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Chuong I

| TAP HOP VA QUAN HE
W )

1.1. TAP HQP VA CAC PHEP TOAN TAP HOP

1.1.1. Tap hgp, tap hgp con

Trong ddi sdng hang ngay ciing nhu trong khoa hoc, ta thudng gap
nhitng tap hgp cta cdc d6i twgng khéc nhau. Chéng han, tap hop sinh
vién cha mt trudng dai hoc, tap hop cic c4 thé trong mot qudn thé sinh
vat ciia mét ving, tap hop cdc s6 nguyen, tap hop cic diém trén mot
doan thing, tap hop cc nghiém clia mot phuong trinh, v.v... Tap hop Ia
mot khdi niém ban ddu ciia todn hoc, duge hi€u mot cich truc gidc
khéng dinh nghia. '

D€ chi x 1a mot phdn tir ciia tap hop X ta viét x € X (doc 12 : x thuoe X).
Cdn dé€ chi x khong phai 13 phin ti cha tap hop X ta viet x ¢ X hay
x € X (doc 1a : x khong thugc X). D€ mo t& mot tap hop thudng dung
hai phuong phdp sau : :

Phuong phap 1. Liét ké cdc phdn nif cia 1dp hop dé. Ching han :

— Tap hop cdc s& tu nhién ;

N={0,1,2,..}.

— Tap hgp cdc s6 nguyén : |

Z = {0, +1, %2, ...},
—Tap hop cdc s6 hiru ty :

Q:{r:ﬂ: m,rlEZ, n-'FO}.
Il



Phuong phap 2. Chl ra ddc trung cia tdp dang xét. D6 1a nhimng tinh
chat ma moi phén tir cha t4p dang xét déu ¢6 va chi nhitng phén tir thuoe
tap d6 mdi c6 tinh chit nay. '

Néu tap hop E gém nhitng phén tlr ¢6 tinh chat dac trumg T(x) thi
ta viét

= {x: T(x)}.
Vidu:Elatap ho‘p cac s§ chan.

Ta biét x 2 mot s6 chin khi va chi khl x = 2k, k 1a mot s¢ nguyén.
Vaytacd:

={x:x=2ke Z}.
Sau day danh tur "tap hop” s& goi mot cdch van tit 1a “tap”. D€ chi
cling mot khéi niém ngoai danh tir “tap” ta cdn ding cdc ur "ho", "he",

"16p”, v.v...

" Tdp con : Tap A goi la tdp con ciia X néu x € A thi X e X, ky hiéu
AcXhayyX2A NeuAcXvacophdntlry € X, nhungy € Athita
viét A c X. _

Vidu: NcZ Q.

Tép réng - Tdp réng 1a tap khong chita phin tr nao, ky hiéu la ©.
Vay x € @ d6i vdi moi d6i tuong x. Quy udc & < X déi v6i moi
tap X.

Hai tap trang nhau : Hai tap A va B goi 1a trung rnhaunéu A c Bva
B c A, khidétavi€t A=B.

1.1.2. Cac ky hiéu logic

Trong todn hoc ngudi ta quy dinh rdng, méi ménh dé todn hoc la
mot diéu khang dinh todn hoc chi ¢é thé ding hoac sai. D¢ dién ta ngan
gon cdc ménh dé todn hoc ngudi ta thudng dung cdc ky hiéu sau day :

— KY hiéu "S = T", ¢6 nghia 1a tir ménh dé S ding suy ra m¢nh dé
T dang.

- ~ Ky hieu "S< T, c6 nghxd la tir ménh dé S dung suy ra rnénh déT
ding va nguoc lai tir ménh dé T diing suy ra ménh dé S ding.
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Trudng hop S <> T, ta néi hai menh dé S va T twong duong, hoac T
1a di€u kién cin va di dé c6 S. Doi khi cdn phat biéu dudi dang : C6 S
khi va chi khi ¢é T, hay ¢6 Snéu vichi nfucé T, v.v...

— K¢ hi¢u "¥x € X : §", c6 nghia 12 v6i moi phén tr x € X déu cé
ménh dé S,

- Ky hiéu "3x € X : 8! (3!x € X : S), c6 nghia 12 16n tai phén ti
x € X (t6n tai duy nh4t phén tif X € X) sao cho ménh dé S ding.
1.1.3. Céc phép toan tap hgp
Gia str A, B la céc tap cho trudc, dinh nghia :
~Hopchahaitap A, Blatap:
AUuB={x:xe Ahoicx eB.}.
—Giaocuahaitaphop A, Blatap:
ANnB={x:xe Avax € B}.
— Hiéucnahaitagp A, Blatap ;
A\B={x:xe Avax e B].
Né€u A m B = O, ta néi cic tap A, B rdi nhau. Néu A < X, ky hieu
CxA=X\Ava g(_)i 14 phdn ban cha tap A trong tap X.
Céc tap A v B, A n B, A\ B ¢6 thé minh hoa bing c4c hinh vé

trong hinh 1.1.

" AUB ANB A B

' Hinh 1.1
Cac phép todn hgp va giao c6 thé md réng cho mot ho ba: ky céc

tap. Gia st I 1a moét tap cho truée. Ung véi mdi phdn tri e 1, ¢6 mot
tap A;. Khi d6 tap I duge goi 12 tdp cdc chi s6.



~ Hop cﬁahq tap {A;l,iellatap:
VA, ={x:3Jiel xe A}

il
— Giaochaho tap {A;}.ie1latap:
NA;, ={x:xe A, Viell.

ict
Cdec tinh chdt ciia phép todn tdp hop :
a) Tinh chét giao hodn : |
AUB=BUA;
AmnB=BNnA.
b) Tinh chét k&t hop :
(AUBUC=AUBUC);
(ANBINC=AN{BNO).
¢) Tinh chat phan phéi : |
AUBNCO=(AuUBNAU(O),;
ANmnBulO=AnBuAn().
d) Cong thitc De Morgan :
XA (akeJlAi) B i?[(X VAD S

X\ (N A)= UX\A).

Phdn chimg minh céc hé thic trén duge xem nhu bai tap.

1.2. QUAN HE

1.2.1. Tich Dé-cac cua cac tap

Gia st X, Y 1a cac 14p cho truée. Tich Pé-cde (hay tich tryc tiép)
cla cdc tap X, Y 13 tap tat ca cdc cdp ¢ thi tu (X, y), trong d6 x € X,
y € Y vaky hieula X x Y. | |

XxY={X,y):xeX,ye Y}.
Theo dinh nghiatacéd : (x,y) = (X', y)Khi vachikhix=x", y = y".



Mot cich tdng quit, gid sit X, X,, ..., X, 12 cdc tap cho trude. Tich
Dé-céc clatap X, X,, ..., X, 1a tdp:
XixXox .o x X = {X=(X|, X, .0, X} 1 X, € X, 1= 1, 2, ..., n},
Neu X, =X,=..=X,=X,taviet X x X ... x X = X",
Tap X" goi 1a lidy thita Pé-cde bdc n cia tap X.

1.2.2. Quan hé |
Dinh nghia : Gia sir X 1a tap cho trudc. Méi tap con S < X x X goi la
mot gquan hé trén tap X.

Néu cap (x, y) € S thi ta néi rang, phdn tlr x nim-trong quan hé S véi
phan tr y, va viét xSy.

Gia str S 12 mot quan hé trén tap X, khi dé6 :

—~ Quan hé S got 1a ¢6 tinh chat phdn xa néu x8x, Vx € X ;

— Quan hé S goi 12 ¢6 tinh chat ddi xing n€u XSy thi ySx ;

—~ Quan heé S goi 12 ¢4 tinh chit bdc cdu néu xSy va ySz thi xSz ;

— Quan he S goi 1a c¢6 tinh chat phdn dot xitng néu xSy va ySx thi
X=V.

1. Quan hé twong duong

Pinh nghia : Quan hé tuong duong 13 mot quan h¢ ¢6 tinh chat phan
xa, d6i xtng va bac cdu. “

Gid sit S ¢ X x X 1a mot quan hé¢ tirong duong trén tap X. Khi dé,
néu xSy ta thudng vi€t x ~ y. Theo dinh nghia ta ¢6:

*)X~X viimoix € X ;

X~y y~X,

F)X~yvay~z=>X~12Z

Néu x ~ y ta n6i ring, phén t& x twong dwong véi phén tir y.

V&t mi phdn trx € X, dit : '

X={xeX:x ~x}.
Tap con X goi 12 I6p tiwong duwong ¢6 dai bidu 12 phén tir x.

Theo tinh chit phan xatacd:x € X. Vay X # Z va \.;{i =X.
Xe



Ménh dé 1.1 : Cic 16p trong duong r&i nhau hoac tring nhau.

Chitmg minh :

Gid st X Ny # O, khi d6 tén tai phdn tr z € X N §. Theo dinh
ngfﬁa 16p twong duong ta ¢6 : z ~ X, z ~ y. Do tinh chét d6i xting ta cé

X~ 7.

Véi moi x' € Xtécéx'~x,dod6x'~z.Viz~ynenx'~y,vay
x'e y.Dodétac6: X < y.

Chtng minh twvong twtacé: y o X. Vay X = y. [ ]

Swu chia I6p : Ho céc 1ap con {A;}; ¢ | clia t4p X dugc goi 12 mot sy
chialoptapXn€u Aj= D voiVie [ AiNnA =D véiixjva _uAi=X.
Theo Ménh dé 1.1 ta ¢6 : Cic 16p tuong ducmg 12 mét sy chia 16p
tap X.
Tdp thuong : Xét quan hé twong duong (~) trén tap X. Dit :
X/~={X:x e X}.

Tap X/~ goi 12 tdp thuong cia tap X theo quan he tuong duong.

Vi dy : Gia stt n 1a mot s6 nguyén duong cho tru’(fc Xét mot quan
h¢ ~ trén tap cdc s6 nguyén Z x4c dinh nhu sau :

X ~ ¥ < X —y chia hét cho n.

D& dang kiém tra lai ring, quan he¢ dang xét 12 mot quan h¢ ¢6 tinh
chat phan xa, d6i xding v bic ciu.

That vay, quan hé ~ cd tinh chét phan xa vi X — x = 0, 0 chia hét
cho n nén x ~ X. _ .

Quan h¢ ~ ¢6 tinh chat d6i xing : Gia sir x ~ y, ta ¢6 x — y chia hét
chon,dodéy — x = —(x ~ y) cling chia hét chon. Vay y ~ x.

Quan h¢ ~ ¢6 tinh chat bic cdu : Gid st x ~yviy~z. Vix — y va
y—zchiah€tchon,nénx-z=X-y)+(y-12) cung chia hét cho n, do
déx ~z

Vay quan hé dang xét 1A mot quan he Luang du'cmg trén tap cdc sé
nguyén 7.
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Né&u x ~ y ta vi€t x = y moed (n) (doc 12 : X bing y déng du n). D&
thdy rang, véi mbi s6 nguyén x nfux =kn+r(0<r< n) thi x =r mod (n),
dodd X =T.

Vay, tap thuorng cla tip cdc s6 nguyén Z theo quan hé tuong duong
dang xétla:

Z{~={0, 1,..n~1},
rongdé: T ={x=kn+r:ke Z},r=0,..,,n-1.

2. Quan hé thir ty

Pinh nghia : Quan hé thit tw trén mot tap 12 mot quan hé phan xa, bic
cdu va phan déi xung.

Quan hé tha tr thuong diuge k¢ hiéu 1a <. Vay quan he thu tur < trén
tap X Ia mdt quan hé c¢6 tinh chat :

*} X < X, v&di moi x € X (Tinh chét phfa.n Xa) ; ‘

¥) x <y vay <z=>x <z (Tinh chat bic cdu) ;

*)X €y vl y £ X = X =y (Tinh chét phan déi xitng).

Né&u x < y thi ta néi phdn tir x dimg trude phin tir y, hay phin tir
y ditng sau phdn tlr x. Néu x <y va X = y thi ta néi phén tlr x diig trude
thire sy phén tir y va viét X < y (d6i khi con viet y 2 x, y > x).

Tap X c¢6 mot quan hé thit ty < dugc goi 12 thp dioc sdp thir e va Ky
hiéu 1a (X, <). N&u d6i véi moi cidp phén tlr X, vy € X ta ludn ludn c6
X £y hodc y < x thi quan h¢ thit tw 46 goi 12 quan hé thir tu toan phdn.

Vidu:

a) Quan hé thir ty thong thu(‘ni.g trén cdc tip N,Z,Q,R (x £ y khi va
chi khi y — x 12 mot s6 khong 4m) 13 mot quan he thit tir toan phén.

b) Gia sir X 1a mot tap cho triege. Ky hicu P(X) 12 tap hop tat ca céc
tap con cla tap X. Quan hé thir tw bao ham trén tap P(X) duge dinh
nghia nhu sau : _

A <BkhivachikhiAcB;A,B e P(X).

DE thdy ring, néu tap X c¢6 hon mo6t phén tif thi quan hé thif tu bao
ham trén P(X) khong phai 1a quan h¢ thit tu toan phén.
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1.3. ANH XA

1.3.1. Pinh nghia va vi du

Dinh nghia : Mot grh xa f tir tdp X vao tap Y, ky hieu 1a f ; X—>Y
(hay X —L5 Y) 12 mot quy tic twong Umg mbi phin tir x € X v6i mot
phén tir duy nhit f(x) € Y.

Phén tir f(x) goi 12 drh cta pl_iﬁn tr X qud dnh xa f.

Tich dnhxa: Gia sitcé haidnh xaf: X > Y va g 'Y — Z, tich (hay

hop thank) chia 4nh xa f vé6i 4nh xa g 1 dnh xa gof : X — Z duogc xic
dinh nhr sau : '

gof(x) = g(f(x)), VX € X. (1.1)
Anh cta tap con A ¢ X quadanhxaf: X -> Y latap
f(A) = {f(x) : x € A}. (12

K¢ hi¢u Imf = £(X). Tap con Imf goi 12 drk cla 4nh xa f.
Nghich dnh chatapcon D < Y latap _
| (D)= {x € X : f(x) € D}. (1.3)

Anh xa f: X — Y goi 1a don dnh néu véi moi x, X' € X, x # X' thi
f(x) = f(x').

- Anh xa f goi 12 toan dnk néu Imf = Y. |

Anh xa f: X = Y duoc goi 1a song dnh néu f vixa 1a don 4nh vira 13
toan anh.

Vidu :

a)Giast Ac X, xétdnh xai, : A - X xédc ;:ﬁnh boi i,(X) = x v6i
moi x € A. Anh xa i, 1& mot don 4nh, goi 1a dnk xa nhing tdp A vao
tdp X Dac biét, n€u A = X thi ix 12 mot song dnh, iy goi 12 4nh xa ddng
nhdt cha tap X (do6i khi cdn ding ky hiéu idy).

Gia sit f : X .Y, v6i mdi tap con A ¢ X, xét 4nh xa f|A Ao Y
xac.dinh boi -

f|a(x) = f(x) véi moi x € A,

12



Anh xa f‘ » 20112 han ché'cla dnh xa f trén tap con A.
Tacb : fiig = f|a.

b) Gia st X, X, 1a cdc tap cho trude. Xét 4nh xa p; : X, x X, - X,
i=1,2; xdc dinh bdi pi(x, X,) = X; v6i mQi (X, X,) € X, x X,.

Anh xa p; 12 mot toan &nh, goi 12 phép chiéi 1én thanh phan thi i,

¢) Gia st quan hé ~ 1a mét quan h¢ twong duong trén tap X. Xét 4nh |
xap: X = X/~ x4c dinh béip(x) = X véimoix € X.

Anh xa p 12 mot todn &nh, goi 12 dnk xa chinh wc tir tap X len tap
thuong X/~. '

D& théy ring, tich cic don 4nh (toan 4nh) 1a mot don 4nh (toan 4nh).
Do d6 ta ¢é : Tich cdc song 4nh 1a mét song 4nh.

Anh xa nguoc : Gid stt £ : X — Y 12 mot song 4nh. Khi dé véi mébi

y € Y, tdn tai duy nhét x € X saochof(x)=y. VAytacé dnhxag: Y — X
xdc dinh nhu sau : '

V& mbi y € Y dat g(y) = X, trong d6 phin tr x € X va f(X) = y.
Tacod: |

gf = iy, fug =iy. | ' (1.4)
C6 thé chimg & g 14 mot song 4nh duy nhat tir Y lén X théa min
(1.4). Song 4nh g goi 12 dnh xa ngugc clia song 4nh f va ky hidu 1a ',

M@i song 4nh f : X — Y con goi 1a mét phép teong ving 1 - 1 giita
haitagp X va Y.

Vidy : Ky hieu R™ 12 tap céc s6 thuc duong. Anhxaf: R —» R”
cho bdi f(x) = e* 12 mot song dnh. Anh xa nguogc f' : R* - R duoc
cho bdi f'(y) = Iny.

1.3.2. Tap ciing Iyc lugng

Hai tap X v Y dugc goi 12 cang luc luong (hay rwong duong), kY
hieu 12 X ~ Y né&u t6n tai mot song 4nhf: X = Y,

13



Vidu: _
ayVéin=1,2,...dat:E, = {1,2,..,n}.
Xéttapcé nphdn tr A = {a, a,, ..., a }.
Anh xa f: E;, — A, xdc dinh b&i f(k) = a, k = 1, 2, ..., n. RS ring
f1la mét song dnh. Vaytacé: E ~ A.
b) Xét cac tap :
N ={0,1,2,..};
2N ={0,2,4,..}:
X = {X|, Xy, X3, ...}, trong d6 X; # X; vGi i # ]
Dé dang chimng 16 ring, cdc dnh xa sau day 1a cdc song 4nh :
o: N — 2N, xdc dinh bdi ou(k) = 2k ;
B: N — X, xédc dinh bdi (k) = x,,
k=0,1,2,...

Vay tap céc s6 chdn khong am 2N va tap X c6.cung luc lugng véi
tap cdc sé ty nhién N,

Tdp hitu han : Tap c6 cing lyc lugng véi tap E, goi 12 tdp hitu han.

Ching han, cic taAp A = {a, b, c} vatapB={x € Z : IxI < 10"} I
tap hitu han.

Tap v6 han dém dugc : Tap c6 cing lyc lugng véi tap N céc s6 tu
nhién goi 13 tdp vé han dém dioc.

Theo vi du b) céc tap 2N, X 12 vo han d&m dugc. Ta c6 thé
chimg minh t8p Z céc s6 nguyén va tap @ céc s6 hitu ty 13 cdc tap vo
han d&€m dugc, _

Tdp khéng dém dugc : TAp v6 han khong ciing e lugng véi tap cac
s6 tr nhien N dugce goi 12 tdp khéng dém duwoc.

Ngudi ta ching minh duogc réng, tap cdc s6 thuc R 12 khong dém duoc.
Chii y : Gia st X 12 mot tap vo han d€m dugc. Khi d6 t6n tai mor

song anh f: N — X, Ky hieu f(i)=x,,i =0, 1, 2, ... Vif 2 mot todn 4nh
néntacoé : '

14



X =1(N)={x,, x;, X5, ... }.
Vay, nh& song 4nh f c6 thé liét ké (hay ddnh s6) tit ca cAc phdn
cta tap X. Tir d6 ta suy ra rdng : Mot tdp v6 han la dém duwoc khi va chi
khi cdc phdn ti cia tdp dé dénh s6 duoc.

1.3.3. Ménh dé& quy nap

Phucnig phdp quy nap la mét phuong phip chitng minh hay s dung.
Tinh ding dén chGa phuong phdp d6 duge thé hién & ménh dé sau :

Ménh dé 1.2 : Gid st T = T(n), n € N, 12 mot diéu khdng dinh nao
d6. Néu T diing d6i véin =0, vAnéu T diing d6i véin =k — 1 thi T diing
d6i véi n = k. Khi d6 T ding d6i véi moin € N.

Chitng minh : Goi A 12 tap cac s ty nhién n > 0 ma T khéng dung.
Gid str A # . Goi k 12 s6 ty nhién nho nh4t thudc A. Khi d6 diéu khing
dinh T khong &ling d6i véi k. Vik~1  Anén T ding d6i véi k — 1.
Khi d6 theo gia thi&t T diing d6i véi n = k. Mau thudn nay ching t6
A= vaTding d6i véimoine N.W

1.4. GIAI TiCH T& HOP VA NH| THUC NIUTON

1.4.1. Chinh hgp

Pinh nghia : Gia sit E 12 mot tdp cé n phén tir. M6i tap con p phén tir
(phan biet) cha tap E dugce sdp x€p theo mot thit tr ndo d6 duge goi 1
mot chinh hgp chdp p ctatap E c6 n phdn tir, n 2 1.

Viduy : ' ' .

a) Gidsit E = {a, b, ¢, d, e, g}. V6i tht tiy tiY trdi sang phai thitacé :
{a, b, d}, {d, a, b}, {d, b, a}, {c, d, g}, v.v... 1 cdc chinh hop chap 3 clia
tap E c6 6 phdn tlr. Con {b, a, e, g}, {a, b, g, ¢}, {a, ¢, d, g}, v.v... la cdc
chinh hgpchap4 cliatapE.

b)XéttapX=1{1,2,3,4,5,6,7,8,9, 10}.

Tac6:{1,2,3,4,5},{2,1,4,3,5},({5,6,1,7, 8}, {1,5,6,7, 8},
v.v... 1 cdc chinh hop chap 5 ciia tdp X c6 10 phén tir.
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86 chinh hop : Ky hiéu A’ 1a s6 chinh hgp chap p cla tap cé n
ph'a‘n tir.

Ménh dé 1.3 :

AP =n(n-1)..(n—p+1). ' (1.5)

Chitng minh : Cong thic (1.5) duge chiing minh bing phuong phép
quy nap theo p.

Doi voi p = 1, theo (1.5) tacé Al =n. Vay cong thitc diing d6i véi
p=1. .

Gia sit cong thitc diing d6i v6i p — 1, p > 1. Ta chimg td cong thitc
(1.5) ciing &ing d6i vai p.

Xét tuong Gng -

(a5, 8y, -oor 25) > (2}, 8y, ey 85— ). (*)

Uhg v6i méi chinh hop chap p ctia tap E ¢6 n phén tir (a,, a,, ..., a,)
.ta c6 mot chinh hgp chap p— 1 chatap E dang -(al,' ay, ..., @, 1). Viphén
tir a, c6 thé 14y trong n — (p — 1) phén tir cdn lai chia tap E khdc véi céc
phdn tir a,, a,, ..., a, - (. Do d6 ting v6i n ~ p + 1 chinh hop chap p khéc
nhau cua tap E ¢6 n phén tir tuong tng (*) cho ta mot chinh hop chap
p — 1 chia tap E. Do d6 s6 chinh hgp chap p ctia tap E bing n — p + 1 14n
s6 chinh hop chapp — 1 clia tap E.

Vaytacé:

AP =AY (n-p+1)
Theo gia thi€t quy nap:
A =nm~1)..(n-p).

Do dé6: Al =nn-D..a-p+1). 0

Vi dy : HOi c6 bao nhieu céch b6 trf chd ngéi cho 4 ngudi trén mot
ddy ghé c6 6 chd ngbi ?

Ta nhan thiy rdng, méi céch b& trf chd ngdi 12 mot chinh hop chap
4 ctia tap c¢6 6 phén tlr. Vay s6 cdch bd tri cé thé ¢ 12 :

Af =6x(6-1)x(6—-2)x(6~3)=6.5.4.3 = 360.
16



1.4.2. Hodn vi

a) Dinh nghia : Mot chinh hgp chap n ctia tap E c6 n phan tir goi 12 |
mot sodn vi (hay phép thé) clia tap E.

Ky hi¢u P, 12 s6 hodn vi cha tap ¢6 n phén tir. Theo cong thidc (1.5)
tacod:

P, =n! | O (16)
- {n!'=n(n-1).. 2.1 (doc la n giai thira)).

Taquyudc:0'=1.

b) Ddu ciia hodn vi : Méi hodn vi cha tap E, = {1, 2, ..., n} cé thé
xem 12 mot song dnh tir tap E; vao chinh né. Ky hiéu S, 12 tap cac hodn
vi cla tap E,. Tap S, cé n! phén tir. M&i hoin vi o € S, thuomg duoc
trinh bay dudi dang bang nhu sau :

1 2 .. n
0’ -
Sy Oy Oy

Xét hodn vi o, n€u i < j va 6;, > o;, thi ta néi trong hodn vi & cip s6
o, va o, 1ap thanh mot nghich thé.

- S6 nghich the cha hodn vi o dugce ky hiéu 1a N(o). D€ tinh s8 nghich
the€ N{o) ta c6 thé ti€n hanh nhu sau :

Goi : k; 12 56 phén tir 65, < o, trong day o), ..., Gy 3

k, 12 56 phén tir 65, < 6, trong day oy, ..., 6y}
k; 1a $6 phén tif 5, < o, trong day o, ..., Oy 3

Tacé: N(O)=k +k,+..+k,.
Pat : sgna = (-1)N” (Ky hiéu sgno doc 1a xich-num ctia o).
Gid tri sgno goi la ddu cua hodn vi o. Néu sgno = 1 thi o goi 1a

hodn vi chdn ; néu sgno = ~1 thi ¢ goi 1a hodn vi I¢.

2-DSTT&HH GIAI TICH-A 17



Vidu : Hodn vi ¢ € S cho bdi :

1 2 3 4 5
0’:
4 5 1 3 2

Tacé: N(0)=3+3+0+1+.O=7,sgncz—1.
P64 12 mot hodn vi 1é.
1.4.3. Chinh hgp lap
Pinh nghia : Gia sit E 13 mot tip ¢6 n phin tit. Méi ddy p phén tir (c6
thé Lip lai, khong c4n phan biét) clia tap E dugc sip x€p theo mot thit tu
-nao do6 goi 1a mot chinh hop ldp chdp p clia tap E ¢6 n phén tir.
Vidu:Gid st E = {a, b, ¢, d} véi thit tu tr trdi sang phai ta ¢6 :
ta, b, c}, {a, a, b}, {a, b, b}, {d, b, a}, {a, b, d}, v.v... 1a cdc chinh hop
lap chap 3 cta tap E ¢6 4 phén tir. “
86 chinh hop lap : Theo dinh nghia, méi chinh hop lap chap p cta tap
E ¢6 n phén tir ¢6 thé xem 13- mot phan tir cla liiy thita Dé-cac EP, va
ngugce lai méi phdn tr cha EP xdc dinh mot chinh hop lap. Vay s& chinh
hop lap chap p clia tap E ¢6 n phén ti 1a n”.

1.4.4. T8 hop

Méi tap con p phén tir (phan biét) ctia tap E ¢c6 n phﬁn t goi Ia mot
16 hop chdp p cha tap E.

Ngudi ta thuong ky hiéu s& t6 hgp chap.p cla tdp ¢6 n phén tir 1a

C? hay [p).
_ n

Ménh dé1.4:
n!

(o] P L E—
- pl(n-p)!

(1.7)

Taquyuse: C. =1.

Chimg minh : Gia st E 12 tap ¢6 n phdn tir. Ung véi méi 18 hop
{a;, a, ..., a,} chap p cia E bing cich hodn vi cdc phdn tir cha 18 hop
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nay ta dugc p! chinh hgp chip p khdc nhau cta tap E. Do d6 s& chinh
hop chap p cha E bang p! 14n s6 t6 hop chap pcia E. Vay tacé :

AP =p!CP
Cp_f}i_n(n~l)...(n—p+l)_ n!
" op! p! p!(n —- p)!

Cong thitc (1.7) duge chitng minh. Il
Ménhdé1.5: VGil <p<ntacé:

a) CP =CI7P, (1.8)
by Ch =C P +CP . (1.9)
Chirng minh :
Theo cong thirc (1.7)tacd:
a) C™P = n! _ n! ~cr
! (mn-plo-(n-p)! (@m-ptpt "
i — 1y Y
byl er = 0-D | (=D
(p-Din-p)t plin-1-p)!
_pn-Bl+m-p)n-H! _ n! _ pp
pi(n~p)! pln—pt "

1.4.5. Nhj thic Niuton
Trong Todn hoc sa cdp di ¢6 cic hing ding thitc :
(a+b)* = a’ + 2ab + b?;
(a+b)’ =a+ 3a%b + 3ab® + b°.
- Céc cong thic nay c¢6 thé viet dudi dang :
(a +b) = ic;_a“bi = C9a’ + Clab + C2b?;

=0

3. o
(a +b)' =) Cia™'b' = Cla® + Cla’b + C2ab? +.Clb*.
=0 ’
Mot céch téng quat, véin > 1tacé :
n . . .
(a+b)" =) Cla"™'b' =Cha" + Cha"'b +...+ C"b". (1.10)

i=0
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Cong thitc (1.10) goi 12 nki thitc Niuton.
Dé chimg minh cong thire (1.10), xét bidu thite (x + 1)".
bat: X, =X;,=.. =X, =x+1,tacd:
x+ D" =X,X, ... X,
RO rang rang :

1

x4+ D" =x"+k,x" +..+kx+1.

Nhén thay h¢ s6 k, clia x” bang s6 cdch chon p l4n x trong n thira s6
X}, X5 -.s X Vay ki, 12 56 t6 hop chap p ciia tap ¢6 n phdn tir.

Tacéd: ki=C=C.
Vaytacod:

x+D"=x"+Cx" + L+ CM x4 L.
’ ] . ” - a -
ViC)=Cl=1, véi X= ta co :

(a+b)"=Cla" + Cla"'b+ ..+ Clab™ +C"b". H
Ti cong thirc (1.9) va C) = C" =1 ¢6 thé tinh cic hé s6 cha nhi thic
(a + b)" mot cdch don gian khi biét he s cia nhj thite (a + b)"'.
Cdc phan tr & hang thit n cia bang (1.11) sau day 1a hé s& cua nhi thifc
(a+b)" " |

1

11

1 2 1

1 3

I 4 4 1

L. eege, !l . e 1 (1.11)
1 c? 1
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Chéng han, cdc phan tr & hang tha 5 cia bang (1. 11) la cac hé s¢

clia nhi thitc bac 4. Ta ¢6 :

(a+b)* = a' + 42’ + 6a°b% + 4ab’ + b*. |
Tir hang tht 5 cua bang (1.11) c6 thé tinh mot cich dé dang céc he

50 cua nhi thic bac 5.

Theo cong thitc : C? =CP7| + C° | tacé:

(a+b)’ =2’ + Sa*b + 102°b? + 10a2b° + 5ab* + b°.

Bang (1.11) thudng goi la ram gidc Paxcan.

BAI TAP
Pé bai
1.1. Hay ching minh cdc hé thic sau day :

1.2.

1) AUBAC=(AUBNAUC):;

2) ANBUC=(ANBUANC):

3) ANB\C) =(ANB)\(ANCQC);

4) AN(A\B)=ANB: .

5) AcCcB&SAUVUB=BoS ANB= A@A\B .

Ching minh cong thitc De Morgan :

1) X\ngi:q(X\Ai);

2) X\r\lA u(X\A)

Hay bi€u dién hinh hoc trén mat phing toa do tap A x B véi :

1) A={ae R :0<a<3]},
B={be R :Iblg1};
2) A={ae R :lal <5},
={be Z :Ibl<5};
3) AxB={(x,y)e Z x Z : x>y}.
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14.

1.5.

1.6.

1.7.

1.8.

22

Z la tap cdc sG nguyén, N* Ia tap cdc s6 nguyen.du'o‘ng. Quan
hé ~wréntdp Z x N * duoc xdc dinh nhursau @ -

(a, b) ~ (c,d) <> ad = be.

Chimg minh réng d6 12 mot quan hé tuong duong trén tap Z x N .
N 12 tap cdc s6 ty nhién. Trén tap N" xét quan hé < xdc dinh
nhur sau :

@, .,a)<(@p ..., ay); @y, ..., a,) <(by, ..., by
khivachikhitdntaii<nsaocho:a =b,vlik=1,...i—1vaa <b,.
Chimg minh rang d6 12 mot quan hé thit tu toan phdn trén tap N°.
Quan he thit tu nay goi 1a quan he¢ thur uy tir dién.

N 12 tap cdc s6 tu nhién. Trén tip N x N xét quan hé < xadc dinh
nhu sau :

GLPsk m=i+j<k+m:néui+j=k+mthii<k.
Chimg minh ring d6 A mot quan hé thir ty toan phén trén 1ap
N x N. Viét theo thif tr d6 cdc phén tir di truée phan tir (3, 0). |
Cho 4nh xa f : X — Y. Gia st A, B 12 céc t4p con cla tap X ; CI, D
12 cdc tap con cta tap Y. Chiing minh cdc hé thirc sau :

1) f(AuB)=f{A)u f(B);
2) f(A A B) < f(A) N K(B)

{Cho mot vi du chimg 16 néi chung f(A N B) = f(A) N f(B)) ;
3) f(A\B) o f(A)\f(B);

4) fFCuD)=f(C)u'D);

5) FCAD) =) (D);

6) fec\D)= O\ (D).

Cho dnh xaf: X — Y. Quan hé ~ trén tdp X dugc x4c dinh nhu sau :
X ~x' < f(x) = f(x").

1) Hay chitng 14 d6 12 mét quan hé tuong .duong trén tap X.

2) Xdac dinh cédc 16p twong duong clta quan hé dé déi véi trudmg
hopf: R — R cho bdi f(x) =cosx, Vx € R.



1090

1.10.

1.11.

1.12,

1.13.

Ky hiéu R * 1a tap cdc s6 thuc duong. Bing cich xét cic 4nh xa :

B-X abeR):
X —a '

g:(a,b) - R, xdc dinh bdi g(x) =

f: R* - R, x4c dinh bdi f(x) = logx.
Hay chimg 6 tap cdc s6 thuc thudc khoang md (a, b) cing lue
luong véi tap R 4t cd cédc s6 thuc.
1) Cho A, B la céc tap vo han dém dugc rdi nhau :
A:{ao,ai,.._.};B={b0,bl,...}. ) o
Xét tap X = A v B. Bing cdch xét dnh xa f : X - N xac dinh bdi
fla) =21, f(b)=2i+1,i=0,1, ...
Hay chiing t& X 1&a mot tap vo han dé€m duoc.
2) Chitng minh rang tap cdc s6 nguyén Z 1a t1ap vé han dém duogc.
Cho truée n diém trong mat phang, sao cho khong cé ba diém nao
thang hang.
1) Tinh s6 doan thing néi cdc cap diém dé.
2) Tinh s6 tam gidc ¢6 dinh 12 c4c diém do6.
3) Ap dung dé&i véi trudng hop:n=2,n=6,n = 12.
Chitng minh cic dang thirc sau :
1) z Ch=2";

k=4
2) i(—l)kC'; =0.
. k=0
Gia sirrang p, n 1a cdc s4 nguyén thdéa mann = p > 0.
1) Tinh s6 song 4nh clia tap cé n phén tir vao chinh nd.
2) Tinh s6 don anh tir tap B ¢6 p phén tlr vao tdp X ¢6 n phan .
3) Xét cédc hodn vi ;

1 2 3 -4 1 2 3 4
o= P B= .
{2 1 4 3] [3 2 4 1]

a) Tim oup ; Poct ; o' va B2

b) Xét tinh chdn 18 cha o, B va B°.
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1.14. Gia sir A 1a mot tap hitu han ¢é n phan tir, B 1a tap hitu han ¢é m
“phan tlr, p 12 s6 ty nhién.
1) Tinh s6 phédn tir clia cdc tap A x B, AP.
2) Tinh s& phan tir ca tap P(A) 1a cdc tap con cla tap A.
3) Tinh s& cac quan hé trén tap A.
4) Tinh s& dnh xa tir tap A vao tap B.

Dap s8 va hudng din
1.3. 1) Hinh chitr nhat ¢6 cdc dinh M(0, 1), N(3, 1), P(3, -1} va Q(0. —-1).

2) Céc doan thing M,N,, trong d6 M (=5, k), N.(5. k), k =0, £1, ..., 5.

3) Nhitng diém ¢6 t9a d0 nguyén nam phia dudi dudng phari gidc
thir nhat.

1.6. 0O,0)<O N<(1,M)<0.2)<(1, <2, M<(0,3)<(1,2)<(2, 1)
< (3,0).

1.7. 2) @={+a+2kn:ke Z},a € [0,x]. _

1.8. 1) Hay chiing 16 g, f 14 cac song dnh, do d6 tich f.g 12 mot song dnh
tr(a,b)yléen R.
2) Xét 4nh xa, chang hanh: Z — N xdéc dinh bdi :

2n néu n=0

2Inl+1 néu n<0

h{n) = {

va chitng 16 h 1a mot song dnh.

1.11. 1) S6 doan thing lak = C2.

2) S6 tam gidc 1a /= C.

3)V6i n=2: k=1,  1=0:
Véi n=6: k=15 =20,
Véi n=12: k = 66, [ =7220.

1.12. 1) 2" =(1+1)" =) Cy.

k=0

2) O=(1+(-1)'= icﬁ(.—l)".

k=0
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1.13. D) n.
2) AP,

3)0.[3“1234
g 32

1 2 3 4
WO =
g [2314)

o '=a

Bz-_1234
4 2 1 3}

sgna = 1, sgno = 1, 14;gn[32 =1.

1.14. 1) nm ; n".

J—

2) S6 tap con ¢6 k phén tir cha tap A 13 Cﬁ .

Vay s6 phén tir cia P(A) 1a Y Ch =2".
' k=0

3) Vi m6i quan h¢ trén tip A 12 mot tp con cia A x A. do d6
s6 quan hé¢ trén tap A bang s6 phin tr clia tap P(A x A) va
béing 2"

4) m" (Chang han, ¢6 thé 1ap luan nhu sau : Viméidnh xaf: A —» B
hoan toan xdc dinh né€u biét cdc 4nh f(a), a, € A, i =1, ..., n,
do d6 méi dnh xa f : A — B tuong tng duy nhat véi mot phan uir
(f(a)), ..., f(a,)) ctia liy thira Pé-cdc B" va nguoc lai).
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Chuong Il
86 PHUC, PA THUC VA
PHAN THUC HUU TY

2.1. KHAI NIEM NHOM, VANH, TRUONG

2.1.1. Phép toan hai ngoi

Ching ta nhan thay ring, phép cong cic s6 nguyén 13 mot dnh xa
tng mdi cap (a,b) € Z x Z véis6 c=a+b e Z. Tuong ty phép nhan
céc s6 nguyén 12 mot 4nh xa ting mdi cap (a, b) € Z x Z v6i s6 nguyén
d = a.b. M6t cach t6ng qudt ta ¢6 dinh nghia sau :

Pinh nghia : Gid s X 1A mot tap. Mdi dnh xa 6 : X x X —» X goi la
'mot phép todn hai ngoi (hay ludt hop thanh, hay phép todn dai $6) trén
tap X. ' "

Phén tit 8(x, ¥) goi 12 fiop thanh cha céc phan ti x, y. C6 hai cdch ky
hiéu phan tir hop thanh : :

— Ky hiéu theo 16i cong: 6(x, y) = x + ¥, goi 12 tdng clia x v6i y.

— Ky hiéu theo 15i nhan : 8(x, y) = x.y (ho#ic Xy, X*y, v.v...), goi la
tichchax véi y.

Xét phép todn hai ngéi 6 trén tap X, ky hiéu theo 161 nhan : 0(x, y) = x.y
Phép todn hai ng6i 0 goi la:

~ Cé tinh chdt két hop néu (x.y).z = x.(y.z) véi moi phdn tr x, y, z
thudc X.

- Cé tinh chat giao hodn néu x.y = y.x v6i mei phén tr x, y thudc X.

— C6 phén tlr trung hoa (hay don vi) néu ton .tai phin tr e € X sao
cho e.x = x.e = X v&i moi phin tr x € X.
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Vi dy : Phép cong cic s6 nguyén 1a mot phép todn két hop, giao
hodn va ¢6 phan tlr trung hoa 1a s6 0. Phép nhan cic s6 nguyén 12 mot
pheép todn két hop, giao hodn va cé phén tir trung hda la s6 1.

Tinh chat 1 : Néu phép todn hai ng6i © ¢é phén tir trung hda e thi e 1a
phén tlr trung hoa duy nhat, |

- That vay, néu e va e' 1 hai phén t trung hoa cia phép todn 6, khi dé
theo dinh nghia ta ¢6 :
e=ce=c. Nl

Phdin tir khd nghich : Phin th x € X g01 1a kha nghich néu t6n tai
- phantory e Xsaochoxy y.X =e.

Phan tt y goi 1a nghich ddo ctia phén tir x.

Vidu:

— D61 voi phép todn nhan cdc sé nguyéh chi ¢6 hai phdn tir kha
nghichddéla 1 va-—1.

~ D6i v6i phép todn cong céc s6 nguyen thi moi s§ nguyén déu kha
nghich, nghich dao cta a 1a —a.

Tinh chét 2 : N€u phép todn hai ngoi 0 ¢6 tinh chat két hop thi méi
phdn tlr kha nghich x ¢6 duy nhat mét phan tir nghich dio, ky hiéu 1a x !

That vay, gia sit y, y' 14 cdc nghich ddo cha x. Khi dé ta ¢6 :

Xy=y.x=e.
Do d6:
y=ye=y.Xxy)=(y'x)y=ey=y. R
- Trong truong hop phép todn hai ngoi ky hi¢u theo 16i cong, thi phdn
tir trung hda thudng goi 12 phdn tr khong va ky hieu 12 0 ; phan tir nghich
ddo cha phén tir a thudng ky hiéu 12 —a, goi 14 phdn 1ir d6i cla a.

Ky hieu (X, .) chi tap X cuing v6i phép todn hai ngéi ky hiéu theo 16i

nhan, 8(x, y) = x.y. '

2.1.2. Nhém

Dinh nghia : Nidm la mot tdp duoc trang bi mot phép todn hai ngoi
k€t hop, c6 phén tir trung hoa va moi phén tir déu kha nghich.
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Vay (G, .) 1a mot nhém néu théa min cdce didu kién sau day :
*Y(xy)z=x(y.z)v6iVX,y, 2z G;
NJeeG:xe=ex=xvii¥xeG;

N YxeGIx leGixx '=x 'x=e. |

Néu phép todn hai ngoi giao hodn @ x.y = y.x v&i moi x, y thuée G
thi (G. .) goi 1a nhdm giao hodn hay nhém Aben.

Vidu .

a) Pai voi phép cong, phép nhan cic s thong thudng taco:

*) (Z . +). (Q.+). (R, +)1a cdc nhom Aben.

Con(Q. ) (R, khOng phai 14 nhém (vi s6 O khéng kha nghich
dsi v6i phép todn nhan). '

b) Gia sir X 1a mot tap khdc rong.

bat S(X) = {f: X —» X, f1a song 4nh}.

Trong tap S(X), xét phép todn tich cia cdc 4nh xa f va g € S(X) nhu
sau : O(f, g) = f.g, trong dé 4nh xa f.g : X — X xdc dinh bai :

fog(x) = f(g(x)), Vx ¢ X.
P61 v6i mei £, g, h thude S(X) va moi x thuoe X ta c6 ;
(f.g)-h(x) = fug(h(x)) = f(g(h(x)))
= f(gh(x)) = f(gh)(X).

Do d6 (fag)esh = fu(geh). Vay 0 1a mot phép todn két hgp. Phép todn 6
¢6 phén tif trung hoa e = iy. V&i moi f € S(X) c6 nghich déo 1a 4nh xa
nguoc . Vay (S(X), +) 12 mot nhém. Nhém (S(X), «) goi 1a nhdém cdc
phép thé'trén tap X.

Néutap X =E, = {1, 2, ..., n} thi (S(E,), .) goi 1& nhdém déi ximg bdc n,
duge ky hiéu 12 S;. D& dang chiing t6 ring, véi n = 3 nhém d6i xtng S,
khong giao hodn. Theo muc 1.4.2, méi phén tik ctia S, 12 mot hodn vi clia
tap ¢6 n phan tr. Do d6 nhém S, ¢6 n! phdn tir.

¢) Gid slt n 12 mét s6 nguyén duong cho trude.

Do6i véi s6 nguyén x, néu x = kn + r, trong dé K, r 1 cdc 6 nguyén
va 0 <r < nthita viét : X = r mod (n). '
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Vidu :6=0mod (2): —7 =2 mod (3).

Trong tap n s tr nhién Z , = {0, 1, .., n — 1}, xét hai phép todn sau

— Phép cong déng dir n

i1+j=rmod(n),Vi,je Z .

— Phép nhdn déng duwrn :

ij=smod(n), vVi.je Z .

Xem nhu bai tap, ban doc ¢6 thé chitng minh duoc phép cong déng
du n ¢6 phan ur trung hoa 1a 0 : phép nhan déng du n ¢6 phdn tir trung
hoa la 1. D6 1a cac phép toan két hop, giao hodn,

(Z,, +) Ia mot nhém Aben. Phén tir d6i ctia i € Z, 1a n — i. Con
(Z,, .) khong phai 1a nhém. Phdn tiri € Z, kha nghich khi va chi khi
1 nguyén té cling nhau véi n.

Nhém (Z ,, +) goi 1a nhém cdng cdc s6 nguyén dong dir n.

Nhom con : Gia sir (G, .) 1a mot nhém v6i phdn tr trung hoda e. Tap

con khdc rong X < G goi 1a nhdm con clia nhém (G, .) n€u cac diéu kien
sau day duoc thoa min ¢

NV, yeX=>xyeX;

2)VxeX=>x_l e X.

Gid sit A la mot nhém con bat k¥ clia nhém G. Vi A = @ nén t6n tai
a € A. Theo diéu kién 2 thia ' € A. Theo didukién L tac6e=a.a™' € A.
Vay moi nhém con déu chita phédn tlr trung hoa e clia nhém (G, .). Do d6
méi nhém con cling 1& mot nhém déi véi phép todn dang xét.

Vidu :

a) Mébi nhém (G, .} déu c6 hai nhém con hién nhién dé 1a G va {el.

b) Tapcdc s6 chdn: 27Z = {2k : k € Z } 1a mot nhém con ciia nhém
cong cic s& nguyen (Z , +).

¢} Tap cédc s6 thue duong R* 1a mot nhém con clia nhém nhan
(R”,.) cdc s6 thue khic 0.
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Pong cdu nhom : Gia su (G, .) va (G', ») 1a cdc nhém. Mébi déng cdu
tir nhém (G, .) vao nhém (G, o) 1a mét 4nh xa f : G — G’ thoa méan
diéu kién :

f(x.y) = f(x)1(y). _

Né&u déng cdu f 1a mot song 4nh thi ta néi f 1a mot dang cau. Khi d6
ta viet (G, .) = (G, ). ' -

Vi dy : Xét cdc nhém nhan (R ¥, .) cdc s6 thuc duong va nhém cong
(R, +)cécs6thuc. Anhxaf: R* > R xdc dinh bdi :

f(x) = logx.

Theo tinh chdt ham s& logarit ta ¢6 :

f(x.y) = log(x.y) = 1gx + log y = f(x) + f(y).

Vay f 1a mot ddng cau nhém. Theo tinh chét ciia ham s& logarit, d&
dang thdy rang, 4nh xa f 12 mot song dnh. Do d6 f 1a mOt ding cfu va ta
c6(R*, D)= (R, +).

2.1.3. Vanh, truong
Pinh nghia : Vanh 1a mot tap K duoce trang bi hai phép todn hai ngoi,
mot phép todn ky hiéu theo 168i cdng "+" goi 12 phép cOng ; phép todn kia
ky hiéu theo 16i nhan "." goi 12 phép nhan, sao cho cdc diéu kién sau
duge théa mén :
1) (K, +) 2 mdt nhém Aben.
2) Phép nhan ¢6 tinh chat két hop :
{v.z)=(Xy)z; VX, v,ze K.

3) Phép nhan phan phdi d6i véi phép cong :
XAy +z)=xy+Xxz;
(v+2)X=yX+zx; VX, y,ze K.

Trong nhém Aben (K, +) phén tlr trung hda thudng ky hiéu 1a 0, goi
la phén tir khong cla vanh ; phdn tr nghich dao cta phén tir x Ky hiéu
12 —x, goi 12 phén tlt 467 cha phén tir x.

Téng x + (-y), thudng vi€t x — y, goi 12 kidu chia phdn tit x v6i phin
nry.
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Neéu phép nhan giao hodn (x.y = y.x véi mei x, y thude K thi
(K, +,.) goi 1a vanh giao hodn.

Néu phép nhéan ¢6 phan tir trung hda, thi phén tir trung hoa dé goi 1a
don vi cia vanh, thudng k¥ hiéu 1a 1. Khi d6 vanh (K, +, .) gol 1a vanh
¢ don vi. Tacé : x.1 = 1.x = x, v6i moi x € K.

Pinh nghia : Truong 14 moét vanh (K, +, .) giao hodn c6 don vi 1 # 0,
trong d6 moi phén tir x # 0 déu kha nghich d6i v6i phép toan nhan, nic la
tontai x ' € Ksaochoxx '=1. '

Vidu :

a) DB6i voi phép todn cong, nhan céc sCS’thOng thudng thi :

— (N, +,.) khong phdi 1a vanh vi (N, +) khong phai 12 nhém Aben ;

- (Z, +, .) Ja mot vanh giao hodn ¢é don vi, nhu‘ng khoéng phii 1a
trudng va goi la vanh cdc sé nguyén.

- (Q,+,.) 12 mot trudng, goi 12 trudng hitu . |

— (R, +,.) 1a mot trudng, goi 12 trudng sd thuc.

b) V&i phép cong, phép nhan déng du p, thi (Z , +, .) 13 mot vanh
giao hodn c6 don vi, dugc goi 1a vanh cdc 56 nguyén déng du mod (p).
Vanh (Z , +, .) 1a mot trudng khi va chi khi p 1a mot s6 nguyén t6. Viec
chiing minh dugc xem nhu baj tap.

Vanh con : Gid sit (K, +, .) 1a mot vanh. Nhém con A cila nhém
cong (K. +) goi la vanh con clia vanh (X, +, .) néu diéu kién sau duoc
thoéa mén :

VX, yeE A Xy eA.

Dé thdy rang, d6i v6i cdc phép todn dang x€t thi (A, +, .) ciing 1a
mot vanh. Ta néi ring, vanh K 13 md réay ~a vanh A.

Vidy : Tap cdc s6 chin 27 12 mét vanh con clia vanh cdc s§ nguyén
(Z,+,.). |

Truomg con : Gia st (K, +, .) 1a mot trudng. Truomg con clia trudng
(K, +, .) 1a mét vanh con P # {0} thda man didu kién :

VxeP,nfuxz2z0=x'eP.
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Vi di : Tap cdc s6 hitu ty @ 12 mot trudng con clia trudng cdc s
thuc (R, +, .). Tap cdc s6 nguyén Z 13 mot vanh con cla trudng cac sé
thue (R, +. .). Nhung Z khong phai 13 trudng con cia trudng (R, +, .)
viveixe Z,x=20.x=xlthix ' ¢ Z. |

Dé thdy rang, n€u P 12 mot trudng con cha trudng (K. +, .) vdi cac
phép toian dang xét thi (P, +, .) cling 12 moét trudng. VA ta ndi rang,
truong K la truong mo réng cria triuomg P.

Péong cdu vanh : Gia st (K, +. ) va (K, +, .} 1a cdc vanh cho trudc. Mot

déng cidu tir vanh (K, +, .) vae vanh (K, +, .) la mot anhxaf: K > K
thda man cac diéu kién sau :

Dfx+y)=1fx)+1f(y):

2) f(x.y) = f(x).f(y), ¥x,y € K.

Ta nhan thdy, mdi déng ciu vanh 12 mot 4nh xa bio toan cdc
phép todn.

Néu déng cdu f 1a mot song anh thi f dugc goi 1a ddng cdu vanh. Khi
dé ta n6i cdc vanh (K, +, .) va (K, +, .) ding ciu v&i nhau va viét :

K, +,.) =K'+, .).

Gia sir K' 1a mot vanh con ctia vanh (E, +, ) va f: K — K' 1d mot
ding cdu vanh. Bing cdch déng nhat mbi phdn tir x € K vé6i phdn tir
f(x) € K' — E thi ¢6 thé xem K 12 mot vanh con cla vanh (E, +. .).

2.2. TRUGNG SO PHUC

Ta bi¢t rdng trong trudng sd thuc R, phuong trinh bac haj
ax> + bx + ¢ = 0 néu c6 biét thic A = b? — dac < 0 thi khéng c6 nghiém.
Chéang han, phuong trinh : xX>+1=0 khong c6 nghiém thue. Do d6 cdn
phai md rong trudmg s6 thuc R dé€ cdc phuong trinh dé ¢6 nghiém.

2.2.1. Trudng sé phire C

Mdi cap s6 thuc (a, b) goi 1a mot s6 phirc. SO phiic 7= (a, b) bang
s6 phiric z' = (a', b') khi vichi khi a = a' vab=Db". Ky hiéu C la tap tat ca
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cdc s phuc. Phép todn cong, phép todn nhan cdc s¢ phitic duge dinh
nghia nhu sau :
— Phép cong s6 phitc :
(a,b)+(c,d)=(a+c,b+d); (2.1)
— Phép nhdn sé phiic .

(a, b).(c,d)=(ac — bd, ad + bc). (2.2)

Pinh 1y 2.1 : | |

1) Tap cdc s6 phic C véi phép cong s6 phite va phép nhan s& phitc
la moét truomg, duge goi 12 rrwong sé phiie.

2) Tap cédc s6 phirc ¢6 dang (a, 0), ac R 12 mét trudng con cla
trucmg s8 phirc € va déng cdu véi trudng s6 thuc R .

Chitng minh : D€ thdy (C, +) 1a mot nthém Aben c¢6 phdn tir trung
hoa Ja (0, 0) ; phan tir d6i cha s6 phic (a, b) 1a (-a, —b). Bang cdch sir
dung cac cong thic (2.1) va (2.2) chiing ta c6 thé ching t6 phép nhan
cac s6 phiic ¢6 cédc tinh chat giao hodn, két hop, phan phsi d6i véi phép
cOng s6 phic va c6 phdn tlt don vi 12 (1, 0), s6 phic (a, b) = (0, 0) ¢6

. a -b
nghich dao 1a , X
g,' ' {212-l-b2 a2+b2J

Vay (C, +, .) 1a mot trudng.
Dé chimg minh phén 2) ctia dinh 1y, xét tap con :
CR'={z=(2,0raeR}cC,

Dé thay ring, n€u z, z € R'thiz+2z € R', zz € R', va néu

z=(a,0)=0thiz' = [l 0} e R'. Vay R' la mot trudng con clia
_ a

truong s6 phic C.

Xétanhxaf: R —> R', xdc dinh bdi f(a) = (a, 0), Va e R.

R6 rang f 1a mot song dnh, song dnh f 13 mot déng cdu vanh. That
vidy.vdimoia,be R tacé:

fla+ b)=(a+b,0)=(a, 0) + (b, 0) = f(a) + f(b) ;
f(a.b) = (a.b, 0) = (a, 0).(b, 0) = f(a).f(b). '
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Vvay f 1a mot déng cdu tr rudong s6 thuc R 1én trudng con R’ cla
trudmg s6 phitc C. Dinh 1y duge ching minh. 1l '

Theo Pinh 1y 2.1, n€u ddéng nhat mdi s thuc a véi s6 phic (a, 0) 1a
cé thé xem R < C va trudng s6 thye R 1& mot trudmg con cha trudng
s6 phitc €. Ta s& viét (a,0) laa. Vay 1 =(1,0); 0= (0, 0).

2.2.2. Dang dai sé cla sd phurc
Pat i = (0, 1), s6 phitc / duoc goi ta don vi do. Theo (2.2) thi:
2= (0, 1).0, 1) = (=1, 0) = 1.
Tacé: it=—-1. | (2.3)
Tir dang thic (2.3) ta ¢6 i2 + 1 = 0. Do d6 i 1a mét nghiém phitc ca
phuong trinh x? + 1 =0. ‘
Vdimbdibe R,tacéd:
b.i = (b, 0).(0, 1) = (0, b).
V&i mdi s phitc z=(a, b)tacd:
Zz=(a,by=(a, 0)+(0,b)=a+bi.
Vaytacd: |
| z=(a,by=a+bi. (2.4)
Cong thite (2.4) goi 1a dang dai s6 cia s6 phic.
Néu z = a + bi thi a goi 12 phdn thyc cia z, ky hidu 1a a = Rez ;
b goi 1a phdn do cla z va ky hiéu b = Imz.
86 phitc ¢6 dang z = a + 0i 12 mot s6 thuc.
S6 phirc ¢6 dang z = 0 + bi goi 14 s6 thudn do.
Chiiy:Vii*=-1néntacé:
(a+b)+(c+di)=@+c)+(b+dh;
(a+ bi).(c + di) = (ac — bd) + {(ad + bc)i.
Do d6, dé thie hién cdc phép tinh déi véi cdc s phiic ta ¢6 thé thue
hién cdc phép tinh cho cac biéu thitc clia i v&i hé s6 thye va luu ¥ i?=-1.
| Trudmg s6': Mbi trudng con cha trudng s¢ phic C duge got 1a trudng s6.
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Vay, truong s6 hitu ty Q, trudong s6 thuc R 1a cdc trudng s6. Xem
nhu mot bai tap, ban doc ¢6 thé chimg minh : Moi truemg s& P déu chita

trudng s hitu ty Q.

2.2.3. Dang lugng giac cla sé phirc

Cho tuong g moi s6 phifc z = a + bt
véi mot diém M(a, b) thudc mét phing
toa do Oxy (hinh 2.1). Dé thdy ring,
tuong ung dé 1a mot song dnh. Khi dé
mit phang Oxy goi 1a mdt phdng phire,
truc hoanh Ox goi 1a truc rthuc, truc
tung Oy goi 12 truc do cha mat phang
phic. Diém M(a, b) hoan todn xic dinh
khi biét vecto OM. Vecto OM xéc

_ dinh néu biét do dai |o_'M| =1 va géc

(Ox, OM) = ¢ + 2kn voi 0 <@ < 2m.

Tacd:

2
r=+a’ + b’

q COsQ =

sing =

"'1|U"--1|ﬁ:

D6 dai vecto OM got 1A médun cia s6 phic z, ky hieu 13 1zl

Tacé :

Izl =1 = \Iaz +b%.

¥y
b] ...................... :M
i J '
O ] X
Hinh 2.1
(2.5)
(2.6)

Goéc ¢ + 2km, k € Z goi la argumen cta s@ phiic z, Ky hiéu 14 Argz.

Goée ¢ goi 1a gid tri chinh cha argumen cia z, Ky hiéu 13 argz.

Theo cic cong thirc (2.4) va (2.5)tacd :

z = r{cos@ + ising).

(2.7)

Cong thic (2.7) goi 1a dang liwgng gide cta s6 phite z.
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Vidu : Tim dang lugng gidc chas@ phircz=1 + iv3.
- l . L ] Rl
Tacd:r= Jl1+3 =2, cosp = 5 Vi diem M (], \/5) nam J goc
phdn tu thit nhét cia mat phang OXy nén ta ¢ ¢ = -g . §6 phitc da cho ¢6
o 1s T .. T
dang lugng giac laz = 2[0055 + 15m—).
Sau day chiing ta xét mot vai ing dung dang lugng gidc clia s6 phiic.

- 2.2.4. Tich, thuong céc sd phirc viét dudi dang tugng giéc

Tich hai s6 phirc : Gia st : Z, = 1 (COSQ, + ISINQ) ;

Z, = Iy(cosQ, + ising,).
Tacéd: '

Z,Z, = 1|5 (CosQ + ising,)}(cosy, + ising,)

= 1 I, (COSp cosp, — SInY ;5inQ,) -+ i(SiNQP,COSP, + COSQ | SINP,)
= [(cos(gp + @,) + isin{p + @5)].
Ta c6 cong thife :

22y = _1',1'2[(003(([;I + @,) + isin(Q, + @)1 (2.8)

Vay, tich hai s6 phitc la mot s6 phitc ¢ modun bing tich cdc modun,
cé argumen bdng 16ng cdc argumen.

Thirong hai 50 phirc : Gid st z, # 0,tacé:
Z, _ r(cos@, + ising,)
Z, T,(cosQ, + ising,)

_ 1(cos@, + isineg, )(cos@,.— isinQ,)
I, (cos@, + ising,}(cosp, — ising,)

_ 1, (cos, cos @, + sin@, sin@,) + i(sin@, cosQ, — cos, sin@,)

r, cos’ @, + sin’ @,

= :—‘(cos((p, - @,) + isin(p, - @,)).
2
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Ta ¢6 cong thiic :
Z, T .. '
ol ES —‘(cos((pI — @) + isin(p, ~ (pz))- (2.9)
Z; 5 '

Vay, thuong hai s6 phikc la mét s6 phitc ¢6 modun béng thuong cac
modun, c6 argumen bdng hiéu cdc argumen.
2.2.5. Lily thira cla s& phirc, cong thirc Moavars
Gia st z = r{cosg + isineg).
Theo cong thic (2.8) tacod :
P=gzz= rz(cos2(p + isin2¢) ;
?=727= r3(cos3(p + isin3).
Bang quy nap, ta c6 cong thitc (2.10) goi la cOng.thL’rc Moavoro.
z" = r"(cosno + isinng). (2.10)
Vidy : Tink (1 - i)®.
Dé 4p dung cong thirc (2.10), phai tim dang luong gidc cuia s6 phifc

z=1-1 Ta cé :r = JI+ =x/5,cos<p=3=g. Vi difém

r
M(1, -1) nam & g6c phdn tu thif tr clla mat phdng Oxy, nen ta 1y
I | |
T
Vay: z=2 cos—?E + isinE].
4 4
“Theo cong thite (2.10) ta c6 :

: 8
(1 -i)= [Ji(cosﬁ + isinﬁ'ﬂ :
4 4

(1 - i)* = 16(cosl4n + isinl4n) = 16.

St dung cong thitc Moavorg, ¢6 thé ching minh mot s6 déng nhat
thitc lugng gidc. Chang han, véir=1,h =3 tacé :

(cos + ising)® = cos3p + isin3¢@.
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Mat khéc, 4p dung cong thic khai trién nhj thitc ta c6 :
~ {cos¢ + isin ¢)* = cos® ¢ - 3cos@sin® @ + i(3 cos? psing — sin’ ¢).
Vay:

cos3¢p + isin3p = cos3<p — 3cos@ sin® + i (3cdsch sing - sin’g).

So sanh phan thyc véi phan thye, phdn 4o v&i phin 4o & hai ve ta
nhan duge cdc déng nhat thirc lugng gidc sau : ‘

cos3¢p = cos Q- 3005(psin2cp ;

sin3 = 3cos’@sing — sin’g.

2.2.6. Khai cin sé phic

Pinh nghia : Gia st n 1a mot s6 nguyéﬁ duong. Goi can bac n cua s6
phiic z 12 s6 phitc v sao cho v" = z.

Khiz =0, rﬁ rang v=20.

Gia sir z = r{coso + ising), z# 0,0 £ ¢ < 2m.

Pat v =p(cosO +isinH), 0 < 0 < 27.

Theo cong thitc Moavoro ta cé :

V" = p"(cosn@ + isind) = r(cos + ising).

Vaytaco: p=§‘/; ;
¢ + 2kn

n
Vi0<0<2nnénkchildycicgiatriO, 1,..,n-1.
Tacéd dinhly :

cosnd = cosp = 0 =

Pinh 1y 2.2 : Véi n > 0, cén bac n cha s§ phitc z # 0 ¢6 n gid tri Khdc
nhau. S& phtic z = r(cos@ + ising) c6 cdc can bacn la:

v, =%(cosw+isinw], 2.11)
n n
k=0,1,...,n-1.

Vidy: Tim can bac Scihasd phitcz=-2+2i.
Trudc hét biéu dién s& phic da cho dudi dang lugng gide ta c6 :
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3
-2+ 2i= 2%2(cos135° + isin135°).

Theo cong thite (2.11) s6 phitc -2 + 2icécan bac Sla:

o135 +k360° . . 135° + k360°

Vk =2 cos————— + ISIl——m—
5 5
i
= 210 [cos(27° + kK72°) + isin(27° + k72%)],
k=0,1,2,3,4.
Cdn bdc n cua don vi : Ta c6 : 1 = cos0 + isin0. Theo cong thirc (2.11)
can bac ncla 1 ¢é n gid tri khdc nhau. Pé6 1a:
€ = cosE + isin&, k=0,1,...n-1.
n n

Vidu:Céccanbac6clal la:

I
€, = cOS— + isin— }
3 3

2Zn .. 2m
€, = COS— + isin— ;
3
€3 =COS T + isint =—1;

4n . . 4=w
84=COST+ isin—

Sn .. 5m
85=cos-—§~+1sm——— ; .y

Nhéan thdy rdng, cdc diém biéu el e \
dién cdc s6 phic g, ..., &5 trong mat ‘ ;"’ ¥
phing phifc 14 cdc dinh clia hinh lyc — X ; d X
gidc déu noi ti€p trong dudng tron don W\ v '
vi ¢6 dinh €, 1 (1, 0) (hinh 2.2). INSES el

Téng quat : Cdc diém biéu dién
cdc cdn bdc n cua don vi .so, er By Hinh 2.2
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trong mdt phdng phitc la céc dinh ciia hinh n gidc déu noi tiép trong
dwong tron dom vi 6 dinh g, 1a (1, 0).

2.2.7. S5 phirc lién hop
Lién hop clia s phitc z = a + bi 14 6 phitc Z = a — bi.
Vidu:z=3-5i,Z=3+51

Cac tinh chdt sau day cia phép 14y lien hop duge suy truc uep tr
dinh nghia :

1) z }a mot s6 thue khivachikhiz= 7 ;
2)z+ Z =2Rez;

3 zZ = Iz

Tu3)suyra, nfuz=0thi z '= =
Z

Theo 5)tacd;

a) 2" = (Z)°

b) Néu z' = 0 thi {i] =
Z

& || )

Thatvay,w[ Jz__i =%. Do dé (ﬁ):i_
_ Z Y Z z'

Chii y : C4c diém biéu dién trong mat phing phitc clia s phuc z v
s& phic lién hop Z d6i xing nhau qua truc thye.
2.2.8. C4c tinh chit ctia médun s8 phire

Tur cdc cong thitc (2._8), (29)va(2.10)tacéd:
1) lzz'l =izl 2] ;
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312" =tz ;

Niz+ 71 <zl +1zZ.

That vay, trude hét xét trudng hopz =1, ta chiimg minh
M+z1<1+1zZ\.

Gid sirz' = x + yi, khi dé6 :

lz't = m 2ix!:
H+zP=0+2).(0+2)=(+2z)(+2).
=1 +_z'+ ' +2'7 =1+2x+ Iz
<L+ 2121+ 1272 = (1 + 1z1)2.
Vay ta c6:
1+Z1<1 121,

Néu z = 0 thi hién nhién, gid strz = 0.

Taco:
o z'_ z'
|z+z|—z[l+ ;) |z[l+ -
s;z|(1+£']=]z|+|z'|.
- z

Vay tinh chat 4) duoc chimg minh.ll

2.3. DA THUC

2.3.1. Vanh da thirc K[x]
Gid st K 12 mot trudmg s6. V&i méi ho hitu han cic phan t thuoe K
a,, a4, ..., 4|, &, ta lap biéu thitc hinh thire :
fx)=ax"+a,x"'+ . +ax +a, _
Biéu thitc f(x) goi 1A mot da thire ctia 4n x (hay bi€n x) v61 he s6 trén
truong K. Néu a, = O thi‘a, goi 13 he s6 cao nhd? va s& n goi 1a béc cha
da thic f(x). Khi a, = | thi f(x) goi 1a da thitc dang chudn.
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- Theo dinh nghia, mébi phan tir a € K, a # 0 12 mot da thirc bac 0. Ta
xem phén tir O cha trudng K 14 mot da thitc ¢6 tat ca cdc hé s6 bang 0, va
g0i la da thirc khong. Quy udc bac cha da thitc O bang —oo.

K}’!lhieu K[x] la t4p tat ca cdc da thic 4n x, véi he s6 trén K. Trong
K[x] dinh nghia hai phép todn sau day :

— Phép céng da thic :
Gid str : f(x)=ax" +..+a,x+4,;

g(x)=b_x"+ .. +bx+b,vam<n.

Khi d6: f(x)+g(x)=x X"+ ...+ ¢;X + ¢,
a. +b,i=0,..m
trong dé : C, = _ (2.12)
a, ,1=m+1,..,n
— Phép nhdan da thirc .
f(x).g(x) = d, X"+ . +d;x +d, (2.13)
trong 46 : d, = Zaibj, k=0,1,...,m+n.

i+j=k
C6 thé chitng td tap K[x] v6i phép todn cOong (2.12) va phép todn
nhan (2.13) la moét vanh giao hodn cé don vi, chita K nhu mét truong con.
vanh K[x] goi 1& vanh da thitc mét an trén truong K.

Tir dinh nghia bac cia da thitic va phép cong, phép nhan da thic suy
ra ménh dé sau :

Ménh dé 2.1 :

a) Bac (f(x) + g(x})) £ max{bac f(x), bac g(x)}.

b) Bac f(x).g(x) = béac f(x) + bac g(x).

Tir diéu khing dinh b) tacé :

Heé qua : Néu f(x) # 0 va g(x) = 0 thi f(x).g(x) = 0.

2.3.2. Phép chia cé du

Gia sir f(x) 12 da thic bac n, g(x) 14 da thitc bdc m, g(x) #0 vam < n.
Néu chia da thitc f(x) cho da thnic g(x) s& dugc mdt da thirc q(x) c6 bac
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n — m va phan du 1a mot da thitc r(x) ¢6 bac Inh(’) hon m. Khi dg, da thic
f(x) c6 thé biéu dién duy nhét duéi dang :

f(x) = g(x).q(x) + 1(x), ' (2.14)
trong do bac r(x) < bac g(x).
Chang han : f(x)=2x* +5%° = x>+ 2x + 1,

g(x)=2x" - 3x + 1.
2x* 4+ 5% - x* +2x + 1 2x% - 3x + 1
2x* = 3x% + x% (= x2g(x) X% +4x + 5 (= q(x))
8x’ — 2x%+2x +1
8x* — 12x° + 4x (= 4x.g(x))
10x* ~ 2x + 1
10x® — 15x + 5 (= 5.g(x))
13x = 4 (= r(x))

Taco:
2x* +5x° — kP 4+ 2x+ 1= (2x% - 3x + (X2 + 4% + 5) + 13x — 4.

Trong biéu dién (2.14) cha da thitc f(x), da thitc r(x) goi 1a phdn du
cha phép chia da thitc f(x) cho da thic g(x). Néu r(x) = 0, khi d6
f(x) = g(x).q(x), ta néi rang da thirc f(x) chia hét cho da thitc g(x), hay
g(x) 1a mot wde cha f(x).

Ky hiéu f(x) : g(x) chi da thitc f(x) chia hét cho da thitc g(x).

2.3.3. Udc chung 16n nhat

Pa thic d(x) goi 1a wc chung cta céc da thic f(x) va g(x) néu
f(x) @ d(x) va g(x) ¢ d(x).

Da thitc d(x) goi la wsc chung Ién nhdr (UCLN) clia cdc da thic f(x)
va g(x) néu d(x) 1a mot uée chung cha f(x) va g(x) : va néu d'(x) 1a mot
ude chung cta f(x) va g(x) thi d(x) : d'(x).

Cdc tinh chdt :

1) Néu f(x) : d(x) va g(x) } d(x) thi

f(x).g(x) : d(x) va (f(x) £ g(x)) : d(x).
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2) Néu d(x) Ia mot UCLN cia f(x) va g(x) thi véia € K, a = 0,
a.d(x) ciing 1a UCLN cta f(x) va g(x).

Twr dinh nghia UCLN va tinh chét 2) suy ra : Néu f(x) # 0, g(x) = 0
cé UCLN thi UCLN dang chuédn la duy nhét. Ky hiéu (f(x) g(x})) chi
UCLN dang chuén clia f(x) va g(x).

Dinh 1y 2.3 : Moi cap da thifc f(x) = 0, g(x) # 0 déu ¢6 UCLN.
Chitng minh (Thuat todn Euclid tim UCLN) :

Gia sir bac cua f(x) 16n hom hoac bing bac clia g(x). Lién ti€p thuc
hién phép chia cé du, theo cong thirc (2.14) ta ¢é :

f(x) = g(x)q,(x) + 1,(x), bac r (x) < bac g(x) ()
£(X) = 1 (X)q,(X) + ry(x), bac ry(x) < bac r (x) (2)
I {X) = 1,(X)q3(X) + 14(x), bac ry(X) < béc ry(x) 3
Ty 5(X) = 1y (X) Gu{X) + 1, (x)  bac 1, (x) < bac r_,(X) (k)

T~ (X) = 1(X) Qs (X)-

Péng thirc cudi cing chimg to r— (X} t r(x). Theo tinh chat 1) tir
dang thic k suy ra n(x) 1a uée chung cla r_(x) va r,_,(x) ; ding thitc
thit k — 1 ching 16 r(x) 1a u6c chung clia r_,(X) va r,_4(X), ... ; n(x) 12
udc chung ctiia f(x) va g(x).

Néu p(x) la mét udc chung ciia f(x) va g(x), theo tinh chat 1) tir
dang thitc thit nhat suy ra r,(x) ¢ p(x), réi tir dfing thic thit 2 suy ra
ry(x) : p(x). Vay r(x) 1a UCLN cia f(x) va g(x).

Cha y : Ta biét rang, néu d(x) 12 UCLN cla f(x) va g(x) thi véi
a € K, a0, ad(x) ciing 12 UCLN cta f(x) va g(x). Do d6, khi 4p dung
thuét todn Euclid tim UCLN & trén, d€ tranh tinh todn phic tap, c¢6 thé

thay da thitc r;(x) bai da thitc ri*(x) =ar(x),ae K, a=0.
Vidy : Tim UCLN ciia da thitc thudge Q[x]:
fx)=2x*+3x7 + 4 + 2x + 1,
g(x) =3x> +4x%+ 4x + 1.
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Thue hién phép chia ¢6 du da thic f(x) cho da thic g(x) tacod .

2x + 3 +4x% + 2x + 1 =
=(3x3+4x2+4x+1)[%x+%}+§x2-+ 8c+8
8 , 8 8 . . L .

Tacéd :r(x) = ax + ax + 3 Thuc hién phép chia cé dur da thitc

g(x) cho da thirc r,"(x) = gri(x) ta dugc :

3 +4x? 4 4x + 1 =(x2+x+ D@Gx + D,
Ta c6 : ry(x) = 0. Vay UCLN cia f(x) va g(x) 1ar,"(x) = x> + x + 1.

Da thitc nguyén 6 cing nhau : Hai da thic f(x) va g(x) thuoe K[x],
f(x) # 0, g(x) = O goi la nguyén 16" ciing nhau néu (f(x) ; g(x)) = 1.

Pinh Iy 2.4 : Hai da thic f(x) # 0, g(x) = O nguyeén 5 cung nhau khi
va chi khi ¢6 cdc da thite u(x) va v(x) thudc K[x] sao cho :

f(x)u(x) + g(x)v(x) = 1. (2.15)
Chirng minh :

Diéu kién di : Gia sit céc da thirc f(x), g(x) thda man he thirc (2.15).
Khi d6, n€u d(x) 1a mot uéc chung cia f(x) va g(x). theo tinh chat 1) coa
ude chung thi d(x) 1a udc ctia 1. Vay 1 1a UCLN ciia f(x) va g(x).

Piéu kién Cf‘fn : Gid sir (f(x) ; g(x)) = 1. Khi d6 UCLN ctia f(x) va
g(x) 1a cac da thitc bac 0. Theo thuat todn Fuclid ta ¢6 :

f(x) = g(x)q,(x} +1,(x) ;
B(X) =1 (X)q(X) + 15(x) ;

I(X) = 1,(X)q3(x) + r5(x) ;

Ii—3(X) = [ (X Qg (X) + 1 (X) 5
I (X)) =1 (X)X +C;

rk_l(x) = C.qk+|(x), Cc e K-. c# 0.
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Pdang thifc thit k chiing t6 ¢ biéu dién dugc qua cdc da thite r_ (x) va
r,_»(x). Do d6, tir dang thirc thi k — 1 suy ra ¢ bi€u dién dugc qua cdc da
thifc 1, _,(X) va r,_;(X), v.v... |

Ti€p tuc dén dang thitc thi nha't,' ta ¢6 ¢ biéu dién dugc qua f(x) va
g(x). Vaytacd:

¢ = f(x)p(x) + g(x)q(x).
Nhan hai vé ding thitc trén v6i ¢ ' va dat u(x) = ¢ 'p(x),
v(x)=c¢ 'g(x)tacé:

fFOu(x) + gx)vix) = 1.1

2.3.4. Nghiém cla da thite

Dinh nghia : Phan tr o € K goi 12 nghiém cia da thic bac n > 0,
f(x) = ax" + ... + 3, + a, thudc K[x] néu thay x bdi e tacé :

flay=a,a"+ ... +aa+a,=0.

Ménh dé 2.2 : Phdn tir o € K 1 nghiém cta da thiic f(x) thuoc K[x],
cé bac n > 0 khi va chi khi f(x) : (x — o).

Chirng minh :

Theo 2.14)tacd:

fx)=x-a)g(x)+r, r € K. _

Thay x bdt o ta cé : f(a) = r. Vay f(a) = 0 khi va chi khir =0, ttc 1a
f(x): (x—o). W '

Nghiém boi : Phian tt o € K goi 1a nghiém b6i k cua da thic
f(x) € K[x], c¢6 bac > 0, néu f(x) chia hét cho (x ~ o)¥ va khong chia hét
cho (x — o).

Vay, néu a € K 12 nghiém boi k cha f(x) thi f(x) = (x - a)kq(x),
trong d6 da thitc q(x) khong chia hét cho (x — o). '

Ménh dé 2.3 : Mdi da thitc f(x) bac n > 0 ¢6 khong qua n nghiém ké
ca nghiém boi.

Chitng minh : Gia st o; 12 nghiém boi k, cia f(x), i = 1, ..., m. Theo
dinh nghiatacé:
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XY= (x - al)"' e (X = am)km s{X);
s(a)=0,i=1, .., m.
Theo Ménh dé 2.1, taco:
n=k, + et k., + bac clia s(x). .
Do dé: n<k,+..+k, .M _
Da thitc bdt khd quy : Da thitc f(x) € K[x] ¢6 bac n > 0 goi 1a bd? khd
quy trén trutmg K né€u khi ¢6 phan tich f(x) = p(x)q(x) véi p(x),
q(x} € K[x] thi bac p(x) = 0 hoac bac q(x) = 0. Titc 12 da thie f(x) khong

thé phan tich thanh tich hai da thic thudc K[x] cé bac nhod hon n. T
dinh nghia truc ti€p suy ra :

1) Cac da thirc bac nhat bat kha quy ;

2) Theo Ménh d€ 2.2, ta c6 : Mbi da thitc ¢6 bac > 2 bat kha quy
trén trudng K thi khéng ¢6 nghiém- thuoc K.

Cha ¥ réng, tinh b4t kha quy cta da thic phu thude vio trudng dang
xét. Chéng han, da thitc x> - 2 bat kha quy trén trudng hin ty Q, nhung
khong bat kha quy trén truong s6 thye R, vi trong R [X] ta c6 phén tich :

2= (x+V3)(x - vB).

2.3.5. Ba thirc trén truéng s6 phirc C

Ta thira nhan dinh 1y sau day, thudng goi 1a dinh Iy co ban cha Dai
s8 hoc. '

Pinh Iy 2.5 : Mébi da thic bac n > O trén truong 56 phitc déu c¢o
nghiém phitc.

Xét g(x) 1 da thifc he s6 phiic, g(x) ¢6 bac n > 0. Theo Dinh Iy 2.5,
£(x) ¢6 nghi¢m phitc oo,. Theo Ménh dé 2.2 tacé ;.

g(X) = (x — a;)q,(x),
trong 46 : q,(x) la mot da thite he s6 phite.
Gia str o, 1a mot nghiém phiic ctia q,(x). Ta ¢6 phéan tich :

qx)=(x - €lr)q5(X).
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Vaytacd:
g(x) = (X — 0 (X = dp)q,(X).
Ti€p tuc mot cich twong tu ta cé phan tich :
g(x)=b(x —a )" . (x-a )™, (2.16)
trong d6 o; 1a nghiém phitc boi r; clia g(x). i=1, ..., m; o # & vcn i#]j.
Dé thdy : r| + ... + 1, = n va b'la h¢ 56 cao nhat cua g(x).

Tir phan tich (2.16) ta suy ra rang : Mdi da thifc hé¢ s phic bac
n > 0 ¢6 n nghiém phirc ké ci boi. Do d6, cdc da thitc bdc nhdt la tdt cd
cdc da thite bat khd quy trén ruong s6 phirc C.

2.3.6. Da thirc trén trudng s thuc R

Mai da thitc he s6 thuc f(x) ¢6 thé xem 1& da thuc hé s6 phuc Theo
Pinh 1y 2.5, nfu bac f(x) > 0 thi f(x) ¢é nghiém phic.

Ménh dé 2.4 : Néu s6 phifc o = a + bi 12 mot nghiém clia da thiic hé
s6 thuc g(x) thi s6 phic lien hgp @ = a — bi cling la nghiém ctia g(x).

Chitng minh : Gia slt o 1A mot nghiém phific chia da thitc hé s6 thuc
g(x)=b_x™ + ... + b;x + b,. Theo tinh chat clia s& phikc li¢n hgp ta ¢6

g@ =b_@)" +..+ba +b,

m

=b_ o™ +..+ba+b

m

=b a" +..+ba+b,=gla)=0.
Vay a 12 mot nghiém cha da thic g(x).
Gia str g(x) € R[x] c6 bac > 0. Trong phéan tich (2.16) néu oy, = 4, + ib,,
b, # 0 1a mot nghiém phtic clia g(x), thi theo Ménh dé 24, o, =a —ib
“ciing la nghiém cua g(x);
Tacd:
(X — o) (X~ )= x> = (o — 0y ) X + Oy Ty
=x>—2ax+ al + b,
=x? + A x + B,.

véi A, = —2a,, B, = a; + b} 12 cdc s6 thue.

48



Tam thic x* + Ayx + B, khong c6 nghiém thue. Theo (2.16) da thic
g(x) c6 thé vist dudi dang :

B(X) = b(x — @) (x =0, ) (X* +AX+B)Y L (x% + A X + B,)" (2.17)

trong d6 o, k = 1, ..., g 12 nghiém thuc boi 1, cla g(x) ; x* + Aix + B,
k=1, ..., p1a cdc tam thic b4c hai he s& thuc c6 biét thitc A = Ai —4B; <0;
o =) va({A,LB)#(A,B)khik =/

Phan tich (2.17) cia da thic g(x) 12 duy nhat, chi sai khéc thd w cdc
nhan .

Tur phan tich (2.17) ta suy ra ring : Pa thitc bdc nhdt, da thitc bdc
hai c6 biét thie A < 0 12 tdt cd cde da thicc bat khd quy trén truong
36 thyc.

T he thite (2.17)tacod ;
| bac g(x) =1y + ...+ + 2(5; + ... + 5).

Do d6, n€u g(x) 1a mot da thitc hé s6 thuc bac 1& thi trong phan tich
(2.17) ¢6 it nhat mét nhan tf 1y thira clia mot nhi thic bac nhit. Vay ta
cé ménh dé :

Ménh dé 2.5 : M&i da thic he s6 thuc bac 1& c6 it nhit mot
nghiém thue. '

2.4. PHAN THUC HOVU TY THYC

2.4.1, Trudng phan thic hiru ty

Gia sir K 12 mot trudmg s6. Ta ky hiéu © 13 tap t4t ca céc cap da thic

(f,g)v6if, g e K[xIvag=0. Trén tap Q xét quan he ~ xéé dinh nhur sau :

(f, 8) ~ (f, g') khi va chi khi f.g' = f'.g. (2.18)

Dé dang chimg minh quan hé ~ c6 tinh chat phan xa, d6i ximng va
bac cdu. Do d6 né 1a mot quan h‘e tuong duong trén tap Q.
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Lép tuong duong cha cap (f, g) k¢ hiéu 3 & va duoc goi Ia mot
g

phdn thitc hitu ty dn x trén truomg K. Theo (2.18) ta ¢6 : khi va

ga |-
Nl =

chi khi f.q=p.g.

Ky hi¢u K(x) 12 tap c4c phan thic hitu tj 4n x trén trudmg K. Trong
t4p K(x) ta dinh nghia hai phép todn sau :

— Phép cgng cdc phan thitc hitu ty :

£+B=f.q+p.g.

(2.19)
| g 9 84
— Phép nhdn cdc phdn thic hitu ty ;
fp_fp (2.20)
gq9 g9

C6 thé ching t& ring, cdc phép toan xdc dinh bdi cdc cong thic
(2.19) va (2.20) 13 ding dén, tdc 12 khong phu thude vao dai biu céc 16p
tuong duong, va (K(x), +, .) 12 mot trudmg, dugc goi la truong cdc phdn
thitc hitu ty dn x trén truong K.

C6 thé xem méi da thic £ € K[x] 12 mot phan thirc hitu ty dang %
Do d6 ta c6 céc bao ham thitc : K < K[x] < K(x). |

Phdn thire thwc sy : Phan thic hitu ty b goi la thuc sy néu

bac f < bac g.
Gia st I K{x], n€u bac f = bac g, khi d6 thuc hién phép chia ¢6
g
du da thic f cho da thitc g tacé
f=gq+r, bacr<bacg.
Do d6 theo (2.19 tach:
f

r
—=q+-—-,
g g

trong dé LAY mot phan thitc thyc su,
g
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Vay, méi phan thitc hitu 13 ¢6 thé bidu dién dusi dang téng mot da
thikc va mor phan thire thuc sur.
Phdn thicc don gidn : Phan thitc don gidn trén trudng K 1a phan

thitc 6 dang ‘1‘:)), trong d6 p(x) 12 da thic bt khi quy trén K vi
pr(x

bac q(x) < bac p(x).

2.4.2, Cac phan thuc hitu ty thyc

Ta bi€t rang, da thiic bat kh quy trén trudng sd thyc R chi ¢6 thé 1a
da thic bac nhat, hoac da thicc bac hai c6 biét thiic A < 0. Do dé phén
thitc don gidn rén R chi c6 hai loai sau day .

— Céac phan thitc don gian loai 1 :

— S _  m=12,..

(x ~a)"

— Céc phan thiic don gian loai 2
ax + b

(x* + px + q)"

. trongd6p’° —4q <0, m=1,2 ..

Sit dung phan tich (2.17) cia da thic he s thue, ¢é thé chimg td mbi
phan thic thyc su f € R[x] déu c6 thé biéu dién dudi dang tng cdc
g
phan thitc don gian. _
Cu thé, péu da thic g(x) ¢6 phan tich (2.17) thi phan thic hiu ty

thue:sur f c6 thé biéu dién dudi dang

g
£= Y il " C'i“ — +
g j=i(x—-a)h ;q=1(x—aq)j" :
8 a,x+b N 0y a; X + b,
L N ——— (221)
= (X7 + Ajx + B! = x? + Ax + B,)?
x*+2

Vi dy : Xét phan thifc thuc su : — -
. _ x(x* -1
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Tacd:

4 4
X" +2 x"+2

x(x* — 1) B x(x - D(x + l.)z '

Ap dung cong thirc (2.21), tacé :
x* +2 A B C D ,_E

—_—= + + : .
x(x2-1DF x x-~1 (x_—l)2 x+1 (x+1)?

Phuong phép thong thudng dé xdc dinh céc he s6 A, B, C, D, E Ia
quy déng miu s6 va nhém cdc s6 hang, r6i so sanh hé s6 cla x* & hai vé.
Quy déng mau s& r8i nhém céc s6 hang ta cé :

X +2=(A+B+D)x*+(B+C-D+EX
+(2C-2A-B-D-2E)x2+(C-B+E+D)x +A.
So sdnh h¢ s6 cla x* & hai v€ ta cé hé phuong trinh :

A+B+D=1 : 1)
B+C-D+E=0 (2)
2C-2A-B-D-2E=0 (3)
C-B+D+E=0 (4)
A=2 _ (5
Giai hé phuong trinh tacé :

A=2,B=D= _l,c= §,E=—§~
2 4 4

Vay phan thic di cho ¢6 bidu dién :

x*+2 2 1 3 1 3

S 1P x 2-D 4x-1F 2(x+D 4x+D’

BAI TAP
P& bai

2.1. Xét xem cic tap sau day doi véi phép todn da cho cé phai 1a mot
nhém hay khéng ?
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2.2.

2.3.

2.4.

2.5,
2.6.

‘1) Tap cac 6 tu nhién d6i vdi phép todn cong.

2) Tap cdc s6 nguyen d6i v6i phép todn cong.

3) Tap cdc s6 tu nhien d6i v6i phép todn nhan.,

4) Tap céc s6 thuc khac 0 d6i véi phép todn nhan.

5) Tap c4c s6 hitu ty déi v6i phép todn nhan.

6) Tap céc s6 hitu ty duong d6i v6i phép todn nhan.

7) Tap M = {1, —1} dé6i véi phép todn nhan.
Gia sir (G, ., €) 1a mot nhém. Chimg minh ring, v6i moi phén tir
a,be Gtacs: '

l)anam=an+m,
2)(ab) '=b7'at
N@H'=a;

4) Néu ab = ba thi (ab)" = a"b".
Chimg mirh ring, 4nh xa f : Z — Q™ xdc dinh bdi f(n) = 2"
véi moi n € Z, 1a mot déng cfu cia nhém cohg c4dc s6 nguyén
(Z, +, 0) vio nhém nhan c4c s& hitu ty duong (Q*, ., 1).
Gia st f : G - G' 1a mot déng cdu ciia nhém (G, ., e) vio nhém
(G, .. &). Chitng minh :

1} fe)=¢'

2)f(a™) = f(a)™

3) Anh Imf ctia déng cAu f 12 mot nhém con.
Chiing minh rang tich cdc déng cdu nhém 2 mot déng c4u nhém.
Xétwap Z ,= {0, 1, .., p~ 1}. Chitng minh riing :

1) V6i phép cong, phép nhan dbng du p thi (Z . +, .) 1a mét vanh
giao hodn cé don vi.

2) Phdn tir i € Z , khé nghich khi va chi khi (i, p) = 1 i, p nguyén
16 cung nhau).

3) Vanh Z , 1 truémg khi vA chi khi p 12 mot s6 nguyen t6.
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2.7. Ching minh rang : - .

- 2.8.

2.9.

1) Tap cédc s6 thie c6 dang a + b\/E véi a, b € Z 1a mot vanh con
cla trudng s6 thuc R.

2) Tap céc s6 thuc c¢6 dang a + b3 véia, b e Q lamot trudng
con cla trudmg so thye K.

3) Tap céc s6 phuc c6 dang a + ib v6i a, b € Z la moét vanh con
cua trudmg s6 phuc C.

4) Tap cic s6 phiic c¢6 dang a + ib véia, b € Q 1a mot trudmg s6.
Chimg minh ring : '

1) Tap S’ céc s6 phitc ¢6 modun bing 1 1a mot nhém con ciia nhém
(C",.) cc s6 phitc khéc 0 d6i véi phép nhan $6 phuic.

2) Tap cdc cin bac n cha 1 12 mot nhém con clia nhém s'. |

3) Anh xa f: R — §' xdc dinh b&i f(x) = cosx + isinx v6i moi

x € R 12 mot d8ng cdu tir nhém cong cic s thuc R vao nhém
nhan S'.

Chimg to ring phép 14y lién hop 1a mot dang c4u tir trudng s phiic
€ vao chinh nd.

2.10. Chting minh ring tich hai déng c4u vanh 1a mét déng céu vanh.
2.11. Hay thuc hién cdc phép tinh sau day :
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DA+2D2-3D2+1)(3-2i)
2) 1", véin 1a s8 nguyén I16n hon 0 ;
5+61 4+2i

3) - —
3I+2 i

(a+i"

(- 1)n2 >
a+20)7 —(+i)
B +20) -2+
1+ itga

6 .
) 1 - itga



2.12. Tim céc s6 thuc x, y thdoa mén he thic :
1) (1+20)x + (3—5i)y=1-3i;
) (x+yi=3~4i;
3) (x — yi)* = 15 + 8.

2.13. Tim céac can bac hai cla cdc s§ phic :
2+4+3i; 5+4i;1; —-1.

2.14. Biéu dién c4c s& phitc sau day dusi dang luong gisc :
—1;—i;—1+i;-l+i\/i;\/g—i:;\/?_)+i :
2i;1—i;l+i;1+iV3.

2.15. Ap dung cong thitc Moavoro tinh céc biéu thirc sau day :

(1 +D%;

. . \_2(}
2) (1 + 1\/5

1-i

2

‘\24
3)[1+\/§;

Vi
(-1+ i.\/ja)ls + (-1 - iﬁ)'s
a-i A+

2.16. Hay tim : |
' 1) Céc cin bac n cha mdi s6 phiic sau :

—1;i';1+i;1—i;J§—i;1+iJ§.

4)

2) Can bac 6 clia \/_ T ; can bac 8 cua ——\};_l-l— ; can. bic 6 cia
i—1
1+i/3° |
2.17. Chfmg minh ring, téng t4t cd cdc cin bAc n clia mot s phitc bing C.
2.18. 1) Tim diéu kién d€ tich hai s6 phic 12 mot s6 thuin ao.
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2.19.

2.20.

2.21.

2.22.

2.23.
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2) Tim s8 phitc u théoa main u=ul;u=vlul—u=1+2i;
ul+u=2+1
1) Hay tinh cosna va sinna theo cosa va sina.,
2) Tinh céc téng :
S = CcosX + co82X + ... + COSnX ;
T = sinx + sin2x + ... + sinnx.
Chitng minh cdc¢ h¢ thitc sau day :

1) l—Ci.+Ci -Ct +...=ZECOS%;

»nC -+ -C +...=2isin%.

Chiing minh :

. a noe . . no
1) (1 + cosat + isina)" = 2" cos” E(COS— + 1sm7];

2) 1 + itga n_l+itgn0t.
1 - itga 1 —itgna

3) Néu s6 phitc z théa min z + L 2¢cosO thiz" + Ln =2cosnb.
z z

Thyuc hién phép cong f(x) + g(x) va phép nhan f(x)g(x) véi f(x),
g(x) 1a cac da thac sau day :

D =xt-x*+3x=-1, g =x>+x+1;

D) =x*+ix—1, gx)=x2= (1 + Dx —i:
) =x+1, g(x)=x2-i.

Thuc hién phép chia ¢6 du da thiic f(x) cho da thirc g(x) véi
f(x), g(x) la cic da thiic sau day :

1) f(x) = x°, g(x):xz—x+i;
2)f(x)=x3—3x2——x—1, g(x)=3x2-—2x+l;
D) =x*+ix* - ixZ+x+1, g(x) = x> —ix +1.



2.24.

2.25,

2.26.

2.27.

2.28.

Tim UCLN cita cdc da thirc he s& thyc sau day :

l)x3-3x+1 \'Z:1 x*+1;

Hx+l v X2—x+ 1

3)x3+l . vi xz—l;

'4)x3+x2+2x+2 va x2+x+1;

S)x*—4x +3 va x* - 6x* - 5x + 10vax®~1.
Tim nghiém cua cic da thitc sau day :

Dx?—ix+1i: D xP+2x+2;

3P+ (I -Dx+1i; 4y x*+ 6x° + 9x2 + 100 ;

S)yxP+xt+ 1
K 14 mot trudng s6. Dao ham cha da thite f(x) = a x" + ... + a,x + 4,

thuoc Kfx] 1a da thic £(x) = na,x" ' + ... + 2a,x + a,.

- 1) Chiing minh rdng :

a) [f(x) + g(x)]' = '(x) + g'(x) ;

b) [f(x)g(X)]' = f(x)g(x) + f(x)g'(x). |
2) Hay chitng té ring, nghiém o cha da thic f(x) 12 mot nghiem
boi k > 1 khi va chi khi « 12 nghiém boi k — 1 cia dao ham f'(x).
S8 1 ¢6 phai 12 nghiém cla cdc da thic sau day hay khong ? Néu
né 1a nghiém hay tinh sd boi.

l)x2-7x+6; 2)x5+x3+2x2—6x+2;
DxE—axb+ext-ax+ 1.
Chimg minh :

1) x(x"" - na"") + (n ~ 1)a" chia hét cho (x — a)? ;

2) [(1 = x)™x + 1) = 2nx™(1 — x) — n®x"(! — x)J* chia hét cho (1 - x)*.

. Gia str phép chia da thirc f(x) cho x —a, c6 phéndular, i= 1, 2.

Hiy tim phan du cua phép chia da thirc f(x) cho (x — a,) (x — a,).

. Hay phan tich cdc da thitc sau day thanh tich cdc da thitc b4t kha

quy trén trudng s thue :
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2.31.

I)x4—2xc05(p+1; : 2)x4+4;
Nx-6x*+11x—-6: 4y x* - 10x% + 1.

Hay phan tich cdc phan thic hitu. ty thuc sau day thanh téng céc
phéan thitc don gian :

1) l . x .
C+DEE+2) x“+3x2+2’_
2 2
3 2E 2D X
(x*-1) (1-x)
2
' x-2|-1 : 6) 48 .
(x*—1{x"+x+1) x" -4

Dap s6 va hudng dan

2.1.

2.6,

2.11.

2.12.
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1) Khéng. 2) Co. 3)Khéng. 4) Cé6.

5) Khong. \ 6) C6. 7y Cé.

2) Vi (i, p) = 1 khi va chi khi tén tai cdc s6 nguyén X, y sao cho
iX+py=1.Gidsutx=kp+jvii0<j<p Dodbétacéij=1 mod (p).
3) Ap dung 2).

1) 65.

2)Infun=4k;infun=4k+!;~-1nfun=4k +2; —i nfu
n= 4k + 3, -

3) 57 - 52i .
13

4) 2",
(Hudng ddn : Nhan tir s6 va miu s6 v6i i"2)
5) 44 - 5i ’

318
6) cos2a + isin2a.
Dx=-ty=2 Dx=%2,y=7FL



2.13. J_r%(\/4 £ 213 +iy—4 2J§) ;

_%(\/10 + 2441 +iy-10 + 2J_)
£ (V2 +iv2) 5
2
+i.
2.14. -1 = cosm + isin~m ; —-i= (:os:%ﬂ + isin%{;

-1l+i= \E[coséf—k isin%} -1+ i\/_ = 2((:052?7t + isin%}

\/§—i= (cosl—lﬁ+si —I—EEJ, ﬁ+i=2[cos£+isin£};
6 6 6 6

21=2 cosE-i-is.inE : . 1—i=~/5 cosjﬁ+isin?—nJ ;
| 2 2 4 © 4
F+1 =-\/5[co's£' + isinEJ : 1+ i\/g = 2[(:03-73 + isinEJ.
4 4 3 3
2.15.1) -2, 2)2%(1 - iV3).
3)1. 4) —64.
2.16. 1) cos T 2T L iin B 2T 6 ne1:
n n
cosTt + dkm + isinn+ 4lm,k=0, wan—1;
2n 2n
22 cosn+8kn+isinn+8kﬂj k=0,...,n—1:
\ 4n 4n

{
2{’/5 cosw + isinw], k=0,...,n—-1;
\ 4n dn

/
3/5 cosl-lf—zl—m + isinﬁg-nﬁ),_k =0,..,n-1:
n n :
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Qﬁ[cosn + Okn + isinTt * 6kIrt).k= 1,...n—1.
. 3n 3n

2 I (oo (24k+190m . . 24k + 19w
2 72

1 [ 24k + SHm . (24k+5)n]
COS + lSln——-'--9-6-~:——-—

P

],k=0,1,2,3,4,5;

,k=0,l,...,7;

L [cos (24k + 17n + isinM), k=0,1,..5.
1\2/5 2
2.17. Huong ddn : Goi S 1a 16ng cdc can bac n cha z = r(cos@ + ising).
Ta cé

n—1
S= i'/;z:[cosLZIGI + isinw}.

k=) n n

. . 2n ., 2n
Nhan hai v& véi cos— + isin—, ta dugc :
n n

n-1
[coszﬁ + isinz—n] S= V; Z(COSE—E + isingf-] X

n n k=0) n n

x [cosm + i8in b an]. -
n n

Vay: [cos-;'-‘-?E + isinz—n] $=8,dod6S=0.
n n
2.18.Gidstu=x +iy,u" = x'+ iy

1) Reun' =0 &< xx' =yy'

i

2} u =u2@(x=y=0;hoacx=1,y=0;hoacx=—%.y= i—-zg-): '

u=u3<:>(x=y=0;hoacx=l.y_=0;hoacx=0,y=l);

u=§—2i;
2
3 .
u==+1i
4
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2.19.

2.20.
2.21.

2.22.

2.23.

1) Hudng ddn : Tinh (cosa + isina)” theo hai cdch khai trién nhi
thirc Niuton va cong thitc Moavoro réi so sdnh phén thue véi phin
thye, phén do véi phin ao cla cic két qua. '

cosna = CP cos” ot ~ C2 cos" ? ausin® o0 + C2 cos™™ asin’ ...

sinna=C} cos" ' asina + C cos" ™ asin” o + C cos” asin’ o + ...
2) Hutdong dan : Tinh biéu thitc S + iT. Tacé :
S+iT =cosX + ... + cosnx + i(sinx + ... + sinnx)
= (cosx + isinx) + ... + (cosx + isinx)".

Tinh t6ng c4p s6 nhan & v€ phai rdi so sdnh phdn thuc, phdn 4o &
hai v&€ ta c6 :

. [2(1-&-1)
sin 5
S=———— 2+

2sint 2
2

) (2n+l]. nx
- sin| oo sine
T= :

2sin X
2

Huong ddn : Xét biéu thic (1 + )"

Hueong ddn : 1) va 2) : Ap dung cong thic Moavoro.

3) Cﬁl’mg té riing z = cos 0 + isin0, r6i 4p dung cong thirc Moavoro.
1) f(x) + g(x) = x* + 4x,

S +3x* = 2xP + 3%+ 2x - 1.

fOOg(x) =x’ — x
2) f(x) + g(x) = x> + x* = x = (1 +1), |
f(x)gx)=x" = (1 + Dx* — (1 + )x* — i3x% + 2 + Dx +i.
3)f(x) + gx) ="+ X2+ 1 -1,
2

-1

fx)gx) =x' —ix* +x

1)x5=(x2—x—1)(x3+x2—l)—x+l.
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2.24.

2.25

2.26.

2)x3—3x2—x—1=(3x2—2x+l)(%x—gj—26x+2.

D HI— i x+1 = —ix+ DO+ 2ix+ D+ (2 —iDx + 1.

H1. 2)x + 1. ' 3IxZ-x+ 1.
4 1. . $)x—1.

o 22

2) (1 £ V3)i.
(-Iix/§)+i(li\/§)
| 2 '
4) 1 £2i, -4 £ 2i.
—1+i\/§ -\Ewi
;X2=
2 2

Va X, Xy, X3, X4

3

X =

;X3=“xl ;X4=—XZ

Huwong dan :

D Xét: fix)=a,x"+..+ax+a, a,=0;
gx)=b x"+..+bx+b,b, #0.

Gia sirm < n.

a)_Dé thdy rang [f(x) + gx)I' = f‘(x) + g'(x).

B F(X)E(X) = Ay X"+ + dix +d,, VO dy = ) ab,.
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i+j=k
Tacéd:
(X))} = (n + m)d,,, x™™ ' + ... + 2dx +d,.
He s6 ciia x* trong biéu thitc v& trdi (1) 1A (k + 1)d,,,. -
Mait khic :

FR)EX) = Ay X™ ™ 4 L+ dx + d,

trong d6 dy= ) (i+Da,b, +(ab,).

t+j=k

(1)



fX)g'X) = A" x™™ 7 + L+ d"x + 4",

trong dé d", = Z ((_] + Dab;, + ja,b; )
i+j=k '

H¢ s& cia x* trong f(x)g(x) + f(x)g'(x) lad\ +d", = (k + Dd,, ;-
Vaytacéo: (f(x)g(x)) = F(x)g(x) + f(x)g'(x).
2) Gid sir o 12 nghiém boi k > 1 ciia f(x). Ta cé :

f(x)=(x — a)kq(x), qo) =0

P00 = k(x - o) 'q(x) + (x - *q'(x).
Vig(a) # 0 nén f(x) chia hé&t cho (x — oc)"_I va f(x) khong chia hét
cho (x — o). Vay a 12 nghiem boi k — 1 ciia £(x).

Gia sir o 12 nghiém boi k — 1 cia f'i(x) va 1a nghiém bois 21 cia
f(x). Ta cln ching minh ring k = s.

Tacd: f(X)=(x - a)' q(x), q(a) at 0 (a)
00 =-'p.  ploy#0 ()
Tx@)tacod:
F(x) = s(x = @)*'q0x) + (x ~ '), (©)
So sanh (b) va (c) tacé :

s(x - o) 'q(x) + (x -~ ’q(X) = (x — o) 'px). (@)
" Néu k> s thi tir he thifc (d) ta 6 :
s qQ(x) + (x — @) '(x) = (x — &) *p(x).
V6i x = a ta cé sq(a) = 0, trdi v6i gid thist q(oe) = 0.
Vay ta ¢6 k < s, khi d6 s > 1. Theo chéng minh trén thi « I
nghi¢m bdi s — 1 clia f'(x). Dod6tacs : s = k.
2.27. Hudng ddn : St dung ket qua bai 2.26, tinh (1), (1), ...
Dap s6 : 1) 1 12 nghiém don.
2) 1 1a nghiém don.
3) 1 12 nghiém vdi s6 boi bing 4.
2.28. Ap dung két qua bai 2.26.
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1) Pat f(x) = x(x"' -~ na") + (n = 1)a", xét f(a) va f'(a).
2) Pat g(x) = [(1 — x"(x + 1) — 2nx"(1 — x) - nzx“(l - x)]", xét
g(1), g'(1) va g"(1).

2.29. Goi phin du cin tim 12 ax + b, khi d6 a, b 12 nghiém :

aa; +b=r,i=1.2.

2.30. 1) x* — 2x%cos @ + 1 = (x—cosg-}-isingj(x—cosg—isinng
2 2 2 2

X x+cos£+ising](x+cos$—ising

2 2 2 2

= [x2 —2xco’s%+1)(x2 +2xcos%+ 1}.

Dxtrd=x-1+DE-1-DE+1+DE+1-1)
= (X7 - 2x +2) (x> + 2x + 2).
x> -6x2+ 11x -6 =(x - 1) (x —2) (x - 3).

4)x4—10x2+1=(x—\/i+\5)(x—\/._—~/5)(x+\/§+~/§)x
(x + 43 - V3).

2.31. 1) L __ 1
X

241 xP+2

X X
x2+1 xF+2
i 1 1 i
- Tt —t -
x+1 x+1 x-1 (x-1D
1 2 i
4} ~ + "
Q- 1-x® q-x*
1 ' 1 2x + 1
+ — + > .
x+1 3(x+1) 3x*+x+1)
6) 1 a 1 - i

\E(x—\ﬁ) \E(x+\5) X +2

2)

3)
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Churong III
KHONG GIAN VECTO

3.1. BINH NGHIA KHONG GIAN VECTO VA Vi Dy

3.1.1. Binh nghia va tinh chét

Pinh nghia : Gia sir K 12 mot trudng s6. Tap V goi 1a mor K — khong
gian vecto (hay khong gian vecto trén K, hay khong gian tuyén tinh trén K)
va cdc phén tlr ctia V goi la vecto néu tap V duogc trang bj hai phép todn :

— Phép cOng céc vecto, ky hicux +y, d6i véix,y e V ;

- Phép nhan cdc phdn tr ¢ ¢ K v6i céc vecto X € V, ky hiéu ax,
sao cho céc diéu kién sau day duge thda mén :

13 (V, +) 12 mot nhém Aben
ox+y)=oax+ayviimoia € Kvéx,y eV;
Noa+Prx=ox+Pxvéimoia,peKviaxeV;
4) a(Bx) = (of)x véimoi o, P e Kvax € V ;
S Ix=xviimoix € V,
- Phén tir trung hda cha nhém Aben (V, +) goi 12 vecto khong, Ky hieu

12 0. Phén tir d6i ciia phdn ti x trong nhém Aben (V, +) goi 1a vecto doi
cla vecto x, k¥ hiéu ld —X.

Theo tinh chat cla phép todn hai ngoi trong nhém (V, +), vecto
khong (6) va vecto d6i (—x) cua vecto X la duy nhat
That vay :

X+0=x;
X+ (X)=0véimoix € V.
Ta s& vi€t X + (~y) 12 X — y va goi 12 kidu clia vecto X véi vecto y.
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Cédc tinh chdt suy tir dinh nghia :
DOx=0v6imoix e V.
2) o = 6 véi moi o € K. |

'3) ax = O khi va chi khi o = 0 hotic x = 8.
Ho(-x)=—(ox)=(—w)x,vdimpia e K, x € V.

Chitmg minh :

1)Tacé: Ox={(0+0)x =0x+0x.

Do do: (0x + 0x) + (-0x) = 0x + (-0x)
Ox + (0x +(-0x))=96
0x+06=0.

Vay : Ox = 0.

2YTacd: aB =00 +9) =ab + 0b

Do d6 : 00 + 0B + (—a6) = b + (-08)
ol + (08 + (—ab))=6
afd=0.

3) Theo céc tinh chét 1) va 2) ta c6 : Néu a = 0 hodc x = 0 thi
ax = 8. Nguge lai, gia sir ax = 6. Néu o # 0, khi d6 c6 o eK.

Tacé: o (ax)=a'0
(o 'a)x=8
. Ix=86.
Do d6 : x=0,
4)Tacd : o(—X) + X = a{(-X) + X) = a8 = 6.
Vay : af-x) = —(ax).

Tuong tuta cé : (—a) x = —(ox). W

3.1.2. C4c vi du vé khéng gian vecto

1) Gia sir K 12 mot trudmg s6, n 1a mot s6 nguyén duong. Xét tap
K" 12 1y thira Dé-cdc bacnclia tap K :

- K= (x={xy, - X) 1 (€ Kii= 1, .., n}.
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K" 1a mo6t K — khong gian vecto d6i v6i hai phép todn sau day :
— Phép cOng vecto: Gidslr: x= (Xp5 s X)) 3
Y= (Y15 oo Yo)-
Ta dmh nghia: x +y=(x, +y;, ..., Xn + Yo
-~ Phép nhan cdc phén tir cha tridng K véi céc vecto :
ax = (X, ..., aX,), véi moi o € K.

Dé dang kiém tra lai c4c diéu kién ciia dinh nghia khong gian vecto
dugc théa man. Vay K" 1 mot K — khéng gian vecto. Khong gian K" c6

vecto khong 12 8 = (0, ..., 0) ; vecto d6i cia vecto x = (Xgy .oy X) 12
=X = (=X, ey =X
Chang han, v6i K = R, n =4, ta c6 :
8=1(0,0,0,0).

Véix=(0,-1,3,1),y=(1, v2, -5, 2) thi :
Cox+y=(L,V2 - 1,-2,3);
—x=(0,1,-3,-1);
2x = (0, -2, 6, 2).

Véin=1ltac6K! =K, vay méi trudng K 12 mét khong gian vecty
trén chinh né. ' J

2) Gid sir K 12 mot trudng s6. Khi d6 tap K[x) cdc da thic 4n x, he
s6 trén K 12 mot K ~ khong gian vecto d6i véi phép cong cac da thic va
phép nhan cdc da thic véi cde phén 1 ciia trudng K. Vecto khong 13 da
thic 0, vecto d6i ciia f(x) 12 —f(x).

3) Gia s P 1a mot truomg s6. K 1a mot trudng con ciia trudng P. Khi
d6 dé& thay rang P 12 mot K - khong gian vecto d6i véi phép cong cic
phén tir trong P va phép nhan cdc phén tir ciia K d6i véi cédc phin tir
thudc P.

Vay ta c6 : Tap céc s6 thye R 13 mot Q - khong gian vecia. Tap s6.
phitc C 1amot R - khéng gian vecto...
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4y Ky hi¢u C(a, b) 1a tap cac ham s& xdc dinh lién tyc trén khoang
md (a, b). Trong tap C(a, b) ta xdc dinh phép todn cdng céc ham s6 va
phép nhan cdc s6 thuc véi cdc ham s6 nhu sau

Véimoif,ge Clab)ae R:
| (f + g)(x) = f(x) + g(x) ;
(af)(x) = af(X), v4i moi x € (a, b).

D& théy ring, d6i v6i hai phép todn trén, C(a, b) 1a mot R — khong
gian vecto.

3.2. KHONG GIAN CON

3.2.1. Dinh nghia khong gian con

Pinh nghia ; Gia sit V 12 mot K — khong gian vecto. Tap con khéc
tdng F < V goi 1a khong gian con cha K — khong gian vecto V néu céc
diéu kién sau dluqc théa mén : : '

DVéimoix,ye F=>x+yekF;

2) Véimei x € F = ax € F, d6t véi moi a € K.

Vi F # & nén tén tai x € F. Theo diéu kién 2)tacé: 0 =0x € F.
Vay moi khong gian con déu chita vecto 0.

Néu x € F, theodiéukién2)tacdé: —x=(-Dx e F.

Vay, mdi khong gian con cia K — khong gian vecto V ciing la mot
K —khéng gian vecto.

Ménh dé 3.1 : Tap con khéc rdng F < V 1a khong gian con cia
K - khéng gian vecto V khi va chi khi diéu kién sau day dugc thda man :

Véi moi x,y € F= ax + By e F, d8i v6i moi o, p € K.

. Chirtng minh : '

Didu kién cdn : Gi sit x, y € F, theo diéu kien 2) clia dinh nghia
khong gian con, ta c6 ax, By € F, v6i mai o, § € K. Theo diéu kien 1)
cia dinh nghiatacé ox + By € F.

Diéu kién di : Néu 1y o = B = 1 ta ¢6 diéu kién 1) duge théa man.

Néu 14y B = 0, ta ¢6 diéu kién 2) duge thoa man. Vay F 1a mot khong
gian con.
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Vidu:

a) M6i K - khong gian vecto V déu c6 hai khéng gian con, d6 13 V
va khong gian tam rhuomg {0},

b) V6i mébi s6 nguyén n > Q. Ta dat
K.[x} = {f € K[x] : bac f < n}.

‘D€ thdy K [x] 12 mot khOng gian con cta khéng gian cdc da thic
dn x trén truomg K.

cybat:F={x=(0,0,x,x,) € K4}.
F 1a mot khong gian con cia K — khéng gian vecto K°.
d) Ky hieu C{'a.h] la tap cdc ham s6 xdc dinh va c6 dao ham lién tuc

trén khoang (a, b). D& thay C:a_b} 1a mét khong gian con chia R — khéng
gian vecto C(a, b) cdc hdm x4c dinh lién tuc trén (a, b).

3.2.2. Bao tuyén tinh, tap sinh cia mdt khéng gian vects
1. Biéu dién tuyén tinh
Gia st A 1a mot tap con cia K ~ khéng gian vecto V. Ta ndi vecto

X € V bidu dién tuy&n tinh qua tap A n€u tén tai cic vecto U, € A, vacdce
phdntro; € K,i=1, ..., msao cho:

m
X= ) U = ol + .. ol

i=1

mTm*®

Khi d6 ta néi vecto x 1a mot t8 hop tuyén tinh clia u, ..., u,,.

Dé thdy rang, n€u vecto x biéu dién tuyén tinh qua tap A, vA mbi

vectd cla tap A lai biéu dién tuyé€n tinh qua tap B < V thi vecto x cling
biéu dién tuyén tinh qua tap B.

2. Bao tuyén tinh
Gia sir S 1a tap con cia K - khong gian vecto V. Bao tuyén tinh ciia

1dp S, ky hieu ), 1a tap tat ca cdc phdn tir cha V bibu dién tuyén tinh
qua §, tirc.1a

AS) = {x = iaiui:ui €S, q, e K}.
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Ménh dé 3.2 : Néu S 1a mot tap con khéc réng ciia K — khong gian
vecto V thi bao tuyé€n tinh #A8) 12 mét khong gian con va 12 khong gian
con nhd nhit chifa tap S. |

Chitng minh : Véimdiu € Stac6u=1u € AS). Dodé Sc #S) va
AS) # . D& thdy ring, néu x, y € AS) thi ax + By € AS) d6i véi moi
o, B € K. Vay AS) 1a mot Khong gian con chifa tap S. Gia sir rang, F 12

. n
mot khong gian con chira tdp S. Khi d6 v&i moi x € HS), x = Zaiui .
i

Viu,e ScF,i1=1, .., nvaFlakhong gian con nén ou; € F. Do d6
x € F va A8) c F. Vay A8) 1a khong gian con nhd nhéat chita tap S. 1R

Bao tuyén tinh AS) goi 14 khéng gian con sinh bdi tdp S. Néu
AS) = V thi tAp S goi 1a tdp cdc phdn ur sinh (hay tdp sinh) cta
K - khong gian vecto V., Theo Ménh dé 3.2 tacé :

Tdp con S la tdp cdc phdn nt sinh cua K — khong gian vectoV khi va
chi khi méi vecto ciia V biéu dién tuyén tinh duwoc qua S.

Vidu:
a) Trong K — khong gian vecto'. K*, xét he vecto
e;=(1,0,0,0);
e,=(0,1,0,0);
e;=(0,0,1,0);
e, =(0,0,0,1).
Khi d6 d6i v6i mdi x = (X, X,, X3, X,) € K*tacé
X =(X,0,0,0) + (0, x;, 0,0) + (0, 0, x5, 0) + (0, 0, 0, x,).
=X,(1,0,0,0) + x,(0, 1,0, 0) + x50, 0, 1, 0)3%{4(0’ 0,0, 1)
X T X8y + Xp€y + Xs€g .+ X4€4-
Vaytacé : K* = Hle. e, €3, €4)). He {e}, €5, €5, €,} 12 tap sinh cha
khong gian vecto K*.
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Mot céch téng quét ta c6 he vecto :
e;=(1,0,0,..,0):
62 = (0, 1. O, aery 0) .

e,=(0,0,0, ... 1).
12 tap sinh cita K — khong gian vecto K.

b) Dé'tha’y ring, trong khong gian c4c da thic 4n x trén trudng K,
tacd:

KIx]=2({1,x,x%..}1);
K x]=£({1, %, .., x"'}).

3.2.3. Tdng truc tiép cha céc khdng gian con

Gid st X, i =1, ..., m 1a cdc tap con ctia K — khong gian vecto V.
Ky hiéu :

iXi =X, +..+X_ =‘{x = iui: u; € Xi}.
i=1 i=l1

Ménh dé 3.3 : Neu F, i = 1, .., n 12 cdc khong gian con ciia
K — khong gian vecto V thi F = F, + ... + F, ciing 1a khong gian con.
Khong gian con F goi 12 #6ng clia c4c khong gian con F 1 Fo o FoL
Chimg minh : Theo Ménh dé 3.2 d& dang th4y ring :
Fi+..+F,=%(F, ..U F,). W
Dinh nghia tdng truc tiép KhOng gian con F goi 1 tdng truc tiép clia -

cdc khong gian con F) va F,, ky higu A F=F, @ F,, néu céc diéu kién
sau day dugc thoa min : '

F=F +F,;

Khi d6 khong gian con F; goi 12 ba tuyén tinh (hay ba truc tiép) cla
khong gian con F; trong khong gian F.
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Vidy : Trong R — khong gian vecto R 3 xét cdc khong gian con :
Fi={x=(X,%,0:x,e R,x,e R}
F,={y=(0.0,y):ye R}

R rang : R¥*=F, +F,vaF, nF,=1{06}.

Vay tacé : R*=F, @F,

Ménh dé 3.4 : Gia st F,, F, 12 cac khong gian con cia K — khong
gian vecto F. Khi d6 F=F, ® F, khi va chi khi méi vecto u € F ¢6 thé
biéu dién duy nhét dudi dang : '

u=1u,+u,u, €F,ueF, (3.1)

Chirng minh .

Diéu kién cdn : Gia st F = F, @ F,. Theo dinh nghia téng truc ti€p ta
c6 F =F, + F,. Do d6 v6i moi u € F ¢6 biéu dién (3.1).

Gia su ring

u=u,+u, v, eF,u, ek,

Khidétacé: 6=, —u'))+@u,—uy).

Dodétacé: v | -—u,=u,—u,eF, nF,={0}.

Vay thi u; = u'; v v, = u’. Biéu dién (3.1) clia vecto v € F 1a
duy nhat.

Diéu kién dii : Gia sit moi vecto u e F ¢6 thé biéu dién duy nhat
duéi dang (3.1). Khi d6 rd raing F=F, + F,. Neucé ve F  nFy, v= 0
khi d6 vecto © € F c¢6 hai biéu dién (3.1) khdc nhan, 36 120 =6 + 0 va
0 = v + (—v). Mau thuén nay ching t6 F, " F, = {6}. Tac6 F=F ® F, M

Téng qudt : KhOng.gian con F goi 1a téng tryuc ti€p cha cdc khong
gian con F, ..., F,., kg hieu F=F, & .. ® F,, = ® F,, néu céc diéu kien

sau duoc théa mén :

HF=YE;
=1

2)FnYF={6j=1,..m

i=}
1]
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Bang quy naptacé: Gia st F, i = 1, ..., m 1a cdc khong gian con cla

K - kh0ng gian vecto F. Khi d6 F = GB F. néu va chi néu véi moi vecto
1=}

u € F ¢6 thé bi€u dién duy nhat duéi dang :

u=u,+...+um,uie%i,i=1,...,m.

3.3. HE VECTO POC LAP TUYEN TiNH, PHY THUOC TUYEN TINH

3.3.1. Hé vecto déc 1ap tuyén tinh

Pinh nghia : -

— He vecto {u, ..., u,} thudc K — khong gian vecto V goi la ddc ldp
tuyén tinh néu khi cé t6 hop tuyén tinh

oyuy + L+ o, =6,
thi suy ra o) =..=0, =0,

— Tap con S cua K — khong gian vecto V got 1a ddc Idp tuyén tinh
néu moi t4p con hitu han {u, ..., u,} € S, u; # v, Khi i ;tj 12 hé doc lap
tuy€n tinh.

Vidu: _

a) Trong khong gian K°, xét he¢ vecto : e, = (1, 0, 0), e, = (0, 1, 0),
e; = (0, 0, 1). He vecta {e,, e, 4} 12 mot heé doc lap tuyén tinh. That
vay, gid st ¢6 t6 hop tuyén tinh : o e, + 0e, + 0ae; = 6. Tacod :

o (1,0,0) + o,(0, 1, 0) + 040, 0, 1) = (0, 0, 0).
(), Qs 03} = (0, 0, 0).

Vay : o) =0,=0;3=0.

Mot cach tuong tyrtaco :

Trong khong gian K" hé vecto

e, =(1,0,..,0)
e, =(0,1,..,0)
e, =(0,0,..,1)

12 mot hé doc lap tuyén tinh.
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b) Trong khong gian cdc da thic K[x} tap con B = {1, x, X2, ...}
1a mot tap ddc lap tuyén tinh.
3.3.2. Hé vectd phu thudc tuyén tinh

Pinh nghia :

— Néu h¢ vecto {u, ..., u,} thuéc K - khong gian vecto V khéng
doc 1ap tuyén tinh thi goi 12 phy thudce tuyén tinh.

Vay, h¢ vecto {u, ..., u,} phu thu¢c tuyén tinh khi va chi khi t6n tai
cdc phdn tr o, ..., a, thuéc trudmg K, trong d6 ¢6 it nhdt mot o, = 0
sao cho : '

o+ .+ o, =0,

— Tap con S clia K — khong gian vecto V goi 12 phu thudc tuyén tinh
né€u S |2 tap khong doc 1ap tuyén tinh, nic 13 S chifa it nhat mot tap con
hifu han phu thudc tuyén tinh.

Vi du : Trong khong gian R* he cdc vecto sau day 1a phu thudc
tuy€n tinh.,

u=(,~1,-1,3);u,=(-2,2,2,-6);u; =(~5,2, 7, 0).

Vinéuchona,=2,a,=1,a;=0thitacé 2u; + uy +0u; =0,

3.3.3. Tinh chat
Cdc tinh chat suy tir dinh nghia :
1) Tap mét vecto {u} phu thudc tuyé€n tinh khi va chi khiu = 6.

That vay, theo tinh chét 3) & muc 3.1.1 ta ¢6 cu = 6 khi va chi khi
hodcu=0hoic a=0.

Gia sir A, B 12 cdc tap con clia K - khong gian vecto V va A c B.
Khi d6tacé: -

— Néu tap B doc 1ap tuyén tinh thi tap A d6c 14p tuyén tinh.
— Néu tap A phu thudc tuyén tinh thi tap B phu thudc tuyén tinh.

Tur cdc tinh chat trén, suy ra : Mdi tap con chifa vecto 9 1a tap phu
thudc tuyén tinh.
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2) Diéu kién cdn va dit dé mot hé vecto doc 14p tuyén tinh, phu
thudc tuyén tinh :

. Ménh dé 3.5 : H¢ vectd {uy, .., u,}, m = 2 thudc K — khong gian
vecto V 1a doc 14p tuyén tinh (hodc phu thudc tuyén tinh) khi va chi khi
khong ¢6 vecto nao (hodc ¢6 mot vecto) bi€u dién tuyén tinh qua céc
vectd con lai.

C h;i‘ng minh ;

Diéu kién cdn : Gia st hé vecto {u,, ..., U,t, m 2 2 d6c lap tuyén
tinh. N€u c¢é mot vecto, ching han u,, biu dién tuyén tinh qua céc vecto
con lai U =0y + ..+ ol

Ta cé o —azuz—...—amum=9,

trongdé: o =1=0.

Trdi v6i gia thi€t he doc 1ap tuyén tinh.

Diéu kién di : Gid sit h¢ vecto {u, ..., u,} thda man diéu kién
khong c6 vecto nao biéu dién tyén tinh qua céc vecto con lai. Khi dé
néu c6 t6 hop tuyén tinh ayu; + ... + o, =0 thia = ... = o = 0.

Vinéu c6 o; ndo d6 khéc 0, ching han ., # 0, ta c6 3

u, = —(a["az)uz - (a[]am)um.

Viy vecto u; bi€u dién tuyén tinh qua cdc vecto cdn lai, trii vdi gia
thi€t. Do d6 hé da cho doc 1ap tuyén tinh.

biéu khing dinh thit hai suy tir didu khing dinh thi nhat, vi méi he _
vectd khong doc 14p tuyé€n tinh thi phu thudc tuyén tinh va nguoc 1ai.l

3.4.CO $8, SO CHIEU CUA KHONG GIAN VECTO

3.4.1. Co $8 clia khéng gian vecto

Dinh nghia : Tap con S goi 1a mét co sd clia K ~ khéng gian vectot v
néu cdc didu kién sau day dugc théa man :

1) S1a tap doc lap tuyén tinh ;

2) 8 1a tap cédc phdn tir sinh cia K - khong gian vecto V ufc 1a
¥S)=V.
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Pinh 1y 3.1 : He vecto S = {u,, ..., u,} 12 mot co s& chia K — khong
gian vecto V khi va chi khi mdi vecto X € V ¢6 thé biéu dién tuyén tinh
duy nhatqua h¢ S, tirc 1a : '

x = Au : (3.2)
i=l
Ho {A, .... A,} dugc goi 1a rpa d¢ clia vecto x d6i véi co sd S.
Chirng minh -
Diéu kién can : Gid st S = {u, ..., u,} 12 mot co s& ciia K — khong

gian vecto V. VI # (S} = V, nén méi vecto x € V déu cé thé biéu dién
tuyén tinh qua S. Gia st ¢6 hai biéu dién : -

k1l
i=1

Khi dé tacé :
X—X=0= Z(?Li - X'y,
izl
Vihe Sdoc laptuyéntinhnéntacd: A, - A, =0,1=1,..,n. Do do
A=A, 1= 1, .., n. Vay biéu dién (3.2) 1a duy nhét.
Diéu kién dii : Gia sit hé vecto S = {u,, ..., u,} thdéa man cdc diéu
kién clia dinh ly. RO rang ring, #(S) = V. Gia sir ¢6 18 hop tuyén tinh :

iliui =0.
i1

n _
Mat khéc, ta luon luon ¢6 : )_Ou; = 6. Theo gia thi€t vecto 6 chi c6
i=}

mot bi€u dién tuyén tinh duy nhat quatap S, néntacé A, =...=i, =0.

Do d6 S 1a tap doc 1ap tuyén tinh. Vay S 1a mot co s& cia khong
gian V.IR
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Chii y. Dinh 1y 3.1 vin ding d6i véi trudng hop co s& S ¢6 vo
han vecto.

- Vidu :

a) Trong K — khong gian vecto K" xét hé vecto: *

e, =(1,0,....,0)
e, =(0, 1, ..., 0)
e, = (0,0, .. 1)
Ta biét rang, he vecto {e, ..., e,} doc 1ap tuyén tinh va la tap sinh

cta khong gian K. Vay he vecto {e, ..., e,} 1&d mot co s& va duge goi 1a
co sd chink tédc cha khong gian K"

Vi mbi vecto x = (X, .... X,) € K" déu ¢6 biu dién x = ) x¢; . Do

, =l

-d6 ho {x,, ..., X,} 12 toa 40 cha vecto x dSi vdi co s& chinh tac.

b) He {1, X, ..., X" '} 12 mot co s& ciia khong gian K [x] cdc da thic
c6 bac < n.

c)TapS=1{1,x, x* ...} I]a mot co s& cia khong gian cac da thirc K[x].

3.4.2, S3 chléu cua khdng gian vecto

Ménh dé 3.6 : Trong K - khong gian vecto V cho truée hai hé vecto
{uja u29 “eny um} (I)
[V, Vay o, ¥} (1

Néu he (I) doc 1ap tuyén tinh va mbi vecto ciia he (I) biéu dién tuyén
tinh qua h¢ (II) thim <s.

Ching minh : Vi mbi vecto cha hé (I) biéu dién tuyén tinh qua hé
(Il néntacd:

Y =aiv] + .+ AV, (a)
Vi h¢ (I) doc 1ap tuyén tinh nén u, # 6. Do d6 phai ¢6 mot o, nao 46
khéc khong, chéng han o, # 0. Tir ding thitc (a) ta c6 :
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V) ===V, = =2V : (b)

Trong h¢ (IT) thay vecto v, bdi vecio u,. Ta ¢6 he
{uy, Vo ooy v} L 1)
Tix (b) suy ra ring, méi vecto ctia he (II) biéu dién tuyén tinh qua he
(II, 1). Do d6é mdi vecto cha he (I) biéu dién tuyén tinh qua he (11, 1).
Ta c6 ;
W=Buy + By + .+ B, (c)
Vi hé (1) doc 1ap tuy€n tinh nén trong cac he s6 B, ..., B, phai ¢6 he¢

s6 B, # 0, gia sir B, = 0. Tr déng thic (c) ta cé :
—&v - —Eiv. —&u] +-—1—u2. (d)

B T B " B, B,
Trong he (I, 1) thay vecto v, bdi vecto u,. Ta cé he :

{u’., u2! V39 tray vs} (Hs 2)

C6 thé 1i€p tuc 1am nhu vay, sau m budc céc vecto clia he (I) déu
dugcvao h¢ (I1). Tacohé:

{up,uy, .., Urns Vs v v}, (I, m)
Terdésuyra: m<sH

Hé qua 3.1 : Néu cdc hé vecto (I) va (II) doc 1ap tuyén tinh vA mbi
vecto clia hé nay bi€u dién tuyén tinh qua hé kiathim = s.

Dinh Iy 3.2 : Néu K - khong gian vecto V ¢6 mot co s& hitu han gém
n vecto thi cdc co s& khic cia V ciing ¢6 n vecto.

S6 n goi 1a 56 chiéu ctia K ~ khong gian vecto V, ky hiéu n = dimV.
Chitng minh : ‘
- Gid st K ~ khong gian vecto V ¢6 mét co s& gém n vecto :
(f,.nf,). @

Gia sir S 1a mot co 's& bat ky clia khong gian V. Chon tity ¥ k vecto
thuoc S:

{uug, oy ). : (b
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Vi S 12 co s& nén he (b) doc 1ap tuyén tinh. Vi he (a) 12 mot co s&
cha khéng gian V nén mbi vecto ctia hé (b) biéu dién tuyén tinh qua hé (a).
Theo Ménh d¢€ 3.6 ta ¢6 k < n. Do d6 s6 vecto cla tap S khong thé I6n
hon n. Gia st rang :

S={uj,uy ) (c)

Ta c6 m < n. Vi h¢ (c¢) 12 mot co s&, nén cic vecto ciia hé doc lap

tuyén tinh (a) bidu dién tuyé&n tinh qua he (c), do dé ta ¢6 n < m.
Vaym=nMll

Tu Binh 1y 3.2, suy ra : Néu K ~ khong gian vecto V ¢6 mot co s&
c6 vo han vecto thi s6 vecto ciia cdc co s& khdc ciing vo han. Khi dé

ta néi rang s6 chiu cia K — khéng gian vecto V 1a vO han, ky hieu
dimV =0,

Ta quy uéc : dim| 0} =

Vidy : K — khong gian vecto K" ¢6 co s& chinh tic gﬁm n vecto :
{ef,...e,}. Do d6 ta ¢6 dimK" = n. o

He 4 vecto : {1, x, X%, x } 12 mot co s& ciia khong gian K,[x] cdc da
thitc c6 bac < 4. Vay dimK,[x] =

TapS={1,x,x% ..} 1a mot co s& ciia khéng gian cac da thirc K[x].
Vay ta ¢6 dimK[x] = o

Pinh 1y 3.3 : Gia sit K — khong gian vecto V ¢6 dimV = n < oo,
khi d6 trong khong gian V d6i véi moi he k vecto doc 14p tuyén tinh
{u;, .. ), k < n déu c6 thé bé sung thém n — k vecta Upyps -or U 08
dugc he {uy, ..., u, ), ... vy} 1 mot co s& ciia K — khong gian vecto V.

Chumg minh : Vi K < n, theo Dinh 1y 3.2 thi he {u, ..., u } khong
phdi 13 co s& cha khong gian V. Do d6 né khéng phii 12 tap cac phén tir
sinh cia khong gian V. Ta ¢6 F = ¢ ({u,, ..., w}) # V. Chon vecto
U, € V\F. He vecto {u,, ..., u, u,,} doc 1ap tuyén tinh. That vay, gia
str ¢6 16 hgp tuyén tinh :

O+ o+ Oyl + Oy Uy = 6.

Néu oy, #0thitacs:
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o Oty

1 ll] T aee T
K+l Oyt

uk.H = - llk €= F.

Mau thuln nay ching tdé o, , =0. Vay taco:
oLl +ot oyl = 6.
~ Theo gid thi€t, hé {u;, .., u} doc lap tuyén tinh, nén ta ¢
o =...= oy = 0. Vay heé vecto {u,, ..., uy, Uy, } doc lap tuyé€n tinh.
Mot céach tuong ty, n€u k + 1 < n thi ta ¢é thé b8 sung them vecto
u ,, dé duge he vectd {u, ..., Ug. Uy, s Ugyn ) dOC 14p tuyén tinh.

Ti€p tuc nhu vay, sau n — k budc, ta duge hé n vecto doc 14p tuyén
tinh : {u, ..., Uy, ..., u, }. D6 1a co sd cdn tim. W

Ménh dé 3.7 : dim(F, @ F,)=dimF, + dimF,,
trong dé F,, F, 1a cdc khong gian con hitu han chiéu cfia K - khong gian
vecto V.

Chitng minh : Gia st rang, {u, ..., u,} 1a mot co s& cia khong gian
vectd F| va {v, .., v,} 1a mot co s& cia khong gian vects F,. Ta sé
chimg td h¢ S = {u,, ..., u
F=F ®F,.

Hé vecto S doc 14p tuyén tinh. That vay, néu c6 18 hop tuyén tinh :

o Vis s Vgl 12 MmOt co 5O clia kKhong gian vectd

OUy + o U, + BV L+ BV =0 (a)
thi tir dang thic (a) suy ra :
U+ Uy = =PV = - By € FynF,= {0},
Do ddtacé:
Uy o+, =0 (b)
Bivi+ .. +Byv, =8 : (c)

Vi cdc he vecto {u, ..., u,} vd {v, .., v} doc lap tuyé€n tinh nén tir
(byva(c)tacd:
a=..=a,=p=...=p,=0.
He S 1a tap cédc phén tf sinh ctia khong gian vecto F. That vay, véi
moix € Ftacd:
X=1U+V,
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trongdéu € Fi=#({u, ..,y H S Z(S),ve F,=2({v,, ... v, c #(S).
Dodétac6 x =u+v e #(S), vay thi F = #(S). Tir d6 suy ra ring
dimF = p + q = dimF; + dimF,. . '
Chit y : NeudimV =n<othitacé:
— 86 vecto ctia méi hé doc 14p tuyén tinh trong khong gian t6i da 1a n.
- — M®bi hé n + 1 vecto clia khbng gian V 1a phu thuoc tuyén tinh.
— Méi hé n vecto doc lap tuyén tinh 12 mot co s& cha khong gian V.

~ Néu F 12 mot khong gian con cha khong gian V thi dimF < n ;
dimF=nkhivachikhiF=V.

3.5. CO $3, HANG CUA MOT HE VECTO
3.5.1. Binh ly va tinh chat

Dinh nghia : Trong K - khéng gian vecto V, xét hé vécto*:
A={uy, ., u,l.
H¢con S ={u, ..., u; } < A duge goi 1a mor co sd cia hé vecto A
néu cic di€u kién sau day dugc théa man : -
1) S 1a he vecto doc 1ap tuy€n tinh ;
2) M&i vecto clia hé A biéu dién tuyén tinh duoc qua hé S,
Meénh dé 3.8: Néu he¢ con S1a mot co s& clia hé vectd A thi S 13 co s&
clia khong gian con #(A) sinh b&i A, do d6 dim¥(A) =k
‘Ck-ng mink : Vi mdi vecto cla khong gian con HA) biéu dién
tuy€n tinh qua A vA méi vecto ctia A biéu dién tuyén tinh qua S, nén méi
vecto clia #'(A) bicu dién tuyén tinh qua S. Vay S 12 mot he sinh déc lap
tuyén tinh ctia khong gian con f(A) nén né la co sor cua kh0ng gian
con dé. R

Tir Ménh dé 3.8 suy ra ring : Néu he vecto A = {u,, ..., u,} ¢6 mot
o sd k vecto thi s6 vecto clia cic co sd khdc ciing bing k. S6 k chung dé6
duoc goi 12 hang cita hé vecto A, XY hiéu 12 r(A)..
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Céc tinh chét sau day duqé truc ti€p suy ra tir Ménh dé 3.8 va phép
ching minh cia ménh dé dé6 :

— Moi hé con doc 1ap tuyén tinh cha he A c6 s6 vecto nhd hon hodc
bang r{A) ;

— Néu mbi vecto ciia he vecto A biéu dién tuyén tinh dugc qua he
vecto B thi r{A) < 1(B) ;

~ Hai hé hiru han vecto, n€u mdi vecto clia h¢ ndy bidu dién tuyén
tinh dugc qua hé kia thi ¢6 hang bang nhau.

*3.5.2. Phép bié&n ddi so cdp
Pinh nghia : Cho trudc hé vecto :

{u]v v um}

Cic phép bién ddi sau day duge goi 1a céc phép bién ddi 0 cdp d6i
- v&ihe vecto A :

1) Thay d6i thif tu c4c vecto ciahé A ;

2) Loai vecto 0 (nfu B € A)rakhdihe¢ A ;

3) Trong hé A thay vecto u, bdi vecto au, o € K, o % 0;
4) Trong he A thay vecto u; bdi vecto u; + uy, u, € A.

Meénh dé 3.9 : C4c phép bién di so cdp khong 1am thay déi hang ciia
mot hé vecto.

Chitng minh : D& dang thdy ring, néu he¢ vecte B nhan dugce tir he
vecto A bdi mot phép bién dbi so cdp thi mdi vecto clia he B biéu dién
tuyén tinh dugc qua hé A va nguoc lai mdi vecto clia h¢ A biéu dién
tuyén tinh duge qua hé B. Do d6 tacé : r(A) = r(B).

3.6. KHONG GIAN VECTO EUCLID

3.6.1. Dinh nghfa va céc tinh chat co ban

Dlnh nghia :

a) Khéng gian vecto Euclid : Khong gian vecto Euchd 12 mét Khong
gian vecto E trén trudong s6 thye, R, trong d6 vdi mdi cap vecto X,y € E
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duge twrong ing véi mot s4 thue, ky hiéu 1a (x . y), goi 1a tich vé huong
clia hai vecto x, y, sao cho c4c diéu kien sau duoc thda man :

l)(x.y):(y.x), vVx,yeE;
2)(x+x'.y)=(x.y)+(x'.y), VX, x,yveE;

3) (ox . y)=a(x .y), VX, yeE,ae R ;
4) (x. %) >0, VX € E, x %6,

Diéu kien 1) goi 1a tinh chdt doi xung ; cdc di€u ki¢n 2) va 3) goi 1a
tinh chdt tuyén rinh A6i v6i bi€n tha nhat ; con didu kién 4) goi la tinh
chdt xdc dinh dwong cua tich v6 huéng.

Dé€ dang thay ring, tir tinh ch4t d6i xung va tinh chét tuyén tinh cla
bi€n thu nhat, suy ra tinh chat tuyén tinh d6i véi bi€n thit hai. Tacé:

V& y+y)I=x.+x.y);
IN(x.ay)=ax. y).
Keét hgp cdc didu kien 2) va 3) ta c6 :

(ox+Bx'.y)=a(x. y) + B .y
Bang quy nap ta c6 :

(Zaiui .yJ =Y o;(u;.y). (a)
=1 -

K&t hop c4c didu kien 2) v 3') ta c6 :

x.ay +By)=ax.y)+ B(x.y)
Bang quy nap ta ¢6 ;

[x .ZBJ-VJ-J——-ZBJ-(X.VJ-). (b)
= p= __

Két hop cdc he thiic (a) va (b) ta ¢6 :

(Zn:“i“i -iﬁj‘ﬁ} = zn:iagﬁ,-(ui V).
t=1 i=1 i=l j=I

b) Kihong gian vecto Unita : Khong gian vecto Unita 12 mét khéng
gian vecto U trén trudng s6 phitc C, trong d6 v6i mdi cap vecto x,y € U
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duoc twong tng v8i mot s6 phite, k¥ hiéu 1a (x . y), goi 12 tich vé hucng
cla hai vecto X, y sao cho cdc diéu kién sau day duge théa mén :

1%) (. y) = (v.%), VxyeU.
Dx+xy)=X.y+X.y), VX, X, ye U
N(ox.y)=aX.Vy), Vx,ye U Vae C.
N(x.x)>0, ¥VxelU x=0,

¢) Pé dai vecto : Nhdy diéu kien xdc dinh duong 4) c6 thé dinh nghia
do dai vecto trong cdc khong gian vecto Euclid va khong gian vecto
Unita nhur san :

D¢ dai cha vecto x, ky hiéu 1a ix!l, 1a s6 thuc khéng am xéc dinh bai :

Ixll = (x,x) . (3.3)
R& rang rang : Ixil = O khi va chi khi x =6.

Dudi day chiing ta chi xét cdc khong gian vecto Euclid, tuy nhign
nhiéu tinh chat van ding dé6i véi khong gian vecto Unita. - '

Vidu :

a) Trong R — khong gian vecto R" c6 thé dinh nghia mot tich vo
hudng nhu sau : :

D6i voi X = (X, won X,) € Ry = (Y, o ¥,) € R”, dat
xy)= D %y - | (3.4)
=

Dé thay ring, cac diéu kién tir 1) d€n 4) cha dinh nghia khong gian
vecto Euclid dugc thda min. Vay khéng gian vecto R" 1a mot khong
gian vecto Euclid d6i véi tich vo huéng duge xdc dinh bdi cong thic
(3.4), dugc goi 12 khong gian Euclid R".

Theo céc cong thirc (3.3) va (3.4), do dai cha vecto x = (X, ..., x,) € R"
duge tinh theo cong thifc : : '

=2 - (3.5)

b) Trong C — khong gian vectd C" ¢6 thé dinh nghia mot tich vo
huéng nhu sau : :
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Boivoix = (xy, ..., x) € C" y=(y,,..,y,) € C", dit :
(x.y) Z)(yl. (3.6)

Dé thay ring, cdc difu kien 1*) va tir 2) dén 4) ctia dinh nghia
khong gian vecto Unita dugc thdéa min. Vay khong gian vecto C®

voi tich v6 huéng xdc dinh bdi cong thitc (3.6) Ia mot khong gian
vectd Unita.

Theo céc cong thitc (3.3) va (3.6), d¢ dai cha vecto x = (x, ..., x,) € C"
dugce tinh theo cong thitc :

x| = ,/;lxilz : - (3.7)

c) Trong R — khong gian vecto Cfa, b] cdc ham s6 xdc dinh va lién
tuc trén doan [a, b] c¢6 thé dinh nghia mot tich vo huéng nhu sau :

V6if, g e Cla, b] dat :
b - _
(f.g) = [f(Ogt)dt. (3.8)

Theo tinh chat ctia tich phan xdc dinh, d& dang chimg t6 cdc diéu
- kién tlr 1) dén 4) cha dinh nghia khong gian vecto Euclid dugce thdéa man.
Vay khong gian C[a, b] cdc ham s§ xdc dinh lién tuc trén doan
[a, b] 1a mot khong gian vecto Euclid d6i véi tich vo huéng x4c dinh bdt
cong thirc (3.8).

Theo céc cong thite (3.3) va (3.8), d0 dai cha ham s6 f & Cla, b] duge
tinh theo cong thic :

It| = Ifz(t)dt (3.9)

Tinh chat khéng gian vecto Euclid :
Tinh chét 1 (B4t déng thic Cosi-Bunhiacopxki) :
Ddi vdi hai vecto bat ky x, y thudc khong gian vecto Euclid E ta c6 ;

I(x . I < XL (3.10)
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Chimg minh : Theo diéu kién xac dinh duong ta ¢6 :
(x+y.x+y)20,d6ivéimoite R ;
t(x . X))+ 20X . V) +(¥.y) 20,
hay | HxIP2 + 2(x . vt + llyli2 = 0.

VE trdi cha bt ding thic trén 12 mot tam thic bac 2 d6i vdi bién t,
luon luon cé gia tri khong am. Vaytacé:

A= (x . y)?— IXIZ yl? < 0.
Tt d6 suy rardng : I(x . y) < lIxIl llyll. 1o
Vidu dp dung .
a) Trong khong gian Euclid R", theo cdc cong thitc (3.4), (3.5) va

(3.10)tacé: _ _
ixi)’i S\Jixiz 1‘2“:)%2-
i=l i=l i=l

b) Trong khong gian C[a, b] cdc ham s6 x4c dinh li¢n tyc trén doan
{a, bl, theo c4dc cong thirc (3.8), (3.9) va 3.10) tacd :

b b
< \/ [Ewat J fewat.

Tinh chét 2 (B4t déng thitc tam gi4c) :
D6i v6i hai vecto bat k¥ x, y thudc khong gian vecto Euclid Eta c6 :
Ix +yl <lxll+ 0yl : (3.11)
Ching minh : Theo bat ding thitc (3.10) ta c6 :
IX+yP=x.0)+2x.9+F.y)
< X112 + 2xNlyll + Myl = Qx) + Nyl

Vaytacé: lIx + yll < IIx1l + [yl W0
Gdc giita hai vecto .

Nhér Bt ding thic Cosi — Bunhiacopxki, ta c6 thé dinh nghia géc
giira hai vecto trong khong gian vecto Euclid.

b
Jfmemdr

Trong khong gian vecto Euclid E, géc o gifta hai vectox # 0,y # 0
dugce x4c dinh boi :
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(x.y)

,0<asm (3.12)
Iyl

cosqa =

Néu o = g thi ta néi cdc vecto X VA y truc giao v6i nhau, k¥ hieu 1a

Xx1ly. _
Theo (3.12)tacéd : vOix # 0,y 0thix Lykhivachikhi(x.y)=0.
Vi{x.0)=0néntaquyudc8 L x vé6imoi x ¢ F.
Tinh chit 3 (Dinh 1y Pitago) :
Gia skt {u,, ..., .} 12 h¢ cac vecto trong khong gian vecto Euclid
timg cép tryc giao v6i nhau : (u,. u)=0,i#j. Khidétacé:
) + .+ u P =i i + o+ gl

Chiing minh : Theo tinh chét tuyé&n tinh theo timg bié€n cuaa tich vo
hudng ta cé : :

k | k k k
lha, + ... ”"“k”2='[zui'2"jJ ZZ(Ul u;)
= Z(u ) = Ellu I>.m

Tinh chét 4 : Néu hé vecto {u,, -+ Uy} Khong chita vecto © va timg
cip tryc giao v6i nhau, (u;. u) =0, i = j, thi doc 14p tuyén tinh,
Chitmg minh :

Gid str ¢6 18 hop tuyén tinh ; Zcx,uI =0.Khidé véik = 1,

1=l
tach:

i'-:zti(ui A )=0.
i=]

Vi(u,. ) =0d6i véii=k. Tacé oy vy . )= 0. Vi (. u ) >0neén
a, = 0.1
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Gia st L 12 khong gian con ciia khong gian vecto Euclid E. Vecto
x € E duoc goi 12 truc giao v6i khong gian con L, ky hiéu x L L néu
xly Vyel |

Tinh chit 5 : Trong khong gian vecto Euclid E néu vecto x truc
giao véi cdc vecto u,, ..., U, thi vecto x truc giao v6i khong gian con
L=¢%{u,, .. u}). '

Chitmg minh : Vi mbi vecto y € L c6 biéu di€n tuyén tinh

y=> ou;,dodétacs:
o

(x.y)= [x.iaiui} = iai'(x.ui) =0.1
i=1

i=1

3.6.2. Phuong phap tryc giao héa Schmidt

Phuong phép trire giao héa Schmidt 12 mét phuong phap chuyén mot
h¢ p vecto doc lap tuyén tinh cha khong gian vecto Euclid sang hé
p vecto khong chita vecto 0, tryc giao véi nhau timg doi moét va moi |
vecto clia hé nay biéu dién tuyén tinh qua he d3 cho.

Gié sir trong khong gian vecto Euclid E cho trudc hé p vecto doc 1ap
tuyén tinh :

{815 o 8Bp} )
Dung he p vecto timg doi mot trire giao :
(£ BLE20,i=1,.p 11)

va mdi f; bidu dién tuyén tinh qua he (D).

—V6ik=1:Chonf, =g, tic 12 dwa vecto g, vao h¢ (II).

~ V6i k 2 1 : Gia sir da dung duge K vecto khdc 9 : £, ..., f; truc giao
v6i nhau timg d6i mot : (f; f}) = 0, i # j ; trong d6 vecto £, i =1, ... k Iz
t6 hop tuyén tinh cia céc vecto g, ..., 8.

bat:

frer = bify + o+ Dyl + gy ' - (313
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Vif,i=1,...klatd hop tuyén tinh cla g, ..., g nén f, 12 t8 hop
tuyén tinh cic vecto g, ..., g, - Vihé {g,, ..., g} d0c lap tuyén tinh va
trong t6 hop tuyén tinh & v& phai he s6-cha gy,, 12 1 = 0, do dé vecto
fia 70 doivoimoigidtrib, e R,i=1, ..,k

Ta cén phai chon by, i = 1, ..., k sao cho fy,, tryc giao véi f,. ..., f,.

Véii=1, .., kdat; '

(£ .5) = {

k
bif; + geus fu] =0
1

j:

k
Db ) + (g -£) =0
j=I

bi(fi-fi) + (g_;H.]-fi) =0.
Vay gid tri b, cdn chon 12 :

_ ._(gk+i ‘fi_)

: D (3.14)
Ti€p tuc ti€n hanh nhu vay, sau p budce ta ¢6 hé (II).
Vidy : Trong khong gian Euclid R % xét he vecto :
8, =(1,1,0,0),8,=(1,0,1,0), g; = (-1,0,0, 1).
DE dang chung to he vecto {g,, g,, g5} d6c 1ap tuyén tinh.
Hay truc giao héa he di cho :
Chonf, =g, =(1,1,0,0).
Theo cong thitc (3'.13), dat:
f, =b/f, + g,

Theo cong thite (3.14) tacé :

_ (gf)__11+01+1.0+00 1

(f.f) LI+11+00+00 2°
Do d6 : |
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1
£, = ——1f; +
2 5 1 )25

= m%(l, ,0,0)+(1,0,1,0)

(L1,
22
Theo cong thirc (3.13), dat :

Theo cOng thuc (’i 14 1achd: .
_ (g .5y _ (l)1+01+00+10 1

' O(f,.f) | 11+11+00+00 2

.1+ 0(——%] +0.1+1.0

2:— x = - = -,
-ty 1L ¢ LW 1) (1i00 3
272 2 )\ 2

Dodétacé:

S P (5 11
BTTzh T TE [ MENEY )

- Tir hé vecto doc lap tuyén tinh d3 cho {g,. g,. g;} bing p.hucmg phap
tric giao héa Schmidt ta dung duge hé vecto trirc giao :

f,=(1,1,0,0); f, =(% —%, 1, o}; £, =[-—§,—1.—1, 1].

3.6.3. €d s tryc chudn

Vecte don vi : Trong khéng gian vecto Euclld mdi vecto ¢cé d¢ dai
bing 1 goi la vecto don vi.

D6i v6i méi vecto x # 6 thudce khong gian vecto Euclid E, thi vecto

u= Lx 12 mot vecto don vi, goi 12 chudn héa cia vecto x. That vay,

hxN
Hull = /{uu =1’ L X. L X = l Jxx) =1.
' Ix1 x nxll

tacd:
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- Co 56 tryc giao : CoO 33 S = {uy}ae; ciia khong gian vecto Euclid E
duge goi 1a co s tryc giao n€u S 1a mot he vecto timg doi mot truc giao
v6i nhau, tic 1a (u,.up) = 0, véi o = B.

Co 56 truc chudn : Co 56 truc chudn 12 mdt ¢o s truc giao ma cic
vectd clia co sd 12 vecto don vi.

Theo tinh chdt 4) ta c6 : He vecto {u,, ..., u,} 12 moét co sé& tnc
chudn cia khong gian vecto Euclid n chiéu E khi v chi khi diéu kién
sau duge thoa man :

T khii=j _
u. .u. :6 = 315)
() = 8 {Okhiiatj | (
(5;; got la ky hiéu Cronecker). _
Ménh dé¢ 3.10 : M8i khong gian vecto Euclid hitu han chiéu déu ¢6 co
sO truc chudn.

- Chimng mink : Gid st E 12 mot khéng gian vecto Euclid n chiéu. Khi
d6 khong gian E cé mét co so :

{81 s Bl : (a)

Tir co s& (a), bing phuong phép tryc giao héa Schmidt ta dung duoc
hé n vecto khéc 0 truc giao véi nhau :

| {f,, ... 1, 1. _ (b)
i‘. F N
Chuén héa he¢(b): Pat u, = #ﬁfi Ji=1,...,n
Ta ¢6 co s& truc chudn :
{u], ooy Unl.. ’ (C)

Ménh dé 3.11 : Co s& {u,, ..., u } cha khong gian vecte Euclid E 1a
mét co s& trye chudn khi va chi khi tich v6 huéng cha hai vecto bt k¥
bang tdng cdc tich cha 1oa d6 tuong tng d6i véi co s& dé.

Chirng minh

Diéu kién cdn : Gia st {u,, .., u,} 12 mot co s& truc chudn cia

n . n
khong gian E. Véi x = inui , ¥y = Zyjuj ,theo (3.15)tacé:

i=] j=1
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(xy) = [in“i -Zyjuj] = 2 xy;(u.ap)
i=l =l

=)
= Z X;¥9; = inyi .
=1 =

Diéu kién di : Gia st co s& {ug, .... u,} théa man di€u kién dinh 1y.
Khi d6 16 rang (w;, u;) = 8. Vay d6 1a mot co s& tryc chuin.l

Vidu : Trong khong gian Euclid R ", theo cong thitc (3.15) thi co s&
chinh tac {e|, ..., ¢,} 12 mot co s& truc chudn.

Ménh dé 3.12 - Gia sir L 1a khong gian con k chiéu clia khong gian
vecto Euclid n chiéu E. Khi d6 tap Lt cée vecto truc giao voi khodng gian
L 12 mo6t khong gian con (n — k) chiéu vaE=L & Lt

Khoéng gian .con Lt goi 1a khong gian con bu tric giao clia khong
giancon L. | | |

Chitng minh : Néu L = {8}, khi d6 ta ¢6 L' = E, va diéu khing dinh
diing. Gia st L # {8}. Theo Menh dé 3.10, khong gian L c6 mot co s&
tryc chudn {u,, ..., u. }. Theo Dinh 1y 3.3 va 4p dung phuong phép truc
giao héa Schmidt ta ¢4 thé bé sung thém n — k vecto uy,,, ..., u, dé€ duogc
hé {uy, ..., U Uppys -oen U, )} 12 MOt €O 88 trge chudn ctia khong gian vecto
Euclid E. D& thay ring : L= ¥ (fuypps - u,}). Tt d6 suy ra diu phai
ching minh. Ml

BAI TAP
Pé bai
3.1. XétK — khong gian vecto V.

Chitg minh ring, d6i v6i moi vecto x, y € V, moi phdn tir o, f € K
ta Judn ludn cé :

Doax—-y)=ax—-ay;
2) (o — P)x = ax - Bx.
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3.2

3.3,

3.4.

3.5,

3.6.

K¢ hieu R * 1a tap céc 56 thuc duong.
Chtng t0 tap (R™)" 1a mot R — khong gian vecto ddi véi cic
phép todn xdc dinh nhu .sa-u : Vi x = (X, ..., X,) € (R,
Y=y € (RN, e R thi:
X+Y =Y Xp¥y) 3
ax = (X7, .., X3 ).
Gia sir V, V' 1a cdc K — khong gian vecto.
Chiing minh rang tap tich Dé-cic V x V' cing vdi cdc phép todn
sau 1a mgt K — khong gian vecto : '
&)+ @ Y)=E+y,x+Yy);
a(x, x) = (ax, ax’). '

Trong tép E cdc didy vo han cédc s8 thuc, ta dinh nghia phép cong
cdc ddy va phép nhan mot s6 thuc véi mot ddy nhu sau :

{u,} +{v,} ={u,+v,};
ofu,} = {au,}.

1) Chimg minh ring E lamot R — khong gian vecto ddi vdi céc
phép todn dang xét.

2) Chimg to rang tap F cdc diy bi chan, tap M céc diy chi c6 mot
s& hitu han $6 hang khac khong 1a cdc khong gian con. Hay xdc
dinh mot co s cia R — khong gian vecta M.

Xét h¢ m phuong trinh, n n s6 x,, ..., X, trén trudng s6 K.

aX, +apX, + ..+ 8 X, =b;i=1,...,m
Hz‘iy vi€t hé phuong trinh d6 dudi dang mot he thitc vecto trong
khong gian vecto K™,

X¢t xem céc tap con sau day cua khong gian vecto R* tap nao I

khong gian con. Néu ia khong gian con hdly xdc dinh mot co s& va
bl tuyén tinh ctia né :

={X=(XpXp X Xg) € R X, + X+ X, + %, =0} ;
B={x=(X,Xp X, Xp) € R X, + X+ X3+ x,=1} 3
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3.7.

3.8.

3.9.

3.11.

94

C={x=(X], X5 X3, X4) € R*: X +X,=X3+ X, =0} ;
D={x=(X;,X» XX e R*:x, € Q,i=1,2}.
Xét R — khong gian vecto C(—oo; +00) cdc ham s6 xdc dinh lién tuc
trén toan truc s¢ K.
1)Ky hieu: I= {f e C(-oo,+e0): f1a ham s6 18}
P = {f € C(—o0, +o0) : f 12 ham s6 chin}.
Chitng minh rang céc tap L, P 1a cdc khong gian con va
- C(~w, +0) =1 D P.
2)Kyhieu: A= (f e C—, +0): f(0) =0} ;
B = {f € C(—w0, +0) : f(x) = const}.
Ching minh céc tap A, B 12 cdc khong gian con va
_ C(-o0, 40) = A B B.
Trong khéng gian vecte R 3, xét he vecto u;, = (1, 2, -1) ;
u,=(1,1,1);u;=(, 1, ). _
Ching minh ring he {u,, u,, u;} la mo.t cd s& ciia khoéng gian vecta
R >. Hay tim toa d6 clia vecto u = (x, y, z) d6i véi co s& {u,, u,, u,}.

Xét R — khong gian vectg C(—wo, +0) cdc ham s8 lién tuc. Chimg
minh ring cdc hé vecto sau doc 1ap tuyé€n tinh :

1) {sinx, sin2x, ..., sinnx} ;
2) {1, cosx, cos2X, ..., cosnx}; ]
3) {1, u(t), uX(v), ..., u™(1}}, rong dé u = const.
Xét K — khong gian vecto K[x] cdc da thic :
1) Gia str P.(x) 1a da thic ¢6 bac bang k, véik =1, 2, ..., n.
Chimg minh he¢ {P,(x)}, k=1, 2, ..., 1 dQc 1ap tuyén tinh.
2) Gia st f(x) 1a da thitc cé bacn > 1. |
Ching minh hé {f(x), f(x), ..., f{(x)} doc lap tuyén tinh. -
Chimg minh ring hé vecto ‘u, = (1, 10, 10), u, = (10, 1, 10),

u; = (10,10, 1) 12 mot co s clia R — khong gian vecto (R *)?
(O bai tap 3.2).



3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

Chitng minh h¢ {(x — 2)*},k =0, ..., n — 1 1a mot co s& chia khong
gian K, [x] cdc da thitc 4n x trén truding K c6 bac < n. X4c dinh toa
do cua da thife f(x) & K, [x] d6i v6i co s& d6.
Gia sir {f}, .., f;} 12 mot hé vecto doc lap. tuy&n tinh trong
K — khong gian vecto V.
1) Xéthe vecto:u;=f,+f,,,i=1,..,n—1;

cu,=f +f).

Chimg t& ring he {uy, ..., u,} doc l4p tuy&n tinh néu n 1&, phu thudc
tuyén tinh néu n chén,

2) V6i k cho trude, 1 <k < n, xét hé vecto :

vlzfl’iz I,.-.,'k;
ko .
vi=) fi+f, véii=k+1,..,n
il -

Chiing minh rdng he {v,, ..., v} doc 1ap tuyén tinh.

Chiing minh réng, moi khéng gian con cila khong gian vecto hitu
han chiéu déu ¢6 b tuyén tinh.

Hay ching 6 fé.ng :

1) Tap R céc s6 thuc 13 mot Q — khong gian vecto d6i véi phép
cong cdc s6 thuc va phép nhan s¢ hitu ty véi s thuc. |

2) Trong @ — khong gian vecto R he vecio {1, ¥2, V3 } doc iap
tuy#n tinh. | |

Chitng minh ring trong khohg gian vecto 3 chiéu khong t6n tai
céc khong gian con 2 chiéu M, N thda man M A N = {6}.

Gia sit F 1a khong gian con m chiéu clia K — khong gian vecto -
n chi€u V, m < n. Chitng minh ring :

]

- 1) C6 mot co s cita V khong chida vecto nio cia F.

2) C6 mot co s& cha V chita diing k vecto doc Iap tuyén tinh cho
trudc ciaF, 0 <k <m. :
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3.18".

3.19.

3.20.
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Gia sir L 12 mot khong gian con cha K ~ khéng gian vecto V.
Trén tap V xét mot quan hé ~ xdc dinh nhu sau : '

X~y x—yel.
1) Chitng minh rdng, quan hé ~ 1a mot guan h¢ teong duong va
mbix € Vtacod:

X =x+L={y=x+u:uel}.

2) Chl’mg td ring, néu X' € X,y e ythix' +y € x+y va
ox' eax Yo e K.

3) Tép thuong cua tap V theo quan hé twong duong ~ dl.roc ky hiéu
1a v/

Chung minh ring, tap V/ 1a mot K — khOng gian vecto ddi v6i cic
phép todn xdc dinh nhu sau

X+y=X+Yy,;

_ axX = oX. _ _
K — khong gian vects V/, dugc goi 1a khong gian thuong cla
khong gian vecto V theo khong gian con L.
4) Gia st ring, he vecto {u,, ..., u,} 12 mot co s& clha khdng gian V,
val =Z({u,, ...,y ).

Chiing ‘minh ring, {uk+, - “n}. 12 mot.co s& cua khong gian
thuong V/,. ' ’

5) Chiéu cha khong gian thwong V/, dugc goi 1a ddi chidu clia

khong gian L, ky hi¢u 1a codimL. Gia st V 1a K - khéng gian
vectd hitu han chiéu, khong gian con M 1a bh tuyén tmh cua khong
gian con L. Ching minh ring : codimL = dimM.

Hay chimg 16 R — khong gian vecto (R *)" (& bai tap 3.2) 1a mot

khong gian vecto Euclid véi tich v6 huéng x4c dinh nhusau @
(x.y) = Inx Iny, + ... + Inx Iny,.

1) Chimg t6 rdng, khong gian Cfa, b} cdc ham lién tuc trén doan

[a, b] 12 mot khong gian vecto Euclid d6i vé6i tich vo huéng xdc
dinh nhu sau :



b
(f.2)= Ji0gw)d.

2) Hay tinh tich v6 huéng clia vecto sau day trong khong gian
Cl-1,13: |
AfM=1-t++5°  gt)=t-3¢;
b) f(t) = 3>~ 1, . g(t) = 3t — 5¢°.
3.21. Trong kh6ng gian Euclid R? hdy xdc dinh géc gitta cic vecto
Xx=(4,1,2,2)vay=(3, 3, 3,-9).
3.22. 1) Xét khong gian Euclid RS, Hﬁyl thir lai dinh 1y Pitago d6i véi
cdc vectd tryc giao x =(1,0,2,0,2,0) vay = (0, 6,0, 3, 0, 2).
2) Trong khong gian vecto Euclid C[0, 1] (Bai tap 3.20) .xét Cac
vectox =t2 + 1 va y=M 41, Hay xdc dinh gid tri A d€ c4c vecto

X va y tryc giao véi nhau va thir lai dinh 1y Pitago d6i v6i cic
vecto nay. '

3.23. Trong khong gian Euclid R 3, hdy x4c dinh gid tri cha k dé cic
vecto sau day truc giao véi nhau ;
Du=(2,1,3), v=(1,7,%);
Du=(k,k, 1), v=(k,5,6).

3.24. Trong khong gian vecto Euclid C[0, =] (Bai tap 3.20). Hay chitng

td ring céc he vecto sau day 13 he tnre giao (do d6 doc lap tuyén
tinh) : ' '

1) sinx, sin2x, ..., sinnx :
2) cosX, cos2x, ..., COSnX.’ |
3.25. Xét khong gian Euclid R”. Hay 4p dung phuong phép truc giao
héa Schmidt d€ bi¢n déi co s& {u;, u,, u} sau day thanh co s&
trirc chudn :

Duy=(1, LD u=(-1,1,0),u,=(1,2,1);
2)u;=(1,0,0),uy=(3,7,-2), u;=(0, 4, 1).

3.26. Trong khong gian R ;[x] c4c da thifc 4n x he s6 thuc ¢6 bac < 3 xét
tich vé hudng :
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3.27.

3.28.

1
(f.8)= [fgrdx.
-1

Hiy 4p dung phuong phép truc giao héa Schmidt dé bi&n déi co s&
{1, x, x>} v& mot co s& truc chudn. _
Xét {e,, e,, €5} 12 co s& chinh téc clia khong gian Euclid R°. Véi

gié tri nao cua a, B thi co s& 1ap bdi cdc vecto sau day 1a mot co s§
truc chuén :

o l1-«
u, =~3~ei +m-3——ez + Pey:
1-a

a -
U, = c1+Bez+-§c3, :

o -

Gia st he {u, ..., u,} 12 mot co s& tryc chudn cla khong gian vecto

Euclid Evax € E, x= Zliui. Chiing minh rﬁng Ay = (X,

Ti=1,...,n

3.29.

3.30.

o8

Gia str e 12 mot vecto don vi cia khong gian vecto Euclid E.
1) Chitng minh ring méi vecto X & E ¢6 thé bifu dién duy nhat
dudi dang x = ae + v, trong d6 (v.e) = 0 ; s6 thyc o duge goi 1A
hinh chiéu cla vecta x theo hudng vecto e, k¥ hiéu o = pr.x.
2) Chitng minh :
La) prx = (x.€);

b) pr.(x + y) = pr.X + pry ;

c) pr.(Ax) = Apr.x.
Gia sir x, y 1a cdc vecto khidc © clia khong gian vecto Euclid E.
Chitng minh ring : '
1) x = ay, o > 0 khi va chi khi géc gitta hai vecto x vay bang 0 ;

2) x = aiy, o < O khi va chi khi géc giita hai vecto x va y bang 7.

-
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Dap s6 va hudng dan
3.1. Hudng dan : Skt dung tinh ch4t suy tir dinh nghia.
3.2. Hudng ddn : Hay ching 6 tap (R*)® véi cac phép todn di cho

théa man céc diéu kién clia dinh nghia khong gian vecto, véi

6=(1,1, .. 1); ~(Xps ey X,) = (—l- —1—)
X] Xn

3.4. 2) Mot cosd R - khong gian vecto M :
Chéng han hé vecto ek = {a';} k=1,2, ..., trong d6 :

«k |L néu n=k
a =
" 10, nfu n=k

Dé thdy ring, méi u = {u,} e M c6 duy nhat biéu dién tuyén tinh

u= uke". Do d6 he vecto {e*}, k = 1, 2, ... 1A moét co s& cha

=
1}

D

khoéng gian con M.
3.5, xu + .+ xu,=v, trong d6 ;
v=(b),...b,);
u; = (a]j, amj), j=1,..,n. .

3.6. A, C 12 céc khong gian con. Mot co s& cla khong gian con A,
chéng han {1, 1,0, 0); (1, 0, —-1,0); (1,0,0, ~1)}. Bl tuyén tinh
cua A, chéﬁg han A' = #({(1, 0, 0, 0)}). M6t co s& clia khong gian
con C, ching han {1, -1,0,0); (0,0, 1, —1)}. Ba tuyén tinh ciia C,
chéng han khong gian con C' = #({(0,1,0,0):(0,0,0, D}).

3.7. Huéng ddn -

1) VI(x) € C(—o0, +0) tacé :

f(x) —zf(*x) cl:

f(x) + f(-x)
2

i(x) =
p(x} = € Pva f(x) =i(x) + p(x).
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3.8.

3.9.
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2) V(x) & C(—o0, +o0), tacd :
gx)=1fx)-1(0) € A
k(x) = f(0) € B va f(x) = g(x) + k(x).

He {u,, u,, u;} doc 1ap tuyén tinh, vi dimR * = 3 nen he d6 1a mot
cO s0.

u = au, + bu, + cu;,

y—z;b=3x—y+z;c=~3x+2y+z' :

3 3 3
Huong ddn : D6ivdip,qe N tacd:

trongdé: a=

,: 0, néu p#q

Isin pxsingxdx = 4 .

0 > nfu p=qg#0
Gia sl réng :

ikk;sinkx =0.

k=1

Peivgim=1, 2, ..., n, nhan hai ve"véi sinmx tacé:

[¢]
Zxk sinmxsinkx = 0.
k=1

LAy tich phan hai v€tacé:

n n .
>k Jsin mxsinkxdx =0 ;
k=l 0

AT =0.
2

Vay i, =0,v6im=1,..,n.

- 2) Bing phuong phédp tuong tu, sir dung hé thic :

0 néu p=q

K T
Icos pxcosqxdx=<—
0 . 2

1 née p=q=0.

nfu p=q#0



3.10.

3.12.

3.13.

3.14.

3) S dung tinh ch&t mdi da thitc bac n + 1 c6 khéng qua n + |
nghiém.

1) C6 thé chimg minh bing quy nap theo n, véi luu § da thitc bac
k > 0 c6 he tir cha x* khéc 0.

2) Ap dung cau 1.

Huong ddn : Sk dung két quéa cau 1 bai 3.10 (hoac chitng minh
truc tiép).

') (x-2)+..+ Q)

=f -\
£ @)+ 11 {(n — 1)!

(x - 2)".

Hudng ddn :
1) Gia slr ¢6 t6 hop tuyén tinh :

i?\.iui =0,
i=1

Tacé:
(o + agdfy + (o + ol + .. + (o, + o ), =0

Vi h¢ {f}, ..., f} doc lap tuyén tinh nén suy ra té hop tuyén tinh

D Au, =0 tuong duong véi diéu kien :
i=1

Qp = —Q) 3
oy =0y = (1%, 5= .. = (1),
Néunktacbo, =-a, vie,=a,dodb6o;=ay=..=a,=0.

Vay hé {u, ..., u,} doc l1ap tuyén tinh.

Néu n chén ta c6 thé chon o, = (-1)%, do d6 he {uj, ..., u,} phu
thudc tuy&n tinh. -

2) Bang phuong phdp tuong tir vai 101 gidi cia cau 1.

Hudng ddn : Gié sir L 12 khong con gian ctia K — khong gian vecto
n chiéu V. DE& thay ring phin b tuy&n tinh cia {0} (cha V) 12 V

(12 {B}). Gid st k = dimL, 0 <k < n, va {u,, ..., u} 1a mot co s&
cta L. '
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3.15.

3.16.

3.17.

102

B6 sung them cdc vectd uy,y, ..., u, d€ he {u,, ..., u } 1a2 mot co s&

‘cha V. Hay ching té bao tuyén tinh # ({u,,, ..., u,) 12 mét phan ba

tuyé€n tinh ctia L.
Hudng ddn :

1) Hay chimg t6 cdc diéu kién cla dinh nghia khéng gian vecto
duoc thdéa min.

2) Gid sir ¢6 16 hop tuyén tinh
@ + azﬁ + a3J_ =0,
trongdé o, € Q,i=1,2,3.
Str dung tinh chat vo6 ty cha céc 56 V2 va 3 dé chimg t6
o=y, =03=0 |

Hudng ddn : Dung phuong phép phin ching. Xét F = M @ N.
Khi d6 ta c6 dimF = 4, vo 1.

Huong dén :

1) Theo két qua bai 3.14tac6 V=F ® L. Gia sit {u,, ..., u,_} 12
co s cha L, {f}, ..., ;) 12 co s& cha F. Xét he vecta {vi, e v 1
trong dé

l.l] V(jii=1,--,n_m

V!= n—m
Zuk +fivéii=n-m+1..n
k=1

Tacév, € F,1=1, .., n Theo k&t qué clha cau 2) bai 3.13, h¢
{V], ..., v} doc 1ap tuyén tinh. D6 13 co sG cdn tim.

2) Gia st {f,, ..., f, } 12 he vecto doc lap tuyén tinh cho truéc cia F.
B sung them dé he {f, .., f,, .., .} 12 co s& cha F. Dat
M, =£{f, .. {1, N = LUy e T})- TaCcO V=M, &N, ® L.
.Theo két qua cdu 1), trong khéng gian con N, @ L cb co s&
{wy, ..., w4} khong chita vecto ndo cia N,. Ta cé hé

{f], ey fk" W', vaesy Wn_..k} 12 cosbcan tim.



3.18. Huong ddn ;

1) Sir dung tinh chét clia khong gian con dé chitmg 10 d6 1a quan h¢
c¢6 tinh chat phan xa, d6i xdng va bic cdu.

xXeX @xX-x=uelLox' ex+L.
2YTacd:

+y)-x+y)=x-x)+({y-y)eL.
Do d6 : ‘

X+y ~x+yvax'+y e x+y.
Viax' —ax=o(x' - x) € L. Do dé ax’' ~ ax vA ax' € ox.

3') Hiy chitng to tdp V/ vdi cdc phép todn dang xét théa min cdc
diéu kién cha dinh nghla khong gian vectg. Véi vecto Khong
6 =L, vecto d6i ~X= —x.

4) Theo két qua clia cu 1) ta c6 T =6 khi va chi khi u < L. Déi

n
véimdi X e V/, 1a c6 duy nhst biéu dién tuyén tinh x = > oy, .
il

dé ¥ = Z . D6 12 bi€u dién tuyén tinh duy nhat cla vecto

X qua he {ukH, s Uy}. Vay he nay 1a co s& cha khong gian
thuong V/;.
5) Sir dung két qua cta cu 4).

3.19. Huong ddn : Hay st dung tinh chat cia hm s6 logarit d€ chimg &
céc diéu kién ctia tich vé huéng duge théa man.,

3.20.2) )—-%g— b) 0.

3.21.cosq = Y . T3
ly] 510

322.1)Tacé: x| =3 ly| = 7: |x + y| =

=-0,1, a = arccos(-0,1) » 174°15'",
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Dods: fx+ v =[x + oI

81 +20 o _ “_g

2) (x.y) =

Tacé: |x| = \/“ v = \/- Jx +y] = \j7

Do a6 : Jx + yff =" + Iy
323. Dk=-3;Dk=-2k=-3.

o [ g e
5

7 2 10
2)(1 0,0 %-,——),(0,30\/11925, }
) [ 537 53 V11925
3.26. L,_,\/Ex”{—s_-s,/ixz )
V2 V277 V28 28

3.27. Ta dugc hai co s¢ trire chuén. Co s& thit nhdt tng v6i o, = -1

B, = —% ; o s& thit hai tng véi o, = 2, B, = -§-

n
3.28. Huong ddn : Nhan vo hung hai v& clia ding thitc x = Y Au; véi
i=1l

u,.k=1,..,n
3.29. Hudng ddn :

1) Xét phan tich tng truc giao ({x, e}) = Z(e) ® ¥ ({e}). Ta c6:

X=oe+t+v,(ev)=0.
2) a) Nhan vo hudng hai v€ clax =ae +vvdietacod:
' pr.(x) = o = (x.e).

Tir k€t qua cau a) vatinh chdt cia tich vo hudng suy ra b) va c).

3.30. Huéng din : Gid st x = ay. Ta cé

(xy) _ o _jl, nfua>0
| B

cos(X;y) =
Y= W “1, néu @ <0
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Nguoge lai, gia st :

- (xy)
cos(X;y) = +1.
| T~
- Khidétacé:
(x. y)
x| =
Il §
Xétvectodonvi e = " " —y . Theo két qua bai 3.29 ta c6 :
=(x.e)e + v,

trong d6 (e.v)=0. Tacé:

I = e + P

— ) + v
|| ||
=" + M-
Vayv=86.
Do dé: X = (xe)e = — (X.¥) ¥.
- ")’"

bat: o= ——l—i-(x.y), tach: x=aqy.
I¥]

Néu cos(x;y) = 1 thi (x.y) >0, do d6 o > 0.

Néu cos(x;y ) =—1 thi (x.y) < 0, do d6 a < 0.
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| Chirong v
MA TRAN, PINH THUC VA HE

PHUONG TRINH TUYEN TiNH
e

4.1. CAC PHEP TOAN MA TRAN

4.1.1. Cac dinh nghia

Matrincémxn:
Gia st X 12 mot tap, m va n 1a cdc s6 nguyén duong.
Ma tran A ¢6 m x n véi cdc phén tir thudc tap X 12 mot ho m x n

phén tira;; € X, trong d6 i =1, .., m goi la chi s6 hang ; j=1, .., n goi 1a
chi 6 cor, thudng ky hiéu :

4, 2ap 2,
A = a4y, Ay a3,
am! am2 a-mn
Hay mot céch ngén gon A = (a;),x,-
Vidu:
~1 2 0 11)
A= 0 3 s
1 2 -1 3

la ma trén ¢& 3 x 4 v6i cdc phén tir thudc tap cic s6 nguyén.

Ma trdgn hang : Ma tran ¢ | x n goi 1a ma trdn hang -

(a; .. ay).
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Ma trdn cét : Matran cd m x 1 goi 14 ma trdn cor :
X2

xm

Ma trgn vuong - Ma tran c@ n x n goi 1a ma trdn vuéng cép n (hay
ma trdgn cdp n).

Trong ma tran vudéng A = (a;),x,, day cdc phin tit cé chi s6 hang
bang chi s§ cot a;,, ay,, ..., &, goi 14 dwdng chéo chinh ciia ma trén A.

Hai ma trgn bing nhau : Hai ma tran cing cd A = (@mxn V2
B = (b;)mxq £01 12 bdng nhau néu a; = by; d6i véi moi (i, j).

Chii y : Mbi phin tr x € X ¢6 thé xem 1A mét ma tran ¢ 1 x 1, d€
don gidn ta vin ky hiéu 1a x.
4.1.2. Cac phép toan ma tran

Gia sir K 1a m6t truomg s6, ky hieu M, . [K] 12 t4p cic ma tran c&
m x n véi cdc phén tir thude K.

Trong tap M, .., [K] ta dinh nghia cdc phép todn sau day 3

1. Phép cong hai ma tran

Téng cha hai ma tran A = (apmxn VA B = (b, A matran:

A+B= (aij + bij)mxn- ' 4.1)
2. Phép nhan cic phan tir cia truomg K v6i ma tran

Tich clia phdn v A e K véi ma tran A = (8)x, € M [K] 12
ma tran :

AA = (Aay) - 4.2)
Vidy:XeétK = R, trong tap M,,3[R ] tacé

_(\/5 -1 3]+[1 -1 2}_[«/5“ 2 5]‘
1 2 -4) {3 -1 4) | 4 1 0
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V21
lﬁ—l3=22
201 2 0 1

2

[T SR

.l

Dé€ dang chiing minh ring : _

a) (M,x,[K], +) 13 m6t nhém Aben v&i phén tir trung hoda 1a ma tran
O c6 cdc phin tir déu bang 0, goi 12 ma trdn khéng. Phin ti d6i cha
A = (@) 12 ~A = (=) en-

b) a(A + B) = oA + aB.

c) (o + BA = oA + BA.

d) a(BA) = (ap)A. ,

e)LA=A,d6ivéimoica, p € K; A, Be M, [K].

Vay, tap M, ,..[K] v6i cdc phép todn (4.1) va (4.2) 12 mot K — khong
gian vecto.

Ky hiéu E;; 12 ma tran ¢c& m x n ¢6 phdn tir & hang i cot j béng 1,
céc phén tir con lai bang 0. D& dang ching 16 ring, d6i v6i méi ma tran
A = (2j)mx, €6 duy nhat biéu dién :

m n :
A=)>>akE,.
i=1 j=1

Vay, he vecto {E;1i=1,..,m;j=1,.., n} 12 mot co s& (goi 1a co
s chinh tdc) cia K — khong gian vecto M, [K]. Do d6 ta ¢c6 :

dimM,_,,.,[K] = mn.

3. Phép nhan ma tran '

DPinh nghia : Tich ma tran A = (@) mxp véi ma trn B = (bij)px“ 1a
ma tran :

C=AB=(c

ij)mxn

trong d6 :

¢ = iaikbkj . (@.3)

k=1
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Theo cong thifc (4.3), phén t ¢;; clia ma trén C la téng céc tich clia
cdc phédn tir hang i cha ma trdn A vé&i cdc phin tir twrong tng & cot j cha
ma tran B. '

Tich A.B x4c dinh khi va chi khi s6 c6t cia ma trin A bang s6 hang
cia ma tran B.

Vidu:
0 -1 2 =2
[2 -1 .0}3 - 0.=[—3 -3 7 —4]
1 031204 3 5 2 10

Ma trén don vi : Ma trén E cfp n c6 cdc phdn tir trén dudng chéo
chinh bang 1, cdc phéin tlr ngoai dudng chéo chinh déu bang 0 goi 1a ma
trégn don vi :

1 0 .. O
0 1t .. 0 ‘

E= 4.4
0 0 .. 1

Tir dinh nghia phép cdng hai ma trin ciing ¢& va phép nhan ma tran
¢& m x p vGi ma tran ¢J p x n ta truc ti€p suy ra cdc tinh chét sau day :

D6i v6i cdc ma tran ¢6 ¢ thich hgp ta c6.:

a) (A.B)C=AB.C) (Tinh ké&t hgp)

b)AB+C)=AB+AC (Tinh phan ph&i tri)

c)(B+COA=BA+CA (Tinh phan ph6i phai)

dHDEA=A;AE=A.

Ta nhéan thdy rang, tich hai ma tran vuodng cing cip ludn ludn xdc
dinh. Tl cdc tinh chAt trén, ta c6 :

Tap M, [K] cdc ma tran c&p n véi cdc phdn tir thude truong K déi véi
phép cong va phép nhan ma tran 12 mét vanh c6 don vi E, va dugce goi 1a
vanh cdc ma trdn vudng cdp n trén truémg K.

V&in 2 2, vanh ma tran M, [K] khong giao hoén. Chéng. han, véi :
1 0 (01
A= ; B= |
¢ 0 1 0
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Taco:

0
AB= : ; BA= 00
0 0 1 0

Vay A.B= B.A. ‘
Ma trgn khd nghich : Ma tran A e M, [K] goi 12 khd nghich néu tén
tai ma tran B € M, [K] sao cho :
_ AB=B.A =E.
Ma tran B goi 1a nghich ddo cha ma tran A.

Theo tinh chét cta phép todn hai ngoi, vi phép nhan ma tran ¢ tinh
két hop, mbi ma tran A kha nghich c6 duy nhat mot nghich déo, duoc ky

hiéu 1a A" Ta co
AAT'=ATTA=-E,

Vecto hang, vecto cot : Xét ma tran ¢ m x n vdi céc phén tlr thuoe
“truong K :

4, ap a,
A= a4y Ay a5,
aml am2 e amn

Trong ma tran A, mdi cot c6 thé xem 13 mot vecto cha khong gian
vecto K™, goi 1a vecto cér. M3i hang ¢6 thé xem 13 moét vecto cla khéng
gian vecto K", goi 14 vecto hang.

4.1.3. Ma tran chuyén vj

Chuyén vi chama trin A = (8)mxq 12 ma tran A' = (@'j)axm» trong d6

ajy=a;, véimoii=1,..,mvaj=1,..,n

Vay, ma trdn chuyén vi A’ ld ma trgn nhén i ma trén A bdng cdch
trong ma trdn A chuyén cgt thanh hang va chuyén hang thanh cot.
Vidu:

2 2 4
VéfiA:[4 ]tacé:A' -1 2
0 3
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Dé dang chffng minh dugce céc tinh chit sau day :

a) (A=A

b)(A+B)'=A'+B';

¢) (AB)' =B'A".

Ma tran déi ximg : Ma tran A = (au)an £0i 12 67 xing n€u A' = A,
uic 1a a;; =a; d8ivéimoii, j=1,.

4.2. DiNH THUC

Trong phédn nay, gia thi€t cac phdn tr cha cdc ma trin thudc trudng
sG K.
4.2.1. Bjnh thirc cap 2, dinh thite cip 3
1. Pinh nghia
- a) Dinh thitc cdp 2
Dinh thic clia ma tran cip2:

a a
t
A —-—( ! lzJ

a
thudng ky hiéu 12 |A|, hay detA,hay | ' ""*| dugc x4c dinh nhu sau :
4 Ap
IAI = al 1a22 - alz'az[. . (45)
Dinh thitc ctia ma tran cip 2 goi 12 dinh thitc cdp 2.

b) Dinh thitc cdp 3
Dinh thitc ctia ma tran cdp 3 :
4 a, a;
A=la; a, aj
N3y ;p Ay
thuong ky hi¢u 12 |Al, hay detA, hay mot c4ch ddy dit hon 14 :
a,;, 2; 23, |
Ayp Ay Ay

A3 A3 agy
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dugce xac dinh nhut sau ;

Ay dy3 a5, Ay

a a
IAl=a,| Z ¥ -a, +a, (4.6)

d3; dg3 Ay Ay A3 Ay

Dinh thic cia ma tran cdp 3 goi 14 dinh thic c¢dp 3. C4c hang, cic
cot clla ma tran s& goi 13 cdc hang, cde cét ciia dinh thitc.

Theo cdc ¢ong thitc (4.5) va (4.6), dinh tintc chia ma trén A = (aij)3x3
c6 thé viet dudi dang :
IAl= a) (axnas3 — aya5) — 4)5(Ay)833 — 85383) + 213(2p)83, — ayay))

= 411833 + 8312583 + 22123323 — 43283 — 18383~ B318)p233(4.7)

Nhan thdy rang, dinh thic cfp 3 12 mot téng cla sdu s6 hang, c6 ba
s6 hang c6 ddu +, ba s6 hang c6 d&u —, va mdi s8¢ hang la tich cha ba
phén t&r nim trén cdc hang céc cot khac nhau.

Quy tic Xarus :

Pé tinh dinh thic cdp 3 ta c6 thé thuc hién theo quy téc Xarus
sau day :

Viét thém cot 1, cot 2 vao ma tran A ta duge bang ¢6 3 hang, 5 cot :

+ + + . 24 v -
all }.’._‘_.a'ilz
ay) Y]

A Ay Ay By Bg

Ta c6 : Ba s6 hang Ia tich cdc phén tlf ndm trén mii tén di xu6ng cé
d4u codng, ba s6 hang la tich cta cdc phdn tit ndm trén mii tén di 1&n c6
ddu trir.

2. Cong thitc khai trién theo hang, theo cot

Trong dinh thitc cap 3 :

ay  a); 4y
A1 A4y Ay

A5 gy dgy
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sau Khi bo hang i, cot j ta duge dinh thite c4p 2, k¥ hiéu 1a M;;. Dinh thie
cap hai M;; goi 12 dinh thitc con bi cia phdn tit ay;.
Dat
Ay = (—1D'MM;; (4.8)
‘Gid tri Ay; goi 1a phdn ba dai s& ciia phdn i a;.
Chéng han, d61 v6i phdn tira,, ta cé :

A
M, =2 %

a3 dn
A =(_1)I+IM1| =M,,.
D6i véi phén tira;, ta 6 :

ay; dn

M, = ]
&y Ay

Ap=GD""M;, = ~Mj,.
D6i v6i phan tlra; tacé:

ay; apn
Mm =

a3 ap
A= ("1)]_+3M13 =M.
Néu sir dung ky hiéu phdn bl dai s6 clia cdc phén tir & hang 1, ta c6
thé viét cong thic (4.6) dudi dang sau day :

Cong thiac (4.9) goi 1a cong thite kkal trién dinh thuc IAl theo
hang 1.

Trong biéu thifc & v& phii ciia dang thitc (4.7), bang cdch nhém céc

s6 hang, r6i dat cdc phan tir hang 2, hoac hang 3 ra thira s6 va ap dung’
cong thic (4.5) ta cé cac ding thic sau :

a a d a a a
12 13 1 13 1 12
dy Ay a3 Ay a3 dy
a a a a a a
12 13 ¥ (3 1 12
IAl = agl - 312 + a,,',‘
LA P ; - a
Ay Ay a3, an s A2
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Tir cdc déng thitc ndy néu sir dung ky hiéu phin b dai s§ cla cac
phin tr & hang 2 va hang 3 ta ¢6 cdc cong thic khai trién dinh thic |Al
theo hang 2 va hang 3 : _

Céc cong thite (4.9), (4.10) va (4.11) ¢6 thé viét chung dudi dang :

3
A=) a,A,, i=1,2,3. (4.12)
k=l

Mot cach twong tu, trong biéu thic & v€ phdi (4.7) bang cdch nhém

cdc s6 hang thich hop réi dat cdc phdn tlt & cot j ra thira s¢ ta s& nhan
duoc cong thiic Khai trién theo cot j : '

3
Al=Ya.A,, j=1,2,3. - (4.13)
o _ _

Tu céc co.'né thirc (4.12) va (4.13) ta c6 dinh 1y sau day :

Pinh 1y 4.1 : Dinh thitc cha ma trdn A = (a;);3x; bﬁhg t8ng cdc tich
cha cdc phén tlr cia mot hang (hodc c6t) véi phan b dai s8 clia no. '

3. Cac tinh chit cua dinh thire

Tinh chdt 1 : IAl =AY,

“Finh .chat 2 : Néu déi ch6 hai hﬁng (hoac hai ¢oOt) thi dinh thic
dél ddu.

. Tinh chét 3 : Néu nhan cdc phéin tir cha mét hang (hodc mot cot) voi
cung mot s6 k thi dinh thitc duge nhan véi k.

Tinh chat 4 : Néu dinh thifc ¢6 mot hang (hodc moét ¢ot) cdc phén tir
déu bang O thi dinh thitc bing 0.

Tinh chat 5 : N&u dinh thic ¢6 hai hang (hodc hai cot) giéng nhau thi
béng 0. '

Tinhchat6: Tacd:

1 1
g tay; a2y a A Ay ay; 23 ap
[ — : 1
Ay + g Ay Ap») = |8y Ap Ap +lay By A
o [} t
a3 tay ay Ay A3 A Ay a3 A3 2y
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Ta ciing ¢6 dang thic twong tw d6i véi cdc cot, cdc hang khéc.

Tinh chét 7 : Gid tri clia dinh thitc khong thay d6i khi ta them vao
cdc phén tlf cia moét hang (hodc mét cot) cdc phan tir twong ing cha mot
hang khic (hoac cot khéc) nhan ciing véi mot s6 k. Chéng han :

a; A, a; a; a,;, a;;+Kka,
431 Ap 43| =|3y 2 ay + kay,
a3, a3y ag Ay A3 Ay + kay,

Chitng minh : Slr dung cong thitc (4.5), dé dang chimg td cdc dinh
thifc c4p 2 thoa man cdc tinh chat tir 1 dén 6. D& vdi dinh thitc cfp 3 céc
tinh chdt d6 suy tir dinh thitc cop 2 va cdc céng thitc khai trién (4.12)
va (4.13).

Tinh chat 7 duge suy truc ti€p tir cdc tinh chat 3, S va 6.1
Gia str dinh thic |Al ¢6 hai hang giéng nhau a, =a_, ;k=1,2,3;

i # m. Theo tinh chdt 5 thi [Al = 0. Ap dung cong thitc khai trién (4.12)
tacé:

3
: k=1
Trong dang thic trén, thay a,, bdia_, tacé :
3
Da Ay =0, m=i (4.14)
k=l -
Tuong tu trong c6ng thic (4.13), néu thay a; boi g, ;m=jtacs:
3 _
Y aA =05 m=j. : (4.15)
k=1
Tir cdc hé thitc (4.14) va (4.15) ta c6 dinh 1y sau day :
Pinh Iy 4.2 : Téng cdc tich cha cdc phén tir cita mot hang (hoac cot)

ctia dinh thitc v6i phdn b dai s6 clia cdc phdn tir tuong tng cia mot
hang (hoac cét) khéc thi bang 0.
Néu sir dung ky hiéu Crénecker :
Inéui=j :
5 = = - (4.16)
Onéui=j :
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ta c6 thé vi€t gop lai cong thitc (4.12) véi cong thite (4.14), va cong thirc
(4.13) v6i cong thirc (4.15) nhu sau ;

3 : .
Y an Ay =3 1Al; (4.17)
k=l

3

Dag Ay =8, 1AL (4.18)
k=1 .

4.2.2. Pinh thirc cap n
1. Pinh nghia : Binh thic |Al cia ma tran cdp 4 :
a Ay By Ay
a,, a a a
21 Ay 8y Ay
e A=
Az A3 Ay Ay
Ay Ay Ay Ay

duge xdc dinh nhu sau

Ay B3 Ay A1 @pz Ay
TAl=a;|a; a5 ay|-a,(a; ay ay|+ '
Ay 8y Ay Aq Ay Ay
A 8y Ay Ay Ay Anp
tajiay ap Ay )T ayiay anp Ay (4.19)
Ay Ay Ay ) A Ay

Tuong ty tir dinh thitc cuia ma trén cip 4, ta dinh nghia dinh thuc cua
ma tran cdp 5, v.v... ; tir dinh thitc ma tran cdp n — 1 ta dinh nghia dinh
thifc clla ma tran cép n.

Dinh thuc ctia ma tran cp n; A = (a;),x, thuong ky hi¢u la :

all a|2 LY} aln
SR ayy ay,
a, a, .. a,

hay mot cdch ngin gon la |Al hoac detA.
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Dinh thirc cia ma tran A c4p n goi 12 dinh thitc cdp n. Céc hang, cac
Ot ciia ma tran A ciing goi 1a cdc hang, cdc cot cha dinh thitc JAL
2. Cong thirc Khai trién theo hang, theo cot

Trong dinh thitc cap n
a,;, 4y, a,
4y Ay A,
a'nl an2 anrl

sau khi bd hang i. cét j ta duge dinh thitc cdp n — 1, ky hieu 13 M;;.
Binh thic M;; duge goi 12 dinh thiic con bi ciia phdn i ay;.
Dat : |
Ay = (~1"iM,, | (4.20)
- gid tri Ay duoc goi 12 phdn bi dai sd ciia phdn nr ay.
Trong céng thitc (4.19), néu sir dung ky hiéu phdn bi dai s6 clia cic

phén tir & hang 1 clia ma tran A = (8)qxq ta €6 :

4
IAl= > "a,A,, .
k=l

D6 1a cong thife khai trién theo hang 1 ciia dinh thic c#p 4.

Thyc hién mét cdch twong ty nhu trong trudng hop dinh thitc cép 3,
s€ nhan dugc cdc cong thic khai trién theo hang, theo cot cia dinh thic
cdpd,cdpS.,...,cdpn.

D6i véi dinh thitc cap n ta vﬁn ¢6 cong thitc khai trién theo hang i,
theo ¢t j nhu sau :

n
|Al=3a,A,,i=1,..n; (4.21)
k=1

Aj = Zaijkj ,j = ]., veey 11, (4-22)
k=1

Do d6 Dinh Iy 4.1 vén c6 hiéu luc d6i véi dinh thitc c4p n bét k3.
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3. Tinh chat cia dinh thicc

Nhiy cdc cong thitc khai trién (4.21) va (4.22) bang phuong phdp quy
nap theo n, d& dang chimg minh dugc céc tinh chat clia dinh thic cép 2,
cfp 3 vin diing d6i véi dinh thic cip n bt ky. Tir 46 suy ra ring, Dinh
1y 4.2 van diing d6i Vv6i dinh thitc c4p n va cic cong thic (4. 17) va(4.18)
¢6 thé viét dudi dang téng quét sau day :

n
Dan Ay =8, 1A (4.23)

By = O | AL (4.24)

Ta thira nhan ménh dé sau khing dinh ring, dinh thitc clia ma tran
tich biing tich c4c dinh thifc ciia ma tran nhan .

Ménh dé 4.1 : Gia sir A, B1a cdc ma tran cfp n, khi d6 ta c6 :
IABI=IALIB. T (425)

4. Biéu thirc ciia dinh thitc cip n

Ta biét ring, dinh thitc cdp 3 1a mot téng c¢6 6 = 3! s6 hang, mdi s8
hang 12 tich clia 3 phdn tit pim trén c4c hang, cdc cot khdc nhau. Bang
phuong phdp quy nap va sit dung cong thic khai trién (4.21) hoac
(4.22) d& dang ching minh dugc ring, dinh thic c4p n 12 mot téng n!
s6 hang, mdi s6 hang 12 tich cta n phédn t{t nim trén c4c hang va cdc
cot khdc nhau. Trong méi s§ hang cha téng, néu vi€t tich cdc phén uf
theo thi tu tang dan ctia chi s c6t, thi thit tr chi s6 hang 14 m¢t hoan
vi cla tap {1, 2, ..., n}. Ngudi ta ching minh dugc ring, d4u cha s6
hang ag); -+ Aomyy triing véi dau cia phép th€ . Vaytacé:

a;;  Ap . Ay,
a a a '
21 22 e 2n .
= z 8EN 0841+ Ag(nyn (4.26)
o€ 8,
) a11] anZ b ann

Trong céng thitc trén, néu thay n = 2 hay n = 3 ta ¢6 cong thifc (4.5)
hay (4.7) cia dinh thifc c4p 2 hay c4p 3.
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4.2.3. Cac vi dy vé tinh dinh thirc

1. Ngudi ta thudng sir dung cdc tinh chdt ciia dinh thic dé bién déi
dlnh thic dé cho vé dinh thic ¢6 mot hang (hosic mot c6t) ¢6 nhiéu phin
tr bang 0, r6i khai tri€n dinh thic theo hang (cot) d6.

Vidu:
a) Tinh dinh thuc :

D=

« I SIS
— L Ju
p— R

Lén luot nhan hang 1 v6i -2, —8 réi cong vao hang 2, hang 3tacé:

1 4 5 s
D=|0 -5 -9|=1(D"|"
| 3] -39
0 31 -39 .

D = (-5)(-39) — (-9)(-31) = -84
b) Tinh dinh thitc clia ma tr4n : '

3 2 1 —4)
|-t 1 2 3
12 3 =2 0
5 4 7 -1 _
Lén lugt nhan cot 1 v6i 1, 2, 3 rdi cong vao céc cot2,3,4tacéd:
3 1 7 5
Al = -1 0 0 O
2 -1 2 6
5 917 14
Khai trién dinh thitc vira nhan duge theo hang thit 2 ta c6 :
1 7 5 I 7 5
TAI=-1L-D""-1 2 6|=|-1 2 6
9 17 14 9 17 14

Trohg dinh thifc sau cing, thuc hién cdc phép bién déi cOng hang 1
vao hang 2 ; nhan cdc phdn tir hang 1 véi -9 réi cong vao hang 3 ta c6 :
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1 7 5

IAl=[0 9 11l=1(-D" 36 ;1
0 —46 =31 A
IAl = 227.

2. Pinh thirc ctia ma tran tam gidc

Ma tran A = (a;)nx, dudc goi la ma trdn tam gide trén (dudi) néu tat
¢4 cdc phén tir ndm dudi (trén) dudmg chéo chinh bang 0. Cic ma tran
tam gidc trén, ma tran tam gidc dudi goi chung 14 ma trdn tam gidc.

Ma tran vudng ¢ t4t ca cdc phén tir ndm ngoai dudng chéo chinh
déu bing 0 goi 14 ma trdn dudmg chéo.

a2 e 8y a; 0 0
0 a3 8y . dy  8p 0
0 0 a,, an! a3 L
Ma trdn tam gtéc trén Ma trin tam giac dudi
a . 0
0 ap .. O
0 0 .. a,
Ma trdn dudng chéo

Ma tran dudng chéo 1a dang dic bi¢t cla ma tran tam gidc.
Ta c6 : Dinh thitc cia ma trdn tam gidc bdng tich cdc phdn tit trén
dudng chéo chinh. .

That vay, ching han d6i véi dinh thifc clia ma tran tam giéc trén,
lién ti€p khai tri€n theo cot 1 tacé :

a0 A e By | |3 A e 8y
1A= 0 ay, ..o ay, _a, 0 a3 .. ay, - =
0 0 S T 0 .‘0 S T
= 81822 - Appe
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Do viéc tinh dinh thifc cia ma tran tam gidc don gidn, nén ngudi ta
thudng sir dung cdc tinh chét clia dinh thirc dé bi€n d6i ma tran da cho

vé dang tam gi4c.
Vidy:
a) Tinh dinh thuc :

1

a+1
2

2

a+1 ..

3

=

a+1

Nhan hang 1 v6i —1 réi 1dn luot cong vdo c4c hang 2, hang 3, ...,

hangntacéd:

b) Tinh dinh thic :

Cong cac cOt vac cot 1

3
3
a—

n
n
2 . n
a-(n-1)
{a-(n-1)).
a, ay a,
0 0 0
0 0
-X X 0
0 -X X
a, a; a,
0 0 0
0 0
- % 0
0 -X X

1 2
0 a-1
0 0
0 0 0
=(a-1)(a-2)..
4 a
-X
0 -X
0 0
0 0
taco
4
Zai 4
i=0
0 X
0 -X
0 0
0 0
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Khai trién dinh thic v&€ phai theo cot 1 ta c6 :
X 0 0 0

D= ia -X X 0 0
i=0 ! 0 —-X X 0
X

0 0 -x

3. Pinh thitc Vandermonde

Pinh thiic Vandermonde cip n ¢é dang :

1 1 ... 1
a a, .. a,
D, =|al &} .. a?
al™ ay”! a™!
-Véin=2,tacd:
1 1
D, = a, a, = -4
—-Véin=3,tacé:
I 1 1
Dy=|a, a, a4
22 a2 gl

Lan lugt nhén hang 2 véi -a, cOng vao hang 3, nhan héng 1 v6i —a,
cdng vao hang 2 tacé :

1 1 1
2 2
|la] —aa; . a;—aa; O

Khai trién dinh thitc v€ phai theo cot thit 3 ta c6 :
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.al _3‘3 . a2 '-33

a,(a —a;) a,(a, —a;)

Theo tinh chét 3 cha dinh thifc, ¢6 thé dua thira s6 chung cia céc cot
ra ngoai ddu dinh thic :

1 @2

1
D; =(a; — a3)(ay — a3)

= (a3 —a;)a; — ay)D,

=[] -2

J=i

(Trong 46 ky hiéu I_-[(aj —a,) latich cla cic hieu_ cdj>i).

J=i

Béng phuong phép bién déi hoan todn twong tu nhu trudng hop dinh
thitc Vandermonde cép 3 ta ¢6 hé thitc truy héi :

Dy=(,—a)..(a,—a,. D
Doy = —ap) .. (@ — 2p9)Dy0 5

D;y=(a;—a;}a; —a,)D, ;
D, =(a, —a,).
Do dbétacd:

D, =[] - a). | 4.27)

j=i

Vi dy : Tinh dinh thitc :

1 -1 1 -1

1 i -1 -
A=

1 2 4 8

1 3 9 27

Ta nhan thdy rang, dinh thic ctia ma tran chuyén vi c¢6 dang dinh
thitc Vandermonde : :
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1 1 1 | 1 | 1
-1 i 2 3| |- i 2 3
o1 4 Tl 222 3
-1 -t 8 27| |-1) SR, R &

Theo cong thitc (4.27), tacd :
A=1+DEZ+DE+D2-D3-D3~2)
= 12(1 +1)2 - )3 - 1). '

4.3. MA TRAN NGH|CH PAO

Theo dinh nghia, ma tran vuoéng A goi 13 khd nghich né€u ¢é ma trén
nghich ddo A™ sao cho : '

AAT=ATA=E. (4.28)
Trong bai nay, ching ta s& xét mot didu kién cdn v db cha ma tran
kha nghich, d6ng thdi chi ra phuong phédp tim ma tran nghich dao.
1. biéu kién kha nghich

Pinhly43:Matran A = (au)"><I1 kha nghlch khi va chi khi 1Al = 0.
Chitng minh :
Diéu kién can : Gid st ma tran A kha nghxch Theo (4.28)tacé :

AA™

Theo Ménh dé 4.1, tacd:
IA.A™'=El;
IALIAT I = 1.

bing thic sau, ching t6 dinh thic |Al # 0,

Diéu kién di : Gid sit ma trin A = (8i)nxn €6 dinh thic Al = 0. Xét
ma trdn :

All A2l An]
A" = A]2 A22 b AI‘IZ (4.29)
Aln A2n Ar‘m

trong d6 A;; 12 phén bl dai s clia phén ti a;;.
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Ma tran A 201 18 ma trdn phu hop cla ma tran A. Xét tich :

Ay Ay e A a Q3 -~ Ay

L Aiz A22 es Aﬂ2 32] a22 L azn
A .A = (Cij)an =

Aln . A2n e Ann anl 453 e LS

Theo cong thirc (4.24), ta cé :

k=1

Doddtacs:
IAI 0 . 0
« 0 AT ..
A A= 0 ={AIE.
0 0 - A

Theo gia thi€t [Al = 0, chia hai v& cho |Al ta cé :

(LA*)A=E.
TA

Mot cich tuong tu, xét tich A.A” va sit dung cong thic (4.23) ta ¢6 ;

Alra)-

Vay di€u ki¢n (4.28) dugc thda méan, ma tran A kha nghich vata cé:

-1 . l ® ’
= | 4.30
A [IAIA ) @30

binh 1¢ duge ching minh. I
2. Tinh ma tran nghich dao

C6 nhiéu cdch tinh ma tran nghich dio, dudi day ching ta s& lam
quen vdi hai phuong phédp quan trong.

Phuong phip 1 : Theo cong thitc (4.30) dé tinh ma tran nghich dao
A™" 1a cdn tinh dinh thidc 1Al va ma tran phil hop A”. Khi thiét lap ma

tran A" cdn luu ¥ rcmg cdc phin t{r CDI] clia ma tran A" 12 phan b dai s6
ctia cdc phan tir tuong 1ing & hang j clia ma tran A.
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Vidu : Cho ma tran ;

1 2 0
A=1|0 3 1
0 1 2
Hay tim ma tran nghich dio A™' néu ¢é.
Tacod:
1 2 0
' 3 1
Al=(0 3 li= =5=+0.
1 2
0 1 2

Vay ma tran d3 cho kha nghich. Theo cic cong thirc (4.29) va (4.30)
tacéd:

' 1 Au A2| A:n
At=— A=A, A, Al
Al3 A23 A33

Tinh c4c phan phu dai s6 clia cdc phdn tir cha ma tran da cho, theo
cong thitc (4.20)ta cé ;

Ay =5A,=0,A5=0,Ay=-4Ap=2,

0

Vay:
(l _i E\
5 -4 2 > 3
A":%O 2 -1|=|0 % —é
0 -1 3 | 3
5 s,

A
Phuong phap 2 : Cho ma trdn A = (a;)),x,. X€t hai h¢ tham bién
X[y ey X, VA Yy, ..., ¥, théa mén hé thic :

trong d6 E 1a ma tran don vi.
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- Gia sr ma tran A kha nghich, nhan beén trsi hai v& cia (a) véi A~
tacd: -

Elt [=A7": (b)
X, Yn |

Ta nhan thay rang, c6 thé nhan duge hé thitc (b) bing cdch lien tiép
thue hién doéng thdi cdc bien déi so cdp he vecto hang chia cic ma trin &

h¢ thic (a). Do d6, ¢é tim ma tran A™! ta xét ma tran ;

a a, .. a1l 0 . "0
(AlE)=1a, ay .. a,[0 1 .. 0 |
a, 2, .. a, |0 0 .. 1

Chiing ta s&€ sir dung cdc phép bi€n d6i so cap d6i véi he vecto hang
dé dua ma tran (AIE) vé dang (EIA™).

Buoc 1. Thuc hién cdc phép bién déi sau day dé dua vecto cot 1 vé
dange, =(1,0, ...,0).

Gid sira;; = 0 (n€u a;, = 0 thi déi ché céc hang cia ma u-an (AIE)),
chia hang 1 cho a,;. Sau d6 H4n luot nhan hiang méi nhan duge véi ~ay
réi cong vao hang k, k # 1. Sau budc 1 ta dura ma tran (AIE) vé€ dang :

. l a'12 LT a‘]n b'l] 0 am 0
0 a' . a'y | b 1 0
0 a', .. a |b, 0 .. 1

Buoc 2. Thue hién twong tr nhu buée 1 dé du'a vecto ¢t 2 clia ma
tran (c) vé€ dang ¢, = (0, 1, ..., 0), v.v..
Sau n budc ta duge ma tran :

(E[B)= 0 1 ... O]by by .. by,
0 0 .. 1|b
Taco: A" =B= (B;pxn-
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Chu y:
a) Trong qud trinh bién ddi néu gap cot j, véi j < n, 1a vecto c6 dang
(*, .., * 0, .., 0), trong d6 c6 khong qua j — 1 thanh phén

khac O thi dimg lcll V1 trong treong hop nady, hang r(A) < n nén ma tran
A khong kha nghich.

b) O bude thit i, néu cin phai d8i ché hai hang thi déi chd hang i véi
hang k (k > i).

Vi dy : Tim nghich dao ca ma tran

2 7 3
A=(3 9 4
1 5 _3
Tacd:
: 2 7 311 0 0
(AlE)=[3 9 o 1%0
1 5 310 0 1
‘Sau bude 1, tacod:
_ . : \
. I 3L 45 o
2 21 2
o -3 N3 o
2 2| 2
o 2 3L o
% 2 21 2 J
Sau bude 2,tacd :
{ 3y
11 0 l—3 z 0
3 3
0 1 l 1 -—% 0
3 3
0 0 1]-2 1 1
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Sau budc 3,tacé ;

1 0 O_Z 5 1
3 3
o 1 o2 - -1
3 3
' -2 1 |
0 0 1
Vay,tacé ;
|
3 3
Al = 3 -1 _1
3 3
-2 1 1

4.4. HANG CUA MA TRAN

4.4.1. Binh ly vé hang cla ma tran
Dinh thitc con cdp k :
Xét ma tran ¢¥ m x n, véi cdc phén 1l trén truomg s6 K

ay, Ay a,
A = ay) doy a,,
aml an'12 arnrl

Gia sirk 12 mot s6 nguyen duong théa man diéu kién k < min{m, n}.
Trong ma trdn A, chon k hang : iy, ..., i, theo thit tw i, < ... < ik va chon k
cdt : j;, ..., J theo thqul< < e

Khi d6 cde phén tf nam trén giao clia k hang, k co6t da chon lap
thanh dinh thic cip k :

a. . a . .. a. .

1 1 }

20 . 2z PR (4_3])
i B T ik
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Dinh thitc (4,31) duge goi 12 dinh thirc con cdp k ciia ma trdn A.

Vidy: Xét matrin c¥ 3 x 4 sau :

1 0 2 -4
A=10 3 2 2
9 7 -10 12

M0i phan tif cia ma tran A 12 mot dinh thire con cdp 1.
Néu chon cdc hang 1 va 3, chon cac cdt 2 va 4 ta ¢6 dinh thiic con
cip 2:
0 -4
‘ 7 12

Quan hé giita hang clia hé vectd hang, hang cua hé vecto ¢dt va dinh
thitc con clia ma tran A duge thé hién & dinh 1y quan trong sau, thudng
goi 1a dinh Iy vé hang cita ma trdn.

Dinh ly 4.4 : Trong ma trén A = (a;)),,,x,,, hang, cha hé vecto cot bang
hang ctia hé vecto hang vd bang cip cao nhdt clia cic dinh thifc con
khéc 0.

S8 chung d6 dugc goi 14 hang cia ma trdn A, KY higu 1a r(A).

Chitng minh : Gia st cp cao nhét cia dinh thitc con khdc O clia ma
tran A 1a p. Khi d6 moi dinh thitc con cdp p + 1 déu bing 0. Ta s& ching
td hang clia hé vecto ¢dt clia ma tran A bang p. Biét rang, phép déi chd
hai hang (c6t) chi 1am d6i diu cha dinh thic. Do d6, c4p cao nhit cla
dinh thic con khdc 0 clia ma tran A s& khong thay d6i d6i v6i phép déi
ché cdc hang, cdc cot clia ma tran A. B&i vay c6 thé gia thiét, dinh thitc
con cdp p nim & géc Tay — Bac ctia ma tran khic 0.

3

a5 - Ay A1y
A= : FORN: SOOI | (a)
A Amp Ay
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M=|.. . . [=0 (b

Ta ky hieu {A', A2, ... A"} lahe vecto ¢4t ciia ma tran A, s& ching
16 p vecto cot ddu {A', .
tran A, '

-» AP} 12 mot co s& cha h¢ vecto cot cia ma

He vecto {A', ..., AP} doc 1ap tuyén tinh. That vay, gia st c6 13 hop
tuyén tinh :

kl(a| I3 ees ap], seny am|) + ...+ kp(aip, ey app, waey amp) = 8,
P . .
hay ikka,k, - Zkkamk =(0, ..., 0). (c)
k=1 k=l )

So sdnh thanh phén cia vecto & hai v€ ding thic (c) ta ¢6 m dang
thifc sau :

zp:kkajk =0,j= l_, vers Py oeey ML, (d)
k=1
p déng thitc déu tien chia (d) c6 thé viet dudi dang déng thitc ma tréan
a2, (A, 0
- I 1= (e)
A - A LA, 0

Vi dinh thifc cha ma tran vuong cdp p trong bidu thic & vé tréi cha
he thitc (¢) khic 0, do d6 ma tran cdp p d6 kha nghich. Nhan bén trdi hai
v€ cha (e) v6i ma tran nghjch dio ca ma tran cp p do, tacé :

-1 -1

) A, A e B A A e Ay, 0

Api App Ap1 App J\‘p 3p1 App 0
A (0
hay : =
2 0
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Vaytaco: A =...=4,=0.Do .dé hé vecto cot (A, ... AP} doc lap
tuyén tinh.
 Bay gir s& ching to rang. mbi cot clia ma tran A biéu dién tuyén
tinh qua (A, ..., A"}, '
Xét dinh thitc concapp+1:

a 4 Ak

D, = . 4 (g)
pl o Bpp Appak
Bjp e A Ajpek

vdik=1,..,n—-p.

Néu j < p thi dinh thic D; ¢6 hai hang giong nhau, do d6 ta co
D; = 0. Néu j > p thi D; 1a dinh thitc con cip p + 1 cua ma tran A, theo
gia thi€ttaco D;=0. Vay D;=0,véi j= 1, .., m.

Ky hi¢u M, 12 phdn bu dai s6 ¢lia a;,, s = 1, ..., p, trong dinh thirc D;.
Dé thdy rang, M 12 phén bl dai ¢ cla phén tir a,,,,. ROrang M. ..., M,
M khéng phu thude chi s6 j.

Khai trién dinh thitc D; theo hang cudi cling, ta ¢6 :
Dl = aJIMI + ...+ aijp + ajmkM = 0

Theo (b)thi M =0, nén ta cé:

M, M

iy = ——1\?3” - —Hpajp, j=1, .., m (h)
T céc déng thirc (h), suy ra vecto cot AP* k=1, ...,n—plamotid
hop tuyén tinh ciia cdc vecto cot {A', ... AP} Vay he {A', .. A’} 1a mot

cd s& clia hé vecto cot clia ma tran A. Do d6 hé vecto ¢t cia ma tran A
¢6 hang bang p.

Xét ma tran chuyén vi A' clla ma tr@n A. Vi phép ldy chuyén vi
khong lam thay d6i gid tri dinh thifc cha ma trén, do d6 dé thay rang cap
cao nhat cta dinh thie con khdc O clia ma tran A' cling bang p. Theo
ching minh trén. hang ctia hé vectd cOt ciia ma tran A' bang p. Nhung he
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vecto ¢t clia ma tran A' 13 hé vecto hang clia ma tran A. Binh 1y hoan
toan dugce ching minh. I

Menh dé sau day 12 he qua tryc ti€p ciia csc Dinh ly 4.3 va 4.4,

Ménh dé 4.2 : D6i v6i ma tran vuong A, cdc didu khing dinh sau day
la twong duong : -

1) Hé vecto hang (hay cot) cha ma tran A doc 14p tuyén tinh :

2) Dinh thitc I1A] 2 0 ;

3) Ma tran A kha nghich.

Ma tran thod man mot trong céc diéu kién twrong duong trén goi la
ma trin khéng suy bién.

4.4.2. Ap dung tinh hang cia ma tran, hé vecto

Néu cdc ma tran A, B ¢6 hang bing nhau (1(A) = r(B)) thi ta viét
A~B |

V1 phép bi€n ddi so cAp khong 1am thay d6i hang clia he vecto
(xem Ménh dé 3.9), do d6 d€ tinh hang ciia ma trdn A ta thudng diing
cdc phép bi€n d6i so clp d6i véi he vecio hang (hay cot) 4€ dua ma tran
A v€ ma tran c6 dang bac thang B, d6i v6i ma tran nay, dé dang nhan
* bigt cap cao nhat clia dinh thic con khéc 0. D6 13 ma trén ¢6 dang :

by by o by . by,
B= 0 by o by o by |
0 ¢ b b

V6ib;#0,i=1,..,r.

Tacor(Ay=1r(B)=r. o

Vi dy : Hay tinh hang va xéc dinh mot co s& cla he vecio sau :
u=(1,-3,0,4);u,=(2,-7,3,5); u3;=(4,5,3,1);u,=(7,-5,6, 10)
trong khong gian R 4,

Xét ma tran A c6 he vecto hang 13 u,, u,, u; v u,. Khi d6 hang ciia
ma trén A 13 hang ctia hé vecto di cho :
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1 -3 0
-7
A= 2 3 5
4 5 3 1
7 -5 6 10

D& tim hang clia ma tran A, thyc hién cdc phép bign déi so cdp ddi
v6i he vectd hang nhu sau ;

— Ldn luot nhan hang 1 v6i -2, —4, -7 18i cong vao hang 2, 3, 4
tacd:

1 -3 0 4

0o -1 3 -3
A~

0 17 3 -15

0 16 6 -18

— LAn luot nhan hang 2 véi 17, 16 réi coOng vao hang 3,4 tac:

1 -3 0 4
0 -l -

A - 3 -3
0 0 54 -66
0 0 54 —66

— Nhan hang 3 v6i —1 r8i cong vao hang 4,tacé:

-3 0
:).:;'3 ; {1 -3 0 4
A~0054_66~0—13—3=B.
- 0 0 54 -66)
0 0 0 O

D& thdy ring, ma tran B c6 dinh thic con c4p 3 (cip cao nhét)
khdc 0, do 46 r(B) = 3. Ta ¢6 r(A) = 1{B) = 3. Vay he vecto {u,, Uy, U3, Uy}
¢6 hang bang 3. -

Ta nhan thdy ring, hé vecto hang ctia ma trdn B nhan dugc tir he
vecto {u,, u,, u;} bing céc phép bign ddi so cép. Do 46 he¢ {u,, uy, us}
6 hang bing 3, va h¢ ndy 1 mot co s& clia he vecto dé cho.
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4.5. HE PHUONG TRINH TUYEN TiNH

4.5.1. Cac khai niém cd ban
1. Hé phuong trinh tuyén tinh tdng quat
Hé m phuong trinh tuyén tinh n 4n x,; e Xy 12 1€ ¢6 dang :
AXy +apX; +o.o+apx, =b,

4 X) +apX, +..+a,x, = b, (4.32)

AnX; + 20X, +.+a X =b_

Hay c6 thé viét gon hon :
1]
Dayx, =b,,i=1,...m
k=1

trong d6 a,, b; 12 c4c phdn tir thude trudng s6 K ; a, goi 1a k¢ s6'clia 4n
Xc:bigoilahé s6'nedo,i=1,..,m;k=1,..,n
H¢ phuong trinh (4.32) goi 1 k¢ phuong trink tuyén tinh 16ng qudt.
Dic biet, néu b, =... = b, =0 thi he (4.32) ¢6 dang :

Yaux, =0,i=1,..m. . (4.33)
k=1

He¢ phuong trinh (4.33) duoc 80i 1a hé phuong trinh tuyén tink
thudn nhdt. '

2. Nghiém cia hé phuong trinh tuyén tinh
M&i nghiém clia he (4.32) 12 mot vecto o = (), ..., &) clia khong

gian vecto K", sao cho khi thay 4n x, bdi thanh phdn oy, k =1, ..., n vio
h¢ (4.32) ta duge m déng thisc.

- — Neéu h¢ (4.32) c6 mot nghiem duy nhdt thi goi 12 h¢ xdc dinh.
~ N€u h¢ (4.32) c6 nhiéu nghi¢m thi goi 1a hé khong xdc dinh.
~ Néu he (4.32) khong c6 nghiem thi goi 12 hé vo nghiém.

Dé thdy ring, vecto 0 = (0, ..., 0) ludn ludn 13 mot nghiém cilia he
thudn nhét (4.33), nghiem nay goi 1a nghiém tam thuong.
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3. C4c hé phuong trinh twong duong
Hai h¢ phuong trinh tuyén tinh :

n
Zaikxk =b,,i=1,..,m
k=1

n
v Yax, =b.j=1..p.
k=1

duge goi 14 neong duong néu mébi nghiém cha he nay 14 nghiém cua he
kia va nguoc lai. Tudc 1a tap cdc nghiém cha hai h¢ d6 trung nhau.

Cdc phép bién ddi iwomg duong - Mot phép bién ddi khong lam thay
d8i tap nghiem ciia c4c hé phuong trinh goi 1a phép biéh doi nrong dvong.

D& dang ching minh duge cdc phép bi¢n ddi sau day ia cdc phép
bién ddi twong duong : :

a) Thay déi thit tu cdc phuong trinh cha hé (4.32).

b) Loai khoi he (4.32) céc phuong trinh c6 hé s6 clia cac 4n va hé s§
tr do déu bang 0. '

¢) Nhan hai v&€ clia mot phuong trinh véi mot s6 k # 0.

d) Cong hai v€ cua mof phuong trinh vao cdc v€ clia mét phwong
trinh khdéc.

4. Dang ma tran, dang vectd cita hé phuong trinh tuyén tinh
Tuong ¢ng véi hé phuong trinh (4.32), ta ¢6 cdc ma tran sau :

4 A o Ay ) &) e B, by
A= Ay Ay e 8y, ;X= ay @y .. 8y,|b;
aml am2 amrl 'aml 'amz arrm bm

Ma tran A goi 12 ma tran clia he (4.32), hang clia ma trdn A goi 1a
hang ctia hé (4.32). Ma tran A nhan duge tr ma tran A biing cdch b
sung thém cot thit n + 1 12 cdc h¢ s6 tr do clia hé phuong trinh (4.32).
Ma tran A goi 1 ma trdn md réng cha h¢ (4.32).

N&u sir dung ky hieu ma tran thi he phuong trinh (4.32) ¢6 thé viet
dudi dang mot phuong trinh ma tran nhu sau :
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A | E _ (4.34)

Hé thic (4.34) goi 12 dang ma trdn chia hé phuong trinh tuyén
tinh (4.32).

Ky hiéu cdc vecto ¢t clia ma trdn md rong A la: Al A2 ., A" B.
Khi 46 m déng thitc cla he (4.32) tuong duong v6i ding thic vecto :
XA + x,A%+ ... +x,A"=B. (4.35)
He thifc (4.35) goi 1 dang vecto ciia he phuong trinh (4.32).
Chit y : Ta nhan thdy ring, cdc phép bién ddi tuong duong tir a) dén
d) & trén thuc chét 12 cdc phép bién ddi so clp tren he vecto hang clia ma
trdn moé rong A.

4.5.2, PBiéu kién cé nghiém cia hé phuong trinh tuyén tinh

Dinh I 4.5 (Dinh 1§ Cronecke - Capelli) : Hé phuong trinh tuyén tinh
(4.32) ¢6 nghiém khi va chi khi hang clia ma tran A bang hang clia ma
trén md rong A.

Ciui‘ng'mfnh :

Diéu kién cdn : Gia st he (4.32) ¢6é nghiém o = (a,, e @), Khi d6
theo dang vecto (4.35) clahétacéd:

B=o,Al + A% + ... + o A"
Vay ta ¢6 : B € HA', A%, .., A". Do d6, hang cha he vects
{A!, A2 . A" B} bing hang ciia he {A', A% ..., A"}, hay r(A) =r(A).
Didu kién di - Gia st (A) = r(A).
Khid6tacéd:
dimf/’(‘{Al,Az JA™, Bl = r(A) =1r(A) = dnm/((A AZ, . A"
Titd6 suy ra: ‘
YA AL . A" B} = Z({A', A% .., A")).
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Tacé B e #({A'. A% .., A™}). Theo Meénh dé 3.3 s t6n tai cdc s6
AMeK,i=1,..,nsaocho:
B =) 1Ak
k=1

Vecto o = (A}, Ay, ..., A,) 12 mOt nghiém clia he (4.32). Pinh 1y dugc
ching minh.

4.5.3. Cau tric tap nghiém cta hé phudng trinh tuyén tinh
1. Hé phuong trinh tuyén tinh thuz‘in nhat
Pinh 1y 4.6 : Gia sir h¢ phuong trinh tuyén tinh thudn nhat :
Dax, =0,i=1,...m (4.36)
k=1
¢6 hang béng k. Khi d6 tap N céc nghiém cua he (4.36) 12 mot khong
gian con n ~ k chiéu chia khong gian vecto K", Tgp N, dugc goi 12 khong
gian nghiém cuia he thudn nhat (4.36).
_ Chitng minh : Ky hiéu hé vecto hang cha ma tran A 1a {v,, v,, ..., v, }.
Khidétacé:
dim#{v,, vp, ..., v, }) =hang clia {v), v,, ..., v} =1(A) =k.
Dé don gian, gid sk K= R.
Theo (4.36) thi vecto o = (A, A,, .., A,) 12 nghiém clia he khi va chi
khi cdc h¢ thirc sau duge thda min @ '

(v,.a) = Zn:aik}.k =0,i=1,2,.,m.
k=1

Vay trong khong gian Euclid R" vecto o truc giao véi hé vecta
(Vi Vo ooy v )

Theo tinh chét 5 cha khong gian vecto Euclid (xem muc 3.6.1) thi
vecto a tryc giao véi khong gian con % ({v,, v,, ..., v }). Do d6 tap N,
cdc nghiém cua h¢ (4.36) tring v6i khong gian con b truc giao cua
khong gian con k chiéu # ({v,, v,, ..., v,,}). Theo Ménh dé 3.12, N, 12
mot khong gian con (n ~ k) chiéu.l
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H¢ nghiém co bdn : Méi co s& {u,, u,, ..., u, } cia khong gian con
nghiem N, goi 12 mot Aé nghiém co bdn cia hé phuong trinh tuyén tinh
thudn nhat (4.36). Khi d6, mébi nghiém o = (a4, dy, ..., &) cha he¢ déu cé
th€ biéu dién tuyén tinh duy nhat quan h¢ nghiém co ban : :

o =auy + e+ AU

2. Hé phuong trinh tuyén tinh téng quat

Xét hé phuong trinh tuyén tinh :

>ayx, =bii=1,..,m. 4.37)
k=1

Tuong tng véi h¢ phuong trinh tyén tinh téng quét (4.37) tacé he
phuong trinh tuy€n tinh thuin nhat : '

Zn:aikxk =0;i=1,...m. (4.38)
k=

Hé thudn nhat (4.38) goi 1a hé thudn nhdt lién két v6i he (4.37).

Pinh 1y 4.7 : Gia sit N, 14 khong gian con nghiém cta h¢ thuin nhat
lien két (4.38), va o = (¢}, a3,.., @;) 12 mot nghiém nao d6 cla h¢
(4.37). Khi d6 tap N cédc nghiém cha hé (4.37) c6 dang :

N=o’+N,={a=a’+B:p e N} (4.39)

Chitng minh Theo (4.35) he phuong trinh (4.37) va h¢ thuin nhat
lién két c6 thé viet duéi dang vecto

n
> x A" =B _ (a)
k=1
va
ZxkAk_ =0. (b)
k=l : : '

Gia st oo = o° + B, trong d6 B = (B, ..., B,,) € N,. Tacé
o= (0, .., ) = () + By, oy +B,)-

Trong hé thifc (a) thay x, bdi oy tacé :
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Vay o = o® + B 1a mot nghiém cha he phuo‘ng trinh (4.37). Ta ¢6
a’+ N, N,

Nguoc lai, gid str o = (. ..., o.n) eN.Ditf=a-a’ Tacs:
B=®By B =(ay~ af, .., a, —a®).
Trong hé thitc (b), thay x, bi B, tacé : |

i n
ZBk = Z(ak - ak) A=Y, A" - D arAk
k=] k=1 k=]

=B-B=86.

Vay vecto B 1a mot nghiém ciia hé thudn nhat lién két 4. 38) Ta c6
a=a"+Bea’+N,.Dod6:Nca® + N,.

Vay N = a® + N, Pinh 1y duge chimg minh.l

4.5.4. Phuong phép gial hé phuong trinh tuyén tinh
1. Quy tic Cramer ‘

H¢ Cramer : Mot h¢ phuong trinh tuyén tinh ¢6 s6 phuong trinh bang
s6 dn va ma tran A cla he c6 dinh thic [Al = 0 goi [a hé Cramer.

Dinh 1y 4.8 : Hé Cramer
& X, +apX, +..+apx, =b

&y X, +a,yX, +..+a 'x =b
21 22 2 2n*n 2 (4-40)

anX, +a,%; +..+a,Xx,=b,
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12 mot hé xdc dinh. Nghiém duy nhat ctia heé dugce tinh bdi cong thite :

Aj .
xj=—)&-..1=1. vy | (4.41)
trong dé A = |Al va
J
ay b, 4y,
ay .. by ooay :
Aj = : (4.42)
a111 bn dnn

Cong thitc (4.41) goi la céng thirc Cramer.

Chit y : Dinh thic A 1a dinh thic ciia ma tran nhén duge tir ma tran
A ctia h¢ (4.40) bang cdch thay cot thit j (h¢ s6 cla dn x;) boi cdc phan tir
b,, ... b, (c4c hé s6 tr do).

Chitng minh : Theo (4.42), néu khai trién dinh thic A; theo cot
thirjtacd:

A=Y b A (a)
k=1
trong d6 Ay; 1a phdn bl dai s6 cia phén tir ay lrorig dinh thic Al
'Viét lai he (4.40) du6i dang ma tron :

X ' b,
X, b,

Al (=] (b)
xn bI'I

Vi dinh thic IA! = 0, nén cé ma tran nghich dao _A_'. Nhén bén trai

hai v& cla ding thirc (b) véi ma tran A™', theo cong thic (4.30) va he
thic (a) tacod :

X . b,
X, b

2 ATt 2
X, b,
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Xy (An Ay, Anl_ b,
X2 | [l) A Ap Aga || b2
: A :
“ an Aln AZn b Ann bn
( n
ZbkAkl
k=1
X
n
Xy _[ 1 ] ZbkAkZ
- E k=l
X, )
ZbkAkn
k=1
A
=] A (©)
X, A, |
VA
Tu déing thitc ma tran (c) ta cé :
Aj .
X; ZK ;J_= I,...n

Cong thire Cramer dugc chl’mg minh.

Theo Mé¢nh d&€ 4.2, vi dinh thic IAl # 0 nén hé vecto cot
{A', A%, ., A"} ciamatran A 1A mot co s& clia khong gian K°. Bdi vay,
mdi vecto B = (b}, b,, ..., b,) € K" chi c6 mot biéu dién duy nhat qua co
sa {A' A%, ., A", Vay hé¢ Cramer (4.40) cé duy nhét nghiém cho bai

cong thire (4.41). 1

Dinh 1y sau day doi v6i hé phuong trinh tuy&n tinh thudn nhat c6
mot vai trd quan trong trong dp dung.
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Pinh 1y 4.9 : H¢ n phuong trinh tuyén tinh thuin nh4t n 4n s6
> ayx, =0;i=l...,n (4.43)
k=1

chi cé nghi¢m tam thudng 6 = (0, 0, ..., 0) khi va chi khi dinh thic
Al =0, '

Chitng minh :
Diéu kién cdn : Néu hé thudn nhat (4.43) chi c6é nghiém tdm thuong

= (0, 0, ..., 0) thi hé vecto cOt clia ma tran A doc lap tuyé€n tinh. Theo
Ménh dé 4. 2 tacd IAl=0.

Diéu kién dii : N€u ma tran A clia hé¢ thudn nhét (4.43) c6 dinh thic
|A} = O, khi d6 hé phuong trinh (4.43) 1a m6t hé Cramer, do dé hé chi cé
nghiém duy nhat, d6 1a nghiém tdm thudng 6 = (0 ., 0).H

Vi du : Gidi hé phuong trinh :
X +X,+ x3=1
2%, + X, + 2%, =1
X; + Xy +3x, =2
Ta nhan thdy rang, he dang xét ¢6 s6 phuong trinh cha hé bing s6 4n
va bang 3. Dinh thttc clia ma tran cha hé 1a :
1 1 1 1 1 1
A=12- 1 2(=(2 1 2 =2‘1 11=—2¢0.
1 1 3.0 0 2 1

Vay h¢ phuong trinh dd cho 1a mét hé Cramer. Theo cong thitc
(441)tachd:

I 1 1
11
A, (21 3
X, =—= = ——
A -2 2
I 1
2 1
A 12 3
x2=——-—2—-: :l,
A -2
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2 1 1
A, (11 2
x,‘=—= = —
A -2 2

Hé phuong trinh €6 moét nghiém duy nhat 1a :

o= [—l llJ
2 2

2. Phuong phap Gauss

P61 véi cdc he phuong trinh tuyén tinh ¢6 nhiéu phuong trinh, nhiéu
in ta thudng diing phuong phip Gauss d€ giai. D6 1a phuong phédp khir
dén cdc 4n. '

Cho hé phuong trinh :

apX, +a;x, +..+aXx,=b

a3X; +axpX, +..+a,x, =b,

n

(H))

A Xy +ApXy + o Fag, X, =b,

—Buéce 1 :

a) Gid sira,, # 0 (nfu a,, = O thi thay déi thif tr cdc phwong trinh),
chia hai v€ clia phuong trinh | cho a, .

b) Nhian hai v& cua phuong trinh méi nhin duoc 14n luot véi

| —dy|, —83), ..., =8y, 61 cOng vdo hai v& tuong img clia cdc phuong trinh

2,3,..,m.

Sau budc 1, duge hé (H,) twong duong véi he (H,) :

X, ta';%x, +..+a’ x, =b

a'yp X, +..t+a'y, x, =b
n - (H,)

1 ! — 1
a' )X, ’+... +c1pnxn-bp

He¢ (H,) ¢6 s6 phuong trinh 1a p, vi c¢6 thé ¢6 mot vai phuong trinh
gitng nhau, hodc ¢6 phuong trinh ¢6 tdt cd cdc hé s6 déu bing 0 duoc
loai ra khoi hé, nénp<m.
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—Budc 2 : Trong he (H,), git nguyén phuong trinh 1 va tiép tuc bign
ddi nhu buée 1 d6i véi P — 1 phuong trinh con lai, v.v... (Chd y: Néu
trong he¢ (Hy) ¢6 a'y, = ... = @y = 0 (hé s6 clia 4n x,) thi ta d6i ché
X, cho dn x; ¢6 he s6 a'y; = 0). |

Cudi cing ta dugc mot hé r phuong trinh cé dang bic thang tuong
duong véi he (H,) sau : :

fxil +aty X, 4+ a’ X +..+al, X =b"
{ Xip ¥t 2"y X + .k a”y, X, =b", . (H)
Xi +.ota”, X = t;:'r )
trong dd x; , ..., x; 12 mot hodn vi ndo dé cha cée 4n X5 v X

Cdc trudng hop sau c6 thé xayra:

~Truong hop | : Ny trong qud trinh gip phuong trinh vo nghiém
dang Ox, + Ox, + ... + 0x, = b, b # 0, thi bién ddj dimg lai va két luan he
da cho vo nghiém.

~Trucng hop 2 : Néu r = n, khi d6 phuong trinh cudi ciing ciia hé
(H,) cé dang : '

X, =b'

He (H,) 12 mot he Cramer, do dé h¢ da cho (H,) c6 duy nhat
nghiém. C6 thé tim nghi¢m d6 bing céch gidi timg phuong trinh cia he
(H,) tir dudi 1en, va thay the dan gid tri cha céc 4n tim duge & phuong
trinh duéi vao cdc phuong trinh trén.

—Truong hop 3 - Néur < n thi h¢ phuong trinh di cho vo s6 nghiém.
Dé giai he (H,) ta ¢6 thé xem cic 4n Xi .10~ X2 cdc tham s& (14y gid
tri tty §) va chuyén cdc s6 hang chira cdc 4n dé sang v€ phai ; réi diing
phuong phap & trutmg hop 2 dé giai déi véi cdc 4n Xiys oo X

3. Viduap durig '

Trong thuc hanh, dé bin déi he phuong trinh (H,) vé heé bac thang
(H,), thay cho viéc bién d8i cic phuong trinh ta bién d6i cac hang va ddj
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S

ché cdc coOt cha ma tran md rong cia he (H,) vé ma trin md rong cua

hé (

H,)):
& A3 e
ay; dp
a'rnl amZ b

- Cdcevidu :
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1) Giai hé phuong trinh :

1
0

3, + Xy + X3 =1

X, + 3%, + X3 =3

X, + X, +3x;, =9

a

[

]2 e

Ma tran mé& rong cla h¢ phuong trinh (a) 1a :

Sau budc 1 tacod:

Sau budc 2 tacod .

3
A=l
1
'
¢ L
3
o 32
3
o 2
3
p L
3
0 1
0 0

1

3
1

W00 Wit Wi—

PR b= =

11
113
319

o .
L"lc\ W | 08 W] e

L

W=

—_—

a1t P
coaty, .oaly, b

. " . " n
TS L

"

1 .. a", |b"

m L

(a)
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Sau budc 3 ta cé :

1!
3 33
0 1 %I
0" 0O 11-6-

5

x,+—x2+—x1~%
1
3 X, +—x, =1 (M
2 4 3
16
BT

Tacdr=n =3, he phuong trinh (a) 6 duy nhat nghiém (trudmg hop 2).
- Ta giai hé bac thang (b) nhu sau ;

Tir phuong trinh thif 3, ta ¢6 : X, = {?; thay gid trj ctia x; vao phuong

trinh 2 ta tinh duge : x, = 3 ; thay cde gid tri ca x,, X3 vao phuong

. . 4
trith ltacé: x; = ——,

5

He phuong trinh d3 cho cé nghi¢m o = [ -

TAFN

116
575
2) Hay tim m¢t hé nghiém co bin ciia h¢ phuong trinh tuyén tinh
thuan nhat : '

2x) + TX,y + 3%, + X, =0
X; + 3%, +5%, -2x, =0 ]
Xp+ 5%, ~ 9%, +8x, =0 A(C)_
35X, + 18x, + 4x, +5x, =0
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Ma tran md rong ca hé phuong trinh (¢) 1a :

2 7 3 10
1 3 5 =20
1 5 -9 8o
5 18 4 5|0

A=

D& tinh toan don gian, ta déi chd hang 1 va hang 2 cla ma trdn A
(twong duong v6i viec thay déi thit ur cic phuong trinh clia he (¢)) :

1 3 5 2|0
— 7 3
o 2 | 110
1 5 -9 80
5 18 4 50
Sau budc 1 tacod:
1 3 5 =210
01 -7 5 0.
0 2 -14 10|10
0 3 -21 15|10
Sau budc 2tacod:
1 3 5 =2|0
01 -7 5|0

Hé phuong trinh (c) twong duong v6i h¢ bac thang
X, +2X, + 5%, - 2%, =0
{ ! 2 3 4 )
Xy~ TX45 + 5%, =0
H¢ bac thang (d) c6 r = 2 < n = 4 (trudng hop 3). Giai he (d) dadi voi
cdc &n X, X, VA Xem X3, X, 1a cac tham s&. Tirhe (d) tac6
X, +2x, = =53 + 2%,
Xy = TX5 — 3X4
{x, = -26x, + 17x,

X, = TX4 — 53X,
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Vay nghiém cha he phuong trinh da cho (¢) 12 nhiing vecto c¢6 dang :
B = (-26%; + 17%,, 7%, ~ 5x4 X3, %), )
trong d6 x;, x, 14y tir gi4 tri ty .
Hg da cho c6 hang bing 2. Vay s6 chiéu cia khong gian nghiem ciia
helak=4-2=2.
= Vdix; =1, x, =0 theo (e) ¢6 nghiém :
B =(-26,7,1,0.
— VGi X3 =0, x,= 1 theo (e) ta ¢é nghiém :
B,=(17,-5,0, 1).

De thdy rang, he vecto {B,, B,} doc lap tuyén tinh. DS 12 mot he
nghiém co ban clia hé phuong trinh (c).

4. Phuong phap chuﬁg gidi h¢ phuong trinh tuyén tinh

Pé gidi phuong trinh tuyén tinh 8ng quat

n
Zaikxk =b;;i=1,2,..,m
k=1

ta ¢6 thé tién hanh nhu sau :

Xic dinh hang cfia ma tran A va hang clia ma tr4n mé& rong A . Céc
truong hgp sau day cé thé xéy ra ;

~ Néu r(A) >1(A), he da cho v6 nghiem.
~ Néu r(A) = r(A) =, he da cho c6 nghiem.

a) Néu r = n, he da cho 1a mot h¢ xdc dinh, né twong duong vé6i
mot h¢ Cramer. Ta c6 thé gidi hé d6 theo quy tdc Cramer hoac phuong
phép khic.

b) Né&u r < n, he dd cho 12 mot heé cé vo s§ nghi¢m. D& tim nghiem
trong hé di cho, ta chon ra r phuong trinh, r 4n s6 sao cho trong r
phuong trinh da chon hé s6 ciia r 4n nay 1ap thanh dinh thitc con cdp r
khdc 0. Cic phuong trinh dugc chon 801 12 hé cdc plucong trink doc lap,
r &n dugc chon goi 14 cde dn chink,

- Hé r phuong trinh déc 1ap twong duong v6i he da cho. Ta gii he nay
d6i v6i cdc fin chinh, va xem n ~ r &n con lai 12 tham s6, goi 1a n - r dn i do.
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Vi du : Giai va bién luan theo tham s6 A hé phuong trinh sau day :
AX + Xo + X3=1
X, + A%, + X5 =1 (H
X, + Xy +Axy3 =1 |
Dinh thitc clta ma tran ciia h¢ phuong trinh (f) 1a
P | A+2 A+2 A2
A=|1 A 1 A 1
11 1 Y

1]
1
A
1 11 1 1 1

A=+l A 1|=(+2DI0 A-1 0
1 1 A 0 0 Xx-1

A= +2)00 - 1A
Tanhan thdy ring : A= OKkhivichikhi A #-2va A= 1.
a) Néu A # -2 va A # 1 hé phuong trinh d& cho 12 mot he Cramer. Ta
c6 thé gii theo quy téc Cramer.
1 1 1
1 A1
1A -t
A+ =1  (+2D(-12 A+2

Ta nhan thdy rang, vai trd céc 4n Xy, X VA x'3 trong he (f) 1a d6i

Al
xlz—ng—:

xing, do dé ta cé :
1
A+2

x2=x3=

Hedﬁchocénghiema=[ L . L , ! )
A+2 A+2 A+2

b) Né&u % = 1, he phuong trinh d3 cho twong duong v6i he phuong

trinh :
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Heé c6 nghiém o = (1 - Xy —
ty y.
¢) Néu A = ~2, he phuong trinh di cho ¢6 dang :

X3» X2, X3), trong d6 x,, x, 14y gid tri

=2X, + X+ Xy =1
X; — 2%, + x;=1 (h)
X+ Xy = 2%, =1
Xét ma trdn mé rong cia hé (h) :
| -2 1 1)
A=|1 -2 1)1
1 1 =2

D¢ tim hang ctia ma tran, ta thuc hi¢n cdc phép bign dbi so cap
nhur sau :

1 =2 11 1 =2 11}
A~l=2 1 11|~lo 3 33
t1 =21 lo 3—30J
1 =211
A~l0 -3 33
0 0 03]

Tir ma trn cu6i cing, suy rar(A) =2, r(A) = 3, he da cho v6 nghiém.

BAI TAP
Pé bal - '
4.1. .l) Gié sir A 12 ma tran ¢& m x p. Hay xdc dinh c& ciia cdc ma trin
B. C sao cho cdc biéu thitc sau c6 nghia ;
(A +B)C: C(A + B); (A.B)C.
2) Chimg minh cdc he thac: |
a)(A+B)C=AC+BC;
b)C(A+B)=C.A +CB;
¢) (A.B)C = A(B.O).
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4.2,

4.3,

4.4.

162

3) Ching td tap M, [K] cdc ma trn cfp n véi cdc phén tlr thudc
trudmg K 14 mot vanh c6 don vi d6i v6i phép cOng ma tran va phép
nhan ma tran.

4) Lién hop cla ma tran phic A = (au)mxn 12 ma trin A= (@i )k -
Ching minh ring :

a) A+B= A+B :

b) 0A = QA ;

c) AB=A.B.
Gid st A € M, [K]. V&t clla ma tran A k¥ hiéu 1a Tr(A), 1 tdng cla
céc phén tlr trén dudng chéo chinh. Ching minh rang : '

) Tr(A + B) = Tr(A) + Tr(B) ;

2) Tr(A.B) =Tr(B.A) ;

3) Khong t6n tai cdc ma tran vudng A, Bsaocho: AB-B.A=E.
Gia sir A, B € M, [K] giao hoan duge (A.B = B.A).

Chitng minh ring :

m+Bf=icmﬁw.

i={}

Tinh :
3 5
| -2 4 -1y
1 2
1 T
3) 2 -1\ 2 Cf)SO:_ -sina. )"
3 -2 sino cos ot
A 1Y "
5 6
o ) o )
| ﬂ 100 .. 0 0N\
A 0 0110 .. 00
7) (0 011 00
0 . O
0 000 01,
(ma tran 43 cho clp n).



4.5.

4.6.

4.7.

4.8.

Tinh M". n >0, v&i :

1 4 2 1 1 1
HM={0 =3 =2 23M=|1 1 1
Lo 4 3. 1 1 1
1 1 0 -1 a aY
HIM=[0 1 1 HM=| 1 -1 0
o 0 1 -1 0 -1

Cho ma tran c4p 2 trén trudng s¢ phic C :
_ b .
A=[a ],uongaéb;eo.
c d

1) Chitng minh ring ma tran B € M,[C1:

giao hodn dugc véi A (titc 12 A.B = B.A) khi va chi khi t6n tai mot
s0 phitc k sao cho : - '

* y=kb,z=ke, x ~t=k(a-d).
2) Chitng minh ring, tap t4t ¢ cdc ma tran phdc giao hodn dugc
v6i ma.tran A 1a moét khong gian con 2 chidu cia C — khong gian

.VeC[U Mz[ C ].

Chimg t6 ring, mdéi ma tran trén trudng K :
. b
S
c d
1a nghiém clia phuong trinh ma trin cip 2 :
X? - (a+ d)X + (ad - bc)E = 0.

Mot ma trin vuong A goi 12 ma tran 1y ddng néu A% = A.
1) Chimg 6 ring : .

I o 1
2 2
A=|{0 0 0
1 4 1
2 2

12 ma tran 1y déng.
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4.9.

4.10.

4.11.

154

2) Ching minh : N&u ma tran A liiy dang thi ma tran B = 2A - E
¢6 binh phuong bing ma tran don vi E. Do dé B kha nghich va
I _ .

Ma tran A e M, [K] goi 1a Ifiy linh béc p né€u p 1a mot s6 nguyén
duong sao cho AP 2 0 va AP = 0.

1) Chimg minh rang : Néu A 13 ma tran ldy linh bac pthi E - A Ia
ma trn khd nghich vVA(E-~AY '=E+ A+ ..+ AP "

2) Ap dyng cau 1), tim ma tran nghich déo ciia ma tran

1 0 0
B=|a 1 .0
c b i

Tich A.B clia cdc ma tran A va B s& thay d6i nhu the ndo néu :
1) BGi ché hang i va hang j clia ma tran A ;

2) Nhan hang j clia ma tran A véi s6 k réi cong vao hang i clla ma
trdn A ;

3) D6i chd cot i va cot jchamatran B ;

4) Nhan cot j clha ma tran B v6i s6 k, réi cong vao cOt i clia B.
Chiig minh ring :

sina cosa cos(a+d)

1) [sinb  cosb  cos(b+d)[=0

sinc Ccosc cos(c+d)
(@, +b)>  al+b]  ab,
2) [(ay+by)*  ai+bl  a,b,l=0

(a;+ b, )2 a% + b% a;b,

X x'  ax+bx’
3)ly ¥y ay+by'|=0

z Z az+bz'



a+b C 1
4 lb+ec a 11=0

c+a.

a, +bx a,Xx+b,
5) la; +byx

a;+bsx

a,x +b,

a;x+b,

4.12. Giai cdc phuong trinh sau :

1 x x2 ..ox"
2 n-{
| a a a
1) | 1 |
2 n-1
I an—l an—I - 8,

trong d6 a,, ...,

ol a b, <

o, =0-xHla, b, ¢

Cq ' 4y b, Csq

a,— 14 cdc s6 khac nhau.

11 Lo 1
1 1- 1.1

2) X =0
11 ] n-1-x

4.13. Tinh cac dinh thic sau day

| 2 3
1 x+1 3
D 2 Xx+1
i 2 3
3 2 2
3 2 . 2
2|2 2 3 .. 2
2 2 2 3

X+1
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4)

5)

3)

6}

8)

7)

X, a, a,
X X 42n
X, Xy X,
a 0 0 b
0 a b 0
cip 2n
0 b .. a o ©&2
b 0 0 a
1 0 ... 0 a
2 . a 0
0 a 2n-1 0
0 2n
a+b ab 0 w. 0
1 a+b ab .. 0
0 1 a+b .. 0
0 0 0 . a+b
ay X X
X a, X
X X a,
au al aZ an
-y X 0 0
0 -y, x 0
0 0 0 X,




a X a
9) l 2 n
a, 4y Xn
0 1 1 1

10y |1 x 0 ... X

1 1 1 |

a;, a, a3 3y
1)faf a3 a3 &

aj a% ag a;

af a3 a‘; aj

a b ¢ df

-b a d -
12)

-¢c -d a

-d c -b

i 1 i 1

1 C G C
3 & G g,

I O N o

cos"™ o, COS @, 1
14) cos" o, cosgp, |1

cos" ' @, cosep, |
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4.14.

4.15.

4.16.

4.17.

158

Giai cdc phuong trinh ma tran sau day :

ol ()

2 X(B, -2 :(-1 2}
5 —4 -5 6

I | 5 6 1 1
3 x (14 16
5 =2 7 8 9 10
3 -1 2 3 9 7
4)14 -3 3 X =1 11 7
1 30 7 5 7
| 2 n
1 | I ... 1
0 1 . n-—1
0 1 1 ... 1
5) X=l0 0 1 ... n-=-2

A0 0 0 .. 1

Ma tran nghjch dao A™ thay déi nhu thé nio néu trong ma tran A
ta thire hien cdc phép bien déi sau day :

1) D6t chd hang i véi hang j ;

2) Nhan céc phdn tir hang i véi s6 k khéc khOng ;

3) Cong vao hang i cac phan tir hang j nhan véi s6 k ;

4) Cic phép bién déi tuong tu d6i véi cot.

Gid sir A, B 1a ¢dc ma tran kha nghich. Hay chiing minh rang :

1IAB =g LA™

2) A'kha nghich va (AY' = (A7)

3)NéuAB=BAth A" B=BA " vaB ' A=AB":

4) Néu A.X = 0 hoic X.A =0 thi X =0,

Tim chi€u vi mét co & ciia khong gian con sinh boi hé vecto :

l) UI:(IQO’Os_]); u2:(2919 190);



uy=(1, 1,1, 1); u,=(1,2,3,4);

us = (0, 1, 2, 3).
2) vi=(1. 1, 1.1,0); vy =(1.1, -1, =1~ -1);
v,=(2,2,0,0,-1); v,=(1.1,5,5.2);

vs=(1,-1,-1,0,0).

4.18. Hay xdc dinh hang cla cdc ma tran sau-day doi voi cac gia tri A

khic nhau :
3 | 1 4
1 s -1 2
4 10 1
1) A=  2YB=\2 -1 A 5
7 17 3
I 10 -6 1
2 2- 4 3

4.19. Gidi cdc hé phuong trinh :

X — Xa+ X, =-3
1 2 3 4
~TXy + 3%3+ X, =3
(3x, + X, = 2%+ X, — X5 =1
2 2x, — Xy +7xy —3x, +5x4 =2
<
(3% —2x; + TXy = 53X, + 8%5 =3

4.20. Giai va bién luan cic hé phuong trinh.

AX+y+z+t=1
X+Ay+z+t=~4

1)
X+y+Aaz+t=al
x+y+z+7&.l=7&"
X+y+z=1

2) ax + by +cz=d

a’x + b’y + Pz = d?
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X+y+(@a+z=2a%+3a
3) x+@+Dy+z=a"+3a?

(@+Dx+y+z=a*+3a"

4.21. 1) Tim tam thitc bac hai f(x) biét - _
f(H=-1; f-1)=9; f2)=-3
2) Tim da thiéc bac ba g(x) biét :
g-1)=0; gh=4; g2)=3; g(3)=16.
3.22. Tim nghiém tdng quat va mot he nghiém co ban clia cdc hé phuong
trinh tuyén tinh thuiin nhat sau :
6X) — 2%, + 2X; + 5%, + X = 0
B J9xl = 3%, +4x; +8x, +9x, =0
6X; = 2X; +6X; + Tx, + x5 =0
3% — X, +4%; +4x, - X, =0

.

X2 - X4 = O
2) \ )

X4 +X, =0

4.23. Tim gi& tri ctia A d€ vecto u bidu dién tuyén tinh duoc qua céc

vecta Uy, ooey Upy
v, =(2,3,5) Ju, =(4,4,3)
b J1u =378 2 u, =(7,2,1)
u; = (1, -6, 1) uy =(4,1,6)
u =(7,-2, %) lu =(5,9,2)
) =(3,2,5
u, =(1, 2, 3) o, = )
u2 = (25 4‘ 7)
3) Juy = (-1, 3, 1) 4)
' u; =(5,6,4)
u =(2,3, 1
~ u =(,3,5)
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4.24. Xét mit phang toa do Oxy.
1) Tim di€u kién cdn va di d€ 3 diém M(x;, ¥,). My(X,, Y.
M;(X3, y3) cling ndm trén dudmng thing.

2) Tim diéu kién cén va ¢ dé ba dudng thing :
ax+by+c =0 |
X +by+c,=0
aX +byy+c¢c, =0

cit nhau tai mot diém.

3) Vi€t phuong trinh dudng trdn di qua ba diém (1, 2), (1, =2),
(0, —1). Tim tAm va ban kinh ca nd.

4) Chimg minh réng, dudng trdn di qua ba diém véi toa d6 hitu ty
thi tam clia n6 ciing c6 toa 4o hitu ty.

Pap s6 va Huéng din

4.3. Huong ddn : Quy nap theo n.

(13 -14 (304 -61
44. 1) 2)
21 22 (305 —62
1 0 (2 -]
3) véin chin ; lvéinlé,
0 1 3 =2
4 ’closna —sinna] 5 (20 n?&“"]
sinne.  cosna L0 A"
(2 0
6) 1 n 7 k;
0 1 .
\ 0 Ay

8) Hitong ddn : Biéu dién ma tran d cho dudi dang E + A, 18i 4p
dung bai 4.3. '

11-DSTT&HH GIAI TICH-A , 461



4.5.

4.6.

I S
0 1 Cri C
0 0 0 1
NDM?=E,dodé:
M = E néu n chan
M néun lé
DIM"=3"IM ;
3Dt M=E+A, tacé A’=0;
Ap dung bai 4.3.
1 nin-1)
o —1) 2
M"=(E+A)=E+nA + 2 AZ=]0 1 n
0 0 n

4YM=M+E~E, tac6é (M +E)’ =0 : dp dung bai 4.3. Tacé :

2
M" =(M +E)-E)" =Y Ct(M+E)(-1)"* =
k=0

| 0 0 0 a a | O 0 0
—¢D"||o 1 o|-n] 1 0 O +“(“2‘ Yo a 0
0 0 1 -1 0 0 0 -a -a

2) Theo cau 1) thi A.B = B.A khi va chi khi y = kb, z = ke,
x —t=k(a — d). Do dé ma tran B ¢6 biéu dién duy nhdt :

1 0 a-d b
B=t +k

Vi b # 0 nén tap cdc ma tran B giao hodn dugc v6i A 1a mot khong
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gian con 2 chiéu cua khong gian M,[C].
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0 0 0
49. 2)PatB=E ~ A,trongd6 A=|-a 0 0|12 ma tran liy linh
- ~b 0

bac 3. Ap dung 1)tacd:

1 00
B'=| -a 1 0
ab-c -b 1

4.10. 1) Hang i va hang j ctia tich déi ché.
2) Coéng vao hang i cta tich hang j nhan véi k.
3) Cot i va ¢ot j chia tich déi cha.
4) Cong vao cOt 1 coa tich ¢t j nhan vdi k.
4.12.1)x;=a,i=1,..,n~1;
2)x;=i-1,i=1,.,n-1.
413. DY x-D(x-2) ... (x_ -(n-1));
2Y2n+1; '

3) Xy(Xy = 819)(X3 ~ 833) .. (X — Ap-yy)
4) (@* - oY)
$) [1(i@n+1-i)-a%);
i=l
an+1 _ bn+]
a-b _
7) Hiténg dan : Phan tich hing cu6i cing thanh téng :

6)

(X, % ) = (X, X, .., X3+ (0,0, ..., a, — X)

tas€ c6: D =x(a; —x}...(a_; — x) + (a, — x)D,_,.

Dépsfi:anx(a,—x)...(an—x)[i+ l + ot l J

X a,—-Xx a,—x
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8) Khai trién theo cot cu6i ciing ta ¢6 :
D, = XDy + 277 ¥2 e Yoo

Daps6: Dy =a,y; . Yo+ 8—1¥| o Yoo Ky + oor + 8Ky e X0
9) Ir-l[(xi - ai)+iajl—l(xi -a;).

sl =l i
10) Nhan hang diu véi ~x, réi lAn lugt éo'ng vao cac hang khic,
sau d6 khai trién theo c6t cu6i ta duge cong thirc truy héi.
bépsd: D, = ~D"'m-Dx"2
11) Xeét di_rih thic Vandermonde cidp 5:
1 1 1 1 1

Néu khai trién dinh thitc nay theo cot cudi cliing thi hé s6 cla x3
1a —=D, D 12 dinh thic cdn tinh. Mat khéc tinh dinh thic trén theo
cong thitc cia dinh thitc Vandermonde ; so sdnh hé s& cla x> tacd:

_ i>k

12) Huéng ddn : Ap dung cong thic (detA)? = detA®.

Péapsd: (a2 + b2+ c?+dd),
13) Huéng ddn : Sit dung cong thite C* = C*) + C | bign déi céc
phin tr clia ma trén. Ta c6 :

D,=D,_ =..=D,=1.

14) Hudmg ddn : D6ichd cotk véicotn—k + 1,k = 1; 2, ... dua
dinh thic vé dang Vandermonde.
Dapsa: [(cose, - cos,).

i<k



4.14.

4.15.

4.17.

Huong ddn :

a) Néu cdc ma tran A, C khd nghich ta c6 :

— Nghiém ciia phong trinh AX =B1a X = A™'B.
— Nghiém cla phuong trinh XA =B1a X =BA"..

~ Nghiém cta phuong trinh AXC=B1aX = A™'BC!.

b) Téng quét : D€ 1im nghiem ciia phuong trinh ma tran

(35j)mxp (ij)pxn = (bij)mxn

ta giai n he phuong trinh tuyén tinh :

P
Zaikxkj =b;,i=1,..,m;j=1,..n
ket

Pap s6
b (-1 —1] 2 (3 —2J

- (7-3¢, 5-3c,
3)- ) _ 41 c,
\5¢,-9  5c¢,-3

(€|, ;. €3 12 cdc tham s0)

1 | B |
0 1 .1
5)
0 0 ... 1
1) B6i ché cot i va cot j.

2) Nhan cot i v&i k™.
3) Trir cOt i cho cot j nhan véi k.

7-3c,
Cy

4) Phép bien dbi cic cot c6 két qua tuong tu (thay tir cot bdi tir

hang).

1} 56 chiéu bing 3, mot co s& chéng han {u,, u,, u,}.

2) 86 chi€u bang 3, mot co s& chang han {v,, v,, vs).
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4.18.

4.19.

4.20.

166

Dr(A)=2n€uA=0;r(A)=3v4i A=0.
2)r(B)=2néu A =3 ; r(B) = 3 néu A # 3.
1) o= (=8, 3 + X4, 6 + 2%, X,).
2) Vo nghiém,
1) Chéing han diing phwong phép tinh dinh thitc :
D =detA=(@-1)’ (A +3).
—Néu A =1vah#3 he c6 duy nhét nghiém o = (o[, O, O3, Gy),
trong dé :

A2+ 20 +2 y Ky
OL]=—; (],2:_...._-..-——;
A+3 A+ 3
25+ 1 A+ 20 +1
(13: M C(4= .
A+3 A+3

—Néui=1tacod: r(A) =r(A) = 1, he c6 nghiém :
oa=(1-y-z-t,¥y,12),véiy,t zbitky. :

—-Néui=1tacd:r(A)y=3, r(K) =4, hé vo6 nghiém.

2) Néu a, b, ¢ timg d6i mot khéc nhau, hé ¢é duy nhét nghiém :

a=[(b—d)(c—-d) (a-d)(c~d) (a-—d)(b—d)]
(b-a)c-a) " (a-b)c—b) (a—c)(b-c)

—Ne'ua=b=c=d,h¢‘cénghiema=(1-y—z,y,z)vdiy,z
bat ky.

—Néuva=b=c:
+ Né&u d # a va d = c thi h¢ v nghiém ;

+Neud=a#0hécé6nghitma=(x,1-x,0cond=a=0h¢
v0 nghiém ;

+ Néud=ché cénghitm o = (X, 1 = x, 1) véia=0; hée vo
nghiém véia=0.

3) — Néu a =0 va a= -3, he c6 duy nhat nghiém :

a=(>+2a*-a-1,2a~1,2-ad).



4.21.

4.22.

4.23.

4.24.

— Néu a = 0, he thudn nhdt twong tng ¢6 hé nghiém co ban
{-1,1,0), (-1,0. H}.

~ Né€u a = -3, h¢ thudn nhat trong ng cé hé nghiém co ban
{(1, 1, DH}.

1) f(x) = x* — 5x + 3.
2) g(x) =2x> - 7x* + 7.
1) He ¢6 nghiém téng quét :

¥

-9, +3x, - 10x, 3x, +x, +4x,4
11 11

o= [xl, Xy, Xq,

Mot hé nghiém co ban ctia he, chang han :

1,0,0,3?-.39-], 01,0~ 1 (001=22 4
11 11 11 11 11 ll.

2) Heé chi ¢6 mot nghi¢m tdm thudng (0, 0, 0, 0, 0, 0).

DA=15; AR VAN
HA=22; 43 = 12,
x vy, 1
Xa ¥y 1

Hudng ddn : Ba diém M(x;, y), i = 1, 2, 3 nim wén mot dudng

thing ax + by + ¢ = 0 khi va chi khi hé phwong trinh tuyén tinh
thudn nhat ax; + by; + ¢ = 0, i = 1, 2, 3 ¢6 nghiém khong tdm

thudng.
a; b a, b ¢
2)rla, by, |=rla, b, ¢c,[=2.
\a3 by a; by ¢

Hm?ng ddn : Mot ho dudng thdng cédt nhau tai mot di€ém khi va chi
khi hé phuong trinh clia cdc dutmg thing d6 cé duy nhat nghiém.
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HxP+y —4x—1=0;0(2,0);r= 5.

4) Huong ddn :

Xét ba diém c6 toa d6 hitu 1y My(x,, y)), i = 1, 2, 3. Hiy ching 10
cic dudng trung truc clia cdc doan thding MM, i = 1, 2 ¢6 phuong
trinh ax + by +¢;=0,i=1, 2 v8i a;, b;, ¢, hitu ty. Do dé6 toa do cha

tam dudng tron la nghiém ciia h¢ phuong trinh tuyén tinh ¢6 he s6
hitu ty. Tir d6 suy ra diéu phai chitng minh.



Chuong V
PHEP BIEN POI TUYEN TINH

5.1. DINH NGHIA ANH XA TUYEN TINH

5.1.1. Binh nghia

Giad sur V, V' 1a cdc K — khéng gian vecto, dnh xa f : V — V' duoc
g0i 12 dnh xa tuyén tinh (hay K —dong cdu) cia Khong gian vectg V vao
khong gian vecto V' néu cdc diéu kién sau day duge théa man déi véi
moi vecto X, y thude V vamois6 a € K:

a) f(x + y) = f(x) + f(y) ; (5.1)
b) f(ax) = af(x).

Tir di€u kién b)tacé : -
f(8) = f(00) = 0f(6) = 6.

Vay, cdc 4nh xa tuyén tinh chuyén vecto khéng thanh vecto khong.

Ké&t hop céc didu kién a) vab) tacé : Anh xaf: V — V' [ tuyén
tinh khi va chi khi :

flox + Py) =af(x) + Bf(y) véi VX, y € V ; Ya,p e K.
Mot cdch tdng quat bang quy nap ta cé :
f[Zaixi] = Zaif(xi) ' : (5.2)
=l =] '
véimoix, e V.o, e K,i=1, ..., m. |
Néu dnh xa tuyén tinh f 12 mot don dnh thi goi 14 don cdu.
Néu dnh xa tuyé€n tinh f 1a mot toan dnh thi goi 14 redn cdu.

Mot 4nh xa tuyén tinh vira 12 don cdu vira 12 toan céu thi goi 1a
ddng cdu.
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Khi c¢6 mot ddng cdu £ : V — V' thi ta néi hai khong gian vecto V va
V' ding cfu véi nhau vaky higula Vv = V",

He thic (5.2) ching t4 dnh xa tuyén tinh chuyén mot he vectos phu
thudc tuyén tinh thanh heé vecto phu thuéc tuyén tinh.

Mgénh dé 5.1 : Tich cdc dnh xa tuyén tinh 12 mot 4nh xa tuyén tinh.
Chitng minh : Gia sit V, E va F 13 cdc K — khong gian vecto; f: V 5 E,
g : E - F la mét dnh xa tuyén tinh. Theo dinh nghia 4nh xa tich thi

gof(X}) = g(f(x)), véi moi x € V. Do 46, d6i véimoi x, vy € V, moi o € K
tacs:

gof(x + y) = g(f(x + ¥)) = g(f(x) + £(y))

= g(f(x)) + g(f(y)) = gf(x) + gf(y) ;
gf(ax) = g(f(ox)) = glaf(x)) = ag(f(x)).

= ag.f(Xx).

Vay cdc dién kién (5.1) duge théa midn, g.f 12 mot 4nh xa
tuyén tinh.ll

Vi tich cdc song 4nh 1a mot song 4nh, do d6 tich cdc ding cdu 1a
mot ddng cdu. Vaytacé:N&uV = VAV = V' thiV = V",

Dinh 1§ sau day chi ra ring, mot 4nh xa tuy€n tinh hoan toan xdc
dinh n€u bi€t gid tri clia né tai cdc vecto thudec mot co sb.

Pinh 1y 5.1 : Gid sit V, V' 1a cdc K — Khéng gian vecto, hé
{uy, ..., u,} 12 mot co s& cha khong gian V va he {v,, ..., v,} 12 n vecta
bat k¥ ctia khong gian V'. Khi 46 t6n tai duy nhat moét 4nh xa tuyén tinh
f: V> Vsaochof(y)=v,i=1,..,n

Chitng minh : Xét dnh xa f: V —» V' xdc dinh nhu sau : Vi méi vecto
X € V ¢6 bidu dién tuyén tinh duy nhat x = oy, + ... + o u,, dat :

f(X) = 0V} + oo + AV, (5.3)

Anh xa f 12 mot 4nh xa tuyén tinh. That vay, gidsitx,y e V,a € K.
Khi d6 céc vecto x, y ¢6 cdc biéu dién duy nhat :

n n
X = Zai“n y= ZBs“i-
=t - i=l
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Tacd:

ox = i,(cr.oci)ui :
i=1 .

x+y= 3 (@ +Bou,.
=1
Theo (5.3)tacé:
fx+y)= i(di + BV, = Doy + iﬁivi
o =l =1

=f(x) + f(y) :

flax) = Z(aali)vi = aiaivi
i=l

i=1
= of(x).
Ciac diéu kién (5.1) dugc thdéa man.
Vay, 4nh xa f 12 mot 4nh xa tuyén tinh tr khong gian V vao khong
gian V' :
Gia st g 1a mot 4nh Xa tuyén tinh tir V vdo V' théa man diéu kién :
g(u) =v,i=1, .., n. Khi 46 d6i v6i moi vectox € V, X = iaiui tacé:

g(x) = E{Zaim]ﬁ 2 0g(u) = i“i"i = f(x).
i=l i=l i=]

Vay g = f. Dinh 1y duge ching minh, H

Bing phuong phép ching minh tuong ty, ta thdy Dinh 1y 5.1 van
ding d6i v6i trudng hop V' 12 K — khong gian vecto vo han chiéu.

Hé qua 5.1 : Hai khong gian vecto hitu han chiéu c6 ciing s6 chiéu
thi ddng cau. Vay, mdi i(hOng gian n chiéu trén rudng K déng céu véi
khong gian K".

- Clumg minh : Gia stt dimV = dimV' = n. Chon hé {u,, ..., u } 12 mét
co s cua khong gian vecto V, hé {v,, ..., v,} 12 mét co s& clia khong
gian vecto V'. Khi d6 dé dang clning minh dugc rang, 4nh xa tuyén tinh
@ tir V vao V' x4c dinh béi : ¢(u) =v;,i=1, ..., nlamot déng cau.m
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5.1.2. Cac vi du vé &nh xa tuyén tinh

1. Gid st V, V' 1a cdc K - khong gian vecto. D& dang chitng 16 duoe
ring :

—Anhxa O:V = V', xdc dinh bdi :
O(x) = 0", d61 véi moi vecto x € V

la mot dnh xa tuyén tinh cla khong gian V vio khéng gian V'. Anh xa
tuy€n tinh d6 goi 1a dnh xa khong hay anh xa tdm thiong.

- Anh xa ddng nhat i, : V = V xdc dinh bdi : i,(x) = x, d6i v&i moi
X € V, la mot ding cau.
- — Gia str F 1a mot khong gian con ciia khong gian vecto V. Khi dé
dnh xa nhing i;; : F — V xdc dinh bdi ig(x) = x, déi véi moi vecto x € F,
1a mgt don cdu cha khong gian vecta F vio khong gian vecto V.

2. Xét 4nh xa & tir khéng gian R [x] cdc da thie hé s¢ thuc ¢6 bac < n

vao khong gian R, _[x] cdc da thitc hé s& thuc ¢6 bac < n — 1 x4¢ dinh
nhu sau : '

Vi moi f(x) € R [x] :
o(f(x)) = f'(x).
Theo tinh chét clia dao ham ta ¢é :
o0 + g(x)) = (f(x) + g(x))' = F'(x) + g'(x)
= (f(x)) + Ag(x)) ;
va o(af(x)) = (af(x))’ = af '(x)
| = 0B(f(x)) |

d6i v6i moi da thite f(x), g(x) e R, [X] va v6i moi a € K.

Vay édnh xa ¢ théa man cdc didu kién (5.1). Do dé J 1a mot dnth xa
tuyén tinh tir khong gian R, [x] vao khong gian R, [x].

3. VIamot K - khong gian vecto. Gid sirring : V=L, @ L,. Khi
d6 méi vecto x € V ¢6 biéu dién duy nhat ;

X=X +X,:X€L,i=1,2.
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Xétdnh xachi€up,: V- L;;i= 1,2, p(x) = x;. D& thdy ring, p; 12
mot toan cu tir khong gian vecto V vao khong gian vecto L;. Toan cdu
P; 801 18 phép chiéu lén khong gian L, theo phitong song song voi L,

4. Ta bigt rang, trudng s& phic C 1A mot khong gian vecto trén
trudng s6 thyc R. Xét d4nh xa ¢ : € ~» C xéc dinh béi

¢(z)=2Z,v6imoize C.

Theo tinh chét cha lién hop s6 phiic ta ¢6 :

Pz+2)=z2+2'=Z+Z =02)+0(2);
cp(az):&.;J:aE:atp(z),vé'imqiae R.

Vay, ¢ la mot dnh xa tuyén tinh. D& théy ring ¢ 1A mot song 4nh, do
d6 ¢ 1a mot déng cfu cha R - khong gian vecto C vao chinh né.

5.1.3. Anh, nhan cla anh xa tuyén tinh

Gia suf: V — V'1a mot 4nh xa tuyén tinh.
Anh clia 4nh xa tuyéntinh fla tap:
Imf={f{x):x ¢ V]. (5.4)
Nhdn cha dnh xa tuyén tinh f 13 t4p : )
Kerf={x e V:f(x)= - (5.5)

Ménh dé 5.2 : Anh, nhan clia mét 4nh Xa tuyén tinh 1a cdc khong
gian con.

Chitng minh : Gia st f : V — V' 12 mét 4nh xa tuyén tinh.
a) Ro rang Imf # . Gid sirx', y' € Imf. Khi d6 t6n tai cdc vecto x, y €
Vsaocho fX)=x', f(y)=y. Ddimoia, B € Ktacé:
oX'+ Py’ = af(x) + Bf(y) = f(ux + By) € Imf.

Theo Ménh dé 3.1, Imf 1A mot khong gian con ciia K — khong gian
vecto V',

b) Vi f(8) = 6' nén Kerf # @. Véi moi vecto x, v € Kerf, moi
o, BeKtacd:

f(ax + By) = of(x) + B(y) = 0 + 0" = 0"
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Theo (5.5) thi ax + By e Kerf.

Vay, Kerf 1a mot khong gian con cia khong gian V.l

Ménh dé 5.3 : Gid str f : V — V' 1a mot dnh xa tuyén tinh. Piéu kién
‘cdn va di dé dnh xa f 14 mot don céu va Kerf = {0}.

Chimg minh : Gia st f 1a mé6t don cdu. Ta ¢6 {(8) = 0', do dé vects 6
la phan tir duy nhat ¢6 anh 1a 0'. Vay Kerf = {6}.

Nguge lai, gid sir rang Kerf = {0}. V4&i hai vecto X, y € V néu
f(x)=f(y)thitacéd:

fx-y)=fx)-f(y)=6.

Vay x —y € Kerf = {8}. Dodé x —y =0, hay x = y. Vay  1a mot
don anh. Wl

Heé qua 5.2 : Mdi don céu chuyén mot hé vectd doc 1ap tuyén tinh
thanh mot hé vecto doc lap tuyén tinh.

Chitng minh : Gid sit £: V — V' 1a mot don cfiu va {u,, ..., u_} 1
mot he vecto doc 1ap tuyén tinh cha khong gian V. Gid sir ¢6 t8 hop
tuyén tinh Y a,f(u,)=0". Vi f 1a 4nh xa tuyén tinh, nén ta c6 :

=1
f[iaiui] =0'. Vay i:miui e Kerf.
i= i=1

Vi f 1a don céu, theo Ménh dé 5.3 ta c6 Kerf = {0}. Do dé-

> ou; = 0. Vihe vecto {u, .., u,} doc lapuyén tinhnén o, = .. = o, = 0.
i=!
Do d6, he vecto {f(u,), ..., f(u,,}} cling doc 1ap tuyén tinh.

Pinh ly 5.2 : Gia sit f; V > V' la mét dnh xa tuyén tinh va dimV = n.
Khidétacé: '

n = dimkmf + dimKerf. : (5.6)

Chitng minh : Gia st dimKerf = k > 0 va {u,, ..., u.} 14 mot co so

ctia khong gian Kerf. Pat : s = n — k. Néu s > 0. theo Dinh 1y 3.3 ¢6 thé
bo sung thém s vecto vy, ..., v, sao cho hé vecto;:
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fug, o m, vy, oy vy} (a)
la mét co s& clia khong gian vecto V.
Ta s€ chimg t6 h¢ vecto:
vy, .l v} (b)
1a mét co s& chia khong gian con Imf.

That vay, vl méi vecto X' € Imf s& cd vecto x € V sao cho f(x) = x'.
Vi(a) la co sd clia V nén vectd x ¢6 biéu dién tuyén tinh :

X =0 +..+ou +pBv + ..+ B,
Tacéd: |
X'=f(x) = a f(u)+ ...+ o fu) + B f(v) + ... + Bf(vy)
= B,1(v)) + ... + B.f(v).
Vay, h¢ vecto (b) 1a mot hé sinh clia khéng gian con Imf.
Gia sir ¢6 t6 hop tuyén tinh tdm thudmg :
MV + L+ AS(v) =0,
Tacé:
fhyvy+ .. +Av)=0"
Vay, Avy + ... + Ay, € Kerf. Vecto nay ¢6 thé bi€u dién tuyén tinh
qua co s& {u, ..., u.} cha khong gian Kerf :

l]V; + ...+ KSVR = },llll] + ...+ },I.kuk.

Tacé:
—H W el g A+ LAY, =0,
Vih¢ (a) doc lap tuyén tinh nén ta ¢é :
B ===k =..=A=0

Vay, he (b) 1a mot he doc 1ap tuyén tinh va 1a mot co s& cita khong
gian Imf.
Taco:
n=s + kK =dimlmf + dim Kerf.
N¢u dimKerf = O thi dimfmf = s = n. Ding thic (5.6) vin dting.l
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5.2. PHEP BIEN D! TUYEN TiNH VA MA TRAN

Maéi énh xa tuyén tinh tir K — khong gian vecto V vao chinh né goi
12 phép bién doi tuyén tinh (hay todn e tuyén tinh, hay K — tir déng cdu)
cua khong gian V. M&i phép bi€n déi tuyén tinh ciia khong gian vecto V
ma déng cdu thi goi 12 mdét tw ddng cdu cita khong gian V.

Hang, s6 khuyét cria phép bién doi tuyén tinh : .

Gia str ¢ 12 mot phép bi¢n dbi tuyén tinh clia K — khéng gian vecto
n chiéu V. Khi d6 dimIme goi 12 hgng cha phép bién dbi ¢, kv hidu 12
(@) ; dimKer@ goi 1a s khuyét ciia ©. Theo Dinh 1y 5.2. Ta cé :

n = r(®) + s6 khuyét ¢. ' (5.7

5.2.1. Ma tran cla phép bién ddi tuy&n tinh

Xét phép bién déi tuyén tinh ¢ clia K — khong gian vecto n chiéu V.
Trong khong gian V ta chon co s :

fu,wu) @M
Khi d6 d6i v6i méi vecto (u;) c6 duy nhat bi€u dién :

Pup) = ZalJ . e (5.8)

Dinh nghia : Ma tran A = (a;)),x, dugc goi 12 ma tran clia phép bién
d6i tuyén tinh ¢ d6i véi co sd (I).

Theo Dinh 1y 5.1 thi phép bién d6i tuyén tinh ¢ hoin toan xédc dinh
néu bi€t ma tran clia né d6i v6i mot co s& ndo d6. Vay, 4nh xa tuong ng
mbi phép bién dbi tuyén tinh trong khong glan vecto V véi ma trin cha
né doi vdi co s& (1) 1a mot song 4nh.

St dung ky hiéu ma tran ta ¢é :

(ou) ... (p(un))=[2a“ui g Zam ,J:(ul e WA,
i=1

Do d6 n ding thifc (5.8) c6 thé viét dusi dang mot ding thic ma tran :
(ou) ... olu )=, .. u)A. (5.9)
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Néu biét ma tran A cla phép bi€n déi tuy€n tinh ¢ d6i véi co s& (D),
khi d6 véi mdi vecto x € V cho trit6e ta luén tinh dugce toa d¢ cia vecto
@(x) d6i v6i co s (I). That vay, gid sirring

n
X= .Z;‘ajuj ; (a)
J=

Px)= D By - (b)

=1

He thitc (b) 6 thé viét du6i dang ma trén :

By
PX)= (U . Ty | (c)
Bn
Mat khéc, vi ¢ 12 mot d4nh xa tuyén tinh nén theo (a) ta ¢ :
1] al
@x) = Y 000u;) = (0@) . @u,))|:
il
al‘l
Theo cong thitc (5.9)tacéd:
&
ex) =, ... u)A|: ' (d)
al’l
Tiur(c)va(d)tacod: _ :
. B oy
(lll . u“) ': = (U1 i u“)A E _ (e)
Bn Oty

Vi he vecto {u,, ..., u,} doc 1ap tuyen tinh, tir he thic () tac :

B, a,
[ =Al: o (5.10)

Bﬂ d a[‘l
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Tir déng thic ma tran (5.10) ta ¢6 :
B, = Zakaik ;i=1,.,n
k=1

Vidy : Phép bién déi tuyéntinh ¢ : R > — R > cho béi :
ole;)=(1,0,-2);
oler)=(2,1,0);
oles) = (0, -1, 1).

Vé&ix=(2, ~1, 1); tim vecto @(X).

Ma trin cia ¢ d6i co s& chinh tac 12 :

12 0
A= 0 1 -1
20 1
Gi sir 9(x) = (B, By, Ba), theo cong thite (5.10) ta c6 -
B, 1 2 0Y( 2 0
Bl=| 01 —1||-1]=]=2
B,) (=2 0 1)L 1) {=3

Vay ta cé : p(x) = (0, -2, =3).
Tir Ménh dé 5.1 suy ra ring, tich hai phép bién déi tuyén tinh trong
K — khong gian vecto 1a mot phép bién déi tuyén tinh. Pinh 1y sau day

khing dinh ring, ma tran clia phép blé’n dél tich dé béng tich cic ma
trin clia cdc dnh xa nhéan 1.

Pinh ly 5.3 : Gid o, y 12 cic phép bién d6i tuyén tinh trong K - khong
gian vecto V véi co sd :

{uy, sug} @
Néu A = (a;),x, 12 ma tran ctia ¢ d6i véi co s& (I), B = (bjj)axy 12 ma
trn cua y d6i véi co sd (1) thi A.B 1a ma tran cha @.y d6i véi co s& ().
Chuing minh :
Theo cong thirc (5.8) ta ¢é :

il
w)=>bu,. j=1,..n
i=l .
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(P(ui)'= Zakiuk ) i= l, ey 1IN
k=1

Py} = o(y(up) = (P(Zbu )

=l

i o(u,) = ;bu[Zak]uk)

k=1% i=] ’

Gid st C = (¢;)yx, 12 ma tran chia phép bi€n déi tich gy d6i véi co
s& (I). Theo ¢ong thifc (5.8) ta ¢ :

Poy(uy) = chjuk . (b)
: k=l

Tir cdc hé thire (a), (b) ta c6 :
chjuk = Z[ZakibijJuk
k=1 k=1 i=I
Vihé {u,, .., u,} doc 1ap tuyén tinh nén ta ¢é :
Chi T Eakibij VoK, j=1,..,n
i=t '

Theo céng thic tinh céc phan t&r cha ma tran tich (4.3) ta ¢
C = A B. Dinh 1y dugc chimg minh.

Pinh 1y 5.4 : Gia sir ¢ 1a mot phép bieén dbi tuyén tinh ctia K — khong
gian vecto n chiéu V. Khi d6 hang cia phép bién déi tuyén tinh ¢ bing
hang clia ma tran cOa né déi véi mot co s& nao do.

Cluing minh: Trong khong gian V ta chon co s bat ky :
| {u, o Uy} 49
Gié sit A = (a;),x, 12 ma tran chia phép bién déi tuyén tinh ¢ ddi véi

co 5o (I). Ta s&€ chimg 6 1(®) = r(A). V&i mbi vectox € V, x = Zoziui
i=1

ta cd :
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Px) = ) ap(u;).
i=1

Vay thi Img = #(p(u,), ..., 9(u,)).
Theo Ménh d€ 3.8 thi dimIme bing hang ciia he vecto :
teluy, ..., oluy)}.
Theo chitng minh clia He qua 5.1 ta c6 ddng cu f : V — K" xdc
dinh bdi f(u) = e, i = 1, ..., n; trong d6 {e,, ..., e,} 12 co s& chinh tc ciia
khong gian vecto K". Theo hé thirc (5.8) ta c6 :

o) =a;u; + ...+ au,

Vay thi f(p(u)) = a, flu)+ ..+ anf(u,)
| =aje) + .. + a8,
= (@ ey 8y
Vecto A’ = (a;; ... ay)la vecto cOt thit j cha ma tran A. Vi déng

cdu f: V — K" khong 1am thay d6i hang clia he vecto nén ta cd :
. 1(p) =hang {@(u), .., 0(u,)} =hang {A', ., A"} =r(A).
Dinh 1y duge ching minh. M
Vi dy : Tim hang va s6 khuyét cha phép bi€n déi tuyén tinh
0 : Ry[x] = R, {x] dugc cho bdi 8(f(x)) = £'(x).
Xétcosd S={1,x,x, ). Tac681)=0;8x)=1; 8(x%) = 2x ;
3(x*) = 3x%. Ma tran ctia' d d6i véi co s¢ S1a -
' 01 060
0 0 2 0
0 0 0 3
0 0 00

Tacé:r(0)=1r(A)=3;s6khuyétchad=4-3 = 1.

5.2.2. Cac diéu kién tuong duong
Pinh Iy 5.5 : Gid sir ring :
' (o g} M
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12 mot co s& cia K — khong ‘gian vecto V, ¢ 13 mot phép bién déi tuyén
tinh ctia khong gian V ¢6 ma tran d6i véi co s@ (I) 12 A. Khi d6 cdc diéu
khing dinh sau 12 tvong duong :

1) Kerp = {0} ;

2) ¢ 12 mot don céu ;

3) He vecto {o(u)), ..., ¢(u,)} doc 1ap tuyén tinh ;
4) ¢ 12 mot toan cfu ;

5)Hang chlag@ =n;

6) ¢ 12 mot ty ddng cau ;

7)Matran A kha nghich.

Phép bién ddi tuyén tinh ¢ thda man mot trong céc diéu kién tuong
duong trén dugce goi 12 phép bién doi khdng suy bién.

Ching minh :

1) = 2) : Theo Menh dé 5.3,

2) = 3) : Theo Hé qué 5.2.

3) = 4) : Vi hé n vecto doc 14p tuyén tinh {@(u,)), ..., ¢(u,)} 12 mot
co s& ciia khong gian V, do d6 :

Ime =% ({p(u)), ..., pu}) = V.

4) = 5) : Vi hang ¢ = dimIme = dim V =n.

5) = 6): Vi dimImo = n = dimV nén Img = V, ¢ 12 mot toan céu.
Theo cong thitc (5.6) ta cé : dimKerp = 0. Vay Kere = {8}. Theo Ménh
dé 5.3, @ 1a mot don cfu. Do d6 ¢ 12 mot ty ddng cau.

6) = 7) : ¢ c6 4nh Xa nguge @ ' cling 12 m{)t phép bién déi tuyén

tinh. Ta ¢6 : @up | = ¢ '« = iy. Phép bién d6i dbng nhat iy ¢6 ma trén
d6i v6i co s& (I) 12 ma tran don vi E. Gié sir B 12 ma tran cla phép bién
46i ¢! d6i v6i co s& (I). Theo Pinh 1§ 5.3 ta cd :

AB=E=BA.
Vay, ma trén A kha nghichvaB=A"".
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7y=1): Gid sirrang : x = ou + ... + o, € Kero. Khi d6 ta c6 :
¢(x)=0=0u; +..+0u,.
Theo cong thite (5.10) ta cé :

Nhan ben trdi hai v& ddng thitc trén v6i ma tran A™" ta c6 ;

0 o, 0 a,
A= ATAY (| =]
0 o, 0 o,
Suyra:o=..=a,=0.

Vayx=0vaKero={0}.l

5.3. PHEP CHUYEN CO s

5.3.1. Ma tran chuyén
Gia sirring :
{u, ol (D
{(Viy s v} (1)

I hai co s& cita K ~ khong gian vecto V. Theo inh If 5.5 thi phép bién
déi tuyén tinh ¢ x4c dinh bdi :

. . (p(ul) = Vj’ J £ 1, ey I1

12 mot tu ddng cu, c6 matran T = (tij)axn 461 V61 co 56 (1) 12 mét ma tran
kha nghich.

Theo heé thic (5.9)tacé :

vy oo V=@ ... u)T. ' 5.10)
Tix(5.11)tacé:

n
Vi = Dty
k=1
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Ma tran T duoc goi 1a ma trdn chuyén tix co s6 (I) sang co so (11).
Nhan bén phai hai vé ciia hé thitc (5.11) v6i T ta c6 : |
| MU e )=V, .. VT (5.12)
Tir he thic (5.12) suy ra rdng : Néu ma tran T la ma trdgn chuyén tir
co sé (1) sang co sé (11) thi ma trén nghich ddo T~ 1a ma trén chuyén nr

co 50 (II) sang co so(1).

5.3.2. Cdéng thirc bién ddi toa dd

Gia sit vecto x € V c6 toa d§ d6i véicosd (I) 1a x, ..., X, ; vacé toa
do dsivdicosa(Il)lax', .., x. Khidétacéd:

X
X=X + .+ X, =0y .. ou) | (a)
xn
Mit khdc, theo hé thite (5.11)tacé :
_ X
X=XV + o+ XV, =V o V) |}
X',
X
x=@ ..u)T]i | (b)
xI

n

So sdnh v€ phai cia (a) va (b), vi h¢ vecto {u, ..., u,} doc 1ap tuyén
tinhnéntacéd: -

1

Xy X
=Ti: (5.13)
Xq \xln
Cong thitc (5.13) chi ra m&i quan hé giita toa 49 ciia vecto x d6i véi

hai co s& khdc nhau va dugce goi 1a cong thitc bién ddi toa do vmg v6i
phép chuyén co sd& (1) sang co s& (II) cho bdi (5.11).
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Nguoc lai, twong tng véi phép bién ddi toa d6 (d6i bién) cho bai
(5.13) v6i ma tran T khong suy bién thi ta c6 phép chuyén co s& (5.11).

5.3.3. Ma tran déng dang
Dinh nghia : Hai ma tran A = (ajj),x, V2 B = (b;),x, trén trudng s6 K
goi 1a déng dang n&u 16n tai mot ma tran kha nghich S sao cho
A=S"BS. . (5.14)

Dinh Iy 5.6 : Hai ma tran cla cing mot phép bién déi tuy&n tinh
trong Khong gian vecto hitu han chiéu déi véi hai co s& khdc nhau thi
d6ng dang.

Chitng minh : Gia st ring :
{uy, s up} D
(Vs veny Vo an
1a hai co s& clia K — khong gian vecto V.
Phép bién ddi tuyén tinh ¢ c6 ma tran A6i véi co s& (I) 1A

A = (ay)xq 3 €6 ma trdn d6i v6i co s& (1) 12 B = (b Goi T = () 12
ma tran chuyén ti¥ co s& (1) sang co s& (II). Theo (5.11) thi ;-

n
vj= Ztkjuk yj=1.,n
k=1
Suy ra:
n
e(v) = Y tyo(u), j=1,..n
k=1

Do d6, ta ¢6 déng thitc ma trn :

(ev) .. oV ) =(oQ) .. eENT. (@)
Theo cong thitc (5.9)tacé :

(p(u)) ... o)) =(u, ... uHA; (b

@V) « OV =(v, . VOB, (©)
Tix (a), (b) va (5.12) tacé :

@) . OV =V .. V)T AT (d)
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So sdnh v€& phai ciia (c) va (d), vi hé vecto {vy, ..., v} dOc lap tuyén
tinh nén ta cé : '
B=T'AT. (5.15)
Pinh 1y duoc chitng minh.H

5.4. GIA TR RIENG VA VECTO RIENG. MA TRAN CHEO HOA BUGC

5.4.1. Gla tr] riéng va vecto riéng

Dinh nghia : Phdn tir A cla trwong K dudgc goi 14 gid trf riéng clia
phép bign ddi tuyén tinh ¢ trong K — khong gian vecto V néu. trong
khong gian V ¢é vecto u = 0 sao cho hé thitc sau dugc théa man :

@(u) = Au. (5.16)

Khi d6, vecto u du‘UC goi la vecto riéng cua phép bi€n ddi tuyen tinh
¢ Ung véi gid tri riéng A.

Vidy : Xét R - khong gian vectd C™(a, b) c4c ham s6 xéc dinh trén
khoéng (a, b) va c6 dao ham v6 han 14n ; va phép bi¢n d6i tuyén
tinh 8 : C™(a, b) & C “(a, b) xdc dinh bdi : H(f(x)) = F(x). Khi d6
ham s& f(x) = ¢* 13 mot vecta riéng cla © Ung véi gid tri rieng 2 V1 :
(X)) = 2e** = 2f(x).

Pinh 1y 5.7 : Céc vecto riéng ciia cling mot phép bién d6i tuyén tinh
g v6i cdc gid tri rieng khdc nhau thi doc 1ap tuyén tinh.

Chitng minh : Gia stt u,, ..., u, 12 cdc vecto riéng clia phép bi€n di
tuyén tinh ¢ trong K - khong gian vecto V ting véi cdc gid tri rieng khéc

nhau Ay, ..., A. Ta ¢ln ching té h¢ {u,, ..., u,} d6c 1ap tuyén tinh. Dinh
1y duge chitng minh bing quy nap theo k.

-Doivéik=1,viu, #0nénhe {u,} doc 1ap tuyén tinh.

~ D6i v6i k > 1, gia sir dinh 1y ddng d6i véi k ~ 1, ta chiing minh
dinh 1y ding d6i v6i k. Gid sir c6 t6 hop tuyén tinh tdm thudng :

au; + ...+ a1, =0, ' (a)
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Nhan hai v€ déng thitc (a) v&i A, ta c6
Ayl + o+ Al = . (b)
Téc dong ¢ vao hai v€ cua (a)taco:
Aaqu, + o+ Aag =0, (c)
Trix timg v€ cuia (b) cho (¢) tacé :
a(Ag —Auy + o+ gy — A = 8.
Theo gia thi€t quy nap hé vecto {u,, ..., U} doc 1ap tuyén tinh nén
tacéd:
aj(A—A) = =a (2 - A-)=0.
Vihg#A,i=1,.,k-1,dod6:a,=...=a,_, =0.
Theo (a) ta ¢6 : au, =6, vi u, # 6 nén a, = 0. Vay, hé vecto riéng
{uy, ..., uy} doc lap tuyén tinh.
O vi dy trén, trong R —khong gian vecto C “(a, b) he ham {e*, &, ..., e™]
1a mét h¢ vecto doc lap tuyén tinh. Vi d6 12 céc vecto rieng tng véi cdc

gid tri riéng khdc nhau clia phép bi€n d8i tuyén tinh & x4c dinh bdi :
A(f(x)) = f(x).

He qua sau day dugc suy tryc ti€p ti Dinh 1y 5.7.

Hé qua 5.2 : N&éu phép bi¢n d6i tuyén tinh ¢ trong khong gian vecto
n chi€u V c¢6 n gi4 tri riéng khéc nhau thi trong kh0ng gian vecto \Y cé
mot co s gdm céc vecto riéng cia .

- Phuong phdp tim gid tri riéng va vecto riéng :
Gia sir ¢ 12 mot phép bién ddi tuyén tinh trong K ~ khong gian vecto
nchiéu Vva A= (@jj)xy 12 ma trin cta ¢ d6i vdi co 58
{up, .. u b (D
Gia thi€t vecto u = inui 12 mot vecto rieng cia phép bi¢n ddi ¢
< RS
iing v&i gid tri riéng A. Theo dinh nghfatacé: u=0 va

¢o(u) = Au. - (a)
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Theo he thitc (5.10) thi tir (a) ta c6 dang thitc ma tran ;

X Xy X
A =Al: |[=AE
x!‘l xl'l xn
Dod6tacé:
X 0
(A-2E)|: |=]: 5.17)
' X 0

Vi vectd riéng u # 6 nén tén tai toa d¢ x, # 0, do d6 vecto
a = (X, ..., X3) # (0, ..., 0). Theo Pinh 1y 4.9 thi hé phuong trinh tuyén
tinh thudn nhét (5.17) c¢6 nghiém khéng tdm thudmg khi va chi khi dinh
thifc ciia ma tran ctia he dé biang 0. Do dé6 ta c6 :

ay —A ay T
—A . A .
1A —3EI=|" 2 o0 (5.18)
- an a,, a.nn A
Da thite ddc trung :
Xét da thitc bi€n A xdc dinh bdi
P(A) = 1A - AEL | (5.19)

Ta nhan théy ring, da thitc P(A) chi phu thudc vio phép bin ddi
tuyén tinh @, khéng phu thuéc vio vi¢c chon co s& ciia khéng gian V.

That vay, gi st B 12 ma tran cia phép bién ddi o d6i véi co sé :
{v,, = v} : ¢1 )
Goi ma tran T 1a ma tran chuyén ur co s& (I) sang co s& (I1), theo
cong thife (5.15) thi B=T"A.T. Vay tacé :
IB—AEl=IT".A.T - AEl = IT"'(A - AE)T|
=IT"'11A = AEI ITI = 1A - AEl = PQV).

Pa thitc P(A) = |A - AE} goi 1a da thitc ddc trung cla phép bign déi
tuyén tinh .
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Két luan :

1) Phén tit A € K 12 gi4 trj riéng clia phép bi€n dbi tuyén tinh ¢ khi
va chi khi A 1A mot nghiém cia da thifc dic trung cla ¢ x4c dinh
bdi (5.19).

2) Vecto u € V I vecto rieng clia phép bién dbi ¢ tmg v6i gid tri
rieng A khi va chi khi cdc toa do clia vecto u d6i véi co sd (I} 13 mot

nghiém khong tdm thudng cla hé¢ phuong trinh tuyén tinh thuén
nhat (5.17).

Pa thitc P(A) = |A — AEl cling goi 1a da thic ddc trung cia ma trdn
A, cc nghiém ctia da thic ndy cling goi 12 gid tri riéng cua ma trdn A.

Céc nghiém khong tdm thudng ctia h¢ phuong trinh tuyén tinh thuén
nhat (5.17) goi 12 cac vecto riéng cua ma trdn A ung vor gid tri riéng A.

Theo ching minh trén, hai ma tran déng dang c6 cling mét da thirc
dac trung, do d6 c6 ciing gid tri rleng, vectd riéng.

Vidy : Tim cdc gié tri riéng vA vecto riéng cha phép bién dbi tuyen
tinhe: R 2 5 R?x4c dinh bdi : :
o(x, y) =(5x + 4y, 8x + 8y).
Chon co s& chinh tic : e, =(1,0),e,=(0, 1).
Theo gid thi¢t tac6 : |
o(e)) = (5, 8), oley) = (4, 9).
Vay d6i v6i co s chinh tic {e,, €,}, phép bi€n ddi ¢ c6 ma trén :

A= [5 4] .
8 9
Da thic dac trung ciia phép bién ddi g 12 :

5-2 4

P(A) =
) g 9-2

‘ A% - 140+ 13,

Pa thirc A2 - 14X + 13 c6 hai nghiém A, = 1 v A, = 13. Vay phép
bien déi ¢ cé hai gid tririeng A = 1 v A, =13

Vecto riéng u = (X, y) cha phép bién 48i ¢ ing v6i gid tri rieng A
theo (5.17) 1a nghi¢m clia h¢ phuong trinh tuyén tinh thuén nhét :
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e oG

ha 5-)x+4y =0

Y 8X + (9=A)y =0
-VGiA=A;=1tac6he:

4x + 4y =0

8Xx +8y =0

He¢ cé nghiému=(s,-s),s € R.

Vay, céc vecto riéng clia ¢ Ung véi gid tri riéng Ai=1lla:u=(s,=s);
se R,s=0.

Véis =1 tacé vectarieng u, = (1, —1) ing véi gid tri rieng A, = 1.
—TuongtuvdiA=2A,=13tacé he:
{—8}( +4y=0
8x —4y =0
He ¢6 nghiém u = (s, 25), s € R.
Do d6 céc vecto rieng clia ¢ itng véi gid tri rieng A, = 13 12 ;
u=(s,2s),s € R,s=0.
Vdi s = 1 ta c6 vecto u, = (1, 2) 1a vecto riéng Ung véi gia trj riéng
Ay =13,

Dé dang thir lai : ¢(u;) = 0, p(uy) = 13u,. Cic vecto riéng u,, u, tng
Vi cdc gid tri rieng khdc nhau nén he {u,, u,} 12 mot co s& ciia R 2. D6
v6i co s& d6, ma tran cha ¢ cé dang dudmg chéo ;

1 0
0 13
5.4.2. Ma tran chéo héa dugc

Dinh nghia : Méi ma trdn déng dang v6i ma tran dudng chéo goi 1a
ma trdn chéo héa dicoc, :
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Vay, ma trdn A = (a;),x, 12 chéo héa duge néu tén tai ma tran kha
nghich T = (t;),x, sao cho:

A, O 0
TVAT = 0 A 0
0 0 A

Meénh dé 5.4 : Ma tran cp n ¢4 n gid tri riéng khac nhau thi chéo héa
dugc.
Ching mink : Xét ma tran A = (@jj)yx, €O 0 gié tri riéng khac nhau
Ays -r A Gid sir @ 13 mot phép bién déi tuyén tinh trong K — khong gian
vecto V va A 14 ma tran clia ¢ d6i véi cosd :
fu;, .ol (D

Céc gid tri rieng cta ¢ 1a A, ..., A,. Khi d6, theo Hé qua 5.2 trong
khong gian V ¢6 mot cd s& gém cdc vecto 1a vecto riéng cha ¢ :
AV, eo Vel (D
Vig(v) =Av,i=1, .., n;nendsi véi co s& (II) ma tran B cha phép
bi€n d6i ¢ c6 dang dudmg chéo :

A, 0 .. 0
0 Ay ... O

B= 2 .
o 0 .. A

n

Goi T 12 ma tran chuyén tir co s& (1) sang ca s3 (1), theo céng thiic
(5.15)tacé:

A0 0
T'AT = 0 X 0
0 0 .. A

Viy A 12 ma trin chéo héa duge. ll
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Nhdn xét : Tt ching minh Ménh dé 5.4 suy ra rang : Ma trdan édp n
chéo héa duge khi va chi khi c6 n vecio riéng déc Idp tuyén tinh.

O muc 5.6 s& ching 14 cic ma tran d6i xing thuc Ia chéo héa duoe.

5.5. PHEP BIEN D3I TRYC GIAO VA MA TRAN TRYC GIAO

5.5.1. Phép bién dai tryc giao

Dinh nghia : Gid sit E 12 khong gian vecto Euclid. Phép bién déi
tuyén tinh @ trong khong gian E dugc 801 1a phép bién dé6i truc giao néu
diéu kién sau dugc théa man d6i véi moi vecto x, yev:

(0(x).0(y)) = (x.y) (5.20)

Vay. phép bién dbi truc giao 12 phép bign déi tuyén tinh bdo toan
tich v huéng, '

_ Ménh dé 5.5 : Phép bién d6i tuyén tinh o trong khong gian vecto

Euclid E 1a phép bién d6i truc giao khi vA chi khj ¢ la phép bién ddi
bao t0an do dai vecto. Tihc 13 ¢ théa man diéu kién sau d6i véi moi
vectox € E: ' '

o] = x| (5.21)

Chitng minh : Gid ¢ 12 mot phép bien déi truc giao. Khi d6 theo he
thitc (5.20), véi x = yiaco:
(0(x).0(x)) = (x.x).
Do dé:

ot = Jiom.0(x)) = Jixx) =[]
Vay diéu kién (5.21) duoc thda man.

Nguoc lai, gia sir phép bien d6i tuyén tinh ¢ thdéa min diéu kién
(5.21), khi d6 d6i v6i mot vecto x, ythuéc Etacé:

(@(X + Y).o(x + y)) = (X + y)(X + y)). (a)
Khai trién v€ trdi (a) ta ¢6 :
(@(X +y).0(X + ¥)) = (9(x).0(x)) + 2(p(x).0(y)) + (e().0(y))
= (0X) + 2(0(x).0(¥)) + (v.y). (b
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Khai trién v€ phai (a) ta cé :
(X + Y)(X +¥)) = (x.X) + 2(X. y) +(y.y). (c)
So sdnh v€ phai cha (b) va (c) ta ch:
| (@(x).0(¥)) = (x.¥).
Vay diéu kién (5.20) dugc théa man, ¢ 13 phép bién déi uyc giao.l
He qua 5.3 : M&i phép bién déi tryc giao trong khong gian vecto
Euclid hitu han chiéu 12 ty déng cdu.

Chiing minh : Gia sit ¢ 1a phép bién ddi truc giao trong khong gian
vecto Euclid E hitu han chiéu. Khi dé theo didu kieén (5.21) ta c6

@(x) = O khi va chi khi x =9, do d6 Kerg = {0}. Theo Dinh 1y 5.5 thi ¢
12 mot tu déng cau. M

Ménh dé 5.6 : Phép bién déi tuyén tinh ¢ trong khong gian vecto

Euclid n chiéu 13 phép bién déi truc giao khi va chi khi ¢ chuyén co s&
~ trure chuén thanh co s& trye chuén.

Chimg minh : Gia sit hé vecto {u,, ..., u,} 12 mot co s truc giao cla
khong gian vecto Euclid E. Tir di€u kién (5.20) ta cé:
(o)) = (uu) = Byje K
Theo (3.15) hé vecto {o(uy, ..., o(u,)} 1a mot co s& truc chudn.
Nguoc lai, gia st phép bién déi tuyén tinh ¢ chuyén co s& truc
chudn {u,, ..., u,} thanh co s& truc chuén {o@y), .., ¢(uy)}. Khi d6 déi

v&i moi vecto X, y € E:x= leu,, y= Zyju] tacé:
i=1 ]—l

00 = D x;p(u;), o(y) = D y;0(u).
=1 =
Theo Ménh dé 3.11 thi d6i véi co sd truc chudn {u, ..., u,} tacéd:
xy) = L xY;- @)
izt

D6i véi co s& truc chudn {o(u;), ..., e(uy)} tacod:

@) = Y XY O ®)
i=1
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So sdnh cic dﬁng thic (a) va (b) ta cé :
| (@9 = (x.Y). |
Dicu ki¢n (5.20) dugc thda man, ¢ 1a phép bien déi tnre giao.
Tir Ménh dé 5.6, truc tiép suy ra he qua sau day :
Hé qua 5.4 ;
a) Tich céc phép bién déi truc giao 1a mét phép bién ddi trirc giao.

b) Phép bién déi ngugc clla mot phép bién déi truc giao 14 mot phép
bién déi truc giao. '

5.5.2. Ma tran tryc giao

Dinh nghia : Ma tran thuc A = (a;),x, g0i 1a ma trdn truc giao néu he
“vecto cOt {A', ..., A"} 1a mot hé truc chudn trong khong gian Euclid R ",

Tic 1a diéu kién sau dugce théa mén :
(A'Ah =Y aga, =8, . (5.22)
k=1

Vidu : Cic ma tr@n sau day la ma trin truc giao ;

B
2 2
cosa —sina 1 1
. il= = 0
(sma cos QL J V2 2
0 0 1
/

Ménh dé 5.7 : Ma trén A = (a;;),x, 12 ma tran tryc giao khi va chi khi
A'A=E. | |
Chimg mink : Gid sit A = (3, 1a €6 A' = (@), trong d6
= ajl DO dé :

1

n n
t
ALA=E e ) a'a, =D aay =5,
C k=i k=l
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Theo diéu kién (5.22) thi A 1a ma trdn tryc giao khi va chi khi
A'A=EN

Hé qua 5.5 : Néu A 13 ma tran true giao thi ma tran chuyén vi A'
ciing tryc giao va A' = AL

H¢ qua 5.6 : Dinh thic cla ma trin truc giao bing +1.

Ching minh : Gia sit A 12 ma tran truc giao. Theo Ménh dé 5.7
tacd:

A" Al =El = 1.
VilA'l =1Al nén :
IA'. Al= A1 IAl=1A?=1. Vay Al =+ |. 1
| Quan hé giita cac khai niém ma trin tryc giao va phép bi€n déi truc
giao dugc thé hién & ménh dé sau day :
' Ménh dé 5.8 : Phép bi€n ddi uyén tinh trong khong gian vecto Euclid

n chiéu 12 mot phép bien déi truc giao khi va chi khi ma tran cda né d6i
véi mot co s& trirc chudn nao d6 1a ma tran truc giao.

Chitng minh : Gid sit A = (a;)x, 12 ma tran clia phép bién déi tuyén
tinh ¢ d6i véi co s& truc chudn {u,, ..., u,}. Khi dé :

o(u,) = Zakiuk Li=1, ...,
k=t : :

Theo Ménh dé 5.6 thi ¢ 1A phép bién dbi truc giao khi va chi khi he

vecto {¢o(u,), ..., e(u,)} 12 mot co s& truc chudn, ufe la :

(U)o = Y aga, =35;.
k=1 .

~ Vay, phép bi€n d6i ¢ 1a mot phép bi€n déi truc giao khi va chi khi
ma trin A 1A ma tran truc giao.

Hé¢ qua 5.7 : Ma tran Q 12 ma tran chuyén mot co s& truc chuédn thanh
¢o s& trye chudn khi va chi khi Q 14 ma tran tryc giao.

. . !
Chimg minh : Diéu khing dinh dugc suy truc tiép tir cdc Ménh dé
56vas.8.M
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5.6. PHEP BIEN DOI PAI XUNG VA MA TRAN DSI XUNG
5.6.1. Binh nghia

Phép bién déi tuyén tinh ¢ trong khong gian vecto Euclid E goi 1a
phép bién déi doi ximg n€u diéu kién sau day duoc thda min :

(p(x).y) = (x.0(y)), VX, yeE. (5.23)

Vi dy : Phép bi¢n dbi déng dang véi hé s6 déng dang k :

0,(x) =kx, ¥Yx € E.
Anh xa 8, 12 mot phép bi&n déi tuyén tinh vi v&i moi x, y € E,
a,Ppe Rtacd:
Bi(ox + By) =k(oax + By) = alkx) + P(ky)
= o8, (x) + BO,(y).
~ Phép bién ddi tuyén tinh 0, 1a phép bi€n ddi 86i xing vi véi moi
X,y Etacé: _ :
- (B (x).y) = (kx.y) = (x.ky) = (X0 (y).
— V6i k = 0 ta c6 phép bién déi khong :
0(x)=0, Vx € E.
— Véik = 1 ta c6 phép bién déi déng nhat :
Cig(x)=x, ¥x eE.

Ménh d€ sau day chi ra m6i quan hé giita cic phép bién déi dsi
xitng va ma tran déi ximg.

Ménh dé 5.9 : Mot phép bién ddi tuy€n tinh trong khéng gian vecto
Euclid hitu han chiéu 1a phép bién déi d6i ximg khi va chi khi ma tran
clia né d6i véi mot co s& truc chudn ndo d6 13 ma tran d6i xing.

Chitng minh

Diéu kién cdn : Gia st A = (a,),x, 12 ma trin ca phép bién ddi dsi
ximg ¢ d6i v6i co s& trye chudn {u,, ..., u,}."Ta chimg td A 1A mot ma
tran d6i ximg. Ta c6 :

’ n
Pluy) = Zakiuk'
k=1
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Do dé:

(p(u;).uy) = (Zak:uk J ZakI(uk u;) = delakj =a;
Mot cdch tuong tu, ta 6 : '
(U, () = &y,

Vi ¢ la phép bi€n dbi d6i ximg nén (@(u).uy) = (u;.9(u;)). Do 46 ta
c6: a; =4, Vay A la ma tran d6i xing.

Diéu ki¢n dui : Gia slr phép bién d6i tuyén tinh ¢ d6i vé6i co sé truc

chudn {u,, .., v } c6 matran A = (@< 461 xitng. Khi d6 d6i véi moi
vecto X, y cua khong gian E ta ¢6 :

x=2xun Y=Yy,
i=1 P

(o(x).y) {inq}(ui)'ZYjuj]z Z Xinaki(“k°uf)
i=1 j=

k=1

T

z lyakl ky ™ ZXYJ jl‘

ij.k=1 i,j=1

Tuong tuytacéd :
n
xo(N= 2 xymy.
ij=1
Vig;=a;néntacé:
(@x).y) = (X.0(¥)).
Viy ¢ 12 moét phép bién d6i d6i xtng. W

5.6.2. Chéo héa ma trin thyc ddl xitng

Dudi day ta s€ ching to ring, d6i v6i m&i phép bién déi d6i ximg ¢
trong khong gian vecto Euclid E hifu han chiéu thi trong khong gian E
¢6 mot co sd trire chudn gém cédc vecto rieng ciia ¢. Tir d6 suy ra ring,
cac ma tran thuc d6i ximg chéo héa dugc.
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Bo dé 5.1 : C4c nghiém cia da thic d3c trung cla ma trén thuc d6i
xung la cac s6 thuye.

Chitng minh : Gia sl ring A 12 mot nghiém phic cha da thite dac
trung ctia ma tran thuc d6i ximg A = (2j)nxo- Theo (5.19) ta c6 :
IA — AEl =0, (a)
Khi d6 h¢ phuong trinh tuyén tinh thuin nhit trén trudng s6 phitc
sau day s€ cé nghiém khong tdm thudng :
X, 0
(A-AE)|:
X, 0

fl

(b)

Goi lien hop ciia ma tran phitc X = (x; Jmxq 12 ma tran X= (;U)mxn .

Gid sit a = (by, ..., b,) # 0 12 mot nghi¢m ciia hé phuong trinh (b).

b, by
Ky hieu B=|: [,tacé B=|:

e

bI'I bl'l

- Thay B vao phuong trinh (b) ta ¢6 (A - AE)B = 0 hay A.B = AB. Dat
z= B (A.B). |
Tacé:

z=BAB=AB B=13bib, = 13|, [.
. k=1 k=1

Via=(,..b)#0nen Yo #0.
k=1

Do d6 tacé :
.
2 [bif
k=l

Theo tinh chat cia lién hop phitc va phép 14y chuyén vi clia ma tran
tacod:

A =

(c)
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N
1
=1
-
we
0
Wi
Z
ol
l
=
>
=l

-

Mt khdc :
z=z =(B'AB) =B .A.(B") ;
z=BAB=z.

Do d6 z 1a mot s6 thuc. Theo (¢) thi A cfing 12 moét sé thuc.,

Khong gian con bt bién :

Gia sir ¢ 1a mot phép bién d6i tuyén tinh trong K — khong gian vecto
V. Khong gian con L. € V goi 1a khéng gian con bdt bién d6i véi phép
bi€n d6i ¢ néu véi moi x € L thi ¢(x) € L.

Bé dé 5.2 : Néu L ]a khong gian con bat bién clta phép bién déi doi
xiing ¢ trong khong gian vecto Euclid hitu han chiéu E thi khong gian
bl truc giao L* chaL cling 1a khong gian bat bién cGa phép bign déi o.

Ta phai chitng to, néu x € L thi ¢(x) € Lt

That vay, vi x € L nén'x L L. Suy ra véi moi yeL tacs:

(@(x).y) = (x.0(y) =0, vig(y) e L.
Do dé o(x) LL, vay o(X) & Lt
Pinh I 5.6 : N&u ¢ la mot phép bién ddi d6i ximg trong khong gian

vectd Buclid hitu han chiéu E, thi irong khong gian E ¢6 mot co sé truc
- chudn gém cdc vecto riéng cla .

Chirng minh : Theo Ménh dé 5.9 va B dé 5.1 thi phép bién déi ¢ c6
gia tri riéng A,.
Chon vecto don vi u; & vecto riéng cla ¢ tng véi gid tri rieng A, ;
o(uy) =Au,. bat:
Li=%@)={x=au;ae R},
L, 12 khong gian con bat bién 1 chiéu cla ¢.
That vy, néu x € L, thi:
X =0, ;
P(x) = plan) = oup(u,) = (o, € L.
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Theo Ménh dé 3,12, tacé :
E=L,® L . ' (a)

Theo B8 dé 5.2 thi L} 1a khong gian con bat bién cha phép bién ddi

¢. Ta ¢6 thé xem ¢ la mot phép bieén ddi dsi xiing trong khong gian L.

Khi d6, trong Ly phép bién ddi ¢ c6 vecto rieng u, ([u,]| = 1) tng véi

gid tri rieng A,. Bat L, = % (u,), L, Ia khong gian con b4t bién 1 chiéu
cua @. Talai cé : _

L =L,® LS. | (b)
Tir(a) va(b)tacd :
E=L,® L,® L; | (c)
Tiép tuc ti€n hanh nhu vay sau n budc (n = dimE), ta ¢6 phan tich :
E=L,® L,86..9 L, (d)
trong d6 céc vecto u; € Ly, |u;| = 1, 1a vecto rieng ciia ¢ ing véi gid tri
rieng A, i=1, ..., n
Tir phan tich (d) ta c6 h¢ vecto {u,, .., u_} lé co 56 truc chudn

cdn tim. .

Hé qua 5.8 : Mdi ma tran A d&i xing thuc tén tai ma trdn tryc giao Q
sao cho : B = Q'A.Q 14 ma tran dudng chéo. Do d6 céc ma tran ddi xing
thuc chéo héa duogc.

Chitng minh : Trong khong gian Euclid R" xét phép bién ddi tuyén
tinh @ ¢6 ma trn d6i véi co s& chinh tic {e, .., e,} 12 A. Vi A la ma
tran d6i ximg, tir Ménh dé 5.9 suy ra ¢ 13 mét phép bién ddi d6i xing.
Theo Dinh Iy 5.6, trong khong gian Euclid R ™ ¢é mot co s& trire chudn

{up, ..., u,} 12 cde vecto riéng cla ¢ ; @(u) = Ay, i=1,..,n. Matran B
clia ¢ doi v6i co s nay cd dang dudng chéo ;
A, 0 .. 0
0 A .. O
B = 2
0 0. A
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Goi Q 12 ma tran chuyén tir co s& tryc chudn {e,, ..., ¢,} sang co s&
true chuén {uy, ..., u,}. Theo He qua 5.7 Q 1a ma tran truc giao, Q' = Q.

Ap dung cong thuc (5.15) ta c6 : B = QA Q Diéu khing dinh duoc
chirng minh.

Nhan xét : Theo chimg minh trén thi A, 1=1, .. nlacdc gid tri
rieng clla ma trin A, cOn cdc cOt clia ma tran chuyérl Q 1a cac vecto
riéng clia A. :

BAI TAP

Pé bai _
5.1. K)’! hi¢u Hom(V, V') 1a tap cic 4nh xa tuyén tinh tir K — khong

gian vecto V vao K — khong gian vecto V'. Trén tap Hom,(V, V")
xét cdc phép todn sau :

— Phép cOng cidc anh xa tuyén tinh :
Vaif, g € Hom(V, V'), danh xaf+ g : V — V' x4c dinh bdi :
(f + 2)(X) = £(x) + g(x). |
— Phép nhan cdc phén tir cia trudng K véi d4nh xa tuyén tinh :
Vaia € K, f € Homy(V, V"), 4nh xa af : V — V' xdc dinh béi :
(af) (x) = af(x).
1) Hay chitmg to f + g v3 of 1a cdc 4nh xa tuyén tinh.
2} Chimg minh t4p Hom,(V, V') v4i hai phép todn trén 12 mot
K - khong gian vecto. K — khoéng gian vecto Hom,(V, V') duge goi
1a khéng gian cdc dnh xa tuyén tinh tt V vao V',
5.2. Giasitf e Hom(V, V"), chimg minh :

1) Né€u tap con A ¢ V 1a mot tap vecto phu thudc tuyén tinh thi
f(A) cling 1a mét tap phu thudc tuyén tinh.

2) f 12 mot don clu khi va chi khi d4nh clla mot tap doc lap tuyén
tinh qua 4nh xa f 12 mot tap doc 1ap tuy€n tinh.

3) Neéu f 1a mot déng c4u thi dnh xa nguge ™ cling 1a mot déng cau.
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5.3.

54.

5.6.

5.7.

Vaimdiséthuc a>0,a+ 1, xétdnh xaf; R" - (R ™" xdc dinh
b : Vi X = (X, .., x,) thi (x) = (a¥, ., a*}.

Chimg minh rang, f 12 moét déng cu tir khéng gian vecto R " vao
R - khong gian vecto (R *Y" (Bai tap 3.2).

Xét dnh xa 0 : R[x] = R[x] xéc dinh bdi : B(p(x)) = p'(x).

Chimg minh 6 12 mot phép bién ddi tuyén tinh trong khong gian

. cac da thire R [x]. Hay xdc dinh Ker®, Im0.
5.5.

Xét tap V cdc ham s6 x(t) x4c dinh trén R cho bdi cong thiic -
X(1) = a, + Zak coskt + b, sinkt
k=l \
trong d6 n 12 mot s§ ty nhién cho truéce; ay, by la cdc 56 thyc tiy .
1) Hay chitng t6 V 12 mét khong gian con cfia khong gian C(—oo,
+0) cdc ham s6 lien tyc. Tim dimV.

2) Xét dnh xa @ : V — V xdc dinh bdi : Vi mbi x < V., o(x) la
mot ham sd xdc dinh nhu sau :

7
YY) = x(t + Z}

Chiig minh @ Fa mot phép bién d6i tuyén tinh va ¢° = iy
3) Xdc dinh dimIme, dimKere.

Giasuf: R’— R31a phép bién ddi tuyén tinh d6i véi co s& chinh
tic c6 ma tran :

12 -1
A=]12 -3 2
1 -5 3

Tim mot co s& cha khong gian con Kerf va Imf.

Xét dnh xa ¢ : R¥ —> R xdc dinh bdi : Véi x = (x,, Xa, X2),
P(X) = (X} + Xy + X3, X, - X35 2X| + X,).

1) Chitng minh ¢ 12 mot phép bién déi tuyén tinh,

2) Tinh dimIme va dimKere.
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5.8.

5.9.

5.10.

5.11.

5.12.

202

Cho ma tran A = (@) € M[K]. Xét dnh xa £ : My (K] = M, (K]
xdc dinh bdi :
fl(x;, ... x)=0X; ... X )A.

Chiing to f 13 mot phép bién déi tuyén tinh. Tim ma tran cua f d6i
véi co O chinh tic clia khong gian M, [K].
Gia sit V 12 K — khong gian vecto va V=L, @ L, ; {u, .., u} la
mot ¢o s& cia L ;5 {u,, ..., 4,} 12 mét co 56 cua L,. Xét dnh xa
p:V—=>V,i= l,2xéc.dinhnhUSau:V(’rix e V néu X = X| + Xy,
X; € Ly, 1 =1, 2 thi p(x) = ;. |
1) Chimg minh ring p, i=1, 2) l_a‘i céc phép bién déi tuyén tinh va :

P? =P

PP = PPy =0, py + P =lv.
2) Xdc dinh ma tran cla p,, p, d6i véi co sd {u, ..., u,}.
Tim ma tran chuyén tir co s& {1, X, ... X" '} sang co's& {1, x + 2, ...,
(x + 2)" '} trong khong gian R [x].
Gia sit E 12 mot Q — khong gian vecto hai chiéu. B = {e,, ¢,} 1a
mot co sG cua E. .
1) Chimg minh B' = {e';, e',}, trong d6 ', = ¢ + ¢, €5, =¢; — ¢, ]2
mot co sd cua E.
Tim ma tran chuyén P tit co s& B sang co s¢ B' va ma tran chuyén
P' tir co 0 B' sang co s¢ B. '

| AU s
3) Gia st M = (3 ] la ma tran cta phép bi¢n d6i tuyén tinh f

d6i véi co s& B. Hay tim ma tran cta f d8i véi co s& B'.

Chimg minh ring. vé&t clia cdc ma tran cla ciing mot phép bieén déi
tuyén tinh d6i véi cdc co sd khac nhau cua khong gian vecto la
bang nhau. Gid tri chung d6 dugc goi 12 vét ciia phép bien d6i
tuyén tinh.



5.13.

5.14.

5.15.

5.16.

Chimg minh rang, tap End (V) cdc phép bién ddi tuyén tinh coa
K - khong gian vecto V véi phép cong (Bai tap 5.1) va tich phép
bi¢n dSi tuyén tinh 14 mot vanh déng cau véi vanh ma ran M_{K].

Tim cac gid tri riéng va cdc vecto rieng chia cdc ma tran :
4 -5 2 1 -3 4

s -7 3 214 -7 8
6 -9 4 6 -7 7

Gid str ¢ 1a mot phép bién déi tuyén tinh trong K — khong gian
vecto V.

1) Chimg minh rang, néu A 1a gid tri rieng cha ¢ thi A% 1 mot gia
tri rieng clia ¢,

2) V6i mobi da thic f(1) = a (™ + ... + ajt + a, e K[t], ta ky hiéu
fp) = a, ™ + .. +a,p + aiy.

Chimg minh rang, néu u € V 1a vecto riéng ctia ¢ Ung véi gia tri A
thi.u ciing 14 vecto rigng cla f(¢) dng véi gid tri rieng f(1). Gia sir
A 1a ma tran cla ¢ d6i véi co sd {u, ..., u,}, hiy x4c dinh ma tran
cua (@) doi v6i co s dé. '

Gia sir phép bién déi tuyén tinh ¢ trong khong gian R > di véi co
& chinh tic cé ma tran la :
8 -1 -5
A=|-2 3 1
4 -1 -1

1) Tim céc gid tri riéng va vecto rieng ciia .

2) Tim mot co s& clia R 3 ma d6i véi co s& d6 ma trdn B cha ¢ ¢6
dang tam gidc. Viét ma tran B.

3) Chimg 1o rang, trong tét ca cic c¢o s& cla R° thdéa man didu
ki¢n 2} thi ¢6 it nhit mot ¢o s& mi d6i véi né ma tran B ngoaj
dudng chéo chinh chi ¢6 mo1 phén tir khic O bang 1. Viét ma trén
B cho trudng hop dé.
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517

5.18.

5.19.

5.20.

5.21.

Tim cdc gi4 tri riéng va vecto riéng clia phép bién ddi tuyén tinh ¢
¢6 ma tran d6i véi co s& {uy, Uy, U, Uyt 1a

1 0o 2 -1

0 1 4 -2
A =

2 -1 0 |

2 -1 -1 2

Chimg td rang cac khong gian con sinh bdi vecto u; + 2u, va
u, + u; + 2u, bat bign d6i véi o. -
Cho ma tran thuc A, tim ma tran kha nghich T sao cho ma tran

B=T '.ATIama tran duémg chéo. Cho bi€t ma trin B :

: 1
13 0
l -1 -1
DA={3 -2 1 2)A =
: 1 -1 1 -1
0 -1 -l 1

Cho trudc ma tran d6i ximg thuc A, hdy tim ma trin tryc giao Q
sao cho B=Q'.A.Q 12 ma tran dudng chéo :

3 2 0 2 2 =2
DA=12 4 -2 ) A=| 2 5 4
0 -2 5 -2 -4 s

Chitng minh ring, cdc vecto riéng clia mot phép bi€n déi d6i xing
{tng v6i cdc gid tri riéng khéc nhau thi tryc giao véi nhau.

Ma tran phitc A goi 12 ur lién hop néu A =A. Chitng minh rang,
CAc gi4 tri riéng clia ma tran tu lién hop 12 céc s6 thuc.

Pap s& va hudng dan

5.4.
5.5.
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KerO = R ; Im0O = R [X].
1)dimV =2n+ 1.

2)Tacé: @ OO = x[t+ kg}



5.6.

5.7.
5.8.

5.9.

Do dé :
@%(C)(t) = X(t + 21t) = x(1), ta c6 o° = iy.
3) Theo két qua & 2) thi ¢ 1a mot don cdu, do d6 dimKerg = 0,
dimIme =2n + 1.
Huéng ddn :

a) Kerf la khong gian nghi¢ém cia hé phuong trinh tuyén tinh
thuan nht :

A(x, x3)'=(0 0 0).
Dips6 : Kerfcé cosdu, = {(-1, 4, D}.

X

b) C6 thé sir dung phuong phdp chimg minh Binh 1y 5.2 dé xdc
dinh co & clia Imf. Ching han, trong R chon co s& {e,, e,, u,}.
Khi d6 : {f(e,) = (1, 2, 1), f(e,) = (2, -3, —5)} 12 co' s& clia Imf.

2)dimIme = 3 ; dimKero = 0.

Ma tran A' 1a ma tran cba f d6i v6i co s& chinh téc.

A (B O L (00
.P|_00 P2“0E2

trong d6 E; 1a ma trn don vi cp k ; E, 13 ma tran don vi cdp n — k.

5.10.

5.11.

5.14.
(1, 1, 1), V= 0. Con d6i vai gid tr riéng 0 cé dang (1, 2, 3), vt = 0.

12 4 2

0 1 C.2. ¢ o2
T=(0 0 1 c2 2"

0 0 0 . 1

2)(1 1} 3)[5/2 3/2]
1 -1 1/2 -3/2

1} A, =1, &, = &3 = 0. Céc vecto riéng dng v6i gid tri rieng 1 13
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5.15.
5.16.

- Pé {a,, 0, 0’5} doc 14p tuyén tinh c6 thé chona =0, b = 3

5.17.

5.18.

208

2} Ay =3, ky = Az = —1. Cdc vecto riéng ng vdi gid tri rieng 3 ¢6
dang 1(1, 2, 2), con doi véi gia tri riéng —1 c¢é dang (1, 2, 1), Vi = 0.
2)f(A)=a, A" +..+a,A+a E. '
1) &, = &, = 4, Xy = 2. Cac vecto riéng tng vd6i gia iri rieng 4 1a
t(l, =1, 1), con ung v&i gid tririéng 2 1at(1, 1, 1), Vi 20,

2) Chon mot co s& gom hai vectorieng o, = (1, -1, 1), o, = (1, 1. 1)
va a, khong biéu dién wyén tinh qua o, vA o,. ching han

a3 = (0,0, 1). Doi véi co s& nay ma tran ciia @ ¢6 dang :

4 0 -3
B={0 2 -2
00 4

3) Lay co sd {a, a,, a3}, o'y = ao; + bo, + ey, trong d6 ¢ # 0.
1

c= —%. D061 v6i co s dé ma tran clia ¢ ¢6 dang :
4 0 1
B=_ 020
0 0 4
Co duy nhat gid tri riéng A = 1. Cdc vecto riéng ¢6 dang :
t(uy + 2u,) + (U, + ug + 2uy),
trong d6 : t, s 1a cdc tham s6 khong ddng thdi bang 0.

Hudng dan : St dung phuong phdp & nhan xét cha chimg minh He
qua 5.8.

P13 _3

10 14 35 10 o

1) =0 -1 1| B=lo3 o
7 7

L1 00 -4
3 14 35




2)

5.19. 1)

2)

B

| |

Ale pl— W -

o O -

= o -

|

Bl— W aE— &

o = O

o B O

]

N R N N N N

| — = &~

r'
B
.

(25

5

0

J5

5

W= Wit W]k
Wk W= Wit

—

y NG

15

J5

3
4/5

15

Wt WM W=

M

1
3
1
3
2
3

/

5.20. Xét cdc vecto riéng u,, u, cha phép bi€n déi d6i xing ¢ Ung véi
céc gid tririeng Ay, Xy 1 Ay = Ay Vi (9(1,).1,) = (8,.9(u,)), do dé :

)\,I(ul.u2) - )..2(“].112) .

(A — A)(u.0,) =0 = (u;.,) =0.
5.21. Huong ddn : Ching minh hoan toan tuong tu nhur B8 dé 5.1.
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Chuong VI
DANG SONG TUYEN TINH VA
D.G_LNG TOAN PHUONG

6.1. DANG SONG TUYEN TiNH

6.1.1. Dang tuyén tinh
Gia sir K 1a mot truomng s6. Mdi 4nh xa tuyén tinh tr K — khong gian
vecto V vao K duge goi 12 mot dang tuyén tinh trén V. Vay, mbi dang
tuyé€n tinh trén V 12 mot 4nh xa f : V — K théa min cdc diéu kién :
fx + v) = f(x) + f(y) ;
flax) = af(x) _ R (6.1)
déivéimoi X,y e Vvaa € K.

Ky hi¢u V* ]a tap tat ca cdc dang tuyén tinh trén V. Trén tap V* xét
hai phép toan sau day :

—Phép cdng cdc dang tuyén tinh :
Vaif, g thuoc V*, dnh xa f+ g : V — K xé4c dinh bdi :
(f + g}x) = f(x) + g(x), Yx € V. (6.2)
- Phép nhdn cdc phdn tir ciia truomg K véi dgng tuyén tinh :
Véia € K, f e V¥ dnh xa af : V- K xdc'dinh bdi :
(af)}x)=af(x), Vx € V. - (6.3)
D¢ dang ching to rang, cdc d4nh xa f + g, af 1a cdc d{mg tuy€n tinh
.trén V. va tap V* véi hai phép todn trén 12 mot K ~ khong gian vectg, véi

vecto khong [a dnh xa tdm thuong O : V — K. X4c dinh bdi O(x) = 0
X € V. Vecto déi clia vecto f la (-1)f = .
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K - khong gian vecto V* dugc goi 14 khéng gian doi ngdu cha
K- khohg gian vecto V.
DG6i v6i méicapf € V*, x € Vta k¥ hiéu :
f(x) = <x | >, ' (6.4)
Binh 1y 6.1 : Néu he {u,, ..., u,} 12 mot co s& cia K — khong gian
vecto V thi hé cdc dang tuyén tinh {u’, ..., u"} trén V xé4c dinh bai :
W) = <u; | > = §;, - (6.5)
12 mét co s& chia khong gian d6i nglu V*,
Co s& {u', ..., u"} goi la co sd doi ngdu cia co s& {u,, ..., u,}.
- Chimg minh : Vi méi 4nh xa tuyén tinh hoan toan duge x4c dinh béi

gid tri cua no 1ai cdc vecto thuge mot co &, do dé céc he thic (6.5) xdc
dinh n dang tuyén tinh trén V.

~He {u', ..., u"} Ia h¢ doc 1ap tuyén tinh. That vay, gia sir c6 16 hop
tuyén tinh :

au'+ L +au"=86.
Theo (6.2) va (6.3), vGii=1, ..., ntacéd:
' e A W) =0 ;
Mul@) + ...+ A u"(u)=0;
M+ +AB+ . +A5, =0
A, =0.
— He vecto {u', ..., u"} Ia mot hé sinh cha khong gian vecto V*. That

: n
vay, doi véi mdi x = z:;kuk thudc Vtacé:
k=1

) = (ZxkukJ = Zxk“i(“k) = Zxkski = X;
k=1 k=l k=t

Do dé d6i véi moi f thudec V* ta c6 :

f(x) = f[Zxkuk] =D %, f(uy)
k=1 k=1

= if(uk)u"‘(x) = [if(uk)ukJ (x), VX € V.
k=1 . .

%=1
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Dodétacsd:

f= i:f(uk)uk

k=1

Vay, mdi vecto clia khong gian V* biéu dién tuyén tinh duge qua he
{ul, .,u).H '

6.1.2. Dang song tuyén tinh

Dinh nghia : Gid s V 12 m¢t K - khong gian vecto. Anh xa
@ : V x V — K duge goi 1a dang song tuyén tinh trén khong gian vecto
V néu c¢édc diéu kién sau day dugc thdéa min d6i moi vecto x, X', v, ¥'
thudc V va moi phén tir o thude K.

{cp(x +x, ) =0 y)+0(x,y) (6.6)
: o(ax, y) = (X, ¥)
{(p(x, y+y)=0(,y)+oxy") ' 6.7)
olx, ay) = op(x, y)

Diéu kién (6.6) chimg td véi mdi y ¢d dinh thi ¢(x, y) 12 mot dang
tuy&n tinh trén V d6i v6i bien x. Diéu kien (6.7) ching & v6i mbi x c6
dinh thi ¢(x, y) 12 mot dang tuyén tinh trén V d6i véi bién y.

Dang song tuyén tinh ¢ goi 12 d6t xitng néu thda min diéu kién :

(X, ¥) = o(y, X), VX, y € V. (6.8)

Vi dy : M6i tich vo hlré‘ng ctia khong gian vecto Euclid 12 mét dang
song tuy€n tinh d6i xiing rén R - khong gian vecto. |

1. Ma tran cia dang song tuyén tinh
- Trong K — khong gian vecto V xét co s&
{uly vy un}‘ (I)
Gia sit ¢ 12 mot dang song tuyén tinh trén khong gian vecto V. Khi
n n .
do d6i véi cac vecto x = inui, y= Zyjuj . Ap dung tinh chét tuyén
=l )
tinh theo timg.bién cia g tacd :
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n n \ |

p(x, y) = (F{in“i, Z)’j“j
“i=1 1 y,

3\

n n
- inq{up PRZ
i=1 i=l J

=Zinyjq)(ui, u;). (6.9)

i=l j=1
Dataij-—cp(u,, )i j=1,.

Ma tran A = (a;)),x, duoc goi 12 ma trdn cila dang song tuyén tinh @
déi vdi co sa (1),

Tix bi€u thic (6.9) suy ra dang song tuye'n tinh ¢ hoan ton x4c dinh
né€u bi€t ma tran clia né d6i véi co s& nao dé.
Biéu thic (6.9) c6 thé viét lai du6i dang :

(P(X Y) Zzau Xy (610)

i=l j=1

Biéu thitc (6.10) dugce goi la biéu thitc toa d¢ cia dang song tuyén
tinh @ d6i v6i co s& (I).

Tix bl_éu thitc (6.10) ta c6 :

n n yl
o(x, y)=(2ai,xi Zainxi]i

i=l1 - =l

¥n
a4, ap a, |
O, Y =(x, . x| ? 2 P
8 Ay Ay Jly

Do dé biéu thitc toa do cha dang song tuyén tinh ¢ c6 thé vist dusi
dang ma tran ;
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Yy .
X, Yy =(X; .. XJAl: 6.11)
¥n
Ménh dé 6.1 : Dang song tuyén tinh ¢ trén K — kKhéng gian vecto hitu
han chiéu V 1a d&i ximg khi va chi khi ma tran cla né d6i vdi co s& nao
dé 1a ma tran d6i xing.
Chimg minh : Gia su ¢ la dang song tuyén tinh d6i xtmg va
A = (a;)x, 12 ma trin cha ¢ d6i vdi co s& {u, ..., u,}. Theo (6.9) ta ¢6 :
a; = cp(_ui, uj) = (p(uj, u) = ajjs Lj=1,..,n
Vay A 1a ma tran déi xing.

‘Nguoc lai, gid sit ring A 12 ma tran d6i xing, theo hé thitc (6.10)
tacod:

n n n n
oY) = 2D Ay = 2.2 a5y % = 0, X).
i=l j=1 =1 i=l

Viy, ¢ 1a mot dang song tuyén tinh d6i xing. Ménh dé dugc ching
minh. H

2. Tich Tenxo

Ky hieu (V)" = V™ 13 khong gian d6i ngiu clia K — khong gian
vecto V", Ngudi ta ching 16 duoc riing, néu V 12 K — khéng gian vecto
hitu han chiéu thi c6 thé d6ng nhat khong gian V véi khong gian V™.
Titc 13, (V)" = V. M&i phédn tif x € V 13 mot dang tuyén tinh trén V'

~V6imbife V' :<x|f>=1(x), Vx e V.

—Véimdix eV :<x!f>=x(), Vie V.

Xét K — khong gian vecto hifu han chiéu V.

Pinh nghia : Tich Tenxo clia vecto X véi vecto y, ky hitu x ® y, 12

moét dang song tuyén tinh trén K - khohg gian vecto V' duge xéc
dinh bdi -

xRy gN=<xif><ylg>, VgeV. (6.12)
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Tich Tenxo cta dang tuyén tinh f v6i dang tuyén tinh g, k¥ hiéu
f ® g, 1a mét dang song tuyén tinh trén K — khong gian vecio V duge
x4c dinh bdi ;

f@gl(x. y)=<xlIf><ylg> Vx,yeV, (6.13)

6.2. DANG TOAN PHUONG

6.2.1. Dinh nghia
Gia slr ¢ 1a mot dang song tuyé&n tinh ddi. xung trén K — khong gian
vectd V, khi d6 4nh xa © : V — K x4c dinh bdi :
o{X) =X, X), VX € V ' (6.14)

dugc goi 14 dang toan phiong trén khong gian vecto V sinh bdi dang
song tuyén tinh doi xiing .

Trong khong gian vecto V, xét co s& :
{ula teey un} (I)
Gia sir A = (8;)nx, 1& ma trdn ctia dang song tuyén tinh doi ximg .
Theo Ménh d¢€ 6.1, A 1a ma tran déi ximg. Theo cic cong thirc (6.10) va
b1
(6.11), v6i x = D xu; tacd :

m(x)"ZZau XX (6.15)

i=l j=1

X
o(X) = (X, .. X )A[: ' (6.16)
X

Céc he thic (6.15), (6.16) duge goi 12 bidu thic toa d6 cha dang
toan phuong o d6i véi co so (I). _
Xét mot co s¢ khédc cia khong gian V :
(v, .nv,) (D)
Gia st B 1a ma tran cla dang toan phuong @ d6i véi co s& (I1). Khi
d6 theo cong thidc (6.16) ta c6 :
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Vi X-—ZX v, thi co(x) x| ... x')B|: (a)

n
i=1 - t

X

Goi T 12 ma tran chuyén tix ca s& (I) sang co s3 (IT). Theo c6ng thitc
bi€n dditoa d6 (5.13)tacd:

=T|: ' ()

Thuc hién phép chuyén vi ma tran & hai v€ clia dAng thitc (b) ta ¢6 :

(X} o X =(X} o XPT. (c)
Tit cdc cong thitc (6.16), (b) va (c) ta cb '

o) = (K, .. XITAT|: )

So sdnh v€ phéi (a) va(d)tacé :
B=T. AT . (617

He thic (6.17) thé hien quan he giita ha1 ma trin clia cﬁng mot dang
toan phuong d6i v&i mét co s& khac nhau.

Vi T 12 ma tran khong suy bién, nén ta ¢é r(B) = r(A). Vay, hang clia
ma trin dang toan phuong o khong phu thudc vio co s& va duge goi 1
hang cia dang o. Néu r(A) = n thl © goi 1A dang khong suy bién.

6.2.2. Dang chinh tic cla dang toan phuong
1. Co s& chinh tic
- Co sd {v,, ..., v} cia K - khong gian vecto V duge goi 1a co sd

chinh tdc cha dang todn phuong o n€u ma tran B clia dang o d6i v6i co
sO d6 c6 dang dudmg chéo.

b, 0 0
L0 b 0
0 0 b
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Khi d6 biéh thiic toa d6 clia o c6 dang :
(X} + b7 + ... + b 3 (6.18)
trong dé : X= tlvl + .. eV,
Biéu thifc (6.18) goi 12 dang chink idc ctia dang todn phuong o.

R& rang ring, s& hé s6 khéc 0 trong dang chinh tic béng hang ctia
dang toan phuong.

- 2. Pura dang toan phuong vé dang chinh tic

a) Phuong phdp Lagring : _
X¢€t dang toan phuong khéc khong (c6 hang khéc khong) :
ofx) = Z AXiX; -

l_]—

Neumoi he¢ s6a;=0;i=1,..,n, khi d6 phéi c6 he s6 a;; = 0 (i = j).
'Chéng han a,, thyc hién phép bién déi toa do :

XR=Y1—Y;
?‘2 =V +Y2 (6.19)
Xe =Yg s k=3 ..,n

ta duge bidu thitc toa d6 méi clia w(x) c6 he s6 cia y; [a2a;,=0.
Do d6 khong mdt tinh tng qudt, c6 thé gia thiét c6 he s6 a; # 0,
chinghana,; #0. Tacé6 :

@(x) = a, X} + 2a,%X, + ...+ 23, X, + Z a;x
Bj=2

ljl

1 ‘ |
:>(D(X) = ;_'(allxl +..+ X, )2 (al2x2 LR alnxn) + z au i
{1 4 i.j=2

Thyc hién phép bi€n déi toa 49 sau day

{Y: =ApX teetaX,

_ 6.20
Y =%, k=2,.,n (€20
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Dang toan phuong o c6 dang toa d¢ mdi 12 :
] S
o(x) = —y; + Z a;vy;-
4y i,j=2

Giit nguyén bi€n y,. ti€p tuc thuc hién cdc phép bi€n ddi trén d6i véi
cdc bién y,, ..., ¥,- Sau mot sG budc ta s& khir hét cic s6 hang ctia tich hai
toa 36 va nhan dugc dang chinh tic cla dang toan phuong .

Vidu : Xét dang toan phuong o trong khOng gian R 3 chobdi: -

o(x) = xf - 2% X, + x% +4x;X; + 4x§ + 2X,Xq
Vi X = (X, X X3) € R _ _

Tacéa,, =120, sirdung phép bién déi (6.20) :

@(X) = (X, — Xy + 2X3)7 — (=X + 2%3) + X3 + 4x5 + 2%,%;
= (X, — Xp + 2X3)" + 6X,X5.

Thuc hién phép bién déi toa 46 :

Vi = X — Xy +2Xy
Y2 =X
Y3 = X3
Dang toadd mGicuaw 13 :
o(x)= yf + 6y,¥4.
Gilt nguyén y |, bi€n ddi y,, y;.
Ta cé a; = 0,1 =2, 3. S dung phép bié¢n di (6.19):

yi =4
Y=ty +t,
Yi=1; — 1

Biéu thifc toa do méi cla o 14 :
o(X) = 17 + 63 - 6t2.

D6 1a dang chinh tic cén tim.
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b) Phuong phdp gid tri riéng :

Ménh dé sau day Ia mot 4p dung cha Dinh' 1§ 5.6 vao viéc khao sat
cdc dang toan phuong trén khong gian vecto Euclid.

Ménh dé 6.2 : Mdi dang toan phuong o trén khong gian vecto Euclid
hitu han chiéu E déu c6 mot co sd chinh tac 14 co s& truc chudn cha
khong gian E. _

Cédc vecto cia co s& chinh tdc d6 goi 1a cac phuong chinh cla dang
toan phuong .

Chitng minh : Trong khong gian vecto Euclid E xét mot co sd truc
chudn : |

{uy, .., u,} @O

Goi A 1a ma tran cla dang toan phuong o d6i vdi co s& truc chudn
(I). Vi A 1a ma tran d6i xiing thuc, theo He qua 5.8 t6n tai ma tran tryc
giao Q sao cho:

A, O .. O
: 0 X .. O
B=QAQ= |
0 0 .. A

Ma tran truc giao Q chuyén co s& truc chudn (1) vé co s& truc chuédn
(£}, .... .} (I1) xédc dinh boi : |
f, o £)=(@ .. u)Q.
Theo céng thirc (6.17), ma tran dudng chéo B 1a ma tran cila dang

toan phuong o d6i véi co sd truc chudn (11). Vay, co sa truc chudn (II) 12
mét co s& chinh téc clia dang toan phucng .

Chity:

1) Trong co sd céc phuong chinh (II), bidu thitc toa d6 cla dang toan
phuong o 1a :

o) = At + .+ At (6.21)

v6i x =) tf . trong do A,, ..., A, 12 cdc gid tri riéng cBa ma tran A.
- .
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2) Céc cot clia ma tran chuyén Q la cic vecto riéng clia ma tran A.
Vidu Dang toan phuong o trén khong gian R * dugc cho badi -
o(x) = 11x2 +2x5 + 5x3 + 4x,X, — 16x1x3 + ‘20x2x3
Qéfi X = (X}, X9, X3).

Ma tran cha dang toan phuong o d6i v6i co sd chinh téc {e,, e,, ;)

1 3

la:
11 2 -8
A=l 2 2 10
-8 10 5 ‘ *

Da thitc dac trung cia ma tran A 13 :
P(A) = A — AEl = -A% + 18A2 + 81A — 1458
= (A = N + D\ - 18).
Vay ma tran A c6 gid tri riéng 12 : &, = 9, &, = 18, A, = 9. Theo he
thitc (6.21) dang toan phurong di cho ¢6 dang chinh tic :
o {m(x) =9y} + 18y} - 9y;
X =yfy +y.f, +y.f;

Cac vecto riéng cha ma tran A 'img v6i gid tri riéng A, 13 nghiém
khong tdm thudng ciia hé phuong trinh

t,) (0
(A-rB)t, =0
t,)] 0

A)y=9,hecénghitmu=t(2,2,1),te R.Véit=1tacon,=(2,2,1).
A, = 18, he¢ c6 nghitm u =2, -1, -2),t € R. Vit = 1ta cé
u, =(2,-1,-2).

Az = -9, h¢ ¢6 nghiém u = (-1, 2, 2), t € R. Véi t
U3=(—1, 2, 2).

1 tacod

It

Viuy, uy, uz 1a cdc vecto riéng cha ma tran d6i xing thuc tng véi
cdc gid tri riéng khéc nhau nén truc giao v6i nhau (Bai tap 5.20).
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2) Cic c6t clia ma tran chuyén Q 1 cdc vecto riéng clia ma trn A.
Vidu Dang toan phuong o trén khong gian R ? duge cho bdi
@(x) = 11x] + 2x5 + 5%} + 4x,x, - 16x1x3 + 20%,%,
vOL X = (X}, Xy, X3)-

Ma tran cia dang toan phuong o d6i véi co sd chinh tic {e,, e,, e;)

ia:
11 2 -8
A= 2 2 10
-8 10 5 ‘ x

Pa thic dic trung clamatran A la:
P(L) =1A — AEl = 2% + 1827 + 812 - 1458
=(A—-9A+9)(A—18).
Vay ma tran A c6 gid tririéngla: A, =9, A, = 18, A, = -9. Theo hé
thitc (6.21) dang toan phuong da cho ¢6 dang chinh tic :
. {m(x) =9y + 18y; - 9y}
x =y +y,6 +yf

Cdc vecto riéng cha ma trdn A Gng v6i gid tri rieng A, 12 nghiém
khong tdm thudng cta h¢ phuong irinh

t, 0
(A-LE)t, |=|0
ty 0

A;=9,h¢ conghiemu=¢2,2,1),te R.Vdit=1tacéu, =(2,2,1).
Ay = 18, h¢ cé nghietmu =12, -1, -2), t e R. Véit =1 ta ¢b
U, =(2,-1,-2).

Ay = =9, he c6 nghiém u = (-1, 2,2), t € R. Véit =1 ta ¢6
u3 = (_1’ 2! 2)- . .

Vi u,, u,, uy 14 cdc vectd riéng clia ma tran d6i xing thyc ting véi
cdc gid tri riéng khdc nhau nén truc giao véi nhau (Bai tap 5.20).
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Chuén héa :

v =1y Z[E 2 1)
Yot 37373
v, = 1 u, =(3, _1 __2_]

Jua 3 3)

1

3
I T =[_1Wz _%]
tofu N3 373

Dodétacd:

T
—~

I
i

WM Wit W=

(f, 1, f)={ e e

Wb = W

W= |t W

~

Co s& cdc phuong chinh cia® 14 :

r
f=(2.20
333

6.3. DANG TOAN PHUONG THYC

6.3.1. Dang toan phuong xac dinh duong

Binh nghia : Dang toan phuong ® trén R — khong gian vecto V goi
Ia xdc dinh dwong néu o(x) > 0, d6i v6i moi vectd x # 0. Va néu
o(x) < 0 d6i v4i moi x # 0 thi dang ® goi 1a xdc dinh dm.

Ménh dé 6.3 : Dang todn phuong trén R — khoéng gian vectd
n chiéu V xdc dinh duong khi va chi khi tat ca cdc hé s6 trong dang
chinh téc clia né déu duong. Titc 14, n€u ® c6 dang chinh tic :
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ox)= bt +..+b 2
thib,>0,i=1,..,n.
Chimg minh : Gia stcac he¢ s6 b, > 0, i =1, ..., n. Khi dé néu vecto x
e V, x # 6 thi c6 it nhat mot toa do t #0.Dod6tacé:

o(x)2 b, 17 >0.

Vay dang toan phuong o(x) xdc dinh duong.

Ngugc lai, gia sit o 14 mét dang todn phuong xdc dinh duong. Néu
¢ b; <0, ta chon vecto X € V ¢6 toa dd d6i véi co sé chinh tac dang xét
laty=0,.,4,=0,=1,t,,=0, ..t = 0. Khi dé vecty x 0, nhung
o(x) = b, £ 0. VO 1y. Vay cdc he s6 chinh tic b, > 0,i=1, ..., n.

Ngudi ta chiing minh duoc ring :

Dang toan phuong ® ¢6 biéu thitc toa do :

n n
o(x) = ZZaijxixj
i=1 j=I
xdc dinh duong khi va chi khi cic dinh thifc con chinh :
a, A a3

A =a,, A, =0 f2] oA a, a A =IAl
1 =8, 8, F » B3y = (831 A Ayy|y ey By =

A3 Ap
a3 Ay Ag

déu duong.

6.3.2. Luat quan tinh -

Mat dang toan phuong cé thé c6 nhidu co s& chinh tic khéc nhau,
dinh 1¢ sau day thudng goi 1a ludt qudn tink cho ta thdy mot tinh chat bat
bién v€ diu clia cdc he s6 trong cdc dang chinh téc.

binh 1y 6.2 (Luat qudn tinh) : S6 h¢ s6 duong va s6 hé s§ 4m trong
dang chinh tic clia mot dang toan phuong « khéng phu thude vio viec
chon co s& chinh tc. _

S6 he¢ s6 duong dugce goi chi sé’ duwong qudn tinh. S6 hé s6 am goi 12
chi s6 dm qudn tinh. .. '
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Chitng minh : Gia sit © 13 dang toan phuong trén R — khOng gian
vectd ¢é hang r > 0, ¢6 cic co s chinh tic :

{uy, ..., u.} (D
va  {v ., vph (I

Ta c6 thé gid thiét rAng, d6i v6i chc co s& chinh tic (I) va (1) dang
toan phuong o 1dn gt ¢6 biéu thifc toa d6 :

L2 2 2 2.
©(X) = byx{ + ...+ b Xy — b, X0 — e~ bX; (a)
- 2 2 2 b
va o(X)=cy; +...+¢C yq Cou(Xgaf — wonee = C,X{ (b)

trong d6: b;>0,¢,>0,i=1,..,r
Ta cin chimg t6 p = q. Xét cdc khong gian con :
L=¥(u,, .., ubyvaM= _Ef’.({vqﬂ, e Vo )

Gidastx e ML, x=6. Vix € L nén theo (a) ta ¢c6 o(x) > 0.
Vi x € M neén theo (b) ta ¢6 : @(x) < 0. Mau thuin nay chimg t6 ring
ML ={0}. Theo Ménh dé 3.7tacé:

dim(L. & M) =dimL 4 dimM < dimV.
Do 46 ta ¢6:

p+(n—q)<n.
Vayp-q<0,hayp<q.
Tuong tu bang cdch xét cadc khong gian con :

=L ({upys oy ), M =Z({v), .., v,Dtacéd:q=<p.
Vayp=q.

BAI TAP
Dé bai

6.1. Trong K — khong gian vecto V xét co s& {u,, ..., u,}. Gia sir f 1a
mot dang tuyén tinh trén V. Hay ching 16 ring, d8i v6i moi vecto

XxeV,x —Zx, u, , f(x) c6 thé viét duéi dang :

i=1
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6.2.

6.3.

6.4.

6.5.
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. N
f(x)=(, .. ay)
X

Ma tran hang (a, .. a,) goi 12 ma tran cha dang f d6i véi co sd
dang xét.

Xét cac dang tuyén tinh f|, f, trén K — khong gian vecto n chiéu V.
1) Chitng minh rang, 4nh xa ¢ : V x V = K xdc dinh bdi
¢(x, ¥) = F;(x)f,(y) 12 mot dang song tuyén tinh trén V.
2)GiasirA=(a; .. a),B=(b; ... b)1a ma tran clia c4c dang
f, va f, d6i v6i co s& nao dé ciia khong gian vecto V. Hay xdc dinh
ma tran clia dang song tuy€n tinh ¢ déi véi co s& d6. Tim diéu kién
cdn va du dé ¢ 12 dang song tuyén tinh déi xitng. |
Tim ma tran cla dang song tuyén tinh ¢ trén khong gian R[]
céc da thifc ¢6 bac nho hon n + 1 xdc dinh boi :

i 1
o(f, 8)= [f()g(n)dt
Q

déi véicosd {1,t, ..., 1"} vacosd {1,t—1, ..., (t—a)"}.

1) Trong khong gian vecto K" xét cdc vecto x = (a,, ..., X,),
y = (¥, -n ¥p)- Xdc dinh céc tich tenxo X ® y, y ® x. Tim diéu
Kiendéx Q@ y=y ®x. |

2) Gia st f, g 1a cdc dang tuyén tinh trén khong gian vecto K"
¢ho bdi : | |

fx)=ax;+ ... +ax,; gX)=bx;+...+bx,
VOL X = (X[, ..., X))
Hay xéc dinh tich tenxo f ® g.

V6i nhiing gid tri nao cta A thi dang toan phuong trén R * sau xdc

~dinh duong :

o(x) = AX] +6x2 + (A - 2)x3 + 4x,x,

vl X = (ay, Xy, X3).



6.6. Hiy dung phuong phép Lagring dua cdc dang toan jahuong trén
khéng gian vecto K" sau day vé dang chinh tic :

1) o(x) = x§ +5x5 — 4x3 + 2x,X, — 4X,X, ;

2} o(X) = XXy + X;X3 + XpX3, VO X = (X, Xy, X3) ;

3) 0(X) = XX, + XpX3 + X3X4 + XX, VO X = (X, Xy, X3, Xg),
VG x = (X, X5, X3)

:6.7. Ding phuong phdp gid tri riéng dua cdc dang todn phuong trong
kbong gian Euclid R * sau day vé dang chinh tic :

1) o(x) = X} + XX, + XXs
2) o(x) = x5 + X3 +5x3 - 6X,X, — 2X X5 + 2X,X5 ;
S22 o2
I o(x) = X7 + X5, + X5 + 4X,X, + 4X;Xy + 4X,X,,
trong dé : X = (X, Xy, X3).

6.8. Trong khong gian Euclid R> dang toan phuong ® d6i véi co 50
chinh tdc cé biéu thic toa d6 :

o(x) = 6x2 + 5x2 + TxE — 4X,X, + 4X,X,.
Hay tim mot co s& truc chudn ctia R> 12 co s& chinh tic ciia @. -
Vi€t dang chinh tic clia w ttng v6i co s& chinh tic d6.
Pap so va hudng dan |
6.1. Huongddn :Dita =1f(u),i=1,..,ntacd:
f)=ax; +..+ax,=@ .. a)X .. x).
6.2. 2) A'B = (a,b,),x,. Dang song tuyé&n tinh ¢ d6i xtmg khi va chi khi

aibj = ajbi, Vi, j.

_ i+j-1 _1ziFi g il
S ey
l+‘]_1 n+lxn+1 l+‘]_l n+kxn+l

6.4. Huong ddn :

1) Theo dinh nghia x ® y 1a mot dang song tuyén tinh tren (K™)*
xac dinh bai : '

223



6.5.

6.6.

6.7.
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Xy, g)=<xIfo<lylig>.

Do d6 x ® y dugc xéc dinh néu biét ma trén C cia 16 d6i véi mot
co s& nao d6 cla khong gian (K")'. Ching han, co s& d6i ngiu

{e’, ... e"} clia co s& chinh tdc {e, .. , e, } cia K" Ap dung két

quaBaib2tacé:C= (xin)nxn-

Tuomg tir ma tran D cia dang song tuyéntinh y® x laD = (YiXnxn-

x ® y =y ® x khi va chi khi x;y; = X;y;, Vi, j. Do d6 tich tenxo néi
chung khong giao hodn.

2) Vi £ ® g la mot dang song tuyén tinh trén khong gian K". Theo
dinh nghia ta ¢é :

fRglix,y)=<xlfo<ylg>= [iaixi J{ibjij
i=l =1

= (X1 .. Xp) (@) - 3 (b .o DY (¥ . ¥
Vay ma tran cia f ® g d6i v6i co s& chinh tic clia K" 1a M = (b)),

Sir dung két quéa dang toan phuong thuc x4c dinh duong khi va chi -
khi cac dinh thifc con chinh d€u duong.

Paps6:a>2.
1) y? +y5 —y%, v6i phép bicn ddi toa do :
15 1. 1 1
X1 =Y *53’2 '*‘63’3’ X3 =EY2 _EYS» x3=§y3.

2) y,2 - y% — y3, v&i phép bign déi toa d6 :

XiZ=¥Y17 Y27 Y3, X=¥1+Y2—¥35 X3=Ya
3) y? —~ y2, véi phép bién déi 1oa do : '
XiZ=¥Y1 = Yo ¥3: X5¥1+¥2—Y¥4: X37Y3; X4=Y,4
1+43 2+1—J§ 3.
2 T Y

2) 3y? +6y2 - 2y%;

I

3) Sy} - y3 - vi.



6.8. Cic gid tri rieng va cdc vecto riéng tuong ng  :

=3 u = 2,3,*%
37373
{
A.2=6, u2= i’ —-—E,—EJ
| 3> 73773
(2 1 2
l=99 =l = T, T
3 I R 3J

He {u,, Uy, Uy} 1a co s& truc chuan cln tim. D61 véi co sd dé o ¢6
bi€u thiic toa d6 :

o(X) = 3y} + 6y2 + 9y2.
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Chuong VII
HiNH HOC GIAI TiCcH

e N —

7.1. KHONG GIAN CAC VECTO Ty DO
7.1.1. Vecto tiy do _

Ta s€& goi céc duong thing, cdc mit phing va khong gian hinh hoc la
cdc khong gian diém mot chiéu, khong gian diém hai chiéu va khéng
gian diém ba chiéu, ky hiéu twong dng 1a D', B? va D’. Thuat ngit s6
chiéu cta D% n = 1, 2, 3 chi 1a su hinh dung tryc gidc dudmg thang c6

mot chiéu dai ; mat phing cé chi€u dai, chiéu rong va khong gian c6
chiéu dai, chiéu rong va chiéu cao.

1. Vecto budc

Ung v6i mbi cap diém (A, B) ciia khong
gian diém D" ta xdc dinh mot vecto bugc B
(hay doan thing c6 dinh hudéng), ky hiéu la
AB. Diém A duoc goi 1a diém goc, diém B
duge goi 1a diém ngon cha vecto bude AB.

_ Hubng cia vectos AB di tir diém g6c
A dén diém ngon B (hinh 7.1). Néu A =B Hinh 7.1
thi AA goi 12 vecto budc "khong”, 1a vecto
budc hudng khong xdc dinh.

— D¢ dai cia vectd budc AB, Ky hi¢u 1a |R§| , 1a khoang cach giita
hai diém AvaB.

Vecto budc ¢d d6 dai bang 1 goi 1a vecto budc don vi.
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Vecto céng tuyén : .

Vecto buoc AB goi 1a song song véi dudng thing A néu dudng
thing AB triing hozc song song véi dudmg thing A, ta viét AB // A.

Hai vecto buoc AB va CD cing
song song v&i mot dudng thing duoc
goi la hat vecto cong tuyén (hay cling
phirong), ta viét AB // CD (hinh 7.2).

Hai vecto budc AB va CD dugce
got la cung hwong (hoac nguge hudng)
néu AB // CD v hai diém B, D & ciing
phia (hoac khdc phia) d6i vé6i dudng
thing AC.

Vecto déng phing :

Vecto buéc AB goi la song song
v6i mat phing P néu dudng thing
AB song song v4i m#t phang P hoic
ABc P. ta viét AB // P (hinh 7.3),

Trong khong gian B® cic vecto
budc clng song song v&i mét mit
phéng goi 12 déng phdng.

Vecto budc bdng nhau :

Pinh nghia :

— Ciéc vecto budc "khong" thi bing
nhau, AA = CC.

— Pdi v6i cac vecto- bugc khic
vecto budc "khong” thi AB=CD néu
va chi n€u cdc didu kién sau day duge
thda man :

2 [R5 =| B,

b) AB/CD va cing hudng
(hinh 7.4). |

B
C
A
D
A

Hinh 7.2

B
A/’

P
. Hinh 7.3
D
Hinh 7.4
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2. Vecto tir do

Ta nhén thdy riang, quan hé "bang nhau" clia cdc vecto budc 12 mot
quan he tuong duong trén tap cAc vecto bude clia khong gian diém D"

Pinh nghia : Mbi I6p vecto budc bing nhau dugc goi la vecto tuw do.
Ta ky hiéu E” 1a tap cac vecto tydo trong D", n=1, 2, 3.

Cic vecto tu do duoc ky hiéu bdi a, b, X, y, ...

Néu AB e a thi ta viét AB =a, va néi ring budc vecto tr do a &
diém A. Do dai, phuong, huéng cha vecto budec AB 1a do dai, phuong,
huéng chia vecto tr do a.

La&p vecto budc khong goi 1a vecto tr do "khong", ky hiéu 1a 0.

Géc ctia hai vecto tu do :

Gi4 sir a, b 12 cdc vecto tu do khdc
vectd O. Ta buoc hai vecto tu do a,b &
diém O : OA =3, OB=b. Cic vecto
buoc OA, OB tao nén hai géc ¢ va 2n — )
(hinh 7.5). Géc @ (0 < @ < 7) duge goi 1a - 2%

gdc ctia hai vectotudo a va b. A

o}

X Tr - .,- -
Néu ¢ = 5 thi ta néi cdc vecto twr do Hinh 7.5

a, b vuéng géc véi nhau, ky hiculaa L b.

Ciéc vecto tu do goi 12 edng tuyén hodc ddng phdng néu céc vecto
budc tuong g vdi mbi vecto tr do d6 1 cong tuyén hodc déng phing.

7.1.2. Cac phép toan trén tap cac vecto tu do
1. Phép cdng hai vecto tu do

a
duoc x4c dinh nhu sau : Ta budc vecto tw do a §di€ém A : AB = a ; réi
budc vecto tv do b & di€ém B ;: BC=b. Khi d6 AC=c=a
(hinh 7.6).
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' Lig

C
A -(;.z ?‘f‘?
Hinh 7.6

2. Phép nhan s6 thuc véi vecto tu do

Tich cta s6 thuc o véi vecto trdo a la mot vecto tu do, ky hiéu la
aa, duogc xdc dinh nhu sau :

- Do dai:loal =l lal,

— Phuong : aa//a, aa cling huéng véi a néu o > 0 v oa ngugc
huéng v6i a néu o < 0.

Vecto tw do (—1)a goi 12 vecto ddi clia vecto twdo a, ky hieu1a —a.

O chuong trinh Trung hoc da chiing minh ring, cdc he thitc sau day

luén luén théa min d6i véi céc vecto tr do thugc E" va cdc s6 thuc
ae R, '

1) Phép cong vecto tr do ¢6 c4c tinh chat sau day :

a)a +b=b +a (tinh chit giao hodn).

b)(a + b)+ ¢ = a + (b + ¢) (tinh chit ket hop),

)a+0 =2 (6 12 phén tif trung hoa).

d)a +(-a)= 0.

Vay (E", +) Ia mot nhém Aben.
2)a(a + b)=oa +ab.
3)(+Ba=oa +Pa.

4) a(Ba) = (ap)a-
5)la=a.

Ta nhan thdy ring, cdc diéu kieén cia dinh nghia khoéng gian vecto
déu dugc thda man.
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Vay, tdp cdc vecto tw do E" voi phép cong vecto 1y do va phép nhan
s6 thuc véi vecto i do la mot khong gian vecto trén truong so thuc R .
Dé dang chimg minh duge cdc dién khang dinh sau day :

- Hé¢ hai vecto tu do {[n, iiz} phu thugc tuy€n tinh khi va chi khi
E; i u_z. ticla EI 1-1; 1a hai vecto tu do cong tuyén. Vay ta c6 dimE' = 1.

— He ba vecto tr do { ur, uz, ﬁa} phu thudc tuy€n tinh khi va chi khi
cdc vecto tu do u,u, vi u, déng phing. Vay ta cé dimE? = 2.

— Trong R — khong gian vecto E? hé bon vecto tu do ludn juon phy
thuoc tuyén tinh. Vay ta ¢é dim E'=3.

7.1.3. Cd sé dinh huéng
1) Gia st h¢ {fn, 1_12} lAamot cosdcua R — l;hOng gian vecto E2. Ta
‘budc céc vects ty do u,, u, & diém O bét ky ciia khong gian diém D* ;
OF, = i, OF, = ;. |
Co s8 {ﬁ], ﬁz} duge goi 12 dinh hudng dwong néu phép quay ngin

nhat tr OE, dén tring v6i huéng cha OE, nguoe chiéu kim déng hd
(hinh 7.7).

o | of
Hinh 7.7 ~ Hinh 7.8

Trong trudng hgp nguge lai, co s& {ﬁl, ﬁz} goi 1a co sd dinh hudng

am (hinh 7.8).

-~
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2) Gia sir h¢ {fu, uz, fls} lamdtcosdchaR — khOng gian vecto E3.

Ta bugc cdce vecto tu do clia co s& d6 & didm O bt ky clia khoéng gian B :
OE, = u,. O, = u,, O, =u,.

- Co sé {ﬁ]_, uz, 53} dugc goi 1a dinh hudng duong néu khi quay cdi

van nit chai theo chiéu quay ﬁgén nhét tr (ﬁ: dén OFE, thi c4i van it

chai tién theo huéng OE, (hinh 7.9).

Ei

Hinh 7.9 Hinh 7.10

Trong trudng hgp nguoc lai, co s& {ﬁ], us, fls} dugc goi 1a dinh
huéng dm (hinh 7.10).
7.1.4. Tich v hudng
Pinh nghia I: Tich vo huéng clia hai vecto ty do a, b thude E" 1a mot
s6 thye, ky hieu 14 (a . b), duge xdc dinh nhwsau: -
*)(a.0)=(5.2)=0;
*)Ne'u;"i¢6,B¢6_thi(£.6)=|£||61coscp, (7.1).
trong d6 ¢ 1a goc giira hai vecto tir do a,b.

O chuong trinh To4n trung hoc da chimg minh dwogce ring, tich vo
hudng cua hai vecto xdc dinh bdi (7.1) ¢6 c4c tinh chét san day :

1(a.b)=(b.a):
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2)((a +b).c)=(a.c)+(b.c);

3)(aa . b)=a(a. b);

4)(a.a)=lal20;

5)(a . E)=0khi‘véchikhihoac a=0,hoicb=0Ohoica Lb.

Ta nhan thiy ring, tich v6 huéng cla cdc vecto ty do thda méan
cac diéu kién cia dinh nghia khéng gian vecio Euclid & muc 3.6.1. Vay

R — khéng gian vecto E" 12 mét khong gian vecto Euclid d6i véi tich vo
‘hudng xdc dinh bdi (7.1). Ta s& goi 12 khong gian Euclid E".
Gid sit he {i, j, k} 1a mot co s& trye chuén cha khong gian Eucid E.
Véi cac vectotr do :
a=xi+y,]+ z]l; :

-

E=x23+y2-j+zzk.
Theo Ménh dé€ 3.11,tacé:

(a.b)=XXy + VY2 + Zy2,. (7.2)
Tir (7.1) va (7.2) ta c6 cdc cong thic sau day :

lal=yx2 +y2 + 22 ; (7.3)

XXy + ¥i¥y + 27
lailbl

COSQ = (1.4)

7.1.5. Tich vecto

Pinh nghia : Tich vecto (hay tich cé huténg) cha vecto ty do a véi
vecto tu do b 1a mot vecto ty do, k¢ hiéu la d =a A b, duge x4c dinh
nhu sau :

*YaAn0=0Aa=0.
*)Néua=0,b=0O thidco: .

~Podai: tdi=1lalilblsing.
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— Phuong : dlavadib. D,

— Huéng : Néu d # O thi d c6 huéng

=

sao cho h¢ {5, b, a} 1a mQt ¢ sd dinh - B
huéng duong (hinh 7.11).
Tinh chdt : D6i vdi moi vecto tr do
cua khong gian vecto E’ va moi s8 thie o
céc he thitc sau day luon luén théa man : ' A
Danb=—(bAa 5) . Hinh 7.11

2) a A b =0 khi va chi khihoac a =0 hodc b=0 hoac a // b ;
3)&5/\_6:5!\(15‘:0&(5/\5);

4) (5+B)AE=£AE+BAE. _

Tir céc tinh chét trén day suy ra ring, néu hé {;], E} 1a mét co s&

trye chudn dinh huéng duong ciia khong gian Euclid E* thi ta ¢6 :

D6i v6i cac vecto ty do :
a=xi+y,j+z,k;
b=x,i+y,j+2k

tacod:

2B = (X149} 4 2,K) A (X1 + y] + 2,K)

= (Y12, — ¥22y) I ~ (X,2) - lez)-j +(X,y, — XZYI)E

i-

z -
Y 1 i+
Y: Z;

He thitc (7.5) c6 thé viét dusdi dang sau day :

X, g LI 51

LS &)

K. - (1.5) |

X, 2y
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i ] k
anb= X, ¥ % ' (7.6)
X2 ¥2» 4
Vdéi quy u6e dinh thite c4p 3 & v€ phai (7.6) khai trién theo hang
thit nhat. ’ |

7.1.6. Tich hén tap
Pinh nghia : Tich hén tap (hay tké’ tich ¢ hudmg) cha ba vecto ti do
a,b va c, ky hieu 1a [5, b, E], 1 tich v6 huéng vecto tw do a A b véi
vecto tr do c _ | |
[abc]=(anb.) | (1.7)
Gia st ring :
a=x,i+yj+zk;
b= X1 +y,j+2,K;
C=X,1 +Y,] + 2,k
trong d6 {i, j, k} 1a mot co s& tryc chudn dinh hudng dwong ciia khong

gian Euclid E>. Khi d6 theo céc cong thie (7.2), (7.3) va (7.7 tacé :

. Z X, 2 X
[a,b,c]= Yi Llg, - Hyy +] Yi z,
Y2 % X I X2 V2
Y Y1 g
X3 ¥3 Z

Tinh chét : Theo hé thitc (7.8) va tinh chét cha dinh thic ta c6 :
1) [5, b, E] =0 néu cé it nhat mét vecto bing 0, hoidc ¢6 hai vecto

cong tuyén, hoic ba vecto d6ng phing.
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2) Tich hén tap khong thay d6i khi ta hodn vi vong quanh c4c vecto
a,bc,nrcla:
(35.¢]=[c.a5]=[55i].

[ —

3) Diéu kién cdn va di d€ 3 vecto tr do a, b, ¢ khic vecto O déng
phing Ia: _
[5, b, E] =0.
4) Thé tich ctia hinh hop c6 cdc canh OA = a, OB = b, OC = ¢ bing
’[59 l-:;-) 6}1 .

Chitng minh : Céc diéu khéng dinh 1), 2) va 3) truc ti€p suy tix hé
thite (7.8) va tinh chét cha dinh thifc. Ta ching minh tinh chat 4.

Goi o 1a gée git‘ra hai vecto ty do a, b va 0 13 géc giita hai vecto tr
. do a A b, ¢ (hinh 7.12).

$
T 1
,,"" ‘ ’,/’,
- S )
PR ¢ / ’
[ / ¥
.' .'
0 BL---‘----;’-.--.-’/
b S .
o
Y @ ._.'.!"
o ™ A
Hinh 7.12 .

Khi d6 hinh hop dang xét c¢6 dién tich ddy S = lallblsing va dudng

cao h = lclcosd.
Theo dinh nghia, tich vé hudéng, tich vecto va tich hén tap tacé :
‘(5 A BE)I =la A bllc|cos®
= |allblsinglc|cos®
=Sh=V.
biéu khing dinh duge ching minh.
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7.1.7. Tam ty cu

" Ménh dé 7.1 : Gia sit M,, ..

ZJL # 0 t0n tai duy nhit di€m G € D" sao cho :
i=1

Chitng minh : Ta chon di€ém G e P" sao cho

“E=1fxom
11

' P
trong d6 k = Zki .
i=1
Tacd:

-» M, 12 mot ho diém cho truéc trong

khong gian D”. Khi d6 d8i v6i méi ho hé s6 Aps ey Ay, thoa min

iAGM Zx(om -0G)= ixOM ZxOG
=k6?}'-ixio"€}=oe[ ix}:

Viy: Zp:xiWJ

n
Gid sit diém G' € D" théa man Y 1,G'M;
i=1
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P . -
ViZ?LivtOnén GG =0,hayG' =G.

Pinh nghia : Di€ém G € D" thda min diéu kién Ménh dé 7.1 duoc goi
1a tdm ty cy cia h¢ di€m M, ..., M, d6i véi ho hé s6 &, ..., A, thda mén

¢
diéu kien Y A, = 0.

Pic biet, néu A, = ... = A, =1 thi G goi 12 rrong 1dm cha heé diém

My, M,

7.2. HE TQA DO AFIN
7.2.1. Pinh nghia hé toa dé afin

Ta chon diém O € D" vd mot co s8 {u_.1 Z} ctia khong gian
vecto E". Khi d6 hé théng (o, u, .., u—n) dugc goi 14 hé toa dé afin clia
khéng gian diém D". Diém O dugc goi 12 diém goc (hay méc) toa do.

Néu co sd {u_-l i} 1a mot co s& truc chudn cha khéng gian
Euclid E" thi hé théng (0, E]' a) dugc goi 1a hé toa do vudng géc
ctta khong gian diém D",

Xét hé toa do afin (0, u_.1 E] vdi "G;" =1,i=1, .., n

Ta budc cac vecto ty do ﬁ: ,i=1, .., 0ddifm géc O va xét céc truc
56 OX; ¢6 gbc 1a diém O, vecto don vi 12 u; (hinh 7.13).

Khi d6 cac truc s6 OX, dugc goi 14 hé truc toa d¢ (hay hé quy chiéu)
afin tuong tmg véi he toa d¢ afin (o, Uy, ﬁ:) thudng duoc ky hiu 12
0.X,...X,. |

V6i mbi di€ém M e D", dat tuong ting véi vecto ty do OM = u ¢ E".

Néu ;1=in1_1; thi bo s6 thuc (x;, ..., X,) dugc goi 12 tea dé cla
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diém M (toa do cha vecto tw do u) d6i véi hé toa do afin (0,' g, ﬁ:)

(hay dé6i véi he truc toa do O.X,...X_) va ta viét :

M(xy, -y Xp) (WX, -..p X))

n=3
Hinh 7.13
Néu co sé {a-l' E} 12 mot co s6 dinh huéng duong thi hé toa do

afin (0, u—, un) va he truc toa 40 O.X, ... X, goi la k¢ thugn. Trong
truong hop nguoc lai duge goi 1a ké nghich.
7.2.2. Phép bién ddi toa dé afin

Gié sir (O, u,,...,u, ) va (O, u'y, .., u’, ) 1a céc he toa do afin ciia

khong gian diém D",
Gia sit T = (jj),x, 12 ma tran chuyén tir co s& {El', vos E;} sang co s&
f, ).
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Tacod:

——— n —_——
u'; = Ztkiuk . ' (a)
ket
DEi voi mbi diém M e P"tacé :
OM =00’ + O'M. . (b)
Gid st ring :
. M
00 =Y b.u;
i=1
oM = 3 x.i 0
=l
n — O
'M - x'] li .
=l Hinh 7.14
Theo (a) va (b)tacé:
n — n _— n n —_—
Zx,u, = Zb‘ul + x‘j(ZthukJ
i=1 i=! =1 k=1

=3 (bi +3 tijx‘j]ﬁi. (€)

So sdnh he s6 clia ui & hai v& ciia (c), vi he {'J[, u_'} doc lap
tuyén tinh nén ta ¢é :

n

X =b + 1t i=L.,n (7.9)

fn
trong d6 : (X, ..., X;) 12 toa d¢ cta diém M d6i v6i he toa do afin
O, uy, s 1, )5 (X'}, ., X°,) 12 102 46 ciia diém M d6i v6i hé toa d afin
©, u'], .., u’, )

Cong thitc (7.9) duge goi 12 céng thirc bién di toa do tit hé toa do
afin (O, E;, e E;) sang hé toa do afin (O, u—'l, u_.'rl ).
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C6 thé chimg minh duge ring, néu dinh thic ITI > O thi cdc co 55
{“_; E:}‘vﬁ {u_"l G:} cling huéng (nghia 12 hai co s& cing dinh

hudng duong hoac ciing dinh hudng 4m) ; néu T < 0 thi hai co s&
ngugce hudng.

7.3. PHUONG TRINH MAT PHANG, DUGNG THANG

7.3.1. Phuong trinh mit phing
1. Phirong trinh tham s6 cha mat phing

* Gia st P 1a mot mit phing cho truée
trong khong gian ? (hinh 7.15)..

Bat:  E,={ucE :u/P}

dé thdy tap E, 1a mot khong gian con 2
chiéu clia khong gian E’. Khong gian

con E, duoc goi 1a khong gian chi "
phitong cita mdt phdng P.
. e e Hinh 7,15
Gid st (O, u;,u,u;) 12 mot he
toa d¢ afin chia khong gian D*. Chon diém M_(b,, b,, b;) € P, khi d6 d6i véi
mébi diém M(x;, X5, X;) € Ptacé MM € E, va:

3 —_—
M,M =0M - OM, = > (x; — b)u;. (a)

Gid sithe {v,, v,! 12 mot co s& ciia khong gian E, v :
1» Y2 g p
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Tacod:

-plpe] ek o

i=1l | j=t

So sénh v€ phai cdc he thic (a) va (b), Vi he {u;, u;, u;} doc lap
tuyén tinh nén ta c6 :
x; = by -!-Zautj :i=1,2,3 (7.10)
trong do6 t;, t, 1a tham s6 thuc.
He (7.10) dugc goi 13 phuong trinh tham s6 cha mat phing P trong
he toa ¢ afin (O, uj, 15, u; ). |

- 2. Phuong trinh toa d6 cia mat phing

Phdp tuyén ciia mdt phdng : M8i vecto tu do n vuong géc véi mat
phang P goi 12 vecto phdp tuyén clia mit phing d6.

Gia sir O.xyz 1a mot hé truc toa ¢ vudng géc clia khong gian P’

0 y

z

‘Hinh 7.16

Gia sit P 13 mot mat phing cho truée véi vecto phdp tuyén n (A, B, C)
(hinh 7.16). Chon diém M (x, ¥, z,) € P, khi d6 d6i v6i moi diém
“M(x,y,2) € Ptacé n L M_M. Do d6 ta c6 he thic :-

(n.MM)

0.
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Theo cong thic (7.2) tacd :
AX-x)+Bly-y,)+Cz-2,)=0;
Ax+By+Cz~ (Ax,+ By, +Cz)=0.
bat D = —(Ax, + By, + Cz,) ta c6 phuong trinh :
Ax+By+Cz+D=0. (7.1D
| Phuong trinh (7.11) goi 1a phuwong trinh toa dé cha mit phang P
trong hé truc toa 46 vudng géc O.xyz.

3. Géc ciia hai mat phang

Gid sir trong hé truc toa d6 vuong géc O.xyz cha khong gian diém
D’ cdc mat phing P, Q ¢6 phuong trinh :
AX+By+Cz+D=0;
Ax+By+Cz+D' =0.
Vecto phdp tuyén clia cdc mit phang d61a n (A B, C)va n'(A", B, C).

Ta ky hiéu ¢ 1a géc cuia cic vecto tu do nvan' 0 1a géc cua hai mat
phéng P va Q. Ta biét ring, 0 1a géc phéng nhi dién tao bdi hai mat phing, -

0<B<E Do d6 :

cosO = coso .
Theo cong thiic (7.4),ta ¢c6 :
cosh = {AA'+ BB' + CC'l . (7.12)
JAZ + B2 +C2.\JA? + B2 4+ C?2
Theo cong thitc (7.12) ta c6 : Hai mat phing P, Q vuong géc véi
nhau khi va chi khi : '
AA'+ BB + CC' =0.

7.3.2. Phuong trinh dudng thing trong khdng gian
1. Phuong trinh tham sé ciia duomg thing

Gia st la mot dudng théng trong khong gian D’,
Ta dat ; E,={ueB:u/l.
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Dé thay rang, E, 12 mot khong gian con 1 chiéu cia khong gian
vecto E*, :

Gid stx (O, uj, U, U5 ) 1a mot he toa do afin cita khong gian diém B -
Chon mot diém M/ (X, ¥, z,) € [ (hinh 7.17). D6i v&i mdi diém
M(x,y,z) € [tacd w € E,.

Gia sir {&} 14 co s& cla khong gian
vecto’El va w = ta.

Tham s6 t phu thudc vao vi tri cla
diém M e I,

Gid sl oo = auy + bu, +cu,. Tacd:

MM = tay, + tbu, + tcu, (a)

Matkhictac6: Hinh 7.17
MM = OM - OM, .
Do d6 .
MM = (X = x)u, + (¥ = ¥, + (z — 2,)U;. (b)
So sénh cdc ddng thiic (a) va (b) tacb :
X =X, +at
Y=Y, +Dbt (7.13)
zZ= Zu + ct

trong d6 t 13 mot tham s6 thue.

He¢ phuong trinh (7.13) goi 14 phuong trinh tham s cla dudng thang
I trong hé truc toa do afin O.xyz. Vecta a(a, b, ¢) goi 12 vecto chi
phuong cha dudmg thing 1.

2. Phuong trinh toa dé ciia duong thing

~ Pudng théng ! trong khong gian D ¢6 thé xem 1a giao tuyé€n cua hai
mat phing P, va P, cat nhau. Gia s ring, trong hé truc toa d6 vudng géc
O.xyz cdc mat phing d6 cé phuong trinh :
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P:Ax+By+Cz+D =0
(7.14)
(Pt Ax+By+Ciz+ D, =0

Vay, mdi di€m thudc dudng thing / ¢6 toa do 13 nghiém cla he
phuong trinh tuyén tinh (7.14).

He¢ phwong trinh (7.14) goi 12 phuong trink toa d¢ cha dudng thing !
trong hé tryc toa d¢ vudng géc O.xyz.

Nhan thdy riing, dudng thing / vuong géc véi cac vecto phdp tuyén
n, (A, By, C)) va n, (Ay, B,, C,) ciia cic mat phing P, va P,.

Do dé vecto chi phuong cGa dudng thing / c6 thé chon 1a :
a=n, An,.

3. Géc cia hai dudng thing
Gid sir trong he tryc toa d¢ vuong géc O.xyz cdc dudng thing 7, I' c6
‘vecto chi phuong tuong L’rng 1A a(a, b, ¢)va o (@, b, c'). Taky hi¢u ¢ 12

g6c clia céc vecto ty do o va o". Goi 6 12 g6c ciia hai dudmg thang / va /',
Vay 0 ¢6 thé x4c dinh nhu sau :

V10$9<-2— néntacd:

cosO =l cosp |,
Theo (7.4)tacé:
cosd = .Iaa + bb' + cc’'l _ (1.15)
Jaz +b? +cz.\/:=|'2 +br+c?

4. G6c clia dudng thing véi mat phing

Géc ciia dudng thing / véi mat phing P 12 géc 0 clia dudng thing /
- v@i hinh chi€u vuong géc cha né trén mit phing P (hinh 7.18). Gia sir
tronig he tryc toa do vuodng géc O.xyz dudng thing I ¢6 vecto chi phuong

1a a(a, b,c)va mat phing P ¢6 phuong trinh toa d¢ :
Ax+By+Cz+ D=0,
K¥ hi¢u ¢ 12 géc cilia vecto chi phuong o (a, b, ¢) cita dudng thdng /
v6i vecto phép tuyén n(A, B, C) cia mat phing P. Ta c6 : sin = Icosql..
Do d6 géc 0 ¢6 thé x4c dinh nhu sau :
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laA + bB + cClI

sin 6 =
Ja® + b2 + 2. JA? + B? + 2

(7.16)

il

ll

Hinh 7.18

7.4. TINH CAC KHOANG CACH

" Dinh nghia : Khoang cdch gilta hai tap con X va Y cla khong
gian diém D", k¥ hi¢u (X, Y), 12 mot s6 thuc khong am duge x4c dinh
nhu sau :

g(X, Y)=inf{|A_1§]:Aex,BeY]. AV

7.4.1. Khodng céch tir mdt diém dén mdt dudng thing

Gid sir trong h¢ truc toa do vuong géc O.xyz clia khéng gian
diém D’ dudng thing A c6 vecta chi phuong 12 a(a, b, c), di qua diém
M,(Xo» Yor Zo)- M(X, ¥, z) 12 mot diém bét ky thuoc D>,

Khodng cdch {(M, A) 1a do
dai doan thing vuéng géc MH,
(hinh 7.19). Ta nhan thay ring,
MH 1 dudng cao cia hinh binh

hanh ¢6 cdc canh 1a MM va
M_A = o . Theo dinh nghia cia

tich vecto thi s6 do dién tich cha
hinh binh hanh d6 bing s6 do

46 dai ciia vecto MM A . Dod6 tacé:

Hinh 7.19
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MM A
M, A=
o]

Theo cic cong thitc (7.3) va (7.5) tacé :
2
Y—¥, Z-12,
R
&M, A) == :

7.4.2. Khoang cach tir mdt diém dén mét mit phing

+

2
X-X, ¥Y-Y,
a

_ (7.18)
Ja2 + b2 +¢?

Gia sir trong hé truc toa d6 vuong gée O.xyz mat phang P c6 phuong
trinh toa do :

' Ax+By+Cz+D=0.

M(x, y, z) 1a mot di€m bat ky

trong B’. Khoang céch (M, P} 1 | M
d6 dai doan thdng MH (diém H 1a / |n
chan dudng thang vuéng véi mat 7 '
phing P (hinh 7.20). L4y diém / Mo H
M(Xo» Yoo Zo) € P. KY hitu o 1a P
g6c gilta vecto MM véi vecto
) .- Hinh 7.20
- phdp tuyén n(A, B, C), xét tam
gide vuong M_MH ta c6 :
LM, P) = |M0M'| lcosp 1.
Theo cdc cong thite (7.1) va (7.4) ta c6 :
oo
&M, P) = =
n|
_ |A(x - xi,) +B(y-y,) +C(z - z(,)| '
JA? + B? +.C?
Ax+By +Cz+ D/ ' :
_| y+Cz+D| (7.19)
JA2 + B + C?
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7.4.3. Khoang cach giira hai dudng thing chéo nhau

Xét hai dudng thang chéo nhau I, va /,. Gid sir trong hé truc toa do
vuong géc O.xyz dudng thing /; c¢6 vecto chi phuong 1a a, (a,, b, ¢,) va
di qua diém M,(x;, y;, z']) ; dudmg théng 1, c6 vectd chi phuong 12
0 (a5, by, C;) VA di qua diém My(Xy, yo, 2,) (hinh 7.21). Khoang céch
&}, 1) 1a d¢ dai doan thing vuong géc chung IH cia hai dudng thing 1,
va I,. Ta nhan thdy rang, IH 1a dudng cao
clia hinh hop c6 cic canh 2 MM,
MA =a, vi M—lliza-;. Theo ¥ nghia
hinh hoc cila tich hén tap cdc vecto thi

h -
L

thé tich hinh hop d6 c6 gid ti bang . 1, ir

_ H M Iy
|[M1M2, 0, &, ]| 5 con dien tich déy cia -

= Hinh 7.21
hinh hop bing |0‘.1 A a2| .Dodétacé:
||:M|M2- Qs 0‘2:”
Q(Ip [2) = — — .
_ |c>'.l Ay
Theo cdc cong thire (7.3), (7.5) va (7.8) ta c6 -
XL,7X Yo% Z,—-%
a b, G
. a, b, C,
cu, b= - > - (7.20)
by ¢ N a4 ¢ + a; b
b, ¢ 4 & a, b,

7.5. PUONG BAC HAI

7.5.1. Nhic lai cac dudng conic
1. Elip

Elip 12 qu¥ tich nhitng di€ém trong mat phing c¢6 t6ng cdc khoang
cdch dén hai diém cho trudc F, vA F, (goi 1a fidu diém) bing mot
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s§ khong ddi 2a (a > ¢ = —;—C(F,, F)) ; khodng céch &(F,, F)) goi a

tiéu cy.

Néu chon hé truc toa do
vudng géc O.xy sao cho Fy(—c, 0),
Fi(c, 0) (hinh 7.22) thi phuong
trinh elip ¢cé dang chinh tac (dang

don gidn) 1a : e TN
‘C____'_..u-""’- C -
X y Fi [+] F: X
=l 2 \_’/

trong d6 : b% = az- c? ;.a, b duge
goi 1a chc bdn truc.

Hinh 7.22
2. Hypecboén

Hypecbén la qu§ tich nhitng ]
diém trong mat phdng c6 gi4 tri

y
tuyét d6i cla hiéu cdc khoing \/4“/
cdch dén hai di€m c6 dinh F, va
F, (goi 12 titu di€m) bing mot s6 o E— - >
khong déi 2a.
Néu ta chon hé truc toa do /

vuong géc O.xy sao cho F,(c, 0),
Fy(—¢, 0) (hinh 7.23) thi phuong
trinh hypecbén cé dang chinh tic :

2 2

X y 4y
a—z- - -b—z i (7.22) a

Hinh 7.23

]

trong d6 : b% = ¢2 — a2,
Truc Ox dugc goi 1a truc thic ;

/“\/

. v » 1 0 F x=
truc Oy duge goi 12 fruc do cla
hypecbon. :

3. Parabén

Parabén 1a qpy tich nhimg _
diém trong mat phdng cich déu Hinh 7.24
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mot di€m F cho trude (goi 1a tidu diém) va mot dudng thing A ¢ dinh
(goi 1a duong chudn).

Néu ta chon he truc toa do vuong goéc O.xy sao cho F (g 0} va

dudng chudn A c6 phuong trinh x =~% (hinh 7.24) thi parabon c6
phuong trinh chinh tic :

y2 = pr_ " (723)

7.5.2. Pua phuwong trinh cua dudng bac hai vé dang chinh tac
va phéan loai dudng bac hai

Gia sir (0, i, ] ) 1a mot he toa d0 vuong goc ciia khong gian D>,
Pinh nghia : Mot du‘cmg bac ha1 # 1a quy tich nhimng diém M(x, y)
trong mit phang ¢6 toa do théa min phuong trinh ¢6 dang :
F(%,y) = ;%% + a,y” +2a,,xy + 24X + 24,y +a, = 0 (7.24)
trong d6 cdc h¢ s6 a;, a,, a,, khong d6ng thoi bing 0.

Phuong trinh (7 24) dugc goi la phuong trinh 16ng qudt ciia duong
bdc hai.

Mot bai todn dugc d3t ra 12 : Hiy x4c dinh dang ctia céc dudng bac
hai %' cho béi phuong trinh tdng quét (7.24). DE tra 15i cau héi nay, dua
phuong trinh clia dudng cong vé dang don gian.

— Buéce 1. Khit s6 hang chia tich hai toa d0 & v€ trii cia (7.24), xét
dang toan phuong :

o (1) = a,,x% +ay,y? + 2a,,xy (7.25)
trong doé : u=xi+ y].
Theo Ménh dé 6.2, trong khong gian E* ¢6 mot co s& truc chuén

{ul, uz} 12 co s& chinh tic cia dang toan phuong w. Gid st Q 12 ma tran

chuyén tr co s& truc chudn {i, j} sang co s& truc chudn {;1', E} Qla
ma tran truc giao). Ta ¢d : |
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(w w)=({ J)Q

Ta ¢6é phép bién dbi toa do twong tng (phép quay) :

b))

Trong co s& chinh téc {u_.l, u_z'} dang toan phuong @ ¢6 bidu thic
toado:
m(u) l){'2 + J\Qy‘z (7.26)
trong d6 : A, A, 12 cédc gid m rieng clia ma tran d6i xing A = (a;)yx, va

. céc cOt ctia ma tran chuyén Q 1a cic vecto riéng clia ma tran A.
Trong hé truc toa d6 vuong géc O.X'y', phuong trinh ciia dudng cong

¥ cé dang :

MxZ 4+ Ay? + 22X + 225y + 2, = 0. (71.27)
— Buée 2 : D€ don gidn cic s6 hang bac nhat & v& trdi (7.27), nhém

c4c s6 hang theo timg bi€n & v€& trdi, sau d6 thyc hién phép bién déi toa
do bdi phép tinh tién c6 dang :

x'=x",+X
y'=y,+Y
Trong hé truc toa do vudng géc O'.XY, phuong trinh dudng bac hai
cho bdi (7.24) ¢é mot trong 9 dang sau :

Truong hop 1 : N€u A A, >0thitacé:

2 2
1) Hoac X—z + % =1 : Dudng Z1a elip (dudng trdn khi a% = b?).
a .

X Y
2) Hoac —- + pek 0 : Pudng & suy bi&n vé 1 diém.
a.

X2 Y?
3) Hoac ~ + o = -1 : Dudmg Z duge goi 12 elip ao.
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Truong hop 2 : N€u A2, <0, chinghan A, >0, A, <O thita ¢6 :

X y?
4) Hodc — - ol = -1 : Dudng #1a hypecbon.
a .

2 2
3) Hoa X—Z—Y—2=0 hay [§+1][-¥——I)=0 : Puong ¥ la
a b a bjla b

cap duong thing cét nhau. _

Truong hgp 3 : N€u A1, =0, chdng han A, = 0, A, # 0, thi ta ¢6 :

6) Hoac Y? = 2pX : Pudng Z1a parabon.

7) Hodc Y’ = b* hay Y = + b : Dudng % 1a cap dudmg thing song
song véi truc O'X.

8) Hoac Y* = -b’ hay Y = % ib : Pudng & dugc goi 13 cap dudng
thdng o lién hop song song.

9) Hoic Y2 =0: Duong #1a cap duong thdng tring nhau va trung
vdi truc O'X.

- Két lugn : Dudng bac hai % cho bdi phuong trinh téng qudt (7.24) -

ch1 c6 thé 1a mét trong 9 loai trén. Trong d6 c4c loai 3) va 8) khOng coy
nghia hinh hoc.

Vi duy : Dudng cong ¥ trong hé toa do vudng. géc (0 i, _]) cé

phuong trinh : :
5x2+4xy+8y2+8x+14y+5—0 (a)
Hay vi€t phuong trinh chinh tic cha %, xdc dinh vi tri va vé dudng

cong dé déi véi he truc toa do O.xy.
Budc 1 : Xét dang toan phuong :

{co(u) =5x% + 4xy + 8y

u=xi+yj

Ma tran cha dang o d6i vé6i co s& tnirc chudn {f, ]} la:
(5 2y -
2 8)
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Matran Acécicgidinriéng: A, =9, A, =4.

Cac vectd riéng clla A wng véi gid tri rieng 9 12 oo = (1, 2t), t 2 0, véi
t=1tacd: o, =(1,2); ang véi gid tri rieng 4 1a o = (-2, 1), t # 0, v6i
t=1tacd: a,=(-2, 1) Cic vecto «, a, 1a he truc giao. Chudn héatacé:

B ™ (FFR el (%%

Thyc hién phép chuyén co sd:

1 =2
N N
w69 F B
NN
by =i+ =]
. SENZRNE
hay e q-
Uy = ——=1 + —=]
2 5 Jg] |
Tuong tng v6i phép chuyén co s& trén ta ¢ phép bien déi toa do :
L 2,
NN
yo 2y Ly
TENE
Trong hé truc toa d6 O.x'y' dudng cong da cho c6 phuong trinh :
2 1
9% + 4 '2+8( ]+14[—x‘+— ']+5=0
R S A R b
36 2 '
hay 9x2 +4y2 4 Tox' ——=y' +5=0. (b)
vs©o5

Bucc 2 : Nhém céc s6 hang O v€ trdi (b) theo timg bi€n ta ¢6 :
4 1 '
9| x? - —x'J + 4[3;'2 - =y ]+5 =0,
( V5 245
Bién ddi dé cdc biéu thitc trong ngodc thanh cdc chinh phuong ta ¢6 :
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2 2
2 36 1 1
Ix'+ =1 ——+4|y' - — -—+5=0,
[" 55 ) 5 (y 45 J 20
2 2
2 1 9
ha MUx'+—= | +4ly —— | =2,
d ( V5 J [y 45 J 4
Chuyén di€ém g6c O vé diém O’ [——2;-, 4—15—J bdi phép tinh tién :
2
X'=-—=+X
1
y'=—4+Y
N
Trong h¢ truc toa do vuOng
géc O'XY phuong trinh dudmg \
cong di cho c6 dang : _ ’ ’;
xS
9X% +4y?= 2 /
4 - /
w7 A
Y ™~ Tl fb
X2 Y2 T - — ;‘ x.“:-
hay_ '—1-— + —9— =] (©) .\T“’“‘-%f:‘ Tl
FEERY: A
. . ,”'.r ~
Vay dudng cong dang xét Ia /
elip (hinh 7.25). Hinh 7 25

Chud y : Né&u phuong trinh
(7.24) c6 thé vi€t dudi dang :
(ax + by +c)ax+ by +c)=0.
Khi détacé:
— Néu i. = -l;b_' thi #'1a cap dudng théng song song hoac tring nhau,
a .

- Néu _al_ # gb; thl £1a cip dudng thdng cét nhau.
a 0
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. 7.6. MAT BAC HAI

7.6.1. Cdu tao va phUOng trinh chinh tic cua mdt s& mit
bac hai

1. Mt tru bac hai

Pinh nghia : Mdt try 12 mot mit S duge tao bdi mot dudng thing A di
chuyén trong khong gian luén ludn song song véi mot phuong cho trude
va tua vio mot dudng cong ¥ cho trude.

Puong thing A g@i 1a duomg sinh ; dudng cong ¥ goi 1z duimg chudn.

Néu dudng chudn & 1a mot dudmg cong bac hai trong mit phing P
vudng géc v&i phuong cla duong sinh thi mat S duge goi la mdt try
bdc hai.

Phuong trinh chinh tdc cia mdt

tru bdc hai : z

Nhdn xét : Trong hé truc toa / a
do vudng géc O.xyz xét mat S xdc / ]
dinh bdi phuong trinh : MY

f(x,y)=0. (7.28) ' ol 1.}
| Gid sl diém M (X, Yor Z) € S P A

(hinh 7.26) ta ¢6 : f(x,, yo) = 0. ! /j/
Khi d6 v6i moi s6 thuc z, di€m X

M(X,, Yo Z) cling thugc mit S vi
diém M(x,, y,. Z) c6 toa 49 thoa
min phuong trinh (7.28). Do d6 du'bng thing A di qua diém M (X, Y. zo)
song song vdi truc Oz ném trong mat S. Vay, mat S cho bdi phuong trinh
(7.28) 12 mat tru c¢6 dudng sinh song song véi truc Oz va dudng chudn &
¢6 phuong trinh :

Hinh 7.26

(7.29)

f(x,y)=0
1z=0

Twong ty ta c6 : Trong khong gian P’ phuong trinh g(y, z) = 0 Xic
dinh mat tru c6 dudng sinh song song véi truc Ox ; phuong trinh
h(x, z) = 0 xdc dinh mit tru c6 dudng sinh song song v6i truc Oy.
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Theo nhan xét trén,.néu ldn lugt

ldy c4c dudmg bac hai elip, hypecbon, z
parabon lam dudmg chudn ta ¢6 : RO
a) Mdt tru elip :

Miat tru elip (hinh 7.27) ¢6
phuong trinh :
X2 yz P
—+==1. (7.30 I G
al B (7.30) e
Puong sinh song song véi truc Oz,
dudng chudn 12 duomg elip

2 2

LY . X
2Ty aa |
z=0 Hinh 7.27
b) Mdt tru hypecbon
Mat try hypecbon (hirth 7.28) ¢6 phuong trinh :
L2 2
X Y
— -=—==1. - (71.32
2 b (7.32)
Budng sinh song song véi truc Oz, dudng chusn 1a dutmg hypecbén :
L
2 o (7.33)
z=0 :

™ -
N o x
. \\b“- i .-'--Q ---------------------------- -
: T
Hinh 7.28 " Hinh 7.29
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c) Mdt tru parabén

Mat tru parabon ¢6 phuong trinh :

_ y? = 2px (7.34)

(hinh 7.29, vé6i p > 0).
Pudng sinh song song v6i truc Oz, dudng chudn 1a dudng parabdﬁ :

{yz = 2px

(7.35)
z=0 -

2. Mat tron xoay bac hai va bién dang cia né

Pinh nghia : Khi cho duong cong &
quay xung quanh mot dudng thing A
thi né tao thanh mot mat S, mit dé
duogc goi 1 mdt tron xoay (hinh 7.30).

Néu ¢ 1a mot dudmg bac hai,
dudng thing A 12 truc d6i xing clia #
thi méit S goi 14 mdr tron xoay bdc hai.

Dudi day ta gia thiet O.xyz 1a h¢
truc toa 46 vudng goc.

Pinh 1y 7.1 : Néu dudng cong ¥

3 ‘ :
trong mat phing O.yz ¢6 phuong trinh : Hinh 7.30
f(v,2)=0 .
{ v (7.36)
x=0

quay xung quanh truc Oz thl mat trdn Xoay S tao bdi phép quay d6 cb
phuong trinh 14 : '

f(Jx2 v, z) =0. (137)

Chitng minh : L&y diém M(x, y, 2) € S. Goi M'(x, y, 0) 12 hinh chi€u
ctia di€ém M trén mat phing Oxy. Xét he truc toa do vuong géc O.X'y'Z
¢6 truc Oy' tring v6i OM!, tryc Oz' triing véi truc Oz. Goi ¢' 14 giao
tuyén clia mat phing Oy'z' v6i mat S. Khi ta quay mat phé.ng Oyz xung
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quanh tryc Oz dén trdng véi mat phing Oy'z' thi dudmg cong
#tring véi giao tuyén #". Do d6 trong mat phing Oy'z phuong trinh ciia
dudng cong #* c6 dang f(y', z) = 0. Trong tam gidc vuong OMA ta cé :

y'=OM' = Jx% + y2 .

Doddtacé:
f(\/xz + yz,z)=0.

Vay, diém M(x, ¥, ) € S ¢6 toa ¢ théa man phuong trinh (7.37).
D& thay ring, méi di€m c6 toa do thda man phuong trinh (7.37) thi thuoc
mat S. Dinh Iy dugc ching minh.

Mot cdch tuong tu, khi cho dudng cong c6 phuong trinh :
|  (ax,z)=0
{y =0
quay xung quanh truc Ox thi ta dugc mit trdn xoay c6 phwrong trinh : -

g(x, W +'zz) -0, (7.38)

Khi cho dudng cong cé phuong trinh :
h(x,y)=0
z=0

quay xung quanh truc Oy thi ta duge mit tron xoay ¢6 phuong trinh ;
h(,/;ﬁ + 22, y) =0. (7.39)

Ap dung Dinh Ig 7.1 14n lugt cho dudng cong & 1a elip, hypecbon,

parabon, cip dudng thing cét nhau quay xung quanh truc ddi xting ta s&
tao dugec mat bac hai sau day : -

a) Elipxdit
Néu cho elip ¢6 phwong trinh :
2 2
% + z_z =1
a“ ¢
x=0
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quay xung quanh truc Oz thi ta dugc mot mat tron xoay got 1a elipxoit
tron xoay (hinh 7.31). Elipxo6it trdn xoay c6 phuong trinh :

2 2 p
XY Lol (140

a’ ¥ c

Bay gio ta thuc hién mot
phép co dan mat elipxdit tron
xoay (7.40) theo phuong cua
“truc Oy bing cdch chuyén méi
diém M(X, vy, z) thudc mat dé vé

diém M‘[x, %y. zj thi s& dugc

mot mat cong cé phuong trinh

r Hinh 7.31
la: :

2 2 2 .
X Zz
SR SR (7.41)
a2 . C2
Mat c6 phuong trinh (7.41) dugc goi 1a elipxéit.

b) Hypecbélbit mét ting

%

Né&u cho hypecbdn c6 phuong “! .
trinh :
2 2
a c
x=0

quay xung quanh tryc 4o Oz thi ta
dugc mdt mat trdn xoay goi 1a
hypecboloit tron xoay mot tdng
(hinh 7.32).
Hypecboloit tron xoay mot

tdng c6 phuong trinh 1a :

2,2 2

PV I o qa)

a ' 02

Bay gid ta thuc hién mét phép
co dan mat hypecbolodit tron xoay

Hinh 7.32
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mot ting (7.42) theo phuong clia truc Oy bing cach chuyén méi di€m
M(x, y, z) thuéc mat d6 vé diém M'(x, Ey', ZJ thi s& duge mot mat cong
a

¢6 phuong trinh 1a :
' 2 2 2
X° y oz
—_—— — e — 1 . 7.43
aZ b2 cz | ( )
Mat c6 phuong trinh (7.43) dwoc goi 12 hypecboloit mot tdng.

¢) Hypecholoit hai ting

_ Néu cho hypecbon c¢6 phuong Zy
trinh : :
2 2
ZE' - zz =-1
a® ¢
x=0

quay xung quanh truc thyc Oz thi ta
dugc mot mat tron xoay goi la
hypecbélsit tron xoay hai "tcfng
(hinh 7.33).

Hypecboléit tron xoay hai tdng
¢6 phuong trinh 12 :
2 2 2 Hjﬂh?.33

X" +y Z _ _
T =-1. (049

a

Bay gi0 ta thuc hién mét phép co din mat hypecboloit tron xoay hai

ting (7.44) theo phuong clia tryc Oy bing cich chuyén méi diém

M(x, y, z) thuéc mat d6 vé diém M‘(x, %y, z) thi s&€ dugc mot mat cong
¢6 phurong trinh 13 :

2 2
: %_%2_1, (7.45)

Mat c6 phuong trinh (7.45) duoc goi 12 hypecbolsit hai tdng.

XZ
_2+
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d) Paraboléit elip
Né&u cho parabon c6 phuong

trinh :
y2 = 2pz
x=0

quay .xung quanh truc Oz thi ta
dugc mot mit trdon xoay goi la
. parabdléit tron xoay (hinh 7.34,
vGi p > (). Parabol6it tron xoay c6
phuong trinh1a: -

x* +y’ = 2pu. (7.46) Hinh 7.34 _

Bay gid ta thuc hién phép co dan mat paraboloit tron xoay (7.46)
theo phurong cia truc Oy bling cdch chuyén mdi diém M(X, y, z) thude

“mit d6 vé diém M'(x, Jiy, z]
q

thi ta dugc mot mat cong c6

phuong trinh 14 :
2 2

2 .Y S22,pg30. (747)
P q

Mait ¢6 phuong trinh (7.47)
duge goi la paraboléit elip cb
dinh O, truc Oz.

3. Mt nén bac hai
Khi cho cap dudng thing cit
-nhau c¢é phuong trinh :

quay xung quanh truc Oz thi ta
dugc mot mit tron xoay goi 1a
mdt nén tron xoay (hinh 7.35) ¢é Hinh 7.35
phuong trinh ja :
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2 2 2
T Y _Z o (7.48)
a C .

Bay gi& néu ta thuc hién mot phép co dan mat tron xoay (7.48) theo '
phuong ciia truc Oy bing cdch dich méi diém M(X, vy, z) thudc mat d6 vé

diém M'(x, %y, z] thi ta durgc mot mit cong ¢6 phuong trinh 1a
2 2 2
X Z
—= 7 y_z ey
a b C
Mt x4c dinh bdi phuong trinh (7.49) duge goi 1a mdr non bdc hai
£6 dinh Q, truc Oz. ‘

=0. (7.49)

4. Paraboloit hypecbon (hay mat yén ngua)

Parabol6it hypecbon 1a mat duoc x4c dinh bdi phuong trinh :
2 2

X+ X -2z pg<0. (7.50)
q ' '

p

Dudi day s& xét hinh dang (¥ nghia hinh hoc) clla mat paraboloit
hypecbon. :

Gia sl trong mit phing O.yz ta ¢6 parabon :

(2
= 2QzZ; >0
x=0
Trong mét phdng O.xz ta c6 parabdn :
2 _ .
X“=2pz; p<O an
y=0

Bay gid ta cho parabon (II) di chuyén trong khong gian sao cho mat
phéng chita parabén nay luén luén song song véi mat phang Oxz va dinh
clia parab{‘_‘m (I1) di chuyén trén parabon (I), truc d6i ximg c6 phuong
khéng déi. Parabon (II) s& taoc nén mdt mat S, ¢é hinh dang céi yén ngua
~(hinh 7.36). D6 14 mat paraboloit hypecbén duge xdc dinh bdi phuong
trinh (7.50). That vay, gia st diém M(X, y, z) ¢ S. Qua diém M ta dung
mat phing P song song véi mat phang Oxz. Mit phéng P cét truc Oy tai
diém N(O, y, O). Giao tuyén cia mat phing P véi mat phing S 1a mot
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parabon c6 dinh A ; di€ém A 12 giao di€m chia mat phing P véi parabén
: 2
(I) nén A[O, Yas -yzi], trong dé 1y, =vy.
q

Hinh 7.36

Ta thuc hién phép tinh ti€n he ﬁ_)a do :
x=X

y=y,+Y (a)

. .
z=z—‘-‘—+Z
2q

X=X ,
Y=y-y, | (b)
2
Z=z-12
2q
Giao tuyén clia mat S v6i mat phing P di qua diém M(x, y, z) trong

hé truc toa 0 md&i A.XYZ c6 vi tri diing nhu vi tri cfia parabon (IT) trong
h¢ tryc toa d¢ O.xyz. Vay phuong trinh cia giao tuyén d6 12 :

X* =2p7

P (©)
Y=0

Dé1 véi toa 49 clia diém M(X, y, z) tix cdc he thike (b) va (c) ta ¢6 ;

Ya y:
x2=X2=2pZ=2p z—=R ) =2plz -2 |,
2q . 2q
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Do d6 ta c6 :

2 2
LI A Y
P 9

Vay, diém M(X, vy, z) € S ¢6 toa do thda mén phuong trinh (7.50) va
S 1a mit paraboloit hypecbon.

Tém lai : Ta c6 9 loai mat baé hai : Tru elip (7.30), tru hypecbon
(7.32), tru parabon (7.34), elipxoit (7.41), hypecboldit mot tang (7.43),

hypecboloit hai tdng (7.45), paraboloit elip (7.47), mét nédn bac hai
(7.49) va parabolsit hypecbon (7.50). ‘

7.6.2. BPua phuong trinh cia mit bac hai vé dang chinh tic va
phan loai mat bac hai
Dusi day ta luon luon gia thiét (0,1, j, k) 1a mot he toa do vuong
géc' trong khong gian D’ _ .
Pinh nghia : Mot mat bac hai S 13 qu§ tich nhimg diém M(X, v, z)
trong khong gian b* v6i toa do thda mén phuong trinh c¢6 dang sau :
.al,x2 + azzy2 + a33z2 + 229Xy + 2a3XZ + 2a53yZ +
+2a,x +2ay +2a,;z+a,=0 (7.51)
trong d6 cdc hé s0 a;; i, j= 1,2, 3, khong déng thoi bing 0.

Phuong trinh (7.51) dugc goi 12 phutong trinh téng qudt ciia mdt bdc
hai. '

Mot bai toan duge dit ra 1a : Hay xdc dinh dang clia mat bac hai S
cho béi phuong trinh téng quat (7.51).

Dé trd 1&i cAu hoi nay, cdn phai tim phuong trinh chinh téc cha mat
dang xét.

— Buée 1 : Dé khir cdc s6 hang chifa tich hai toa d¢ & v€ trdi (7.51)
ta xét dang toan phuong :

o(u) = a; X+ azzyz_ + 837" + 28,,XY + 28,3XZ + 2ay3y2z  (7.52)

trong doé : ﬁ=x€+y:i'+zlz.
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Theo Ménh dé 6.2, trong khong gian Euclid E* ¢c6 mét co s& truc
chudn {u_;, u,, ﬁ:} 1a co s& chinh tic cla dang toan phwong . Gia sit ma
tran tryc giao Q 1a ma trdn chuyén tir co s& truc chudn { i Js } vé co sd
truc chuédn {u,, u,, ﬁ;}

| Tacd: |
wow wl=fi 7 Ko

Phép bi€n ddi toa do tuong tng 12 :

X X'
y[=QlY
z z',

Trong co s& chinh tic {G; u,, u—3} dang toan phuong  ¢6 biéu thirc
toa do:

o) =Ax?+Ay%+ a2 (153

Cin hnu § Aj, Ay Ay 12 cdc gid tri riéng cfia ma tran d6i xing
A = (a;)3x3 ; cdc cOt clia ma tran Q 12 c4c vecto riéng cha A.

Déi véi he truc toa do vuéng géc O.x'y'z phl.l':ng trinh clia mit bac
hai S cho bdi (7.51) c6 dang :

Xlx'z + Ay + Az + 2a'x' +2a%y' + 2a'z"+a' = 0. (7.54)

— Bude 2 : Nh6m céic s6 hang theo timg bién & v& tréi (7.54). Sau d6
thuc hién phép bién ddi hé toa do béi phép tinh ti€n c6 dang :

x'=x', +X
y=y,+Y
2 =2 +Z

Trong hé tryc toa d6 vuong géc O'XYZ phucng trinh cua mat S cho
boi (7.51) s& 1a mot trong 17 dang sau day :
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Truong hgp 1 : Céc gid tri riéng A, A, v A; déu khéc O.
a) Néu A, A, A3 cung ddu thitacé:

2 2 2
1. Hoac ")_(:'z_ + Y—z + % =1 : Mat S 14 elipx6it.
- a b c
X Y 7
2. Hodc —- + e +— = -1 : Mat S dugc goi 1a elipx6it do (khéng
_ a c _
c6 ¥ nghia hinh hoc).
2 w2 2
3. Hoic 2(-5- + -Ez— + -Z-; = 0 : Mat S suy bi€n vé mot diém.
a ol

b) Néu A, A,, A; khdc ddu, chidng han A, A, khic d4u véi X, thi
tacd:

X y* Z?
4, Hoac = + rol =1 : Mat S 12 hypecboloit mot ting.
2 2 2 ' _
5. Hoac X—z + Y—z - %— = —1 : M4t S 12 hypecbolsit hai tang.
a b* ¢ _
2 2 2
6. Hoac -}52— +E-2— —-Z—-2- = 0 : Mat S 12 mat nén bac hai.
a b c . : :

Truomg hgp 2 : C6 mot gid tri rieng A, bing 0, ching han A, # 0,
A, =0, con A;=0.

a) N€u A, va A, cling d4u thita cé :

X? Y?
7. Hofic — + — =+ 27 ,pq > 0 : Mat S 1a parabdldit elip.
P q '
2 2
8. Hoic X—2 +% =1 : Mit S 1a tru elip.
a
X? v? |
9. Hoic —;5- + -Ei- = -1 : Mat S duge goi 1a tru elip do (khong ¢6 ¢
nghia hinh hoc).
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a’ a a b

g0i 12 cap mat phéng 4o cit nhau (khéng c6 ¥ nghia hinh hoc).

2 2 |
10. Hoic X + %2— =0 hay (—)E + 1%][5 - 1ZJ =0 : Mat S duge

b) Néu A, va X, khic d4u, chéng han A, >0, 1, <O thita c6 ;

2 2
11. Hodc X + X ==+ 27, pq <0 : Mat S 12 paraboloit hypecbon.
P q
X2 Y2 .
12. Hodc —5- - e =1 : Mét S 1a tru hypecbon.
a
2 2
13. Hozc X——-YT=0 hay (§+1)(2{~—1)=0 » Mat S la cap
a’ b a b/ila b

mat phing ct nhau. _

Truong hop 3 : C6 hai gid tri riéng A;, X; bing O, ching han A, = 0,
Ap= Ay =0,

Khi d6 phuong trinh (7.54) ¢6 dang :

k]x'z +2a" X' + 22y’ + 2a'57' + a', =0,

a) Néu D = Ja'% +a% %= 0 thita chuyén hé toa do6 vuong géc

OXyZz v€ he toa d6 vudng géc O.x"y"z" bdi phép bién déi toa do
sau day : '

[
x' =x|l

] a“! 1 a"z It
¥'=—=y"+ 21z
y D y D

v a'Z " al'i "
2 =——ty"+ g
"""’

Trong hé¢ toa d¢ O.x"y"z" phuong trinh clia mit cho bdi (7.51)
cd dang :

Ax"? 4+ 22" x" +2Dz" + a', = 0.
Thuc hién phép tinh tién he toa d6 :
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a,

-—X 4+ + Z
2D 2DAi,

Trong hé toa 4 vudng géc O'.XYZ phuong trinh mit S ¢6 dang :
14. X* = 2pZ : Mat S1a try parabon.
b) Néu D = 0 thi phuong trinh (7.54) c6 dang :

Ax'? +2ax' +a’, =0.

Thuc hién phép tinh tién hé toa do :

x' =21 x
Ay

y'=Y

2'=7Z

Trong hé truc toa d6 vudng géc O'.XYZ phuong trinh clia mét S cho
bdi (7.51) s& 1a mot trong c4c dang sau :

15. Hosc X> =k’ hay X =+ k: MatSIa cap mat phing song song.

16. Hoac X* = —k° hay X = % ik : Mat S ducc goi 12 cap mat phing

a0 song song (khong ¢6 ¥ nghia hinh hoc).

17. Hoac X?=0: M3t S 12 cip mat phing tring nhau.

Két lugn : Bing céc phép bién d6i toa d6 thich hop, phuong trinh
tdng quit (7.51) clia mét bac hai c¢6 thé dua vé mot trong 17 loai trén.
Trong d6 ¢6 9 loai phuong trinh ciia cdc mat bac hai ta d3 xét & muc
7.6.1. Céc trudng hop cdn lai 1a phuong trinh cla cap mat phing cit
nhau, hodc song song, hoac tring nhau, hoic suy bi€n vé mot diém, hoac
mat a0 khong ¢6 ¥ nghia hinh hoc. '

Chu y : Néu phuong trinh (7.51) ¢6 thé viét duéi dang :

(ax+by+cz+d)ax+by+cz+d)=0.

Khi d6 xét ma tran :
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K: A d - a b cld
. dl a' b' C'd"

~ Néu r(A) = r(A ) = 2 thi S 12 cp mat phéng cit nhau.

—Néu r(A) = (A ) =1 th S I cap mét phiing trang nhau.
. —Né&ur(A) <r(A ) thi S 1a cap mat phing song song.

7.6.3. Vi du
Trong heé toa 4o vudng gdc (0, i, ] E) mat S ¢6 phuong trinh :

xz—yz—4x+3y+z=0. (a)
Pé bist S 12 mat gi thi ta phai tim phwong trinh chinh tic cia né.
Buoc 1 : Tuong (ing v6i phuong trinh (a) ta xét dang toan phuong :
o(u) = x? - yz. (b)
Ma tran clia dang todn phuong o -d&i véi co s& truc chudn
(36 |

/ 3\
1 © 0
A=|0 O .-i
: 2
0 1 0

\ 2 /

Da thitc dac trimg chamatrain A 14 -

- 0 0
PO)=IA—AEl=| 0 =% -%
0 -1

2

1 2 _1
=(1 K)[X 4}
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i
Klzl,}qz 5’3,3=-——-

1
2

Do d6 ma tran A c6 céc gid tri riéng 13 :

Ta xac dinh ma tran truc giao Q 1a ma tran chuyén i co s& truc

chudn {I i E} sang co s& chinh tic {u—, E, ‘J.;} cha dang toan phuong

(b). Cic cft cha ma tran Q 12 cdc vecto riéng don vi cha ma trn A.
Vectoriéng o, = (X, y, z) cha ma tran A dng v gid tri riéng A, 12 nghiém

khdc © ctia h¢ phuong trinh tuyén tinh thusn nhat :

hay

18-OSTT&HH GIAI TiCH-A

~Véir, =1tacé:

{ \
1-», 0 0
0 -n -+
2
0o -1
\ 2 /
1
-Ay-=z=0
Y -3
1
-—y—-4Az=0
27 TN
o, =(1,0,0)

—Vé‘i?\q=~21—tacé:

X

N
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Vay ma tran chuyén Q cé dang :

{
1 0 0W
ocle & 2
2 2
o Y2 V2
\ 2 2 )
Thuc hién phép bién d6i toa do :
XY x'
y[=Q|y
Z z'
Tacé:
x=x'
=£ ‘+iZ'
b 2‘)’ >
NI
Z=~—Y' +—12
2 2

Trong hé truc toa do vuong géc O.x'y'z' mat S c6 phuong trinh :

x'2+ly'2—; _ 4x’ +3[\/_ \/_ ] {__‘/_: \/_ ]=0

2 2

< 4x+y \/_y——z +2J_z—0

& (x'—2)2—4+%(y'—x/§) —1—5(z'—2\/_5) +4=0

o 0 =27+ 2y - vB) - 2z -24E) = 1. ®

Bucc 2 : Thuc hién phép tinh ti€n hé toa 46 bing cach dua diém géc

O vé diém O' (.2. 32,242 ) :

x'=2+X
y=v2+Y
2 =22+72
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Trong h¢ truc toa d6 vuéng géc O XYZ, mat S c6 phuong trinh
chinh tac :

2 2
X2+ X _Z0 ‘ (c)
2 2

Mt S 1a hypecboloit mot ting.

7.6.4, Mt ké béc hai
Dinh nghia : Mat S dugc goi 14 mdt ke n€u tai méi diém M e S ¢6 it
nh&t mot dudng thing A di qua M sao cho: A S.

Nhu vay, méi mit ké dugc tao bdi cdc dudng thing. Cdc dudng
. thlng d6 goi 1A duong sinh ciia mdt ké.

Theo dinh nghia ta ¢6 : Cdc mdt try bdc hai, mdt nén bdc hai la cde
mgit ké bdc hai.
Dudi day s& chimg & céc mat hypecboi6it mot tang, paraboloit
- hypecbon ciing 12 cdc mat ké.
1) Xét mit hypecboloit mot tdng c6 phwong trinh chinh téc :
2y 2
2w Eh

Phuong trinh trén ¢é thé viét dudi dang :

[0
(]
o]

X

hoac | (5+5][i—5)=(1+ij[1—1] (7.55)
a. c/ia ¢ b b

T\ (7.55) truc ti€p suy ra hai ho dudng thing sau day nim hoan toan
trong mét hypecb6ldit mot tAng dang xét :

{2
(3--(3)

=]

d, : (7.56)
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o | pe
|
[« N

(i=2){ed)

va d,: . (1.57)
e9(-3)
a ¢ b

trong d6 : A, p 12 cdc tham s8 khong ddng thoi bing 0.
Vay hypecboloit mot tAng 12 mat ké (hinh 7.37).

Z

Hinh 7.37

2) Xét mat paraboloit hypecbon c¢6 phuong trinh chinh téc :

2 2
X
L
a

b2
Phuong trinh trén c6 thé vi€t dudi dang :
[i + 2’_][1 _ 1] =2z. - (7.58)
‘\a bjla b

Tir phuong trinh (7.58) truc tiép suy ra hai ho dudng thing sau day
nim hoan toan trong mét paraboloit hypecbon dang xét : '

x(id}:pzz |
2 (7.59)
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(7.60)

trong d6 : A, pL1a cdc tham s6, u =0,
Vay parab6loit hypecb6n 1a mat ké (hinh 7.38).

Hinh 7.38

BAI TAP

D& bai

Xét he toa do vuong géc (O, 1, j,k ).

7.1. Xéc dinh géc gifta cdc vecto a =1 + 2] + 3k va b =6i + 4] — 2k.

7.2. Tinh dién tich hinh binh hanh ABCD ¢6 AB =6i + 3j - 2k va
AC =3i + 2] + 6k.

7.3.  Tinh dién tich tam gidc véi cdc dinh A(1, 1, 1), B2, 3, 4), C(4, 3, 2).

7.4. Tim tich hén tap cha cdc vecto a=2i—j—k, b=1+3j-k,
c=i+j+4k.

7.5. Chimg minh cdc diém A(S, 7, =2), B@3, 1, -1), C(O, 4, -4) va

D(1, 5, 0) ciing nédm trong mot mit phing.

7.6. Tinh thé tich hinh chép tam gidc c6 cdc dinh A(2, 2, 2), B(4, 3, 3),
) C(4$ 59 4)9 D(Sa 5, 6)- . ’ .
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7.7.

1.8

7.9.

7.10.

- 711,

7.12.
7.13.

7.14.

115,

7.16.

7.17

274

Véi gid tri ndo clia m cdc vecto a=mi+) va b=3i- 3j + 4k
vudng géc vdi nhau. '
Chimg minh ring, cic vecto a vA b khong thé vuong géc véi nhau
néu: (ai)>0,(@j) >0,(a k) >0, (bi)<0,(b.j) <0, (b.K) <0.

Céc 56 thuc X, X5, X3, ¥} ¥2» ¥3» Z1» Zo» Z3 thda man cdc ding thitc :

X, ¥, z XXy +¥¥y + 22, =0
X2 Y2 Z3|=0, $XX3+y,y;+22Z;=0
X3 ¥q Zs X;Xq + ¥3¥3 + 2,2, =0

c6 thé déng thai khic 0 duge khong ?

Chiimg minh rang :

1) a A (bAc)=(a.c)b-(a.b)c;
2)aA(BAE)+BA(EA5)+EA(£AB)=6. .

1) Lap phuong tinh mat phing di qua ba diém M(X, v, z),
i=1,2,3. |

2) Ap dung d6i véi tnedmg hop M(2, -1, 1), My(3,2, 1), My(=1, 3, 2).
Tim phuong trinh mat phing di qua hai diém A2, -1, 4),
B(3, 2, ~1) va vuong gé¢ v&i mat phng x +y + 2z = 3.

Vi€t phuong trinh mat phdng di qua giao tuyén ciia hai mat phing
x+5y+9z2=13,3x -y - 52 =—1 vadiém M(0, 2, 1).

Viét phwong trinh mét phing di qua giao tuyén chia c4c mat phing

X+2y+3z2-5=0,3x -2y~ z+1=0vachin cdc truc Ox, Oz
nhimg doan bing nhau.

Tim phuong trinh mit phing di Iqua cac diém P(0, 2, 0), Q(2, 0, 0)

V2 tao v6i mit phing x = 0 mot gée 60°.

Tim di€ém M trén mat phdng 2x — 5y + 2z + 5 = 0 sao cho dudng
thédng OM 14p vdi céc truc toa d6 nhilmg géc bing nhau.

. Viét phuong trinh mat phing di qua giao tuyén clia cdc mat phing

(1 + \E)x +2y +2z2=4,x+y+z=-1 va tao v6i mit phing toa
do Oxy mot géc 60°.



7.18. Viet phuong trinh clia mat phing di qua giao tuyén ciia céc mat

phing 2x — y — 12z = 3, 3x +y — 7z = 2 vi vudbng gbéc véi mit
phéngx+2y+52-l

7.19. Lap phuong trinh mit phing di qua giao tuyén ciia cic mit phing
toa do.

7.20. Viét phuong trinh mat phng di qua diém M(0, 2, 1) va song song
vdi céc vecto £=€+3+E’ E=-Y+3-—l-é.
7.21. Xéc dinh géc giita vecto a = 1 + 2j + k va mat phing :
X+y+22—-4=0.
7.22. Vi€t phuong trinh tham s6 clia cdc dudmg thing :
1) bi qua hai diém M,(2, 0, 1), M,(—4, 1, 2).
2) LA giao tuyén cha cdc mat phdng 2x ~y + 3z=1 VA 5x + 4y —z=7.
7.23. Tir géc toa do ha dudmg vudng géc véi duéhg_thﬁng :
5;—2 = yT—l =z-3.
Vi€t phuong trinh dudng thing vuong géc do.
7.24. Hay xdc dinh tham s6 X sao cho c4c dudng thing sau day cét nhau :

X—L=zvax+1=y+5

2 -3 A 3 2
Tim giao diém cba chiing.

7.25. Hay xéc dinh dlém N d6i xiing v6i di€m M(1, 1, 1) qua mat phing
X+y—-2z=

7.26. Hay xac dinh di€ém N déi xing v6i diém M(1, 1, 1) qua dudng
thing :

=2
[

=X=
2 3

7.27. Vi¢t phuong trinh m3t phng di qua dudng thing :

x+1 y—-1 z-2
2 -1 3
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7.28.

7.29.

7.30.

7.31.

7.32.

7.33.

7.34.

7.35

276

va song song v6i dudng thing : |

X y+2 z-3

-1 2 37
Vi€t phuong trinh hinh chiéu cia dudng thing "T‘l = YT” =§
trén mit phng x + y + 2z - 5=0. '
Vi€t phuong trinh ciia dudng thing di qua diém M(1, 1, 1) va
vudng goéc véi cic vecto a=2i+ 3ji.+ k b= 3I+]+ 2k.
Tim phuong trinh céc hinh chiéu cha dudng thang :
. {x+2y+3z—26=0
3x+y+4z-14=0
trén c4c mat phing toa do.
Tim phuong trinh dudng thdng di qua diém M(1, -2, 3) va lap véi
céc truc Ox va Oy cdc goc 45° va 60°.
Tim géc gifta c4c dudng thing : '
{4:(— y—z+12=0 “ {3x—2y+16 =0
y-z-2=10 3y-z=0
Viét phuong trinh clia dudng thing di qua diém M(0, 2, 1) va tao
v6i cac vecta a = i + 2j + 2k, b = 3], E_= 3k nhitng géc bing nhau.
Chitng minh ring, trong mit phing Oxy cdc phuong trinh sau xac
dinh mot cap dudng thing :
1)x% + 8xy + 16y -25=0;
2) 3x% + 8xy - 3y* — 14x -2y + 8 = 0.

Viét phuong trinh chinh téc réi v& cdc dudng bac hai c6 phuong
trinh :

1) 17x% - 12xy + 8y’ = 20x + 4 =0;
3)6xy + 8y* — 12x - 26y + 11 =0;

3) 5x2 + 4xy + 8y’ + 8x + 14y +5=0;
4)x2—2xy+y2—-10x--—6y+25=0.



7.36.

7.37.

7.38.

7.39.

7.40.

7.41.

Tim phuong trinh ciia mit tao bdi dudng thing A di chuyén trong
khong gian O.xyz luon luén di qua diém M(0, 0, 1) va tua vao
dudmg elip :

2

5
=3

P

2
+ Lo
9

N

D6 lamat gi ?
Céc phuong trinh sau day xdc dinh mat gi ? Dung cac mat do.

2 2

Dx*+y*=4; | 2)—;—54);—6:1,
3 xP-y?=1; 4)y*=2x;
5Yz=vy; . 6)z+x>=0;
HxP+yi=2y; /X +y'=0;
Nx:-22=0; 10) y* = xy.

Lap phuong trinh giao tuyé€n cia mat nén X2 -y + 72 = 0 v6i céc
mit phing : | '
Dy=3; 2yz=1;
HNx=0 _
Tim phuong trinh clia mat nhan duge khi quay dudng thing sau
day quanh truc Oz:

2y+z-2=0

{x =0
Tim phuong trinh paraboloit elip c6 dinh tai gbc toa do, truc ia
truc Oz va cho tru6e hai diém M(=1, -2, 2) va N(1, 1, 1) néim trén
mat dé. _
Tim phuong trinh elipxoéit ¢ céc truc d6i xitng 14 cdc truc toa do
2 )

NG

va ba diém AQ3, 0, 0), B(-2, 5/3, 0), C(0, -1, } ndm trén

mat do.
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7.42.

7.43.

7.44,

7.45.
7.46.

Tim phl.rorng trinh giaoc* tuyén cla cdc mit z = 2 — x* — y va
z=x%+vy%

Phuong trinh x* + 22 = m(y? + z%) x4c dinh nhitng mat gi khi :

Dm=0; 2)0<m<1;
3)m>1; 4)m<0;
)m=1.

Cho biét ¥ nghia hinh hoc clia cdc phuong trinh sau  day :

1) x? +4y +9z? + 12yz + 6xz + 4xy — 4x 8y—12z+3 0;
2) x° +y + z° ~¥z~Xxz-Xxy=0.

Mat nén x> + y* — 22% = 0 cit mat phéngy—2theo dudng gi ?

Céc phuong trinh sau day x4c dinh mat gi ? Xéc dinh vi trf mat d6
ddi véi he truc tga d6 ban ddu O. XYZ.

1) x° =Yz

2) 4x* +9y? + 362° — 8x ~ 18y — 72z + 13 = 0.

3)x°~y* ~4x + 8y -2z =0.
Hx*+yr-22-2y-22=0.
5)x2+y2—6x+6y—4z+18=0.
6)4x” +y* — 72 — 24x ~ 4y + 22+ 35 = 0.
DX +y =22 —2x -2y + 22+ 2 =0.

8) 9x% — 7> — 18x — 18y — 62=0.
9)x2—xy—xz+yz=0.
10)x2+2y2+22—2xy-—2yz=0.

Dap s6 va huéng din

7.1.

= arccos Z
¢ =

72. S= ]A—B A KE| = 49 (dva),
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73. S= %|A_B' A AC| =24 (@vdv).

74. 33,
76. L.
6

77. m=1.

7.9. Khong, vi ba vecto khic 0 déng phing khong thé timg doi mot
vudng géc véi nhau,

7.10. Hudng ddn : Tinh todn hai v€ réi so sdnh két qua.
X—-X, Y-V imzl
711 1) (X, —X; Y-y Z;-%|=0.
37X Y=Y Z3—%
2) 11x+ 5y +13z2-30=0.
7120 x—Ty-22-21=0.
713 x+y+z-3=0,
714. 5x+2y+5z-9=0.

7.15. §+%+z(iﬁ)-l=0.

7.16. M(3, 5, 5).

717. V2 x+y+z-5=0.

7.18. 4x+3y—2z—1=0.

7.19. (A,D, - A,D))x + (B,D, - B,D,)y + (C,D, - C,D,)z =0.
7.20. x—-y+2=0.

7.21. arcsinE .

722, 1)x=2-6t, y=t, Z=-1+3t;
2)x =-11t, y=2+17, z=1+ 13t
(4 8 16 . \
7.23. Chan dudng vuong géc H T ; phuong trinh dudng

thing OH: x =t,y=-2t,z = 4t. _
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7.24.
7.25.

7.26.

7.27.

7.28.

7.29.
7.30.

7.31.

7.32.

7.33.
7.35.
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A =1, giao diém M(2, -2, 1).
N(3, 3,-3).

N[E,_i,_ﬁj.
7 7 1

x=1+5t,y=1-t,z=1-7t.
— Trén mit phiang Oyz :
S5y +52-64=0,x=0
— Trén mét phing Oxz :
3x+52-2=0,y=0
— Trén mit phing Oxy :
S5y-5x+62=0,z=0.
x=1+ \Et,y=—2+t,z=3:tt.

= ElI'CC()SE
¢ 21°

Xx=t,y=2-t,z=1-t
1) Elip véi phuong trinh chinh téc :

P
X L syr=q
4

2) Hypecbon véi phuong trinh chinh tic :

2
XZ-Y?=1

3) Elip vdi phurong trinh chinh tic :

2
4X2 + 16: =1

4) Parab6n véi phuong trinh chinh tic :
Yi= 2X.




7.36.

7.37.

7.38.

- 7.39.
7.40.

7.41.

7.42.
7.43.

7.44.

7.45.

7.46.

Mt nén dinh M(0, 0, 1) truc Oz c6 phuong trinh

X2 2 1P

25" % - 4 -=o.
1) Tru trdn ; 2) Truelip ;
3) Tru hypecboén ; 4) Tru parabén ;
5) Tru parabén ; 6) Tru parabén ;
7) Tru trdn 8) Truc Oz ;

9) Cdc mat phing phan gidc x =z vax = -
10) Cdc mat phang y=0vay =x.

D x%+2z2 =9, y =3 (dudng trdn) ;

Dy -x*=1 ;z=1 (hypecbon) ;

3) 22 — v, x = 0 (hai dudng thing).

4x> +4y2 -z -2 =0.

32=2x>+y%

2 2

L AR S

5
x* +y? =1, z=1 (dudng trdn).
1) Truc Oy ;

2) N6n ¢é truc Oy va dinh tai g&c toa do ;
3) Nén c¢6 truc Ox va dinh tai géc toa do ;
4)GOctoadod

'5) Hai mat phéng cét nhau theo truc Oz.

1) X4c dinh cap miat phing c6 phuong trinh :

X+2y+3z-1=0vax+2y+3z-3=0.

2) Xéc dinh dudng thing x =y =z

Giao tuyén la hypecbon.
1) Mit nén véi phuong trinh chinh téc :
2 2
xt - X Z g
2 2
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2) Elipx6it véi phirong trinh chinh tic :

2 2
.X_ + Y_ + Z,2 =
9
3) Paraboloit hypecbon : X?-Y2=2Z
4) Nén bac hai : X*+Y:-72=0.

5) Paraboloit trdn xoay : X2+ Y2 = 4Z.
6) Hypecbdldit mot ting :

X2 Y_z - Z_2 =
¢ 4 4
7) Hypecboloit hai tdng :
| | X+ Y -7=-1.
8) Paraboloit hypecbon :
2
xt-Z .oy,
9

9) Hai mat phéng X =Y va X = Z.
10) budng thdng: X=Y=Z.
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