >0, nghiala x(n) =0, Vn<0,

khi @6 bién d6i Z cua tin hiéu nay duogc goi la bién do6i mot phia.
néu —o<n<3

n
Vi du 1.28: Tim bién d6i Z cta tin hiéu x(n) = ) f
0 néu n>3

0 3 -1
Gidi: X(z)= Y x(n)z " = 22”z—”=%+i2+3+1+ >2"z,
z Z z

Nn=—00 n=—00 n=—00

D061 m =—n vao chuoi cuoi cung ve phai ¢ trén ta dugc:

-1 o0 ) m
1+ 22”2_"=1+22_mzm=2(§j = 12=22 , v6i |4 <2.

n=—00 m=1 m=0 1-= z
r4
4 2
Vay X(z):£+—+—+ VO"iO<|Z|<2.
Z3 22 z 2—z

1.7.2. Mién xac dinh ciia bién d6i Z

Dé tim mién xac dinh cta phép bién d6i Z ta c6 thé ap dung tiéu chuin Cauchy hoic tiéu
chuén D'Alembert (dinh 1y 1.14, cong thuc (1.62)).

Ta tach chudi vo han hai phia thanh téng ctia 2 chudi:

X(@= Y xn)z" = Zx(n)(z—ly = X[(2)+ X, (2).

n=-—00 n=—0

0 -1 ©
trong d6 X(z) = Zx(n)(z_ly L X5(2)= Zx(n)(z_lr = Zx(—m)zm (dit m=-n).
m=1

n=0 n=-00
C6 hai tiéu chudn sau vé mién xac dinh ctia X (z).
¢ Tiéu chuén D'Alembert
Néu

ptim PO U RO

1
n—o |x(n)| R |x(n + 1)| (2.79)
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thi X(z) x4c dinh khi r <|z|<R.
¢ Tiéu chuan Cauchy

Néu

r= lim ”|x(n)| va 1 lim " |x(n)|
n—>o R nos-w

thi X(z) xac dinh khi » <|z|<R.
Trong vidu 1.28: x(n)=0,Vn>3 = r=0.

x(n) 2" 1
x(n+1) ontl 2

hodc _"1/|x(n)|:_n\/27:%, Vn<0 = R=2

x(n)=2",vn<3 =

Viy bién d6i Z c6 mién xéc dinh 0 <|z| < 2.

g
Vi du 1.29: Tim bién d6i Z cua tin hiéu xac dinh boi x(n) = G) .

&3 ay _&(3Y 1 4z |3
XI(Z)—Z(ZJ (Z y’—nzzo(zj —1_1—42_3, vVO1 4

n=0 z
4z

o ) N B8o{ T

n=—o n=-—00

2 (32" 1 4 3z |3z
:z = -1= e -1= , VOi |[—
—\ 4 3z 4-3z 4-3z
m=0 1=
4
Vay X(z)= 4z + 4 =y /2 , VOl g<|z|<i.
4z-3 4-3z (4z-3)4-3z2) 4 3

. - 3" 3
Ta cling thay rang 7 = lim #/|x(n) = lim || = | =-.
s & n—>00 | ( )| n—>00 (4} 4

— _, R (5 IR D
lim |x(n)|: lim — = lim — -~ = R=
n——o n——o0 4 n—o0 4 4

1.7.3. Bién ddi Z nguoc

3
<1 hay |z|>z.

4
1 <1 hay |z|<§.

(2.80)

Theo dinh 1y 1.19, m&i ham phic X(z) gidi tich trong hinh vanh khan r<|z|<R,

(0 <r < R <o) déu c6 thé khai trién thanh chudi Laurent:
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C 1a duong cong kin bao quanh géc O va nam trong hinh vanh khan 7 < |z| <R.

bét x(n)=c_, thi

o0
_ 1 -
X(2)= Yxmz" véi x(n)= —95 2 X (2)dz. 2.81)
oo 27 v

Theo (2.81) {x(n)}’r__ xac dinh duy nhit boi X (z) dugc goi la bién doi nguoc ciia bién
doi Z cua X(z).

Tuong tu khai trién Laurent, do tinh chit duy nhat cta khai trién ham s6 giai tich trong hinh
vanh khan r < |z| < R thanh tong ctia chudi liiy thira nén ta c¢6 thé sir dung phuong phép tinh truc

tiép theo cong thic (2.81) hodc cac phuong phéap khai trién thanh chudi lity thira dé tim bién doi
nguogc cua phép bién ddi Z .

zZ+2 z+2 1 ae L .
+ giai tich tai moi

Vi dy 1.30: Him X(z)=—; = 2
222 -7z43 2( , /7 3) 1 z-3
z Z—E

1 2 <K X s A
Z# > 3. Vi vay ta c6 the tim bien d6i ngugc trong 3 mién sau:

a. Mién |z| < l :
2

1_ “ n=0 n=0 n=0

3

X(Z)_ 1 + _1 —il’z” —liz_n_i 2’1_ 1 Zn_ > 27"_ 1 Zﬁn
1-2z 3( Zj 3 3” 3n+1 — atl

1 y
. N néu —o<n<0
Vay x(n) = - .
0 néu n>0

b. Mién l<|Z|<3:
2

0

_1 —1 _1 X 1 0 Zn w©
X(@)= 4 == 27"z -y =y 2T Y 3
22( 1 ) 3( ) 2z 3443

1 _ 1 _ i n=0 n=0 n=1 n=—o0

z 3

-3 néu —o<n<0
Vay x(n)= .

27" néu n>0
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¢. Mién 3<|Z|:

0 P N B ;YIS L (USSR
22(1 — lj Z(l —_ 3) 22 n=0 Z y=0 n=l1 =1
2z z
0 néu —o<n<0
x(n) = n—1 -n ~ .
37 -2 néu n>1

TOM TAT
Dang tong quat ciia s6 phirc
z=x+iy, trong d6 x, y 1a cac s thuc; i?=-1.
Dang hrong giac, dang mii ciia s6 phirc
z=x+iy=r(cosp+ising), z=|ze?.
Trong do |Z|:r=OM: x2+y2 , Argz=p+k2n, ke Z.
e—lancancia zy € C: B(zg)= {z € C‘ |z—zo| < 8}.
Mién
Piém zy dugce goi la diém trong cia E néu ton tai mot 1an can cua Z( nam hoan toan

trong E . Tap chi gdm céc diém trong dugc goi 13 tdp mé.

D 14 tdp lién théng néu véi bat ky 2 diém nao ciia D ciing c6 thé ndi chung bang mot
duong cong lién tuc ndm hoan toan trong D .

Mot tap mé va lién thong duoc goi la mién.

Ham bién phirc

Mot ham bién phtrc xac dinh trén tap con D cia € hoic € 1a mot quy luat cho twong tmg
mdi sb phirc z € D voi mot hode nhiéu sé phirc w, ky hiéu w = f(z), zeD.

u=u(x,y)

. Goi u(x, y) 1a phan thyc, v(x, y) la
v=v(x,)

z=x+iy va w= f(z)=u+iv thi {
phan a0 cia ham f(z2).

lim u(x,y)=u
lim f(z)=uy +ivy < (x’y)_,)(xo’y())
252, lim v(x,y) =
(an’)—>(x0 7y0)
Ham phirc lién tuc khi va chi khi phan thyc, phan 4o 13 hai ham thyc hai bién lién tuc.
Ham kha vi, diéu kién Cauchy-Riemann. Ham giai tich
Sz +2z)-f(2)
Az
46

Néu t6n tai dao ham f'(z) = lim ta n6i ham kha vi tai z .
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Néu ham phic w = f(z) = u(x,y)+ iv(x,y) kha vi tai z=x+iy thi phan thuc u(x,y) va

phan ao v(x, y) c6 cac dao ham riéng tai (x,y) va thoa man diéu kién Cauchy-Riemann

P (1, 9) =2 (x, )

N oy
ou ov
g(xoy)_ _a(xay)

Nguoc lai, néu phﬁn thuc u(x, y), phén ao v(x, y) kha vi tai (x,y) va thoa man diéu kién

Cauchy-Riemann thi w= f (z) khavitai z=x+iy va

PE)=5 )+ S )= )= 5 )

Ham don tri w= f (z) kha vi trong mdt 1an can cia z duoc goi la giai tich tai z. Néu
f (z) kha vi tai moi diém cta D thi ta néi f (z) giai tich trong D. f (z) giai tich trong D néuné
giai tich trong mot mién chira D.

Phép bién hinh bao giic

Phép bién hinh w= f (z) duoc goi la bao giac tai z néu thoa man hai diéu kién sau:

i. Bao toan goc gitta hai dudng cong bit ky qua diém z ( ké ca do 16n va huéng).

ii. C6 hé sb co din khQng d6i tai z, nghia 13 moi dudng cong di qua diém nay déu c6 hé sb
co dan nhu nhau qua phép bién hinh.

Phép bién hinh w= f (z) dugc goi la bao giac trong mién D néu n6 bao giac tai moi diém
cia mién nay.

Néu ham w= f(z) kha vi tai z va f'(z)#0 thi phép bién hinh thuc hién boi ham
w=f (z) bao gic tai diém z, dong thoi arg f '(z) la goc quay va | f '(z] 1a hé sb co gian tai
diém z cua phép bién hinh d6. Néuw = f(z) giai tich trong D va f'(z)#0, Vze D thino la
mot phép bién hinh bao giac trong D.

Tich phan phirc

Giast w= f (z) 5 u(x, y)+ iv(x, y) xéac dinh don trj trong mién D. L 1a duong cong (c6 thé
dong kin) nam trong D ¢6 diém mut dau la A mut cuoi 1a B.

Chia L thanh n doan béi cac diém A = Z0s 21> 295 yZpy =B nam trén L theo tha tu tang
dan cua cac chi s6. Chon trén mdi cung con Zk—1,Zk cua duong cong L mot diém bat ky

Cp =& +imyg . Dit z, =x, +iy,, Ay =z —z;5k=1n.

n
I=|flz)dz= lim f&y Az .
AIB (=) f?,f?;AZk—)okZ::I (Ca Az

If(z)dz = Iudx —vdy +1i Ivdx +udy.
AB AB AB
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Cong thire tich phan Cauchy
Gia sir f(z) giai tich trong mién D (c6 thé da lién) co bién 1a aD. Khi do, véi moi
aeD taco:

f (n) n! f(z) .
f(a 272'1qu ad (@)= 27:195( _a)"*‘d

tich phan duoc Iy theo chiéu dwong ciia D .

Chubi Taylor

(n)
Chubi lity thira c6 dang Z / ( )
n!

n=0

(z—a)" dugc goi la chudi Taylor ciia ham f ( ) tai a .

1) Chudi luy thira bat ky 1a chudi Taylor ciia ham tong ctia nd trong hinh tron hoi tu.
2) Nguogc lai, moi ham f (z) giai tich tai a thi co thé duge khai trién thanh chudi Taylor

trong lan can <R.

Chubi Laurent

Gia sir ham f/(z) giai tich trong hinh vanh khan K = {Z‘ r< |Z - a| < R} ;

0<r<R<ow. Khi d6 chudi » c,(z—a)", véi ¢, = 21:;'@( Ji(aZ)ZHdZ duge goi la

chudi Laurent ctia ham d6 tai a, trong d6 C la duong cong kin bat ky nam trong K bao quanh a .

n=-—oo

Thang duw
Gia st f(z) giai tich trong hinh vanh khin K = {Z‘ 0< |Z —a| < R} ¢6 a la diém bat

thuong cb 1ap. Ta goi s6 phuc sau day 14 thang dur ciia [ (z) tai a , ky hiéu
Res ;a | =
[ f ] 27i (]Sf

Cho mién dong D c6 biénla oD . Gia sit f (z) giai tich trong D, ngoai trir tai mot sd hitu
han cac diém bat thuong cb lap aj,..., a, € D . Khi d6

§ £ (2)dz =273 [Res £ (2):a, .
oD k=1
Bién d6i Z

Bién d6i Z cua day tin hiéu {x(n)}:):_OO la ham phtic X'(z) = ZX(n)Z_" = Zx(n)(z_ly

n=—00 n=—00
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bien

0
n=—

Nguoc lai day {x(n)} xac dinh boi cong thirc x(n) :%Cﬁz"—l){ (z)dz dugc goi la
i Y,

doi nguoc cua bien doi Z cua X(z).

CAU HOI ON TAP VA BAI TAP

1.1.

1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

1.10.

1.11.

Néu ham phuc w= f(z) c6 dao ham tai z thi cé6 dao ham moi cép tal z.
bung I:I Sai I:I

Ham phitc w= f(z) giai tich tai z, thi co thé khai trién thanh tong ctia chudi lily thira tim

Zq0-
Dung | sai L.

Ham phitc w= f(z) c6 dao ham khi va chi khi phan thuc va phan 4o u(x, y) , v(x, y) c6 dao
ham riéng cap 1.

Dung || sai L.
Néu z la diém bat thuong c6 1ap ctia ham phitc w = f(z) thi c6 thé khai trién Laurent cta

ham s6 nay tai z;.
Dung I:I Sai I:I

Tich phan ciia ham phirc giai tich w= f(z) trong mién don lién D khong phu thudc duong
di nam trong D .

Pung I:I Sai I:I
Tich phan trén mot duong cong kin ctia ham phirc giai tich w = f(z) trong mién don lién D
ludn ludn bang khong.

bung I:I Sai I:I
Thang du cua ham phuc w= f(z) tai z la phan du cua khai trién Taylor ciia ham nay tai

Zo.

bung |:| Sai |:|

Ham phic w= f(z) c6 nguyén ham khi va chi khi giai tich.
pung [ [sai [_].
Tich phan ctia mot ham phitc w = f(z) chi c6 mot sé hiru han cac diém bat thuong co 1ap

trén mot duong cong kin C (khéng di qua cac diém bét thuong) bang tong cac thing du cua
w= f(z) nam trong duong C.

Dung I:I Sai I:I
C6 thé tim duge mot ham phtrc bi chan va giai tich tai moi diém.

Dung I:I Sai I:I

Rut gon céc biéu thuc sau
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11
S 1+3i 1-3i

b

a. 2(5-3i)-3(-2+i)+5(-3),

. (ﬁjw, N (1+i)(2+3i)(4—2i)_

1+i (1+2i) (1-4)
1.12. Gidi cac phuong trinh sau

a. z24+z+1=0, b. z0-2z-4=0,

1.13. Tinh: a. 3—1+i , b. 342 +4~/2i .

1.14. Tinh quy tich nhitng diém trong mit phing phirc thoa méan

a. |z—3—4i|:2, b. arg(z—i)=§,
c. |z-2[+]z+2|=6, d |z+2/=2z-1].
1.15. Tinh phan thyuc va phan 4o cta cic ham sd sau
a. w=z° b. w= ! c. w=e>’.

1-z

1 iy . o

1.16. Cho w =z +—. Tim dao ham w'(z) truc tiép tr dinh nghia. Vi gia tri nao cia z thi ham
z

s6 khong giai tich.

1.17. Ching minh ham w = Z|Z| khong giai tich tai moi z .

1.18. Chirg minh raing ham

4 b. :

X5 , Z# i
z°+1

a. w=2Z

thoa man diéu kién Cauchy-Riemann. Tinh w'(z) trong mdi trudng hop trén.
1.19. Tim ham phuec giai tich w= f (z) =u(x,y)+iv(x, ) biét phan thuc
a. u(x,y)= x> —3xy2, b. u(x,y)= x? —y2 +2x
1.20. Tim ham phtrc giai tich w= f (Z) =u(x,y)+iv(x,y) biét phan do

. b,

Y a2y v(x,y)=2xy+3x ,
(x+D)"+y

a. v(x,y)=

iy 1
1.21. Tim anh cua cac duong cong sau day qua phép bién hinh w=—.
z

a. x2+y2=4, b. y=x,

c. ©,0,1, d (x-D%+y*=1.
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1+z

1.22. Tim 4nh cta duong thing nam trén tia Argz = g +km qua phép bién hinh w =
-z

1.23. Cho phép bién hinh tuyén tinh w=(1+1)z—1
a. Tim anh cta doan thing ndi z; =1—i va z, = —i.
b. Tim anh cua dudng tron |z -1+ i)| =2.

1.24. Tim phép bién hinh bao giac bién hinh tron |z| <1 thanh nira mit phang Imw >0 sao cho

cac diém —1, 1, 7 bién 1an lugt thanh o0, 0, 1.

1.25. Tinh tich phan [ = I |Z|dz trong hai truong hop sau
C
a. C 1a doan thang ndi 2 diém —1 va +1.

b. C 14 nira cung tron tdm 0 nam trong nira mit phang trén di tir diém —1 dén diém 1.

1.26. Cho C 1a duong tron |z - 1| =3, tinh cdc tich phan sau:

coSz e’
a. dz , b. dz .
C’f z—7 C‘f z(z+1)

1.27. Tinh tich phan [ = J-ZdZ trong d6 C 1a dudng gip khic c6 dinh lan luot 1a —2, —1+2i,

C
1+, 2.
. Tz
sin——
1.28. Tinh tich phan / :(]S > 41 dz trong d6 C 1a duong tron X2+ y2 -2x=0.
2 _
C
dz

1.29. Tinh tich phan [ = (j) trong céc truong hop sau:

¢ (z+0) (z-1)°
a. Claduong tron |z =1/ =R, R< 2,
b. Claduongtron |z +1|=R, R<2,
c. C la duong tron |z| = R, R<1.

1.30. Tim mién hoi tu ctia cac chuoi sau:

o ) (Z _ l-)3n
a. z , b.
2 o 3"
n=11 n=0 +n
1.31. Viét bon s6 hang dau trong khai trién Taylor ctia ham s dudi day tai z =0.
R
a. w=elz, b. w=sin
-z
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1.32.

1.33.

1.34.

1.35.

1.36.

1.37.

1.38.

1.39.

z+1

2

Khai trién Laurent cta hamsO w=————
z°+z-=-2

a. Trong hinh vanh khan 1< |Z| <2.
b. Trong hinh tron |z| <l.

c. Trong mién ngoai cua hinh tron |z| >2.

, C la duong tron x? +y2 =2x+2y.

Tinh tich phan gS (Z 1)5722 . 1)
“(z-

Tinh tich phan 954— C la dudng tron x2 + y? =2x.
~z +1
Tinh cac tich phan thyc sau
o 2 ©
1

a. ]=jx4+ dx ; b. [:I i )

e X1 o (2 44 +1f
Tinh cac tich phan thyc sau

* xsin 2x T sinx
a. I= 3 dx ; b I:I—dx;

o X" +4 0 x(x2 + 1)2
Tinh cac tich phan thyc sau

2n 2n
a. 1:]L; b= | = dx .

0 2—cosx 0 sinx +cosx + 2

Chung minh céc tinh chét sau day ciia phép bién d6i Z :

Tin hiéu: x(n) -~ Bién d6i Z tuwong img: X (z)
a. axy(n)+bx,(n) aX(z) +bX,(2) (tinh tuyén tinh).
b. x(n—ng) z7" X (2) (tinh tré).
c. a’x(n) X (ij (tinh dong dang).

a
X
d. nx(n) - zﬁ (dao ham anh)
dz
o0
e. x(m*xym= Y xKk)xy(n—k) X,(2)X,(2) (tich chap).
k:—OO

Ta goi va ky hi€u day tin hi€u xac dinh nhu sau la tin hi¢u budc nhay don vi:
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0 néu n<O0
u(n) = ) .
1 néun=0

Tim bién d6i Z cua cac day tin hiéu sau:
a) x(n)=e"u(n). b) x(n) = ne " u(n). c)x(n)=—-a"u(-n-1).

d) x(n)=2"recty (n) , trong d6 recty (n) =u(n)—u(n— N): goi la ddy chir nhat.

1.40. Tim bién d6i Z nguoc ciia ham giai tich X (z) =

3 1
3 trong mién |z| >
z°(2z 2
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CHUONG II: CAC PHEP BIEN DOI TiCH PHAN

GIOI THIEU

Trong chuong I chung ta da sir dung tinh duy nhat cta khai trién Laurent ctia ham giai tich
trong hinh vanh khin dé xay dung phép bién d6i Z. Nho phép bién d6i Z ta c6 thé biéu dién tin
hiéu s6 {x(n)} boi ham giai tich X (z). Trong chuong ndy chung ta s& nghién ciru hai phép bién
d6i tich phan 1a bién ddi Laplace va bién d6i Fourier.

< Nhiéu van dé trong k¥ thuat, trong dién tir vién thong, trong ly thuyét mach..., dua vé giai
cac phuong trinh, hé phuong trinh chira dao ham, tich phan cua cac ham nao d6, nghia la phai giai
cac phuong trinh vi phan, tich phan hay phuong trinh dao ham riéng. Viéc giai truc tiép cac
phuong trinh nay noéi chung rt kho. Ky su Heaviside 14 nguoi dau tién da van dung phép bién doi
Laplace dé giai quyét cac bai toan lién quan dén mach dién.

Phép bién ddi Laplace bién mdi ham gbc theo bién ¢ thanh ham anh theo bién s . Vi phép
bién d6i nay viéc tim ham gdc thoa man cac biéu thirc chira dao ham, tich phan (nghiém cia
phuong trinh vi phan, phuong trinh tich phan, phuong trinh dao ham riéng...) dugc quy vé tinh
toan cac biéu thire dai s6 trén cac ham anh. Khi biét ham anh, ta st dung phép bién ddi nguoc dé
tim ham gdc can tim.

Trong muc ta ndy giai quyét hai bai toan co ban cua phép bién ddi Laplace 13 tim bién doi
thuan, bién doi nghich va mot vai tng dung cta no.

Céac ham sb trong chuwong nay dugc ky hiéu 1a x(¢), y(¢),... thay cho f(x), g(x),...vi
x(t), y(t) dugc ky hi¢u cho céc tin hi¢u phu thudc vao thoi gian ¢ .

% Phép bién doi Fourier hitu han dugc phat trién trén y tuong cta khai trién ham sb tuan
hoan thanh chudi Fourier, trong ¢6 mdi ham s hoan toan duoc xac dinh boi cac hé sb Fourier cla
no6 va nguogc lai. Co ba dang cta chudi Fourier: dang cau phuong (cong thirc 2.57, 2.57'), dang cuc
(cong thirc 2.63) va dang phitc (cong thirc 2.64, 2.68). Phan 1 ctia muc nay sé& trinh bay ba dang
nay cua chudi Fourier, cic cong thic lién hé gitta ching va kém theo 15i nhan xét nén sir dung
dang nao trong mdi trudng hop cu thé. Truong hop ham khéng tuan hoan phép bién doi Fourier
10i rac duoc thay bang phép bién doi Fourier, phép bién d6i nguoc duy nhit duoc xdy dung dua
vao cong thure tich phan Fourier.

Khi cac ham s6 biéu dién cho cic tin hiéu thi bién d6i Fourier cta chung dugc goi 1a biéu
dién phé. Tin hidu tudn hoan s& c6 phd roi rac, con tin hiéu khong tuan hoan s& ¢ phd lién tuc.
Péi s6 cuia ham tin hiéu 14 thoi gian con déi sb cua bién ddi Fourier ctia né 1a tin sd, vi vay phép
bién d6i Fourier con duoc goi 1 phép bién doi bién mién thoi gian vé mién tan sb.

Phép bién doi Fourier roi rac duge st dung dé tinh toan bién d6i Fourier bang may tinh,
khi d6 cac tin hiéu duoc roi rac hoa béng cach chon mot s6 hitu han céc gia tri mau theo thoi gian
va phé cling nhan duoc tai mot sb hitu han cac tan sb. Tuy nhién dé thuc hién nhanh phép bién doi
Fourier roi rac, nguoi ta st dung cac thudt toan bién doi Fourier nhanh.
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Hudng tmg dung vao vién thong: Phan tich phd, phén tich truyén din tin hiéu, ghép kénh vo
tuyén, ghép kénh quang, danh gia chat luong WDM...

NOI DUNG

2.1. PHEP BIEN POI LAPLACE
2.1.1. Pinh nghia bién do6i Laplace

Pinh nghia 2.1: Gia sit x(t) la ham sé thuc xdc dinh véi moi t > 0. Bién doi Laplace ciia

ham s6 x(t) dwoc dinh nghia va ky hiéu:
P} = X(s) = [ x(0)at @.1)
0

Phép bién d6i Laplace cia ham sd x(¢) goi 13 ton tai néu tich phan (2.1) hoi tu véi gia tri s
thudc mién nao do. Truong hop ngugc lai ta néi phép bién ddi Laplace cua ham sé x(¢f) khong
ton tai. Phép bién ddi Laplace 1a thyc hay phirc néu bién s6 s ciia ham anh X(s) 1a thuc hay
phtc.

Theo thoi quen nguoi ta thuong ky hiéu cac ham gbe bang cac chir thuong x(¢), y(¢),... con
cac bién d6i cua no bang cac chit in hoa X(s), Y(s),.... Poi khi ciing duoc ky hiéu boi
xX(s), y(s),-....

2.1.2. Piéu kién ton tai
Pinh nghia 2.2: Ham bién thie x(t) dwoc goi la ham goc néu thod mén 3 diéu kién sau:
1) x(¢)=0 voimoi t <0.

2) x(¢) lién tuc timg khiic trong mién t >0 .

Diéu nay co nghia la, trén nita truc thuc t >0, ham chi gian doan loai 1 nhiéu nhat tai mot
80 hitu han cdc diém. Tai cac diém gian dogn, ham co gidi han trai va gioi han phai hitu han.

3) x(¢) khéng tang nhanh hon ham mii khi t — oo, Nghia la ton tai M >0, oy >0 sao

cho
x(t)| < Me™ , V>0, (2.2)
o dwoc goi la chi s6 tang ctia x(t).
Ro rang « la chi s0 tang thi moi s6 > o cling la chi s0 tang.

Vi du 2.1: Ham bude nhay don vi (Unit step function)

() = 0 néu <0 2.3)
= 1 néu >0 )

Ham budc nhay don vi n(¢) lién tuc véi moi ¢ >0, khong ting hon ¢ mil v6i chi sé ting

(X.O:O.
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Vi du 2.2: Cac ham so cip co banx(f) déu lién tuc va khong ting nhanh hon ham mii.

Nhung van chua phai 1a ham gdc vi khong thoa mén diéu kién 1) cia dinh nghia 2.2. Tuy nhién
ham s6 sau:

O 0 néu <0 2.4)
X = .
1 x(t) néu t>0
1a mot ham gdce.
Pinh Iy 2.1: Néu x(¢) 1a ham gbc véi chi s ting o thi ton tai bién doi Laplace
o0
e} = X(s) = [ x()at
0
xac dinh v&i moi s phirc s = o +if saocho >0 va lim  X(s)=0.
Re(s)—> o
Hon nita ham dnh X (s) giai tich trong mién Re(s) > o v6i dao ham
o0
X'(s) = j (—t)e "' x(t)dt 2.5)
0

Chirng minh: V61 moi s=a+iff sao cho a >, ta co: ‘x(t)e_” < Me'™™ " ma

o0 0]
J‘e(ao_a)tdt hdi ty, do d6 tich phan J-x(t)e_”dt hoi tu tuyét ddi. Vi vay ton tai bién doi Laplace
0 0
X(s) va |X(s)|< j [x(t)e ™ |t = j [x(t)e e |dt = j [x(t)e ™ dt
0 0 0
(ag—a )t ‘Oo M

0
< J-Me(ao_a)tdt = Ye = i
0 ao 4 ‘0 o — ao

Ngoaira lim =0 = Ilim X(s)=0.

a—o O =0 Re(s)—>o
[e 0] e8] a [o0]
Tich phan j x(t)e"*'dt hoi tu va tich phan j a—(x(t)e—” )dt = j x(t)e ™ (=t)dt hoi tu déu
S
0 0 0

trong mién {S|R€(S) > al} voi moi aq, o > o (theo dinh ly Weierstrass), suy ra ham anh c6
T o
dao ham X'(s) = I a—(x(t)e_” )dt tai moi s thudc cac mién trén. Vi vy X(s) giai tich trong
s
0

mién Re(s) > .
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Nhén xét:
1. Theo dinh 1y trén thi moi ham gdc déu c6 anh qua phép bién doi Laplace. Tén goi "ham
goc" 1a do vai tro cua n6 trong phép bién doi nay.
2. Tir vi du 2.2, cong thirc (2.4) suy ra rang moi ham so cdp co ban x(¢) déu co bién doi
Laplace % {x(t)n(r)}. Tuy nhién, dé don gian thay vi viét ding %{x(r)n(r)} thi ta viét tit
4 {x(t)}. Chang han ta viét ¥ {sin t} thay cho ¥ {n(t) sin t}, ¥ {1} thay cho ¥ {n(t)}.

3. Ta quy udc cac ham gdc lién tuc phai tai 0. Nghiala  lim x(z) = x(0).
t—0"

Vi du 2.3: Vi ham n(¢) c6 chi s6 ting o,y =0 do d6 bién doi

© —st|”
P} = J.e_Stdt =¢ 1L voimoi s, Re(s)> 0.
—s s
0

Vi du 2.4: Ham sinz c6 chi s6 ting o,y =0 do d6 bién doi

e}
Y{sint} =X(s)= je_” sintdt ton tai vi moi s, Re(s)> 0.
0
Ap dung cong thirc tich phan ting phén ta duoc:

—J.se’” costdt = 1—(se‘” sin t‘o )—SzjeS’ sint dt
0 0

X(s)=—coste™™ :

= (1+s2)X(S):1 = X(s)= 12.

1+s

2.1.3. Cac tinh chit ciia phép bién déi Laplace
2.1.3.1. Tinh tuyén tinh
Pinh 1y 2.2: Néu x(¢), y(¢) c6 bién ddi Laplace thi vi moi hiang s6 A, B, Ax(¢) + By(t)

cling co6 bién doi Laplace va

P{Ax(t) + By(t)} = AL {x(0)}+ BL{y(1)}. (2.6)
Vidu2.5: #{5+4sint}=57{1}+4%{sint}= el + 24 :
s 57 +1
2.1.3.2. Tinh dong dang
Pinh ly 2.3: Néu X (s) = #{x()} thi véimoi a >0,
Plx(at)} = lX(ij . @.7)
a a

1 0

Vi du 2.6: Q/{sinwt}=% ( /(0)2+1 JERN
S
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2.1.3.3. Tinh dich chuyén anh
Pinh ly 2.4: Néu X (s) = ¥ {x(¢)} thi véi moi a R,

fﬁ{e‘”x(r)}= X(s—a). (2.8)
, , 1 e®l 4o s
Vidu27: e = %e” 1= . P{chot}=9 = :
D e e s
ot -ot
Pfshot)= 9]¢ "¢ -2 PeYsinot=—2
{ } { 7 } S2—(,02 {e } (s—a)2+032
2.1.3.4. Tinh tré
Pinh ly 2.5: Néu X(s):i//’{x(t)} thi véimoi a e R,
Pt -a)x(t—a)t=e*" X(s). (2.9)

D6 thi ciia ham n(z —a)x(t —a) c¢6 duoc bang cach tinh tién dd thi ciia M(¢)x(¢) doc theo
truc hoanh mot doan bang a . Néu x(¢) biéu dién tin hiéu theo thoi gian ¢ thi x(z —a) biéu dién

tré a don vi thoi gian clia qua trinh trén.

X * A
5 X
n()x() n(t—a)x(t —a)
0 k ol t
e—(lS
Vidu28: Y{n(t-a)}= .
S

Vidu 2.9: Ham xung (Impulse) 1a ham chi khac khong trong mot khoang thoi gian nao do.

0 néu t<a
x(®)=<0(t) néu a<t<b (2.10)
0 néu t>bh
Ham xung don vi trén doan [a ;b]:
0 néu r<a
Nap(@) =11 néu a<t<b =nm(t—a)—-n->) 2.11)
0 néu t>b

Ham xung bat ky (2.10) c6 thé biéu dién qua ham xung don vi

x() =n(t—a)p(t) —n(t —b)p(t) =1, (@) (2.12)
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—as —bs
e

P {10} = {nlt=a)} = {1t~ a)} =*—"—

X A X A
p(t)
’\/ 1
) a b t: 0 a b t:

X
Vi du 2.10: Tim bién d6i Laplace cta ham bac thang
0 néu t<0 hoact>3 i
© nfu 0<r<l1
X =
4 néu l<t<?2 2
1 néu 2<t<3 1
t)=2 t)+4 1)+ t >
x(8) =210 (£) + 4, 2 () + 172, 3(2) 5 2 3 ’

=2[n(6) —n(z =]+ 42 - D) -n(t - D]+ [0t —2) —n(z -3)]
=2n()+2n(—-1)-3n(t-2)—n(t-3).

—s 25 =3s
Dods Plu()}= 226 BT e

0 néu <0
Vi du 2.11: Tim bién d6i Laplace ciia ham xung x(¢) =4sint néu 0<t<mn

0 néu r>mn
Theo cong thic (2.12) ta c6 thé viét
x(t) =n(t)sint —n(t —m)sint =n(¢)sint + (¢t — m)sin(z — ).

1 e ™ l+e
Vay  Px0)}= + = .
s241 s+l 5?41

TS

2.1.3.5. Bién déi ciia dao ham

thi

Pinh 1y 2.6: Gia sir ham gbc x(f) c6 dao ham x'(¢) ciing 1a ham gbc. Néu X (s) = ¥ {x(t)}

Px'(t)} = sX (s)-x(0). (2.13)

Téng quat hon, néu x(¢) c6 dao ham dén cp n ciing 1a ham gdc thi
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Y{x(”)(t)} = 5" X (5) =" "x(0) = 5" 2x'(0) =+~ x"D(0).

Vidu2.12: #{coswt}= y{(smmtj } =

w

H¢ qua: Voi gia thiét cua dinh ly 2.6 thi

Chirng minh: Ap dung dinh 1y 2.1 cho dao ham x'(¢) ta co

2.1.3.6. Bién déi Laplace ciia tich phén

L s _sin0=——
o 2+’ 52+ ‘
lim  sX(s)=x(0).
Re(s)—>x®
lim
Re(s)—> o

(2.14)

sX(s)—=x(0)=0.

t
Pinh ly 2.7: Néu ham gbc x(¢) c6 X(s)= %{x(t)} thi ham s6 () = Jx(u)du ciing la

0

ham géc va
t X(s)
v Ix(u)du = : (2.15)
0 S
2.1.3.7. Dao ham dnh
Pinh 1y 2.8: Gia stt x(¢) 13 mot ham géc c6 X (s) = Z{x(¢)} thi
] da’
S{/{]"x(t)}z (—1)" =—X(s). (2.16)
ds"
n |
Vi du 2.13: f[/{/” }: (-1 QYW oo
ds" s Sn+1 4
Vi du 2.14: Ham déc
0 néu ¢<0 1
t ]
x(t)=<1— néu 0<t<a
a >
) a
{ t

néu t>a

X(0) :énoa O+ n(t-a) =§n<t>—§n<t—a)+n(z—a) =£n(t)—t_7an(t—a)-

) 1
= Yux(t)f= - =
{ } as®  as? as?

Vidu 2.15: Ham xung tam giac don vi

xA
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Chirong 2: Cdc phép bién doi tich phin

0 néu <0

t nfu 0<r<l1
A@) = .

2—t néu 1<r<L?2

0 néu ¢>2

AW =t -n-D]+@2-1)nE - -n(-2)]
=m@)-2(t—-ImE-D+ (-2 -2).

1 25 % (e_s —1)Z
= YAb)j=—- + = )
{ } S2 S2 S2 2

2.1.3.8. Tich phan dnh

DPinh ly 2.9: Gia su E0] 1a mot ham gdc (chang han x(z) 1a mot ham gbc va ton tai
t
x( ) .
hitu han). Pat X (s) = f{x(t)} s eR thi
t—>0+ t
e}
gz/{ﬂ} = j X (u)du. 2.17)
! S
Vidy216: Vi lim =1 va #fsinef= .
t—0" I s°+1
sin ¢ ¢ |oo_£_ to o to s — tl
I N —arcgus B arcgs—arcogs—arcgs.
“sinu sinu 1 1
Ham tich phan sin: Sit = _[ du, t>0 co bién d6i Laplace ¥ '[ du ; =—arctg—.
o U o U s s

2.1.3.9. Bién déi Laplace ciia ham tuin hoan
Pinh 1y 2.10: Gia st x(7) 12 mot ham gbc tudn hoan chuky 7 > 0 thi

T
J’e_”x(t)dt

X(s)=P{x(t)} = 01—_ﬂ . (2.18)

—e
Vi du 2.17: Tim bién d6i Laplace ctia ham gbc tuan hoan chu ky 2a > 0 sau:

A

61
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2a a 2a ot a oSt 2a (e—as _1)
J. e S x(t)dt = Ie_Stdt— I e Sldr = - =
0 0 p - ‘0 R §
as as as
(e_a —1) __—as T sh—
= X(s)= _1l-e™ les-e= 1 _1 h%
s(l e_zas) S l+e® s B By s 2
e? +e 2 ¢ 2

2.1.3.10. Anh ciia tich chip

Pinh nghia 2.3: Tich chdp ciia hai ham s6 x(t), y(t); t =0 la ham s6 dwoc ky hiéu va xdc
dinh boi cong thurc
t

x(6)* y(t) = [ x()y(t —u)du 2.19)

0

Tinh chat:
& x(t)*y(t)=y(t)*x(t) (tich chdp co tinh giao hoan)
¢ Néu x(2), y(¢) 1 hai ham gdc thi tich chap cua chiing x(¢) * () ciing 1a ham géc.
Pinh Iy 2.11: Néu X (s) = Z{x(1)}, Y(s) = ¥{y(¢)} thi

P {x(t)* y(0)} = X (5)Y (s) (2.20)
Ngoai ra néu x'(¢), y'(¢) cling 1a ham gdc thi ta c¢6 cong thirc Duhamel:

P {x(0)y (1) +x'() * y(O)} = ¥ {x()y(0) + x(2) * y ()} = sX ()Y (s) (2.21)

, A 11
Vidu2l7: ¥ i =PI Plsi =4 .
idu {t*sint} {t}- ¥ {sint} R
Z;ZL—L:%{t—sint}.

s2(82 +1) s 57 +1
Do tinh duy nhét ctia bién doi ngugc (dinh 1y 2.12) ta suy ra: ¢*sint =¢—sint.
2.1.4. Phép bién ddi Laplace nguoc

Tir vi du 2.17 cho thdy can thiét phai giai bai toan ngugc: Cho ham anh, tim ham gbc.
Trong muc nay ta s€ chi ra nhitng diéu kién dé mot ham nao dé 13 ham anh, nghia la tdn tai ham
gbc ctia nd, dong thoi ciing chi ra ring ham gde néu ton tai 1 duy nhét.

Pinh nghia 2.4: Cho ham X (s), néu ton tai x(t) sao cho ¥ {x(t)}= X (s) thi ta noi x(t)
la bién doi ngwoc cia X (s), ky hiéu x(t) =¥ _1{X(S)}.
2.1.4.1. Tinh duy nhit ciia bién déi ngwoc

Pinh Iy 2.12: Néu x(¢) 1a mot ham gdc voi chi sb ting oy va ¥ {x(t)} = X (s) thi tai moi

diém lién tuc ¢ cua ham x(¢) ta c6:
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oL+ico
x(t) = L je”X(s)ds (2.22)
2mi

oL—ioo
trong d6 tich phan & vé phai duoc iy trén duong thang Re(s) = a. theo hudng tir dudi 1én, voi o
1 s6 thuc bat ky 16n hon ¢, .
Cong thiee (2.22) duoc goi la cong thiec tich phdan Bromwich.
Cong thirc Bromwich cho thay bién d6i Laplace ngugc néu ton tai thi duy nhat.
2.1.4.2. Piéu kién dii d@é mot ham c6 bién doi ngwoc
Dinh 1y 2.1 cho thiy khong phai moi ham phuc giai tich nao ciing ¢ bién doi ngugc. Chang

han ham X (s)=s’ khong thé la anh cta ham géc ndovi  lim  X(s)=oo.
Re(s)—>x

Dinh 1y sau day cho ta mot diéu kién du dé ham giai tich ¢ bién doi nguoc
Pinh 1y 2.13: Gia st ham phirc X (s) thoa méan 3 diéu kién sau:

i. X(s) giai tich trong nira mt phang Re(s) > o,

ii. | X(s)|<Mp véimoi s thuoc duong tron [s|=R va lim Mp =0,
R—o

o+
iiii. Tich phan j X (s)ds héi tu tuyét dbi.

0, —io0
Khi d6 X(s) co bién ddi nguoc 1a ham gdc x(¢) cho boi cong thire (2.22).

Doc gia co thé tim hiéu ching minh dinh ly 2.12, dinh 1y 2.13 trong Phu luc C cua [2] hodc
dinh 1yl trang 29 cua [5].

2.1.4.3. Mgt vai phwong phdp tim ham ngwoc
a. Sir dung cac tinh chét ciia bién doi thuan va tinh duy nhét caa bién déi nguoc

Tir tinh duy nhat ctia bién d6i nguoc, ta suy ra rang tuong (mg giita ham gdc va ham anh
1a tuong tng 1-1 . Vi véy ta ¢6 thé 4p dung cac tinh chat da biét cia phép bién doi thuan dé
tim ham nguoc.

5
Vidu2.18: ¢ 7! ;6 —e My ‘1{%} _eH L
(s + 4) S 5!

= ¥ _l{fi} =Y _1{(6_—%6} = 656_40_3)ﬂn(f -3).

s+4)6 s+4) 5!

b. Khai trién thanh chudi liiy thira

: a a a a a
Néu X(s):—0+—é+—§+_i+_g+... thi
s 5 Ky S S
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Chirong 2: Cdc phép bién doi tich phin

4
agt
+4

2 3
L t
xt)=% 1{X (s)}: ap+at+ a22t' + a;

Vidu 2.19:

1

A1

1

1

le;—l[l_l_{_ 1 _ 1 + 1 _...:l—l_L 1
S S s 2157 318 415t

2 3

t t t

-1
~ 4 l ? _1_ N — e
= x(O)=¢ {se } ey ey Ty

() () () ()

=1- 72 + 2242 _224262+22426282_'

trong d6 J(y 1a ham Bessel bac 0 (xem chuong III).
c. St dung thing du cua tich phan phire
Véi diéu kién ciia dinh 1y 2.13 thi X(s) c6 bién

d6i nguoc x(f) xac dinh boi cong thirc Bromwich
(2.22).

Mit khac gia st ham X(s) chi c6 mot sb hiru

= Jy(24F)

yﬂ

aq

+ — + — e
s o570 2188 35t 4180

nira mit phang Re(s) < o véi o nao d6 > a .

Chon R du 16n sao cho cac diém bat thuong nay
déu nam trong phan cta mat phiang dugc gii han boi
duong tron Cp tam O ban kinh R va dudng thing
Re(s) =o . Khido

Cr
. I A \ PR ‘a2
han cac dieém bat thuong co lap ay, a,, ..., a,, trong
4 0
.an

x()= ¥ Hx(s)}= i [Res e X (s);a,

k=1

Bl

(2.23)

(2.24)

Dic biét néu X (s) = % , trong d6 bac cua da thirc Q(s) 16n hon bac cua da thiic P(s).
s

Gia stt O(s) chi co cac khong diém don 14 ay, a,, ..., a,, va chung khong phai 1a khong diém ciia

P(s) thi ta co cong thirc Heavyside:

k=1 a;

O(s)

s 43545

Vi du 2.20: Tim ham gbc x(r)= ¢ ™!
(s=D(s+2)(s+3)
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2
Gidi: Hamanh L0) = S"+35%5 0 e cuc diémdonla 1, -2, —3.
O0(s) (s—D)(s+2)(s+3)
Pl 3 ol el S L 3 o S
O, 4 906),_, O'(s),_s 4 4
2
Vi du 2.21: Tim ham gée x(t) = & —>° +23S+2 .
(s—z)(s +4s+8)

P(s) _ 35% +35+2
O(s)  (s—2)(s* +4s+8)

Gidi: Ham anh 6 cac cuc diém don1a 2, =2 +2i, —2—2i.

P(s)
0'(s)

_, P
5=2 , 0'(s)

P(s)
(s)

[ P(=2+2i) —1+_i—1—i
lo2+2)) 4 47

i
= —|——’
s=—2+2i 4

Q'
= x(t)=e* +(1+ije_2l+2” +(l—i]e‘2l‘2”

s=-2-2i

_ ; 2 i _ ~ —2i i I .
=e¥ te 2t(ezn+e 2”)+Ze 2t(ezn—e 2”):ezt+e 2t(200$2t—§sm2t)

d. Tim ham gdc ciia cic phén thirc hiru ti

Moi phéan thirc hiru ti c6 dang X (s) = %, trong d6 bac cua Q(s) 16n hon bac cua P(s)
s

déu c6 thé phan tich thanh tong cta cac phan thirc toi gian loai I va loai II.

1 1 .
¢ Cac phan thuec hiru ti loai I: hay , a€R ¢6ham goc:
s—a (s—a)"
_ 1 n—1
¥ 1{ } BN 7 ! _ ot ! . (2.26)
s—a (s—a)" (n—1)!
M:
¢ Céc phan thirc hiru f loi IT: STN MUN.a ocR.

((s +a) +o° )n

St dung tinh chat dich chuyén anh ta c6 thé dua cac phan thirc ti gian loai II v& mot trong
hai dang sau:
S 1

———— hoic ———— 2.27)
(s2 +a)2) (s2 +a)2)

¢ Truong hop n=1, tirvidu 2.6 va vidu 2.12 ta co:

@ -1 s B o —1 1 _ sinwt
¥ { 3 2}—cosmt,j { 3 2}— (2.28)

ST+ ST+ Q)
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¢ Truonghop n=2:

_ s tsin wt _ 1 sin ot — wt cos wt
7 — (= , ! — (= - (2.29)
(s +w ) 20 (S +w ) 2w
tsin wt — ot t
¢ Truonghop n=3: % 2 s = sin a)3 COS @ ,
(s +o ) 8w

» 1 (3—0)212)sina)t—3a)tcosa)t

Tl 3 (2.30)
(s +® ) 8

35?2 +3s5+2

-2 (s2 =7 8) ¢6 thé phan tich thanh tong

Vi du 2.22: Ham anh ¢ vi dy 2.21. X(s) =

cac phan thue ti gian

| 2543 | 2s +2) |
3 - + & 7 2

$=2 §° 44548 S—2 (s+2)°+4 (s+2)°+4

X(s)=

2
x)=%"" 35" +35+2 =e* +2e7 cos 2t —le_z’ sin2¢ .
(s—2)(s* +4s+8) )

552 —155—11

Vi du 2.25: Tim ham gbc cia X (s) = 3 -
(s+D(s-2)

Ta c6 thé phan tich X (s) thanh tong cac phan thirc tdi gian

1 1
) = (
X(S):Ss 155 131: a¥. By 4 4 73
(s+1D)(s—2) S S-2 (s—2) (s—2)
2
_ —15s-11 1 ., 1
x(t)y=Y% ! % =——¢ t+—e2t+4te21—zt2621.
(s+D(s=2) 3 2

2.1.5. Ung dung ciia bién d6i Laplace
2.1.5.1. Ung dung cua bién déi Laplace dé gidi phwong trinh vi phin tuyén tinh

a. Phuong trinh vi phan tuyén tinh hé s6 hing

d"x d" dx
a,——+a, |——+--+a—+agx =yt 2.31
n dtn n—1 dtn_l 1 dt 0 y() ( )
thoa man diéu kién dau
x(0) =xg, x'(0)=x, ..x" D(0)=x, , (2.32)
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Ta tim nghiém 1a ham gbc bang cach dat X (s) = ¥ {x(t)} ,Y()=Y% {y(t)}.

Ap dung cong thirc bién ddi Laplace ciia dao ham (2.13), (2.14) véi diéu kién dau (2.32),
Plagx(t)} = agX (s)
Playx' (1)} = ay (sX(s) - xg)

Y {anx(")(t)} =a, (S"X(s) —s"xy = —sx, =X, ) (2.33)
Thay vao (2.31) ta dugc
(ans” +a, s" +tas+a, )X(s) =Y(s)+x, (ans”’1 +a, s" 7+ +a )
+X, (ans"_2 +a, "+ +a, ) ++x _,0a,.

Y(s)+ B(s)

Vay phuong trinh anh c¢6 dang: A(s)X(s)=Y(s)+B(s) = X(5)= AG5)
s

Anh nguoc x(t) =¥ _I{X (s)} 12 nghiém can tim.
Vi du 2.27: Tim nghiém ctia phuong trinh: x® 4 2x"+x =sint théa min didu kién dau

x(0) = x'(0) = x"(0) = x¥ (0) = 0.

1
(52 + 1)3 .

Gidi: Phuong trinh anh: (S4 +25% + I)X(s) =— i = X(s)=
s+

3—t2)sint—3tc0st

Ap dung cong thirc (2.30) ta c6 nghiém x(¢) = ¥ ’I{X(s)} = ( .

Vi du 2.28: Tim nghiém cua phuong trinh: x"+x = ¢’ thoa man didu kién dau x(1)=1,
x'(1)=0.
Gidi: Bing cach dit u=¢—1 ta dua didu kién dau ¢ =1 vé diéu kién dau u =0.

Dit y(u) = x(u +1) = x(¢) . Stir dung quy tic dao ham ham hop ta co:

dy dx dx dt dx d*y d*x
= ="". =" tuong ty —=-=—.
du du dt du dt du?  d?

Do d6 phuong trinh da cho co6 thé viét lai twong tng:  y"(u) + y(u) = et véi didu kién

dau y(0)=1, y'(0)=0.

bit Y(s) = f{/{y(u)} = %{y”(u)}: s2Y(s)—s.

e + S
(s—D(s*+1) s"+1

Phuong trinh anh: (s2 + l)Y(s) = Ll-i_ s = Y(s)=
.
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e e

) e K 2 e 4 e e .

= Y(s) = +1-=|——- = yu)=—e +|1——|cosu+—sinu.
) (s—1) [ 2js2+1 s2+1 ye) 2 ( 2) 2

1 .
Vay phuong trinh da cho c¢6 nghiém x(¢) = EEt + (1 - gj cos(t—1)+ gsm(t -1).

b. Hé phwong trinh vi phan tuyén tinh hé sé hing
Vi du 2.29: Tim nghiém ctua h¢ phuong trinh vi phan:

x'=2x-3y
V'=y-2x

x(0)=8
y(0)=3"

Gidgi: Pat X(s)= 2 {x()}, Y(5) = 2 {y(0)} = L{x(0)}=sX =8, % {y(t)}=sY -3.

voi dieu kién dau {

Thay vao hé phuong trinh trén ta c6 h¢ phuong trinh anh:

X-8=2X-3Y (s—2)X 437 =8
a
SY—3=Y-2X Y l2x 4=y =3

Giai h¢ phuong trinh anh ta c6 nghiém:

8s—17 5 3
= = + —t 4t
(s+D)(s—4) s+1 s—4 x(t)=5e " +3e
=
3522 5 2 P(t)=5e" —2e*.

T (5tD)(s—4) s+l s—4
¢. Phuong trinh vi phan tuyén tinh hé s6 bién thién
Vi du 2.31: Gidi phwong trinh  tx"+ x'+4tx =0
biat X(s)=%{x(t)} thi ‘%{4“(”}:_4%’ P{x'(1)} =sX —x(0).

P (1)} :%(SZX—SX(O)—X'(O)) =2sX -5’ C;—);+x(0).

Phuong trinh anh: —ZSX—SZd—X+x(0)+sX—x(O)—4d—X=O.
ds ds
dX dX s
Ha sHHFd)—<=5X = —= ds .
Y ( )ds X s*+4

C

Vst +4 '

Nghiém cta phuong trinh 1a ham gbc ~ x(z)= %" {

Giai phuong trinh nay ta dugc: X(s)=

C

m}=CJO(2t).
S

Pé x4c dinh C ta thay # =0 vao 2 vé ctia dang thirc trén: x(0)=CJ,(0)=C.

Vay nghi¢ém cta phuong trinh la: x(t)=x(0)Jy(2t).
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2.1.5.2. Ung dung ciia bién déi Laplace dé gidi phwong trinh tich phin
Xét phuong trinh tich phan dang tich chap

t
Ax(t)+ B [ x(u) k(t —uydu = C £ () (2.34)
0

A, B, C la cac hiang sb, f(¢), k(¢) 1a cac ham gbc.

Giai phuong trinh (2.34) 1a tim tat ca cdc ham thyc x(f) théa man dang thirc v6i moi ¢

thugc mot mién nao do.

Gia sir x(¢) 1a ham gbc. Pat X (s) = £ {x(0)}, F(s)= L {f ()}, K(s) = Z{k()}.

Phuong trinh anh 4 X(s)+ BX(s)K(s)=CF(s) = X(s) :Af;—(lj')(s)'
Nghiém
_ -] CF()
x(t)=% {A -~ K(s)} (2.35)

Vidu 2.33: Gidi phuong trinh tich phan Abel:
t

jﬂduzf(t); O<a<l.
o (t—u)”

_ '-oa)

l-a

Gidi: Taco A=0,B=C=1; K(s)zf//{t‘“}

l-o
Do do X(s)zF(S): i F(s).Nghiém ctua phuong trinh x(¢) = % -1 {X(s)}.

K(s) T'(l-ea)

2 1 P ey 1 1 2

Chang han a=§,f(t)=l+t+t thi F(l—a)=x/;, F(s)=—+—+—.

s s7 s

= )((5*):£(1+L+£J:L L+L+i = x(t) = 1 (3+6t+8t2).
Jols o2 ) Jn| L3003 3yt
s2 52 2

2.1.5.3. Ung dung ciia bién déi Laplace dé gidi cdc bai todan mach di¢n

Mot sb bai toan vé tinh toan cac mach dién dwoc dua vé giai phuong trinh vi phan, phuong
trinh tich phan, hodc phwong trinh dao ham riéng... Vi vy, néu chuyén qua anh cta bién doi
Laplace thi viéc gidi cac bai toan s€ don gian hon.

Gia str trén mdt doan mach c6 dién tré R, mot cudn diy co hé s6 tu cam L va mot tu dién
c6 dién dung C'.

U Uy us3 Ug
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Goi u(t) la hiéu dién thé cua hai dau doan mach, i(t) 1a cuong d6 dong dién cua mach tai

thoi diém ¢. u(t) va i(f) thoéa min cac dang thic sau:

. t
w) =y~ = Ri0): w3 =g =Ly —uy = [itode+qo [ 236)
dt C 0

. t
bt 1(s) = 2{i(0)},U(s) = L{u(r)} thi :ﬂ{%} = s —i(0) fl/{ j i(f)dt + qo} _L 4
s s
0
Trong d6 g la dién lugng ban dau (¢ =0) trén cac thanh tu dién. Trong cac bai todn dong

mach cic diéu kién ban dau déu bang 0: g =0, i(0) =0. Luc d6 ti sb giita dién thé anh va cuong
s is s U TN, R 4 A A 1A X
do anh goi 1a tro khang anh Z = 7 . Nhu vay céc tré khang anh cia dién tro R, cudn day co hé so

tw cam L va tu dién c6 dién dung C tuong tng la:
1

Z=R;, Z=Ls;, Z=— 2.37)
Cs

Khi tinh toan mot mang gém nhiéu mach dién kin ta ap dung dinh luat tho nhét cua
Kirchoff (Kiéchdp) cho timg nut va dinh luat thr hai cho ting mach kin, sau d6 chuyén cac
phuong trinh tim dugc sang phuong trinh anh.

Ap dung hai dinh luat Kirchoff ta c6 thé tim tr& khang anh twong duong ctia mach méc nbi
tiép va mach song song co ban sau:
> Trd khang anh twong duong Z cua hai tré khang Z;, Z, mic ndi tiép bang tong hai
trg khang nay.
Z 1 z 2

Co—— INN——2——/U—
A B C

Goi uy,u,,u lan lugt 14 higu dién thé giira A, B; B, C va A, C. theo dinh luat 1 Kirchoff ta
¢6 u =uy +u,.Chuyén quaanh U =U, +U, = ZI = Z;] + Z,1 . Viy

Z=7Z,+2, (2.38)

> Nghich déo ciia tré khang anh tuong duong ctia hai tré khang Z, Z, mac song song
bang tong nghich dao hai tré khang nay.

Y4
I !
U
1
o— 9 o— o
A B
L nuu—
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Goi 1y,15,1 lan luot 1a cuong do anh trong mach 1, mach 2 va mach chinh. U 1a dién thé

anh gitra A va B.
, ) R _ Lz , u U U R
Ap dung dinh luat 2 Kirchoff tainét Ataco I =1+, = —=—+— . Vay:
Z Zy Z,
1 1 1
S 4= (2.39)
Z 7y Z,

Vi du 2.34: Mot tu dién ¢6 dién dung C dugc nap dién c6 dién luong qq. Tai thoi diém
t =0, ta mdc né vao 2 mut ciia 1 cuén dady c6 dién cam L. Tim dién luong q(t) cia tu dién va

cwong dé i(t) cia dong dién trong mach tai thoi diém t > 0.

Gidi: Ap dung dinh luat Kirchoff thir nhét cho mach vong ta co:

di 1% By C
; 5
L—+—| |idt+qq |=0. t [
dat C [!; QOJ 11
- dq . A s
Vi i(t) = — nén phuong trinh trén trd thanh
dt L
SR

2 t 2
LM+l I@dwqo =0 = LM+1:0.
dt? C\|°dt dt? C

bat Q(s)zf[/{q(t)},vi q(0)=q¢, ¢'(0)=i(0) =0. Do d6 ta c6 phuong trinh anh:
Lis?0-s +2:0 = 0= B
( 0 qO) c O=gqq v 5

sC+—
CL

. t i dq q90 .
Vay ¢q(t) =qggcos——; i(t) =—=———=—=sin—.
0L dt JCL  JCL
2.2. PHEP BIEN DOI FOURIER

2.2.1. Chubdi Fourier
2.2.1.1. Khai trién Fourier ciia ham tudn hoan chu ky 2t

Pinh nghia 2.5: Cho x(t) la mét ham tuan hoan chu ky 2 1, chudi

o0
% > (a, cosnt+b,sinnt) (2.40)
2 n=l1
c6 cdc hé 56 xdc dinh boi
1 2n 1 2n 2n
ag =— j x(t)dt ; a, =— j x(t)cosntdt ; b, = j x(t)sinntdt ;n=1,2,... (2.41)
™o ™o 0
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duwoc goi la chudi Fourier ciia ham x(t). Cdc hé 56 (2.41) goi la hé s6 Fourier.
C6 thé chting minh duoc rang néu
a 0
x(t) =04 Zan cosnt +b, sinnt (2.42)
2 n=1
thi cac hé s6 ay, a,,, b, 1a cac hé sb Fourier (2.41) ctia ham x(¢).
Nguoc lai moi ham théa man diéu kién Dirichlet thi c6 thé khai trién thanh chudi Fourier.
Pinh 1y 2.14 (Pinh 1y Dirichlet): Gia sir ham x(z) tuan hoan chu ky 2m, don diéu timg
khiic va bi chan (goi la diéu kién Dirichlet), tai cac diém gian doan ta ky hiéu
_ x(t+0)+x(£-0)
2

x(1) (2.43)

Khi d6 chudi Fourier hoi tu va co dang thirc (2.42), trong d6 x(z +0), x(¢ —0) lan luot 1a
gi61 han phai va gidi han trai ctia x(¢) tai 7.
2.2.1.2. Khai trién Fourier ciia ham tuin hoan chu ky T, =2/

Chudi Fourier ctia ham x(¢) tuan hoan chu ky 2/ ¢6 dang:

x(t)= a—20+ Z(an cos%t +b, sin%tj (2.44)

n=l1

Céc h¢ so Fourier dugc tinh theo cong thure sau:

14 ) 17 g s 17 . Am,
ag :;J'x(t)dt, a, =;Ix(t)cosTtdt . b, :;J'x(t)mnTtdt cn=1,2,.. (245)
0 0 0

Nhén xét:

1. Ham tudn hoan chu ky 27 1a mot trudng hop dic biét cia ham tudn hoan chu ky 2/, vi
vy cac nhan xét sau day dugc gia thiét 1a ham tuan hoan chu ky 2/. Ngoai ra do tinh
chat tich phan ctia ham tudn hoan nén cac hé sé Fourier (2.45) ciing c6 thé tinh nhu sau:

12l+c 12l+c n
ap=-— |x()dt; a, =- x(t)cos—tdt ;
0= j ()t 5 a, = j (1)cos—
121+c o .
by =7 j x(Osin=udt s n=1,2,.c (2.46)
C

2. Néu x(¢) 12 ham 1¢ tudn hoan chu ky 2/ thi x(t)cos?t 12 ham 1é va x(f)sin ¢ 1

ham chin, do d6 cac hé sé Fourier (2.44) thoa man

l
ag=a,=0; b, =%jx(z)sin%zdt n=1,2, .. 2.47)
0
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3. Néu x(z) 1a ham chin tudn hoan chu ky 2/ thi x(t)cos?t la ham chin va

x(2) sinnl—nt 1a ham 1¢, do d6 céc hé sb Fourier (2.44) thoa man

[ /
b,=0; a =%jx(z)dt; a, zéjx(t)cos%tdt n=1,2, .. (2.48)
0

4. Gia st x(¢) 1a ham xac dinh, bi chan va don di€u tirng khuc trong khoang (a , b). Ta co
thé mé rong thanh ham tuan hoan chu ky 2/ =b—a. Do d6 x(f)cé thé khai trién thanh
chudi Fourier, cac hé s6 Fourier duoc tinh nhu sau

b b

ap = '[x(t)dt ; a, = 2 J.x(t) cos 2% tdt
—a —a b—a
b 2nm
b, = t)sin tdt ;n=1,2, ... 2.49
; b_aix() udt (249)

5. Gia st x() 1a ham xac dinh, bi chan va don di¢u timg khuc trong khoang (0, /). Khi d6
ta c6 thé mé rong thanh ham chin hodc ham 1é tuan hoan chu ky 2/. Néu mé rong thanh
ham chén thi cac hé sé Fourier duoc tinh theo cong thtrc (2.48) va néu mo rong thanh
ham 1¢ thi cac hé sb Fourier dugc tinh theo cong thirc (2.47).

2.2.1.3. Dang cuc cua chuéi Fourier (Polar Fourier Series)

Tir cong thirc (2.42) néu ta dit

Ay =205 4 =1Ja? + b2 (2.50)

va goc 9, 0< ¢, <2mn xac dinh boi

. b
cos Py, :Z—”, sing, :A—” (2.51)

n n

thi cong thuc (2.42) c¢6 thé viét lai

x(t)—?+ Za cos7t+b s1n7t—Ao+zA COS( / t+(Pn} (2.52)

n=1 n=1
Cong thire (2.42) duoc goi 13 chubi Fourier dang cau phiwong (Quadrature Fourier Series).
Cong thirc (2.52) duge goi 1a chudi Fourier dang cuwc cia x(t) .
2.2.1.4. Dang phikc ciia chuéi Fourier (Complex Fourier Series)
Str dung cong thuc Euler (1.8) va thay vao (2.42) ta dugc

0

—int int —int
a e e —e
x(t)=—20+2(a cosnt+b, smnt ——+Z[ +b, Y ]
i

n=l1
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=a—0+i a, —ib, oint | a, +ib, oint
2 2 2

n=1

Vay ta co thé viét chudi Fourier dudi dang phirc

x(t) = cheint (2.53)

n=-—auo

trong do cac hé s6 Fourier phtrc ¢,, xac dinh nhu sau

C():ao/z a0:2CO
¢, =(a,—ib,)/2 hodc a,=c,+c_, (2.54)
c_,=(a,+ib,)/2 b,=i(c,—c_,)

Céc hé s6 Fourier phtrc (2.54) ¢6 thé tinh truc tiép
c+2m .
¢, =— jx(z)e‘““dz , Ve (2.55)
27

c

Ham tudn hoan chu ky Ty =2/ c6 khai trién Fourier dang phuc

iﬂt c+21 T

0 —i—t
x(t)= ZC,Ze Iy e, =2il J x(e ! dt, Ve (2.56)
C

n=-—00

. 1 vz )

Neéu ky hi¢u fj = T la tan s6 co ban cua ham tuan hoan chu ky 7 thi cong thirc (2.68)
0

dugc biéu dién

c+21

< i2nr 1 —i2nr
x(t) = Z Cn€2 Wl G, :2_1 I x(t)e "N dt | Ve (2.57)

Pinh Iy 2.15: Dbi v6i moi ham x(¢) tudn hoan chu ky Ty =2/ thoi méan diéu kién
Dirichlet thi c6 déng thirc Parseval

1 C+TO 0
2 2
s [ ko di= Y]c,| (2.58)
0 . n=—oo

Nhéan xét: Cong thuc (2.44), (2.52), (2.56) cho théy dang cuc, dang phtc va dang cAu
phuong cta chudi Fourier 1 hoan toan twong duong, nghia 13 tir dang nay ta c6 thé biéu dién duy
nhat qua dang kia va nguoc lai. Vay thi dang nao duogc ung dung t6t nhat? Cau tra 1oi phu thudc
vao timg truong hop cu thé. Néu bai toan thién vé giai tich thi sir dung dang phirc sé thuén lgi hon
vi viéc tinh cac hé sb c, dé hon. Tuy nhién khi do cac ham dang soéng dugc thuc hién trong
phong thi nghiém thi dang cuc s& thudn tién hon, vi cac thiét bi do ludng nhu von ké, may phan
tich phé s& doc duoc bién do va pha. Dung cac két qua thi nghiém do duoc, cac nha k¥ thuét c6
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thé v& cac vach phdo mot phia la cac doan thang ung voéi moi gia tri bién do A, tai tan so

n
=n = —
f n f 0 TO
2.2.2. Phép bién ddi Fourier hiru han
2.2.2.1. Pinh nghia phép bién déi Fourier hivu han

A R . ~ ” , “n N, o0 \
Bien doi Fourier hitu han cua tin hiéu roi rac {x(n)}n:_OO la

X(N)=F{xm)} = x(me ™ (2.59)
n=—wo
néu chuéi ¢ véphdi hoi tu.
Céng thirc bién doi nguoc
—~ 1 —~ .
x(m)=F X)) = [X(f)e*™ df (2.60)
0
Vi du 2.36: Tim bién d6i Fourier hitu han cta tin higu rdi rac x(n) = rect (1), N 1a 1 s6 tu
nhién.
- o0 D 2mnf _ 1— 7127er
e _ —lL7TN —lL7TN
Gidi: X(f)= z x(n)e z e 7127zf

n=—0

e—ian eiTcNf _e—ian

_ ) ks e_m(N_l)f sin NTEf
e—ich einf _ e—inf sin mtf ’
Nhan xét:

1. Trong cong thirc bién doi Fourier 2.59, 2.60 doi s0 f duwoc ky hi€u cho tan so. Co tai
liéu khong biéu dién bién d6i Fourier qua mién tan s6 ma qua mién @ nhu sau

o R 2”,\ )
X(@)=F {x(n)t =Y x(me™ ,x(n)=F *I{X(a))} =i [ X(@e™do  @s61)
0

n=—o0
2. Hai cach biéu dién ndy twong Gng v&i nhau qua phép déi bién sé o = 2nf .
3. Mot diéu kién d dé tin hiéu roi rac {x(n)}__ ton tai bién ddi Fourier hitu han 1a
0
Z|x(n)| <o,

n=—

4. Cong thirc bién ddi nguoc (2.60), (2.61) 14 khai trién Fourier dang phirc ctia ham X (f)

(hodc X (w)) . Vi vay bién ddi nguoc ton tai khi X (f) (hoac X (w)) théa man diéu
kién Dirichlet.
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2.2.2.2. Tinh chit ciia phép bién déi Fourier hitu han
Tuong tu phép bién d6i Laplace, phép bién ddi Fourier hitu han c6 céc tinh chat sau:

1. Tuyén tinh:

T { Ax(n)+ By(n)} = AF { x(n)} + BF { y(n)} (2.62)
2. Tré:
X(N)=F {x(n)} = F{x(n-ny)} =" X(f). (2.63)
3. Dich chuyén anh:
X(f)=F{x(m} = F{"™x(m)}=X(f~1,). (2.64)

4. BDiéu ché:

. (2.65)

o2y o127, }: }(f—f;))"'j\((f-i'ﬁ))
9 2

F { x(n)cos2znf,)} = g{ x(n)

5. Liénhop phirc: X (f)=F {x(n)} = 3 x(n)e >

n=—x0

= O]{ %} = i x(n)e ™ = i xX(n)e*™ = X(-f) (2.66)

n=—oo n=—o0

Do d6 néu x(n) thuc thi X(f)=X(-f).

o0

6. Biénsddio: X(f)=F {x(m} =" x(n)e ™

= F{x(-n)}= i x(—n)e ™ = i x(=n)e TN 2 X (= f) (2.67)
7. Tich chap:
9/7{ x(n)* y(n)} = «5/7{ x(n)} -9/7{ y(n)} (2.68)
8. Tich chap anh:
97{ x(n)- y(n)} = 97{ x(n)} *97{ y(n)} (2.69)
9. Bién ddi cua ham twong quan
rey M= Y xmym-—n= F{r, (0}=XNT() @.70)

m=—0

Néu x(n), y(n) thuc thi Py, y(n) = ix(m)y(m -n)= gj{ rx’y(n)} = ;((f)f/(—f)

m=—oo

10. Dinh ly Weiner-Khinchin:
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. ~ 2
F{r, (m)}= ‘X( f)‘ .
11. Pao ham anh:

X(N)=F ()} = F {mrln)} =5 d);;f)

12. Ping thic Parseval:
0 . 1 —~ N ') 1 o
> xmytn = [XATAdrs Y, Wl = [|[xe] ar.
n=—00 0 n=—00 0

2.2.3. Phép bién ddi Fourier
2.2.3.1. Cong thirc tich phdan Fourier

(2.71)

2.72)

(2.73)

o0
Pinh Iy 2.16: Néu ham x(¢) kha tich tuyét ddi trén toan bo truc thuc ( I| x(t)|dt <o) va

thoa mén diéu kién Dirichlet thi c6 dang thic
() =+ j d j x(u) cos A (u —t)du
T 0 —o0

Cong thuc (2.74) dwoc goi la cong thuc tich phan Fourier.
Vi ham cosin 1a ham chan va sin 1 ham 1é nén tir cong thic (2.74) ta co:

o0 1 o0 o0
x(t) = j FO)dh =— jdx j x(u)cos Mu —t)du

27
0 -0 —o0
= 1 d\ .[x(u)(cos Mu—t)—isinA(u — t))du = 1 Idk J.x(u)e_ix(”_t)du
an s 2 e w

(2.74) duoc goi la cong thure tich phan Fourier phirc.
Chu y:
1. Cac cong thic trén da sir dung quy ude (2.43) tai nhitng diém khong lién tuc.
2. Néu x(¢) 1a ham chén thi
2 o0 o0
x(t) == j cos Atdh j x(u) cos Audu .
™o 0

3. Néu x(¢) 1a ham 1¢ thi

X6 =2 [ sin At [ x(u) sin Aucu
TU
0 0

77

2.74)

(2.74)

(2.76)

Q.77)



Chirong 2: Cdc phép bién doi tich phin

4. Cac cong thirc tich phan Fourier, dinh 1y 2.16 dugc phat biéu va chimg minh cho truong
hop x(¢) 1a ham thuc. Tuy nhién do tinh chat tuyén tinh cta tich phan nén cac két qua
trén van con dung cho trudng hop ham phirc bién thuc x(¢) kha tich tuyét d6i c6 phan
thuec, phﬁn 4o théa mén diéu kién Dirichlet.

5. Néudbibién A=27f = dA=2ndf,thay vao cong thirc (2.75) ta duoc

x(t) = ]i dfT x(u)e Dy = T [T x(u)e_"z”ﬁ‘du}e"z”ﬁdf (2.78)

—00 —00

2.2.3.2. Pinh nghia phép bién déi Fourier

Pinh nghia 2.6: Gid sit ham x(t) kha tich tuyét doi trén truc thuc va théa man diéu kién
Dirichlet. Bién doi Fourier (viét tdt la FT) cia x(t) la

X(f)=F {x(0)) = T x()e > dt, feR (2.79)

—00

Trong k¥ thuat, néu x(¢) 13 ham dang song (waveform) theo thoi gian ¢ thi X (f) dugc goi

1a pho hai phia ctia x(#) (two - sided spectrum), con tham sé f* chi tan sd, c6 don vi 1a Hz.

Tir cong thirc tich phan Fourier (2.78) ta c6 ¢ong thite bién déi nguoc
x(0)=F XN} = [ XN ar (2.80)

Ham anh qua phép bién d6i Fourier X (f) c6 thé viét duéi dang cuc

X(N=|X(f)e” @.81)

trong do

X =AXNXD) . o) =2X() 2.82)

dugc goi dang bién do - pha cia phép bién doi.
Cap x(¢), X (f) duoc goi 14 cap bién doi Fourier.

2.2.3.3. Tinh chit ciia phép bién doi Fourier

a. Tuong tu cac tinh chat (2.63)-(2.73) cla phép bién d6i Fourier hiru han, phép bién d6i
Fourier c6 céc tinh chat dugc tong két trong bang sau:

(2.83)

Tinh chat Ham x(¢) Bién dbi Fourier X (f)

1. Tuyén tinh Axy(t)+ Bx, (1) Aj\(l (f)+ 33\(2 ()
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2. Bong dang x(at) ﬁ)?(f/a)

3. Lién hop x(1) X(-f)

4. Déi ngau X () x(=f)

5. Trd x(t=Ty) e 2 X (f)

6. Dich chuyén anh 27 o Lx(1) ;((f = fo)

7. idu ché x(t)cos 2nfy 1 SRS X+ )

8. Pao ham d’x(0) (i2zf)" }(f)

dt"
t

9. Tich phan jw x(u)du %X(f)%)r(ow(f)

10. Pao ham anh t"x(2) (-i2zf)" LX)
df”

11. Tich chap X %X, (1) = T X, (), (¢ —u)du Xi1()X2(f)

12. Tich x1 (x5 (1) Xi(f)* X2 (f)

Ham & trong tinh chat 9. 13 ham Dirac (xem vi du 2.40).

b. Tir dinh nghia bién d6i Fourier (2.79) ta nhan thiy rang néu x(¢) 1a ham thuc chin thi

bién ddi Fourier ctia nd ciing Ia ham thyc chan. Két hop véi tinh chat ddi ngau 4. ta c6 thé chuyén

d6i vai tro ciia x(¢) va X (f) cho nhau, nghia la

2.2.3.4. Dinh ly Parseval va dinh ly nang luwong Rayleigh

Néu x1(?), x5 (¢) 1a hai ham binh phuong kha tich (goi 1a ham kiéu nang lugng) thi ta co

ddang thire Parseval

o0

—00

X(H=F{x0) = F{XO}=x(/)

[ x(Ox0de= [ Xi(N)X(f)df

Khi x(¢) = x,(¢) = x(¢) taco dinh Iy nang luong Rayleigh
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T (o) dt = T ‘)Af i(f )‘2 df (2.86)

Nhu viy cé thé thay thé viéc tinh ning lwong trong mién thdi gian bang viée tinh ning
lwong trong mién tan so.
2.2.3.5. Bién dbi Fourier ciia cdc ham dic bigt

Vi du 2.37: Xung vuéng don vi

1 néu |z]|<1/2
(1) =

. (2.87)
0 néu |t[>1/2
1 néu =0
12 4 1 néu f=0
~ . 1/2
H(f) — e—lZ/Z’ﬁdt — _izﬂ-ﬁ — Sin P .
_1'[/2 ¢ néu f#0 —( /) néu f#0
-i2rf ﬁf
-1/2
Pat
1 néu =0
sinc(t) =< si 2.88
() sm(;rt) neu £ 20 (2.88)
T

Ta co: ,@{H(t)} =sinc(f) . Ap dung tinh chat b. cong thirc (2.84) ta ciing c6
F{sinc(t)}=TI(f).

Vi du 2.38: Xung tam giac don vi

A= I-|t| néu |t|<1 (2.89)
"1 0 néu |7]>1 ’

Ap dung quy tic tich phan timg phan ta dugc

A(f) = I |t| e gL = 2I —t)cos(27 ft)dt = (smc(f))

Ap dung tinh chét b. cong thic (2.84) ta ciing co
Flsinc (0= ().
Vi du 2.39: Ham phan b mii hai phia x(¢) = e_/w‘ ,A>0.

X(f)= I e Mg 271 gy = 2J e cos 27 ft dt

—00

Ap dung quy tic tich phan timg phan, dat

U=e™ _ Jau= ~de M dt
dV =cos2r fidt V=sin2rft/2xf
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At _- ®© 2 K
e sm27zft‘ N A J‘e"”sin27rﬁdt :ije"“sinbrﬁdt
7f

X(f)ZZ{ 2ef o 2er)

o _ |lu=e* dU =-Je M dt
Tiép tuc dat =

dV =sin2r ftdt V=—cos2xft/2nf

)A((f):i|:—e_ﬂt(:0527zﬁ‘w— A Te_’”cos27rﬁdt}:LKL—LX(]F)]

nf 2r f 0 2zf nf\2xf 4nf
~ 24
X(f)=————.
) AP +4n*f?
nevee g{zz—xzz}:e_kf a0,
AT +4nt

Vi du 2.40: Ham Dirac hai phia 8(¢) 1a ham suy rong, ham chén thoa méin tinh chét

0 v6i t#0

5(t) = {

v [Sde =1 2.90
© Vi =0 _L() @20

1. If(t)B(t)dt = £(0) v&i moi ham f'(¢) lién tuc tai 0.
2. F{6(n)}= I St di=1 = s@)=F " {1} = J’ LTS

3. Néu gia thiét §(¢) 1a ham chan thi

5(1)=5(=1) = j el
4. Ap dung tinh dong dang ctia bién ddi Fourier ta co
1
d(at) =—=0(7) .

d

5. Doi bién s6 lay tich phan ta co
S *o(ty) = J. f(@®)o(t—ty)dt = f(t,) voimoiham f(¢) lién tuc tai f.

Ham Dirac con duoc goi 1a ham xung kim.
Vi du 2.41: Ham budc nhay

t

(=1 meu >0 (300 2.91)
u(t) = = .
0 néu t<0 -

0
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Ham u(¢) khong kha tich tuyét ddi trong toan bd truc thuc nhung tir tinh chat A. 9. va
du(t)

7 =3(¢) ta co thé mé rong va xem
t

1
T {u(t)} = { [ a(x)dx} “a 2 Lscr).
Vi du 2.42: Ham dau

néu >0

1
sgn(t) = { 1 néu £<0 =u(t) —u(-t) (2.92)

F{san()} = T {u(e))— F{u(-1)} = [2%, . (f)j [%f S8 f)j=

2.2.4. Phép bién ddi Fourier roi rac (DFT: Discrete Fourier Tranform)

L
s

Vigc tinh toan bién d6i Fourier dya vao may tinh phai dugc roi rac hoa bang cach chon mot
s6 hitu han cac gia tri mau theo thdi gian va pho co duoc ciing nhan tai mot so hitu han cac tan so.
D6 1a ndi dung ctia phép bién doi Fourier roi rac.

2n

Gia st N >0 la mot sb tu nhién cho trudc, can bac N cta l: € =e N thoa man cac tinh
chét sau:

i ENT =g v, (2.93)
N-1

ii. Z(F "=0néun=IN. Z(Pkn = N néu n=IN, [ nguyén duong (2.94)
k=0 k=0

iii. V&imoi ddy tin hiéu {x(n)} tudn hoan chuky N : x(n+ N) = x(n) thi

1N—l N-1 " .
x(n) g Z( Zx(m)(f_m ](f" (2.95)

k=0\ m=0

Duya vao (2.95) ta c6 thé dinh nghia phép bién ddi Fourier rdi rac cta diy tin hiéu {x(n)}
tuan hoan chu ky N .
Pinh nghia 2.7: Bién doi Fourier roi rac cta ddy tin hiéu {x(n)} tuan hoan chuky N 1a

N-1

X(k)y=DFT {x(n)} = > x(m)&™"™* (2.96)
m=0
Bién dbi Fourier roi rac nguoc
~ 1 Nl
x(n) = IDFT {X(k)} = 3 X (k) 2.97)
k=0

Vi du 2.43: Tim bién ddi Fourier roi rac cta day tin hiéu {x(n)} tuan hoan chu ky N xéac
dinh bsi x(n)=a",Vn=0,..,N 1.
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~ N-1 N-1 l_aN(g‘—Nk l_aN
Gidi: X (k)= x(m)é" =3 a"é " = - .
1—aé™* Ly
m=0 m=0 ao i
N
—ae

Nhan xét:

2n
1. € =e N tuan hoan chu ky N (2.93), do d6 phép bién ddi Fourier roi rac chi xét cac

day tin hiéu {x(n)} tudn hoan. Anh {X (k)} ctia bién d6i Fourier r0i rac ctia day tin hidu
{x(n)} tudn hoan chu ky N ciing tudn hoan chu ky N .

2. M4t day tin hiéu hitu han {x(n)} 0 ¢6 thé dugc mo rong thanh ddy tuan hoan chu ky
N>M.

3. Pé co cong thirc dbi xtng doi khi ngudi ta nhan xm v6i vé phai cia (2.96) va chia
% v6i vé phai caa (2.97):

1 N-1

X (k)= DFT {x(n)} = 2 Nzl x(m)E™, x(n) = JDFT{X(k)} — S Xk
JN &
4. Hau hét cac tinh chét cia FT ciing con ding cho DFT.
5. Chuong trinh MATLAB dung I¢nh:
X = fft(x) (2.98)

dé tinh DFT (cong thirc (2.96)), trong d6 x = {x(n)}nN:1 va X = {X (n)}nNzl (cong thure dugce tinh
ung voi n=1,..., N thaycho n=0 B L7

Dong 1énh tinh bién d6i nguoc IDFT (cong thirc (2.97)).
= ifft(X) (2.99)
TOM TAT
Pinh nghia bién d6i Laplace

Bién d6i Laplace ctia ham s thuc x(f) xéac dinh véi moi ¢ >0

Plx(0)} = X(s) = Te—“x(z)dt
0

Cic tinh chit ciia phép bién déi Laplace
1. P{4x(t)+ By(t)} = AL {x(t)}+ BL{y(t)}.

a

2.V6imoi a >0, f///{x(at)}=lX(£J )
a

3. E[’{eatx(t)}= X(s—a).

83
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4. Véimoi aeR, Y{In(t—a)x(t—a)}=e " X(s).

9,

(0} = 5X(5)-x(0) ; PP (1) = 5" X (5)= 5" x(0) - s" 2 (0) =+~ x" D (0)

)

R
—
O ey~

=

)

<

T

<
— ——

I

S
)
~—

T
Ie_Stx(t)dt

. x(f) 1a mot ham gdc tudn hoan chuky 7' > 0 thi X (s) = #{x(¢)} = 0 —
—e

\O

10. % {x(t)* (1)} = X ()Y (s)
Bién ddi Laplace nguoc
x(1)= % “H{X(5)} 1a bién dbi nguoc ciia X (s) néu P{x(0)}= X(s).

1 o410
Cong thirc tich phan Bromwich x(7) = po- IeStX (s)ds
T

o —i0

Bién doi Fourier hiru han cua tin hi¢u roi rac {x(n)} la

0]
n=—oo

[ee]

X(f)=F {x(m}=" x(me ™

1
Cong thire bién ddi nguoe x(n)=F { X(f)} = IX(f)eiz””fdf,
0

Phép bién d6i Fourier

Gia st ham x(¢) kha tich tuyét ddi trén truc thuc va théa mén diéu kién Dirichlet. Bién ddi
Fourier cia x(¢) 1a X(f) = 97{ x(t)} = J‘ x(t)e ™dt, f eR.

Cong thirc bién ddi nguoc: x()=F ! { E((f)} = I }(f)eiz’[ﬁdf .

Phép bién doi Fourier réi rac
P
Gia st N >0 1a mot sb tu nhién cho truée, € =e NV lacanbic N cua 1.
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Bién d6i Fourier roi rac ciia dy tin hiéu {x(n)} tudn hoan chuky N 1a
N-1

X (k)= DFT {x(n)} = x(m)é ™"

m=0

Bién dbi Fourier roi rac nguoc: x(n)=IDFT {X (k)} = % z X(k)é k-
k=0

CAU HOI ON TAP VA BAI TAP

2.1 Ham anh F(s) cta bién doi Laplace 1a mot ham giai tich trong nira mét phang.
Dung I:I Sai I:I

2.2 Néu f(¢) 1a ham gdc thi dao ham f'(¢) ciing 1a ham gdc.

Dung I:I Sai I:I

t
2.3 Néu f(¢) 1a ham gbc thi tich phan ¢(¢) = I f(u)du ciing 1a ham gbc.

0
Dung |:| Sai I:I
2.4 Phép bién d6i Laplace co tinh chat tuyén tinh.
Pung I:I Sai I:I
2.5 Bién d6i Laplace ciia tich hai ham gdc bang tich hai ham anh.
bung I:I Sai I:I
2.6 Chi c6 cac ham tuin hoan méi ton tai bién ddi Fourier.

Dung I:I Sai |:| )

2.7 Phép bién ddi Fourier hitu han dugc sir dung dé khao sat cac tin hiéu roi rac {x(n)}

pung [ ] sai[_].
2.8 Moi ham gbc cta bién ddi Laplace déu ton tai bién d6i Fourier.

Pang [ Sai[__].

2.9 Phép bién d6i Fourier roi rac ap dung cho cac day tin hiéu {x(n)} tuan hoan chu ky N .

bing I:I Sai I:I
2.10 Phép bieén doi Fourier bién mién thoi gian vé mién tan so.

bung I:I Sai I:I

2.11. Tim bieén doi Laplace cta cac ham goc sau:

o0
n=—00 *

a. sin ¢ b. cos? ot c. e Zch3t

d. (1+te_t)3 e. ch2rcost f. e !sin2¢cosdr .

2.12. Tim bién d6i Laplace cta cac ham gdc sau:
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a. fch3r b. tcoswichat c. 3sint
sin 4t cosat —cos bt e o7t
d. e. —M — f —
t t t

2.13. Tim bién d6i Laplace cta cac ham gdc:

(t—l)2 néu t>1
a. n(t—b)cos’(t—b) b. x(t)=
0 néu 0<r<l1
t néu 0<r<l1
c. x(1)=92-t néu I<t<2 d

0 néu t>2

cost néu 0O0<t<rm
x(t)=1 . 3 %
sint néu t>xw

2.14. Tim bién d6i Laplace cta cac ham gdc:

t t
a. x(t):J.(uz—u+e*“)du b. x(t):.[(u+1)cosa)udu
0 0
t t l_e—u
¢. x(t)=[cos(t—u)edu d. x(n)=| du .
0 0

2.15. Chirg minh rang néu X (s) = El’{x(t)} thi ¥ {J‘ dex(u)du} _ X(s) ‘
0

2
0 S

2.16. Tim bién doi Laplace cua cac ham goc tuan hoan c6 do thi hodc xac dinh nhu sau:

a. A
1 _
L 2 .3 4 5 6 7 g
-1
b.
A
1
>
C A
1
2 5 g
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d x(t)= | cost| .

2.17. Str dung cong thure dinh nghia Laplace tinh céc tich phéan sau:

< Te !sint
a. It3e_tsintdt b. J' dt
0 0 !
© © _3t  _6¢
cos 6t — cos 4t e —e
.. [eosbiocosdr, T
0 ! 0 !

(2n+1)!

2.18. a. Chimg minh rang bién d6i Laplace ‘Y/{Sinz'”l t} = 5 i~
(s +1)---(s +2n+1) )

(2n)!
s(s2 +4)---(s2 +(2n)2) '

b. Chitng minh ring bién d6i Laplace ¥ {sinzn l} =

2.19. Tim ham goc cia cac ham so0 sau:

S2 s+3 6s—4
a. 3 b. 2— C. 2—
(s=1 s“+6s+11 s —4s5s+20
4s+12 s° 3s+2
s“+8s+16 (s2+4) (s2—4s+6)

2.20. Tim ham gdc:

3s+1 ) 1
(s—l)(s2 +1) T (S3 +1)
s—1 552 —15s—11
c. 5 d. >
(s+3)(s +2s+2) (s+1)(s -2)

2.21. Tim ham gbc:

S
st —953 +16s% —45+5 b e 3

1
. c. d
s> —4s* +55° s(s2 +1) V25 +3

e4—3s
Jis+a®
t
2.22. Tinh: j Jo@)Jo(t—u)du , (t>0).
0

2.23. Tim ham gbc ctia ham anh:
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2.24. Giai cac phuong trinh vi phan tuyén tinh hé s hang véi cac diéu kién dau:

a. X"F2x'+x =t2e! , x(0)=x'(0)=0.

b. x"'4+3x"+3x'+x =6e ", x(0)=x'(0)=x"(0)=0.
¢. x"-x=4sint+5cos2t, x(0)=-1, x'(0)=-2.

d. x"+9x =cos2¢, x0)=1 x(x/2)=-1.

2.25. Giai cac phuong trinh vi phéan tuyén tinh hé sé hang véi cac diéu kién dau:
a. x"+a’x= f(@, x(0)=1, x'(0)=-2.

b. x"-a’x=g(t), x(0)=Cy, x'(0)=C,.

2.26. Giai h¢ phuong trinh:

X+y'=t ke o [X(0)=3, x'(0) =2

a. » v6i di€u kién dau j
x"-y=e (0)=0

x(0)=x'(0)=0

{ X'=y'-2x+2y =sint
y(0)=0

véi diéu kién dau
X"+2y+x =0

x(0) =1, x'(0) =2

AL n_ ., _ . .
3x3yi=te " =3cost o didu kien dhu { , .
»(0)=4,'(0)=0

tx"—y'=sint
2.27. Cho mach dién nhu hinh v& duoc ndi tién véi suét dién dong E volts, dién dung 0,02 farads,

hé s6 tu cam 2 henry va dién tré 16 Ohms. Tai thdi diém t = 0 dién luong & tu dién va cudng do
dong dién trong mach béng 0. Tim dién lugng va cudong do dong dién tai thoi diém t néu:

a. E =300 (Volts)
b. E = 100 sin3t (Volts)

2h —C=0.02F
16Q

2.28. Cho mach dién nhu hinh vé: _ —
E =500sin10¢ L =1henry 7
R =100hms R, =100hms < : > — 72»
C=0,01 farad . —>
Néu dign thé & tu dién va cuomg do R, H c—— R
i,»i, bang khong tai thoi diém ¢ =0. I

Tim dién luong tai tu dién tai thoi diém ¢ >0. L———T0500
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. 0 nfu -5<t<0
2.29. Cho x(¢) 1a ham tuan hoan chu ky 10 va x(¢) = ]
3néu 0<t<5

a. Tim chudi Fourier cua x(¢) .

b. x(t) nhéan gia tri bao nhiéu tai ¢ =-5,0,5 d chudi Fourier hoi tu v& x(¢) v6i moi

te[-5;5].

2.30.Cho x(¢)=2¢t,0<t<4.
a. Tim khai trién Fourier ciia x(¢) theo cac ham sin .
b. Tim khai trién Fourier cia x(¢) theo cic ham cos.

2.31. Cho ddy tin hiéu roi rac x(n) = { /3% n20
0 n<0
a. Timbién doi Z cua x(n).
b.  Tim bién d6i Fourier cia x(n).
c.  Tim bién doi Fourier cia y(n) = nx(n) .
e—i27gfn0 |f| < fO

0 néu nguoc lai

2.32.  Tim bién déi Fourier nguoc ciia X ()=

1
trong truong hop £ =Z, ny=4.

C I néu -T<t<T
2.33. a. Tim bién doi Fourier cua x(¢) = y
0 néu |t| >T

L ¢ sin AT cos At
b. Hay suy ra gia tri cua tich phan j- %d A.
c. Tinh J-smu du .
o U

d. Ap dung dang thic Parseval cho ham x(f) & cdu a, suy ra gia tri cua tich phéan:
T sin” u
uZ

du .

0

2.34. Tim ham chin théa man phuong trinh tich phan

< -4 néu 0<A<1
_[x(t) cos Atdt = . .
0 néu A>1
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cc;sfttdizz 14
A +1 2

2.35. Chung minh rang I
0

2.36. Tim bién d0i Fourier ctia cac ham so6 sau:

a.  x(t)=T1(t/T)sinwyt .

1—m | <T
b. A@/T)= T .
0 |{>T

2.37. Tim bién d6i Fourier ctia cac ham so sau:

—t/T
x(t)z{e £>0 , T>0.

a.
0 t<0
b. x(t)=e ", T>0.
x(2) ! a>0
c. =), .
' +a’
1-# néu —-l<r<l
d x()= 0

néu M>l
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CHUONG lil: CAC HAM SO VA CAC PHUONG
TRINH DAC BIET

GIOI THIEU

Ta di gip cac ham so cdp co ban thuc va phirc, d6 1a cac ham luong giac, luong gidc
ngugc, ham mii, ham 16garit, ham da thirc. Cac ham nhén dugc béng cach thuc hién mot sd hitu
han cac phép toan cong trir nhan chia, 14y ham hop tir cac ham so cép co ban duge goi 1a cac ham
so cAp. Cac ham khong phai so cip goi 1a cac ham siéu viét. Trong chuong nay ching ta khao sat
cac ham si€u viét dac biét thuong dugc sir dung trong ky thuat néi chung va trong nganh di¢n tu
vién thong néi riéng.

Céc ham nay c6 thé dugc xét dudi dang tong quat ham bién phic gdm cé:

= Céc ham tich phan: Tich phan sin, tich phan cos, tich phan mil.

» Ham Gamma, ham Béta

= Cac ham xéc suat trong d6 c6 ham xéc suét 16i.

» Cac ham Bessel loai I, loai II 1a nghi¢m cua phuong trinh Bessel.

D061 vé1 moi ham trén ta khao sat cac tinh chat cua ching: Bién doi Laplace, khai trién Mac
Laurin va khai trién tiém cén.
Khai trien Mac Laurin khao sat dang di€u cua ham so tai 0, khai trién tiém can khao sat

dang di¢u cuia ham so tai oo

Tu cong thuc tich phan Lommel ctia ham Bessel loai | ta xay dung hé tryc giao va khai trién
Fourier-Bessel ctia ham sd trén doan [0; 1] '

NOI DUNG

3.1. KHAI NIEM VE KHAI TRIEN TIEM CAN HAM SO

3.1.1. Pinh nghia khai trién ti¢ém cin
Chudi ham
a a a
ag+—+ 24y 3.1
z  Z? z"
Trong d6 a; (i=0, 1, 2,...) 1a cic hang s phirc, goi 1a khai trién tiém cdn ciia ham sé f(z)
néu thoa mén hai diéu kién dudi day :

o lim R (z) = lim Z”{f(z)—Sn}=0, (n cb dinh)

| 2|0 | 2] >0
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a a . 5.
trong d6: S, =ay +—1+---+—Z 1a t6ng riéng thir n chudi (3.1)

z z
o  f(z)-S, khongdindén 0 khi n— 0 vdizcb dinh.
Chudi ham ti¢m cén ctia ham s6 f(z) thuong ky higu

f(Z)NaO +ﬂ+...+a_”+...

z N

a . . ,

—" 14 50 hang tong quat thir n ciia khai trién tiém cdn.
n

z

Chii y 1: Diéu kién tht nhat cta khai trién tiém cén c6 nghia 13 :
RUOSAONIC

Chu ¥ 2: Nho vao khai trién tiém can c6 thé tinh gin dung gia tri cua nhitng ham sb dic

Ve>0 FA>0: |z | >A ; n cb dinh thi

biét.
o0
Vidy3.1: Chohamsé f(x)= It_lex_tdt ,(x>0)

X

Bang cach lap lai cac tich phan timg phan s& nhan dugc

7o) = ~Ler| — [P ar & [t72ear =l—l+2!'[t‘3ex"dz
t X X x?
X X X
1 1 2 3 1 (n=1) S
=t +(-1)" +(=1)"x" | ¢ e’ dt
Ll S S ]
e A in . W . et (n—=1)
Xét tong riéng: Sn( ):———2+—3—--~+(—1)
X x X x"
+00 ©
A 2 et
O<|f(x)—Sn(x)|—n!;[t e” dt—xn+1—(n+l)!£t et a’t<anrl
Suy ra: |Rn(x)|< Z+1
X

V6i n ¢ dinh thi lim xR, (x) =0 ching t6 S, (x) 1a tong riéng cua khai trién tiém can
X—>0

ham s6 £(x) mac du biét ring chudi ham phan ky voi moi gia tri cia x . Ching ta hdy tinh £(10).

c6 gia trj tuyét dbi giam theo n tir 1 d&én 10 va sau do ting 1én vo

£ 2 f1A (—l)n n!
S6 hang tong quat 1a —

han.
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!
Theo danh gia trén | flx)-s, (xl < ;’:+1
X
A p A . 10!
nén co thé coi £(10) = S} va |f(10) - Slo| <—T= 0,0000362
10

Bang s du6i day cho thiy sy giam va ting cua diy tong riéng:

S1=0,1 Se=10,091720 S11=0,091782 Si6=0,091685
S, =0,09 S7=0,091792 S12,=0,091743 S17=0,091895
S;=0,092 Sg=0,091742 S13=0,091791 Sis=10,091545
S4=0,0916 So=10,091782 S14=0,091729 S19=0,092185

Ss=10,09184 S10=0,091746 S15=0,091816
Chi y 3: Ham s6 f(z) khai trién tiém cn trén mién D thi khai trién 12 duy nhat trén mién D.
That vay:

ag = lim f(2), a; = lim {f(z)—ap}, a, = li

. a
ms f(z)—ag——+,... (3.2

ER e o z
Tuy nhién hai ham khac nhau c6 thé co cung mdt khai trién tiém can. Chéng han ham sb
fi(z) va f5(2) = fi(2)+ e_q‘z‘ ,Rea > 0 c6 cling mot khai trién tiém can vi cac hé s6 a; (i=

0,1...) cia ham e_a‘z‘ tinh theo cong thire (3.2) déu bang khong.
3.1.2. Tinh chat

Cho f(z)~z_:, g(z)Nz_Z
n=0% n=0 %2
Pinh Iy 3.1: S6 hang tong quat thtr 72 ctia khai trién tiém can ham sé af (z) + Bg(z)
+
(o, B = const ) c6 dang: O‘an—nﬁbn
z

Pinh Iy 3.2: S6 hang tong quat tht 7 cta khai trién tiém can ham f(z)- g(z) c6 dang :

1 n
—n Zak.bn_k
Z" k=0

Pinh 1y 3.3: Néu ham ¥(w) khai trién thanh chudi luy thira c6 ban kinh hoi tu 13 R (tirc 1a
hoi ty khi [w] < R) thi khai trién tiém can ham hop ¢(z)="¥(f(z)) nhén duoc bing cach dit truc
tiép khai trién tiém can ham w= f(z) voi diéu kién |a0| <R vao chudi luy thira cia ham
LP(w)

Pinh Iy 3.4: Néu f(z) va f'(z) c6 thé khai trién tiém can thi khai trién ciia f'(z) nhan
duogc bang cach ldy dao ham ting tir cia khai trién £(z).
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f@O~YM = o~y

n=0% n=0 2

n+l
Pinh Iy 3.5 : Néu f(z) c6 khai trién tiém can va ap =a; =0 thi khai trién tiém cn ham

sO I f(z)dz nhan duoc bang cach 13y tich phan timg tir cta khai trién ham s& f(z).

z

[~ = j fope -y —
n=0%

1
n= 0(” _1) 5

Chuy4: Giasu f (z) khong thé khai trién tiém cin, tuy nhién ton tai ham s6 g(z) ma ti s6
/@) c6 thé khai trién tiém can EN% +ﬂ+a_§+...
g(2) 2(2) z 5

Py \ <A a aj
khi d6 thuong viét : f(2)~g(z)qa9 g S
Z  z

Goi tich agg(z) 1 phan chinh biéu dién tiém can ham s6 f(z).

3.2. CAC HAM SO TiCH PHAN

3.2.1. Pinh nghia cac ham s6 tich phin

o ¢
I Ei() = € dt, x>0  doc la ham tich phan mii ciia x. (3.2)
t
: sint T L,
2. Si(x) = I—dt , x>0  doc laham tich phan sin cia x. 3.3)
t
0
cost? e ), . L
3. Ci(x)= I—dt x>0 doclaham tich phdn cosin cua x. (34
Ngoai ra ky hi¢u:
sint . \ A
si(x) = J. ——dt  cling doc la tich phan sin cuia x.. 3.5
sint V4 : :
Vi ~[—aft =— suyra Si(x) = Zy si(x) .
0 t 2 2

3.2.2. Khai trién thanh chudi luy thira va bién d6i Laplace ciia cic ham tich phén

0 2n 0 2n+1

smt sint " X
; Pl Si(x) = J.—dt ;(—1) GO (3.6)

94



Chirong 3: Cdc ham s6 va cdc phwong trinh dic biét

Bién dbi Laplace: Q{Ei(t)} = J.e_” U ¢ du}dt , d6i biénsd v :% = dv=2
u
0 t

= Y{Ei(1)} = Te_St ﬁ ev’v va dt = T%[Te_“e_”dtjdv = Tl( i jdv = Ins +1)
t viv+s s

0

Tuong tw ¥ {Ci(r)} =—Tes’ {Tﬂdujdtz_ifest (dedetz—ln(s H)
u

0 t 0 1 ¢ 2s

Ap dung phép bién d6i Laplace c6 thé khai trién ham Ei(x)va Ci(x) nhu sau :

n+l 2n
X
Ei(x)=—Inx—y+ ; Ci(x)=Inx+y+ 3.7
(x) 7;%1(“), i(x) = 7;‘,()(2),2 3.7)
trong do:
) 1 1 A
y= lim (1+—=+....4+4 ——Inm) goi la hang so Euler. 3.8)
m-—>o 2 m
2n ) 2n X1
Mat khéac, vi cost = Z( n" nén Z(—l)” ! z—'[l COSta’t.V{?ly:
=0 (2n)! ) (2n)2n 0 !
t1-cost
Ci(x)=lnx+y-— j dt (3.9)

Vi x khé bé ( ky hi¢u |x| << 1) s& nhan dugc cac cong thirc sip xi nhu sau :
Si(x)~x, Ci(x)~y+Inx, Ei(x)~—y—-Inx.

3.2.3. Khai trién thanh chudi tiém cén
© eit
Ci(x) +isi(x) == —dr

Lip lai cac tich phan timg phan va so sanh cac phan thuc, phin ao twong tmg nhan duoc:

Sl(x)Nz_cost( % (2n) mzxz( 1y (2n+1)

2n+1
n=0

(3.10)

C(X)Nsmxz( 1y (2n) cosxz( 1y 2n+1)!

2n+1

Céc cong thirc gan dung cho phép xac dinh cac gia tri Si(x) va Ci(x).

D6 thi ctia cac ham Si(x) va Ci(x) cho trén hinh 3.1.
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A
+2
Si(x)

/\C'\l(x)

i | | | T T T ;
0 1 2 3 4 X
_2—-

Hinh.3.1
3.3. HAM GAMMA

3.3.1. Dinh nghia ham Gamma (Gauss)

Ham so Gamma, ky hiéu I (z), la ham so bién so phirc xac dinh voi moi

z#0,—1,—2,--- cho bdi biéu thirc:

. m!m?
N = i o Dzt2) (2 s m) G1D

Pinh ly 3.6: Ham gamma c6 cac dang sau day:
1. Cong thuc Weierstrass.

z

[oe) z -
=zeV?. 11 [1 +—]e m (3.12)
I'(2) m=1 m

. . = A 1
trong d6 y 1a hang so6 Euler, thuong lay gan dung vy = E(% -1)=0,5772173
2. Cong thuc Euler:

I'(z)= je‘ftz‘ldt néu Rez>0 (3.13)
0

3.3.2. Cic tinh chét cia hAam Gamma

1. T(z+1)=2zI(z) (3.14)

|
2. T()= lim — "

m—)oom T 3.15)

3. V6i z=neN thi T(n+1)=nT(1)=n! (3.16)

4. T(z2)r(1-z)= ,Vz#0,£1,+2,%3,... (3.17)

sin 1tz
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1
Trong ( 3.17 ) thay z boi z +5 ta nhan dugc:

5. Mzeijioz]e ™ voeal a3 43 (3.18)
2 2 COSTZ 2 2 2
1
6 r(zj = (3.19)
7. Tu cong thirc dinh nghia (3.11 ) suyra: I'(—n) =200 voi neN.
1 2n—-1!
8. F(n + —j _@n=DU o (3.20)
2 on
bat z =n vao (3.18), tir (3.20) suy ra:
Hontl]e D" (3.21)
2) @n-1 )
D6 thi ham sé Gamma v6i z 1a s6 thuc cho trén hinh 3.2 (theo cong thirc (3.11)).
A
I'(x+1)
4+
-1
Z . |4
4rl3 =
Nz /2
168/7/105 X
| | | »
5 -4 -3 -2 -1-1/2 172 1 2 3
—8Jz/15 I+
— -2__
N
3+
41
Hinh 3.2
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Vi du 3.2: Tinh T(5/2); T(3/4)T(5/4).

Gigi- 12 =r{21)=20(2]=3{ Liq] =2 1L
2 2 2 2) 2 2 22 \2

EHEHG -

3.3.3. Biéu dién ham Gamma qua tich phian Cauchy

1 “d
Xét tich phan: [ =— ©c &
27 7 Zoc+1

Chu tuyén L gdm duong tron tim & gdc toa do véi ban kinh da bé va hai nhanh chay doc

theo phﬁn am cua truc thuec.

A
y
< N R
> | x
L

17 sino)—iop -
J‘er(coscpﬂsm(p) o9 . ad(p.

Goi /) 1a tich phan theo dudng tron z = re'®: I 155
T
-7

Néu Reau<0 thi I; =0 khir— 0

. s A . b 9 —i e
Goi I, 1a tich phan theo nira duong dusiz=xe " : [, = ——— I dx
27 on—l
0
—omi X —x
e e
= I dx

Goi I3 1a tich phan theo nira duong trén z =xe'™: I5 =
3 3 - +1
2mi 0 x(x

o o0 .
Suyra I=1,+13=— 3 o J.e_xx_a_ldx _Shre ['(-a)
T T
0
Theo cong thue (3.17): — pin I'-a)= !
T I'o+1)

z

dzf 1 (ﬁ eadz trong d6 C la duong khép kin bao quanh O. Do do:
z
C

1
Mitkhac — [S5=—§==
2r7iy z° 27l

(3.22)

1 1 q} e“dz

T(a+l) 273 z*"
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3.3.4. Lién hé giira ham Beta va ham Gamma

Pinh nghia 3.1: Ham s6 biéu dién dwdi dang tich phin phu thuéc hai tham sé thuc

p,q>0

1
B(p,q) =[x (1-x)"" dx
0

goi la ham Beta hay Ia tich phan Euler loai 1.
Ham Gamma goi 1a tich phan Euler loai 2.
Tinh chit:
L. B(p.q)=B(4.p).

2. biat x= cos” 0 khi do:
T

2
B(p,q)=2 J.coszp_l 0sin24~" 040

0
3. B(m,n) = Lm).T(n)
'(m+ n)
/2 4o /2 1 I
Vi dy 3.3: Tinh tich phan 7= [ —— = [ cos2 0sin 2040

2 g:(iJF@_ r i

“2\44 oar()) L, 2

3.4. CAC TICH PHAN XAC SUAT

3.4.1. Pinh nghia ham 16i

Tich phdn phuy thudc cdn trén.
2 X _t2
erf(x)=—7=| e ' dt
N J 0

xac dinh mot ham so cua biéen so x dwoc goi la ham 16i (error function).

x2

1

Ham mat do cta phan bd chuan tic N(0,1): ¢(x) =

)

cua ham Gauss dugc cho trén hinh 3.3:
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y.ll.

1/\27

@(x)

¥

Hinh 3.3

Dién tich ctuia hinh phéng gi61 han boi truc Ox va dd thi ham s Gauss béng don vi, that vay:
+o0 1 +o0 )C2 2 o] X2
S=px)dx=——=|c¢ zdx:\/: e 2dx
Jotode= [t
15 1 (1
Pit x> =2u = S:—Ie "u 2du=—T|—|=1
Jn 2

N

Dién tich hinh ph?mg gi61 han bdi ham Gauss, ntra truc hoanh bén trai tinh tu diém c6 hoanh
do x sé la:

x L
P(x) = I 24 (3.28)

Pay 1a ham phan bd chuan tic N(0;1).

0 _¥_
Dit u = t+/2 vao (3.27) s& ¢o: erf( j \/7.[e 2 du, ma _[e 2du:l
2n o 2
X
Vay erf[—j +1=20(x (3.29)
£ Jei=20(9

Céac ham erf(x) va ®(x) dong vai tro rit quan trong trong 1y thuyét xac suat, ddc biét
thuong duge sir dung khi phan tich cac nhiéu tin hiéu.
3.4.2. Khai trién luy thira ciia ham 15i

2n+1

o \ t2n
_,gz)(_l) 7 J. dt—Z( b” n'(2n+l)

3 5 2n+1
Xt — e (D) ———+ - 3.30)

= erf(x)= 2
Jr 13 215 n!(2n+1)
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3.4.3.

3.4.4.

Chudi ¢ vé phai hoi tu véi moi x.
Chuoi tiém cdn ciia ham doi loi (complementary error function)
Ham d6i 16i duoc dinh nghia va ky hiéu:

erfe(x) =1 —erf(x) = }(Ie dt —je-’ dtJ 7 j edr. (3.31)
T

0

bat u =12 thi erfc(x) = e u 2du =

\/_ J. \/1; iu_zde_”

Sau khi lap lai cac tich phan tirng phan nhan duoc:

[P S U T 1|8 e 83/
erfc(x)=—=e"u 2|, ———=|udde" =—=| —- -+ |u 2de”"
N NS - Rt |

i 1 13 135 L (2n=3)!
erfc(x) ~ + — +o.(=D)"T ——= 3.32
i B 0 e
Biéu dién ham erfc( 2] qua tich phan Cauchy
Trong cong thirc (3.32) thay x boi % nhén duoc
© 2n+l1
X 2 X
erfc(—j =1-—= > (-D"
2 Jrn g‘) 22" (20 +1)
1 néu r=0
D' 2n-1"
Tir cong thite (3.21) véi neNeo ——a =1 ¢ Dﬁ”n L T
F(l—rj .2
2 0 néu r=2n
o0 r._r
Suy ra: erfc(fj £ Z Ehx
2 = 7
=010 1——
3
Tur cong thire (3.23 ) thay oo = —— s€ ¢o ! = ! qSZe il/zz
C

Ttur d6 nhan duoc:

: o (=1 (xz | o
erfc(zj chfe?z ( ) =2mgcﬁe . dz (3.33)

r=0

Chu tuyén C xac dinh ¢ 3.3.3.
101



Chirong 3: Cdc ham s6 va cdc phwong trinh dic biét

3.5. CAC HAM BESSEL

3.5.1. Cac ham Bessel loai 1 va loai 2
3.5.1.1. Phuwong trinh Bessel

Phuwong trinh vi phdn tuyén tinh thuan nhat

2 2
Ay 1 2%, (3.34)
dz?  zdz 22

Goi la phirong trinh Bessel ting véi tham sé6 o, dudi ddy thuong xét voio € R va thuong
goi 14 phuong trinh Bessel cip o> 0.

Nghiém riéng ctia phuong trinh (3.34) goi 1a ham Bessel cip o.. R& rang néu J, (Z) va
Y, (z) 1a hai nghiém doc 1ap tuyén tinh ciia (3.34) thi nghiém tdng quét ctia n6 co dang
y(z)z AJa(Z)"‘BYa (z)z Z, (z) 3.35)
Trong d6 A, B 1a cac hing s tuy .
3.5.1.2. Ham Bessel logi 1

Ta tim nghiém cua phuong trinh (3.34) theo phuwong phép Frobenius bing cach xét cac
nghiém duéi dang chudi:

o0
y(z)=2zP Zarzr , ag#0.
r=0

Thay vao phuong trinh (3.34) va dong nhét hé s6 suy ra cac hang s6 p va a, (r=0,1,2...)

thod man cac phuong trinh

(p*=a’)ag =0
((p+1)2 —(xz)al =0
................................ (3.36)
((p+l”)2 _az)qr +a, =0
Giastr ap # 0 khidoé p=ta
1. Truomg hop thir nhit: p=a
(p+r)?—a’ =(a+r)?-a?=Qo+r)r
_ar—Z
a =—-="2— Vrz0 (3.37)
rCa+r)

&

022 1+ )2+ ).+ 00)

= a3, =0Vr=0,1,2,..va ay, =a , agp tuyy.
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Liy g :m vabibtring: T(+r+0)=(+a)2+a)(r+a)(r+a)
Suy ra:
A& (=) ()
@) :(Ej Z;‘)rll"(a+r+1)(5j =/ (@) (3.35)

Néu o =7 e N thi:

n w© r 2r
Jn(z)z(gJ zitgj (3.39)

o +n)!

bac biét

© (N[N
Jo=Y (_1)2 [gj (3.40)
2. Truwdng hop thir hai: p=-a
p+r?-0?=(-a+r?-a?=(20+r)r
Céc hé s chin lién hé theo cong thirc
2r(2r —20)ay, +ay,_5 =0 (3.41)
Cac hé s6 1¢ thoa man

(2r +1)2r +1-2a)ay,,q +ay,_; =0.

a) Néu o # 2k+1, keN thi a,,,; =0 v6i moi r, khi do6 tuong tu nhu trén, chon aq
thich hop s€ co
AT = (-1" 2\
) = (Ej E)m[zj = _{X(Z) (3.42)
b) Néu o = 2k & , k €N (cdp ban nguyén) thi hé s6 1& a,,.; =0 v6i moi chisd r <k

va hé s6 1é a,,,; c6 thé khac khong khi 7 > k. Tuy nhién néu ta chon cic hé s6 1¢ déu bang

khong va chon ag thich hop van dugc nghiém c6 dang ( 3.42).
Goi J, (Z) va J_, (Z) la cac ham Bessel logi 1.
Dinh ly 3.7:

1. Néu o khong phai I s6 ty nhién thi J,, (z) va J_,(z) déc lap tuyén tinh.
Trong trudng hop nay nghiém tong quét cia ( 3.34 ) ¢6 dang: Z,, (z) =A4J, (Z)+ BJ_, (z)

2.Néu a=neN thi J, (z) vaJ_, (z) phu thudc tuyén tinh, hon nita
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Ja(2)=(D"J,(2).

(3.43)
3.5.1.3. Ham Bessel logi 2
Xét ham s6
J -J y
cosza ?(z) (2 neu asn
Y, ( z) = sin o (3.44)
EEZYﬁ(Z) néu a=n
cling 1a nghiém ctua phuong trinh Bessel (3.34), duoc goi 1a ham Bessel logi 2
Ap dung quy tic De L’Hospital nhan duoc
1|oJ oJ
Yn (Z): = n(Z) _(_ l)l’l —n (Z) (3.45)
m| On on

Nho vao cong thue dao ham cua ham s6 In F(z) nhén duoge két qua sau

—2r w 2r+n
Yn(z):%(7/+ln§]Jn(z) Z(” r=D)! (2) _lz(_nrsi(ij (3.46)

pa ri(n+r)!\ 2

trong do: Snr:1+l+....+l+1+l+ ..... + :

, r#0 (3.47)
r 2 r+n

. (3.48)
n
Véimoi o, cac ham J (Z) va ¥, (Z) 1a doc 1ap tuyén tinh.
Theo Iy thuyét ctia phwong trinh vi phan tuyén tinh thuan nhat cap 2:
d*y dy

o =+ plz z)—-+a(z)y=0.

Néu biét yl( ) 12 mot nghiém thi ta c6 thé tim nghiém doc lap tuyén tinh véi yl( ) theo
cong thite: y,(z y1J. _I Pz )

Vi vay véi truong hop phuong trinh Bessel cdp n nguyén, ta c6 thé tim nghiém doc 1ap voi
J, (Z) theo cong thirc:

Wz)=J (z)(ij = ()}
Z. z

Chon A, B thich hop s& dugc ham sé Y, (z) cho boi (3.46). Ham sb Y,(z) goi 1a ham
Weber.

Doi khi con str dung ham sé doc lap tuyén tinh véi J (z) theo cong thuc:
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1
Ny(2)= EnYa (z2)+(n2-y)J,(2) (3.49)
Goi 1 ham s6 Neumann.
Goi Y, (z), N, (Z) la cac ham Bessel loai 2.

3.5.2. Cac cong thirc truy toan ddi véi ham Bessel

Céc cong thirc sau diing voi moi o € R (ké ca truomg hop a. < 0):
20
1. Jy(z)= —Va (z)=Jy4(2). (3.50)

2. zJ'y (2)= oty (2) - 27 (2). 3.51)

a=0 = J'y(z)=-J(z). Ching to cac khong diém cua J;(z) lam cho J(z) dat cuc

dai hoac cuc tieu.

1
30 S (5)=5an(E)=Jan )] (3.52)
4. zJ',(z)=2J4 |(z)-aJ(z). (3.53)
d o o
5. Z(Z Ja(z))zz Ja—l(Z)- 3.54)
d - o
6 E(Z Ja(z))= 2 %y (2). (3.55)
T o T d o (04 z
7. ij Jo1(2)d =ZJ-Z(Z Ja(z))dz=z JOL(ZXZO. (3.56)
t —-a t d( -a —-a z
[z g2z ==] Z(Z Ja(z))d =z Ja(z)(zo. (3.57)
ZO ZO
8. [Ja(2)z = 2T o1 (2)+ Tor3(2)+ - 1= 22 Taiapa (2). (3.58)
0 k=0
Dic biét jJO (z)dz = 2[J;(2)+ J;5(z)+..]=2 iJzkﬂ(z). (3.59)
0 k=0

z
9. V&i moi s6 nguyén dwong m € Z, dat: I, = Iszm (z)dz thi
0

1, =-2"J,_(z)+@Qm-1I,_. (3.60)

z
10. Vi moi cip s6 tw nhién m, neN, n<m dat: 1,,, = [z"J,(z)dz thi
0
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Lnn =2"Tpia(2)=(m=n=DI, - (3.61)
3.5.3. Cac tich phan Lommel
Dinh ly 3.8:
[V (k) (zz)zdz:#{/da (I2)J oy (k2) =l g (K2) Ty (I2)}, K7 212, (3.62)
) _

jJa(kz)Ja (lz)de:ﬁ{lJa_l(lz)Ja (k2)- kI (k2) g (2)}, K> £17. (3.63)

0

z 2
2 1 2) .2 o 2
sza (kz)dz = 2717% (kz)+ (1 -— % }Ju (kz)}- (3.64)
0 k<z

3.5.4. Quan hé giira hai ham Bessel véi cAp hon kém nhau mjt s6 nguyén

-1 1d

Tir cong thire (3.55) suy ra: z~ %7 J 4 (2) = 5 77 &, (Z)]
z dz

Thay o bdi o +1 vao cong thirc trén s€ co:

o 1d| o 1d| 1d[_
z™* 2Joc+2(z):_;E{Z ’ 1J0L+1(Z)}: _;Z{_;Z z oLJoc(Z)}
—a2 2 d’ (s, ()}
hay z Jas2(2) =(=1) z " Jy(2)
zdz)
d}’l
A ¢ AR {Z_aJa (Z)} (3.65)
zdz)"
Tuong tu tir cong thure (3.54 ) nhén duoc
r d
217,02 = L, )
n
29y, (2) = [zaJa (Z)] (3.66)

dz)"
3.5.5. Khai trién theo chudi cic ham Bessel

3.5.5.1. Nghiém ciia ham Bessel

Chung ta xét nghiém cta phuong trinh J (x) =0 voi xeR va a>-1.
Pinh Iy 3.9: Tét ca cc nghiém ciia J,, (x)=0 déu thuc.

Pinh Iy 3.10: Cac nghiém x >0 cia J, (x)=0 va J,;(x)=0 xen k& nhau.
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3.5.5.2. Khai trién Fourier - Bessel
Pinh ly 3.11: Day ham {\/;Ja (k,-x)}, i=1,2,3,..truc giao trén [0; 1] trong do
Als ..o Aj,... 1anghiém cua phuong trinhJ  (x)=0.
Pinh nghia 3.2: Néu ham s6 f(x) biéu dién duéi dang
o0
f(x)=) a;Jq (h;x) (3.67)
i=1
thi néi rang ham sé d6 khai trién dwoc thanh chuéi Fourier - Bessel.

Tir dinh 1y 3.11 suy ra rang, néu f(x) khai trién thanh chudi Fourier - Bessel thi cac hé sb
ctia chudi d6 tinh theo cong thirc:

1

2 [x.f(0Tqx)dx 5 i=1,2, .. (3.68)

a. e —
J'é(%‘)o

1

Goi d6 la cac hé s6 Fourier - Bessel.
Vi du 3.4: Hay khai trién ham s6 f(x) =1 thanh chudi Fourier-Bessel trong khoang (0; l)
theo hé cac ham \/;Jo (Ax),i=12....

1

o 2
Theo (3.68) s& ¢0: a; = ——— [ xJ (4;x)dx
J 54
2 1 2 A 2
=— | AxJ (Ax)d(1x)=——— | xJ, dx = pi=1,2, ..
/11'2*]12(/1,')}[ XS o (4;x)d (4;x) /11-2*]12(/1;')'([)6 o(x)dx 7. (4) l

Vﬁy f(x) _ 1 _ 2J0(7L1X) 2J0(}\,2)C)+ 2J0(7\,3X) 2J0(7bi)C)
. MJI () Rady(hy)  A3Jp(s) nidy ()

3.5.6. Cac ham Bessel loai 1 va loai 2 v6i cAp ban nguyén

e 1
Xét phuong trinh Bessel véi cap ban nguyén o = > tuc 1a phuong trinh c6 dang:

d’y ldy 1
?-l-zz-i- I—E y:O (3.69)
2
Dit y = uz V2 dan phuong trinh vé dang: d_g +u=0.
dz

Phuong trinh nay cho nghiém tong quat u = Acosz + Bsinz.
1
Jz

Vi J1/2(0)=O suyra A=0.

Do d6: y =——(Acosz+ Bsinz). Tim A, B d y tring voi Jl/z(z) hoac J_l/z(z).
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r=0p1T r +

1
B . B (= E 0 (_1)1’ z 2r 2 ( 1)7" 2r+l B 2
ﬁSan = Jl/z(Z)—(Ej Zﬁtaj Z (2r+1)' = B=_|—

Do d6 JI/Z (Z) = i sin z (3.70)
nz
2
J_12(2) =,/ —cosz (3.71)
nz

Tu (3.45 ) nhan dugc ham Bessel loai 2:

2 2
Yjp(2)=—J 4)2(2) = Ecosz s Yop(2)=Jyp(2) = —Zsmz

. 1 [2 (si
Tur cong thuce truy toan (3.50), lay o = B s€ nhan dugc: J3/5 (z2)= _(sm Z _cos zj
nz\ z

lay o =_l s€ nhan duoc: J_35(z) = {i(_sinz_cost
2 nz z

Tuong tu ta c6 cac cong thirc sau:

J5/2(z)=\E{(%—1Jsinz—icosz}, J_S/z(z):\/z{ésinzjt(%—ljcosz}
mZ |\ z z nz |z z
J7/2(z) \F{(E—éj nz—[%—ljcosz},

z

15 6
J_qp(2) = \/7{1——) —(?—;)COSZ},
2@ =219 o i (1 - ooss.
J_92(2) = \/7{(@——) Z+(¥+4—§+ljcosz}

z7 oz

Tt cac cong thure (3.65) (3.66) ta nhan dugc cac cong thirc truy toan cuia ham Bessel voi
cép ban nguyén nhu sau:

Jn+1(z>=(—1)"\/%z”*2 (z(ﬂ] D@0 L)

J (2= 22 (COSZ]’Y (2)=(=D"J 1(2) (3.72)
z n+

*Vl**
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Chirong 3: Cdc ham s6 va cdc phwong trinh dic biét

3.5.7. Ung dung ham Bessel tinh cac tich phan Fresnel

Tich phan cosin Fresnel
a 2
t
C(a) = Jcosn—dt (3.73)
2
Tich phan sin Fresnel
a 2
. Tt
S(a) = J.smant (3.74)

2
t ,
Pit “7 = 7 va cha y dén céc cong thic (3.70), (3.71) nhan duoc

IT B IT
Cla)=— —CO0Szdz =— (z)dz
1
2 0 V4 2 0 -

13 [2 1
S(a)=5£ —sinzdz = j J, (2)dz

Tur cong thue (3.58) suy ra:

C(a):-ll/z(a ')+J5/2(0‘ ')+J9/2(0‘ )+

2 3.75)
S(@)=J;,(a)+J,(a)+J (@) +- s a'=

3.5.8. Ham Bessel cAp nguyén

Xét ham so e =e

o n 2 n
.2 =21(5j tn:1+z_f+1(z_r) +...+L(z_fj .
—n\2 2 22 ni\ 2

_z o0 n n 2 n
-1 . 1
em:zgz oz 1z (1)__ N
— 4 2 2t 21\ 2t 2t
n=0
Hai chudi hdi tu tuyet ddi véi t = 0. Thuc hién phép nhan chudi. Hé s6 cua ¢" 1a chudi luy

thira cua z chinhla J, (z) con h¢ s6 ctia ¢ chinh la J_,, (Z)

zt _z

Thét vay ele ZAt +§:Bnt"
© (5 k (_1)k+n - k+n - ( 1)k+n 2(k+n)
gﬁ@ (k+n)!(5j _(EJ Zk'<k+n)'U
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- i —n o (—l)r i 2r -
{2] ’E)r!(r—n)!(2j =/-ae).

© k k k+n n o« k 2k
5= X5 (gJ (kji '(ij :(z) @ (ij =7nle)
= !\ 2 2) Sk (k+n)\2

f(t_i)

1 1
Dodo e* ' =JO(Z)+tJl(z)+---+t”Jn(z)+'--+;J_1(z)+---+t—nJ_n(z)+---
Vi: Ju(2)=(=1"J_,(2)
nén co:

z 1

—(t—) o 1\

e’ ! :Jo(z)+ZJ”(Z){t"+%} 3.76)
n=1
z 1

Ham s6 F(t,z) = > ! goi la ham sinh doi véi ham Bessel logi 1 cdp nguyén, nd duge
biéu dién qua chudi (3.76) hoi tu tuyét d6i véi moi z va véimoi t #0 .

0

bat 1 = e va thay vao (3.76) s€ co:

eizsine :JO(Z)"'iJn (Z){eme +(_1)ne—in9}

n=l1

=Jo(2)+2) Jpr (2)cos2k0+2i " J ;1 (2)sin(2k —1)0
k=1 k=1

So sanh cac phéan thyc va phan 4o hai vé nhéan dugc:

cos(zsin®) =Jy(z) +2 ZJZk (z)cos2kO 3.77)
k=1
sin(zsin€) =23 J,; 1(2)sin(2k —1)6 (3.78)
k=1

. LS e , A~ 1
Thay 6 boi 0 = vao céac cong thirc trén sé co

cos(zcos0) = Jo(2) +2 " (=1)* I, (2) cos 240 (3.79)
k=1
sin(zcos d) = —25: (-1)"J,,,(z)cos(2k —1)8 (3.80)

k=1

Nhu vay ching ta di nhan dugc khai trién Fourier cac ham sé cos(zcos®), sin(zcos6),

cos(zsin®), sin(zsin®). Tur d6 suy ra:
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T T
Jo (2) = %Jcos(z sin 0)cos 2k0d0;  Jo;_((z) = % [ sin(zsin 0) sin(2k —1)0d0
0 0

Vi ring: Isin(2m —1)@sin2kOdO =0 , jcos 2mécos(2k —1)8d0 =0; Vm
0

0

Theo (3.77) - (3.78) ta co:
17 17
- j sin(zsin 0)sin 2k0d0 =0 ; — j cos(zsin 0) cos(2k —1)0d0 = 0
T TT
0

T
Cudi cuing nhan duogc: J,(z) = lf {cos(zsin B) cos 0 + sin(zsin B)sin n0}d6 .
n
0

T
J,(2)= % j cos(n0 — zsin 0)dO (3.81)
0

Goi vé phai cua (3.81) 14 tich phdn Bessel

3.5.9. Biéu dién ham Bessel J,(z) qua tich phin xac dinh

cos??19sin%?71 040

T (3.25), (3.26) nhan dugc =
F'(p+q) T(pX(g)

S — | 3

2
bat p=r+%,q=a+%taduqc : = 2 J.coszresinzaedﬁ

j 2 +1) F(r+1jf(a+lj 0
2 2

; 1) 13.. 2r—1
Thay ! vao bieu thirc cua J (z) va F(r + Ej = M\E

I'r+a+l) 27
a o r _2r E
Khi d6 Ja(z):;(ij D (=D = j cos?” @sin** 6d0
1\\2) &1.3...2r-1).2.4..2r
7l 0{+5 r=0 0
_ % ( )aj-sm z( )" z% cos?”
\/;F[a+;j 0 r=0 @n)!

e
o2

= ;lj [g} J.sinza 0cos(zcos0)do
0
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Dat u =cosO thi

2 z ol O(,—l 1
= |z j(l —uz) 2 coszudu, o>—— (3.82)
N nl"(oc + lj 2 0 2
2

Jo(2) =

3.5.10. Bi¢u dién ham J,(z) qua tich phan Cauchy
Thay I'(o.+7+1) béi tich phan Cauchy (3.22) vao cong thire (3.38) cua ham J(z) s&

nhan duoc

r a 1=
2\ & (-1) e [z z) 1 pe *
J (2)=|= o ldt=| 2| — dt 3.83
() [2) 2 27i <~£r!t“+l(4t 2 2m‘qS o (389
Chu tuyén C da noi 16 6 myc 3.3.3.

3.5.11. Cac phuong trinh vi phan dwa vé phwong trinh Bessel
3.5.11.1. Phuwong trinh dang

dx?  xdx X
e dy dydz dy d2y 2 dzy
boibién z=kx => —=——=k— tuongty ——=k
dx dz dx dz dxz dzz

Thay vao phuong trinh trén dan dén phuong trinh Bessel

2 2
u_klﬂ_'_ l_a_ y:()
dzz z dz 2

z
khi d6 nghiém téng quat s& 1a:
7., (o) = AJ o (kx)+ BJ_, (kx) néu a #n
¢ 4 AJy(kx)+ BY, (kx) néu oa=n
Vi du 3.5: Giai phuong trinh y"+g y'+by =0, trong d6 a, b 1a hing sd.
X

Thay bién y = x%u s&co: x%u"+(a+ 2a)xa_1u'+ {l(a -Da+ o’ Jx("_2 +bx® }u =0

1— e " ] 2
Chon o = a dé a+2a =1, tadugc: u +lu + b—a— u=0.
2 X xz
l-a
Nghiém tong quat 1a: y=x27Z_, (x\/b_)
2

Vidu3.6: Giai phuong trinh " +% 3 +(bx" —-5)y =0, (c20).
X X
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L

a e ~ ~ \
vathay bién #=x2  s&nhan dugc phuong trinh

1—
Tuong tu trén dat: y = x%u, o=

o1 4b (1-a)® +4c 1
u +-u + 5~ 5 —2u=0.
(m+2) (m+2)" ¢t

Nghiém tong quat: u =Z o
m+2

1-a m+2 )
— N Jd—a) +4
2Nb x 2 voi o' (1-a) k , (m#-2)

— =X 2 Z =
Y YN m+2 m+2

2JZtJ

. 3 4
Chang han phuong trinh: y”+§y'—16x4y =0 c6nghiém =% 222 [EiX3j
x —

Céc truong hop riéng cua vi du 3.6:

y”+[bxm + %j y=0 cho nghiém téng quat dudi dang:

a.
X
+2
Wb ME J1-4C
y= \/;Za x 2 |, o= .
m+2 m+2
+1 X
b. y"+[b—p(p—2)jy:0 c6 nghiém tong quat y:\/;Z 1(x\/3)-
x "y
b m+2
c. y'+bx"y =0 c6nghiém tdng quat y=+xZ | |2 % 2
m+2 mE
y 2
d. y'+bxy =0 ¢6 nghiém tong quat y = Jxz 1 ?/Ex 2
3
1-a m+2
. — 2400
e. y"+ﬁ y4+bx"y =0 conghiémtongquat y=x 2 Z_, ¥ x 2
by

m+2

Vidu 3.7: i(x“ QJ +bx’y=0.
dx dx

Dan dén phuong trinh e. voi m=3—o va a=oa.

Nhan xét: Khi m = —2 phuong trinh trong vi du 3.6 din dén phuong trinh Euler:

xzy”+axy'+ky =0.
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2

Bing cach dit x = " s& dan dén phuong trinh hé sb hang: d ;; +(a— I)Z—y +ky=0.
du u
3.5.11.2. Phuwong trinh dang

1 2

X X X
DPit: y=e “u s& nhan dugc phuong trinh

" 1 ' 2
u +—u +[b—a2 —“—z]uzo. (3.85)
x X

a. Khi b# a’ nghiém tdng quat c6 dang: y = e “Z, {\/b = azx}

b. Khi b=a® vi a#0 , (3.66)' 1a phuong trinh Euler ¢6 hai nghiém doc lap u; = x* va
1

uy = x~*. Vay nghiém tong quat cia (3.66): y=e (Axa + Bx_a) ; A,B 1a hang s tuy ¥.

c. Khi b=a’ va a #0, (3.66) c6 nghiém téng quat u = A+ Blnx. Vay (3.66) c6
nghiém tong quat y =e *(4+ Blnx) ; A,B la hing s6 tuy y.
3.5.11.3. Phwong trinh dang

0L2

y"{l - 2g(x>}y{1 BT CORE LI (3.86)
X X X

Nghiém tong quat c¢6 dang: y = ejg(x)dea (x).

2
1
Vidu 3.8: y”+(— - 2tg,xjy'+[m—2 + tﬁ]y =0
X X X

1
Conghiém y= Zy(x).
COS X
1 o’ cotgx
Vidu3.9: y'+ —+2cotgx |y'- — y=0
X X X
o ia 1
C6 nghiém y=""2,(x).
sin x

TOM TAT

Khai trién tiém can
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Chudi ham  q +—1+—§+ + % 4. trongdd a;(i=0, 1, 2,...) 1a cac hang s6 phtc,
z z z"
goi 12 khai trién tiém can ctiia ham s§ f (z) néu thoa man hai diéu kién dudi day :
. lim R (Z)—hmz {f(z) S} 0, (n cb dinh)

|2l
, al an v LR 9N ,
Trongdo: S, =aqy F e la tong riéng tht n.
z z
e f(2)-S, khongdandén 0 khi n— oo véizcd dinh.
Cic ham sb tich phén

—t

Ei(x) = J.e—dt , x>0 doc la ham tich phan mii cua x.
t

Si(x) = js—ntdt x>0 doc 1a ham tich phan sin cuia x.

Citr) = _T cost

X

dt, x>0 doc la ham tich phan cosin cta x.

Ngoai ra ky hiéu: si(x) = J.Lntdt cling doc la tich phéan sin cta x.

Ham so Gamma

| z
I'(z)= lim e z2#0,~1,—2,-- (cong thirc Gauss)
m—w z(z+1)(z+2)...(z+m)

z

. , . 1 P z\ —
Cong thirc Weierstrass: ——=ze!Z. I1|1+—|e ™
2 m=l m

o0
Cong thtrc Euler:  I'(z) = '[e_ttz_ldt néu Rez>0.
0

Ham Béta

Ham s6 biéu dién dudi dang tich phan phu thudc hai tham 56 thuc p,q9>0

1
B(p,q) =[x (1-x)"" dx
0

T

goi l1a ham Beta. B(p,q) =2 J‘coszp_1 0sin29710d0 , B(m,n) =
0

I'(m).I'(n)
C(m+n)
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Ham 15 erf (x) = . erf(ijﬂzzq)(x).

=N
T 0 2
Phwong trinh Bessel cip o

2 2
dy 1dy g %, .
dz z dz 22

Phuong trinh vi phdn tuyén tinh thuan nhét

Ham Bessel loai 1:

; (Z)_(ijai (_l)r (EJZV. J(Z)_(ij—oci (_l)r (EJZV
* 2 AC(o+r+D\2) ~ 2o (2 FC(r+1-a)l2)

r=0 r=0
J -J 9
cosTa ?(z) (2 &y L& A
Ham Bessel loai 2: Y, (z) = sin 7z
limY,(z) néu a=n

pon
Khai trién Fourier - Bessel
Néu f(x) biéu dién dudi dang f(x)= Z a;J o (A ;x) thi noi rang ham sé do6 khai trién
i=1
dugc thanh chudi Fourier— Bessel. Trong d6 A(,...,A;,...1a nghiém cua phuong trinh J, (x) =0
b 1
va a; = Z—J.x.f(x).JOL (L;x)dx ;i =1,2,...1a cac h¢ s6 Fourier-Bessel.
J 'OL (}\'i ) 0
CAU HOI ON TAP VA BAI TAP
3.1 Khai trién tiém can 1a khai trién Laurent ciia ham sé tai .

Dung I:I Sai I:I

3.2 Céc ham tich phan mi, tich phan cosin, tich phan sin c6 dao ham moi cap.
bung [ Jsai[_].

o0
, a a a T SN A , . a

3.3 Néu a +—1+—§+---+—Z+--- 1a khai trién tiém cn cta f(z) thi f(z) = Z—Z
z z z n=0Z2

Dung I:I Sai I:I
3.4 Céc ham tich phan Ia cac ham so cip.
Dung |:| Sai |:|
3.5 Ham Gama chi xac dinh v6i moi sb phitc Rez > 0.
Dung I:I Sai I:I
3.6 Ham Béta I3 ham thuc hai bién (p,¢) xac dinh véimoi p >0, ¢ >0.
Duing I:I Sai I:I

3.7 Ham Bessel la nghi¢m cta phuong trinh Bessel.
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Diing |:| Sai |:|

3.8 Ham Bessel loai I J, (z) va loai Il Y, (z) luén luon doc 1ap tuyén tinh.
ing [ ] sai [_].
3.9 Ham Bessel loai I J,(z) va J_,(z) luon phu thugc tuyén tinh.

bung I:I Sai I:I

3.10 Néu ham f'(x) khai trién thanh chudi Fourier-Bessel thi f(x) 14 ham tudn hoan.

Dung |:| Sai I:I
3.11. Ap dung phép bién d6i Laplace suy ra cac cong thirc khai trién sau:
Ei(x)=—y—-Inx+ Z( D" x i ; Ci(x)=y+Inx+ Z( 4
n+l (n+1) 8 G (Zn)'

3.12. Tinh

3.13. Su dung ham Gamma tinh cac tich phan sau:
o0 o0
a. J.x3e_xdx b. J.x6e_2xdx
0 0

3.14. Su dung ham Gamma tinh cac tich phan sau:

< 3 . 2
a. J.\/;e_y dy b. I3_4t dt
0 0
! (~1)" !
3.15. Chirng minh: Ixm(lnx)"dx:—’m neN,meR, m>-1.
0 (m+1)

3.16. Ap dung ham Beta tinh céc tich phan sau:

a. .I[x4(1—x3)dx b. j. al c. fx3 8— x> dx
0 0 0

s‘ %
| QU
>< ><

3.17. Ap dung ham Beta tinh céc tich phan sau:

a.

Jtg0 do

O = | 3

T
2

sin? ©cos> 040 b. Icos6 0d0 c.
0

S| 3
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—_1\
% % g—(n ”1)" néu n chin
3.18. Chimg minh: [sin” 640 = [sin” 640 = e
(n—1! L
0 0 ~ 7 néunle
n!!

Qk+1)!11 = 1.3.5...(2k+1).
QK =2.4.6...(2K).

b2 2
3.19. Pit [ = jsinzl’ xdv, J= j sin?? 2xdx, p>0
0 0

a. Chung minh: 1=1]

2
I'(p+ ;)\/E 220 {F(p + ;}

b. Chung minh: / =

2A'(p+1) r@2p+1)

¢. Suy ra cong thirc nhan do6i cua ham Gamma:

22P" 1r<p>r(p+ j Jrr(2p).

3.20. Ching minh rang;
0 xp_l

a. z').XJFIdle“(p)l“(l—p) ,0<p<l.

b. | dx :F(l+l)l“(l—lj,p>l.
oxP +1 4 %

3.21. Tinh cac tich phan sau

0

< T x2dx
'([x +1 ‘([x +1 - '([x4+1.

3.22. Chiig minh céc cong thirc truy todn d6i vi ham Bessel

D o@D Sar (5 D) (D) =201 ()= (21

3 W@ =o (-t A Tu@) =2 Vo ()T}

5) %(ZOLJQ(Z))=ZOLJOL—1(Z); 6) %(Z_QJOL(Z))=—Z_°LJQ+1(Z);
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(@) 27 g (2) = (1)

(zdz) (zdz

7 2" _,(2) = (z7%J 4 (2));

n

z z Z z
8) jzo‘J&_1 (2)dz = z%J , (2) 9) j 27 i (2)dz =—27%J , (2)

Zy Z0 Zy 20

z
10) [Jq(2)dz =200 g 41(2)+ T i3(2) 4}
0
3.23. Tinh céc tich phan khong xac dinh:

J(x)
a. Ix"]n_l(x)dx b. J."—de c. J-x4J1(x)dx
X

3.24. Tinh theo J(x) va J,(x)

a. J,(x) b. [.J;/x)dx c. [Jo(x)sinxdx
3.25. Chtrng minh:

a. 1=J,(x)+2J,(x)+2J,(x)+--

b. J,(x)=J;(x)+J(x)=J,(x)+-- =%sinx .

3.26. Chig t6 rang

N 1-x" & Jo(hy)
8

, 0<x<l1.
ol A T (0 x)

Trong d6 A,, la nghiém thyc duong ctia phuong trinh Jy(A) =0.

3 i 2(8 = 25)J1 (Ay%)

b. x~ = 3 , 0<x<l1.
a1 Ny J'T(A,X)

Trong d6 A,, la nghiém thuc dwong cua phuong trinh J;(X) =0.

o0
3.27. Chung minh rang néu f(x)= Z a, Jo(h,x) , 0<x<1; trong d6 A, la nghiém thuc
n=1
1 00
duong cta phuong trinh J(A) =0 thi J.x(f(x))2 dx = Z a,% J12 ).
n=1

0
. = Ji(A
3.28. a. Chingtorang x = Z _J10x) , 0<x<1. Trong d6 A, 1a nghiém thuc duong
n=1 xn J2 (}\'nx)

cta phuong trinh J;(A)=0.
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&S 11
b. Str dung bai 27. va a. chung to —=—.
A2 4
n=1 “vp
2 2
3.29. Chung t6 rang phuong trinh: 4y + lay + (k2 - OL—)y =0
dx?  xdx x?

c6 nghiém tong quat:  y = 4J, (kx) + BY,, (kx)
3.30. Giai cac phuong trinh sau:

a. zy" +y' +ay=0 b. 4zy" +4y'+y =0

c. zy"+2y'+2y=0 d. y"+2y=0.
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CHUONG IV: PHUONG TRINH DAO HAM RIENG

GIOI THIEU

Phuong trinh vi phan 14 phuong trinh chira ham s mot bién doc 1ap, cac dao ham cua
chung va bién doc 1ap. Ly thuyét phuong trinh vi phin di dugc khao sét trong chwong trinh toan
giai tich II.

Phuong trinh dao ham riéng 12 phuong trinh chira ham s6 nhiéu bién s, cic dao ham riéng
ctia chiing va cac bién doc 1ap. Phuong trinh song dién tir Maxuell néi riéng va phwong trinh
truyén song néi chung 1a nhimg phuong trinh dao ham riéng thuong duoc st dung dé mo ta cac
hién tuong vat 1y 4p dung trong dién tir vién thong.

Trong chuong nay ta khao sat cac khai niém co ban cua phuong trinh dao ham riéng:

= Nghiém cuia phuong trinh dao ham riéng, diéu kién bién, diéu kién dau. Mot vai phuong
phép tim nghiém cta phuong trinh dao ham riéng.

= Tim nghiém cua phuong trinh dao ham riéng tuyén tinh cap 1, cac phuong trinh tuyén
tinh cAp cao hé sb hing dang chinh tic.

= Giai bai toan Dirichlet dbi véi phwong trinh Laplace.

= Giai bai toan Cauchy ddi v6i phuong trinh truyén séng: Cong thirc Kirchoff, Poisson,
D’ Alembert.

= Giai bai toan Cauchy ddi v6i phuong trinh truyén nhiét.

Dé hoc tot chuong nay hoc vién nén xem lai cac kién thure giai tich II: Ham nhiéu bién, dao
ham riéng, tich phan mdt. Cac dinh ly Green, Stock, Odstrograsky.

NOI DUNG

4.1. BAI TOAN DAN PEN PHUONG TRINH PAO HAM RIENG VA CAC PINH
NGHIA

4.1.1. Phuwong trinh dao dgng cia s¢i day

Trong mit phang Oxu xét soi diy AB ¢ vi tri can bang, n song song véi truc Ox . Ching
ta nghién ctru dao dong ngang cua soi ddy tirc 1a trong qua trinh chuyén dong céc chat diém cta
16 ludn ludn dich chuyén thang goc véi truc Ox (xem hinh 4.1).

u A u s

M ou(x
1 ﬁ\Mz
A, B 7
§ Zoc(x + dx)

»

x+dx X

.
2
S

v

S

=
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Chuong 4: Phuong trinh dao ham riéng

Gia su s¢i day AB rat manh chiu uon va c6 sttc cang T twong doi 16n so voi trong luong cua
né. Vi vay trong qua trinh xem xét c6 thé bo qua trong lugng cua sgi day.

Goi u(x,t) la @6 léch cia day so véi vi tri can béng cua diém vat chdt M (x) trén day tai

2
thoi diém ¢. Coi rang dao dong la nho nén a—u << 1; Vay co6 thé coi [Z—uj = 0. Tu gia thict nay
X X

ta thiy ngay trong qua trinh dao dong, d6 dai [ = 4B khong thay d6i. That vay, do dai cua day tai

thoi diém ¢ s&1a /' thi

b b
l'=_[ l+u'idxzj.dx:b—a=l

a

Chinh vi vay, theo dinh luat Hook (sé gia luc cang ti 1¢ voi sb gia cua chiéu dai cua soi
day), stc cang T cua sgi ddy tai moi thoi diém ¢ va vi tri x c6 cuong d6 nhu nhau:
T(x,t) =Ty, Vx € [a;b], Vt .

Gia sir ngoai luc tic dung vao diy c6 hudéng song song vé6i truc Ou voi ham mat do
F(x,1), goi p(x) lati khdi cua soi day.

Xét dao dong ctia doan day c6 do dai la dx.
Theo dinh luat Newton ta co:

u", p(x)dx =-Tsina(x +dx)—T,sina(x)+ F(x,t)dx
vi sina(x+dx)=tga(x+dx) = —aiu(x +dx,t)=—u' (x,t)—u"_(x,t)dx
X

va sina(x)=tga(x)=-u'(x,t). Vay u"; p(x)=Tou"  +F(x,t).

T,
Dat a2:—0, f(x,t):M ta duoc:

p(x) p(x)

W'y = atu o+ f(x,1) 4.1)

Goi (4.1) 1a phuong trinh dao dong cua soi diy hay goi 1a phwong trinh truyén song mot
chiéu. Bai todn xét dao dong ctia mot thanh dan hoi cling dn dén phuong trinh dang trén.

Tuong tu goi phuong trinh dudi ddy 13 phuwong trinh truyén song hai chiéu:
u", = az(u"xx +u"yy )+ f(x,»,0) 4.2)
Phuong trinh truyén song trong khong gian (vi du: truyén am):
u" ;= a’ (u"xx +u"yy +u"_, )+ f(x,y,2,t) 4.3)
4.1.2. Cac dinh nghia co ban

a. Phuwong trinh dao ham riéng

Phuong trinh dao ham riéng la mot phwong trinh lién hé gitta ham nhiéu bién phdi tim

u(x),xy,...,X, ), cdc dao ham riéng cia ching va cdc bién déc ldp x,X5,...,X,.
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Chuong 4: Phuong trinh dao ham riéng

Céc phuong trinh tir (4.1 ) d&én (4.3) 1a cac phuong trinh dao ham riéng ma cac ham phai tim
1an luot 1a ham cua hai, ba va bon bién.

b. Cip ciia phwong trinh dao ham riéng 13 cip cao nhit ctia dao ham riéng c6 mit trong
phuong trinh do.

Vay mot phuong trinh dao ham riéng cdp m c¢6 dang tong quat sau day:

2 2 m m
F| xp,,x u}@_u’m’aﬁu Ou Ou 0 ”’... 0 u =0 4.4)
X

a7 2 9 9 b 3
n 8x12 0Ox10xy oxy" oxyy

Trong phuong trinh trén ¢6 mit it nhdt mot dao ham riéng cip m.

c. Phuwong trinh (4.4) goi 13 tuyén tinh néu F 1a mot ham tuyén tinh d6i v6i ham sé phai
tim u va va cac dao ham riéng ctia nd. Phuong trinh khong tuyén tinh goi 14 phi tuyén, Néu F 1a
ham phi tuyén nhung tuyén tinh d6i voi dao ham riéng cap cao nhat thi goi d6 1a phuong trinh d
tuyén.

2 2 2
Vi du 4.1: 6_u+2 O"u —sinxzya—u+cosya—u—?>exya—u+(x—y5)u =0 la phuong
ox2  Oxoy oy? Ox oy

trinh tuyén tinh cap 2.

2 2 2 2
0 u u . u ou 2 Ou . sk
—+2 —sinx?y = +cosy — | -3¢ == +cosu =0 la phuong trinh 4 tuyén.

ox2  OxOy o’ Ox oy

d. Ham s6 u = u(x|,X,,...,X,) goi la mdt nghiém cta (4.4) néu thay né vao phuong trinh
s€ dugc mot déng nhét thie ddi véi cac bién X5 X9,...,X, trong mot mién xac dinh nao do.
Chang han c6 thé d& dang kiém tra duwgc ham sb u = X2+ y2 la mot nghiém cua phuong trinh:
o*u  o*u  0*u

—+ — =
ox2 oxdy oy

4.1.3. Diéu kién ban dau va di€u kién bién

Noi chung céc qua trinh vat Iy xdy ra 1a mét qué trinh khong dung, tic 1a khong nhiing
phu thudc vao vi tri ma con phu thudc vao thoi gian. Yéu t6 khoi dau ciia qué trinh dong vai tro co
ban vao ca qua trinh. M hinh toan hoc phan anh diéu d6 théng qua dang hé thuc gitra cac gia tri
ctia tham s da biét va cac dao ham riéng ciia chiing tai thoi diém ban dau. Cac hé thiic nay goi la
céc diéu kién ban dau. Bai toan tim nghiém cia phuong trinh véi diéu kién ban dau goi 13 bai
todn Cauchy. Chang han, bai toan vé dao dong cua day c6 thé cho didu kién ban dau 1a

u(x,0) = p(x) goi la dang ban dau cua day.
@ = @(x) goi la van tc ban dau cia day.
t

L Ae 1v oz A 1w 3 A . A A
Qua trinh vat 1y xay ra trong mién hitu han Q <R~ duong nhién n6 phai quan hé mat
thiét vdi phan con lai cia khong gian. HE thirc mo ta quan h¢ gitra cac gia tri ctia tham so da biét
va cac dao ham riéng ctia chung trén bién ctua 2 goi la cac diéu kién bién.
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Chuong 4: Phuong trinh dao ham riéng

Chang han d6i v6i phuong trinh (4.1), diéu kién & diu mat bén trai c6 thé 1a:

8” aat A , A . A A -
g =0: tirc la dau mat bén trai luén budc chat.
t

u(a,t) =0,
Bai toan v6i diéu kién bién cu thé c6 cac tén riéng, nhu bdi todn Dirichlet.
Bai toan gém ca diéu kién ban dau va diéu kién bién goi 14 bdi todn hén hop.
4.1.4. Khai niém vé tich phan tong quat

Nhu ta da biét, d6i voi phuong trinh vi phan thuong, ton tai cic nghiém dang tong quat phu
thudc vao mot vai tham sb ma mot nghi¢m riéng bat ky co thé nhan duoc béng cach cho tham s
ctia nghiém tong quat nhimg gia tri cu thé nao d6. Mot vai dang nghiém tong quét c6 thé tim duoc
bang cach tich phan ctia phuong trinh. Pdi voi phuong trinh dao ham riéng cling véy, s& co
nghiém téng quat bang cach tinh tich phan ciia phuong trinh. Tuy nhién ¢6 su khac nhau co ban
so v6i phuong trinh vi phan thudng, & ddy nghiém tong quat phu thudc vao cac ham sb tuy ¥ chir
khong phai cac hing sb tuy y nhu phwong trinh vi phan thuong. D& minh hoa diéu nay ching ta
hay xét vi du sau

Vi du 4.2: Xét phuong trinh:

2
07u » (4.5)
Ox0Oy
Phuong trinh (4.5) viét du6i dang: i(a—”j = 0= ou _ o(x).
oy \ ox ox
Vay u(x, y) = [ o(x)dx + g ()
u(x,y)=f(x)+g(») (4.6)

& day f(x), g(y) 1a cac ham tuy ¥ va goi 1a tich phan tong quat cia phuong trinh (4.5).

4.1.5. Ung dung cia bién ddi Laplace dé giai phwong trinh dao ham riéng

C6 thé str dung phép bién dbi Laplace dé giai cac bai toan bién ciia phuong trinh dao ham
riéng tuyén tinh cap 2 dang:
0%u o*u . ou

a——+a—5+b—+ bla—u+cu:0. 4.7)
or? n: ot Ox

thudc loai Hyperbolic hay Parabolic va cic hé sd ciia phwong trinh chi phy thuéc x chir khong
phu thudc ¢ (trong cac bai toan thuc té bién s 7 1a bién thoi gian, £ >0).
. ou o*
Giasir u(x,1), ==,
ox

la cac ham goc doi voi bién ¢ khi co dinh bién x . Dat:

U(x,s)= / u(x t) = e u(x,t)dt 4.8)

S — 8

Duya vao tinh hoi tu déu cua tich phéan suy rong (4.8) ta ching minh duoc:
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Chuong 4: Phuong trinh dao ham riéng

2
El’{a—u} =sU(x,8)—u(x,0) ; ¥ ou = SZU(X, s)—su(x,0)— a—u(x,O) 4.9)
ot ot? ot
2 2
g[/{a_u} :8_U ; 12 8_u :a_U 4.10)
ox ox ox? ox?

Thay (4.8)-(4.10) vao (4.7) ta dugc phuong trinh anh. Giai phuong trinh anh ta duogc
nghiém anh U (x,s) . Bién d6i Laplace nguoc cua U(x,s) 14 nghiém cua phuong trinh (4.7).

Vi du 4.3: Tim nghi¢m cua phuong trinh dao ham riéng:

2
a—u=az§—u, a>0;0<x</;t>0
ot ox?
s a3 : g Ju(0,)=0
voi dicu kién dau u(x,0) = 3sin 27tx va dicu kién bién .
u(l,t)=0

Gidi: Thay (4.8)-(4.10) vao phuong trinh trén ta dugc phuong trinh anh

2 ),
28U, 18
ox ox

sU —-u(x,0)=a —sU =-3sin2mx *)

Néu xem s 1a tham sb thi phwong trinh anh (*) 1a phuong trinh tuyén tinh cp 2 dbi véi
bién x c6 nghiém téng quat:

> v Sl
U(x,s)=Cie @ +Che @ +ﬁsin2nx.
s+4n“a

Tur diéu kién bién U(0,s5) = £{u(0,6)}=0 va U(l,s) = L{u(1,£)} = 0. Suy ra:

\/E \/; = CIZ—CZZO.

Dodo U(x,s) :%sin%cx.
s+4n“a

i 2 2
Vay u(x,t)=%" U(x,5)}= 3744 gin 2.
4.2. PHUONG TRINH PAO HAM RIENG CAP 1

4.2.1. Phuwong trinh tuyén tinh cip 1 thuin nhit

Phuong trinh dang
& ou
D> X (xphesx,)——=0 4.11)
k=1 ka
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Chuong 4: Phuong trinh dao ham riéng

goi la phwong trinh tuyén tinh thudn nhdt cdp 1.

Ta xét truong hop phuong trinh (4.11) véi gia thiét cac ham X (x;,...,x,), k =1,n 1a cac
ham lién tyc cung cac dao ham riéng cua ching tai 1an can diém X 0~ (xl0 ,...,x,?) va khong
déng thoi triét tiéu tai X 0 , chéng han

X, (XO);t 0. 4.12)

R4 rang moi ham hang u(xj,...,x,)=C (C la hang s6 nao do6) la nghiém ciia (4.11) . Ta

goi d6 1a nghiém tim thudng. Sau déy ta s& tim nghiém khong tam thuong cua (4.11).

Goi hé phuong trinh vi phan dang d6i xtng:

d d d.
a _ax _ % (4.13)
X1 X Xy
13 hé doi xitng twong ieng véi phong trinh (4.11).
Két hop véi diéu kién (4.12), hé (4.13) c6 thé viét dudi dang chuan tic sau:
dn _ X8
dx, X,
............ (4.14)
dxn—l — Xn—l
dx, X,

Ham s6 @ = ¢(xj,...,x,) kha vi lién tuc va khong phai 1a ham hang duoc goi 1a tich phan
clia (4.13) hay (4.14) néu né tré' thanh ham hang khi thay x;,...,X,_; béi bt ky mot nghiém riéng
nao cua hé do.

Pinh Iy 4.1: a. Néu ¢ = ¢(xy,..., X, ) la tich phan cta (4.13) thi ham s6 u = @(xi,...,X,,) 1a
mot nghi€m cua (4.11).

b. Ngugc lai, néu u=@(xy,...,x,) khac hiang sb 1a mot nghiém cia (4.11) thi
@ = @(xq,...,X, ) latich phan cua (4.13).

Nhu vay viéc tim nghiém cua (4.11) dua vé viéc tim cac tich phan cua (4.13). Ly thuyét
phuong trinh vi phan chi ra réng hé (4.13) c6 n—1 nghiém doc lap. Vay néu tim duoc n—1 tich
phéan doc 1ap ctia hé (4.13) 1a @; = @;(xq,...,x,,); i =1,...,n —1. Khi d6 ham sb:

0= CD((Pl’(PZa'“’(pn—l)

trong d6 @ 1a ham sé tuy ¥ kha vi lién tuc, cling 1a tich phan tong quét ctia hé (4.13). Vi vay ham
s

u=D(P, 97,0, 0,_1) (4.15)
1 nghiém tong quat cua (4.11).
Vi du 4.4: Tim nghiém tong quat ciia phuong trinh
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ou ou ou
x—+y—+z—=0
Ox oy oz
Gidi: Hé d6i xtng twong Gng:
@_dz
T, x=C
@:Q:% hay Yooz = 12
Ty & _d y=Cyz
y oz

trong 6 Cy,C, 1a hang sb tuy y.

Dé théy Q) = f, ¢y = 2 ; z# 0 la hai tich phan ddc 1ap cua hé dbi xung trén, vay nghiém
z z

tong quat ciia phuong trinh 1a:

v6i @ 13 ham kha vi lién tuc bat ky.
4.2.2. Phuong trinh tuyén tinh khong thuin nhat

Phuong trinh dang
Z ou
D X (X X tt) —— = [ X5y X, 1) (4.16)
k=1 axk
goi la phwong trinh tuyén tinh khéng thuan nhat cdp 1.
Ta xét truong hop phuong trinh (4.16) véi gia thiét cac ham X (x,...,x,,,u), k= Ln va
f(xq,..,x,,u) 1d cac ham lién tuc cing cac dao ham riéng ciia chung tai lan can diém
Y0 =(x,..,x%,u°) . Cac ham nay khong ddng thoi triét tiéu tai ¥°, ching han X, (YO);t 0.

Chiing ta s& tim nghiém cta (4.16) duéi dang an: V(xi,...,x,,u) =0, trong 46 ¥ kha vi

or
q ox;
lién tuc va a—V(YO);tO.Theodinhl}'/hélménsuyra Ou __ O ; i=1,n. Vay
Ou ox; a
ou
n
ZXk(xl,...,xn,u)a—V+f(xl,...,xn,u)ﬁ—V:O. (4.17)
ol oxy, ou

D6 1a phuong trinh tuyén tinh thuan nhat dugc trinh bay ¢ doan trén.

Goi @; = @;(x,...,X,,u); i =1,...,n 1a cac tich phan doc lap ciia hé ddi xing tuong tmg
v6i (4.14). Khi d6 nghiém tong quat cua (4.17) la:

V= CD((pl,(pz,...,(pn).
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Suy ra tich phan téng quat cua (4.17)
O(Q1,97,0,0,)=0.
Véi @ 1a ham tuy ¥ kha vi lién tuc.
4.2.3. Nghiém ciia bai toan Cauchy ddi véi phwong trinh thuin nhat

Xét bai toan Cauchy: Hay tim nghiém u =u(xy,x,,...,X,) cua phuong trinh

n
0
> X (X102 )= 0 (4.18)
k=1 Oxg
Thoa mén diéu kién:
0
U(X] X9 e Xy 15X ) = P(X]5 X950 X 1) 4.19)

Trong d6 X;;i=1,n lién tuc cung cac dao ham riéng cép 1 ¢ lan can
x0 = (xf,xg,...,xg) va @ 1a ham kha vi lién tuc.
Dé giai bai toan (4.18) - (4.19) ta 1am nhu sau:
¢ Lap hé dbi xtmg tuong tmg cua (4.18) va tim 7 —1 tich phan doc 1ap cta hé do:
Q; =¢;(x1,...,x,); i=1,...,n-1
¢ Lap hé phuong trinh véi cac 4n s6 X15X0 ey Xy

0 —
P (xl""axn—l axn) =0

0 —
Q1 (Xp5es Xy 15X ) = P
va giai h¢ phuong trinh nay duoc

X1 = \Vl(@l"“’6n—l)

Xpn—1= Wn—l(ﬁl:"'aﬁn—l)

¢ Thay ¢,07,...,9,_; bing cic ham sb ?1,¢2,...,9,_1 ta dugc nghiém cua bai toan
Cauchy (4.18)-(4.19):

U= (p(\l!l ((Pl ) 9""(Pn—l)a"'a\vn—l ((pl 5(P2""9(Pn—l)) . (4'20)
That vay, theo (4.16) thi u 13 nghiém cta (4.18), chung ta kiém tra diéu kién (4.19).

u|xn :x,? = (P(\Ifl(61,62,---,6;1—1):---,“/;1—1 (61’$2r--7$n—1))= (P(XI,X2,...,Xn_1) .

Nhén xét:
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1. Trong cac bai toan thyc té bién thir n biéu dién su phu thudc vao thoi gian do d6 thuong
dugc ky hiéu la ¢ thay cho x,,. Luc do diéu kién (4.19) cia bai toan Cauchy duoc goi la
diéu kién dau.

2. Qua trinh tim nghiém cua bai toan Cauchy ddi v6i phuong trinh khong thuan nhét 1a
tuong tu vi ching ta dua vé phuong trinh thuan nhat (4.17). Thi du dudi day s€ minh hoa
diéu do.

Vi du 4.5: Tim nghiém cta bai toan Cauchy sau
x—u+(y+x2)a—u:u
X oy

”(x»y)|x:2 :y_4

Gidi: Pua vé dang thuan nhat (4.17): xz—V +(y+ xz)%—V + uZ—V =0 c6 nghi¢m dudi dang
X y u

ham an V(x,y,u(x,y)) =0.
dy du

. ‘. d
H¢ phuong trinh vi phan doi xung dang (4.13) tuong Gng: % =
X y+x u

d. d d . .
LN AN A RN y=x(C; +x) (phuong trinh vi phan tuyén tinh cap 1).
X ytx? dx x

dx d
@ = u = C,x. Do d6 nhan dugc hai tich phan doc lap

X u

y—x2

u
(pl(x,y,u)= > (PZ(xayau)zz‘

-4 _
(pl(zayau) =5 y— =@
Giai h¢ phuong trinh Nhan duoc: {

u _
(p2(2’y’u) :5: ()

y=2¢, +4
u=2¢,;

Diéu kién (4.19) twong tng V(2, y,u(2,y))=0 1a u(2,y)=y—4 suy ra 2¢, = 2@, hay

2
$, = §,. Cong thitc (4.15): = =2 ">
X X

Vayu=y— x? 1 nghiém can tim.

4.3. PHAN LOAI PHUONG TRINH PAO HAM RIENG RIENG TUYEN TiNH CAP 2
TRUONG HQP HAM HAI BIEN

Xét phuong trinh:

a(x, Y e +2b(x, y)uy, +c(x,y)uy,, + F(x, y,u,uy,u,) =0 4.21)

trong do6 ky hié¢u:
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0 0’ ’
u, thay cho u', :a—z; u,, thay cho u" . = “. Uy thay cho u”xy = Ou

; 4.22
o> 0x0y ( )

a(x,y), b(x,y), c(x,y) la cac ham lién tyc trong Q c R?. F 1a ham lién tuc va bidu
dién tuyén tinh d6i voi u, u,, u b
Ta phan loai (4.21) tai M(xg,yo) € €2 nhu sau:

a. Phuong trinh (4.21) thudc loai hyperbolic tai M, néu (b2 — ac)| i B0
0
b. Phuong trinh (4.21) thugc loai elliptic tai M néu (b2 - ac)| T,
0

c. Phuong trinh (4.21) thudc loai parabolic tai M néu (b2 - ac)| i, & 0.

Phuong trinh (4.21) thudc loai hyperbolic (elliptic, parabolic) tai moi diém M (x, y) € Q thi
ta n6i rang nd thudc loai hyperbolic (elliptic, parabolic) trén mién Q.

Duéi day s& dung cac phép bién dbi thich hop dé dua (4.21) vé dang rat gon, goi 1a cac
phuong trinh chinh tic ctia no.

Xét phép bién ddi khong suy bién

{ S=80n) i ditukien 7= 226G L. (4.23)
n=nx,y) D(x,y)

Trong phép bién d6i nay ta gia thiét rang &(x, y), n(x, y) 1a cac ham kha vi lién tuc dén cip

Pinh li 4.2: Loai cuia phuong trinh (4.21) (tai 1 diém hay trén 1 mién) khong thay d6i qua
phép bién d6i khong suy bién (4.23).

Chirng minh: Tt (4.23), ap dung cong thurc dao ham cua ham hop, suy ra:
Uy =uely +upNy, Uy, =uel, +uym,
2 2
Uyy = ué@‘t:x y 2uénaxnx TUp My + uéaxx T UM xx
Uyy = uiﬁ&x&y +Ugy (axny + &ynx) T UMy + ué’;&xy TUnNyy

A 2 2
Uyy = UgeQ)y +2uUpn& My, T Uy My T Uy, FUyNyy

Thay vao (4.21) nhan dugc:

ap (&) ugg + 20 (EM) ugy + ey (M) gy + F(E M, u,ug 1y ) =0 (4.24)

trong do:
aj(E.m) = aty +2bE, &, + k], (4.25)
bi(&m) =afn, +b(Em, +E,n)+cE m,y, (4.26)
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2 2
Cl(‘gan):anx +2bnxny Ty, (4.27)
Tu d6 suy ra b12 —ajcy = (bz —ac)]2 . Chung to b12 —ajc va b? —ac cung d4u. Pinh 1i
dugc chirng minh.

Chu y 1: Tir (4.25)-(4.27) ta nhan thiy rang néu muén a; =0 hodc ¢; =0 qua phép bién
d6i khong suy bién & = £(x, y), n=mn(x, y) thi ham s6 nay phai thoa man phwong trinh sau goi 1a
phwong trinh ddc trung ciia phuong trinh (4.21)

a(x,y) 93 +2b(x,1) 9,0, +c(x,3) 93 =0 (4.28)

Bb dé: Gia sit @(x,y) kha vi lién tuc trén Q va trén do @3 + ¢35 > 0. Dé p=0(x,») la
nghiém riéng cua (4.26) can va du 1a ¢(x,y)=C (C la hang sd) Ia tich phan téng quat cta

phuong trinh vi phan sau
a(x,y)(dy)” = 2b(x, y) dxdy +c(x, y)(dx)" = 0 (4.29)

Phuong trinh vi phan cip 1 khong tuyén tinh (4.29) ciing goi 1a phuong trinh cac dudong dic
trung cua (4.21).

Phuong trinh (4.29) thuong viét dudi mot trong hai dang sau day:
a(y')2 —-2by'+c=0, (a#0) (4.30)
a— 2bx’+c(x')2 =0,(c#0) (4.31)

Bay gid tity theo d4u cua biéu thitc A = b? —ac s tim dugc phép bién déi thich hop (4.23)
dé dua phuong trinh (4.21) vé dang chinh tic.
1. Truwomg hgp A'= b*—ac>0: phwong trinh thudc loai hyperbolic
a. Néu a#0 (c#0 ciing trong tu).
Phuong trinh dac trung (4.30) cho hai phuong trinh tuong duong
. b—+VA' 4 . b+VA'
Y m=— Ny =
a a

Tir d6 tim duoc hai tich phan tong quat twong Gng @ (x,¥) = C; va @, (x,¥) =C5;

Cy, C, 1a cac hang s6 tuy y.

R A E=01(x,) X . , .
Ta thuc hién phép doi bién: thi phuong trinh (4.25) c6 dang:
n=o, (X, y)
*
ué'l’] = Fl (ianauauaaun) (4'32)
F;
trong do dat Fl* =L,
2b

b. Néua=0,c=0 thi b0 vi A'>0.R5 rang khi d6 phuong trinh c¢6 dang (4.32).
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£ . (1A aRe E=a+p A
Néu thyc hi¢n phép bién doi: B thi (4.32) dua vé dang:
n=a-
sk
Ugq —Upg =] (a,B,u,ua,uB) (4.33)

Céc phuong trinh (4.32), (4.33) déu goi 1a dang chinh tic ciia phuong trinh loai hyperbolic
(4.21).

2. Truwong hop A = b? —ac<0: phwong trinh thudc loai elliptic.

Vi 0<b? <ac nén a, ¢ # 0. Phuong trinh déac trung (4.30) cho hai phuong trinh vi phan
twong duong véi nod.
. b—iv=A" . y,_b+i\/—A'

y'=—— va
a a

Tir d6 tim duoc hai tich phan tong quét: ¢(x, y) = C; va @(x,y) = C,; ¢(x,y) la lién hop
cua ¢(x,y).

a=o(x,y)

Gia st (x,y) = a(x, ) +iB(x, ) . Ta thuc hién phép d6i bién: {
B=PB(x,»)

Khi d6 phuong trinh (4.24) dua vé dang:
Uy +upg = F (0B, ,up) 4.34)

F

a

trong do dat Fz* =—

Goi (4.34) 1a dang chinh tic cia phuong trinh elliptic (4.21)
3. Trudng hop A'=b" —ac =0: phwong trinh thudc loai parabolic.
a. Néu b#0 thi ac#0 va a, ¢ cing duong hoic cung am. Khi d6 phwong trinh dic

x 2 4 _ b
trung (4.30) dan dén phuong trinh vi phan tuong duong véi nod: y'=—
a

Gia st phuong trinh trén cho tich phan tong quat 1a ¢(x,y) = const. Theo bod dé
¢ = ¢(x, y) 1a nghiém ctia (4.28). Thyc hién phép d6i bién

{ & =0¢(x,))
n=y(x,y)
trong dé 5 doc 1ap vGi -1 DEN)
g d6 y(x,y) dugc chon sao cho nd doc lap vai o(x, y) tuc la #0.
D(x,y)
Vi phép bién ddi trén phuwong trinh ( 4.24) dan vé dang:
u]’]'r] :Fi (ganauauaaun) (4'35)
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* F
trong do: Fl** =1
g

b. Néu =0 thi a =0, ¢ # 0 hodc a #0, ¢ =0 ban than (4.21) c6 dang (4.35).

Goi ( 4.35) 1a dang chinh tic ctia phuong trinh parabolic. Tir sy phan loai trén két luan
rang;

Phuong trinh truyén séng thudc loai hyperbolic.
Phuong trinh Laplace thudc loai elliptic.
Phuong trinh truyén nhiét thudc loai parabolic.
Vi du 4.6: Hiy tim nghiém tong quat cuia phuong trinh dao dong cua day:
Uy = a’ Uy, a=const.
.o . L . E=x+at
Gidai:  Thuc hién phép bién doi:
n=x-—at
Phuong trinh dua vé dang u En = 0.Theo Vi du 4.1 ta dugc nghiém téng quat c6 dang:
u=fE)+gm)=f(x+at)+g(x—at); f, g lahai hamtuyy.
4.4. DANG CHINH TAC CUA PHUONG TRINH CO HE SO HANG SO
Chung ta xét phuong trinh:

Ay, +2buy, +cuy, +dju, +dyu, +eu+ f(x,y)=0 (4.36)

& day a,b,c,d;,d,,e 1a cic hing s6; f(x,y) 1a ham lién tuc trong mién Q — R? nao do.

R& rang phuong trinh dic trung cta (4.32) ciing ¢6 hé s6 hang sb, cac tich phan tong quat
hay goi 1a cic dic trung ciia n6 1a cac duong thang.

yzj-bi\/bz —ac dxzbivbz —ac

a a

x+C

Thuc hién cac phép bién ddi thich hop da trinh bay trong muc 3. phuong trinh (4.36) duoc
dan vé mot trong cac dang sau:

a. Dang phuong trinh elliptic

Uge +Upy +diug +dyuy +eu+ f(x,y)=0. 4.37)
b. Dang phuong trinh hyperbolic:

Ugy +diug +dyuy +eu+ f(x,)=0 (4.38)
hay Uge —Upy +diug +dyuy +eu+ f(x,)=0.
c. Dang phuong trinh parabolic

uge +dyug +douy +eu+ f(x,y)=0 4.39)
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Tuy nhién, chung ta con c6 thé don gian hoéa cac phuong trinh trén nho vao viée doi bién:
u = ve®Sthn

Trong d6 o, B s& dugc chon thich hgp. Chang han xét phuong trinh (4.37). Theo bién méi,
hay thay cac bién thirc sau vao (4.37).

e = Q06BN (vé MV)’ y = RS (Vn +BV)-
uag = €a§+Bn (Véé + 2(1\/’& + OLzV), uén = ea&*’Bn (Vén + O('vn + BVEJ -3 an).
Upn = e thn (vnn +2Bvy, + Bzv).

S v + vy +(d) +2a)v; +(dy + 2By + (02 + B2 T djat daPrel+ £ = 0.

Liy o= —%, B= —%2. Khi d6 (4.37) c6 dang

Vee + Vi TV + /1 (EM) =0. (4.40)
Tuong tu (4.38)-(4.39) dua vé dang
Ven T+ /1(EM) = 0.
hay Veg ~ Vi Y+ /1(EM) =0. (4.41)

Vé& + bzvn + fl(g,’n) =0. (4.42)'

Sau day chiing ta giai quyét cic bai toan twong Umg véi timg loai phuong trinh v6i hé s6
hang dang chinh tic.

4.5. PHUONG TRINH LOAI ELLIPTIC
4.5.1. Phwong trinh Laplace va ham diéu hoa

82 82 82
Toan tir Laplace: A= A 5
ox° oy oz

Phuong trinh Laplace 1a phuong trinh c6 dang: Au =0
Theo ky hiéu (4.22) phuong trinh Laplace duoc viét lai:

Uy Uy, +Uu, =0 (4.43)

Yy

Ham u(x, y,z) théa min phuong trinh (4.43) trong mién bi chin Q c R’ goi 12 ham diéu
hoa trong €.

Néu Q. khong bi chan trong R?, ham u(x, y,z) goi 1a diéu hoa trén Q. néu né diéu hoa tai

moi diém cua €, ngoai ra théa man danh gia:
C
|u(x,y,z)| <—, C>0,r= \/xz +y2 + 27
r
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4.5.2. Nghiém co ban ciia phwong trinh Laplace
Liy X, =(xg,0,20) € R>. Ham sé dang:

1

X0 =4 x|

(4.44)

trong do |X—X0| = \/(x—x0)2 +(y—y0)2 +(Z—ZO)2 =7, 12 mot ham diéu hoa trong
R3\ {XO }; £0i l1a nghiém co ban cua (4.43).

Pé chimg t6 &(X,X() 1a mot ham diéu hoa, ta hdy tinh:

X—X r—(x=xy)r.
2rr, =2(x—xy) = 1, = 0 I om0 5
r r2
r X—Xx
Suy ra: €, =— xz =— 30 ,
4mr 4mr
1 r3—(x—x0)3r2rx 1 }’2—3(x—x0)2
€y =—— c =—— : ,
4r 7 4 7

2 2 2 2
s 1L =3(y=yo)” . 1 r"=3(z-zp)
Tuong tu co: 8yy__ﬁ' i ; €4 i i .

Vay: Ae(X, X)=0.

Tuong ty ta c6 thé kiém tra dugc ham sé:

e(X,Xq) :iln% trong do |X—X0| =\/(x—)c0)2 +(y—y0)2 =r (4.45)

théa man phuong trinh Laplace trong khong gian hai chiéu: u xx Ty, =0.

Ch y 2: Nhic lai mot sé két qua coa giai tich véc to.

1) Toan tr Napla: V =

Truong hop trong mat phang toan tir Napla 1a: V= i,i = i? + 27 .
Ox Oy ) Ox oy
o & & - =
2) Toan tu Laplace: A= sttt —5= V -V (tich vo hudng).
ox~ oy° Oz

3) gr?lf:Vf; divF =V -F; 1totF =V x F (tich véc to).
4) Véc to don vi 7:(cosa;cosﬁ;cos7/) , a:(;,a); ﬂ:(;,ay); 7/:(;,@).

Véc to phap tuyén don vi phia ngoai ciia mit cau tim (X,; V52, ) ban kinh R 1a:
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3 3

= X=X Y=Y .27 %
R R R )

5) bao ham theo hudng: ;—izalf;:Vf;
n

6) Tich phan mat cia mot truong véc to F = (P;O;R) trén mit S c6 véc to phap tuyén

donvi n = (cosa;cos Brcosy):

”dedz+ Qdzdx + Rdxdy = H(Pcosa +Qcos f+ Rcos 7/)dS = '[J.(F;)dS .
S S S

7) Pinh Iy Ostrogradsky: é[gJ;(F n)ds = jjj(dwF)dV m(v F)dV

8) Pinh ly Green: é[gj;(uaa—;—v;—ZJdS ” (u gradv— vgradu) ndS

=mV(qu—vVu)dV=j(j2j(uAv—vAu)dV.

Q
Trong do n lavée to phap tuyén ngoai ciia 0Q .

B0 dé: Gia stt ¢(x, y,z) lién tuc tai 1an can X va Ss 12 mat cdu tim X, ban kinh 1a &

khi d6:
a. lim ﬂ ag(X o) @(X)dS =—p(X,), (n 1a phap tuyén ngodi). (4.46)
b lim [[£(x, X,)p(X)dS =0. 4.47)

Ss

4.5.3. Biéu dién tich phan ciia ham diéu hoa
Pinh i 4.3: Gia st Q 1a mién bi chin trong R c6 bién Q tron timg manh. Néu u(X)
didu hoa trén Q va c6 dao ham riéng cip 1 lién tyc trén Q thi ta co.

ag(X;XO)} S

on

8u(X)

u(Xy) = H {g(X Xo) —u(X) (4.48)

oQ
trong d6 Xy € Q, n la phap tuyén ngoai cua 0.
4.5.4. Céc tinh chit co bin ciia ham diéu hoa
a. Ham diéu hoa trong mién bi chan Q ¢6 dao ham moi cép trong mién d6

That vay, tir cong thirc (4.48) va tinh chét cia ham &(X, X)) suy ra dugc diéu nay.

b. Néu u diéu hoa trong mién bi chan Q thi
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j j Tds 0 (4.49)

&day n 1a phap tuyén cia Q.

That vay, ap dung cong thitc Green véi hai ham diéu hoa u va v=1, ta co:

c. Pinh li gia tri trung binh ciia ham diéu hoa
Pinh li 4.4: Gia st #(X) 1a ham diéu hoa trong hinh cau déng Qg tAm X o ban kinh R
khi do:

u(Xp) =

u(X)dS (4.50)
aQR

d. Nguyén li cwe trj ciia ham diéu hoa

Pinh li 4.5: Gia s Q. 1a mién bi chin, néu #(X) 13 ham didu hoa trén Q, lién tuc trén Q
va dat gid tri 10n nhét hay gia tri bé nhét tai mot diém trong cua Q thi u(X) phai la hang sb trén
Q.

Tir dinh 1i suy ra mot s6 hé qua quan trong sau day:

Hé qua 1: Néu ham u(X) 1a ham diéu hoa trén Q| lién tuc trén Q va khong phai 13 hing
sO thi u(X) dat gia tri 16n nhét va gia tri nho nhat trén bién 0 .

Hé qua 2: Gia si ham u(X) 1a ham diéu hoa trén Q, lién tyc trén Q.

i. Néu u(X) >0 trén 0Q thi u(X)<0 trén Q.

ii. Néu u(X) <0 trén 0Q thi u(X)<0 trén Q.

Hé qué 3: Gid sit uy,u, diéuhoa trén Q. lién tyc trén Q .

i. Néu uy(X) <uy(X) véimoi X €0Q thi uy(X) <u,(X) véimoi X € Q.

i. Néu |ug (X)| Sy (X) véimoi X €0Q thi |uy(X)|<uy(X) véimoi X eQ.

Hé qua 4: Gia st u diéu hoa trén Q, lién tyc trén Q.

i. Néu u(X)=0 véimoi X €0Q thi u(X)=0 véimoi X € Q.

ii. Néu u(X) = C =hing s6, véi moi X € Q) thi u(X)=C =héng s, véimoi X € Q.
4.5.5. Bai toan Dirichlet

Bai toan Dirichlet d6i v&i phuong trinh Laplace duoc phat biéu nhu sau: Tim ham diéu hoa
u(X) trén mién bi chin Q, tring v&i ham @(X) cho trude trén 6Q. Tic 1a tim u(X) thoa man
cac diéu kién:
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Au=0,vVX ecQ
(4.51)

u|aQ =@(X), VX € 0Q
4.5.5.1. Tinh duy nhit nghiém va sw phu thugc lién tuc ciia nghiém vao diéu kién bién
Pinh 1y 4.6: Nghiém cua bai toan (4.51) néu ton tai s& duy nhét.
Chirng minh: Gia st u(X),u,(X) la hai nghiém cia bai toan (4.51). RO rang
u =uy —u, théa man phuong trinh trén véi diéu kién bién u| 0= o(X)—0(X)=0, VX €0Q.
Theo h¢ qua 4 thi u(X) =0, véimoi X €2 hay u;(X)=u,(X), voimoi X €Q.

Pinh 1y 4.7: Nghiém ctia bai toan (4.51) phu thudc lién tuc vao diéu kién bién, tic 1a néu
uy, Uy 1an luot 1a nghiém cua bai todn:

Au=0,VXeQ Au=0,vXeQ
U =01(X), VX €0Q U oy = 02(X), VX €0Q
Khi d6 néu | @ (X) -y (X)| <&, VX €0Q thi |u(X)=uy(X)|<e, VX €0Q.
Trong d6 € >0 du bé cho trudc.
Chimg minh dinh 1y nay chi can dé y dén hé qua 3.
4.5.5.2. Ham Green déi véi phwong trinh Laplace trong mién Q

Cho € 13 mién bi chdn trong R?. Ham sé G(X,X) goi la ham Green ctia phuong trinh

Laplace trong Q néu thoa man hai diéu kién:

& VX €Q, Xy € Q ham G(X, X)) c6 dang:

G(X, X)) =e(X,Xp)+g(X, X)) 4.52)

Trong d6 &(X, X() 1a nghiém co ban ctia phwong trinh Laplace con g(X, X)) 1a ham diéu
hoa theo X trong Q c6 cac dao ham riéng capl lién tuc trong Q .

23 G(X,X¢) 5 =0 (4.53)

Tt dinh nghia trén suy ra: G(X, X)) 1a ham diéu hoa tai moi X € Q\ {XO } ,

g(X, X)| 1 = —8(X, X)| o vakhi X = X thi G(X, X) = +o0.

Goi X la diém cuc diém cua ham Green.
4.5.5.3. Biéu dién nghi¢m ciia bai todn (4.41) qua ham Green

Pinh Iy 4.8: Gi st trong mién Q ton tai ham G(X, X)) va ton tai nghiém u(X) cla bai
toan (4.51), véi u(X) c6 dao ham riéng cipl lién tyc trén Q.

Khi do:
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u(Xo)=— j j %(){)ds (4.54)
o0 n

n la phap tuyén ngoai ctia Q.
4.5.5.4. Gidi bai todn Dirichlet doi véi hinh cau tim O bdn kinh R

Xét bai toan (4.51) trén hinh cau tdim O béan kinh R, ky hiéu V. Bién cua hinh cau ky hiéu
Sg.

Lay X, €Vp, goi Xo 1a diém dbi xung cia Xy qua Sp, ticla ‘OXOHOYO‘ - R2. Goi

OXo|=p'- Ly X €V k. dit [Xox| =7,

‘TX()‘:P: ﬁ‘:r'.

4.55
4n (r p r‘] @55
Ham Green trong hinh tron c6 dang:
G(X,XO):L-(lnl—lnij (4.56)
2n r pr'

Pinh Iy 4.10: Gia str ton tai nghiém u(X) cia bai toan (4.51) kha vi lién tuc trong hinh cau
déng Vg khi dé:

u(Xo) = H P(X,X)p(X)dS (4.57)
SR

1 Rz_p2
trong d6 P(X,X,)=—-+
g ( o) 47 RS’

S =X, X, 5= ‘XOX‘ goi 13 nhdn Poisson, con (4.57) goi

la cong thirc Poisson.

Nhén Poisson P(X, X)) c6 cac tinh chat sau:

% P(X,X,)>0; VXg Vg, VX €Sp.
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& j j P(X,Xy)dS =1.
Sk

< P(X,X,) 1a ham diéu hoa theo X, € V.

Nhu vay cong thie (4.56) cho ta cach xdy dung ham u(X) néu no ton tai 1a nghiém cua
(4.51). Van d dat ra 1a khi nao ton tai nghiém cua (4.51). Dinh 1y sau day tra 10 cau hoi do.

Pinh Iy 4.11: Néu ham ¢(X) lién tuc trén bién Sp thi ham u(X) cho boi cong thirc
Poisson (4.57) chinh la nghiém cua bai toan (4.51). Ttc la:

u(X) lién tuc tai moi X €V ,

Au(Xy)=0 véimoi XoeVp va lim u(Xg)=0(X'y) voimoi X'geSp.
XX,

4.5.5.5. Gidi bai toan Dirichlet trong hinh tron

Theo dinh 1y 4.6 nghiém cua bai toan (4.51) néu ton tai thi duy nhét. Trong phan nay chung
ta stir dung phuong phap tach bién hay goi 1a phwong phap Fourier ¢ tim nghiém cua bai toan
(4.51) trong hinh tron tim O ban kinh @ va d6 12 nghiém duy nhat ctia bai toan.

Au=0

4.58
=5 (*:38)

Trong d6 S la duong tron tdim O ban kinh a, s 1a @6 dai cung dugc tinh tir mot diém cb
dinh ctia dwong tron, £i(s) 1a ham lién tuc va thoa man diéu kién £ (s + 2ma) = f;(s) .

Phuong trinh Laplace trong h¢ toa do cuc c6 dang:
%u lou 1 0°
A W ALY, (4.49)
or? ror 2 8(p2
Diéu kién bién twong tmg:

u(r, ) f = f(@), f(o+2n) = f(0). (4.60)

Giai bai toan (4.59) - (4.60) bang phuong phéap Fourier nhu sau:
Tim nghiém cia né trong dang:
u(r,p) = R(r)®(¢) thoa man ®(¢p)=D(p+2m).
. . 1 R
Thay vao (4.59) nhan dugc: | R"+—R' |[D(o) + —2®"((p) =0,
r r

hay 1 (rZR"+rR') = & .
R )

Vi hai vé cua dang thtc trén phu thudc vao hai bién doc 1ap khac nhau, nén ding thirc xay
ra khi ca hai vé ciing bang mot hing sb, goi A 12 hing s6 do.
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F2R"+rR'—AR =0
O"+AD = 0.

O"+AD =0

Dbi v6i D(o) ta co bai toan: {
O(p) = D(p + 27).

% Néu L <0 thi ®=0.
% Néu A >0 (do diéu kién tuan hoan chu ky 27 cia @) thi
D(p)=C; cos\/X(p+C2 sin\/x(p,véik =n?, neN.
Nhu vay ta da tim duoc tap hop cac ham ®(¢): D, (@) =a, cosn+b, sinng.
Thay A = n? vao phuong trinh d6i voi R(r) s& co:
2R +rR-n’R=0.

D6 1a phuong trinh Euler, c¢6 hai nghiém doc 1ap tuyén tinh R =" va R =r"". Chung ta

can tim nghiém trong hinh tron tim O, vay ldy R = 7" . Theo tinh chét ciia phuong trinh tuyén
tinh thi nghiém cua bai toan (4.59) c6 dang:

o0
u(r,Q) = Zr” (a, cosne+b,, sin n)
n=0

Cac hang s6 a,,,b,, dugc xac dinh boi diéu kién bién.

0
Ta co u(a,p) = f(o)= Za: cosn(p+b:; sin ng
n=0
Mat khac u(a,9) =Y a"(a, cosn+b, sinng)
n=0

So sanh cac hé so cua cosn@ va sinng, dé y dén cong thuc tinh cac hé so Fourier cua

f(0).

. 1 27
Suy ra: ag=ay =— Jf(e)de
27 0
a. 1 2z
a, =~ = j £(0)cosn0do
a"  ma"
* 27
b
b, =" = ! jf(e)sinnede
a"  ma"

Tom lai nghiém cua (4.59) - (4.60) la:
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27 © n2n
u(r, @) = i [ £ )0+ % ZGJ [ £(8)cosn(o—6)d0
0 0

n=1
Tuong tu, nghiém cuia bai toan Dirichlet ngoai hinh tron tdim O ban kinh a :
Au=0
¢ S1(s)

u

2n 0 n2n
C6 dang: u(r,®) = ;—n j £(0)d0 + % ZG) j £(0)cosn(p—0)do
0 0

n=l
4.6. PHUONG TRINH LOAI HYPERBOLIC
Phuong trinh loai Hyperbolic don gian 1a phuong trinh truyén song.
Dang tong quat la: Uy = a’Au + f(x,v,z,0)

Trong do Au=u, +u,, +u,,.

VX

(4.61)

(4.62)

a 13 hing s6, goi 1a van tdc truyén song, ¢ 1a bién thoi gian. Néu f =0 ta c6 phwong trinh

truyén song thuan nhat.
4.6.1. Bai toan Cauchy ddi v6i phwong trinh truyén séng va dinh Iy duy nhit nghiém
4.6.1.1. Bai toan Cauchy
Pé dé& hinh dung vé hinh hoc chiing ta hdy xét u = u(x, y,t).
Bai toan dat ra: Hay tim nghiém cua phuong trinh
Ty az(uxx + Llyy)+ f(x,v,1)
thda man céac diéu kién ban dau:
u(x,y,0) = @(x, y)
ug (%, y,0) = y(x, y)
Trong hinh nén K giéi han boi mat phang ¢ =0 va mat non cé phuong trinh
(x=x0)>+(y—yo)* =a’(t—19)*, t20.

X0> Yo to 12 cac hang s6 nao d6. Cac ham ¢(x, y), y(x, y) xac dinh trén hinh tron:

t=0
{(x—xof -y =R =d’ty’
Sau day goi mat hinh nén 1a S, day méat nén 1a B.
Tuong tu nhu cong thire (4.28), chung ta xét trong khong gian R céc mat non:
F(x,y,)=a’(t—ty)* —(x—x0)> —=(y—¢)* =0
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chinh la cac dac trung ctia phuong trinh (4.63).
4.6.1.2. Pinh Iy duy nhit nghi¢m

Pinh Iy 4.12: Nghiém cua bai toan (4.63) - (4.65) c6 dao ham riéng dén cap 2 lién tuc trong
K 1a duy nhat.

Chiing minh: Néu uy, u, 1a nghiém ciia bai toan (4.63) - (4.65) thi u = u; —u, 1a nghiém
cua bai toan sau day:

y =0 gy +1u,y) (4.66)
thoa mén cac diéu kién ban dau: u(x,,00=0 (4.67)
uy(x,3,0)=0 (4.68)

Ta chiing minh bai toan (4.66)-(4.68) c6 nghiém u(x, y,t) =0 trén K.

Trudc hét ta chimg minh « =0 tai dinh 4 cta hinh nén K . Dé 1am diéu d6 ta bién ddi nhu
sau:

1 A

A(xg,y0,t0)

Nhan (4.66) véi 2u, , roi lay tich phan trén K , s& c6
1= j.[_[(2uttut —a2(2utuxx + Zutuyy))dxdydt =0
K
Nhan thdy: 2u,u, = (u ) 2uu,, =2(uu, ), — ( ) 2ugu,, =2(upu,,) —(uz) :
Yy Y )i
Suy ra: ' _[”{(ut +a’ Uy +a2u2) ~24° (u;u x)x—2a2(utuy)y}dxdydt:0

Ap dung cong thirc Ostrogradski:

I = H {(utz + azu)% + azui)cos(;, b?) — 2a2utux cos(;,a) — 2a2utuy cos(;,@)} dS=0
oK

Trén bién B, tir (4.67) va (4.68) suyra u; =u, =u, =0. Vay:
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I= ”{(u,z +azu§ + azui)cos(;, b?)—2a2utux cos( 7, @)—2a2utuy cos(;,@)} dS=0
S

HA"  aty a

AL’ tO\/a2 +1 \/a2 +1

— .
Vi cos(n,0t)=sin A'AH = =hang so.

J= ” {(utz + azu)zC + azui )cos(;, 07) ~24? (utux cos(ﬁ,@)ﬂ;tuy 005(7,0—)/))} cos(;, @)dS
S
= cos(;,bqt)l =0.

Mat khac tir phwong trinh mat nén F(x, y,¢) =0 suy ra: F,2 = azsz + aszZ

L £ £y

— X — AN
cos(;,a) cos(;,ac) cos(n,0y)

va gradF/ln =

Vay cos(;, @) =a’ cos(;,a) +a? cos(;, O—y) -
T dé J c6 thé biéu dién duéi dang:

J = H(aut cos(;,ac) —au, cos(?, 5t))2 das + (aut cos(;,@) —au,, cos(;, @))2 ds
S

Do J =0 suy ra cac biéu thirc dudi dau tich phan phai bang khong.

Uy uy Uy

cos(;,@c) N cos(;,O—y) B cos(;,a‘) B

Chting to: v

Goi m la véc to chi phuong cia duong sinh cua mat non, trén dudng sinh do, chung ta co:

aa—i = gr—adu m = U, cos(ﬁ,@c) +u, cos(%,O—y) +u; COS(Z, @)
m

=V (cos(ﬁ, a) cos(;, @) + cos(ﬁ, 07/) cos(;, @) + cos(ﬁ, a‘) cos(;, E))

v(;;-;):&

Suy ra u 1a hang s6 trén duong sinh. Theo (4.67) nén u =0 trén dudng sinh, néi riéng
u=0 tai A.

Lay tuy y Pe K. Dung mat nén dinh P, day cianola B'c B.

Nhu vay; u =0. Theo trén u =0 tai P.

B’ B'
Vi P lay tuy y thudc K, vay u =0 trén K.
4.6.2. Cong thirc nghiém cia bai toan Cauchy

Trong phan nay s& giai quyét van d& ton tai nghiém cua bai toan Cauchy ciia phuwong trinh
truyén song bang cach thiét 1ap nghiém cu thé cua bai toan nay.

144



Chuong 4: Phuong trinh dao ham riéng

Xét bai toan:
_ 2
Uy, =a (uxx +iy, +uZZ)+f(x,y, z,1) (4.69)
thoa man cac diéu kién ban dau: u(x,y,z,0)=0(x,y,2) (4.70)
Uy (x’ yazao) = \Ij(x’ Y, Z) (4'71)

Hay tim nghiém cua bai toan trong mién ¢ >0 véi gia thiét @ co cac dao ham riéng lién tuc
dén cip 3, ¢ cb cac dao ham riéng lién tuc dén cdp 2 con £ lién tuc theo bién ¢ va co cac dao
ham riéng lién tuc dén cip 1 theo x, y,z. Bai toan (4.69) - (4.71) dugc giai quyét trén co so giai

quyét ba bai toan phu sau day:
2
Vy =a (vxx +V)y T+ sz)
Bai toan 1: v(x,»,2,0)=0 4.72)
Vi (xa yaZ’O) = W(X,y,Z)

2
0, =a ((oxx +,, +(ozz)
Bai toan 2: o(x,,z,0)=0(x,y,2) (4.73)
0;(x,»,2,0)=0

* 2( * % *)
u =a-lu +uyy +u_ + f(x,y,z,t)

Bai toan 3 (dao dong cudng burc): u*(x, v,2,0)=0 (4.74)
W (x,,2,0) =0

Nghiém cua bai toan ban dau s€ la u =v+w+u™* trong d6 v, ®, u* la nghiém cua bai

toan 1, 2, 3 tuwong Ung.
a. Giai bai toan 1

Dinh ly 4.13: Nghiém cua bai todn 1 (4.72)c6 dang

(4.75)

%, /7, ) = — _ j\v(i}n,C) S

4na S
Trong d6 ¢ >0, S,, 1a mit cau tim (x, y,z), ban kinh a¢ c6 phuong trinh:
E=0)7+(-2)*+(-2)° =a’r’,
b. Giai bai toan 2
Dinh ly 4.14: Gia st Vo la nghiém cua bai toan 1 Gng voi diéu kién bién ¢. Khi d6 nghiém
cua bai toan 2 (4.73)la:

ov

o(x,y,z,t) = (V(P )z = 8_:) (4.76)
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c. Giai bai toan 3
Pinh 1y 4.15 (Nguyén li Duhamel): Néu V(?», X, y,z,t) la nghi¢m cua bai toan sau day:

V, =a’AV
V(K,x,y,z,O) =0
v (k,x,y,z,O) = f(x,y,z,\)

thi ham s6 cho boi cong thirc dudi day 1a nghiém cua bai toan 3 (4.74)
t
u*(x,y,z,0) = j V(h,x,p,2,t —A)dM. 4.77)
0

Cubi ciing nghiém cua bai toan Cauchy (4.69)-(4.71) biéu dién trong dang:

ganaé,at_rj
dv

1
1 0
=it op) = ([ ([ s =

(4.78)

at

trong d6: 7 =(E—x)2 +(N—-)2 +({-2)* .
Cong thuc (4.78) goi 1a cong thirc Kirchoff.
4.6.3. Cong thirc nghiém ciia bai toan Cauchy cé s6 bién khong gian it hon ba
4.6.3.1. Cong thirc Poisson
Tim nghi€m cua bai toan:
o, = az(uxx + uyy)

u(x, y,0) = ¢(x, y) (4.79)
Uy (x’ y,O) = W(x: y)

Vi nghiém ciia bai toan Cauchy 1a duy nhat nén ta cé thé xem nghiém ctia bai toan (4.60) 1a
nghiém cua bai toan c6 3 bién khéng gian sau

2
Uy =4a (uxx +Myy +uZZ)
u(x,y,2,0) = o(x, ) (4.80)
ut(x>yaza0) = \I/(an’)

Ap dung cong thirc (4.78) ta c6 nghiém: u = ! ”BdS +g J‘J‘EdS
41a’? ot ot 27 ¢

at
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A

.

Dyt *(x,,0)

2 2 2 2.2
Sar : (E=X)"+(n-y)"+(&)" =a’t
D - 2 2. .22 . \ €A o
i L (E=Xx)"+(m—y)°” <a”t”, hinh tron tam (x,y) ban kinh at .

s Ié | dfdn
\/ ~(n-y)*

=dS=at

dédn = dS‘ cos(g,O_{’) ‘ =

@ ®dédn
2” ZMVUJZQ

~(E-x) = (n-y)°

Vay nghiém cua bai toan (4.80) cho bdi cong thirc:

dra

w(é n)dé‘dn 8 qo(é n)dédn
RO ) I ——

(4.81)

uln 1) = 2ra J.J‘\/

201 (4.81) 1a cong thirc Poisson.
4.6.3.2. Cong thirc D'Alembert

Tim nghi€m cua bai toan dao dong cta day:
2

Uy =ad Uyy

u(x,0) = o(x) (4.82)

u; (x,0) = y(x)
Theo vi du 4.4 phuong trinh u,; = a’u o €6 nghiém tong quat

u(x,t)= f(x+at)+g(x—at).
Ap dung diéu kién dau ta co: f(x)+g(x)=0(x)
af '(x) —ag'(x) = y(x)

f(x+at)+g(x+at)=¢(x+at)
f(x—at)+g(x—at)=o(x—at)

Do do:
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xX+at

va fx+at)— f(x—at)—g(x+at)+ g(x—at) = I Mdv.
a
x—at

Vay nghiém cua (4.82) c6 dang:

x+at

[wvay (4.83)
at

xX—

_ o(x+at)+@(x—at) +L

u(x,t
(x.2) 2 2a

Cong thuce (4.83) goi 1a cong thirc D'Alembert.
4.6.4. Bai toan hon hop

Cho Q cR> 1a mién bi chin c6 bién 1a 8Q. Goi hinh try trong R* 1a hinh cho bai
Or =Qx (O,T) voi T > 0. Mat xung quanh cua Q7 1a Sy =0Q x (O,T). bay dudi va day trén
cia Oy lan lugtla Qva Q.

Trong Q7 xét bai toan hdn hop ddi véi phuong trinh truyén séng sau day:

Uy = az(uxx +ly, +;)

u(x,y,z,0)=@(x,y,z)

u,(x,y,z,0) =y (x,,2) (4.84)
ou

u(x,y,z,t)|ST:0 hay Fil =0
T

Biét rang ¢ kha vi lién tyc trén Q, y lién tuc trén Q va n lavécto phap cua S7.
4.7. PHUONG TRINH LOAI PARABOLIC

Trong R? cho mién mo Q bi chan, c6 bién 0Q.

Ta ki hiéu nhu sau:

A

Hinh try Q7 =Qx(0,7) v6i 7 > 0.
Mittry Sy =0Qx(0,T). T,
Pay tréen Q, = { (x,,T) ‘ (x,y)e Q} @
Trong Q7 xét phuong trinh truyén nhiét St

O >

e 4
TuEut_(uxx+uyy):f(x:yat) (4.85)
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4.7.1. Nguyén 1y cuec tri trong mién bj chin ddi véi phwong trinh (4.85)
4.7.1.1. Nguyén ly cuc tri

Pinh Iy 4.16: Néu u(x, y,#) 1a nghiém cta phuong trinh Tu =0 va lién tyc trén ET thi u

dat gid tri 16n nhat va gid trj bé nhat trén mién o = S; U Q.
minu(x, y,t) <u(x,y,t) <maxu(x,y,t)
(e} (o)
4.7.1.2. Tinh duy nhdt nghiém ciia bdi todn bién thir nhét doi véi phwong trinh truyén nhiét
Bai toan bién thtr nhat c6 dang sau day:

{Tu =1y — (Uyy +uyy) = f(x,,0)

(4.86)
u|_ = o(x, 0|

Pinh Iy 4.17: Nghiém cta bai toan (4.86) néu co 1a duy nhat

Chitng minh: Gia st bai toan bién thit nhat c6 hai nghiém uy,u, khi d6 u =u; —u, la

Tu=0
u|c=0

Tir bat dang thirc mé ta nguyén 1y cuc tri suy ra Uy =1uy.

nghiém cua bai toan:

4.7.2. Nguyén ly cuec tri trong mién khong bi chin ddi véi phwong trinh truyén nhiét

Kihiéu Gy =R?x(0,7), T>0.

Xét phuong trinh truyén nhiét Tu =u, — (u,, +u ) =0 trén Gr.
4.7.2.1. Nguyénly cuc tri

Pinh 1y 4.18: Néu u(x, y,t) bi chin trén G va c6 dao ham riéng theo x,y lién tuc dén
cép 2, c6 dao ham riéng theo ¢ lién tuc dén cip 1 dong thoi 1a nghiém ciia phuong trinh Tw = 0
thi

inf u(x, y,0) <u(x, y,t) <supu(x,y,0) , V(x,y,1) € Gr.
R R2

4.7.2.2. Bai todn Cauchy va dinh Iy duy nhit nghiém
Xét bai toan Cauchy trong mién Gy = R% x (O,T ) sau:
Tu=u, —(uy +u,,)=f(x,,0)
(4.87)
u(x,y,0) = o(x, y)
Pinh Iy 4.19: Nghiém bi chin cta bai toan Cauchy (4.87), néu ¢ 1a duy nhét.
4.7.3. Cong thirc Poisson ddi véi phuwong trinh truyén nhiét

Xét bai toan:
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u, = a’u,, (4.88)
u(x,0)=o(x), VvxeR (4.89)

Ta tim nghiém bj chin bai toan (4.88)-(4.89) bang cach dung phép bién doi tich phan
Fourier (cong thtrc (2.77)-(2.80) chuong II).

pit  U(f,)=F {u(x0}= [ uCx,)e > dx.

—0o0

Flutnn)= [ 20 5= 8 [ ne ™ ax= Lo,

—00 —00
Ap dung cong thirc bién dbi Fourier ctia dao ham ta cé: .6/7{ U, (X, t)} 3 (i27rf)2U(f,t) .
Thay vao phuong trinh (4.88) ta c6 phuong trinh anh: %U(f,t) = —4722f2a2U(f,t) .
Giai phuong trinh vi phan theo bién s6 ¢ dang tach bién dugc nghiém

U(f.1) = C(f)e 7 /et

Theo diéu kién dau: C(f)=U(f,0)=F { p(x)} = j o(x)e 2B gy
Suy ra U(f,t)= 3_47[2f2a2t I gp(x)e_izﬂﬁcdx .

—00

Ap dung cong thirc bién ddi nguoc (2.80) ta c6 nghiém ctia phuong trinh (4.88)-(4.89):

u(x,t) = 97—1 { U(f,l‘)} = J‘ U(f,t)eiz”ﬁ‘df _ J‘ ei27rﬁc [64”2f2a2t I ¢(§)ei2ﬂf§d§de

" o arly { G x)fj
u(r.) = [ p(§)dé j i RSO I p(&)ds I 2t Jgf
OO ( [ 2160 x)fj L oy 2( PGS x)) =
e 27a’t df =e 4a’t Ie 4ra’t df =e 4a*t __—
= - 2a\/z
;o= (&x)
Va u(x,t) = —— e 4d’t g 4.90
ay (x,0) 2aﬁ_[o¢(§) ¢ (4.90)
Nhan xét:

1. Néu ta goi X 1a bién ngiu nhién c6 phan bd chuan N(x; 2a2t) thi cong thirc nghiém
(4.90) c6 thé xem 1a ky vong u(x,) = Ep(X).
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2. Trong chiing minh trén ta da st dung tich phan Euler

2 2
® 22 ® —az(xz—lzjx) LA —az(x—sz
]:Ie_“x+2bxdxzje a dx:eazje @/ dx; (a>0)
—0

—00 —00

24 X b
Doibiensd y = a(x ——j ta dugc

a2
b? b* b*
o0 - 67 o0 5 e? © 6?2
I= J. e X .[ e ” dy:—je_tt_l/zdt = Jz. (4.91)
a a a
—00 —0o0 0
—p?
° g LA o
_ - ) 2 e
Tuong tu J= J e XHbY gy — o a j e ¥ sondle= Jr . (4.92)
a
—0 —00

3. Bang cach hoan toan tuong tu ¢ cac két qua sau day:
Nghiém cua bai toan Cauchy trong khong gian hai chiéu:
2
u, =a (uxx +uyy) ; u(x,,0)=0(x,y), Vx,yeR
dugc cho bdi cong thirc Poisson sau:

(=) +(n-y)’

wiyy=— o | Toteme 4 azin. (493)
(Za 7Z'l) —00 —0

Nghiém cua bai toan Cauchy trong khong gian 3 chiéu
u, = az(uxx +uy, +uzz) ; u(x,v,2,0)=0(x,y,2), Vx,y,zeR

cho bdi cong thirc Poisson sau:

o o ()P +(-y)’+H(E-2)
[ [ ecncre 4a’t dédnde . (4.94)

1 o0
u(x,y,z,t)= S~ j

TOM TAT
Phwong trinh dao ham riéng

Phuong trinh dao ham riéng 13 mot phuong trinh lién hé gitta ham nhiéu bién phai tim

u(xy,xy,...,X, ), cac dao ham riéng cua chiing va cac bién doc 1ap x;,x5,...,x,, .

Cép ciia phuong trinh dao ham riéng 13 cip cao nhét ciia dao ham riéng c6 mit trong
phuong trinh do.
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n
. . 3 . 0 : .
Phwong trinh tuyén tinh cap 1 thuan nhat ZX k (xl,...,xn)a—u =0 c6 nghiém tong
k=1 Yk
quat la u= q)((pl,q)z,...,(pn_l), trong d6 @ 1a ham sb tuy y kha vi lién tuc va

, dx;  dx, dx
=@, (x1,...,x,);i=1,....,n—1 1a n—1 tich phan doc lap ctua hé = ==
(oF (pl( 1 n) p p Xl X2 b%

n
. 3 . 0
Phwong trinh tuyén tinh khéng thuan nhat sz (xl,...,xn,u)a_u = f(xq,..0,x,,1)
Xk

k=1
duoc dwa vé phuong trinh tuyén tinh thuan nhét bang cich tim nghiém duéi dang ham 4n
n
V(x1,...,x,,u) =0 thoa man ZXk(xl,...,xn,u)g—V+f(x1,...,xn,u)2—V =0.
X u

k=1 k
Phin loai phwong trinh dao ham riéng tuyén tinh cip 2 truong hop ham hai bién
a(x, )t +2b(x, Y)Yy, + (X, )ity + F (X, put,u,,u,,) =0
Phuong trinh thudc loai hyperbolic, elliptic hay parabolic tiy theo A'= b* —ac duong, am
hay bang 0. Trong mdi trudng hop ta cd thé st dung phép ddi bién dé dua vé dang chinh tic.

Phuwong trinh Laplace u,, +u,, +u,, =0

Yy
Nghiém cta phuong trinh Laplace trong mién bi chan Q c R’ goi 12 ham diéu hoa trong
Q. Néu Q. khong bi chin trong R?, ham u(x, y,z) goi la diéu hoa trén €. néu no diéu hoa tai

Cx .. U, | W c
moi diém cua €2, ngoai ra thda man danh gia: |u(x, ¥, Z)| <—.
r

Au=0,VX eQ

o — (1), VX 200 c6 nghiém u(X,) = j j P(X, X)p(X)dS

Bai toan Dirichlet {

Sk
S g7 pz s -
trong 36 P(X, X )=——F—; s =X X, 5= ‘XOX‘ goi la nhén Poisson.
47  Rs
Au=0
Bai toan Dirichlet trong hinh tron c6 nghiém

u

= fi(s)=1(0)
N

27 0 n2n
u(r, @) = % [ (@0 +%Z(§J £(0)cosn(p—0)do.
0 0

n=1
Phwong trinh loai Hyperbolic don gian 1a phwong trinh truyén séng.

Dang tong quat 1a: u,, = a’Au + f(x,y,z,t), trong 36 Au =u,, +u,, +u,,. Nghiém cia

Yy
phuong trinh théa man céc diéu kién ban dau:  u(x, v,z,0) = ¢(x, y,z)

ut (x,y,z,O) = \II(X,y,Z)
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sl e (s T s o), |

7’

Nghiém ctia bai toan truyén song trong mit phang:

déd 6 déd
u(x, y’t)_27za ” 2 2t//(§ 1) dédn 2 ¢(§ 77) 5 Ui
NP =GP -y O p, ~(1-y)
x+at
Nghiém ciia bai toan truyén séng trén day: u(x,t) = Plx +at) ; Plx— at) J.qf(v)dv.

x—at

Cong thirc nghiém bai toan Cauchy ciia phwong trinh truyén nhiét
» Trénday u; = azuxx , u(x,0)=0(x), VxeR:

—(&-x)*
u(x) == F j p(E)e 40t dE.

= Trong mit phang u; = a’ (uxx +”W) ; u(x,y,0)=0(x,y), Vx,yeR

i ~(&-x)*~(n-y)’
1 4a’t
ux,y,)=——=— [ [ o(&me dédn.
(261 7Z'l) —00 —0

* Trong khong gian u, = az(uxx +u,, +uzz) s u(x,y,z,0)=0(x,y,2), Vx,y,zeR

o il —(&-x)*-(n-y)*~({-2)*

u(r,y,z0=——= [ [ | p&n.)e dat dédndg .
(261 ) —00 —00 —00

CAU HOI ON TAP VA BAI TAP
4.1 Phuong trinh dao ham riéng la phuong trinh chi chira cac dao ham riéng.

Dung I:I Sai I:I

4.2 Nghiém téng quat ctia phuong trinh dao ham riéng phu thudc cac ham sé tiy y

Dung I:I Sai I:I

olu . 2 2y ou) x? Ou . . . A
43 ——-sinx“y ——+cosy| — | —3e~ —+cosu =0 la phuong trinh dao ham riéng
ox? 8y2 ox oy
cap 3.

Pung I:ISai I:I
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4.4 Phuong trinh dao ham riéng riéng tuyén tinh cap 2 c¢6 thé phan 3 loai: Hyperbolic, eliptic,
parabolic va loai ctia phwong trinh khong thay d6i khi thuc hién phép dbi bién s6 khong suy
bién.

Dung | Jsai [

4.5 Nghiém cta phuong trinh Laplace trong mién bi chin duoc goi 1a ham diéu hoa.

Pung I:I Sai I:I

4.6 Néuham u(X) 13 ham didu hoa trén Q. lién tuc trén Q va khong phai 1a hing sb thi u(X)

dat gia tri 16n nhat va gia tri nho nhat trén bién Q.

Dung I:I Sai I:I

4.7 Bai toan Dirichlet dbi voi phuong trinh Laplace néu ton tao 13 duy nht.
Dung I:I Sai I:I

4.8 Phuong trinh truyén song thudc loai parabolic.

Duing I:I Sai I:I

4.9 Nghiém cua bai toan Cauchy ciia phuwong trinh truyén nhiét 1a mot ham tudn hoan vi c6 thé
tim nghiém bang phép bién ddi Fourier.

Dung I:I Sai I:I

4.10 Céng thirc Kirchoff, cong thirc Poisson va cong thirc D’ Alembert 1an lugt biéu dién nghiém
ctia bai toan Cauchy cuia phuong trinh truyén song trong khong gian, trong mit phing va trén
day.

bung |:|Sai |:|

4.11 Xac dinh loai ctia phuong trinh va dua vé dang chinh tic cac phuong trinh sau day:
a Uy +3uy, +4uy, +5u, —2uy, +4u=2x-3y.
b, uy +2uy, +5u,, —32u=0.

€ Uy —2uy, +uy, +9U, 9, —2u=0.

xx Xy
d.  uy +4uy, +13u,, +3u, —9u+9(x+y)=0.

4.12. Xac dinh loai cac phuong trinh sau:

a. Uy —2c0Suy, —(3+sin2 Xy, —yu, =0.
b, xu,, +yu,, +3yu, =0
° xx TV yy Y Uy .

u(x,0) =sin2x
4.13. Tim nghiém ctia phuong trinh: 4u,, =25u,, véi diéu kién: { u,(x,0) =0
u(0,£)=0
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u(x,0) = x?

4.14. Tim nghiém cua phuong trinh ), = x? y thoa man diéu kién: .
u(l, y) = cos

4.15. Tim tich phan tong quat ctia cac phuong trinh:

a  Uyg +3uy, +2u,, =0.

b. 4u du., +u,, =0.

xx — THxy T Hyy
4.16. Tim nghiém tong quét ctia phuong trinh:

+u.,, = e biét ring phuong trinh c6 nghiém riéng dang u = k™.

a Uy tuy,

b, wuy —4u,, = >V biét rang phuong trinh c6 nghiém riéng dang u = foxe>

4.17. Mot thanh c6 chiéu dai 3 don vi, c6 hé sb khuyéch dai tan béng hai don vi.

u(0,1)=0 u3,t)=0
u(x,t)
X
X = 0 X = 3

Goi u(x,f) 14 nhiét d vao thoi diém ¢ tai vi tri x trén thanh. Gia st nhiét do ban dau tai
x 1a: u(x,0)=5sin4mx —3sin8mx + 2sin10mx .

Nhiét d6 hai ddu ludn bang O thi u(x,#) 14 nghiém cta phuong trinh:
0<x<3,t>0.

A, i,

o u(0,£) =u(3,t)=0
Véi dicu kién: i ) )
u(x,0) = 5sin 4mx — 3sin 8mx + 2sin 10mx
a. Giai phuwong trinh bang phép bién d6i Fourier hitu han
b. Giai phuong trinh bang phép bién doi Laplace.
4.18. Tim k dé cac ham sd sau day 1a ham diéu hoa

a. u(x,y)=x3+kxy2, (x,y)eRz.

|
b. u=— véir= \/xlz x5 4 x2 (XX, X,) €R™.
r
4.19. Tim céc gia tri 16n nhat va bé nhit ciia cic ham diéu hoa sau day:

a. u(x,y)=xy trén mién D : x° +y2 <l1.

155



Chuong 4: Phuong trinh dao ham riéng

x2

b. u(x,y)= x2 —y2 trén mién D: T+§ <1.

4.20. Gia sir u 13 ham kha vi lién tuc dén cép 2 trong Q R3 va Ijﬁ—idS = 0 v&éi moi méat cong
S on

kin S bat ky nam trong Q, n 1a vée to phap tuyén don vi ciia S. Chimng minh u 13 ham diéu

hoa trén Q.

4.21. Giai bai toan Dirichlet di voi phuong trinh Au =0 trong céc trudng hop sau:

a. Tim nghiém phia trong hinh tron tim O ban kinh bang 1 thoa man diéu kién

2+y2:1.

u=sin2¢@ (0 <@ <2m) trén duong tron x
b. Tim nghiém phia ngoai hinh tron tim O ban kinh bang 2 thoa man:

u|S =x? —xy? +2, S la duong tron tim O bén kinh béng 2.

4.22. Giai bai toan Cauchy sau day:

2 2 2
4y%u . +2(1-y )uxy—uyy—l y2(2ux—uy):0
+y

u(x,0) = @(x), u), (x,0) = y(x); ¢©(x),y(x) kha vilién tuc dén cap 2.

4.23. Tim nghiém cta phuong trinh: u ., +u,, +u,, —u, =0 trong mdi trudng hop sau:

Yy

a. u(x,y,z,0)=e"cosy va u,(x,y,2z,0)= X2 - y2 )
b. u(x,y,z,0)= 1 va u,(x,y,z,00=0, (x=0).
X

Ugp =Uyy Ty,

4.24. Tim nghiém cua bai toan: u(x,y,0)= x> y2

u; (x,9,0) = x>yt = 3x

4.25. Tim nghiém cua bai toan:

Uy = Uy TUyy Uy =Uxx
a. {u(x,y,0)=x>+y? b. < u(x,0)=e"
Uy (X, yao) =1 U; (X,O) = ex

4.26. Giai bai toan Cauchy sau:
u, = az(uxx +uy, +uzz), t>0

u(x, y,z,0) =sinx +cos” y +cosz, (x,y,z) e R
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Uy =u, , t>0
b. ) .
u(x,0)=sin“x, xeR

4.27. Tim nghiém cua bai toan Cauchy sau:

U, =u,. , t>0
u(x,0)=sinx, xeR

u =u, +u, , t>0
b. ’
u(x,y,0)=sinlx+cosly, (x,y)e R*, I, [, lacic hingsa.
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CHUONG V: QUA TRINH DUNG

GIOI THIEU

Chudi Markov, qua trinh Poisson nghién ciru sy tién trién theo thoi gian cia cic hé ngau
nhién ma trong do twong lai chi phu thudc hién tai va doc 1ap voi qua khu (tinh Markov). Khai
niém qua trinh ngdu nhién va chudi Markov di duoc nghién ciru trong gido trinh xac suat thong
keé.

Ngoai nhirng qua trinh Markov, trong thuc té ta con gip cac hé ngdu nhién ma qua kh cua
n6 ¢ anh huong 16n dén su tién trién ctia qué trinh trong tuong lai. Dic biét v6i qué trinh ma ham
tu twong quan thuan nhét theo thoi gian (qua trinh ding) c6 rat nhiéu tmg dung trong vién thong.
Céc tin hiéu, nhidu ctia mot hé théng vién thong 1a cac qua trinh dimg. Khai niém qua trinh ding
dugc nha toan hoc ngudi Nga Khintchine dua ra 1an dau tién vao nam 1934. Ngay nay qué trinh
dimg da tro thanh mot trong nhiing linh vuc quan trong va c6 nhidu tng dung cua Iy thuyét xac
sut.

C6 hai dinh nghia vé qua trinh dimg: Qua trinh dimg theo nghia hep va nghia rong. Trong
chuong nay chii yéu xét qué trinh dimg theo nghia rong, d6 1 qua trinh ngiu nhién ¢ ky vong
khong phu thudc thdi gian va ham tu twong quan thudn nhét theo thoi gian. Cac tin hiéu vién
thong va nhiéu 1a cac qua trinh dimg. Cac qua trinh nay duoc ky hiéu bang chir thuong x(z). Cac
qué trinh dém xét trong chuong 6 duoc ky hiéu bang chir in hoa X (¢).

Pé di dén khai niém qua trinh dimg ta xét cic qua trinh cap 2, d6 1a cac qua trinh ton tai
moment cép 2 va ham ty tuong quan. Ta cling xét mét cach so lugc vé khai niém dao ham, tich
phan ciia mot qua trinh ngau nhién cap 2.

Khi qué trinh dimg biéu dién cac tin hidu thi nho dinh 1y Wiener-Khintchine ta c6 thé tinh
cong sudt trung binh cua tin hiéu thong qua phd cua qua trinh ding, d6 13 bién ddi Fourier cta
ham tu twong quan cta qua trinh.

Trung binh theo gioi gian (time average) cia mdt qua trinh ngau nhién bao giod ciing dé thuc
hién hon trung binh theo tdp hop (ensemble average), vi vay khi trung binh theo thoi gian trung
v6i trung binh theo tap hop thi viéc nghién ctu ching sé thuan lgi hon. Qua trinh c6 trung binh
theo thoi gian trung véi trung binh theo tdp hop dugc goi 1a qué trinh ergodic. Ching ta s€ chi ra
nhitng tiéu chun dé nhan biét qua trinh dimg 13 qua trinh ergodic.

Dé hoc tét chuong nay hoc vién nén xem lai 1y thuyét x4c suét va phép bién doi Fourier.
NOI DUNG

5.1. QUA TRINH CAP 2
5.1.1. Khai niém qua trinh ngiu nhién

Hau hét cac qua trinh xay ra trong ty nhién va xa hdi déu la cac qua trinh ngau nhién.
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CAc tin hiéu ctia cac hé thong thong tin 1a cc tin hiéu ngau nhién vi ngoai thianh phan mang
tin con ¢ su tac dong cua giao thoa ngau nhién va nhicu cua thict bi.

Gia st mot tin hidu ndo d6 ma tai mdi thoi diém ¢ chi xay ra ung véi cac bién cb
{Ei,i eN } ctia khong gian mau. Tin hiéu nay nhan gia tri duoc ky hiéu 1a x(t,E;) néu tai thoi
diém ¢ bién ¢ E; xay ra. Nhu vy x(, E;) 1a mdt mau clia qua trinh ngdu nhién x(¢). Qua trinh
ngau nhién x(¢) vira phy thudc thoi gian ¢, vira phu thudc yéu t6 ngau nhién E; .

/ x(t. E) /TN )
N\ /\\ \\_J/ o \\\_//‘
Y/ | ' -

x(t,E7) /\
A~ A A ,/\V/\

1 t t ——»

Oud trinh neu nhién x(7) ™ | N [N,

-/ NV NN \ov
f B t —»
x(t,Ey)

N N VN |~

V4 R \\ / ~
1 i f—

/\/ x/\
\ {x(t,,E;),ie N} {x(t,E;),ie N}

Mot cdach téong quat mot qud trinh ngau nhién la moét ho cdc bién ngau nhién
{x(t, w)tel } Cac quad trinh nay viea phu thuéc vao thoi gian t va khi ¢6 dinh tham sé t thi
x(t, ) la bién ngau nhién theo ®. Tdp chi sé I thwong biéu dién tham sé thoi gian.

Qua trinh ngau nhién {x(t, o)tel } duoc goi 1a ¢o6 thoi gian roi rac hay lién tuc néu tap chi

s6 I 1a tap dém duoc hay 1a mot khoang nao d6. Qua trinh ngiu nhién 1a thyc hay phirc néu cac
bién ngiu nhién x(¢,) nhén gié tri thyc hay phiec.

Ngudi ta thudng viét tit qua trinh {x(r) }t o7 thay cho qua trinh ngau nhién {x(l‘, o)tel }

5.1.2. Khii niém qua trinh cip 2

Xét qué trinh ngau nhién {x(¢) },_, . Nhu vay véi mdi s/ thi x(f) 1a mot bién ngau nhién
ciia khong gian xac suét (Q, P ) Bién ngiu nhién x(¢) c¢6 cac dic trung nhu: Ky vong,
phuong sai, turong quan, moment... .

Moment cap m cua bién ngiu nhién X dinh nghia nhu sau:

= Neéu bién ngau nhién X roi rac c6 bang phan bo xac suat
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thi E(Xm):Zuf"pi.
‘Pl D i

e8]
= Néu bién ngiu nhién X lién tuc c6 ham mat do f () thi E(X’” ): j u f(u)du .
—00

Pinh nghia 5.1: Qud trinh ngdu nhién x(t) duwoc goi la qud trinh cdp 2 néu ton tai moment

cdp 2 véi moi t < 1. Nghia la
E|x(t)|2 <o, Vtel.
5.1.3. Ham trung binh va ham ty twong quan
Ky hi¢u m(t)=Ex(t), Vtel (5.1)
r(s,t)=E [x(s)x(t)] , Vs,tel (5.2)

Cong thuce (5.1) dugc goi la ham trung binh va (5.2) 1a ham tw twong quan ctia qua trinh

x(1).
Hi¢p phuong sai
C(s,1) = cov [ x(s),x(t)| = E[ (x(s) = m(s) ) (x(t) - m(1)) ]
= E[x(s)x(t)] —m(s)m(t), Vs,tel.
Dac biét phuong sai var x(¢) = C(t,¢)
Pinh Iy 5.1: Ham hiép phuong sai C(s,?) co tinh chét:
1) Péixing: C(s,t)=C(t,s) , Vt,s.
2) Xac dinh khong am: VmeN, Vi.,t,,...t, €l , Vb,b,,...b, €C
ifb,.z?jca,.,zj) >0,
i=1 j=1

trong do z=a—ib lasb phuc lién hop cta sé phic z=a +ib.
Nguoc lai ngudi ta ciing ching minh dugc néu ham C(¢,s) c6 hai tinh chat trén thi ludn ton

tai mot qua trinh cap 2 nhan C(z,s) 1am ham ty tuong quan.
Néu {x(t) }t <7 la mot qua trinh phtrc thi ham ty twong quan dugc dinh nghia nhu sau:
r(s,t)= E[x(s)%] (5.3)
c6 cac tinh chat:
1 Péixung: C(s,t) :m , Vi,s.
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2') Xac dinh khong am: VneN, Vi,t,,...t, €l , Vb,b,,...b, €C
non_
D> bbiCl1,1;)20.
i=1 j=1
Sau day ta xét mot cach tong quat cic qué trinh 1a qua trinh phirc.
Vidu 5.1: (Qua trinh Wiener) Qua trinh w(t), t > 0 dwoc goi la mot qua trinh Wiener voi
tham s6 &2 néu né thoa man céc tinh chdt sau:
1) w(0)=0.
2) Véi moi 0<s<t thi w(t)—w(s) la bién ngdu nhién c6 phin bo chudn
N(0;6%(t—s)).
3) w(t), t >0 la qud trinh véi gia s6 doc ldp, tirc la véi moi 0<t, <t,...<t, thi cic bién
ngau nhién: w(ty)—w(t)), w(t3) = w(ty),..., w(t,) —w(t,_) la déc ldp.
Nhu vay w(z), ¢t >0 12 mot qua trinh cdp 2 c6: m(f) = Ew(t) =0 V>0.
V1,520, C(s,t)=E[ w(s)w(t) | = E[ w(s)( w(s)+w(t)=w(s))]
= E[ w(s) ]2 + E[ (w(s) - W(O))(w(t) — w(s))] (do tinh chat tuyén tinh ca ky vong)
=ols+ E[ w(s)— W(O)]E[W(t)— w(s)] =o2s. (do gia sb doc lap va Ew(s)=0)
Vay C(s,t) = o* min(s,?) .
5.1.4. Phép tinh vi phan cho qua trinh cap 2
Pinh nghia 5.2: Qud trinh cdp 2 {x(t) }te 7

1) Puoc goi la Ly — lién tuc tai ty néu lim || x(t) —x(ty) || =0.
-t

2)  Puoc goila L, — kha vi tai ty va cé dao ham x'(ty) néu:

| x(tg + 1) = x(tp)

lim
| h

h—0

x'(t)

‘ =0, (5.4)

trong do ||X|| = 1/E|X|2 ;

Néu x(¢) 1a L, —lién tuc (twong ty L, —kha vi) tai moi 7 thi ta néi 1a L, —lién tuc (twong
tu L, —kha vi).

Pinh Iy 5.2: Qué trinh x(¢) L, — kha vi tai #, néu va chi néu:
1) m(r) kha vitai ¢,

2) Tdn tai gi6i han

161



Chuong 5: Qua trinh ding

lim L[C(t0 +h,tg + k)= C(ty +h,ty) — Clty, to + k) + Cltg,19)].
h—0 hk
k—0
(5.5)

Tir dinh 1y nay ta suy ra qué trinh Wiener khong L, —kha vi tai bat cr diém nao. That vay,

thay C(s,t)=o” min(s,?) vao biu thirc trén v6i k =h > 0 ta co

lim L|:C'(l‘0 +h,t0 +l’l)—C(tO +h,t0)—C(t0, tO +h)+C(t0,tO)]

h—0 },2

2 2,
o o

lim — |ty +h—ty— tyg+ty|=lim —=o0.
h—0 2 [ 0= fo+to] h—0 h

_— ‘ R S - & N ) N
DPinh ly 5.3: Néu ham trung binh m(¢) kha vi va dao ham riéng cap 2 ————— cua ham
SOt

hi¢p phuong sai lién tuc thi qua trinh x(¢) la L, —kha vi, dao ham x'(z) ciling la mdt qua trinh
cap 2. Hon nira

Ex'(¢) = m'(t),

2
cov[x'(s),x'(1)] = %, (5.6)
cov[x'(s),x(t)] = %

Tuong ty ta c6 thé xay dung cic khai niém L, —kha vi cép 2, 3...
5.1.5. Phép tinh tich phin ciia qua trinh cap 2
Cho qua trinh cip 2 {x(t) }te[ va doan [a;b] cl.

Ung v6i mdi phan hoach A :a = ty <t} <..<t, =b cuadoan [a;b], bién ngau nhién sau

duogc goi 1a tong tich phan cua qué trinh
n—1
S(AY =Y x(s)tis1 — ;)
i=0

trong do s; € [t,-;tm]. Dat |A| = Og'l?;(—l| tivl _ti|-

Néu ton tai gi6i han | l‘im || S(A)-1 || =0 khong phu thudc cach chia phan hoach va cach
Al—0

chon cac diém dai dién s; thi ta néi qud trinh x(t) la Ly —kha tich. I la mét bién ngdu nhién cé

moment cdp 2 hitu han dwoc goi la tich phan ciia x(t) trén doan [a;b]. Ky hiéu

b
= j x(t)dt
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b
Ch y ring jx(t)dt cling 1a mot bién ngau nhién.

a
Pinh Iy 5.4: L, —tich phan co cac tinh chét sau
b
1) Néu x(r) 14 L, —lién tuc trong [a; b] thi ton tai tich phan Ix(t)a’t,

a

b
2) Néu x(t)>0, Vte[a;b] thi jx(t)dtzo,

a

c b b
3) j x(t)dt + jx(t)dt = j x(t)dt, (a<c<b) (5.7)
a [ a
b b b
4) j(a x()+Py(@))de = a j x(t)dt +PB j y(t)dt, (5.8)
a a a
5) Néu x(¢) = g(t)X trong 6 X 1a mot bién ngau nhién con g(¢) 1a mot ham sé phu
b b b
thude bién s6 ¢ thi [x()dt = [ Xg(t)dt = X [ g(t)d . (5.9)
a a a

6) Giasu x(¢) 1a Ly —lién tuc.
t
Pit y(f) = j x(s)ds thi y(¢) 1a Ly —kha viva y'(£) = x(¢), (5.10)
a

7) Néu x(¢) 1a L, —lién tyc trén [a;b] thi ta c6 cong thirc Newton- Leibnitz

b
j X'(t)dt = x(b) - x(a). (5.11)

a
Pinh ly 5.5: Néu ham trung binh m(¢) kha tich trén [a;b] va ham hiép phuong sai C(s,?)
kha tich trén [a;b]x[a;b] thi qua trinh x(¢) la L, —kha tich trén [a;b]. Hon nira:

b b b bb
E[ j x(t)dt] = jm(f)dz , var ( | x(t)dtJ =[] c(s,tydsdt,

a a aa

b d bd
cov [J.x(s)ds, Ix(t)dt] = IJ.C(S,t)dsdt ; [e;d]ca;b];

a c ac

b b
cov [x(s), jx(z)dzJ = [C(s,p)dt . (5.12)
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Vi du 5.2: Gia sit w(); >0 1a mdt qua trinh Wiener voi tham sb o2 xét trong vi du 1.

Quaé trinh nay c6 ham trung binh m(z) =0 va ham ty tuong quan C(s,?) = o’ min(z,s) 1a hai
t

ham kha tich. Theo dinh 1y trén ta co tich phan x(¢) = Iw(s)ds v6i moi ¢ > 0. Khi ¢ thay doi ta

0
c6 qua trinh {x(l‘);t > 0} goi 1a qua trinh Weiner tich hop.

Taco x(t) ['[ w(s)ds] = Im(s)ds =

var[x(f)] = var [Iw(s)ds] = J.J.C(s u)dsdu

00

=0 _”mm(s u)dsdu =c j[_[ min(s,u)ds + jmln(s u)ds}d

00 0\0
= sz‘(][.sds+juds}u =¥.
0\0 u

Voimoi 0<s<t,tacd x(¢)=x(s)+(t—s)w(s)+ I(w(v) - w(s))dv

N

t
= E[x(s)x(t)] = E|x(s)|2 +(t- S)E[x(s)w(s)] + E{x(s)j (w(v) - w(s))] dv

2.3
Mt khac E|x(s)|2 = Var[x(s)] s O

Ky S N 22
E[x(s)w(s)] =cov {[ w(t)dt, w(s)] = jr(s,t)a’t = jcztdt =0 2S
0 0 0

S

x(s)= j.W(V)dV = I(W(v) ~w(0))dv va j(w(v) —w(s))dv doc lap
0 K

t t
= E[x(s)j (w(v) — w(s))} dv = E[x(s)]E{[ (w(v) — w(s))dv} =0

N

23 2.2 2.2
+(t—s) :(3z—s)66s

= cov [x(s), x(t)] =
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5.2. QUA TRINH DUNG
5.2.1. Khai niém dirng theo nghia hep

Qua trinh ngau nhién {x(t); tel } goi 1a qua trinh dung theo nghia hep (hay dung theo
nghia chit) néu véi moi n, voi moi H,...rt, vavoimoi T thi véc to ngau nhién (x(tl),...,x(tn))
va (x(tl +T7),...,x(t, + T)) ¢6 cung luat phan b.

Tu dinh nghia suy ra réng néu qua trinh ngau nhién {x(t); tel } dung theo nghia hep thi
moi bién ngiu nhién x(¢) tai thoi diém ¢ bat ky ciia qua trinh déu c6 cung luat phan bd v6i x(0).

Qua trinh ngau nhién theo nghia hep dodi hoi qué chat vi vay it gip trong thyuc té. Nguoi ta
x€t qua trinh dung theo nghia rong nhu sau.

5.2.2. Khai niém qua trinh dirng
Qua trinh cip 2 {x(t); tel } duogc goi 1a qua trinh ding (theo nghia rong) néu:
1) m(t) = Ex(¢) = m = const,
2) Ham tu twong quan:  r(s,t)= E[x(s)%] chi phu thudc vao s —t ; nghia la ton tai
ham K (1) sao cho
r(s,t)=K, (s—t); Vs,tel.
Theo Pinh 1y 1.2 ham tu twong quan K (1) c6 cac tinh chét sau

Pinh Iy 5.6:

) K,(-19)=K,(1).

2) |K.(0)| <K, (0)=E[x(@)| =E|xO), V.

Néu x(¢) 1a day tin hiéu thi K,(0)=E |x(t)|2 dugc goi 1a cong suat trung binh cua tin hiéu.

Chu y: Gia sir ham trung binh m(¢) = Ex(¢) = m = const , khi d6 ham hi€p phuong sai
T — 2
cov(x(s),x(t))=E (x(s) - m) (x(t) - m) =E (x(s)x(t)) - |m|

chi phu thudc vao s —¢ khi va chi khi ham ty tuong quan r(s,?) = E[x(s)%] chi phu thudc

vao s —¢. Vi vy c6 thé dinh nghia qua trinh dimg theo nghia rong 13 qua trinh cap 2 théa man hai
diéu kién sau:

1’) m(t) = Ex(¢t) = m = const ,
2’) Ham hiép phuong sai C(s,t)= cov[x(s),x(t)] = E[(x(s) — m(s))(x(t) — m(t))} chi
phu thugc vao s —¢ ; nghia 1a ton tai ham K () sao cho C(s,t) =K (s—t); Vs,tel.

R& rang rang hai dinh nghia nay tring nhau khi m(¢) = Ex(¢) =0, Vt¢.
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Vi du 5.3: Gid siv U, V la hai bién ngdu nhién thoa man EU =EV =0, cov(U,V)=0,
varU = varV =62 ; A la mét hing s6 thi qud trinh x(t) = U cos At + V sin At la qua trinh dimg

2 cosAT.

c6 ham ty twong quan K, (1) =0
Gidi: Ex(t) = cosMEU +sinAtEV =0.
r(s,1) = E[x(s)x(t)] = E[(U cos ks + V' sin ks U cosht + V sin .z )]

= Ele cosAs cosAt + V2 sin Assin Az + UV (coss cos At + sin Assin Kt)J

= g2 cosA(t—s) = K, (1)= 62 CosAT.

Vi du 5.4: Qua trinh Wiener khong phai 1a qua trinh dung.
5.2.3. Biéu dién pho ctia qua trinh dirng

Pinh nghia 5.3: Gia su {x(z‘) }t <7 qua trinh dimg véi ham tw twong quan K . Néu ton tai
P(f) sao cho:

1/2

K, (n)= j " PFYdf khi I =Z (5.7)
-1/2
hoac
K ()= j Y P(df khi =R (5.8)

thi P(f) dwoc goi la mat 9 phd ciia qud trinh dimg {x(t) },_; .

o0
Pinh ly 5.7: 1) Trudng hop thoi gian roi rac 1 = Z: Néu Z|K ¥ (n)| < oo thi ton tai mat
n=—0o0

d6 phd

P(f) = ie"“”f K. (n). (5.9)

n=—oo
2) Trudng hop thoi gian lién tuc 7 =R: Néu K (1) kha tich tuyét dbi trén R thi ton tai
mat d6 phd

P(f)= [e™ K (vt (5.10)

—00

Nhu vdy ham mat d6 phd 1a bién d6i Fourier ctia ham ty trong quan va ham ty twong quan
12 bién d6i Fourier ngugc cua mat do phé.

PN =F K}, K.(=F 2}

Dinh 1y 1a h¢ qua ctia cac diéu trinh bay & trang 75, 78.
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5.2.4 Mat do pho cong suat
Cho qué trinh {x(¢) },_; biéu dién c4c tin hi¢u.

x(1) néu |4<T/2

V6&imbdi T >0 xét: x7(t) = ’
0 néu [f>T)2.

Dit bién ddi Fourier ciia x7(¢) 1a X7 (f) =% {xp(t)}

*° T/2
Xr(f)= Jar@e ™™ de= [x()e™* ar.
- -T/2

xp(#) va X7 (f) cling 14 hai qua trinh ngau nhién.

Ap dung dang thtic Parseval ta c6: ¢ = IxTZ (t)dt = “XT (f)|2df .

(g]" cling 14 mot qué trinh ngiu nhién. Ap dung dinh 1y ning luong Rayleich, cong thirc
(2..86) ta dugc

Eér =E [xp”(0dt = [Exp®(0dt = [E[X7 () df .

—00 —00 —00

Cong suat trung binh ciia qua trinh

T/2 0 )
a1 ) n 1 b 3 .1 2
P—TIE)EOT_T/ZE(xT(t))dt—TlgrclnT_J;oE(xT(t))dt—__[OTlgrioTE|XT(f)| dr

= Mt dp phé cong sudt ciia qud trinh, viét tit PSD (Power Spectral Density), 1a
~ 1 2
lim —E| X7 (/)| . (5.11)
T—owo T

Pinh ly 5.8: (Pinh 1y Wiener - Khintchine) Mat d6 phd cong suat PSD cuia qua tinh dimg
{x(t) }t <7 €0 gid tri trung binh Ex(z) =0 bang mat do phd ciia qua trinh nay va bang bién doi

Fourier cua ham ty twong quan:
Z(f) = lim %E X, () vataco P= j P (fdf (5.12)
T—w

Nhén xét: Binh ly 5.8 cho ta y nghia cia khai niém mat d phd cta qua trinh dung, d6 1a
mat d6 phd cong suat cua qua trinh. Nhu vay ta co thé tinh mat d6 phd cua mot qué trinh dimg
theo 2 cong thirc khac nhau (5.9)-(5.10) hodc (5.12). Tuy nhién ton tai qua trinh ngau nhién khong
dirng (khong c¢6 mat do phd) nhung c6 mat d6 phd cong suét.

Vi du 5.4: Xét qua trinh tin hi¢u cyc véi dir li€u nhi phan x(z)

x(t)= ianf(t -nTy), (5.13)

n=-—0
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1 néu |t|<Tb/2

T3 1a chu ky 1 bit.
0 néu |f>7,/2, ° g

trong 46 f(¢) 1a xung mau f(¢) = {

{ an} 1a diy cac bién ngiu nhién doc 1ap bicu dién cac dit liéu nhi phan. Cic bién ngau

nhién @, co6 phin b6 roi rac nhan hai gia tri =1 dong kha ning.
Vay Pla, =1}=Pla, =-1}=1/2; E[a,]=0; var[a,] =E[a3] =12%+(—1)2%=1 ;

cov[an,am]: E[anam]— E[an]E[am]z 0.

bat T'=(2N + 1T, thi qua trinh x7(¢) cta qua trinh (5.13) s& la

N
xp()= D a,f(t—nTy)

n=—N

N N

. N .
=X (=T 0} = 3 aF (fe-nTpl= ¥ a, PN =F(7) 3 a,e

n=—N n=—N n=—N
Trongd6 F(f)= »Oj{f(t)}: T}, sin c(be) (vi du 2.37 chuong II)

N .
= EXr (N =E|[FOF Y aya,e @0

n,m=—N

N »_ N
=[FF Y E[ayay e <[F(HF Y 1=[F( N D).
n=—N

n,m=—N

Vay mat do phd cong suat PSD

1 ), EOPeN+y [FO
Jim X i, ON+OT, 1, e (7).

n=—00

Tuy nhién r(t,t+r)E[x(t)x(t+t)]EH ianf(t—nTb)}( iamf(t+r—me)H

o0 o0 o0

= > > Ela,a,lft-nT)f(t+1-mTy) = Y f(t-nTy)f(t+t—mT})

N=—00 M=—00 n=-—o

, I néu |t—nT,|<T,/2va |t+7—nT|<T,/2
trong 46 f(t—nl)) f(t+7—-mT,)=
0  néu nguoc lai

Diéu nay ching to r(z,t+7) con phu thudc vao thoi diém ¢ nén qua trinh x(f) khong
dung.
Vi du 5.5: Séng ngiu nhién nhi phan
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Xét qua trinh ngau nhién {x(z‘);t € |R} gdm cac bit 1 va céac bit 0 thoa man cac diéu kién
sau:

1) Bit 1 va 0 lan lugt duoc biéu dién bdi cac xung chit nhat voi bién do + 4 va — A4 volt
v6i do rong cua xung la T gidy.

2) Cac ham méu (sample functions) 14 khong dong bo va gia thiét rang thoi diém xudt phat
ctia xung thir nhat ¢; xdy ra dong kha ning trong khoang tir 0 dén T. Diéu nay c6 nghia la 7, la

gi4 tri mau cua bién ngiu nhién 7, , €0 phan bd déu trong doan [O; T ]

3) Trong khoang thoi gian xung bat ky (n—1)T <t —t; <nT, hai bit 1 va 0 la dong kha
nang xuét hién, nghia 1a x(¢) nhan gia tri + 4 hoac — 4 trong sudt khoang xung nay voi xac suat

1/2. x(t) va x(s) 1a doc 1ap néu ¢, s & trong khoang xung thoi gian khac nhau.
Ta c6: Vt; Ex(f) = Ax1/2+(-A)x1/2=0.
Ham tu twong quan: re(tp,t;) = E[x(tk ),x(tl-)] ]
* Néu |tk _li| >T thi x(t), x(t;) doc lap
= r(te.t) = E[x(60), x(1)] =0,
* Néu |tk _li| <T va gia st rang x(), x(t;) cung c6 tré 1a t; thi x(¢;), x(¢;) cung

xung khi va chi khi |t —;|<T—14.

Ly

2 .
ey E[x(’k)’x(ti)hd]:{g néu g <T |t 1

néu ngugc lai.

Ap dung cong thirc xac suat day du

@l ey
E[x(# ), x(t)] = fA Jr,(tg)dty = I 7dtd=A[l—le.
0

0
Az(l —@J néu [4<T

0 néu |’C|ZT.

biat 1 =¢;, -t = Hamty twong quan K (1) =
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Mat d6 phd cong suat

T

P(f)=F K (1) = J-A [ j 27 e = A’T'sinc? (fT).

Vi du 5.6: Nhiéu trang (White Noise) dugc mo ta nhur 1a mot qué trinh dimg (theo nghia

rong) ma mat do pho cong suat 1a mot hing sd '%V (f)=—

Hé s6 1/2 dé chi mot nira cong suat ing véi tan s6 duong va mot nira ting voi tan so am.

N c6 don vi watt/ hertz. Ham tu twong quan

Ky (t)y=%" {NO} N2° (1)

2
pu A A
Sy (f) Ky (v)
No/2 (N /2)5(1)
0 f g 0 :

Qué trinh nhidu tring khong phai 1a mot qua trinh vat Iy c6 thuc vi c6 cong suit bang .
Trong quang hoc, mat do phd ning lugng ciia anh sang trang 1a khong doi g/(u) = hang s6 véi
moi tan s6 L (Ning lugng anh sang tring phan bd déu theo moi tin sd vL). Vi vay nhidu v6i mat
d6 pho hang s6 duoc goi la nhiéu trang.

5.3. QUA TRINH DUNG ERGODIC
Trong nhiéu bai toan vé qua trinh ngéu nhién doi héi phai tinh cac gié tri trung binh ciia

qua trinh theo thoi gian. Nghia la phai tinh tich phan ngau nhién (xem muc 1.5.). Bai todn nay
s& trd nén don gian hon néu trung binh theo thoi gian tring véi trung binh theo tap hop.

Gia thiét Ergodic cho rang trung binh theo thoi gian ¢ cac cdp tring véi trung binh theo tap
hop cing cép tuong ing. Gia thiét nay dang tiéc 1a khong phai luén dung nhu mot sé cac nha ki
thuat dau thé ky 20 tin tuong. Khoang nim 1931 hai nha toan hoc G. D. Birkhoff (M¥) va A. Ia.
Khintchine (Nga) da chimg minh ring trung binh theo thoi gian ludn ludn ton tai va da chi ra cac
didu kién dé no trung vé6i trung binh tap hop.

Ta c6 cac dinh nghia sau vé tinh chét ergodic cta cic qua trinh cap 2.
Dinh nghia 5.4:

1) Qua trinh ding thoi gian roi rac {x(n);n >0 } goi la ergodic néu
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(O R R Uy VI ?

n—>0 n

=0; m=Ex(n).

2) Qua trinh dirng voi thoi gian lién tuc {x(t);t € |R} c6 ham trung binh m(t) =m goi la

(T
—Ux(t)dt] —-m
T4

Pinh ly 5.9: Qua trinh dung thoi gian roi rac {x(n);n >0 } voi ham tu twong quan K (n)
la ergodic khi va chi khi

ergodic néu
2
lim E

T—x

=0.

lim + Zn:K(m) =0. (5.14)

n—on m=0

Pinh Iy 5.10: Qua trinh dimg {x(¢);f €R } v6i ham tir twong quan K (1) 14 ergodic khi va
chi khi

TT
1
]!E)IEOT—Z { _([Kx (t—s)dtds = 0. (5.15)

DPinh ly 5.11: Qua trinh dung {x(t);t eR } v6i ham tu tuong quan K (t) 1a ergodic khi va
chi khi

T—>x

T
y S t
lim = g (1—¥ij (t)dt =0. (5.16)

Hé qua: Néu lim K (1) =0 thi qua trinh {x(t);t eR } la ergodic.

T—>0
Vi du 5.7: Xét qua trinh ngau nhién x(¢) = Acos(wyt +0). Trong 46 A,  la hai hang sé.
0 1a bién ngiu nhién c6 phan b déu trén doan [0;27] v6i ham mat do

L nfu 0<u<2n

Jow) =17 2n

0  néunguoc lai

00 2n
E[x(t)] = E[A cos(wg? + 9)] =4 jcos(ooot +u)fo(u)du = 4 J. cos(mpt + u)zidu =0
T
—00 0

r(t,t + 1) = E[x(t)x(t + 1)] = E[4 cos(wyt + 8) A cos(w (¢ + T) + 6)]

2
= ATE[COS (@ (2t + 1) +20) + cos r]

4> A
= T(E[cos (mo 2t+1)+ 26)] + E[cos r]) = TCOS T
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2
A
Nhu vay {x(t) } 1a mdt qua trinh dirng voi ham tu twong quan K (1) = TCOS T.

1T( tjAz Az( o 1 T T
—.[ 1—— —COS’Cd’C=— SlnT‘ - TSIHT‘ +COST‘
T0 T) 2 2T 0 T 0 0

2

:A— sin” —sinT +
2T

ﬂj—w khi T —> o

Theo dinh 1y 5.11 {x(t) } 1a mot qua trinh dimg thoa man diéu kién (5.11) do d6 1a mét qua
trinh ergodic.

Ta ciing c6 thé kiém ching diéu nay bang cach tinh tryc tiép nhu sau: Vi qua trinh tudn

. . 2 e
hoan theo thoi gian véi chu ky 7)) = T hén trung binh theo thoi gian

®o
T, . T,
1 [ 4cos(eqr +0)dr = L) S D ]
Ty Ty ™ 0
Ty 2
1 [ 4 cos? (ot + 0)dt = AT — K, (0)= E[xz(z‘)].
09

5.4. MOT VAI UNG DUNG CUA QUA TRINH DUNG

5.4.1 Bd loc tuyén tinh
Gia str x(¢) 12 mot qua trinh dimg va A(f)1a ham kha tich tuyét ddi. Ta xac dinh qué trinh
mé&i L{x(t)}

L{x()y=y(t) = J.h(t —s)x(s)ds = h(t) * x(¢) (5.17)

duogc goi 13 bo loc tuyén tinh v6i ddp teng xung h(t) (impulse response).
Ham H(f) = eg{h(f)} duoc goi 12 ham truyén dat (transfer function) ctia bo loc.

Truong hop qué trinh véi thoi gian roi rac {x(n);nZO} va dap Gng xung la day

{h(n) }, n=0,£1,%2,... thi dau ra c6 dang

Lix(n)}=y(n)= Y h(n—m)x(m);

Ham truyén dat H(f) = Zh(m)e_iznmf )

m=—oo
Pinh 1y 5.12: Paura y(¢) cta bd loc tuyén tinh (5.17) ciing 14 qua trinh dimg véi ham tu
tuong quan
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K, (1) = h(=1) * h(t) * K (1) (5.18)
va mat do phé
L, (f)= ‘L) (5.19)

Vi du 5.8: Loc thong thip ( RC low - pass filter). Xét mach dién nhur hinh v&, trong d6 dién
tro thuan R, tu dién c6 dién dung C ; dién ap dau vao x(¢), dién ap daura y(z).

R

i(t) AANNA N o

x(1)

y(t)

11
o

O O

Ap dung dinh luat Kirchoff ta dugc RC % + y(t) = x(¢)

Trudng hop x(¢) 14 tit dinh (deterministic): y() = h(¢) * x(¢) , bang cach ap dung phép bién

ddi Fourier ta tinh duoc

h(t):{(l/RC)e_t/RC néu 10
0

néu t<0
1
H(f)=Y X(f)=s—
(=Y X(f) 5 IQnRC) S
Do d6 néu x(¢) 1a qua trinh dimg, theo cong thirc (5.19) ta dugc mat d6 phd cta diu ra cua
loc thong thap
1 7
£ ()= A

T 144n?R2C T

L - X . > N \
Neéu dau vao w(¢) la nhicu trang véi ham mat d¢ pho cong suat eJ/W ()= 70 thi dau ra

AGE

, _ Ny /2 _
Str dung bién d61 Fourrier nguoc taco K (1) = F 5 0/2 >3 (= m/ ke
Y 1+4n’R?C? f 4RC

Ny
Co at t binh P, E[ t] K, (0)=—%
o6ng suit trung bin yo(1) ,(0) ARC

InZ(f) _ In(Np/2) - In(l +4n*R*C? £?) _ Tln/(f)
1+f2 1+f2 % 1+f
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Téng quat hon ta c¢6 dinh 1y sau.

Pinh 1y 5.13 (A. N. Kolmogorov): Gia sir qué trinh y(¢) c6 thé biéu dién dudi dang bo loc

Y ix)} = (1) = [he = 5)x(s)ds = h(@) * x(2)

trong d6 dap tng xung thoa man A(r) =0 ; V ¢ < 0(bd loc nhan qua) véi ham truyén dat H(f).

~ ’ 2 lne@
Khi do x(r) la nhidu tréng khi va chikhi | L({)
1+ f

—00

df >—o0

5.4.2. Qua trinh ngiu nhién Gauss

Pinh nghia 4.5. Qud trinh ngdu nhién {x(t)} goi la quat trinh Gauss néu véi moi N va
m_oi tl 5 12 geees tN

X =(x(t)), x(t3)seerx(ty )

la véc to ngau nhién cé phian bé Gauss N chiéu.

Nhu vady ham mat do cua X c6 dang

£l ) 1 %l(x—m)c‘l(x—m)t
X|3Xpses Xy ) = ———=¢
¥ N [27detC

trong d6 X = (x,X,,...,Xy ); M :( my,my,..., My ), m; :E[x(tl-)]; ma trdn vudng hi¢p phuong

sail C=[Cy | 5 Cy=cov[x(t),x(t))].

(5.20)

Qué trinh Gauss 14 qua trinh dimg néu
m; = E[x(;;)] =m =hiing s6 va C; +|m|" = K,(t;~1,). (5.21)

Ngoai ra, néu x(2;), x(¢;); Vi# j khong tuong quan, nghia 1a

B[ x(t)x(t)) | = E[x(t)]E[ x(t))]

thi ma tran hi¢p phuong sai c6 dang

o> 0 0
2
c=| 0 o 0 (5.22)
0 0 o |

trong d6 o = K. .(0)= cov[x(ti), x(tl.)] .
Qua trinh Gauss c6 céc tinh chit sau:

1) fyx chi phu thuoc vao ma trin M va vecto m, vi vdy véc to ngau nhién Gauss chi phu

thudc vao cac moment cap 1 va cap 2.
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2) X = (x(tl), x(25),...,x(¢y) ) 1a véc to ngau nhién c6 phan bd Gauss N chiéu, do d6
cac bién ngau nhién thanh phan x(z,) cling c6 phan b Gauss.

3) Céc bién ngau nhién thanh phan x(z,), x(ty),...,x(¢y) doc lap khi va chi khi khong
twong quan. Diéu nay xay ra khi ma tran hiép phuong sai C 13 ma tran duong chéo dang (5.22).

4) Qué trinh Gauss dung theo nghia rdng khi va chi khi dung theo nghia chat (Xem
Chanmugan & Breipoht, 1988, trang 141).

5)Néu X =(x(t)), x(t5),...x(ty)) 1a modt véc to nghu nhién Gauss thi

( v(8), y(ty),..., y(tN)) cling 1a mot véc to ngau nhién Gauss, voi

t
[y(tl)a y(t2)aay(tN)] = A[x(tl)a X(tz),...,X(tN)]
trong d6 4 1a mot ma tran vuong cip N bat ky.
Tir tinh chit 5) ngudi ta ¢6 thé chimg minh dugc két qua rong hon nhu sau.

Pinh ly 5.14: Piu ra ciia mot qua trinh Gauss qua loc tuyén tinh 1a mot qua trinh Gauss.
Nghia 1a néu x(¢) 1a qua trinh Gauss thi

Y@y =h(e)*x(t)= [h(t=2)x)d)

—00
cling 1a mét qua trinh Gauss.
TOM TAT
Khai niém qua trinh ngiu nhién

Qua4 trinh ngiu nhién 13 mot ho cac bién ngiu nhién {x(t, o)tel } , I duoc goi la tap cac

chi s6 (thudng chi thoi gian).

Qua trinh cép 2

Qué trinh ngiu nhién x(¢) duoc goi 1a qua trinh cip 2 néu ton tai moment cp 2 v6i moi
tel.Nghiala E|x(t)|2 <Oy, St N

Ham trung binh  m(z) = Ex(¢), Vtel

Ham ty twong quan r(s,7)=E [x(s)%]

Khai niém qua trinh dirng

Qué trinh cap 2 {x(t) }t <7 duoc goi la qua trinh dumg néu:

1) m(t) = Ex(¢t) = m = const ,

2) Ham ty tuong quan r(s,t)=E [x(s)%} chi phy thudc vao s —¢ ; nghia Ia ton tai ham

K (1) saocho r(s,t) =K, (s—t); Vs,tel.
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Biéu dién pho cia qua trinh dirng

Gia st {x(t) }t <7 qud trinh dimg véi ham tu twong quan K. Néu ton tai #(f) sao cho:

1/2 00
K, (n)= j ™™ P(f)df khi =27 hoic K (1)= j Y P(f)df khi =R
-1/2 —o0

thi Z(f) duoc goi 1a mat do phd cia qua trinh dimg {x(t) }t ol -

Pinh 1y Wiener — Khintchine: Mat d6 phd cong suit PSD cua qué tinh ding {x(t) }t <7 €0
gia tri trung binh Ex(¢) = 0 bang mat do phd cua qua trinh nay.

Qua trinh dirng ergodic

Gia thiét Ergodic cho ring trung binh theo thoi gian moi cp tring vdi trung binh theo tap
hop & cip twong tmg. Qua trinh dirng thoi gian rdi rac {x(n);n >0 } goi 1a ergodic néu

2

lim E|x(0)+x(l)+....x(n—l) ol 20 m=Ex(n).

n—>0 n

Qué trinh dimg v&i thoi gian lién tuc {x(¢);t €R} c6 ham trung binh m(r)=m goi la

1 T
?(J.x(t)dtJ —m

0

2

ergodic néu lim E =0.

T—w

Qua trinh dung {x(t);t eR } v6i ham tu tuong quan K, (1) 1a ergodic khi va chi khi

1T

t
lim —||1-—= |K,(t)dt =0.
T—w T ( Tj =)
0
CAU HOI ON TAP VA BAI TAP
5.1 Ham trung binh m(¢) = Ex(¢),V t € I cla qua trinh ngiu nhién {x(t) }te] 1a mot bién ngau
nhién.
Pung I:I Sail:l .

T/2
5.2 Trung binh theo thoi gian — J.x(t)dt clia qua trinh ngau nhién {x(t) }t <7 la mot bién ngiu
-T/2
nhién.

Pung I:I Sai I:I

5.3 Ham tu twong quan cua mot qua trinh ding {x(t) }t <7 » la mot ham 2 bién theo thoi gian.

bung I:I Sail:l .

5.4 Mat d6 phd ctia qua trinh dimg bang bién doi Fourier ciia ham ty twong quan.

bung I:I Sai I:I
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5.5 Ham ty tuong quan cia qua trinh ding béng bién d6i Fourier ciia mat do phé cua qua trinh.

bung I:I Sai I:I

Qua trinh dimng c6 ham trung binh 14 ham hing nén trung binh theo thdi gian bang trung binh theo tap
hop.

Pung I:I Sai I:I

5.6 Cho {x(t) }tel 1a mot qua trinh dimg v6i ham trung binh Ex(¢) = m, V¢ . Ching minh ring
{30 },;» ¥(©)=x(t)—m 1a qua trinh dimg c6 ham trung binh Ey(¢)=0,V¢ va ham tu
trong quan K, =K.

5.7 Cho {x(¢) },.; 12 mot qua trinh cp 2 c6 tinh chat Ex(s) va Ex(s)x(s+¢) khong phu thugc
vao s . Ching minh rang {x(t) }t <; 12 qué trinh dung.

5.8 Cho {x(t) }t <; la mdt qua trinh dimg v6i ham ty twong quan K, (t). Chimg minh ring
{y(®) },;» @) =x(t+1)—x(t) ciing 1a qua trinh dimg. Tim hdm trung binh va ham tu
tuong quan.

5.9 Cho O 1a bién ngiu nhién lién tuc c6 phan bd déu trén doan [O,ZTE], Ay, 12 hai hang sé.
Chung minh rang x(z) = Ay sin(®yt +0O) 1a mot qua trinh dimg. Tim ham tu twong quan.
Qua trinh x(¢) c6 phai la qua trinh ergodic?

5.10 Cho © 1a bién ngiu nhién lién tuc co phan bd déu trén doan [0,27], R 1a bién ngiu nhién

_rz

Foh 2 .
lién tuc cO ham mat d¢ fr(r) = ?ezc , néu 0 <7 <o
0, néu <0
Gia sit ® va R doc lap, A > 0. Ching minh rang x(¢) = R cos(Af + ®) 1a mot qua trinh
dung voi trung binh 0 va ham tu tuong quan K (¢) = G2 cosht .
5.11 Cho A 1a bién ngdu nhién ¢6 phan bd chuan N(0;62). Dt x(¢) = Acos(107t). Tim ham
mat dd xédc suat cta x(¢). Qud trinh {x(¢) |,_, c6 phai la qué trinh dimg khong?
512Cho Z; va Z, la hai bién ngiu nhién doc lap c6 ciung phan bd xac suét
P{Z, = -1} 8P{ZJ5 1}:%. Dit x(t) = Z; cosht+Z,sinAt, L 1a hing s6. Chimg minh
x(¢)1a qua trinh dirng. Tim ham ty twong quan.
5.13 Cho qué trinh dimg {x(n) |

» €O trung binh Ex(n)=2 va ham ty tuwong quan

2n( 3 I .
K. (n)= 7(— Zj . Tim mat d¢ pho.
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5.14 Cho W (¢)1a qua trinh Wiener v&i tham s o’. Pit x(t) = e_wW(ezw) , o.> 0 Ia hang sd.

Chimg minh ring x(¢) 1a qué trinh Gauss ding véi ham tu tuong quan K (¢) = Gze_a‘t‘ ,

— o0 <t < oo. Tim mat do phd.
1

. — (B -
5.15 Cho qué trinh ding ergodic x(¢) c6 mat do phd 2. (f) =1 o2 ( |f

), néu |f| <B
0, néu ngugc lai

Tim ham ty twong quan.
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CHUONG VI: QUA TRINH POISSON

GIOI THIEU

Pau thé ky XX, A. A. Markov- nha Toan hoc va Vit Iy ndi tiéng nguoi Nga da dwa ra md
hinh toan hoc dé mé ta chuyén dong cua cac phan tir chat long trong binh kin. V& sau mé hinh nay
dugc phat trién va su dung trong nhiéu linh vuc khac nhu co hoe, sinh hoc, y hoc, kinh té,
v.v....va dugc mang tén la Qua trinh Markov.

Trong nhiing ndm gan day, qua trinh Markov duoc tmg dung rat nhiéu trong cac bai toan
kinh té, tin hoc, vién thong, dac biét 1a cac bai toan vé diéu khién téng dai v.v...

Qua trinh Poisson 1a dang dédc bi¢t cuia qua trinh Markov v&i thoi gian lién tuc. Qud trinh
Poisson X (f) md ta qua trinh dém s6 14n xuét hién mot bién c6 A nio d6 cho dén thoi diém ¢.
Qua trinh Poisson dugc ng dung nhiéu trong vién thong, lién quan dén bai toan truyén tin hiéu,
cac hé phuc vy, bai toan chuyén mach ...

Néu sb cudc goi dén mot téng dai 1a mot qua trinh Poisson, mdi cudc goi chiém dung thiét
bi trong mot khoang thoi gian nao do, gia st cac khoang thoi gian nay 1a cac bién ngiu nhién doc
1ap cing phan b, khi d6 tong sd gid goi 1a mot qua trinh Poisson phirc hop.

Qua trinh Poisson X () md ta quéa trinh dém s 1an xudt hién mot bién ¢ 4 nao d6 cho
dén thoi diém ¢. Gia st bién c6 4 dugc phan thanh 2 loai 4, 4, va tai mdi thoi diém viéc xut
hién bién cd A; hodc A4, la doc lap nhau, khi do ta c6 qua trinh Poisson c6 phan loai.

Qua trinh Poisson phuic hgp va qua trinh Poisson phan loai gitp ta tinh dugc san lugng
trung binh khi khai thac dich vu vién théng.

Trong chuong nay chiing ta khao sat cac van dé sau:

e Qué trinh dém, qua trinh diém.
e Qua trinh Poisson.

e Cac phan bb lién quan dén qua trinh diém Poisson: thoi diém dén thi 7 (hay thoi
gian chod) va khoang thoi gian gitra hai 1an dén lién tiép thir 7.

e Qua trinh Poissson c6 phan loai.
e Qua trinh Poisson phuc hop.

Qué trinh Poisson 1a co s& quan trong dé khao sat qua trinh sip hang dugc nghién ctru trong
chuong tiép theo.

B¢ hoc tot chuong nay hoc vién phai nam cac kién thic ¢ ban cua 1y thuyét xac suat.
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NOI DUNG

6.1. KHAI NIEM QUA TRINH POISSON

6.1.1. Qua trinh dém
Qué trinh dém rat thuong gip trong thuc té.
Gia sit A4 1a bién cb nao d6. Ky hiéu X(¢), >0 1a sb lan bién ¢6 4 xuét hién trong
khoang thoi gian tur 0 dén 7. Khi d6 {X (), t> 0} duogc goi 1a qua trinh dém.
Chang han ta ¢6 nhimng vi dy sau vé qua trinh dém:
= 4 1a bién cb khach vao diém phuc vu nao d6. Khi 4y X (¢) 1a s6 khach vao diém phuc
vu tinh dén thoi diém 7.
= 4 1abién cb c6 cudc goi dén mot tong dai nao d6. Khi Ay X (7) 1a sé cude goi dén tong
dai tinh dén thoi diém 7.

Qua trinh dém {X (t);t> O} c6 cac tinh chét ddc trung sau:

1. X(0)=0; (6.1)
2. X(¢) chi nhan gia tri 1a cac s6 tu nhién; 6.2)
3. X(s) £ X(1),0<s <. (6.3)

4. X(s,t]=X(t)-X(s),0<s<t,1a sd lan bién cd 4 xay ra trong khoang thoi gian
(s,t]. (6.4)

Ta goi {X(s,t], 0<s< t} 13 qud trinh diém Gng véi qua trinh dém {X(t); t2> 0}.
6.1.2. Qua trinh Poisson

Pinh nghia 6.1: Ta néi rang quda trinh {X(t); t> 0} la qua trinh Poisson vdi cuong dé A
(hodc tham s6 \.) néu:

i) X(0)=0;

ii) X (¢) chi nhdn gid tri la cdc sé tw nhién;

iii) {X(¢); ¢ > 0} la qud trinh c6 gia s6 doc lap, tiee 1, voi batky 0=ty <t; <1, <..<t,

cac gia s6 X(t))—X(ty), X(ty)— X(t)),..., X (t,) = X(t,_1) la cac bién ngdu nhién déc ldp.

iv) Moi gia s6 X (s +1t)— X(s) cé phan bo Poisson véi tham s6 Mt véi moi s >0,t> 0.

Pinh Iy 6.1: Néu qua trinh dém {X (), t> O} thoa mén cac diéu kién sau:

1. C6 gia 56 déc lgp, thc 1a Vm =2,3,... vavéi moi 0 =1, <t} <..<t, thicac giasb
X(tg:t11, X(t;3t9 1, X(t,,_15t,, ] 14 cic bién ngu nhién doc lap,

2. C6 gia s6 ding, tac 1a véi moi s >0. VO<t#; <t, thi cac gia sb X(f) +s;ty +5],
X(t;;t5] c6 cung phan bd xac suat. Nhu vay luat phan bd chi phu thudc vao khoang thoi gian va

khong phu thudc thoi diém.
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3. Xdc sudt xudt hién bién cé A gdn déu; tirc 1a ton tai A > 0 (téc do xudt hién bién cd A)
sao cho véi A > 0 kha bé thi

P{X(h)=1} = Ah+o(h). (6.5)
4.V6i h > 0 kha bé thi
P{X(h)>2}=0(h), (6.6)
thi {X (t);t=> 0} 13 qud trinh Poisson tham sé ).
Nguoc lai, qué trinh Poisson 1a qué trinh dém thoa mén 4 diéu kién trén.

Chirng minh: Diéu kién i), ii) cua dinh nghia qua trinh Poisson dugc suy tir tinh chat cia
qua trinh dém. Ttr 1) ta suy ra diéu kién iii). Theo 2) dé ching minh diéu kién iv) ta chi cin chimg
minh X (f) ¢ phan bd Poisson #(\t).

Pit p,()=P{X()=n}, n=0,12,..
po(t+h)=P{X(t+h)=0}=P{X(t)=0,X(t+h)— X (1) =0}
= po()po(h) = po () (1 Ah+o(h)),

po<f+h]z—Po<f> ——ip, (t)+% = PO ==Apy(t) = po(t)=Ce ™.

p,(0=1 = py)=e™ ;120.

Tuongty p,(t+h)=P{X({t+h)=n}=P{X(h)=0,X({t+h)-X(h)=n}

+PX (W) =1, X(t+h) - X(h)=n-1}+ > PX(h) =k, X(t+h)-X(h)=n—k |
k>2

= po()p, () + pi (W) P, () + X P, (Do(h) = (1= A ) p, (t)+ Ahp, () +o(h)
k=2

= Pp' O ==Ap,(O)+Lp, ().
Pit bién d6i Laplace ciia p,(f) 1a P,(s) = f/{pn () }

= P py ()= 5Py (s) = AP, (s) + hPyy(s) = Pn(s)=ﬁ 1 (5)

= B[ me -t = pw-r B e,
A+s (h+5)"1 (A+5) n!

Vay X () c6 phan bd Poisson #(At).

Nguoce lai néu {X (t);t> O} 1a qué trinh Poisson tham s6 A thi X(¢) c6 phan bd Poisson
#(\t) nén E[X (t)] = Var[X (t)] = Mt . Khai trién Taylor ta c6

P{X(h)=0}=e*" =1-Ah+o(h) khi h —0,
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P{X(h)=1}=Ahe ™ = Ah(1- Ah+o(h)) = Ah+o(h) khi h — 0.
Do d6 P{X(h)>2}=1-P{X(h)=0}-P{X(h)=1}=0(h) khi h — 0.

Nhén xét: Gia st qué trinh {X(£); £>0} dém s6 Ian xudt hién bién ¢ 4 1a qué trinh
Poisson tham s6 A >0 thi E [X (l)] =\. Nhu vay A 14 sb lan trung binh xdy ra bién c6 A trong
khodng 1 don vi thoi gian. Néu qué trinh {X(r); £ >0} dém s6 khach dén diém phuc vu thi A Ia
toc do dén trung binh.

6.1.3. Cac phan b lién quan dén qua trinh Poisson
Pinh nghia 6.2: Gia su {X (), t> O} 13 qua trinh Poisson dém s6 1an xuat hién bién cd A .
1) Ta ky hiéu W (n) la thoi diém dén (arrival time) (hay thoi gian cho, waiting time) thir n,
dé la thoi diém ma bién c6 A xudt hién lan thir n.
Quy uoc W(0)=0. 4
2) Ky hiéu S(n)la khoang thoi gian
gitta 2 lan dén lién tiép thir n «—>

(interarrival time), do la khoang thoi S, :

gian tinh tir thoi diém bién c6 A xdy

e
A

A

ra lan thir n—1 dén thoi diém xay ra

biéen co A lan thwr n.

Vay S(n)=Wn)-WwW(n-1).

Dinh ly 6.2:

1. Céc thoi gian d&én trung gian S(1),S(2),..., S(n) 14 cac bién ngu nhién doc 1ap co cing

phan bd mil tham sé A véi ham mat do
fsam@®=ne™M 1>0. 6.7)

2. W(n) c6 phan b6 Erlang tham s6#, 4 v6i ham mat do

Ty () = ?:t_nl_)l!e‘“ >0, (6.8)
Pic biét W (1) c6 phan bd mi.
3.V6imoi O<s<tva0<k<n
P{X(s) = K| X () = n}= Lﬂfjk (1 —fjn_k . (6.9)
K(n—k)\ ¢ t

Chu y rang néu X, X5,..., X, lacéac bién ngiu nhién doc lap c6 cing phan b mii tham s6

A thi X =X;+X,+---+X, cophan bd Erlang tham sé #n, 4 . Do d6 ¢6 ky vong va phuong sai:

E[X1+X2+---+Xn]=%; Var[X1+X2+---+Xn]=%. (6.10)
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Vi du 6.1: Gia sir s6 khach dén cira hang nao d6 1a 1 qua trinh Poisson véi toc d6 A =4
khach/ gio. Ctra hang mé cura lac 8h.

1. Tinh xé4c suit dé dén 8h30 co ca thay 1 khach; ddng thoi dén 10h30 c6 ca thay 5 khach
dén cira hang.

2. Tinh thoi diém trung binh khach thi 10 t6i.

3. Tinh xéc suit dé khoang thoi gian giita khach thir 10 va khach thir 11 16n hon 1/2 gio.
Gidi:

1. Xem t,=8h. Vay xéc suit can tim la

P{X(1/2) =1, X(5/2) =5} = P{X(1/2) = 1; X (5/2) - X (1/2) = 4}

4
2 8" _
2.—e

= P{X(1/2) = 1}P{X(2) =4} =2 5 ~0,0155.

2 B0y =219 _ohsg
A 4

3. P{S(1)>1/2} =1-P{S(1) <1/2} =1 —(1—;”;) =e’~0,135.

Vidu 6.2: Cho hai qua trinh Poisson dgc lap {Xl ();t=0 } va {X2 ();t=0 } véi cac tham
sO tuong tng Ay ,A, . Tim xac sudt dé X, (¢) =1 truéc khi X,(¢)=1.
Gidi: Ta can tim xac suat P {Wll < le} , trong d6 Wn1 1a thoi diém dén thr 7 cta qua trinh

X,(f) con W2 1a thdi diém dén tht m cla qué trinh X, (¢).

PIWE<W2) = [ A due ™ dudy = Tjﬂqemewdxdy ﬁ

0<x<y 0
Tong quat, ta co thé ching minh cong thirc sau

8 k n+m—l—k
P{W;<Wj}:lef+m_l( A J( 4 J . (6.11)

k=n A+h )\ AL+

6.2. QUA TRINH POISSON CO PHAN LOAI

Xét qua trinh Poisson {X ();t=0 } voi cuong do A (twong g v6i qué trinh dém s 1an
xay ra bién c¢6 A4). Gia str mdi khi bién ¢c6 A xay ra thi né dugc phan thanh hai loai: loai I véi xac
suat p va loai Il voi xac sudt ¢ =1 — p . Hon nita, gia sir su phéan loai bién c6 nay 1a doc lap véi

su phan loai bién co kia.

Chang han, khach dén cira hang theo qua trinh Poisson {X ();t 2 0} vGi cuong do A,

khach dugc phan lam hai loai: nam véi xac suat 1/2 va nit voi xac suat 1/2.
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Taky higu X;(¢) va X, (¢) 1a qua trinh &ém twong tmg v&i bién cb loai I va bién cb loai II.
Rérangla X(t) = X (6)+ X, (?).

Pinh 1y 6.3: Véi cdc diéu kién trén ta c6 X{(t) va X,(t) la hai qud trinh Poisson véi
cwong do twong umg Ap va hq . Hon nita, hai qua trinh nay la doc lap.

Chirng minh: Theo cong thic xac suat day du

o0
PX () =n, Xo()=m}="Y P{X|(t)=n, X,(6)=m| X(1) =k [P{X(t) =k }.
k=0

Vi X(1) = X{(0)+ X5 (1) = P{X () =n, Xy (6)=m| X(6)=k }=0 ¥ k#n+m,dods
PX,(t)=n, Xo() =m }=PX\(t) =n, X5 () =m| X(@) = n+m [P{X(@) =n+m}.

Mat khéc trong n+m bién ¢ c6 n bién ¢b loai I va m bién ¢b loai 1I. Do do, tir gia thiét

(kt)n-i—m
doc 1ap cua sy phan loai bién cb va P{X (Hy=n+m } " suy ra:
(n+ m)'

n+m n m
P{Xl (t) =n, X2 (t) =m } C’;11+mpnqm (}\’t) e—}\.t = (}\’tp) e-)\.tp (}\’tQ) e-)\.tq

(n+m)! n! m!
PiX,()=n}= i Xl(t):n,Xz(t):m}:Me_Mp.
P n!

Diéu nay chung t6 { 1(®);t=20 } la qua trinh Poisson vdi cuong do Ap .
Tuong tu {X 2();t2>0 } la qua trinh Poisson vdi cuong d§ Aq .
6.3. PHAN BO PEU VA QUA TRINH POISSON

Gia sur ta c6 mot doan thfmg chiéu dai bz‘ing t va co n hat cho trudc. Ta rai cac hat Ién doan
thang nay sao cho vi tri ctia céc hat trén doan nay 1ap thanh 7 bién ngiu nhién doc lap c6 phan bd
déu (mdi hat dong kha ning roi vdo timg diém). Ta ky hiéu U, 1a vi tri coa hat thu
k;k=12,..,n.Theo cachrdi cua tathi Uy, ...,U, lacac bién ngiu nhién doc lap co cung phan
b6 déu voi ham mat do.

nfu O0<u<t¢

1
Jow)=1 t
0

néu ngugc lai.

Bay gio ta sip xép lai ddy cac vi tri theo thir ty tir bé dén 16n. Bang cach iy ta duoc diy
Wy <W, <...<W, trong d W 1a bé nhét trong s6 Uy, ..., U, ; tuong tu W, 1a bé thir hai trong
s6 U,..,U,.Tagoi W,W,,.....,W, la théng ké thir ty cia phan bd déu trén doan 0;t] .

Pinh Iy 6.4: Ham phan bd dong thoi ctia W, W;,.... ,W, c6 ham mat do 1a
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nl
fle’ W, (Wl,.... ,Wn) = véi 0< W <wy <...<w, <f. (6.12)
t

DPinh ly 6.5: Gia st {X(t); t> O} 1a qué trinh Poisson véi tham s6 A va Wy, W,,....,W, la
céc thoi gian dén trong qua trinh Poisson nay. Khi d6, voi diéu kién X (¢) = n, phan bd dong thoi

cua W ,W,,.....,W, cé matdod

n! .
T wixyn Wiseen s W, ) =— v 0<wy <w;, <....<w, <t (6.13)

n n
t

Y nghia cua dinh 1y 6.5 1a: Véi diéu kién c6 dung 7 bién cb xay ra trong khoang thoi gian
(0;¢] thi cac thoi gian dén 1a théng ké thir ty ctia phan bb déu trén doan (0;7].

Vi du 6.3: Khach dén mot cira hang theo qué trinh Poisson voi cudng do A . Mbi khach
hang tra 1 nghin ddng dé vao cira tai thoi diém t = 0. Sau d6 gia duge giam theo thoi gian véi toc
dohagiala . Ta can tinh s tién trung binh M cira hang thu dugc trong khoang thoi gian (0;¢].

Khach hang thir k& dén tai thoi diém W) nén phai trd vé vao ctra voi gia e P Goi N(¢)
1a s6 khach dén trong khoang thoi gian (0;¢] thi

Theo cong thirc x4c suat day du ta co

© N(1)
M=)E ( e
k=1

N(t)=n P{N(z‘) = n} .
n=1
Giasu Uy, ..., U, lacac bién ngau nhién doc lap va cé phan bd déu trén doan [0;t]. Do tinh

N(?)
chat giao hoan ctua phép cong trong cong thuc E( Z e PV j va dinh 1y 6.5 ta c6
k=1

N()
E z e P

k=1

N(@) —n]—E[ieBU"] :nE(e_ﬂU‘)zﬁj‘e_ﬂ”du :%(l—e_ﬂ[) :

k=1 0

Suyra M :i(l—e_m)nf;nP{N(t):n} :é(l—e_m)EN(l‘):%(l—e_ﬂt) .

6.4. QUA TRINH POISSON PHUC HQP

Pinh nghia 6.3: Gid su {X(t);t > 0} la qua trinh Poisson voi cuong do A >0. 11,...,Y,
day cdc bién ngau nhién djc Igp, cimg phan bé va day ndy déc ldp véi {X(t);t > 0}. Khi d6 ta
goi

X
Z(t)= DY ; 120 (6.14)
k=1
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la qua trinh Poisson phitc hop.

Vi du 6.4: 1. Néu Y, =1 thi Z(¢) = X(¢). Do do, qua trinh Poisson thong thuong la qua
trinh Poisson phtrc hop.

2. Gia sir khach roi cira hang 13 qué trinh Poisson va tién mua hang cia khach 1a day cac

bién ngdu nhién doc 1ap, cung phan bd va diy nay doc lap v6i sd khach. Khi d6 ta ¢ qué trinh
Poisson phtrc hop Z(¢) 14 tién ban hang thu duoc tinh dén thoi diém 7.

3. Céc cudc goi dén tong dai 1a qué trinh Poisson va thoi gian goi cua mdi cudc 1a day cac
bién ngau nhién doc 14p, cting phan bd va diy nay doc 1ap véi cac cude goi dén. Khi do tong thoi
gian cua tit ca cac cudc goi cho dén thoi diém ¢ 1a mot qua trinh Poisson phiic hop.

4. Gia sir cac 1an chuyén dbi tai thi trudng chig khoan dién ra theo qua trinh Poisson. Goi
Y, 1a lugng thay d6i gi co phiéu giita 1an chuyén doi thr & —1 va thit k. Khi d6 ta c6 qua trinh

Poisson phirc hop Z(¢) 1a su bién dong tong cong gia co phiéu tinh dén thoi diém ¢.

Pinh ly 6.6: Ky vong va phuong sai cua qua trinh Poisson phtrc hgp:

EZ(1)=MEY, ; varZ(f) = MEY?, (6.15)
Ham phén bd
[ee} n
P{Z(t) <z} = ZM[’*’FH (2), (6.16)
7m0 n!
trong do Fy(z)=1, V z,

Fi(z2)=Fy (2)=P{X; <z}, V z,
F,(z) laham phan b cta ¥} +---+7Y,,.

Dic biét néu Y; +---+Y, c6 phan b mil tham s6 x thi F,(z) la ham phan bd Erlang

tham s6 n, u

n—1 k S k
F,(z2)=1- (U2) uz _ Y (U2) onz (6.17)
i k! i !

Vi du 6.5 (M5 hinh chan dong) Gia st X () 1a s6 lan chan dong trong hé nao d6 va Y 1a
lugng thiét hai tong cong do chén dong thir k gy ra P{Y, >0}=1.Khi d6 Z(r) 1a luong thiét
hai tong cong do chan dong gay ra tinh dén thoi diém ¢. Hé tiép tuc 1am viéc khi lwong thiét hai

tong cong bé hon a va nging hoat dong trong truong hop nguoc lai. Ky hiéu 7' 1a thoi diém hé
ngung hoat dong. Tinh ET (1a thoi gian trung binh h¢ ngiing hoat dong).

Gidi: Ta co T >t khiva chikhi Z(f) < a, tucla {T > t}={Z(f) < a}

= P{T>t}=P{Z(t)<a}= i%e_an (a).
=0 n:
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Dodé ET= jP (T>1)d (j(’m "“dtJF()_ ZF(a)
n=0 .

0 0
Dic biét khi cdc ¥, c6 phan bd mii tham s6 p thi

0 k
Zz(ua) ZZ(W) 2%2(1+k)%e_””=%(1+ﬂa)-
! k=0 :

nOkn ! kOnO

Chu thich: Trong vi du trén ta dd sir dung cong thic tinh ky vong cta bién ngiu nhién

e 0]
nhan gia tri khong am. Néu X 1a bién ngau nhién, X >0 thi EX = J. P{X > x}dx . Pac biét X
0

Ms

12 bién ngiu nhién roi rac nhan cac gia tri k£ =0,1,2,...thi EX = ZkP{X = k} =
k=1

P{X >k}.

bl
n

TOM TAT
Qua trinh Poisson

Ta néi rang qua trinh {X ()t 0} 1a qua trinh Poisson v6i cudong dd A (hodc tham s A)

1. X(0)=0;

2. X(¢) chi nhan gia tri 1a cac sb tu nhién;

3. {X(t); t> 0} la qua trinh c6 gia s6 doc lap, tic la, voi bat ky 0=ty <t; <ty <...<t,
cac giasd X(¢))—X(ty), X(t2)— X (#))s..» X(t,) = X(t,_;) 12 cac bién ngau nhién doc 1ap.

4. Mbi gia s6 X (s +1)— X(s) c6 phan bd Poisson vi tham s6 At véimoi s >0, 1> 0.

Néu qua trinh ¢ém {X (t);t= 0} thoa min cac diéu kién sau:

1. C6 gia sb doc lap, thc 1a Vm=2,3,... va véimoi 0 =1y <t <..<t,, thicic giasb
X(tg:t11, X(t;3t91,ees X(ty_13t,, ] 14 cc bién ngdu nhién doc lap,

2. C6 gia s6 dimg, tirc 1a véi moi s >0. VO<¢ <t, thi cac gia sb X(f) +s;ty +5],

X(t;;t5] c6 cung phan bd xac suit. Nhu vay luat phan bd chi phu thudc vao khoang thoi gian va
khong phy thudc thoi diém.

3. Xac suét xuat hién bién c¢6 A gan déu; tirc 13 ton tai A > 0 (tdc d6 xudt hién bién cd A)
sao cho vai & >0 kha bé thiP{X(h) = 1} =Ah+o(h).

4.V6i h>0 kha bé thi P{X(h)=2}=0(h), thi {X(¢); >0} 1a qud trinh Poisson tham
56 \.
Thoi diém dén va thoi gian giira hai 1an dén lién tiép
Ta ky hiéu W (n) 1a thoi diém dén thir 7, @6 1a thoi diém ma bién ¢b A4 xuét hién 1an thu
n.Quy udc W(0)=0.
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Ky hiéu S(n)1a khoang thoi gian giita hai 1an dén lién tiép thtr 7, d6 1a khoang thoi gian
tinh tir thoi diém bién c¢6 4 xay ra lan tha n—1 dén thoi diém xay ra bién c6 4 1an thir n.

1. Cac thoi gian dén trung gian S(1),S(2),...,S(n) 12 cac bién ngiu nhién doc 14p co cung
phan bb mii tham s§ A véi ham mét do fS(n) (1) = ke_M ;120.

an‘n_l Y

2. W(n) c6 phan b6 Erlang tham s6n,4 v6i ham mat do Swny(@®) = n 21! e ;620.
n—1)!

Dic biét W (1) c¢6 phan bd mi.

.. . . n! D s\ K
3. Véi moi O<s<t va 0<k<nm: P{X(S):k|X(t):n}:m ? 1-— .
\Nn—K):

4. Véi didu kién X (¢) = n, phan bd dong thdi cua W, W, ,.... , W, c6 matdo
n! “
le,....,Wn|X(t)=n(Wla““ ,Wn):t—n VO1 O<W1 <wy <..<w, <t.
Qua trinh Poisson c6 phan loai
Xét qua trinh Poisson {X ();t=0 } voi cuong o A (twong tmg véi qué trinh dém s 1an

xay ra bién c0 A ). Gia st moi khi bién c6 A4 xdy ra thi nd dugc phan thanh hai loai: loai [ véi xac
suat p va loai Il voi xac suat ¢ =1— p . Hon nira, gid st sy phan loai bién c6 nay 1a doc lap voi

sw phan loai bién c6 kia. Ta ky hi¢u X,(¢) va X,(¢) 1 qua trinh dém twong ting véi bién cb loai
I va bién c6 loai I RS rang 1a X (7) = X (1) + X5 (2) .

V6i cac diéu kién trén ta c6 X{(¢) va X, (¢) 1a hai qua trinh Poisson véi cudng do twong
ung Ap va Ag . Hon nita, hai qué trinh nay la doc lap.

Qua trinh Poisson phirc hop

Gia su {X(t);t > O} 14 qua trinh Poisson véi cuong dd A > 0. Y;,...,Y, ddy cac bién ngiu
nhién doc lap, cung phan bd va day nay doc 1ap véi {X (t);t > O}. Khi d6 ta goi

X
Z(t) = Z Y, ; t=0 la qua trinh Poisson phurc hop. Ky vong va phuong sai cua qué trinh
k=l

Poisson phtic hop: EZ(¥) = AEY; ; varZ(t) = ktEle , P{Z(t) < z} = i%e_“Fn (2).
n=0 :
CAU HOI ON TAP VA BAI TAP
6.1 Qua trinh Poisson c6 khong gian trang thai 1a tip cac sb tu nhién.
bung I:I Sai I:I
6.2 Moi qua trinh dém 13 qua trinh Poisson.
Dung I:I Sai I:I
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6.3 Néu qua trinh {X (t);t> 0} dém sb 1an xut hién bién cé A4 1a qua trinh Poisson tham s6

A >0 thi A 14 s lan trung binh xay ra bién ¢d A trong khoang 1 don vi thoi gian..
Pung [ ]sai[].

6.4 Gia sir {X(¢); ¢ >0} la qué trinh Poisson dém s6 1an xuét hién bién c& 4. W (n) 1a thoi gian

dén thtr n. W (n) 1a cac bién ngdu nhién doc 1ap co cung phan bd Poisson.
Ping [ sai [

6.5 Gia sur {X (t);t> O} 1a qua trinh Poisson dém s6 lan xuat hién bién c6 4. S(n)1a thoi gian
dén trung gian thir 7. S(n) 13 cac bién nglu nhién doc 1ap c6 cung phan bé mil.

pung [ ] sai[_].

6.6 Gia st {X (t);t> 0} 1a qué trinh Poisson dém sb 1an xuat hién bién c6 4. Gia sir mdi khi
bién cb6 4 xdy ra thi n6 dugc phan thanh hai loai: loai I va loai II. Hon nira, gia s sy phan
loai bién c6 nay 1a doc lap voi su phan loai bién cd kia. Ta ky hiéu X, (f) va X,(¢) 1a qua
trinh dém tuong tmg vai bién cb loai I va bién cb loai II thi X[ (¢) va X, (¢)ciing 13 hai qua

trinh Poisson.

Dung I:I Sai I:I

6.7 Cac birc dién giri téi buu dién 1a qué trinh Poisson véi téc do trung binh 3 birc trong 1 gio.
a) Tinh x4c suét dé tir 8h00 dén 12h00 khéng co6 birc dién nao.
b) Tinh phan b cua thoi diém tai d6 nhan dugc birc dién dau tién sau 12h00.

6.8 SH cudc goi dén tong dai 14 qua trinh Poisson X (¢) véi tc d6 trung binh 2 cude goi trong

mot don vi thoi gian. Hay tinh:
a) P{X(1)=2} va P{X(1)=2,X(3)=6}.
b) P{X(1)=2|X(3)=6}va P{X(3)=6|X(1)=2}.

6.9 Cho X(f), >0 1a qué trinh Poisson voi cuong d§ A = 2. Hay tinh:
a) EX(2), EX*(1), E[x(1)-X@)].
by P{X(1)<2}, P{X(1),X(2)=3}.

6.10 Cho {Xl (t),t= 0} va {Xz (1),t > O} la cac qua trinh Poisson ddc 1ap véi cac cuong do la A
va A, twong tmg. Chiing minh rang {X O =X10)+X,@),t2 O} la qua trinh Poisson vdi cuong
do la }\,:7\41 +7\.2.

6.11 Cho {Xl (t),t > O} va {Xz (t),t > O} 1a hai qua trinh Poisson d¢c 1ap véi cac cuong do 1a A,

va A, tuong tng.
a) Tinh x4c sudt @& X;(¢) =1 trudc khi X,(t)=1.

b) Tinh xéc sut dé X (¢) =2 trudc khi X, (¥)=2.
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¢) Tinh xac sudt &¢ X,(¢) =n trudc khi X, (t)=m.

6.12 Khach ti cira hang theo qué trinh Poisson v&i cudong do 5 ngudi mot gid. Biét rang trong 2
gid dau di c6 12 khach toi, tinh xac sudt (c6 diéu kién) dé c6 5 khach toi trong gior dau tién.

6.13 Khach toi ctra hang theo qué trinh Poisson voi cuong do 10 ngudi mot gio. Khach co thé
mua hang véi xac suat p = 0,3 va khong mua hang voi xac suat ¢ = 0,7 . Tinh xac suat dé trong
gio ddu tién c6 9 ngudi vao cira hang trong s6 d6 3 ngudi mua hang, 6 ngudi khong mua.

6.14 Cho qua trinh Poisson {X (),t= 0} v6i tham s6 L. Goi S, 1a thoi gian dén trung gian thi
n. Hay tinh ES, va E[ X (4)- X (2)|X(1) =3].

190



Churong 7: L ¥ thuyét sap hang

CHUONG VII: LY THUYET SAP HANG

GIOI THIEU

Trong nhiéu hé théng phuc vu, cac khach hang (costumer) phai dung chung tai nguyén, phai
chd dé duge phuc vu va déi khi bi tir chéi phuc vu. Ly thuyét qua trinh sip hang (queueing
process) xac dinh va tim cac phuong an t6i wu dé hé théng phuc vu tot nhat.

Trong nira dau cua thé ky 20 1y thuyét sép hang da dugc Umg dung dé nghién ctru thoi gian
doi trong cac hé thong dién thoai. Ngay nay Iy thuyét sip hang con c6 nhidu ing dung trong cic
linh vuc khac nhau nhu trong mang may tinh, trong viéc quan ly xi nghi€p, quan ly giao thong va
trong cac hé phuc vu khac... Ngoai ra 1y thuyét sip hang ciing con 1a co s¢ toan hoc dé nghién
ciru va mg dung trong nhiéu bai toan kinh t& nhu dau tu, kiém ké, rai ro cia bao hiém, thi
truong chimg khoén ... Chudi Markov 13 qua trinh sip hang véi thoi gian rdi rac da duoc xem xét
trong gido trinh xac suét thong ké. Qua trinh sinh tir cling 1a qué trinh sap hang, trong d6 sinh biéu
thi su dén va tir biéu thi sy roi hang cua hé théng.

Nguoi ta phan loai cac qua trinh sap hang dua vao luat phan b cua qua trinh dén, luat phan
bd phuc vy, nguyén tic phuc vu va co cAu phuc vu. Trén co s& phan loai nay ta c6 ky hi¢u
Kendall 4/B/k hoic A/B/k/N ,trong 6 A 1a ky hiéu luat phan bd cta qua trinh dén (hay
qua trinh dén trung gian), B ky hiéu ludt phan bd ctia qua trinh phuc vu, k& ky hiéu sb server va
N ky hiéu dung lugng tdi da ciia hang.

Dbi vai Iy thuyét sip hang ta quan tdm dén cac sé do hiéu ning, d6 1a cac gia tri trung binh
khi qué trinh dat trang thai dimg bao gébm: d6 dai hang doi trung binh cta hang, d6 dai hang doi
trung binh ctia hé thong, thoi gian doi trung binh cia hang (tré cta hang) va thoi gian doi trung
binh cta hé théng (tré ctia hé théng). Dé tinh cac dai lugng nay ta co thé sir dung phuong phap
giai phuong trinh tich phan dang Wiener-Hopf hodc phuwong phap khao sat chudi Markov nhiing.
Tir d6 suy ra cac cong thie tinh cac phan bé 6n dinh cho cac loai hang M /M /k, M /M /k/N ;
Cong thirc tong quat tinh cac gia tri trung binh nay cho cac hang G/G/1 va cong thic cu thé cho
cac hang dac biét M /M /1, M/D/1 va M /E; /1. Tuy nhién trong chuong nay chiing t6i chi
cung cép cac két qua dudi dang céc cong thirc va khong chung minh.

Huéng ung dung vao vién thong: Mot trong nhitng bai todn quan trong cta 1y thuyét
chuyén mach 1a vin dé xung dot thong tin, ngh&n mach hodc rét cude goi. Ly thuyét sap hang sé
xac 1ap phwong an toi wu dé khic phuc nhitng van dé trén. Ngoai ra Iy thuyét sip hang ciing duoc
ung dung rong rai trong cac h¢ phuc vu khac.
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NOI DUNG

7.1. KHAI NIEM VA PHAN LOAI QUA TRiNH SAP HANG
7.1.1. Khai niém qua trinh sip hang

M5 hinh tong quat ctia 1y thuyét sip hang 1a khach hang dén & mot thoi diém ngiu nhién
nao d6 va yéu cau dugc phuc vu theo mot loai nao d6. Gia thiét thoi gian phuc vu c6 thé ngiu
nhién

) - Céc khach hang yéu cau
Nguon vao < .
- va tim kiém dich vu

Qua trinh dén

Qua trinh dén trung gian ¢,

D3 ' Hang dgi
(0) 1
dai ¢ Dung luong:
hang ! Hiru han hodc v6 han
bo doi ' & Quy tac phyc vu:
dai i FIFO hoac LIFO
hang o _l ________________ 7
cua hé i
thdng i
v E
Phuong tién phuc i
vu E

Paura

Dat ¢, la khoang thoi gian giira 2 lan dén cua khach hang thir n va thtt n+1. Ta gia dinh

rang tat ca cac ¢ n (n>1)1a doc lap va co cung phan bd. Vi vy viéc dén cua cac khach hang tao

. , , 1
thanh 1 hang keé ti€p nhau véi toc d¢ dén la A = 0 . Ta goi qua trinh {tn;n =1, 2,...} la qua
1

trinh dén. Khach hang dén hé thong yéu cau cac server cua h¢ thong phuc vu. Ta gid st rang
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khach hang thir 7 cin mot thoi gian phuc vu 13 s a (n21), tat ca cac s ,», doc 1ap va co cung phan
bb. Qua trinh {Sn;l’l =1, 2,...} duoc goi 13 qua trinh phuc vu. Ta ciing gia thiét ring cac thoi gian
dén trung gian doc 1ap voi thoi gian phuc vu.
Qué trinh sip hang dugc phan loai dira vao céc tiéu chi sau:
1) Phan bd cia qua trinh dén (input process) {tn ;n=1, 2,...} .
2) Phan bd cua thoi gian phuc vu (service distribution) {Sn n=1, 2,...}.

3) Nguyén tic phuc vu: Cac khach hang dén duoc sip xép vao hang chd dén luot duoc
phuc vu. Dé don gian ta gia thiét chi c6 mot hang. Tuy nhién trong nhiéu truong hop co
thé mé rong cho nhiéu hang cung hoat dong song song. Néu do dai hang c6 dit ngudng
thi cac don vi dén hang khi hang ddy vuot ngudng s& bi loai. Cac khach hang dugc
chon dé phuc vu theo nguyén tic "dén trude phuc vu truée" (FIFO), nghia 1a phuc vu
cho khach nao ding dau hang.

4) Co céu phuc vu: Mot phuong tién phuc vu bao gdbm mét hay nhiéu Server. Cac Server
c6 thé két ndi thanh chudi vi thé mdi yéu cau phuc vu dugc phuc vu theo nhiéu cach
hodc 14n luot hodc song song.

7.1.2. Phan loai Kendall

Kendall (1951) d3 da ra ky hiéu 4/B/k dé mé ta cic tham sb co ban cua hé thng séip
hang, trong 46 A biéu dién dang cua phan b thoi gian dén trung gian, B 1a dang phan b thoi
gian phuc vu va k 1a sé Server.

> Néu luat phan b6 dwoc xét dudi dang tong quat thi 4 hoic B liy ky hidu G
(General). Doi khi nguoi ta con ky hiéu G/ (general independence).

> Néu qua trinh dén 1a qué trinh Poisson, nghia 13 thoi gian dén trung gian c6 phan b mil
thi 4 dugc ky hiéu M (Markovian). Tuong tu néu thoi gian phuc vu c6 phan bd mi
thi B ciing dugc ky hiéu M .

> Néu thoi gian dén trung gian hodc thoi gian phuc vu c¢6 phan bd Erlang-k thi 4, B
duoc ky hiéu £y .

> Néu thoi gian dén trung gian hodc thoi gian phuc vu 14 hang sé thi 4 hodc B duoc ky
hi¢u D (Deterministic).

Khi mot vai thiét bi phuc vu c6 dung lwong hitu han thi hé théng chi ¢6 thé chira dén N
khach hang. Néu ¢ trong hang di ¢c6 N khach hang chua duoc phuc vu thi khach hang méi dén
s& bi tir chdi hodc bi mét. Trong truong hop nay hé thong duge ky hiéu A/ B/k/N .

7.1.3. Cac s6 do hiéu niing
1) L,: DS dai hang doi trung binh cua hang, do6 1a ky vong cua chudi thoi gian lién tuc

{l . (z‘)}t>0 trong do [, (?) la s6 khach hang doi trong hang tai thoi diém ¢.
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2) L: Do dai hang doi trung binh cta hé théng, d6 1a ky vong ctia chudi thoi gian lién tuc
{l(t)}tzo trong d6 [(¢) 1a sb khach hang trong hé thong tai thoi diém ¢. Vay

() =1,@)+ s6 khach hang dang dugc phuc vu.

3) Wq: Thoi gian dgi trung binh cta hang 1a ky vong cia qua trinh thoi gian roi rac
{qn;n =1, 2,...} trong d6 ¢,, 1a khoang thoi gian ma khach hang thtt n phai doi trong
hang cho dén 1ac anh ta duwoc nhan phuc vu.

4) W : Thoi gian doi trung binh cua hé théng la ky vong cua qua trinh thoi gian roi rac
{wn;n =1, 2,...} trong d6 w, =gq, +s, la thoi gian khach hang tht n & trong h¢

thng, d6 1a thoi gian doi trong hang va thoi gian duge phuc vu.

7.1.4. Két qua nhé ( Little's result )
Cong thirc lién hé gitra do dai hang doi va thoi gian doi ¢ trang thai can bang

L=\W (7.1)
L, =AW, (7.2)

trong d6 A la tdc do dén duoc dinh nghia nhu sau:

1= lim E {s6 khach dén trong khoang (0; t]}
t—00 t

(7.3)

7.2. HANG M /M /k

7.2.1. Trang thai 6n dinh cia hang M /M / k
Hang M /M /k c6 qué trinh dén Poisson, thoi gian phuc vu theo phan bd mil va & Server.
Trong truong hgp nay chudi thoi gian lién tuc {Z (t)}t20 véi khong gian trang thai {O, 1 2,...} la

mot qué trinh sinh tir v han ¢6 c6 toc do sinh A, = A va toc do tir u; = min(k,i)u.

¢ Khi A > kp hay cuong do luu thong (traffic intensity) p = r >k thi hé théng khong dat
1)

duoc trang thai én dinh. Chudi {{(¢)},., khong héi qui (transient). S§ cac khach hang

trong hé thong s& dan dén vo han.

¢ Khi A=kp hay p =k, chudi {{(t)},5 hoi qui khéng (null - recurrent), h¢ thong ciing
khong dat trang thai on dinh. Sé khach hang trong hé thong khong tién vé mot trang thai
nao. Thoi gian trung binh dé hé thong xuat phat tir mot trang thai bat ky quay vé lai trang
thai nay 1a vo han.

¢ Khi X <kp hay p <k, chudi {l (t)}zzo hoéi qui dwong (positive recurrent) va hé thong

dat dugc trang thai 6n dinh. Nghia Ia khi tdc d6 dén nho hon tée do phuc vu tdi da ctia hé
thong thi sé khach hang & trong hé théng c¢6 khuynh hudng tién vé khong va hé thong
quay trd lai trang thai 1 néu c6 mot khach hang méi dén khi hé théng dang rong.
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¢ Tai thoi diém ¢ bat ky dat d(¢7) 1a khoang thoi gian cho dén khi khach hang tiép theo rdi
khoi hé théng. Pinh 1y Burke phat biéu rang khi # — oo thi d(¢) c¢6 phan b6 mii véi
tham s6 A va doc lap véi s6 khach hang trong hé thng tai thoi diém 7. Noi cach khac,
chudi gii han cac khach hang roi khoi hé thong M /M /k 1a mot qua trinh Poisson
tham s6 A (Burke, 1976).
R rang rang tdc d6 roi khoi hé thong phai bang téc d6 dén dé hé thong trd lai trang thai 6n
dinh. Tuy nhién, rat kho hinh dung duoc khoang thoi gian gidi han cho t&i khi khach hang tiép
theo roi hé thong lai doc 1ap voi sb khach hang trong hé thong. ..

7.2.2. Phén b6 dirng ctia hang M /M / k
Khi A <kuy hay p= 4 <k thi hé thong dat trang thai 6n dinh c6 phan bd dimg thoa man:
Y7,

n

PP e 0<n<k

pn+1=—/j21 ﬂ" Po= > (7.4)
Mottt POy sk
K" F !

[e 0]
T dicukién ) p, =1suyra

n=0
ok S -1
Po= {F [—] +> —,} (7.5)

k—p

7.23.Hang M /M /k/N

Day 1a hang c6 qua trinh dén Poisson véi toc dd A, thoi gian phuc vu ¢ phan bd mii toe do
u voi k Server. Trang thai ctia hé théng bi gidi han boi sb lugng N . Khi mét khach hang dén hé
thdng thi xay ra hién twong sau: Néu di c6 da N khach hang trong hang thi 1ap tic khach hang
nay rdi khoi hé thdng con truong hop nguoc lai thi khach hang s& xép vao hang cho. Nhu vay
khong gian trang thai cta chudi {l (t)}tzo la {0,1,...,N }, day 1a mot qua trinh sinh tir hiru han.
Chudi /(¢) chuyén tir trang thai ; dén i+1 khi mot khach hang dén va doi trang thai i vé i—1
khi mot phuc vu vira hoan tat. Téc do sinh 1a hing sb A ;=A véimoi i=12,... Téc @6 tu
p; =min(k,)p.

Hé thdng dat trang thai on dinh v6i phan bd ding thoa man:

n

PP s 0<n<k
p=1 " (7.6)

K"k
k N—k n 1 -
L~ p = p"
_ P 7.7
Po=1 nzo(k] “ 7.7)
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Mot vai truong hop dac bit
¢ Khi N — oo ta c6 nhan dugc cong thie (7.4)-(7.5) cua truong hop M /M / k .

¢ Khi N =k ta dugc cong thirc mat cua Erlang (Erlang's loss formula).
7.3. HANG G/G/1

Hé thong co 1 Server, qua trinh dén 13 tong quat nhung cac thoi gian dén trung gian ¢, doc
1ap, c6 cung phan bd va co ky vong chung 1a E[tl ] Thoi gian phuc vu trong mdi chu ky ciing doc
1ap, cting phan bd va c¢6 ky vong chung E[Sl]. Kendall ky hiéu hé thong nay 1a G/G/1 (ciing co
khi ky hiéu GI/GI/1, ¢ day I thay cho independence nghia la doc lap).

Ta s& dua ra 3 phuong phap dé phan tich cac trudng hop dic biét dbi véi qua trinh sap hang
G/G/1.

¢ Phuong phép thi nhit duoc goi 13 phirong phdp phwong trinh tich phén. Phuong phap
nay dua bai toan tim cac phan bd gidi han thoi gian doi ciia khach hang tha n (khi
n — o0) vé bai toan giai phwong trinh tich phan dang Wiener - Hopf.

¢ Phuong phép tht 2 khao sat chuéi Markov nhiing (Embedded Markov Chain). Néu quéa
trinh dén 1a Poisson thi chudi Markov nhung dugc xét 1a 6 dai cua hang tai nhiing thoi
diém khi co mot khach hang vira dugc phuc vu xong.

Néu thoi gian phuc vu ¢6 phan bd mii va quéa trinh dén co phan bd tong quat thi chudi
Markov nhing c¢6 duoc bang cach ké khai kich thudc ctia hang tai mdi thoi diém khi c6 mot
khach hang méi dén. Khi d6 qué trinh tré thanh mot chudi Markov véi cdu trac dac biét.

¢ Phuong phap thtr 3 nghién ciru cac tinh chat ciia bién ngau nhién W (¢) 1a thoi gian mot
khach hang phai doi néu anh ta dén hé thong tai thoi diém 7. Pai luong nay duoc goi 1a
thoi gian doi thuc sy ctua khach hang véi gia thiét khach hang dén hé thdng tai thoi diém
t.

7.3.1. Phuwong phap phwong trinh tich phan
Ky hi¢u:
¢ W, lathoi gian doi ctia khach hang thit 7 (khong bao gdm thoi gian phuc vu).
¢ s, lathoi gian phuc vu khach hang thir 7.
¢ ¢, lathoi gian dén trung gian ctia khach hang thir # va thr n+1.
¢ T, lathoi diém khach hang thir  dén hé thong,

v6i gia thiét W,,s,,T, déu bang 0. Nghia I3 ta gia thiét rang nguoi thir nhat dén tai thoi diém
t =0 va khong c6 ai ding cho trudce anh ta.

RS rang W, + s, 1a khoang thoi gian khach hang thir # & trong hé thong (thoi gian chd +
thoi gian phuc vu). Do d6, néu t, >W, +s, thi khi khach hang thtr n+1 dén s& khong co ai
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trong hang vi vay thoi gian doi W, =0. Truong hop ¢, <W, +s, thi thoi gian doi la

W, +s,—t,. Tom lai

s S @
Ky hi¢u
U,=s,—t, va Z"=max(Z,0) (7.9)
thi
Wit =Wy +5, =1,)" =W, +U, )" (7.10)

{U, |7, 1a ddy cac bién ngdu nhién doc 1ap, cing phan bd voi U. Gia sir F,(x) 1a ham
phan bé ciia W, va g(x) la hAm mat d§ phan bb ciia U. Vi W, va U, lacéac bién ngiu nhién
doc lap, do d6 véi moi x> 0:

F, . (x)=P{W,,, <x}=P{max(W,+U,;0)<x}=P{W,+U, <x|

0

= [ P, +U, <AU, =y} gdy = | F,(x=»)g()dy (7.11)

—0 y<x
Vi ngudi thir nhit dén hé thong tai thoi diém ¢ = 0 va khong doi nén

1 néu x>0

Fy(x) ={ (7.12)

0 néu x<0
Mat khac: F, (x) =0 voimoi x <0, véimoi n =0,1,2,... Do d6

F(x)-F(x)>20, VxeR.

Fy()=Fpy ) = [[F(x=3) = F, (x = »)]e(n)dy
<X

Bing qui nap ta chimg minh duoc, voi moi n
F,(x)—F,1(x)20, VxeR. (7.13)
Day ham {F - (x)};f:l khong ting, khong 4m nén hoi tu vé ham F(x), V x € R. Chuyén qua
gidi han cua dang thie (7.11) ta duoc:

F(x)= [F(x=»)g(y)dy (7.14)

y<x

bat z=x—y taduogc
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F(x)= jF(z) g(x—z)dz = F(x)* g(x) (7.15)

Dinh ly 7.1:
(i) Véimoi x<0, F(x)=0.

(i) Néu E[U]= jxg(x)dxzo thi F(x)=0, VxeR.

—00

e}
(iii) Néu E[U ] = J-xg(x)dx <0 thi F(x) 1a ham phéan bd (1a ham khong giam, lién tuc trai va
—00
thoaman lim F(x)=0, lim F(x)=1).
X—>—0 X—>0

Pinh nghia 7.1: Thoi gian tir lic mét khdch hang roi khéi hé thong va hé thong tré thanh
rong cho dén khi ¢6 mot khdch hang tiép theo dén hé thong goi la chu ky réi ciia hé thong. Ky
hiéu chu ky roi thir n la i,,.

Pinh ly 7.2: Néu E[U ] < oo thi hé thong dat duoc trang thai 6n dinh va thoi gian doi trung

] H] .16

"~ 22E[U] 2E[;

binh trong hang

trong d6 i; 1a chu ky rdi dau tién.

Nhin xét: Néu ta tinh duwgc moment caplva cp 2 cla thoi gian rdi i thi cong thirc (7.16)
cho ta tinh duoc thoi gian doi trung binh cua hang W, . Dya vao "két qua nho" (7.1) s& cho phép
tinh duoc cac s6 do hiéu nang con lai L,Lq va Ww.

7.3.2. HangM /G /1
Ta gia thiét qué trinh dén Poisson toc do A, nghia 1a qué trinh dén trung gian t, c6 phan bd

mil téc d6 A. Qua trinh phuc vu {s - } dugc xét mot cach tong quat nhung gia thiét thoi gian phuc

vu trong cac chu ky 1a doc 1ap v&i nhau va c6 cung luat phan bo.

Do d6 cuong do luu thong
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E[U?] :E[(sl —11)1:E[sf}—ZE[sl]%+%:E[sf]+ 2(;”) .

Mit khac, vi qué trinh dén 1 Poisson nén khoang thoi gian tir mot thoi diém bat ky dén luc
¢6 mot khach hang tiép theo dén hé thong ludn c6 phan bd mii. Do d6 thoi gian tir lic mot khach
hang roi khoi hé thong va hé thng tré thanh rdng cho dén khi ¢6 mot khach hang tiép theo dén hé

thong (chu ky rdi cua hé thdng) ciing c6 phan bd mii toc do A. Vay

E[i] :%; E|i | =%.

Thay vao cong thtrc (7.16) cua dinh 1y 7.2 ta dugc cong thiic Pollaczek - Khinchin (P-K)
chohang M /G/1

20-p) 2
. _E[sﬂ+ ﬁp _Z_/IE[SE} (7.17)
T 2-p) 2 201-p) '

A A
W =W,+E[s] (7.18)

Ttr "két qua nho" (7.1)-(7.2) suy ra cac s6 do hiéu nang con lai.
7.3.3. Cac truwong hgp dic biét cia hang M /G/1

1) Hang M /M /1: Qua trinh dén Poisson véi toc do dén A, thoi gian phuc vu c6 phan
b6 mii toc do .

2 A
E[s]=—; E| s |=—=; p=2=. (7.19)
)= o] 2 =2
22
2 A
W, - Y S (7.20)
2[1_/1] p(u=2)
U
W=, Y4 11 (7.21)
uoopu=A) pu op-A
2
L:/IW:L; L =W % (7.22)

p=AT T (= A)

2) Hang M /D/1: Qua trinh dén Poisson véi toc ¢ dén A, thoi gian phuc vu khong d6i
tbc do .

E[sl]:%; Var[sl]:E[sf}E[sl]2 =0 = E[slz}:%; p:%. ( 7.23)
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A
102 )
W,=—"+—= (7.24)
2[1_/1j 2u(p—2)
7

W:Wq+l: A1 _2u-d (7.25)

uo2p(p—=A) p 2u(u—2)

2 2
L=W A Ao o—aw 4 (7.26)

=} —’ q q [ —
2u(u-1) w 2u(u—14)
3) Hang M /E; /1: Qua trinh dén Poisson véi toc do dén A, thoi gian phuc vu ngu

nhién doc l4p c6 cung phan bd Erlang- k v6i tc do .

1k ko1 . [ 5]
Els|=—=—; var|s|=—==—— = E|s] |[=—+—; p=— 7.27
[1] u AO [l] /102 k,uz |:l] k/,lz luz P ( )
Ak +1)
2
oo kw _ (k+DA (7.28)
‘ ( ﬂj 2kp(p—2)
2 1-Z
y7]
W = q+l:M+l (7.29)
uo 2kp(u—21)
2 2
= KEDA Ay - DA (7.30)

C2kp(u—A) p T 2kp(u—A)

Trong cong thirc trén ta da st dung (6.10) chuong 6.

Nhén xét:
1. Thoi gian doi trung binh Wq ma mot khach hang phai mat ¢ hang doi 1 s do tré xay
ra & hé thong sép hang. Ta c6

Wortion <Wontig,n <Womimn (7.31)

Khi k=1: WqM/Ek/l ZWqM/M/l'

Khi Kk > o: lim WqM/Ek/l =WqM/D/1'
k—0

2. Xét hé toa d6 truc chuan Oxy . Trén truc hoanh ta chon cac hoanh d0 nguyén

A .
k=1,2,..., truc tung chon don vi la m thi d6 thi cua W, s, g, /1 1a hyperbol

k_;{l :%+i dat cuc dai bing 1 khi &k =1 va tiém can dén % khi k — 0.
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A

n(p—2)
thi hang doi tang 1én nhanh chong ti 1€ nghich véi hi¢u s6 hai tdc do.

3. Hé sb 16n néu A gin bing i . Nhu vay khi tbc do dén gan vai tc d6 phuc vu

pu(pu—2) :-.

N | =

v

7.3.4. Phwong phap chudi Markov nhiing 4p dung cho hang G/ M /1

Xét hé thong sdp hang c¢6 1 server, cac chu ky thoi gian phuc vu s, doc lap cung co phan
bd mii tbc d6 p. Qua trinh dén 1a doc lap, tong quat, co cung phan bd va thoi gian dén trung gian
12 bién ngiu nhién c6 ham phan bd H ().

Ta xét chudi Markoy nhuing 1a s6 khach hang trong hang tai nhiing thoi diém khi c6 khach
hang méi dén hé thdng.

Goi ¢ 1a trang thai ctia hé thong khi c6 1 nguoi méi dén va goi ¢' 1a trang thai sau khi o 1
ngudi tiép theo dén :

g=q+1-N (7.32)

trong 40 N 1a sb khach hang duoc phuc vu trong chu ky gitta hai 1an dén. Vi phan bd mii ¢6 tinh
chat "khong nhé" nén sb khach hang N duoc phuc vu trong chu ky gitra 2 1an dén chi phu thudc
vao d¢ dai cua khoang va ¢ ma khong phu thugc vao pham vi phuc vu ma khéach hi¢n tai da dugc
nhan phuc vu. Vi cac gia thiét nay cong thirc (7.32) xac dinh chudi Markov c¢6 xac sudt chuyén
P= [pl]J théa man :
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0 néu j>i+l

py=Pla :]|q:l}:{P{N:i+1—j} néu i+1> /=1 733

Pit a, = P{N =k} thi

0 néu j>i+l1
Py = (1.34)

ai+1—j néu l+12_]21
Ap dung cong thirc x4c suit ddy di va tir gia thiét thoi gian phuc vu c6 phan bd mi véi toe

do p co thé ching minh duoc (xem muc 5 chuong 14 [6]) :

c=e WK ” dH (u) (1.35)
0

trong d6 H (1) 1a ham phan b ctia chu ky dén trung gian.
Cubi cliing cac xac suat chuyén Pio (j=0) la xac suat ma tit ca i nguoi trong hang di
dugc phuc vu trudce khi c6 ngudi moi dén.

1= pj=l-ag—ay——aq (7.36)

Vay ma trdn xc suat chuyén

rn ap 0 0 0
n a a 0 0
P=\r, ay a ay 0 ... .. (7.37)

3o asz a4 4ap Qg

trongd6 r;, =1-ag—a; —--—a;.

Cuong d6 luu thong D= Zkak .

o0
H¢ thong dat trang thai on dinh khi p <1 hay > ka; >1.

k=0
Phén b6 ding
I1= [no,nl,nz,...] codang m;, =(1-¢& )Efb ;i=0,1,2,... (7.38)
trong do &, la nghi¢ém duy nhit ctua phuong trinh
f(E0) =8 (0<& <D Vi f(&)= as&" (7.39)

k=0
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Thaoi gian doi W

Néu p <1 thi hé théng dat trang thai 6n dinh, khi d6 ham phéan bd d6 dai cua hang ciing dat
dén phéan b 6n dinh. Véi diéu kién nay ta xét thoi gian doi W .

Xac suat khong phai doila my =1-§.

Néu khach hang dén va dd c6 n >1 khach hang & trong hang thi anh ta phai doi voi tong s6
n 1an phuc vu c6 phéan bd doc 1ap va ciing phan bd mil trude khi dén luot anh ta.

Ta biét rang tong ctia n phan bd mii doc 1ap tham sb p 13 phan bd Erlang-n tham sé p .
Do do

t n nf
P{W < t| c6 n ngudi trong hang :j 1)' fan 2, (7.40)
Mait khac
P{c6 n nguditronghang} =7, =(1-&)&, , n=1. (7.41)

Ap dung cong thirc xac suat day du ta duoc

Wi(t)= P{W < t} = iP{W < t| c6 1 ngudi trong héng}P{cé 1 ngudi trong héng} + 7,

n=l1

=(1- @)JZ

on1 (n=1)!

_ﬂtfgd”r(l—fo)-

W(t)=(1-&)+&, [1 ~ e*ﬂ’“*ﬂ . (7.42)

7.3.5. Cac can trén cia thoi gian doi trung binh cia hang
Pé tinh cac sb do hiéu ning cia hang G/G/1 ta co cong thic (7.16) va "két qua nho"
(7.1)-(7.2). Tuy nhién trong trudng hop tong quat chua co qui tic tinh E[il] va E[ilz] . Thay cho

cong thirc tinh chinh xac nguoi ta tim cac cin trén va can duéi cua ching. O day ngudi ta néu mot

vai cén trén cho Wq )
1. Visb hang E[ilz}/E[il] >0 nén

< —E [Uﬂ 7.43
17 2E[U] 743
2. Mit khéc ta con 6 thé chimg minh duge —2E[U ] W, < var[U] va — 2E[U]> 0, do d6

W < Var[U]

VS R[] (7.44)
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3. Khi cuong do Iuu théng p — 0 thi thoi gian 1di /; tién dén 0. Diéu nay lam cho E[iﬁ]

tién dén 0 nhanh hon E[i;]. Do do E[ 7} | /E[;,] >0, vi vay

i 7~ var[U]  var[u] var[t,]+var[s,] A(var[t,]+var[s,]) _
o0 4T 2E[U] 2E[w]  —2E[w] 2(1-p) 743

TOM TAT

Khai niém qua trinh sip hang

Mo hinh tong quat ciia 1y thuyét sip hang 1a khach hang dén ¢ mot thoi diém ngiu nhién
nao do va yéu cu duoc phuc vu theo mét loai nao do. Gia thiét thoi gian phuc vu c6 thé ngﬁu
nhién

Phéan loai Kendall

Kendall (1951) di da ra ky hiéu 4/B/k hoic A/B/k/N & mo ta cic tham sb co ban
ctia hé thong sip hang, trong d6 A biéu dién loai ctia phan bd thoi gian dén trung gian. B 1a loai
phan b thoi gian phuc vu va k 14 s6 Server. N 1a dung luong ctia hang.

Cic s0 do hiéu niing
L, : D) dai hang doi trung binh cta hang.
L : B¢ dai hang doi trung binh cuia hé thong.
W, : Thoi gian doi trung binh cua hang.
W : Thoi gian doi trung binh ciia hé thong.
Két qua nhé
Cong thirc lién hé giira d6 dai hang doi va thoi gian doi & trang thai can bang
L=AW; L, =AW,
trong d6 A la tbc do dén duoc dinh nghia nhu sau:

A E {56 khdch dén trong khoéng (O; t]}

t—© Z’

Phén b6 dimg ciia hang M /M / k

Khi A < ku hay p = x < k thi hé théng dat trang thai 6n dinh c6 phan bd ding thoa man:
h)

n

PoP nfu 0<n<k

-1
A A, n! ok =
P = XO Po = " 5 Po= FT) +z—' .
MMyl DPoP k'\k—-p n=0 1

K"k

néu n>k
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Hang M /M /k/N

Hé thdng dat trang thai 6n dinh v6i phan bd dung thoa man:

PP vew 0<n<k ‘v
D) p() [

-1
' n k*l n
8582
PoP néfu k<n<N " =0 n=0 "
kK" Rk

Hang G/G/1
¢ W, lathoi gian dgi cia khach hang thir n (khong bao gdm thoi gian phuc vu).
¢ 5, lathoi gian phyc vy khach hang tht n.
¢ ¢, lathoi gian dén trung gian ctia khach hang thr # va thr n+1.
¢ U,=5,-1,.
¢ {U, |7 1adiy cac bién ngdu nhién ddc lap, cing phan bd véi U .
Néu E[U ] < oo thi hé théng dat duoc trang thai on dinh va thoi gian doi trung binh trong
\ E[U"] E[¥]
M W= R[] 2E]
1

, trong d6 #; 1a chu ky ri dau tién.

HangM /G/1
Ta gia thiét qué trinh dén Poisson téc do A, nghia 1a qué trinh dén trung gian t, c6 phan b

mii tbc d6 L. Qua trinh phuc vu {sn } dugc xét mot cach tong quat nhung gia thiét thoi gian phuc

. 1 2
vu trong céc chu ky 1a doc 1ap véi nhau va cé cung luat phan bo. E [tl] = z; E [tlz] =

?.
Do d6 cuong d6 luu thong p = E[Sl] = /1E[s1]
Efr]
hu kv r&i diu tien Eli _l_E_2 2
Chu ky roi dau tién [11]—5, [zl}—?.

Tré trung binh ctia hang va cua hé thong:

E|:S12:|+ 2(11—2,0) 2 ﬂE[Slz}

2
W, = A L W =W, +E[s].
2(1-p) 2 2(1-p)
A 2

Cac truong hop dic biét cia hang M /G/1
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22
2
HﬁngM/M/l: W, = £ = A ; = -}-l:L_Fl:;
' 2@_1) H(u=2) Tuopu=d) g =2
MU
2
L=aw=—"", L, =W, = -
M= pu(pu—A4)
Hang M /D/1:
A
2 -_—
w,= £ = 4 ;W:Wq,+l:—/1 +l:—2ﬂ 4 ;
z(l_ﬂj 20(u~2) po2uu=2) p 2pu=2)
y7i
2 2
P Y S Y S Ve
2u(p-21) p 2u(pu—-2)
Ak +1)
Hang M/E, /s W ——JC____(aD2 o 1 (k4DA 1
B 2@_@} =2 2k
yZi

2 2
- kD2 +i; L=, - (k+DA*
2kp(p—21)  p 2kp(p—2)

Phwong phap chudi Markov nhiing ap dung cho hang G/M /1

Goi ¢ la trang thai cua hé thong khi ¢6 1 ngudi méi dén va goi ¢' 1a trang thai sau khi c6 1
ngudi tiép theo dén: ¢'=g+1- N, trong dd N 1a s khach hang dugc phuc vu trong chu ky giira
hai lan dén. Vi phan bd mil co tinh chat "khéng nhé" nén s6 khach hang N duogc phuc vu trong
chu ky giita 2 1dn dén chi phu thude vao d6 dai ciia khoang va ¢ ma khong phu thudc vao pham
vi phuc vu ma khach hién tai da dwoc nhan phuc vu. Vi cac gia thiét ndy ta c6 chudi Markov véi
xac suét chuyén P = [p UJ thoa man :

—P{ = | —i}— 0 néu j>i+1
Py === piy 4 1- ) neuw i+12 /21

Cac cin trén cia thoi gian doi trung binh cia hang G/G/1

W< E[Uﬂ g £ 3U] e d s théng o — O i thii gian i & tidn
"_—2E[U] 5 q_—2E[U] . g dg gp g 1

dén 0. Diéu nay lam cho E[ i’ | tién dén 0 nhanh hon E[7]. Do d6 E[ |/E[;]—0,

m 7 ~ var[U]  var[u] var[t]+var[s,] A(var[t,]+var[s, ])

p>0 17 DE[U] -2E[w]  -2E[u] 2(1- p)

206



Churong 7: L ¥ thuyét sap hang

CAU HOI ON TAP VA BAI TAP

7.1

7.2

7.3

7.4

7.5

7.6

7.7

Két qua nho cho cong thirc lién hé giita cac s6 do hiéu ning cia mot hé thdng sip hang.
bung I:I Sai I:I

Trong ky hiéu Kendall 4/ B/k néu qua trinh dén 14 qua trinh Poisson thi 4 duoc ky hiéu 1a
P

bung I:I Sai I:I
Qué trinh trinh dén trong moi hé thong sap hang déu 1a qué trinh Poisson.

Pang [ sail_].

Hang M /M /1 véi tbe do dén A< tdc do phuc vu p thi hé dat trang thai on dinh véi tré
A

trung binh cta hang doila W, = ———.
pu(pu—A4)

Pang [ |Sai[_].

Hang M /E; /1 voi tbc do dén A< téc dd phuc vu p thi hé dat trang thai 6n dinh c6 do dai
2

trung binh cua hé thong 1a L = ﬂ .

2kp(pu—A4)

Ding I:I Sai I:I

Véi didu kién toc do dén A< tdc do phuc vu p thi hé M /G/1 dat trang thai 6n dinh, trong
d6 voi tré trung binh ctia hang doi ciia hang M /D/1 1a bé nhét trong s tré trung binh cua
hang dgi cia hang M /G /1.

Pang [ sail_].
Gia str hé thong sap hang c6 toe @6 dén L =10, téc d6 phuc vu p=12.

a. Tim tré phuc vu trung binh ctia hé théng va do dai trung binh ctia hang & trang thai can
bang trong céc trudng hop sau: M /M /1, M/D/1, M/Es/1.

b. Tim k nho nhat dé d6 dai trung binh cua hang L A/ E. , khong vuot qua 3.
k

7.8 Hang M /M /k/N co6 phan bé dimg thoa man cong thirc (7.6)-(7.7). Khi k=N cac xac
suét p, véimoi i =0,L,...,k dugc biét v6i tén goi la cong thirc xac suét mat Erlang. Tim xéc suét
mét Erlang khi k=N =2.

7.9

Tir cong thire phan bd dimg (7.4)-(7.5) ciia hang M / M / k . Chimg minh ring

k+1

I = P
T (k=Dlk-p)

po‘

Hay tinh céc s6 do hiéu nang: L; W,W,.

7.10 Haiy tinh cac s6 do hiéu nang: L,L;W,W, ciahang M /M /2 véi A=12, u=10.
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Huéng dan trd 1oi

HUONG DAN TRA LOI

HUONG DAN VA PAP SO CHUONG I

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.10
Sai Dung Sai bung | PBung | DPung Sai Ding Sai Sai
111 a. 1-4i b. ——i c.
. 16 2
d. —-9-46i e. —1 ———1I
5
1 3
1.12. a. ——iii b. 2,-1+i,-1-i
2 2
3l+2/m Ly
4 4
113, a. z=%2e 3, k=0,1,2 b. z=2e 3 ,k=0,1,2.
1.14. a. DPuong tron tam (3;4) ban kinh 2.

1.15.

1.16.

1.17.

=3

C.

2 14 L 3 < e J4 72-
. Nua duong thang goc tai z =1 va tao vdi truc thuc géc Z

d. Puong tron tam (2;0) ban kinh 2.

o

a.

u(x,y) =

il
o

2

X
) +y

v(x,y) =

“(an/):x3_3xy2: V(an/):3x2y_y3-

_Jy
(1=x)" + )’

c. u(x,y)=e*cosdy, v(x,y)=e"sin3y.

z

1
w'(z) =1——, khong gidi tich tai z=0.

u(x,y)=xx" + 37, v, y)=p x>+
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Huéng dan trd 1oi

2
Z—u=\/x2+y2+%, @=\/x2+y2+%;
X

X +y oy X +y

ou Xy o xy

Ham sb khong thoa man diéu kién Cauchy-Riemann tai moi z # 0.

_ Az|Az
Jim 2(A2) =w(0) _ limL=0.Vay w(0)=0.
Az—0 Az Az—0 Az
1.18. a. w'(z)=4z7 b. w'(z)= i
18 a. . oAt

1.19. a. v(x,y)=3x"y—y' +C, w(z)=z" +Ci.

b. v(x,y)=2xy+2y+C, w(z)=z"+2z+Ci.

1.20. a. u(x,y)=—+C, w(z)=
8 u(xy) (x+1)2+y2 @) z+1

+C.

iy 1 ‘. . sk o
1.21. Phép bién hinh w=— 1a hop cta phép doi xing qua dudng tron don vi va phép doi xung
z

qua truc thyc.

a. Bién duong tron tim O ban kinh 4 thanh dudng tron tdim O ban kinh Z:

1
1
b. Bién duong phén giac thir nhat thanh dudng phéan giac thi hai: v=—u .

c. u2+v2—u=0. d.

1
>

X 1+
1.22. Phép bién hinh w= -~
—Z

bién —1, 0, co 1an luot thanh 0, 1, —1 vi vay phép bién hinh

£ S \ . X \ < N A 4t T
phéan tuyen tinh nay bién truc thuc thanh truc thuc, bién duong thang nam trén tia Argz = E + km

(di qua gbc O 1ap véi truc thue mot goc g) thanh dudng tron di qua —1, 1 va tiép tuyén tai 1 lap

. ~ , T
voi truc thuyc mot goc g: u2 +v2——v:1.

NG

1.23. a. Doan thang ndi wy =1 va wy = —i.
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b. DPuong tron tam (—1;2) ban kinh 4: |w+ 1- 2i| =22

1-z

. -1
1.24. Ap dung cong thuc (1.47) ta co: w= kZ—l ;wi)=1 = k=— =>w=i
z+

I = j|z|dz = Jq/xz +y2 (a’x+idy).
c c
a. C{y1_<0x<1 = /= Irdx 2jxdx_1

l+z

T

b. C :{x = cos(m~1) = 1= I(sin(n—t) —icos(n—t))dt #2
y

=sin(nt—¢); 0<t<m 0

1.26. a. [=2micosm=-2m.

: (1 1 i =
b. I:chz(ze+1)d2:<ﬁe (;—Z+1jdz=2m(eo—e 1).

C
222
1.27. [ =— =0.
2
z==2
sin(rzz/4)
128 Cifelj=1 = 1=t (Mj _
1 z+1 21 V2
1 n
129. a. [= 95(”1) =27 . o ul
- (z— R 21\ (z+1) 8
z=1
1
3 z
b [ (z 1)3 >y 1 ; __E‘ =0
I (z+1) L z-1) 8
z=—1
igp ! 1 Y A
1.30. a. R=2;z=2¢"= |5 —|=— = miénhdity ‘Z‘SZ.
n2 n
< 3 ip un eingo A e . 3
b.Datu=(z—-i)"; R=3,u=3e"= — = 7éO:mlenh(,)1tu|Z—l|<\/§
34n

31’[

L L0 2
1.31. a.Cich1: w'=e'~ =, w'=el* T+ 7|
(1-2) (1-z)" (I-2)
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Lo 2 4 6
w" = el =t =+ =+ Z
-z (dA-zy (dA-z) (-2
== w=e(1+z+izz+£z3+-~-j.
2 6

1 2 2

3 3 3 3
Cach2: e!* :el+Z+Z +z740(z7) — etttz +o0(z°)

5 3 3 2, 3 32 Ry, 31y
z+22+22+0(2%) |\z+z +z +o(z7) z+z +z +0(z)
+ +

3
T 20 3 tolz)

=e| 1+

=e 1+Z+EZZ+EZ3+O(Z3) :
2 6
b.
W:Sin(1+Z+22 +z° +0(z3)) :sinlcos(z + 2247 +0(z3))—sin(z+z2 +z° +0(z3))cosl

= w:sinl+c0slz+(cosl—%sinlJz2 +(%cosl—sinljz3 +ee

2/3 1/3
1.32. w= +
z—1 z+2
1 z ¢ 7 2(1 11 j
a. w=—|1-—+"—-"— et L —+
6 2 4 8 3\z z z
2 3
b, wet|1-Z4E_Z . —2(1+z+zz+---)
6 2 4 8 3

1(1 2.0 4 j 2(1 1 1 j

€ W=—| ——S+S—rlFo | S5

3\z z iz 3Lz =z z

1.33. I:SB fZ - dZ:Zm'( 21 j +2m‘(%}
(z-D(z" +1) z2+1)| (z=1)7(z+1i)

c
\ 4 ;s . U 5= = A \ \ ;
1.34. Phuong trinh z* +1=0 chi c6 hai nghiém —— nam trong duong tron C (xem vi du 10).

2

Tl

7

z=i

dz =2 ! + ! :—ﬂ.

SRICRCIE
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135, a [=2m Res”; T R ”,ﬂ
z4 41 \/_ 41 W2

(&) B

=2mi +

e

b. [=—.
9

1.36. Ap dung cong thirc (1.76).

1. 7 eF
b. I/ =—Im J- ﬁdx
2 7 x(x+1)

iz iz B
=llm2m‘ Res%, z=1i|+ Res—ze ~iz=0]|= n(2e—3) ‘
2 z(z7 +1) z(z" +1) 4e

1.37. Ap dung cong thirc (1.77).

a.[=2—7Z b. I=7Z\/§.

NG

o0 . o0 ei(D " z
1.39. a. X(z2)= Zx(n)z_" > Zemwz_" = z = —
z z—e

o0 o0 1 n eaz
b. Taco Ze_”az_” ¥ Z( j = : z|>e_a.
n—o\e’z e‘z-1

n=0

) o0 a
— X(Z): zx(n)z—n :zne—naz—n - : z _ ae z . :
n=0 (e“z—-1)

n=—0o0 e z—1

) ) n+l

n=—

Nob o ¢\l Ny
B B

n=0 n=0
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1.40. Trong mién |Z| > % ;

4 2 251 & 1

X(z)= = :_2 — :2 n

=) 23(22—1) 24(1_ 1) 4 [22} = ”
2z

= x(n) =

Sn-3 u(n—4).

HUONG DAN VA PAP SO CHUONG II

2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9 2.10

Dung Sai Dung | Dung Sai Sai Dung Sai Dung | Dung

2.11. Tim bién d6i Laplace

a. x(f)=sin’r= SIS gy . 62 .
4 (s +D(s”+9)

b. cos4o)t:§+lc0s2cot+lcos4(ot:>X(s):l E+ 4s + il
8 2 8 8ls  §? +4w? 5% +1607

e. Plehdl=—2— = Pl ch3y :i.
tehar} 52 -9 {e } (s+2)%-9

d. x(0)= (1 + te_l)3 =1+43te +3t2e 4137

:>X(s):1+ s + g + 6 .
s (s+D)? (s+2)° (s+3)*

2t -2t 3

+ —
e. x(t):ch2tcost:Lcost = X(s)=%.
2 s —s°+25

—t
f. x(t)=e 'sin2tcosdt = %(Sin 6t —sin 2t)

3 1
—= i) = 5 - .
ST +2s+37 s +25+5

2.12. Tim bién d6i Laplace

N s2+9
a. X(S):_[S2—9j :(32_9)2 .
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2 2
S —@

b. 9([/{1005601} :(S2+—a,2)2

2 2

(s+a)* - (s—a)Y-w

1
2 ((s+a)2 +a)2)2 ((s—a)2 +w* )2

N y{ﬁsmz}:_( 1 j 245(s” -

(o]

= I[Y{tcos wtch at} =

cos at —cos bt < 1 52 +b*
e. X(8)=¥ du==In )
5) { } ‘!.(u +a® u? +b2j - (s2+azj

—at _ —bt ®
£ X(S):g/{u}:j( 11 )du:ln[s+bJ.
t \u+a u+b s+a

2.13. Tim bién d6i Laplace

s2+2
s(s2+4).

2
2
a. %lcos’t _ S e = PlInt-b)cos*(t—b)l =&
{eos” s} =55 {n(=b)cos® (1~b)|

b. x(t)=@-D)*nit-1) = X(s)ze_S%.
S

c. x(t)=t(n(t)-nt-D)+Q2-0)(n@=1)-n(-2))

S -2s
=m(O) =20 =Dt =D+ =2)n(t-2) = X(s)= 12es—2+e

d. x(¢)=cost (n(t) —n(t— 7r)) +sintn(t—r)

N

s+(s—1De™”

=n(t)cost+77(t—7z)(cos(t—7z)—sin(t—7r)) = X(s)= I
ST+

2.14. Tim bién d6i Laplace

12 1 1 1 s> +s52+w’s—w’
a. - _3__2+_ b. - 2 .
s\s s s+1 S (s2+a)2)
S

_ % 2 _
c. x(t)=cost*e” = X(s) —(S_z)(sz+1).
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— 0 t —u
d. Q’{l_e }z[(l—Ljd =In (SH) = E[f{jl_e du}:lln(ul}
t L\u u+l S o U Ky S

2.15. bat y(1) = Ix(u)du = Y(s)= X(S) = {J' (tl)dtl} Y(s) X(2S)'
s
2.16. Tim bién d6i Laplace
a. lthi b.i——e c. Lthi d. 21 s+ &
s 2 57 s(l-e™) s2 2 s°+1 Zq %
e (1-e™

2.17. Ap dung cong thirc dinh nghia bién d6i Laplace X (s) = j e Jy(t)dt .

K . 24s(s* -1
a.  Sudungcau?2,c, J.e*tt3 sintdt = M =0

0 (s2 +1)4 -

T t 1
b. I ¢”’sin dt = arctg—
0 s

z
T

s=1

t

) < —cos4 1 2442 2
c. Apdungcau2.e, det:—ln S2+ > =ln—.
0 t 2 (s°+6 3
s=0
© 3 —6t
d. Ap dung cu 2. f, J—edtzln(s+6J =In2.
s+3

s=0

2.18. Ching minh theo quy nap va st dung cong thirc sau:

a. (sinzn+1 t) =(2n+1)2n)sin*" " t—(2n+1)*sin*"' 7.

b. (s1n2”+2 ) = 2n+2)2n+1)sin® t—(2n+2)*sin>"*2¢.

2.19. Tim ham gbc¢

2 2 2
cNE o)
(s=1) (s=1) (s=1)7 (s=1)7 s-1 2
e cos \/Et c. 2% (3 cos 4t +sin 4t)
d. 4e_4t(1—t) e. Cco0s2t—tsin2t
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f. e K%t+ﬁ]sin V2t -2t cosﬁt} :

2.20. Tim ham géc
a. 2¢' —2cost+sint.

1 1 1 1 1 s—2
3(s+1) 3(s“—s+1)

s3(s3+1) PRI B

) t t
=i3— ! +(S 1/2)-372 :>x(t):t——le_’+le2cos£t—Le2sinﬁt
s* 3(s+1) 12 3 2 3 3 AP 2) 2
3| s—=| +—
2 4
2
c. le"(4cost—3sint)—ie_3t d. —le7’+62’ l+4t—l
5 5 3 3 2

2.21. Tim ham gbc

2
a. 3+%—82’(2cost+sint). b. 7(t—1/3)=n(t—1/3)cos(t—1/3)

3t

1 e? d 4\/(1‘—3)3674(174) (1-3)
c. ——— . -3).
N2 \/; 3\/; i

2.22. Jo(l)*Jo(t)ZSint.

2.23. le_l/szl(l_l_{_ 12_%_{_...):1_%4_ 13_%
S ) s 2ls 3ls s s° 2ls7 3lg

2 4 6
= x(t)=1—-t+ ——t =1 + — 4= £).
@)% (3> 22 24P 4% ’
21
2.24. a. x(t):t—e b. x(t):t3e_t
12
. 4 4 . 1
c. x(t)=-2sint—cos2t d. x(t)=gcos3t+g51n3t+gcos21.
225, a. x(t)=cosat—220% 4 (xS0
a a
b. x(f)=Cychat+C, Sha‘” +g()* Sha‘” .
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x(t) = 2+lz‘2 +le’t —ésint+lcost
2.26. a. 2 2 2

1 3 1
)=1—-—e ' +=sint ——cost
»(?) 5 5 5
x(t)=—e' +—¢é” —gsint—lcost +lz‘e‘t
b 9 45 5

[ TN g
l)=—e ——e +—fle
Y =ge —5¢ +3

x(t) = 2p,5, 2 1
3 3 3

8 1 ‘
D=t +—+—e'+—te"' +cost
A

2.27. Phuong trinh anh (16 + 20 + 2Sj] =Y {E}
s

Hay (16+&+ZSJ(SQ—q(O))=£{/{E} = (16s+50+2s2)Q:£[?{E}.
S

a. O=— 150 = ¢(t) = 6—6e cos3t —8e sin3t;
s(s”+8s+25)
i(t)= e 50e ™ sin 3t .
dt
150
b. 0=— 5
(s +9)(s” +8s+25)
= q(t)= §(2Sin3t —3c0s37)+ ée“” (2sin3¢+3cos3r)
52 52
in=94_7

(2cos3t b 3sin3t) —ée_‘” (17sin3t +6c0s 3t).
dr 52 52

2.28. (1) =sinl10z=2cos107 + e (sin107 + 2 cos10¢) .

3(1-(-1)" - o 3(1-(-1)"
229. a. aq,=3, a,=0; b, :g. Chuoi Fourier —+zgsinﬂt.
niw ol niw
3
b. x(—5)=x(0):x(5)=5.

230. a. x(t):i(l—(—l)”)isin%t.
ni

n=l1
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b. x(t)= 4+Z(( )" —1) 16 Sco sTt

s 2 N 3z 1
2.31. a. Bienddi Z: X(z)= x(n)z™" = — | =—= , lz| > —.
@ ,Z;o =) g&zj "1 321 >3
3z
b. Bién dbi Fourier:
T - —i2znf - i2zf\" 1 3ei2”f
X(f)= Y xme ™™ =3 (367) " = = = X,
n=—0o0 n=0 1— 3¢ -]
1
—X = —i2zn)x(n)e " = nx(n)e 7Y =
df (f)= n_z_:w( )x(n) n_z_:w (n) T 57 df (f)
~ i d( 3% 3e27
= Y(f):__ i2rf = . 2
272' df 36 —1 (3elzﬂf _1)
1 o va 4 /
2.32' x(n) — j X(f)elznﬂ'fdf: .[ e—lS/Z'felznﬂ'fdf: .[ elZﬂ'(n—4)fdf
1 ~1/4 ~1/4
1 sin((n—4)m/2
14 2 (51(—4)72/2 e 1. (n-4
=2 j cos(2m(n—4) f)df = =—sinc( j
1 2 2
0 - n=4
2
233, a. X(f)= j x(t)e” ’Z”ﬂdt—zj cos (27 ft)dt = 2T sin¢ (2TY).
_[ sin AT cosAt dh— '[ sm?»TeW "
—00 —00
A T |t|<T
Doi bién s6 A =2nf = I= j%emﬁ 2ndf =7 Hx()}={n/2 |f|=T.
T
T 0 [>T
c. Sirdungkétquab.véi T=1, =0 = jsmuduzlj sk =X
o U o 2

T x(e)[ dt = T ‘)A(( f)‘2 df
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w . 2 o . 2 o0 0 . 2
Y J- sin 21;def:2_T'[ smzudu 4r smzudu _ ISlnzudu:E.
) (ch) n o U T o U 0o U 2
2.34. Ap dung cong thuc (2.93) tich phan Fourier cho ham chén:
0 © 1
x(t):zjcosﬂtdﬂjx(u)cos/ludu:EI(I—ﬂ)cos/Itd/izz(l_—C?St).
T 0 7o 7t
2.35. Ap dung cong thirc (2.93) tich phan Fourier cho ham chén:
=2 Icos/lldﬂ.[ lcos Audu va Ie_” coshu du = #{cos Lt 5= 1 5
73 0 O A 1+}\,
= A .
2.36. a. X(f):ZET[s1ncT(f+fo)—sch(f—fO)].
b. X(f)=Tsinc (Tf).
~ ® o © t o [ Liingrl
237. a. X(f)= I x(1)e " dr = Ie T 12711 gt :J.e (T )dt:‘L.
- 0 4 1+i27Tf
L . -
b. X( )= e Te ¥ lgr=2 eTcos(2zz t)dt = ¥ {cos(27x ft) =
/ _[O I fide=71 N, = 1+ Q)

0 7127rft 0 y
. X(f) 2_[ cos(272ft) z .[ cos(2x fa)A da=Z o 2msl

Jt L +ad . AT+l a
R q sin2z f)—2x f)cos2x f) 70
d. X(f):zj (1—1*)cos(27 ft)dt = 272 3 .
0 4/3 /=0

HUONG DAN VA PAP SO CHUONG 111

3.1 3.2 33 3.4 3.5 3.6 3.7 3.8 3.9 3.10

Sai Dung Sai Sai Sai Dung | PBung | Dung Sai Sai

3.12. a. % b. =2Jn e —%\/E d. —4v2n (st dung ['(—1/4)=—4T(3/4)).

s I[(7) _45
3.13. a. 3! b. D0ibiéns6 y =2x suyra Y =§

Jr Vr

3.14. a. DPdibiénsd x=" suyra %F(I/Z) :T b.
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X 1
3.15. Doibienso y=—Inx=In—.

X
1 6442 167
3.16. a. — —_— c. ——.
180 15 93
3.17. a. i S—E c. .
315 12 V2
3.20. a. Dit y= = [~——dx=B(p-p).b. it x=y” vadpdunga.
x+1 0x+1
321, 2 ™2 b ¢ .
4 33 242
n Jn(x) 2 4 3
323. a. x"J,(x)+C b.——n+C c. Bx"=x")Jo(x)+4x” —-16x)J;(x)+C.
X
2
324, a Jy(x)=" : L@ =-27,00 b 6¥5s, @) -3 0,0+
X X
c. xJy(x)sinx—xJj(x)cosx+C.
1 1 |
3.30. a. y:ZO(2\/;x2) b. y=zy(x2) c. y:x_AZy(x)
2
! 1
d. :xéz —x2).
y %(2 )
HUOGNG DAN VA DAP SO CHUONG 1V
4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 4.10
Sai Dung Sai bung | bung | PBung | DPung Sai Sai Ding
f<x-2
4.11. a.bat $ = Ugg +U +%u —Mu —i-ﬁu—2 —ﬁn
7 S U T T B 7° 77
n=—_-
8
E=y—x
b. Dat = Ugg Uy, —Su=0.
- {n—Zx S
. JE=xty
c. Dat = unn+18”§+9”n_2u=0'
n=x
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. J&=2x—y
d. le{n:3x = u&4ﬂmn—2u§+un—u=i_n.

=2x+sinx+ —
412 a pit |° DIV o g+ i@é-mﬁzo.
nN=2x-sinx—y 2

Hyperbolic trong mién xy <0
b. b?—ac= —xy = < Parabolic trong mién xy=0

Eliptic trong mién xy>0
4.13. u(x,t) =sin2xcos5t.

1
4.14. u(x,y) =éx3y2 +cosy—gy2 —1+x2.

4.15. a. u(x,y)zF(x—y)+G(x—%y).
b. u(x,y)=x+2y)F(x)+G(x).
2x+y )

1
4.16. a. u(x,y):F(x+iy)+G(X—iy)+§e

b. u(x,y) :F(x+2y)+G(x—2y)+%xe2x+y.

2.2 2 2
4.17. u(x,t)=5¢"32"" sindnx — 27128 sin 8nx + 2¢ 720" ' sin10mx .

418. a. k=-3 b. k=0va k=n-2véi n>2.

1 . 1 1 1 1
Upin =—— tai [——=,— | va|—,——|.
min 5 [ «/E \/EJ (\/5 \/Ej
b. Upa =4 tai (iZ,O); Upin =9 tai (O,i3).

4x  8(¥ -y -6x) g4y

4.21. a. u(x,y)=2xy b.u(x,y)=4- + + T
T P N

4.22. Pua phuong trinh vé dang chinh tic u ¢n =0. Tich phan phuong trinh nay va st dung céc

P x+2y
didu kién bién ta co:  u(x,y) = f(x —gyz j + .[g(t) dt.
)

x=2
3y

4.23. a. u(x,y,z,t)=e" cosy +t(x2 —yz) . b u(x,y,z,t)=

xz—t2
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4.24. u(x,y,z,t)= x3y2 +(3xy2 +x )t2 +xt? +()c2y4 —3x3)t
+§(y4 —9)c+6)c2yz)t3 -1-%(2y2 +x2)t5 +%t7.

425. a. u(x,y,0)=x>+y>+t+2t>.  b. u(x,t)=e cht+e *sht.

—ad% . I 442 —a> 1
426. a. u(x,y,z,t)=e “sinx+—e 4 cos2y+e @ cosz+—.
b. u(x,t)Z;e ar+l
(1+41)°
_ ot _ =l ~13
4.27. a. u(x,t)=e sinx. b. u@xyt)=e sin/jx+e cosly.

HUONG DAN VA PAP SO CHUONG V

5.1 5.2 5.3 54 5.5

Sai Pung Sai Pung Sai

5.8 E[y(1)]= E[x(z + 1) — x(t)] = E[x(t + )] - E[x(r)] = 0.

cov(y(t + 1); y(£)) = cov(x(t + T+ 1) = x(t + 1); x(t + 1) — x(1))

= cov(x(t + T+ 1); x(¢ + 1)) = cov(x(z + ©); x(t + 1)) = cov(x(t + T + 1); x(¢)) + cov(x(z + 1); x(£))
=K, (1)-K,(t1—=1)= K, (t+1) + K, (1) khong phu thudc 7. Vay {y(¢)} 1a qué trinh dimg c6
ham ty trong quan K , (1) =2K, (1) - K, (1= 1) = K (t+1).

2n 2n
A
5.9. E[x(t)]= E[4, sin(oy? + ©)]= j Ay sin(ogt + e)ide =P cos(wgr +0)] =0.
o 2n 2n 0=0

cov[x(t +1); x(t)] = E[(AO sin(wg (t + 1) + ®))(A0 sin(ogt + @))].

A3 A3
= TOE[cos(wot) —cos(wg (2t + 1)+ 2@)] = 70 cos(m(T).

2
A
Vay {x(t)} la qua trinh dung c6 ham tu twong quan K, (1) = 70 cos(m(1) .

l?[l—ljﬁcoscoordr:/l—g sinwor‘T 1 Tsino)or‘T +coswot‘T
TO T) 2 2T (O] 0 T ®q 0 (D% 0
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5 l—-coswyT

(sianT—sin(DOT+ J—)O khi 7>

2T(,00 T(,l)()

Theo dinh Iy 5.11 {x(t) } 1a mot qua trinh dimg thoa mén diéu kién (5.16) do d6 1a mot qué

trinh ergodic.

5.10 Theo gia thiét R va © doc lap, do d6 E[x(t)]=E[Rcos(A +©)] = E[R]E[cos(t +©)].

o0

Mit khac E[R]= | ovx
0

2

r
—F €
2

o

-r o 1
2" dr = o2 [ 12e7dt = 020 (3/2) = . E[cos(1+©)]=0.
0

Vay E[x(1)]=0.

cov[x(t+7);x(t)] = E[(Rcos(A(t +7)+©))(Rcos(At +©))]

E[ R*|E[(cos(A(t +7)+©))(cos(At +0)) ]

E

[Rz]E{cos(l(2t+r);r2®)+cos/%} _ E[Rz] c032,1¢

o 3 ~r 0
E[Rz} =[5 e2 dr =207 [t dt =26°T(2) =207
0% 0
Vay {x(t)} la qua trinh dung c6 ham tu tuong quan K (1) = o2 cosAT.
5.11 E[x(1)|=E[A4cos(107z )] = cos(10z t) E[ 4] =0.
cov[x(t+7);x(1)]=E [(A cos(107z (¢ +7)))(Acos(107 t)] =E [Az ] cos(107 (¢ +7))cos(107¢)

=0 cos(107z (¢ + 7)) cos(107 1) .
Ham tuong quan phy thudc ¢ do d6 qua trinh khong dung.
5.12 E[x(r)]= E[Z cos At + Z, sin At]=cos At E[Z; |+ sin A E[Z, ]=0.
Theo gia thiét Z,,Z, doc lap do do:

cov[Z, cos At +7)+ Z, sin A(t +7); Z, cos At + Z, sin At
=cosA(t+71) cosﬂtE[le}rsin A(t+17)sin ltE[Z%] =CoSAT.

Vay {x(t)} 1a qua trinh dimg c6 ham tu twong quan K (7) =cosAr.
5.13 Ap dung cong thuc (5.9) ta co

[e¢]

= i
'?(f): Z ef"”Z”fo(n): Z einZHf%(_éj

n=—o0 n=—0o0
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l 3e—l‘272'f 3el‘272'f 1

_7[ 443¢7 _4+3e"2”f}25+24cos27rf'

5.14 Theo vi du 5.1 taco E[x(t)] =E| e W (*™) | = e E[ W (™) | = 0.
Véimoi 120

E[x(t+z')x(t)] _ e_“(Z’”)E[W(e“(zm))W(ezm)] _ o @2tT) g2 2at _ (2 —ar

Do d6 K (1) = o2e
Theo cong thuc (5.10) va vi du 2.39 ta duogc:

2
20°

,@(f) _ J‘ e—iZﬁTfo(T)dT = o2 I e—iZﬁrfve_a‘T‘dT :m.

5.15 Theo cong thuc (5.10) va vi du 2.38

© B
K (2)= [ &>/ P f)dfz% [ €7/ (B=|f])df =sincBr.

—00 -B

HUONG DAN VA PAP SO CHUONG VI

6.1 6.2 6.3 6.4 6.5 6.6

Dung Sai Dung Sai Dung | Dung

6.7 Goi X(¢) 1a s6 burc dién gui t6i buu dién trong khoang thoi gian ¢, theo gia thiét X (¢) 1a
qua trinh Poisson tham s6 A =3.
a) Xac suat dé tir 8h00 dén 12h00 khong c6 birc dién nao bang :
P{X(12)- X(8)=0}=P{X(4)=0}=¢"12.
b) P{X()=1]X(12)=0f=P{X(t-12)=1} = ""P3(t-12); 1>12.

6.8 Goi X(¢) 1as6 cudc goi dén tong dai trong khoang thoi gian ¢, theo gia thiét X (¢) 1a qua
trinh Poisson tham s6 A =2 .
Q) PlXm=2}=c7 = 2¢7%;

527 4t 4
22 A% _ 61

PAX()=2,X(3)=6}=P{X() =2, X()-X()=4}=¢” e — 3
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6 4
P{X()=2,X3)=6} ¢ 3 54 54* 52}
b) PLX(=2]X()=6}= : P{X(3)=6). - P 636 36 :3.64:?(5j '
]
_ _ 4
P{X(3)=6Xx(1)=2}= PX g){; (21)):( (23}) 6} _ PixX(2)=4)=c7* ‘;_! _

6.9 X(¢) 12 qua trinh Poisson tham s6 A =2 .

a) X(2) 1a bién ngau nhién c6 phan bd Poisson tham sé 4 do d6 E [X (2)] =4.
X(1) 12 bién ngiu nhién c6 phan bd Poisson tham s A =2 do d6 E [Xz (I)Jz A2 +L=6.
E[X()X(2)]=E[xXM(XE) - x0)]=E[XD]E[X3) - x(1)]

—E[XM]E[X3)]-E[XW)]E[x(1)]=2.6-2 =8.

2
b) P{X(I)S2}:e_2(1+%+22—!].

28502 4
PX()=1XQ2)=3}=PX() =L XQ)-X()=2=¢ Le T =de™".
6.11 Ap dung cong thirc (6.10) vi dyu 6.2 ta co:

1 N A
a) P, <Wl}_—ﬂq+/12_
2 p) 3
b) P{W21<W22}:3[ A ] & { 1 j
W+ ) h+d A+
ntm—1 21 k 2 n+m-1-k
PIw! <w?l= c* ) _
C) { n m} ; ’H—m_l(ﬂq'i'ﬂ«zj (ﬂ,,-l-ﬁzj
6.12 P{X(1)=5|X(2)=12} = P{X(D=5X2)=12} P{X()=5X(2)-X(1)=7}
P{X(2)=12}. P{X(2)=12}.

5 7
e_SS— 59

I | Ay ON
= # = C12 ZT (COl’lg thirc 69)

12!
6.13 Goi X(¢) 1a sb khach hang tdi cira hang trong khoang thoi gian ¢, theo gia thiét X (¢) 1a
qua trinh Poisson tham s6 A =10. Goi X, (), X,(¢) 1an lugt 1a s6 khach hang t6i ctra hang c6
mua hang va khong mua hang trong khoang thoi gian ¢ thi X (¢) 1a qua trinh Poisson tham s

4 =10x0,3=3 con X, (¢) la qué trinh Poisson tham s6 1, =10x0,7=7.
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3, 7° 337°
- Q32 7 102 1
P{X,()=3,X,(1)=6}=¢ ¢ =% e

6.14 Theo dinh 1y 6.2 va cong thirc (6.7) céc bién ngiu nhién S(n) c6 phan b mii tham s A,

dod6 E[S(4)]= % :

Vi X(4) - X(2) va X(1) déc lap do dé
E[ X(4)-X(2)|X(1)=3]=E[X(4)-X(2)]=41-24=24.

HUONG DAN VA PAP SO CHUONG VII

7.1 7.2 7.3 7.4 Pl 7.6

Ding Sai Sai Pung Sai Dung

7.7 a) Do dai trung binh ctia hang va tré phuc vu cua hé thong

Hang M /M /1: L, :%5; W=

Hang M /D/1: quf—j;W=24.

Hang M/ E5/1: qug; Wzi.

1
2
7

(k+1D)A*  25(k+1)

= nhé hon 3 khi va chi khi
2ku(u—A) 12k

c) Do dai trung binh cua hang M/ E; /1 la

—ZSS; Dezeoks 2—? Chon k nho nhét thoa mén didu kién la k =3.
A
N! A
7.8 Py = m s P=—.
L
m=0 m!
k+1 L k+1
L=—f —pw="1- P,
(k=Dl(k - p) A AUk=1(k-p)
k+1 k+1
wew + Lo P P U o, o PP P

ki 2T k-p)? kst Ck-Dk-p) K

k k-1
Yo, k
= | —— |+
P {k!(k—pj Z:

n -1
P
n! |
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3 3 3 1 3

P P P P p
710 k=2 = L =——; W = W= +—; L= +=.
Ta-p T a(a-p?)  Aa-p?) 267 4=p 2
u 10 5 40 " 480
2 LS 06 Letow =2 21075
480 20 480 40
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PHU LUC

X
15 0 1 2 3 4 5 6 7 8 9
0,0 0,5000 [ 5040 5080 5120 | 5160 | 5199 | 5239 5279 5319 | 5359
0,1 5398 | 5438 5478 5517 | 5557 | 5596 | 5636 5675 5714 | 5753
0,2 5793 | 5832 5871 5910 | 5948 | 5987 | 6026 6064 6103 | 6141
0,3 6179 | 6217 6255 6293 | 6331 | 6368 | 6406 6443 6480 | 6517
0,4 6554 | 6591 6628 6664 | 6700 | 6736 | 6772 6808 6844 | 6879
0,5 0,6915 [ 6950 6985 7019 | 7054 | 7088 | 7123 7156 7190 | 7224
0,6 7257 | 7291 7324 7357 | 7389 | 7422 | 7454 7486 7517 | 7549
0,7 7580 | 7611 7642 7673 | 7703 | 7734 | 7764 7794 7823 | 7852
0,8 7881 | 7910 7939 7967 | 7995 | 8023 | 8051 8078 8106 | 8132
0,9 8159 | 8186 8212 8238 | 8264 | 8289 | 8315 8340 8365 | 8389
1,0 0,8413 | 8438 8461 8485 | 8508 | 8531 | 8554 8577 8599 | 8621
1,1 8643 | 8665 8686 8708 | 8729 | 8749 | 8770 8790 8810 | 8830
1,2 8849 | 8869 8888 8907 | 8925 | 8944 | 8962 8980 8997 | 9015
1,3 9032 | 9049 9066 9082 [ 9099 | 9115 | 9131 9147 9162 | 9177
1,4 9192 | 9207 9222 9236 | 9251 | 9265 | 9279 9292 9306 | 9319
1,5 0,9332 | 9345 9357 9370 | 9382 | 9394 | 9406 9418 9429 | 9441
1,6 9452 | 9463 9474 9484 | 9495 | 9505 | 9515 9525 9535 | 9545
1,7 9554 | 9564 9573 9582 | 9591 | 9599 | 9608 9616 9625 | 9633
1,8 9641 | 9649 9656 9664 | 9671 | 9678 | 9686 9693 9699 | 9706
1,9 9712 | 9719 9726 9732 | 9738 | 9744 | 9750 9756 9761 | 9767
2,0 0,9773 | 9778 9783 9788 | 9793 | 9798 | 9803 9808 9812 | 9817
2,1 9821 | 9826 9830 9834 | 9838 | 9842 | 9846 9850 9854 | 9857
2,2 9861 [ 9864 9868 9871 | 9875 | 9878 | 9881 9884 9887 | 9890
2,3 9893 | 9896 9898 9901 | 9904 | 9906 | 9909 9911 9913 | 9916
2,4 9918 | 9920 9922 9925 | 9927 | 9929 | 9931 9932 9934 | 9936
2,5 0,9938 [ 9940 9941 9943 | 9945 | 9946 | 9948 9949 9951 | 9952
2,6 9953 | 9955 9956 9957 | 9959 | 9960 | 9961 9962 9963 | 9964
2,7 9965 | 9966 9967 9968 | 9969 | 9970 | 9971 9972 9973 | 9974
2,8 9974 | 9975 9976 9977 | 9977 | 9978 | 9979 9979 9980 | 9981
2,9 9981 | 9982 9982 9983 | 9984 | 9984 | 9985 9985 9986 | 9986
15 3,0 3,1 32 3,3 34 3,5 3,6 3,7 3,8 3,9
D(t) | 0,9987 | 9990 9993 9995 | 9996 | 9997 | 9998 9999 9999 | 9999
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PHU LUC B: Bang tém tit cac tinh chat co ban ciia phép bién doi

Fourier
X(f)= [ e xde

Tinh chét Ham x(7) Bién dbi Fourier X(f)
I. Tuyén tinh Ax, (1) + Bx, (1) AX1(f)+BX2(f)

N 1 v
2. Bong dang x(at) mX(f/a)
3. Lién hop x(t) X(=f)
4. P6i ngau j\((t) x(=1)
5. Trd x(t=Ty) e X (f)
6. Dich chuyén anh e 2705 (1) X(f- fo)

7. Dibu ché x(1)c0s 27y 1 SR =)+ 5 X+ fy)

8. Dao ham d;;ft ) (272 f) X(f)

9. Tich phén _J;x(u)du B XN+ 5 XO50)

10. Pao him anh 1" x(f) (-i2zf)™" &,(,f)
af

11. Tich chap (1) * xp(t) = Tx1(u)*x2(f—u)du Xi(HX2(f)

12. Tich x1(D)xz (1) X1(£)*X2(f)
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PHU LUC C: Bang tom tit cac tinh chat co ban ciia phép bién d6i Laplace

X(s)= J-e_mx(t)dt
0

Tinh chat Ham x(7) Bién déi Laplace X (s)
1. Tuyén tinh Ax, () + Bx, (t) AX(s)+BX5(s)
. 1 S
2. bong dang x(at) —X(—)
a \a
3. Dich chuyén anh e tx(t) X(s—a)
4. Tré x(t—a)n(t—a) e B X(s)
5. Pao ham (1) sX(s)—x(0)
dt
n -1 -1
6. Dao ham d .X(t) S”X(s)_sn x(O)_x(n )(0)
dt"
n
7. Pao ham anh l‘nx(l‘) (_ 1)” w
ds"
t X(s)
8. Tich phan _[x(u)du il
s s
t ot t n—1
n o)™ X
9. Tich phan .[ Jx(u)du - .[ (n—1)! x(u)du X(s)
0 0 0 s"
t [0 0]
10. Tich phén anh £10] [ X @)du
t S
11. Tich chap x1()*x,(2) X1(5)X5(s)
12. Duhamel x1(0)x, (1) + x'1 (1) * x5 () sX1(8)X2(s)
T
‘ j e S x(t)dt
13. Tuan hoan x(t+T)=x(t)
X(s)="
l_e_ST
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2

14. Lmu([e_‘”x(u)du X\/\é;
Is. [ 70 @ut )x(u)du 1 f(lJ
0 S S
16. 2 [u 2, @ ut )x(u)du n1+1 f(l)
0 § 5
t
7. [ J0@fult=u) )x(u) du 21 f(s+lj
0 s°+1 s
=
18. x(fz) 2\/; .([u 2¢ 4”X(u)du
19. Ttux(”) » f(ins)
OF(u+1) sins
P(s)
. $ Pl o 0(s)

T Q'(ak)

Bac P(s) <bac Q(s), O(s) chi co cac

nghiém don la ay,...,a,
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PHU LUC D: Bién ddi Laplace ciia cac ham thwong gip

X(s)= J-e_mx(t)dt
0

TT Anh bién d6i Laplace X (s) Ham gbc x(¢)
1
1. - 1
s
1 n—1
2. — n=1,23,.. z
s" (n-=1)!
1 a-1
3. —; a>0 .
s ')
1
4, ot
s—a
1 n—1
5. b n 19 2: 39 t eat
(s—a)" (n—1)!
1 a-1
6. ; a>0 L pat
(s—a)” (@)
1 sin at
7. 2 7
s°+a a
8 > t
. cosa
s? +a’
9 1 P sinat
: 2 2, -
(s=b)+a a
s—b by
10.
(s—b)2 +a2 e cosat
" 1 shat
' s?—a? a
s
12. TR chat
s“—a
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1 ebtshat
13. SR ¢ shal
(s=b)" —a a
s—b
14. ( b)2 5 ePchat
S — —a
s 1 . sin at — at cos at
’ (s2 +a2) 243
al tsin at
16 ( 2 2)2
s“+a 2a
2
17 S . sin at + at cos at
' (s2 +a2) 2a
S3 1
18. 2 cosat ——atsin at
(52 +a2) 2
2 2
S —a
19. 2 tcosat
(s2 +a2)
20 1 - atch at —sh at
' (s2 —az) 2a3
. al . tsh at
' (s2 —az) 2a
2
- 3 ; shat+atchat
' (s2 —a2) 2a
S3 1
23. s\ 2 chat +—atshat
(s —a ) 2
S2 +Cl2 h
24. 2 tchat
(s -a?)
S a
55 ! 5 (3—a2t2)sinat—3atcosat
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