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% néi dau

Quyén sdch nay dudec soan ra trén co so nhzeu ném day i
thuyét va bai tdp moén "Phuong trinh vi phan’” ciia anh em cdn bé
nhom "Phuong trinh vi phén” & khoa Todn — Co Truong Dai hoc
Ty nhién Ha Néi.

Nhém phuc vy déi tugng réng rdi : sink vién cde truong dai
hoc tu nhién, cdc truong dai hoc ki thuét, dai hoc suz pham, cdc ldp
hoc tai chitc, ham thu... cdc bai tdp & trong quyén sdch nay duge
chon ra ¢ nhitng mizc dé kho, dé khdc nhau va nhidu dang khdc
nhau. D& cdc ban sz dung sdch duge dé dang, trong méi tiét cia
moi chuong ching t6i trinh bay téom tdt nhitng khdi niém va
phuong phdp co bdn nhdt dé gidi phén lon cde bai tap trong tiét
dé. Nhitng phdn Ii thuyét khong trinh bay & déy ban doc c6 thé
xem @ cdc tai liéu tham khdo [6], [7], [11] hogc [3].

Cdc bdi tdp tuong dét khé dugce ddnh thém ddu (*) & trén s6'thi
tw. Riéng cdc bai tdp trong chuong V phdn lon la tuong d6i khé
nén ching téi khéng ddnh thém déu (*).

Phan lon cdc bai tap trong quyén sdch nay duge chon tiz cdc
cubdn sdach dude néu ra ¢ "Tai lidu tham khdo", tiz cdc ki thi tuyén
chon nghién ciu sinh ¢ Viét Nam va cde ki thi vé dich sinh vién

giot todn toan Lién Xo.

Trong phdn ddp s6, hudng dén va 1 gidi chiing t6i da giadi
hdu hét cde bai tap ¢6 tinh chét li thuyét va cde bai tép khdc déu cé
ddp s6. Can néi rang mot s6 i gidi ¢ ddy mang tinh chdt goi y
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nhiéu hon. Ban doc chi nén xem dén phén ndy sau mét thoi gian
suy nghi ma khong di dén két qud.

Ching t6i chdn thanh cam on déng chi Hoang Hutu Duong da
g6p ¥, gitup dd ching t6i hoan thanh cudn sdch. Ban than dong chi
da nhiét tinh viét thém phén "Phu luc” cho cudn sdch nay.

Trong khi bién sogn cudn sdch, ching toi dd tham khdo ¥ kién
ctia cdc déng chi Vii Tudn, Pdng Dinh Chéu, Dé Quang Vinh.
Nhan dip nay chiing t6i t6 ldng cdm on cdc déng chi dé.

Cudi ciing chiing toi xin cdm on déng chi Poan Vin Bédn vé cdc
déng chi trong Nha xuét ban Dai hoc va Trung hoc chuyén nghiép
di tao diéu kién d€ cudn sach c6 thé ra mdt ban doc.

Lén déu tién xudt bén, quyén sdch nay chdc khong thé tranh
khoi nhitng sai sét. Rat mong dwoc cde ban doc gop y kién.

CAC TAC GIA



Phdn thi nhdt

TOM TAT Li THUYET VA DE BAI TAP

Chuong |
PHUONG TRINH VI PHAN CAP MQT

§1. Cac khéi niém co bén
1. Pinh nghia. Phuong trinh vi phan c4p 1 c6 dang téng .quét 1a
F(x,y,y)=0, (1)
Lo dy
trong d6 y' = ax "

Nghiém clia phwong trinh (1) 12 hdm y = y(x) ¢6 tinh chat 1a khi th¢
vao phuong trinh (1) thi ta dugc m6t déng nhét thic. Phuong trinh (1) ¢6
vo s6 nghiém. Qud trinh tim céc nghiém cla phuong trinh (1) dugc goi 1a
s tich phdr phuong trinh 46.

Néu tir phuong trinh (1) ta c6 thé giai dugc y', nghia 13 (1) c6 dang

Y =fx,y) . 03]
thi phuong trinh (2) dugc goi 1 phuong trink cdp 1 da gidi ra d6i voi
 dao ham,

2. Trudng hudng. Gia st ham f(x, y) xdc dinh va lién tyc trong
mién G clha mit phing (x, y). Qua diém (x, ; ¥,) thudc G ta v& vecto ¢
d6 dai biang 1 va lap vdi chiéu duong cta truc hoanh mot géc « sao cho
tga = f(x,, ¥,). Lam nhu vay d6i véi moi diém (x ; y) thudc G chiing ta
s€ nhan dugc moét truomg vecto, duge goi 1 trudng hucng.

Gia sir y = y(x) 1a mot nghiém nao d6 cta phuong trinh (2). Khi d6
tap hop nhitng diém (x ; y(x)) s& tao nén mot dudng cong ma ta goi l1a
duwong cong tich phdn cla phuong trinh (2). Dya vido ¢.nghia hinh hoc
cha dao ham ta suy ra ring tai mdi di€m.cha dudng cong tich phan,
hudng ti€p tuyén véi dudng cong tring véi hudng vecto cua truong
hudng tai diém dé.



Dudng cong ma tai méi di€ém cla né huéng trudng khong thay déi
duge goi 1a dudng ddng phuc. Nhu vay phwong trinh cla dudmg ding
phuc ¢6 dang

L f(x,y) =k, k = const.

budng ding phuc ¢6 thé 1a dudng tich phan nhing néi chung né

khong tring vdi dudng cong tich phén.

Vi du. Xét phuong trinh

dy _y
I _¥ 3
X x (3)
O day cdc dudng cong tich phan 1A céc nira dudng thing

y=Cx (x0), x=0(y=0),
C — s6 thyc bat ki. : .

Dé thdy rang cdc dudng cong tich phan & day ddng thdi ciing 13
dudng dang phuc.

Yi L )
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L
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xY

¥

Hinh 1 "Hinh2
Xét phuong trinh
' v X
| | =y
O day cic dudng cong tich phan 12 céc dudng trdn tam tai géc toa do :
- X2 +y2= 2,

C - s6 thuc bét ki,
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Phuong trinh dudng ding phuc c6 dang

y=-kx(x#0), x=0(y=20)

tilc 12 cdc nlra dudng thing xudt phit tir géc toa do. Boi vay trong

trudng hgp nay, khong mét dudng cong tich phan nio tring véi dudng
ding phuc.
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Hinh 3 ' Hinh 4

Qua hai vi du trén ta thdy tai diém (0, 0) thi huéng trudng khong xéic
dinh. N6 1a di€m Ki di clia phuong trinh trén.

3. Bai toan Cé6-si. Nhu trén ta di thdy, nghiém cta phuong trinh vi
phan cép 1 phu thu¢c hang s6 tuy ¥ C. Trong thuc t€ ngudi ta thudng
’khong quan tAm dén t4t ca céc nghiém cta phuong trinh ma chi chd ¥
dén nhitng nghiém thod man diéu kién ndo d6. Ching han, ddi hdi im
nghiém y(x) clia phuong trinh (1) hoac (2) thod man diéu kién

¥{Xo) = Yor | 4
trong d6 x,, y, l& nhing gid trj cho truéc.

Bai todn dat ra nhu vay dugc goi 14 bai todn Cé-si. Diéu kién (4)

~ dugce goi 1 diéu kién ban ddu ; Xor ¥, 12 cdc gid tri ban ddu.

Vé phuong dign hinh hoc, bai tosn Co-si tuong ducng véi viéc

tim dudng cong tich phan cha phuong trinh di qua diém M, (x, ; y,)
cho trude.



Bai todn Co-si khong phai bao gid ciing cé nghiém. Sau nay ching ta
s€ thdy v&i nhiing gia thi€t nao thi nghiém bai todn Co-si ton tai va
duy nhit. '

vk _ Ya
Yo
Mg (%o 1 Yo)
M({©:1)
C Xg i o X
Hinh 5 . Hinh 6

Vi du. Tim nghiém ctia phuong trinh
Yy =2
thoa man diéu kien ban du
y(0) = 1.
Dé thdy nghiém cia bai todn trén 14 ham
y= x2+1
titc 12 parabén di qua diém M (0 ; 1).

4. Nghiém t6ng quat

Gia sir trong mién G cia mat phdng (x, y) nghiém cia bai todn Co-si
déi v6i phuong trinh (2) tén tai va duy nh4t. Him s6

y = ¢(x, C) (5)
dugc goi 1 nghiém 16ng qudt cla phuong trinh (2) trong G néu trong
mién bién thién cha x va C, né ¢é dao ham riéng lién tuc theo x va thod
mén cic diéu kién sau :

a) Tir he thitc (5) ta c6 thé gidi duoc C:

C = W(x, y). | (6)

b) Ham @(x, C) thod min phuong trinh (2) véi moi gid tri cda C xdc -
dinh tir (6) khi (x ; y) bi€n thién trong G.
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Néu nghiém t8ng quét cha phuong trinh (2) dugc cho duéi dang 4n
P(x,y,C)=0 hayy(x,y)=C
thi né dugc goi la tich phdn téng quét. -

5. Nghiém riéng. Nghiém cia phuong trinh (2) ma tai méi diém
cta nd, tinh duy nh&t nghiém cla bai todn Co-si duge bao dam dugc goi
12 nghiém riéng. Nghiém nhin dugc tir nghiém téng quat véi gid tri cu
thé cha hing s6 C 12 nghiém riéng.

6. Nghiém ki di. Nghiém cta phuong trinh (2) ma tai mbi diém
clia n6, tinh duy nh4t nghiém cha bai todn Co-si bj phd v& dugc goi la
nghiém ki di. Nhu viy, nghiém nhan duge tir nghi¢m téng quat vdi gia tri
cu thé cha hing s6 C khong thé cho ta nghiém ki di. Nghiém ki di c6 thé
nhan dugc tir nghiém t6ng quét chi khi C = C(x). Ngoai ra ching ta con
¢6 nghi¢m hdn hgp, tic 12 nghiém bao gdm mot phdn nghi¢m riéng va
mot phdn nghié¢m ki di.

.

7. Lip phuong trinh vi phin cta ho dudng cong cho trudc
PE€ lap phuong trinh vi phan cha ho dudng cong phu thudc mot
tham s& _
o(x,y,C) =0, 7

ta coi y 1a ham cda x r6i vi phan déng thic (7) theo x. Khir C tir phwong
trinh nhan dugc va déng thic (7) ta 1ap phuong trinh vi phan cha ho dudng
cong trén. ' -

Vi du. Lap phuong trinh vi phéan cda ho dudng cong

y—Ce* =0.

Coi y 12 ham cia x, vi phin 2 v€ cla déng nhét thifc trén ta c6
% -Ce* =0.

Tt day suy ra
dy _ ~x _
dx G =y

hay

dy _
ax " Y=0

D6 1a phuong trinh vi phéan ciia ho dudng cong néi trén. .
Hiy x4y dung trudng huéng, dudng déng phuc vd qua dé vé duong
cong tich phan (gin diing) cla cic phuong trinh vi phin sau ddy :



1.y‘=y-x2. 4.(y2+1)y'=y—x.
x% + y? '

2 .
3.yy' +x=0. 6.y +y=@x-y).

2.y =

= 1. ' 5. xy' = 2y.

7.2(y+y')=x_+3.
Hay lap phuong trinh vi ph4n cia cic ho dudng cong sau day :

8.y= Ccx3 12, Cy ~ sinCx = 0. 16. y=(x - CB).
9.y=sin(x+C). 1. (x-a)+by’=1. 17.y=ax> +bx? + Cx.

10. x* + Cy* = 2y. 14.y = ax®+ be”. 18. Iny = ax + by,

11y =¢" 15,y = Cix — C9). 19. x = ay® + by + C.

20. Lap phuong trinh vi phén ciia ho dudmg tron bén kinh bing 1 va
tAm nam trén dudng thing y = 2x.

21. Lap phuong trinh vi phan cha 14t c cdc parabon c¢é truc song
song vdi truc Oy va di qua géc toa do.

22. Lap phuong trinh vi phan ciia nhiing dudng trdn ti€p xvc véi cdc
dudng thng x =0 va y = 0.

23. Lap phuong trinh vi phan cha parabén ¢6 truc song song v6i Oy
va cling ti€p xic véi cdc dudng thing y =0, y = x.

24. Lap phuong trinh vi phan ciia tdt ca cdc dudng tron tiép xuc véi
truc hoanh.

25. Hay vi€t phuong trinh cha quy tich nhing diém (x ; y) 1a diém
cuc dai hoic di€m cyc tiéu clia nghiem phuong trinh y' = f(x, y). Lam th€
nao d¢ phjn biét duge didm cyc dai va di€m cye tidu ?

§2. Phuong trinh vi phén véi bién s& phan li

1. Phuong trinh khéng chita him phai tim
D6 1a phuong trinh dang

dy _ :
K—»f(x). (1)
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Gia sir f(x) x4c dinh va lién tuc trén khoang (a ; b). Khi dé nghiém
tdng quét clia phuong trinh trong mién

G=f{a<x<b;—-w<y<e}
cO dang

_ y= If(x)dx +C, (2)
C - hing s6 tuy ¥.
Néu (x, ; ¥,) € G thi nghiém cta phuong trinh (1) di qua diém (x, ; y,)
c6 dang :

y= f f(tydt + y,. (3)

T cong thitc trén ta thdy ring, toan mién G duwogc 1ap ddy béi cac
dudng cong tich phan khéng giao nhau cha phuong trinh (1) vd méi
dudng cong tich phan ¢6 thé nhan dugc tY dudng cong tich phin khic
bang mot phép tinh ti€n doc theo truc tung mot doan nio dé (h.7).

/

/ﬁﬁ .

N\
OO

0
/)
Hinh 7 ‘ " Hinhsg
Néu ham f(x) gidn doan tai diém trong £ clia khoang (a ; b), ching
han f(x) ddn tdi vé cuc khi x ddn téi &, thi biéu thiic (2) s&€ cho ta nghiém
tdng quét & trong m&i mién con

a<x<§, —co <y <o

_ E<x<b, —o <y < oo
(h.10).
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Puong thing x = £ hién nhién 12 nghiém clia phuong trinh dao ngugc
dx 1
dy ~ T(x)’

Néu coi x va y tham gia vio phuong trinh v6i vai trd ngang nhau thi
x = £ ¢6 thé xem nhit I nghiém cha phuong trinh (1). Néu tai méi di€m
clia né tinh duy nhét nghiém ciia bai todn Co-si bi phd v thi no 1a
nghiém ki di. Néu tai mdi diém cta no tinh duy nhit nghi¢m cla bai todn
Cd-si dugc bio dam thi né 12 nghiém riéng (h.9).

T dang ciia phuong trinh ta suy ra ring, tai m&i di€ém cla dudng
thing x = X, (a < X, < b) huéng clia trudng khong thay déi va c6 he s6 géc
1 tgox = f(x,). Bai thé, mdi dudng thdng nhu vay 12 dudng ding phuc cda
phuong trinh (1).

Y§ : Y

N ] 2

~N |/

e \//
\// N //
2 aWO/’b X a 56/b x

| ~N A |
Y N/ 2
\/ 4 N
Hihns : ' Hinh 10

Néu f(x) khong déi ddu & trén (a ; b) thi mdi nghiém cla phuong
trinh (1) déu 1 ham don diéu (tang néu f'(x) > 0 ; gidm néu f'(x) < 0).

Néu tai diém n € (a ; b), f(1) = 0 vi qua diém n ham f(x) ddi ddu
thi méi dudng cong tich phan clia phuong trinh (1) s€ c6 cyc tri tai diém
x = 1. Do d6 dudng thing x = 1 1a dudng chifa cdc di€m cuc dai hay cyc
ti€u chia cdc dudng cong tich phan.

Gia st f(x) kha vi trén (a ; b). N€u f'(x) khong ddi d&u trén (a ; b)
thi mdi dudng cong tich phan c6 ciing mot hudng 16m tai moi di€m

12 -



cha (a ; b). Néu tai diém d € (a ; b), £'(x) nhan gi4 tri 0 va cé dau khic
nhau khi x < d va x > d thi mdi dudng cong tich phan cla phuong trinh
(1) s& c6 diém uén tai diém x = d. Boi vay, dudng thing x = d 1a dudng
chia cac di€ém udn cla cdc dudng cong tich phan clia phuong trinh (1).

Vi dy. Xét phuong trinh

V€& phai cla phuong trinh xdc dinh va lién tyc véi moi x. Bai vay
hamsdé . :

y= I3x2dx+C =x}+C
cho ta nghiém téng quét clia phurong trinh dang xét trong mién
—50 < X < o0, =00 < ¥ < 09,
Phuong trinh khéng ¢6 nghiém ki di. Nghiém tho4 mén diéu kién ban
dédu y(x,) = y, ¢6 dang

- 3 3
Y=y, +X - X,.

Trong trudng hop riéng, néu x;, = 0, y, = 0 thi ta ¢6 nghi¢m di qua
gdc toa do 1a
y=X.
Day la dudng parabdn bac 3.
Moi dudng cong tich phén khic
nhan dugc tir dudng cong nay ¥
bang phép tinh ti€n doc theo truc

tung nhitng khoing thich hap. /
Dudng cong tich phan khéng cé ' /
cuc tri vi f(x) = 0 chi tai x = 0,
nhung f'(x) khong ddi dau khi x
chuyén tir bén trdi diém O sang
bén phai diém 0. /
Tacéf(x)=6x=0khix=0.
Vi khi chuyén qua diém 0, £(x)
ddi ddu tir Am sang duong nén
moéi dudng cong tich phan cé
diém uén tai gid tri x = 0. Do d6
truc tung Oy 14 dudng gém céc
diém uén cha moi dudmg cong
tich phén (h.11).

Yy

RN

Hinh 11
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Bay gio ta xét phuong trinh vi
dy 1 —\
a - ; . . 4
G day, v&€ phai xdc dinh va —-\
‘lién tuc trén mdi khoang (- ; 0),
(0 ; o). Do d6, biéu thitc \
y =1Inlxl + C ™~

xy

s& cho ta nghiém téng qudt trén \

mbi mién
oKX <0, ey <o

D<Xx <o, oy <oo,

I

Dudng thing x = 0 12 nghiém
riéng cua phuorig trinh ddo nguoc.
N6 1a dudng tiém can cha céc
dudng cong tich phan (h.12).

Hinh 12

2. Phuong trinh khong chita bién s8 déc lip. D6 13 phuong
trinh dang
=1, @
Néu coi x 1a ham phai tim, y 12 bién s& doc lap thi tir (4) ta ¢6
phuong trinh dao nguge
| d_ 1
dy  f(y)’
tic Ia ta di dén phuong trinh khong chita ham phai tim d3 xét & muc 1.

(5)

Gia st f(y) lién tuc trén khoang (c ; d) va kﬁéc 0 tai moi diém cha
khoang d6. Véi gia thiét nhv vay, v€ phai clia phuong trinh (5) 12 ham
lién tyc cla y trén (c ; d). Do dé, bidu thitc -

1
X= |—=dy+C
i ®
s€ 1a nghiém téng quat clia phwong trinh (5) trong mién

c<y<d, —eo <X Koo, (6)
B&i vay, biéu thiic

x—_[f()dy =C OR

14



s€ cho ta tich phan t8ng quat cia phuong trinh (4) & trong dai (6). Toan -
dai (6) dwoc 1dp ddy bdi nhimg dudng cong tich phan cla phuong
trinh (4). Tir biéu thic tich phan tdng quat ta suy ra ring, méi dudng
cong tich phén ciia phuong trinh (4) ¢6 thé duge suy ra tir mot dudng
cong tich phan nao ddy ca phuong trinh d6 béing phép tinh tién doc theo
truc hoanh mét khodng thich hop.

Bai todn Co-si véi céc gid tri ban ddu x,, y, thuoc dai (6) c6 nghiém
duy nhdt va c6 13i gidi 1a '

1
XxX= Lyu"f(—u—)du +X°.

Bay gi& gid sir v€ phai ciia phuong trinh (4) bing 0 tai di€m y = 1
nao d6 cta khoang (c ; d). Khi &y, d& thdy ring dudng thing y = 1 1a
nghi¢m cia phuong trinh (4). Néu né 1 bao hinh ciia ho dudng cong tich
phan (7) thi ta dwge nghiém ki di. Néu né 13 dudng tiém can cha céc
dudng cong tich phan thi ta duge nghiém riéng.

Chii y : Biéu thic (7) trong trudng hop dang xét cho ta tich phan téng
quét trong méi mién con

c<y<n, —0 < X < 00 ;
n<y<d, —o < X< oo,

Tai moi diém cha dwdng thing y = b (c < b < d) huéng truwdng xdc
dinh bdi phuong trinh (4) khéng déi : tgo = f(b). BSi vay méi duong
thing nhu the s& 1a dudng ding phuc ciia phuong trinh (4).

Vi dy 1. Xét phuong trinh

dy 2
dx—1+y.

O day f(y) xc dinh va lien tuc véi moi y. N6 Iuén lu6n duong. Do
d6 biéu thic
X = arctgy + C
s€ 1a tich phan t8ng quét & trong mién
0 <X<®,  —e<y<oo

Nghi¢m thod mén diéu kién ban ddu y(x,) = y, ¢6 dang

Y du
X xcl_f:)l"l'll2
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hay . ' ya
arctg y — arctg y, = X — X,
Trong trudng hgp riéng, néu
X, = 0, ¥, = 0 thi nghiém riéng
tuong (ng c6 dang
arctg y = X hay y = 1gX,

T Y -& °
[—5<X<E]. 2 L

T
2
13 cdc dudng tiém céan ding
ctia nghiém nay (h.13).

wja
Y

Cac dudng thdng x =%

Hinh 13
Vi du 2. Xét phuong trinh

dy _ 3 vh
Ix —\fl yo.

_ 4
3 day, v& phéi xdc dinh va 77/ /// ///
lién tuc & trong khoang kin s -
-1 <y £ 1. Tai hai ddu mit /// ////
s <
-1

ctia khoang dé thi f(y) béng 0.

Tich phan téng quit cla
phuong trinh trén ¢6 dang Hinh 14

arcsiny =x + C,
Chc dudng théng y = + 1 12 cdc nghiém ki dj clia phuong trinh vi n6
[a bao hinh cha ho dudng cong tich phén (h.14).
3. Xét phuong trinh dang
dy _
- f(ax + by).
Bing phép th€ z = ax + by ta dua phong trinh nay vé phuong trinh
khong chida bién s6 doc 14p. :
That vay, vi z' = a + by’ nén phuong trinh nhan duge c6 dang

dz
rrts a + bf (z),

tic 1 phuong trinh khéng chia bign s doc 1ap x v6i ham phii tim 13 z.
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Vi dy. Tim tich phén téng quat ctia phwong trinh

dy _ 2 2
X=X +2xy +y".

Phuong trinh trén ¢6 thé viét
' dy _ 2
ol (x +y).
Patz=x+ythi

Tix day ta suy ra _
x = aretg z + C.
Do d6 tich phan tdng quét cia phuong trinh dang xét 1a

x—arctg (x+y)=C,
4. Phuong trinh v&i bién s§ phan li. Néu phuong trinh vi phan
c6 dang
X(x)dx + Y(y)dy =0
thi ta néi rdng trong phuong trinh d6 céc bién s& phan li.

Gia sir X(x), Y(y) Ia cdc ham lién tuc twong dng cha x va y. Khi 46
tich phan tng quét ciia phuong trinh 12 biéu thitc

[Xax + [Y(yy =C.
Phuong trinh khong ¢6é nghiém ki di.

Né&u X(xo), Y(y,) khong déng thei friet tiéu thi nghiém véi cdc gid tri
ban ddu x,, y, nhan dl.rac b&ng cich x4c dinh C tir biéu thic cha tich
phan téng quit. !

Neéu X(x,) = Y(y,) = O thi nghi¢ém v&i gid tri ban ddu x,, ¥, c6 thé
khong t6n tai, hodc tn tai nhimg c6 thé khéng duy nhit.
Vidy 1. Tim tich phan téng quat va tir d6 tim dudng cong tich phan
di qua di€m (0, 0) clia phuong trinh
' - xdx + (y + Ddy = 0.
Tich phan téng quat c¢6 dang

[xdx+ f(y +dy =C

2. BTPTVP 17



hay la _
2 2

ey iy=
2+2+y C.

Thay x =0, y = 0 vao biéu thic cta tich phan t6ng quat ta tim dugc
C = 0. Vay dudng cong tich phan di qua géc toa d¢ 1a
x2 + y2 +2y=0.

Vi du 2. Xét phuong trinh
xdx + ydy = 0.

Tai géc toa d¢ huéng truong khdng xdc dinh. Phuong trinh trén
khong c6 nghiém di qua diém (0, 0). :

‘Tich phan téng quat clia phuong trinh 12
x2 + y2 =2
Nhu vay cdc dudng cong tich phan 12 hg nhiing dudng tron c6 tam tai
gdc toa do. '

5. Phuong trinh véi bién s6 phan 1i duge
Phuong t.r‘mh vi phan véi bién s6 phan li duge ¢6 dang
my(x) n;(y) dx + my(x) n,(y) dy = 0. (8)
Gia st my(x) n;(y) # 0. Chia 2 v€ cia phuong trinh (8) cho m,(x) n(y)
ta nhin duge phuong trinh v§i bién s6 phin 1i
%8 dx + 1:1?83 dy =0.
Do d6 tich phan téng quét cua phuong trinh (8) trong trudng hop

nay cé dang '

m, (x) () . _
jmz(x)d’”Inl(y)d” ¢

Néu t6n tai cdc gid trj a va b sao cho'mz(a) =0,nb)=0thix=a(y#b)
vay = b (x # a) s€ 12 nghiém clia phuong trinh (8). Cic nghi¢m nay cé
thé 1a nghiém ki di.

Vdi gia thi€t m,y(x,) # 0, ny(y,) # 0, m(X,) va ny(y,) i&hbng déng thoi

triét tiéu, nghiém véi gid tri ban ddu x, y, s€ dugc xdc dinh tir hé thic

18



m](x) 2(3’
S & f oy & =0

Néu m,(x,) = ny(y,) = O thi nghiém véi gié tri ban ddu (x,, y,) ¢6 thé
khong t6n tai, hodic t6n tai nhung khong duy nhat.

Néu x, = a, y, = b thi huéng trudmg tai diém (x, ; y,) khong xic
dinh. Céc nghiém x = a(y # b), y = b (x # a) s& ti€n dén di€m nay.

Phuong trinh

2 = 1) ) | ©)

rd rang 12 phuong trinh véi bi€n s6 phan li duge. Gia sir f,(y) # 0. Khi d6
tich phan téng quét cta phuong trinh c6 dang

j ) = [fi(x)dx +C.

Néu f(y) = 0 tai di€m y = b thi dudng thing y = b 12 nghiém ciia phuong
trinh (9). Nghi¢m nay c6 thé 13 nghiém ki di clia phuong trinh (9).
Vi du 1. Xét phuong trinh

x(1 + y)dx + y(1 + x3)dy = 0.
Phan li bién s6 ta c6
xdx ydy

1+x? *
Tich phan tdng quét cé dang
1+ +yH)=C2
Tai gdc toa d huéng trudng khong xdc dinh. Khéng cé dudng cong
tich phéan nao di qua d6 hoic din t6i d6.

Vi dy 2. Tich phan phuong trinh

2yy/by - y2 dx - (b2 + x2 )y =0.

Tim dudng cong tich phan di qua di€m (0 ; b). Gi4 sit biy -y? 20,
phan 1i bién s6 ta cé

=0. .
l-t-y2

" 2dx dy

- =0.
2 2
b + X y,be—yz
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Tir day suy ra tich phan téng quat 1a

b-y-
y

=C.

arct x +
%
Ngoai ra, tit phuong trinh

yyby —y* =0

ta tim dugc cdc nghiém y = 0, y = b. Nghiém thi nhat 1a nghiém riéng,
nghiém thtt hai ia nghiém ki di.

P& tim dudng cong tich phan di qua diém (0 ; b), trudc hét ta nhan
thdy ring, tai diém nay hudng cia trudng xdc dinh nhung di€ém dang xét
nim trén nghiém i di y = b. Bdi vay tai di€m d6 tinh duy nhét nghiém
cha bai todn C6-si bi phd v&. ' '

That vay, ngodi nghiém y = b, dudng cong tich phan

arctg%+ E—;—y =0

nhén dugc tir nghiém téng quét véi C = 0 13 rang cling di qua diém (0 ; b).

Tich phan cdc phuong trinh

26.y' = sin’x. : 34y =shx.
1 . '
27.y' = . 35. y' = sin x cos 3X.
1+x
8.y =V1-x*. 36.y' = — -
, R X" -
| : 1
9.y = ————5- 37.y'= .
PPN TP y 1
30.y = X : 38y = X
14x2 +41+x2 X
L 2 x L _X-.—
3Ly = x%~ 3.y = mx-
cx
32. y' = xcos X. 40, y' = =
33.y' =2¢"cos x. ' 41.y' =1Inx + 1.
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, x2 +2x -1 a? + x?

42.y' = . . 45, y'= —————,
(x + 1)(){2 + 1) Y (a2 —x? )2
2 .
43.y = ———. 46. y' = Ixl.
xvx?* -1 |
44.y= —= 47,y = 5%
x> -1

Tich phén cidc phuong trinh sau day va tim dudng cong tich phan di
qua diém M(x, ; y,) cho truéc :

48.y' = 27{3'x ; M(0; 1).
49}?"‘—i T MA; D, M(-1;1), M(O 1)
x2
1

20x -1

2
5l.y=¢™™ ; M(0:0).
. _

52.y' = s M0 ; ~1), M(0; 1), M(1 ; 0).
:ll - x?

50.y'= ; M(1; 1.

.Hﬁy tim cic dudng tiém cin ding, tiém c4n ngang va tiém cfn xién
clia cic dudng cong tich phan di qua diém M(x, ; y,) cla cdc phuong
trinh sau day :

53.y = _2xc"‘2 s M(O; 1). 56.y' = 2x ; M(1; 0).
S x“ -1
54.y' = ~ X s M@0 ; -1). 57.vy' = -x? - M(O
(x3—1)2 Yy =€ s M(0; 0).
35.y' = IZ;M(U;O)- 58.y'= —— ; M(0; 0
+x -y—.coszx; ( s )-

Tim mién xdc dinh cla phuong trinh, mién tén tai nghiém cla bai
todn Cod-si, mién t6n tai va duy nhat nghiém, cdc dudng dﬁng phuc ; xdc
dinh hudng trudng tai cidc di€ém nim trén céc truc toa do ; chi ra cdc mién
ma nghiém tang hoic gidm ; tim cdc dudng chifa c4c diém cuc tri, dudng
chita cdc diém uén clia nghiém va tich phin cic phuong trinh sau day :

21



59,y = 1. 1

65.y = .
2
60. y' = - 2x. 1Irx
61y = x> : 66. y -Tx
X
3 67.y = .
62.y'=?2-\/;. Y 2vx -1
: X
' 68.y' = .
2
63.y' = —2xe™* . ;lwxz
' 1
2 v
64.y'=e_x ) 69.y—ﬁ

Hay 1ap phuong trinh vi phan cha cdc ho dudng cong dudi day.
Phuong trinh nhin dugce biéu thi nhitng tinh chét chung gi cba ho dudng
cong d6 ? "

70.y=%x3+C. 72.y=1nx + C.
Ty=+v1-x* +C. 73.y = (x + O)%.
Tich phan céc'phucmg trinh sau déy :
4.y =¢". ~ 86. y' = cotgy.
75.y =y: (1 + yO)% 87,y = —y% - 2xy - £,
- -y
76y =c’. , 88. y' = ylny.
77.y'=y+ 1. J__
89.y' = .
78.y' = coszy. y . WY
79. y' = siny. - 90.y' = 2v/I¥! .
80.y'=ky" 91.y' =lny.
81. y' = cosy. 92.y = (x+ y)z_
Ve 3
82.y-y2+1. 93.y =x+y+.1.
83.y'=y" +a. . 2
1 9.y =(4x+y-—1)".
84.y'=14+ —. '
yz 950 y' = ﬁx+y - lo
. 1 . 1
85.y-1+;. 96'y"x+y—1
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Tim duong tiém cén cha céc dudng cong tich phan clia phuong trinh

sau day :
97.y'= Jy-x.
98.y'= Jy—-x +1.

Chiddn : Patx®-y=z

3

100. (y - x)y' V1 +x% = (1 +y2)2.

101. (gx — py)dx + (px + qy)dy = 0.

Chi ddn : Chuyén sang toa do cuc.

Tich phan cdc phuong trinh sau day va tim dudng cong di qua diém

M(x,,"y,) cho trude. So bo gidi thich su tén tai, tinh duy nhat nghiém,
hudng cua tiép tuyén, tinh 16i, 16m cha dudng cong tich phan tai diém M.

V& dé thj ciia nghiém tim dwoc.

102. y' =~y ; M(0; 1).
103. y' =—y® ; M(0; 0), M(1 ; 1).

104. y' =y ; M(0; 1).

105.y'=y—1; M1 ; 1)

106. y' = % s M(0; 0).
107.y' = 2,fy s M(-1; 1), M(0;; 0).

108.y' = J4y> -1 ; M [0 ; %]

109.y' = 3\/y_2 : M(0; 1), M(0; 0).

Tim nghi¢m dang y = b cla c4c phuong trinh sau :

110, y' = y2 - 1.
111. y' = siny.
112y =y* - 5y + 6.

13.y' =y2 + 1.

: 2
114. y' = y3,
1
115, y' = —-
T
116. y' = yln y.

117.y = 24y +1.
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Tim d&c‘!ng tiém cén ding va tiém cin ngang cia duong cong tich
phan di qua diém M(x, ; y,) tuong Ung :

118.y' = 1 + y* ; M(0 ; 0). 120. y' = -y* ; M(0 ; 1).
119.y' =y; M@©; D). C12Ly =y —1;M(@O: 1)

Xéc dinh mién tén tai cia phuong trinh ; nghién ciu trudng huéng
xdc dinh bdi phuong trinh vi phan twong Gng ; tim cdc dudmg déng phuyc ;
xdc dinh huéng trudng tai nhitng diém nidm trén céc tryc toa d¢ ; tim
dudng cong chita cdc di€m cyc tri, dudng cong chifa céc diém udn va tich
phan céc phuong trinh sau:

122y = -y. 127.y' = 21y -
123.y =y% 2

‘= 3y3
124. yv =1+ y2- 128. y= 3y .
125.y' = % 129.y' =¢.

' 2
126.y' = 2Vy. 130. y' = ~y* - 2xy — x2.
Tim nghiém clia cdc phirong trinh tich phan sau day :

— =¥ . —_

13l.y= I:e dx, (x > 0). 133.y= I;ydx+1.
132.y=2 [y dx. 134,y = Eydx.

Tich phén cédc phuong trinh :

135, (x + 2x3)dx +(y + 2y3) dy=0. 140. 2X2YY' + Y2 =2

" 136. dx + dy - 0. 141. y' - xy2 = 2xy.
\lll—x2 : \ll—y2 .
dx dy 142. 2x4/1 — y2 dx +ydy =0.
137. = + =% =0. -
N 1
138. xydx + (x + Ddy=0. =~ 143.y'= i—ﬂ-
139. \Jy? + 1 dx = xydy. 144.y' =&,
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145. y= 149.y' = Jax +2y - 1.

146.y' = —)E)i ) 150, (y2 + xyz)dx + (x2 - y_xz)dy =0.
147. y' = cos(y — x). 151, (1 + y2)(e?'dx — ¥dy) — (1 + y)dy = 0.

148. xE +t=1.
dt

Tim nghiém y(x) thod man diéu kién ban ddu y(x,) = y, cla cdc
phuong trinh sau :

152. (1 - x)dy —ydx =0; y(0) = 1.
153.dx — V1 -x% dy=0; y(1) = g

154. (x>~ 1)y' + 2xy* = 0 ; y(0) = 1.

155, y'cotgx + y=2; y(0) = ~1.

156. x41 - y? dx + yV1 — 2 dy =0; y(1) = 0, y(0) = 0.

157. y' = ycosx : y(0) = 1.

158. xy' +y = y2 ; (1) = 0,5.

159. (x + 2y)y'=1; y0) =-1.

160. xdy —ydx =0;y(1)=1,y(1)=0, y(0) = 1.

Tim nghiém cua phuong trinh thod man diéu kién cho truéc khi
X = +oo ;

161. x’y' — cos2y = 1 ; y(+o) = 9n/4.
162. 3y%y' + 16x = 2xy° ; y(x) gi6i noi khi x — +oo.

Tim mién xdc dinh cila phuong trinh ; mién tén tai nghiém cla bai
todn Co-si ; nghién cifu trudng hudng, dudng ding phuc, xdc dinh hudng
trrdng tai nhitng diém nim trén céc truc toa do ; chi ra mién ma nghiém
ting hoac gidm ; tim dudng chda cdc di€ém cuc tri va dudng chia cdc
~ diém uén cia nghiém, nghién ciu déng diéu cla dujmg cong tich phan
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tai di€m ki di (n€u c6), tai v6 cuc va tai bién cia mién xic dmh cla cic
phuong trinh sau day :

163.y' = 2xy2 . 167. y' = —ysinx.
1-x *
3 x? y
164.y'= = . —. 168.y' = ——.
165. y' = ycosx. 169, x(y? = 1)dx + y(x% - Ddy = 0.
166.y=YL . 170. y—ﬂ
x NS
y2 +1
171*. Phuong trinh y' = 3= " ¢6 thé phan li bi¢n s6 dwgc nhung
X"+

tich phan nhan du'oc khong thé bidu dién qua cdc ham so cdp. Bing cich
nghlén ciiu sy hdi tu cha tich phan hday ching minh ring méi duwdng cong
tich phéan ¢4 hai tiém can ngang.

172*. Nghién citu ding dléu clia cdc dudng cong tich phan cia

| N . {In(l+y)
phuong trinh y'= 1} pr

- 1ai 1an cin g6c toa d9. Chimg minh réng, qua méi diém bién cua géc toa
do thit nhdt c6 mot dudng cong tich phan xuit phat tir phia trong cba géc
di ra. _

§3. Cac bdi todn hinh hoc va vét i

Trong thyc 1€ c6 khd nhi€u bai todn hinh hoc, co hoc, vat li, hod
hoc,... dén dén viéc giai hodc nghién ciu cdc phuong trinh vi phan khdc.
nhau. Trong phin nay ching t6i chi dé cap dén mot s6 bai todn dua vé
cdc phuong trinh vi phan bi€n s6 phan li. Cédc bai todn dan d&n cdc phuong
trinh vi phin dang khéc, chiing ta s€ gap & cdc muc tuong ing sau.

Dé giai cdc bai toan hinh hoc dudi day, cin phai v€ hinh, kf hi¢u
dudng cong phai tim 13 y = y(x) (n€u bai todn dugc giai trong hé toa 4o
vuong géc) va biéu dién cdc dai luong trong bi todn qua x, y, y'. Khi dé
h¢ thitc dd cho & trong diéu kién bii todn s& bi€n thanh mot phurong trinh
vi phan ma tir 46 giai ra ta s& dugc ham s phai tim y(x).
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Trudc khi giai cdc bai todn vat 1, nén biét dai lrong nao c6 thé chon
lam bi€n s6 doc lap, dai lugng nao cé thé chon 1am ham sé phai tim. Sau
dé biéu dién hi¢u y(x + Ax) - y(x) qua nhitng dai luong d néi trong bai
todn. Chia hiéu nady cho Ax va chuyén qua giéi han khi Ax — 0 ta sé
duge phuong trinh vi phan ma tir dé ta cé thé tim duge dai lugng mong
muén. Héu hét cdc bai todn nay déu chia diéu kién ma tir d6 cho phép ta
xde dinh gia tri cy thé cha hing s6 C & trong nghiém téng quat clia
phuong trinh vi phan.

Ngoal ra, dé lap nhtmg phuong trinh vi phan tuong ing, ta cé thé
_dﬂng ¥ nghia vét 1 clia dao ham (n&u bién s6 doéc lap la thoi gian t, thi

d Y 13 t6c do thay ddi cha dai lugng y), hodc 4p dung céc dinh luat vat 1.

Vi dy 1. Tim nhilng dudng cong ma tang ctia géc gifta tiép tuyén ciia
du&mg cong va chiéu dwong ciia truc hoanh béng binh phuong tung dé
clia ti€p diém. Trong s8 nhiing dudng cong cé tinh chit nhu vay hdy tach
ra dudng cong di qua di€m M(0 ; 1).

Goi dudng cong phai tim 1a y = y(x). Theo gia thi€t bai todn va theo
¥ nghia hinh hoc cha dao ham ta ¢é

Y=y

Day 1a phuong trinh vi phan
cia nhimg dudng cong ¢é tinh
chét trén.

Giai ra ta cé

‘ 1

|7 S
O L
xy

Y= 7
Ngoai ra ta con ¢6 nghiém y = 0. _
Duong cong di qua diém M(0 ; 1) c6 dang Hinh 15
~ 1
YT ix

Vi du 2. Biét ring 't6c do phén rd clia radium i 1& thuan véi khdi
lugng hién ¢6 clia né. Hay tim quy luat phan ra cfia radium, néu biét khoi
lugng ban ddu ciia né va thdi gian T cin thiét d€ phan rd hét mot nira
kh6i lugng radium ban ddu. Hoi sau 100 nim s& phén rd hét bao nhiéu
phdn tram khéi lugng radium ban ddu n€u biét T = 1600 nim ?

Ki hiéu R(t) 12 khai lugng radium tai thdi diém t, R, 14 khéi lugng
radium ban ddu, tic 1a lugng radium tai thdi diém t = 0. Khi dé téc do

27



phén 3 12 dr Téc do nay 1a mot dai lugng am vi R gidm dén theo thai

dt
gian. Theo diéu kién bai todn ta cé
dR
— = —kR, R >0),
ar ( )

klahé sotile (k> 0).

Tich phan phuong trinh vi phén trén ta cé
~InR = -kt + InlC,|
hay R(1) = Ce ' (C=IC,l).
Dé xé4c dinh hing s6 C, ta chi ¥ ring R = R khi t = 0. Thé cdc gid tri
ndy vao biéu thic clia nghiém téng quét ta tim duge C = R
Do d6
R(t) = Rye ™"

Dé xédc dinh hé s6 ti 1& k, ta lai chi ¥ ring, theo diéu kién bai todn thi
R =R, /2 khi t = T. Tir day ta tim dugc

1 1
ko2 _m2
- =T T -
Nhu v4y quy luat phan ra clia radium duge biéu dién béng cong thic
2,
R=R,e T .
V6i T =1600tacd

o

Do dé
R(100) = R,e *%%,

R(100) _

R e 00% _ 0958 =95 8%.

)
Viy qua 100 nam s& phan ra hét 4,2% lugng radium ban dau.

Vi du 3. Ngudi ta d6 mot dung dich chia 0,3 kg mudi trong méi lit
vao moét binh chita 10 it nuée véi van d6 2 lit trong méi phiit. Dung dich
dd vao binh hoa 1an véi nudc va chay ra khoéi binh ciing véi van do 2 lit
trong mot phiit. Hdi sau S phiit ¢6 bao nhiéu mudi trong binh ?
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Bai gidi. Chon thoi gian t 1am bién s6 doc 14p, y(t) 1a luong musi c6
trong binh tai thoi diém t. Ta tim xem lugng mudi 4y da thay déi thé nao
trong khodng thoi gian tir t dén t + At. Theo gia thiét, trong At phit c6
2At lit dung dich dé vao binh. Trong s6 2At lit dung dich nay chia
0,3.2At = 0,6At kg mudi. Mit khdc, trong Khodng thai gian At cé 2At lit
hén hop chiy ra khoi binh. Tai thdi diém t, trong binh chita y(t) kg mu6i,
do d6 trong 2At lit hén hop chay ra c6 0,2At. y(t) kg muén néu ta cho
ring trong khodng thyi gian At kha bé 4y, luong mu6i trong binh khong
~ thay ddi. Nhung vi lugng muéi trong binh chi thay déi mot luong vo
cung bé o trong khoang thti gian At — 0, nén trong 2At lit hén hgp chay
ra chita 0,2At (y(t) + o) kg mudi, trong dé o — 0 khi At — 0.

Nhu vay, trong khoang thdi gian tit t d€n t + At trong s6 dung dich
6 vao binh c6 0,6At kg muéi ; trong s6 hdn hop chay ra khdi binh chira
0,24t (y(t) + ©) kg mudi. Lugng mu6i trong binh véi khodng thdi gian
nay thay ddi mot dai lugng bing y(t + At) - y(t). Do d6 ta phai c6

y(t + At) - y(1) = 0,6At — 0,2At (y(t) + &0).

Chia hai v& cho At vA chuyén qua gi6i han khi At — 0, ta duogc

phwong trinh vi phan cdn phai tim 12
y'(1) = 0,6 - 0,2y(1).

. (Chd ¥ rdng o - 0 khi At — 0).
Giai phuong trinh vi phan nh4n dugc ta cé

y(t) =3 — Ce 0%,

Vi tai thdi diém t = 0, lugng mudi trong binh khong cé (y(0) = 0) nén
thay gi4 tri nay vao bidu thic nghiém tdng qudt ta dwge C=3 va

y(t) =3 - 3¢ 0%,
Vay sau 5 phut, lugng mugi trong binh s& la
¥y(5)=3-3¢ **=3-3¢"'=19kg.

173. Tﬁn nhitng dudng cong ma déi véi ching dién tich cha tam gidc
dugc 1ap nén badi ti€p tuyén véi dudng cong, tung d6 cha ti€p diém va

tryc hoanh 1a mét dai lugng khong ddi bing a’.

174. Tim nhitng dwémng cong ma d&i véi chiing tdng hai canh géc
vudng clia tam glac duoc lap nén & bai todn 173 1a mot dai lm:mg khéng
déi. bing b.
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175. Tim nhimmg dudng cong cé tinh chét sau : Doan thing clia truc
hoanh bi cit boi tiép tuyén va phip tuyén ké t diém bét ki cia dudng
cong, bing 2a.

176. Hiy tim nhiing dudng cong ma ddi vdi ching giao diém cla ti€p
tuyén bét ki vdi truc hoanh ¢ hoanh d¢ bing nita hodnh d6 cua. tiép diém.

177. Hiy tim nhiing dudng cong ma d6i voi ching tang cla géc
giita ti€p tuy€n véi chidu duong cia truc hoanh ti 1¢ thuan vdi tung dé
‘clia ti€p diém. |

178. Hiy tim nhitng dudng cong ma d6i véi ching tang cla gdc giita
. tiép tuyén va chiéu duong truc hoanh 1a mét dai lugng ti 1€ nghich voi
hoanh d6 cta ti€p diém.

179. Tim nhimg dudng cong ma doan thing cla ti€p tuyén bao gém
giita hai truc toa d0 bi chia thanh hai phdn bing nhau bdi tiép di€m.

Trong s6 nhimg dudng cong 4y, hdy tich ra dudng cong di qua
diém M(2 ; 3).

180. Hay tim nhimg dudng cong c6 tinh cht sau day : Néu qua diém
bat ki ciia dudng cong ta v& cdc dudng thing song song véi cic tryc toa
do thi dién tich cia hinh chir nhat duoc 1ap nén bdi cdc dudng thing nay
vA céc truc toa do s& bi chia bdi dudng cong theo ti1g 1: 2.

181. Hay tim nhimg dudng cong ma tiép tuyén ciia ching tai diém
bat ki 14p nén véi bin kinh vecto va truc cuc nhitng géc nhu nhau.

182. Hiy tim su phu thudc vao thoi gian t cia quéng dudng s trong
chuyén dong thing déu véi van do v, néu biél s = s, tai thoi diém t =1,

183. Theo dinh luan Niuton thi do ngudi ddn cia vat trong khong khi
ti 1é vdi hiéu s6 giita nhiét 46 cha vat v nhiét d6 cia khong khi. Hiy tim
quy luat nguoi ddn cha vat néu nhiét d¢ clia khong khi la 20° C va trong
khoang thdi gian 20 phdt vat ngudi din ti¥ 100°C xudng 60° C. Sau bao
1au thi nhiét do cha vat 1a 30°C?

184. Cho mot binh c6 thé tich 20 lit, chia khong khi (80% nito va

20% 6xy). Trong mdi gidy ngudi ta cho vao binh 0,1 lit nito va cho ra khdi

binh cing mot lugng nhir vy hén hop khi. Hoi sau bao lau thi trong binh
&€ ¢6 99% nito ?
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185. M6t cédi thung dung 100 lit dung dich hoa tan 10 kg muéi.
Trong méi phiit ngudi ta 46 vae 5 lit nuéc va cho chay ra khéi thing 5 lit
hén hop. Hdi sau 1 gi con lai bao nhieu musi trong thiing ?

Biét ring t6c do nguéi ddn hoac néng lén ca vat ti & véi hiéu s6 cha
nhi¢t d¢ vat va nhiét d¢ moéi trudng xung quanh. Ap dung quy luat dé
gidi cdc bai todn sau ; )

186. Biét ring trong 10 phit, vt ngu¢i din tir 100° xudng 60°. Hbi
sau bao lau thi nhi¢t do ctia vat 1a 25°, néu nhiét d6 moi trudng xung
quanh (khéng khi) 13 20° 7

187. Mot binh chita 1 kg nuéc & nhiét do 20°. Ngudi ta bd vao binh
mot vat bang nhom khéi lugng 0,5 kg, néng 75° va ¢6 ti nhiét 12 0,2. Sau
mot phidt nuéc trong bink ndng lén 2°. Héi khi nao thi nhiét d6 ctia nuée
va vat chi sai khéc nhau 1° ? (Sy hao phi nhiét lugng dé 1am néng thanh
binh khong dang ké). |

188. Tim phuong trinh chuyén dong ciia mot vat dugc ném lén véi
van d6 1 m/giay. Sau bao l4u thi vat s& dat d&n vi tri cao nhat ?

189. Mot vat chuyén dong thing c6 van do v ti 1¢ véi binh phuong
cua th¥i gian. Hay thiét 1ap su phu thudc gilta quing dudng di a va thoi
gian t, bi€t ring s = O khit=0.

190. Mt chi&c thuyén di cham dén bédi tuc can clia nudc. Biét rang
lyc cén cila nudc ti 1¢ v6i van do cha thuyén ; van do ban ddu cia thuyén
1a 1,5 m/s, sau 4 giay van do ciia n6 chi con 1 m/s. Héi khi nao thi van
dg ctia thuyén gidm dén 1 cm/s ? Cho dén khi dimg lai thi thuyén d3 di
dugc mét quang dudmg bao nhiéu ? _

191. Bi€t ring kh6i lugng bj phan rd cha mét chdt phéng xa trong
moéi don vi thai gian ti I v6i kh6i lugng cua chit d6 tai thoi diém dang
xét. Trong 30 ngay, chit d6 d phan ri 50% khéi lugng ban ddu ciia né.
Hoi sau bao 1au thi chi cdn lai 1% khéi luong ban ddu ctia chét ?

192. Qua thi nghiém ngudi ta thdy ring trong vdng mét nam, médi
gam radium phan rd 0,44 mg. Héi sau bao nhiéu nim s& phan ri m6t nita
luong radium hi¢n c6 ? '

D¢ lap phuong trinh vi phan cta cdc bai todn sau day, thaan lgi hon

cd 1a hdy chon v4n d6 1im ham'phdi tim. Gia tdc trong trudng coi bang
2
10 m/s®.
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193. Mot ngudi nhay di tir 46 cao 1,5 km. Khi cdch mat 44t 0,5 km
thi anh ta m& du. Héi ring khi dd md thi anh da roi bao nhiéu lau ? Bi€t
ring van do roi chia ngudi trong khéng khi binh thudng 13 50 m/s, sic
can ctia khong khi ti 1& véi binh phuong cla van do.

194. Mot qua béng d4 duge ném lén cao véi van do 20 m/s ; bbng
nang 0,4 kg. SGc can cta khong khi ti 1& véi binh phuong cla van do va
bing 0,48 g & van d¢ 1 m/s. Hay tinh thdi gian béng di 1én va 40 cao
nhdt ma né dat duge. Céc két qua nay s& thay ddi thé nao néu khong ké
dén sifc can cla khéng khi 7

195. Mot qua béng bit ddu roi tir d6 cao 16,3 m. Sitc cAn cia khong
khi ti 1& v6i binh phuong cla van d¢ (xem bai 194). Hay tim van d¢ cha
béng tai thdi dim cudi khi cham dat, néu van d¢ ban ddu bing khong.

§4. Phuong trinh thudn nhét vé cée phuong trinh dua
dugc vé phuong trinh thuéin nhét

1. Phiong trinh thuin nhit

Ham f(x, y) dugc goi 12 ham thudn nhét cip m, n€u véi mei t ta ludn
c6 dong nhét thirc

f(1x, ty) =t £(x, y).

Néu déng nhét thiic nay chi thod man vé6i t> 0 thi ta néi ring f(x, y) 1a
ham thuén nhét duong. Tuong ty ta c6 dinh nghia vé him thuén.nhét 4m.
Phuong trinh vi phin
M(x, y)dx + N(x, y)dy =0 (1)
dugc goi 1a phuong trink thudn nhdt n€u M(x, y), N(x, y) 12 nhing ham
thudn nhit cing béc.

Néu (1) 12 phuong trinh thudn nhét thi ¢6 thé dua né vé dang
dy y
— = = |. 2
ax (D[ x] | | 2)
Tir day ta suy ra ring trudng hudng duge l4p nén bdi phuong trinh

thudn nh4t khong x4c dinh tai g6c toa do. Bdi vay géc toa do 1a diém ki
di ctia phuong trinh thudn nhat. '
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R& rang trén méi tia'y = kx (x # 0) thi huéng trudng cia phuong
trinh thudn 2%at khong thay déi : tga = @(k). Bdi vy méi nira dudng
thing y = kx (x # 0) la dudng ding phuc clia phuong trinh thudn nhat.
Néu tai gid tri k, ¢(k) = k thi dudng ding phyc y = kx (x # 0) déng thdi
cling la dutng cong tich phan cla phuong trinh.

D¢ gidi phuong trinh thudn nhét ta dwa né vé phuong trinh véi bién
s6 phan 1i dugc bing phép thé

y = zx €
trong d6 z 12 ham phai tim méi. Thuc hién phép th€ (3) vao (2) ta di dén
phuong trinh

xdz + [z — ¢(z)]dx = 0.

Gia sir ¢(z) # z ; tich phan phuong trinh v&i bién s6 phan li & trén ta ¢6

W(z) + Inixl = C,
2 4a _ dz
g day - w2z = -[z—(p(z)'

Trd lai bién cil ta duge tich phan téng qudt cla phuong trinh thuin

nhét (2) 1a
| b =
w[x] + Inlx| =

Nghiém ki di cla phuong trinh thudn nhét cé thé 1a céc ban truc Oy

(x =0, y # 0) va cdc nlta dudmg thing y = kix (x # 0) ; trong dé k; 1a
nghiém clia phuong trinh

- Z2-0(2)=0.
Néuz= (p(z) thi phuong trinh thuin nhat c6 dang

bay 1a phuong trinh bién s6 phan li.

Nghiém ciia n6, nhu chiing ta da biét, ¢6 dang
y=Cx (x#0);
x=0 (y #0).

Dé tich phan phuong trinh thudn nhdt (1), khong nh4t thiét phii dua
né vé dang (2) ma c6 thé dp dung ngay phép thé (3) dé dua (1) vé phuong
trinh véi bi€n s6 phan li.
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2. Phuong trinh don giin dua dudc vé phuong trinh thuin nhét
Xét phuong trinh

ﬂ=f(alx+bly+cl). @
dx ax + by +¢;
Néu
' b
a) %0
, b
thi bing phép thé
X=u+0o
y=v+ B

trong dé u, v 1a cdc bién s6 méi, o, B xéc dinh tir h¢ phuong trinh dai s6
ac+bf+c =0
a20£ + sz + Cy = 0,
ta dua phuong trinh (4) vé phuong trinh thudn nhét
dv au+byv
—=f] ———|.
du asu + sz

Néu

ay b,
thi a, = ka,, b, = kb;. Do d6 phuong trinh (4) c6 dang

dy _ ax + by + ¢ _
ax f[k(alx iy En SIPS R Fax +b1y).

Day 1a loai phuong trinh ta da xét & §2.
Vi du 1. Tich phan phuong trinh
x* + 2xy - yz)dx + (y2 +2xy - xz)dy =0 (5)
va tim dudng cong tich phan di qua diém (2 ; 2).
bit y = zx. Khi dé dy = zdx + xdz.
Thé vao phuong trinh (5) ta cé

(x2 +2zx* - zzxz)dx + (zzx2 + 2x22 - xz)(zdx +xdz)=0
hay 1a
@+ 22 +z+ 1)dx + (2% + 2z - I)xdz=0.
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Tich phan phuong trinh bién s6 phan li ndy ta duge
_ Inixl — Inlz + 1} + Inlz% + 11 = InIC,|
hay l1a
x(z2 +1)
z+1

Trd lai bién cii ta nhan duge tich phan téng quat cla phuong trinh
ban diu :

=C (C=+C1)

x2 + y?

x+y

Day la ho cic dudng tron
x2+y2-C(x+y)=0.

Ngoai ra phwong trinh con ¢6 nghiém y + Xx=0(imgvéiz+1=0).
Phuong trinh (5) khong ¢6 nghiém ki di.
Nghiém thoa man diéu kién ban ddu

y(2)=2

¢6 dang
x-D*+(y-1P=2.
Vi dy 2. Tim tich phan t8ng quédt va dudng cong tich phan di qua
diém (1 ; 2) cha phuong trinh

Xy' =3y—2x—21jxy—x2 (6)

Tru6c hét ta nhan thay rang phuong trinh (6) thudn nhat duong, nghia
1a ham f(x, y) twong tng cha né thudn nhat ducng V¢ phai cia phuong

trinh xdc dinh v6i nhitng (x ; y) m xy - x> > 0, nghia 13 phuong trinh
dugc cho & trén cdc nira dudng thing : x =0, (y # 0), y = x (x # 0) va
trén mién duwge xéc dinh béi bat ding thirc

xy—x2>0hay x(y —x)>0.
Bang phép thé y = xz ta dua phuong trinh trén vé dang
X2 -22+2+2vz-1 =0,
dz ' dx _
2Az-1)-2Jz-1 X
v6i gid thiét 2z — 1)~ 24z -1 # 0.

hay

35



Tir day suy ra
 ivz-1-1l-Inkkl=Inic,
vz -1

-1
——==C (C=1C)
hay _ :
z=1+(1+Cx)
Tré lai bién cfi y ta c6
| y=x[1+(1+C0% (x#0,1+Cx>0).
~ Pay 12 nghiém téng qudt ctia phuong trinh (6).
Ngoai ra, cic nira dudmg thdng x = 0 (y # 0) ciing 12 nghiém cla
phuong trinh (nghiém riéng).
Tir phwong trinh
z—-1-+z-1=0
ta im dugc z = 1, z = 2. Trd lai bién y ta thdy y = x, y' = 2x ciing Ia

nghiém cha phuong trinh (6). Nghiém thi nhat 1a nghiém ki di, nghi¢ém
thit hai 12 nghiém riéng.

Dé xac dinh du&ng cong tich phan di qua di€m (1 ; 2) ta thay x = 1,
y = 2 vio biéu thitc cha nghiém téng quit va x4c dinh hang s6 C tuong
ing. K&t qua tinh todn cho ta biéu thic cla nghiém phéi tim 1a

y = 2X.
Vi du 3. Xét phuong trinh \
(x+y-2)dx+(x—y+4)dy=0. ' D
Phuong trinh (7) ¢6 thé viét
dy _x+y-2
dx X-y+4’
1 1
l |=..2¢o,
1 -1
do d6 ta 4p dung phép thé
. ) . X=u+dao,
y=v+p
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trong d6 @, B dugc xdc dinh tir hé phuong trinh dai s6
a+pf~-2=0
{aeB+4=Q
Giai hé phuong trinh cuéi ta duge
a=-1,8=3.
Nhu vay d6i véi bi€n méi u, v ta ¢é phuong trinh

' dv_ v+u

du~ u-v
hay

(v + v)du + (u — vYdv=6.
Day 1a phuong trinh thudn nhit. Tich phan né6 ta dugc
u+2uv-vP=C. - (8)
Nhung
x=u-1,
y=v+3,

do d6, biéu dién u, v qua x, y va th& vio (8) ta ¢6 tich phan tdng quét cla
phuong trinh (7) 12

x2+2xy——y2—-4x+8y=C.
Vi du 4. Xét phuong trinh _
(2x -2y - D)dx + (x —y + 1)dy = 0.
G day dinh thic phai xét c6 dang
2 -2

. ==242=0.
1 -1

Béi vay dat
Z=X~Y
ta dua phuong trinh trén vé dang bién s& phan li duoc :
3zdx -~ (z+1)dz=0.
Tich phan phuong trinh cuéi ta ¢é
3x -z -Inlzl =C.
Tré lai bi&n cii ta dugc tich phan tdng quét cla phuong trinh dang xét :
2x+y-hlx -yl=C.
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Tich phan cic phuong trinh sau day :

196. (x + ZY)dx - Xdy =0, 211, y- — 1 .
Xty

212. xdy — ydx = ydy.
198. (x —y)dx + (x + y)dy = 0. 213 dx dy

197. (y2 —2xy)dy + xzdy =0.

) , 4 "y+x y—-x’
199. 2x7y' = y(2x* — y°).
dx dy
214. — > = .
200. y2 + xzy' = Xyy' o 2x7 - 2xy +2y y© — 4xy

20L x(x + 2y)dx + (x2 - y2)dy =0. 215.xy'=ycos In % .

202. (x* - y?)dx + 2xydy = 0. 216. (v + [xy)dx =xdy.
203. (py — gx)dx < (px +qy)y =0. 217, xy'= |fx? - y? +v.

204, y' = a":by (b+0). 218, (2x — 4y + 6)dx + (x + y — 3)dy =0,
205,y = X ;rx3y _ 219. (2x +y + Ddx ~ (4x + 2y — 3)dy =0.
0.x—y—1+(y-x+2)y=0.
206. (x + y))y' = 2xy. 20.x-y=l+G-x+2y
221, (x +4y)y' =2x + 3y - 5.
207. xy'—y=xtg%. ( 2 Y

208. xy' yix 222. (y +2) dx = 2x +y - 4)dy.
Xy =y—xe’. ‘

" N2
' X + P y+2
209.xy ~y=@x+yh—2L. 22 2[——“),_1] :

y+x - y+x
x+3 x+3°

210.y = 2": y,

224. (' + 1)In

Tich phan cdc phuong trinh sau day va tim dwong cong tich phan di
qua diém M(x, ; y,) tuong tng. Giai thich so bo vé sy t6n tai va duy nhat
clia cac dudng cong tich phan av.

225, (y + X2 + y2)dx —xdy = 0; M(0;; 1).

226. y' = %m% : M(1 ; 1), M(1 ; 0).
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Y
227.y' = e x+%;M(l;0). 229.xy'=x—y; M(0 ; 0).

228. xy-x-i-—l-y M(0; 0), 230. xdy — (x + y)dx =0 ; M(0; 0).

Tim nghiém dang y = kx cia c4c phuong trinh sau

231y = X “;2” :

234, xdy - (v + x)dx = 0.

[2_ 4.2 ¥y
232,y = TNV “ 4 235.y' = ex - 1.

X

233.y' = _%' 236.y' = -1

237, ydx + (x — y)dy = 0. _
Lap phuong trinh vi phan cha ho céc dudng cong :

238,y = Cx>. 241. Jy -Jx =C.

239.y = % 242, yyfx% +y? =C.
- ¥

240. x*+ y? =~ Cy. 243. x = Cex

244. Tim dudmg cong ma d6i véi né giao diém ctia ti€p tuyén bat ki
Vi truc hoanh cich déu ti€p diém va géc toa do.

245. Tim dudng cong sao cho khoang céch giita tiép tuyén bat ki clia
né téi géc toa do bing hoanh d¢ ciia ti€p diém.

246. Tim dudng cong ma d6i v6i n6 tam gidc duge 14p nén boi truc Oy,
1i€p tuy€n v bén kinh vecto ciia ti€p diém 14 tam giac can.

247. Tim dudng cong sao cho ti s6 gida doan thdng trén truc Oy bi
cat bdi ti€p tuyén va doan thing trén truc Ox bj cét bdi phap tuyén ke tur
ti€p diém 12 dai lugng khong déi.

248. Tim dudng cong ma déi v6i né 4 s6 giita doan thing bi cét béi
phip tuyén trén truc Ox va bén kmh vecto tai tiép diém 12 dai lugng
khong doi bing k. .

249. Tim dudng cong c6 tinh chdt 12 tam gidc duge lap nén bdi
phép tuy&n va céc truc toa do tuo‘ng duong v6i tam gidc duge 1ap nén bdi
truc Ox, ti€p tuyén va phdp tuyén clia dudng cong.



250. Tim dudng cong sao cho tai mdi diém cda né do dai clia doan
thing ti€p tuyén dé€n tryc hoanh bing 46 dii clia doan thdng trén truc
hoanh bi cét bdi tiép tuyén dé.

251. Ching minh ring b4t ki dudng cong nao nhan dugc tit dudmg
cong tich phan cha phuong trinh thuir nhdt bing phép bi€n ddi déng
dang, tam tai g6c toa do ciing 14 dudmg cong tich phan. Ngugc lai ?

252*, Gia sit k, 12 nghiém ciia phuong trinh

f(k) = k.
Chitng minh ring

1. Néu fi(k,) < 1 thi khéng c6 nghiém nao cia phuong trinh

{3

ti€p xiic voi dudng thing y = k_x tai géc toa do.

2. Néu f'(k,) > 1 thi ¢6 v6 s6 nghiém clia phuong trinh trén ti€p xic
vdi dudmg thing d6 tai gbc toa do.

253*. Chiing minh ring, phuong trinh
dy _ (x+yWxXi+y -y

dx (x_y)J;z +y2 —x.
chi ¢6 mot dudng cong tich phan kin.

§5. Phuong trinh thuén nhét suy réng

1. Phuong trinh
‘ M(x, y)dx + N(x, y)dy = 0 (N
duge goi 1a phuong trinh thudn nhdt suy réng néu cé thé chon duge s6 k
sao cho v€ trdi clhia phuong trinh tr& thanh ham thudn nhét cdp m nao ddy
d6i v6i x, y, dx, dy ; & day ta coi x 12 dai lugng bac 1, y 1a dai lugng béc
k, dx 1a bac khong va dy laback — 1.
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Ching ham phuong trinh sau ddy 12 phuong trinh thudn nh4t suy rong :

2 2 _
[;—i--—y de +dy=0. (2)

That vay, véi gia thiét trén, céc s6 hang iclx — y2dx, dy & v€ trdi
K

clia phuong trinh (2) s& c6 bac tu(mg tng 1a -2, 2k, k — 1. D& v& tréi la
thudn nhdt d6i v6i cdc bién trén ta phai cé
—2=2k=k~-1.

Tir day ta tim duge k = —1 (v6i gid tri ndy chia k, cdc s€ hang & v& trai

s& c6 bac —2). Bing phép thé
y= zxk

ta dua phuong trinh thufn nhit suy rong vé phuong trinh v6i bi€n s§
phan li. '

Vi du 1. Xét phuong trinh (2). Vi & day k = -1 nén ta dat y = % Thé
vao phuong trinh (2) ta di dén phuong trinh v6i ham phai tim z :

z* +z - 2)dx - xdz = 0.
Day la phuong trinh bién s6 phan li.

Tich phén né ta cé
_C+2x°
T c-x
Bd&i vay
_C +2x3
- x(C - x3)

1A nghiém téng quét ciia phwong trinh (2).
Vi du 2. Xét phuong trinh

(y+y 1/_xzy'4 ~1)dx + 2xdy = 0. . (3)

Truéc hét ta chon s6 k sao cho hai s6 hang duéi ddu can thic
x%y?, -1 c6 ciing bac. Vi s6 hang thi nhdt c6 bac 1a 2 + 4k, s6 hang thi
- hai c6 bic Ia 0 nén k phdi thod mén diéu kiegn
4k +2=0.
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Tir day suyrak = —%. Dé ki€m chitng rdng, v&i s6 k nhu vay, t4t ca
cac s6 hang & v€ trdi cia phwong trinh (3) s& cé ciing mot bic

(bﬁng - %J d6i vdi x, y, dx, dy. Cho nén phuong trinh (3) 12 phuong

 trinh thun nhat suy rong. Gia sit x > 0, dat y = % ta dua phuong
X
trinh (3) vé phuong trinh
zvz' —1dx +2xdz = 0.

Phuong trinh cuéi ¢6 tich phén téng qudt 13

Inx -+ arctg 2 -1=C

va cdc nghiém ki di z = £1. Bgi vay phuong trinh (3) ¢6 tich phan téng quat

Inx + arctg \szy“ ~-1=C

vacic nghi¢mkidiy = ii.
X

y z
Dai véi x < 0, ta dung phép thé y I

2. Nhiéu khi ta gip nhing phwong trinh ¢6 thé dua dugc vé phuong
trinh thudn nhat bing phép thé y = z" , trong d6 m 14 s6 ta cin chon.
Muén tim né ta thay y = z™ vao phuong trinh r6i chon m sao cho phuong
trinh nhan dugc 1a phuong trinh thudn nhat (n€u diéu nay cé thé duge).
Néu khong t6n tai s6 m nhu vay thi phuong trinh dang xét khong dua
dugce vé€ phuong trinh thudn nhédt bing phuong phédp nay.

Vi du. Xét phuong trinh
2x4yy' + y4 =4x5. 4
Sau khi thé y = z" vao phuong trinh trén ta dugc phuong trinh méi

2mx4zzm_lz' + z4m = 4x6.

Phuong trinh niy s€ tr& thanh phuong trinh thuin nhat khi
4+(2m-1)=4m = 6.

Céc dang thdc ndy s& thod man khi m = % Cho nén bing phép thé
y =2"% ta dua phuong trinh (4) vé phuong trinh thuin nhat

3x4zzz‘ + 36 = 4x6.
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Giai phuong trinh thufin nhdt ndy va trd lai bién cii y ta s& dugc tich
phan tdng qudt ctia phuong trinh (4).

Tich phan ciac phuong trinh sau day :

254, y3qx +2(x% - xyDdy = 0. 261, y' =y? — ;25

255. (x* y2 - Dy + 2:()!3 =0. 262. -i-xyy' = \/xﬁ -y +y2.
256. (y* - 3x%)dy + xydx = 0. 263. 2y + (Py + 1)xy' = 0.
257. (1 + @dx - 2ydy = 0. 264. 2xdy + (x%y* + 1)ydx = 0.
258. ydx +x(2xy + Ldy = 0. 265. 2x%y’ = y* + xy.

259, 2y’ rx= 4.y. 266. x>(y' - x) = y-.

260. 2xy' +y = y2 \fx - x2y2 . '

* §6. Phuong trinh tuyén finh

Phuong trinh tuyén tinh khéng thudn nhét cdp 1 c6 dang
y' + p(x)y = q(x). (1)

Néu q(x) = 0 thi phuong trinh (1) dugc goi 1a phuong trinh tuyén tinh
thudn nhat. Nhu vy, phuong trinh tuyén tinh thuin nhat cdp 1 ¢ dang
téng quét la

y' + p(x)y =0. (2)

Duéi day ching ta s& gid thi€t p(x), q(x) xdc dinh vi lién tuc trén
khoang (a ; b). Khi d6, nhu sau nay ching ta sé thdy (xem §10), qua mobi
. diém (X, ; y,) cha dai

a<x<b, lyl<+eo, (3)

chi cé.duy nhit mot dudng cong tich phan y = y(x) clia phuong trinh (1)
di qua, va dudng cong nay xdc dinh trén toan khoing.(a ; b). Nhu vay
moi nghi¢m cda phuong trinh (1) déu la nghiém riéng.
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Phuong trinh thusn nhat (2) c6 nghiém y =0 : d6 I3 nghiém tdm thudng.
Nghiém téng quat clia phuong trinh thudn nhat cdp 1 trong dai (3) cé dang

y=Ce [p(x)dx : __ @
hodc duéi dang Co-si : -
y=yoe J;'o p(r)d(t) )

T4t cd moi nghiém clia phuong trinh (2) déu chia trong biéu thifc
nghiém téng quat (4) hoic (5). B4t ki nghiém 'khﬁng tdm thudng cha
phwong trinh thudn nhit (2) déu ndm hoan todn vé phia trén hoac phia
dudi cla truc hoanh. Néu y,(x) 1a mot nghiém khong tdm thudng nao 46
cua phuong trinh (2) thi nghiém téng quét ciia né c6 dang

y = Cyi(x).
Nghiém téng quét clia phuong trinh khong thuin nh4t (1) bing téng
cla nghiém téng quét phuong trinh thudn nh4t tuong Gng va mo6t nghiém

riéng nao d6 cia chinh phuong trinh khéng thudn nhét. Nhu vay, nghiém
tdng quét cha phuong trinh tuy&n tinh khong thudn nhét (1) c6 dang

Y(X) = yy(x) + Ce JPO=. (6)

Moi nghiém ctia phuong trinh (1) déu dugc chita trong biéu thic (6).

D€ tim nghiém téng quat cia phuong trinh tuy&n tinh khéng thuin
nh4t ta 4p dung phuong phédp bién thién hing s6 nhu sau : Xem C d trong
biéu thifc nghiém t8ng qudt cha phuong trinh thudn nhat (2) khong phai
12 hing s6 ma 1a ham cia x : C = C(x) va chon né sao cho
- fpeoax

y=Cx) e N
.thoa méan phuong trinh (1).
Thay (7) vao (1) ta suy ra C(x) phai thoa mén phuong trinh
Cx) ¢ PO _ g,
Do dé
C(x) = IC_I(X)e-[ PR 4y + B ®)

& day %1a hing s6 twy ¥.
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“Thay (8) vao (7) ta nhan dugc nghiém téng quit cha phuong trinh
tuy€n tinh khong thudn nhat

y= ¢ Jo0E [%; . J‘q‘(x)ef""‘)“* dx]

hoac dudi dang Co-si

K T
-1 p{tydr p{s)ds
y=e Lo ,I:yo + -[: q(t)eIx° d‘c:'.

Tir bi€u thic cubi ta suy ra ring, nghiém ciia phuong trinh tuyén tinh
1a ham kha vi lién tuc theo bién s6 d6c 1ap x va céc gid tri ban ddu x, y,.
Vidy I. Tim nghiém téng quat cla phuong trinh

_ y=0 9)
1+x _ :
va dudng cong tich phan di qua diém (1 ; 2). Theo cong thirc {4), nghiém
téng quat cha phuong trink (9) c6 dang
2xdx
y= Ce 1+x2 = Celn(l-ﬂ(z) =C(l + X2 ).

Nghiém di qua diém (1 ; 2) s€ 1a

_215...(11;

y=2e BT =14x% .
Vi dy 2. Hay tich phan phuong trinh '

y' + -}(—y=3x (x>0) (10)

v tim nghiém thoa man diéu kién ban ddu y(1) = 1.
Theo céng thic chung ta cé
_jax [ C
y=e’'X [C-+3Ixe xdx]z; + X
1a nghiém téng quat ciia phuong trinh (10).
 Nghiém thoa min diéu kién ban ddu y(1) = 1 c6 dang

x dx

Td
y:e"_t"[1+3j”‘-neI s
1

1 I‘“Z
1 % — d —
dt]— (1+311 T)—

(1+x3—1)=x2.

|-

Viyy=x’1a nghiém phai tim:
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Vi du 3. Xét phuong trinh
dydx + (y° - 2x)dy = 0. (11)
N&u coi y 12 ham phai tim, x 1a bi€n s& thi phuong trinh (11} khong
phai 1a phuong trinh tuyén tinh. Tuy nhién néu coi x nhu ham phai tim,

y 12 bién s6 doc lap thi phuong trinh (11) c6 thé dua vé phuong trinh
tuyén tinh sau day :

& _1. .y
dy y= 27
Tich phan né ta duoc
y?
X=Cy— T

Vi du 4. Bai toén vé dong dién véi cudn ty cam. Gid su [, U, R 1a
cudng do dong dién, th€ hiéu va dién trd tai thoi di€m t, L 1a he s wr
cdm. Khi dé ta cé

U=IR+L91
dt
hay la
dl R U
P T 7 (12)

Ki hiéu [ 1a cudng d¢ dong dién tai thoi diém t, = 0. D€ tim quy luat
thay d8i ciia dong dién trong mang dién dang xét, ta tim nghiém cia
phuong trinh (12) thod man diéu kién ban dau I =, khit=0.

Ap dung céng thiic nghi¢m tdng quét dudi dang Co-si ta c6

tR TR
—_ __d __,d..
I=e OL"[I + %e:ﬂh‘dr].

a

Néu coi U, R, L khéng déi thi

R
u -t U

Tir biéu thic cubi ta suy ra rang, khit > o thi I — ] Nhu vay,
vé6i t khd 16n ta c6 thé coi
U
[= R

D6 12 noi dung dinh uat Om.
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Ap dung cong thitc nghiém téng quit cia phuong trinh tuyén tinh,
hay tich phan cdc phuong trinh sau day :

267. xy' — 2y = 2x*, 269. (2x + 1)y" = 4x + 2y.
268. y' + ytgx = secx. 270. y' — y sin X = sin x cos Xx.
271. y' + ay = ¢™. Ching minh ring phuong trinh nay cé nghiém

riéng dang y, =be ™ néum # —a, vd y, = bxe™ néu m = -a.

272. (1 + X%y - 2xy = (1 +xD%  281. (xy' - Dlnx = 2y.

v N
273. 2¢" - x)y = 1. 282. (x - 2xy - y))y' + y* = 0.
274, xy' = ax + by. 283.y' +tgy = cosy
275, ydx +2(x + y)dy = 0. 284. (x + yz)dy = ydx.
2.,
276.x°y' + xy + 1 = 0-_ 285. (sinzy + xcotg y)y' = 1.
277. (xy+ex)dx-xdy=0. 286.y — 1+2Xy= 1+2x
. > 5
278. 2x(x> + y)dx = dy. “’1‘ | XX
279. y = x(y' — xcosx). . 287.y' +y= X 2
) W2
280. xy' + (x + 1)y = 3x% %, 288.y' +xy =x"+1.
289. Chitng minh ring, phuong trinh
‘ y' + ay = P(x),
trong do a = const, P(x) Ia da thirc cdp m ciia X, ¢6 nghiém riéng dang

¥ = Q(x),
Q(x) la da thic cdp m.
290. Ching minh réng bat ki phuong trinh tuyén tinh
Y +p(x)y = q(x)
c¢6 nghi¢ém riéng dang y, = b, 14 phuong trinh véi bign s6 phan li.

Tim nghi¢m cta cdc baj todn Co-si sau :

291.y'-2xy=1;y(0)=0. 294. xy'=x -y ; y(0) = 0.

292.y'+3y=—2?;y(1):1. 295.xy'=x+ly;y(0)=0.
X X 2

293. xy'=x+2y; y(0)=0. 296. xy'=x +y; y(0)=0.
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_ X4c dinh mién tén tai va duy nhdt nghiém ;- nghién cfu hudng

trudng, dudng ding phuc ; tim cdc dudng chia cic diém cuc tri, dudng
chita cic di€m u6n ; xdc dinh huéng 16i, 16m cia dudng cong tich phan ;
giai phuong trinh va nghién ctu ddng di¢u nghiém tai lan cin diém ki di
cla cdc phuong trinh sau :

297.y —xy=1.
298.y' + 2xy = 0.

S
299.y ~y=x

300. Tim nhitng dudng cong ma d6i vdi chiing dién tich cha tam gidc
duoc 1ap nén bdi truc Ox, ti€p tuyén va bin kinh vecto tai ti€p diém la
dai lugng khong d6i bing a. -

301. Tim dudng cong sao cho hinh thang gi6i han bdi cdc truc toa do,

ti€p tuyén véi dudng cong va tung do ti€p diém c6 di¢n tich khong déi
bing 3a’.

Ap dung phuong phép déi bién hoic dao ham hai v€, hay dua cic
phuong trinh sau day vé dang phuong trinh tuyén tinh va gidi ching :

302. (x + D(yy - D=7y

303. xdx = (x> - 2y + 1)dy.

304. xte' —y") = 2.

305. (x* - 1)y’ siny + 2xcos y = 2x = 2x°.

306. y(x) = j;‘ y(Odt + 1+ x.

307. [[(x - Dy(dt = 2x + [ ya.

308. Tim quy luat bién thién ciia dong dién trong mang dién c6 cudbn
twrcdmnéu I =1 khit=0,U= Asin wt (A = const).

309. Tim dudng cong ma ti€p tuyén cba né cit truc Oy mot doan
bing ;ll— tdng céc toa do cha 1i€p diém.

310. Tim dudng cong sao cho tung d¢ trung binh cia né trong khoang
[0 ; x] (titc 12 dai lugng ;1{- I; ydx) ti 1& v6i tung d6 ciia diém g vdi can
bén phai cia doan [0 ; x].
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311. Tim dudng cong AM v &
(xem hinh 16) sao cho hoanh d6
clia trong tam cia hinh OAMP M

bing % hoanh d¢ cta diém M.
Chi ddn : Néu diém M ¢6 toa

d% x, y va phuong trinh dudng I
cong 12 y = y(x) thi hoanh d6 clia - -

AN 0 Xe P X
trong tdm cua hinh OAMP duoc
tinh bing céng thitc
I:Ty(‘t)d‘r Hinh 16
c T T
[ ymdr

312. Chiing minh ring nghiém cua phlro'ng trinh tuyén tinh
| y' +p(x)y = q(x)
v6i cdc gid tri ban ddu x,, y, c6 thé vi€t dusi dang

~f e

p(T)dt
Y= Yo O +I ®e &

dg.
313. Tim nghiém y(x) clia phuong _trinh’tich phéan
X : X
X _[0 yidt=(x+1) .[0 Ty (T)d.
314. Ching minh ring, phuong trinh tuyén tinh

y' =ky + f(x),

trong d6 k # 0, f(x) 12 ham tudn hoan chu ki ® c6 mot nghiém riéng duy
nhat 1a ham tudn hoan, chu ki w. Hiy tim nghiém riéng dé.

315. Cho hai nghi¢ém khéc nhau y,, yé cua phuong trinh tuyén tinh
cdp 1. Hiy biéu dién nghiém téng quét cla phuong trinh dé qua hai
-nghiém nay.

316. Cho phwong trinh
y' sin 2x = 2(y + cos x).

Hay tim nghiém giéi n6i khi x = % clia phuong trinh trén.
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317. Tim nghiém téng quat ciia phuong trinh
Y +p(x)y =0,
néu bi€t mot nghiem khong tdm thudng y; (x) cia nd.

318. Tim phuong trinh tuyén tinh thudn nhédt cdp 1 néu bi€t mot
nghiém khong tdm thudng y,(x) ciia ng.
319. Chiing minh ring, mot trong cdc nghiém clla phuong trinh
y+ky=kqx)  (0<x<+o),
trong d6 k 12 hing s6, 1a biéu thirc

y(x) =k I:q(x — e ¥t .

320. Tim nghiém t8ng quit cha phuong trinh tuyén tinh thudn nhét
y' + p(x)y = 0, bing cdch dua né vé phuong trinh khong chia s6 hang c6
ham phii tim qua phép thé y = a(x)z, trong dé a(x) la ham kha vi lién
tuc theo x.

321. Tim nghiém téng quit cla phuong trinh tuyén tinh thudn nhat
y + p(x)y 0 bang cach dua n6 vé phuong trinh v6i hé s6 hing s6 qua
phép thé bién s& doc lap t = y(x).

322. Tim céc dao ham riéng theo c4c gid tri ban ddu x, y, cla nghiém
phuong trinh tuyé’n tinh cdp 1 di qua diém (X, ; ¥,)-

323. Nghlem téng quét ctia phuong trinh tuyén tinh cdp 1 cd dang

y= A(x) C + B(x).

Hay chimg minh nhan xét nguge lai : bat ki phuong trinh vi phan cd
nghiém téng quét dang trén dég 13 phuong trinh tuyén tinh cép 1.

324. Chiing minh ring dudng cong tich phan bét ki ciia phuong trinh

-tuyén tinh chia doan thing tung d6 nim gilta hai*dudng cong tich phéan

bat ki khdc cta chinh phuong trinh d6 theo mét ti s6 khong déi.

325. Ching minh ring phép déi bien s6 doc 1ap x = @(t) va phép bién
déi tuyén tinh ham phai tim y = a(x)z + B(x) khéng 1am mat tinh tuyén
tinh clia phuong trinh.

326. Chung minh ring céc ti€p tuyén ciia moi duo‘ng cong tich phan
cha phucng trinh tuyé’n tinh, k& tai nhiing giao diém cla nhimg dudng
cong dy va dudng théng song song véi truc Oy, hodc la cét nhau tai mot
diém, hoic 1a song song v§i nhau.
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327*, Cho phuong trinh tuyé&n tinh
y' +ky =q(x),
trong d6 k 12 58 thyc, q(x) 13 ham lién tuc theo x v cé gi6i han hitu han
tai vo cyc :
lim q(x)=b.
X—+teo -
Ching minh ring néu k > 0 thi moi nghi¢ém cta phuong trinh trén
déu ddn t6i -E khi X — 4o ; né€u k < 0 thi chi ¢6 mét nghiém c6 tinh chat
nhu vay. Hay tim nghiém dé.

328. Biét ring quy luat bi€n thién cia ddng dién trong mang dién cé
cudn tr cim dugc mo ta bdi phuong trinh
dl R 8]

a*tiTT

(xem Vi du 4 trong phdn t6m tit I{ thuy&t) & day U, R, L 1a nhiing s&§
duong. Khong tich phan phuong trinh trén, hdy chimg minh ring moi

nghiém cua phuong trinh d6 déu dén téi % khit — +eo,

329. Bing phép thé ham phai tim, hay dua phuong trinh

. a0y + p(xe(y) = q(x)
vé phuong trinh tuyén tinh cip 1.

330. Dua phuong trinh
- ¥+ P&x) = Q(x)e™
vé phuong trinh tuyén tinh cép 1.

331. Hay ching 6 ring, mot trong nhitng nghiém cia phuong trinh

Xy'—xy+1=90 (x> 0)
1a ham
mex—t
y=f e

332*. Gia sir trong phwong trinh
| Xy' + ay = f(x),
a = const > 0, f(x) — b khi x — 0. Ching minh ring chi ¢6 mot nghiem
ciia phuong trinh 13 gi6i noi khi x — 0. Tim gidi han ctia nghiém 46 khi
x—0. '
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333*, Gia sit trong phuong trinh trén a < 0, f(x) ~ b khi x — 0.
Ching minh ring moi nghi¢m clia phuong trinh d6 déu c6 cling mot gidi
han khi x — 0. Tim gidi han d6.

334*, Chitng minh ring, néu
sup
-0 <t <o

thi phuong trinh tuyén tinh .

FONSM <=

dx
T:lt— +x = (1)

chi ¢6 mot nghiém gidi ndi trén toan tryc s6. Tim nghiém dé va chimg
minh ring, néu f(t) 1a him tudn hoan thi nghiém tim duge cling 12 ham
tudn hoan. '
335*, Chang minh réng, chi c6 mét nghiém cua phuong trinh
‘ xy' — (2x> + 1)y = x°

din t6i giéi han hitu han khi x — +2. Tim nghiém do.

336*. Cho phuong trinh

dx
o + a(t)x = (1),

a(t) 2 C> 0, f(t) > 0 khi t — +ee.

Chiing minh ring moi nghi¢m cha phuong trinh trén déu dén t6i 0
khit — +oo,

337*. Tim nghiém tuin hoan cla phuong trinh
y =2y cos’x — sinx.

§7. Phuong trinh dua duge vé phuong trinh tuyén tinh

1. Phuong trinh Becnuli. D6 12 phuong trinh dang
¥+ POy = q@y (1)

trong d6 p(x), g(x) 1a cdc ham ma ching ta gia thi€t 13 lién tac trén khodng
(a; b); o 14 s6 thuc bat ki khdc 1 va 0 (vi néu o = 1 thi (1) la phuong
trinh bién s& phan li, néu & = 0 thi (1) tr& thanh phuong trinh tuyén tinh).
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Véi céc gia thiét trén, tén tai duy nhat dudng cong tich phan clia phuong
trinh (1) di qua diém (x, ; y,), § day x,€ (a; b), y,# 0 va y, > O néu o
khong phai 12 s§ nguyén.

fhuong trinh Becnuli dua duge vé phuong trinh tuyén tinh nhd phép
bién ddi
—O+]
y =z, .
z la ham mdéi phai tim. Néu o > 0 thi phuong trinh Becnuli con cé
nghiém y = 0. Nghiém nay s& 12 nghiém riéng néu o > 1, s& 1a nghiém Ki di
nfub<ax<l. _
Vi du 1. Xét phuong trinh
y' - 2xy = 3x°y% e
Day la phuong trinh Becnuli vé6i oo = 2. Dat
2=y %= y—l’
ta dua phuong trinh (2} vé phuong trinh tuyén tinh

Zz' +2xz = —2x3.

_ Tich phan phuong trinh nay ta c¢é
2 _
z=Ce® +1-x%
Bdi vay, nghiém téng qudt clia phuong trinh (2) 12
-1
y= > .
| Ce™ +1-x°
Nghi¢ém y = 0 12 nghiém riéng vi & = 2 > 1. D& kiém ching ring,
nghiém di qua diém (0 ; 1) ¢6 dang

1
: 1-x
Vidy 2. Tich phan phuong trinh

y: 2‘

il
3

X
l—x2y

y +

Jy- 3)

Day 1a phvong trinh Becnuli véi o =
Pat '

B3| -

-0

z=y_ =y =J;,

ta dua phuong trinh (3) vé dang tuyén tinh
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z‘+——x—z—lx
21-x%) 27

Tich phan phuong trinh cudi nay ta duoc

z=c-x —%(1—;;2).
J;=C\l41—x2 —%(l—xz)

la tich phan téng qudt ciia phuong trinh (3). Nghiém y = 0 13 nghiém ki

Do d6, biéu thitc

divia=%<l.

2. Phuong trinh Pacbu
Phuong trinh

M(x, y)dx + N(x, y)dy + P(x, y) (xdy - ydx) =0, (4)
trong 46 M, N la cdc ham thudn nh4t c¢p m ; P 12 him thudn nhat cdp |-

(1 # m — 1), duge goi 1a phuwong trinh Dacbu. @ day mot trong hai ham
M(X, ¥), N(x, ¥) ¢6 thé déng nhat bing O.

Néu N # 0, bding phép thé _ .
R ALY (5)
trong d6 z 13 ham méi phai tim, ta dua dugc phuong trinh Pacbu vé
phuong trinh Becnuli v6i ham phii tim x, bi€n doc lap z va bi€n ddi tiép
ta dua phuong trinh dang xét vé dang phuong trinh tuyén tinh. Néu N=0
- thi phép bién déi (5) s& dua phuong trinh (4) vé phuong trinh véi bién &
phan 1i. C4c nira dudng thing y = k;x (x # 0), trong d6 k; la nghiém cla
phuong trinh M(1, k) + N(1, k)k = 0, c6 thé cho ta nghiém ki di cla
phuong trinh. _ :

Vi du 1. Dé thdy ring, phuong trinh
xdx + ydy + x(xdy — ydx) =0
14 phuong trinh Dacbu,
Dit y = zx, ta dwa phwong trinh trén vé dang
(1 +z9dx + (xz +xD)dz =0,
hay
dx + z 1 2

—_— X=- X",
dz 1+ 72 1+2%
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Day la phuong trinh Becnuli v6i o = 2. Tich phan téng quét clia né
¢6 dang

%=C\[l_+zz+z.
y

Thay z = ~ta duge tich phan tdng quat cha phuong trinh ban ddu :

C\/x2+y2+y~-—1=0.

Vi du 2. Xét phuong trinh

Xy —y= x\/xz—yz.

Day 1a phuong trinh Dacbu v6i N = 0. Dt y = zx ta dua né vé
phuong trinh vé§i bi&n s& phan li )

X(ZXx+2z)~2ZXx = xx}xz - x%72
Z = V1-z7%,

Tich phan phuong trinh ndy ta dugc

hay

z = sin(x + C) [—%-CSXS%-CJ.

z = %] ciing 12 nghiém cha phuong triah trén, ching 12 nghiem ki di.
Béi vay phuong trinh dang xét cé nghi¢m tdng quit
' y = Xsin(x + C) —E—,CSxég—C
2 2
va nghiém ki di y = £x.

Tich phan cdc phuong trinh sau :

338.y' + 2xy = 23y, 34d. xy' - 2x3y =4y,
339.3y%y' +y> + x = 0. 345. 2y ~ = = X

y x-1
340. y' + 2y = ye*. 346. xy' + 2y + x°ye* = 0.
341 (x+ DY + yz) =-y. 347. (2){2 yiny ~ x)y' =y.
342, y' =‘y4cosx + ytgx. 348. y'x3siny =Xy - 2y.
343. xyzy' =x2+ y3. : 349, dy = 2%

dx  x%cosy +asin2y

535



Tim nghiém thod min diéu kién ban ddu y(x,) = y,, va tich phan cic
phuong trinh sau :
380.xy'+y= yzlnx sy(ly=1. . xy' +y= xy2  y(0)=0.
2
351y - 9x%y = (x* +x)y3 ; y(0)= 0. 354.xy' —y=y°;y(0)=0.

352.y-y= xy2 ; ¥(0) = 0.

Giai cdc phuong trinh Dacbu sau :

355. (x* + 2y*)dx - xydy — (xdy — ydx) = 0.
356. dx —dy + x(xdy —ydx)=0.
357. (3 — y)dx + (x%y + x)dy = 0.

358.xy' —y= (p[-i-)

359. Hiy tim nhing dudng cong ma doan thing bi cét boi phép tuyén

)’2

clia dudng cong trén truc Ox bing .
X

360. X4c dinh dudng cong ma doan thdng bi cit boi phap tuyén trén

x2

truc Oy bing -

_ 361. Tim nhitng dudng cong ma doan thdng trén truc Oy bi cdt boi
 ti€p tuyén biing binh phuong tung d6 cha ti€p diém.

362. Dya vao dang cia phuong trinh Becnuli hay chimg minh ring,
truc Ox 13 dudng cong duy nhét c6 thé cho ta nghiém ki di cia phuong
trinh d6.

§8. Phuong trinh Ricati

Phuong trinh |
& Py’ + QY + RG) (1)

dugce goi 12 phuwong trinh Ricati.
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Ta s& gia thiét cdc ham P(x), Q(x), R(x) x4c dinh va lién tuc trén
khoang (a ; b). Khi d6, nhu sau nay chiing ta s& thdy (xem §10), qua méi
diém (x, ; y,) cha dii

a<x<b, lyl < 4o - (2)

chi c6 duy nhat mot dudng cong tich phén cla phuong trinh (1) di qua.
Tuy nhién khic vé6i trudmg hgp phuong trinh tuyén tinh, & day dudng
cong tich phan, néi chung, khéng xic dinh trén toin khoadng (a ; b) ma
chi tai 1an can diém x,, . Ching han, phuong trinh y’ = y2 ¢6 dudng cong

tich phah diquadiém (0; Dlay= 1—1— Pudng cong ndy chi x4c dinh

khi x < 1, mac ddu v€ phai cia phuong trinh dang x€ét xdc dinh va lién
tuc trén toan truc so.

Nhu vay, v6i cic gia thi€t trén, moi nghiém ciia phuong trinh Ricati
déu 1a nghiém riéng va do dé phuong trinh Ricati khéng ¢6 nghiém ki di.

Chi trir mot s6 trudng hop ngoai 1, cdn néi chung, phuong trinh
Ricati khéng tich phan dugc bing cdu phuong. Tuy nhién, néu biét mot
nghiém riéng y, cia phuong trinh Ricati thi qua phép thé

Y=y z

ta dua duge phuong trinh Ricati vé phuong trinh tuyén tinh ¢dp 1 véi ham
phdi tim z va do d6 c6 thé tich phan dugc bing cdu phuong.

Néu phuong trinh Ricati ¢é dang
B C '

trong d6 A, B, C la nhiing hing s& va (B + 1) > 4AC, thi né cé nghi¢m
riéng dang

a

Yl“x-

¢ day hing s6 a dugc xé4c dinh. bang cdch thay gid tri cha y, vao
phuong trinh (3).

Tuy nhién phuong trinh (3) 1a phuong trinh thuin nhit suy rong véi
k = -1, do d6 bing phép thé y = ; ta dua dugc n6 vé dang phuong trinh
v0i bién s6 phan li. '
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Phuong trinh Ricati dang

ay’ y

+C
X 2x

y'=
hay

XY-%y—af=cx | (4)
dwa dugc vé phuong trinh bién s6 phan 1i nhd phép thé

y=1zvX,
va do dé c6 thé tich phan duge bing ciu phuong.
Béy gid¢ ta xét phuong trinh Ricati dang
dy

2 _ m
— +Ay =Bx". (5)

D& thdy ring, v6i m = 0 va m = -2 phuong trinh trén tich phan dugc
bing céu phuong. '
Ngoii ra né con tich phan dugc bing ciu phuong véi nhing gid tri
ctia m thoa man phuong trinh
m
2m + 4

=k (k 12 s6 nguyén).
That vay, daty = % M=y,

. Thay cédc gid tri ndy vao phuong trinh trén ta cé

2

Phuong trinh cu6i ¢6 thé dua vé phuong trinh dang (4) nh¢ cdc phép
thé lién tiép

tz'+az+Bzz=yt [0‘.=k—-1-J.

t 1+a

7= . a=

at+u Y

hay '
z=a+ - a=-—
= = =3

Bing phép thé _
y = o(x)z,

ta:cé thé dua phuong trinh Ricati dang (1) vé phuong trinh Ricati méi ma
trong dé hé s8 cha y? bing 1 hosic —1.
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Phép thé&

y=2z+B(x)
¢6 thé dua phuo‘ng trinh Ricati (1) vé phuong trinh Ricati khdc ma trong
dé hé s6 cha y van gitt nguyén nhu cii, con hé s6 ciia y béng 0.

Nhu vay, két hop hai phép thé trén ta c6 the dua mot phucmg trmh
Ricati bat ki vé dang

y' = iyz + R(x).
Néu R(x) = Bx™ thi ta di dwa phuong trinh (1) vé dang dac biét (5).

Vidyu 1. Tim nghi¢m téng quit clia phuong trinh
y'=—y2+x2+ 1.
Dé kiém chiing ring, y; = x 1 nghiém cta phwong trinh. Dat
y=X+ —1-',
z
ta dua phuong trinh vé dang

7' —2xz=1.
Do dd

2 2
z=¢" (C+ Ic"‘ dx].
Trd lai bi€n cil ta duge nghiém téng quét cha phuong trinh dang xét :

2
e X

yEX+ ————
C+ Ie_x dx
Vi dy 2. Xét phuong trinh
1 » 1
y +—
y'= 2 2x2

Day 1a phircmg trinh dang (3). Ta tim nghiém riéng dang y, = %. The¢
vao phuong trinh ta tim dugc a thod min hé thirc '

a®+2a+1=0.
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X » 1 1
Tir day gidi ra a = —1. Bay gid chi c¢dn 4p dung phép thé y = - + o

ta dua dugc phuong trinh vé dang tuyén tinh

o1 __1
zZ X = 2 N
Do dé
z= 2(C—1nk)
)
\
1 2

Y= Xt XC-mixh

Vi du 3. Xét phuong trinh
yl — YZ + x"4.
(Bday m=-4,dodd

m -4 =1
2m+4  -8+4
Bdi thé ta dat
=Z x %=t
_ y=3 =L
Thay vao phuong trinh dang xét ta duge phuong trinh méi
S g S T
2272 T2 2)
Bay gidr 4&p dung phép thé
z=—-1'+-t-
_ , u
ta dua phuong trinh cudi v€ phuong trinh
1 19 1
II.l."EU -2'11 —2l.
bat
u=th_ ta duge
,_1+\«'2
Jiv' = —
Do d6
v=tg(\/f+C)[-C-12t-<\/;<—C+-g—]
' 4

hay
u= s/t_tg(\/{+C), z=—-1+ \Ecotg(\ﬁ+C).
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B&i vay, nghiém téng qudt ¢ha phuong trinh ban ddu ¢6 dang

1 1 1
y= —};—z—cotg(wx—+ CJ et

Bing cidch dodn nhan nghiém riéng, hdy dua cdc phuong trinh Ricati
sau ddy vé phuong trinh Becnuli tuong dng va gidi chiing :

363.3y +y*=- iz 366.y' — 2xy +y°> =5 - x°.
X
364. X’y + xy + x2y> = 0. 367.y +2ye* —yr =¥ + e*.

365. xy' — (2x + 1)y + y* = —x°.

Biét ring cdc phuong trinh sau day c6 nghiém riéng dang y = ax + b.
Hay tich phan cdc phuong trinh dé.

368.y =y —xy-x. 369. xy' = y% - (2x + 1)y + x* + 2x.
370. Hay tim cdc qu§ dao truc giao.vdi ho cdc dudng cong

_ yr=Ce* +x+ L.
Tim nghiém tdng quét cla cdc phuong trinh :

4
Iy =y = 375y =y + 5 3.
X
372.y' +y* = _,._l_i._ 376.y' = -y> + x_*.
4x

.8

373. x%y' = x%y? + xy + 1. 377.y =—y* + x 3.
: 8

374. x%y' + (xy - 2)* = 0. 378.y'—y*=x 5.

. Hay dua céc phuong trinh Ricati sau diy vé phuong trinh c6 h¢ s6
clia y* bing 1 hodic ¢6 hé's6 clia y biing 0va gii chiing :

379. xy' = x2y2 =y+ 1. 382. y' = y2 - 2x2y +x* + 2x + 4.
380, xy' - x2y2+ 2x+ Dy=1. 383. xy' = y2x2 +y+ —22— + 2.

X
38L.y -4y’ + 4%y = x* + x +4. 384, xy' — ¥ + 3y =4x% + 2.
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385*, Tim tich phan t8ng qudt clia phuong trinh Ricati néu biét ba
nghiém riéng cua né.

386*. Chitng minh ring néu phuong trinh Ricati cé ba nghiém riéng
tuan hoan chu ki @ thi moi nghiém ctia phuong trinh dé déu 12 ham tuin
hoan chu ki w.

387*. Ching minh ring, bén nghiém riéng y|, ¥z, ¥3, ¥4 cia phuong
trinh Ricati thoa man hé thigc diéu hoa sau :

Ya~=¥2 Y3 ¥

! = const.
Ya—=¥1 YY1

388*, Chitng minh ring phuong trinh vi phan cta ho dudng cong
_ Cox) +9p(x)
Cyr(x) + Wy (x)

1a phuong trinh Ricati.

389. Chiing minh ring nghiém téng quat chia phuong trinh Ricati 12
ham phan tuyén tinh d6i véi hing s& bt ki C.
390*, Chung minh ring, phuong trmh
y=x+ Y
khong c6 nghiém xdc dinh trén toan truc s6.

39i*. Chitng minh r&ng, nghiém y y (x) cla phuong trinh
y=x" -y
voi diéu kién ban ddu y(0) = 0, xdc dinh vdi moi x = 0, don diéu ting,
thoa man dinh gid
0 < y{x) < x, x>0)
~ va tiém cin véi dudng thing y = x khi X — +oo, nghia 12
lim [y(x)-x]=0
X~—»too

392. Lap p_hucmg trinh Ricati theo ba nghiém lién tuc y, y,, y3.
Chitng minh ring, néu cdc nghiém nay thod min diéu kién y; <y, < y4
thi hé s6 cGa phuong trinh nhan dugc 13 lién tuc.

393. Ching minh ring, phirong trinh Ricati dang

Y =y + p)y + q(x)
“hoan todn dugc xdc dinh bdi hai nghiém lién tuc. Lap phuong trinh
Ricati dang trén theo hai nghiém lién tuc d6.
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394*. Chitng minh ring nghiém y = y(x) ctia phuong trinh

yl ="X2 + y2

thod mén diéu kién ban ddu

y(0) =

xdc dinh kh(’mg phii véi moi x va 1 duong cong d6i ximg qua géc
toa do.

395%. Ching minh ring, n€u P(x), Q(x), R(x) 13 nhimg ham Lién tuc
thi d6i v6i bat ki ba nghiém y,, y,, y; ciia phuong trinh
y' = P(x)y* + Q(x)y + R(x)
. 1ludn Iuén cé hé thic
YI<Y¥Y2<Y¥3.

396%. Chimg minh ring, néy y,, y, 12 hai nghiém khdc nhau ciia
phuong trinh Ricati

¥ =y’ +pR)y + q(x),
thi
-—-y'z—y'l =¥, + ¥y, + p(x)
T Yty tp
397*. Chitng minh rﬁng phuo‘ng trinh Ricati

=y + p(x)y + q(x)

vcn hé s& p(x), q(x) tuﬁn hoan lién tuc, khong thé c¢6 qud hai nghiém
tudn hoan.

§9. Phuong trinh vi phén hodin chinh, thira sé tich phéan

1. Phuong trinh vi phin hoan chinh. Phuong trinh
M(x, y)dx + N(x, y)dy = 0 (1)

dugc goi la phwong trinh vi phdn hodn chinh néu v€ trdi cha né 13 vi
phén toan phén cha ham U(x, y) nao d6 :

M(x, y)dx + N(x, y)dy = dU(x, y).
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Nhu vay, néu (1) 12 phuong trinh vi phan hoan chinh thi né ¢4 tich
phan téng qudt dang

Ux,y)=C.

Gia sif cdc ham M(x, ), N(x, y} xdc dinh v lién tuc trong mién don
lien G va trong G, M(X, y) ¢6 dao ham riéng lién tuc theo y, N(x, y) ¢6
dao ham riéng lién tuc theo x. Khi d6 d€ (1) 1a phuong trinh vi phén hoan
chinh thi diéu kién cén va da la trong G thoa mén déng nhét thic :

oM _oN
—_— =, 2
¥ ox (2)

Néu (2) thod man thi tich phan t8ng quit cha phuong trinh (1) ¢6 thé
viét dudi dang

[ M(x,yyax + [ Nexooy)dy =C
Xo Yo

hoac

I: M(x, y,)dx + I: N(x,y)dy =C,

3 day (x, ; y,) 12 diém b4t ki thuoc mién G ma tai d6 M, N khong
d6ng thai triét tiu.

~ Phuong trinh vi phan hoan chinh (1) khéng c6 nghiém ki di. Néu tai
diém (x, ; y,) € G, cdc ham M, N khong dong thoi triét tiéu thi nghiém
chia phuong trinh vi phan hoan chinh (1) di qua diém (x, ; ¥,) la

J. Mex, y)ax + j: N(x,, y)dy = 0
hoic )
X y
|7 M(x, yo)dx + |7 N(x, y)dy = 0.
Xa Yo
Néu tai diém (x, ; y,) cdc ham M, N déng thai triét tiéu thi nghiém

ctia phuong trinh (1) di qua diém d6 c6 thé khong t8n tai, hodc tén tai ma
khéng duy nhét.

2. Thita s& tich phan. Néu diéu kién (2) khong tho min thi phuong
trinh (1) khong phai la phwong trinh vi phan hoan chinb.

Tuy nhién trong mot s6 trudng hop ngudi ta ¢ thé chon ham s& u(x, y)
cé tinh chédt : Néu nhan hai v€ cla phuong trinh (1) v&i p(x, y) thi
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phuong trinh nhan dugc s& trd thanh phuong trinh vi phan hoan chinh.
Ham s& p(x, y) c6 tinh chdt nhu vay duge goi 12 thira 56 tich phdn cia
phuong trinh (1). Nhu vdy n€u (1) la phwong trinh vi phan hoan chinh thi
ta c6 thé coi pu(x, y) = 1. |

Néu d&i v6i phuong trinh (1) ta tim dugc thira s6 tich phan u(x, y) thi
d€ gidi né ta chi cdn nhan hai v& clia phwong trinh véi u(x, y) réi tich
phén phuong trinh vi phan hoan chinh nhan dugc. Tuy vay, & ddy cdn chi
¥ ring khi nhan phuong trinh vdi u(x, y) ta ¢6 thé 1am m4t mot s&
nghiém ciia phurong trinh. Céc nghiém nay ¢6 thé 1a nghiém riéng hoac
nghiém ki dj. :

Né&u pu(x, y) kha vi lién tuc theo x, y thi d€ tim p(x, y) ta c6 hé thitc

d(uM) _ I(uN)
ay ox

Tir day ta suy ra thita s6 tich phan p(x, y) thod mén phuong trinh dao
ham riéng c4p 1 sau day :

By (M )
Nax -ay_”'[ay axJ' (3)

Néu bi€t p = p(w), trong dé ® = w(x, y) thi tr (3) ta suy ra y thoa
min phuwong trinh vi phan thudng véi bién s6 d6c 1ap ® sau day :
dp

0 Yy,

trong d6 _
M _N
dx
vy = —L )
Ny ~M3,
Nhu vay, d€ c6 thira s6 tich phan dang p = pu(w) thi v& phai cha (4)
phai 12 ham cla . Trong truéng hop ndy ta tim dugc

"= o Jv@se

Piac biét, néu phuong trinh (1) ¢é thira s§ tich phan chi phu thudc
x {® = x) hodc y (w0 = y) thi cdc diéu kién tuong uing sau day s& dugc
thod min :
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dM oN

R % =y [u(x) = ef"""’d") ..

dM oN

Qy  ox _ _ . Jundy
= Vo) [u(y) =e )

Phuong trinh thudn nhit M(x, y)dx + N(x, y)dy = 0 ¢6 thira s& tich phan
_ 1
=M+ yN
néu xM + yN £ 0. _ _
Gia slr d6i v6i phuong trinh (1) ta tim dugc hai thira s6 tich phan
}11 (X, Y)
P2 (X, Y)
WX, y)
My (X, y) |
phuong trinh vi phan hoan chinh va u(x, y) # const la thira s3 tich phan
nao ddy cta né thi phuong trinh (1) ¢6 tich phan tdng quat
wx, y)=C.

Trong trudng hgp riéng, phuong trinh thuin nhit hoan chinh ¢é tich
phan t6ng qudt dang '

Ki{X, ¥), Ko(x, ¥). Khi d6 néu # const thi phuong trinh (1) cé

tich phan téng quat 1a = C. Tit day ta suy ra ring, néu (1) la

xM(x, y) + yN(x, y) = C
néu xM(x, y) + yN(x, y) # const.
Doi khi dé tim thira s& tich phan ciia phuong trinh (1) ngudi ta chia
né ra timg nhém con sao cho d6i véi mdi nhém con, ta dé dang tim dugc

thira s6 tich phan. Ching han, gia sit phuong trinh (1) dugc chia thanh
hai nhém :

M, (x, Y)dx + Ny (x, Y)dy] + [My(x, y)dx + Ny(x, y)dy] = 0

va gia sit W, (X, ¥), Uy(x, ¥) 12 cédc thira s6 tich phan twong {mg cua hai
nhém nay :

I.Ll(Mldx + NldY) = dUi,

W, (M,ydx + Npdy) = dU,.
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Bay gid ta tim cdch chon ¢@(U), y(U,) sao cho

10U, = Py (Uy).

'Khi dé w = po(U,) = wLy(U,) s€ 1a thira s6 tich phan ciia phuong
trinh (1).

Nhén p vao hai v€ ctia phuong trinh (1) ta duge hé thic
(U AU, + w(U,)dU, = 0.
Do 46, phuong trinh (1) ¢6 tich phéan téng quét dang
[oudu; + fwu,)du, =c.
Vi du 1. Xét phuong trinh

(3x% + 6xy2)dx + (6x%y + 4y°)dy = 0. (5)
3 day oM = 9N = 12xy. Boi vay (5) 1a phuong trinh vi phan hoan chinh.
dy ox

Ta viét lai phuong trinh (5) duéi dang

3x2dx + 6xy(ydx + xdy) + 4y°dy = 0.
hay
d(x’) + dByx)?) + diyH) =0
o dx® + 3y +yh =0,
Cho nén, phwong trinh déng xét ¢6 tich phan téng quit 12
x>+ 3x2y2 + y4 =C.

Ta ciing c6 thé di dén ké’t qua nady bing cich chon (x, 5 ¥,) = (1;0)
v dp dung céng thic

jl"(sxz +6xy2)dx + I;4y3dj' =C.
Pudmg cong tich phan di qua diém (1 ; 0) ¢é dang

x> + 37c2y2 + y4 = 1.
Vi du 2. Cho phuong trinh

1 y2 x2 1
1 {d -<|dy =o0. 6
[x (x—y)z} “Lx,y)z Y} ¢ ©
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Dé kiém tra ring (6) la phuong trinh vi phan hoan chinh. Chon
(Xy 5 ¥o) = (1 ; 2) va dp dung cong thifc ta ¢d

x| 1 y2 |1 1
~- -—ldy=cC
L{X <x—y)2]°x+12[(1~>'>2 Y}y

'l_n£+ Xy =C
Yy X-Y

13 tich phan t8ng quét clia phuong trinh (6).

hay

Vi du 3. Xét phuong trinh

(1 - x*y)dx + x3(y - x)dy = 0. (7)
G day %—1\; = —x?; %—I: = 2Xxy ~3x% Do d6 (7) khong phai la
phuong trinh vi phan hoan chinh.
Tacé
agu ON )
Jy ox x> -2xy+3x® 2
yN X= 2 Y z =__=W(X)'
x“(y - x) X

B&i vay phuong trinh (7) ¢6 thira s6 tich phan chi phu thudc x 1a

; dx
2=
H(x) = GJwood 5 =L2_
: X
Nhan hai v€ phuong trinh (7) véi —17 va tich phan phuong trinh vi
X

phan hoan chinh nhan duge, ta cé

2

1 Yy .
" xy+2-C

1a tich phan téng quét cha phuong trinh (7). Ngoai ra phuong trinh (7)
con ¢ nghiém x = 0 ; day 1a nghiém riéng.

Vi du 4. Tich phan phuong trinh

(Jx® -y +2x)dx - dy = 0. (8)
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Dé€ kiém ching =dng (8) khong phai 1a phuong trinh vi phan hoan
chinh. Dt 0 = x% — y.

Khi dé
M AN i S
dy  ox - 2Jx% -y _ 1 __ 1
gm—Mg_m 2x+\/x2-—y+2x 2A0x? -y) 20
X y :

Cho nén phuong trinh (8) c6 thira s6 tich phan

1

© xz_y

Wo) = e “fag 2oL

Nhan p vao hai v€ phuong trinh (8) va tich phan phuong trinh vi phan
“hoan chinh nh4n dugc ta di dén két luan ring, biéu thitc

X+ 2x2~y =C

cho ta tich phan téng quét cha phuong trinh (8). Ngoai ra ‘phuong trinh
con ¢6 nghiém y = x2. N6 1a nghiém ki di.

Vi dy 5. Tich phin phuong trinh

(x - y)dx + 2xydy = 0. %)
Ta viét lai (9) duédi dang
xdx + (-y2dx + 2xydy) = 0. (10)

2
S6 hang xdx c6 thé viét xdx = d[%}

x2
nénp, =1, Uix, y)= -

Bidu thiic trong ngo#c don c6 thira s6 tich phan dang
. 1 1

~-y2x + 2xy2 Xy

2

Do d6 p,y(x, y) = % va dé kiém.tra ring .
Xy
2
Uytx, y)= -
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Bay gi¢ ta chon ¢ va y sao cho

2 2
e Lyl
Lo %)= £

L1
Chon Pu) = 5— va y(u) =u.
Khi dé |

1 v 1y 1
i d el e Rt

Xy Xy X
Do d6 phuong trinh (9) ¢6 thira s6 tich phan la
1
ux) = —.
X2

Nhan p(x) vao hai v€ ciia phwrong trinh (9) va tich phan phuong trinh
vi phin hoan chinh nhin dugc ta suy ra tich phan téng quét cia phuong
trinh (9) ¢6 dang
2
Inx + - C.
S X

Ching minh ring cdc phwuong trinh sau day }a phuong trinh vi phan
hoan chinh va tim tich phan téng quét clia ching :

xdy — ydx _ 0.

1 X
398. Lax-Xdy=0.  400.
_ y ¥ y : 4y
399, %dy—-zz-dx =0.  40L 2x—y+ 1)dx+ 2y —x — 1)dy = 0.
- |

402, 2xydx + (x° - y2)dy = 0.
403. 2 - 9xy*)xdx + (4y* - 6x’)ydy = 0.
- 404, e 7Vdx — 2y + xe V)dy = 0.

405. %dx +(y* + Inx)dy = 0.

406 0.

2, 2 3
.3x -;y dx—2x :Sydy=
Y . y
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407. 2x(1 + X% — y)dx — {/x* — ydy =0.
408. (1 + yzsian)dx -2y coszxdy =0.

ydx — xdy

X2+ y2

409. xdx + ydy + 0.

xdx + ydy + xdy — ydx

410, .
\/1+x2+y2 x> +y

s | X x-S
LYk -y? X2 - y?

3

=0.

= 0.

412. 3x%(1 + lny)di = [Zy i ]dy.

X

2 N
413. [L + Zjdx fE Doy 4o g,

siny

2x(1 — &%) e’

414.
: a + x2)? 1+x?

2 a2
415 B LXK
y y

X X

cos2y —1

dx + dy =0.

416. (1 +¢Y)dx + €Y [1 - %de: 0.

Tim nghiém di qua diém (x, ; ¥,) tuong ing cla cdc phuong trinh

sau day :

417, (x + y)dx + (x —y)dy =0
418, (x - y)dx + 2y —x)dy =0
(X +2y)dx + ydy _ 0 -

419, .
(x+y)

Tich phan cdc phuong trinh sau day, bi€t ring ching c6 thua sd tich -
phan dang p = p(x) hodc p = u(y) : '

420. (x° + y)dx = xdy.

y(0)=0.
y(0)=0.

y(1).=0.

421. 2xy* - y)dx + (y* + x + y)dy = 0.
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u:

422. (§-+1}dx+(%—-ljdy =0.

423. (xy* + y)dx — xdy = 0.
424. (xcosy - ysiny)dy + (xsiny + ycosy)dx = 0.

Biét réing, céc phuong trinh sau dy c6 thixa s6 tich phan dang U = u(x),
u(y) hodic U = p(w(x, y)). Hiy tim ching va gidi cdc phuong trinh

tuong ing.

425. (le+ v+ yddx=xdy. = 429. yzdx -(xy + x3)dy = 0.
426. (x2'+ y2 +X)dx +ydy=0. 430, (y - ;lz_de + ‘;—y = (.

427. ydy = (xdy + ydx)y/1 + y*.  431. y*dx + (xy + tgxy)dy =0.
428. xyz(xy' +y)=1. 432. y(x + y)dx + (xy + 1)dy = 0.

433. (x* + 3lny)ydx = xdy.
434. y(y* + 1)dx + x(y> - x + 1)dy = 0.

435, (x? + 2x + y)dx = (x — 3x%y)dy.

436. ydx - xdy = 2x3tg%dx.
437. xydx = (y* + xzy + xz)dy.‘

- 438. y%dx + (¢" - y)dy = 0.

439, xzy (ydx + xdy) = 2ydx + xdy.
440. (x* - y% + y)dx + x(2y — 1)dy = 0.
441, 2x%y* + y)dx + (y — x)dy = 0.
442. 2x%y’ - 1yydx + (4x%y* - Dxdy = 0.
443, x2y3 +y+ ();3y2 -x)y =0. |

1 1
_ 444.x[4+ > 2de—y[4—x2_y2]dy=0.
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445. (y + x)dy + (x — xy)dx = 0.

2]dx+[3y+x+

446. [Zy + ]dy =0.

(x+y) (x + y)>
447. y(x + yz)dx + xz(y - I)dy =0.
448. (x* - sin’y)dx + x sin2ydy = 0.
449. x(Iny + 2Inx — 1)dy = 2ydx.
450. (x2 + 1)(2xdx + cosydy) = 2x sinydx.
451. 2x’y? - y)dx + (2x%y® - x)dy = 0.
452. (x* - y)dx + x(y + 1)dy = 0.
453. y*(ydx — 2xdy) = x*(xdy - 2ydx).
Bing cdch tim thira s6 tich phan, hay tich phén cic phuong trinh
thudn nhat sau : -
454. xdy — (x + y)dx = 0.
453. (py — gx)dx ~ (px + qy)dy = 0.

456.y' = 2\/:"_’-4l.
X X

Tich phan cdc phuong trinh sau bing céch chia phuong trinh thanh
timg nhém :

2 y) .[1 2J
457. | S+ L ldx + | — == |dy = 0.
(y x3 XYy x2 Y

458. axdy + bydx + x"'y"(0xdy + Bydx) = 0.

§10. Sy t6n tqi vé duy nhdt nghiém

.Xét phuong trinh

gk it N )2 ey

f(x, y} xdc dinh trong mot mién G nao ddy. Nhu ta d4 biét, bai todn Co-si
doi hoi ching ta tim nghiém ciia phuong trinh (1) di qua diém (x, ; y,)
cho trudc, hay néi cdch khic, tim nghiém y(x) cua (1) sao cho y(x,) = y,.
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N6i chung nghiém cla bai todn Cé-si khong phai bao gi& cling t6n
tai, hodc t6n tai nhung khéng nhét thi€t duy nhdt. Sau day ching ta s€
thdy mot s6 tieu chudn 4t dé cho nghi¢m ciia bai todn Co-si tén tai va
duy nhat.

Ta néi ring, ham f(x, y) thod man di€u kién Lipsit theo y trong mién
G, néu ddi vdi bat ki hai diém (x ; y) € G, (x ; y) € G ta ludn c6 bat
ding thiic

lf(x, y,) - f(x, y )t L ly; =yl (2)
trong d6 L 12 hing s6 khong phu thudc x va céc di€m (x 5 y1). (X ; ¥2)-

Piéu kién Lipsit s& thod min, ching han néu G 12 mién 16i theo y va

of ... ..
-EF giGi néi trong G.

Pinh 1§ Picar. Gid si trong mién G ham f(x, y) lién tuc theo x va thod
man diéu kién Lipsit theo y. Khi dé ton tgi duy nhdt nghiém y(x) cua
phiong trink (1) di qua diém (x, ; y,) € G. Nghiém nay xdc dinh trén
khodng (x, — 1, x, + 1), trong d6 0 > 0 ndi chung kha bé. )

Nhu vay, dinh 1i Picar cho diéu kién da d€ nghiém bai todn Co-si ton
tai va duy nhat. Néu chi ddi hoi sy tén tai nghiém thi diéu kién cia dinh
1i trén cé thé giam nhe hon :

Pinh Ii Péano. Néu trong mién G ham f(x, y) gidi noi va lién tuc thi
« qua mbi diém (x, ; y,) € G ton tgi it nhdt mot duong cong tich phan cua
-phuong trinh (1} di qua.
Ciing nhy dinh i Picar, & diy dudng cong tich phan di qua diém
(X, } ¥o) n6i chung chi xdc dinh tai 1an can khé bé ciia diém x,. Boi vy
dinh li Péané ciing nhu dinh 1{ Picar mang tinh chat "dia phwong”, nghia
12 ching chi khing dinh sy t6n tai nghi¢m (hodc duy nh4t) tai moét lan
can nao d6. Tuy nhién, trong mot s6 trudng hgp ngudi ta cé thé thdc trién
nghi¢m lén mién xac dinh rong hon : :
Néu phuong trinh (1) thod min dinh 1f t6n tai nghiém trong mién
déng gidi ndi thi nghiém cia bai todn Co-si ¢6 thé thic trién dén tan bién
chia mién dé.

Néu f(x, y) lién tyc & trong mién

G={a<x<|3,

Iyl < +oo,

74



va & trong mién d6
) 1f(x, )l € a(x) Iyl + b(x)
véi a(x), b(x) lién tuc thi nghiém cba bai todn Co-si ¢6 thé thac trién lén
téan khoang (¢ ; B).
O day o, B c6 thé hitu han hoic v6 han.

Tim nhiimg mién ma trong d6 nghiém cia bai todn Co-si clia nhiing
phuong trinh sau dy tdn tai va duy nhat :

, X A N |
459.y' = = C 462.y' = :
Y7y YT xy
460.y' =y + 33y . 463. y' = sin y — cosx.
461.y'= \x - y. 464. y' = 1 — cotgy.

Dung di€u kién dui vé tinh duy nh4t nghiém, tim mién bio dam tinh
duy nhat nghiém cho cdc phuong trinh sau :

465. y' = 2xy + yz. 468. (y - x)y' = y Inx.
466.y' =2 + 3y - 2x. 469.y' =1 +tgy.

467. (x - 2)y' =y —x. 470. xy' =y + \y? - x°.
471. V6i nhiing gi tri ndo ciia a 2 O vA 1ai nhing diém nao thi
nghiém cilia phuong trinh y' = lyl” khong duy nhét ?

472*. Gia st f(x, y) lien tyc theo (x, y) va khong ting theo y v6i moi
x ¢6 dinh. Chiing minh ring n&€u hai nghiém cta phuong trinh

y =1(x,y)

thod man cing mét diéu kién ban ddu y(x,) = y, thi chiing triing nhau véi
moi X 2 X,.

473*, V6i nhiing gia tri ndo cla a, nghiém clia cic phuong trinh sau
day c6 thé théc trién lén khoang (—oe ; +o0) :

a)y =lyl*?

byy =(y2 +e%)*?

)y =Iy*  xYy)* 2
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474*, Chéng minh ring, nghiém y(x) véi diéu kién ban diu bat ki
y(X,) = ¥, cla cac phuong trinh sau day t6n tai trén khodng [x,, ; +oo)

a)y = X’ - Y >

b)y' = xy +e

475*. Biét rﬁng f(x, y) va f (X, y) Xdc dinh va lién tuc trén toan mat

phing (X, y) ; f (x, ¥) £ k(x), trong d6 k(x) lién tuc. Ching minh ring
nghiém cfa phuong trinh

| y' = f(x,y)
véi diéu kién ban ddu y(x,) = y, t6n tai trén khoang (X, ; +o°).

§11. Phuong tr‘inh ¢dp 1 chua gidi ra déi véi dgo ham

Phuong trinh vi phan cdp 1 chua glél ra d6i vdi dao ham c6 dang

téng quét : .
F(x,y,y)=0. (D

Nghiém cla phuong trinh (1) 12 ham y = y(x) c6 dao ham lién tuc
sao cho khi th€ vio (1) thi (1) trd thanh déng nhét thitc. Nghiém cia (1)
¢6 thé cho dudi dang 4n ®(x, y) = 0 hodc dudi dang tham s : x = Q(t),
y = ().

D6 thi cia nghiém trong mit phing (x, y) dugc goi 13 dudng cong
tich phan. Ciing nhw phwong trinh c4p 1 da gidi ra dao ham, & day ta cling
c6 céc khéi niém tuong ty vé trudng hudng, vé bai todn Co-si va cic loai
nghiém. Cén ché § ring, d6i v6i phuong trinh (1) tai méi diém (x, ; y,) ¢6
thé ¢6 mdt s& hudng cia trudng. Cic hucng nay dugc x4c dinh bing cich
gidi y' tir phuong trinh

| F(Xy, Yo, ¥} =0.
1. Phuong trinh béc n. Phuong trinh dang
a0, VOO + 2% V)T ek ay (XYY 2%, ) =0 (D)
duoc goi 1A phuong trinh bac n (vi v& trdi clia n6 1a da thic bac n doi véi y').

Gia st tit phwong trinh (2) ta c¢6 thé g1a1 ra dugc m nghiém thuc (m < n)
déi vaiy' :

y=fix,y), (&k=1,2,..,m). 3)
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Néu déi v6i mbi phuong trinh (3) ta tim duge tich phan tdng quat
W, y)=C, - (k=1,2,..m),
thi hé thic :

fwi(x, ¥) = Cllwa(x, y) = C] ... [ypp(x, y) - Cl = 0
cho ta tich phan tdng quét ciia phuong trinh (2). Trong trudng hop riéng,
néu (2) c6 dang
¥ +2p(x, )y + q(x, y) = 0 )
thi giai y’ tir phwong trinh nay ta c6

Y'=~p(x, 1) £ Yp(x,y) - a(x.y). (5)
Céc phuong trinh (5) dugc cho & trong mién p2 - q > 0. Tich phan
cdc phuong trinh (5) ta tim dugc tich phan téng quét ciia phuong trinh (4).
Vidy 1. Gidi phuong trinh
y?-4x*=0 (6)
va tim dudng cong tich phan qua diém M(1 ; 1),
Giai (6) quay'tacd |
y =2x,y =-2x.
Tich phan hai phwong trinh cuéi nay ta duoc
y=x*+C, y=-x2+C. (7
Bdi vay, tich phan téng quét cia phuong trinh (6) c6 dang
| (y-x*-C)y+x*-C)=0.
Day 1 hai ho parabon c6 dinh d6i nhau. Dudng cong tich phan di
qua diém M(1 ; 1) c6 dang y = x* va y = —x* + 2. Diéu nay dé dang ki€ém

ching béng cdch 1dn luot thay x, = 1, y, = 1 vio c4c biéu thic ciia (7) réi
xdc dinh hing s§ C wong img. '

Vi dy 2. Xét phuong trinh
Yy -y 2y’ -xP=0, ®)
Biéu dién y' qua x, y ta dugc

y' = xt ﬁ.\/xz - y2
. - y '
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Tich phan l4n lugt céc phuong trinh nay ta duge cdc tich phan téng
quét tuong éng 12

i\fxz —y2 _=\/2_X+C,(x2-yz¢0)
hay

xz—y2= (\/2_x+C)2,(x2—y2¢0).
cho nén, tich phéan téng quét clia phuong trinh (8) c6 dang

(x+C2Y +y*=C.
Pay 1a ho cdc dudng tron c6 ban kinh bing C (C > 0) va tam tai diém
(=C2 ; 0). Ngoai ra, tir hé thitc
xz - y2 =0

ta tim dugc cac nghiém y =X,y =-X.

Chiing 1a nhiing nghiém ki di cha phuong trinh dang xét.

2. Phuong trinh khong ddy du
a) Phuwong trinh chi chita dao ham :
F(y)=0. )

Gi st phuong trinh F(k) = 0 ¢6 cdc nghiém thuc k = ki, (=1,2,..).

Nhu vay, y' = k; 1a nghi¢m cia phuong trinh (9). Tich phén phuong trinh
_ y =K,

tacéd y=kx +C.

Do dé

Thay 3zié tri ndy cta k; vao (9) ta dugc tich phan téng quit cia
phuong trinh (9} la
F[y — C) =0.
X .

b) Phutong trinh khong chira ham phdi tim :
F(x, ') = 0. (10)
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Ta chia ra hai trudng hop :
1. Tir phuong trinh (10) ta gidi ra duge y', ching han
f=Mm ‘ k=1,2,.., m).
Giai rieng biét cdc phuong trinh cudi ciing nay ta dugc
y=I&@Mx+C k=1,2, .. m).
2. Tur phuong trinh (10) ta khong giai ra dugc y' nhung qua phuong
trinh d6 ta ¢6 thé biéu dién dugce x, y' qua tham s& ¢t
X = Q(t), |
y' = y(t). (11)
Chu ¥ ring dy = y'dx, tir (11) ta suy ra

dy = y(1). @'(t)dt.
Do d6

y= [w(tye'(t)dt + C.

Nhu viy, ta dugc nghiém tdng quét cia phuong trinh (10) dudi dang
tham s6 :

X=9), \
y= fw®e'dt +C.
c) Phutong trinh khong chita bién s6 doc lgp
F(y, y) =0. : (12)
Odayta ciing chia ra hai trudng hop :
1. Tir phuong trinh (12) ta gidi ra duge y'

y' = fi(y) _ k=1, .., m).
Tich phan 14n lugt cic phuong trinh cudi ta duge
dy
=x+C k=12, .., m).
'[ i (¥) ( )

2. Tir phuong trinh (12) ta kholng giai ra dugc y', nhung trong phuong
trinh d6 ta c6 thé biéu dién dugc y, y' qua tham s6 t :

y = 0(t),
y =y().
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Khi d6

dy = y'dx,
y'oo (),

Cho nén trong trudng hop ndy ta tim dugc nghiém téng quét cha
phuong trinh (12) duéi dang tham s6 :

_ [@'(Ddt
*= I W(t) +G
y = @(1).

Ngoai ra phuong trinh (12) ¢é thé ¢6 nghiém ki di dang y = b, trong
d6 b dugce x4c dinh tir hé thic :

_ F(b, 0) = 0.
Vidu 1. Xét phuong trinh
4y =1,

Pay la phuong trinh dang a). Do d6 tich phan téng quét cia nd 13
bi_él.l thiic '

i
e &+ €. 1
X
Vi du 2. Xét phuong trinh _
' e +y =x.

Tir phuong trinh nay ta khong giai dugc y' theo x..Tuy nhién néu dat
y' = t thi qua phuong trinh trén ta biéu dién dugc x, y' theo tham s6t:

x=¢' +t,
y' =t.

dy = y'dx = t(e' + 1)ds,
: 2
y= [i(e' +1dt+C = e‘(t—l)+%+C.

Nhu vay, ta dugc nghiém téng quét clia phuong trinh dang xét dudi
dang tham s§ :
x=¢+1,
2

y:ct(t—1)+L2— .+C.
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Vi du 3. Xét phuong trinh
o2y
y=ye.
Day 12 phuong trinh khong chia bi€n s6 doc 1ap va khong giai duge y'
quay. Bat y' = t, théng qua phwong trinh trén ta bi€u dién duoc y, y' theo
tham s§ t :

y = tzct,
y =t

(= 2te' + t%e!

d -dt = (2 + the'dt.

Dodéx= [(2+ne'dt +C=e'(l +1)+C.

- B&i vay, phuong trinh dang xét 6 nghiém tdng quét dw6i dang tham sé :
x=e'(1+0+C,
y =t
Ngoai ra phuong trinh cdn ¢6 nghiém ki dj y = 0.

3. Phuong trinh Lagring va phuong trinh Clers
a) Phuong trinh Lagrdng. D6 1a phuong trinh dang
y=ox+y(@y) (o) #y). (13)
D€ gidi n6 ta dat y' = p va coi p nhu Ia tham s6. Khi dé tir (13) ta cé
| Y = @(p)x + y(p).
"Tir day ta suy ra ’ :
@(p)dx + [9'(p)x + y'(p)]ldp = pdx

hay
[¢(p) — pldx + [@'(p)x + w'(p)ldp = 0. (14)

Coi X 12 ham 58, p 1a bién s6, v6i gia thiét o(p) — p = 0, tir phuong
trinh (14) ta dua vé phuong trinh tuyén tinh c4p 1 sau :

X, 00  _ ve)
dp o@-p p-op)
Nghi¢m téng quit ciia phrong trinh (15), nhu ta d3 bi&t, c6 dang
x = A(p)C + B(p).

(15)
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Thay gié tri nay vao (13) ta dugc nghi¢m 1ong quét cia phuong trinh
Lagrang du6i dang tham s6

x = A(p)C + B(p),
y=A(p)C+ Bi(p.
Néu phuong trinh @(p) — p = 0 ¢6 céc nghiem thee p=p; G=1, 2, ..., m)
thi thay ching vao phwong trinh (13) va chi ¥ ring @(p,) = p;» ta duoc
¥ =pix + w(p) (i=1,2,..,m)
Day la cic duong thing. Ching <6 thé cho ta nghu;m ki di cua
phuong trinh Lagring.
b) Phuong trinh Cleré. D6 1a phuong trinh dang
y=xy' + ¥(y) ~ a6
trong d6 w(y") # ay' + b ; a = const, b = const. Nhu vay phuong trinh
Cler6 1a trudng hop riéng cla phuong trinh Lagrang : N6 nhin dugce tir

phuong trinh Lagrang khi ¢(y") = y'. D€ tich phan phuong trinh Clerd, ta
daty =p.

Khi dé (16) cé dang
y = xp + y(p). | an

"dy = y'dx, pdx + xdp + ¥'(p)dp = pdx.
Do dé

[x + ¥'(pldp = 0.
Hai kha nang c6 thé xay ra :
@) dp=0,p=C.
Thé p vao (17) ta dugc nghiém tdng quét clia phuong trinh Clerd :
y = Cx + y(C).
Day 1a ho céc dudmg thang.

B) x + y'(p) = 0. K&t hgp h¢ thic nay véi (17) ta duoc nghiém cuia
phuong trinh Clerd duéi dang tham s6 : -

{x = -y'(p)
y = -y '(p)p + w(p).

Nghiém nay thudng 1a nghiém ki di. N6 s& 1a nghiém ki di néu y"(p)
¢6 ddu khong di vi khi d6 (18) 1a bao hinh ciia ho dudng cong tich phan.

(18)
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Tém lai, nghiém tng quét cla phuong trinh Clerd nhan duge bing
cdch thay y' trong phuong trinh bing hing s6 C, con nghi¢m ki dj ¢6 thé
tim dugc bing cdch tim bao hinh ctia ho nghiém téng quat.

Vidu 1. Xét phuong trinh

y=2xy -y
Day 1a phuong trinh Lagrang. Dat y' =ptacé
' y =2xp-p’.

dy = y'dx, 2pdx + (2x ~ 2p)dp = pdx,
dx 2
: X+(2x-2p)dp=0, —+-x=2 ( #0).
pdx + ( p)dp -y p

Giai phuong trinh cu6i ta tim dugc nghiém téng quét cta phuong
trinh dang xét dudi dang tham s6

_p2 3
_2¢ p?
Y-T-'-B'

Ngoai ra phuong trinh con ¢ nghiém riéng y = 0.
Vi dtj 2. Tich phan phuong trinh
' y=xy +y2
Day la phuong trinh Clers. Thay y' = C ta dugc nghi¢m téng quét :
| y=Cx + c.

Bing cdch tim bao hinh ciia ho du&ng cong tich phan ta di dén két
2 .
luan, dudmg parabon y = —54— 12 nghi¢m ki dj cia phuong trinh.

4. Cac phuong trihh gidi dugc a6i vai y hodc x
a} Phuong trinh gidi dugc doi véi y :
y=0(x,y).
Diaty'=ptacé
Y = ¢(x, p).
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Tix hé thitc dy = y'dx ta suy ra
¢ydx + @,dp = pdx.

Trong phuong trinh cu6i ta c6'thé coi p hojc x 1a ham phai tim va
néu né giai dugc thi ta s di dén hé thic p = axx, C) hodc x = 8(p, O).
Thay cdc hé thiic nay vao biéu thifc cha y ta dugc nghiém téng quat

y = @(x, &(x, C))
hay
x = B(p, C),

y = ¢(8(p, ), p).

b) Phuong trinh gidi dugc doi voi x
x =9y, y)-

bity' =ptacé

_ x = @(y, p)-

K&t hop v6i he thic dy = y'dx = pdx ta suy ra
dy = p(@,dy + ¢,dp) .

Néu phuong trinh vi phan cudi nay tich phan dugc bang cdu phuong
thi tuong tu nhu & phén a, ta suy ra phuong trinh ban déu ciing tich phén
duge bing cdu phuong.

Vi du I. Xét phuong trinh

2
Cv? oy g X
Y=Yy y+=-
bat y' = p ta duoc

y=p*—xp+ L3
_ 2
Do dé
(—p + x)dx + (2p — x)dp = pdx,
(2p + x)dx + 2p—x)dp=0
hay

(2p — x)(—dx + dp) = 0.
Néu -dx + dp = 0 thi p = x + C. Thay vao biéu thitc cla y ta dugc
nghiém tdng quét cla phuong trinh dang xét: .

<2
y=—2-+Cx+C2.
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Tur hé thic
2p-x=0

tasuyrap= % X. Thay gid tri nay clia p vao biéu thifc cfia y ta dugc nghiém

X2

T
Day 1a nghiém ki dj.
Vidu 2. Tich phan phuong trinh

y'3 — 4xyy' + 8y2 =0.
Giai ra d6i véi x ta ¢é
: 2 .
X y + %Z (y #0).

b3t y' = p ta dugc

2
P 2
X= =+ =,
4y p
Do dé
2
p 2y . p
Yy=p ~—=idp+|-==+=|dy|,
[{2 szp { 4y? PJ ]
2 3
p y p
- +|~—=+1|dy =0
hay
3 2 3 2
p’ —4y ~p” + 4y
dp + dy =0,
20y p " y
p3-4y2(dp ﬂ]
2y P 2y

Tur hé thitc cuéi ta suy ra

dp dy p’ —4y
< -2 =0, 5F—" __q.
p 2y 2y
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Ping thiic ddu chotap = CIJ; (y > 0). Thay gid tri ndy clia p vao
biéu thifc cla x ta dugc

(=S, 2
=2 "¢ v
Do d6 ,
2 .
y = C(x —C)Z(C = CTI)
Ding thitc
. 3 4.2
P-4y
2y
chota
1
p=(4y")?.

Thay gid tri nay clia p vo bi€u thic cla x va sau 46 giai ra y ta dugc
)
y=5*
Pay la nghié¢m ki di cia phuong trinh dang xét.

Ngoai ra dé th&y ring phucmg trinh cdn ¢é nghieém y = 0. N6 ciing 1a
nghiém ki di.

Tich phan cdc phuong trinh sau day va tim dudng cong t{ch phan di
qua diém M(x, ; y,) trong 1ng.

476. yy'2 ~(xy+ Dy +x=0;M(1;1). 485, xy' = \fl + y'2 .

477. y? -4y =0; M(1 ; 1), M(1 ; 0). 486.y* +1=0.
478. y'2 = 4lyl. : 487.y° -3y +1=0.
.y = 488. y' — siny' = 0.
i3 — L L 1 |
480.y° - ——y'=0. 4§9. y = lyl=0.
481. y2(1 + y'z) =a’ 490. x = ay' + by,
3
482. vy ~ xy”? - 4yy' + 4xy =0 ; 491 x(1 +y>)2 =a.
M(0 ; 1), M(1 ; 0), M (0 ; 0). 492.xy° = 1+y'". .
483. yy' + y? = x* + xy. 493.x =y + 1.
434. xzy'z + 3xyy' + 2y2 =0. 494. x = y'lny.
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495. Hay tim 1t ca cdc nghiém cla phuong trinh yF(y') = 0, trong d6
F Ia ham tuy .

496. Tim nghiém t8ng quét clia phuong trinh x3 - y'3 =Xy

497. Tim nhiing dudng cong ma doan thing trén truc hoanh bi ct béi
ti€p tuyén clia dudmg cong bing bdn kinh vecto tai ti€p diém.

498. Tim nhiing duong cong ma do dai doan thdng phap tuyén bing
ban kinh vecto tai tiép diém. |

499. Lap phuong trinh vi phan cla ho dudng cong

X2

(y-x2 -C)? - =0
500. Tim dudng cong ma d¢ dai doan thing trén tiép tuyén ciia dudmg
cong bao gém gilfa céc truc toa d¢ la mot dai lugng khong déi bing a.
_ 501. Tim dudmg cong sae cho tdng clia cdc doan thing trén céc truc toa dé
bi cat boi ti€p tuyén cha dudng cong la dai luong khong ddi bing 2a.
-502. Tim dudng cong ma tle’p tuyén v6i né lap vdi céc truc toa do
mot tam gidc ¢6 dién tich bing 2a’.

503. Tim nhimg dudng cong ma d6i v6i chiing tich cdc khodng céch
ti ti€p tuy€n dén hai di€m cho truéc 12 mot dai lwong khong déi.

504. Tim dudng cong di qua g6c toa d6 sao cho doan thing trén phép

tuy€n cla né bi cit bdi cdc canh clia géc toa d6 thir nhat c6 do dai khong
déi bing 2.

505. Tim dudng cong sao cho tiép tuyén cda né cét trén cic truc toa 46
nhitng doan thing ma téng cia nghich dao cdc d6 dai cha ching bing 1.

Tim nghi¢m t8ng qudt hoac tich phan téng quét cha céac phuong
trinh sau :

506.y=-y2—+1ny'. 511 y? + (x +2)e' =0
2 2 2 )

507, y3 +y'3 = a3, 512. (xy' + 3y)° = 7x.

508. y = y'2 + 2y'3. 513.y'(2y - y) = yzsinzx.

509. y° + y° - 3ayy' = 0. '

514. x(y — xy')2 = xy'2 - 2yy'.
y
510.

=a. 1 [ _ 2_ 2
,l-!-y'z 515. yy'(yy' = 2x) = x" - 2y".
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516. y'2 + 4xy' — y2 - 2x2y =x*-
517. y'2 - 2yy' = y*(e* - 1).

518. y(y - 2xy')2 = 2y',
519. xy'(xy' + y) = 2y2.

520, y(xy' ~ y)2 =y —2xy.

521. xy* = yQ2y' - 1).
522, y=y?+2y°.
523.(y + 1’ = (v - ).
524.y* - y2 =42
525.y'(x - Iny") = 1.
526.y = In(1 +y'%).

527. y? - 2xy' = x% — 4y.

528. xzy'2 =xyy' + L.

529.y"* = 2yy' + y~.
530.5y + y? =x(x + ).
531. y'3 + y2 = Xyy'
532. 2xy' - y = ¥'lnyy".

2y

533.y'=¢7 .
534,y =xy' - xzy'3.

535, y(y - 2xy)’ =y

536.y = 2xy' + yzy'3.

Hay gidi cac phuong trinh Lagrang va Cler6 sau :

33.y=xy - 3;7'2.
538.y = 2xy' — 4y”,
539.y +xy =4.fy".
540. y=xy' - (2 +¥").
541. v = 3(xy - y).
542, 2y = xy'2 - 2y'3.
543, 2yy' = x(y'2 +4).
54d. y =x(1 +Y) +y>
. 545.y + xy' — y'2 =0.

546, 2y(y' + 2) = xy'z.

Tich phan cic phuong trinh sau day :

2

556.y = -’%H—z
X

547, y = xy' - y'z.

548.y=xy - a1 +y?.
549. xy'I -y=Iny'.

550. xy'(y' +2) =y.

551. 2y'%(y - xy) = 1.
552. 2xy' —y = Iny'.

553, y=xy' + 41 -y"?.
554.y=x+y‘2—y'.

sss.x=i,+——15.
Yy y'



557. 6x%y — 65" + (<3x° + 12xD)y' — 6x* + x° = 0.

3 ' 2 2
_ Y Xy .Y 2
558.y = 12+ ) + I +x+yl2.
' 2
559.x=—y;lny—-¥—.
b y2

§12. Cach tim nghiém ki dj

1. Phuong trinh y' = f(x, y) (1)
Gid sir v€ phai f(x, y) x4c dinh va lién tuc trong m6t mién G nao d6
clia mit phing xOy. Néu trong G dao ham riéng % gidi noi thi nhu ta

da biét, phuong trinh (1) khong c6 nghiém ki di, vi qua méi diém ciia G
chi ¢§ duy nhdt mot dudng cong tich phén ciia (1) di qua. Nhu vay,

nghi¢m ki di chi c6 thé xuft hién tai nhitng diém ma i khong gidi noi.
dy

Tir dy ta suy ra céch tim nghiém ki di clta phuong trinh (1) nhu sau.
Gia su v€ phai f(x, y) xédc dinh va lién tyc trong G, c6 dao ham riéng
theo y trong G. Khi d6 muén tim nghiém ki dj cia (1) thi ta tim nhimg

dufmg cong mé.dc_)c theo d6 -g—; khéng gidi ndi, va sau d6 :

a) Thir xem dudng cong vita tim dwge cé phai 1 nghiém cha phuong
trinh vi phan dang xét hay khong ?

- b) Néu 1a nghi¢m thi phai thir xem tai mdi-diém ciia n6 tigh duy nhat
nghiém cla bai todn Cé-si c6 bi pha vd hay khong ? Néu tinh duy nhat
nghi¢m bi phd v thi d6 1a nghiém ki dj clia phuong trinh dang xét.

Vidy 1. Tim nghiém ki di cha phuong trinh

2
y =y | )
1
Ta cé -g-;:%y3=Mkhiy=0._
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Thay y = 0 vao.(2) ta thiy n6 14 nghiém clia phuong trinh.
Nghiém téng qudt ctia phuong trinh (2) cé dang
y= 55+ O,

(Diéu nay d& thdy bing cich gidi phuong trinh trén).

Pay 1a ho cdc dudng ¥y
parabon bac 3. T tinh
chit cla ciac dudng pafabén
bac 3 ta suy ra ring tai
mbi diém cila dudng thing
y = 0, tinh duy nhat nghiém 0 X
cha bai toan Co-si b phd '
vd. Bdi vay y = 0 1a nghiém
ki di ciia phwong trinh (2)
(h.17). '

: - Hinh 17
2. Phuong trinh F{x, y, y") = 0 3)

Gia sir phuong trinh (3) xdc dinh mot s6 hita han hay v6 han gié tri
thuc y' : '

y=fix.y) (i=1,2,..). (4)

Gia sit cdc ham f; lién tuc va ¢6 dao ham riéng theo y. Khi d6 ta c6
thé 4p dung i luan 43 trinh bdy & muc 1 d€ tim nghiém ki di cla m&i
_phtrong trinh thudc ho (4). Ta thdy ring nhitng dudng cong ma doc theo

" nd 3_1; khong gidi noi cé thé chira nghieﬁl ki di cha phuong trinh (4) va |
do d6 ctia phuong trinh (3).

Tuy nhién, trong thuc hanh dé tim nghi¢m Ki di cia phuong trinh (3)
ta khong cin gidi ra y' ma c6 thé tfnh truc ti€p %% tr chinh phuong

trinh d6.
That vay, tacé :
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Mat khic, vi phan (3) theo y ta duoc

OF oF 3y’
= g,
dy 9y’ dy
Do dé
dF
By'__gf' cn .o OF
iy—— —'a—E (glathlé’l'a—y;#[}J.

Tur day ta suy ra ring %—;’— s€ khong gi6i noi tai nhiing diém ma
oF

gs/—, =0.
Bdi vay ta di dén quy tic tim nghiém ki di cdia phuong trinh (3)
nhu sau : '

a) Tir hé phucng trinh
' F(x,y,y)) =0,
oF
i
khir y' ta dugc hé thic
R(x, y) =0.

H¢ thitc ndy duge goi 13 y' - biét tuyén (hay p — biét tuyén) cua
phuong trinh (3).

b) Thir lai xem y' ~ biét tuy&n c6 phai 12 nghiém cta phuong trinh (3)
hay khong ? '

c) Néu né 1a nghiém thi phai thir xem tai méi diém ciia né tinh duy
nhit nghi¢m cla bai todn C6-si c6 bj pha v& hay khéng ? Néu tinh duy
nhdt nghiém cia bai to4n Co-si bi phd v3 thi né 12 nghiém ki dj.

- Vidy 2. Tim nghi¢m ki di cta phuong trinh
y2+y’-1=0. (5)
a) Khir y' tix he phwrong trinh
y'2+ y? ~1=0,
{Zy' =0,
ta dugc p - biét tuyén lay = +1.
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b) Thay y = +1 vao (5) ta thdy né nghiém ding.

Vay p — biét tuyén la nghiém.

¢) Giai phuong trinh (5) ta tim dugc nghiém tng quét dang

y = sin(x + C).

Tit tinh chat cla him sin ta suy ra ring, tai moi diém ciia p — biét
tuyén tinh duy nhit nghiém clia bai todn Co6-si bi phd v&. Boi vay céc
dudng thing y = £ 1 1a nghiém ki di ctia phuong trinh (5) (h.18).

Y

T T
ANANAS VAN

y——1

Hinh 18

3. Tim nghiém ki di ti nghiém téng quat
Gia st tich phan téng quét cla phuong trinh (3) c6 dang
®(x,y,C)=0. (6)

Ta tim bao hinh cla ho nghiém téng quét (6). Mudn vay, truéc hét ta
tim C — biét tuyén bang céch khir C tir hé phuong trinh

®(x,y,C) = 0
30
Fohe

Khi d6 n&u C — biét tuyén 12 bao hinh cia ho nghiém tdng quat thi
né 1a nghiém ki di. That vay, tai mdi diém ctia minh, bao hinh ti€p xiic
v6i it nhédt mot dudng cong tich phan ctia hg. Do d6 bao hinh 1a nghi¢m.
Ngoai ra, tai méi di€ém cha bao hinh c6 it nhét hai dudng cong tich phan
di qua : d6 1a chinh ban than né va dudng cong tich phan cta ho ti€p xic
vai nd.

Tém lai, ta di dén két luan vé cach tim nghiém ki di ti ho nghi¢m
téng quat nhu sau :
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a) Tim C - biét tuyén tix he

O(x,y,C) =0,
oD
ac - o

b) Thir xem C — bi¢t tuyén c¢6 phii 13 bao hinh hay khong 7 Néu 1a
bao hinh thi né 12 nghiém ki dj.

Vidu 3. Tim nghiém ki di ctia phuo"ng trinh

_ 4 8 3
biét rdng n6 c¢6 tich phan téng quat dang
y-O’=x-Cy. 8)

Tim C - biét tuyén cha ho duorng cong tich phan tong quat : Tix (8) ta
suy ra

2Inty ~ C) = 3ln(x — ).
Vi phan hai v& theo C ta dugc
2 __3
y-C x-C°
Khir C tir cdc heé thitc (8), (9) ta ¢6

%)

=Xxva x—-i
y y= 27"

D& kiém chimg ring & day y = x khong phai 1 bao hinh ma la quy
tich nhitng di€m lbi, cony = x — % la bao hinh ciia ho (8).
Do d6 phuong trinh (7) c¢6 nghiém ki di 12 dudng thing
X 4
y=XT 9
Theo dang ciia phuong trinh, hiy tim nhimg dudng cong ¢6 thé cho ta
nghi¢m ki di va ki€m tra xem chiing c6 phai nghiém ki di hay khong :

560. (xy' + y) + 3x5(xy' - 2y) = 0. 563.y2 - 2xy +2x% -y = 0.
561. y? - 2yy' + x2 = 0. 564.y° — dyy' —y* + 4y = 0.
562,y — 4y =0. 565.y% +y* - 1=0.
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566. xy'2 -2yy +4x=0. 572.y = ax + \/xz -y.

L 2
567.y—xy+4y . 573,y'=,fy—-x + a.

2 ‘ 2 _ 2
568.y'“ - 4xy' +3x" -y" =0. 574.y' = Jy - x +ax.
569. y'2 —2xy' + 2x* ~y=0.

. 2 575.y' = J‘i
570.y' = (y - ). .

576.y% -y’ =0.

571y = [y +a. o

577, [(x -y - 1ly2—2y' + (x —y)* = 1 =0.

578.y" - 4yy' = 0.

579. y'.3 - 2y'2 —4yy' +8y= 0.

580. y° — 4xyy' + 8y* = 0.

58l.x-y= %y'z— -%yﬁ = Q.

Theo dang cilia tich phan téng quét hiy tim nhing dudng cong cé

thé chita nghiém ki di va kiém tra xem ching cé phai 12 nghi¢m ki di
hay khong :

582.y' =24y ;y=(x+O* (x2-0).

4 .
Y - 1 1
[ - -3 = _—— # U, > -,

b2 2

584.y'=-—y_—y— x=CP+y =b, (x<C).

585. y2(l + y'z) = a° ; {x + C)_2 + y?’ = a’.

586.y2 -4y =0; (yfy ~x~ O (y +x-0) =0.

- 587. y'2 =1- yz . y = sin{x + C).

94

588.);=_a\'fl+y'2 ;y=achx+C

a .



2 2
589.y=y'2—xy'+£2- ;y=12~+Cx+c2..

590. xy? - 2yy' + 4x = 0; C%%> ~ 2Cy + 4 = 0.
591 [(x - y)* ~ 1}y -2y + x—y)> — 1 =0;(x-O+(y-0’=1.
592. 4xzy'2 - 4xyy' + y2 - 4x° =0; y2 = x(x - O)%.

593. y'2 - y3 =0;y= = +4C)2 .

594, y'3 —4xyy + 8y2 =0;y= C(x -0

_4 2 8 3 2 3
[ — -yt gy — - -
595, x y=gv 57 Y ;- O'=x-0C).

§13. Bdi todn quy dao

Xét ho dudng cong phu thudc mot tham sé _
F(x,y, A) =0. (1) -

Puong cong L, cat t4t ca cdc dudng cong L ciia ho (1) duéi mot g6c
khong ddi o dugc goi 1a quy dao ddng gide cha ho &y. Trong trudng hop
n
2
Mudn tim qu¥ dao ding gi4c ciia ho (1) ta ti€n hanh nhu sau : .

a) Lap phuong trinh vi phan clia ho (1). Ching han phuong trinh d6

¢6 dang
CD(x, Yy, %J =0.

b} Trong phuong trinh vi phan nhan dugc ta thay -:—i boi

ritng, néu o = - thi quy dao déng gidc goi la quy dao tryc giao cia ho.

trong dé k = tga.
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Nhu vay, phuong trinh vi phan clia quy dao déng gidc c6 dang

2)

¢) Giai phuong trinh (2) ta s& tim dugc qu§ dao mong mudn.

Vi du 1. Cho ho dudng thang -
y—ax=0.

(3)

Tim quy dao cét ho d6 du6i mot géc o khong ddi.

T

a) Truong hgp o # 3

Trudc hét ta lap phuong trinh vi phan cha he (3). Mu6n véy, vi phén
hai v€ cha (3) theo x (chii ¥ ring y = y(x)) va kh{r a tir hé phuong trinh

y —ax = 0,
y'-a=0,
. Ty
ta duge y=<-
Nhu vay, phuong trinh vi phan clia quy dao déng gidc c6 dang
| dy _
3{"_ dx & (k = tgar).
1+ ka
hay
dy _y+ kx
dx x-ky

l R
] '_B
Chuyén sang toa do cuc tacér = Ce¥

trong dé 1= \}xz + yz; 0= arctg%.

Nhu viy, quy dao ding gidc
phii tim 13 nhiing dudng xodrn &¢
16ga (h.19).
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b) Truong hop o = g Lic nay phuong trinh ciia qu§ dao truc giao
c6 dang

y__1
x Y
hay
_ xdx + ydy = 0,
Tich phén hai v€& ta dugc v
x2 + y2 =C2 .

Nhu viy, qu§ dao tryc giao la
- nhiing dudng trdn tdm tai géc toa do
(h.20).
Chii y : _
Néu ho dudng cong (1) duge cho
dudi dang toa do cuc
®(r,0,a)=0 4)

thi dé tim phuong trinh vi phén _
cta ho quy dao ding gidc (quy Hinh 20
dao truc giao) ta cdn : '

a) Lap phuong trinh vi phan cta ho (4) ;
b) Thay c(:ilB trong phuong trinh vi phan nhén duge boi

1+k-§(“ﬁ]
r_ P

- —k
T
- &
aday k =tga, i= 5"
Vidu 2. Tim quy dao truc giao ciia ho nhiing dudng cong

r = 2asin0.
Truéc hét, ta tim phwong trinh vi phén ciia ho dudng cong tir hé

r = 2asin 8
r .
@ 2acos 0.
Khir a ta duge
£ rcotg
g ~ ooty
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Nhu vay, phuong trinh clia ho quy dao tryc giao c6 dang
2 _ -
—-EE = rcotg9,
do
hay
dr
— O — e- .
30 g '
Tich phan phuong trinh nay ta tim duge ho qu¥ dao truc giao la
r = 2CcosB.
596. Tim céc quf dao truc giao clia hg dudng tron tam tai diém M(a ; b).

597. Tim qu§ dao truc giao clia ho paraboén

y = ax".
598. Tim céc dudng cong cit t4t ca cdc dudng cong clia ho xoén &c 1oga
6 : .
r=ae

duGi clng mot géc o = %.
599. Tim c4c dudng cong cit cdc niia dudng thing xudt phit tir gdc
toa do dudi mot géc khong di bing %.
Tim qu§ dao trirc giao ciia cdc ho dudng cong sau day :
600. (x2 + y2)2 = azxy.
Huéng ddn : Chuyén sang toa do cyc.
X2y : )
601. ? + -l-}—z—= A, vdi a, b cho trudc.
602. (x - \)? + y? = a” v6i a cho trude.
1603, x(x% + y) = a(x® - yA).
604. x> + (x - 2a)y* = 0.
605. 1° = Intgo + c. - |
606. r2" — 2a™" cosng + a>" = b>" v6i a, n cho trude.

§14. Céc bdi tap thudc logi khée nhau

Giai cdc phuong trinh sau day :
607. (2xy? — y)dx + xdy = 0.
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608.
609,
610.
611.
612.
613.
614.
615.
616.

617.

618.

619.
620.
621.
622.
623.
624.
625.
626.
627.

628.
629.

(xy' +y)* = x%.
x+2yY)y =y.
Xy’ =y(x+y).
2xy' + y2 = 1.
Y=y =y +xy.
y° — y'e?* =0,

(1 - xz)c;ly + xydx = 0.

y+ y'lnzy = (x + 2lny)y".

X+yy' =yl +y?).
y = —1 |

-t o
y

“ |

y'2 +2x~- 1)y - 2y =0.

x%y' — 2xy = 3y.

y = (xy' +2y)*

y? +(3x - 6)y = 3y.
2y'3 - ?:y'2 +x=y.
2x3yy' + 3xzy2 +7=0.
x+y)’y =1

dx i
e (-}; —_2XJ dy.

2(x - y)dy = ydx.

xy' =e¥ + 2y

xzy'2 + y2 =2x(2 - yy").

630. 2x2y' - y2{2xy' -y)=0.
631. dy + (xy —- xys)dx =0.

632. L X _ o
X+yy

633. xy(xy' — y)° +2y' = 0.

634.y' +y=xy’.

635. x(x - 1)y’ + 2xy = 1.

636. (1 — xz)y' - 2xy2 -xy=0.

637. (xy4 — x)dx + (y + xy)dy =0..
638. (sinx + y)dy + (ycosx — xz)dx =0.

639, yYy + yzcotgx = COSX.

640. xy'z—y+y'=0.

641. y(y - xy') — 4/x* + y? =0.
642, 3y‘3 -xy+1=0.

643. (¥ + 2xy)dx + (¥ + x)xdy = 0.
644 x(x+ Yy’ - =y.

645. xy' + y = Iny".

646. xz(dy —dx) = (x + y)ydx.

647, (xc_osy +sin2y)y' —1=0.

648.y'= 2P 4y,

y
649. (4xy — 3)y' + y2 -1=0.
650,y — yy' + e =0,

651 y' + x{/; ~3y=0.
652. (xy' — y3) - y‘3 = 1.
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653.y'\/_—\1y— =Jx. 655.xy'-2\/§cosx=2y.

654.3y" —y —y=0.  656.yy-xy)-xy=0.

657. (cosx — xsinx)ydx + (xcosx — 2y)dy = 0.

658. x—}):-— +2xylnx+1=0. - 666 yzy' + xZsin’x — y3cotgx =0.
667. 2y~ x =Iny".

668. yy' =4x + 3y - 2.

659.y = (dx +y-3)%
660. xzy'2 - 2xyy' = X% + 3y2.

669. 2xy' — y = siny'.
661. xy'=x\!y-x2 +2y. s 2.5 5 3
4 _ 670. y* + X7y =xy(y” +y")
662. 2xe’ +y )y = ye'.

663. (1 - x2y)dx + x2(y — x)dy = 0.
' 7 o2 4w _
664. xy'(lny - lnx) +y=0. ~  67%-xdy-ydx~ xyx* +y* dx=0.

665. (2x2y - 3y2)y' =6x* - 2xy2+ 1. 673.y'=32x—y +2.

671. (:'czy2 +Dy+Ry- l)zxy' =0.

674. 2(x%y + 1 + x*y?)dx + x’dy = 0.

675. [x — yCOs %)dx + xcos{-dy =0.

676. (v — x[y) (X2 - 1) = xy.
~ 677. (2x + 3y — Ddx + (4x + 6y - 5)dy = 0.

678.y = ———.
Jl +Yy 2 : 683. 2xdy + ydx + xyz(xdy + ydx) = 0.

679. y'3 + (y'2 —2y'x =3y -vy. 684. xdx + (xzcotgy —3 cosy)dy =0.
680. (2xy’ — y)dx + (> + x + y)dy =0.
681. y = (xyy + DInx. 685. x>y~ 2xy - 2)y' +y = 0.

682. 4y = x> +y2. : 686.xy' + 1 -¢" 7 =0.
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687.y' —tg(y — 2x) = 0. y2 - x

693. y' =

688.3x* —y = y'Vx? +1. 2y(x+1)

689. yy' + xy = x°. 694.y' - 3x = \/y——x—z
690. x(x — 1)y +y° = xy. 695. (2x +y + 5)y' = 3x + 6.
691, xy' =2y + W o 696. y* = 4y(xy - 25)".

' 2 -y
692. y' + tgy = xsecy. 697' Xy =x'e +2.

1698, xdy - 2ydx + xy*(2xdy + ydx) = 0.
699. (x> — 2xy°)dx + 3x%ydy = xdy — ydx.

700. (yy')® = 27x(y> - 2x%). 701y — 8x Ay = ‘__f"yl .
| x* -
: X+y
702. [2x - - = 0.
‘ [2x ln(y+1)‘]dx y_de 0
703. xy' — (x2 + tgy)coszy =0.
704. xz(y — xy") = yy'%. 708.y' = %\E + {()_f .
3x? x2
705,y = ——, 709.2xy' + 1 -y = :
X +y+1 ' i d y-1
xryd 1)
706. (y - 2xy")? = dyy”. o Tey'= {—"—*;’—_] .

_ 2
_ 2,42
707. 6x5ydx + (y4lny — 3x6)dy =qQ. TiIL yy +x = %[X : Y ) .

T12. (xyfy? + 1)(y2 + D)dx = —(y? + 1)dx + xydy.
T13. (X + ¥+ Dyy + (x> + ¥ — Dx=0.

714. yz(x — 1)dx = x(xy + x — 2y)dy.

715. (xy' — y)2 .=. x2y2 ~x*.

716. xyy' - xzm = (x + 1)(y* + 1).
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717. (x* - 1)y’ +y* - 2xy + 1 = 0.

718. y'tgy + 4x3.cosy = 2X.

719. (xy' - y)’ = y2 - 2—’3— + 1.

720. (x + yX1 - xy)dx + (x + 2y)dy = 0.

721. (3xy + X + y)ydx + (4xy + x + 2y)xdy = 0.

722. (x* - 1dx + (x%y% + x>+ x)dy = 0.

723. x(y* + ) + 2y' = 0.
724*. Giai phuong trinh ham (f(x) - ham phai tim)

fx) + f(y)
1-f()f(y)

725. Tim nghiém ctia phuong trinh y' = sin(xy) véi y(0) = 0.

fx+y)=

726*. Tim tat ca cdc nghiém cia phuong trinh

d
c6 thira s& tich phan dang p = X(x)Y(y).

dy _
_x - f(x! Y)$

727*. Cho phuong trinh
dx
. dt
a(t) 2 ¢ > 0 va gid st x(t) 12 nghiém riéng thod man diéu kién ban diu
Xo(0) = b. Chiing minh ring d6i vdi béi ki € > 0, t6n tai & > 0 sao cho néu
ham f(t) vd b thay d6i mot lugng nhd hon § (vé gid tri tuyét d6i) thi x (1),
t 2 0, thay d8i mot lugng nhéd hon €.

+ a(t)x = f(1),

728%. Gid sir f(y) lién tyc va duong véi y, £ y < «. Tim diéu kién cﬁn_
va di dé'nghiém cta phwong trinh y' = f(y) ¢6 cdc dudng tiém cén.

729*. Cho ham s6 f(y) lién tuc trén khoang (a ; b). Biét ring t6n tai
nghi¢ém y = ¢(x) ctia phuong trinh y' = f(y) thod min diéu kién lim @(x) =c¢

X—deo
'véi a < ¢ < b. Chitng minh ring khi d6 y = ¢ ciing I4 nghiém cia phuong
trinh trén.
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730*. Gia sir M(x, y), N(x, y) 1a céc ham lién tuc cling véi céc dao ham

néng 2 va thod mén diéu kién M _ N trong mot mién dcm lién.

By~ ax dy  &x

Ching minh ring, véi cdc gia thiét trén, néu phuong trinh

M(x, y)dx + N(x, y)dy = 0 c6 dudmg cong tich phan kin, thi trong mién giGi
han boi dudng cong tich phan &y t6n tai it nhat mot diém (x, ; y,) sao
“cho M(x,; Yo) = N(X,35,)=0.

731*. Cho phuong trinh

= fl (X) fZ(Y)’
: . b,
£,(x), £,(y) lién tuc trong mién G = {a xs
. - c<y<d
Ching minh rang tai méi diém (x, ; y,) ca mién G cé mot va chi
‘mot dudng cong tich phan cia phwong trinh trén di qua.
732*. Gia sir y(x), z(x) 12 nghiém ciia cdc bai todn :
¥y =fi(x,y), Y(Xo) = Yo 3
2 =15(x, 2), 2(x,) = z,
xéc dinh trén (x, ; b). Biét ring f;(x, u) > f,(x,u) véimoi x, uvay, >z,
Chitng minh réng y(x) > z(x) v&i moi xe (X, : b).
733%. Ching minh ring néu ham y(x) lién tuc trén doan [x0 ; b], thoa
mén bt ding thic
0<y(x)<A+ r B(s)y(s)ds, A = const > 0,
_ : o _

vdi B(x) 2 0 lién tuc thi né cﬁng thoa min bat ding thitc

YR sAe® O« <x<b),

(Keét qua ndy mang tén 1a bd dé Grénuon — Benman).
734*, Chitng minh ring phuong trinh

¥y =y + p()y + q(x) (1)
khong ¢6 nghiem tudn hoan lién tuc néu céc nghiém Y1, ¥, cha phuong trinh
Y2+ Py +q(x) =0’ 2)

1 phitc.
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735*, (Bai thi vo dich sinh vién gidi toan Lién X6 nim 1975). Cho
ham s6 f(x) lién tuc cding v6i dao ham f'(x) trén [0, +oo). Biét ring

Im fxX)+f'xX)}=a (a — hitu han). 1y
X =00

Ching minh ring lim f(x) = a. Hiy suy rong. Nhén xét trén con

X—pea
diing khong néu ta thay ddu cong clia biéu thifc trong (1) bing déu trir ?
736. Chitng minh réng néu t4t cd cdc dudng cong tich phan cia mot
phuong trinh vi phon ndo d6 déng dang vdi nhau qua phép bién déi
dong dang tam tai géc toa do thi phuong trinh vi phan 4y 1a phuong trinh
thudn nhat. '

737*. Cho hai phuong trinh
dy - f(x, y)dx =0,
dx + £(x, y)dy = 0.
Tim diéu kién ma f cdn thod mén d€ cho ca hai phuong trinh d$ cb
ciing mot thira 58 tich phan u(x, y).

738*, Gia sit trong mién G = {a <x<al
—0 < Y < 0,

ham s6 f(x, y) lién tuc v gi6i noi. N6i chung tai mdi di€m (x, ; yo) € G
c6 thé ¢6 qué mot dudng cong tich phéan ciia phuong trinh y' = f(x, y) di qua.
Chimg minh ring khi d6 ton tai hai dudng cong tich phin y = ¢(x) va
¥ = @p(x) clia phuong trinh trén (nghiém 16n nhat va nghiém bé nhat) di
qua diém (x, ; y,) sa0 cho §;(x) € @, (x) v6i x € (a ; a) va toan thé phin
mién G gi6i han giita hai dudng cong tich phan dé dugc 14p ddy bdi céc
dudng cong tich phan di qua diém (X, ; ¥,) cha phuong trinh trén. Ngoai
phdn d6 khong con dudng cong tich phan nao di qua diém (X, ; ¥,)-
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Chuong Il
PHUONG TRINH Vi PHAN CAP CAO

§1. Céc khéi niém co ban

"Phuong trinh vi phan cdp n c6 dang téng quit :

Fx,y,¥,¥" .. Y =0. (1)
Néu tix (1) ta c6 thé gidi ra dugc y™, nghia 12 n6 c6 dang
Yy =1, 7, ¥, YD) )

thi (2) dugc goi 1A phuctng trinh vi phan cfp n d3 gidi ra d6i véi dao ham
cdp cao nhit.

Gia sir ham f x4c dinh va lién tuc trong mién bi€n thién G nao dé cia
céc bién s6 x, y, ¥, ..., y* 1,

Ham y = y(x) dugc goi 1a nghiém clia phucmg trinh (2) trén khodng
{a; b) néu:

1. y(x) lién tyc va c¢é dao ham dén cdp n lién tuc trén (a ; b) sao cho
khi x € (a; b) thi diém (x ; yX); y'&) 3 ... ; V" P(x)) € G ;
2. Trén (a ; b) v6i y = y(x) thi (2) tr& thanh déng nhat thic.

Nghiém cia phuong trinh (2) c6 thé tim dudi dang 4n ®(x, y) =
hodc dudi dang tham s6 x = @(t), y = y(t). D6 thj clia nghieém dugc goi l&
duodng cong tich phan.

Tuong tu ta dinh nghia nghiém cta phuong trinh (1).
Bai toan Cé-si. Tim nghiém cla phuong trinh (2) thod min diéu kién
ban ddu :

Y(Xo) =Yoo ¥ (Xo) = Yoo oees Y(n 1)(KC,) (“ D 3)

trong d6 Xg, Yo Yo, e YO

tri ban ddu.

la cdc s6 cho trudc va duge goi la cic gid
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Trong trudmg hgp phwong trinh vi phan cdp 2

y' =%, 5Y) 4

bai todn Co-si dodi hoéi tim nghiém y = y(x) clia phuong trinh (4) thod
man di€u kién

¥(Xg) = ¥or ¥'(Xo) = ¥g -

Vé quan diém hinh hec, diéu
ndy c6 nghia 14 tim dudng cong i
tich phan cua phuong trinh (4)

di qua diém M(x, ; y,) cho trudc N
sac cho ii€p tuyén cua dudng

cong tai diém M tao véi chiéu
duong clia truc hoinh mét géc Yo
o, = arctgy; .

Mot cau hoi dat ra 12 vé6i
nhiing gia thi€t ndo thi bai toin
Co-si (2) — (3) ¢6 nghiém va nghiém
duy nhat ?

Dinh If Péano. Gia sit (Xo, Yor Yo» - Yo V) 12 diém trong ctia mién
G va ham f lién tuc theo tdp hop cdc bién cla né trong G. Khi d6 tén tai
nghiém y = y(x) cl@a bai todn (2) — (3) XAac dmh trong 14n cén (nodi chung
kh4 bé) cla diém x,.

Nhu vay dinh H Péano cho ta diéu kién dd dé€ nghiém bai todn Co-si
tén tai. Tuy viy, & day nghiém bai todn Co-si c6 thé khong duy nhit.
Pinh 1i sau day cho ta diéu kién d€ nghiém bai todn Co-si tn tai va
duy nhat.

Pinh I Co-si — Picar. Gia s trong G ham f lién tuc va thod mién
diu kién Lipsit theo y, ¥', .... Y™ '’. Khi d6 d6i v6i mdi diém trong
(Xg» Yor Vs oo YD) € G t6n tai duy nhét nghiém bai todn Co-si (2) - (3).
Nghiém nay xdc dinh trong lan can (néi chung khé bé) cla x,,.

Diéu kien Lipsit s& thoi man, ching han néu G 1a mién 16i theo
Y. ¥, .o Y U va f ¢6 dao ham riéng theo céc bi€n d6 gidi noi trong G.

Ham s6 y = ¢(x, C|, C;, ..., C;) xdc dinh trong mién bi&n thién clia x ;
C,, ..., C,, c6 dao ham riéng lién tyc theo x d&€n cdp n duge goi la nghiém
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t6ng qudt cha phuong trinh (2) trong mién G (Ia mién ma tai dé sy tén tai
va duy nhat nghiém cia bai todn Co-si dugc bio dam) néu ;
~a) Tir he
y =¢(x,C,,C,,..,C)),
Y =9'x,C},Cy,...,C)),

..................................... (5)
y* ™ = ¢ 0(x, 1, Gy, . Cy),
ta c6 thé gii ra duge C,, C,, ..., C, :
€ =¥, 1,5y D),
1C =%y, ¥,y D), | 6)

---------------------------------------

H) Ham o(x, C,, G,, ..., C,) nghiém diing phuong trinh (2) véi moi

gid tri cila hing s6 C;, C,, ..., C, x4c dinh tir he (6) khi (x, y, ¥, ..., y" )
chay trong G. D€ tim nghiém bai todn Co-si ta chi viec thay x, v, ', ...,

v trong (5) bing x,, Yo, Yoo YO twong tng 1éi gidi hé phuong

trinh nhan duge d6i véi C; (i = Ln): C=C (= Ln). Thay C, trong
biu thitc cia ham @ bing C{ ta sé duoc nghiém phai tim.

Nhiéu khi nghlém téng quat caa phuong trinh (2) tim duge duéi
dang &n :

(I)(x, Y, Cl’ .o Cl'l) ={.
N6 dugc goi 1a tich phan téng qudt ctia phuong trinh (2). Ngudi ta cling
c6 thé tim nghiém t8ng quét ctia phuong trinh (2) duéi dang tham s6
xX= (P(t; Cl! Cz; seey n)!

y = llf(t Ch (‘/21 n.)
Nghiém riéng caa phu:mg trinh (2) 1a nghlém ma tai mbi diém cla
né tinh duy nhat nghiém cta bai todn Co-si dugc bao dam. Nghlém nhin

dugc tir nghiém t8ng quét véi gid iri cu thé clia hing s6 C; (i = Ln) 1a
nghiém riéng.
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Nghiém ma tai mdi diém cta né tinh duy nhat nghiém cia bai toan
Co6-si bi phd v3 duoc goi 1a nghiém ki di. Nghiém ki dj ctia phuong trinh
vi phan c4p n ¢6 thé phu thugc vao k tham s6 (k < n — 1).

Néu trong qué trinh tich phan phuong trinh (2) ta nhan dugc hé thie

O, Y. Y5 o Y CL 1 CY =0,
thi né duge goi 12 tich phdn trung gian cdp k cia phuong trinh (2).

Tich phan trung gian cdp n — 1 dugc goi la tich phdn ddu. Bi€t k

tich phan ddu doc 14p ta c6 thé ha cdp cla phuong trinh xudng k 14n ;

bi€t n tich phan ddu doc 1ap ta c¢6 thé nhan dugce tich phan téng quit cia
phuong trinh.

Trong mot s trudng hgp, phuong trinh vi phéan 'cﬁ'p n (1), (2) c6 thé
tich phan dugc bing cdu phuong bing céch ha cdp cia phuong trinh va
dua vé nhitng phuong trinh cap thap hon c6 thé gidi duge. Sau day ching
ta s& diém qua mot s6 loai phuong trinh ¢6 thé ha cép duge.

§2. Céc phuong trinh ¢6 thé ha céip dugc

1. Phuong trinh chi chita bién s8 va dao ham cip cao nhit
D6 la phuong trinh c6 dang |
F(x, y") =0. | (1
‘a) Tir phiong trinh (1) ta c6 thé biéu dién duge y™ qua x :
=f(x). | (2)
Gi& sir f(x) lién tuc trén khoang (a ; b). Khi d6 bai todn Co-si c6

nghiém duy nhét d&i véi bat ki x,€ (a; b) va y,, ¥4 - ,yg" Y nhan gia
tri bat ki. Nghiém bai todn C6-si c6 dang

Y=Yo+ Yo (X —Xg) + ...
(n-1)

y - n—t
+(n0 1)T(x X,) +

- 1)'I £(t)(x — )" 1dt.
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Tich phan 14n lugt hai v€ clia phuong trinh (2) ta duoc nghiem téng quit

y(x) = M. f(x)dx ... dx + C;x" 1+ ...+ C,- 1x+C,.
nlﬁn

b) Gia sir tir (1) ta khéng giai ra dugc y( ) nhung qua phuong trinh (1)

ta ¢6 thé biéu thi x, y duéi dang tham s6 :

X= (P(t)-,
Y™ = w(o.

Chd ¥ ring dy™" ™D = y®dx = y(t)o'(t)dt ta c6

y* V= fuwemd+c =y @ ).

Tuong tu nhu trén ta tim duge Y™ 2,y va cuéi ciing

y 1i‘rn(t C]s (-‘Qs C )
Do d6 phuong trinh (1) c6 nghiém téng quat dudi dang tham s¢ :
X= (p(t)s
Y = Wn(ts Cl’ (:2’ wany C )
Vidy 1. Timnghiém téng quat ciia phuong trinh
y" = xe”.
Tich phan l4an lugt hai v€ ta duoc
y=(x—-2)¢"+C;x +C,.
Nghiém thoa mén diéu kién ban ddu y(0) = 1, y'(0) = 0 c6 dang
y=(x=-2)k"+x+3.
Vi dy 2. Tich phan phuong trinh
. x—¢e + y"2 =0.
Daty"=ttacé
x=¢'- ¢,
yl' = t. .
dy' = y"dx = t(e' - 20)dt.

y' = J.t(e[ -2)dt + C; = et(t -1)~ %t3 +C,;
t t 2 3 . t

dy = y'dx = [e (l—l)—é-t +Cl](c - 20)dt,

y= J‘[e'(t-l)—%ﬁ+Cl](e‘—2z)dt+c2.
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Thyc hi¢n phép tinh tich phan trong biéu thic cudi, ta ducc nghlém'
tdng quat cha phuong trinh dang xét duéi dang tham s6

x =¢' -—t s
y= [; i)ez‘ —@ -2t42- Cl)c +-%t —CP+ G,
2. Phuong trinh khéng chita ham phdi tim va cic dao ham
ctia n6é dén cdp k -1
D¢ 1a phuong trinh dang
Fx, y%,y*D, L y™) =0, (I<k<n. 3)

Bang phép thé y( k) = 7 v6i z 12 ham méi pha1 tim, phwong trinh (3)
dua vé phuong trinh cp n — k sav :

F(x, 2,2, ..., 2" V) =0. 4)
Néu (4) giai duge bing cdu phuong, nghia 12 ta tim duge

= (p(x. Cl’ Cz, ey CI‘I - k) hay d’(x, Z, Cl’ Cz, cres Cl‘l _k) =0
thi trd lai bi€n y ta c6

K = @(x, Cyo Cs oy Co = ) hay @(x, ¥, €}, C g, i, Gy =) =0
Nhu vay ta dd di dén céc trudng hop dé xét & phdn 1.
Vi du 3. Xét phuopg trinh

Paty'=ztacd

Day 1a phuong trinh Clers. Giai né ta duge nghiém t8ng quat

z=xC, + C?
vanghiém kidi z=-7-
Tré lai biéncil y :
2 x?
yizch‘i‘ Cl"_ y'=‘-T.
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Tich phan cdc phuong trinh cuéi nay ta dugc nghiém t6ng quat cha
phuong trinh ban d4u 1a '

3,*:'—(:2lxz+C12x+C2

va ho nghiém ki dj

3. Phudng trinh khéng chita bién s6 déc 1dp. D6 1A phuong
trinh dang .

F, Y, ... Y =0, (5)
Bit y' = z va coi z = z(y) ta duge '
" _CE _dz .
y - dx - dy *

-------------------------------------------------------------------------------------

Thay céc gid tri nay cia y', y", ..., y¥™ vao phuong trinh (5) ta dua né
vé phuong trinh cdpn - 1 :

dz d%z d"lz
o y,'a—,' Ty e - =,
Y dy dy

Vi du 4. Tich phan phuong trinh

o 2yyt=yteyt
Dity' =ztacé

"—.ElE—..‘.jE '—EZ '
TTRTEHY Ty

Thay vao phuong trinh ban d4u ta duoc

2yz% =2+ y2
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hay

qu _ u+
y dy = y 3
6 dayu = 2.
Giai phuong trinh cu61 tacd
u= Cly + y
Bai vay
z'=Cy+ y2
hay _
y?=Cy +y"

Tich phan phuong trinh nay ta dugc

y+%+\/cly+y2. =+x + (.

Ngoai ra phuong trinh con c¢6 nghiém y = 0. N6 12 nghiém riéng.

In

4. Phuong trinh thuin nhit d6i véi ham phdi tim va cic dao
him cua né
Né&u phuong trinh
Fx, ¥, ¥ s ¥ =0
thuan nhdt doi véi y, ¥, ..., y(") thi ¢6 thé ha né xubng mot cap bang
phép thé
y' =yz,
z 13 ham s6 mdi phai tim.
That vay, khi d6
y'=yz+yz = y(:J:2 + 2,
y" = y(z3 +3zz' +2"),

.....................................

Thay cdc biéu thitc nay cha y', y", ..., y ) vao phuong trinh ban da‘u

va chi ¥ ring F 12 ham thudn nhét (ching han bac m) d8i véi y,y', ..., y
ta dugc

YOF(x, 1,2, 22+ 2 ooy W2, 2y e 20 ) =0
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~ hay F&x, Lz, 2242, ., 0z, 2, ., 27 D)) = 0
(gia stry # 0).
Day 1a phuong trinh ¢4p n — 1. Gid sir
z2=9(x,C}, Gy, ..., Coy)
1a nghlém téng quét cia né. Khi dé

-§,— = (P(x; C]; (‘/2$ iey Cn - ])'
Bdi vay |
y = CueI(p(x,C].Cz....,Cn_l)dx
1a nghiém t6ng qudt cha phuong trinh.ban ddu.
Vi dy 5. Xét phuong 4rinh
xyy" - xy* - yy = 0.
Paty' =yztacéy" = y(z2 +2). Boi vy sau khi thay gid trj v, y" vao
phuong trinh trén va don giap cho y2 ta dugc
| x(@2* +2) —xz2 -~ z=0,
hay |
xz'—-z=0,
Tich phan phuong trinh nay ta duge
" ' z=Cx,
hay
‘X" = Clx.
y
Do d6

__Lz
y =Cye?

Nghlém y 0 16 rang c6 thé nhan dugc tir bidu thlrc tich phﬁn téng
quat véi C, = 0.

5. Phuong trinh thuiin nhit suy rng. Phuong trinh
Fx, vy, y™ =0 ()
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duoc goi 1a phuong trinh thuén nhét suy rong, néu tdn tai s6 k sao cho v€
phai cla phuong trinh (6) tr& thanh ham thuin nhét (ching han bac m)
theo céc bi€n X, ¥, ¥, ... Y véi gia thiét ring X, ¥, ¥ o Y 12 cdc dai
lugng bac 1, back,back -1, ... k—n. Bing phép the

t
x=e‘,y=zek,

ta dua dugc phuong trinh (6) vé phuong trinh khong chita bié€n doc lap t

®@ 2, ... 2V) = 0. (7
That vay, vi “
‘ _d_ = e_t E.
dx ~  dt
nén .
y e—:%)ti _ (_C:l_f ke kzckt}c—t (__+ szc(k Dt

y® = ol z z 9"z ) k-nx
L] dt - ] dtn

Thé céc gié tri nay vao (6), chi ¥ gia thiét da cho, ta di dén phuong
trinh (7) sau khi d& don gidn cho thira s e™.

Vi theo phdn 3, phuong trinh (7) c6 thé ha xuéng mot cdp nén
phuong trinh (6) qua phép the ¢ trén ¢6 thé ha xuéng cdp n — 1.

Vi du 6. Xét phuong trinh

x*y" + (xy - y) = 0. ‘ ®)

Ta ching minh ring day 1a phuong trinh thudn nhat suy rong. That

vay, coi X, ¥, ¥, y" 1 céc dai lugng béc 1, k, k — 1, k — 2 va d6ng nhat

-bac clia cc s6 hang ta cé

4+k—-2=3k
B&ivay k= 1.

Ap dung phép thé
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Khi d6

Y=u%® “at®
w_dy' o (d%2 dz)
R {dt2 +dt]

Thé vao (8) ta duge o
3
dzz dz 3t t dz t _
(Iz— + ETJ e + [C Ft- +z i/ = 0

d%z dz dz 3 '
S+t —=| =0. 9
dt2+dt+[dt] ° ©

bay 1a phwong trinh khﬁng chita bi€n s& doc 14p.

hay

d . '
D@‘a‘% = U va ¢o1 u = u(z) ta dugc

du :
u—+u+u3=0

dz
hay
O +u?=0@=0).
dz _
Tich phan tdng qudt cha phuong trinh cuéi 12
u=tg(C, - z).
Boi vay
dz
3 = 8C -2,

Inlsin (z - C)l + t=1n IC,.

Trd lai bién cii x, y ta cé

In

sin [i— - CIJ +Inx =InIC)L

Do d6
B\
y= X[A + arcsin;) (A=C|,B=1C,).
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6. Phuong trinh v&i v& trai 1a dao ham dang

Néu v€ trai cha phuong trinh _
F&X, ¥,7, ny™ =0 (10)

14 dao ham diing ciia ham ®(X, ¥, ', .. Y ) nao d6 thi phuong trinh
trén dugc goi 1a phuong trinh véi v€ trdi 1a dao ham ding. Vi theo
gia thiét

d

-&Q(x, Y| y" nany y{n-l)) = F(x, Y; y‘s 1nny Y(n)) = 0 .

nén _
CI)(X, Y, Y', ey y(n_l)) = Cl (11)

[3 tich phan ddu cha phuong trinh (10). C6 thé xay ra 1a (11) ciing 12
phuong trinh v6i v€ tréi 13 dao ham ding. Trong trudng hop nay ta lai c6
thé tim duge tich phan thi hai cha phuong trinh (10).

Vi du 7. Xét phuong trinh

Y2 _g
1 2 =M.
Y l+y
DE kiém chiing ring
y—, S ) 5 = (Inly! - In(1 + yz)]'
Yy 1+y

nén phuong trinh dang xét 1a phuong trinh véi v€ trdi 14 dao ham duing.
N6 ¢6 tich phan ddu '

inlyl - In(1 + y) = In IC}!
hay

y=Al+y) (A=%C).
Tich phén Iphuong trinh cudi ta dugc
arctgy = Ax + B.
Day 1 tich phan tng quét cia phuong trinh dang xét.
Tich phéan céc phuoﬁg trinh sau day : .I
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739. x — siny" + 2y" = 0.
740. xy"' = sinx.

7Tdl.x=¢ ¥ +y".

y
742, x = .
;1 + yn2

743.y* - 1=0.

744. xzy" =y?, |

745, 2xy'y" = y? - 1,

746. y’y" - 1 =0,

747, y" = 2yy',

748. yy" + 1 = y?.

749, y*(e" +1)+y=0.
750.y" - y2 =0, _\
751y = 2(y" - 1)cotg x.

752. (1 + x2)y" +y2 + 1= 0,

753. xy" = y'lnl .

X
754. xy" ~ y" =0,
755. y' (1 + y'z) = ay".
756. xlnx.y" - y' = 0.
757. 2yy" =y + Y'_z.

758. "2 + y' = xy".

759. v + xy" = 2y".
760, y" +y' =2¢e7,

n

761. xy"' =y" - xy".
762. y"' = ¢’
763.2y'(y" +2) = xy"z.
764. y" — xy" + yP =0
765. y{4) - ysy" =1.

766. y"(2y' +x) = 1.

767. (1 - xz)y" +xy' =2.
768. yy" =y

769. yy"* - 1 =0,

770. 1 + y2 = 2yy".

771, 2yy" + y'2 +y"=0.
772.y%= 3y - 2y)y".
773.y"2 = 2y'y" 4 1 = 0,

774. xy" = y' + x sin-f;.

715, yy" +y=vy2.

776. ' +2y)y" = y'z.
T17.xy" =y + x(y'2 +x%).
778. xy® + y" = e,

Béng phuong phip ha cép, gidi cac phuong trinh thudn nhat va thudn

nhit suy rong sau day :

779. xyy" —- xy‘2 =yy'.

780. (x* + 1)(y? - yy") = xyy".
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781. yy" =y + 15y%x. 783, x’yy" = (y — xy')’.

. ' |2
" 2 —_ 1 " l L = _Y_
782. xyy" + Xy = 2yy". 784. y +X+x2 y
2 bxy'?
785, xyy" —xy"“ —yy - ={.
a2 — %2
786. xz(yy" - y'z) +Xyy' = y"xzy.z + yz. .
787. y(xy" +y) = xy'2(1 - X). 791 xyy" =y (y +¥)-
788. x’yy" = y(y + ). 792. X°y" = (y - xy)(y = xy' = ).
2 .
789. x*(y* - 2yy") = y°. 793. & +y?=3xy" + 2—}}
_ X
4
790. 4x’y’y" = x* - y¥. 794y = [2xy ",5;] y+dy? -2
X

795. x2(2yy" — y2) = 1 — 2xyy. 798. yy' + xyy" - xy” = X

796. xX(yy" — y2) + xyy = 799. x%yy" = (y - xy)".
= (2xy| — 3y)Jx_3 . - 800.‘ yy|! — y|2 = yy .
Ji+ x?

797 5% - 25y = 4xdyy + 1. SOL xyy" +yy —xy>=0.

802. x4y“ - x3y'3 + 2x2yy'2 - (3xy2 + 2}{3) y + 2x2y + y3 =0.
803. x%y" — 3xy' + 4y + x> = 0.

Bing cdch dua vé phuong trinh véi v€ trdi 12 dao ham ding, gii cic
phuong trinh sau :

804. y" =2yy'. 809. y'y"' = 2y"2.

805. y" - y'2y = 0. 810. yy" = y'(y' + 1).
806. yy" =" 811. 5y"2 - 3y"y® = 0.
807. yy" - y'y" =0. 3
808. yy™ + 3y'y" =0. 812.y"= (1 +y*).
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813, (1 + y Yy - 3y'y"2 = 0, 816. yy" +y* = 1.
817. y" =xy' +y + 1.
| 818. xy" =2yy' -y

815. y" + cosx.y' — sinx.y = 0 819. xy" — y' = x’yy'.
Tim nghiém cila cdc bai todn Cd-si sau :

820.y"=¢™;y=0,y=0,y" =0khix =0.

X
821. y" = 5x- s y(1)=0,y(1)=0,y"(1)=0.

3
822.y"=(1+yH% ;y=1,y=0khix =0,

823.y"’ =y ;y=0,y'=1khix=0;y=0,y =0Kkhix =0.
824.4y' +y”? =4xy";y=0,y'=—1khix=0;y =0,y = 0 khi x = 0.
825. yy" = 2xy2; y(2) = 2, y'(2) = 0,5.

826.2y" - 3y? = 0; y(0) = -3, Y(©0) =1,y"0)=-~1,

. 2 -
827. x%y" — 3xy' = 6—);- —4y;y()=1Ly()=4
X

828. y™ =3yy'; y(0) = -2, y'(0) =0, y"(0) = 4,5.

829. y" cosy + y'2 siny=y'; y(-1) = %, y'(~1)=2.
830.3y'y" =¢" ; y(-3) =0, y'(-3) = 1.

831 2yy"-3y?=4y’;y=1,y =0khix = 0.
832.2xy"+y" =05y=y,y =y, y" = Yo khi x =0.

833. Tim dudng cong tich phan cia phuong trinh
yy" + yI2 = 1,
di qua diém (0 ; 1) va ti€p xic v6i dudng thing x + y = 1 tai diém d6. C6
bac nhiéu dudng cong nhir vay ?
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834. Tim duong cong tich phan cua phucmg trinh

t . n

yy y'=y y y
ti€p xic v6i dudng thdng x = y tai gdc toa d@. C6 bao nhiéu dudng cong
nhu vay ?

835. Tim dudng cong sao cho bin kinh 46 cong clia né ti 1& véi do
dai doan thing phdp tuyén (tic 12 d6 dai doan thing ndm trén phédp

tuyén, ké tix ti€p diém dén tryc hoanh). Xét cdc trudng hop khi h¢ s6 ti 1¢
bing 1, + 2.

836. Tim duong cong sao cho ban kinh d9 cong cha nd ti 18 v6i lap
phuong do dai doan thing phép tuyén.

837. Tim dudng cong sao cho bdn kinh d6 cong ti 18 nghich vdi cosin
cla géc giflta ti€p tuyén va truc hoanh.

838. Tim tich phan ‘d4u cha phuong trinh
" = 2x)y - 2y’ = x))y' =0
va nghiém thod man diéu kién ban ddu
| y=%,y'=1khix=l.
839. Tim tich phén th¥ hai ciia phuong trinh
y|l| = y}'r" + y|2
va nghi¢m thod méan diéu kién ban ddu
'Y=0.Y'=—;_,Y"=.0khix=0.
840*. Ching minh ring phuong trinh chuyén dong con l4c
¢ + sing =0
c6 nghiém riéng (po(t) dén t6i 7 khi t — oo,

§3. Phuong trinh tuyé&n finh c&p n v6l hé s8 hng s8
1. Phuong trinh tuyén tinh thudn nh&t. Phuong trinh tuyén
tinh thudn nhat c&p n v6i h¢ s6 hing s6 c6 dang
Y +ay" P+ 4ay=0, (1)

trong d6 a, (i = 1, ..., n) I céc hing s6 thuc. D€ xay dung nghiém t6ng quat
cla phuong trinh (1) ta xét phuong trinh dic’ trung.tiong ing v6i (1) sau

A"+ a A" e L +a, =0 I )
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‘Nghiém cia phuong trinh (2) goi 12 nghiém dac trung cua (1). -Cdu
tric hé nghiém co ban céa (1) phu thugc vdo dang cia cdc nghiém
phuong trinh dic trung. C6 nhiing kha ning sau yayra: '

1. Moi nghiém clia phuong trinh dic trimg (2) thuc va khéc nhau, Gii
sit cdc nghiém d6 12 Ay , Ay, .., A, Khi 46 ¥ e*2%,  e*nX 1y pe
nghi¢m co ban clia (1) va do d6 (1) ¢6 nghiém téng quat 1a

y(x) = CieM* + Cpel?* + .+ C e,

2. Moi nghiém cta phuong trinh dic trung (2) khdc nhau nhung
trong s6 chiing ¢6 nghiém phifc. Gia si, ching han A, = a + ib 13 mot trong
nhitng nghiém phitc ciia (2). Khi d6 A, = a —ib ciing 12 nghiém cha
phuong trinh nay. Cap nghiém phic lién hop nay s& Ung vdi hai nghiém
thuc doc lap tuyén tinh 1a '

y1 = e"*cosbx, y, = e*sinbx.

Lam nhy vay véi moi ciip nghiém phuc lién hop khéc va &t hop véi
s6 nghiém thyc cdn lai ta s& duge h¢ nghiém co ban ciia (1). T3 hgp tuyén
tinh cla chiing s& cho ta nghiém téag quat clia phuong trinh ban d4u.

3. Trong s6 nghiém cla phuong trinh diic trung c6é nhiing nghiém
boi. Chang han, gia st Ay 13 nghigm thyc boi k. Khi dé ing véi Atacé k
nghiém riéng déc 14p tuyén tinh 13

eMx, xeMX | xk-leh

Néu A; = a + ib 12 nghiém phuc boi k cha phuong trinh dac trung (2)
thi A, = a — ib cling 12 nghiém boi k cia phuong trinh d6. Cip nghiémn
- nay s& ing vdi 2k nghiém riéng doc 1ap tuyén tinh clia (1) 1a
K162 osbx,

X 1eBginbx.

e™cosbx, xe™cosbx, ..., x
e”sinbx, xe™sinbx, ...,
Lam wong ty v6i moj nghiém boi khic va két hgp véi nhimg nghiem
clia (1) Gng véi nhiing nghiém dac trung don cGa (2) ta s€ x4y dung duoc
h¢ nghi¢m co ban clia phuong trinh (1) va do d6 nghiem téng qudt cha (1).
Vidy I. Xét phuong trinh _
y|l| — Syll + 6yl - 0..
Phuong trinh dic trung
A 522461 =0
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c6 cac nghiém thuc khic nhau 12 &, = 0, A, = 2, A5 = 3. Béi vay phuong
trinh dang xét c6 nghiém téng quat

y=C, + Ce™ + Cie™™.
Vidy 2. Xét phuong trinh
y*'+3y" +9y' - 13y =0.
Phuong trinh dic trung '
A +32+9A-13=0
¢6 nghiém A; = 1, A, = =2 + 3i, Ay = =2 — 3i. Do d6 phuong trinh dang
xét ¢6 hé¢ nghiém co ban -
y, =€, y, =€ 2"cos3x, y3 = € “sin3x
va nghiém téng quat |
| y = Cje* + Cye cos3x + Cze ~“sin3x.
Vi du 3. Giai phuong trinh
- " — 5y" + 8y’ — 4y = 0.
Dé thdy ring phuong trinh dic trung tuong dng c6 mot nghi¢m don

A, = 1 va nghiém kép A, = A; = 2. Do d6 nghiém téng quét cla phuong
trinh trén la '

y= Clex + Czczx + C3X82x.
Vi du 4. Xét phuong trinh ‘
v+ 4y" + 8y" + 8y + 4y = 0.
O day, phuong trinh dac trung
A +ard e 8at+8a+4=0
c6 cdp nghiém phiic lién hop boi 2 1a
kl=12=—1+i,l3=l4=—1'—i.
Boi vay
y; = ¢ *cosX, Y = X¢ “COSX, y3 = € 'Sin X, y4 = Xe ' SiX
12 h2 nghiém co ban cha phuong trinh dang xét va
y = C e *cosx + Cyxe “cosx + Cye "sinx + C4xe” sinx

13 nghiém téng quét cia né.
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2. Phuong trinh tuyé&n tinh khdéng thuin nhit. Phuong trinh
tuyén tinh khong thuén nhat v6i hé s8 hing s6 ¢6 dang

y™ +a,y® D 4 o+ agy = f(x), -3

Dé tim nghiém téng qudt cha phuong trinh (3) ta tim nghiém téng
quét cia phuong trinh tuyén tinh thudn nhét tvong Ung va cong v6i mot
nghiém riéng nio d4y clha phuong trinh tuyén tinh khéng thudn nhat. O
phdn 1 ta da bi€t cdch tim nghi¢m téng quét chia phuong trinh tuyén tinh
thudin nhét véi h¢ s6 hing s6. P€ tim nghiém riéng cla phuong trinh
tuy€n tinh khong thudn nhét ta ¢6 thé d4p dung -phuong phép bi€n thién
hang s sau day.

Gia st y;, y3, ...y ¥, 12 mot he nghiém co ban nao ddy cla phuong
trinh tuyén tinh thudn nhat tuong ing. Khi d6

y*() = 0 (%) ¥1(x) + () ¥2(x) +... + 0(X) ¥,(x)
's& cho ta nghiém riéng ctia phuong trinh khong thudn nhét (3), & day
01 (X), 0(X), ..., 0 (x) duge xdc dinh tir hé phuong trinh dai s6
oy (X)y + 05 (X)y, + ... + €} (X)y, = O,

0 (X)) + Oy (X)y} + ... + Ay (X)y, = O,

....................

ka'l(x)y L ocg(x)y(“ Dy +a (x)y(n D= = f(x).

Trong mot s6 trudng hop ta ¢6 thé tim nghiém riéng clia phuong trinh
tuy€n tinh khong thudn nhat (3) mét cich don gidn hon. Ta 14n lugt xét
¢dc trudmg hop dé.

a) f(x) = P,,(x), & day P_(x) 1a da thitc bac m ctia x (m > 0). Khi dé
né€u 0 khong phai 1a nghiéi cta phuong trinh dac trung

A+ad™ e +a _A+a,=0 (4)
thi phuong trinh (3) ¢6 nghiém riéng dang
‘ y*(x) = Qp (x)
trong dé Qn(x) 1a da thic bac m véi cic hé s8 chua xdc dinh. Mudn xac

dinh cdc h¢ s6 clia Q,(x) ta thay né vio phuong trmh (3) réi dong nhat
cac hé s6 theo liy thira clia x.
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Néu 0 12 nghiém cla phuong trinh dic trung boi k thi phuong trinh
(3) ¢6 nghiém ri¢ng dang '

y*(x)=x Qm(X)
b) f(x) = came(x) Néu o khong phai la nghiém clia phuong trinh
dic trung (4) thi (3) ¢6 nghiém riéng dang
y*(x) = € *Qpu(x).

Né&u o 12 nghiém cla phuong trinh dic trung boi k thi (3) ¢6 nghiém
rieng dang

y*x)= x5e%* Q).

¢) f(x) = ™[ P, (x)cosPx + P, (x)sinpx]. & day Py, (), P, (x) 12

céc da thitc bac m,, m, tuong tng cta x. Gii sit m = max{m,, m;}. Khi
dé néu o + ip khong phii 1a nghiém cha phuong trinh dic trung (4) thi
(3) ¢6 nghiém riéng dang

y*(x) = e~ [Q,(x)cosPx + R, (x)sinBx].
O day Q(x), Rp(x) 1a cdc da thifc bac m cha x v6i céc hé s6 cdn
xac dinh.

Néu o + if 12 nghiém clia phuong trinh dac tru’ng boi k thi (3) cd
nghiém riéng dang

y*(x) = x¥e® [Qm(x)cosBx + Rm(x)sme]

Trong t&t ca cic trudng hop trén, dé x4c dinh céc h¢ s6 clia céc da
thic phai tim ta th€ ching vao phuong trinh (3) réi d8ng nhdt cic hé so
clia cdc s6 hang tuong Ung.

d) f(x) = f;(x) + f(x} + ... + f; (x) trong dé fix)i=1,..,j) cé mdt
trong cdc dang di xét & trén. Gid s y(x), y2(X), ..., ¥j(X) 12 cdc nghiém
riéng tng vdi f;(x), f(x), ..., f; (x). Khi d6 (3) c6 nghiém riéng

Y*(X) = ¥1(X) + Yo (%) + .. + ¥5(X)-
" Vidy 5. Tim nghiém tdng quét ciia phuong trinh
y"fy'=ex+e2x+x.

Phuong trinh thudn nh4t twong tng c6 dang

y“ __yr =0’
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0 day da thic dic trung c6 nghiém A, = 0, Ay =1. Do d6 nghiém téng
quat ctia phuong trinh thuén nhat'la

Y= Cl + ch.
Ta tim nghiénﬁ riéng cua phuong trinh khéng thudn nhét dudi dang
Y0 = Y10 + ¥, (x) + y5(0),

trong d6 y; (x), y; (x), y;(x) 12 nghiém riéng tuong ing ctia cdc phuong trinh

Y - yl =X,
y' -y =€, (5)
yn _ yi - 2x

Vi A, =0 1a nghiém ctia phuong trinh dic trung nén
y1(x) = x(AX + B),
Thé vao phuong trinh tht n.lllﬁt ctia (5) va udc luogc ta duge

~2Ax-B+2A=x.
Tir day suy ra "
-2A=1

2A-B=0

Do d6 =—%,B=—1vé y:(x)=—x[%x+l).

Do 1 12 nghi¢m ciia phuong trinh dic trung nén
y_;(x) = Axe®,
Thé vao phuong trinh thit hai ciia (5) va uée luoc ta dugc
I- Ae* =¢*.
Tir day suy ra A = 1 va y,(x) = xe™.
lé'hlro'ng trinh thit ba cha {5) ¢6 nghiém riéng d.ang
y3(x) = Ae*.
"Th€ vao phuong trinh va wéc lirge ta tim duge A = % vado dé
y3(x) = %ez".
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Cho nén nghiém riéng phai tim cla phuong trinh ban ddu 1a

y*(x) = —x(%x + 1]-&- xe* +%ez"

va nghiém téng quét cta né la

y(x)=C, +Ce* + %ez" +xe’ - -;-xz - X.

Vi du 6. Tich phan phuong trinh

y" + y = sinx + cos2x.
Truéc hét ta tim nghiém téng quét cha phuong trinh thudn nhat

‘ z'+z2=0,
Dé thdy ring phuong trinh dic trung ¢6 nghiém Ay =i, A, = —i.
B&i vay
z(x) = C,cosx + C, sinx.
Vi i 1A nghiém clia phrong trinh dic trung nén phuong trinh
y" +y = sinx
cd nghiém riéng dang
yf(x) = x{Asinx + Bcosx).

Thé vao phuong trinh trén va sau khi uéc lugc ta cé

2Acosx — 2Bsinx = sinx.

Boi vay
2A=0,-2B=1
hay
A=0,B= -~
- 2
5 » 1
va y {x) = 5 X COSX

Phuong trinh
y" +y=cos2x
cd nghiém riéng dang

y5(x) = Acos2x + Bsin2x.
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Thé vao phuong trinh va wéc luge ta tim duge

1
A——'g,B—O.

Nhur vay y; x)=- % COSs2X.

Két hop véi y;(x) ta di dén két luan 13 phuong trinh ban ddu c6
nghiém riéng

1 1
* N -
y*(x) > XcosX 3 cos 2x

va nghiém t6ng quat

y(x) = C,cosx + C,sinx — % XCOSX — % COs2X.

Vidu 7. Xét phwong trinh

X

e
yn - — . (6)
: ¢ et +1
Dé thay ring phwong trinh thuén nh4t twong ing

_ 2'—-z2=0
c6 nghiém téng quat -
Z(x)=Cie* + Ce ™.

X

Vi & day ham f(x) = khong cé dang dic biét nén dé€ tim

e* +1

nghi¢m riéng clia phuong trinh dang xét ta 4p di_mg phuong phip bién
thién hing s6.
bt

X

Y*(x) = oy(x)e" + ap(x)e %,

trong dd o (x), 0,(x) duge xdc dinh tir he

oy (x)e* + oy (x)e™ =0,

SR ' (7
o (x)e* —ay(x)e™ = .
e* +1
Giai he phuong trinh dai s6 ndy ta tim dugc
1 ch
ai(X)=—x"—, a'z(X)="—'"x_‘-".
2™ + 1) 2(e” +1)
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Do dé
x_1

In(e*: + 1),

L 1 x
0,(X) = 26 +2h1(e +1).

(Ta chi cdn tim mot nghiém riéng nén céc hing s6 sau khi tich phéan
dat bing 0). Nhu vay nghiém

y*(x) = —% [x - In(1 + €91 " + 1 - [In(e" + e
va do d6 nghiém tdng qu:;‘lt ctia phuong trinh (6) c6 dang
y(x) = Ce" + Cze_'x + -?1: I[x - In(e* + 1)]e* + [In(e* + D]e™™ — 1}.
Tich phan céf; phuong trinh tryén tinh thuin nhat sau day :

841.y" -2y =0. 859. ¥ - 10y" + 9y' =0.
842.2y" - 5y' + 2y = 0. 860, y'¥ - 5y" + 4y =0.
843. y" + 4)?" + 3}’ =0. 861. y(4) + 4y =0.
844.y" —4y' + 5y =0. 362. y(s) _ 6y(4) +9y" = 0.
845.y" +2y' + 10y =0. @ .

863. v +2y'+y=0.

846. y" + 4y =0.

847. y" — 8y = 0. 864. y+ 8y™ + 16y’ = 0.

845. y" — 6y +8y=0. 865. y¥ + 4y" + 3y =0.

849, y" + 3y’ + 2y =0, 866. y'¥ + 10y" + 9y =0.

850.y" -y —~2y=0. 867.y'" +y=0.

851 y"' - 13y' - 12y =0. 868. v -y =0.

852.y"—2y" -y +2y=0.  869. y(ﬁ) +y=0.

853,y - 5y" + 4y =0. 870. y" - 7y" + 16y’ — 12y =0.

854, y" + 8y =0. 871 y® + 29" — 8y + 5y =0.

855, y" - 2y" + 9y~ 18y =0. 872.y® —2y"+2y" -2y +y=0.
- 856.y" -y=0. 873,y — 4y + 8y" ~ 16y’ + 16y =0.
- 857.y"W-y=0. 874,y 4 2ym 4 3y 42y +y=0.

858. y© + 64y = 0. 875. vy +y® £ 2y £2y" +y +y=0.
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Giai cdc phuong trinh tuyén tinh khOng thudn nhit sau diy béng
phuong phip hé s§ bit dinh :

876.y" —y=x’—x+1. 895. y" - 3y' + 2y = sinx.
877.y" —4y' =-12x> + 6x —4. 896.y" -4y +8y= ” + sin2x.
878.y"+y =3. | 897. y" - 9y = e *cosx.

879. y" + 5y' + 6y = 3. 898. y" + y = xsinx.

880, y" -2y +y = - 46", 899, y" — 5y' = 3x% + sin5x.

881.y" —y = 4e* ‘ 900. y" — y = 2sinx — 4cosX.

901. y" + y=¢" + cosx.

882.y" -2y -3y =—4c* +3,
. 902.y" +y = 6sin2x.
883.y" -3y’ =e™ -
y" -3y =e” ~ 18x 903.y" -y’ +y =-13sin2x.

2
884.y" —3y' + 2y = 3c™ + 2x°. 904. y" + y = cosx + cos2x.

885.y" -2y —3y=e*. 905 y"-4y=
886. y" — y = 2¢* — x*, = €"[(~4x + 4)cosx — (2x + 6)sinx].
887.y" +y = 4xe”. 906.y" -2y + 2y =

888.y" +y - 2y = axe® =¢e" (2cosx — 4xsinx).
. 907. y" + y = 2sinx + 4xC0sX.

889, v" — 5y' + 4y = 4x2e>"
Yooy rAy=axe 908. y"' - y" + 4y’ — 4y =

] 1 —4
890.y"+3y -dy=e " + ’_‘e_x- = 3¢** — 4sin2x.

891. " + 6y + 12y' + sy = 909. y(4) — y = 4Sillx - Se_x + 1.

=3¢ %, 910. y + 2y" + y = cosx.
892,y —y = 4¢*, 911.y" ~ y = cos’x
893, y" —y"=-3x+1. 92y +4y= cos?x.
894.y" -3y’ + 2y =xcosx. - 93 y". + ¥ = sinxcos3x.

Bing phuong phdp bi€n thién hing s6, hdy gidi cic phwong trinh
khong thuan nhat sau:
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2—X X
g,

. _
Md.y"—y=—. 920.y" -y =

X X3
X2 +2x +2 921. y" + y = tgx.

915. y" - 2y" +y = 3
X 922.y" +3y' +2y = .
} . X ' e* +1
916. y" -2y’ +y = —. 923.y" + 4y = 2igx.
sin X
1 924. y" +y' = )
9 .. 11} = — 2
17.y" +y Sin x cos“X
| 925, y" —y = 4x + ——.
918. v + 2y +y=3¢ *vx+1. xVx
1
, 926. y' +y=—————— .
919.y" + 4y = Y sin 2xsin 2%

cos2X

Tim nghiém cia cédc bai toan sau :

927.y" -2y +y=0;y=1,y=2khix=2.
928.y" -y =0;y=3,y=-1,y"=1khix=0.
929.y" —y=0;y=2,y =0khix =0. |
930.y" +2y=0,;y=0,y =0khix=3.

_931.y"+y=0;y=0khix=0,y=lkhix-—-

a3

932.y"+y=0;y=0khix=0,y=0khix =7

933.y¥ _y=0;y=1,y'=1,y"=1,y" = 1 khi x = 0.

934.y¥ + 6yP-3y=0;y=0,y =0,y =0,y" =0,y =0khix=1.
935.y"+y=4e";y=1,y =-3khix=0.

936.y" -2y =2e";y=-1,y =0khix=1.

937.y" +2y' +2y=xe ";y=y =0khix=0.

938.y" -3y —2y=9e*;y=0,y =-3,y"=3khix=0.

939. y' + 4y =sin2x ; y=y' =0khix =0. |
940.y" + 4y +dy=3e **;y=y =0khix = 2.

941. y(4) +y"=2cosx;y=-2,y'=1y"=y"=0khix=0.
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942. Chimg minh ring nghiém cia phuong trinh
5 _
2-2}-{- +k%x = f(t), {k = const)
dt .
vo6i diéu kién ban ddu x(0) =x'(0) =0, 1a
x=1 _Ef(u)sin K(t — u)du .

943. Véi gid tri ndo cta hing s6 h, t4t cd moi nghiém khong tdm
thudng cia phuong trinh :

2
4x +2h— dx =0
| di? d
s& bi€u dién nhilng qua trinh dao dong tit ddn ?
944. V&i gid tri ndo cila hing s6 q phuong trinh
y'+qy=0
c6é nghi¢m khong tdm thudng din 16i 0 khi X — o ?
945. Véi nhitng gia tri nao cua cdc hdng s6 p, q phuong trinh
| y'+py +qy=0
¢0 moi nghiém din t3i O khi x — o« ? _
946. Vi nhitng gié tri ndo cla cdc hing s6 p, q phuong trinh
y'+py +qy=0
¢S moi nghiém giéi ndi trén (0 ; o) 7 ‘

947. V6i nhing gid tri ndo clia a, b, m&i nghiém khong tim thudng
cua phuong trinh y" + ay' + by = 0'bét ddn tir mot gid tri x_ nao d6 sé la
ham don diéu tang vé gid tri tuyét d6i ?

948. Véi nhimg gid trj a, b ndo mdi nghiém cha phuong trinh

y'+ay' +by=0 |
c6 v6 s6 khong diém ?

949. Tim nhiing gid tri a, b dé cho moi nghiém ctia phuong trinh

| y'+ay +by=0

thoa man hé thic y =0 (e ) khi x — oo,
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950. V&i b > 0 cho trudc hdy chon a sao cho nghi¢ém ciia phuong trinh
y" + ay' + by = 0 v6i diéu kién ban ddu y(0) = 1, y(0) = 0 c6 thé tién
nhanh nhat dén 0 khi x — oo,
951. Tim mQi gid tri p, q dé cho moi nghiém cta phuong trinh
y'+py +qy=0
12 nhitng ham tudn hoan cla x.
© 952. V6i nhiing gid tri k va o nao phuong trinh
y' + kzy = sinmt
¢6 it nhdt mot nghiém tudn hoan ?
953*, Cho phuong trinh
y" + ay' + by = {(1),
trong d6 If(t)l € m < o véi moi t € (—oo ; <o). Bi€t ring nghiém cia
phuong trinh dic tung A, < A < 0. Tim nghiém gi6i ndi trén toan tryc sd.
Chiing minh ring : a) T4t c& cic nghiém cdn lai d4n t6i nghiém trén khi
{ — oo,
b) Néu f(t) tudn hoan thi nghiém giéi ngi dy ciing tuan hoan.

954, Mot mach dién gébm ngudn dién véi dién dp V, dién trd R, cudn
ty cam L va cong tic. Cong tic dugc déng tai thoi diém t = 0. Tim sy phu
thudc vao thdi gian t ciia cudng d6 dong dién (t > 0).

‘955, Giai bai todn trén néu thay cuén ty cam bing tu dién véi dién
dung C, biét rang trudc khi déng mach tu di¢n chua tich dién.

956. Mot mach dién dugc méac néi ti€p bdi bién trd R, tu dién C v6i
dién tich q tai thai diém t = 0. Mach dugc déng tai thdi diém t = 0. Tim
cudng d6 dong dién khit > 0. _

957. Ngudi ta mic ndi tiép mbt ngudn dién véi dien 4p thay déi theo
quy luat E = Vsinot, dién trd R va cuén ty cam L. Hay tim cudng do
dong dién.

958*, Cho phwong trinh tuyén tinh khong thudn nhat
y® + a,y" D+ L+ ayy = f(1),
trong d6 a; 1a cdc sd thue, f(t) 12 ham thyc cha t (t > 0). Biét ring phin
thuc cha céc nghiém cia phuong trinh dic trung 14 Aam. Ching minh ring
nghiém y = y(t) clia phuong trinh trén v6i di€u kién ban ddu

$0)=0,y(©) =0,..,y" Y0 =0,
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thoa min danh gia

ly@)l < j =D 269 |gry) dr, (1 > 0),

1)‘

5 day A 12 s& 16n nhat trong cdc phan thuc cla cdc nghiém déc trung.

. §4. Phuong trinh tuyén finh v&i hé sO bién thién

Phuong trinh tuyén tinh c4p n véi hé s6 bi€n thién c6 dang

(n—1)

y® & py Ry + .+ py)y = 0. 0

Phuong trinh

| v 4, Y P+ L+ p )y =0 (2)
la phuong trinh tuyén tinh thudn nht tuong ing véi (1).

Gia stt cic ham p;{(x), i=1,2,...n f(x) lien tyc trén khoang (a ; b).

Khi d6 vdi bat ki x, € (a ; b) phwong trinh (1) — (2) ¢6 nghiém duy nhat
y(x) thod min diéu kién

YD = Yo YD = s Y Vx) = 98,

trong d6 y,, Yo, - ,y(“ D 1a céc s6 thuc bat ki cho trude. Nghiém y(x)
cha bai todn trén x4c dinh trén toan khodng (a ; b).

NEu y(x), ¥5(X), -, ¥o(x) 12 n nghi¢m doc 1ap tuyén tinh ciia phuong
trinh (2) thi biéu thiic - -

y(x) = Ciy (x) + Gy (x) + ... + C vy, (X)

cho ta nghiém téng quét cta phuong trinh (2). Ngoai ra néu y*(x) la mét
nghiém riéng nao dé clia phuong trinh (1) thi biéu thuc

y = Cy (%) + Coys(x) + ... + Cy,(x) + y*(x)
s& 12 nghiém téng quét chia phuong trinh dé6.

bé tap' hop n nghiém cla (2) : y(X), ¥2(X), ..., ¥4(X) 12 mot hé
nghiém co ban thi cin va da 1a dinh thic Vronxki
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yilx)  y,(x) .y, ()
W(x): V10 yx) .. Yo (X)

.........................

ygn-l)(x) y(znwl)(x) ygn-l)(x)

khong triét tiéu it nh4t tai mot diém clia khoang (a ; b) (va do dé khong
triét ti€u trén toan khoang (a ; b)).

Néu bi€t n nghiém rieng doc 14p tuyén tinh ¥ (x), };z(x), e ¥g(X) clia
(2) thi ta ¢6 thé tim nghiém rieng y*(x) ctia phuong trinh khéng thuin
nhat (1) ti biéu thitc
Y*(x) = oy (X)y, (X) + 0(X)y2(X) + ... + 0 (X)yp(x),
trong dé o (x), o,(x), ..., d“(x) dugc xdc dinh tir hé phuong trinh dai s6

[ai (X)y; + 0 (X)y, + ... + i (X)y, = 0,
104 ()Y} + 0y (X)yy + ... + &) (X)y, = 0,

-----------------------------------

Lo Y™ + @0y + L+ oy P = £(x).

Néu biét mot nghiém khong tdm thudmg y,(x) céia phuong trinh tuyén
tinh thuén nhdt cdp n thi bAng phép thé y = y,z véi ham s6 méi phai tim z
ta c6 thé dua phuong trinh ndy vé phuong trinh tuyén tinh thudn nhat c4p
n - 1. Trong trudng hop rieng né€u n = 2 thi viéc gidi phuong trinh tuyén
tinh thudn nhat cdp 2 s& hoan toan thuc hién duge néu biét mot nghiém
riéng y 1 khdc 0 ciia né. Tuy nhién trong trudng hop nay dé€ tim nghiém
riéng y, doc lap tuyén tinh véi y,, thuan loi hon ca 12 ép dung cong thic .
Oxtrogratxki ~ Liuvin.

Y1 yz
Y2
& day p(x) 1a hé s6 cha y'.

= Cc_I pjdx

- Vidy 1. Biét ring y; = x la nghiém ciia phuong trinh
(% + Dy" — 2xy' + 2y = 0,
hdy tim nghié¢m tdng quat clia phuong trinh d6.
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Ap dung cong thic Oxtrogratxki — Liuvin ta cé
L =2x

- d
M Y2| _ e x%4L b
¥i Y2

hay la
Y12 — ¥2¥) = C(x2+ 1).
Do dd

[1;_] _NYr—yan S+ D
Yi 9t i
Thay gid tri clla y, vao ta dugc

2
Yo _ (24D (1
2 =c| S dx=Clx-1+Cp

“Tit day suy ra ring mot trong nhiing nghiém riéng doc lap tuyén tinh
véiy, la
y,=x2—1. (DatC=1,C, =0).
Bdi vay nghiém tdng quét clia phuong trinh dang xét 1a
y= G x+ %(XZ - 1),

%, ¢, 1a nhimg hing s6 tuy .

Né6i chung hdu hét cic phuong trinh tuyén tinh vdi hé s6 bi€n thién
cdp n > 2 déu khéng gidi duge. Tuy nhién, trong mot sd irudng hop déc
biet bang céc phép bign déi khdc nhau ta c6 thé dua phuong trinh tuyén
tinh v&i he s6 bién thién vé phuong trinh tuyén tinh véi hé s6 hang s6 va
- do d6 c6 thé tim dugc nghiém téng quéit cha né. Mot trong nhitng phép
bién déi d6 1a phép bin ddi bién s§ doc lap

t = (x) (3)
va phép bi&n déi tuyén tinh ham phai tim
¥y = ofX) z. ' (4)

C6 thé chimg minh rdng phép bi€n déi (3) va (4) khong lam mait tinh
tuyén tinh v tinh thuin nhét clia cic phuong trinh (1), (2). Ngoai ra néu
phuong trinh (2) c6 thé dua vé phuong trinh tuyén tinh véi h¢ s6 hing s&
bing phép bi€n d8i bién s& doc 1ap thi chi ¢ thé theo cong thiic

t=C [Up,(x)dx.
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Mot trong cdc phuong trinh tuyé&n tinh thudn nhét c6 thé dia vé phong
trinh tuyé€n tinh v6i h¢ s6 hing s6 1a phuong trinh G-le. N6 ¢6 dang

xny(n) + alxﬂ_ly(ﬂ_l) + .. .+ a, - lxy' +a,y= 0 ' 5)

Néu x > 0 (x < 0} thi phép bién déi
| x=e' (x =-¢')

s€ dua phuong trinh (5) vé€ phuong trinh tuyén tinh véi h¢ s& hing s6.
Phuong trinh

(ax+ b)"y™ + a,(ax + b)" y" V4 4 ay=0
dua dugc vé phwong trinh tuyén tinh véi hé s§ hing s6 bing phép bién déi

ax +b=e¢'.
Vidy 2. Xét phuong trinh
2y“ ~4xy' + 6y =0,

Day 12 phuong trinh O-le ciip 2. Dit x = ¢' ta c6

Y =yiel v =0 —yoe
Thay céc gid tri ndy vao phuong trinh trén vi gian uéc ta duge
2
fuz 5§f+6y = 0.
Nghiém téng quit cha phwong trinh cu6i la
y= Cle2t + C2e3l.
Do dé nghiém tdng qu4t cita phuong trinh dang xét c6 dang
y(x) = Clx2 + sz3.
Vi dy 3. Xét phuong trinh
y'—2xy' + xzy = 0.‘

x2

Dé kiém tra ring phép bién diy=e 2z
s€ dua phuong trinh nay vé phuong trinh
z"+z=0.
Nghié¢m téng quat ciia phwong trinh cudi 1a

z(x) = C;cosx + C,sinx.
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B&i vay nghi¢m t6ng quét ciia phuong trinh ban ddu c6 dang

Kz )

y(x) = e__z-(Clcosx + C;sinx).
Phuong trinh tuyén tinh thudn nh4t cap 2

y' + p(x)y' + q(x)y = 0.

Bing phép bién déi
_[ PR},
y(x)=¢e 15 2
bao gid.ciing dua dugc vé dang don gidn hon
y'+Q(x)y=0,
voi
- p’_p’
Q=-F-T+¢

Nhiéu khi dé dua phuong trinh tuyén tinh véi hé¢ s& bién thién vé

phuong trinh tuyén tinh véi

hé s6 hing s6 ngudi ta cé thé két hop hai

phép bién déi (3), (4) véi nhau.
Giai cdc phuong trinh O-le sau :

959. xzy" —-xy' —-3y=0.

960, x%y" + xy' - %y =0,

961. xzy" -3xy' +4y=0.
962. x’y" + xy' + 4y = 0.
963. Xy" +y =0."

964. x> y'+xy -y=0.

969. (x + 1)y" - 2(x + 1)y' + 2y = 0.
970. x“y" - xy'+ y = 8x°.
971. x%y" - 3xy' + 5y = 3x%.

972. 2x + 1)’y" - 42x + 1)y + 8y =
=-8x—4.

973. x°y" - xy' + y = 6xlnx.
974. x*y" + xy' + 4y = 10x.

965. x°y" =2y 975. x"y" ~ 2y = sinlnx.
966. xy"' + y" = 0. 976. xzy" + Xy' + y = 2sinlnx,
967. x°y" + 5xy' + 13y =0. 977. (x - 2)y" - 3(x ~ 2)y' + 4y = x.

968. x"y" — 3x2y" +6xy'-6y=0. 978. (2x + 3)3y'" +3(2x+3)y' -6y =0.

979. Tim tt ca céc phuong trinh dang

y'+q(x)y=0

ma c6 thé dira vé phuong trinh tuyén tinh thuin nh#t v6i he s6 hing s6

nhd phép thé bién doc lap.
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980, Ciing bai todn trén d6i v6i phuong trinh
y' + p(x)y’ + q(x)y = 0.

Ching minh ring diéu kién tim dugc thod méin d6i véi phwong trinh
O-le. :

Tich phéan cdc phuong trinh sau bing cdch dua ching vé phuong trinh
tuyén tinh véi hé s6 hing s6 nhd nhilng phép bién d6i khac nhau :

981. 2xy" +y — 2y =O0. 983. (1 +x7)y" +2x(1 + XYy +y=0.
982, xy" + % ¥ +y=0.  9B4.y" -y +ePy=0.
- 985. (sinx cosx)y" —y' + (mtgx sinzx)y =0.
W, 2., 2 " : 1 2 :

986-3? +;y-—ay=2, 989.}’ +2Xy' + ""2—+1+X y=0
X

987. xy" + 2y —xy =¢". 990. y" - 2xy' — [“13‘*'1—?(2])?:0-
X

988. x*y" + K%y =0. 991 xy" —y' — 4x’y = 0.

992, (1+ xz)y" +xy' +y=0.

993, Cic ham s6& c6 d6 thi dudi day c6 phu thuoc tuyén tinh trén
doan [a ; b] khéng ? (Hinh 22, 23).

\.
/

-

xy

O b

XIF

a /O b
Hinh 22 Hinh 23
Hiy xét xem cac ham s6 sau day ¢6 phu thudc tuyén tinh hay khéng ?
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994, 1, sinzx, cos2x. 998. sinx, cosx, sin2x.

995, ln(xz), In3x, 7. 999. Xz, x!xI.
996. sinx, sin(x + 2), cos(x ~ 5). 1000. xIxl, 2x + 4x? .
997.x, 0, e*. 1001. x, x>, Ix°).

Xay dung cic phuong trinh tuyén tinh c¢6 h¢ nghiém co ban sau :

' 1 ' sin x  cosx
1002.y1=;,y2=x. 1008. y, = T Ya= =
1003. YI=XY,= xInx. 1006. yi=X ¥, = 1- X2 )

cos X sin x

1004. Yi= T" Yo = —J-;—

1007. Bi&t rang dinh thidc WrOnxkl cla céc ham s6 y;(x), yz(x) o ¥a(X)
béng O tai di€m x, va khéc O tai diém x,. C6 thé néi gi vé su phu thuoc
tuyén tinh hodc doc 14p tuyén tinh cha hé ham trén khong ?

1008 Cic ham s6 y; = x, y, = x>, y3 = Xl 1a nghiém cila phuong
trinh x y - 5xy" + Sy = 0. Ching ¢6 phy thudc tuyén tinh trén khoang
(~1;1)khong ?

1009. Chiing minh ring néu hai nghiém y,(x), y,(x) ctia phucng trinh

y" +px)y' +q(x)y =0
(vGi cdc he s6 p(x), q(x) liéen tuc) cling dat cuc dai tai mot diém thi ching
phu thudc tuyén tinh.

1010. Cho phucmg trinh

y® +p, )y

v6i pi(x) lién tuc. D6 thi ciia hai nghiém b4t ki cda phuong trinh trén
trong mat phing (x, y) c6 thé : a) Cit nhau khéng ? b) Tiép xic véi
nhau khong ? :

+ .. + pp(x)y =0,

1011. Phuong trinh tuyén tinh thudn nhit cap nao trén khoang (-1 ; 1)
¢6 thé c6 bon nghiém riéng
' y1=x2—2x+2,y2=(x—2)2,y3=x2+x—1,y4=l—x?

Tim nghiém téng qudt clia cdc phuong trinh sau diy néu bi€t mot
nghiém riéng cilia ching
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1012, x3(x + 1)y" =2y =0;y, =1+ ;1{-
1013. xy" +2y' -~xy=0,;y, = %.

1014. y" ~ 2(1' + tgz_x)y =0;y, =1gx.

1015. (X + 1)y" - 2y' =€’y =0y, =¢" - 1.
1016. y" — y'tgx + 2y =0 ; y; = sinx.

" 1 2 . 332
1017. y" + 4xy' + (4x" + )y =0y, = e .
1018. xy" - y" = xy' +y=0;y, =X, y; ="
1019. x3(2x - Dy" +(@x-3)xy" - 2xy' +2y =0y, =X
1
Y2=7-

Trong cédc bai tap dudi day, cho bi€t mot nghiém riéng cla phuong
trinh tuyén tinh thudn nhit tuong tng, hdy tim nghi¢ém tdng quét cha

phuong trinh khéng thuan nhat :
2
1020, (x2 - Dy" +4xy' +2y=6x;y,= x_;-)_t_l-i'_l -

1021, 3x> + x)y" + 2y — 6xy =4 — 12x% 5y, = (x + 1) - 2x.
1022. C6 thé néi gi vé& ham p(x) néu biét ring moi nghiém cha
phuong trinh . '
y' +p(x)y +q(x)y=0
déu ddn tdi 0 cing v6i dao ham cédp 1 cia chiing ?
1023. Ching minh ring néu q(x) < 0 thi nghiem'cﬁa phuong trinh
y" +p(x)y +q(x)y =0
khéng thé c6 gia tri cuc dai duong.
1024. Ching minh ring ti s6 clia hai nghi¢ém doc 1ap tuyén tinh bat ki
clia phwong trinh _ '
, y' +p(x)y +q(x)y =0
(v6i he s6 lien tuc) khong thé c6 di€m cyc dai dia phuong.
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1025. Ching minh réing néu q(x) < 0 thi nghiém y(x) clia phutong trinh
y' +qx)y =0
véi diéu kién ban déu y(x,) > 0, ¥'(Xo) > 0, luén luén duong véi moi x > X,
1026. Chitng minh ring nghiém ciia phuong trinh
y" - x’y =0,
v6i di€u kién ban ddu y(0) = 1, y'(0) = 0 12 ham chén va duong khép noi.
1027. Tim khodng céch giiia hai khong diém lién ti€p ciia nghiém
khong tdm thudng cta phuong trinh
y"+my =0, m=const > 0.
€6 bao nhiéu khéng diém & trén doan [a ; b] ?

Hay tim c4n trén va c4n dudi clia khoang céch gida hai khéng diém
lién ti€p clia nghiém khong tdm thudng ciia cdc phuong trinh sau :

1028. y" + 2xy = 0, 20 < x < 45.

1029. y" - 2xy' + (x + 1)’y = 0,4 < x < 19.

1030. y" ~ 2¢*y' + Py = 0,2 < x < 6.

1031. Gia sit x,, x5, ... 1a cdc khong diém lien ti€p cha nghiém cia
phuong trinh

y'+qx)y=0"

phan bd theo thif ty tang din (q(x) > 0), lién tyc va don diéu tang trén
khoang [x, ; «). Chitng minh ring khodng céch gilia hai khong diém lién
tip clia nghiém khéng tdm thudng ciia phuong trinh trén 1a don diéu
giam, nghia la x, ) ~ x, <x, - x, _ I-

1032. Trong bai todn tren ta ki hiéu ¢ 1a gidi han hitu han hoac vo
han ctia q(x) khi x — oo,

Chitng minh ring

lim (x,,, ~ x,) = /e,
([

1033*. Chitng minh ring nghiém b4t ki ctia phuong trinh y" + xy = 0
¢6 it nhdt 1a 15 khong diém trén doan [-25 ; 25].
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1034*, Gia st y va z 1a nghiém cla cic phuong trinh
y" +q(x)y =0,
2"+ Qx)z=0
thod min diéu kién ban ddu y(x,) = z(X,), Y'(X,) = Z'(X, ) ; gid sk trén
khoang (x, ; X;) : Q(X) > q(x) ; y(x) > 0, z(x) > 0. Chiing minh rang trén
khoang dé ti s6 ?&—; don diéu giam.

1035*. Cho phuong trinh

dzy
—=+p(x)y =0,
dx?

trong d6 p(x) 12 ham tudn hoan lién tuc chu ki w. Gia st y,(x) 13 nghiém
cla phucmg trinh trén thod man diéu kién
YI(XD) Yor yl (xo) - yo
Chiing minh ring néu y,(x) 1a nghiém thod mén dicu kié¢n

¥o(X, + M) = y,, ¥p(Xo + M®) = ¥,
_(trong 46 m — nguyén) thi né thod mén ddng nhat thie
' yo(X + m®) = y,(x).
Chimg minh ring néu mot nghiém khéng tdm thudng ndo dé cha

phuong trinh trén c6 it nhat hai khong di€m thi moi nghi¢m s& c6 vo s6
khong diém.

§5. Bdi todn bién
Cho phuong trinh
a, (X) y" + a,(X)y" + a,(x)y = f(x), (1)
X, £ X £X,
tim nghiém cta (1) thod man diéu kig¢n
ay'(xe) + By(x) = 0 ; 2)
Yy'(x)) + 8y(x;) = 0.

Bai toan (1) — (2) dugc goi 13 bai todn bien. Diéu kién (2) 1a diéu
kién bién.
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D¢ tim nghiém cda bai todn bién ta thay didu kién bién (2) vao bidu
thic clia nghi¢m téng quat réi xdc dinh gid tri cu thé cha hang s6 bat ki
(né€u di€u nay c6 thé) trong biéu thic cla nghiém téng quat. Khac véi bai
todn Co-si, bai todn bien khong phai bao giv ciing ¢6 nghiém mic dit céc
hé¢ s6 trong phuong trinh lién tuc.

Trong khi gidi bai todn bién, ngudi ta thudng dua vao ham s6 G(x, s) -
¢6 cdc tinh chat sau : _
G(x, s) xdc dinh trong hinh vuéng x, < x < x;, X, <5 <X, vA v6i s c6
dinh s € (X, ; X;) né thoa min cic diéu kién :
1) La nghiém cha phuong trinh
a(x)y" +a;(x)y’" + a5(x)y = 0, (3)
tai X £8 ;
2) G(x, s) thod man diéu kién bién (2) tai x = Xo VA X = X[}
3) Tai x = s, G(x, s) lién tuc theo x nhung dao ham cla né theo x cé
budc nlidy bang 1/a,(s), nghia Ia
G(s +0,5)=G(s - 0, 5),

G'(s+0,8)=G,(s—-0,s) +

1
() (4)
Ham G(x, s) ¢6 cdc tinh chat trén duge goi 12 hdm Grin clia bai todn
bién (1) — (2). Mu6n xay dung hiam Grin clia bai todn (1) — (2), trudc hét
tim hai nghiém khong tdm thudng y,(x), y,(x) clia phuong trinh (3) thoa
man tuong ng cdc di€u ki¢n bién thit nhat vi thit hai cba (2). Néu y1(x)
khong déng thdi thod man ci hai diéu kién bién thi ham Grin tén tai vi
¢6 thé tim duéi dang _ .
G(x, s) = {a"‘(x) o =X 29)
by,(x) s £x < xl)
Céc ham s6 a, b 14 ham ciia bi€n s va duge xdc dinh sao cho (5) tho
min di€u kién (4), nghia 1a

(5)

1
ag(s) -

Néu ham Grin G(x, s) tén tai thi nghiém cua bai todn bién (1) — (2)
dugc biéu thi bing cong thic

y(x) = [ 'Gx,9)f(s)ds.

by,(s) = ay,(s), by, (s) = ay| (s) +
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Bay gid ta xét bai todn sau :
a (x)y" + a;(X)y' + a(X)y = Ay ; (6)
ay'(x,) + By(x,) = 0, Yy'(x)) + 6y(x;) = 0. N

Gi4 tri A d€ cho bai todn (6) — (7) ¢6 nghiém khong tim thudng y(x)
dugc goi 12 gid tri riéng cha bai todn bién (6) — (7). Ban than nghiém y(x)
dugc goi 1a ham riéng.

Tim nghiém cla cdc bai todn bién sau :

1036.y" +y=0; y(x) =0, y[%) = 1.

1037.y" +y =0 y(x) =0, y(m) = 0.

1038. y"+y=x;y{® =1, y[EJ _T

2] 2
" e +1
1039.y" -y =0;y©@=1,y(1) = —5—

1040. y" +y=1;3(0)=0,y(1) = 1.
1041 y" - y' =0; y(0) =1, y'(1) - y(1) = 2.
1042. y" +y=1;y(0)=0, y(m) = 0.
1043. y" +y=2x —m; y(x) =0, y(m) = 0.
1044. y" — 7' - 2y =0, y'(0) = 2, y(+0) = 0.
1045. y" —y = 1 ; y(0) = 0, y(x) gi6i noi khi x — +oo.
1046. x2y" — 6y = 0 ; y(0) hitu han,y(1) = 2.
1047. x%y" — 2xy’ + 2y =0 ; y(x) = o(x) khi x = 0, y(1) = 3.
1048. x2y" + 5xy' + 3y = 0; y'(1) = 3, y(x) = 2(x > khi x —eo-
1049*, Vi nhimg gid tri nio cla a, bai todn bién
y" +ay = 1, |

y(©@=0,y(1)=0
khong cé nghiém ?
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Hay 1ap ham Grin cho c4c bai toin bién sau :

1050. y" + y = f(x) ; y'(0) = 0, y(n) = 0.

1051. y" -y = f(x) ; y(0) =0, y'(2) + y(2) = 0.

1052, y" + y = f(x) ; y(0) = y(m), y'(0) = y'm).

1053. x’y" + 2xy' = f(x) ; y(1) = 0, y'(3) = 0.

1054. xy" - y' = f(x) ; y(1) =0, y(2) + 2y'(2)=0.

1055. x%y" — 2y = f(x) ; y(1) = 0, y(@) + 2y'(2) = 0.

1056. y" = f(x) ; y(0) = 0, y(x) gi6i ndi khi x —>co.

1057. xy" +y' = f(x) ; y(1) = 0, y(x) gi6i noi khi x ~>c0.

1058. x%y" + 2xy’ — 2y = f(x) ; y(0) gidi néi, y(1) = 0.

1059. y" — y = f(x) ; y(x) gi6t noi khi x — oo,

1060. xy" - y = f(x) ; y(x) gi6i n6i khi x ~ 0 vi X — +oo,

1061. V6i gia tri nao clia a ham Grin cla bi todn bién

y' +ay =f(x);

| y(0)=0,y(1)=0

& ton tai ? '
Hay tim gid trj riéng v& ham riéng clia cdc bai todn sau day :
1062. y" = Ay ; y(0) =0, y(1) = 0.
1063. y” = Ay ; y(0) = 0, y'(l) = 0.
1064. x*y" = Ay y(1)=0, y(a) = 0.

§6. Cac bdi tap thudc logi khac nhau

1065. Dung dinh 1i Picar hdy ching minh sy t8n tai vad duy nhat
nghi¢m cua cic bai todn sau, déng thdi dénh gid mién t6n tai nghiém
clia né :

a)y"+2xy=0;y=2,y=3khix=1.

1 1 .
" T — =X :y= ‘= = ().
b)y -|_-4+x2y oy R S I,y =0khix ,
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Hiy tich phan cdc phuong trinh sau day :
1066. y"' — 7y" + 16y' — 12y = 0.
1067. y* — 4y™ + 5y" - 4y' + 4y = 0,
1068. y¥ — ay" + 8y" — 8y' + 4y = 0.
1069. v — v 4+ 8y" ~ 8y" + 16y’ — 16y = 0.
1070. y" — Sy = -5x* + 2x.
1071 y" — 4y’ + 4y = 2¢™*.
1072. y" - 6y’ + 5y = =3¢* + 5x%.
1073. y" + y = 2sinx.

1074, y" + 9y = cos2X. cos3x.
1075. y" — y = e*x cosx. |
1076. v" + 4y =x sinzx.

1077,y + 2y™ + 2y" +2y' +y = 2 os2x + 8t

4
1078, y" +y' =x cos’x.
CZK
1079. y" - 4y =
Y e 41
3 —
1080. y*' +y = — 6
X
2x% +12x + 24

1081, y"' —2y" +y' =

X5

Bing phép th€ bién doc lap hoic ham phai fim hay dua cac phuong
trinh sau day vé phuong trinh v6i hé s6 hing s va gidi chiing :

1082. x“y" - 2xy' +2y =0.
1083. x’y" + xy' +y =0.
1084, x“y" —xy' +y=0.
1085. x2y" - 3y + 13y = 0.
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XZ

. N 1 .
1 1086. (1 - xDy" ~ xy' + 2y =0. 1089.y" - —y' + — =~y =0Q.
_' T AT
1087.(1—xz)y"—xy'+n2y=0. 1090, y'_'+§y'+y=0_
2 L3} 1 2 L] 1 2 1
,1088. (1 -x)y" —xy'+y=0. 1091. x“y +xy+[x —ZJy=0,

Tim nghiém tdng qudt cha cdc phuong trinh sau day, bi€t ring chiing
c6 nghiém riéng duéi dang dg thitc :

1092. 3x° - x)y" - 2y' - 6xy =0.
1093. y" + xy' - y = 0.
1094, x(x + 2)y" - 2(x + 1)y’ + 2y = 0.
1095, y" +2xy' -2y = 0.
1096*. Chiing minh ring néu q(x) < O thi bdi ton bién
| y'+ q(x)y =0;
y(xp) =a, y(xp) = b,

véi bat ki a, b, X, # X,, ¢6 nghi¢m duy nh4t. Ching minh ring nghiém
nay la ham don diéu néu b = 0.

1097. Ching minh ring phuong trinh tuyén tinh khong thudn nh4t
cipn: - '

y® + p1{X)y e+ Pa(X)y = f(x).

trong d6 cdc pi(x), f(x) lin tuc trén (a; b), (i= 1, 2, ey ), €6 dling n + 1
nghiém doc 1ap tuyén tinh. :

(n;l). +

1098. Chitng minh ring khodng cdch giita hai khong diém lién tiep
cua nghiém phwong trinh Betxen

xzy" + Xy + (x° - nz)y =0, (n # i%)

ddn t8i 7 khi X —e0, Khodng céch trén bing bao nhiéu néu n = i% ?

1099%, Gi4 sir f(t) Ix ham kha tich va J';"t [f(t) dt < oo
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Chitng minh.ring phuong trinh
X"+ f(t)x =

c6 nghiém (p(t) sao cho hrn o) = 1
lim @'(t)=0,

. t—yoo

va tén tai nghiém w(t) sao cho

| im YO s my =1

1o t—poo
1100*. Cho phuong trinh
"+ (1 +r(t)x=0
vai .
r Ir(t)| dt < ee.
1

Chimg minh ring phuong trinh trén c6 cdc nghiém @,(1), @,(1) sao cho
lim (1) —¢*) =0 lim (¢(0) - ie"y=0;

t—eo

lim (@o(t) — € H=0; 11m (cp2 () +ie ") =0.
1—e
1101*. Gia st f(t) 14 ham ¢é dao h‘am_ cdp 2 lién tyc trén doan [a ; b]
vaf(a)=f(b)=0;f(t)>0trén (a; b).
Chtng minh ring
b ()
f(t)

(b—-a) det > 4,
1192*, Cho phuong trinh tuyén tinh
| y" + p(x)y' + q(x)y = 0. | (1)
Tim diéu kién c4n va di ma p(x), q(x) phai thod mén dé phuong trinh
trén ¢6 hai nghiém y,(x), y(x) lién hé¢ véi nhau boi hé thic
ya{x) = xy;(x).

Chimg minh ring n€u diéu kién d6 dugc thoa mén thi phuong trinh
(1) ¢6 thé tich phan dwgc bing cdu phuong. Hay téng quat hod.
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Ung dung : _
1) Cho p(x) = i— — 2, xdc dinh q(x) sao cho Qiéu kién trén duge thod
man va tim biéu thirc clia nghiém tdng quét.
2) Gia sir p(x) = -i— — 2 va q(x) ldy gié trj vira tim dugc. Hay tim tich
phan t8ng qudt cha phuong trinh
Y +py + a0y = ix .
1103*, Cho phucmg trinh _
"+ px)y" +q(x)y' + r(x)y = 0.

Tim diéu kién ma p(x), q(x), r(x) phai thod man d¢€ phuong trinh trén
¢é mot tich phan ddu dang

Hx)y" + K(x)y = C.
1104. Giai phuong trinh

"= (xTy" - 2xy' + 2y)p(x) + q(x).

1105*, Gia sir yl(x), ¥,(x) la hai nghiém riéng d¢c 1ap tuyén tinh cta

phuong trinh cdp 3
d? d
—3i+p(x)—1+q(x)y =0. | ()

Chiing minh ring phuong trinh dé6 thira nhan mei nghiém cha phuong
“trinh c8p 2 :

y y oy
i n  yl=C
Y2 Y'z Y;

trong dé C la hing s6 tuy y. Tir d6 suy ra nghi®m téng qudt cla phuong
trinh ban déu. .

Ung dung : Tim diéu kién ma p(x), q(x) phai thoid min dé cho
phuong trinh cép 2 trén c6 hai nghiém riéng thod mén hé thirc

V1Y Y2y = L.

Hay kiém chiing két qui nhan dugc véi gi thiét p = Lz (k = const).
: X
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1106. Cho h¢ ham y(x), y»(X), ..., ¥o(x) li¢n tuc trén [a ; b]. Chimng
minh ring hé d6 phu thudc tuyén tinh khi va chi khi

b ’ n
det(_[ yk(x)yj(x)dx) =0.
a k,j=1

1107*. Cho n ham s6 y,(X), y2(x), ..., ¥o(X) x4c dinh trén (a ; b). Chiing
minh riing hé ham trén doc 1ap tuyén tinh khi va chi khi tén tai céc di€m

x;€(a;b),(j=1,2,..,n)sa0 cho
\ n
det ( Y (%) )k.j=l #0.
(Bai thi vo dich sinh vién gidi toan Lién X6 nam 1975).

1108*. Cho phuong trinh vi phan :

L] i

y y y
y| y " . y e - 0-
Ay oy y@

Chimg minh ring mdi nghiém cia phuong trinh nay s€ thoa méan mot
- phuong trinh vi phan c4p 2 tuyén tinh v6i hé s6 hing s6 nao ddy.
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Chifong il
HE PHUONG TRiNH VI PHAN

§1. Mét s8 khéi niém co ban

Hé phuong trinh vi phan dang chudn tdc 12 hé ¢6 dang

-

dy :
._._dxl = (%, Yis Y25 o ¥n)
dy, _
‘E_fz(x,yl,)’z,---,yn)! (1)

----------------------------

dy
u.—d-iu- = fn(x’ yl’ Y2! cuuy )’n ).

O day y), ¥s, ..., ¥, 2 cac ham ciia x ma chiing ta cdn fim, f, 5, ..., f,
1a cdc ham cho trudce, xdc dinh va lién tuc trong mét mién G nao dé cha
cdc bién (x, yy, ¥a, -, ¥o)- 56 n duge goi 1a bac clia hé (1).

Tap hop n ham y; (x), y;(x), ..., y,(X) xéc dinh va kha vi lién tyc trén
khoang (a ; b) duge goi 12 nghiém ciia hé (1) trén khodng d6 néu khi thay
ching vao he (1) ta dugc n d6ng nh4t thitc v4i moi x € (a ; b). Puong
cong trong khéng gian (n + 1) chiéu (x, yj, ¥, ..., ¥,) Ung v6i nghiém
cha he¢ (1) dugce goi 1a dudmg cong tich phan. _

Bai todn Cé-si : Tim nghiem (y(X), y2(X), ..., ¥,4(X)) cha hé (1) thoa
maén diéu ki¢n ban ddu

V1o = Y74 ¥2(Xo) = ¥3, wons YalKo) = Y3

trong d6 X,, ¥7, ¥3, .-, Yo 12 cdc s6 cho truéc ma ta goi 13 diéu kién
ban d4u. | '

N6i chung bai todn Co-si khong phai bao gidy cing ¢6 nghiém, hoic
¢6 nghi¢ém nhung nghiém c6 thé khong duy nhat. Tuy nhién ngudi ta da
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ching minh dugc ring néu (X, ¥{.-,¥a) € G va fy, 5, ..., f; lién tuc
trong G thi bai todn Co-si luon ludn c6 nghiém (dinh li Péand). Néu
ngodi cdc didu kién trén, cdc ham fy, f,, ..., f;cdn thod mén diéu kién
Lipsit theo ¥, ¥2» ., ¥ trong G thi bai todn C6-si c6 nghiém duy nhat.
Piéu kien Lipsit s& thod min, ching han, néu cdc ham f|, f,, ..., f;; ¢6 cdc
dao ham riéng theo y,, y,, ..., ¥, 8idi néi.

Tap hop n ham s6

YI = (pl(xv Cl, C‘Zg sany C

Y2 = (pz(x! Cl! CZ, vy Cn)s .
.................... (2)
Yn = (‘pn(x$ C]v _Cz, avey Cn)a
x4c dinh trong mién bién thién cia x, C;, C,, ..., C,, ¢6 dao ham riéng
lién tuc theo X, goi 12 nghiém téng quéit clia h¢ (1) trong mién G (mién

mA tai d6 su t6n tai vi duy nh4t nghiém cta bai todn Co-si dugc bao
d4m) néu chiing ¢6 céc tinh ch4t sau :

1. Ti he (2) ta c6 thé gidi ra duge Cy, C,, ..., Cy

Cl = wl(x! y1s )’2; arey )’n),

C, =,y(X, Y15 Y25 - Yo)» |
.................... 3)

Cn = Wn(x9 y1; }'2, ey y“)s

2. He ham (2) 12 nghiém cta he (1) v6i moi gid tri cha hang s6

C; (i=1, 2, .., n) x4c dinh tir (3) khi (x, ¥y, Y2, ..., ¥) bi€n thién trong G.
Nghiém ciia he (1) ma tai mdi diém cha né tinh duy nhat nghiém cla bai
todn Co-si dugc bio dim dugce goi 1a nghiém riéng. RS rang nghi¢ém nhan
“dugc tir nghiém t8ng quét véi gid tri xéc dinh clia hing s6 C; (i=1, 2, ..., n)

1a nghiém riéng. : :
Nghiém ciia hé (1) ma tai méi di€ém ctia né tinh duy nhat nghlém cha
bai todn Co-si bi phd v& duge goi 1a nghiém ki di.

Ham y(x, ¥;, ¥, .-, ¥,) Xdc dinh, kha vi lién tuc va khong déng nhét
bang hing s6 dugc goi 12 tich phan clia hé (1) néu né 1rd thanh déng nhat

bing hing s& khi ta thay y,, ¥, ..., ¥, bing bat ki nghiém riéng.nlo cla
he (1).
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He thic
V(X Y1s ¥20 s Yo = C
~duogc goi 1a tich phan d4u ctia he (1).

Néu cic v& phai ciia hé (1) khong phu thude truc ti€p vao x, nghia la nd
c6 dang

[ dy,

a4 = 001 Y2 )

dy, :
) d._x = Y5(¥, Y2, - »¥nh @)
dyy

dx =Y, (¥Y1: Y25 ¥a)

- thi h¢ (4) dwgc goi 1a ét6n6m (hay hé dimg). Hinh chiéu clia dudng cong
tich ph&n hé (4) 1&n khong gian pha (v, ¥y, ..., ¥,) dugc goi 1a quy dao
pha cha hé (4). Nguoi ta dd chiing minh duge ring quy dao pha cia he
(4) chi c¢6 thé & mot trong ba dang : di€m ding yén, qu¥ dao tudn hoan
va qu¥ dao khéng tudn hoan.
He _
dx, _ dx, L dx,
XX Xz, X)) KoK XoyenXp) Xp(X) Xgs e Xpy)

(5)

duoc goi la hé phurong trinh vi phan dang d6i ximg.

Néu tai lan can di€ém (x{,x3,....x5) c6 it nhat mot trong cdc ham
X1 X34 -..r X, khOng triét tieu, thi hé phuong trinh trén ¢6 thé thay bang he
n -1 phuong trinh dang chudn tic. Ching han tai lan cin
(x{,X3,....Xx0) X, khong triét tieu. Khi dé he (5) ¢6 thé thay bing he
chudn tic

dx; X,
dx, X,
dx, _ X,
<dx, X, ’
dxn—l — Xn'-l
L dx, X .
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Nguoc lai, bat ki he chudn tic (1) déu c6 thé viét dudi dang d6i xing :
dy,

dy, _dy, _dx

It

f &7 & L

§2. Phuong phdp tich phén hé phuong trinh vi phan

Néu hé (1) cé dang

= fl (xs )’1 )s

Q-L? o.l@-
x .
I

thi ta chi viéc tich phan timg phuong trinh riéng bigt ctia hé.
Néu (1) c¢6 dang

---------------------

d
_ng. = fn(X’Yl’sz"'Yn)

thi sau khi tich phan phuong trinh vi phan cdp 1 ddu, ta thay y; nh4n
dugc vao phuong trinh thd hai va ti€p tuc tich phan phuong trinh vi phan
cfp 1 thu dugc d6. Ti€p dén ta lai thay y, nhan dugc vao phuong trinh
thit ba va tich phan phuong trinh thu duge,...

Néu hé (1) khong c6 céc dang trén thi ta c6 thé tich phan né bing
cdch dua né vé€ mot phuo‘ng trinh vi phén cdp cao (cép n). Thuc chét cua
phuong phép nay 1a vi phan lién ti€p mdt trong céc phwong trinh cia hé
r6i 1oai bd n — 1 ham phai tim khédc. Cu6i cing nhan dugc moét phuong
trinh vi phan c4p n d6i vé6i ham phdi tim con lai. Sau khi tich phan
phuong trinh ndy ta c6 thé tim dugc nghiém téng quét cla he.
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Nhiéu khi d€ tich phan hé (1) ta c6 thé tim céc tich phan ddu doc 1ap
cua ching, nh& l4p nhiing t6 hop kha tich, nghia 1a nhimg phuong trinh
vi phan c6 thé d€ dang tich phan, nhan dugc tit hé di cho bing nhimng
phép bi&n ddi khong phic tap 14m. Phuong phép tich phan nhu vay dige
goi la phuong phdp 16 hop khd tich. Néu bing phuong phép nay ta tim
dugc n tich phan ddu doc 1ap ciia hé (1) thi qué trinh tich phan he (1)
duge két thiic,

Vi du 1. Tich phan hé phwong trinh
dx - dy
a - A
Vi phén hai v€ phuong trinh thi hai ta duoc
d’y  dx

dtz dt

Do dé

Day 1a phwong trinh cdp 2 d6i véi ham phai tim y.
Giai né ta dyogc
y = Ccost + Cysint,

dy .
X=-3r= C,sint — Cycost.

Bdi vay, nghiém téng quét clia hé 13
x = C;sint — Cycost,

y = Cjcost + C,sint.
Vi dy 2. Tich phan hé phwong trinh

dx _ . dy  dz
z-y X-z y-X

- Ta sé& tich phan h¢ trén bing phuong phap t6 hgp kha tich. Cong tir s6
va méu s6 twong Gng ctia cdc phan s6 trén vi 4p dung tinh chét cla ti 1&
thifc ta c6

dx dy _ dz _dx+dy+dz

Z-y X-2 y-Xx 0
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Do dd

dx+y+z)=0
hay

x+y+z=C,.

Bay gid ta nhén tir s6 v miu s& cha timg phan s6 trong hé l4n lugt
v6i 2x, 2y, 2z, 16i 4p dung cho cdc phan s6 nhan dugc qua trinh trén ta cé
2xdx  2ydy _  2zdz  _ 2xdx +2ydy +2zdz
2x(z—y) . 2y(x—-2z) 2zy-—Xx) 0
Tir day suy ra |

2xdx + 2ydy + 2zdz =0
hay .

X +y+22=C,, (C;20)
Do d6 hé phuong trinh da cho c6 tich phan téng quét 12
| ' X+y+z=C,
x2+y?+ 22 =Gy, (C,20).
Vi du 3. Xét he phuong trinh
- dy =z
X (z-y)?
dz y

& -y
Ta viét hé dué6i dang d6i xing sau :
- dy dz dx

z y 1’
z-y? (@z-y)

hay
dy dz dx

2 Y G-y

Tir hé thirc.
ta tim dugc
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Ngoai ra, dp dung tinh chat ctia ti 1¢ thic ta c6
| dy-z)  dx
2=y @-y?’
Tir he cudi ciing ny ta tim duoc tich phan thit hai
2x+(y-2z)"=C,.
Nhu vay, h¢ phuong trinh dang xét c6 tich phan téng quét 13

y-2=c,

2x+(y-2)* =G,
Tich phan cdc he phuong trinh sau day :

[y'l =4y—l’
Y2 = 4y, +2y;, y'=y+z,
e o 1114.
1109. ¥y = 4y,, ztz[__z.z_+£—-ljy+[%-—l]z.
Y4 = ¥3 + 3y, *
k}"s =y4 + 3ys.
(ﬂ;ex—y
1110, J 9% s, & _dz
dz 2z x ¥y z
| dx - 2x ~ 2%
'd_y_ 2x y
-___i" ¥ .
1111-‘(1?{ 1+x _ 1116.£=.d_y;£1.5_
.d_z-——-iz+ + X J; J; 1
(dx Y ‘
xy' =y +yy? -2, dx _dy d
1112. ; mr. ==
. , = yt+tz Ty 0 z
22 - x
y'=2 ' dx d d
1113, 72 1118. = L - 2 '
7' =2 mz-ny nx-lz ly-mx
y



d_y_z+c5'

dx X’
1119, z+e
d_z _ z2 _e)H'y
dx z+¢e"
y“=y'+ z,

me.s (2 1 o (Ll.),-2
z'= 2% e [ Z xay.

Hay tim céc tich phan doc 1ap cha nhitng h¢ phuong trinh sau :

g2 S _dy gz
X y z
zp, S dy __dz
COSY COSX COSXCOSY
123, & _dy _ 2
X y X+Y
1124, 8 _ & _dz
X y 0
dx dy dz
25. = =&
1 zZ(x+z) -y(y+z) O
& _dy _  dz
126, F =5l =

Tim nghiém cdc bai todn sau day :

d _2_ 28 . o 1 y=0khit=1.
1127. ai =x"=-vy, m =2xy;x=-1,y=0khit=1.

9 __ 2, 28 _ 0y khite
1128. it Al 2xy;x=0,y=1khit=0.

dx _ dy -X . .

v —_—= — T X=1,y¥= =0.
1129 3 = °© cosy, S e "siny;x=1,y=0Kkhit

Ta néi ring céc ham kha vi lién tuc u(x, y), v(x, y) thod min diéu
kién Cdsi — Riman néu
du dv du ov

X 9y'dy K
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Néu u(x, y) v v(x, y) thod min diéu kién Cési — Riman, thi ham
f(z) = u(x, y) + iv(x, y)
s€ la ham chinh quy cta bién phitc z = x + iy.

Gia sir ta ¢6 hé phwong trinh

%}f = u(x, y),
dy (1)
rn = v(X, ¥).

O day u, v thod man diéu kién Cosi — Riman. Nhan phuong trinh thi
hai ciia hé v6i i va cong ting v€ vao phuong trinh ddu ta dugc
dz

rTi f(z). 2)

Phirong trinh cudi duge goi 12 phuong trinh vi phan phic tng v6i hé (1).

Tich phén phuong trinh (2) va tich phén thuc, phén a0 trong nghiém
téng quat cha né ta tim dugc nghiém tdng quat cita he (1).

Tich phan céc h¢ phuong trinh vi phan sau :

%}ti=y+(:|tx2 +2Bxy — oy?,
1130.

i—{ = —x - Bx% + 2axy + By>,

trong d6 a, B 12 nhﬁng hing s6. Xédc dinh dang clia vi trf c4n bing x = 0,
y=0. . .

1131. Tim nghiém cta he

dx _ 1

& =Ty 3
dy 1
=700y -y}

thoa méan diéu kién ban ddu
y(1)=0,x(1) = 1.

159



§3. Hé phuong trinh vi phén tuyén finh

1. Hé thuin nhit
Hé phuong trinh tuyén tinh c6 dang-

(d
iiﬁ:p (X)Y; + Py (X)Y, + oo + P2 (XY, + H(X),
dx 21 1 22 2 2n n T2 (1)
dy,
o + Ppa(X)¥3 + o F Ppa (Y + £ ().

Ta s& gia thiét cdc ham s6 pu(x) fi(x) G, j =1, 2, ..., n) lién tuc trén
khoang (a ; b). Vi gia thiét trén, déi v6i bat ki x, € (a b) va cdc gia tri
wy ¥ y),y3. - ye hé (1) c6 nghiém duy nhdt yl(x), Y2(X), -., Yo(X) thod
min diéu kién ban diu '

Y1(%o) = ¥1» Y2(Ro) = ¥3 5 o Yu(Xo) = Yn-
Né&u trong hé (1) cdc ham fi(x)=0(1=1,2,..,m) nghia 12 n6 co dang

dy, _ < '
= jglpkj(x)y,-, k=1,2,..m, 2
thi (2) duoc goi 12 he phuong trinh tuyén tinh thusn nhat.
Dé xay dung nghiém téng qudt cla he (2) ta phai tim n nghiém doc
lap tuy€n tinh cha né :
(y11(%); ¥12(%), - Y10();

(YZI(X)'! Yzz(x.), revy yZn(x))$

........................................

Vo100 Yu2 (), «vvs Yaa(K))-
Hé nghiém ¢6 tinh chat nhu vay duoc goi 1a hé nghiém co ban. Khi
dé nghiém téng quét cd dang

n
= zcjyjl(xh)’z = ZC])‘Jz(X) ZCijn(X)-
i=

=l =l
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D€ m6t hé nghiem 1a he nghi¢ém co ban thi cin va db 13 dinh thic
Wronxki '

Y1 Yiz o ¥Yin
W(x) = Yo Y o o Yan
ynl Ynz Ynn

khac khong it nht tai mot di€m clia khodng (a ; b).

2. Hé khéng thuin nhét

Néu bi€t nghiém téng quat cha hé thudn nhét vi mot nghiém riéng
nao d6 cia hé khong thudn nhét, thi tdng clia chiing s& cho ta nghiém
téng quat ciia hé khong thudn nh4t. D& tim nghiém riéng. cita he khéng
thuén nhat khi biét n nghiém déc 1ap tuyén tinh

(z11(x),s 25(x), ..., Z1a(x)),

(221, Z22(X), .v0y Z3(XD),
(an(X)., an(X), wany znn(x))
ciia hé thudn nhat tuong \ing, ta 4p dung phuong phdp bién thién hing 56
Lagriang nhu sau :
Dt

Y= 2 C®zp(®)  (k=1,2,..,m),
j=1 -

trong d6 C;(x) dwge xdc dinh tix hé phuong trinh dai s6
n
2.Cixzp(x) =fi(x)  (k=1,2,..,n).
Giai he nay ta tim dugc C;(x) va do d6 Ci(x). Thay Ci(x) vao bidu thic
ctia yy (j, k=1, ..., n) ta dugc nghiém riéng clia h¢ khong thudn nhat.

- 3. H¢ phuong trinh tuyén tinh v4i hé s§ hing s&§
He loai nay c6 dang

11

dy _
T Lo D, (= 1.2,
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trong d6 ay; 1a céc hing s6 thyc. Pé tim nghiém téng quit cba hé¢ phuong
trinh trén ta chi cén tim nghiém téng qudt ciia h¢ thudn nhét tuong Ung
(xem muc 2). C4ch tim nghiém cla hé thuén nhat

dyy _ c _ .
K - Eak.]y_] » (k - 1! 2’ aery n), (3)
nhu sau : Dit _
ok A A :
¥y =Y K’ Y2 = ¥a€ X, vrs Yo = ¥l x, (4

trong dd A, ¥, Yz, ---» ¥n 12 nhitng s6 ma ta cdn chon sao cho hé ham trén
cho ta nghiém khong tdm thudng (nghiém khong d6ng nhat bing 0) cha
he (3).

Thay hé ham (4) vao (3) ta suy ra phuong trinh dé xic dinh A nhu sau :

aj—A aj a,
a Ay — A a
Ant aps A — A

(5) dugc goi 1a phuong trinh dac trung cha hé (3). Nghiém cia (5) 1a
nghiém dac trung clia hé (3). C6 thé xay ra cdc kha ndng sau day :

1) Moi nghi¢m Aq, A, ..., A, cua phuong trinh dac trung 1a thuc va
khéc nhau. Khi d6 thay ldn lugt A = A; (i=1, 2, ..., n) vao h¢

(a” - A)Yl + 31272 + ..+ alnYn = 0.,

ag)Yy +(agg — MYy + .-t ag,¥, =0, ©)

.......................................

a“]‘yl + anzYz + ...+ (ann - A)Yn = 0,

ta s& lan lugt xic dinh duqc Y1 = Yir» T2 = Yi2» - Yo = Yin tuong mg
(i = 1, 2, ..., n). Thay l4n lugt ching vao (4) ta dugc hé nghi¢m co ban
ctia hé phuong trinh (3).

2) Moi nghiém ctia phwong trinh dic trung (5) khic nhau nhung
trong d6 c¢6 nghiém phiec.

Néu a + ib 13 mot nghiém phic clia phuong trinh (5) thi a — ib ciing
13 nghiém cha phuong trinh dé.
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Xay dyng nghiém dang (4) ting v6i a + ib r6i tich phdn thuc va phdn
ao clia nghi¢ém nhan dugc ta s& ¢6 hai nghiem doc lap tuyén tinh ng véi
cdp nghiém phiic lién hop trén. Lam nhu vy véi moi cap nghiém phic
lién hop va két hop v6i nhitng nghiém thuc cdn lai (néu cé) ta sé X4y
dung duge hé nghiém co ban cia (3).

3) Phuong trinh dac trung c6 nghiém boi. Néu A; 12 nghiém boi k va
thyc thi né wng véi nghiém dang

Y1 =p1(x) eMx, Y2 = pp(x) Mx L, Yo = p.,(X)e‘x"‘,

trong d6 p;, py, ..., p, 12 céc da thic cha x bic khéng vugt qud k — 1.
Trong cdc hé s6 cha moi da thitc trén, k hé s6 s& 1a bat ki, cdc h¢ s6 con
lai bi€u dién qua ching.

bit lan lugt mot trong k hé s6 bat ki nay bing 1, céc hé s§ con lai
bang 0, ta s& xay dung dugc k nghiém riéng doc 14p ing vdi A,.

Néu A; = a + ib 12 nghiém phitc boi k thi a - ib ciing 1a nghiém phiic
boi k. Ti€n hanh qud trinh trén d6i véi nghiém phic a + ib réi tich phén
thue, phan 4o cdc nghiém nh4n duge ta sé tim duge 2k nghiém riéng doc
1ap tuy€n tinh (ng v6i cip nghiém phic lién hgp boi k & trén. Ti€n hanh
nhu vay d6i véi moi nghiém boi va két hgp vdi cdc nghiém dng véi
nghi¢ém déc trung don, ta s& xay dung duge hé nghiém co ban cha (3).

Dai v6i hé phuong trinh tuyén tinh v6i hé s6 bién thién, néi chung
khéng cé phuong phép tdng qudt d€ tich phan né. Tuy vy, néu céc hé s
cla hé (2) c6é dang

pk_](x) = ak_,(P(x) (k’.] = 1$ 2y ey n)
thi bing phép thé
t= I(p(x)dx,
ta dua dugc h¢ (2) vé h¢ phuong trinh vé6i hé 58 hing s6 va do dé c6 thé
tim dugc nghiém téng quét cha he ban déu (2).
Xét he cap 2 tuyén tinh

d
5 = POX - a0y = u(t,x,y),

%% = ()X + p(t)y = V(t, X, ).

(N
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D& thay ring, & day cdc ham u(t, x, ¥), vt, X, ¥) thoa min diéu kién -
Cosi — Riman '

du _dv Ou _ 0v

9x dy 9y  Ox
Do d6 nghiém téng quét ciia hé (7) c6 thé tim bing phwong phép da
trinh bay & §2. Khi d6 h¢ (7) dua dugc vé hé

% - A A(t) = p(t) + ig(t).

Tich phan phuong trinh cu6i nay va tich phén thuc, phin do cua
nghiém nhan dugc ta s& tim duge nghiém tdng quét cha hé (7).
Vi du 1. Tich phan h¢ phuong trinh

% = -y — 2z,
. )
dz = 3y + 4z
dx o
Ta tim nghiém dudi dang

Ax hx
y - Yle ,Z= Yze .
Phuong trinh dic trung

-1-A - -2
3 4-A
c6 nghiém A, =1, Ay =2.

.=A2—3x+2=0

Ung v6i A = 1, he (6) c6 dang
{—271 -2y, =0,
3y, +3y, =0
Chon ¥, = 1 ta dugc ¥, = —1. Bdi vay nghiém ing v6i A, =1 1
yy=¢,y,=~¢" |
Hoan toan tuong ty ta tim dugc nghiém img véi A, =2 1a
y, = 2%, 7, = =3¢,
Do'd6 nghiém téng qudt ctia hé (8) s€ 1a
y = Cpe* +2C,e%,
2= - Ce* - 3C,e™
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Vidy 2. Xét he phuong trinh

- =2y -z,

j’z‘ ©)
—=y+2z

dx

Dé kiém tra ring phwong trinh dic trung c6 nghiém A, =2 + i, Lz 2-i.

" Tién hanh nhu & vi du 1 d6i véi nghlem Aj =2 +ita tim duge

nghiém phitc

y = D% = 2% (cosx + isinx),
z = —ie®*V% = ¥(sinx — icosx).

Téch phdn thuc va phdn 4o ciia né ta duge hai nghiém riéng thuc doc.
lap tuyén tinh cla hé :

y1 =e>* cosx, z; = ¢ sinx,
| ¥, = €°* sinx, z, = % COSX.
Do d6 nghiém t8ng quét clia hé¢ (9) c6 dang
| y = ¢2(C;cosx + C,sinx),
z = ¢(C;sinx ~ C,c08x).

Vi dl;t 3. Tim nghiém tdng quét ciia hé phuong trinh

[ dx

o = —4x + 2y + 5z,

dy _

— - — 10'
19 6x -y -6z, (10)
dz

_‘51—-—83-{-.3}3'1'92.

Dé thdy ring phuong trinh dic trung c6 nghiém A, = 2, A, = A; = 1.
Déi véi nghiém diic trung don A, = 2 ta dé& dang tim dugc nghiém riéng
X| = e, y; = - 2%, 2= 2,

Bay gid ta xdy dung hai nghiém riéng doc 14p tuyén tinh dng véi
nghiém boi A, = A; = 1. Dit

X = (At + Ay’ y = Byt + Bpe', z = (Cyt + Cy)e".
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Thay c4c gi4 tri nay cla x, y, z vio hé (10), sau khi don gian cho ¢' ta dugc
Ajt+Ap + Ay = (=4A; + 2B, + 5C))t — 4A,; + 2B, + 5C;,
Bt + B, + B, = (6A; - B — 6C)t + 6A; — B, - 6C,,
Cit+C, +Cy=(-8A, + 3B, + 9C)t — 8A, + 3B, + 9C,.
Déng nhét cic hé s6 clia t va s6 hang ty do ta dugc A =C,, B, =0,
A, =C, +C,, B, =3C,, trong d6 C;, C, c6 thé nhan gid trj bat ki. Nhu vy
x = (Cyt+ C, + Cpe', y = 3Ce!, 2= (Ct + Cype'.
B&i vay hai nghiém riéng doc lap tuyén tinh, \ing véi nghiém boi
Ay=2A3=1cé dang :
Xp={(t+ e', y, =3¢, 2, = te';
x3=c',y3=0,z3=el
(xem phdn If thuyét & trén).
Do d6 nghiém téng quét cha hé (10) 1a
x=Ce? + (Cyt + C; + C)e',
y = - 2C,e* + 3C,e’,
zZ= 2C1t:2l + (Cyt + C3)ct.
Tich phan céc hé phuong trinh sau day :

Tl dx
: v — = 4x + 5y,
1132. {’::L % 1136. g‘
z= Y+4z' -l=—4x—-4y
at
L |= + s
133, Y SH 1137, Y =Y 72
Z = -6y -3z zZ=-10y-z
rg(——2x+y
1134, {y, j 2§ —+3;’ 138, { &
2=y Ter S o3x+4
[ dt X+ 4y
[(dx
1 _ —+X—8Y=O,
1135. {y, ;’ 2:’ 1139. | ;“
Z =6y -5z I
L dt k=
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1140, c‘l“ ’

& -

ar y —4x

d—x—x+y
1141. :‘ ’

D _

ar 3y - 2x

-c:li=x—3y,
1142.*dt

ay _

- 3X+y

?i—x+x+5y=0,
"43“;

Y s yv=

| dt Xx-y=0

%i=3x—y,
1144.<dt

& o ae -

o Ty

J%Z(-=2x+y,
1145, d‘

9Q _ 40 -

| dt 4y - x

_%£=2y—3x,
11415..<dt

9@ -

G Ty =

%—5x—3y=0,
1147.‘dt

a -

‘dt+3x+y 0.

1148.

1149.

1150.

1151.

1152,

1153.

[dx
E—3x+12y—4z,

A

=-X—-3y+z,
= —-X — 12y + 6z
=2Xx-y-gz

Y = 12x - 4y - 122,

A

dy
dt
dz
 dt
(dx
dt
dy
dt
dz
_E =—4Xx +y+ 5z
(dx
dt

= 21x — 8y — 19z,

A,

dy e
dt—le 7y — 15z,

dz

.E{ =16x — 6y — 15z
[(dx
E—le—Sy—E’z,
1 gy _ —-18x + 7y + 18z
dt '
dz

\-cf = 18x - 6y - 17z
g—}ﬁ—x+z—

dt_ ¥»

dy 3
dt-—x+y z,

dz

kaT—Zx-—y

(dx
E—x—Zy—z,

dy _

‘dt_y X +z,
E—x-—z

dt
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1154,

1155,

1156.

1157,

1158.

1159.

A,

A

<

A

dx
_dt =2X-Y+1z,

ay
it =X+2y~g,

dt =x- y+2z.

(dX _~.
dt-3x y+1z,

g*‘-"-=x+y+z, _

dz
kd

,

4x-—y+4z

& =5x-~y-4z,

dz
dt

dx
dt

dy
5 =-6x+2y+62.

d—=6x—2y—6z.

=10x -3y ~9z.

.,

=3x-y-3z,

'd

ry =4y -2z-3x,
dy _

3 z+x,l |
oz _ =6Xx - 6y+3z.

[ dx

dt - *TYTE

dy _
at - Xty

d‘z='3u|(+z.

a

l =-12x+5y+12z,"

1160.

1161.

1162.

1163.

- 1164.

1165.

A

A

A

A

| dt

~cl

=3x- 3y+Sz

=X-2Z,

dt
(dx
dt
-a-y- —6x +2y+62,

E-—-4x—y—4z.

dx
dt

‘;—y=3x—4y—32,

=3x-2y-z2,

gz =2x—-4y.



r-d—x—x— +z dx 2x -z,
dt yre dt y
dy _ .o & e y-
1166.<dt—x+y z, 1167. dt—2x y — 2z,
dz dz
‘-E—Zz—y ha-_ZZ—x+y.
(
dx
E-t-—4x—y,
dy
1168. o =3x+y-z
E“x+z
| dt

Giai cdc hé phuong trinh sau day (la cdc hé chua duge dua vé dang
chudn tic): '

X 2
52-_=2X—3Y, %+%+%- y =0,
1169. 1172, 4§ dt
d_zy _ dx dy _
d?._x_zy, a Et-+x-0..
2
d—: =3x-y-z,
d?x 2 dt
— YS 2
2 _
1170, { 4t 1173. 4L = x+3y -4,
d?y d
e d*z
L—(r ==X-y+ 3z
2dx  _dy &x LY L9 x—3y=0
== =-5==4y —x, 2 2 dt ’
7. { & d 1174, 4%t
" | 3dx dy _ - 4d%y d?x dx _
—5——4—5—2}(—)! E-z—— dtz —3—2?("'5}’—

Tich phan céc hé phLIcmg trinh sau bc’mg cach dua chiing vé hé tuyén
tinh v6i hé s6 hang sO :
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1175.

1176.

dy _

xdx y+2z,

dz

T YT
28y _

i y - 2z,
Zdz_

e 3y +4z

(L o4y _
2Jidx_2y z,

dz
LZJ;E; =y+2z

1177. |

d
d
Ix 82 o
1178. {x ax -T2

dy;
X4x -~ ¥

Bing phuong phdp bién thién hing s&, hdy tim nghiém tdng quit cla

cic hé khong thudn nhit sau day :

170

1179, <

1180. |

1181.

1182.

1183.

&
d
dx
d
dy

[at
dx
d
gy
d
9x
d

o _ 3x + 2y + 4e™,

dt

=X +2y.

=2x —2y.

n =.y - 2X%.

}: = 2x — 4y + 4%,

d’: 'x+2y+16+e s

dy _
& =2X—2y.
dx
dt
dy _
dt

1184. |

=4x -3y +sint,
1185. <

=2x—y—2cost.

1187.

'=2y-z+2e",
1188, ¥ T TETE
z'=3y~2z+4e.

dx

it —y+4cos2t,

1189.

%Y-=3x—-2y+800521+55in2t.



"=2y+4z +cosx 3_7:=_,4x_2y+ tz ’
1190, {y' =y N ’ 1193. - g 63—1
z'= -y -2z +sinx. —y=6x+3y—
| dt e -1
r-d—x=y+tg2t—1 r§~x—y+ L
1191. 4 :‘ 1194, | ;“ cost
9 ‘ L A T
&= X + tgt. Gt 2x -y.
[ dx [
iR %§=3x—2x
192, 4 . 1195. < d‘
Yo 4y- Y oy t
ar 4y 3x+c2'+1' o -t 2x y+15e\/t-.

v X
1196. y' = =5y + 2z + 40e",
z'=y-6z+9e",

Tim nghiém cita cdc bai todn Cé-si sau :

1197.y'=y+2,2'=-2y+4z;y=0,z=-1 khix = 0.
1198.y' =3y ~2,2=10-4z;y=1,z=5khix =0.

1199, {1 -,

1

5khit=0.

=yl+y2—x2+x—2,

an
1200. { 9%
y 2 .
*-#=—2y1 + 4y, +2x° —4x - 17;

y1(0) = 0, y5(0) = 2.
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dx

— =X +Yy—cost,
1201. ;“
E{.: -2x — y +sint + cost;

x(0) = 1, y(0) = -2.

2

1202. ;
d”y -0
w =

x(0)=1,x0)=0,y(0)=2,y(0)=0.
y'+2z'-y+2z=1,
2"+ 2y'+2y -z2.=X;

YO =4,y = 2,20)=- 2,20 =

1203. {

1
3

Hﬁy x4y dung cdc h¢ phtr(mg'trinh vi phan tuyén tinh thudn nhat cé
hé nghiém co ban sau :

' 3t .
=g, =0 : = cos 2X, = —sin2x
1204, PP T2 T0 0 1oy, {y“ o8 SR T2
¥y = 0,y9 = %% ¥, = §in 2X,y, = cos2X.

1205. {Yl,l =¥,y =0, 1208, {Yu =Ly =%,

ya = %6,y = & yu =%yn =1

J3x ' ' '
= — — 1’ —3 x,
1206, 1711 T Y2 0, 1209. {Yu Y12
Y21 =0,y = e* Y21 =X ¥ =1

1210. Tim hé nghiém co ban va dinh thic Vronxki cia h¢ phuong
trinh sau : ' '

. y n .
| e g:a ®)y;, (=1,2.,n),
trong d§ tat ca cdc aj(x) 1 nhing ham lien tuc trén khoang (a ; b).

172



1211. Cho h¢ phuong trinh tuyén tinh khong thuén nhat

dy, = .
Ey}_(L = Zlau(x)yj + fi(X), (l = 1, 2, reey n)r
]=

trong dé a;;(x), fi(x) lién tuc trén (a ; b), (i, j= 1, 2, U ) X

~ Gid sk yx, & (i, k= 1,2, .., n) [a cic nghiém cila he phuong
trinh tuy€n tinh thuin nhat tuong (ing, thoa man diéu kién

Inéui=k,

®K) (g £) =
L) {Oné’ui:ﬁk..

Ching minh ring
¥ix) = [ D i @yPx &g
_ k=1 : _

la nghiém cla hé phuong trinh tuyén tinh .khOng thudn nh4t trén, thoa
man diu kién y;(x,) = 0 (x, € (a; b)).

1212, Cho hé phuong trinh tuyén tinh
% = ;aij(l)xj . (i=1,2,..,m),
trong dé ;1) (i, j = L, 2, ..., n) lién tuc trén (a ; o) vi thod man diéu kién
| f: la)] dt <o, j=1,2,...0).
Chiing minh ring :

1. Nghiém ciia h¢ gidi ndi trén (a ; =) ;

2. T6n tai gi6i han hifu han cha moi nghiém khi t = o ; cdc nghiém
khdc nhau ddn t6i nhimg giGi han khéc nhau v véi moi C € R® cho

trude, ¢6 duy nhat mot nghiém x(t) ciia hé sao cho lim x(t) = C.
(—yoe
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§4. biém ki d|

Xét hé phuong trinh
dx
o - P&y
(D
A Q. y)
dt Pk
hoac phuong trinh
dy _Qx.y)
& PEy) @

trong a6 P(x, &), Q(x, y) kha vi lién tuc.

Ta goi di€m ki di ciia hé (1) hodc cia phuong trinh (2) 1a diém ma tai
dé P(x,y) =0, Q(x,y)=0.

DE nghién ciru diém ki dj cita he tuyén tinh

dx
— = ax + by,
dt
(3)
9 _ cx+d
dt y:
hay cha phuong trinh
dy cx+dy.
dx  ax + by . )
ta cin tim nghiém cda phuong trinh dic trung
a—-A b
={. 5
c d-A )

Néu céc nghiém ctia phuong trinh dac trung thyc, khic nhau va clng
ddu thi diém ki di 12 diém mir (xem hinh 24a) ; Néu céc nghiém A, Ay
cta phuong trinh (5) 1a thyc va khic dau thi diém ki di clia (3) 12 diém
yén ngua (yén diém) (h.24b) ; Néu A, A, la phic véi phén thuc khic 0
thi diém ki di 1 riéu diém (h.24c) ; Néu X}, A, thudn tuy ao thi diém ki di
1a tdm diém (h.24d) ; Néu A, A, béng nhau nhung khdc 0 thi diém ki di
¢ thé 1a diém niit suy bién (h.24¢) hoac 1a diém niit t6i han (h.24g).
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Néu mot hodc cd hai nghi¢m cha phuong trinh déic trung bang 0, thi
phuong trinh (4) bay gidr s& c6 dang '

dy _
p k
do d6 nghi¢m la nhiing dudng thing song song.

Wi
RC *

b}

t)

vi

xJF

d)

[}

Hinh 24

D€ vé cdc dudng cong tich phan trén mit phing (x, y) trong céc
truong hop diém nit, yén diém hoac diém nit suy bién, trudc hét nén tim
nhiing nghi¢m ma dubng cong biéu dién ching 12 nhiing dudng thing di qua
diém ki di. Nhiing dudng thng niy luon luén huéng doc theo cic vecto

L [a b]
reng cua ma tran .
c d

Trong trudng hop diém nit, céc dudng cong tich phan sé tiép xic véi
dudng thing huéng theo vecto riéng (ng vo6i gid tri riéng o tri s tuyét
d6i bé nhat.

Néu di€m ki dj 12 tiéu diém thi cdn x4c dinh huéng xoén ciia cic
dudng cong tich phan. '

D¢ nghié¢n citu diém ki di clia he (1) hojc cia phuong trinh (2), ta
nén chuyén géc toa do dén diém cdn xét v phan tich P, Q thanh chubi
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Taylo tai 1an can diém nay, chi ¢ ring, chi cn x¢t dén cdc s6 hang bic
nhat. Khi d6 h¢ (1) c6 dang
dx
. dd‘ - 6)
X
_dfz. = cxy +dy; + V(XL Y

trong d6 x;, y; 12 toa 46 méi, a, b, c, d 1a nhiing hing s6.
Gia st v6i € > 0 nao d6 |

(p(xlsy1) - 0’ \I“(xl' YI)

l_1+£ r1+£

-0 khixl-—)O,yl—>0,

trong d6r = \fxf + yi" . Diéu ndy s& thoa man, ching han P, Q kha vi lién
tyc hai l4n tai lan can diém cdn nghién céu. Gid sit moi nghiém Aps Ay
ciia phuong trinh dac trung (5) ¢6 phén thuc khic 0. khi d6 diém ki di
x;= 0, y; = 0 ciia he (6) s& c6 dang tring véi dang cda diém ki di-h¢ nhan
duoc tir (6) sau khi bd @ va y. Néu moi nghiém clia phuong trinh dic
“trung thudn tuy 4o, titc 12 diém Ki di cha hé tuyén tinh thudn nhat tng véi
(6) 12 tam diém, thi diém ki di cBa (6) c6 thé 1a tam di€m hoac ti¢u diém.
Tam diém s& xuét hién, chdng han néu mioi dudng cong tich phén ciia hé
(6) ¢6 truc d6i xing di qua diém dang xét. D& t6n tai tiéu diém thi cin va
dii 12 nghiém tdm thudng clia h¢ (6) 6n dinh tiém c4n (xem §6, chuong
IID) khi t — 4o hodc khi t — —eo. Chi ti€t hon niia cha viéc phan loai 5
trén, ban doc c6 thé xem [1], trang 78.
Hiy nghién ctu diém Ki di ciia cdc phuong trinh hogc hé phuong
trinh sau day : -

1213.y = ;y'_?’x. 1217.y' = 2:_";.
| ,_ ¥Y—2X .,_ y—-2x
1214. y' = at 1218.y' = 3y —3%

, _ X+4y . X=2y
12;5.y = 3% T3y 1219.y' = 3 =

Lo 2X+Yy . 4y -2x
1216.y=3x+4yv. 1220.y' = i” .

176




1221. y' = Ax-y

3x -2y

d

—5?1:3}(,
1222, d‘

A

A 2x + 3y.

—— =X+ 3y,
1223, { 4

—-y-:— —

it 6x — 5y.

dx

- =2X -y,
1224. ? T

Yo

dt

]

dx
—dT—3X'—
dy _
[ dt ~

2y,
1228, «

4y — 6x.

H\a‘iy tim di€m ki dj ca cdc phuong trinh hodic h¢ phuong trinh sau
day va nghién citu chiing :

1229,y = _2X*Y_
X-2y-35
1230.y' = — 2y
x —y2 -1
2 2 A
1231y =Xty -2
X~y
2
1232,y = YEVI+2X7
X+y+1
(dx _
—-:x —YS
1233. ?
E%=1m1—x+x%-4nx

12-3TFTYP

1235, 4t

4y? — x2

2xy ~4y - 8"

V¢ -y+2-2,

arctg(x? + Xy).

1234.y' =

(dx

| dt
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flf JEx -y +3-2, | %"=l“(1—y+y2),

1239.
%—)ti- = eyz—x . (:l{ 3- \‘ X2 + 8}’

1240. Ching minh ring néu diém ki dj caa phuong trinh

1238.

(ax + by)dx + (mx + ny)dy =0

ia tam diém thi phuong trinh nay la phuong trinh vi phan hoan chinh.
Piéu ngugc lai ¢6 ding khéng ?

1241*. Ching minh ra'mg néu phuong trinh bai todn trén khong phai
14 phuong trinh vi phan hoan chinh, nhung c6 thira s6 tich phan lién tuc
tai 1an can géc toa do thi diém ki di 12 di€m yén ngya (n€u an # bm).

§5. Cac bdi tép thudc logi khéc nhau

Tich phan céc hé phuong trinh sau :

y2
1242. y' = _x,z‘=y+l.

z
1243.y'= 2,7 = 2y+22-1)

x(y -1
1244, 2zy' = y* -2+ 1,2 =z +y.

1245, y' = yzz, z = -Zx- - yzz.

2xz

X2 —Zz

1246. y — xy' =y2 Lz =

1247. y' = (x —y)gx + 1, [l—x) '=y+z

1248.y"—z=0,xz'—2y=0.

1249. dx Yy _dz
1+ Jz -x-y 1 2
1250. dx  _ dy  dz

y-X X+y+z Xx-y
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1251. = = =
y-u zZ-X u-y X-z
1252, 2“" & 1254. — d’z‘ _ _dy _dz
Z - y2 z X“+y +z y z
1253, K _dy &z 1265 %% __dy___dz
Xz yZ xy z2 + l X xy — 22 Xz
1256, 9% ___dy __dz
x(z - y) Y(y - X) y2 - X7
1257, & _____ & __ d&

2 -2 y@Z+x0) w +y)

129 Y1 =2+ Y3
1258. {y T 1260. {y} =y, +y, - ys,

Z=y+2z .
Y3 =Yy +Vy;

Vi =312ty Xy' =5y + 4z
1259. { v, = —y, + 5y, — V. 1261. B ’
y?‘ Y Y27 Y3 {xz'=4y+52.
Y3 =¥ —¥; +3y;.
"=2y+3z+2x,
1262. {7 " YT .
z' = -y -2z +x°,

1263*. Cho hé phuong trinh vi phan tuyén tinh

dx
e A(Dx, (1)

véit2t, x € R", A1) = (aij(l))f" \ 12 ma tran vuong c4p n lién tuc trén
L=

{t; ; =). Gia sl X(t) 12 ma tran nghiém co ban cia hé phuong trinh trén.

Ching minh rdng X~ (t) gidi noi déu trén [t ; =) néu X(t) gidi noi déu
trén khoang d6 va

lim f zn:a (DT > —co, )

e M

Chimg minh ring khong c6 nghlcm nao khic khéng ma lai ddn dén
khong khi t —oo,
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1264*. Cho hé phuong trinh
%"t—i = £, (Xp, Xgo s Xgdr (0= 1,2, oo 1),

Chfrng minh ring nghiém cta hé trén chi c6 thé 13 mot trong céc
dang sau day : |

a) Nghiém khong tudn hodn x(t) ma x(t;) # x(t,) néu i) # t,.

b) Nghiém tudn hoan x(t) vdi chu ki T'> 0 nao day.

¢) biém dimg : x(t) = X,.

1265. Gia sit x(t) = (X{(1), X5(0). ... Xy(D)) 12 nghiém nlo ddy cia he
phuong trinh

dx; .
T = B Xy o Xy = 1,2, )

trongdé f;(i=1,2,..,m) lién tuc véi moi X; € (=0 ; o).
Chiing minh rang néu

limx(t)=¢; (=1, 2,..,1)

t—ro

thi fi(cy, ¢30 .oy €) = 0 i=1,2,..,n),td la (¢, ¢ ..., ¢,) 12 mot
nghiém cia phuong trinh da cho.

1266*. Cho heé
dZ
d—% = p(x)y,
. ()
d°z -
:l'x—z = Q(X)Z.

Tim diéu kién ma p(x), q(x) phai thod min dé c6 mot nghi¢m riéng
y,(x) ciia phuong trinh thit nhat vad mot nghi¢m riéng z,(x) ciia phuong
trinh thit hai sao cho y,z, = 1. C6 thé c6 nhiéu cap y;, z, khdc nhau thoa
min hé thifc dé hay khong ?

Tir két qua nhan duge hay suy ra ring vif}c giai phuong trinh
2 _
(g—‘;] = 2u(2p — )’ @
c6 thé quy vé viéc giai phuong trinh thi nhét.
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1267*. Cho h¢ phuong trinh vi phan
dy _
dx - f(x$ Y)!
y = (Yl’ YZ’ i Yn)l f = (fl; f29 nay fn)

Gia sir h¢ trén thoa mén moi diéu kién chia dinh 1i tén tai va duy nhat
nghiém tai lan c4n méi di€m (x ; y). Gié sir trong mién llyll > b v6i moi x
tacé

2
- yf(x, y) £k(x) llyll5,

& day y.f 12 tich vo6 huéng, ham k(x) lién tuc. Ching minh ring nghi¢m
véi diéu ki¢n ban ddu y(x, ) = x tén tai véi moi x € [x,, ; +oo).

1268*, Cho hé phuong trinh

dx

- dy _
E - P(X, Y)s dt - Q(x’ Y)a

trong d6 P, Q xdc dinh va lién tuc trong mién G chia diém ki di dang
tieu di€ém ho4c diém nit cha hé. Chimg minh ring hé dé khéng thé ¢
tich phan ddu dang ¢(x, y) = ¢, v6i ham ¢ £ const, lién tuc & trong lan
cén khd bé bat ki cia diém ki di néi tréen.

§6. Bdi todn én dinh

1. Pinh nghia. Xét h¢ phuong trinh dusi dang vecto |
X =f(t,x),t2t,x € R": x = (xy, ..., X). ON

Gia thi€t f va cdc dao ham riéng clia né theo céc bién xy, X, ..., X,
lién tuc. _

Pinh nghi’a. Nghiém x = ¢(t) cia hé (1) duoc goi 1a 6n dinh theo
Liapunép néu véi moi € > 0 t6n tai 8 > 0 ndo d6 sao cho moi nghiém x(t)
cla h¢ (1) véi diéu kién ban ddu thoa man bat déng thic

Ix(t,) — @t ) < & ' (2
thi véi moi t >t ta ¢
Ix(t) — (1)l < €.
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Néu c6 mot s6 &, > 0 nao d6 md vdi né khong ton tai s8 & nao ca thi
nghiém @(t) dugc goi 12 khéng 6n dinh. '

Nghiém (p(t) dugc goi 1a dn dinh tiém cdn néu né 6n dmh theo
Liapunop va ngodi ra, tit ca cdc nghiém x(t) v6i di€u kién ban ddu da gan
@(1,), khi t — +eo s& ti€n dén gdn @(t), tic 1a t bt déng thitc (2) suy ra

lim [x(t) - @(t) =
[—»+em

Dé xét tinh dn dinh cha nghiém x = @(t) ca he (1), trong nhiéu
trudng hop dé cho don gian, ta c6 thé xét tinh 6n dinh clia nghigm tdm
thudng y(1) = 0 ciia mot hé khdc nhan duge tir hé (1) nhd phép th& ham
cdn tim

X — Q1) = y.
2. Nghién citu 6n dinh theo x&p xi thit nhit

Gia st x;(t) = 0 (i = 1, 2, ..., n) la m¢t nghiém ciia hé (1). DéE xét tinh
8n dinh ctia nghiém tdm thudng nay ta téch phdn tuyén tinh cla cic ham
f, (f = (f,, f,, ..., £,))* trong 1an can cla diém x; = ... = X, = 0, ching han
nh&f cong thitc Taylo. C6 thé xét sy én dinh clha hé mdi nhan duge dua
theo dinh If sau day. '

Pinh li Liapunép. Xét hé¢
X = 2;1X) + oo + pXy + Wil Xps s Xp)s (3)
i=1,..,n,

trong dé ay 12 cdc hing s6, con y; 14 cdc vo cling bé cdp cao hon mdt,
chinh xédc hen, véi Ixl < €,

ly;l €y(x). Ixl,i=1,...,n;¥(x) = 0 khilxl =0, 4
o day

Xl = 1%, B 4ot I xg B

Khi d6 néu 4t ci cdc nghiém dic trung ctia ma trdn (a;), i, k=1, ...,
n, c6 pbén thyc 4m thi nghiém khong cda hé (3) én dinh tiém cén ; Néu
¢6, di chi mot, nghiém dic trung véi pharl thuc duong thi nghiém khong
cua (3) 12 khong 6n dinh.
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Vi du : Xét tinh én dinh cta nghiém khong cla hé
X =4 +4y —2e*,
y = sinax + In(l — 4y),a = const.
Bang céch tdch phdn tuyén tinh theo céng thic Taylo, ta ¢6
{5‘ = =2X ~y + ¥ (X;y),
y = ax — 4y + Y (x;y),

& day vy, , y, = o(x2 + yz), do d6 diéu kién (4) duge thod man. Tim céc
nghiém dic trung clia ma trin céc hé s8

|2-2 0 -1
a —-4-A

|=0,7&2+6?L+8+a=0,7tl‘2=—31\Il—a.

Véiax> 1, cac nghi¢m phl’rc,'Rz_?um =—3<(,convii -8<a<gl,cic
nghi¢ém thuc am, do d6 trong céc trudng hop ndy nghiém khong 12 én
dinh tiém can.

Véi a < -8, mét nghiém duong, do d6 nghiém khong 12 khong 6én dinh.

Vdia=-8,tacé A =0, A, =—6 va trong trudng hop (16i han) nay,
dinh 1i Liapunop & trén khéng cho mét khing dinh nao vé sy én dinh.

3. Nghién citu 8n djnh nhd cic ham Liapunép
Dinh nghia. Ham

dv _8v_|_8vf_*_-i_avf
Tl Syt shteta—f
dt ) at cXy axn
duge goi 1a dao ham ciia ham v{t, xy, ..., X,) dva theo hé (1), trong dé f|,

..., Iy 12 cdc toa do clia ham f & v€ phéi cia (1).

Binh Ii Liapunop. Néu t6n tai mot ham kha vi v(x,, ..., X,) thod mdn
trong mién Ixl < g, cdc diéu kién o

1)v>0khix=#0, v(0)=0,

2) &

m <Okhilxl<ey,t>t,

1
thi nghi¢m khéng cta hé (1) 1 én dinh theo Liapunép.
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Néu thay diéu kién 2) bdi diéu kién manh hon

3) i S-w(x)<0OkhiO<lxl<g,t>t
Flt i

v6i w(x) 1a ham lién tuc khi Ix| < €, thi nghiém khéng cha he (1) 1a én

dinh ti€m can.

(¢ 1]

Dinh i Trétaep. Gia sir he (1) c6 nghiém khong va gia st trong mot
mién V nao dfy cia khong gian (xy, ..., X,) tén tai mot ham kha vi v(x,,
... Xy) VOi céc diéu kién sau :

1) Diém x = 0 nim trén bién clia mién V ;

2) v(x) = 0 & trén bién ctia mién V khi Ixl < €, ;

dv

3) & trong mién V khit > t,ta cé v > 0, ™

Z w{x) > 0, ham w(x)
a
lién tuc. 3
Khi d6 nghiém khéng ciha he (1) la khéng én dinh.
Khéng ¢6 mot phuong phip chung dé xay dung céc ham Liapunép v
(khi chua bi€t nghiém ciia he (1)). G moét s6 trudng hop ¢6 thé lap ham

n
Liapunép du6i dang mot dang toan phuong v = Zbijxixj hodc dudi
L]
dang tdng chia mot dang toan phuong va mot tich phan ciia cic ham phi
tuyén nidm trong v€ phai clia hé da cho.
_ 4. Diéu ki¢n dé cho tdt ci cdc phén thuc clla cdc nghiém cla
phuong trinh
aA +a A LA +a,=0,2,>0, (5)
trong d6 cdc h¢ s6 a; thyc, cé gia tri am. _
a) Diéu kién cdn : Tt ci cdc a, > 0. Vé6i n < 2 diéu kién d6 ciing 13 dd.
b) Diéu ki¢n Raux — Hurvix (cin va dd) : T4t cd cdc dinh thirc con
chéo chinh cta ma tran Hurvix
aja, 0 0 0 0 ..0
agayaa, 0 0 .0
as a4 a3 ap aj a5 ... 0
00000O0O..a

n
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déu duong. (Cdc dinh thic con chéo chinh ciia ma tran Hurvix 12

aa, al a, 0 .
A1=al, A2= ,A3= ay s Ayl o : (6)
a3ay a5 a, aj

¢) Diéu kién Liéna —Sipar (1a cdn v db) : Tt cd 3, >0 vA A > O,
An_3> 0, An_s > 0, weey vii Al s (6).

biéu kién ¢) fuemg duong véi diéu kién b) nhung tién ding hon vi s6
dinh thdc con cdn phai xét it hon.

Vidu. V6i a va b nao thi cdc nghiém cla phuong trinh A3ty
+ 3A + b = 0 ¢6 cdc phdn thuc 4m ? '

Viét diéu kién c) :

a>0,b>0,A;=

o I VS R 8
o o8 -
w N o

=6a—-4b-9>0,A;=2>0.

Tir d6 ta nhén duge di€ukién : b >0, 6a>4b + 9,

d) Tiéu chudn Mikhailép (cin va da) : Trén mit phéng phtc, diém
f(iw) (f(A) 1a v€ trdi chia (5)), khi o thay_ddi tir 0 dén +oo, khong di qua

goc toa do va quay quanh géc toa do mot gée %’E theo chiéu duong.

Cach phit biéu khéc (tuong dwong) ca tiéu chudn Mikhailop : Cin va di
la aja,_; > 0 va t4t ca cdc nghiém clia hai da thic

p® =a, ~a, ok +a, E -,
QM) = -y — ap3N + a,-sn° — ...
duong, phan biét va uan phién bit dau tix &, tic 1a
0<§1<n1<§2<n2<...
(Chii ¥ riing da thic (5) tai A = io bing p(w?) + img(w?)).

Vidu. fh) = A2 +22% + 722 + 842 + 10 +6.
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" Odaya,=6>0,a,,=10>0, con cic da thic p(&) = 6 — 8% + 2?;2,
qM) = 10 — T +? ¢6 cée nghiem &; = 1, & = 3, m, = 2,1}, = 5. Do dé,
0<§ <m<&<n,. |

Theo tiéu chudn MikhailSp, 14t ca cdc nghiém cha da thic f(.) déu
¢4 cdc phén thuc am,

5. Diéu kién 6n dinh cla nghiém khéng ciia hé tuyén tinh véi cdc hé
6 tudn hoan cé thé xem.B. P. Démidovic, "Bai giang vé 1i thuyét toin
hoc ctia én dinh", chuong III, §16.

Céc bai todn 1269 — 1272 gidi bing cdch dung dinh nghia én dinh.

1269. Nghlém cta cdc phuong trinh sau day véi diéu kién ban dau
cho trudc ¢6 én dinh hay khéng ?

a) X =4x — 12 x, x(0) = 0.
b) 2t% = x — x°, x(0) = 0.

1270. Nghiém khoéng ¢6 6n dinh hay khong néu biét nghiém téng
quat clia hé 1a

c; — Cyt —
a) X = — 22 ,y=(clt3+cz)e '
1+t

b)x=(c; - czt)c_t, y=¢ Q/f (ln(t2 + 2))_1 + €. _
1271. Chimg minh ring nghiém khong cua phuong trinh x = a(f)x
(ham a(t) lién tuc) 1a én dinh'theo Liapunop khi va chi khi

lim ra(s)ds < oo,

[t

1272. Nghiém khong ciia hé :
X; = ay (DX +a;,(1)x,,
{5‘2 = ay (1)) +an(t)x,
c6 on dinh hay khong, néu biét ring
lim (a;; (1) + a5 (1) =b>07?
140

Trong cdc bai todn 1273 — 1275, nhd dinh 1i Liapunép vé on dinh
theo x4p xi thif nhat, xét tinh én dinh ca nghiém khong :
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RN S X ¥
x =e*% _ cos3x, ).(—e © .’
1273. 5 y 1275. 3y = 4z - 3sin(x + y),
y=+4+8x-2¢, 2 = 1n(l + z - 3x).
X = tg(y - x),

1274.
y=2Y -—2cos[§—x}.

Trong cac bai todn 1276 — 1277, v&i gid tri ndo cla cdc tham s a va
b thi nghiém khéng 1 én dinh tiém can ?

: v = ; Y — i aY
1276. {’f y Fsinx, 1277, | ¥ =In(e +ax) - ¢,
y = ax + by. ¥ = bx + tgy.

1278. Xét su 6n dinh cla nghiém X = cost, y = 2sint cta he

. .2t y
=In| x + 2sin’= |~ £,
X [x 2sin 2] 3
y=(4- xz) cost — 2xsin’t — cost.
Trong cdc bai todn 1279 — 1281, hiy tim tt ca cdc vi trf can bing va
nghién citu tinh chat én dinh cla chiing.

Lo _ _ s _ 2
1279 {X =x-1Iy-1), 1280, {x =3- \/4r+ X +y,

y=xy-2. § = In(x? - 3).

X = —siny,
1281. { y

y=2x+\/1—3x—siny.

Trong cdc bai todn 1282 — 1286, hidy nghién ctu tinh én dinh cha
nghiém khong béng cich xay dung ham Liapunop va 4p dung céc dinh li
‘cua Liapunop ho#c Trétaép.

X =V - X+ Xy, X =—-X—-Xy,
1282.{' Y ;’ . 1284.{_ \ f
y=X—-y-—-x"~y. y=y -x.
v W3 U3 e v 2
1283, {X'xz X3+y’ 1285. {x Xy xya’
y=x"-y. y=2x-y-y.
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% = —f,(x) - £,(y),

1286*. {
| y =f5(x) = f4(y),
O day sgn fi(z) =sgnz,i=1, 2, 3, 4.

Trong cdc bai todn 1287 -~ 1292, hiy nghién ciu tinh én dinh cla
nghiém khéng bing cédch sk dung céc diéu kién da bi€t dé cho t4t ca céc
phén thuc cha cdc nghiém cla da thitc am, vi du diéu kién Raux — Hurvix
hoic tiéu chuidn Mikhail6p.

1287. v + 2y + 3y" + 7y' + 2y = 0.

1288. v + 8y™ + 14y" + 36y’ + 45y = 0.

1289. y* + 3,1y™ + 5,2y" + 9,8y + 5.8y = 0.
1290. y© + 3y® 4 6y™ + 7y" + 4y’ + 4y = 0.
1291, y® + 4y & 16y" + 25y" + 13y' + 9y = 0.
1292,y + 29" 4 14y™ + 3y" + 23y' + 68y = 0.

Trong céc bai toan 1293 ~ 1295, hdy nghién cltu xem vdi gid tri nao
clia cdc tham s a va b thi nghiém khong la én dinh tiém can.

1293.y" +3y" +ay + by = 0.
1294. y* + ay™ + 4y" + 2y' + by = 0.
1295. y® + 2y™ + 4y" +ay' + by = 0.

1296. Nghién cttu xem vdi cdc gid tri nao cha a va b thi nghiém
khong cia hé vdi céc hé s6 tudn hoan sau day 1 6n dinh ?

X X
[.]= A(t)[ J,A(t+2)=A(t).
y y

0
Ao=|" *lynio<t<t,
0 0

0

Al) = [b

0
]khi1<t<2.
0
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Chi ddn. Tim ma tran monédrdmi va tinh cdc nhan tir {xem cudn
sdch cla B.P. Démidovic, di néi dén & muc 5, phin tém tat 1i thuyét cha
- §6 chuwong nay, ban tiéng Nga). '

1297*, Cho phuong trinh
X+ 1(t)x =0, _
trong d6 r(t) khong am, lién tuc va tudn hoan véi chu ki 1. Ching minh
ring phuong trinh trén c6 nghiém én dinh trén (=~ ; o).
1298*. Hay tim diéu kién cén va dii d€ cho nghiém khong cia mot hé
phuong trinh vi phan tuyén tinh thudn nhét véi he s6 hing s6 14 4n dinh.

1299%, Chiing minh ring : Nghi¢m khong céia hé vi phan tuyén tinh
thudn nhat véi he s6 lien tuc 13 8n dinh khi va chi khi méi nghiém cha hé
d6 déu bi chan.

1300*. Hay xay dung mot h¢ dang
| dy; _
dx

sao cho nd chi ¢6 mét nghiém én dinh, nhung déi v6i h¢ d6, nghiem
v6i diéu kién ban déu cho trude bat ki 13 tén tai, duy nhat va bj chan véi
moi X,

fi(x, vy, o ¥Yohhi=1,2, .0,
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Chifong IV
PHUONG TRINH DAO HAM RIENG CAP |

§1. Khdi niém mé déu

Phuong trinh dao hiam riéng cdp ! c6 dang téng quat

Bl % x < U du odu du
JrA2s s pn 9axlsax2$-"9axt1

trong d6 X;, Xy, ..., Xy 12 cdc bi€n s6 doc lap, u = u(xy, Xz, ..., X,) 1a ham
phai tim. Ciing nhu phuong trinh vi phan thudng, trong phuong trinh (1)
ou '

ox.;

i

Ham u = u(X,, X,, ..., X,) 6 dao ham riéng theo cic bi€n Xy, X3, ..., Xy
goi 12 nghiém ctia phuong trinh (1) n€u khi thay né vao phuong trinh (1)
thi (1) tr& thanh déng nhit thitc. Thong thudng khi tich phan phuong trinh
dao ham riéng ta tim dugc ho nghiém phu thuéc vao nhimg ham s& bat
ki. Gia st trong phuong trinh (1), u 12 hm hai bi€én (n =2) :u = u(x,, X3).

=0, | 1)

{t nh4t mot trong cdc dao ham riéng bét budc phai ¢6 mat.

Khi d6 nghiém u = u(x,, x,) s& tuong ng v6i mot mit cong trong khong
gian ba chiéu (x;, X5, u). Mat cong ndy goi la mdt cong tich phan. Chéng
han, d5i véi phuong trinh |
b
x Ty
ham z = x> + y° s& la nghiém xdc dinh véi moi x, y. Nghiém trén duoc
biéu dién bdi mat paraboloit (14 mit cong do parabon z = yz, trong mit
phéng (y, z), tao nén khi quay quanh tryc 0z).

0,

Ham
z= F(x2 + yz),
v&i F 12 ham kha vi lién tuc bAt ki, cling 13 nghiém cha phuong trinh trén.
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§2. Phuong trinh dgo ham riéng tuyén tinh cép |
Phuong trinh dao ham riéng tuyén tinh cdp 1 ¢6 dang

du du
X (xy, Xg o0y X, 1) a_xl + X5(X1. X, oy X0 U) -a-x; + .+

: du
+ Xn(x]; XZ, reey xrp U)W = R(Xl, X2, “aey Xn, ll), (2)
n

trong d6 u = u(xy, X, ..., X;) & ham phéi tim ; X,, X,, ..., X,, R 12 nhiing
ham cho trude clia cdc bién s6 tuong Gng. Néu vé phai R(x,, X5, ..., X, u)
d6ng nhdt bing 0 va t4t ca cdc ham X, X, ..., X, déu khong chia bien u

thi phuong trinh (2) trong trudng hop nay goi Ia phuong trinh tuyén tinh
thudn nhat, '

1. Bai toan Cé-si
Tim nghiém u = u(x,, x,, ..., ) cia phuong trinh (2), tho man diéu kién
ll| = («p(xla xz, mery xn—])’

Xp=Xj
trong d6 ¢ 1a ham kha vi lién tuc cho trude. Dac biét, néu n = 2, nghia 1a
phuong trinh (2) ¢6 dang _
P(x,y,2) g—i +Q(x, y,2) %- =R(x,y, 2), (3}
thi bai toan Co-si doi hdi tim nghiém z(x, y) clia phuong trinh (3) sao cho
zl)(:)(o = (P(X)

Vé mat hinh hoc, diéu nay cé nghia 12 tim mit cong tich phan cda
phuong trinh (3) di qua dudng cong cho truée z = @(x), y = y, nim trong
mat phing y = y,,.

2. Phuong trinh tuyén tinh thuin nhat

Nhur ta da biét, phuong trinh dao ham riéng tuyén tinh thudn nhat cap
I ¢6 dang

du du
Xl(x[, X9, oeny Xn) a—XI + Xz(xl, Xgs reny Xn) E + ...+

+ Xl X5 oo xn)aaTu = (. 4
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Phuong trinh (4) lu6n luén ¢6 nghiém u = C, trong d6 C 14 hing s6
b4t ki. Nghiém nay goi 1a nghiém tdm thudng.

Gid sit cac ham X,, Xy, ..., X, kha vi lién tuc tai 1an cin nao d cla
diém (x{,x3,..,x2) va khong déng thdi triét tiéu iai diém d6, ching han

Xa(x0,%3,...,x2)* 0 Khi d6 phuong trinh (4) c6 ho nghi¢ém phu thudce
vao mot ham sd bat ki.
Pé tim nghiém téng quét cha phuong trinh (4), ta tim n — 1 tich phén
ddu doc lap cta hé phuong trinh vi phan thudng dang déi xing
dx, dx, _

— dxn
XK(XI,X2,..., Xn) Xz(xl,XZ,..., Xn)

=Xn(x,,x2,...,xn) ’

®

Gia sit cdc tich phan ddu ay la

IIJI(XI. K3y vees Xn), 1|!2(Xl, Ky vees Xn), vevy wn_l(xl, Ko, v Xn).
Khi d6 ham

u= F[WI(XI’ K7y eoey xn), . Wn_l(xl, Xy oony Xl‘l)]’

trong dé F(y,, W5, ..., W,—;) 13 ham kha vi lién tyc bét ki, s& 1a nghiém
tdng qudt clia phuong trinh (4). '

D€ tim nghiém ciia bai todn Co-si ta ti€n hanh nhu sau :

Gia sl Wy (X{, Xg «es Xp)s WalX [y X0 wees Xy woes Wip—1(X 15 X2, ooy Xp) 12
n — 1 tich phan ddu doc 14p cua hé (5). Dt

wl (Xl’ Xz, say xl‘l—l’ X?-l) = iTJl‘

) Wz(xl’xzs--_-’ Xp-1» X)) = Wy, (6)

...............................................

(W1 (X1 Xgs oo X Xp) = Wy
Giai he (6) d6i vbi xy, X5, ..., Xp—p ¢

xp = (W, ¥, Waog),

Xy =y (Wi, ¥y, eu Wy g)s

Xp-1 = Op-y (W1, Wa, e Wy -
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Khi d6 him

= 0wy Wy, e W)y @, Vo e Wan))y e O (W W, e,
W), vGi W = WXy, X9 0 X ) (3 =1,2,...,n—1),s8 cho ta nghiém
cua bai toan Co-si :

ulxn=xg = (p (XI, XZ, -o.o, Xn..l).

Vidy 1. Tim nghi¢m téng quat cda phuong trinh
du you zdu
X °dy 20z
va nghiém thoa man diéu kién ban diu
u=y+z khix=1.
Trudc hét d€ thay ring hé phuong trinh vi phan thudng

X 0

& _dy
Xy z
: 2
cd cdc tich phan ddu doc 1ap I
- 2
=y, = *
Vi=< ¥ < ™

Do d6 nghiém téng quat clia phuong trinh trén c6 dang

2
u= F[X,E-—J,
X X

trong d6 F(§;, &,) 12 ham kha vi lién tuc bat ki.
Patd(*)x=1tacd:
Y= Vi, 7’ = v,

. y=.1TII,z= i@.

Cho nén nghiém thod man diéu kién ban diu trén 1a

tir dé

U=y +y,
hay
2
gz Ytz
X
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3. Phuong trinh tuyén tinh khéng thuin nhit
Gia st trong phuong trinh dao ham riéng tuyén tinh khong thudn nhat

du : du
KXy Xgy eoes Xpp W) a—xl- + Xo(X)s Xpy ooy Xpo U) a—xz- + ...+

+ X, (X1, X20 oos X u)g— = R(Xxq, X3y «-es X, W), N
n

cdc ham X, X3, ..., X, R kha vi lién tuc tai lan can nao d6 ciia diém

0 o o o 5 z
(X{, X3, ..., Xg, ") va chang han ?(n (x{, %3, ..., X3, u%) # 0.

'Dé tim nghiém téng quét ctia phuong trinh (7) ta tim n tich phin ddu
d0¢ 14p W (X[s X oo Ko Wy WolXK ]2 Xgs vy Xy W)y eeey Wn(X s X2, ooy X, W)
ctia hé phuong trinh vi phén thuong .

' dx, L dx, _ du
X (K Koo X 1) XXX Kga ) R(Xp, Xy X )

Khi dé nghiém 18ng quat cia phuong trinh (7) s€ duoc xdc dinh tir
hé thifc

cI:)(.""l'! WZ' very wn) = 0!
trong d6 @ 13 ham kha vi lién tuc bat Ki.
Mudn tim nghiém bai todn Co-si, ta ki hiu |
w[(x]'! le reny xn—p Kg L] U.) = ITII ]

JRZISIT X5 e Xp X U) = W, (8)

..................................................

Lwn(xl’ X9y Xp—ps xﬁ ’ l.l) = ITJn'
Giai hé (8) ddi véi x;, X3, ..., Xp—, B 1A CO
x1 = ml (il-?lv$29 -"!I-Un)’

x2 = (02(“"_!1$1T!2""91T1n)’

xn—l = (Dn—l (lTIlsll-Jzy '."$ lT“n) L

u= m(‘T’l!ﬁZﬂ"!‘T’n) .
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Khi d6 nghiém clia bai todn Co-si
o u, o = 00K, Xg, oo Xgy)
duge xdc dinh tir hé thic _
O, W2, s W) = @ [0 (W, Yy, .0y W),

mZ(W]! wzs aeey wn)v seny (Dn—l (Wl! Il»‘z, ey wn)]°
Vidu 2. Tim nghiém tdng quét va nghiém thod man diéu kién ban ddu
z=y-4khix=2
“cta phuong trinh :
oz 2, 0Z
xa--r(y-l-x )—a;-z.
2

DE dang kiém tra ring y, = =Xy = % 1a céc tich phan ddu

doc 18p cita h¢ phuong trinh vi phan thudng
T odx dy dz
=3

_— 2:

X y+x

Do d6 nghié¢m téng quét ciia phuong trinh trén dugc x4c dinh tir hé thitc

w2
Q(LX_,EJ _o
X X )

W2
z=xf(y X J
X

Dé tim nghiém bai todn Co-si tren, ta dat x = 2 trong céc tich phan
V1, W, va duge :

hay (giai ra d6i véi z)

y—4
2
Giadi ra d6i véi y v z ta cé

<i

1r 5 =¥,

ST

Y =21T!l + 4, Z= 21|_f2.
Cho nén nghiém bai todn Co-si duge xdc dinh tix he thic
2y, =2y, +4-4
hay
y - x*
pt

N
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B&i vay nghiém phai tim 1a
z=y- x%.
Tich phan cic phucmg trinh tuyén tinh thuin nhét sau day :

L0z dz
1301. (x + 2y) $ "Yg—o
du  du, _odu _
1302. X&~+y$+z-§g =0. |
1303. (x - z)%%-&-(y —z)g—u+22% =0.
1304. g —(y +22)a +(3y+4z)——-0

1305. (mz - ﬂ)’)gi' + (nx-— lz)—a—E +(ly - mx)g_‘z1 -

1306. (x° + 3xy? )a—+2 33—‘;+2 zg—‘z‘-o

1307, x 2% 4y 4 2 - %2 + ¥ T o,
ox ay : dz
2 2,0u
1308. x(y —z)a y(x -t-z)a +z(x +y )——-—0

Tim nghiém cta cdc bai toan-Co-si sau :

| du du C Yirio 1
1309. xa +yz§Z--0 u=x’khiz=1.

_ 23u du du_ . B .
1310. (z - y) ay+yaz—O,u—?.y(y Z)khi x = 0.

2 oz 20

1311. (1+x) +xyay—0;z=y khix=0."

Ju _du 1.
1312.y-a—£+Z-a—Z—0,u—lﬂZ—"§kth—l.

dz X oz . L
1313.g+(2e y)a—y—(],z—y'khlx—o.
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1314. \/_ 9 —0 z-y khix = 1.

ay
: du du ,ou .
1315.5-%.34-2-5—O,U—}’Zkhlx—-—l.
. . P T T
1316. x X +ya + X g—o,u—x +y khlZ—-.O.

Tich phan céc phuong trinh tuyén tinh khéng thudn nhat sau :

1317. yg}z(+xg—;-—x y.

aZ 2 dz

aak
1318. ¢ =7 £ =ye".
0z 0z 2
1319. 2){-3; +(y - X)a—y- - Xx* =0,
oz
1320. y == =

— 0z dz 1
1322, (z - )%+(x—z)—+ -y=0
‘ . V)= x-y=0.
1323.
1324, x —+2 '%-x +z
- X5 yay- y+2z.
2, 2,92 9z a2
1325, (x* +y )8x+2xyay +2z°=0.
2 0z 2
1326.xz—x+ =— =X+Y.
dz
1327._(z—y) §£+xza—-—xy.
d
1328. yZo ~XZno
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1329. xy_% +(x - 2z)—g—-)z; =

2

1330. sin?x = oz + gz = 9z =Cos’Z.

ox dy

1331, (xz + y)%-ﬁ- (x + yz)g-yz—: 1-22.
1332 y = + 252 - L =0, |

az oz
1333, (x+z)§+(y+z)a—y—x+y.

1334. (y + 2)% +(z+ x)% + (X + y)g_‘zl=

1335. (u—x)g—z-+(u-—y)g—;—z%lzl-=x+y.

1336. xa—u+ygy+(z+u)g —xy ={.

Tim nghiém cla céc bai todn Co-si sau :

az az
1337. y2 = +x$—0 z=x khiy= 1.
1338. xZ 25 7= ykhix =1
Xk CEEEyKmx=L
du ou 1 .
1339.xg+y-§y—-+za——u,u—i-(y+z)kh1x.—2..

1340. yzgi-l-xyg —x:z=y khix=0.

92 , 0z _ 2 2. _ 2y
1341. x X 2ya—--x +y ;z=x"khiy=1.

9z 0z o2 o
1342. x ax+y3———-z Xy;z=y“+1khix=2.
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Tim cdc mat cong tich phdn di qua dudng cong cho trudc :

_1343. tgxg—}z(-fyg—;:z;y:x.z:f.

1344. x g:n%_o z=-y,x=1.

1345, x g§+yg =2z;z=y,x=1.
1346.x%—yg—;=zz(x—3y);x=1,yz+1=0.
1347.x%+yg—;=z-—x2—y2;y=—2,z=x—x2._

1348. z

1349,

dz oz
ax—xya =2xz;Xx+y=2,yz=1.

(Y—Z)-S-E'+(Z—X)£=x-—y;z=y=—x.

z dz _ 5 5
1350. yzax+xzay =Xy;x=ay +z =a".
L 0z oz - .
1351, x-§;+(xz+y)g-z,x+y—2z,le—_l.
1352, x 2 . &

1353.

1354.

1355.

1356.

1357.

§+z§=y;y=22,x+2y=z.

(x—z)g—i+(y—z)-g§=22;x—y=2,z+2x=1.

282 dz
y ax-i-},'zay+z =0;x-y=0,x~yz=1.

zaz 2 2

(y+22 )a——2x ay =xX";x=z,y=x".

xy3%+ xzzzg—; =y3z L x=-2),y =17°.

xé-l- 95*2)( L y=x,z=x
' 9x yay" y'_y_' e
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§3. Phuong trinh phi tuyén

1. H¢ hai phuong trinh phi tuyé&n cdp 1. Xét hé phiong trinh

'g_: = A(x, y'; Z), :
0z b
-3-y- = B(x,y, z).

Gia sir c4c ham A, B kha vi lién tuc tai mo6t 1an can ndo dé cha diém
(Xo Yo» Zo)-
H¢ (1) duge goi 14 tiwong thich néu tén tai haim z = z(x, y) thod méan
cd hai phuong trinh ciia he.
D€ hé (1) ¢6 ho nghieém phl; thudc it nhat mot hing sé bat ki, thi cdn
va di 1a hé thic
dA JA JdB dB

ay+§—z—B=§+5A (2)

thod min véi moi (X, y, z) tai lan c4n ca di€m (x,, Yo, Zo)- |
NE€u diéu kién trén duogc thod man thi dé tich phin he (l) ta tién
hanh nhu sau :

'C8 dinh y trong phuong trinh thit nhat cua h¢ v& txch phan phuong
trinh nhan duge ta ¢6

z = @(x, c(y)), (3
@ day c(y) 1a ham kha vi lién tuc bat ki. Ta chon c(y) sao cho ham z thoa
man phuong trinh thit hai ctia he (1). Do diéu kién (2) dugc thod min nén
ham c(y) nhu vay 14 c6 thé chon dugc va cuébi cing ta ¢

- z=1z(x,y, C)
véi C 1a hing s6 bat ki.
2. Phuong trinh Pfap. Xét phuong trinh
P(x, y, z)dx + Q(x, y, z)dy + R(X, y, z2)dz = 0. 4)

Gia sit cdc ham P(x, y, z), Q(x, v, z), R(x, y, z) kha vi lién tyc tai lan
can nao dé cla diém (x,, y,, Z,) cho trudc va khong déng thdi triét tieu
tai diém d6, ching han R(x,, y,, z,) # 0. Khi d6
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R R
hay
oz Q
E{-dx+a dy———ﬁdx-—ﬁ-dy
Do dé _
dz _ P
ox R’
#_ Q (5)
dy R°

Ap dung diéu kién (2) d6i v6i he (5), sau mot s6 phép bién déi ta di
dén heé thic

R _2Q), o(® R), (30 ) _
P[?y- 82)+Q[az ax)+R[\ax ayj—o ©
hay

P Q R

19 d 0

g'x- E —a';—o.

P Q R

Néu diéu kién (6) dugc thod man tai moi diém (x, y, z) trong lan cén
diém (x,, ¥, 2,) thi né dugc goi 13 didu kién khd tich hoan toan cia
phuong trinh Pfap (4). Khi d6 dé gidi phwong trinh Pfap ta chi viéc giai
he (5).

3. Phuong phap Lagring — Sacpi. Xét phwong trinh phi tuyén
F(x,y,2,p.9) =0, (7
) \ s N oz 0z ... .
trong d6 z = z(x, y) [a ham phai tim, p = %' 4= 3 F 1a ham cho trudc.
Mot ho nghiém ciia (7) dugc cho dudi dang
V(X,y,2,a8b)=0hodcz=¢(x,y,a,b), -

tfong d6 a, b 1a cdc hing s6 bat ki, duge goi 14 tich phdn ddy dii cla
phuong trinh (7).
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Khira va b tir hé

(V(x,y.2,a,b) =0,
CAANELAIY
{ox T PT
A 0.
oy 0z 37
hoac tir hé

' (p(x,y,2,b) = 2,
a0
;g—q,
ap
[9x

ta nhan dugc phuong trinh tuong duong vdi phuong trinh (7). Tich phan
ddy di ctia phuong trinh (7) cé thé tim bang phwong phdp Lagring — Sacpi
nhu sau :
Lap hé phuong trinh vi phan thudng dang d6i xing :
dx _dy  dz dp dq
P Q Pp+Qq —X+Zp) —(Y+Za)'
wongd6P=F,,Q=F,,X=F,Y=F,Z=F,.
Sau d6 tim tich phan ddu clia hé nay, chang han d6 la
d(x,y,2z,p, Q) = a.

Tir hé phuong trinh
{F(x, ¥.z,p,q) =0
®(x,y,2,p.q) = a
tagiairap, q:
_{p = A(X,¥,Z,2),
q = B(x,y,%,2a).
Tich phan hé cuéi ciing nay ta duge tich phan ddy di cia phuong
trinh (7).

Vidu 1. Cho hé phuong trinh

2z _(_x .z
ax_ x2+y2 y ?

(8)
2 _(_Y _ixl
dy x2 +y2
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D€ ki€ém ching ring, & day diéu kién tuong thich (2) dugc thod man
trén toan mat phing (x, y), trir géc toa d6. Do d6 ta cé thé tich phan hé
(8). Trudc hét ta tich phan phuong trinh thi nhat cGa hé khi y ¢ dinh. Dé
thdy ring phuong trinh nay c6 nghiém

z=Cy)E™. yx2 +y? - )

Chon C(y) sao cho biéu thiic (9) thod man phuong trinh thit hai ciia
hé (8). Theé (9) vao phuong trinh thit hai cla (8) ta duoc

Cy)e’™. x* +y? + Cy)xe’™. Jxi +y? +Ciy)e’ x.-—-\/Ty—_z =
X‘+y
= { L+ xJC(y)e”‘. Jx2+y% .

X" +y

Tir day suy ra C'(y) = 0 hay C(y) = C = const.

Do d6 nghiém cua he phuong trinh trén 1a

z=Ce™. Jx2 +y?.

Vidu 2. Xét phuong trinh Pfap

+ . 2
22 +Y) g HXH) g & +2y)
z z 7

dz =0.

3 day diéu kién kha tich hoan toan dugc thod man, vi

2(x+y)(_2(x+y)+2(x+y)J . 2(x+y)[_2(x+y)+ 2(x+y))_

Z z2 7? z 72 22

() G-

Do d6 phuong trinh trén hoan toan tich phan duge.

Tichphan‘hé '
| %_ 2z
X x+y’
-B_z_ 2z
dy x+y’

203



ta duge
z=C(x + y)z, C =const .

D6 1a nghiém phai tim.
Vidu 3. Tim tich phan ddy d0 cua phuong trinh
7°(1 + p* + ¢°) = R? (R = const) (10)
bang phuong phdp Lagrang Sacpi.
H¢ phuong trinh vi phén thudng trong Ung véi phuong trinh trén cd dang
dx dy dz _ dp
222p - 222q B 222(132 + qz) ‘- —[2z(1 + p2 + qz)]p
dq ,
{2201+ p* +q*)la
Mot trong cdc tich phin ddu cua hé nay la

P-a

q

Giai heé phuong trinh
21+ p? +q%) = R,

A
P _a
q
d6i véi p, q ta duge
__ a R? - 22
ﬁp VaZ +1 z
q=- 1 .Rz—zz
\/a2+1 z
Tich phin hé nay ta cd

VRZ - 2% + X + e y+b=0,
\/a +1 \/a2 +1
D6 1a tich phan ddy di cha phuong trinh (10).

Chdng minh ring cdc hé phuong trinh sau day kha tich hoan toan va
hidy tich phéan cac phuong trinh dé.
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dz _z

ox  x°
1358 iz_ _ 2

dy 'y’

o2
1359, { 9%

%

9y

9z - yz

ﬁ - '
1360. <§E .

dy

(9

i = yz cos(xy),
1361. <

oz

a—y- = Xz cos(xy).

1362. |

1363. <

1364, 4

Tich phan céc phuong trinh Pfap sau day :

1365. (x — y)dx + zdy — xdz = 0.
1366. 3yzdx + 2xzdy + xydz = 0.

1367. yzdx — xzdy + x%dz = 0.

1368. yzdx + (" + xz)dy — dz = 0.

1369. (z + xy)dx ~ (z + y*)dy + ydz = 0.
1370. (2yz + 3x)dx + xzdy + xzdz = 0.
1371. (x* + 2z — x*)dx + x°dy — xdz = 0.

Tim tich phan diy du cla cdc phuong trinh sau day bang phuong

phap Lagring — Sacpi :
1372. z=px + qy + pz.
1373. z=px + qy + qp.
1374. p = 2z¢°.
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§4. Céc bdi tép thudc logi khdc nhau

Tim nghiém téng quit cla cdc phuong trinh sau :

du 8u du
1375. X\ 5 X, + Xy = 3x2 +xn§x—n- = mu, (m # 0).

ou ou | _31 . +x du
%2 aXZ 3)&“

1376. =0.

1377. y=— — xz=— = 0.
y y
1378. — + yz =0.

1379. Z& - gy— =0.

~ Tim céc mat cong tich phan di qua cdc dudng cong cho trudc cia
nhiing phuong trinh sau day :

du du du )
1380. x X ya—y+zaf—0,u7y+zkh1x—1.
ou ou du .
1381.xz);—y§§+z§z-—u,x-1,u-y+z.
d 2 _ . 2. _
1382. Xs; yﬁy-—o,z-y,x—l.

1383.x%=z;z=siny.x=l;z=x,y=1.

dz oz
1384.-8— ay VI = y+17.(-0.
1385.%-:2- =y,x=1.
Jz 0z 2
L ¥V——X—=0:2z= =0:z2=v", =0.
1386 Y 5% xay 3Z=Y, X ;2=Y,X

dz 0z _ | 2.2
1387.);& ya—y—x y;x=a,z=y +a.
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1388. y§z+x%—x2+y x=a,z=1+2y+3y2.

1389. ygz a%:yz—xz;y:a,z:xz—az.

1390. Tich phan h¢ phuong trinh sau :

dz 2z
a.__
dz .%E
dy y

1391. Chimg minh rang phuong trinh Pfap sau day kha tich hodn toan

va tich phan né :
dx+[(x -y ) —2yzidy + (y -x)ydz=0.
1392. Tim tich phan ddy du cha phuong trinh
z=px+qy-p'q

bing phuong phdp Lagrang - Sacpi.

1393*, Cho biéu thiic

P(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, z)dz, (1

trong d6 P, Q, R 1a cdc ham da biét cha x, v, z. ‘

1. Chitng minh ring ¢6 v6 s6 ham f(x, y) sao cho né€u thay trong biéu
thic (1) z boi f(x, y) va dz boi df thi ta duge mot vi phéan toan phin. Hay
tim dicu-ki¢n ma f(x, y) phai thod min bing cich ding céng thic Xtok
(Stokes) d6i v6i mot dudng cong kin ndm trén mit (S) biéu dién béi
phucmg trinh z = f(x, y).

2. Néu f(x, y) = C la nghiém cta bai todn véi C 1a hing s6 tuy ¥ thi
moi nghiém khéc déu c6 duge nhd mot phép cdu phuong.

3. Khi phuong trinh (1) 12 hoan toan kha tich thi moi mat (S) déu xac
dinh dugc ma khong cdn phii tich phan néu bi€t dugc tich phan téng quét
F(x, y, z) = const cta phuong trinh (1).

4. X4c dinh cdc mat (S) trong trudng hop :

P = 2x(y” - z%) — 6xyz, Q = 2yz° + 3z(y* = x%), R = 0
va ching minh ring cic mat (S) d6 cé thé dugc tao nén bdi cic dudng
cong (G) cit tryc giao vdi mot ho mat (M) va tim phuong trinh clia ho
mat (M). (Céc truc toa do gia st 1a vuéng géc). Hiy biéu dién phuong
. trinh cha cdc dudng cong (G) theo tham sé.
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Chuong V
CAC BAI TOAN BO SUNG

3 chuong nay, cic bai tap khong c6 sy phan biét véi nhau boi ddu (*)
nhu & cic chuong trudc nita.

1394, Hay tim nghiém téng quét clia phuong trinh

. X
281115.

Chi dén : Phan tich v& phai thanh chudi Fuarié.
1395. Chimg minh dinh 1i Knhezer sau day : Xét phuong trinh

y'+qx)y=0(x>0) (1)
trong d6 q(x) > 0 12 mot ham s6 lién tuc va q(x) — 0 khi X —+ee. Néu

X+9x =In

1
O<(](X)S Zx'? (X>3020)

thi nghiém ciia phuong trinh (1) khong thé ¢6 v6 s6 khong diém. Néu

gx) > l4+20t (a>0,x>a,20)
X

thi nghiém ctia (1) c6 v8 s6 khong diém.

Chi dén : So séanh phuong trinh (1) vdi phuong trinh Ole sau day
b2
y"+ —2y=0 (x> 0).
X

1396. (N. V. Adamop). Cho phuong trinh Ricati
- y =y +q(x). (1)
Ki hiéu
y = u(x) + 1v(X)
1a nghiém phic ciia phuong trinh d6. Hay vi€t hé phuong trinh vi phén
cho cdc ham u(x) va v(x).
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1397. (N. V. Adamép). Chitng minh ring nghi¢m cia (1) (bai 1396,
xdc dinh bdi diéu kién

¥(Xo) =m + in (n # 0),
khéng thé nhan gia tri thuc tai mot gid tri nao dé ciia bién doc 1ap x.
1398. Cho phuong trinh ‘

dy
a‘; - f(X)v

trong dé f(x) lién tuc trén [a ; +e0) va tich phan sau day hdi tu :

j:’ £ox)dx .

Ching minh ring dudng cong tich phan di qua diém (x, ; y,) véi x, 2 a,
Yo 1a mot s6 bat ki cho truée, c6 tiém c4n ngang

Yy=Y¥o+b,b= J:Qf(x)dx.

Ap dung. Véi A ndo thi nghiém clGa phuong trinh sau day :

dy i
ax -

di qua di€m (x, ; y,), X, > 0, ¢6 tiém c4n ngang ?
1399. Giii phuong trinh
X))+ (V) +2x +2y = 1.
Chi ddn : D§t y = 1, tich phan phuong trinh nhan dugc va xdc dinh
@'(1) bing céch th€ nghi¢m vira tim duge vao phuong trinh di cho.
1400. Tich phan phuong trinh

dy .
i y + f(sinx — y),
trong dé :
,Zz>0
£(z) = Z,2
- 0,z<0.

Tim nghi¢m di qua diém (0 ; 1).
1401. Dodn mot nghiém riéng ciia phuong trinh tuyén tinh
LY YO = 0(x). 9'(x)
va viét nghiém téng quat.
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1402. Tich phan phuong trinh
y' + ycosx = $inx CosX,

bing cich dodn mot nghiém riéng cla né.

1403, Hay tim cdc nghiém tudn hoan cla phuong trinh

| y' = ysinx + sin2Xx.
1404. (V. R. Petukhdp). Hiy tim nghiém cha phuong trinh tuyén tinh
X = xsin L + A
AZ

véi diéu kién ban ddu x(0) = O vi xét xem nghiém d6 c6 gi6i han hay
khong khi A — 0.

1405. Ciing yéu cdu nhu bai todn 1404 d&i v6i phuong trinh

& _X sin ! + A
dt 27 A
(N. N. Pétrép).
1406. Dua phuong trinh
y + [y? - *(0] fx) - ¢'(x) = 0
vé phuong trinh Bécnuly nhd phép thé ham cén tim.

1407, Giai phuong trinh tich phan
y=~A f (cotg t + cos t)y(t)dt, A = const.
X
1408. Giai phuong trinh
Lt irenyi2 4 o2 2
o (b o0P +y*(x0ldt =y ().

Chiddn : ThExt=1z.
1409, Tim y tir phuong trinh

dy b
= =) + o) | g@x.
Chi ddn : Chii ¥ rdng tich phan jbg(y)clx 12 mot dai lugng khong déi
. d

N _
doc theo nghiém, dit L gly(x)ldx = A.

210



1410. Tim nghiém cGia phuong trinh

dy _ 1
i Al LY(X)dX

thoa min diéu kién y(0) = 1.
1411. Giai bat ding thic tich phan

v <A E,/y(r) d, A > 0, y(t) = 0.
1412. Cho phuong trinh '

dy _
dx __ f(x’ y)!

trong d6 f(x, y) lién tyc trén ca mat phing (x, y) va c6 tinh chat

f(x, ») > 0 khi xy <0,
f(x, y) < 0 khi xy > 0.

Ching minh ring nghiém ctia phwong trinh d6 thod min diéu kién
ban ddu y(0) = 0 12 t6n tai va duy nhat. Tim nghiém dé.

1413. Cho phuong trinh
X +gx)=0

v6i gia thi€t g(—x) =-g(x). Chiing minh ring chu ki dao déng cia
nghiém xdc dinh bdi dicu ki¢n ban ddu x(0) = a, X (0) = 0 duge cho bdi
cong thitc

dx ' X
T@) = 2V2 [ ———x, G(x) = [ g(x)dx.
A JG(@) - G(x) he
1414. Ching minh ring chu Ki dao déng cla con lic todn hoc ma
chuyén dong dugc mé ta bdi phuong trinh vi phan phi tuyé&n c4p hai
(.") = _%'Sin ¢,

¢ day o la géc léch giira truc clia con lic va vi tri can bing thing diing,
dugc cho bdi céng thitc

d
T= [ L (@, =00)).
0 Jcos ¢ ~ cos @,

(so sdnh v6i bal todn 840%).
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Tém bai todn sau day 12 do N. A. Xakharnhik6p thiét lap. Doc gia ¢
thé tham khdo : N. A. Xakhamhikép "Vé céc diéu kién t9n 1ai tam di€m va
tieu diém" ; Tap chi "Todn hoc tng dung va co hoc” clia Lién X6, bo 5,
1950, tap XIV.

1415. Cho hé
X =y + X(X,¥),
{_ y y M
y=-% =YX
trong dé X(x, y) va Y(x, y) l1a cdc ham chinh hinh d6i véi x vd y khong
chia céc s6 hang tu do va tuyén tinh. Chiing minh ring hé dé cd tich
phan chinh hinh d6i véi x va y khi va chi khi phuong trinh sau day c6

thira 6 tich phan chinh hinh :
_ (x + Y)dx + (v + X)dy = 0.
1416. Chitng minh ring néu
XX-yY=0

thi vi trf can bing x =0, y = 0 clia hé (1) & bai 1415 Ia tam diém

1417. Ching minh ring néu X v2 Y 1a cdc da thic thudn nhat, déng thdi
1 X(cos @, sin Q)
0 cos @

thi vj trf can biing x = 0, y = 0 clia hé¢ (1) & bai 1415 la tim diém. C6 hay
khong céc ham khéc thod man diéu kien (2) dé cho x =0, y =0 13 tAm diém ?

XY+yX=0va

dp =0 2)

1418. Chiing minh ring néu
Xy, x)=Y(X, y)
thi vi tri cAn bing x = 0, y = 0 cia h¢ (1) & bai 1415 la tam diém.

1419. Ching minh rang néu X va Y 1a cdc da thic thudn nhét bac
chinclax vayva

X(y, x) = -Y(x, )
thi vi tri can bing x = 0, y = 0 cia hé (1) & bai 1415 12 tam di€m.
1420. Ching minh ring néu X(x, y) va Y(x, y) la cdc ham hoan

chinh déi v6i x va y, ma trong khai trién theo céc lu§ thira nguyén duong
cha x vh y khong chita cdc s& hang ¢6 bac 1¢ va

Xy, x)=-Y(x,5)
thi vi tri can bing x =0, y = 0 cia hé (1) & bai 1415 1a tam diém.
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1421. Chitng minh -rﬁng dang (dic trung) clia vi trf can bang x = 0,
y =0 cua hé (1) & bai 1415 ciia hé

X =y+mX,
y=—-x—-mY
khong phuy thu¢c vao m, trong dé m 12 hing s6 thuc.
1422, Cho h¢

| {x = X, (x,y9) + yX,(x. y2),
¥y =Y, (x,y") + yY,(x, %),
trong d& X;, X5, Y; vd Y, 14 cdc ham chinh hinh theo x va yz, bang
khong tai x =y = 0; Y,(x, 0) # 0. Chimg minh ring hé dé thira nhin mot
tich phan khong phu thudc vo t va 1a mot ham chinh hinh theo x va y°
(hoac x va x> + y°) khi va chi khi diéu kién sau dugc thoi min

X, Y, -y X,Y,=0.
Gidi thich cdch sdp x€p clia cdc quy dao pha cia hé trong lan can vi
tri cAn bang x =y = 0.
1423, (N. A. Lukasévich). Ching minh ring he
| x =e'y + f(t)(x% + y* - 1),
{5’ = —e'x + (2 +y2 - 1),

frong dd f(t) va @(t) lién tyc vdi ltl < +e0, ¢6 nghiém

X=x(1); y=y®)

duge biéu dién bdi mot dudng cong déng trén mat phing pha (x, y),
nhung nghiém dd khéng phai 12 nghiém tudn hoan.

1424, (N. P. Erugin). Chimg minh ring hé
{5( = sint + t(x? +y2 - 1),
y = cost + (x> +y2 - 1)
¢ nghiém tudn hoan, tuy cdc v& phai khong phdi 14 cdc him tuin hoan

theo t.
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1425. (N. P. Erugin). Chiing minh ring he
x=x%+y? -DsinAt+y,
).’ =X,

2n
y

tudn hoin vdi chu ki khong théng udc véi chu ki chia v& phéi clia he khi A
12 mot s8 vo ti.

1426. (N. P. Erugin). Ching minh ring mét hé tuyén tinh gém hai
phuong trinh v6i cdc hé s6 lién tuc @ — tudn hodn, khéng c¢6 nghiém tudn
hoin vé&i chu ki khéng thong wéc véi o.

1427. (Babbedz). Cho phuong trinh

El%(;—) = ylax)],

trong dé o(x) 1a mot ham kha vi lién tuc va ofa(x)] = x. Chon a(x) nao
d6 sao cho phwong trinh trén c6 thé tich phan béng cdu phuong.

1428. (K. G. Valeep). Tich phan phuong trinh
| y(©) = y(it) G = v-1).
" 1429, (N. M. Gerxévandp). Tich phan phuong trinh
f(x) + xf(-x) = p (p = const).
1430. (Babbedz). Tich phan phuong trinh

d (1
EHORT

1431. Ching minh réing phuong trinh ‘
YX) +px) y(x - 1D+ qx).yx) +rx) y(x—-1)=0
trong trudmg hop ’

‘ma cdc v&€ phadi 1a cdc ham tuin hoan theo t v6i chu ki —, cé nghiém

r(x) - p(x) q(x) - p'(x) =0
duge dua vé mot phirong trinh vi phan thudng nhé phép thé
y(x) + p(x) y(x — 1) = z(x).
1432. (V. R. Pétukh6p). Chimg minh ring v6i mdi x,, 0 < X< 1,
phuong trinh
¥ +x(t-x(t)=0
¢6 nghiém tudn hoan véi diéu kién ban ddu

x(0) = 0, x(0) = x,.
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1433. (B. N. Xkatrkdp). Cho hé
% =2 -x2 —y)x™ —ay",
{5’ =ax™ + 2 -x? - y')y",
vdi m, n 12 céc s6 nguyén duong 18, 0 < a < 1. Chiing minh ring hé trén

c6 nghi¢m tuin hoan.

1434, Tim diéu kién @i cho ham f(x) d€ cho t4t cd cdc nghiém cua
phuong trinh sau ddy con bi chan khi x — +oe ;
y" +y = f(x).
1435. Gia sl ta déd c6 cdc gia thi€t cha bai todn 1031 va dat

b,= max |y(x)l. Ching minh rdng b;> by; > b3 > ..
XpSXSXpel

1436. Gia sir gidi han c trong bai todn 1032 hiru han. Ching minh
ring b, — B> 0 khi n —e (ding ki hiéu clia bai todn 1435).
1437. Tim diéu kién di cho cdc gid tri dac trung cla ma tran A dé
cho hé phuong trinh (duéi dang vecto)
X = AX + f(1)
¢6 nghiém tudn hodn v4i moi ham vecto f(t) lién tuc tudn hodn chu ki w.

Chi ddn : Ap dung phuong phép bi€n thién hé.ng s6 du6i dang vecto,
biu dién nghiém téng qudt qua ma trin co ban e, ham f(t) va diéu kién
ban ddu. Sir dung gi thiét tuin hoan. '

1438. Gia st trong phuong trinh

, _ ax+by + p(X,y)
T ex +dy + q(x,y)

(1)

cdc ham p va q xdc dinh va kha vi lién tuc trong mot 1an can nio dé cua
diém (0 ; 0), con tai chinh diém (0; O) thip= p; = p, =q = q, = q, =0

Chitng minh rang néu phuong trinh (1) khong thay déi khi thay y bdi ~y
va cdc nghiém ciia phuong trinh dic trung

c—-A d
_ a b-A
12 thuén Zo, thi diém ki dj (0 ; 0) 1a tam diém.

=0
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1439. Gia sir @,(t, X, y) = C;, 05(t, X, y) = C, 1a cdc tich phan ddu
cia hé x =f(t, x, y), ¥=f,(t, x, y) ; cdc ham f|, f, va cdc dao ham cua

ching theo x va y lién tuc.

" " Gia sit trong khéng gian (t, X, ¥) cdc mit ¢(t, X, ¥) = 1, @,(t, X, y) = 2
cd chung nhau chi mét dudng (tic 14 ching giao nhau hoic ti€p xiic vdi
nhau theo dudng nay). Chiing minh ring dudng d6 1a dudmg cong tich
phan cha hé di cho.

1440. Cho cdc hadm y,(x) va y,(x) d6c lap tuyén tinh trong khoang
(a ; b), c6 dao ham lién tuc va
Y1 ¥2

1 1 = 0'
Y1 Y2

Chiing minh ring trong khodng da cho s& tim dugc diém x, sao cho
Yi(%o) = ¥2(%o) = ¥1(X,) = ya(x,)=0.

1441. Chitng minh ridng tat ca cdc khong diém clia bt ki nghiém
khong dong nhdt bing khong cla phuong trinh

y' +px)y +q(x)y =0
12 c6 1ap n€u p(x), q(x) lién tuc trén (a ; b).

1442. Gia sir p(x), q(x) lién tuc trén doan [a ; b] hitu han. Ching
minh ring nghiém khong déng nhat bing khong chia phuong trinh

¥+ p(x)y +q(x)y =0
khong thé ¢6 v6 s6 khong diém trén [a ; b]. (Xem thém bai 1483).

1443. Tim diéu kién cdn va da dé tdt ca cdc nghiém cha phuong trinh
thudn nhat y' = f [%) 1a nhitng dudng cong déng bao quanh gdc tpa do.
(Hudng ddn : Dung toa do cuc).

1444. Gia st A 12 ma trn hing s6 va R(t) 13 ma tran kha tich :

fu RO dt <oo.
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Biét rang dang Joocddng clia A 13 chéo. Chimg minh ring néu A la
cdc gid tri rieng clia A va p; 1a vecto riéng tuong tng : Apj = Ajp; thi
phuong trinh

_ Xx= Ax + R(t)x
c6 cic nghiém riéng @, sao cho

lim @) ' = p; (= 1,2, .. n).
t—yeco ’
Huong ddn : Gia st j c6 dinh, Re)..j= o, M= Y, (1) + Y,(t) v6i Y, (1)

1a tong cdc s6 hang dang ehet, ReA, < 0 va Y,(1) chi chita cic s& hang
dang e, Rely 2 0. Khi d6 ¢6 hing 56 8 > 0 va K, K, sao cho .

Y, 0l <K, 12 0),
Y ()l < Kpe™ (1< 0).
Gia stt w ) = eljtpj va
Yy = i, + [ Y- RGO s)ds - I. Y, (t ~ R (s)ds
trong d6 a chon khd 16n sao cho '

K, +K,) j:u R(t) Il dt < -;-

Gid sit Il y$?(1)" Il <K.e™, 1<0, ching minh ring

ot
Iy ™Dy — oOpyll < Ko

2I+l !
do d6 suy ra c6 ham gidi han ¢; thoa mén
lo;(t)] < 2K e

va
’ At !
90 = €p; + [ Yt - ORE)PEds — [ Y,(t - IRE)p(5)ds
Do d6 '
. i
™| g;0) - €4 py| <2K K, [ e IRes)llds +
a
&
+ 2K K, [IRE N ds <2KK; ¢ 2 [TNRE I ds +
t a
+2K, (K, +Ky) qu" R(s) Il ds.

Cho t — oo suy ra két qua.
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1445, Xét he
x = [AQt) + R(D]x

véi gia thiét A(t) 12 ma trén lién tyc va tudn hoan chu ki @ va R(t) 1a ma
tran nhu & bai todn 1444, Gia sit phuong trinh

y = Ay
c6 n nghiém doc 1ap tuyén tinh dané exp(p;t) p;(t) vi p; ¢é chu ki .

Chimg minh ring trong trudng hop nay phuong trinh da cho c6 n nghiém
(pJ nao doé sao cho

lim n[pi(De " = (] =0, =1,..,n)

Huténg déin : Phuong trinh ¥ = AY)y c6 nghiém co ban P(t)e®, ma tran
B ¢6 dang chéo B = J,. Hién nhién P' + PB = AP. Dat x = P(t)z. Khi d6
phu:mg trinh d6i véi z ¢6 dang

z' = Bz + P"RPz.

Bay gi¥ ¢6 thé sir dung bai todn trén vi B 12 ma tran hang. Chi ¥ ring
u = Bu cd cdc nghiém exp (pjt)ej, trong d6 e; = O, ..., 0, lj, 0,..0).

1446. Xét he |

W LA WO A W=0,

trong d6 W 12 vecto m chiéu va A; 13 céc ma tran vuéng hang cdp m. Xéc
dinh céc ma trin co ban cla h¢ d6 va tinh mot trong 86 cadc ma tran do.

1447. Phat biu va ching minh cdc két qua tuong ty bai todn 14435
cho phuong trinh

L x =x™ + [a,(0) + r; )]x" "

+ .o+ [a, )+ ,(0x =0,
trong d6 a; 12 cdc ham tudn hoan véi chu ki o.
1448. Gia st cdc ham y(x) va z(x) thod min cdc phuong trinh
y" +4q(x)y =0,
2"+ Q(x)z=0
13 duong ldn lugt trén cdc khoang (x; ; X;) va (X ; X~ ) VA triét tiéu

tai cdc ddu mut ; biét ring Q(x) > q(x) > 0. Ching mmh ring néu
Z'(x)) = y'(x)) thi z(x) < y(x) vOi x;< X £ Xz

218



1449. Gia su f(t, X, y) c!va % 2 0. Ching minh ring nghiém clia

phuong trinh % = f(t, x, X) v6i x(0) = a, X(0) = b trén doan 0 <t < T ¢c6
dao ham duong theo b (gid sl nghiém d6 tén tai tren 0 <t < T,

of;

1450. Gia six cdc ham fi(t, Xy, ..., x,) € C' va | SLm i k=1,

k
--» l. Chimg minh ring dao ham cla nghiém ciia he

XI = fl(t’ Xl, . Xn)g i = 1; seay 10,

theo diu ki¢n ban ddu x(t,) = x;, thod min céc b4t ding thic

< expnj L{s)ds (i,k=1,..,n),t 21,
ko

1451. Gia sl ¢, v, % la cdc ham thyc lién tuc (hodc lién tyc timg
khic), xdc dinh trén khoang thuc 1 : a <t < b. Gia sir x(®) >0 trén I va
vdi t € I bat ding thic sau dwoc thoa man

o0 < YO) + [ 1E0E)s.

Chitng minh réng trén I

1
00 Sy + [xewsrexp| [ ] ds.

!
Hudng dén : Dat R(@t) = I x(s)¢(s)ds va chiraring R' — XR < XV.
a .

1452. Ta néi rang ham f, xéc dinh trong mién D ctia mat phing thyc
(t, x), 1a thugc vao 16p Lip(t) trén D néu ¢6 mot ham kha tich k(t) nao d6
sao cho véimoi (t; x) eDva (%) e D

(e, x) — f(t, ) <k(®) | x - X |.

Gia sir f € Lip (t) trén D. Gia sit @, va @, 12 hai ham lién tyc trén I :

a <t <b nio d6 sao cho (t ; ¢;(tHe D khl t € I va cdc ham f(t, ;(1)) kha
tichtrén I v6ii=1, 2. Dat

@) = o (0) + J:f(s, ¢,()ds + E,(t),

219



t € I va gia thiét ring 1@ (T) — ¢,(1)] < &. Chitng minh r&ng v T<t<b:
lp,(t) = @,()] £ S exp [ _rk(s)ds] + EB(t) +
’ T

t
+ I E(s)k(s) exp [rk(u)du]ds;
T T

trong 86 E(t) = |E;(t)) + |E,(t)l ; tuong ty di véia St < T.

Huéng ddn : Ap dung bai todn 1451.

1453, Gia str cac ham @, ¢, di cho trong bai todn 1452 thuéc vao
16p C':, trén I (tic 13 ching ¢6 dac ham 12 céac ham lién tuc timg khuc,
cdn cdc diém gidn doan cha dao ham thi thudc loai 1) vd ngoai ra gia su

L @i (1) — £(1, @; () | <& (1), &(t) = & (1) + &,(1).
Ching minh ring

19,() — ¢5(0)l < § exp [ ji k(s)ds] N j: £(s) exp [ J’Tl k('u)du]ds.

. { b
Huong ddn : E®) < | e(s)ds. Tixd6 néu K = J’ k(s)ds thi
T a

o, (1) - ¢2(t)l < (8 + j: e(s)dg) e.

DEé thay ring céc bat ding thitc d6 c6 thé diing dé ching minh tinh
duy nhéit nghiém ctia phuong trinh
x' = f(t, x),
néu f € Lip(1) trén D.

1454. Gia st L x = x® +ax" Y+ . + agX, trong d6 a; 14 cdc ham tudn
hoén chu ki ® trén (—eo ; +o0). Hay tim dang e\\a nghiém trén (—cx_:r ; oo).
1455, Trong phuong trinh X" + a,(t)x' + a,(t)x = 0 thuc hién phép thé
[
bi€n s = F(t), vdi F'(t) = exp [—I al(s)ds] va dat t = G(s). Chitng minh
1]

ring ta s& nhan duge phuong trinh
d’x
— +g(s)x=0,
ds?
trong dé

a,(t)

g(s) = 5 khi t = G(s).
[F'(t)]
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1456. Gia s t4t ca cdc nghiém cﬁa hé tuyén tinh véi hé s6 khbng déi

y'= Ay déu bi chén khi t 2 0, titc 1a gid st lle™ Il S M < o0, t > 0 vGi M 1a
. mot hang s& nao dé.

Gid st f 1a mot vecto ham lién tuc va gid sir ¢6 mot héng s6 a va ham
8(t) nao dé sao cho [M(t, x)Il < g(lixll khi lIxll < a va t > 0. Biét ring

r g(t)dt < e=. Ching minh ring c¢6 mot hing s§ M, nio dé sao cho mot
nghiém bt ki @ cha hé x' = Ax + f(t x) déu thod man bat déng thic

oIl < M llp(@)ll, n&u lipO)ll £ ——
M1

Chi ddn : Ching td ring
t
o)l < Mllp)ll exp [M [ g(s)ds].
Q
1457. R6 rang rdng trong bai toan 1456
A= UL(1) + Uy,
0 day U, (1) gébm céc phdn tir 1a tdng ciia cdc s6 hang dang exp (A0, A,
la s6 thl.IC, “Ul(t)” = K], —oo < t < +oo, con ”Uz(t)” < Kze‘_ct, 0t< °0,
¢ > 012 mot s6 ndo d6 ; K, K, la céc hing s6. Ching minh réng cé mot

vecto khong déi p nao d6 wong ng véi nghiém ¢ sao cho ¢(t) - U,(tp
— 0 khit — oo,

Chi ddn : Ching minh ring c6 mot vecto p nao dé sao cho
4 .
0 =ep+ [Ui(1-9)5(s, ot)ds — [ Uytt -9, o(s))ds.

1458. Gia st :
X; =Pi(x[, x3) + fi(x, x) (=1, 2) (1)

trong d6 P; 1 cdc da thitc thudn nhat cdp m > 1 va fi=ot™) khir > 0, §
day r va 8 1a cdc toa do cyc. Gia thi€t ring tdt ci cdc nghiém cha he (1)
xudt phdt tit mot diém nao d6 trong lan cin cha géc toa do thi s& ti€n dén

X P — x,P,

goc toa d6 khi t — oo, it Qg, = ——2L va cho ring ham Q khéng
r

dong nhat bing khong. Ching minh ring néu 6 = w(t) 1 mot nghiém thi
hoic 13 w(t) ti€n dén gidi han hitu han, hoic 12 w(t) = teo khi t — oo.
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Chi ddn : ,
do
dt

1459. Hay tim vi du d€ sao cho ca hai phuong trinh y' = f)(y) 2 0 va

= 71Q0) + o™ ).

y' = f,(y) 2 0, v6i v& phai lién tuc, déu cé tinh duy nhét nghi¢m, nhung
d6i v6i phuong trinh y' = max{f;(y), f5(y)} thi tinh duy nh&t nghiém lai
khong dugc bio dam. Hay nghién cu ki them bai todn nay, ching han
v6i diéu kién nao thi phuong trinh th ba ciing c6 tinh duy nhat nghiém ?

1460. (O. A. Oléinhik). Gia sk trén doan a £ x < b cho cdc ham

lién tuc p(x), q(x) -va 1{x) sao cho p(a) = p(b) =0, p(x) > 0 (a < x < b),
g(x)>0(@<x<b),

edx o dx _ N
J‘: F('x_)_fb~em-+ (0<e<b-a)

Ching mmh ring khi dé tat ca cdc nghi¢ém cia phuong trinh
p(X)——— +q(x)y = r(x),
1(b)

t6n tai trén khoéng a < x< b va tién dé€n ——= khi x — b.

q(b)
‘1(a)
q(a)

Trong s6 cac nghlém &y ¢6 mot nghiém tién dén ——= khi x — a, con
cac nghiém khdc thi tién dén +oo hodc —eo khi x — a.

1461. Gia st trong mot mién G ndo diy cdc ham z)(x, y) va z3(X, y)
kha vi lién tuc va

9, 97
Jz; azl dx  dy
0, =0,
M e
9x oy

Chitng minh ring khi dé trong mot 1an can nao diy cia mdt diém bat
ki cha G (nhung khong nhit thi€t trong toan b mién G!) z, 12 mot ham
cla z;.

1462. Hiy tim thita s3 tich phan d6i véi phuong trinh tuyén tinh dugc
viét dudi dang

- [a(x)y + b(x)]dx = 0.
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1463. Gia sit M(x, y) vd N(x, y) 12 cdc ham kha vi lién tuc hai 14n
trong hinh chi¥ nhdt Q, N 20 (Q : a <X < b, ¢ < y < d). Chiing minh riing
khi d6 phuong trinh

M(x, y)dx + N(x, y)dy =0
c6 thua s6 tich phan lién tuc u # O & trong Q ma chi phu thudc vio
“X(K = u(x)) khi va chi khi trong Q ta ¢6

N(a_zl_\I__az_MJE.al\J_(_aﬁ_M)

Oxdy  gy? dox dy
1464. Hay chiing minh dinh Ii vé sy t6n tai nghiém cda phuong trinh
y =1(x, y) , (1)

vi diéu kién ban ddu y(x,) = y, (dinh Ii Péand) bing cich sau day
(phuong phdp Pérrén). Mot ham kha vi lién tuc bat ki y = ¢(x) s& duoc
- goi 1a ham trén trong khodng (X, ; b) né€u dé thj clia né ndm hoan toin
trong G (mién x4c dinh cta phuong trinh (1)) va

| P(X) = Yo ©'(X) > (X, P(x)), X, SX < b,

Khi dé:

a) Céc ham trén 1a tén tai ;

b) Can dudi cha tat ci cdc ham trén 12 dudng cong tich phéan cia
phuong trinh (1) di qua diém (x, ; y,) (d6 chinh la nghiém 16n nhat, xem
bai toan 738%). -

Tuong tu c6 thé dinh nghia cdc ham duéi va 14y can trén clia ching.
Khi x < x,, ta ciing tién hanh bang cach ay.

1465. Gia sir trén mét khoang [xo ; b) nao d6 cho céc ham kha vi lién
tuc y(x), 2(x), u(x) vdi

¥(Xo) = 2{X,) = u(X,) = ¥

trong dé (X, ; ¥,) 12 diém nim trong mién xéc dinh G cha ham lién tuc
f(x, y). Gid sir v6i moi x € [x,; b) ta cé

y'(x) = f(x, y) ; Z(x) > f(x, z) ; v'(x) 2 f(x, u).

Ching minh rang khi d6 z(x) > y(x) v8i moi x > x,. Néu gia thiét them
rang tai mdi di€m cia dudng cong tich phan y = y(x) clia phuong trinh

y =f(x,y), (1)
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y = y(x) la nghi¢m duy nhét cha (1), thi v6i x > x, ta ¢

u(x) 2 y(x). - @
Néu khong bd sung thém gia thi€t vira ndi thi bat ding thitc (2) cdn
ding nita khong ?

Hiy md rong két qua trén cho trudng hop khi z(x) va u(x) la cac ham
lién tuc va cé dao ham bén phai (hodc trai).

1466. Gia sl y = Y(x) (a < x £ b) 12 nghiém 16n nhat (xem bai toén
738%) cia phuong trinh
y =f(x, y) (1)
v6i v€ phai lién tuc va véi diéu kién ban ddu x = x,, Y(x,) = ¥, d6ng thdi
'dudng cong y = Y(x) nim hodn toadn trong mién G (mién xdc dinh
ctia phuong trinh di cho). Goi Y, (x) 12 nghiém 16n nhat cua (1) véi diéu
kién ban ddu x = x,, Y,(x;) = ¥, va gia thi€t ring y, 2 Y(x,), X3 X,
Y4 = Yo (1 — ). Ching minh ring khi dé Y (x) s€ t6n tai trén toan
doan [a ; b] véi n dii 16n va khi n —eo, Y, (x) s& hoi ty déu dén Y(X) trén
doan dé. So sanh v§i bai todn 738%.

1467. Gia st y,(x) 12 nghiém cilia phuong trinh sau day véi diéu kién
- ban ddu y(x,) =y, :

f; f(x, y) + 0%, ¥),

trong d6 @,(x, y) > 0 va cén trén cdc gia tri cha @, (x, y) trong mién G

(mién x4c dinh clia phuong trinh) din dén khéng khi n — oo, Gia sit ring

f(x, ¥), ©,(X, ¥) lién tuc, diém (x, ; ¥,) thuéc G va y = Y(x) 1a ham di

néi dén trong bai todn 1467, Véi cdc gia thiét nhur vay, hdy ching minh

ring y,(x) s€ hoi tu déu dén Y(x) trén doan [X,, ; b] khi n —ee. '
1468. Xét phuong trinh

dy _
5 =fx ) _ | ()

trong mét mién G nao d6. Néu ham f(x, y), véi moi cap di€m (x ; y;) va
(x ; y,) cha mién G, thod man diéu kién

fi(x 1, y2) — £(xy, Y € @y, — ¥4, (2)
trong d6 @(u) > 0 1a mot ham lién tuc nao d6 trén (0 ; a] sao cho
tim [9% = o
£—0 vE (P(U) ’
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thi qua méi diém (x, ; y,) clia mién G c6 khong qué mot dudng cong tich

phan cha phuong trinh (1) di qua. (Bai todn nay chinh la ndi dung coa
dinh 1i Oxgiit vé tinh duy nhdt nghiém).

Hay cho vi du mot s6 dang clia him ¢ thoad man céc didu kién néi
trén va so sanh diéu kién (2) véi diéu kién Lipsit trong dinh 1i t6n tai duy
nhat nghiém.

1469. Ching minh ring néu ¢(0) = 0 v ¢'(0) = 0 (¢ & bai todn 1468)
thi ham f(x, y) thod man diéu kién (2), nhat thiét 1a khong d8i déi v6i y néu
mién G 16i theo y. Trong trudng hop rigng c6 thé 14y @(u) = uf, p> 1.

1470. Ching minh rdng néu ¢(0) = 0 va ¢'(0) tén tat thi r;—p(d%) = oo,
D

titc 1a ham @(u) thoé man diéu kién cia dinh Ii Oxgut.

1471. Chuing minh dinh If ¥¢ tinh duy nhét nghi¢m véi gia thiét tong
quét hon sau day : Didu kién (2) dugc thay boi bt déng thitc

IF(x, y2) = 05, y)l S w(x) oy, - v,
ma ta gi4 thiét ring bt ding thic nay dugc thod mén khip noi, cé thé trir

ra tai mot s8 hitu han céc gid tri cha x. Him ¢ 1a ham da néi dén trong
dinh 1i Oxgit, con ham W(x) gia thiét 12 lién tyc khip noi, cé thé trir ra

tai mét s6 hiru han cdc gid tri clia x d3 néi & trén, sao cho rw(x)dx < oo
a
trén moi khoang hitu han (a ; b).

1472. Gia st @(x) 12 mot ham lién tuc cho trén doan [a ; b] va
a £ @(x) < b. Ching minh ring khi d6 cé thé tim dugc mot gid tri x,
(2 < x, < b) sao cho ¢(x,) = x,. (M6t 4nh Xa lién tyc bi€n mot doan théng
vao chmh né c6 it nhat mot diém bat dong). Chid ¥ ring ta c6 ket qua
trong tu cho mat hinh cdu n chiéu.

1473. (O. A. Ol¢inhik). Gi sit ham f(X, y) (e < X < %0, —00 < y < o0)
lien tuc, thod man diéu kién Lipsit theo y, dong thoi f(x + T, y) = f(x, y)
véi mot s8 T > 0 nao ddy va 6 hai diém ¥i» ¥2 nao dé sao cho f(x, y,).
f(x, y;) <0 (—eo < X < o0). Sir dung bai todn 1472 dé ching minh ring khi
dé phuong trinh

Y =f(x, y) )
¢4 it nhat mot nghi¢m tudn hoan véi chu ki T. Ap dung dink li nay cho
phuong trinh y' = a(x)y + b(x), néu a(x) va b(x) 1a cac ham lién tuc tudn
hoan vdi chu ki T, a(x) # 0.

[¥3]
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1474. Xét phuong trinh
y'(x)=y(x - h),

trong d6 h 13 hing s&. Phuong trinh nay v6i h > 0 duge goi la phuong
trinh vi phan véi d6i s6 tré (hay déi s6 cham). Ta s€ xét cdc nghiém cia
phuong trinh nay khi ching xdc dinh véi moi gia tri x thuc. Dé thdy rang
néu biét mot nghiém ndo dé trén mot khodng nao day c6 dd dai h thi s&
»ic dinh dugc né khip noi.

Ching minh ring néu h > 0 thi véi bat ki A > 0 va € > 0 ¢6 thé tim
duge & > 0 nao d6 sao cho néu ly(x)l < & khi ~h < x < 0 thi ly(x)| < € khi
D<x=A.

Né&u h < O thi v6i bat ki A > 0 s& ton tai mot ddy cdc nghiém y,(x) héi
tu déu dén khong trén khodng — < x < 0, nhung trén khodng 0 < x < A thi

sup |y, (x)! = oo (n — <0).
X

(Dé ching minh khing dinh cusi cing, c6 thé 1y ham dang -
y = exp(0x). sinBx 1am nghiém vdi o va B 1a céc hiing s6 thich hop nao do).

1475. Cho phuong trinh y' = sin(xy) va diéu ki¢n ban ddu x,=0, y, = 0.

Hay tim (véi x bat ki) aaxy va aa;' .
0 ]

Chi ddn : Dung h¢ thifc sau day :
4f %
op ) do of E{_
dx  ou’ a(p ou’

trong d6 ¢(x, W) Ix nghiém cha phuong trinh c¢6 v€ phai phu thuéc tham 56

dy _
_ a - f(x’ Y. I-'L)
1476. Chiing minh ring né€u ham f trong phitong trinh
v = {(X, y)
12 kha vi lién tuc thi
IY(X, X, ¥o) _ . '
r Lo = —fix,, yo) exp J:: £, y(O)t,
OY(X, Xg» Yo X
0707 —ex £, (t, y(t))dt.
aYO p Iyu y y
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1477. Gia sit M va N trong phuong trinh
M(x, y)dx + N(x, y)dy =0 _ (1)

1a cdc ham kha vi Lién tuc va M> (Xg) ¥o) + Nz(xo, ¥o) 20, (X4 5 ¥,) 12 mot
diém cla mién G (mién xéc dinh cia phuong trinh). Chiing minh réng
khi d6 trong mot 1an can nao dé cia diém nay, phuong trinh (1) ¢6 mot
thira 6 tich phan lién tuc.

1478. Gia sir ham f(x, y) lién tuc va thod min diéu kién Lipsit theo
ykh1a<x<b—m<y<m doéng thoi f(x, y) > 0 khi y > F(x) va
f(x, y) < 0 khi y > F(x) (F(x) 14 mét ham lién tuc nio dé trén [a ; b]).
Khi d6 v6i p > 0 nghiém y(x, ) cia phuong trinh

dy _
MH; = f(X, YJ’ (1)

vdi diéu kién ban ddu y(x,) = y, (& ddy a < x, < b, y, > F(x,)), phu thudc
lién tuc vao (x, W) va xic dinh véi a < x < b. Ching minh ring

lim y(x, 4) = += (a £ x < x,), lim y(x, W) = F(x) (xo< X £ b), déng
Ho+o p—+0

thai cdc hé thirc cudi duge thoa min déu theo x trén mbi doan [c ; b]
(X <c<h).

Nhu vay, ta thiy ring ding diéu nghiém ctia phuong trinh (1), khi hé
s6 (b€) W cha dao ham thay ddi, khic can ban so véi ddng didu nghiém
cta phuong trinh ¢6 chita tham so bé & vé phai sau day : '

d—” = f(x, y, W).

Két qua trén day chi 1a mot trudng hop riéng clia mot dinh 1f téng
quét hon rdt nhiéu cha A. N. Chikhondp ("Tuyén tap todn hoc"”, 22 (1948)
va 27 (1950)).

1479. Hay cho cédc diéu kién da bdo dim su tén tai va duy nhit
nghiém cia mdt hé gém vo han phuong trinh v6i vo han ham cin tim
dy' =fi(x, ¥1. ¥3, -1 1=1, 2,
1480. Hay tim t4t ci cdc nghiém cha hé
{xyi =2y) — Y2
Xy; =2y — ¥
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Chimg 16 riing n€u cic diéu kién ban ddu duge cho tai X, # 0, thi
nghiém 12 t6n tai va duy nhét trén toan truc s6 ; néu x, = 0 thi nghiém
tén tai chi khi 2y§ — y5 = 0, déng thdi trong trudng hop nay khong duy
nhat. Ching minh dinh thitc Vrénxki 14p nén tir hai nghi¢ém déc 1ap tuyén
tinh bat ki bing Cx, C # 0. Nhu vay, & day dinh thic Vronxki bing
khéng chi tai mot diém va khéc khong tai cdc di€m khéc. Phai chang c6
mau thudn ? Hay giai thich.

1481. Hay tim nghiém cua hé

{xyi =y1 -2y,
Xyy =i ~ 2¥2-

Chiing minh ring nghiém xéc dinh béi didu kién ban diu (x,,y7,y3)
tén tai trén toan truc s6 khi va chi khi y{ = 2y3 . Déng thdi nghi¢m nay
la duy nhat.

1482. Gii sir cho mot hé cdc ham kha vi lién tuc gdm m ham (néi cho
ding do 1a cic vecto ham) :
[y |
(l)(x)

Y(i)(x)= ) ;i=1,..,mym<n (D

“)(X)_

Chitng minh ring c6 thé m& rong hé him d6 (bing cich bd sung
thém cdc haim méi) dé€ né tré thanh mét hé nghiém co ban cia mot he
phuong trinh nao dé dang

dy _
% A(X)y, (2)

véi A(x) 1a n X n — ma tran lién tuc, khi va chi khi tai méi mot diém cta
(a ; b), hang clia ma tran lap nén b&i m vecto ham (1) bing m.

Chi dén : Hé cén tim (2) dugc xay dung ddu tién trong mot lan can
clia mot di€ém b4t ki cha khoang (a ; b).
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1483. Gid sira < a; < b; < b va nghiém y(x) cha phuong trinh

¥y = 2,1 Oy P 4 2T + ok (0 + ag(X)y

(voiai(x) e C(a, b),i=0,1, .., n-1)cé trén [a; ; b;] mét tap hgp vo
han cdc khéng diém. Chiing minh ring khi d6 y(x) = 0 trén (a ; b).
1484. Xét phuong trinh
y' +B(x,M)y=0
(a<x <h, A¥ <A < A¥Y) |
vdi h¢ s& phy thugc vao tham s6 A. Gia sir hAm B(x, ) lién tuc theo tap
hop céc bién x, A, khong gidm theo A va v6i moi N > 0 tén tai mot gia tri
A saocho B(x, A) < -;I—(a < x <£b) va ton tai mot gia tri nita cha A sao cho
B(x, A) > N(a, £ x<b; ;a<a;<b; £b;a; va b, ¢6 dinh). Chitng minh
rang khi d6 c6 thé tim dugc mot day nao ddy A* <A; < A, < ... <Ay <o
ti€én 1di A**, sao cho tai céc gid trj A = Ags Ay, ... va chi tai d6 phuong
trinh dang xét c6 nghiém khong tdm thudng triét tieu tai x =avax=b;
dong thdi khi A = A, nghiém d6 c6 ding n - 1 khong diém nim gita a va b.
- 1485, Hay tim 14t ca céc nghiém cia phuo‘ng trinh
¥'(x) = ay(x) + by(c - x),
ma nd tén tai véi —ee < x < oo (a, b, ¢ 12 céc hing s6).
1486. (Bendicxon). Gia sir cic v& phai clia he

X =11(x1, Xp), %y =f5(xy, x5)

of o ¢6 ca dau
X, ox
duong l4n ddu 4m. (Dinh nghia "Xich" ban doc ¢6 thé xem : I. G.
Petropxki — Bai gidng If thuyét phuong trinh vi phan thudng).

12 kha vi lién tuc. Khi d6 phia trong mébi x1ch hié¢u

1487. Xét phuong trinh Ricati
| dy
dx

trong d6 y 1a ham chua biét clia bi€n x va a, b, u 12 ba ham don trj cila x
da cho.

= ay® + 2by + u>, (E)
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Céc ham a, b, u phii tho méan diéu kién /C) ndo dé phuong trinh (E)
c6 hai nghiém y, vi y, lién hé v6i nhau béi he thic y, = s%y,, s 1a mot
hing s6. Khi diéu kién (C) dugc thoa mén hdy chimg minh ring viéc ldy
tich phan phuong trinh (E) dén t6i mot phép cau phuong.

1488, Hay tim t4t ci c4c ham P(x, y) v& Q(x, y) sao cho phuong trinh

P(x, y)dx + Q(x, y)dy =0 (D
¢6 déng thoi céc thira s6 tich phan A(x + y) va p(x —y) cho truge. Tich
phan téng quét clia phuong trinh (1) lic d6 s€ nhu th€ nao ?

1489. Biét ring phuong trinh

dy + f(x, y)dx =0
¢6 mot thira s6 tich phan dang X(x)y + X (x) (X # 0). Chiing minh ring
ham f ¢6 dang
£ Ay +By+C
Dy+E
véi A, B, C, D, E 1a cdc ham cia x.

Nguoc lai cho phuong trinh dang

Ay2 +By+C
Dy +E
tim diéu kién ma cdc ham A, B, C, D, E cia x phéi thoa man dé phuong
trinh nay c6 mot thira s4 tich phan dang X(x)y + X;(x), trong d6 X va X

14 c4c ham x4c dinh nac d6 ciia x. |

dy +

dx =0,

Hay suy ra tich phan téng quat.

1490. Cho mét phuang trinh vi phan cip hai dang _
' +a(x, )y +b(x,y)=0. (1)

Hiy néu diéu ki¢n d¢ phuong trinh ndy c6 mot tich phan trung gian dang
f(x, y)y' + 0(x, y) =G, (2)

C 12 mot hiing s6 tuy ¥, v xéc dinh cédc ham f va ¢. Xét trudng hop
rigng b = 0 va ching minh ring lic ndy phuong trinh giai duge bing
cau phuong.

1491. Tim hai ham P(t) va Q(t) dé cho ham y xdc dinh bdi cong thuc
X
y=(x-2a) I:f(t)P(t)dt +(x~-b) L f(1)Q(t)dt (1)
" 1a nghiém cta phuong trinh vi phan y" = f(x) d6i v6i t4t ca cdc dang cé

thé ¢6 chia ham f(x).
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1492, Tim di€u kién c4n va di dé phuong trinh tuyén tinh y" + py +qy =0
¢ hai nghiém khédc nhau y; va y, lién hé vé6i nhau béi hé thic y,y, = 1.
Véip= —% hdy tim hé sd q va nghiém téng quat.

1493. Cho phuong trinh y"+ py'+ qy = 0, trong d6 p va q 12 cdc ham
cia bién x. Hay lap phuong trinh vi phén dé cho ham z = % nghiém
ding, véi y va Y 1a hai nghiém bat ki ndo dé cha phucmg trinh da cho.
Phuong trinh ciia z 6 tinh chat gi?

1494. Gia sir y,, y, la hai nghiém riéng ctia phuong trinh tuyén tinh
y" =1f(x)y.
Chimg minh rdng tich clia chiing z = y,y, thod man mét hé thitc dang
222" = (z')2 + 4zzf(x) + const.
1495. Cho y 1a mot nghiém b4t ki cfia phwong trinh vi phan
y" = yi(x), (E)

f(x) 12 ham d# cho. Ching minh ring ham z = y> thod man mot phuong
trinh vi phén tuyén tinh thudn nhat bat 4, ma cdc hé s& chi phu thugc vao
f(x) va cdc dao ham cla nd. Hiy chi rd'céc hé s6 nay.

" Néu biét hai nghiém riéng doc ldp tuyén tinh y,, y, cia (E) hay suy
ra nghiém t6ng quét cdia phuong trinh cia z.

Ham f(x) phdi thod man diéu kién nao dé phuong trinh cila z ¢6
nghiém riéngz=17?

1496. X¢ét dinh ham X(x) dé cho phuong trinh
Y+ 2y + X(x)y=0
c6 hai nghiem y, va y, = &" yf‘ . Tim nghiém téng quit trong trudng hop nay.
1497. X4c dinh cic ham p(x), g(x) dé cho phwong trinh
y'+p(x)y +q(x)y =0
c6 hai nghiém y, vay, = y;.
1498. Hay tim diéu kién ma cac ham a(x), b(x) va c(x) (a # 0) phai

thoa man dé€ cho phueng trinh

l' "

= ay” + 2byy' + cy” (1)
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thira nhan mot tich phan ddu dang
Ay2 + 2Byy' + Cy'2 = const, (2)
trong d6 A, B va C 1a cdc ham ciia x. '
1499. Tim 14t ca cac phuong trinh Ricati dang
y'+ay2+by+c=0

v6i a, b, ¢ 1a cdc ham cha x, sao cho né cé hai nghiém y,, y, thoa man
hé thic ;

Yi¥Ya =Y Y2
1500. X¢ét hé vi phan :

| 9y ¢y 2] 9z ¥z 1
. dx f( de g[x’x]'. m

1) Ching minh ring hé (1) ¢6 mot tich phan ddu dang

F(X,E] =C
X X

va. néu biét ducjc tich phan ddu d6 thi hé (1) ¢6 thé tich phan dwugc nho
mot phép cdu phuong. _
2) Tim di€u kién cho cdc ham f va g dé cho cdc dudng cong tich phan

(G) clia he (1) ndm trén nhiing mat cdu c6 tam tai gOc toa dd (cdc truc
toa d6 gia sk 12 vuéng géc).

Neéu diéu kién d6 dugc thod mién thi chimg minh ring cdc dudng
cong (G) la cdc quy dao truc giao chia mét ho mit (S) phu thudc mot
tham sd.

3) X4c dinh cac dudng cong (G) va cdc mat (S) v&i-gia thiét

_ X(mz - y) x(my + z)
= 28 T,
¥y +z ye+z

m = const.
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Phu luc
PHEP TINH TOAN TU VA UNG DUNG BE
GIAlI PHUONG TRINH VI PHAN

Vao gilta th€ ki 19 xust hién "Phép tinh todn ti" (hay phép tinh
- ki hi¢u) va né da dugc ing dung vao viéc giai cdc phuong trinh vi phan.
Cudi th€ ki 19, Hevixaid, mot ki su ngudi Anh di ap dung phép tinh todn
tlr d€ gidi mot s& bai todn vé ki thuat dién tir.

Ngay nay phép tinh todn tir da c6 nhiéu ing dung rong rai trong céc
linh vyc ki thuat dién i, ki thuat v6 tuyén dién, co hoc, tu déng hoc, v.v...

Sau day s€ trinh bay cich ung dung phép tinh toan t&r dé gidi cic
phuong trinh va hé phuong trinh vi phan c6 hé s6 hing s6.

§1. Géc va anh
D¢ tim cdc nghiem riéng clia phuong trinh vi phan tﬁyén tinh thuan
nhét c6 he s6 hing s6 : '
aoy(") +a,y o+ ay=£f(x),a;=const (i=0, ..., n)

trong Ki thuat va co hoc thudng diing mét phuong phép goi 1a "phép tinh
todn tir” dé giai.

(m=1)

Ta bat ddu bing cdch trinh bay céc khéi niém cla phép tinh dé.

Mot kam f(x) cla bién thuc x dugc goi 1d gdc néu né thod min céc
diéu kién : '

a) f(x) lién tyc d3i v6i moi x trlr ra mot s6 hitu han cdc diém trén méi
khodng hitu han tai 46 f(x) 14 gidn doan loai mot.

b) f(x) = 0 v6i x < 0.

¢) T6n tai hai s6 A > 0 va o, 2 0 sao cho d&i v6i x bat ki

_ )l < AT (1)
titc modun cua f(x) taing khong nhanh qui m6t him mii.
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Chi ¢ ring diéu kién b) trong thuc tién khong phai 1a mot han ché
thuc su vi trong cdc bai todn thyc t€ ta luon luén ¢ thé 14y diém khong
13 diém x ma bat ddu tir dé ta khao sat ham f(x).

Sau day néu khong néi gi khéc, ta luén ludn quy wdc f(x) 1a goc.
Pinh Ii : N&u f(x) 14 gbc thi tich phén Laplax |

I:e"’"f(x)dx , 2)
v6i Re(p) > o, ¢6 gid tri hitu han (a dugc xédc dinh & (1)).
Chimg minh. Gia thit p = a + ib trong d6 Re(p) = a > o Ding (1) ta ¢
~px > —{a+ib)x —ax _Ox _
‘ j:e f)dx| < j'o le EGoldx < Ee e™Adx =

_ A
= - [lim e —1] =
a—o X—ro0 a—-0o
vi lim e”® " = 0 véi a— 0> 0. Dinh 1 da dugc ching minh.
X—yoo

Dinh nghia. Ta goi 1a dnh cha goc f(x), ham F(p) xdc dinh béi tich
phan Laplax, tic la

F(p) = f:e‘l”‘f(x)dx | 3)

Phép todn chuyén tir géc f(x) sang anh F(p) dugc goi 12 phép bién ddi
Laplax va ta dung ki hi¢u :

f(x) < F(p), F(p) + f(x)
(doc 13 F(p) 14 anh cia f(x)).

Nganh todn hoc nghién citu dén cic vin dé lien quan dén phép bién
déi Laplax dugc goi 1a Phép tinh todn tu.

Chii ¥ : Trong mot s& sach, dac biét trong i thuat dién tr, ding lam
anh F(p) nghiém ta 14y ham

F(p) = p j: e P (x)dx .

Nhung vi muc dich cla ta 1a 4p dung phép tinh todn tir vao viéc giai
cdc phuong trinh vi phan va trong truong hop nay vi¢c thém thira s6-p
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trong biéu thiic clia F(p) khong c6 loi thém gi, vi vay ta sé ding bidu
thire (3) 12 dinh nghia cha 4nh F(p) nhu phén 16n cdc sich hién nay vé
phép tinh todn tir vin ding.

§2. Céc tinh chat co ban cua anh

1. Anh cia dao ham va tich phin. Ta hdy tim lién hé giita 4nh
F(p) cta g6c f(x) va anh cha f(x) va cia I;f(x)dx .
Ta ¢d

oy e [ AP ] .-px >t = P
f(x) & | e (xdx = [e f(x)]0 +p[ e eodx
Gia thit f(0) = 0, do (1) va Re(p) > o ta c6

lim le P*(x)l = lim (le™® ™ fx)) < lim (e Ae™) =

X—rea X—oo X—roo
=Alim e @ =0,
. X—yeo
Do d6 theo (3):  f'(x) < pF(p), G

tic 1a anh cua dao ham cha g6c f(x) véi £(0) = O bing anh cha g6c nhan
voi p. : '

Dé tim anh clia tich phan ta ¢6
X X 1 X X
= “pX - = “pX _
jo f(x)dx = j’o ¢ [ _[: f(x)dx] dx = > J‘O [ j’o f(x)dx] de

-—P [e _[0 f(x)dx]w+ _p Io e f(x)dx = —p -[0 e f(x)dx.

Do dé - : '
{ .

‘ @ — , 5

X f(x)dx > F(p) (5)

tic 12 anh cia tich phan _[:f(x)dx cua gbc f(x) bing anh clia g6c d6 chia
cho p.

Nhu vay, qua phép tinh todn 1, céc phép dao ham va ldy tich phén
cua mét ham tuong dng vdi cic phép tinh don gian hon : Phép nhan v
chia anh ciia ham d6 véi sd p. D6 1a tinh vu viét clia phép tinh todn tir.
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2. Néu f(x) = x tir (3) bang cdch tich phan timg phén ta ¢6

2 _ 1~ . _ 1 —nx T
. pX - = px _ _ 2 px
X(Tj‘oe xclx—_PIOxde | p[xe ]0+
+ l_[ e Pdx = -l[é_p"]w = -1—2,
p -0 p2 ¢ p
(vGi gia thiét Re (p) > 0), tic 1a
1
X & —.
rd p2
- Ap dung vao hé thiic d6 lién tiép n — 1 14n cong thitc (5) ta co
a, . nl
e n+l

3. Gia thir f(x) = " trong d6 a 12 s6 phitc tuy ¥ thoa man diéu kién
Re(a) < Re(p). Khidétir (3) .

= 1 ™ p-
™ x jo e PRe® gy = ﬁ Io e P a]xd(p_a)x =

= — 1 [C_[p_a]x ]m = L ]
p—a 0 p—a

tuc 1a _
1
e
p-a
Do d6 ta suy ra ring
, ip
’ ; e
el(wx+¢') — el‘-P elﬂlx —
p—iw
- 1 i a
l-e ™ «

"p pta pta)
Bing cdch tuong tw ta c6 thé tim anh clia tat ca cdc gdc trong bang ké
& trang cudi phin nay. _
Chii $. Cong thitc (3) cho phép tinh Anh F(p) theo géc f(x). Xust phat
tit ding thitc (3) ta ciing ¢6 thé tim ra cong thic ngugce lai cho phép tinh
g6c f(x) theo anh F(p) cla né. Ta dua ra day cong thic d6 ma khong
chitng minh.

Néu ham f(x) 12 gdc, thoz man them mot s6 diéu kién nita ngoai bat
dang thicc (1) (xem ching han Xmiandp V. L. Gido trinh todn hoc cao
cap, tap IV (ti€ng Nga)) thi ta s€ cd heé thuc
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)= = | " P E(p)dx (11)
- 2mi C—jem P ’ .
trong d6 ¢ > o > 0 v tich phan hiéu theo nghia gi4 trj chinh.

Vi dy. Ding céng thic (7) hay ching minh rang anh ctia dao ham cta
f(x) = e* trung v&i anh cha ham.
Gidi. Ta c6

f(x) =e* « E}‘_l = F(p).
Vif(0) =1 # 0 nén anh cda dao ham tinh dugc theo cong thiic (7) :

. pF(p) - f(0)= B _1- L
F(x) « pF(p) f(O)—p_1 b=o7F®.

§3. Anh cla gde tuén hodn

Ta hiy tim 4nh F(p) cfia g6c f(x) 1 ham tudn hodn v&i chu ki o :

f(x + @) = f(x).
Ta cé

oo . o k+1w
f(x) & L e P f(x)dx = Iim e P*f(x)dx =
k=0

=2 [ e PO kot = 3 e [ e ey
k=0 0 k=0 0

m -_—
== lﬂp [ Pt ngu 1> 1e7P = ™
e |

vi khi d6 chudi s6 > e™XP hoi tu, nhung bét dang thiic trén dugc thod
k=0
man véi di€u kién Re(p) = a > 0.
Vay néu gée f(x) c6 chu ki o thi

f(x) <

o |
—e jo e P f(x)dx . (12)
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f(x) 1

.
;
(

Hinh 26

Vi du 1. Tim anh clia "mach xung chit nhat" tudn hoan, tdc 1a ham
f(x) ¢6 chu ki 2@ va dé thi ctia nd duge vé€ & hinh 27.

f(x) 1i

I

f——
a )
1

1

1

1

1

]

]

[

[ih]

w ¥

2o 3w

Hinh 27

Gidi. Theo gia thiét

avgi0 £ x £ W
f(x) = ..
Ovéim< X < 2w

nén theo (12) ta cé

[{}]
1 w_ a e P
f(x) & F(p)= ——— Padx = =
() ¢ Fp) = 5 f e l_e_zmp[ - }

]—e™P

a
TP 4-e2P  pld+e Py
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Vi du 2. Tim anh f(x) §
cua "dong xoay chiéu
dugc nén thang”, tic 1a

ham f(x) ¢6 chu ki 27 va /'\ /'

c6 do thi v& & hinh 28.

o) .4 o 3n  4n ->_(
Gidi. Nh& ham don vi Hinh 28
Ovoix<0
u(x) = ..
1vdix 2 0

ham f(x) da cho c6 thé viét thanh biéu thitc giai tich nhu sau :

f(x) = sinx. u(sinx).
Viviay do (12) ta cé
1 2n

f TR S “PX Gin x.usi ' _
(x) & T IO e P* sin x.u(sin x)dx
]_ n I —px(_ . + ) oo
- -2 I e P sin xdx = - - e p 81;1 X + cosx
1-e™<™ Y [~ 2™ o 0
1 1+ e_“p 1 1

- PP+l 1-e2® pi+1 1-e™’

§4. Ung dung phép finh todn 1 dé gidi phuong trinh
vi phan tuyén tinh khéng thudn nhét cé hé s& héing s6

Xét phuong trinh

(n—1)

ay™ +ay" V+  +ay=fx). (13)

Bing cach chuyén y, cdc dao ham cha y va f(x) sang anh ciia chiing,
ta duge
2[p"Y(p) — p"'y(0) — p" 2y(0) - ... - y"D(0)] +
+alp" YY) - p" Y (0) - PPV (0) ~ .. — YO D(0)] +

+...+a,Y(p) = E(p).

239



Dé 13 mét phuong trinh dai s6 bAc nhat d6i v4i anh Y(p) cia ham
phai tim y(x) va cé thé viét duéi dang

M(p). Y(p) = N(p),
trong 46

M(p) = ap" + alp"_l +...+a, :
N(p) = F(p) + a[p" 'y(0) + p" y(0) + ... + Y (O)] +
a0 + PO 4+ YD ot 2y YO,
Tir phuong trinh trén ta cd

N{(p) |
Y(p)= —— 14
(p) M(p) (14)
va thianh thir viéc tim nghiém y(x) dugc quy vé viéc xéc dinh y(x) theo
anh Y(p) cla né (bing cach tra bang ké gdc va anh cia mét s6 ham
thuong gap). |

Vi nghiém tim dugc s& thoa méan diéu ki¢n ban diu y(0), y'(0), ...,
v (0) nen né la nghiém riéng ciia phuong trinh vi phan (13).

Nhu vay tinh wu viét cba viéc Ung dung phép tinh todn tir dé giai
phuong trinh vi phin tuyén tinh khéng thudn nhat cé hé s6 hing s6 12 &
ché ham pha1 tim y(x) véi diéu kién ban ddu da cho y(0), y'(0),

(" 1)(0) xdc dinh dugc chi bang cdc phép tinh dai s6 don gian ma khéng

cﬁn phai tich phan va khéng cdn tim céc hing s6 tich phan twong ng véi
diéu kién ban dau (khi x = 0).

§5. Dinh Ii khai trién

Dé d& xdc dinh ham theo anh (14) clia né thi ta nén dva anh dé vé
dang don gian nhat.

Gia thir biéu thic (14) 1a mét phan thic hitu ti (truong hop nay
thudng gip trong ki thuét dién tr) tic ¢ dang '
Npy _ 1 _ bop’ +bip" +..+bp+b
M(p) H(p) copm + clpm_I ..+ ChH Pt Cph

Néu phan thitc dé khong 1a thuc sy (tdc / > m) thi bang cdch tich
phdn nguyén ra ta s& ¢6 mot phan thitc thyc su va khi d6, nhu ta dé biét,
c6 thé phan tich thanh tdng céc phan thiic t6i gian.

240



Gia thir ring phah thitc dang xét 1a thue sy (/ < m) vi da thitc & miu
s6 c6 cdc nghiém p|, p, ..., P ma khong c¢6 nghi¢m nao 1a boi hay tring
v6i nghi¢m cia da thic & tir s§ (vi trong trudng hgp trdi lai ta ¢c6 thé it
gon thira s6 chung cha cdc da thitc & tir va méu s&). Khi dé ta ¢

Loy A

Hpp) Zp-pg
trong d6 cic Ay 12 hing s6 khong chia p. D& x4c dinh hé s6 A, ta nhan
hai v& ctia dang thifc trén véi p — p, va duoc

P - Pk Al Aot Agy An }
=A +(p- + ..+ + +...+ .
H(p) k+ pk)[P—Pl P=Pk-1 P~ P+ P~ Pm

vOi p = py v€ trdi ¢6 dang b4t dinh —g— cdn v€ phai bing A, vi vay bing
cdch dp dung qui tic Lopitan ta durge

d .
A EE(P"Pk) 1
S ol B -t
P pP=py
e la
N(py)
- 15
k M'(p) (13)

Nhu vay trong trudng hop dang xét, thay cho cong thiic (14), inh cha
ham phai tim bi€u dién dugc dudi dang

" _A S N(py)
Y(p) = k_ — , k . 16)
®) glp—pk et M Xp - py) (
Dung céng thitc '
L e
p-a
v0i a = py ta dugc goc cda anh Y(p) : |
- N(py) X
yix) = Y ot ks Pk, (17
k=1t M(py) '
Dac bigt, gia thir anh ciia ham biéu dién duoc thanh phan thic thuc sy
dang pﬁf;) » trong d6 pM(p) khong c6 nghiém bdi. Trong trudng hop dé
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mot trong c4c nghiém cha méu s8 b&ng khong. Ta ki hiéu nghiém d6 1a p, va
gia thiét nhu trude ring M(p) ¢é m nghiém. Khi d6 cong thiic (17) ¢6 dang

y(x) = Z d_.I\I(_plg_)._eka_ (18)
k=0 dp (PM lp=p,
Nhung
d
d—pllﬂ\d(p)lp=pk = M(py) + pM'(py)

trong d6, véi k = 0 56 hang thi hai bing khong va véi k # 0, M(p,) = 0.

Vi vay néu trong ding thifc (18) ta téch ra s6 hang {ing véi nghiém p, =0
thi trong trudng hop dic biét dang xét, gbc dugc xdc dinh boi cong thic :

_ N(o) n i N(pk) ePKX

X) = : (19)
Cong thitc d6 12 noi dung cia dinh 1i khai trién :
Pinh Ii khai trién. Néu dnh cda ham 13 phan thic thuce sy pﬁg) , trong

dé miu s6 pM(p) khéng cé nghiém boi, thi géc duge xdc dinh bdi cong
thic (19). :

Chii y. Cong thic (17) va (18) nghiém ding véi gia thi€t da thic
M(p) khong cé nghiém boi. Néu da thitc M(p) ¢é nghiém bgi thl mét
trong cédc cach giai 1a hiy khai trién phan thic thanh tng cdc phan thic
so cdp theo quy tic di biét trong trudng hop mau s6 cb nghiém boi, rdi
sau d6 dung nhimg dinh 1i s€ trinh bay & §9.

§6. Cdc viduy

Vidu I. Tim nghiém riéng cua phuong trinh
ytl _ yt _ 6y = 284?&,
v6i diéu kién ban dau y(0) =0, y'(0) = 0.
Giai. y(x) « Y(p)

2eV

— (xem bang).
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Ap dung cong thitc (8) d6i véi anh cla dao ham ta cé

2

2 —
P°Y(p) ~ pY(p) - 6Y(p) = FErY

Do dé

Y(p) = 2 - 2
D -9 -p-6 ®TP-p-8

Dang c6ng thitc (18) va dit trong d6

_ N(p) =2, M(p)=(p+2)p~3)p-4)
ta dugc

_ I - Z x l 4x
YR =q5e T30 *3e
Chi y. Néu khong ding coéng thic (17) thi cé thé bidu dién Y(p)
thanh tng cdc phan thic so cdp
| 1 2 1
2 15 .5 3
Y(p) = = + +
O E -9 p+2 -3 -

va theo bang, do hé thitc

4

Py = e™ ta cd

_i'—ﬁx_g 3x 14.&_
y(x)—lse 5 € +3e .

Vidy 2. Tim nghiém riéng cta phuong trinh
y" + 4y = cos3x,
v6i diéu ki¢n ban ddu y(0), y'(0) = 0.
Gidi. Biing cich chuyén qua anh ta c6

PY(p) +4Y(p) = —F
p-+9

Do dé
P 1

Y
Y(p)= —-.
P> +4(p*+9) 5 p’+4

h| —
=
[
+
¥o]
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P

PP+

Theo bang, tit hé thitc - COSMX

ta tim duge
y(x) = -;-(COSZX — c0s3Xx).
Vi du 3. Tich phan phwong irinh
yu + 3y| + 2y = 0’

véi diéu kién ban ddu y(0) =0, y'(0) = 1.

Gidi. Bang cich chuyén qua anh ta dugc

pP’Y(p) — 1 + 3pY(p) + 2Y(p) =0

hay Yp)pZ +3p+2)=1.

Do doé
1

P+3p+2 @+DP+2)
Diing cong thitc (17) va dat trong d6
N(p)= 1, M(p) = (p + 1)(p +2)

Y(p) =

ta dugc
yx)=e X -¢ .
Vi du 4. Tim nghiém riéng cia phuong trinh
. yl! + yl = eix,
v6i didu kién ban ddu y(0) =0, y'(0) = 0.
" Gidi. Chuyén qua anh ta dugc

1
PY(p) +PY(P) = ==
Do dé

: 1
Y(p)= — .
®)= o+ Dip-D
Ap dung dinh 1{ khai trién (19) va dat trong d6
N =LMp) =@+ Dpp-1)

| R U U
Ta duoc y(x) = =t C +i(1+i)

hay

y(x) = —;—(c_x + sinx — cosx) — %(e_x + sinx + cosx — 2).
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Chu y. Néu v€ phai cha Iphucng trinh vi phin tuyén tinh vdi hé sé
thuc la ham phitc cua bién thyc, titc phuong trinh c6 dang
aoy™ +ayy™ 4+ agy = 0(0) + iy(x).
thi phan thuc u(x) cta nghiém y = u(x) + 1v(x) ciia phuong trinh d6 s&
thoa mén phuong trinh
.Y ® +apy
va v(x) s& thod min phuong trinh
(n—1)

Dy tay=ox)

a,y™ +ay" V4 L+ ay = wix).
Ap dung. Dung cong thic Ole, phuong trinh dang xét viét duogc
dudi dang
y" +y = cosx + isinx.
Vi vﬁy phin thuc cia nghiém tim duge

1 - ]
3 (€™ + sinx — cosx)

1a nghiém cta phuong trinh y" + y' = cosx
va phén ao cua nghiém tim dugc

1 -
-5 (e * + sinx + cosx — 2)
1a nghié¢m cua phuong trinh y" + y' = sinx.

'Nguqc lai, n€u ham & v€ phai cia phuong trinh c6 dang Acos(®x + ©)
hay Asin(®x + @) trong dé A = const thi theo diéu néi trén, thay cho viéc
giai phuong trinh dang xét ta ¢6 thé gidi phuong trinh ma v€ phai ¢6 dang
AP a5 ti€p d6 tach phédn thyc va phén ao cia nghiém tim dugc.

Chéng han nhu & vi dy 2, thay cho viéc gidi phuong trinh

y" + 4y = cos3x,
ta c6 thé giai phuong trinh

y' + 4y = cos3x + 1sm3x ¢,

Chuyén qua anh ta cé

2 _ 1
PY(p)+4Y(p) = Py

Do dd

1 .

1 -—= —p+—1

Y(p) = ——— =2+ 33,
(p-3i)p"+4) P2t p°+4
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Diing bang ta tim dugc
. y(x) = —%ei‘h +%0052x +1%isin 2x
y(x) = —;-(0052)( - cos3x) + %(SSinb{ — 2sin3x).
Phén thuc
—;-(cos2x — ¢083x)
cta biéu thitc d6 13 nghiém cda phuong trinh da cho.
Vidu 5. Tim nghiém riéng cua phuong trinh
y' - 3y’ + 2y = %,
v3i diéu kién ban dau y(0) =0, y'(0) = 0.

Gidi. Chuyén qua &nh ta dugc

PY®) - 3BY(R) + 2Y() = 5.

Do d6
1 1

@ -3p+2p-2 (@-LE-2°
Vi mdu s6 cta biéu thic d6 c6 nghiém boi p = 2 nén khong thé 4p
dung truc ti€p cong thic (17) hay dinh If khai trién (19) d€ tim gdc duge.
. Mu6n tim gdc ta phai khai trién Y(p) thanh téng cdc phén thifc so cap
1 1 1 1
Y(p) = = - + .

@-bp-2¢ Pl P2 (p-2y

Khi d6 theo bang ta duge ham phai tim

Y(p) =

y(x) = ¥ — e2* + xe®.
Vi du 6. Tich phan phuong trinh
"ry= %xzex,

v6i diéu kien ban déu y(0) = y'(0) = y"(0) = 0.

Gidi. Chuyén qua anh ta dugc

3
pY(p)+Y(p) = .
P ®-17

246



Do dé
Y(p) = — ' 3 3 , 2 :
" +Dp-1D" (-D'(p+D(E°-p+1)
Maiu sé cla biéu thifc ndy cé nghiém boi p = 1 nén khong thé ap
dung truc ti€p céng thitc (17) hay dinh li khai trién (19) dugc. Ta hiy
khai trién Y(p) thanh téng cic phan thitc don gién :

Y(p) = ———— =
(=1 (p+1)(p°~p+1)
3 3 1L 1 ( _l)_é
= 8 4 2 -+ 2 3 -+ 24 — l._#
=l p-n* (p-p° P+l 3 ( _1) L3
2 4
va theo bang ta tim duge
_éx_é X 12x_1 —x__% N2
y(x)—ge 4xc +4xe 245 3e coszx+
4+ ﬁe% sinﬁx
3 27
Vi du 7. (Mic mot sudt dién dong khong déi vao trong mét mach
~ g6m c6é mot cudn cdm Ung va mot dién trd). L

Cudn cam dng véi hé s6 ty cadm L va
dién tr& r dugce néi lién tiép nhu & hinh 29,

Tai thdi di€ém t = 0 trong mach cé
méc mot suat dién khong d6i E va gid
thir tai thdi diém ban diu trong mach
khong c6 c6 dong dién, titc i(0) = 0.

Hay xic dinh dong i(t) cia ché d6 van hanh.

Gidi. Khi dong dién i(t) phét sinh trong mach c6 cudn ty cam L va
dién trg r, dién &p toan bo nhu di bi€t gébm dién dp bl cho sudt dién dong

Hinh 29

ty cam L% va dién 4p ri gay nén bai dién 118 clia mach. Do dé
d | . _
L it +ri=E.

Goi anh cta i(t) 13 I(p) ta ¢c6
Lpl(p) + rl(p) =

=N les!
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Do d6
r
E E T
+

I(p) = = —,
Lp +
p(Lp +1) r p[p

J'

-

Theo bang ta tim duoc

.«_E L
it) = ?[1—° Lt:\.

BAITAP

Tim cédc nghiém riéng clia cdc phwong trinh vi phan sau day véi di¢u
kién ban ddu y(Q) = 0, y'(0) = 0.

 Phuong trinh vi phan Nghiém

y' =3y +2y=35 y=%(l—2&x+czx)
y|l+3y|+2y=l y=%(1_2e-x+c"2.’()
y'—4y +3y=6x~35 y;1+2x—%(e*+e3*)_
" 2 1 2 on . x
y'+3y +2y=x y=z(’?—6x+2x -8 "+e ™)
y-|+5y:+4y=62x y=_1%(62x_26‘x+e—4x)
§ T P
" ' _a2x e S S
y —3y +2y-—c y 38 +4C +.12_e
' _ 1 1 - 1
n ' — a3x : e 4ox 4 ek 13X
y+y-2y=e Y= "5° "10°
_ 3 x . 3 -
y' +2y +y=6e y=§(4x—1)e"+§e5"
¥ + 2y = sin3x y= 1—13 (2sin3x — 3cos3x + 3¢ 2%)
di . . a . —
L— + Ri = acostwt i= ——5—2——5-(Rcosmt+ wLsinwt -~ Re )
di w’l* +R
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y' —y =2cosx y=2—Ccosx - % e +e ™)

" _ ' I - _i X _1_ 3x __l_ ot
y' — 4y + 3y =sin2x y=-3¢ + 3¢ + 53 {8cos2x — sin2x)
y" — y = sinx + cos2x y= % (7e* - 37 - 10sinx — 4cos2x)
V' +y=¢" y= %(ex — COSX ~ Sinx)
y" =3y + 2y = &2 y= -—2% (~4e" + 5% — 3sin2x ~ cos2x) +

+ 515 (—8¢" + 5e%* — sin2x + 3cos2x)

§7. Phuong phép todn tr dé gidi hé phuong frinh
vi phan tuyén finh ¢6 hé s8 héng s

D€ gidi h¢ phuong trinh vi phan tuyén tinh c¢6 hé s6 hing s6 bing phuong
phip todn tir ta cdn phai chuyén tir hiAm qua anh cta né nhu di lam &
trén. Khi d6 ta s& duge mot hé phirong trinh dai s6 bac nhét d6i voi anh
clta ham phai tim. Sau khi gidi he phuong trinh dai s6 d6 ta c4n phai tim
ham theo anh cta n6 bing cich diing dinh Ii khai trién twong tu nhu trén.

Ta minh hoa diéu d3 ndi bing cdc vi du sau day.

Vidu l. Tim nghiém riéng cua hé phuong trinh

%’ti—x;l-Zy=3,
dx dy _
3dt+dt 4x +2y =0,

v6i-diéu kién ban ddu x (0) = 0, y(0) = 0.

Gidi. Bang cach chuyén tir cic ham phai tim x(t) vA y(t) sang 4nh
X(p) va Y{p) cta chiing va dp dung hé thitc (4) d6i véi anh chia dao ham
cac ham do6 ta dugc

(p - DX(p) + 2Y(p) = %
CGp-4X()+(p+2)Y(p)=0.

249



Giai hé phuong trinh dai s6 d6 d6i v6i X(p) va Y(p) ta duge
3

— 2

p : 3(p+2)

0 p+2 p - 3p+2)
X = = = .
® p-1 2 p?-5p+6 PP-2)p-3)

3p-4 p+2

p-1 3

p 33p-4)

3p—-4 0 p -3(3p - 4)
Y = = = .
® p-1 2 pt-5p+6 DP-2(p-3)

Ip-4 p+2

Diing dinh 11 khai trién (19) ta x4c dinh dugc céc ham phai tim
x(t) = 1 — 6% + 5™, y(t) = 2 + 3e* - 5¢™.,
Vi dy 2. Tim nghiém riéng cta hé phuong trinh

v&i diéu kién ban ddu x(0) =0, x'(0) =0 va y(0) = 0.
Gidi. Bing cdch chuyén qua anh ta dugc

(p : %] X(p) + Y(@) = 0,

(© - DX(p) + 2(p - DY(p) = %

Do dé
0 1
2 .
S 2p-1) -2
X(p): p = p = _2
_1 | pP-3p+2 pp-p-2)°
P =3
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_ P _ 2p -1

0
2 2p-1
P
1

pP-1 2p-1
Dung dinh I{ khai trién (19) ta dugc

x(1) = 2et - e - 1, y(t) = —e' 4+ %em— %

Vi du 3. Giai hé phuong trinh |
X'=x-2y-2z
y' =2x+ 7y + 3z,
z'=-2x -4y - 2z,
véi diéu kien ban ddu x(0) = 0, y(0) = 3, 2(0) = —2.
Gidi. Bing cdch chuyén qua anh ta dugc
(p — DX(p) + 2Y(p) + 2Z(p) = O,
=2X(p) + (p — HY(p) - 5Z(p) = 3,
2X(p) + 4Y(p) + (p + 2)Z(p) = 2.

S p*-3p+2 PRP-DP-2)

Do d6
0 2 2
3 p-7 -5
. -2 4 p+2 ~2(p - 2)
X = =
O=T 2 2 (P-Dp-2)p-3)
-2 p-7 -5
2 4 p+2
2
(p-Dp-3)

Dung cong thitc (17) ta cé

x(t) = ¢' — e,
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Tuong tyta cé
y(t) - _zel + 2821 + 363t, Z(t) — 2et _ 2¢2t _ 2631.

Vi du 4. (Mic mot sudt "o M f2
dién dong khong déi vao I AR v
mot mach gém hai mach iy iz _
kin hé cdm va khéng chia
tu dien). c L Le

Mach gém hai mach
kin v& & hinh 30. Mach kin _ ]
thit nhat gdm moét cudén cam
tmg L, va mot dién trd 1,
ndi lién ti€p.

Hinh 30

Mach kin thit hai cling gém mot cudn cam tng L, va dién trd r, n6i
lién ti€p. Cdc mach tuong téc dién tir 1an nhau : mdi mach cam ¥ng mot
suat dién dong trong mach kia, hé s& hd cAm bing M. Tai thoi diém t=0
trong mach thi nhat c6 mic mot suit dién doéng khong déi E véi didu
kién ban ddu bing khong. Hay xdc dinh cudng do dong dién i(t) trong
mach thit nhat va cudng d¢ dong dién i,(t) trong mach thi hai.

A ara < dij ..

Gidi. Di¢n dp toan b¢ cila mach kin thit nhat gom dién 4p L, d_tl b
cho suat dién doéng ty cam, dién 4p r(i; gdy nén bdi dién tr& cha mach va

dién dp cam iing M%‘:‘, tirc 1a
di,

dy
Ll d + l]+M—(F_E-
Tuong tu véi mach kin thit hai ta cé

Nhu vay, cdc ham phai tim ij(t) va i5(t) la nghiém cla hé phuong
trinh vi phan dé.

E
(Lip + i)L(p) + MpLy(p) = E
Mpl, (p} + (Lyp + )1, (p) = 0.
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Do do
p E
0 L2p + fz _(sz + I'2)
Lp+ ] Mp
Mp L.p+ I
- E(sz + rz)
PI(LyL; - M*)p? + (Lyr, + Lon)p + 1,

ILip) = =
‘ (L1p+rl)(L2p+r2) MPp?

Lip+rg

ME

P
0 :

Mp
I = -
2(p) Llp +1 Mp
Mp Lp+n

Ta dua ra ki hiéu
2
M® k2
L,L, 2L,

) ]
°r 31,

= Uz.

Khi d6

Li(p)=—. ,
1P Ly pl(1 - k*)p? + 2(0, + 0,)p + 40,0,]

ME 1
LiLy (- k%)p? +2(0; + 0,)p + 40,0,

L{p) = -

Giai phuong trinh bac hai _
(1 ~k)p* + 2(0, + 6)p + 46,6, = 0

ta dugc
Pi2=0tf,
trong do
_ 0 + 0'2
1-k?

40,0 1
= 1’oc2 - lolkg =TT J(©, - 6, + 4k%G,0, .

253



va

Thanh thi

p + 26,

Il(p) =

ME

L,(1 - k%) P~ D -p2)

1

Ly(p) =

Lanz(k2 ~n (-pXp-P2)

Ti€p d6 dung cong thirc (17) va dinh 1i khai tri€n (19) ta tim dugc

i (t) _ E + E Pi + 202 epl[ " P2 + 262 epzl
! 2Lio, L,1-k%)| Pi—P2 P P2-PL P2
- '
B, Ee 5 [eﬁ'[ug—z—)—e‘ﬁ‘(ugﬂ” =
2Lio;  2L,(1-k*)B P P2
-0 2
_E —ﬂ—T 2shpt — L= K® ashBt + BehBt) |=
n 2L, {1-k*)B 0
E Ee®[o -0, ]
= — shiyt — cht |.
il | [B(l ~ k) b b
L) = M}i |: L_emty ——1—-—ep2‘:l =
LLy(k“ -DLPI —P2 P2 ~ P
-ot '
- MEe [P - e Py = ME e *shpt.

T 2L, L, (k% - 1)B

BAITAP

LL,k* - 1B

1. Tim nghiém riéng ciia hé¢ phuong trinh

dx

dt
dy

dt

=y-|-2,

=x+ 1,

vdi diéu kién ban ddu x(0) = 0, y(0) = 0.
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Traloi :
1

N JOE USRS NN pey
x—ze 2e. l,y-2c+2c 2.

2. Tim nghiém riéng cla hé phuong trinh

4

2
ii—X—Bx--y=t=:‘,
di?

(;—);— x=0,

véi dicu kién ban ddu x(0) = 0, y(0) = 0, x'(0) = 0.

Tra loi :
- 1 _ -t _2_ 2l__1_ t
x—36(1 6t)e +9§ 4e.,
Sl 21
y—18(5+6t)e +9e 23,

3. Tim nghiém riéng clia hé phuong trinh

L -X
a 2T¥ X

E-~x+ +z
R

v6i diéu kién ban dau
x(®)=1,y(0)=0, z(O_) =0.

Trd loi : |
X= %e”l —t~%e"2l +%em,
| yzéeq__%e-zt_'_%ezt’
zZ= ——e_'+-§—c2‘.

255



§8. M6t s6 dinh Ii ca phép tinh todn tu

Trong cic muc & trén ta di xét cdc bai todn ma c6 thé giai bang céch
4p dung tryc tiép cong thitc (17) hay dinh 1i khai trién. Tuy nhién ta cling
thudng gap céc bai todn ma phai ding cdc céch khdc dé tim géc theo anh
* cla né. Cdc cdch d6 dva vao cdc dinh li clia phép tinh todn tl ma sau day

ta sé trinh bay mot s6. '

Pinh li dong dang. Néu bién s6 cha goc duge nhan véi mot s6 thi
anh ca gdc va bi€n s8 p clia 4nh déng thdi bi chia cho 56 d6, tic la

fax) < LF [R] 0)
a a

Dinh 1i déng dang rd rang c6 thé viét dudi dang tuong duong sau day :
F(ap) = ~f [ij 1)
a \a .

Chii $. Dinh 1i déng dang, va thém mot s6 diéu kién dat cho géc f(x),
con ding ca d6i véi gid tri phic a.
Vi du. Biét ring
1

p2+1

sinx &

hay tim anh ctia ham sinwx.

Gidi. Dung dinh li déng dang (20) ta c6

. 1 1 W
SINMX & —. =

® 2 T 02w
(B) 41 P
W)

Dinh li vé su tré (hay s dich chuyén). Néu bién s6 doc lap clia goc
bi tré di mot dai lugng T > O thi anh clia né duge nhéin léne ™, tic Ia

f(x - 1) < ¢ " F(p). (22)
Chitng minh. Ta hay xét g6c fi(x) : |

Ovoix<1
fr(x) = . .
f(x — 1) v8i x 2 7T (xem hinh 31),

256



Vfi{x) jr f(x)§

TN N

F
i I
xy

Hinh 31
~Ta tim 4nh clia f;(x). Theo (3) ta ¢

— T — iad -—
f(x) & j:e "E00dx = [ e (x)dx + [ e 00dx =

= [ e (x - DX, vi folx) = 0 véi x < .
T
Dung phép th€ x —T=ttacé
 P(t+1) I
fr(x) & jﬁ e f(t)dt = e fo e Pf)dt,

- titc la néu f(x) « F(p) thi v6i T> 0 ta c6 cong thifc (22).
Hé qua. Ap dung déng thoi dinh 1i déng dang vA dinh 1 vé s tré ta ¢6 :
Néu f(x) ¢ F(p) con.a, 7> 0 thi

o1
flax - 7) ¢ ~e a"F[B), (23)
a a
trong d6, nhu theo dinh nghia cla géc,
flax - 1) =0vlix < E.

Vi du. Tim 4nh cia gbc f(x) = u(x) - u(x — 1), trong dé T > 0 va u(x)
la ham don vi : '
0véix<0 ' 104
u(x) = :
Ivéix 2 0.

Gidi. Ta tim anh ca f(x).

Do u(x) &« % nén theo

dinh li dong dang

_Tp 1
ux - 1) & e ra Hinh 32
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Do dé

j _ ~~Tp
f(x)(—rwl——e_rpl=1 L
p p p

Pinh li vé su tat din. Néu nhan géc véi e ™™ thi trong anh clia géc,
p dugc thay bang p + A tifc

e Mf(x) e F(p +A). (24)
Chitng minh. Theo (3) ta ¢d
c_hf(x) - J'w'e_pxe_le(x)dx = r e (PR e(xydx
0 0
do do suy ra (24).
Phép nhdn xép.
Tru6c hét ta dua ra khai niém nhan xé&p.
Nhan xép cua hai ham f,(x) va f,(x) theo dinh nghia 1a ham
f(x) = | fi(t)f,(x — t)dt 23)
®= [ H0h&-1 (
va ki hiéu
£(x) = £,(x) % £(x).
Vidul.

X I P _otee oot Ve _ Ko
A Ioc(x tdt = e (x t)IO+Eedt—c x — 1.
Vidu?2.

X . X
COSX % COSX = I cost.cos(x — t)dt = 1 j [cos x + cos(2t — x)]dt =
: 0 2%

X I . x 1 .
= —2—cos X+ -Zsm (2t — x)|0 = E(xcosx + sinx).

Chit y. Tit cong thirc (25) ta ciing ¢6

0 __
fI(X) * fz(X) = - -[x fl (x - tl)fz(tl)dtl = -Efl (X - tl)f2(tl)dtl (26)

Pinh li ve él_t nhan xép. Anh ciia nhan xép clia hai géc bang tich clia
cac anh cta cac goc dé, tic la
néu fi(x) ¢« Fi(p), f1(x) < F(p)
thi f;(X) % £,(X) < F,(p). Fo(p) (27}
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Chitng minh. Theo (3) :
f] (x) fz(X) - "-0 C"px[fl (x) fz(X)]dX = L C_pdeEfl(t)fz(x - t)d[ =
= [ @ ePfmbx - vdx = j: f0dt | e g (x - vdx.
Nhung
J;we‘l’"fz(x - t)dx = _[)me"p(”'}fz(z)dz' =e M .[0 ¢ Ph(z)dz _

= e'—pt . Fz (p) .
Vay

[0+ 00 & [ 6P OAF,E) = Fi(p). Fxp).

Vi du 3. Tim géc f(x) theo anh -—5—-1— cua né.

pip-1)
Gidi.
1 1 1
p’(p-1) p® P~
Theo bang Lz - X, 1 - e,
p p-1l

Ap dung dinh Ii nhan x€p va theo vidu 1 ta cé
fix)=xxe* =" —x~1.

2
Vi dy 4. Tim g6c f(x) theo anh —F— cita ns.
(p*+1D) '

2

Gidi. Theo bang P . - cosx nén dp dung dinh 1 nhan x&p va
p’ + |

theo vidy 2 ta ¢é

f(x) = cosx » cosx = %(xcosx + sinXx).

Vi du 5. MAc mét suit dién dong vio trong mach gdm mét cudn cam
iing, mot tu dién vi mot dién t18.

Cudn cam (g v6i hé s6 tw cam L, tu dién véi dién dung C va dién trd

r= 2\/% néi lién ti€p nhu & hinh 33. Tai thdi diém t = 0 trong mach ¢
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méac mot sudt dién dong khong ddi L C
E va lic ban ddu thi khong c6é dong J—’W\’TTT\"—l
dién trong mach va tu dién chua nap - T
dién. Hay xdc dinh cudng do i(t) cla
dong dién trong ché& d9 van hanh. - E

Gidi. Nhu da biét trong ki thuat
dién t, cudng d¢ i(t) phai tim-.la
nghiém cta phuong trinh vi tich . Hinh 33
phén sau day :

di R T
La+r1+-c~j01dt—E,

trong d6, theo gia thiétr = ZJE.

Goi I{p) 1a anh cua i(t) ta c6

' 1 E
Lpl(p) + tI{p) + C_pI(p) = —

.
Do d6
E E
I(p) = =
p[Lp+r+L] L p2+ip+L
Cp vyLc©  LC
tiic
I(p) = 5
L[p + 1 ]
JLC
Vi méiu s& cha biéu thitc dé ¢6 nghiém boi
b L
JLC

nén khong thé dp dung dinh 1 khai trién dé tim goc dugc. G day phai
ding dinh i vé su tat ddn. Thit vay theo bang dnh
1

F(p) = —
p2

tuong tng véi goc f(t) =t.
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Khi d6

JLC

va I(p) c6 thé biéu dién dusi dang

E )
p)=—F|p+——|.
(p) I (p ,—LC]

. - .. 1
Apdung dinh li vé sy tit ddn vGi A = ta tim dugc géc
g JLC

]

t
i(f)= S¢ VICy,
. : L
Chi y. Trong vi du n2y c6 th€ tim géc nhd dinh i nhan x&p. Mubn

E .
vay, ta hdy xem I(p) nhu Ia tich clia cdc dnh F,(p) va F,(p) va T tic 14

E
I(p) = 7 - Fi(p)- Fi(p),
trong dé |
1

-
+
| P s_/LC
Theo bang ta tim dugc cdc gdc f) (t) va f,(t) ting véi cac anh Fi(p)
va Fy(p) :

Fi(p)=Fy(p) =

£(6) = £,(0) = ¢ VLT |

Béng cich diing dinh 1i nhan x&p ta tim dugc
E X _t-x E t ;
i) = = {e ViCe iCy4y = E. VI
it) = T Joc e Vihdx = Le Iodx

t 1

_E U g TR
1
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§9. Tich phén Fuarié (Fourier) va
&p dung dé bién déi ham
Néu ham f(x) thod min cdc diéu kién Diriclé trong khoang hitu han
bat ki (tic 1a trong khoéng d6 ham lién tuc hoic ¢6 mét s6 di€m gidn

doan loai mot va ngoai ra ¢6 chi mét s6 hitu han cuc tri) va kha tich tuyét
d6i trong khodng (—ec ; +eo), tifc ton tai tich phén

oo
[BRELCOIT
thi nhu dé biét ta ¢6 cong thic Fuarié
Lo o
fx)= = [ da| f(t)cosoxx - t)d, (28)
ndo e
trong d6 khi x 14 diém gidn doan loai mét chia ham f(x) thi tich phan hai

16p (28) bing

fx+0)+1f(x-0)
2 .
(xem, chdng han, Gido trinh gidi tich clia Phichtengoén, tap 2). Tich phan
hai 16p (28) thudng dugc goi 1a tich phdn Fuarié cia ham f(x).
Ta hdy bién ddi tich phan Fuarié¢ vé dang phic. Trong tich phan (28)
bién s§ w ding du6i ddu cosin va vi viy him dudi ddu tich phan 13 ham
chin clia ® ; bing cich thay o bing - ta duge

+oo —o0 Heo
j: dof fcosox-ndt == [ dw| ft)cosax - dt =

1o
= jl dmj'_m £(t) cos a(x — t)dt .

Néu cong v& ddu va v€ cudi clia cdc ding thic trén ta duge hai l4n
tich phan (28) tirc '

[d i _odi= L [Tdo [t cos ofx - dt.  €29)
N wLo (tycosw(x -~ t)dt= 2 J_m (O‘Ln (t) cos o(x .
Mait khéac

4oo +oo

j dmj f(x)sin (x — t)dt =0

vi ham dudi dau tich phan 1a 1& déi véi o.
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i

> va cong vdi v€ phdi cia (29) va dung

Nhan tich phan cu6i nay véi
cong thite Gle _
coso. + isina =

ta duge :

.[: _mI:f(t) cos XX — n)dt = % dewf:f(t) cos (x - t)ydt +

i = oo ] ~ ‘ _ l +a oo iexx—1)
+ 3 L dmf_m f(t)sinex(x — dt = 2 L dw L_ f(t)e dt.

Nhu vay cong thitc (28) c6 thé dugce viét dudi dang phic

I i P Tty
f(x) = 5 L do L f(t)e dt. | (30)
C6 thé viét cong thic (30) dudi dang sau
| f(x) = j+°°<1>(m)ei"”‘dm (31)
2N J—o ’
e —iot
Oy = [ fre dt. (32)

Ta hay xét trudng hop dic biét clia cdc cong thic Fuarié (31), (32)
ma ¢6 nhiéu dng dung dé nghién ciu hién tugng khoéng dimg trong cdc
mach dién.

Gia sir ham f(x) béng khong vdi x < 0. Khi d6 céc cong thic (31),
(32) ¢6 dang

f(x) = % f:d)(m)eim"dm, (33)

d(w) = Ef(t)c_mtdt : | (34)

Dinh nghia. Him ®(w) x4c dinh bdi déng thic (34) duge goi 1a ham
bién ddi Fuarié cha f(x).

Cidc cong thiic (33) va (34) cn phai hiéu nhu sau : n€u ham f(x) thoa
mén cac diéu kién Diriclé trong mdi khoang hitu han nim trong khoang
(0 ; o) va tuyét d6i kha tich trong khoang (0 ; <) thi tich phan & v€
phéi clia déng thitc (34) bing f(x) vdi x > 0 va bing khong véi x <0 ;
vOi x = 0 tich phan 46 cé gid tri .

1 ..
3 Jm 1),
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Can chi ¥ riing didu nguge lai néi chung khong diing, tic né€u chon
tuy ¥ ham P (w) r6i sau d6 tim f(x) tir cong thiic (33) thi néi chung khong
thé dung cong thic (34) dé tim lai ®(w) vi ham f(x) néi chung khong
thod man cdc diéu kién Diriclé hay tich phan (33) c6 thé khéng bing
khéng véi x < 0. Nhu vay, ham ®(w) khong thé chon tuy ¥.

Dé tim dugc m6i lién hé giita phép bién d6i Laplax (3) :
F(a+ i) = j: @Oy (> 0)
va phép bién déi Fuarié (32) :
B(w) = L”e‘iw*f(x)dx, (35)

trong d6 f(x) thoa mén céc diéu kién Diriclé trén mébi khodng hitu han va
kha tich trén khodng (0 ; e0). Tl cdc hé thic trén ta cé

d(w) = lim0 F(ot + iw) = F(iw) (36)
o _

tiic ham bién déi Fuarié ®(m) ciia mdt ham d3 cho bing anh F(p) cha
ham dé néu dat trong dé p = iw. |

Chéng han néu f(x) = ¢ ** (a > 0) thi theo bing

1
F(p) = o+a
va ti€p d6 theo (36)
O() = ——. G
m+a

Tuy nhién, néu f(x) = C (hing s6) thi F(p) = % cdn ®(w) khong tén

tai vi f(x) = C khéng tuyét d6i kha tich trén khodng (0 ; ).

Mdi lién hé gilta bi€n déi Fuarié va anh Laplax cha ham bdi cong
thitc (36) chiing t6 ring khi gidi phuong trinh vi phan va phuong trinh vi
tich phan ciing ¢6 thé diung bi&n d6i Fuarié.

Tuy nhién, cén chd ¥ ring viéc 4p dung bién d6i Fuarié gap nhiéu
han ch€ hon viéc diing 4nh Laplax cta ham vi n6 ddi hoi ham phai kha
tich tuyét doi.

Cich dp dung bién déi Fuarié clia ham dé€ gidi phwong trinh vi phéan
va vi tich phan c¢ling lam giéng nhu di lam d6i voi viéc dp dung énh
Laplax clia ham. '
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That vay, néu ®(w) 12 ham bién d6éi Fuarié clia f(x) thi néu gia thir
f(0) = 0 va ding (4) va (36) ta thdy ring bién ddi Fuarié cia dao ham
f'(x) bang

iwF(in) = iw d(w)
va dp dung (5) ta thdy ring bién ddi Fuarié cia J:f (x)dx béng

F(iw) d(w)
iw ~ iw
Cdc biéu thic trén day ching té ring khi gidi cdc phuong trinh vi
phan va vi tich phan c6 thé ding cic cong thic & §2 bing cich thay trong
d6 F(p) boi ®(w) va datp =

Néu P(w) 1a bién ddi Fuarié clia ham f(x) thi f(x) c6 thé tim dugc
theo cong thirc (33) :

f( - 1 oo iwx
X)= 35— L.cb(m)e do.

bic biét, néu bién déi Fuarié ®(w) 12 mét phan thirc thyc su, tifc 12

d(w) = ﬁ((m))

trong d6 N(w) va M(®) 1 céc da thic clia o, v6i bac cia da thic N(w)
thdp hon bac cia M(w) va ngodi ra phucmg trinh |

M(w) = (38)
chi ¢6 cdc nghiém don thi dua vao (16) va (37) ham f(x) c6 thé xdc dmh
theo cong thirc

lN((Dk) ol X
f(x) = ) ——=.e'ok®, (39)
kqu @)

trong d6 tng 14y theo moi nghiém cita phuong trinh (38).

Sau day ta dua ra mot s6 vi du d€ minh hoa cdch 4p dung bién i
Fuarié d€ giai cdc phuong trinh vi phin va vi tich phan.

Trudc hét, vi trong ki thuét dién tir va ki thuat v6 tuyén cudng do
dong dién thudng duoc ki hiéu bing chil i nén dé trdnh nham lan véi
V-1, sau day ta s& ki hiéu bing chi j.
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Vi dy 1. Mac dién 4p Ee " vao | ‘
mach ndi lién ti€p cudn ty cam va l———"\’TTi\'v\'\
dién trd (xem hinh 34). !

Tai thdi diém t = O trong mach Eott %r
c6 mic mot suat dién dong

Ee ™ trong dé o > 0.

Hiy x4c dinh cudng 46 i(t) cha Hinh 34

ch€ d6 van hanh biét ring i(0) = 0. :
" Gidi. Ta da biét cudng do i(t) phai tim 13 nghiém cia phuong trinh
sau day (xem §7, vidu 7):
LE =B,
dt .
Goi I(jo) 1a bi€n ddi Fuarié cua i(t) vA 4p dung bi¢n d8i Fuarié d6i
vdi timg s6 hang clia phuong trinh ta dugce

joLI(Gw) + rI(jw) = YT
Do d6
E

jo + o)(joL + 1)

IGw) = 0
Ap dung céng thirc (39) va dat trong d6
N(w) = E, M(®) = (jo + &)oL + 1)

’ T
i(t) =[ E - _ ‘z‘}.
r—aLe ©

Vi du 2. (Phdéng dién tot mot tu

ta tim duoc

dién vao mot mach gébm moét cuén tu L

cam va mot dién trd). — T NN—————,
Mot tu dién vé6i dien dung C da i .

tich dién dén dién dp E, phéng dién 1 % r

vao mot mach gém cudn tu cam L va - C

dién trd r ndi lién ti€p nhu & hinh 35.

Hay tim cudng do i(t) v6i diéu kién Hinh 35

iMm=0.
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Gidi. Ta di biét trong trudng hgp nay cudig do 1(t) la nghiém cua

phuong trinh vi tich phan

L%+n+l i(t)dt =

Ta khong thé 4p dung bi€n*déi Fuarié vao timg s6 hang cia phuong
trinh duge vi hing s6 E khong kha tich tuyet d6i trén khoang (0 ; o).

Vi vay ta cin phai 18y dao ham phuong trinh trén :

2. . .
Ld— ML N
dt dt C

Bay git c6 thé 4p dung bién ddi Fuarié. Goi I(jw) 12 bién déi Fuarié

cua i(t) ta dugce :

L{(jo)? I(jw) - 1'(0)] + jeor I(jeo) + —é](jm) = 0.

Dodévu(O)— £ ,tacd

I(jw) = E

-w’L + jor + —Cl—
Ap dung cong thitc (39) va dat trong dé
N(®) = E, M(0) = ~0L + jor + =

C
ta cd (xem §8, vi du 4)
= ot fr Pty _E__ —-at
i(t) = 2BL e M(e o) AL e " shft,
trong dé6
- 2_ 1
*=3rP=y* -1c-
BANG KE MOT SO GOC VA ANH
a 1
a & — X & -
P p
n n! _ e o 1
p—a
L n! _ T a
(p+ a)n+l p(p +a)
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sinmx -

COosmX _(—!-

shmx &

chox &

e ™ sinwx «

e_ax COS(MX <+

sin(Wx £ @) &

cos(x t Q) &+

a—b>b

© (p+a}p+b)

. l(a-Db)p
" (pta)pth)

2 2

p2+'mz

p

o? — o

w

{(p+ a)2 + @2

__bpta
{p +a)* + o’
wcos@ E psing

p2 +(.02

wcos@ ¥ (p+a)sing

e ™ sin(ox T @) &

e ™ cos(wx @) &

(p+ 3)2 + o*

wcos @t (p + a)sin@
(p+a) +

(p+a)cos@ ¥ Wsin @

(p +2)* + w?



Phén thir hai

DAP SO, HUONG DAN VA LA GIAl

8. xy' = 3y. | 1l.y= cxyl"fy‘

9. y2+y'2= 1. | 12. y'=cosx——1%l{i

10.x%y' ~ xy = yy'. 13. yy" +y% = - yPy".

14, x(x - 2)y" - (x* - 2)y' + 2(x ~ )y = 0,

15,y = dy(xy' - 2y). 20. (y - 20%y% + )= 2y% + 12
16. y' = 3y, | 21. x%y" — 2%y’ + 2y = 0.

17, 3x°y"™ - 3x2y" +6xy' -6y =0. 22, (xy - y)2 = 2xy(y? + 1.
18.y'y (ny- D=y’ &xy'~y).  23.xy%=yQy - 1)
19. yI"yl = 3)’"2. 24. (ylty+ yI'2 + 1)2 = (yfz + 1)3.

25.€(x, )= 0; £, <0 (max), £, >0 (min)

26.y=—cosx+-;-cos3y+C. HM.y=chx +C.
1 i
27-y=2[\/_—1n(\/;+1)]+c. 35.y=—§cos4x+z§052x+c.
1, |x-1
28.y=~;—xx/1—x2 +—;-arcsinx +C 36.y= iz g tC

.29.y—ﬁ+c ' 37.y=lnlx+\/x2—1,+C.

30.y=InWi1+x2 +)+C.

My=e*x®-2x+2)+C.

38.y= %lnzx +C,
X _
39.y= Imdx+c.
e)(
32. y = xsinx + cosx + C. 40.y = I?dx +C.
- 33.y =e"(cosx + sinx) + C. 4.y =xlnx +C,x = 0.
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x2+l

42.y= lnl_){_'l'_l-|+

C.

43. y = arctg x*-1+C x=%L

1 1 2 1 2x+1
44.y = =Inlx — 1l = =In(x" + x + 1) + —=arcig +C.

g 6 NI

xdx - cos X

45, y = +C. 47.y = dx +C.

jaZ_xz ..- X

x2 2 2

46.y=sgnx.—2-+C. 48.y= e +C;y=—¢" +2.

1 1 1
49, v = — M = o) | = — [—oo M =),
9.y X+C,y x(0<x<+),y x( <x<0);x=0
50.y=\lx—1+C,x=1;y=\fx—1+1,x=l.
X 2 X 2
S5l.y= P dx +Cy= *dx.
y Ioc X y _[Oe X
52.y=-—\ll-—x2 +C;x=i1;y=-—\h—x2,
y=—\fl—x2+2;y=—\}1—x2,x=1.

53.y=0. 56.y=X.
54.x=tl,y= 21 (Ixl < 1). 57.y=iﬂ.
' x“ -1 2
n T
Ly=%--. SKXEE
55.y 5 58. x 3

65. Mién xdc dinh, tén tai va duy nhit nghi¢ém cha bai todn Co-si 12
ca mat phing (x, y) ; x = a la céc dudng ding phuc ; Tét ca cdc nghiém
déu tang ; x = 0 13 dudng gém cac_diém udn.

2
70. y'=x2. 78. — 2+3y2 —Eamtgy=x+C.
2y(1+y7)
Ty =~ 76. 2 = xIn2 + C.
1-x?
72.y = -1); 77.=Ce* - 1.
74.e ' =—x +C. 78.1gy =x + C.
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79. -'2'- = Ce

80.y ™ -k(—n+1)x+Ckh1n;tI
y=0langhiémkidikhiO<n< I : Ly = Cekxkhln-l

81. cotg (;:— - %J = Ce”.

(y+1) i 2y —
82. - 1 n————+—arctg —=——=x+C.
6 y -y+1 NE) & V3

83.-L—arctg-l—=x+Ckhia>0,!—_—E=Ce2m
Va o va y+

khia<0,y= - khia =0,

y+C

Ce™* 41 e InC
1-Ce™2 ' 2
khiC>0;y=—=x+1,y=-x-1.

84.y —arctgy=x + C. 87.y=—=x+

85.y~Inly+1l=x+C. 88. Iny = Ce*,
Ly
86. cosy = Ce . 89.y 2 =-3x+C.
90.y=(x+C)2,x2Ckhiy'20;y=—(x+C)2,xs—Ckhin0;_y=0.
o [ .yic
Iny
92.arctg(x+y)=x+C. 96. Inlx + yl -y =C.

93. Inlx +y+2=x+C. 97. Jy—-x +InlJy- —ll=—;—x+C.
_ 2
94.—1-'arctgﬂ—-l=x+C.98.y=x+-(x—t9-,x2-C;y=x.

2 2 4
' 2
95. ¢ V= _x 1 (. 99.y=x2—(x 4C) JX<Ciy=x2

\/I+x2\/l+y +y- x
1+ xy

100. arctgy + C =
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101.

102.

103.

104,
107.

108.

109.

110.
111.

112,

113.
114.

122.

P p ¥

-=0 —Zarctg=
I Por=ce®,Yxi+y? =Ce x
dp  q
y=Ce *iy=¢ "
_ 1 yioy=lx>0 105.y=1+Ceiiy=1
y=xvc YT Y= y=4
y=Ce*;y=¢. 106. y2 =2x + C; y* = 2x.

y=(x+Ox2-0),y=0;y=(x+2°(x2-2);
y=x2(x20),y=0.

2y + JAy2 -1 =Ce™; y = —;-ch2x.

y=(x+C)3;y=0;y=(x+1)3; 115, y=(2k+1)32E

y=x°,y=0. (k=0,%1,..).
y=z=L 116.y=0,y=1.
y=kn(k=0,%L, ..). 117. Khong
y=2,y=3 118, x=+7.
Khong. 119. y = 0.

y=0. 120.x=-1,y=0.

Mién xéc dinh, ton tai va duy nhét clia bai todn Co-si 1a ca mat

phing (x, y) ; y = b 1a cdc dudng ding phuc ; Tat ca cdc nghiém, trix
y = 0, déu tang (irén c4 khoang x4c dinh chia nghiém) ; Cic dudng cong
tich phan ndm & nlra mat phing trén (dudi) déu quay chiéu 18m 1én phia
trén (dudi). '

Ce?* -1 . T .
130.y = m — x ; y =—X I la cdc nghi¢m riéng (ti¢m cin).
131. y = Inx. 135. x% + yz +x'+ y4 =C2
132. vy = x5, x20;y=0. 136. arcsinx + arcsiny = C.
133.y = €. | 137. VX +4Jy =C.
134.y=0. - 138.y = Cx + )¢ *;x=-1.

272



139. Inlxl = C+ Jy? +1. 143. xy = C - Inlx].

140, y> — 2 = cel’®, 144. y = x(C + sinx).

2 2
141. (Ce™ - 1)y =2;y=0. 145.y = Ce¥ -x*-1.
142. y = e*(lnlxl + C) ; x = 0. 146. y = Cln?x - Inx.

147. cotg ";" =x+C;y—x=2km k=0,=+l,+2, ..
148. x> + - 2t=C.

149. 1/4x+2y- —2In(\y4x +2y-1+2) =x+C.

150.%+i+ln-z

Y X
151, 2¢” - &% + 2arctgy + In(1 + y) = C.
1
1-x°

=C.

C
152.y=;'ri;y=

153. y = arcsinx + C,x =1 ; y = arcsinx, x = 1,
154.y (Inlx* - 1+ C) =1,y =0: y fin(1 —xB + 1] = 1.
155. y =2 + Ccosx ; y = 2 — 3cosx.

156. V1-x2 + 1 - y2 =C,y=+1 (xl < 1), x = 1 yl<1);
VI-x2 41—y’ = 1,x=1(yl < 1) ; khong c6 nghiem.

157.y = "™ 160. x =Cy*+ y? ; y = 0.
158.y(1-Cx) =1 ;y=0;yd+x)=1. lGl.y:arctg(l -%) + 2n,

159.x +2y+2=Ce’ ;x+2y+2=0. 162.y=2.

169. (0, 0), (1, 1), (-1, 1), (~1,-1), (1, -1) 1a cdc diém ki di ;
K -DF-1D=C0<C<1,ixl<l,lyl<1 s K-y -1 =C,
C<Old>Llyl<lvall<Llyl>1;G?-1)*-1)=C C>0,
IxI> 1,1yl > 1; x =+1 (y = 1), y = %1 (x = £1) 1a cdc nghiém riéng ;
x =21 (lyl> 1), y = £1 (Ix! > 1) 12 céc tiém can cda céc dudng cong tich
phan;x=0,y=01atam, Ixl <1, lyl<1 I mién cha tam.
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171. Nghiém y = y(x) clia phuong trinh da cho thod man diéu kién
ban ddu y(x,) = ¥, duoc xdc dinh tir hé thirc

(x) ds dt
L,

W1

Chu ¥ rdng tich phan

dt
f:m

12 hoi tu véi moi x,, nhung tich phan

Lim ds
o %52+1

phan ki véi moi y,. Vi thé, ching han n€u x — -+ thi y(x) van gidi noi,
nhung chi ¥, y' = 0 nén y(x) ting, do d6 gi tri sau day tén tai hitu han :

lim y(x).

X—r+os
Vay khi x —+oo, nghiém bat ki y(x ; X, ; ¥,) €0 tiém cén ngang -
y=y; = lim yX). .
X+ )
L{ luan tuong tu khi X — —eo s& ¢6 thém mét tiém cdn ngang th hai.

172. Béng cdch nghién ciu sy hoi ty clia cdc tich phan tuong tu nhu
da lam ¢ bai 171.

173.(C £ x)y = 24°.

174.blny ~y=2x+C,0<y<b.

175. aln{a '_1:\/;2 -y%) ;J?— y? =x+C.

= 2 ﬂ = - y * = M =
176. y = Cx". | 179. ix LAY C;xy=6.
177,y = Ce¥*. 180. y = Cx%, y* = Cx.
178. y' = % ; y =Kkinlxl + C. 181. r(1 £ cos@) = C.

182. % = v, 8=V (t—1y) + 8,
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183, == =K(T - 20), T 1a nhiét do chia vat thé tai thoi diémt ;

T =20 + 80. 2_"25 : 60 phit.

184. Lugng nito (tinh bing 1it) 13 x(t) = 20 — 4¢ Y% . x(1) = 19,8 khi
t = 200 In20 =~ 600 (giay) = 10 (phuit).

185. Lugng mudi x(t) = 10e ™%’ ; x(60) = 10.™ = 0,5 (kg).

186. Nhigt do clia vat thé x(t) = 20 + 80 x 270 ; x(t) = 25 khi t = 40 phiit.

t
187. Hiéu s6 cha nhiét do gilia nwdc va vat 1a x(t) = 55.(%) :
55 )
m = § (phit).
188.y=y_+ lOOt - 490,5¢% ; 0,1 giay.

X(t)=1khit=1In

189, S(t) = ki + S,

: t
=1
190. Vian t6c (theo m/giay) v(t) = (2/3)4  ; v(t) = 0,01 khi

t= 4(—2—+ 1) = 50 (gidy) ; quing dudng s = = 15 (m).

_6
lg1,5 1,5

191. Khéi lugng (_:hﬁt phong xa con lai x(t) = x(O).Z_UBO ; x(t) = 0,01x(0)
khi t = 60/1g2 = 200 (ngay).

192. Khéi lugng radium con lai x(t) = x(0).(1 - 0,-00044)t ;x(t) = -;-X(O)
khi t = In0,5/In(1 - 0,00044) =~ 1600 (nam).

193. Van t6c v(t) = 50111%, quing dudng (tinh theo mét) S(t) = 250 lnch-;— :

S(t) = 1000 khi ch§ = e, t = 5(4 + In2) = 23 (giay).
194. Van téc v(t) = J%.tg\f@ (C-1),g=10,k=0,012,

C= 7_~—arcthE v(0) = 1,75 ; v(t) = 0 khi t = C= 1,75 (giay) ;

k )

do cao cuc daih = E In| =v*(0) + 1) = 16,3 (m) (n€u khdng ké sic can

ctia khong khi thi t = 2(giay), h = 20m).
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203.

- 205.
206.

276

195.

196.
198.
200.

204.

207.

208.
209.

215.
216.

217,

218.

219.
220.

Van tdc v(t) = %th kg t, quang dudng S(1) = -l!(—lnch kgt ;

S(t) = 16,3m khi t = fln(t’:kh + e 1) = 1,87 (giay),
2

v(t) = 1‘%(1 — e 2khy = 16,4 m/s.

x+y=Cx2;x=O. 197.x(y - x)=Cy; y=0.

In(x® + ) = C — 2arctg(y/x). 199. x = VInCx ;y=0.

y=Ce’’™. 201 x* + 3x%y -y’ =C.
LareigY _Pg

xX2+y? =Ce 9 *hoicr=Ce .
a
1-b
y = Cx + axlnlxl (x#0) khib=1.

3

y=Clxl®+

x(x#0)khib#1,

y=Clx 2 =x(x #0). 210. y = Cx + 2x Inixl (x # 0).
y:—x*=Cy,y=0. 211. x = y(C + lnlyl) (y # 0).
sin% = Cx. 212. x = y(C — lnlyl) (y # 0.
y = —xIn InCx. 213, Jx2+y? = o
2 - ex 2142y -3y 4+ 653y =C.

InCx = ctg[%ln-ii] ;Y= xeX" k=0, 1, £2,...

xlan=2\/§ ;y=0.
arcsin%lansgnx 3y =X,

()I? ~2x)°=C(y - x —1)2 1y=x+1
2x+y-1=CP™
(y-x+2°+2x=C.



221 (y—x + S’ (x +2y-2)=C. 23.y+2=C V2.
2 T y+X C

222, (y+2)"=Cx+y-1);y=1-x. 224.In — 1+x+y'
C 1, 1

225,y = 2x —(C>0) y=37x"-3.

226.y=xe ,y 0(x#0);y=¢"x#0),x=0(y=#0);
y:xel_x;y=0(0<x<+°°).' '

227. y = XIn{C + Inlxl) (IxI > c—c) sy = xln(1 + lnx)(x > %)

: 228.y_= Cv2x +_2x(x>0)y=—CJ—x +2x(x<0),x=0(#9);
tdt ca cac dudng cong tich phan.

229.y=%+%

230. y = Cx + xInlx! (x # 0), x =0 (y # 0) ; tdt ca cdc duong cong
tich phan. . _

x,x=0(y¢0);y=—;—x(x;tO),x=0(y¢0).

__ dy _ 2y
231_.y— x(x#0). _238. ol
_ | dy __¥
232. y = 42x (x # 0). 239. & =L,
233. Khong 6. 240.y' = 22"3’ =
_ X“—y
234. Khong c6 2, & VY
* ax - Ux
1 235.y=0(x#0). . 242.xdx + (y - \x* + y*)dy =0.
236.y =0 (x 2 0). 243.y' = x:y

237.y=0(x#0),y=2x (x #0). 244.y=C( +y).

245. x% + y* = Cx.

2 .2 :
2445.3;'=3’2xyx X2 +y*-Cx=0; y——% =-(-;—(C¢0);

Xy =y+ \fx2+y2,y=%x2———1— C>0);
, 1
xy =y—\’x2+y2,y-—2—c—x +—(C>0)
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34 2

7. yy:}; s yx2+y? = Ce autgxhayr=Ce".

248 LEX v, [Py mkx+C
-\fxz-!-y

2 2

249,y = yz;y" L (x=O?+y*=C
250.y'=%,x2+y2—(3y=0.
x* ~y
252, Gia su'k0>0vaf'(ko)<1
Khi 46
£(K) = fk,)

K-k,
Vay |
f(k) <k Yk e (k,, k, + 9),

f(k) > k Vk € (k,, - 8, ko).

< 1 néu |k — k| < § (d d0 nhd > 0).

Dé thdy phuong trinh trén c¢6 nghiém riéng y*(x) = k,x. Chu ¥ ring
phuong trinh d3 cho ¢6 tinh duy nhit nghiém tai moi diém trir g6c toa
d¢. Vi thé néu y = y(x) 12 mot nghiém bét ki khdc y*(x), thi Vx € (0; €)
(e > 0 d0 nhd) ta c6 hodc y(x) > k,x hodc y(x) < k,x. Gid sir c6 mot
nghiém y = y(x) (# y*(x)) ma tiép xic véi dudng thing y*(x) = kX tai

géc toa do. Khi dé
limn y®)

-0 X

=k,
Ta xét trudng hop y(x) > kx' Vx € (0 ; €), hay L2 y( N

Nhung do (*) ta c6 thé xem khi x € (0 ; €) thi

-)195-)-<k0+5.
X
Vayvdixe (0;e)tacd
k, < y(x )<k + 6,

do d6

dy_ f(@) <@, Vxe (0;¢).
x .

dx X
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L&y tich phén hai v& trén [g, ; x] (§,>0d0nhd:0<¢) <X <E)

suy ra
y&x
Y(El)
hay (X) < Y( I)
_ £
Cho g, — +0 ta dugc
y(x) £k x.

Diéu nay mau thuln véi gia thiét y(x) > k. x.

T4t ca cdc trudng hop cdn lai déu c6é thé suy luan bing phuomg
phép tuong tu.

253. Chuyén sang toa d0 cuc ta nhan duge phwong trinh

Tich phan téng quét cha phuong
trinh ¢6 dang .
- p=1+Ce,
trong d6 C 12 hing s6 wy ¢ ; d& cho
p > 0 thi @ < — InlCl khi C < 0. Tép hop

cdc dudmg cong tich phan chia lam ba
loai (xem hinh 36} :

1) Vongtronp =1 (C=0); Hinh 36

2) Dudng xoén &c, xudt phat tir diém trong clia vong trdn p = 1, ndm
hoan toan trong vdng trdn d6 va khi ¢ — —o thi tiém c4n dén vong tron
¢ =1 (C <0); khi @ — ~In!C| thi dén téi géc toa do ;

3) Dudng xoén 6c, xudt phét tir phia ngoai cha vong tron p = 1, nam
hoan toan bén ngoai vong tron d6 va khi @ — —oo thi tiém c4n dén vong
tron p = 1 (C> 0) ; khi ¢ — o thi dén tdi .

Theo dinh nghia, mét dudng cong tich phan kin L dugc goi 1a vong
gi6i han cha mot phuong trinh vi phan néu t4t ca cdc diém clia nd déu 1a
diém thudng v moi dudng cong tich phan khéc clia phuong trinh dé cho
déu dan tiém cén dén L.
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Nhur vay, ta da thiy, phuong trinh vi phan d4 cho chi c6 mot dudng
cong tich phan kin duy nhét (cling chinh la vong gidi han) p = 1, hay
chuyén sang toa 46 vuéng géc X%+ y2 = 1. D6 1a vong tron don vi.

254.

253.
258.
259.

260.
261.

262.

263.
265.
267.

269.
- 270.

271.

272,

273.
274.

275.

276.
277.

280

2

y2 = CexpyT. 256. y4 ~x’= Cyﬁ.
x2y2+l=Cy. - 2587, yz—x—&=C,x=y2.
yzc"""y=C;y=0;x=0. .

@y =0 I [C2YY -] =x:24y - x.

2\f(1/xy2) -1 =-InCx; xy2 = 1.

1-xy=0Cx*2 +xy); xy =-2.
y2

I x3 1

arcsin

=1InCx> ; Ix3l = 2

X*yinCy=1;y=0. 264 x*y'InCx*=1,y=0.
X= —yzlan s y=0. 266. x> = x* - yInCx ; y = x°.

y=0Cx?+x*. 268. y = sinx + Ccosx.

y=02x+ I)C+1nl2x + 1) + 1.

y=Ce “®* - cosx + 1.

—ax 1

- MK g4 _ — o 3K S
y=Ce +———m+ac khim#-a,y=e (C+x.)kh1m a.
2 )
y=(1+x"}C+ x). 278.y=Ce” -x"-1.
x=¢ + Ce™. 279. y = x(C + sinx).
Xem tra 10i ciia bai 204. 280. xy = (x> + C)e *.
X= %——zy. 281. y = Cln’x - Inx.
y 3 . .
' 1
xy = C - Inlxl. 282.x=y° (CeY +1)-
y=e*(nlxl +C); x=0. ~ 283.siny=Ce “+x - 1.



284.x=y2+Cy;y=0. '286.y1=—1;y=—1+C(x+x2). :

285. x = (C ~ cosy)siny. 287.y, = -’lz jy= % +Ce *.

286.y1=—1;y=—1+C(x+x2).

287.y, = -:? 1y = % +Ce ™,

2
288.y, =x;y=x+ Ce* /2,
289. Dung phuwong phép hé s6 b4t dinh.

290. Thay y, = b vao phuong trinh ta c6 q = pb, vy phuong trinh d3
cho la phuong trinh vdi bién s6 phan li.

2 L2 1 2
291,y = &* .J:e X dx. 292.y= -+,
293.y=Cx’-x(x20); x=0 (y #0).
294.y=—%—x(x¢0);x=0(y¢0).

295.y=CVix| +2x(x£0);x=0(y#0).

296.y =Cx +xlnlxl x #0) ; x =0 (y 2 0).

298. xy = ~1 la dudng chita cic diém cuc tri (v6i x > 0 12 dudng chita
céc cyc dai, v6i x < 0 12 dudng chita cdc cyc ti€u) ; y + x(xy + 1) = 0
A dudng chia cdc di€m uén (bén trdi céc di€m uén cic dudng cong
tich phan quay chiéu 16m xu6ng phia du6i, bén phai thi ngugc lai).

Nghiém du6i dang Co-si 3 y = ¢2 (y°+_[;c_x ’deJ, Yo = ¥(0) ;

. X _x2 f . . . .
vi lim [ e*"2dx =+ 2 nén dang di¢u cta nghiém khi x — oo
X —teo 0 2 '

£i4
2

.Néuy, <- I

phu thugc vio vi tri clia gid tri ban ddu y, so vdi £ >

thiy—)—ookhix'—)+°°;n6uyo=—J§thiy—)—ocukhix—)—oo,y—>0

khix—)+m;né'u—\[§ <yOJ§ thiy—-)—IOOkhixwa—oo,y'-—) +eo khi
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X—>+°°:né'uyo=‘/%thiy—)0khix—>—oo,y—)+mkhix—>+oo;_

néu y, > \/g thi y — +o0 khi x — too,

dx x 2a’ a’

300.————:——2;}(:Cy+_y-_

dy vy y
301. xy = Cx> + 2a%.

304. 7Y = Cx% + x.

305. cosy = (x> — 1)InC(x* - 1).

302. y* = C(x + 1)? - 2(x + 1). 306. y = 2¢* - 1.
303, x* = Ce¥ + 2y. 307.y = —2¢".
di R, A .
308.a+fl—f51ﬂ(ﬂ1,
R i R
c_ L A(R sin wt — wL cos mt) ALw It
1= 1e =+ 2, 22 2, 22
R® + °L” R + w'L
n-1

ty

309.y—xy'=5~—;y=Cx_“——x.

n

i-k

X
310. ondx =kxy;y=Cx",m= ——.

3 -[: 2
. dx = — Ty = .
311 I;xy X =7X ydx ; y=0Cx

313. xzy' +GBx-Dy=0;y= Ce3
: X
kx +0
¢ -kt
314d. y = t .
y = § f(t)e " dt
Hudng dan :

|

Nghiém v6i diéu kién ban ddu y(0) c¢6 dang
. X )
y(x) = y(0) e** + ¥ -[o e Kf(0)dt .

Tir didu kién y(x + ©) = y(X) suy ra

_ _ 0

_[ e Ke(r)dt.
L}

1
y(@ = "
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Nhu vay, y(0) duge xdc dinh duy nhdt va do tinh duy nhat nghiém
(chi ¥ réng bao gid ta ciing c6 gia thi€t dé cho phuong trinh tuyén tinh 13
duy nhat nghi¢m, & day ching han f(x) lién tuc), ta chi ¢6 mot nghiém
- riéng tudn hoan chu ki © béng céch thay gid tri cGa diéu kién ban ddu vita
tim dugc y(0) vao bi€u thiic cda nghiém. Bing phép bién déi tich phan va
chi y dén tinh tudn hoan clia ham f, ta c6 biéu thifc clia nghiém c4n tim.

5.y =y, + Clyz - yp). 317.y = Cy;.
316. y = tgx — secx. - 318.y i—]y =0.
1

319. C6 thé thir lai tryc ti€p bing cich thay vio phuong trinh dd cho
hodc bién ddi tich phan trong dang téng qudt cha nghiem.

320. a(x) = ¢/ POX ,2=0,z=C;y= Ce Pt

21.t= Ip(x)dx, ccli_): +y=0:y= CeTptdx

dy _ . dy _
322. e 1, i = yoP(Xo).

327. Nghiém cita phuong trinh da cho viét dudi dang Co-si 1a

. K
y(x) = c-kx[y(O) + _‘;q(t)ek‘dt] - y(©) + _[;q(t)e tdt

= *)

Néu k > 0 va b # 0 thi 4p dung quy tic tim gidi han Lopitan cho biéu
thitc (*), ta thdy, véi bat ki y(0) (tic 12 v6i moi nghiém), ring

Im y(x) = E

X =>+00

Diéu d6 cling diing ngay ca khi b = 0 do nhan xét sau : Vi lim g(x) =

X—>+00

=b =0, nén Ve > 0 JA(e) > 0 ¥x = A thi Iq(x)l < €. Dua vao d6 dé danh
gid tryc ti€p bi€u thic (*) va do tinh nhd tuy ¥ chae > 0 ta suy ra

lim y(x)=0=9~=—.

X—> 490 k k

Néu k < 0 thi miu s6 cla ti 1& thitc (*) ddn dén khong khi x — +w.
Vay moét nghiém bit ki y(x) cia phuong trinh muén thoa man diéu kién
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lim y(x) = L] (hitu han)
X—teo " k
thi cin thiét ia
lim [y(O) + rq(t)ek‘dt:| =0,
XK—rtoe 0
hay
yO= [ awefa o

Tir gia thi€t vi k < 0 ta d& thdy tich phan ndy héi tu. Thay diéu kién
ban ddu (**) vao (*) ta s€ c¢6 nghiém duy nhat ¢6 giéi han bing % tai vé
cye (ciing ki€ém ching nhd quy tic Lopitan) 13 ;

y(x) = j;q(t)e““""’dt.

328. Ap dung bai 327.

331. C6 thé thay vio phuong trinh d€ thir lai truc ti€p hodc bién ddi
tich phan va chon diéu kién ddu thich hgp ti biu thic Co-si cha nghiém.

332 va 333. Gi6i han déu bing %. Cich lam giéng nhu & bai 327

Trudc hét, viét bidu thitc Co-si cho nghiém v&i didu kién ban ddu ching
han tai x, = 1 (dudi dang mot ti 1é thic), sau d6é tim diéu kién cén thiét

cho diéu kién ban ddu va ching minh dé ciing 14 diéu klen dd nho dp
- dung quy tic Lopitan.

334. V& nguyen tic giéng nhu cidch giai bai 327. Nghiém cho dudi
dang Co-sila: -

x(0) + _[:f(s)esds

ct

x(=-¢" [x(O) + L:f(s)esds:| =

-Khi t — —eo, miu s6 c6 gidi han 12 khong, vy d€ cho nghiém x(t)
gidi noi trén todn truc s6 thi trudc hét cin thiét phai c6 .

: 0
x(0)= [ f(s)e’ds.
Thay gi4 tri nay clia x(0) vao biéu thic chia nghiém ta duge

X(t) = Le“"f (s)ds = jic"-f(z + t)dz.
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Tir biu thite cusi cha nghiém x(t) tim dugc ta thdy ngay tinh gidi noi
va tudn hoan (cing chu ki véi f) clia né do gia thi€t. Tinh duy nh4t cla
nghiém nady 1a do tinh duy nhat nghi¢m cila bai todn C6-si.

2.2
335. y(x) = xr et = ~= Khi x = +oo.
fea 2

X(0) + _[;f(s)efg““""ds

eI‘l’ a(z)dt

] 5
336, x(t) = e J0*(M [x_(O) + j;f(s)efoa“)d"ds]

Vi f(t) — 0 khi t = +co, nén Ve > 0 3A(e) > 0 Ve 2 Alf(t) <&,
Nh& d6, bing cdch ddnh gid truc ti€p ti 18 thic trén vdi chii ¥ miu s6
dén t6i v6 han khi t — +oo, ta nit ra diéu cdn phai chiing minh.

337. Nghiém duéi dang Co-si
x)=ex [x+lsin2x) [ (0) - rsintex [—t—-l—sin2t)dt]
y P 2 1Y b P 2 .

Ta tim di€u kién ban d4u y(0) sao cho nghi¢m y = y(x) 1a tudn hoan.
Gia st y(x) tudn hoan, két hop véi tinh khé vi clia né, suy ra y(x) phai bi
chin trén ca tryc s6. Nhin vao biéu thic cha nghiém ta thdy thiva s6 thi
nhat c6 gidi han vd han khi x — +oo, vay d€ cho y(x) bi chan thi cén thiét
phii c6

| boo 1. )
y(0) = J‘O sint.exp| ~t - >sin2t |dt.

Chii ¥ rang tich phan vdi can v6 han nay héi tu. Ta ching minh ring
nghiém v6i di€u kién ban ddu ndy quéa thit tudn hoan trén ca truc s6.
Thay gid tri ban ddu vio biéu thitc ca nghiém ta dugc

y(x) =- r sint.exp[X —t + cos(X + t)sin{x — t)dt.
oa

Dung phép thé bin s = t — X, ta ¢6 biéu thitc cho nghiém tudn hoan
duy nhat ciia phuong trinh 1a

+m -
y(x) = L exp [—s — sins.cos(s + 2x)]. sin(x + s)ds,
(tinh tudn hoan cha y(x) dugc thdy mot cdch hién hién).

- 2 -
338.y 2= Ce¥* +x2+%. 339.y3=ch—x+1_.
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340.

y(et +Ce*y=1;y=0.

34Lyx+ D(nlx+1U+C)=1;y=0.
342.y

286

343.
344.

345.

346.

3
35L.y= (Ce" L ——2-] ,y=0;y=(
352,

353.

354.

355.

356.

359,

360.

361.

363.

367.

y 3 = Ceos x — 3sinx cos’x ry=0.

y® = cx® - 3x% 347. xy(C - in%y) = 1.
y= x* In®Cx ; y=0. - 348. xz(C —cosy)=y;y=0.
Vexl-1+CVIxE~11. 349.x%=Ce'™™ - 2a(siny + 1).

y 2=x*2e*+C);y=0. _350.—:-{-=(}:+lnx+1;$=lnx+1.

3 x3

3

3 2) :
——3-%] ,y=0.
e =5

(=]l 8]
O | -

9 9

1 ~x
—=Ce "-x+1;y=0.
y y
%=K(C—ln|X|),X=0;y-=0(x¢0),x=0(y¢0).
X
Y—m,y—O(x;tO),x—O(y#O).
-y’ =Cx’ +y0). 357. x> +xy° +2y=C.
il 1=0. dz __1 =Y
Cly x)_+x 1=0. 358. (p(z)— x-i-C,z-x.
2 y:

yy' +x= y? ; yz = 2x%(C - Inlxl) hoic x’ex’ =C.

2

y+%=§;y2§f=c. 364.y=%+éx54—x:y=%.
y—xy':yz;_y:xic. 365.y=x+xic;y=x.
Y=%+'a§—é+—x;y=%. 366.y=x+2+-é-(;—x_-—l- TYy=X+2. |
y;ex—H;C sy=e*.



368.

369.

370.

371.

37s.

377.

379.

380.y =

381.

382.

383.

384.

385.

387.

-1
yi=x+1:y= x-i-1+c2 (C I_+2x ]

1 1
= ; = 4 . —-— r————
N=X3y=x 1+Cx 372y x(C+1r1|x|)
1 1
3x=Cylyl -y*;y=0.373.y= —— o,
x=Clyl -y*;y y S C—TD
2 2xy + 1 . 1 3x?
—~ arctg =lnlxl+C. 374.y= =+ .
\E \E .x x}+C
u 2 t
y ;,x3=t,u= ,v=wxﬁ,w=tg(C—3~/;).
—-3—+v
=4 o t =1t o
y—x.x -t,u-lfv,v—3+w,w—z\ft_,

Xy =tg(x + Q), (—g—C<X<E—C .

x+C~1
x(x +C) °

]

y = tg(dx + C) + = (- -

Ta

y = 2tg(2x + C) + x2, [-

y= —{(—_%tg(\/ﬂ+C)-——[

y =2xtg(2x + Cy + 2, [

Y"y2:Y3_Y2 =C.
Y=-¥y1 ¥Ya—xn

Ap dung bai 385.

2

S

386. Ap dung bai 385.
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390. Xét trén mién x > 1 bt déng thic vi phan
y>1+ yz,
va 50 sdnh vdi phuong trinh vi phin
o'=1+ (pz(x).

z , ma y(x) 2 @(x) (néu ching

Chii ¥ ring @(x) = tgx bang vo han tai x = >

thod man chung mot diéu kién ban ddu).

391. Gia sir (0 ; T) 1a khodng 16n nhdt mi nghiém y(x) xdc dinh. Vi phan

hai v& phuong trinh l4n lugt dé€n dao ham cép 3 ta ¢6
y"(x) = 2 — 4xy(x) - 2x°y'(%) + 6y (X)y'(%).

B&i vay y"'(0) = 2 > 0. Suy ra y"(x) tang tai lan can bén phai ctia 0 :
y'(x) > y"(0) = 0 Vx € (0; 8) (0 < & < T). Do d6 y'(x) don diéu ting trén
(0 ; 8). Ta lai suy ra y(x) > y'(0) = 0. Do d6 y(x) tang trén (0 ; §) ; Tir day
suy ra y(x) > y(0) = 0. Mt khdc, do y'(x) > 0, Vx € (0 ; d) nén trén
khodng dé '

0 <y(x) <x.
Gia sir ton tai x;€ (0; T) sao.cho
O<y(x)<x Vxe (0:xy), y(x1)=X;.

Khi d6 y'(x;) = 0, y"(xy) = 2x; > 0. Diéu nay ching té y(x) dat cyc
dai tai x, : v6 Ii. Tém lai trén khoang (0 ; T) ta luén cé

0<y(x)<x.

Gia sit T < +o0, Vi y(x) lién tuc va don diéu tang trén (0 ; T) nén t6n
tai xl:gx_ . y{x) = y(T). Ap dung dinh )i t6n tai va duy nhat nghiém tai lan
can diém (T ; y(T)) ta.suy ra ring nghiém y(x) & trén c6 thé théc trién lén
khoang [0 ; T + €) (€ > 0). Diéu nay vo li. Bay gi¥ ta dat v(x) = x — y(x).

Khi 6 S = 1 - +y%00 = 1 = (x + y00)x = y) = L — pIv(0). Nhus vay

v(x) 14 nghiém cha phuong trinh % + p(X)v = 1, trong d6 p(x) = x + y(x).

Giai phuong trinh nay va chu ¥ ring v(0) = 0, d6ng thdi dwa vao tinh chét
ctia ham p(x) ta ¢6 thé chimg minh duge rang lim (x - y(x)) = 0.
X—yoo
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392. Theo gia thi&t, cic he 56 clia phuong trinh Ricati phai thod man
hé phuong trinh sau :

y1 = PX)y? + Q(x)y, + R(x),
¥a = Px)y; + Q(X)y, + R(x),
¥3 = P(x)y5 + Q(x)y; + R(x).

Pinh thitc cia né

v ¥ 1
2

V£3 y; 1

Y% y3 -1

[a dinh thic Vandecmong, s& khdc khéng néu thoa man diéu kién Y1 <Yy
<y3. Tinh lién tuc clia c4c he s6 P, Q, R hién nhién sé& thay duge tir d6.

393. T gid thiét, tuong ty bai todn trude, lap dugc mét hé gdm hai
phuong trinh véi cdc 4n 13 p va q. Tixr he

Yy - y% = p(x)y + q(x),
Y1 = ¥i = p(X)y; + q(x),

| - Y3 = p¥)y, +a(x).
ta nhin dLrQC phuong trinh Ricati dué6i dang dinh thitc

y-y, oy 1
B-yi  wn  1|=0
2-y:; v 1

394. Chi y y' = x% + y2 =21+ y2 v6i moi x = 1 va xét mot phuong
trinh méi @' = ¢*(x) + 1 v6i x > 1 16 4p dung dinh 1i bat ding thitc vi phan.
Dé ching minh nghiém y = y(x) clia phuong trinh da cho véi diéu
kién ban ddu y(0) = 0 12 mot ham I&, tic 1a
y(=x) = -y(x),

ta ding dinh If t6n tai duy nhat nghiém ctia bai todn Co-si ddi v6i phuong
trinh da cho véi di€u kién ban dau y(0) = 0 cho hai nghiém
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y = y(x),
¥ =-y(=x)
cua nd.

395, Trong lan can clia mot diém bat ki cha mat phéng (x, y), v€ phai
cla phuong trinh Ricati dé cho la lién tuc va c6 dao ham riéng lién tuc
theo y. Do d6, trong Ian can cha mot diém bat ki clia mat phing (x, y),
diéu kién clia dinh 1i Pica vé sy tén tai va duy nh4t nghiém cla bai todn
Co-si d6i vdi phuong trinh dd cho duge thod mén. Vi the néu c6 mot

diém x, ma tai d6 y (x,) = ¥(X,), thi nghiém y(x) cia phuong trinh xéc
dinh b&i diéu kién y(x,) = y;(X,) s€ khong duy nhét.

396. Th€ y, va y, vao phuong trinh da cho

¥y = ¥3 + p(x)y; +q(x),
y1 = yi + POy +4(x).
L4y ding thitc ddu trir di ding thic thi hai ta c6
¥y = Y1 = ¥3 = ¥] +px)y; - y1) = (¥2 = Y1 + Y2 + PX))-

Véi chi ¥ rang y;(x) # y,(X) VX, ta suy 1a dang thic cdn phai chiing
minh, ma v& trdi chinh 1 dao ham cda ham Inly, — y;l.

397. Néu phuong trinh d3 cho ¢6 t6i ba nghiém tudn hoan y; <y, <Y3
thi ta c6 cdc déng thyc :

2 = ¥ -
=L =y + Y, +pX)
Yo— V¥ 1772
Y3

Yl
=y, +¥3+pXx)
. =Y 3+P

Lam phép trir céc v€ tuong tng chia hai déng thifc ta c6
“Yi_ Y3~ '
- =V, — Y31
N YaTh 279
Nhung diéu nay khong thé xay ra, vi v& tréi 12 dao ham cia ham tudn

hoan kha vi lnH, con v€ phii 1a mot ham lu6n lu6n Am.
372
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398.U =C.

399.U =C.

H

E T R P

400. U = arctg -E- =C.
401.U5x2+y2—xy+x—y=C.
402.3x’y - y3=C,
403. x2- 35’y +y* = C.
404. xe ¥ —y? = C.
405. 4ylnx +y* = C.
3

406. x + 32-+i =C.

y y
407. x* + %(x2 -y =C
408. x — y* cos’x = C.

409. U=x>+y%+ 2arctg§ =C.

410, {1+ +y? tarcgd =C

411 \x2 -y -x=C.
412. x* + ’Iny - y* = C.
413.x%+1= 2(C — 2x)siny.

e -1

414, S =C.
1+x
2

a5. -1 _¢
y y

X

416. x + ye' =C.

418. Khong ¢6 nghiém.

419.Inlx +yl - —— =0,
X+y

20.x-YL =¢
X

421.x% + y—% +Inlyl = C.

422.x* - y? + 2xy = C.

2
4232 X ¢
2y

7. x>~ y2 + 2xy =0 (x* + y2 # 0).

424. ¢"(xsiny — siny + ycosy) = C.

425.x + arctg% =C.

426. 2x+ In(x* + y) = C.

427. J1+y?* =xy +C.

- 428.2x°%y° -3’ =C.

429, v’ = x%C-2y) ; x = 0.
430, (x* - O)y = 2x.
431. ysinxy = C,

2

X

432. 5

433.x* +Iny = Cx>;x = 0.

+xy+Inlyl=C;y=0.
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434,
435.
436.
437.
438.
439.
440.
441.
442.

443,
444,
447.

448.
449,

452.
453.

454.

455.

456.

~x +1=xy(arctgy +C); x=0;y=0.

32 Y oo
x+21n|x|+2y X—C,x--O.

y

2
sin® = Ce™ .
X

x2 |
In —2-+1 =2y +C;y=0.
y

Inlyl -ye *=C;y=0.
xzylany=—1;x=0;y-=0.
x2+y2=y+C_x;x=0.
x2y+ln|x/yl=C;x=0;y=0.

2xy2+(1/xy)=C;x=0,y=0.
X2y + 2]n§ =C. 445. x> + y* = C(y - D%
2(}(2 - yz)2 +x2+ y2 =C. 446. y3 + xzy + 2xy2- +Inix +yl=C.

]nx-t-y_l_y-(1+x) —Ciy=0

y X+y
. 2 2 : . 2 2
siny =Cx - x ;x=Q. 450, siny = —(x” + D)InC(x" + 1).
y = Clnx’y. 451, xy(C— x*— yz) =1;x=0,y=0.
x\/1+(y2/x2)+ln[%+\ll+(y2/x2)J=C;x=0.

x3—4y2=CyQ/E ;1 x=0;y=0.

y
—_— — — —_— .
n=—, Inx =C

xNI,_,

P 1 l _BQ-
X

- Larctg
p=E+y?) Lyxt+y? =Ce ¢ ,r=Ce .

1 {y
P=—=, = —lnlxl =C; y =0(x # 0).
\/xy X



2 1 2 y 2
457. —dx + —dy =0, u; =xy, U, =x“+y; = dx - —dy =0,
y Xy y =Xy, Yy y %3 x2 y

_ X _ X 2 __}'__
Mz-—y-,Uz-y—z.u—xy,x ty-=C
b.a\k B ay
458. Néu aB —ba # 0 thi ("i) (xf = C, trong d6 k va I

duoc xac dinh tr h¢ ak — of = —n, bk — B/ = -m ; néu ap ~ bo = 0 thi
xy—C

1
Chi ddn : Néu aP — bo # 0 thi axdy + bydx = 0, W= — Ul xbya;

1

- - =Byt L= o™ =
X y(axdy+Bydx)-0,|.L2—;m—+1F,U2—x.y ,M-—KYCP(XY)

1 )
T yePy®). Ta chon o(Up = UK, wUy = UL ;
_ 1 b_ak _
M—;y-(XY) _W y ).

So sénh cdc s6 mil cha luy thia ta ¢6 hé thitc d€ xdc dinh k va /.

Néu af} ~ba = 0 thi phuong trinh da cho dua duge vé phucmg trinh
axdy + bydx = 0.

465. Ca mat phing, 468.x >0,y # X.
466. y # 2x. | 469. y % % +km k=0, 11, 42,...
467.x%2,y> 0. 470. x # 0, lyl > Ixl.

Yi
471, V6i 0 < a < 1 va tai

cdc diém cia truc Ox. ¥y =¥,(x)
472. Xét hai nghiém y,(x) vo b--- '

va ¥5(x) M2 ¥;(Xo) = ya(,). Gid §
sl ¢6 x| > X, md yy(x;) # y»(Xy), E
chang han y(x,) > y,(x;). Do
tinh lién tuc nén s& ¢é (o ; B) Hinh 37

nao dé ‘sao cho Yo%) > y(x) Vx € (& ; B) va yo{o) = yy(0) (@ = X))

293



Xét ham 88 y = y,(x) — y,(x) ta thiy : Y'(X) = y5(X) — y; () = f(x, y»(x)) ~
—f(x, y;(x)) £ 0 khi x € [ ; B]. Vay y(x) gidm trén [c ; B), nén
y2(x) — ¥,(x) € ya(e) — y;(0) = 0 khi x € (05 B), hay y,(x) < y(x) khi
X € (0.5 B). Ta gap phai mau thuan, diéu dd chimg té y,(x) = y (X} VX 2 X,.
Bai tap nay cho ta mot diéu kién di dé bdo dim tinh duy nhdt cia
nghiém, nhung chi vé phia bén phai, theo diéu kién ban ddu.

473.a)0$a$1;b)a<-§1: c)1<a<— Giai chéng han : a) Dé v&

phai lién tuc thi diéu kién trudc hét laa=0. Ngh1em clia phuong trinh 1a

l
ly(ol = [y(x)l' ™ + F (- a)x - x )12,

Véi 0 < a < 1 thi 4(x) —> oo khi va chi khi x — . Khi a = 1 thi giai

X~Xo

truc ti€p tir phuong trinh di cho ta ¢6 ly(x)l = ly(x)ie
Nhu vay y(x) —ee khi va chi khi x —eo. Té6m lai n€u 0 < a <1 thi
moi nghiém cfia phuong trinh di cho c6 thé théc tri€n dugc 1én toan truc

s6. Con khi a > 1 thi y(x) s& 16n v6 han khi x — x, — 1——_1'—a|y(x{,)ll_a 1a

mot gid tri hitu han (cé thé chon y(x,) # 0). Trong truéng hop nay khong
phai moi nghiém déu c6 thé théc tri€n dugc 1én ca truc $6.

475. Ta c6 cdc dénh gid sau day
‘ f(x, y) - f(x, 0) = f'(x, 0y)y < k(x)llyl.
trong d6 0 < 0 < 1, hay
If(x, vl < Ik()y! + 1f(x, O).

Néu dat a(x) = [k(x)l, b(x) = If(x, 0)| thi c6 thé 4p dung diéu kién
db cho sy théc trién nghiém di néi & trén cho trudng hop nay dé suy ra
két luan.

2 2 2 2

477. (Jy - x - Oy +x-C) =0,y=0; y=x"(x 20),
=(x-22(x<2);y=(x-1%y=0.

b | e
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478. (Jiyl—x - O flyl +x =)= 0, y = 0.

479. (y - Vix| - C)(y + VIxI =C) =0 khix # 0 ; x = 0.
480. (y - Oy - Vx —O)(y + ¥x —C)=0,x=0.
481. (x + C)* + y> = a%, y = *a.

2 2
482, [Y—XT—C](J;-X“_C)(\/§+X—C)=0,y=0;y=x—+1,

2
2 2 x2 1 2
y=x+1)(xz-l),y=(x-1) (xSl)';y:—-—z—--—z—,y:(x—l) xz21),
2 )
y=Gx-1?(x<1),y=0;y= o, y=x*(x20),y=x2 (x<0),y =0.

2
2

483. [y—x?—C](y-—Ce-_x+x—l)=O.

484, [y —%)(y —%J = 0.

485. v = In(x + \}xz-—l)+Ckhix> 1, y=—Inlx + V2 -11+C

khix <-1;x=%l.

. ' _ 3 _
486.y=—x+C. ) 487.[%) ‘_3YXC+1=0.

490. x = at + bt%, y = %tz +.%t3

491.x = + acos’t, y = Fasin’t+ C; x = 0.
1+t 3 2

492. x = , ¥ = +—+C;x=0.
I AN

493.x=C+1,y=>t*+C.

4
2 2

494.x=tlnt,y=%lnt+%+c.

t 1 —1+4¢
496. x = Y= ———
1-¢3 6 (1-13)?

497. —l,+x =\fx2 +y? ,y2= 2C[x+-§-).

y

+C.

295



498. Iyl\/1+y'2 =Jx2+y2,y2—x2=C,x2+y2—C
22 2
499. (y - 2x)’ =y - x°. . 500. X3 +y3 =al.

t

501.y= xy+;_ s (y—-x- 2a) = Bax.

502.y=xy'+2a-y ;xy= aZ,
503. Néu F,(—c, 0), Fy(c, 0) 1a cdc diém cho trudc, con b? 1a tich cdc
khoang céch F|N; va F,N, tit cdc diém d6 dén ti€p tuyén véi dudng cong

tai diém M(x ; y) (céc diém F, va F, nAm vé cling mét p"hia cua ti€ép

2 2

tuyén), thi y = xy' + \/bz(l + y'z) + czy‘2 : x_2 + y—z =1 (a2 = b% + cz).
: a b _

Néu F| va F, ndm ¢ hai phia khdc nhau cua ti€p tuyén thi cdn phéi thay
2 2
b? bi —b” ; thay cho elip ta nhan dugc hypebén "— - %— =1 @°=ct-b.

504. x = p(p’ +2/(Jp* +1P,y=p /(\/p +1)* vax=p/(p® +1)°,
= (2p* +1)/ (Wp? +1)°.
2

505. x% 4 y? = 1. 506.x=t—%+C,y=%+lm.
507.x =3(cotgt +t) + C, y = acos’t.
508.x=2t+3t2+C,y=t2+2t3;y=0.

2u-1  3at’

x=C~-t+In +\/_arctg -
| Jt —t+1 R IRRTYS

509.

b1 t a
510.x = —_——— =% .
10. x :Falntg(4 2] +C,y ost
_y 4 ' :
511. 4¢ 3 =(x+2)3 +C. 514. x>+ (Cy + 1)*=1;y=0.
512.y=-Cx—3i2J%. 515.2(x - C +2y° =C; y = #x
513.InCy=xtsinx;y=0.  516.y=Ce *~-x>
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517.InCy =xt 2¢Z ;y=0. 520.(Cx+ 1)’ =1-y*;y=+l.
518.y2=C2_x—C;4xy2=1. 521.(x+C)2=4Cy;y=O;y=x.
519.x’y=C;y=Cx. 522.x=3p°+2p+C,y=2p +p’; y=0.

Jp+1—1
Jp+1+1

%ln

3/2

523. x = Inlpl £ T3Jp+1 +Cy=pt(p+1)'";

y = 1.

524.x=i[2 pz—l-i-arcsinﬁj+C;y=ip\}p2-—1 ;y=0.

szs.lenp+%,y=p-1np+c.

526. x = 2arctgp + C, y=In(1 + pz) sy =0.
527. 4y = - 2(x - C)2 ; 2y = X2,

‘ ——— = 1
st.i?{p 21nCp =1,y= :F( ZIHCP—‘J=~J.
| 21nCp

520.x =+ 241+ p2 In(yp? +1 1) +C,y=—p pyp? +1 1y = 0.
2

530.x=-—g-+C,5y=C2—5% ;x2=4y.

531 pxy =x? +p°, y’2p+ Q) =p*; y = 0.

532.y% = 2Cx — CInC; 2x = 1 + 2lalyl.

533. Cx=InCy;y=ex. ‘
534.xp2=CJm —1,y=xﬁ-—_x2p3;y=0.
535.y> = 2C%x + 0 ; 27x%? = 1.

536.2p°x =C - c?p?, py=C;32x’ = —27y4.
537.y=Cx - C?; 4y =x2.

538.x=3p*+Cp 2;y=2p° +2Cp ';y=0.
539.xJp =Inp+C,y=p@d-Inp-C) ; y=0.
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540.y=Cx - C-2. 541.C* =3(Cx - y) ; 9y’ = 4x°.
542.x=C(p—-1)_2+2p+1,y=Cp2(p—1)_2+p2;y=0;y=x—2.

543.y = Cx? + %, y = 12X,

544.x =Ce P - 2p+2,y=x(l +p) + p_.

545. x = = + 2p, y=—xp +pL.
\/l; 3

546.y=%(x—C)z(C¢O);y=0,y=—4x.

X2
547.y=Cx—C2;y=T.
548,y = Cx — avl+ C? , x% + y> = a* (ay < 0).
549.y=Cx~InC;y=Inx+1.  55L.2Cy-Cx)=1; 8y° =27x%.
550,y =+2/Cx +C;y=—x. 552 xp?=p+C,y=2+2Cp ' —p.
553, y=Cx+V1-C% ;y?-x*=1(y>0).

554.x=2p+.lnlp—lI+C,y=p2+p+lnIp—ll-l-C.

555, x = Cy+ 5 x =— L 556.y= —x2+C2 ; X
.Xx=Cy PX=—T Y= Y= 16
3 2 4 3
RSN S S SR S
557y-3+2+C, 16+3
3 2
§58. % = —~p? + Cp,y = —%+929— +C
X = i_ﬁ y = ....3_ 4 _p_
4 27 16 3
2
559.x=%1ny—C2;x=—3(lnTy]3. 563. Khong c6 nghiém Ki di.
5
560,y = —-}-{Z 1a nghiém ki di. 564. y = 0 1a nghiém ki di.
561. Khong ¢6 nghiém ki di. 585. y = a la cdc nghi¢m ki di.
- 562. y = 01a nghiém ki di. 586. y = 0 l1a nghiém ki di.
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596.
597

598,

602,

603.

604.
605.
606.
607,
608.
609.
- 610,

619.

620,
622.
623.
624.
625.
626.
627.

628.
629,

y—b=C(x - a) (x # a). 599.r = Ce®.
x> 5 ' 2., .22 2.2
—2-+y =C, 600. (x* + y*)" = C(x“ - y).

r=C. 601. b>. lny = azlny = azln(Cx).
x+C=a [cost + lntg%] ;y= asiht.

o +yP =Cyy? +3x).  611.(Cx+1)y=Cx—1;y=1.

r=C+1l+cos?@. 612. yx+C)=x+1;y=0.
2y? - 1=Cx% + 1). 613.y=C;y=Cte"

r "=a "cosn@+b "sinng. 614. y*=C(x% - 1): x = +1.
y(xz—C)=x ;y=0. 615.x=Cy+ln2y.
x(C—y)=C2;x=4y. 616.(x—C)2+y2=C;4(yz—x)-=1.
x=Cy+y’;y=0. 617.x = Ce¥ + y2 + 2y + 2.
ylnCx = —x ; y = 0. 6._18. vy =Cxy-1);xy=1.

2y =2C(x — 1)+ C?; 2y = ~(x — 1)%.

y = Cx2e_3,"'x.

621. 4x%y = (x + 2C)% ; y = 0.
3y =3C(x - 2) +C; 9y? = 42 — x)°.

4x-CY=27(y-C)?;y=x-1.

x3y2 +7x=C. 630. y2 =2xinCy ; y = 0.

X +y=tgly - C). 631 yACe* + 1) =1;y=0.
y(xy — 1) =Cx. : 632. In(x2 + yz) + arctg% = C.
x=yXC-2nlyly;y=0.  633.Cx%+2y*=2C; 2x%y2 = 1.
—¢ ¥ = InC(x —2). 634, y3(Ce™ +x+0,5)=1;y=0,
3xy = C + 4x°2. 635, (x - 1)%y = x — Inlx| + C.
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636.
637.

638.

640.
641.

642.
643.
644.

645.

646
647
648

649.
650.

651.

652.
653.
654.
655.

656.
657.

658.
639.

3 2
. ) S
-—=+—==C

y sinx = ==+

y2+ \Ix4 +y* =C.

x(e” +xy)=C.

x+ly= x* + xInCx.

.y = xtgInCx ; x = 0.
. X = Ce™ — 2(1 + siny).

. y2 = (x2 + C)ezx.

1
3 6

y=Cx=(CP= )P, y32

\/yTx—\/— =C;y.=x.

x\/; =sinx +C;y=0.
y* +25°InCy =0 ; y = 0.
XyCOSX — y2 =C.

xy(lnzx +Cy=1.

4X +y -3 =2g(2x + C).

X
yBoce e Xyl g

Cy:Czcx+l;y=i2em.

0.

y(CVIx2 -11-2)=1;y=0.

vV - l=Cx+ e ¥y +1);x=-1.

639. 3y? = 2sinx + Csin ’x.

x(p—1)2=1nCp—p,y=xp2+p;y=0;y=x+1.

x=3p>+p L, y=2p’ = Inlpl + C.

px = Cyp —1,y=lnp—CJE+1.

x(y' =1 =y’ =3y +C;y =2l

32 _

=X

x£4p3—lnCp,y=3p4—p;y=0.

660. 4Cxy = C>x* - 1.

661. 24Jy — x> =xInCx ; y = x°.
662.x=Cy’ -y (y + )e ¥y =0.
663.(y2f2) -(/x)-xy=C;x=0.
664, y(lny —Inx — 1) = C.



665.2x3—x2y2+y3+x=C: 667.x=2p—lnp,y=p2—p+C.
666. y° = (C - x%) sin’x. | | 668. (y - 4x +2)°Qy + 2x — 1) = C,
669, pzx = psinp + cosp + C, py = psinp + 2cosp +2C; y =0.

670. (y - x)* = 2C(x +y) - Cz, yy3 - yz’,3 =C;y=0.

671. xzy2 — 1 =xyln Cyz ;y=0.

’ 2
672.ix|=ln[z+ 1+y—-J+C;x=0.
X x2

673. 27(y — 2x)2 = (C— 2x)° : y = 2x.
674. x*(*y + {1+ x%y?) = C.
675. sin(y/x) = —InCx.

676. 3Jy =x2 ~1+c¥ix? - 11 ;y =0,
677. 2x + 3y — 7)° = Ce**¥
678.x = 2 p2+1—1n(1+\}p2+1)+InCp,y=p p2+1 ;y =0.

C 3 2 2

679.x=—2~—p—5,y= C(E—l]—%;y=x+2;y=0.
P

680. (x*+y +InCy)y=x;y=0. 68L.y = Cln’x + 2lnx.

682. x = Cue", 4y = C%®2u® + 2u + 1) ; x% = 2y.

683. xyzlany= l1;x=0;y=0. 685 1-xy=(Cx - 1)2 s xy =1
684. x*sin’y = 2sin’y + C. 686. xe” = ¢* + C,

687. sin(y — 2x) - 2cos(y — 2x) = Ce**?Y,
688.y=(2x+OVx2 +1 -x? - Cx -2,

689. (v + x»*y = xH) =C.

690. (x - 1)* = (2x - 2nCx)y? ; y = 0.

691. x = p[In(l + y/p? + 1) — InCp}, 2y = xp — \/pz_+I : 2y = -1,
692. siny =Ce ™ + x - I. 693. y2 =%~ (x+ DInC(x + 1).
694, (y - 2_x\ly —x? )(ZJy -x% + xj =C, |
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695. (y+3x + )(y - x— 1> =C. 697. ¢ = x*InCx.

696. y = C(x - C)2 ; 16y = x*. 698. xy2 =1nx2—InCy 1x=0,y=0.
699. J{(){2 + x2)3 = -g-yj + %x2y3 + 2x4y + C_x5 x=0.

700. (u — 1) InCx®¢u — 1)’ +2)* = 3, trong dé v’ = (¥*/x*) - 2 ;

y2 = 3x%

701 \fy = (x> - D@nlx* - 11+ C); y =0.

702.x* - (x — Din(y + 1) -y = C.
k + it

703. tgy =x° + Cx; y = — k=0,31,42, ..
704. y? = Cx% + C2. 706. y* = 2C%(x - C) ; 8x> = 27y°
705, x> = Ce¥ —y - 2. 707. x% = y}(C - ylny + y):y=0.

2
708. InC(u — v){u2 +uv+ %—J = 2arctg 2“:— v )

trong dé u’= Y, vV=x; y2 =x.
709. (y — 1)* = x* + Cx. 711 (% + YAUCx + 1) = x.
710.3x +y° — 1 =tg(3x +C).  T12.(C-x)y* +1 =2x.
M3 & +y?+ 1) =4x"+ C.
714, xy —x = y(y - )InlCy/(y = x)l ; x=0;y=0;y=x.

715.ytxch(x +C); y = £x. 71’7.(y—-x)lnCiIi’=2;y=x.
2
716. \fyz +1 =x(Ce* - 1). 718. (Ce* + 2x% + 2)cosy = 1.

719. 2 - Cx2 + 1)) =4(1 - )y ; y = 2x.

720. y* + gy ~1=C exp[—xzi} 721 6x°y* + 2x°y’ + 3x’y* = C.
722. x + % +y'-2y+2=Ce’;x=0.

723. &(Cx2+ 1)=2C; x> =¢ .
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724. Tim {(0), sau d6 gia thiét ring f(x) kha vi trong lan can diém
X = 0, r6i vi phén ca hai v€ clia phuong trinh di cho theo y va daty = 0.
Két qua 1a ta nhan dugc mot phuong trinh vi phan cho f(x). C6 cich khic
dé nhan dugc phuong trinh vi phan dy 1a tinh £(x) theo dinh nghia va st

f(X +y) ~ f(x)
y—>0 Y
£(0) = 0, F(x) = C[l + £2(x)], C=£(0) ; f(x) = tgCx.

725. Chd ¥ y = 0 1a mét nghiém ctia phuong trinh thoa min didu kién
¥(0) = 0 va dp dung dinh li t6n tai duy nh4t nghiém.

726, Néu phuong trinh

dy — f(x, y)dx =0
¢6 thira s6 tich phan u = u(x,-y) thi
dinp dln B’ _ _of(x, y)
= f(x.y) Jy oy
V&i p = X(x) Y(y) ta nhan dugc mot phuong trinh dé xéc dinh f(x, y) :

A YW, X
oy Y (Y= " Xeg

dung phuong trinh ham da cho. Vi f'(x) =

. Két qua :

Tir dé -
e(x) + w(x)xy)
x(Y)

f(x,y)= ,
trong d6 @, y, % la nhimg ham bat ki.

727. Nghiém cuia phuong trinh véi diéu kién ban dau x(t =0) = x(0)
va ham vé& phai 1a f () c6 dang

L. 1
x(t) = exp(— Io a(t)dt).[x(O) + Io f(t) exp( Io a(u)du)d‘r}.
Tir danh gid
Ix(t) — x ()l < exp (—I; a(‘c)d‘r) . [lX(O) - X,(0) +

+ J;;I f(1) ~ f(z) lexp [ Ea(u)du) d'r]

va chi ¥ gia thiét a(t) 2 ¢ > 0, suy ra Ve > 0 38 > 0 sao cho v&i moi T (1)
va Vx(0) ma {x(0) - x,(0) = Ix(0) - bl < §, sup|f (1) ~ (1)l < Htaco
t

sup Ix(t) - xo(f)l < E.
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728. Xem "Bai giang vé If thuyét phuong trinh vi phan-thudng", 1970
cha I. G. Petropxki, trang 20.
729. Phai ching minh f(c) = 0. Luu ¥ ring
f(c) = lim ¢'(x),

x—yoo
nén néu f(c) # 0 (chang han f(c) > 0) thi s& mau thuén véi gia thiét
lim @(x) =c.

X—soa
730. T gia thiét suy ra biéu thic
M(x, y)dx + N(x, y)dy
12 mot vi phan hoan chinbh, tic 12

M(x, y)dx + N(x, y)dy = dU(x, y).

Chu ¥ rang : .
a_U_M ?E_N Hinh 38
ox ~ dy

Gia si trong mién don lien G c6 mot dudng cong tich phan kin I" véi
phuong trinh y = y(x). Nhu vay _
dU(x, y)lr =dU(x, y(x)) =0 = Ul = const = C.
Cé hai truomg hop : Néu U(x, y) dat cyc tri trén mién d6ng D gidi
han b&i T tai hai diém nao d6 cla I 1a Py va Py, thi

U(P,) = max U(P) = U(P;) = min uP =C
: PeD PeD
va nhu thé

) UP)=C YPe D.
Khi dé ta ¢ M(X,, ¥o) = N(x,, ¥,) =0 vdi bat ki (x,; ¥o) € D.
Néu ¢ it nhat mot diém cuc tri khong niam trén T, ching han la
P (x, : y;) thi ta ciling ¢6 do tinh chat cua cyc tri
_ U yy) _ UGk, yp)

M(xleI)_T = N(Xy, ¥1) 3y

731. Khi chimg minh tinh duy nhét nghiém can chi § : Neéu f(t) 1a
mot ham lién tuc va duong (hodc am) trén [a ; b] va @(x), ¢,(x) 1a hai
ham véi x € [o; B) sao choa € ¢(X), ¢; (X) <bvSimoix € [a} B] thi

=0.

Oy(X)
j f(tydt = 0 (x € [a; B])
P{x)
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khi va chi khi
©1(X) = Qp(x) (x € [a; BD).
732. Chitng minh biing phan ching. Néu nguoc lai ta s& c6 mét diém
X = X] > X, sao cho y(xj) = z(x;) va y(x) > z(x) véi moi x € [x,; x{],
X; <b. M6t mit, theo gia thiét ta thay

y'(Xl) = f1(x1, Y1) > £(x), 2(x)) = 2'(x),

tie 1a _ _
y(x)—2'(xy) > 0. (1)
Mit khic do
y(x) —z(x)) =0, y(x) - z2(x) > 0, VX € [x,; x;]
suy ra

y'(x) - z'(x)) 0. (2)
C4c bat ding thirc (1) va (2) mau thudn nhau. |
733. Tir gia thiét ta c6 (v&i A > 0) : |
y(x) <1 B(x)y(x)
A+ [ Boyes A+ [ Boyeds

< B(x).

Ly tich phan hai v€ chia bat déng thifc cusi niy tir x, dén x va chii ¥ ring
J .
a[A + J:o B(s)y(s)ds] = B)y(x)

ta nhan duge bat ding thic cin thiét.

Trudng hop A = 0 ciing chiéng minh dugc néu cho A —+0.

734. Truéc hét cin phai ndi thém -Tang : O day ta quan niém mot
nghiém bat ki y = y(x) clia phwong trinh (1) 12 m6t him s& nhan gid tri
thirc clia bién thue x(—o0 < X < +o0), Mit khéc theo gid thiét, tai méi mot
diém x ¢6 dinh, phwong trinh dai s bac hai

y* +p(x)y +q(x) =0 2)
c6 hai nghiém phiic, néi chung phu thudc vao x 13 ¥, (x) va ¥, (x).

a) Néu phuong trinh vi phan (1) ¢6 mét nghiém tudn hoin y = y(x)

thi y # const (thuc}, vi n€u nguge lai thi (2) c6 nghiém thuc. Nhu vay
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y(x) 12 mot ham tudn hoan khong tim thudng (khic hing s6) va do d6
y'(x) khong giit nguyén mot dau.

b) Néu (2) ¢6 hai nghiém déu phic la ¥, (x) va ¥, (x) thi trude hét
p(x) va q(x) thuc (tir dinh 1{ Vi-ét), sau nita biét thic cta tam thuc bac
hai & v& phai clia (1) luén am. Do d6 tam thic bac hai & v€ phai cha (1)
luén duong v6i moi y, di nhién k€ ca khi 14y y = y(x) 1a nghiém tuén
hoan cha (1) 43 néi & phén a). Nhu vay thi véi nghiém tudn hoan y = y(x)
ta lai c6

¥'(x) > 0 (o0 < X < +00).

Hai phdn a) va b) mau thuin nhau, bai todn dygc gidi xong.

735. Day 1a bai toan thudn tuy gidi tich, tuy nhién néu dp dung
phuong trinh vi phan thi 1i gidi khé don gian.

C6 thé xem a = 0, vi néu nguoc lai thi dat F = + a. Bing cdch dat

f'(x) + f(x) = g(x) |
ta thdy f(x) 1a nghiém cla phwong trinh vi phan

y' +y =g
Do vay

£(x) = e *f(0) + ™ f e'g(s)ds

S8 hang thi nhdt & vé pha1 ddn dén khéng khi x — +eo, S8 hang thit
hai ciing vay, vi

N
—X 5 — -X 5 -X 5
€ J'of_: g(s)_ds =€ -[0 e g(s)d§ +e I;c g(s)ds, (D
trong dé N 1a mot s6 khé 16n ndo d6 sao cho '
lg(s )l € € ¥s 2 N (¢ > 0 da nhd cho trude).
Nhung s6 hang thit nhat & v€ phai ctia (1) ddn dén khong khi x —> <o,
cdn 86 hang thit hai thoa man ddnh gid sau day khix 2 N :
X
-x 5 TR 5 _ JN—x
e INe g(s)ds| < e I;c lg(s)l ds <e(l —¢ ") <E.
Nhu viy, ta di ching minh dugc
Iim f(x)=0.

X—oe

Néu
lim [f(x) f'x)] =a

X—eo

thi nhan xét trén khong con ding nita, vi du 14y f(x) = €”.
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Suy rgng bai todn : Trudc hét, c6 thé ching minh ring két luan sau
day diing :
Cho ham s6 f(x) lién tuc cung vdi cdc dao ham f'(x), f"(x) trén [0 ; o).
Biét ring
lim [f(x) + £(x) + f"(x)] = a (a hifu han).
X—roo
Khi dé

lim £(x) = a.
X—roa

Chiing minh. Cling 6 thé xem a = 0. Dzt
f"(x) + £'(x) + f(x) = g(x)
thi y = f(x) 12 nghiém clia phuong trinh vi phan cép hai sau day :
y'+y' +y=gX).
Day la mot phuong trinh vi phan cdp hai tuyén tinh khong thuin nhat

v6i he s6 hing s6, nén tim nghiém bing phwong phép bién thién hing 56
Lagranggio. Két qua ta duge

X

f(x) = e 2 (Cl cos%g- x+GC, sin? x) +
-5 3 V3 3
+e 2 ———cos—x e2 sin—— tg(t)dt + —sm—-x ezcos——t g(t)dt|,
g Sandha
trong d6 C,, C, 14 cdc hing sd'néo dé (ndi chung phy thuéc vao f(0) va

£'(0)). Tir d6 dé thdy ring
lim f(x) =0,

. X—-+00

néudé y: e *? 50, g(x) = 0 khi x — +eo va Icosul < 1, Isin ul € 1
(cdc dédnh gid tuong tu nhu trudc), _

C6 thé xét ti€p tuc van dé téng quit sau day :

Cho ham s6 f € C" [0 ; o). Phai chang ta ¢6 ;

Néu

lim [f(x) + £(x) + ... + {Px)] = a
X—+co

(a 12 hang s& hitu han) thi
lim f(x)=a,
X—rteo
viimoin=1,2,3,..7
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Véin =1 va 2 tadaco cau tri 10i 1a khing dinh & trén.

Véi n 2 3 ménh dé trén néi chung khéng ding nita. Ban doc hay wr
kiém chimg diéu do.

Ban doc liru ¥ ring : Néu moi nghiém ctia da thic a, + a;z + ... + 2,7,
(n=1, a, thuc, a, > 0, a, # 0) déu c6 phén thuc am thi ;> 0,1=0, 1, ..., n.
Véin = 1, 2 thi diéu nguge lai ddng, nhung véi n 2 3 thi sai.

736. Gia st phuong trinh vi phan ¢6 dang : y' = f(x, y). M

Theo gia thiét, n&u (C) 1a dudng cong tich phan cla (1), tic 1a céc
diém doc theo (C) cé dang (x ; y(x)), thi dudng cong (C,) nhin dugc it
(C) bdi phép bién déi dong dang tam tai gbc toa do va t s6 k, cling 13
m6t dudng cong tich phan cta (1). Nhung cédc diém doc theo (C,) cé
dang (kx ; ky(x)). Vi thé

ky' = f(kx, ky) = kf(x, y)
tiic 1a f(x, y) 1a ham thudn nhat, hay (1) 1a phuong trinh thudn nhét.

737. Tir gia thiét ta ¢
ou _ o) ou _ o(uf)

~9x 9y oy X
hay

My +u, +fuy =0, *)

uf, +fiy —py = 0.
Lay dao ham hai v& ciia ca hai phuong trinh theo x va y ta dugc

ufy, + By fy + Myfe + Mg + gy =0,
Cufyy + 200 + My + fly, =0,
Mg + Wt + fllg —Hyy =0, (**)
ufy, +pf +pyf, + flgy —tyy =0.

K&t hop (*) va (**) ta c6 mot hé phuong trinh dai s6 tuyén tinh
gém 6 phuong trinh va 6 4n s6 1a |, u;,u'y, u.;x,u;y,p,;y. Dé cho he 18
hop c6 mot nghiém khong tdm thudng thi diéu kién la dinh thitc ctia nd
bing khong :
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f 1 f 0 0 0
f, f -1 0. 0 0
fy f f 1 0|=0.
fo, 2f 0 f -1 0
fy f & 0 f -l

Khai trién ta nhan dugc diéu kién cho ham f(x, y) 12

(1 + ) (fy + 15y

) = 26(£, + £,%).
738. C6 méy budc chimg minh sau day.
a) Xay dung @, ¢,. Xét tdp hop cac phuong trinh
y;l = £.(%, Yu),
Ya(Xo) =¥o3n=1,2,..;X€ (a;a);

trong dé fux, yu) = f(x, y,) + % Xét day nghiém {y,(x)} (ton tai do

dinh li Péand). N6 ¢6 tinh lién tuc déng bac do gia thi€t gidi ndi cua f va
ding cong thic s6 gia hitu han Lagranggio. Ciing dé thdy ho ham dé bj
chin déu trén moi doan hitu han (chita x,) nim trong (a ; a). Ap dung bé
dé Acxela s& c6 mot ddy con {y,, (x)} C {y,(x)} hoi tu déu, chéng han

Ya, (03 @20%).

Kiém ching lai ring @,(x) 12 nghiém cta phwong trinh di cho thoa
mén diéu kién ban ddu @,(x,) = y, (bing cich qua gii han) va né chinh
la nghiém 14n nhdt, titc 12 néu y = y(x), y(X,) = ¥, 12 mot nghiém bat ki
thi y(x) < @, (x) Vx (chdng han'bing phan chimg).

Dé c6 9, ta lap cic phuoﬁg trinh
iy 1
Y = f(x, yn.) g
yn(xo) = yO’ n =1, y s
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b) Goi mién con clia G nim giita hai dudng cong y = @ (x) va y = 9y(x)
1a G,. D€ ching minh tinh bi 1dp ddy cta G, ta 14y mot di€m b4t ki
(x ; y) € G, 16i 4p dung, ké tix ddu mit x, dinh 1i Peano li¢n ti€p trén
[x, ; x] (hodc [x ; x,]) va chd ¥ tinh chat cuc tri cha @;(x) ta s&€ ¢c6 mot
dudng cong tich phan qua hai diém (x,;y,) va (X ; y). Néu ¢6 mot dudng
cong tich phan di ra ngoai G, thi s& méu thudn vdi tinh cyc tri cha @(x).

739. x =sint - 2t,y= %sinZt - %cosZt +(Ci—2- l?')sint +

1) 23
+( 2C1+-:2—]t+ 3! + G,
740. y = % 0%@; - 9%t + CixX*+ Cx + Gy,
3

t 3 5 [ ot
741.X=C_t+t,y=[§+z)62t+[7—1+C1)6I+E+Clt+cz.

742. x =sint, y = —-%t -%sinZt-l-'Clsint+Czkhjcost>0 ; X = — sint,

y= ._lt - lsin2t - Clsint + C, khi cost < 0.

2 4
x2
743.y=T+Clx+C2.

744.C;x - Cly=InIC;x + 11+ C,; 2y = x>+ C; y=C.
745.9C3 (y - C)? = 4(Cx + 1)’ sy = tx + C.
746. C;y> - 1 = (Cyx + Cy)%

y-GC

747.y=Citg(Cx + G In|op C,

\=3C1x+(‘g;y(C—x)=1,y=C.

748. C;y = +sin(C;x + Cy) ; C,y = #sh(C;x + C3) ; y=C + x.
749.y = Cy(x — e X) + C,.

750, y=C3 —(x+CPInC,(x + C) ; y=Cx + C,.

751. 2y = Cjcos2x + (1 + 2Cx° + Cx + Cs.

752.y = =C;x + (C? + )inIC; + x| + C,.
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753.

754,
755.
757.

758.

759. x

760. ¥
762.
763.
764,

765.
766.
767.

768.
769.
770.
772,
773.

774.
H1, 42,

775.

y=0.

1 cpx+1 1 ex?
=—e-l X - +C, =—4+
e} c ) Ty=ge

y:=C1x2+C2. 756,y = —V1-x% +2.

y = ta.arcsin(C e"") + C,.

y=C[I'tch(x + C))]; y = Ce™.
—c x3 5 . x3
y= 1—3--C1x +C2,Y—T§‘+C
2 12 P3
=Cp+3p°,y= TP t C1P4+C1 3 +Cy5y=C

+C.l=(x+C2). 761.y=Ci(x +2)¢ " + Cx + G;.
¢ sin*(Cix + C) =2C2 ; €5h(Cyx + Cp) = 2C2 s ¥(x + O = 2,

3C1y=(x-C1)3+C2;y=C'y=C—2x2
3 2

y= Cl?—Cl 3 +C2X+C3 y= +— 8

315 x +Cix+C,.

lnly> + Cp £ y* +2C;y2 +11=2x + Cp 5 y = £1.
x=Ce?-2p-2,y=C(p- f - p* + C,.
y=Cl(xm -Inlx + \/H)+x2+cz;
y= Cl(xm + arcsinx) + X+ C,.

ylolyl + x + C;y +C, =0,y =C.

@44y + ¥ -3, (+4fy + )P =212x + C,.

3C,

0y =ECx+C +1 7L (Cy - 1P =1y + G,

x=3Clp2+ InC,p, y =2C|p3 +p;y=C.
12(Ciy - x) = C(x + C)* + C.

Cly = (Cix® + DarctgCix —Cyx + C, 3 2y = knx’ + C, k = 0,

Cly + 1 =£ch(Cix + Cp) ; Cly —1=sin(Cpx + Cy) ; 2y = (x + C;
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776.x =u—1Inll +ul + Cp, véiu=1,/1+4Cy ;y=C;y=Ce ".

(2
cos[%‘ + Cl) .

777.y=C, - In
x? et X+1 2

7’78.y=7 let— 3 e* + C;xnlxl + Cyx% + Cyx + C,,

2
779. y = C,e%1%" . 780. y = Cy(x + Vx* + 1)C) .
781. InCoy = 4x™? + Cx ; y =0. 782.y?=C;x’ + C,.

o 1 Ixl

783.y = Coxe C1/%, 784.y = C2|x| o

[2_ 2 -
785. Inlyl = — . - +—(-:-2Lln|C1 +bva? - x%1+ C,.

X Cl
786. y = Cze,xp[zc1 2x]
e -/

787.y=C, X+ C, ry=Cy=Ce .

2
788, yI<t+1- Cz(x ”Ell“]' x+GI% sy=C.

789.y = Cz)((InClx)2 ;y=Cx. 7_90. 4C1}'2 =4X + x(CllnCZx)z.

791. Inlyl = Inlx® - 2x + C;| + j ?dx +C;y=C
(x—-172 +Cy -1
792. y = =xIn(G,InC;x} ; y = Cx.
y _ 1 N
793. £ =C, ~3ln= - 3y =Cx.

794. x%y = Ctg(CInCyx), Cy(x’y + Cpixl ™t =x’y - C; ; X’yInCx = -
795. 4(Cyy — 1) = C?In’Cypx. |
796. C,y = x*2(C,x%' +2) 3 y = Cx*2 ; y = —2x*nCx.
797. 2C,x%y = (Cx - C;)* — 1 ; xy = %1,



798.2C,C, y = C2x 2" 4 x>t
799. y = C,xe 1/ %,
800. Inlyl = Cl[xz +xV1+x% +In(x + /1 + xz):l + Gy

801. ylny +Inx + C;y + C, =0.  802. y = xarcsin (C;x) + C;x.

'803.y=x2[-—%ln2x +C; 1nx+C2).

804. y = J(Tltg(\/c_lx + Cz)[—-g- < JC_lx +Cy < —g—)

_y? d
Y24y = LA
805. [e™ /2dy =Cjx + C,. 806. | mCy ~** O
807. (1: Inly +Jy2 +C# | =x + C; hoac y = Ae™ + Be X,
1

808.Cy* - Cy = C3(x + C3)*; y =C.

809. C,y =InIC; + C,l + C3 ; y = Cyx + C,.

810.C,y - 1=C,e"%;y=C—-x;y=0.

811.y=%JCx+C, +Cx+C,1y=Cx> +Cpx + C,.

B12.x —C)’ +(y - CpP = 1. 813.(x-C)’+(y~-CpP=C2.

814. y = x(C, + X + C,Inlxl). 815.y = "N(C, + C, [e¥* ax).

x2 x2
816.y’=x*+C;x+C,.  817.y=e?2 [Cl_[e 2dx+C2J—1.
818. y = C tg(C,InCyx) ; Cy(y + CIxI* =y - C, ; yInCx = -1.

y-GC

= 40, 2 .
819. y =4Ctg(C,x"+C,); 2In v+ G,

‘ =Cx*+Cy; y(C-x2) =4;y=C.

2 t
I S _ =1 2
820.y=-e™+ T -x+1. 821, _2ft(x.t)dt.
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822.y=—-v1-x% +2.

2(f(x ’
823,y = -?—"|:(5 + l) - 1] (x 2 -2),

3 3 3

2 X . X X
— —— —_— —_ < . = —— > = — < = .
y 3[( 2+1) 1j|(x..2),y 2 (x20),y 12(x_O),y .0

3
324-Y=x2-x,y=—x2—x;y=0,y=XT‘

825. (3 - x)y5 =8(x + 2). 830.y= 31n% (x <0).

826. y(x +2) =—x - 6. 83l.y=1+ tgzx[—g <X < 12'-'-]
12 2 w it 12 -
827. (1 - Inx)y=x". 832.y=y0'[;e (x—t)dt +y X + y,.
828.y=3th2-§-‘2§- - 2. 833.y=—-x+1.
829. lntg(%-}_—%) =2x+2. 8. y=1-y=—1+e".

835. 1 +yZ=kyy";y= tel—ch(Clx +Cy khik=1.
i

Chi ddn : Tich phan phuong trinh y> + 1 = C?y” bing céch dat
y = ?:1—1 cht; (x + G2 +y? = Cl khik =—1;2C;y = (2Cyx + C)° + 1
khik=2;x=C;(0 —sinb) + C,, y = C;(1 — cosO) khi k = 2.

Chi ddn : Tich phan phuong trinh y(1 + v = C, bing cdch dat y' = cotgt.

836.y" = ki}ﬁ s kCyP = Crx + G+ k.

L 2 3
837.y=CZ—_k]ncos[%+Cl]. 838, L= =C1;Y=§3_—-

y2
2

839.y' = %— +Clx+Cz;y=tg%(—n<x<n).
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. . . .2
840, Viét § = (bg% ta cé ('p%g = ~sin@ hay % =cos@ + C.

bé xdc dinh C ta ldy 9(0) = @,, ®0) = 0, trong d6 @, 12 mot gia tri
nao dé xéc dinh sau. T d6 '

dp
20 P ) 2( 9@
\{m(zj [2]
Qo

sin% = ksino, k = sm———-

= 2dt.
Bing phép dat

ta c6 phuong trinh
do

V1 = K3sin%a
Ia do =
0 \71 — k%sin’a

Dé tranh tich phan eliptic & v€ tréi ta 14y k = 1, tiic 12 @, = 7. Tich phan
phvong trinh dng v6i k = 1, va tré lai bi&n ¢ ta nhan duge

lntg[m + %] =t.

= dt.

T d6

4

Qua nhién khi t — +oo thi @ (t) — 7. Nhu vay nghiém riéng ¢ = (po(t)
thod mén diéu kién ban ddu

0,0 =@, =7, ¢, (0)=0
s€ thoa man
lim @, ()=7
[—toe

841.y=C, + Czezx. 844. y =™ (Ccosx + C, sinx).
842, y = C;e** + C,e. 845.y = e (C,cos3x + Cpsin3x).
843,y =Cre ™ + Cpe . 846. y = C;cos2x + C,sin2x.

847.y= Cler + e”x(CQcosxx/g + C; sinx \E ).

315



848.y = Clezx + Cae4x. ' 850.y= Clezx +Cye .

849.y = Cje ¥ + Ce 2%, 851.y = Cje ~+ Ce™ + Cie ",
852.y = Cie* + Ce + Cye ™.

853.y=Cje* + Cpe?* + Cye * + Cie |

854. y = Cje 2 + X (Cycos V3 X + Cy sin3x).

855,y = C,e* + C, cos3x + Cysin3x.

X
856.y=Cie" +¢ 2 [Cz cos%x +Cs sin?x].

857.y=Cie" + Cze;x + Cscosx + Cysinx.

858.y= c"‘r (C,cosx + Cysinx) + Csc082x + Cysin2x +
p e (Cscosx + Cﬁsmx)

859.y = C,| + Cye* + Cye * + Cpe™™ + Cse

860. y = C;e* + Cpe ™ + Cye?™ + Cye 2

861. y = ¢*(C,cosx + C,sinx) + & * (C5c08X + C,4 sinx).

862.y = C, + Cyx + C3x% + €7*(Cy + CsX).

863. y = (C; + Cyx)cosx + (C3 + C4x)sink.

'864. y = C, + (C, + C3x)cos2x + (C4 + Csx)sin2X.

865. y = Cycosx + Cysinx + C3c0sx+/3 + Csinx /3.

866. y = C, cosx + C,sinx + C3cos3x + Cysin3x.

2

867.y= e2 (C, cos Tz‘x +C, sin-xlz—z X)+

L & 2

+e 2 (Cyjcos— 2 x+C4sm X).

: X
868.y=Ce" +Cpe " + (C3 cosﬁ x+Cy smﬁ x} +

2 2
X
+e 2 (C5 cosizg-x+C6 sm%x}
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A3
869. y = C,cosx + C,sinx + ¢2 i (C;, cos

3

- X X X
+e 2 (Cscos-z—-hcosmi].

X

2

. X
+C, sm—z—J +

870.y = Cle?’K + ezx(Cz + C3x).
871.y= ex(Cl +'C2x) + e_x(C_q,cost + C;sin2x).
872. y = €X(C; + C,x) + Cscosx + Cysinx.

873.y= er(Cl + Gx) + Cycos2x + Cysin2x.

874.y = exp(-—%].[(cl + Cyx) cos-—-‘lzE X + (Cy + C4x)sin g x] .
875.y = Cje " + (Cy + C3x)cosx + (C, + Csx)sinx.
876.y=-x’+x-3+Cie’ + Ce ™.

877.y = x>+ x + C, + Cpe™. 880. y = 2x%* + eX(C, + C,x).
878.y=3x+C, + Cpe *. 88L. y = 2xe® + C;e* + Cpe ™

879.y = % +Cle *+Ce . 882 y=c -1+ Cie ™ + Cpe™,

883.y = %xe” +3x7 + 2% + C; + e,
884.y = 3xe™ + x>+ 3x + -;- +Cie* + Ce™.
885.y = Cie * + Cpe* + (1/5)e™.

886.y = Cje* + Coe * + xe* + x* + 2.

887. y = C cosx + C, sinx + (2x — 2)e*.

2
888.y = Cie* + Cre > + ("7 - %Je".
889.y = Cje* + Cre® — (2x% ~ 2x + 3)e™X.
_ —dx x_ X 4ax _[X _l_ -x
890.y=Cie " +Cse 5_e (6+36]c .

89l.y= %x:’e_zx +¢ 2X(C; + Cyx + Cyx).
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892.
893.

894.
895.
896.

897.

898.

y = xe* + Cje* + Cpe ™ + Cscosx + Cysinx.

y= %x3+x2+Clex+C2+ Csx.

y = Cye* + Cpe? + (0,1x ~ 0,12)cosx — (0,3x + 0,34)sinx.
y = C,e* + Cye™ + 0,1sinx + 0,3cosx.

y = e2X(C,cos2x + Cysin2x) + 0,25¢”* + 0,1c0s2x + 0,05sin2x.

6 1
y= Cle3x + C26*3x + c3x(§7-smx - ECDS X}'

2
X xY . .
y= (Cl vy )cosx+[C2 +Z]smx.

899,y = C, + Ce”* — 0,2x” - 0,12x* - 0,048x + 0,02(cos5x — sin5x).

900.

901.

902.

903.

904,

905.
906.

907.

908.

909.

910.

911.

y = —sinx + 2cosx + Cje" + C, e .

lox, o :
y=3 (e” + xsinx) + Cjcosx + C,sinx.
y = — 2sin2x + Ccosx + C,sinX.

X
y = 3sin2x - 2cos2x + €2 [Cl cosizi- x +C, sin% XJ.

y= %xsinx - %coszx + C,cosx + Cysinx.

y = e*(xcosx + sinx) + C,e>* + Ce 2.

y= x%e*cosx + e¢*(C,cosx + Cpsinx).

y= x%sinx + C,cosx + Cysinx.
_3 9 1 2. X .
y=ge  —gxcos 2X + 5 Xsin 2x + Ce" + Cyeos2x + Cysin2x.
y = xcosx + 2xe * — 1 + Cje* + Cye " + Cycosx + Cysinx.
x2

y= —-gcosx+ (Cy + Cyx)cosx + (C; + Cyx)sinx.
1 -

y= =5~ gCos2x + Ce™ + Cpe ™.



912.

913.
914.

915.
917.

918.
919.
920.

921.

922.
923,

924.

925.
926.

927.

928.
929.

930.
931.
932.

y = % + %xsinb{ + Cicos2x + C,sin2x.

y= "§1E)'Sin 4x + ésin 2X + C;cosx + C,sinx.

- X
y= %ex fDerx - foix-dx +Ce" + Cpe .

y = % +e"(C; + Cyx). 916. y = ¢*(xInlx| + C;x + C,).
y =(C, + Inlsinx|)sinx + (C, - x)cosx.
y= ehx[-;l(x +1)°/2 +.C1 + sz).

1

y= Zcost Inlcos2xl + %sian + Cjcos2x + C,sin2x.

eX
y= T +C1+C26x.

n X
tg(z*a]

y=(e " +e H)ine* + 1) + Cle ™ + Cpe 2,

y = cosxln + C cosx + Cysinx.

y = sin2xInicosx| — xcos2x + C;sin2x + C,cos2x.

1 1 .
y= o+ cosxlnlcosxl + sinx (~tgx + x) + C| + C,cosx + Cssinx.
y=—4vx +Cie* + Cre ™.

¥ = Vsin2x + Cjcosx + Cysinx.

y=(7-3x)e""% 933. y = ¢*.

y=2+e ™. 934,y = 0.

y = 2chx. 935. y = 2cosx — 5sinx + 2e”.
y=0. 936. y =¥ 1 - 2¢* 4+ ¢,

Yy = sinx. ' 937,y =e (x - sinx),

y = Csinx. 938, y=(x— 1) -e ™).
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939.y = —%x cos 2X + %sin 2x. 940.y= %x?e‘z".

941. vy = X — Xsinx — 2cosX.

942, C6 thé thir lai tryc ti€p bing cich thay vao phuong trinh hodc
dung phuong phédp bién thi¢n hﬁng s6 Lagrangio va bién ddi dé dua vé

biéu thic cin thlet

943.0<h< 1. 948. a” < 4b.’

944. q < 0. 949.2>2,b>a- L.

945.p>0,q>0. 950.a = 2vb.

946.p=>0,q> 0. 951.p=0,q>0.

947.b>0,a< —24b . 952, @ # k.
teM=s) _ GAa(t=s) w0 M2 _ oMot

953, y (t) = L., T f(s)ds = LTTf(n —z)dz ;

m
YO(t) pS F .

Huodng dén : Bing phuong phép bién thién hing s6 ta ¢6 bi€u thic
cho nghiém tdng quat :

Ay () T VY ()
e e
oA =Ny PRETER Io )

Chu ¥ ring tir gia thié&t, céc tich phan sau hdi tu :

y(t) = C M + Cpet?t + f(s)ds (*).

j’ e Mf(s)ds, (i =1, 2)
T'0
va
lim e7Lit
t——o0

Vi thé dé cho y(t) bi chan khi t —> —, ching han ta ¢6 thé chon C;
va C, nhu sau:

= oo, (i=1,2).

—?Lls
B I o A — Ay
—co —lzs

q=— Ly 12_11

——f(s)ds,

f(s)ds,
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tifc 1a chon dé sao cho céc hé s6 clia e trigt tieu khi t — —co. Thay céc
gid tri d6 cia C; vao biéu thic cla nghiém téng quat ta duge nghiém
riéng duy nhat ‘

el](l—s) _ e).z(l—s) o )L]Z - kzz

1
Yo = [ A (s jo%r_%_f(t—z)dz. (**)

DE thdy nghiém vira tim dugc y = ¥o(t) 1a gi6i noi trén toan truc sé
ly (D)l < —'l‘)l, Vi (=00 ; +oo),
vi

__lTl_ ~ 112 _ 3.22 =
3'1 'y Io (e €"2")dz

theo dinh I{ Viét. Mit khéc :
a) Nghiém tdng quat ctia phuong trinh tiy biéu thic (*) Ia

t“o A.IZ _ AzZ
yO = CeMt + G+ [ °E 2 g — 2z
0 Ay

}\.l -

Chu ¥ ring A;< 0 va If(t)] < m s& thay ngay ring véi moi C;, C,,
nghi¢m y(t) ddn d€n nghiém y(t) & (**) khi t — +oo.

b) Tinh tudn hoan clia-y(t) d& thdy & (**) néu f tudn hoan.

v (R oV =
954.1-—R—[1 exp( 'ft)] 955.1= R © .

H

q =

956.] = —_¢ RC_
56.1 RCC

957. I = Asin(wt — ),
A= ——V—-—, 0= arctg%.
R? + @’L?
958. C6 thé chuyén sang viét du6i dang he

—

dy .o =
d_t_'Ay+f(t)$

trong d6 A = const la n X n ma tran, ¥,f la cdc vecto n chiéu. Sau d6
dung cong thic clia nghiém dang

T = X050 + [ X( - D,

[
[wp]
-1
i)
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trong dé X(t) la ma trin nghiém co ban chia hé¢ thuin nhit twong Ung.

At =

Trong trudng hgp nay X(t) = e, ¥(0) = 0 vachiy gia thi€t A 1a s6 16n
nhét trong cdc phén thyuc clia cic nghiém dic trung trong khi dinh gia.

- 968.
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959

961.
962.

963.

964.
966.

967.

970.

971

972.
973.

974,

975.
976.
977.

978.

979. y

y=Cx’+ Cox . 960. C,vIxlI +—?z—.
X

Vx|

y = x%(C, + Cylnlxl).
y = C, cos(2lnlxl) + C;sin(2lnlxl).
y = JIxl {Cl cos[%lnlxl] +C, sin(\/?g-lnlxl)].
y = x(C, + Glnlx| + C3lnzlxl). 965.y = C, + Glnix! + Cix’.
y= Cl + K(Cz + C3ln|X|)

1 .
y=—= [Clcos(31n|x|) + Czs1n(3lnlx|):|.

X
y=Cix+ Gl +Gx’. 969,y =Cy(x+ 1)+ Cyx + D

y = x(Cy + Cylnlxl) + 2x°.

.y = ){Z(Clcoslnlxl + Cysintnlx| +3).

y = (2% + Dinl2x + 1 + C;(2x + 1) + Cy(2x + 1)%,
y= xIn’x + x(C, +.C21nx)‘.

y = C;cos(2Inlxl) + Cysin(2lnlx}) + 2x.

y = Cyx% + Cyx ' + 0,1 coslnx — 0,3 sinlnx.

y = —Inxcoslnx + C,coslnx + C,sinlnx.

y = (x = 2)°C, + Cylnlx - 2t + x — 5.

3/2 .
X+ = +Cy[x + 5
3 2

3~l!2
2

1 .
||l+ ____-y =0.
(ax + b)?



980. Bing phép the bién doc 1ap t = ((x) ta c6 phuong trinh mdi theo
bién t.;

" Py + p(x)Q, y. q(X) —0.

L l L}
0, tof

Dé cho céc hé s6 1a céc héng s6 thi ta phai c6 hai s6 ¢ va B nao d6 sao cho
Pex + POy = €,
q= B

Tt dﬁng thic sau tim duge (p; \'Z] béng cdach dao ham ciing dﬁng thirc

nay (vdi gia thi€t q(x) c¢é dao ham) theo x tim dwge (pxx Thay vao déng
thitc ddu s& nhin duoc diéu klél‘l cdn tim

q'(x)

= 5
PG = ala(? s

Phuong trinh Ole

, @ = const nao dé.

y'+ - y + y 0
thoa man diéu kién trén véi a = 2

Chii y ring khi cho p = 0 thi tir bai todn 980 suy ra bai toin 979.
Thuc vay, ham q(x) thod min hé thic

chinh 13

vGi k, 112 céc hing s6 tuy .
981 y= Clezm + Cze_z‘,“‘_’.
982. y = Cycos2vI x | + Cysin2+/i x I

983. y = C, cos arctgx + C, sinarctgx.  984. y = C;cose* + C,sine”.

985. y = C cos(minlcosxl) + C;sin(mlnlcosxl).
2 ax ~ax
986. y———+Cl——+C2
a2 X
X “—X

987.y=%e’-‘ +C1%+CZPX—
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k .k
988. v —X[Cl cos;+C2 sm-}-{—]. |
2
989.y=e 2 x |:C1 cos [—Jziln | xl] + C, sin [iz_?’—ln_l XIH.
x2 [ l+\/§ i I—Jg]

990.y=e2 (C/lxl 2 +GC,lxI" 2 ).
993. a) Khong ; b) Khéng.
994, C5. | 1001. Khoéng.
" 995, C6. 1002. x*y" + xy' =y = 0.
996. C6, 1003. x%y" — xy' +y = 0.
997. C6. 1004, x2y" — xy' + (xz - %) y =0.
998. Khéng. | 1005. y" + -)%y' +y=0.
999, Khong. | 1006. (1 — x2)y" —xy' +y = 0.
1000. C6. 1007. Déc 1ap tuyén tinh.

kién ctia dinh 1i.

324

1008. Doc 1ap tuyén tinh. Phuong trinh khong thod mén cdc diéu

Vi(Xo)  ¥a(X,)
1009. ViwWge) = [ 0 0% = R )
Y1 (xo) y2(}_{o) 0 0
1010. C6 thé néun =2 ; b) C6 thé néun = 3.
1011.n=>2.
1012. y = C,(1+-)1(-J+C2{%+1— X+11n[x+1|].
1013. xy = C,e* + Cpe™. 1014. y = C,tgx + Cy(1 + xtgx).
1015. y =Cy(e* - 1) + $ ;
e* +1
) } 1 +sinXx
1016.y=Clsmx+C2(2—smx.ln - )
: 1-sinx
2 _
1017.y =C,; + (C,x)e™ . 1018. y=C;x + Czex + Cse x



1019,y = Cjx + Cox ' + Cy(xlnlx] + 1)

1020, y = ;% + C21 + X, 1021, y = Cy(x% + 1) + Cyx | + 2x.

1022. jp(x)dx — +o0 khi X —+e0, Diing cong thitc OxtrOgratxki—I..iilvin.
1023. Ching minh bing phin ching. Chi ¥ : Tir y(x,) > 0 (x, 1a

diém dat cyc dai), y'(x,) = 0, va

. y"(xo) == q(xo) Y(xo) >0,
ta di d€n mau thuin. :

1024. Gia thi€t phan chimg s& thdy Vrénxkl bing khéng it nhat tai
moét diém : mau thuln !

1025. Néu nguge lai s€ c6 mot diém x, sao cho y(x;) = 0, y(x) > 0 khi
Xo < X < Xy. - |

Di nhién y'(x,) £ 0. Néu
y'(xy) = 0 thi do tinh duy
nhat nghiém y(x) = 0, mau
thudn véi gia thiét. Néu
y'(x;) < 0 thi tén tai diém
Xz thudc (X, ; xy) sao cho
¥'(xy) =0, y'(x) > 0 v6i moi
X € [X,; X3]. Chd ¥ réng ' ”
trén [x, s %] ta 6 I RS

y'(x)=-q(x)y(x) 2 0 Hinh 39
tic 1a y'(x) ting trén d6. Vi thé '

Y'(X) 2 y'(X,) > 0,Vx € [X, 3 X5].
Nhung tai x = x,

¥

0=y'x)2y'(x,)>0
mau thuln, ‘

1026. Dé thdy n&u y = y(x) 12 nghiém cGa phuong trinh thod man
di€u kién ban ddu y(0) = 1, y'(0) = 0 thi y = y(—x) cling 12 mét nghiém
cua phuong trinh véi cing diéu kién ban ddu 4y (bling céch thir truc ti€p).
Do tinh duy nhit nghiém

' y(x) = y(-x)
tic y = y(x) 1a mo: ham chdn khép noi.
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Vay dé két thiic, con phai ching minh
y(x)>0,Vx=0.
- Néu nguge lai s& c6 mot gid tri x = X, sao cho y(x,) = 0, y(x) > 0,
Vxe [0;x,). Tudd

y'(x) = x°y(x) 20, Vx € [0; x,].
Suy ra

yx)2y(@=0
tic 1a y = y(x) 12 moét ham tang trén [0 ; x,). Do tinh lién tuc
. y(x,) 2 y(0) = 1,
maéu thuln véi y(x,) =0
Di nhién thay cho hé s6 x% ta c6 thé 14y mot ham chén tuy ¥ Q(x) véi
®(x)>0khix>0.

1027. o/¥m ; [(b - a)vm /] khong diém hoiac céng thém 1 (ddu
moc vudng ki hiéu phin nguyén).

1028. 0,33 <d<0,5. 1029.049<d<1. 1030. 0,15<d<1,2.

1031. Trudc hét dé thdy ring tap hop céc khong diém 12 v6 han va c6
diém tu v6 han, bing céch so sanh (chidng han) véi phuong trinh

' z'"+mz=0,
trong dé m = %q(xl) > 0, chi y q(x) 2 q(x¢), Vx 2 x;. Mét khdc véi
phuong trinh 3

' 2" +qg(x)z=0

ma q{x) dueong va lién tuc trén [a ; b], thi khodng cdch giita hai khong
diém lién 1i€p d cha mot nghiém b4t ki clia né déu thod man d4nh gid:

L <d<—n
W m’
m= min q(x), M= max q(x).
. xe[a:b] ) xefasb]
Diéu d6 dé thdy do dinh Ii so sdnh hodc c6 thé xem “Phuong trinh vi

phan” tap I cba Hoang Hitu Pudng, V& Piac Tén, Nguyén Thé Hoan,
trang 180.

trong d6.

Bay gitr xét trén {x, ; X, ] :
9(Xpe) 2 q(x) 2 q(xp),
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do do
T

14
— dn= 4l T Ap T T
JaG T e T )

Xpel ~ Xp <Xy —Xp-pn=1,2,.0.

,h=1,2..

Nghia la

1032. Ap dung nguyén li kep cho

b1 T
it TR T
1033. Chi cén xét véi x € [n% ; 25]. Nhu vay
72 <q(x) = x < 25.
Do d6 khoang cich giita cdic khong diém lién ti€p cla m6t nghiém
béit ki trén [n” ; 25] thoi man danh gid |

n
1>d> 3
Chu ¥ [n2 ; 251 © [10 ; 25], nhung doan thing sau cung c6 do dai la
15, nhu vay trén [‘n2 ; 25] va di nhién trén ca [-25 ; 25] c¢6 it nhét 12 15
khong diém. Ban doc ¢6 thé ti€p tuc cho mot dinh gid sit hon nita véi
chd ¥ réng trén (-25 ; 0) nghiém khéng dao dong vi x < 0, sau d6 xét
thém trén [0 ; nz]. ‘
1034. Hay chuing t6 dao ham coa ti s6 4m : Nhan phuong trinh ddu
véi z, phuong trinh sau v§i y va trir cdc v€ tuong ing ta cé
y'z—2"y=(Q - qQ)yz >0 khix € (X, X))
Nhung
(yz—-yz) =y"2-2",
Tir d6 suy ra tir s6 clia phan thic

[3) -5
y yz_

1a mot ham giam thuc su. Xét tai X = X,, theo diéu kién ban ddu
Z(Xg)y(Xo) ~ 2(X,)y'(x,) = 0.
Nhur vay

| ZY) e Z(X)
zZy —zy) <0, ¥x e iXx)suyra | —| <0, titc 1a ti s6 — don -
( y Y) X (xo 1) b [y] c la y(x)

diéu giam thyc su trén Khoang dé.
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1035. Phdn d4u dung tinh chat duy nhat nghiém véi diéu kién ban diu
Y(Xo) = Yoo ¥'(X) = ¥, _
va chi ¥ ring y = y,(x + mw) cing 12 mot nghiém thoa man diéu kién
ban ddu vira néi (th lai tryc ti€p vao phuong trinh va hru ¥ ring p(x) Ia
ham tudn hoan, cé chu ki w).

Phdn thi hai. Gia si y,(x) 12 mot nghiém sao cho y,(x,) = y,(x,) = 0,
Xy < Xp. Dat y) (x;) = y,. Chon x5 = x; + m;®, m, 12 s& nguyén sao cho
X3 > X;. Nghiém y;(x), xéc dinh bi didu kién y4(x3) = 0, y3(X3) = y,, s&
¢6 mot khong diém thit hai 13 x4 = X5 + m; @ > X5, Vi y3(X + m,0) = y,(x)
(theo phdn ddu). Sau d6 ta 14p nghiém y,(x) bing khéng tai x = x5 =
= X1 + My® > X4. N6 c6 khong diém x4 = X, + m,® > x5 va vin van, Theo
dinh 1i Stu6cm, nghiém y,(x) va tdt ci cic nghi¢m khdc s& cé khong
di€m trén céc doan x5 ; x4], [Xs ; Xgl,...

1036. y = sinx. 1039. y = chx.
1037. y = Csinx. 1040, y=x +¢e *—¢ ..
1038, y = cosx + x. 1041. y=¢" - 2.

1042, Khéng cé nghiém.
1043. y = 2x — %t + ®cosx + Csinx, C 12 hing s6 tuy y.

1044, y = —2¢7*. 1047, y = 3x>.
1045.y = e - 1. | 1048.y = —x 3,
1046. y = 2x°>, 1049.a=(n- 1)’n%,n=1,2,3,...

1050. G = sinscosx (0<x <), G - coss sinx (s £ X € 7).

1051.G=-¢e*chx (0<x<s),G=—¢ “chs(s £x £2).
1052. G = lsinlx - sl.

2
1053.G=%—1(1Sx55),G=%—l(sSxSB).
2 _ 2 _
1054.G = 3 24 (1<xss),G=>"2 s<x<2)
25 25
3 o3
1085.G = 1 T (1<xss), G= =% s<x<2).
3s°x 3°x
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1056. G=-x (0 <x<3),G=—s (5 < X < +20),
1057. G = -Inx (1 $x <5), G = —Ins (8 < X < +o0),

1058.G = x(s’ = 1)/3s* (0 < x <5), G = s(° = 1)/3x2 (s S x < 1),

1059, G = —[%) e S

x2

1060. G = - 3

(OlsxSs),G=—-1— (s £X £ ),
g 3x

1061. a # k’n’, k=1, 2, 3,...
1062. A = - K*n/, y, = sin(knx/D), k = 1, 2, 3,

2 2 .
1063. A, = - (k —%] Iy = sin[k _—J-’l’i, k=1,2,3,.

10643 = (K2 _L o _ o kmlnx
MET | g ] T Y= YEsin—— . k=1,2,3,.

1096. Néu c¢6 hai nghiém khdc nhau Y1(X) va y,(x) thi z(x) = y,(x)
— ¥1{x) 1a mot nghi¢m khong tdm thudng ciia phuong trinh cdp hai da
cho. Nghié¢m z(x) dao dong vi

z(X1) = ya(xy) — yi(x)) = 0,

Z(X3) = y2(X3) — ¥1{X2) = 0.

Nhung theo mét dinh 1 quen biét thi di€u d6 1a khong thé xay ra, do
q(x) <0.

Gid st b = 0. Goi y = y(x) 12 nghiém duy nhét clia bai tosn bién da
cho. Nhu vay y(x;) = 0. D& thdy y(x) # 0 v6i moi x € [x; ; x5] vi néu
nguge lai thi y(x) dao dong, trai véi gia thiét q(x) < 0. C6 hai khé nang,
hoac Ia

y(x)> 0, Vx € [x;; x5),
hoic 1a

y(X) <0, Vx € [x;; X5).
Xét trudng hop ddu ta thay tir
y'(x) = - q(x)y(x)
suy ra
y'(x) 20, VX € [x]; xp).
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Nhu vay y'(x) khong gidm trén [X, ; X), nén y'(x) £ ¥'(xy), VX € [x; ; Xp)-
Nhung y'(x,) €0, vi y(x) > 0, Vx € [X{ ; Xp) va y(X3) =0. Do d6
y(x) £0, Vx € [X; X3),
tic 13 y(x) don diéu giam trén [x ; x,].
Trudng hop con lai chitng minh tuong tu.

1097, Chd ¢ rang hi¢u hai nghiém cia phuong trinh d6 1a mét
nghiém cua phuorng trinh thudn nhit tuong tng.

1098. Bing phép th€ ham phai tim
z
=0X)Z2= ——
’ I

ta nhan dugc phuong trinh t6i gian

nz_i.
+[1— 24 z =0. | (1
X

Xét trudng hgp n # i% . Chd ¥ rang

n? -1
lim |1- 24 =1.
Xy oo X

Do d6 v6i moi € > 0 cho truée, ¢ mot x, nao d6 sao cho vdi moi
X > X, thi '

n?-1/4
)(2
Vi thé trong mién X > X,, khoang céch giita hai khong di€m lién ti€p

clia moi nghi¢ém ctia phuong trinh (1) thod man dénh gid

T ¥
Ji-¢ Jl+g’

Cho € —+0 ta nhan duge diéu phai chifng minh.

l-e<1=- <1+E¢

>d >

Khin= ; d = n. Thay truc tlé'p gid tri d6 cha n vao (1), giai ra va

trd lai ham ci y ta c6 hai nghiém d¢c lap tuyén tinh (cdc ham Betxen) 13
l(x) 1’—%—smx ] l(x) 1‘—2-0053(.
"2 X
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Khoang céch giilta hai khong diém lién ti€p clia chiing di nhién bing =
Riéng truémg hop Inl > % ¢6 thé ap dung céc bai 1031 va 1032.

1099, Chi dan : Skt dung phép xdp xi lién tiép d€ giai cic phuong
trinh tich phéan sau :

o =1+ [ - 9feH00Exs,

i ] :
W) = t+ [ sf(s)y(s)ds +t | fnwisHs,
a ' t
trong do a dugc chon sao cho
o 1
_L tHE() 1 de <o

1100. D€ ching minh cé thé diing d&n két qua sau (xem "Bai giahg
~ v& 1i thuyét todn hoc clia sy 8n dinh" cia B. P. Démldﬁvwh Matscova
1967, trang 159).

Dinh ludr Lévinxon. Gia st moi nghiém cla hé

X = Ax ' (1)
(trong d6 A 12 n X n — ma trén hing s6) bi chan trén {0 ; +e0), Khi d6 he
¥y =[A + B(ly, 2)

trong d6 B(t) lién tuc trén [0 ; +o0) va
) +ee
IO Il B(t) Il dt < +oo,

la tuong dvong tiém can vdi heé (1), tic 12 ¢6 mot phép tuong ing
-mot — mot gifta cdc nghiém x(t) cla (1) va y(t) cha (2) sao cho
‘li_)m [x(t) - y(O)] =

Ap dyng. Chuyén phuong trinh cép 2 di cho v€ mot hé cép 2 ta c6

[’:“ } —[A+ B(tj]["l } 3)
X3 X3
A= . B(t) = )

-1 0 -(t) O

Dé€ kiém lai ring & day ta c6 d diéu kién d€ 4p dung dinh 1i Lévinxon.
Hg¢ ding cé hai vecto nghiém doc 14p tuyén tinh la

el( . e—ll :
. ya .
icll —je it

trong dé
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Hai vecto nghiém tuong ¥ng theo dinh li Lévinxon cba hé (3) la

o) (o)

c6 céc toa do ddu @, va ¢, thoa min cdc diéu kién bai todn.

1101. Gia sir ham f dat dugc cuc dai chia né tai t = ¢. Tir gia thiét ta
c6 ¢ € (a; b). Theo dinh li s6 gia hitu han Lagringioc ta c6

1 1 _ 1 |:f(C) — f(a) _ f(b) —f(c)i| = .

c—a+b—c_f(c) c—a b-c

_ - I‘“’-Mdt,

f© Yy e
v6i T, T, na0d6: T € (a;¢), 1o € (c; b). DE két thiic chi cén huu ¥ ring
4 1 1

<
b-a " c—a+b—c’

vi

I"’2 L £"(t) |

Ib LE"(t) |
T f(C)

dt < , T

de.

1102. Néuy = y,(x) 12 mt}t.r'lghiem riéng cta phuong trinh
_ y' +p(x)y' +q(x)y =0 (1)
thi béing phép th€ y = y,ztacé

yi2" + (2y; +pyz =0. (2)

Nhu vay hé (1) ¢6 hai nghiém riéng y, va y, thod mén h¢ thic y, =
xy khi va chi khi h¢ (2) ¢6 nghiém riéng z = x. Thay z = x vao (2) s€

duge _
1
Y= exp(—a Ip(x)dx).

Thay y, vao (1) ta cé diéu kién cdn tim

q(x) = %pZ(X) + %p‘(X)- 3)

332



Néu diéu kién (3) dugc thod mén thi nhes phép thé y = exp[—-;- Ip(x)dx) Z

ta c6 phuong trinh méi

er = 0,
vi I(x) = 0 do (3). Do d6 biéu thitc clia nghiém téng quét cta (1) Ia
1 _
y(x) = [C, + Cyx] exp (hj' Ip(x)dx), (4)

tirc 1a (1) 6 thé tich phan dugc bing cdu phuang.

Ldy C, =1, C; = 0 ta nh4n dugc nghiém y,, 18y C; =0, C; =1 ta
nhén duge nghig¢m y, va y, = xy,.

Thay p= % — 2 vao (3) ta duge
1 1

= - - 41,

4x* X
va vao (4) ta duge nghiém téng quat

X
y(x) = C, = 4 C,Jxl e*-
Jixl 2
V6i phuong trinh khong thudn nhat, 4p dung phwong phédp bién thién
hing s6 ta c6

y(x)= J_(x+2)+|:Ju—|+K2VIxI]

trong d6 K 1a hing s6 tuy y va ¢ = sgnx.

Tdng qudt. C6 thé dat vén dé rong hon nhu sau : Tim didu kién dé he
(1) ¢4 hai nghiém riéng y,, y, thod man hé thic ¥2 = ¢(X)y,, trong dé
®(x) 1a mét ham da tron (ching han dén c&p 3) cho truéc. Ching minh

ring, néu diéu kién d6 dugc thod min thi hé (1) ¢é the tich phin dugc
nhd mot 14n cdu phuong.

Bang phwong phép nhu di lam, tuy cé phic tap hon, ta nhin dugc
diéu kién

q(x) = —p 2(0) + = 5P () - —fz(x) += f(x) (3"
trong dé
f(x) = [In@'(x)]".
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Biéu thiic cho nghiém téng quat 1a

exp [— % Ip(x)dx)
Jo'x)

Di nhién néu @(x) = x thi ¢'(x) = 1 va (3"), (4) s& quy vé (3), (4)
tuong Ung. .

y(x) = [C) + C0(x}]

(4)

1103. Dao ham theo X ca hai v€ cua h¢ thic
Hx)y" + K(x}y = C
vh dem déng nhat cdc hé s& twong ing cia phwong trinh cdp 3 vira nhan

duogc v6i phuong trinh cAp 3 di cho, sau d6 tim dugc mdi lién hé chi gida
p, q varnhusau: -

q+pq=rnéuH # 0,

p’ 1 P .
q=p+F.r= g(p +pp)+q57- néu H=0.
1104. Thé z = xzy" —2Xy' + 2y va chd ¥y rang y"' = 2—2 s& dugc mét
X

phuong trinh tuyén tinh cdp | theo z.

1105. Ta phai ching minh ring néu y = y(x) 12 mo6t nghiém bat ki
cla phuong trinh cip 2 '

t "

y oy oy
¥ vi ¥ |=C 2):
v Y2 Y2

thi né ciing 13 mot nghiém cta phuong trinh cép 3

y" + p(x)y' + q(x)y = 0. 1

Dao ham hai v& clia (2) theo x va luu ¥ quy tic dao ham mét dinh
thitc ham ta ¢é

Yi Y1 y; | =0.
Yz' Y;. Y2
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Nhén'cf_)t dau véi q(x), cot thi hai véi p(x) réi ccf)ng hai ¢6t méi vao
cOt thit ba v6i chil ¥ rang y), y, 13 hai nghiém ciia (1) ta duoc

y y y "'+ p(x)y '+ q(x)y
¥i Yi 0 =0.
2 va 0

Tir d6 '

i

(y¥2 = ¥1¥2) (" + py +qy) =0, (3)

nhung do gia thiét y|, y, 13 hai nghiém doc 1ap tuyén tinh nén thira s6 thit
nhit cda (3) khdc khong tai mot di€m, vi néu ngugce lai ta d€ dang suy ra
mau thuln.

Vi vay nghiém y = y(x) ca (2) thoi min (1) :

m

y" +pX)y +q(x)y =0
(thita s6 thit hai cla (3) phéi bing khéng).

Xét phuong trinh thudn nhat tmg véi (2), tic 13 phuong trinh nhan
duge tir (2) khichoC=0:

' 11

Y b y
iy yi| =0 : 4
Y2 Y2 yal|

Neéu y; va y; 1a hai nghiém riéng doc 1ap tuyén tinh cha (1) thi ching
ciing la hai nghiém riéng doc Iap tuyén tinh (hé co ban) clia hé tuyén tinh
thudn nhit (4). Bing phuong phdp bién thién hing s§ ta tim dugc mot
nghiém riéng cua (2) 1a

ydx yadx
y3(x) =C| y; |—2——~y, —-——J
IWz[Yl’YZ] IWZ[YI'Yz]

trong d6 C 12 hing s6 d3 cho & (2). Nhur vay

Ys Yy Y3

Wiy yuyl=iyn v v |=C (5)
V2 Y2 Y2
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Nhung theo trén y; la nghiém cta (1). Do d6 ta cé ba nghiém riéng
cta phuong trinh cdp 3 (1) 13 y{, ¥, ¥3 va n€u ldy C # 0 (chéng han dé
cho gon 14y C = 1) thi chiing 12 d6c lap tuyén tinh do (5).

Tém lgi : Gia su cho truGc phuong trinh cdp 3 (1). Ta tim cdch xdc
dinh bai nghiém riéng déc 1ap tuyén tinh ctia nd la y; va y,. Sau dé ta lap
phuong trinh (2) véi C # 0 (ching han C = 1) va luu ¥ y;, ¥y, 12 hai
nghiém riéng doc lap tuyén tinh cta (4). Dung phuong phdp bién
thién hing s6 d€ tim mét nghiém riéng cia phuo‘ng trinh khong thuin
nhat (2) 1a
y,dx

Wz[ V1 Yzl Wy y,] |
Luu ¥ ring y, ciing 1a mot nghiém riéng cta (1) va y|, y,, y3 ddc lap
tuyén tinh ta ¢é biéu thitc cho nghiém téng quét ciia phuong trinh (1) 1a
y=Cy + Gy, + Gy,
trong 6 C; la cic hing s6 wy .

3’3")’2_[

Ung dung. Gia sir (2) ¢6 hai nghiém riéng y, y, thoa mén h¢ thitc

Y12~ Viy2= L (6)
Pao ham hai 14n déng nhét thic (6) theo x ta suy ra
YIY2 YN =ViYa ~Yi¥a- 7

V1y;, vy la cac nghiém cha (2) nén chiing ciing 1a cac- nghlem cua (1),
titc 1a

y1 +py; +ay, =0, (8)
Y2 + DYy +qy, =0. 9)
Nhan hai v& cha {8) v8i y,, clia (9) vi y; va trlt vé€ véi vE tacé
Ya¥1 = ¥1¥2 = PY1¥2 ~ ¥a¥1) =P (10)
Nhan hai v& cua (8) véi y'2 , cua (9) vc’ri y; va trit v€ véi vé ta c6
Ya¥1 — ¥i¥z = —q(y1¥2 — ¥2¥1) = 9. (11)
Tix (7) ta thiy

1 "

(Y1Y§' - }’2)’;")' = (Yi')@ Yi¥2) =

=YX —YiY2 -
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Keét hop véi (10) va (11) ta cé
- gq=p. (12)
He thitc (12) chinh Ia diéu kién cén tim, vi ngugc lai n€u xudt phat tir
(12) c6 thé chiing minh dugc hé (2) ¢6 hai nghiém riéng y,, y, thod min
(6), v6i luu ¥ ring trong trudng hop nay (1) c6 dang

"r d -
Y+ P =0

hay
y" + py = const.

1106. Bing cdch dua vao khong gian tuyén tinh C[a, b] tich vo huéng

(9, )= [:cp(x)w(X)dx

ta s€ dua bai todn d& cho vé bai todn quen thudc téxig quat hon dé6i vai
dinh thitic Gram trong dai s8 tuyén tinh nhu sau ;

H¢ n vecto x, X5, ..., X, cia khéng gian Qecto‘ thuc K (trong d6 ¢6
xéac dinh mét tich vo6 hudng) 1a phu thudc tuyén tinh khi va chi khi dinh
thi'c Gram cta ching déng nhat bing khong :

G(Kl, ey xl‘l) = det [(xi! xj)]i v j=1,.,n =0.

Ching minh don gian cia né ban doc c6 thé xem trong cdc sich dai
s0 tuyén tinh. '

1107. a) Gia st ¢6 céc Xj € (a; b) sao cho
det [yl(xj)] # 0, (D
n .
va nguoe lai ¢6 céc oy, O, ... O, v6i D 1'0; | >0 saocho véimoix € (a; b)
. : j=1
0¥ 1(X) + OpY(X) + ... + &Y, (x) = 0. _ )
Thay x = x; vao (2) ta dugc h¢ phuong trinh dai 58

01y (X)) + 0y (X)) + o+ 2, (%) = 0
0 ¥1{Xy) + 0¥ (Xp) + o+ O, ¥ (X5) = 0

3

....................................................................

0¥ {Xg) + ¥ 2(Xp) + v + Yo (Xy) = 0.

22 BTPTVR - 337



Heé (3) c6 nghiém khic khong (<, ..., &) nén dinh thitc cha n6 phai
bing khong. Diéu d6 mau thudn véi (1).

b) Gia sl ¥,(X), .., ¥o(x) doc lap tuyén tinh trén (a ; b). Khi d6 c6 it
nhat mét diém X,€ (a; b)saocho y (x)) # 0. Xét dinh thiic ham c4p hai
yilx)  yi(x)
Y2(x1}  ¥2(%)
Nhit dinh s& ¢6 mot diém x, € (a; b), X, # x{, 520 cho Dy(x5) 0.

D,(x) = ;X € {(a;b).

Vi néu nguge lai Dy(x) =0 trén (a; b), nic 1a
Y1(xDY2(x) — y2(x)y (x} =0.
Vi y,(x,) # 0 nén diéu 46 mau thuln v6i tinh doc 1ap cha y,, y,.

Bay gidr gia st v6i n ~ 1 ta da c6 cdc di€m X{s Xgp oe» Xp—p € (a3 b)
sao cho
Dn_l(xn_l) # 0,

vai
yi(xp) ¥1(X2) YiXp—p)
D (%) = ya(xy) yalxy) e ¥2(Xpy)
Yo-1K)  Yp-(x2) Yo-1{Xp-1)

Ta chitng minh ring diéu dé ciing ddng véi n, tic 12 s& ¢6 cdc diém
X|s X2, -» Xp€ (a3 b) sao cho '

yixp) yi(x;) o V1 (Xgoy) ¥1{Xp)
y2(X;) ya(X3) ¥2(Xp-1) ¥2(Xp)
Do) = |t #0.
Yn-1(Xp) Yn-1(X2) Yn-1En-1)  Ya(Xy)
Yo (X)) ¥a(X3) Yo (Xo-1) Yo(Xy)
Thay vay, n€u ngugc lai thi véi moi x € (a; b) ta cd
yi(xp) y1(Xy) ¥1(Xp—1) ¥1(X)
_ ya (X ) yz(x2) Y2 (xn—l) ¥Ya (x)
D IE R [T oot e eeseses s eses e essp b nen s aRas =0,
' Ya-1(X1) Yn-1(X2) Yo-1Zna-1)  Ya-1(%)
Ya(X1) Yn(X2) Ya(Xp-1) Yo (X)
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Khai trién dinh thic theo cot cubi, suy ra
Dot (Xp=D¥n(X) + Ay ¥o-1(X) + ... + Apy () = 0,
trong 46 Ay, Ay, ..., Ap- 12 cdc hing s6 ndo 46, Dy (x,-;) = const # 0.
Diéu d6 mau thuin véi tinh déc lap tuyén tinh cha y, ..., v,.
1108. C6 hai trdng hop.

a) Néu yy" — y'? # 0 (hai hang ddu ciia dinh thic déc 14p tuyén tinh)
thi cé cidc ham A(x) va B(x) saocho y" + Ay' + By =0, y" + Ay" + By =0,
y® + Ay™ + By" = 0. Bing cdch dao him hai he thtc ddu mot l4n nia
theo x va so sinh ta c6 A'y' + By =0, A'y" + By =0. Tt d6 A' = B = 0,
tic 1a A(x), B(x) l1a cdc hing s§ : A(x) = h, B(x) = k. Nhr vy mébi
nghiém ciia phuong trinh di cho s& thod mdn mét phuong trinh vi phan
tuyé€n tinh thudn nhit cfp hai v6i he s6 hing s6 dang y" + hy' + ky = 0,
trong d6 cdc hang s6 h vak vixa tim duge & trén. Nhumg phuong trinh clp
hai nay c6 thé tim nghiém dé dang nh& quy tic.

b) Néu yy" - y? = 0thi y' = Ciy va y = C,e*,, trong d6 C;, C, Ia
cdc hing s6 bat ki. '
Chii y : Trong phén a) d€ ¢ chiing ta thdy véi mdi mot nghiém y = y(x)
cia phuong trinh dd cho s& c6 moét phuong trinh c4p hai dang
y'+hy' + ky =0, (1)

ma y(x) phai thod man, nhung néi chung cic hing s6 h va k lai phu thu6c
vao chinh y(x). Tdc la khong phat tat ca cdc nghiém ciia phuong trinh da
cho déu thod man chung mét phuong trinh vi phan c4p hai tuyén tinh
thudn nhét véi hé s6 hing s6 nao d6, md mbi mot nghiem sé c6 mot
phuong trinh dang (1) riéng twong ing v6i né. Diéu dé cling dé hiéu vi
phuong trinh da cho ¢6 cip 4 nén nghiém tdng quat clia né phy thude
bon hing s6 my ¥, trong khi d6 phuong trinh (1) c6 clp 2 nén nghiém
téng quat ciia n6 chi phu thuéc hai hing s6 tuy . -

y — _ LY
1110. ¢ —e"-C,,x—z(Cz-_—z-z).

C 2

= Yy g=2 "ty 1.3 X

1111, y=C;(1 +x%),z= +2 XX+ 3
3 C

- 2 1 2z~ ~.3 1 =
1112, y=Cx +-—4Cl,——-3 XZ— =X 4C1x Giy=x,

3 2 3 2

Z X — = _x, Z_ _ P S

3 XZ > C:y X, 3 XZ+2 C
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1113. y = Cpe¥1* 2= C,Cpe™H,
1114. y = Cyx + Cyx? ;2= Cy(1 — %) + Cy(2x — x0).

ms L-c,2-c,. 116y -Vx=C, z-Vx =Cp.
x
117.y=Cp, ¢ ¥ =C,.

1118. x> + y* + 22 = C}, Ix + my + nz = C,.
1119.ze “ +y =.C1. ze T +x=0C,.

1120, y = Cix + Gl 4 2,22 - + 26,1 -0 + G 2 4 L ).
X x3 X2

1121, Wy =Xy, Yy = 1122, y, = sinx - siny, ¥, = sinx — Z.

N

1123..“'“:{_’1"2:2_)(—3}'. 1124_.1‘[1:—1—'1"2:2..

_ . _(X+z)y
I1125.w1-z,1p2— YTz

1126. y, = (5cos5x — sin3x)y - zsin3x,
Y, = (55in5X + cos5X)y + ZCOs3X.
1 ' t 1
1127. x=-=,y=0. 1128. x = ——,y = .
v PR
1129. x =In(t +e),y = 0.

O it — A2 1+ 2
1130, x = C, cost - C, :mt MCy + &) ,
(cost — Cy ~ BC,)” + (sint — aCy + BC))
y= -Cysint - C; cost+0t(C% +C%)
(cost — aC, — BC,)* + (sint — aCy + BC, %
Vi tri can bing x = 0, y = 0 12 tAm. Ch/ ddn : Cic ham u(x, y) va

v(X, y) @ v& phai thod mian diéu kién Cd-si — Riman. Ap dung phuong
phap vira néu.

1131. x = L ,y = 0. Chi dén : Diéu kién Co-si — Riman dugc thod man.
t

T
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1132. y = C, + Cye™*, 2= C; — 4Cye™.
1133.y=C; + Cpe ¥, z=-2C, - 3Cye ",
1134, y = e2X(C;cos3x + C,sin3x), z = e?(C,sin3x — Cycos3x).
1135. y = 2e 2%(Cjcos+/3x + Cysin/3x),
z=¢ 2[(3C, - Y3C,) cosV3x + (V3C, +3C,)sin3 x].
1136. x = 5C,cos2t + 5C;sin2t,
y = (-4C; + 2Cy)cos2t — (2C, + 4C;) sin2t.

1137. y = C;cos3x + Csin3x, z = (=C; + 3Cp)oos3x — (3C; + C)sin3x.
1138. x = Cje' + Cpe™, y = - Cye' + 3C,e™,
1139. x = 2C;e™ — 4Cye >, y = Cje™ + Cpe ™.
1140. x = Cje ™t + Cye’ ¥y £ 2C,e " - 2C,e™.
1141. x = ezt(Clcost + Cysint), y = cZ'[(Cl + Cy)cost + (C; — C)sint].
1142. x = €'(C,cos3t + C;sin3t) , y = €' (C;sin3t — Cycos3t).
1143. x = (2C,; — Cy)cos2t — (2C, + C2)siﬁ2t, y% C,cos2t + Czsinit.
1144. x = (C; + Gy)e', y = (2C, — Gy + 2C;)e’,
1145, x = (C; + Cot)e™ , y = (C, + C; + C)e™.
1146. x = (C; + 2C,t)e ', y = (C, + C; + 2Cyt)e .
1147, x = (C; + 3C,0¢? , y = (C; — C; — 3C,t)e?.
1148. x = — 2C¢' - 8C,e% - 3C;e™, y = Ce' + 3C,e™ + Cye™,

z=2Ce" + Cpe® + 3Cse™.
1149, x = 2C, + Cye' + Cye?, y = 3C; — 2C3e™, 2= C; + Cye' + 2C5e™.
1150. x = C;e™* + (7C, + 11C;) cost + (-11C, +7Cy)sint,

y == 2Ce '+ (15C, + 9C;3) cost + (-9C, + 15C3)sint,

z=2Ce "+ (-2C, + 8C3)cost. + (8C, ~ 2Cy)sint.

1151, x = Cle_2l + Qe', y=- 2Cle:__2t + 3024:3l - 3(‘gel, zZ= 2C1v‘.3_2t + Qel.
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1152. x = Cje' + Cpe®' + Cie ™, y = Cje' - 3Cse ™,
z=Ce'+ Cye? = 5C,e ™",
1153. x = C, +3C,e?, y = —2C,e™ + Cye ', 2= C + Cpe¥ — 2Cse ™.
1154. x = Cpe™ + Cae™', y = Cpe' + Cye?, 2= Cpet + Cre?t + Cue™.
1155. x = Cje' + Cpe™' + Cze”', y = Cje' — 2C,e% + Cye™,
z=-Ce' - 3C,e% + 3C,e™.
1156. x = Cie ' + (Cyt + C; + Cy)e', y = = 2Cje " + 3C,e!,
2=2Ce "+ (Cyt+ Cy)e'.
1157.x =C; + Cye', y = 3C; - 3C, - 2Cse ', 2= Cp + 2Cye .
1158, x = Cje' + Cae ™', y = Cpe' + Cpe?, 2= 2C,e™ - Cpe ™.
1159. x = e'(2Cysin2t + 2C;c0821), y = e(C; - Cycos2t + C;sin2t),
z=¢' (- C; - 3C,cos2t + 3Cysin2t).
1160. x = Cycost + (C, + 2C;)sint, y = 2C,e' + Cycost + (C, + 2Cy)sint,
~ z=Ce'+ Cyeost — (C, + Cy)sint.
1161. x = C; + Cpe', y=3C, + Cye', 2= = C; + (C, — Cy)e'.
1162. x = Cie” + (C, + Cy)e™, y = C1e? + Cye™, 2= Cye® + Cie.
1163. x = Ce™ + Cpe T y == C1e™ + (C, + 2Cy)e ™, 2= —3C,e™ + Cye ™.
1164.x =C + Cy(t + 1)+ Cae ', y =3C, - 2C4e ', 2= C| + Cyt + 2Cse *
1165. x = Ce™ + Cie ™, y = Cpe?' # 3C3¢ ™, 2= (C; - 2C)e? +2C,e ™
1166. x = (C; + Cyp)e' + Tie?, y = (C) - 2C, + Cyt)e,
zZ= (Cl = C2 -+ Czt)el + C362l.
1167. x = (C; + Gyt)e', y = (C, + 2C5t)e’, 2= (C; — C, - C3 - Cat) €.
1168. x = (C; + Gyt + CytY)e®, y = [2C, - C, + (2C, ~2Cy)t + 2C; %)%,
z=[C| - C, +2C3 + (C, - 2Ct + Cyt°1 €*.
1169. x = 3Ce' + 3Ce ™" + Cycost + Cysint,

y = Cje'+ Cpe ' + Cycost + Cysint.
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1170. x = ¢'(Cycost + Cysint) + ¢™'(Cscost + Cysint),
y =&'(C;sint — Cycost) + & (Ccost — Cysint).
1171 x=3Ce' + Cpe ',y = Ciet + Cpe '
1172. x = Cie' + Coe " + 2C4e %, y = 2C ' + Cae 2.
1173.x = Cie' + Cpe ' + Ce? + Cse 2,y =Cie' + Cpe '+ Cpe? + Cee 2,
2=Cie' + Cye ™t = (C, + Ce? — (Cs + Cgle 2,
1174.x=3Ce™ y=Ce .

1175,y = LZ[Cl +Cy(lnx + 1)), z= ——Lz(Cl+ C,lnx).
X X

1 2 1 2
1176.y = Cie * +2C,e X, z = —(Cle X +3Ce "J.
1177y = e2¥%(C, cosvx + C, sinVx),
2= e?VX (o) sinvx — C, cosvx).

1178. y, = x(C; + 2lnix), y, = Cy%, y3 = %

1179. x = Cie' + 2Ce* + 3¢™, y = - Cje' + Ce + ™.
1180. x = C,(cos2t - sin2t) + C,(cos2t + sin2t),
y = Cycos2t + Cysin2t + ¢ 2.

1181, x = Cye® + Cpe® + (£ + 1), y = - 2C,e¥ - Cpe™ - 2te™.
1182. x = Cje® + 3C,e" - & —4eM y= Cie? + Cpe* - 2¢7 - 2¢™.
1183, x = Ce™ + 3% + 21+ C,, y = — Cye¥ + 662 — 2t + 2C, — 2.
1184. x = 2C,e% + Cpe ' — (12t + 13)e', y = Cje?' ~ 2C,e ' — (8t + 6)e".
1185. x = Cje' + 3C,e™ + cost — 2sint, y = Cje’ + 2C,e* + 2cost — 2sint.
1186.x =Cje' + Cze3‘ + e'(2cost — sint), y =Cie' - Czeg‘t +€'(3cost + sint).
1187. y = 2¢% + Ce* + Cye ¥, 2= 9e** + 3C,e* + Cpe ™.

1188. y = xe* + Cie* + Cpe ™, 2= (x + 1)e” + Cie* + 3C,e ™.
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1189. x = 2cos2t + 3sin2t + 2¢ 2 [Cl cos——t + C, sin—

. t
y=7sin2t+ e 2 |:(3Cl - ﬁCz)cosﬁt + (\ECI + 3C2)sin£t].
1190.

1191.
1192.

1193.
1194,

1195.

1196.

344

1197.

1198.
1199.

1200.

Byl

2 2

2 2

x = —tcost + C;cost + C;sint,

y = t(cost + sint) — (C; — Cy)cost - (C, + C,)sint ;

X = (—t + 1)cost — sint,

y = (t = 2)cost +I tsint.

x = C,cost + Cysint + tgt, y = —C;sint + C,cost + 2.
x=Cpe' + 2C21=:2l —e'In(e® + 1) + 2¢*arcige".

y=Ce' + 3C,e? — e'lne® + 1) + 3¢ arctge,
x=C;+2Ce ' +2'Inle' - 1,

y=-2C, -3Ce " =3¢ ' Inle’ - 1l.

x = C,cost + C,sint + t(cost + sint) + (cost — sint)Inlcostl,
y = (C; — Cy)eost + (C, + Cy)sint + 2cost Inlcost| + 2t sint.
x = (Cy +2Ct - 86!, y = (C; +2C,t - C, — 862 + 10r%)e.

_ 4 C
y=Ce *+Ce M+t +e 2= —iLe““" —Ce Mret+2e

y = Cie2* + Ce®, 2= C ™ + 2Ce™;
y=¢:2x-—e3 yZ= e~ 2e%,

X —2x X —2x =2X . _ =."2x
y=Cie  +Coe ,2=2Ce" +5Ce “;y=¢ “,z2=3e

X = (G, + Cy)eost + (-C, + C3)sint, y = Clel + C,cost + Cysint,

. 1 .
z= Clel = Cysint + Cycost ; x =cost, y = —i-(cost + sint),

zZ= %(cost — sint).
y = %2+ Ce? + Ce™, yp = x + 2 + Cpe?* 4 206 sy, = x5,

Y2=X+2.



1201. x = —tcost + C cost + C,sint,
y = t(cost + sint) — (C; — Cy)cost = (C; + C,)sint ;

X = (-t + l)cost — sint, y = (t — 2)cost + tsint.
1202. x =Ce' + Cpe ' + Cscost + Cysint,
y=Ce'+ Czc't ~ Cscost — Cysint ;

= %('::l +e_')—lcost = Echt—-l-'c:ost,

2 2 2
y= —i—(et +e”t) + —%cost = %cht +-%—cost.
207 1. 2
1203. Y—EX"B,Z—EX-—'g—.
1204. y; =3y, y, =2y,.  1206. y; =3y, y,=3%2.
1205. y) =3y,+y,, y,=3y,.  1207. y; = 2y,, y5 =2y
' X 1 1 1 X :

1208. y| = + Y = y, + o

N l+xzyl 1+x2y2 72 1+x 7 1+x? 2

) X 1 ' 1 X
1209, yy = ——vy, - s Yy = — y, + ¥z

| 21! xz__.ih Y2 21T 21 2

1210. Chd ¢ réng y, =y;,i=1, 2, .., nhay y; = y; + C,, trong d6 G

[2 cdc hing s tuy ¥ (i> 1) va Cl = 0. Sau d6 thay y; vao va chi cln xét
phuong trinh thit nhét.

1211. Ap dung phuong phép bi€n thién hing s& Lagrangio.
1212. B¢ cho gon ta viét hé dudi dang vecio
: x = A(D)x, (N
véix e R", A(1t) = [3;; (D]y x g L € (2 ; +00).

Ki hiéu Il ...Il ding d€ chi chudn ctia mot vecto hay ctia mot ma tran,
chang han c6 thé dinh nghia chudn cta mét ma trn B = [b;;] nhu sau :
IIBIl = max Ib; I

i,
L. Chuyén he (1) sang dang tich phan

X(t)=x, + _[ A()x(s)ds, x(t,) = X, t 2 1> a.

o
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Tir 46
lx(eyl < lix, I + j:;” A(s) 1 x(s) 1 ds.
Ap dung b8 dé Gronuon — Benman (xem bai 733) ta cé
Il < lixgll exp J: Il As) 1l ds. @)

Chu y dén gia tlue't s& thay ngay tinh giéi ndi cha nghiém tir bat ding
thiic (2).

2. Trong phuong trinh tich phan
x(1) =x, + .‘: A(s)x(s)ds, (3)
tich phan
f A(s)x(s)ds

héi ty, vi né hoi tu tuyét d6i do gia thi€t va do tinh gidi ndi cia nghiém
x(t) d3 duge chitng minh & phdn 1) :

fll A(s)x(s) Il ds < fll A NI x@s) 1 ds < K(x,) 'I:nll A(s) li ds < 4o,

trong d6 K(x,) 12 mot hing s6 hitu han phu thuoc gid tri ban ddu x,,
chiing han K(x,) = lIxll exp fll A(s) Il ds (xem (2)). Vi thé do (3) x(t) ¢6
gi16i han hiu han khi t — +oo.

Bay git gia sir ¢6 hai nghiém khdc nhau x(t) va x,(t) ciing c6 moét
gi6i han khi t — +ee, Ta viét

x;(0) = X(1) xq,
xa(t) = X()xZ,
trong d6 x;(t,) = x., X(1) 12 ma trin nghiém co ban, X(t,) = E. Di nhién
x} # x2 do dinh If t6n tai duy nh4t nghiém. Nhu vay
Il_imq [x; () ~x,(D] = t-liTm X [x} -x21 =0

Nhé ring theo trén sé tdn tai hifu han
lim X(t) = H,

1o
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trong d6 H 1a mét ma trin vudng cip n nao d6. Tir hé thirc
Hx! -~x2) =0 |
ma x, # X2, suy ra H 12 ma trin suy. bién, tdc Ia det H = 0. Nhung diéu

d6 khong thé xay ra néu ta dé ¥ dén gia thi€t va chuyén qua gidi han khi
t — +oo & cong thic Oxtrogratxki — Liuvin

det X(t) = exp f SpA(s)ds.

Dé két thiic ta con phai ching minh rdng véi moi vecta Ce R" déu
- ¢6 mot nghiém x_(t) ciia hé (1) sao cho

Hm x () = C
> +oo

Tinh duy nhit cha nghiém nay & phén frén da khing dinh. Nghiém
X,(t) = X(1d
s& ¢6 gidi han & vo cuc chinh 1a vecto C,néuta 14y vecto d nhu sau :
- d=HTC,
chd ¥ ring ma tran H khéng suy bién. Tém lai
X, () =X@O)H'C

Chii y : Ho 14t c& cdc nghiém cua he (1) véi gia thi&t clia bai todn,
néi chung khong bi chin déu ma chi bi chan. Piéu d6 cling dé thdy néu
dé ¢ dén (2) : V& phdi c6 su tham gia clia diéu kién ban ddu. Va lai chi

c6 nhu vay thi v6i moi Ce R” (ching han khi i C Il kh4 16n) méi c6 it
nhéit mét nghiém x(t) ciia hé (1) sao cho
lim x,(t) = C
[=>+co
Bai todn ndy cho thdy ring he
_ X = A(t)x, (1)
AWM € Cpup | IAWD It < 4o
a
va he
y=0
la tuong duong tiém c4n. K&t qua nay chi 1 mot trudng hgp rléng cia
dinh 1f Lévinxon (xem 15i giai cla bai tdp 1100 di néi toi).
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1213, Diém nit. 1221, Tiéu diém.

1214. Tiéu diém. © 1222. Diém nuit.
1215. Diém nat. 1223. Tieu diém.
1216. Yén diém. 1224, Diém mit suy bién.
1217. Tam diém. 1225. Tam dié€m.
1218. Diém niit suy bién. 1226. Di€m niit suy bi&n.
1219. Yén di€m. 1227. Yén diém.
- 1220. Diém nuit. 1228. Cic diém ki di 14p ddy mot dudng thing.

1229. (1 ; -2) — tiéu diém.

1230. (1 ; 0) ~ diém mit ki di ; (-1 ; D) — yén diém.

1231. (1 ; 1) - tiéu di€m ; (-1 ; —1) - yén diém.

1232, (0 ; -1) - diém ndt suy bié€n ; (2 ; — 3) — yén diém.

1233. (2 ; 4) — diém niit ; (-1 ; 1) — yén di€m).

1234, (1 ; 2) — diém niit ; (=2 ; —1) — tidu diém.

1235. (1 ; 1) ~ titu diém ; (0 ; -2) — yén diém ; (-2 ; 2) — diém nit.

1236. (-2 ; 4) - diém nit ; (1 ; 1) — tiéu diém ;
(2;4)va(-1;1)- yén diém.

1237. (-2 ; 2) diém niit suy bién ; (1 ; 1) — ti¢u diém ;
(=1;-1) - yén diém.

1238.(0; 1) va (0; —1) - yén di€m ; (-1 ; 0) — tieu chém :
(3 ; 2) - di€m niit.
1239. (3 ; 0) —tieu diém ; (1 ; 1) — diém nit ;
(=1; 1) va (-3 ;0) - yén diém.
1240. Diéu ngugc lai khong ding. Vi du ydx + xdy = 0.
1242.y=C2eC1",z=x+ %ecl" 3 ¥y=0,z=x+C.
b
X+Cl Z=(C2_C1)X

1243.y = L, R

1244.y_—-1—+cl( +C2)—C—(x+C2)2, z= l(x+C2)2

1
(of <

2 2
1245.y = Cpe“*" 2 = %&xc_clx 1y=0,z=Cx.
2.
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1250.x +2=C,, (X + y + 2)(y - 3x - 2) = C,.
1251.x+2=Cp,y +u=Cp, (x - 2> + (y — 1)’ = Cs.
1252.y* +22=C;, x - y2=C,. 1255.x2=C;, xy + 2= C,.

1253.x = Cyy, xy— 2Vz% +1 =C,. 1256.x+2-y=C;, Inlxl + % =G,

1254.y=Ciz,x-y* -2*=Cz.  1287.x*+y*+22=C|, yz=Cyx.

1263. Chi ¥ ring
- X (t)
Loy ij
X 0= [dct X(t)]’

trong d6 X;i(t) 12 phin phu dai s6 cGa phdn tir x;;(t) cia ma tran nghiém
¢o ban X(t). Tu d6
1
| det X(t) |

Thira s6 thit hai & v€ phai bi chin déu vi X(t) bi chin déu. Thira s6
thi nhét ciing bi chin déu vi néu ding cong thirc Oxtrogratxki — Liuvin,
diéu ki¢n (2) va tinh chét clia gi6i han dudi ta cé

ldet X(t) 21> 0, Yt 21,

X il = I IX;(01 0.

Vay X\(¢) bi chan déu khit € (t, ; =) :

X' @Il < M < e,
Mét nghiém bit ki clia hé (1) déu c6 dang

x(t) = X(1)x(t,),
hay

x(t,) = X1 (t) x(1).
Tir d6
| lixt N < 1X Lol Ix@li < M lIx(l!.
Nhu vay néu |
lim x(t)=0

t—roo

thi x(t) = 0, tic [ x(t) 1A nghiém t4m thudng theo tinh duy nhét nghiém.
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1264. Néu khong xdy ra trudng hop a) thi c6 hai gid tri t,, t, ching
han t; < t; sao cho x(t)) = x(ty). Pat T = t; —t, > 0. Xét cic nghiém
x(t, ty, x(1})) va x(t + T, t;, x(t;)) cia hé 6t6nom da cho (ham s§ thif hai
1a nghiém vi h¢ 14 6t6n6m). Chiing cling thod min mot diéu kién ban ddu
tai t = t; vi x(t;) = x(ty), nén do tinh duy nhit nghiém (ma ta gia thiét
ring phuong trinh 6t6no6m di cho ¢é durge) suy ra .

x(t + T) = x(t).
Goi T, 1a s6 sau day
Ty =inf {T>0: x(t + T) = x(t)}.

Néu T, > 0 thi nghiém x(t) tudn hoan vdi chu ki (nhé nhat) T,(0 < T, < T).
Néu T, = 0 thi nghiém x(t) 12 nghiém dimg (dimg lai tai mot diém) x(1) = x,
(do tinh chét cha cin dudi ding va tinh lién tuc cha nghiem).

1265. Xem bai 729.

1266. Diéu ki¢n cin tim 12 : p vd q c6 dao hAm cdp mot vi p' + q' =
=€(p —q)y2(p +q), trong d6 € = F1. Huong ddn : ThE y = ¢", 2 = ¢
nhan duge hé méi u” + v - p=0,v'+ vZ - q = 0. Tim diéu kién ciia p, q
d€ ching cé cdc nghiém rieng u,, v, sao cho u; + v; = 0. Céng hai
phuong trinh lai (sau khi da thay u;, v| vio d6) va chi ¥ uy + v, = 0 s

nhan duge u| = e\/ P ’2’ 1 Lay phuong trinh thit nhat trir di phuong trinh
thit hai ta dugc

Vi(u,) = u; nén
P+q=8p~qy2p+q),e==l 3)
Ban doc hiy thi lai tinh dii cla diéu kién ndy. |
Néu y| va z, 12 céc nghiém riéng thod min diéu kién y,z, = 1 thi Cy,
va %zl ciing 1a cdc nghiém riéng thod mén diéu kién d6 vdi C 12 hing s6
bat ki khdc khong.

- Xét phuong trinh (2). Néu dat u = p + g, trong d6 q = q(x) thi d€ x4c
dinh u ta di x4c dinh q(p) = p(x) cho trudc. Thay u = p + q vio (2) ta thay
lic nay (2) cho ta hé thic (3) Nhu vay néu tam xem nhu q da xdc dinh
dugc va lap he
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z" = q(x)z

{y " = p(x)y,

-thi ta gap lai vén dé trén kia. Luu ¥ ring

" _ = " ‘2 ,2
L/ SAC VN TS S SPS [
2 1 iyl y?
Y:

q

Do dé

2
u=p+q= Z—YIT.
Y1
Tur 46 va 1f luan thém chut it ta thay ring viec giai (2) c6 thé quy vé
viéc giai phuong trinh thit nhét ciia hé (1).

1267. Luu ¥ ring trong mién |lyll > b thi

dily I = d(yy) dy) _ 2
e v 2| y.== | = 2y.D) < 2k(x) liyll“.

dx
Tir d6 ta c6 danh gia

y(oll < lly |l exp r k(t)dt + b,
Xo .

v6i moi x € [X, ; +eo]. Vi tich phan & v& phai cé gi4 tri hitu han tai _
mbi mot gid tri hitu han cla x, nén nghiém ¥(X, X4 ¥o) tOn tai v6i moi
X € [X, ; +o0) theo nguyén téc théc trién lién ti€p trén [x, ; +oo).

1268. Chu ¥ ring néu (x, ; y,) 12 mot diém ki dj dang tieu diém hodc
di€m nit trong mién G c@a he di cho, thi xét trong mot 1an can di nhd
U © G cita diém d6 ta thdy cic dudng cong tich phan déu di qua (x, ; ¥,)
va ldp ddy lan can d6 (do dinh 1f t6n tai). Gia sit h¢ da cho c6 tich phén
ddu dang @(x, y) = C vdi ¢ # const va lién tuc trong mot 1an c4n kh4 bé
cha (X, ; ¥,) (c6 thé xem 1a 'U). Nhu vay v6i mot nghiém bat ki y = y(x),
s€ ¢6 mot hing 58 C, (phy thudc vao nghiém y) dé c6 déng nhit thic

o(x, y(x)) = C,.
Do tinh ch4t lién tyc ctia ¢

Lim 0(x, Y(0) = 9(xer Yo) = Cy.

351



Nhu vay Cy = C 12 mot hang s6 nao d4y khong phy thue y, suy ra

ox,y)=C, V(x,y) e U.

Mau thuln nay két thiic chitng minh cla bai todn.

K&t ludn trén khéng ding véi trudng hop di€m ki di dang yén diém
va tam diém vi cdc dudng cong trong lan c4n diém ki di néi chung khong
di qua diém dé.

1269.
1270.
1272.
1273.
1274.
1278.
- 1279.
1280.
1281.
1282.
1283,
1284,
1285,
1286.
1287.
1288.

1296

1298.

a) On dinh ; b) Khong én dinh.
a) On dinh ti¢m can ; b) Khong én dinh.

Khong. - 1275. Khong én dinh.
Khong én dinh. 1276.a<b< -1,

Sn dinh. 1277 -be<a<-e.
Khong én dinh.

(1;2) va (2 ; ~1) déu khong dn dinh.

(2; 1) 6n dinh, (2 ; 1) khong 4n dinh.

(-1 ; 2km) — 6n dinh ; (-1 ; (2k + 1)®) — khéng 8n dinh,

On dinh. 1289. On'dinh.

Khong 6n dinh. 1290. Khong én dinh.

Khong én dinh. 1291. On dinh.

On dinh. 1292, Khong én dinh.

On dinh. 1293.3a > b > 0.

Khoéng 6n dinh. 1294.2>0,b >0, 82 — a’b > 4.

Khéng én dinh. 1295.0<a<8,0<b< 8a—a’.
.—4<ab<Ovha=b=0. |

Néu goi J\.j(A), i=1, .., n, 14 cdc nghiém dac trung clia ma trin

he s6 A, clia he vi phan, thi diéu ki¢n cdn va di 1a

ReA(A)<0,j=1,2,..,n,

va ¢dc nghiém dic trung véi phdn thuc bing khong chi ¢6 udc ca ban don.
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iNéu
ReA{A)<0,j=1,2,..,n,
thi nghiém khong, 13 én dinh tiém can.

D€ hi€u sau hon cdc két qua nay, doc gid ¢6 thé xem trong [5]
(trang 86).

1299. Xem trong 5], trang 81.  1302.u= f(i i]

1301. z = f(xy + y2). 1303. u = f((x — y)/z, (x +y + 22)°/2).
1304. u = Fle 2*.(y + x), ¢ *(3y + 22)].
1305. u = F(Ix + my + nz, x>+ y2 + zz).

, .
1306.u=F[5,y+y—). 1308.u=F(x2 + y? +22,E).
Y x? : _ X
y y
1307.u= F(y,x+\}x +y +z ) 1309.u=F(y,x?—J;u =x?_

1310. u = Fly* - 2%, 2x + (z - v)1) ; u = 2[y(y - 2) + x].

) 2
13ll.z=F( y 2];z= Y
1+x 1+x

2

1312.u=F(y,lnz—§) ruslnz— >,

y
. X 2x X Y

1313.z=ye" —e“" + 1. 1316.u=(xy—22)[;—+;}.

1314. 7 = y22Vx2 | 1317. F( = y%, x -y + 2) = 0.

BiIS.u=(1-x+y)2-2x+2z. 1318 F{e"‘—-y_l.z + x_:hﬂ{:} 0.
e -y

1319. F(x? - 4z, (x + y)¥/x) = 0.
1320. F(y, ze ) = 0 hoic z = e*f(y).

1321 Fz/x,vx - {fy) =0 hotc z= Vx + f(¥x ~ \fy).

1322. Fx +y +z, X2 +y* + 2% = 0. 1323. F(x*+y%, z/x) = 0.

353



354

1324,

1325.

1328.
1329.

1330.
1331.
1332.
1333.
1334.

- 1335,
1336.

133’7.
1338.
1339.
1340.

1341.

1342,

.F(X 12] =0hoacz=x2f[—}zi] ;2 =XY.

1346.
1347.

1345

 , ,
X 3z 1 1 z
F(?,xy—?} =0. 1326.F[—£—§,1nlxy|—7] -0..

F( 1 .1 4 +1]=o. 1327. F@ - ¥2, ¥ + (y - ) =0.
2’X-y Z

F(x2 + yz, arctg(x/y) + (z + De 5 =0.

F[X,Zx 4z y) 0.

F(tgz + cotgx, 2y + 2tgzcotgx + cotgzx) =0.
F((x-y@z+1),x+yXz-1))=0.

F(z — lnixl, 2x(z - 1) - y®) = 0.

F((x +y + 2)/(x - y)’, (X = y)(x +y ~ 22)) = 0.
F(u(k -y),uy—-2z),(x+y+ z)/uz) =0.
F((x-y)z, Qu+x+y)z,(u-X -~ y)/zz) =0.

F(x/y, Xy — 2u, (z+u — xy)/x) = 0.
2
F(z._x2 - yzz) =0;z= x_z
y

F[y%) =0 hoac z = xf(y) ; z = xy.

y — 1 — y ]l — 1
A2 = — | = =xf| - — u == + Z).
F( y " ] 0 hO@C u=Xx [ ' u > (}’ Z)

yz—xz—lm/y2 —x? =z - Inlyl.
2x* y+1)= y +4z— 1. 1343, ’—smx-—sm[
(x + 2y)* = 2x(z + xy). 1344. F(z, xe Y% =0,2=

lnx—l'

1

2xy+1=x+3y+z_ . 1348. [(yzz—2)2—x2+z]yzz=l.'

x-2y=xtrytez 1M9.3(x+y+2=xt+y 42



1350, 2x2— y? ~ 72 = a2, 1353, (x - y)(3x + y + 4z) = 4z.
135 xz=(xz~-y-x + 22)2. 1354. (1 + yz)'3 = 3yz(l + yz - x) +y3 :
1352.x +y +z2=0. 1355. 2(x” - 42% - 3yz)® = 9(y + 22)°.

1356. xz + y* = 0.
1357. 2 = xy + f(y/x), & day f 12 mot ham kha vi tuy ¥ sao cho f(1) = 0.

1358, z = Cxy>. 1368. z = ¢(y + C).

1359. Khong c6 nghiém. 1369, z = y* — xy.

1360. z = Ce, 1370. x*yz=C-x*; x = 0.

1361. z = Ce5i™, 1371. 2 = x*(y + Inx - x + C).

1362. z = —-——12—— . 1372.z=ax + by + a’.
X+y“+C

1363.z=""Y(y + ). 1373. z = ax + by + ab.

1364.z = 0, 1374. 22’ = x + ay + b.

1365, Khong c6 nghiem. 1390, z = Cx%y?,

1366. x’y’z=C. 1391. z = (y + O)(x - y9).

1367. z = Ce¥'%, 1392. z = ax + by - a%b.

1396. v' = u® - v* + q(x}, v' = 2uv.

1397. Né'u'y(xl) = m; 12 mot s6 thyc, thi y(x) la nghiém thuc cta
phuong trinh (1) v nhu vay khi x < x; cling nhw khi x > X, khéng thé
Xdy ra y(x) =m + in (= Y(Xo)).

1399, o(x) = —x* + -é—x +C.

oy -
1400, y = Ce x4 %sinx—écosxkhiy<sinx,y=€e * khi y > sinx.
140L. y, = @(x)} - 1, y = @(x) - 1 + Ce ¥,

1402. y, =sinx — 1, y = sinx - 1 + Ce *I"%,

1406. y - ¢(x) = z.

2
1407, y = Csin**'x. 1408. y = Ce*
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1409, Gidi. Gia sty = y(x, C, A) 12 nghiém téng qudt cia phuong trinh

dy _
oy = (x, ) + QA

b .
Néu giai phuong trinh I gly(x,C,A) dx = A ta tim duge A = MC)
X _
thi y = y[x, C, A(C)] la nghiém cédn tim.

— 2 X 1"‘"3 » - 1 -
1410.y——~—3 —c*+37C.  Chiddn: Dyt Joy(x)dx—l

1411. Gidi y = 0 12 m6t nghiém hién nhién. D&t y(t) = z(v),

'jﬂz(s)ds = x(t). Khi d6

(‘;’:J <hx(, 02 %- < JAX(D , x(0) =0,

Giai bat dang thitc cudi véi chd ¥ dén diéu kién ban ddu x(0) = 0,

ta nhan duge
2

dX_ < g1, 2dAx(0) < <___,
\/?G((_t t, x(t) £t, x(t)

Ta cé z(1) < %E bdi vi néu c6é di chi mot didm t* € (0 ; +o0),

*
z(t*) < KL , thi

2
A Z(t*) < \/kx(t*) <, ’)\.

{mau thuin !). Do dé y(t) < &-;—

1412. y = 0. Do f lién tuc suy ra f = 0 & trén cic truc toa d6. Tiep tuc
bang phan ching.

1414. Xem [10] trang 409. 1423. x = sine', y = cose'.

1424. x = —cost, y = sint, 1425, x = —cost, y = sint.

1427. Gidi. Pao ham phuong trinh da cho ta cé

2
LY yanee.
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Theo phuong trinh da cho y'(a(x)) = y(o{a(x))) = y(x), boi vay
_ ' d%y
— =o' (X)y.
dx? Y :
Hién nhién ring néu o = a — x, thi ta nhan dugc mot phuong trinh tuyén
tinh véi hé s6 hing s6 (-1) ; néu = % thi nhan dugc phuong trinh Ole

2
ng—g— + ky = 0. Trong céc trudng hgp d6, diéu kién a(o(x)) = x duge
dx '
thod man.
1428. Gidi. Pao ham phuong trinh d3 cho ta ¢6 y"(t) = 1y '(it) =
1y(—t), y( )(t) = iy"(-t) = —y(t) hodc y(‘” +y=0,trdéd
1+ ~1+i 1+i 1-i

[ 1 - t t
y= Ale:?; +A2875_ +A3C 75- +A467; .

Nghiém cia phuong trinh di cho 13

omsaig gt
A 12 héng s& tuy ¥. Chil ¥ : Phén thyc va phdn do ciia nghi¢m, néu
x€t riéng biét, s€ khong thoa méan phuong trinh di cho.

1429. Gigi. Thay x bdi —x. Khi d6 f'(—x) = xf(x) + p; Cong phuong trinh
nay voi phuong trinh d& cho ta ¢6 f'(x) + f'(-=x) + xf(—x) — xf(x) = 2p.
bat f(x) — f(=x) = g(x) thi suy ra g'(x) — xg(x) = 2p, tir 46

2 2 42
g(x) = Ce* 24 2pe’ *’ZEe PR

Vi g(x) 1a ham 1€, nén C = 0 va ta ¢, mot mit f(x) = f(—x) + g(x), mat
khdc f'(x) = —xf(—x) + p = ~f'(-x) + g'(x). T d6, n€u dat f(—x) = h(x) thi
ta nhan dugc phuong trinh h'(x) — xh(x) = g'(x) — p."Giai phuong trinh
nay ta tim duoc h(x) va cudi cing f(x) = h(—x). -

1430. Gidi. Ta ¢6 y' (%) = —t?y(t). ThE x = 1. Khi 86

y'(x) = y( )
Dao ham hé thitc nay theo x, ta duqc

vtx) = 2 gL+l gL
y (%) = 3y(x +x4y(x)-

X
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Thay biéu thitc thuan tién hon cua y[%) va y(—i—) vao ta cé

y'(x) = = (=x2y () + =5 (x3y(x) =0
X X

_ v 2 1
hodc 1a y'(x) = ——y'(X) -—zy(x).
X X

Phuong trinh Ole nay ¢é nghiém

1
y(x) = |x|2 (Cl cosi;’—lnhd +C, sin%lnh‘}.

Thay gi4 tri nay vao phuong trinh da cho :

1
y(x)= Cx 2 sin[%g—lnx—%) khix>0;

1
y(x) = Clxl"2 cos (-\lz—g'hﬂxl - %} khi x < 0.

1433. Tét ca cdc nghiém cat bién cia mién 1 < Ixl + Iyl < J6 déu di
vao trong mién nay va & trong d6 khong c6 diém can bang. Do d6 phai c6
mot nghiém tudn hoin & trong mién nay. Khi m = n = 1 hé ¢6 nghiém
tudn hoan

_ X = \5 cosat, y = \E sinat,
1434. I;f(s) cossds va J:f(s) sin sds bi chédn khi X — +oo.

1437. A # E(_Dni i, k=0, %1, 12,..
1440. Tir gi4 thi€t suy ra c6 mot diém x, €(a ; b) sao cho y(x,) # 0.
Goi (o ; B) 1a khoang cuc dai nim trong (a ; b), chifta x, ¢6 tinh chat :

y,(x) # 0 véi moi x & (ot ; B). Trong (; B) ta cé Yi¥2 -;yzy =0suyra
| i

[%—] = 0, tic 1a y,(x) = Cy,(x), C = const (phy thudc tuyén tinh trén
1

(3 B)). Do d6, theo gia thiét, (o ; B) phai duge chifa thyc sy trong (a ; b),
(ot ; B) # (a ; b). C6 hai trudng hop xy ra : hodc a < o (B < b) hoic B<hb
(a = o). Xét trudng hop thd nhat theo hai kha ning :
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a)a<avap = b. D& thdy y,(a) = 0 (do tinh lién tuc ctia ¥y va tinh
cuc dai cla (o ; B)).

a1) Néu c6 mot day x,(n = 1,2, ...) ddn dén  — 0 ma y,(x,) = 0 thi
suy ra y; (o} = 0 (do dinh Ii s6 gia hitu han Lagrangio) va tir d6 y'z (o) =0
(viy,=Cyy, khix € [a;b) va y; lién tuc).

Vay o la gid tri can tim. _

a;) Néu nguoc Iai thi s& ¢6 mot khodng (x - & ; a) < (a ; b) sao cho
Yi(x) 20 v6i moi x € (a0~ & ; o), gia thiét rang 5 13 s& duong 16n nhat cé
tinh chdt d6, 0 < 8 < o — a. Nhur phén trudc ta lai c6

y2(x) = C*y (%), x € (@ ~ & ; o), C* = const.

Dod6Gtrén (-8 ;b)ta thay
¥2(0) = Cy; () khix > o,
¥2(x) = C* y; (x) khi x < a.

Con chinh tai x = o thi Cy) (@) = C*y| (&) hay (C - C¥)y} (a) = 0.
Néu y, (&) = 0 thi nhu phén a,) da thdy, ching minh k&t thic. Néu y (@) =0
thi C = C*, va nhu vy ta di c6 mot khodng réng hon 13 (o — 5 ; b) ma &
trén d6 y,(x) = Cy,(x), tic 12 y,, y, phu thuoe tuyén tinh & trén dé.

Ta lai xét tiép tai o - 8 bing qu4 trinh nhir d3 1am tai a.. Tém lai, chi
¢6 mot trudng hop déng quan tam c6 thé xay ra 13 khi 8 lap lai nhiéu l4n
(hitu han hodc vé han ldn). Néu sau mét s6-hitu han n 14n ma o - §, - 3,

= -+~ 8, =ahofic khin bang vo hanma o ~ 8, - 6, — ... =8, — ... = a thi
¥1- Y2 s€ phu thudc tuyén tinh trén (a ; b), mau thuin véi gia thi€t. Né&u
Q) =0 =38 -8 —..—8, —..> a thi nhir vay tai o phai x4y ra trudng

hop a;) va chilng minh ciing két thiic.
b)a <o va B < b. Sau khi ¢6 o — 261 = a s trd lai lam wong tr &
i
phia phai ctia . Trudng hop thit hai lam tuong tu.
Tém lai, bai todn da dugc gidi trong t4t ca céc trudng hop cé thé xay ra.

1441. Néu tap hgp khéng diém ciia nghiém khong déng nhat bing
khong y = y(x) trén (a ; b) ¢ chita m6t diém tu X, thi tai x, ta ¢6
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y(X,) = ¥'(x,) = 0 (diing dinh 1{ Rén). Nhung nhu v4y, theo dinh 1i tén tai -
duy nhat nghiém, suy ra mau thuin la y(x) = 0.
1442. Néu c6 vo s6 khong diém trén [a ; b] hitu han, thi t4p cic

khong diém s& chifa it nhit mot diém phu thudc [a ; b] va ti€p tuc nhu 1o
gidi cua bai todn' 1441.

1443, Tra 161 ; f(t) 2 t, f(+o0) = f(—c0) # oo,
I‘f‘“ tf(t) + 1
e [£() - t1(t2 + 1)

di =0.

1448, Trudc hét theo dinh If so sdnh ta thdy x,> x3. Sau dé tim céch
"4p dung bai todn 1034 (véi chi ¥ rang tis6 % & bai todn 1034 12 giam mot
cich thuc sy) hoac ciing cé the ching minh tryc ti€p, ching han bang
phép phan chung.

1461. Day 1a mot bai tap giai tich.

1468. Xem [3] trang 48.

1477. Cé thé xem 13 mot bai tap vé phuong trinh vi phin dao ham
riéng cdp mot tuyén tinh, vi phuong trinh ma thira s6 tich phén W(x, y)
phai thoa médn c6 dang

VEL N u(a—N—a—M—}.

dy ox ox ay
1480. Tix chi ¥ réng xyi = Xy, ta dugc nghiém téng quat
=Cx - C,, | ' (D
y2 = Cpx - 2C,,

trong d6 C,, C, 13 hai hiing s bat ki. Nghiém ting v6i di€u kién ban ddu
cho trude (x,, y9,y3) co dang (1) v6i cdc hing s C; xdc dinh tir h¢ hai
phuong trinh dai s6 tuyén tinh sau :
-C, +x,C, =¥,
1 o2 YIO (2)
_2Cl + XOC2 = y2'

Dinh thitc ciia hé bang x,. Vay néu x, # 0 thi c6 duy nhit C,, C,, tic 1a
¢6 duy nhét nghiem, Néu x, = 0 thi tir (2) ta thdy c6 C, khi va chi khi
2y% —y3 = 0. Lic nay C, c6 thé ldy tuy ¥ va vi th¢ nghiém khong
duy nhat.
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Va lai diéu vira néi cling dé thdy néu ta viét hé duéi dang ma tran

N (2 L |
i |_|x x N
[y‘z] 2. 1 (Yz}
X X _
va chi ¥ riing x = 0 1a diém gidn doan duy nhét clia ma tran hé s6.
Hai nghiém y = (yy, ¥,), Z = (24, 2,) clia h¢ di cho, véi
¥ S 6X ¢ z; =dyx—d,
{Yz = X = 2¢, {22 =dyx - 2d,,

trong d6 ¢;, d; 1a cic hing s6 nao d6, 12 doc 1ap tuyén tinh véi x € (—oo ;
+e0) khi v chi khi ¢;d; —¢,d; # 0. Gia sit y, z 12 hai nghiém doc lap
tuyén tinh bét ki nao d6, ta tinh dinh thic Vrénxki cha ching

| CX — ¢y CyX = 2¢;
dyx - d; drXx — 24,
trong d6 C=cidy—cyd; # 0.

Wiy, z] = - (c1dy — cod)x = Cx,

Nhu vy mic ddu y, z 1 hai nghiém déc 1ap tuyén tinh, nhung dinh thitc
VronxKki cla chiing khong phai luén luén khic khong trén (—oe ; +0), ma

WIy, z(0) = 0. Nhung & day khong gap phai mau thuén, vi diém x = 0
12 diém gidn doan clia ma trin hé s6.

1481. Tuong tu 1 gidi bai 1480.

1482. a) Néu c6 thé bd sung vio hé m vecto ham & (1) n —m vecto
ham nifa d€ nhan dugc mot he nghiém co ban chia mot hé dang (2) thi ban
than hé m vecto ham & (1) di 1a mot heé gém m vecto ham doc 1ap tuyén
tinh trén (a ; b). Gia sl nguoc lai, ¢6 gid tri x, € (a ; b) ndo d6 sao cho

rang {y(i)(xo), i=1,.:;,m}<m,
thi ¢6 cdc s6 C}, Cy, ..., T, ndo d6 khong déng thoi bing khéng sao cho

m 4
Z Ciy(')(xo)' =0.
i=1

Néu vay thi theo dinh 1{ duy nhat nghiém, nghiém

yx) =Y Gy x)

i=l
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la nghi¢m khong cha (2) trén (a ; b), diéu d6 mau thulin véi tink doc lap
tuy€n tinh clia hé m vecto ham (1) trén (a ; b).

b) Gia sit
rang {y'(x),i=1,2, ... m} =m, (x € @a; b).

Chi ¥ ring n€u ma tran Y(x) kh vi va detY(x) # 0 tai moi x € (a ; b)
thi ¢6 duy nhit mot hé vi phan dang (2) nhin Y(x) lam ma trén nghiém
co ban, v4i ma tran hé s6

AX)=Y'(x) Y '),
Ly x; 1a mot diém tuy ¢ ndo d6 thude (a ; b). Theo gia thiét, pha1 cd

mot dinh thic con cip m nao d6 lap nén tix cdc cot ki, ky, ..., ky, clla ma
trdn sau day khdc khong :

WMBMJ=meuk=Lmn 3)
Ta ki hiéu dinh thiic dé 1a Dy, k,..x, (X1)- Do tinh lién tuc, dinh thife
Dy i, ..k, (X) phdi khic khéong trong mot khodng nao d6 (a; ; by) chifa x,

va ndm trong (a ; b). Trén (a; ; b;) ta b8 suhg thém vao h¢ gdm m vecty
ham & (1) (n — m) vecto ham mdi :

| P @hi=m+1, o0 (k=1,..,0), )
vdi cdc tinh chit sau ;

1. Cédc toa d6 thi ky, ky, ..., k;,, cla cdc vecto ham & (4) bing khﬁng
(‘)(x)-.Okhlk ki Kgooon Ky i=m+1,.,0; %€ (a5 b)) ;
2. Tai cic toa d¢ khic ki, X,,..., k, thi chon sao cho c¢6 dang thic
ma tran

(€,(x) 0 )

£1(X)

(l) =
CDi=m+ L.,n ~ . . ’

k# kl,..., m®

L 0 51(x))
trong d6 €;(x} 12 ham kh& vi ndo d6 trén [a, ; b;] (n€u a # a;, b # b)),
duong trong (a; ; b)) va £,(a;) = €;(b;) = g (ay) = € (b)) =0.

362



Dé x4y dung mot ham &,(x) véi céc tinh chdt do.

Két hop (1) vdi (4) ta s&€ ¢6 trén (a; ; b)) mot ma tran c4dp nY(x) cé
tinh chét ;: Y(x) kha vi va

ldetY(x)l = Dy, () €] " (x)>0.
Vay o trén (a, ; by) ta xay dung dugc hé (2) véi
AR)=Y'(x) Y '(x).

Dé "kéo dai" hé (2) 1én ca (a ; b), ta l1am nhu sau : Tai x = x, = b,
theo gi thiét lai phai c6 mot dinh thic cdp m nao d6 Dy, , (X)) # 0 va
13p lai qué trinh nhu dd lam tai x;, nhung biy git ham kha vi 14 €,(x) trén
[by 5 by}, €5(x) duong trong (b ; by), Ex(by) = €5(by) = &3 (by) = €3 (b)) =0.

Cu 1i€p tuc qué trinh d6 & ca hai phia E:ﬁa (a; ; b)), do_ gia thiét, ta
- khong bi dimg lai tru6c khi "kéo dai” dugc he (2) lén ca (a ; b). '

Chit y : Thuc ra ma tran A(x) duge xay dung theo cdch trén con chua
duge xdc dinh tai mot tap hop khong qué dém dugce cic diém trén (a ; b),

d6 1a céc diém ay, b, a5, by, ... Tuy nhién diéu d6 c6 thé khic phuc dugc,
vi dé cho don gian, khi ti€n hanh ta di "d4n" g,(x) v6i €;,(x) mot cach
kha vi tai cdc diém a,, by, a,, b,, ... ma diéu d6 khong nhdt thiét dé cho
Y (x) kha vi va khong suy bién trén (a ; b).

1483. Goi K 1a tap hop cdc khong diém cla nghiém y(x) trén [a, ; b;].
Tir gi4 thiét ta thay K phai c6 it nhat mot diém t x, € [a, ; b1 N K.
Bing cdch 4p dung nhi€u l4n dinh 1i Rén cho v, ¥', ..., y'* 2 va sir dung
tinh lién tuc chia y, y, ..., Y™ 7, ta thdy

Y() = Y'(&e) = .. =y" (xp) = 0.
Theo dinh 1i t6n tai duy nhét nghiém thi y(x) = 0 trén (a ; b).
Bai todn nay 12 tdng quat hod cia bai todn 1442.
1485. Trude hét giai phuong trinh

y —ay=0,
sau d6 4p dung phuong phdp bié€n thién hing s6 Lagréngw (bay 12 mot
phuong trinh vi phén ddi s6 léch).
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1487. Viy, va s?'y.l cling 12 nghiém cua (E) nén
¥y = ay? + 2by, + au? | (1
szy; = as"yl2 + 2bs2yl +au?, - (2)
Nhan phuong trinh (1) v6i 5% 16 dem trix di (2) ta dugc
(1 s)(as yl-au) 0.
Di nhién c6 thé xem s # 1. Heé (1), (2) tuong dwong véi he sau day :
yi = ayf +2by, + au?, (1)
{:a.(szyl2 - uz) =0 3)

Néu a = 0 thi (E) tr& thanh mot phuong trinh tuyén tinh thuén nhat,
céc nghiém déu ti 1& véi nhau.

Gidsta#0,s#0. TX(3)tacé
u
yl = e'é' ,.8 =*].
Thay y; vao (1) ta dugc diéu kien (C) cdn tim 13

u—2bu=s(s+%],e=i1 (©)

au2

Chi ¢ ring diéu kién (C) 12 bat bi€n khi thay s b61 —, va lai didu dé

ciing c6 thé thdy ngay & dAu bai ciia bai todn.
Bay gi® gia st diéu kién (C) duoc thoa man.

Phuong trinh (E) c6 hai nghiém riéng 13

¥, = slsl- va y, = €us, £ = 11,
Ding phép thé

ta nhfm dugc phuong trinh

Z =Eau| —-—s |Z.-
S

Phuong trinh cu6i nay c6 thé tich phan dugc nher mot 14n cdu phuong,
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1488. Gid sit (1) ¢6 hai thira s6 tich phan cho truéc A(X +y) va p(x - y).
Khi dé tich phan téng quét cta (1) c6 dang

L
f [ k) const,
trong d6 f 12 mot ham kha vi tuy §. '

T hé thitc

A
ta xdc dinh duge cdc ham P va Q thong qua A, p cho trudc va f wy §

nhu sau :
““"x
P(”)" A f[KJ

l 1 _ L)
Qux.y) = “y—ﬁ”ﬂf&] : @

Nhin véo (2) ta thay, tng v6i mdi cap A, p cho trude, ¢6 vo s6 cip P, Q,
tifc 12 ¢6 v6.s6 phuong trinh dang (1), x4c dinh tir hé thitc (2) khi cho f 12
mot ham kha vi tay ¥ cha mot bién s6, sao cho phuong trinh vixa 1ap dugce
(1) nhé4n déng thi A(x + y) v uW(X — y) 1am thita s6 tich phan ciia né.

1489. a) Tix he thitc
' d
a—x_ XXy +X,(x)) = 3y [f(x, ¥) X(x)y + X;(x))]

APdx + AQdy = df[ﬁ) =0,

suy ra
Ayl +By +C
fx, ) = S5

véi A = X'(x)/2, B= X;(x), C = X; (x), D = X(x), E = X,(x), trong d6 X,
X,, X, 12 cdc ham cua bién x. |
b) Diéu kién cho A, B, C, D, E Ia
E(2A - D') = D(B - E').
Tich phan téng quat 1a

2 . ‘ .
y 2A-D 2A-D
D—2 exp(I ) dx) + Ey cxp[_[ D dx |+

+ ICexp[IZABD d_x]dx = const.
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1490. Trd loi : Diéu kién dé cho phuong trinh (1) thita nhan rnOt tich
phén trung gian dang (2) la

ob 0
3y " 3x =X + Xaox) 3)

trong dé X; va X, 13 hai ham bat ki nao d6 cha bi€n x, chi can ching
thoa min hé thic

X, + x; + X% =0, 4
Khi d6 tich phan trung gian (2) dugc xéc dinh nhu sau :
f(x, y) = X(x), (5)
9, =bX,@, =aX - X', (6)
o day X lién hé véi X, X, bai hé thuc :
Chi dén : Dao ham hé thic (2) va dem d6ng nhét v6i (1) ta duge
(Py (px
f =0,a = f b= T D

Vay ham f(x, y) chi phu thudc vao x va né€u ki hiéu f = X(x) thi ti (7)
suy ra (5), (6). Tit (6), vi @, = ¢, , ta nhan dugc diéu kién (3).

Né&u b = 0 thi tix (3) ta ¢c6 _
—'g;a{.- = aXl + Xz.

1491. Dao ham hai 14n ham y tir (1) vA dem k&t qua nhan dugc dong
nhét v6i phuong trinh y” = f(x), suy ra hé phuong trinh d€ xdc dinh P, Q 1a

(x-a)Px)+ x-b)QEx)=0
PxX)+Qx)=1.

1492. Cung thay y, va yi vao phuong trinh dé cho ta tim duoc
' 1

y, = \/-—_q y, (hay y; = exp( Iﬁdx)) , 16i dao ham ding thic nay mot

14n nifa ta c6
" q'
Yi = —{q + ]Yl
2v—q
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Thay y;, y;' vao phuong trinh
yi + Py, +ay, =0
suy ra diéu kién chop vaq la:
qQ+2pq=0. (1)
Nguoc lai, néu diéu kién (1) duge thod mén thi phwong trinh dd cho
¢d dang .
29y" - q'y' +2q°y =0,
va phuong trinh nay c6é hai nghiém riéng

11 = exp( ]V 92 = o= exp - o).

nén nghiém téng quat 13
Vé6ip = —% thi q = Cx>.
Néu C duong, tic C = a, thi nghiém t6ng quét 1a
2 2
y = Acos% + BsinaxT.
Néu C am, C = -b? thi nghiém téng quat 1a
bx bx?
y = Ach 3 + Bsh >
1493. Tinh y', y" tt y = Y r6i thay vao phuong trinh 44 cho v&i chi ¥
Y" +pY' +qY =0 ta duge

'Y +2QY' + pY) 0. (1)
Pao ham (1) theo X mdt 14n nita va thay Y" = —pY' - qY tacé
(32" — pZ))Y' + (2" —~ 2qz' + p'Z' + pz")Y =.0. 2)
Tix (1) va (2) suy ra phuong trinh clia z :
HI1 1t 2 2 . t
z7 _3(Z7)  pz2pm4q
z' 2(z'] * 2 =0. )

Day la phuong trinh thuin nhit d6i véi z', z", z"' va néu z 1a mot
nghiém cua (3) thi Az + B (A, B = const) cling 12 mét nghiém cta (3).
Nghiém tng quét cfia (3) phu thudc ba hing s6.

1494. Tt z=y,¥;, ¥, = i, ¥, = y,f suyra

~ 222" — 2% = 42’ = (y,y; - yoy1)" = 42'f + const,
Vi
Y1¥2 ~ Ya¥1 =¥1¥2f - yiyf =0
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1495. Phuong trinh cua z 13
4~ 10fz" - 10f'Z + 32(3* - £") = 0.

(1)

Néu biét hai nghiém riéng doc lap tuyén tinh y,, y2 ciia (E) thi nghiém
tng quit cia () Ia y = Cyy; + Cyy,. Nhu vy 7.3, (C1Y1 + Cyp)°

12 cdc nghiém cha (1). Hiéu
(Cyy1 + Cay2)’ - Clyi - Cly3

cling 12 mot nghiém cta (1). Bing céch chon C;, ta dugc bén nghiém

riéng doc Iap tuyén tinh ctia (1) 1a

¥i,¥i¥2. V1¥3. Y3
Vay nghiém téng quat cia (1) la

z= Ay] + Byly, + Cyyy5 + Dy3.
1496. 9(X - 1) = 2(x + C) . Nghiém t6ng quét
y = (x + O A + Bx + O\,
vdi A, B 1a cac hdng 56 tuy y.
1497. p'q" - qp" - ¢ + p'(pq’ - qp) = 0.
Chi ddn : Dao ham phuong trinh d3 cho (cla y;)
Y1 + Py +qy; =0
va chii § ring y, cling thod mén (1) ta cé
P'VI+q'y =0;
dao ham (2) mot 14n nita
Py, + (" +q)y; +q'; =0.
Khit y, 3.y tir (1), (2) va (3) suy ra (*).
1498. Dao ham hai v& ciia (2) 1di so sdnh v6i (1) suy ra

A'+2aC=0,A+2bC=0,C'+2cC=0,B=0,

T dé cé Idiéu ki¢n cho cdc ham a, b, ¢
b'=a + 2bc.
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