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L&i néi dau

Giao trinh nay dwoc bién soan trung thanh voi chuong trinh Toan Cao Cép cho
khdi nganh dai hoc kinh té& (Toan Cao Cép C) cla B& Giao Duc va bao Tao ban
hanh nam 1995. Tuy nhién trong gido trinh c6 sy sap xép lai mot vai chuwong,
tiét gé phu hop véi thuc té giang day. Giao trinh nay da c6 bd sung mot sO tng
dung cua toan hoc trong kinh té theo chwong trinh hién hanh cua mét sb
trwdng, dac biét 1a Trwong Pai Hoc Kinh Té TP H6 Chi Minh.

Gido trinh gébm hai phan:

« Giai tich todn hoc (60 tiét)
« Dai s6 tuyén tinh (45 tit)

Cudi méi chwong déu co phan bai tap véi s6 lwgng va ndi dung phong phu. Cac
bjé\i tap cérhué’ng dan hoac dap an. Do vay, giéo,tr‘lnh la mét ta liéu vira du cé
ve ly thuyét va bai tap cia mén Toan Cao Cap dé sinh vién cac nganh kinh te
nghién ctru, hoc tap. Giao trinh cling co ich cho nhirng nguoi budc dau hoc
toan cao cap hoac 6n tap vé toan cao cap.

Chung t6i kinh mong va rét biét on sw gép y phé binh ctia ban doc.

Tp. H6 Chi Minh - Tp. Long Xuyén, thang 8 ndm 2000
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Chwong . Dinh thirc
Dinh nghia va tinh chét
1. Hoan vi va nghich thé
Xét tap n sO ty nhién dau tién
{1,2,3....n}

M6t cach sap xép cé thir tw cac sb nay sé& dwoc goi la mdt hoan vi tir n s6 da
cho. Ta da biét s6 cac hoan vi khac nhau tir n phan t&r da cho la:

nl'=1.2.3...n
Vivu: Tap {1, 2,3} c6 3! =6 hoanvila
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Trong mét hoan vi, mdi cép s6 c6 sb lon dirng trwdc s6 bé goi la moét nghich thé
clia hoan vi dé. So nghich thé cua hoan vi p dwgc ky hiéu la N(p).

Vi du: V&i cac phép thé trong vi du trén, ta co:

N(p1) =0
N(p2) = N(ps) = 1
N(p4) = N(ps) = 2

N(ps) = 3.

2. Pinh thire cip n , ‘ , ,
Cho A la mét ma tran vudng cap n, tirc Ia mot bang gom n x n s6 dwoc sap
thanh n dong, n c6t.

21 2 ... BHp
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trong do tdng lay theo tat ca cac hoan vi p = (ay, a, as,..., &) tr n phan tir 1, 2,
o N

Khi A cé cap n thi dinh thire cla A goi la mét dinh thire cap n.
3. Binh thirc cap 2 va cap 3

Khin =2, tong (1) c6 dang

a1 22
d21 H22
ViN(1,2) =0, N(2,1) = 1 nén ta co:

= (1" gy 1a305 + (-1 3y,

= R b
= ol{{da2 — 2 2d29
(2)

Nhw vay: Dinh thirc cap 2 bang tich cac s trén dwdng chéo chinh triv tich cac
sO trén duwdng chéo phu.

=l W=,

Khin = 3, tbng (1) c6 dang:
IR = PRk
N 1 1 .
an ay ayl- TN mjﬂmﬂ Doy oy
31 932 933
tdng lay theo 6 hoan vi (a4, az, a3) tr ba s 1, 2, 3.
Dwa vao sbé nghich thé da xét trong vi du trén, ta c6
IR I DL
21 gy 85| - (81800833 + 81283831 T B33 33 ) -
@1 832 F33| (31933332 + 812801833 T 313920331 (3)

DPé& nhé cong thire (3) nguwdi ta thworng dung “qui tdc Sarrus”

y

Vi du:

1-2 0
1-1 N=1(-13+{-2)12+ D.’1.’l—[1.1.’1+ (-2).1.3+ D.l[—’]]l.?]
21 3



=.3-4-(1-6)=-2
4. Tinh chéat cua dinh thirc

1. Néu dbi dong thanh cét, cot thanh dong thi dinh thirc khdng thay dbi.

Theo tinh chét (i), mot tinh chét cla dinh thirc dung v&i dong thi cling dung voi
cOt, do do cac tinh chat tiep theo ta chi phat biéu doi véi dong nhwng no cling
dung doi véi cot.

1. Néu nhan t4t ca cac phan tlr ciia mot dong véi s6 A thi dinh thire dworc
nhan Ién v&i A.

2. Néu mét dong clia dinh thirc dwoc viét thanh tdng cla hai dong thi dinh
thire dwoc viét thanh tbng cha hai dinh thirc cé dong dang xét la nhirng
dong thanh phan.

Vi du:
1112 103 (121 |1 23
1 2 Ol=11 2001 20
1 2 1 12 10 (1 2 1

1. Néu dbi chd hai dong cho nhau thi dinh thirc dbi diu.
2. Trong mét dinh thirc néu cé hai dong giébng nhau thi dinh thirc bang 0.
3. Néu cdng mot dong vao mét dong khac da nhan véi mét sb thi dinh thie
khéng débi.
O day nhan mot dong véi mot sb nghia 1a tat ca cac phan tlr ciia dong dwoc
nhan v&i sb d6, cong hai dong véi nhau nghia 1a cong cac phan tir twong tng
v&i nhau.

Phwong phap tinh dinh thirc

Dinh thirc cip hai va cip ba c6 thé tinh theo cong thirc (2) va (3). Binh thirc cap
cao co thé dwa vé dinh thirc cip hai hodc ba nh& céng thirc khai trién. Mot sb
dinh thire dac biét c6 thé s dung dinh ly Laplace.

Vi du:

¥ 111
T3 11
11 % 1
111 %

a) Tinh



T+3E+3x4+3 x4+ 3
1 b4 1 1

A=
1 1 % 1
Ta cé: 1 1 1 % 1 (cong cac dong vao dong 1)
1111
T3 11
= (X+3)
T 1 % 1
T11x (dwa thira sb chung [x+3] ra ngoai dinh thirc)
T 1 1 1
0 x-1 0 0O
={¥+3
O 0 x-10
oD xd (nhan dong 1 v&i -1 cdng vao cac dong khac)
_ 3 - 15
1 a a
A=1b b
, 2
| ¢ ¢

b) Tinh dinh thirc Vandermonde c4p 3:
1 a a’
1 o+a

A=|0b-ab?-al|=(b-alc—a
1T c+a

Oc-a c®—a?

Tacs: = (b-aic-alic-b)
Twong tw, dinh thire Vandermonde cép 4:

1aa a
1 b b? b
1¢c ¢

1dd* ¢°

—th—a)ic—alic-blid—a){d-bifd-ci




Chwong Il. Ma tran

Dinh nghia

1. Dinh nghia ma tran . ) ]
Mot ma tran cap m Xxn la mot bang gom m x n s6 dwoc sap thanh m dong, n cét
theo mét thir tw nhat dinh.

Ma tran A cAp m x n dwoc viét dwéi dang

(ﬂn Gy == dy,

1 = “in
a1 “an

)
M=

ajj 1a phan t& nam trén dong i, cot j ciia ma trén A.
Ta ciing ky hiéu (A); 1a phan t& ndm & dong i, cot j clia ma tran A.
_ [1 -2 1}
vide: N TES i (A= 1, (A)p =2, (A)s = 0
Hai ma tran A va B cadp m x n dwoc goi la bang nhau néu
(A)j= (B)yv&imoii=1,....,m,j=1,...n.

2. Phép cdng ma tran va phép nhan sé v&i ma tran )
Cho A va B la hai ma tran m x n. Khi d6 tbng cla A va B 1a ma tran cé cdp m x n
xac dinh béi:

(A+B)j=(A)y+(B)voii=1,...mj=1,..,n

Nhuw vay tbng cla hai ma tran la ma tran c6 cac phan tlr bang tbng cac phan ti
twong rng cua hai ma tran da cho.

Cho ma tran A cap m x n va so (A);. Khi do ta goi tich ctia A va A 1a ma tran AA
c6 cap m x n xac dinh bdi:

(AA) = ANA)VEii=1,...,m,j=1,..,n

Nhw vay muén nhan mét sé véi mot ma tran, ta nhan sé dé véi tt ca cac phan
tlr clla ma tran do.

[1—2 1] [—1 1 EJ
.’ﬁ".: . B:
Vi du: Cho T 0-1 13

0-1 3 -2 4 -2
aea=(0 e[ 47)
2 1 2 -2 0 2

Taco



Ta goi ma tran khong cap m x n, ky hiéu: 0 = Omxn 1a ma trén cap m x n ¢ tat
ca phan tlr deu bang 0.

Ta cé dinh ly sau:

Dinh ly 1: Cho A, B, C la cadc ma tran cdp m x n, A, p 1a cac s6. Khi dé:

A+((B+C)=(A+B)+C;
A+B=B+A;
A+0=A;

A+ (-1)A=0;

1.A=A;

(A +)A=NA + pA;
A(A+B)=AA+\B;
(AWA = A (PA).

ONOO A WN =

Sau nay ta sé viét (-1)A=-A; A+ (-B)=A—-Bvagoi A—BlaA tr B.

3. Phép nhan ma tran ]
Cho ma tran A cap m x n, ma tran B cap m x p xac dinh badi:

Nhw vay:

« Dé tich AB xac dinh thi s6 cot clia A phai bang s6 dong ctia B.
« Phan t& (AB); bang tong cac tich twong ¢ng cla cac phan t&r nam trén
dong i ctia A va cét j ciia B.
1T-2 11 1 -3
T2 001 1=

VI,dU:UE’l—E’l 0 3

Ma tran vuéng cp n dwoc goi la ma tran don vi cap n, ky hiéu | = I, néu:
1 néu 1=7
() = L
0néu i#J

Nhw vay ma tran don vi cip n |a ma tran vudng cip n cé cac phan ti trén
dwong chéo chinh bang 1, cdn cac phan ti con lai bang 0.

1T 00

1 0
|2=[ ], |3= 010

o1
o0



Dinh ly 2:
1. Cho ma tran A cap m x n. Khi d6
| A=A = A
I:'pl.s-:r"nf‘ﬂ- = I:]p:-:n
A anq = Dqu

-_

. Chomatran A cap mxn, B cap nxp,C cap p x g. Khi d6 A(BC) = (AB)C

2. Chomatran Acapmxn,Bcapnxp,vasoA Khido: (AAB=AAB)=A
(AB)

3. Chomatran Acap mxn, B, C c6 cap n x p. Khi d6: A (B + C) = AB + AC

4. Chomatran A, B cap mxn, C cap n x p. Khi dé: (A +B)C =AC + BC

4. Phép chuyén vi ] ,
Cho ma tran A cap m x n. Khi d6 ma tran chuyén vi ctia A la ma tran AT co capn
X m xac dinh bdi.

ATy =(A)ivoii=1,...mj=1,..n

Nhw vay ma tran chuyén vi ciia A la ma tran nhan dwoc tir A bang cach ddi
dong thanh cot, dbi cot thanh dong.

Theo tinh chét cGa dinh thirc, ta co: det A = det A" néu A Ia ma tran vuong.

Dinh ly sau day cho ta mét sb tinh chat khac.
Dinh ly 3:

1. V&i moi ma tran A ta co: (AT)' =
2. Voi moi ma tran A va B cung cap ta co: (A+B) =AT+B’
3. Véimoimatran Acdp mxn, B cip nxptaco: (AB) =BTAT

Ma tran vuéng

1. Vai nhan xét

a) Néu A va B |a cac ma tran vuéng cap n thi cac tich AB va BA ciing 1a ma tran
vuéng cap n, tuy nhién néi chung AB # BA.

1 0 20 11
A:‘ .B: , l,ﬁ-,'Bz .B.’ﬁ‘\.=
vidg;  ~0 0 0 thi 00 T

b) C6 cac matran A va B cdp nsao cho A# 0, B# 0 nhung AB=BA=0

[’l —1] {—’l ’l] [D D]
A= B- AB = BA =
Vi du: T-1 -1 VYtace 00



c) Trong tap hop ma tran vudng cap n cé cac phép toan céng, nhan véi sé va
nhan. Phép nhan cé phan t&r don vi | = I,,. V&i no:

Al=1A=A
V&i moi ma tran vudéng A cap n. Ma tran | gibng nhw s6 1 trong phép nhan sb.
d) Néu A, B 14 cac ma tran vudng cuing cap thi ta c6
det(AB) = detA.detB

2. Ma tran dao
Ma tran vudéng A cap n dwoc goi la kha dao néu ton tai ma tran B cap n sao cho

AB=BA=1 (1)
Ma tran B théa man (1) néu cé 1a duy nhét.

That vay, néu ma tran B’ cling théa man: AB’=B’A=1,thi B =B’ = B’(AB) =
(BBAB=1B=B

Ma trén B théa man (1) goi la ma trén dao cua A, ky hiéu la A", Nhw vay ma
tran ddo clia ma tran A néu co la duy nhatva AA" = A'A = |

Dinh ly 4: Néu A va B la cac ma tran kha dao cép n thi:

1. (A=A
2. (AT)" = (AT
3. (AB)'=B".A"

4. det (A).det (A" =1
Ma tran dao tim dwoc theo dinh ly sau day:
Dinh ly 5:

1. Ma tran vuéng A kha dao <« detA#0
2. Néu A kha dao thi

ey o
Trong dinh ly nay ta ky hiéu
Aqp A A
)T - f‘ﬂ‘-:m fﬁ»:zz ""ﬁ‘:rz
Ain Azn - Am

la chuyén vi clia ma tran c6 cac phan tir 1a phan phu ctia dai sd ctia phan t
twong rng cdia ma tran A.



Ma tran vudng A cé det A # 0 con goi la khdéng suy bién.

Vi du:

w =1 -
— % 1 - & -
TN “

[N}
o

—
[
4

= dJ T ad-beh-c¢ N

a) Theo cong thirc (2), néu ad — be # 0 thi {

12 1
T I

b) -11 2

Ta co det A =6 # 0 nén A kha dao. Ngoai ra

A11 =4 A21=-3,A31=-5
A12=0,A22=3,A32=3
A13 =2, A23 =3, A33 = -1

Do dé theo (2)

Hang cua ma tran

1. Pinh nghia hang ctia ma tran

Cho ma tran A cdp m x n. Néu chon cac phan t&r ndm trén k dong, k cot ciia A
thi ta dworc moét ma tran vudng con cép k ctia A. Binh thirc clia ma tran nay goi
la mét dinh thirc con clp k cta A.

Ta goi hang ctia ma tran A, ky hiéu rank A, 1a cip cao nhét trong cac dinh thirc
con khac khéng ciia ma tran A.

Tw dinh nghia ta co: rank A < min (m,n)

2. Cach tim hang

e NéuA=0thirank A=0
« Néu A #0 thirank A = 1. Cé dinh mét phan t&r khac khong clia A va xét tat
cé cac dinh thire con cip 2 clia A chiva phan tlr nay.
o Né&u c6 mét dinh thirc khac khong thi rank A = 2. Néu khong thi ta két luan
rank A = 1.
« Trong trwdng hop cd6 mét dinh thirc con cip 2 khac khéng, ta cb dinh dinh
thirc nay va xét tt ca cac dinh thirc con cap ba chira né. Néu cé mét dinh
thirc khac khéng thi rank A = 3. Néu khong thi ta két luan rank A = 2.
« Tiép tuc nhw vay ta tim dwoc hang cla A.

Vi du:



-5 2 21
A=l11 4 -1-2

a) Tim hang ctia ma tran: 2 2 0-1
-5 2
==42 =0
Taco 1 4 nén rank A = 2. Hai dinh thirc con cap 3 chira dinh thirc

cap 2 noi trén 1a.

-5 2 2 o020
1M 4 =1=0, |11 4 =3=28+0
2 20 22 -1

Nhw vay rank A = 3, nhwng ma tran c6 3 dong nén rank A < 3, tir d6 rank A = 3.

1T -2 1
A=|l-2 -6 0
b) Tim hang ctia ma tran 422
1T -2
‘=—1D¢U
TacodetA=0dodorank A<3. Talaico 2 ~ nén rank A > 2.

Vay rank A = 2.

Thong thwong dé tinh hang cta ma tran vudng cap 3 ta tién hanh nhw vi du b)
trén day, néu det A # 0 thi ta cé ngay rank A = 3.

3. Phép bién doi so’ cap trén dong clia ma tran o ,
Ta goi cac loai phép bién doi sau day la nhirng phép bién doi so cap trén cac
dong clia ma tran.

« Loai 1: Béi chd hai dong cho nhau, con nhivng dong khac gilr nguyén.

« Loai 2: Nhan mét dong véi mét sé khac khdng, con nhivng dong khac gitr
nguyén.

« Loai 3: Cong mdt dong vao mot dong khac da nhan véi mot sé, con
nhirng dong khac gilr nguyén.

Theo tinh chat ctia dinh thirc d& dang thay rang mét ma trén vuéng khong suy
bién thi sau khi thirc hién cac pheép bien déi so cap trén cac dong cua no, ma
tran ma&i van khdng suy bién. V&i ma tran suy bién cling cé tinh chat twong tw.

Tw didu vira nhan xét, ta thay ngay rang hang clia mot ma tran khoéng thay ddi
khi ta thwc hién cac phép bién déi so cap trén dong.

Ma tran A cp m x n goi la cac bac thang néu (A); véi moii > jva (A).k v&i moi k
<jthi (A)+1xk=0voimoik<j+1.Trongdoi=1,2,. -1;j=1,2...,n-1



Néu dung cac phép bién ddi so cip dwa ma tran vé dang bac thang thi s6 dong
khac khong cQa ma tran dang bac thang chinh la hang cta A, vi d6 cling chinh
la cap cao nhat cua dinh thirc con khac khéng ciia ma tran A.

Vi du:

1T =21
A=|—-2-6 10
. . d
a) Tim hang cua
1T -2 1 1T -2 1
ranka = rank| O =10 2|=rank 0 -10 2 (=2
Ta co: 0 1[]—2! o C 2
1T 1 0 =1 11 0 =1 1 1 0 =1
rankl 00 1 =1 =rank| 0 0 1 =1|=rank|l 0 -1 1-1|=3
b) 10 1=7 n-11-1 n o 1-1

4. Tim ma tran dao nh& phép bién déi so’ cap
Méi phép blen dbi so’ cap trén ma tran don vil cap n cho ta m6t ma tran goi 1a
ma tran so cAp (rng v&i phép bién ddi so' cip da cho.

Cho ma tran vuéng A cap n.

Ta nhan xét rang néu phép bién ddi so cap trén dong clia A c6 ma tran so cap
twong trng la T thi ma tran nhan dwoc phép bién déi so cap 1a T.A. T do, néu
T1, T, ..., Tk la ddy cac ma tran so cap (rng v&i cac phép bién dbi so cip trén
dong dwa ma tran A thanh ma tran don vi | thi

Tk Tkt ... TLA=
T d6
A" =T Teq ... T1= T T, ... Tl
Do vay ta co

Binh ly 6: Cac phép bién ddi so' cap dwa A thanh ma tran don vi ciing chinh 1a
cac phép bién ddi so cdp dwa ma tran don vi thanh A™.

Theo dinh Iy 6 ta c6 thé tim ma tran ddo ctia A bang phuong phap bién dbi so
cap nhw sau:

LSy
e Ghép A,vc')’i ma trérj don vi | thanh ma tran (/{)cép n x (2n). Dur]g cac
phép bién doi so’ cap trén cac dong cua ma tran nay dwa n cot dau thanh
ma tran don vj | thi n cdt cudi thanh ma tran A™.



1 2 3
A= 011
, .  aa R L2
Vi du: Tim ma tradn dao cua ma tran
(1 2 31 0 oY (12 31 C 0Oy
(A= 0 1 1C 1 0]——= 0 1 1 Ij 0]
1 2 1c 0 1/ 0 n0=21-10 1
Ta co: o7 m s N s
" - 0o — ‘\i !r’. - P 1-'{; Ij .r'_{ )
4;011010%610‘—:]112
s
D G 1| 1("/ D 1/;.' G D | -"i_g"' [-] -"l 4
- - N —
.r’f.g r;/‘l L .-KE /‘/'2-‘

Chwong lll. Khéng gian vecto

Vecto n - chiéu
1. Dinh nghia . )
M6t bd goém n sO x = (X1, X2, ..., Xp) dwoc goi la mot vecto n chiéu. SO x; dwoc

goi la toa do6 th i cua vecto x.
Ta c6 thé coi x nhw mét ma tran cap 1 x n. Ta ciing co thé coi nhw mét ma tran
cap n x 1, khi doé ta viét:



Phép ccf)ng’vecto’ va phép nhan mét sé véi mot vecto twong tw nhw dbi véi ma
tran. Cu thé, v&i x = (X4, X2, ..., Xn), Y = (Y1, Y2, ..., Yn) Va sO A ta co.

X+y=(X1+y1, X2+ Yo, ..., Xn + Yn)
Ax = (AX1, AX2, ..., AXn)

« Vecton—chiéu0= (0,0, ..., 0) co tat ca cac toa d6 bang khéng goi la
vecto khoéng.

« Vecto —x = (-1)x goi la vecto dbi cla x.

e Patx—-y=x+(-y)vagoilahiéuciaxvay.

Twong tw dinh ly 1 chwong 2 ta co:

Dinh ly 1: V&i moi vecto n — chiéu x, Y, Z va moi sb A, p ta co:

x+(y+z)=(x+y)+z
X+y=y+Xx
x+0=x

x+(-x)=0

1x=x
(A+u)x = A X+ px
Ax+y)=Ax+Ay

A (pUx) = (A p)x

PN WN =

2. Sy phu thugc tuyén tinh
ChQ moét hé gém k vecto n - chiéu vq, vo, ..., Hg% nay duq‘c goi la phu thudc
tuyén tinh néu ton tai cac sO A4, Az,..., Ac khdng dong thoi bang khdng sao cho:

Ay + Aovo +. + NV =0 (1)

Néu (1) chi xay ra khi Ay = A = ... = A thi hé vecto goi la doc 1ap tuyén tinh.
Vecto’,v dwoc goi la moét to hop tuyén tinh cla hé vecto vy, va,..., vk néu ton tai
cac sO Aq, Ao, ..., Ac sao cho:

V = Ay + Aovo +.. .+ Aok

Khi v 1a mét t& hop tuyén tinh cGa v1, va,..., Vi thi ta cling néi v biéu thi tuyén
tinh dwgc qua vy, va,..., Vk.

Tap tat ca cac t6 hop tuyén tinh cla vecto vy, va, ..., vk ky hiéu 1a:

{vz';‘livimiER,i:l,_k;
V=(v1,v2,...,vk)= ‘3:1" )
Vi du:
a) Hé ba vecto €1= (1, 0, 0), £, = (0, 1, 0), €3= (0, 0, 1) la ddc lap tuyén tinh, vi
Meq + Moot Asze3 = 0 — (A1 A2 A3) = (0,0,0)
—AM=A=A=0



b)yHé& vi=(1,1,1),v2=(0. 1. 1), v3 = (1, 2, 2) la phu thudc tuyén tinh vi
1.(1,1,1)+1.(01.1)-1.(1,2,2)=0
Dinh ly 2: Cho hé vecto n — chiéu vi, vy, ..., V. Khi d&

1. Néuk=1va vs #0 thi hé doc 1ap tuyén tinh.

2. Né,u hé ddc lap tuyén tinh thi moi v; # 0 ) )

3. Néeu mét bé phan cta hé la phu thudc tuyen tinh thi hé thu thudc tuyen
tinh.

4. Néu hé doc lap tuyén tinh thi moi bd phan ctia hé déu ddc lap tuyén tinh.

5. Néu k>1 thi hé phu thudc tuyén tinh < ton tai it nhat mét vecto trong hé 1a

t6 hop tuyén tinh clia cac vecto con lai.

3. Hang cua hé vecto ] ] ]
Cho hé vecto vy, vy, ..., Vk. Ta goi sO vecto déc lap tuyén tinh I&n nhat chon
duwoc tr hé nay la hang cua hé, ky hiéu la rank (v4, v, ..., Vk).

Tw dinh nghia ta co:

Heé vecto vi, va, ..., v doc 1ap tuyén tinh < rank (v, va, ..., Vi) = k.

Gia suw:
Wy =(811, 82, 1)
Vo =(dg, 8y, - Sy )
Vi =18k, 8k, Egp )
Ky hiéu:
&1 22 B
S dop e dop

1 iz ot Gk

la ma tran c6 cac dong la vecto cua hé da cho.

Dinh ly 3: rank(v4, vy, ..., vk) =rank A

Vi du:
a)Xethévli=(2,1,1),v2=(1,1.4),v3=(1,1, 2)
2 1 1
11 4
1

B&i vi rank (v1, v2, v3) = rank =3 nén hé c6 hang bang 3 va hé

doc lap tuyén tinh.
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b)Hé (2,-2,5), (1,-2,2), (1,2,4)co hang rank < "/nén hé phy thugc
tuyen tinh.

c) H& godm n + 1 vecto trong R" Ia phu thudc tuyén tinh. That vay goi A 1a ma
trén co cac vecto do la cac dong thi Aco cap (n + 1) n. Virank A <n + 1 nén hé
phu thudc tuyén tinh.

Khéng gian vecto n - chiéu

1. Dinh nghia

Tap tat ca cac vecto n — chiéu cung v&i phép cdng vecto va phép nhan sb véi
vecto dugc goi la khéng gian vecto n — chiéu R", goi tét 1a khong gian R” hay
R".

Khéng gian R" ¢6 cac tinh chat (i) — (viii) trong dinh Iy 1.

2.CosocuaRn ]
Hé gom n vecto ddc lap tuyén tinh trong R" goi la mot co sé cliia R".

Theo dinh ly 3, hé v4, vy, ..., vp la co s& clia R" < rank (v4, Vo, ..., Vp) = n.
Bay gid ta chirng minh diéu sau day:

Trong R" cho mét co' s& vy, Va, ..., Vi va mét vecto v. Khi do ton tai duy nhét cac
SO A1, Ao..., Ay sao cho:

V=AMVi+ Mva+ o A, (2)
Ching minh: That vay, néu cé mét cach viét khac
v=Nivy+ Novo + ...+ Ny,
thi 13y (2) trlr cho dang thrc nay ta dwoc
(A = N1 + (A= Na)Va + ...t (A = Ni)Vo = O
Vi vy, Va, ..., vy, ddc 18p tuyén tinh nén
A -Nq1=0hay A =Ny
véii=1, ..., n, tlc cach viét (2) la duy nhéat.
DPé chirng minh s ton tai ta xét hé vq, vy, ..., Vo, V

Virank (v1, Vz, ..., Vo, V) = n nén hé phu thudc tuyén tinh. Tt d6 ton tai cac sb
a4, Oz, ..., 0y, a khéng dong th&i bang khéng sao cho:

aqvq + Qv + ... +apvy +av =0

Néua=0thiavi+ava+ ... +awv,=0vadodéa;=a,=...=a, =0, tagap
mau thuan.



Vay a # 0 va

Cf Cf Cf
V:——1V1 ——EVQ—---——H‘\-’”

e L Cf

tirc v dwoc viét dwsi dang (2) voi

B& sb duy nhat ( A1, Ay, ..., Ay) goi 1a toa do cla vecto v trong co s& V = {v4, vy,
..Vi}, ki hiéu

Y= (M Ao )

hoac
Ay
[v],-|*2
b

Vi du:

a)e1=(1,0,0,...,0),€=(0,1,0,...,0),....en=(0,0,0, ..., 1) 1a mdt co s&
cua R".

Co s& nay goi la co s& chinh tac hay co sé& mau cua R".
V&i moi vecto x = (X4, X2, ..., Xn) ta co
X = X1€1 + Xo€2 ... + Xn€n
do d6 (x4, X2, ..., Xa) cling chinh |a toa dé cla x trong co' s& chinh tac.
b) V ={(1,1,1), (0,1,1), (0,1,1)} la co s& ctia R® vi rank(V) = 3.
Vecto v = (1,2,3) c6 toa dd trong co sé V la (1,1,1). Do dé
1

VA =1100) hay []y = |1
1

3. Bién do6i toa do khi thay déi co’ s&
Xét hai co s&

V ={v1, Vo, ..., Vo}, W = { w1, Wy,..., Wy} cia R"

Khi d6 v&éimoij=1, ..., ntaco



Ta goi
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\bn tn2 = bons
la ma tran chuyén t&r co s& V sang co s& W.

Xét moét vecto v. Gia st

So sanh véi i=1 ta dwoc =l yeimoii=1,...n
Vi vay
[:a:]v = T-[K]W(3)

(hw=T"Llv)

Bién doéi tuyén tinh

1. Pinh nghia

M6t anh xa f : R" — R™ dwoc goi la anh xa tuyén tinh néu véi moi v, w € R” va
moi sb A, ta cé:

1. f(v+w)="f(v)+f(w)
2. f(Av) = Af(v)
Tw dinh nghia trén dé dang suy ra:
3. f(0)=0
4. f(v-w)="f(v)-f(w)



] k
f Zﬁ-i‘u’ ]=Zlif[vi]

5. =T i=1 voimoivi ER", N ER,i=1, ...,k

Vi du:
a) C4c anh xa sau day la tuyén tinh:
f:RZ > R, f(x,y) =3x -2y
f:R? 5 R?,f(x,y) = (X—y, 2x + )
f:R"— R™, f(v) = 0 v&i moi v =ER"
f:R"—> R", f(v) = v v&i moi v €ER"
b) Cac anh xa sau day la khéng tuyén tinh:
f:R? 5 R? f(x,y) = (x—t,2x+y + 1)
f:R*> > R’ f(v) =x2 +y2
Trwdng hop m = n: axtt f: R” — R" goi 14 phép bién ddi tuyén tinh trén R"
Trwéng hop m = 1 anh xa tuyén tinh.
f:R"— R’
dwoc goi la dang tuyén tinh trén R".

2. Ma tran cha phép bién déi tuyén tinh
Xét bién doi tuyén tinh f : R" — R" va mét co s& V = {v4, v»,... v} cia R".

V&i moi x €Rn, gia sw:

-

¥q A9
Y2 Sy,
ool =72 | Il =
Yn Hon
V&imoij=1, ..., n, dat
N
fl{'\-"_l]l=zaij"-.-"i

Ta dwoc ma tran



g1 2 -
A= 21 .22 .En
Gl Hpz 8

goi la ma tran cta phép bién dbi tuyén tinh f trong co sé V.

Chu y rang.
" Yoo
flx)= f[ 2KV }: 2oxiflvy)
n n M . n
= 2% oY =Z[23ij?{j Vi
=1 Ti=1 i=1l j=1
SO sanh vOi
;
Flx = 2 vivi
i=1
ta co:
M
Y= Za”_;j.
voeimoii=1,...,n

j=1

Vi vay:
[fx)Iv = Alx]v (4)

Vi du:
A[v] Ia phép bién ddi tuyén tinh. (co s& chinh tac).

That vay, v&i moi v, w =Rn, ta co
[f(v+ w]=A[v+w]=A(Vv] + [w])

= [V + A [w] = [f(v)] + [f(w)]

a) Cho A 1a mot ma tran vuéng cép n bat ky. Khi dé anh xa f: R” ->R", [f(V)]

tee la f(v+w) = f(v)+f(w) v&i moi v “Rn va A R ta cé
[F(A V)] = AIAV] = A(A[V]) = AA[V] = A[f(v)]
tire 1a f(A v) = A f(v)

Két hop cac diéu vira chirng minh, f 14 phép bién dbi tuyén tinh.

b) Cho phép bién déi tuyén tinh



f:R®—> R3, f(x1, X2, X3) = (5x1 -3+ 2x3, 4x% — x3, x' + xz)
Hay tim ma tran cua f trong co s& chinh tac.
Ta co:
f(e1) = (5,0,1) = 5.¢" + 0.e5 + 1.€3
f(e2) = (-3,4,1) =-3.¢1 + 465 + 1.€3
f(e3) = (2,-1,0) = 2.e4 - 1.€2 + 0.€3
9-3 2
A=0 4 -1

Vi ma tran cua f trong co s& chinh téc la (A

Khéng gian vecto

1. Dinh nghia

Cho L Ia mét tap khac réng. Ta goi mot phép cong trén L 1a mot quy tac dat
twong tng hai phan t& x, y €L v&i mét phan tir duy nhat x + y €L, mot phép
nhan s v&i phan ti cha L 1a mét quy tac dat mbi A €R, x €L véi mot phan tir
duy nhét Ax €L.

Tap L cung voi hai phép toan cong va nhan voi s dwoc goi 1a mot khéng gian
vecto hay khdng gian tuyén tinh néu véi moi x, y, z €L va moi A, y €R théa
man:

A+ P)X=AX+px
Ax+y)=Ax+Ay
A (p X) = (A p)x

1. x+(y+z)=(x+y)+z
2. X+ty=y+Xx

3 el x+0=x

4 =xjelx+(=x)=0
5 1x=x

6.

7.

8.

D& dang chirng minh rang phan ti 0 trong (iii) la duy nhéat, phan t& d6i —x trong
tinh chat (iv) clng duy nhat va —x = (-1)x.

Khi L 1a mot khéng gian vecto thi cac phan tlr ctia né goi la cac vecto.
Vi du:
a) Theo dinh Iy 1, khéng gian vecto n — chiéu R" Ia mét khéng gian vecto.

b) Theo dinh Iy 1 chwong 2, tp Mmx, tat ca cac ma tran cap m x n vai phép
cdng va phép nhan ma tran véi s6 la mot khéng gian vecto:.



c) Tap cac da thirc v&i phép cdng va phép nhan da thirc véi sb thong thudng la
mot khdng gian vecto.

2. Sy phu thudc tuyén tinh '
Hé phan tt vy, v, ..., vk trong khdng gian vecto L dwoc goi la phu thudc tuyén
tinh néu ton tai cac s6 A1, Ay, ... A khdng dong théi bang khéng sao cho:

AMvi+ Avo+ o+ Ave=0

Néu dang thirc trén chi xay ra khi Ay = A2 = ...= A thi hé duoc goi la doc 1ap
tuyen tinh.

3. Co sé vatoadod
Cho L la mét khéng gian vecto.

Néu ton tai s6 n sao cho moi hé doc lap tuyén tinh clia L chi ¢ nhiéu nhat la n
phan t& thi L dwoc goi la khdng gian vecto (hiru han) n — chiéu. Ky hiéu: dim L
=n

Néu L = {0} thi ta goi L la khdéng gian khéng chiéu.
Ky hiéu: dimL =0

Truong hop moi s6 tw nhién n déu tim dwoc mot hé doc 1ap tuyén tinh trong L
c6 n phan t& thi L dwoc goi la vé han chiéeu.

Vi du:
a) Khéng gian R" |4 hiru han n — chiéu.
b) Khéng gian, Mmx, [& m x n — chiéu.

c) Khdng gian vecto cac da thirc la vo han chiéu, vi moi n, hé cac da thirc 1, x,
..., X™"1a doc lap tuyén tinh.

Cho L 1a mot khong gian vecto' n — chiéu. Khi d6 mdi hé doc lap tuyén tinh gom
n phan t&r cta L dwoc goi la mét co sé cua L.

Xét hé vecto: V ={vq, v2,..., vy clia L

Binh Iy 4: H& V 1a co' s& clia L néu va chi néu moi vecto x €L, toan tai duy nhat
bd sO (A1, A2, ..., An) sao cho

X =AVy+ Novo + .+ Ay (5)

Néu V la co s& thi bd s6 (M1, A2, ..., An) goi la toa dd cla x trong co s& V, ky hiéu
la

Vo= (s )

hoac la



Nhan xét: V la co s& clia L néu V ddc lap tuyén tinh va véi moi x €L cé biéu
dién (5).

4. Bién déi tuyén tinh ,
Cho hai khdong gian vecto L, M. Mét anh xa f : L — M dwoc goi la anh xa tuyén

tinh néu:
f(v+w)=f(v) + f(w) v&i moi v, w €L
F(Av) = Af(v) v&éimoi A ER, v EL

« Néu M = R thi 4nh xa tuyén tinh f : L — R dwoc goi la dang tuyén tinh trén

L.
« Néu M =L thi &nh xa tuyén tinh f : L — L dwoc goi la phép bién dbi tuyén
tinh trén L.

Cho phép bién dbi tuyén tinh f: L — Lvaco s&V ={vy, Vo, ..., va} cla L.

V&i moi j dat:

ta dwoc ma tran:

(] 0 0
0 2 0
0 0 3
0 0 0

Lo

goi ma tran cla phép bién dbi tuyén tinh f trong co sé V.
Twong tw céng thire (4) ta cé:
[f(x)lv = AlxX]v

Vidu: Goi L la tap cac da thirc bac < 3. Khi dd L la khong gian vecto 4 — chiéu
v&i phép tinh cdng va nhan da thic véi s6 thong thudng.

Xét phép bién dbi:



B P ) (@a0 ham cia P)
Dé& dang kiém tra f la phép bién dbi tuyén tinh trén L.
V6i co s& V={1, x, x*, X’} clia L ta co
f1) =0 =01+0x+0x%+0
fix) =1 =11+0x+0x% +03x7
fx2)= 2% =01+ 2x+0x2 +03°
) =312 = 014+ 00+ 3 +0°

Do d6 ma tran cda f trong co s& V la:

g 1 0 0
o o 2 0
A=
o o 0 3
o o0 0 0
Nhan xét: Cho khoéng gian vecto n-chiéu L ¢6 co s& V={v1,vz,...,vs} va anh xa
f:L]—R"
X |— xIV

Dé& dang kiém tra f 1a anh xa tuyén tinh va song anh. Ta néi rang L va R" dang
cau tuyén tinh v&i nhau. Do tinh chat nay, L c6 tat ca cac khai niém va tinh chat
twong tw nhw trong R", & trén ta chi dwa ra mét vai khai niém va tinh chat.

5. Khéng gian vecto con

Cho L la mét khong gian vecto. Tap con M T L dwoc goi la mét khéng gian
vecto con cia L néu 0 €M va véi cac phép toan trong L, M cling la khdong gian
vecto.

Tw dinh nghta ta thay ngay L va 0 = {0} la nhirng khdng gian vecto con cda L,

goi la khéng gian con tdm thuwéng. Khéng gian vecto con thwdng goi van tat 1a
khong gian con.

Dinh ly 5: Tap con M cua khéng gian vecto L la khdng gian vecto con cua L
néu va chi néu né théa man mét trong hai dieu kién twong dwong sau day:

(YM#Qvax+y =M vdimoix,y =M; A x EM v&i moi A =R, x EM
(ii)0 =EMvax+ Ay €M v&i moi x,y =M, A ER.
Vi du:



a) Ky hiéu L la khong gian vecto tat ca cac ham xac dinh [a,b] v&i phép cong va
phép nhan ham vé&i s6 thong thuwong, Ly la tap cac ham kha tich, L, la tap cac
ham lién tuc L; la tap cac ham kha vi trén [a,b].

Ta co:
e L4, Ly, L3 la khéng gian vecto con cua L;

e Ly, L3 la khdng gian vecto con cla Lq;
e Lsla khdng gian vecto con cta L;.

b) Trong R" xét hé vecto {v4, vo, ..., Vi}

Ky hiéu L= {1‘1,1:3,...,1:;5)

la tap tat ca cac td hop tuyén tinh ca v4, va, ..., vk. Ta ¢6 L 1a khéng gian vecto
con cta R" va

dim £ = mmk{vj,vg,...,wﬁ
goi la khéng gian con sinh bdi vq, vo, ..., V.
c) Trong R® xét:
M = {(x1, X2, X3)| X1 -2x2 + X3 =0}
M la khéng gian vecto con cia R®.
Thatvay, vi0—-2.0+0=0nén 0 = (0,0,0) =M.
X = (X1, X2, X3) EM, y = (y1, Y2, ¥3) EMva A €R, taco

X+ Ay = (X1 + Ayq, X2 + Ayz, X3 + Ays3)

Vi (X1 + Ay1) — 2(X2 + Ay2) + (X3 + Ays)

= (X1-2X2 + X3) + A (y1—2y2 +y3) =0
nén ta cling co:

X+ Ay EM

Chwong IV. Hé phwong trinh tuyén tinh

Cac khai niém ]

1. Hé phworng trinh tuyén tinh )

Hé phwong trinh tuyén tinh m phwong trinh, n n s6 14 hé phwong trinh ¢c6
dang:



{amm + 80Xy + 8%, =Dy (1)
Trong dé céac ay, by, i=1, ... m; j=1, ..., nla cac hé sb x;, j=1, ..., n la cac &n sb.

o—
A=A

: 7 s oA . . a £ . .
Boso " Vir s m A duoe goi Ifa moét nghiém cua hé (1) néu thay cac x; vao
vj tri cba x; trong hé (1) ta dwgc m dang thirc dung.

|

M®6i nghiém clia hé (1) 1a mot véc to ctia R”, tap tat ca cac nghiém clia hé (1) 1a
tap con ctia R".

Giai hé phwong trinh 1a tim tt ca cac nghiém cuda hé.

~ -, -

811 B2 .. B ¥4 ol

a_ |82 B2 e B P2 o B2
bat: Am1 Hnz2 - Epn n kbm

va goi A la ma tran cac hé s6, B 1a cot cac hé so tw do. Hé phwong trinh (1) ¢6
thé viét dwoi dang ma tran

AX =B (2)
a1 @z e Ay b
— g g e g b
a_|f 21 2
Ta goi: @1 Fmz v Fmn B la ma tran cac hé sb bd sung. Hé (1)

hoan toan dwoc xac dinh khi biét ma tran cac hé sé bd sung ctia no.

2. Hé phwong trinh thuan nhat ‘ o ,
Hé phwong trinh tuyén tinh (1) dwgc goi la thuan nhat néu tat ca cac hé so ty
do bang khéng. Dw&i dang ma tran hé phwong trinh tuyén tinh thuan nhat tré&
thanh

AX =0 (3)

Hé phuong trinh thuan nhat ludn c6 it nhat mét nghiém, do 1a X = 0, goi la
nghiém tam thudng.

Dinh ly 1: Tap hop nghiém cta hé phwong trinh tuyén tinh thuan nhat [a mot
khong gian véc to con cua R".

Ch&ng minh: Gia st tap nghiém cla phwong trinh (3) 1a M. Ta cé 0 €M. Néu X,
M £Rva A =R thi:



A(X+AY)=AX+ NY =0
Do do6 X + AY €M. Vay M la khéng gian véc to con.

3. Dinh ly Kronecker — Capelli ) )
Dinh Iy 2 (Kronecker — Capelli): Hé phwong trinh tuyén tinh (1) cé nghiém néu
va chi néu

rank A=rank A=r

« Néur = n thi hé co mét nghiém duy nhat. '
e Ne&ur <nthi hé cé vd s6 nghiém phu thuéc n — r tham so.
Vi du:
a) Hé phwong trinh tuyén tinh (1) ludn c6 nghiém néu
rank A = m (sb phwong trinh cia hé)

That vay, rank A < rank A = m, do d6 tir diéu trén ta cé rank A = rank A, nghia 13
hé c6 nghiém.

b) Hé thuan nhat cé nghiém khéng tam thuwéng néu va chi néu rank A < n.

Sy —Zu, H4umy = 1
1k, +4du, 4=, - 2
Ay 4Py 1

c)Hé phwong trinh
vo nghiém.

cdrank A =2, rank A = 3 vi vay hé

{ ¥p = 2o 4¥g —xy = 1
d) Hé phwong trinh. 2y =By +X3 +My i Ccorank A =rank A=2 <
4, do d6 hé c6 vb s nghiém phu thudc 2 tham so.

Phwong phap giai hé phwong trinh tuyén tinh
1. Phwong phap ma tran dao
Xét hé phwong trinh duwéi dang (2): AX =B

Néu A 1a ma tran vudng kha dao thi A" (AX) = A" B, do d6

X=A"B
Vay nghiém co hé duy nhat A" B
X —2}{9 = 1
Iy +Dy +xg =1
e +2¥g = =1

Vi du: Gidi hé phuwong trinh
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A:‘S 7 1 vag‘l_% ~6 2 —1‘
- o 1 2) T3 -1 3
NS 9715
E:E -B 2 -1 1| = |-3/15
Do do6 nghiém clia hé la 3 -1 3 -1 - 6./15,

[3 1 —2]
Vay hé c6 nghiém duy nhét: \2 5 9

2. Phwong phap Cramer ) ) ) )
Heé phwong trinh tuyén tinh goi la hé Cramer néu n6 cé so phwong trinh bang so
anvadetA#0

Néu hé Ia C(amer thi ta dat A = det A trong do A’j [& dinh th(rc ctia ma tran dwoc
nhan tlr A bang cach thay c6t thr j b&i cot hé so tw do.

Dinh ly 3 (Cramer): Hé Cramer c6 mt nghiém duy nhét la:

(f’i‘q i ﬂn]
AN M

¥ — 2o +¥z = 2

X ¥ —dxg = -1

Vi dy: Giai hé phuong trinh: L2X1 — %2 —X3 = U

1 -2 1 2 -2 1

A=]2 1 -—4|= -820 A, =|-1 1 -4|=-28

Ta o6 3 -4 -1 0 -4 -1
1 2 1 1 -2 2

Ay=[2 -1 —4| = 16,83 =]2 1 =1 = -20
30 -1 3 -4 0

Do d6 hé cé nghiém duy nhét la (7/ 2, 2, 5/ 2)

3. Phwong phap Gauss
Xét ma tran hé so bo sung A cta hé (1)

Cac phép bién dbi so cap trén cac dong ctia ma tran A dwa A thanh ma tran hé
sO cua mot hé phuwong trinh tuyen tinh moi twong dwong voi hé phuwong trinh
xuat phat.



Phwong phap dung phép bién dbi so cap dwa A vé dang bac thang, dé duwa hé
da cho veé dang bac thang dé giai, goi la phwong phap Gauss.

Vi du:

[}{1 +2Hy 43 =

1
S T ) S

a) Gii hé: {‘“1 Ty t2rg = 2
2 1 1T 2 1 1 2 1 |1
A=l2 5 1 |B|~|0 1 -1l |01 -1]4
-1 -4 22 0 -2 3|3 oo 1|11
Ta co
Wy + 2% +xm =
Hé da cho twong dwong véi hé xz = 11
Vay hé c6 nghiém duy nhét (-40, 15, 11)
T¥q 2% —x3 = 3
<Xy +X3 +2g = 1
b) Giai hé ‘_2}{1 - 3}{2 +4:{3 = 2
12 -1]3 1 2 =113 1T 2 -1]3
4 201 |~|0 -7 6 11 |~|0 -7 & |-
2 -3 4|z 0o -7 6 |-4 o 0o 0|7
Ta cod
Jm +y  —xg — 3
Ts  4+Bxg - =11
Hé da cho tuong dwong Vo hé{ Oz = 7

Vi phwong trinh th&r ba vé nghiém nén hé vé nghiém.
¥y — 2¥o — g i 0= 2
3%y —Bxa —dug +2xy = 4



1T -2 -1 1|2 1 2-11]72 T2 -1 1]2
3 -6 -4 2[4(7|0 0=-1-1=-2|7 00 -1-1-2
-1 2 2 00 o011 1|2 o0 0 00

Ta co

Ky Mg —Kg Hdy = 2
- . —¥3 —%g = -2
Hé da cho twong dwong véi
Hé da cho co6 vd sb nghiém dang (-2x2 - 2x4 +4, X2 , - X4 + 2, X4) trong d6 x2, Xa
tuy y thuéc R.

4. Vai vi du trng dung

a) Tim toa dd cua moét hé vecto trong moét co s&

Vi du: Tim toa d6 ctia vecto v=(1,2,-1)trongco s& V ={(1, 1, -1), (2,1, 1),
(1,-2, 2)}

Pat:x; (1,1, -1) +x2 (2,1, 1) + x5 (1,-2,2) = (1, 2, -1)

X1+ +3xs
¥ t¥a =g 2

-1

=Xy +tXg  +2ig

ta dwoc hé phwong trinh tuyén tinh
[ 1 1 - 1]
Hé nay c6 nghiém 2 1 2 , d6 chinh la toa d6 cua vecto v trong co' sé' V.

b) Tim ma tran ctia mét anh xa tuyén tinh
Vi du: Tim ma tran cta phép bién ddi tuyén tinh f: R®* - R®

f(X1, X2, X3)= ( 2X1 - X2, 2X2 - X3, 2X3 - X1)
trongcosdvi=(1,1,1),v.=(0,1,1),v3=(0,0,1)
Taco: f(vi)=(1,1,1)=1.vi +0.vo + 0. v3
f(v4) = (-1, 1, 2)

Pat xqvq1 + Xova +X3v3 = (-1, 1, 2), ta co hé

X tx = 1 Viy <x. = 12
xn tx, t+x; = 2 X, =

dOdC')f(Vz)=-1.V1+2.V2+1.V3

Twong tw



f(v3)=(0,-1,2)=0. vq -1. vo + 3. v3
Tw d6 ma tran ctia phép bién dbi tuyén tinh trong co s& V 1a

oA i i
T ]

Chwong V. Dang song tuyén tinh - Dang toan phwong

Gia tri riéng, vecto’ riéng
1. Dinh nghia )
Cho phép ddi tuyén tinh f: R" — R"

S6 A dwoc goi 1a mét gia tri riéng cla f néu ton tai mot vecto x # 0 sao cho
f(x) = Ax (1)
Vecto x thda (1) dwoc goi la vecto riéng cla f twong (rng v&i gia tri riéng A.

Ky hiéu: S, |4 tap tat ca cac vecto riéng cla f twong (ng véi gia tri riéng A cuing
véi vecto 0.

JE ) C s,

Dinh Iy 1: S, la mét khéng gian vecto con clia R" va

Chirng minh: Tac6 0 €S, . Néu x, y S, va a £R thi
f(x+ay) =f(x) + af(y)=Ax+alAy=A(x+tay)

nghia la x+ay £S,. Vay S, la khdong gian vecto con.

Mat khac néu x £S, thi f(x) = Ax £S) do d6 f (S)) £S\

Do bao ham thire f(S)) €S, ngudi ta néi Sy 1a moét khdng gian con bét bién cua
f.

2. Phwong trinh dac trwng o )
Gia st A la ma tran cua phép bién doi tuyén tinh f trong mét co s& V. Khi dé:

[f()]v =AlX]v
Ta clng co [AX]v = A | [X]v
dodéf(x)=Ax— A[Xlv=AIl[X]v
va cubicung (A—A1)[xlv=0(2)
DPéng thirc (2) la mét hé phwong trinh tuyén tinh thuan nhat duwéi dang ma tran.

A 1a gié tri rieng < (2) c6 nghiém khéng tdm thuwong <> rank (A — Al) < n < det
(A=Al)=0



2y — A 1 1y
- Ay — A s
P, (D=det (A-1Ny=| “ “. i
Dét: CI:M.l (I:"!E ﬁnn _;[' (3)

Pa(A) la mét da thirc bac n cta A, goi la da thirc dac trung clla ma tran A va
cling goi la da thirc dac trwng cia phép bién dbi tuyén tinh f. Cac gia trj riéng
cua f cling goi la gia trj riéng ctia ma tran A.

Bang cach gidi phwong trinh ddc trung Pa(A) = 0

Ta tim dwoc cac gia tri riéng cla f (c6 nhiéu nhét 1a n gia tri riéng). Thay cac gia
tri rieng tim dwoc vao phwong trinh (2), ta tim dwogc toa do cua cac vecto riéng
trong co’ s& dang xét. Ta goi cac nghiém khéng tm thwéng cua (2) 1a cac vecto
riéng clia ma tran A (rng v@i gia tri riéng A. Nhw vay vecto riéng clia ma tran A la
toa do cua vecto riéng cla f trong co s& dang xét. Tredng hop co s& la chinh
tac thi chung trung nhau.

Vi du: Cho phép bién dbi tuyén tinh f trong co' s& R3 cé ma tran trong co s& V =
{V1, Vo, V3} la

3 —4 4
A=l1 -1 -8
0 0 -2

Hay tim gia tri riéng va vecto riéng cua f.
DPa thrc dac trwng clia A la:
J—-A -4 4
Fatdhl=] 1 -1-&% -8 =—(?‘L—’l]|2 (h+2)
) 0 - 2=
Do dé f co gia tri riéng 1a 1 (béi 2) va -2

Dé tim vecto riéng &ng véi gia tri riéng A =1, ta 1ap hé

a-1 -4 4 ¥ 4 0 2xp =¥ +dug =10
1T -1-1 -8 X4 | = |0 ¥y — &g —8xg =L
0 0 —-2-1J x4 0 - 3o =10

Giai hé nay ta dwoc nghiém (2c, ¢, 0), ctuy y.
Do d6 vecto riéng cla ma tran A t’ng v&i A = 1 1a c(2vq+vy) ,c #0

Pé tim vecto riéng tng véi A = -2 ta lap hé



DHy = Ak, +4xg= 0
{ ¥1 +¥a —8ig = 0
Hé c6 nghiém la (28c, 44c, 9c), v&i c tuy y. Do d6 vecto riéng clia ma tran A
trng v&i A = -2 la: (28c¢, 44c, 9c), ¢ # 0 va vecto riéng cla f ('ng voi A = -2 |a
C (28v1+ 44v; + 9vs)
][\léu cho cu thé chang han v4=(1,1,1), vo= (0,1,1), v3 =(0,0,1) thi vecto riéng cta

e WngVvOiA=1lax=c(2, 3,3),c#0;
e WNgVOiA=-2lax=c(28,72,81),c#0

3. Gia tri riéng cua ma tran dong dang i o
Hai ma tran vudng cap n A va B dwoc goi la dong dang v&i nhau neu ton tai ma
tran T khdong suy bién sao cho.

B=T"'AT

Binh ly 2: Cac ma tran ctia mot phép bién dbi tuyén tinh f trong cac co' s& khac
nhau la dong dang v&i nhau.

Ching minh: Gia str B la ma trén cda f trong co s W. Ta can chirng minh A
dong dang voi B. (A la ma tran cua f trong co sé V)

Theo (4) trong chwong 3, ta co.
[f)lv = Alxlv; [f(x)lw = Blxlw; [XIv = T[X]w
Goi T la ma tréan tr V sang W. Theo (3) chwong 3, ta co
[fO)w = Tl = T'A [x]v
= (T"'A) (TIxIw) = (T AT) [X]w
Vi ma tran cua f trong co' s& W 1a duy nhét nén
B =T"AT (4)
nghia la A va B ddng dang nhau.
Dinh ly 3: Cac ma tran déng dang cé cuing da thirc dic trung.
Ching minh: Gia st B= T"AT. Khi d6
Ps(A ) =det (B —A 1) = det (T'AT - T'AIT)
=det[T"A-A)T]=det T det(A—Al)detT
=det(A=Al)=Pa(A)

T dinh ly 2 va 3 ta thay rang da thirc dac trwng clia mot phép bién doi tuyén
tinh la duy nhat.



Chéo héa ma tran

1. Pinh nghia

Ma tran vuéng A goi la c6 dang chéo néu tat ca cac phan t&r khédng nam trén
dwong chéo chinh clia né déu bang khong, nghia la

(A)j=0voimoii#j,ij=1,..,n
Ma tran vuong A 90| la chéo héa dwoc néu ton tai mdt ma tran vuéng khdng suy
bién T sao cho T AT la ma tran chéo.

2. Piéu kién dé mot ma tran chéo hoéa dwoc ] ]
Dinh ly 4: Ma tré,n vudng A cap n chéo héa dwoc néu va chi néu A cé n vecto
riéng doc lap tuyén tinh trong R".

Néu A 1a gié tri riéng don thi (ing v&i né chi cé duy nhét mot vecto riéng doc lap
tuyén tinh. Néu A la gia tri riéng bdi m thi ng vé&i né co sb vecto riéng doc lap <
m.

Dwa vao dinh ly 4 ta c6 két qué nhw sau:

Dinh ly 4’: M tran vudng A cip n chéo héa dwoc néu va chi néu A co n gia trj
riéng (ké ca so lan bdi) va rng v&i vecto riéng bdi m cé m vecto riéng doc lap
tuyén tinh.

T 3 0
A=3 -2 -1
o -1 1

Vi du: Cho ma tran

Chirng t6 A chéo héa dugce. Tim ma tran kha dao T sao cho A =TBT ' v&iB Ia
ma tran chéo.

1- 1 3 0
P =] 3 -2-4 —1|-(1-A)A +1-12)

Ta cb 0 -1 -4

PaA)=0—A=1,3,-4
V&i A =1, vecto riéng twong wng la v = ¢(1,0,3), ¢ # 0, ta chon v¢ = (1,0,3)
V&i A = 3, vecto riéng twong wng la v = ¢(-3,-2,1), ¢ # 0, ta chon v, = (-3,-2,1)
V&i A = -4, vecto riéng twong ng la v = ¢(-3,5,1), ¢ # 0, ta chon v; = (-3,5,1)

Ta dugc co s& V = {vq,v2,v3} cOa'Rg’ (V chon bang phwong phap trén luén la co
s@, nhwng ta khéng di sdu vao van de nay).
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Theo chirng minh dinh ly 4, v&i h 4 - Ly
thi B = T'AT hay A = TBT trong dé B |a ma tran chéo.

3. Chéo héa ma tran doi xirng
Ma tran vudng A goi la doi xirng néu AT = A.

Ma tran vudng A goi 1a trirc giao néu ATA = A A" = |, n6i cach khac, A 1a truc
giaonéu AT = A",

Dinh ly 5: Moi ma tran déi xirng A déu chéo héa dwoc, hon niva ludn c6 thé tim
dwoc ma tran trec giao T sao cho T'AT la co dang chéo.

Cho x = (X1, X2, ..., Xn), Y = (Y1, Y2, ..., Yn) l& céc vecto trong R". Ta goi tich vo
hwéng clia x vay la

{H| Y}: X1Y1 + Xay2 + ... + XpYn

X va y goi la tryc giao (hay vudéng géc) néu <x| ¥Yi- 0. Ta goi médun cuta x la
el = i)

M6t co sé clia R" dwoc goi 1a co sé trwe chuan néu cac vecto trong co s& ¢
modun bang 1 va déi mét vudng goéc nhau.

Néu A la dbi xirng thi c6 thé tim dwoc mét co sé trwe chuan cia R" gdm cac
vecto riéng clia A v&i co s& nay, ma tran T néi trong dinh ly 4 |a tryc giao.

011
a=l1 0 1
Vi du: Chéo héa ma tran déixeng ~ ~ | Y
N B
Py=|1 -4 1[=@Q+iH2-1)
1 1 -4

Ta co
Vi vay A cé gia tri riéng la —1 (bdi) va 2.

Véi tri riéng 2, ta co vecto riéng 1a (c, ¢, ¢), ¢ # 0 ta chon vecto ¢ médun bang 1
la

NEEEs



Vi tri riéng —1 ta co vecto riéng 1a (c1, Cz, -C1 —C2), €1, C2 khong dong thoi bang
0. Ta c6 thé chon 2 vecto riéng vubéng goc la (1, 0 ,-1), (1, -2, 1). Vi vay ta c6 hai
vecto tryc giao co modun 1 1a

v _(LU_L] v _(L 2 L]
LR R ) E B
Ta co {v1, V2, v3} la co s& trwc chuan. Vi
1743 1.2 1146

T=|1/-3 J _2/.6
13 =142 17408

thi T'=T"va
2 0 0
T'AT-|0 -1 0
0 0 -l

la ma tran chéo

4. Tinh lGy thira ma tran .
Cho ma tréan A chéo hoéa dwoc, khi do ton tai ma tran vuéng T sao cho A = TBT
VO

=

4 0 0
0 A, 0

=
=
=
g

la ma tran chéo. Dé dang thay rang

AN -TB"TT 2T
D 0 0 - A'n
do do ta tinh dwgrc A" mot cach kha don gian.

1 9 ~ 100

0 -3

Vi du: Tinh [ 4
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A c6 2 gia tririéng la 1, -3 v&i cac vecto riéng déc lap twong teng la (1, 0) va (1
, =2).
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- [a 72 -
5. Ma tran xac dinh dwong

Ma tran dbi xirng dwoc goi la xac dinh dwong néu

Ay=a;1>0
A = diq @2 >0
dx a2
A,=detA>0
17 -8 4
A=1-8 17 -4
Vi du: Ma tran dbi xirng 4 -4 T
17 -8
= 1088 =0
Cé17>0,_g

, det A = 2187 >0, do d6 xac dinh dwong.

Dang song tuyén tinh - Dang toan phwong

1. Dang song tuyén tinh

M6t anh xa f: R" x R" — R dwoc goi 1a mét dang song tuyén tinh trén R" néu voi
moi X, y, z =R", A ERtacd



1. f(x+z,y) =f(x, y) + f(z, y)
f(Ax, y) = A f(xy)

2. f(x, y+z)—f(x y) +f(x,2)
f(x, Ay) = A f(x,y)

Nhw vay f(x,y) Ia mét dang song tuyén tinh f trén R" néu voi moiy c6 dinh fla
mot dang tuyén tl'nh trén R" theo bien x, va v&i mai x co dinh f la moét dang tuyén
tinh trén R" theo bién y.

Cho mét dang song tuyén tinh f trén R" va xét mot co s& V={v1, Va, ..., vy} cla
R".

"
g
B
___-I_!

[N
| =)
b
[N
[ %]
[ =]
[N
ke

i
w
iy
£
N
=
[
w
R
e

bat f(vi, vj) = aj. Khi do6 ta dwgc ma trén
Ta goi A |a ma tran cla dang song tuyén tinh f.

Ky hiéu [x]v, [y]v |a toa d6 cua x va y trong co sé V, ta co

n n
fla, wh=f [invi , ZijjJ
i=1 j=1

=2 xivj Tivy, ZEU i

J=1 =1

vivay F 50 =T Al

fayy =l Al
Vi du:
Cho f(X,y) = X1y1 - 2X1 Y2 +3X2 Y1 - 4X2 Y2
V&I Moi X = (X1, X2), Y = (y1, Y2) la mot dang song tuyén tinh trén R,

Trong co s& chinh tac €1 = (1,0), £2= (0,1) ta c6 (€1, €1) = 1, f(€1, €2) = -2, f(e2, €1)
= 3,

f(€2, €2) = -4. Do d6 ma tran cua f trong c& s& chinh tac 1a

[1 3]
A=
2 -4
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f(x.?)=(y1.y2]L_lg —uﬂr,L PEJ

M6t dang song tuyén tinh f(x,y) trén R" goi 1a déi x(rng néu

£y
kY
a

1

va ta co thé viét

f(x,y) = f(y,x) v&i moi x,y =R"
Ta c6 tinh chét sau day

Dinh ly 1: Dang song tuyén tinh la d6i x(rng néu va chi néu ma tran cda né
trong co s& bat ky la doi xirng.

2. Dang toan phwong ) )
Cho f(x,y) la mot dang song tuyén tinh doi xirng trén R". Khi do

w(x) = f( x, x)
goi la mét dang toan phwong trén R"

Ma tran cla dang song tuyén tinh f cing la ma tran cua dang toan phuong w.
Vay ma tran cla dang toan phwong la mét ma tran doi xirng.

Vidu: a) Trén R®
f(X,¥) = X1y1- X1y2 -X2y1 + Xoy3 + X3Yy2 + X3Y3

la dang song tuyén tinh, cé ma tran trong co' s& chinh tac la

1 -1 0
A= -1 0 1
0 1 1

vi A 1a dbi xirng nén f la dang song tuyén tinh déi xirng.
y y
T de P =F(x)= 5 =257, + 25,05+ 55 mot dang toan phuwong

_ 7 . 2 ?
b) Cho dang toan phuong @4F) =#1 T 2515 =453 +3; 53 48 R

- 4
W(x) =x] +3%, — 2% 5,
2
+x,3 +x; 0,2,

—§X3X1+UX3X2+X§

Ta co
1 1 -1/2
A= 1 1 0
-1/2 0 1

do dé ma tran w(x) la



Dang toan phwong w(x) goi la xac dinh du’o’ng’néu w(x) >0 voi moi x # 0, goi la
ban xac dinh dwong néu w(x) 2 0 v&i moi x. BOi chieu bat dang thirc, ta 6 khai
niém xac dinh am va ban xac dinh am. Néu w(x) cé dau thay doi thi ta ndéi n6é
khéng xac dinh.

3. Dang chinh tac cta dang toan phwong

-y -y -y
e X 1 X a X
fy — = 1 1 f PR
‘I__ P - —rﬂJ_ 5~ —r - )
A

Dang toan phwong % " ="z goi 14 ¢ dang chinh tac.

Co s& clia R" dé xac dinh w(x) cé dang chinh tac goi 1a co sé chinh téc cua
dang toan phuong.

Néu w(x) cé dang chinh tic thi ta thdy ngay

« w(x) xac dinh dwong néu moi b; > 0
« ban xac dinh dwong néu moi b; = 0

o xac dinh Am néu moi b;< 0

o ban xac dinh &m néu moi b;< 0

« khong xac dinh néu cé cac b; trai dau

Dé xét tinh xac dinh clia mét dang toan phuong bay ky, ta tim cach dwa n6 vé
dang chinh tac, khi do ta két luén theo cach trén.

4. Phwong phap dwa dang toan phwong vé dang chinh tac
Phwong phap Lagrange: ]
Néu trong dang toan phwong w(x) cé a1 # 0 thi ta viét

Wi )= 911><12+Ea12><1><2 + oAy

I 2
a
=GH :":1 Iﬂ)iz I ... i)(r] Ig]
\ 1 a1
2 Cdy
X=Xt x, L %% =x;

pat yq Gy

2
Véij=2,..,ntacéd G} )= 819%7 +0q

trong do g1 la mot dang toan phuwong khdéng chira x4
Néu a11= 0 nhung a2 # 0 thi dat

e X1=X4+X>
e Xo=X1-X2



iy

~%2% 2 Theo trwong hop aq¢ # 0 ta cling co

2
[
L =
1

Khi g “12-1: — #

— hy's .
()= DXT 401y g1 la dang toan phwong khéng chira x4. Tiép tuc qua trinh

nay, ta sé dwa dwoc w(x) vé dang
2

L oLd
A o
et IR T B

'3
Peh 1]
LA

h3

e
vl

e
s

Vi du: axy=axf +2bxx, +ext.az0

4 2
ax)= a[xl + E.ﬁ] + [c: — b—}xf
a a
2
b Klﬂ

P — = [ 2, ac—

bat & taco a

Taco

Ta cling c6 két luan w(x) xac dinh dwong <> a > 0 va ac-b > 0.

Phwonq phap Jacobi

A9 M2 Ay
A _ Azq Az A2,
S N , " . A 1 A 2 - .
Gia sr dang toan phwong w(x) c6 ma tran la n n al
A=ay A = T2 A —det 4
1 _a].l, 2 - FEREEE n - et
Dat @ 4p
Khi d6 néu moi A; # 0 thi ton tai mot co s& dé w(x) co6 thé viét dwsi dang
1 A =
()= —xF + LSy 420zl ys
Ay fin &y

— . 4
Vi dy: C6 dang toan phuong () = %1 = 25,55 +225%; +x3

1 -1 0
A=-1 0 1
0 1 1

co matranla

Tacéd A =1, Ay = -1, Az = -2, do d6 trong moét co s& nao do, w(x) co dang



wlx)= xf‘ —><§+ x%

Rl —

Dang toan phwong w(x) la khdng xac dinh.

T phwong phap Jacobi, ta thdy rang w(x) xac dinh dwong « ma tran cia né
xac dinh dwong.
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