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LOI GIOI THIEU

Cubn ”Co 8d todn trong lép trinh” trinh bay cdc vén dé todn hoc
co ban nhdt, nhung lai hét site thiét yéu va cén thist d6t vdi nhitng ai
muédn ¢6 duge cde kién thie tin hoc vitng chic. D6 ciing la néi dung cde
kién thitc cdn thiét cho cdc sinh vién Tin hoc 0 trudng Pai hoc Téng hop
trude ddy, nay la trizong Pai hoec Khoa hoc Tu nhién, né cing la kién
thitc co bdn cho sinh vién chuyén nganh Tin hoc va Céng nghé théng tin
9 cde truomg dai hoc khde trong nudc ciing nhit trén thé gidi. Tde gid di
c6 nhiéu c6'gdng trong viéc trinh bay tinh gidn mot khéi lugng hién thitc
dé sé.

Doc xong cudn sdch nay, ngudi doc ¢6 di kién thize co bdn vé todn
dé c6 thé hidu duwge su sdc cde vdn dé trong tin hoc va khéng cé cde kién
thite ndy thi khéng thé hi€u duge bdn chét cdc khdi niém co bén trong
céng nghé théng tin hién dgi.

Cuén sdch nay sé giip ich cho tdt cd nhitng ai muén hoc chuyén
nganh Tin hoc, ngodi ra ciing la tai liéu tham khdo cho sink vién chuyén
nganh Céng nghé théng tin, déng thoi né ciing rdt c6 ich cho nhitng ai
sau vai ndm lam céng tdc tin hoc, nay muén chudn bi diéu kién d¢ trau
doi thém kiéh thitc mdi, thém kién thite hién dgi va thém kiéh thite & bac
sau dai hoc.

Pgs, Pts. Nguyén Quéc Toan

PHO CHU NHIEM KHOA CNTT
DAI HOC KHTN - DAl HOC QUGC GIA HA NOI



LOI NOI DPAU

Cudn “Co 8d todn trong l@p trinh” bao gém néi dung mot s6°
gido trinh thuéc linh vuc “Pam bdo todn hoc cho khoa hoc mdy
tinh” dang duge gidng day cho sinh vién va hoc vién cao hoc nganh Tin
hoc va Céng nghé théng tin & trudng Pai hoc Quéc gia Ha néi.

Cudn sich nham cung cdp mét cich hé thong nhitng khdi niém va
kién thitc co bdn nhdt cia todn hoc trong khoa hoc mdy tinh, ddc biét
trong linh vwc lgp trinh. Nhitng khdi niém va kién thic dé cdp trong
cudn sdch nay duge viét dudi dang tinh gidn va dé hidu, nhung lai hét
sdc thiét yéu va cdn thiét cho ngudi doc muéhn cé dutge cdc kitn thitc tin
hoc vitng chdc va muén hidu dide bdn chét ciia cic khdi niém cd bdn
trong Cong nghé thong tin hién dai nhu Pgs. Nguyén Quéc Todn dé cdp
trong Lot gidi thiéu.

Néi dung cudn sdch khéng ndm ngodi néi dung chuwong trink dao
tgo ct nhan Tin hoc, cit nhén Céng nghé théng tin va sau dai hoc cua
truong Dai hoc Khoa hoc Ty nhién thuée Pai hoc Quéc gia Ha Néi. Vi
vdy déi titgng phuc vu cia cudn sdch nay la tdt cd nhitng ai muén hoc
nganh cu nhan Tin hoc va cit nhdn Céng nghé théng tin hé chinh quy
ciing nhu hé tai chic ¢ cde truong dai hoc trong cd nude. Cubn sdch con
la mét tai liéu tham khao cho nhitng ai muén thi va hoc cao hoe nganh
Céng nghé théng tin, déng thdi né ciing rdt b6 ich déi vdi nhitng ngudi
lam céng tdc tin hoc nhu Il mét céng cu phuc vy cho linh vic chuyén

-~ > ~
mén cua minh.

Trudc hét dé gitip cho sinh vién va hoc vién nganh Tin hoc va Céng
nghé thong tin cia truong Dai hoc Khoa hoc Tu nhién cé tai lidu hoc tdp,
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nham khdc phuc tinh trang “hoc chay’ nhu hitn nay, déng thoi nhdm
mét butde ndng cao chdt lugng dao tao cua tricong Pai hoc KHTN, chiing
t6i manh dan viét cuén sdch nay trong hoan canh khd ndng trinh dé co
han, thii gian ddu tu suy nghi dé viét khong duge nhiéu nén chdc chdn
cuén sdch khéng trénh khdi nhitng khiém khuvét. Chiing t6i xin chén
thanh cdm dn va tiép thu moi ¥ kién ctia ban doc. Thu gop ¥ xin gii vé :
Nha xudt ban Khoa hoc va Ky Thudt - 70 Tran Hung Dao Ha Ngi.

Tde gid xin chén thanh cdm on Pgs. Nguyén Quéc Todn (Phé chi
nhiém khoa CNTT) dd doc va viét loi gidi thiéu cho cubn sdch; xin cdm
on Pts. Vii Ngoc Lodn (Trung t&m tin hoc ing dung - Truong Dat hoc
Khoa hoc Xd héi va Nhén vin - DHQG Ha Néi) dé doc ban thdo va cho
nhidu ¥ kién dong gop vé ndi dung; cdm on Ban chté nhigm khoa Céng
nghé théng tin va tritong Pai hoc Khoa hoc T nhién dd c6 chi chuong
déng vién cdn bé gidng day tham gia viét gido trink phuc vu sinh vién
hoc tdp, cdm on Nha xudt bdn Khoa hoc va Ky thudt da tgo moi diéu
kién thudn ldi d€ cudn sdch sdm dén tay ban doc.

Téc gia



CHUONG 1

KHAI NIEM THUAT TOAN - PHUGNG PHAP
QUY NAP - PHUONG PHAP BE quUY

§1. KHAI NIEM THUAT TOAN

1. Thudit toan la gi

Thuft toan 13 mét khai niém quan trong cha toan hoc. Néi dén
thuat toan 12 néi d&n mét day cac quy tic, nhim xac dinh mét day cac
thao tac trén mét ddi tugng, sao cho sau mét s6 hitu han budc thyc hién
céc thao tac ta dat dudc muc tidu cin lam.

2. Cac déc trung cia thuit toan
- Tinh ditng: Sau mét s6 hitu han budc thuat toan phai dimg.

- Tinh xdc dinh: O mdi budc, cac budc thao tic phai hét stc rs
‘rang, khéug giy nén sy nhap nhing. Néi ré hon 1a trong cing mét didu
kién hai b xit 1y cing thyc hién mét bude cia thuat toan phai cho
nhitng két qua nhu nhau. '

- Tinh hiéu qud: Trudc hét thuat toan cdn dving din, nghia 13 sau
khi dua dit liéu vac thuét toén s& hoat dong va dua ra két qua nhu N
mudn.

- Tinh phd dung: Thuat toan cé thé giai bat ky mdt bai toan nao
trong 16p cac bai toan. Cu thé 12 thuat toan cé thé 6 cac ddu vio 1a cac
bd dit liéu khac nhau trong mét mién xac dinh.
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- Yéu 6 vao ra: D6i véi mot thuat toan luén c6 mot déi tugng vao
(input) va d8i tugng ra (output).
3. Ngdn ngif thuit toan

- Ngon ngit ding dé miéu ta thuat toan goi 12 ngdn ngit thuat
toan. '
- Thuit toan thudng dugc md ta bing mdt day cac 1énh. Bj xu ly

s& thyc hién céc 1énh d6 theo mét trat ty nhit dinh cho dén khi gap 1énh
dimg thi két thic.

- Ngén ngit thuat toan bao gom: Cac doi tudng va cac quy tét_: lién
két cac d6i tugng d6 vdi nhau. Cac d6i tugng ban diu goi 1a déi tuong
nguyén thiy hay 1a cde d6t tugng cd sd.

- Ngbn ngit thuit toan bao gbm ba loai:
+ Ngén ngit liét ké ting budc;
+ So d5 khéi;
+ Ngdn ngil ciu tric.
a) Ngon ngu liét ké tung budc nji dung nhu sau:
1. Thuat toan: Tén thuat toan va chie nang.
2. Vao: Dit lidu vao véi tén kiéu.
3. Ra: Cac dit lidu ra véi tén kiéu.
4. Bién phu (néu c¢6) gbm tén kiéu.
5. Hanh ddng 14 cac thao tac véi cac 1énh ¢6 nhan 13 cic s8 ty nhién.

Vi du : D€ gidi phuong trinh bac hai ax®+bx + ¢ = 0, ta ¢6 thé mé
ta thuat toan bing ngdn ngit lidt ké nhu sau:

Budc 1:  Xac dinh cac hé sd a,b,c.
Budc 2:  Kiém tra xem hé s8 a c6 khac 0 hay khéng ?

Néu a = 0 quay lai thyc hién buéc 1.
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Bude 3;

Budc 4;

Bude 5:

Buée 6:

Buéc 7;

Buéce 8;

Tinh biéu thitc A = b2. 4ac,

Néu A < 0 théng bao phuong trinh vé6 nghiém va
chuyén dén budc 8.

Néu A = 0, tinh x, = x, =2 va chuyén sang budc 7.

Tinhx;= —— x,= ——— v chuyén sang budc 7.
2a 2a
Théng bao cac nghiém x,, x,.

K&t thic thuat toan. -

b) So dé khéi

D€ mé ta thuat toan bing so dé khéi ta cin dya vio cac nit sau

day:

- Niit thao tdc: Biéu difn bing hinh chit

nhit, trong dé ghi ciu 1énh cdn thyc hién. Néu
¢6 nhiéu cAu 1énh lién tiép cin duge thuc hién thi
ching cé thé dugc viét chung trong mét hinh chit

nhat.

Nt thao téc

- Nut diéu kién: Duge bidu didn biing hinh - O
thoi, trong d6 ghi diéu kién can kiém tra trong

qué trinh tinh toan. Nut didu kién
- Nut khdi ddu, két thic: Thuong duge bidu ©

dién bang hinh tron thé hién su b4t diu hay két

thiic qua trinh. N{;hg afw
- Cung: La doan né tit mit nay dén nit —_—

khac va cé miii tén chi huéng. Cung

Vi du: D& giai phudng trinh bac hai ax® + bx + ¢ = 0 ta c6 thd mé
ta thuat toan bang phudng phap so dé khéi sau:
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Nhap a, b, ¢
¥
- b ©- VA PT v& nghiém
Xy =Kg= — X = .
28 2a
b+A
¥ =

2a

¥

Théng bao nghiém

F 3

¢) Ngén ngiz lap trinh

D& gidi cac bai toan, trong thuc t& bing may tinh ngudi ta thudng
st dung mét loai ngén ngit, goi 1a ngén ngiz ldp trinh, ching han nhu
ngoén ngit lap trinh Cobol, Algol, Pascal, v.v... Chudng trinh chinh 12 mdt
day hitw han cac cau lénh duge viét theo mét quy tic nhat dinh trén mét
ngdn ngit 1ap trinh nao dé. Hay néi cach khac dé giai mét bai toan trude
hét can c6 mét thuat toan dé gidi bai toan d6. D& may tinh hiéu duge
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thuat todn, ngudi ta st dung mét ngén ngit lap trinh cu thé dé dién dat
thuit toan théng qua ngén ngit dé.

Vi du: DE gii phudng trinh bac hai ax® + bx + ¢ = 0 ta mé ta
thuat toan bing mot chudng trinh viét trén Pascal nhu sau:

Program Giai _phuong_trinh_bac_hai:
var
a,b.c,denta:real;
BEGIN
clrscr;
write(‘Nhap he s0 : );
repeat
write(‘a:= *); readIn(a);
write(‘b:= 9; readin{b):
write(‘c:= ); readin(c);-
until a<>Q; :
denta:=sqr(b) - 4*a*c;
if denta < 0 then
begin
write(‘phuong trinh vo nghiem’);
halt;
end
else
begin
if denta=0 then
begin -
write(‘phuong trinh co nghiem kep x='{-b)}/(2*a));
exit;
end
else
begin
x1:=(-b-sqrt(denta))/(2*a):
x2:=(-b+sqrt(denta)}/(2*a);
writeln(‘phuong trinh co hai nghiem han biet‘);
write('x1="“ x1, ‘., ‘, X2 =* x2);
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exik;
end;
end,
readin;
END.

4. Do phiic tap thuit toan

Khi 6 xuit mdt thuit toan ngoai viéc quan tam dén tinh dung
din ciia thujt toan, ngudi ta thudng phai quan tam dén mét sd van dé
nhu: wu diém, nhuge diém, tinh phé dung, théi gian tinh toan phu thude
vao dit liéu nhu thé ndo, v.v... Véi cac thudt toan dude stt dung c6 tan s6
cao nhu cac thuat toan sip x€p, thuat toan tim kiém, v.v. ngudi ta dac
biét quan tam dén thdi gian cin thiét cho viéc thuc hién thuat toan do.

Théng thudng véi méi thuat toan, thi dit li¢u vao s8 ¢b kich thudc
13 mét s8 ndo d6. Ching han khi ta sip xép mot day 58 thi kich thuée
ciia dit lidu c6 thé xem nhu 1 s& phén ti cia ddy d6. RS rang véi n cang
16n thi thoi gian can thi€t cho viéc sip x&p s& cang 16n va né 13 mot ham
ctia déi s6 n. Ta k¥ higu ham d6 12 f(n).

Trude khi dua vao khai niém dé phic tap cha thuat toan, ta dé cap
t6i mét s6 khai niém sau : '

Khdi niém vé dé tdng cua ham:
Mot trong nhitng khai niém thudng ding d€ phan tich db ting ciia
mét him 1a khai niém O dudc dinh nghia nhu sau:

. Cho f(x) va g(x) 1a hai ham tit tap cac sd nguyén duong hodc tap
cac 5§ thie vio tap cac s6 thye. Ta néi f(x) 13 O(g(x)) néu ton tai hai
hing s8 C va k sao cho

|f(x)l £C|g(x)|.v6i moi x > k.

Can luu § ring cip cac bing s6 C va k théa man diéu kiéa trén 14
khéng duy nhét, gtfmg thoi néu f(x) 1a O(g(x)) ma h(x) la ham théa man
|goy| < |hx)| véi x> k thi ta cling ¢6 : fx) 12 O®X)).



€O SG TOAN TRONG LAP TRINH 13

Vi du I: Cho f(x) = a x" + ag x4+ .+ aix +a,, vdi a; 1a cac sd
thyc (i = 0, 1, ..., n). Khi 6 f(x) = O(x).

That vay ta cé, véi moi x> 1:

| £00) | = |anx“+an-1xn'l+...+a1x+a0|
< [anlx“+|an1|xn'1+ +|a.|x+|ao|
a, a| a[
S [ 1 . J
X )('
< x“(|an|+|an-1|+...+|all+|ao|).

D3t C= fagl + lap, )+ + lag] + la,| vik="1, ta cs
lfx)| < Cx™ véi moi x> k, hay f(x) 12 oM.
Vidu2:Chofn)=1+2+3+..+n. Chira f()1a O@d.

That vay fn)<n+n+n+..+n=nn=n nén fm) 1a O@? véi
C=1vak=1

Vi du 3: Chi ra ham n! 13 O@") va logn! 13 O(nlogn).
Tacon!'<n",nénn'laOm"véiC = 1 vak=1.
Tt n! < n" ta cé logn! < nlogn, nén logn! 14 O{(nlogn) cfmg vii
C=k=1
Vi du 4: Hay chi ra ham logn 12 O(n). That vay ta ¢6 n < 2° véi
moin 2 1, nén logn < n (l6ga ¢6 s6 2) vi vivay logn 1a Om) véi C=k = 1.
D6 tdng ciia t6 hop cdc ham :
Tit khai niém vé d6 ting cia ham ta co mot s6 két (;ué sau day :
Vi du 5: Néu £,(x) 1a Og;(x)) va £,(x) léx.O(gz(x)) thi
(fi(x) + f2(x)) 12 O(max{g;(x), g2(x)}).
That vay, theo gia thiét ton tai C; va k; sao cho
l£@ | < Gl véi moi x>k, G =1, 2).
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Talaics 6@ +6®| <@l +[H@
<Clg®! +Col g
< Clgmx)| véi moi x> k,
& day k = maxfk, , kp} va C=C, + C;,
con g(x) = max{] g1, J gzt 13.

Vi du 6 : Cho f,(x) va f3(x) déu 1a O(g(x)). Khi dé fi(x) + fo(x).1a
O(g(x)). Day 12 hé qua cua vi du 5.

Vi du 7 : Néu fi(x) 1a O(g,(x)) va fo(x) 12 O(g2(x)) thi
f1(x).£2(x) 1a O(g1(x).g2x)).

That vay, theo gid thigt [fix)! < C,lg;(®| véi mei x > k, va
|f2(x)| < Cz|g2(x)l vdi moi X > Ks.

Xét | 1,05 | = || 16w <CClam. leaml.
= Clczl g1 (X).g2(X) | .

Vay fi.Bx 1a O@X).g:x), néu cho C = C;C; con
k = maxik, , ko}.

Vi du 8 : Cho f(n) = nlog(@!) + n’logn, véin =1, 2, 3, .... Hay chi ra
f(n) 1a O(n’ iogn).

That vay, ta c6 trudc hét niog(n!) 13 O@’logn), cdn n’logn la
O@mZlogn). Tit vi du 6 ta ¢6 f(n) 1a Omlogn).

Vi du 9 : Chimg minh ring néu f(x) 13 O(g(®) thi f*(x) 12 0@ X)),
3 day "(x) = f(x).f(x)...f(x).
n
That vat, theo gia thiét |f(x) | «Cl g(x) | véi moil x > k.

X6t |0 | = | £00.0x)...£x) | = [} [f) - [fx)] < Clg"m | véi
n Il ) n Tﬁ] .

x>k Hay || <Clg*x) | véi x>k, & day C:= C".
Vay f'(x) 1a O(g"(x)).
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Vi du 10 : Gid st f(x) 1a O(z(x)) véi f(x), g(x) 1a cac ham don diéu
tang va khong gidi néi. Chitng minh log(f(x)) 1a O(log(ex))).

That viy, theo gia thiét ta o [f)| < C/lg@] véi moi
X > ky. Ta cling c6 thé gia thiét f(x) > 1, gkx) > 1 véi x da Ién. Hay
f(x) < Cg(x) v6i x & 16n. logarit cd 5 2 bat dAng thitc trén ta c6

log(f(x)) < log(C,g(x)) = logC, + log(g(x)) < 2log(g(x)) véi x d 16n.

Hay log f(x) 1a OQog(g(x)).

D6 phite tap thudt toén

O day ching ta chi dé cap tdi do phitc tap ciia thuat todn vé thi
gian tinh toin ma khéng d8 cap téi d6 phitc tap vé khéng gian cha thuat
toan.

Céac phép toan duge ding dé do db phitc tap thdi gian cia thuat
toan la phép so sanh s6 nguyén, cac phép cdng, cac phép tri, cac phép
nhén, cac phép chia cac s6 nguyén hosc bit ky mét phép tinh so c&p nao
khac xudt hién trong qua trinh tinh toan.

Can Iuu ¥ cac thuat ngit dung trong dd phuc tap thuat toan hay

gdp: |
- D¢ phitc tap O(1) goi 12 45 phitc tap hing sé.
- D§ phitc tap O(log n} goi 1 d phitc tap 16garit.
- Bé phic tap O(n) goi 1a d6 phitc tap tuyén tinh.
- D% phiic tap O(nlogn) goi la d6 phite tap nlogn.
- D§ phitc tap O(n®) goi 12 45 phitc tap da thie.
- D§ phiic tap O®") (b > 1) goi 12 46 phitc tap ham mi.
- D¢ phitc tap O(n!) goi 1a dd phitc tap giai thira.

Sau day sé ti€n hanh phan tich théi gian cin thiét dé thyc hién
cac doan chudng trinh va mét sé vi du cd ban.

Déi vdi mét doan chudng trinh bat ky ma mbi lénh ctia né chi duoge
sit dung mét 1an, khi d6 téng s6 cac 1énh duge xit 1y sé 1a dée lap d6i véi
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n, aghia 1 nhitng doan chudng trinh nhu vay sé c6 @6 phitc tap thdi gian la
o). .
Vi du 11. Xét doan chudng trinh saw:

for i:=1 to ndo
begin
end;
Trong than clia doan chudng trinh trén khéng cé vong 13p sé can n
lan lap, do d6 db phitc tap thoi gian la n.0(1), tic 1a O).
Vi du 12. Xét doan chuong trinh saw:

forii=1tondo
begin
for ;=1 tomdo

end;

Theo phan a) vong lap for bén trbng ctia né khoéng cé vong lap cé
46 phic tap thai gian 13 O(), do 46 doan chuong trinh nay cé 46 phuc
tap thdi gian 13 n.0(), tic 12 Om?).

" Vi du 13. Xét doan chudng trinh saw:

ii=1 _
while i <ndo
begin
i=i"2,
end;

Ta thiy ring i s& thay d8i tit 1, 2. 4, 8... cho dén dat hodic vugt qua
1. S& phép lip khi d6 88 cAn 1a 1 + |logsnl|. Do d6 doan chuong trinh
trén sé cé dé phitc tap thoi gian 13 Oflogpn).

Vi du 14. Mb ta thuat toan tim phén tit 1dn nhét trong mét day
hitu han cac 88 nguyén va tim d6 phic tap cia thuat toan dé.
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Bude 1 : Dt gid trj cyc dai tam thdi biing s6 nguyén ddu tién cta
day.

Bude 2 : So sanh s nguyén tiép theo vdi gia tri tam thdi, néu né
16n hon gia tri cuc dai tam thei thi d4t cyuc dai tam thsi bing s6 nguyén
do.

Buwde 3: Lap lai bude tritde (ndu con céc s8 nguyén trong diy).

Budc 4 : Diung khi khong con s& nguyén nao trong day. Cuc dai
tam thdi & diém nay chinh 13 s§ nguyén lén nhit trong day.

M6 ta thuat toan tim phan tit 16n nhit trong day hitu han :

Procedure MAX(a, . a,, ..., a, : integer);
max ;= a,
fori:=2ton
if max < a then max := a,
{max la phan tif {én nhat}

Lutu y : Méi s6 hang clia diy dung 2 phép so sanh, mdt dé xac dinh
chuta dat dén cudi diy, mét d& xac dinh c6 phai cip nhan gia trj 16n nhat
tam thoi hay khong. Viéc so sanh nay dude dung cho mdi phdn tit a
trong diy tif phin tit thit hai trd di G = 2, 3, ... n). Sau d6 la phép so
sanh d€ ra khéi véng 14p, nén s& phép so sanh can dung tit ¢a 13 2@ - 1)
+ 1 dé1 v6i thuat toan trén. Vay thuat toan trén cé d6 phuc tap thai gian
la O(n) (46 phic tap tuyén tinh).

Vi dy 15. Mé ta thuat toan xac dinh vi trf cia mot phan tit trong
mét bang liét ké sap thit ty. Day 13 bai toan tim ki€m dugde phat bidu
nhu sau :

Xac dinh vi trf cia x trong bang liét ké cac phan tit phan biét: a, .
az, ... . 4, hodic xac dinh x khéng ¢6 mit trong bang liét ké ds.

Duéi day ta d€ cap t6i thuat toan tim ki€m tuyén tinh:
Mb ta thuat toan : Thuat toan bit dau so sanh x véi a, . Néu x = a,
thi nghiém 13 vi tri ciia a, . titc 1a 1. N&u x = a, thi nghiém 1a vi trf cia
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as, tic 1a 2, con trudng hop x # ay thi so sanh x véi a;. Qua trinh trén
dudc ti€p tuc cho dén khi ndo x = a, thi gia tri 1a n, con x # a, thix
khéng c6 mat trong bang liét ké.

M5 ta thuit toan tim kiém tuyén tinh :

Procedure Tim_ki&ém_tuyén_tinh (x : integer, a, , @, ..., a, : cac s0
nguyén phan biét )

i=1

while {i<nand x =a) do

i=it+1

if i < n then location ;=1

else location := 0

{location la chi 58 dudi cia s6 hang bing x hozc 0 néu
khéng tim dugc x}

Luuy: O méi mét bude ciia vong lap trong thuat toan cé hai phép
so sanh : mét & xem d3 t4i cusi day chua va mét phép so sanh d& xem
phan tit x ¢6 tring v6i mot s6 hang ciia bang hay khéng. Cudi cung 1a
mét phép so sanh ngoai vong lip.

Néu x = a; thicd 21 + 1 phép so sanh duge sit dung. S8 phép so
sanh lén nhatla 2n+ 1 khix #a;,i=1, 2, .... n). Sau 46 can mdt phép
so sanh dé thoat khéi vong lip. Vay khi x khong c6 mat trong bang thi
téng s8 phép so sanh trong thuat todn nay 1a 2n+2. Hay d6 phitc tap clia
thuat toan 1a O(n).

Vi du 16. Ciing bai toan trén nhung cac phan ti trong bang duge
sdp theo thit tf ting dan. Vi du tim s 19 trong bang liét ké theo tht tu
ting din : 1. 2, 3, 4. 5. 6, 17, 8 10, 12. 13, 15. 16, 17,
18, 19. 20, 22. Hay mét cach téng quat : tim x trong bang liét ké a,, a,.
wnpViia <az< ...<a,.

Dé gidi bai toan trén ta ding thuat toan nhi phan. duge mé ta nhu
sau : So sanh x vdi s6 hang a,, ¢ gitta diay (m = [(n+1)/2], ¢ day [x] la
phan nguyén lén nhat khong vugt qua x). Ndu x > a,, thi viée tim kiém x

trén day gém cac s6 hang am:1, amsz, ... a,. Con néu x < a,, thi viée tim
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ki€m sé& thitc hién trén day gom cac s a;, ay, ..., am. Ca hai trusng hgp
déu dua dén bai toan tim kiém trén bang khéng 1én hon [n/2] phan ti.
Qua trinh trén duge thiye hién cho t6i khi bang liét ké chi con mét phan
t va so sanh x véi chinh s& hang nay.

M6 ta thuat toan tim kiém nhi phan :

Procedure Tim_ki&m_nhi_phan
{x :integer, a,, a,, ..., a,: integers - tang dan)

i=1 {i 1a diém mut trai cia khoang tim ki¢m})
j=n {jla di€m mat phai clia khoang tim kigm})
while i < j
begin
m = [(i +})/2]

if x> a,, then i:= m+1
elsej:=m
end
if x = a, then location := i
else location := 0
{location la chi s6 duti ciia s6 hang bing x (hoac 0) néu khéng
tim thay x}

Litu 5 : D§ phiic tap cia thuit toan tim kifm nhi phan trén la
Odlogn} vi né phai dung téi 2[logn] + 2 phép toan so sanh. R rang thuat
toan tim ki€m nhi phan 6t hen thuat toan tim kidm tuyén tinh.

Vi du 17. Xét thuat toan Euclid:

Trong 1y thuyé&t s8 ngudi ta da ching minh duge rang :

Néua=bq+r. trong dé a, b, q. ¥ 14 cdc 86 nguyén thi :
UCLN(a, b) = UCLN(®. r) *)

Gid sit a, b 12 cac s8 nguyén duong. vdi a > b. Dit rygea, ri=b. Bing
cach ap dung két qua trén ta cé .



20 Chuong 1. KHAI NIEM THUAT TOAN - PHUONG PHAP QUY NAP ...

P L Pl O<rz<ry
ry = raqs + I3 0<r3<r1y)
Tnz2 = Tn 1901 + Ty (0 = Ty < rn-l)
I'n-1 = Inln.

S& du xudt hién trong day cac phép chia lién tip, vi diy cac 80
a=r,>r >ry>..20Kkhong thé chita qua a s6 hang. T (*) tasuyra:

UCLN(B, b) = UCLN(I'D, 1'1) = UCLN(I'I, r2) = ...
UCLN(ry.2, Tpa) = UCLN(r,,.. rp) = UCLN(ry,, 0) = 1.

Vay uéc chung 16n nhat 13 s8 du # 0 cudi cling trong day cac phép
chia.

Vi du : Tim UCLN(414, 662)
Ap dung thuat toan Euclid ta duge : '
662 =414.1 + 248
414 = 248.2 + 166
248 = 166.1 + 82
166 = 82.2 + 2
82 =241 _
Do d6 UCLN(414, 662) = 2 (2 1a 56 du cuéi cing khac khong).
Thuat toan Euclid duge md ta nhu sau :
Procedure UCLN(a, b - positive integers)
x=a
y=b
whiley = 0
begin

r:=xmody
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X =y
Yy=r
end {UCLN(a, b) 1a x}

Luu  : Gia tri ban dau cta x, y tuong tng 1a a va b. O mdi giai
doan clia thii tuc x dugde thay bing y va y duge thay bdi x mod y, tic 1a
s0 du r trong phép chia x cho y. Qua trinh nay dugc lip lai ching nao
y # 0 va thuat toan sé ding khi y = 0. Gia trj ctia x  difm nay 13 56 du
# 0 cudi cliing trong thi tuc va chinh 13 uc s5 chung 16n nhat can tim.

Dung dinh 1y Lamé ngusi ta chi ra d6 phiic tap cia thuat tean
Euclid 14 OQogb).

§2. PHUONG PHAP QUY NAP

Quy nap toan hoc 13 mét phudng phap c6 Igi d€ chimg minh mét
ménh d& cé lién quan dén diy s& tu nhién. D& chi ra mét khing dinh 13
ding véi moi s& tuy nhién n 2 n,, bing phuong phap quy nap toan hoc
thi ta phai thuc hién cac budc sau:

a) Chiing minh ménh dé ding véi n — ny.
b) Gia sit ménh dé ding véin = k.
¢) Ta chiing minh ménh dé ding véi n = k+1.

Sau diy 14 mot s6 vi du minh hoa cho phuong phap chitng minh
bang quy nap toan hoc:

Vi du I: Chitng minh vdi moin, n € Ntacé:

s n(n+h.(n+2)
6

12+2%+ ... +n D

That vay

a. Véin = 1 thi hai v& bing nhau va bing 1.
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b. Gia st ddng thitc trén ding véi moi n < k c¢6 nghia 13 vdi moi

n <k ta cé: 12+ 2%+ +ni= n-(n+l;.(n+2)

c. Ta phai ching minh (1) ding véi n = k+1, tuc 1a phai chimng

minh
k+D.k+2).(k+3)
6

124 224 .+ K2+ (k+1)2=

That vay véi n = k, theo gid thi€t quy nap ta co:
k(k+D.(k+2)
6

12+ 2%+ . +K%=

Dodétacd:
k.k+ 1;.(1; +2) 1) k+D.k ; 2).(k +3)

Vay ding thite diing véi n = k+1, do d6 (1) dude chitng minh.
Vi du 2: Chimg minh ding thitc sau diing véi moin 2 1.

124+ 22+ + K+ (k+1)°=

11 +22+ . +nn' = @+)-1 )
- a) Véi n = 1, khi d6 hai v& caa (1) bing nhau nén (1) ding.

b) Gia sit (1) diing vdi n = k c6 nghia 14 v4i moi n < k ddng thic
sau ludn ding: 1.1+ 221 + .. + k.k! = (k+1)!-1.

c) Ta phai ching minh ding thic ding vdi n = k+1, tic 13 can
chitng minh ddng thic saw:

1104220+ L+ kKR! + (k+H1).(k+H1)! = (k+2)1-1.
That vy véi n = k theo gia thiét quy nap ta cé

LU +2204 . +kk = k+DI-1.
Do d6

1.1'+ 22!+ .+ kk!+ (k+1).(k+1)!

= (k+1)!-1 +(k+1).k+1)). =(k+2)!-1.

Vay ddng thic (1) ding véi n = k+1 va do d6 céng thiic trén la
ding véi moin = 1.
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Vi dy 3: Chitng minh ddng thic sau diing véi moin>1,a>-1va
az0Q;

(1+a)" > 1 + na | D)

a) S8 tu nhién n bé nhat 16n hon 1 1a 2, khi d6 v& trai cla (1) ldn
hen v& phai cta (1). Vay (1) ding véin= 2.

b)G1asu(l)mlngvmmglnskmclavdik> 1van <k thi ta ¢é;
(+a)*> 1 +ka 2)

c) Tiép theo cin chiing minh bit ding thic ding véi n = k+1, tic
1a can phai chitng minh

1+a)*"'> 1 + k+1).a 3
That vay vi (1+a) > O va t (2) ta cé:  (1+a)¥"' = (1+a)* (1+2)
Vay (1+a)*" > (1+ka)(1+a) _ (4)
Ta bién d6i (1+ka).(1+a)= 1 +ka + a + k.a? >1 +(1+k).a (5)
vik.a®0.
Tt (4) va (8) suy ra (3) ding va do d6 bat ding thitc da dudc chimg
minh.
Vi du 4: Chimg minh ring tich cla 3 s8 tu nhién lién tiép ludn chia
hét cho 6.

That vay, tich cia 3 s6 nguyén lién tiép sé la mét 5 c6 dang
n(n+1)(n+2). Vay ta can chi ra nm+)(n+2)n + 6 (6 day dung ky hidu =
dé chi sy chia hét).

a) Khi n = 1, khi d6 n(n+1)(n+2) = 6 chia hé&t cho 6.
b) Gia slt v4i moi n < k, ta déu c6 n(n+1)(n=2) + 6 (1)

¢) Tiép theo can chtng minh tinh chit &6 ding véi n = k+1, titc 12
cin phai ching minh:  (k+1)(k+2)(k+3)<6 (2)

Do gia thiét quy nap (1) va n = k, ta ¢é:
kk+1)k+2) + 6 (3)
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Thay ring (k+D)&+2)Ek+3) = kk+Dk+2D+3k+D&+2). T @) ta
thiy ring khdng dinh (2) sé 12 dting din néu 3(k+1)(k+2) +6 (4)

Do (k+1) va (k+2) la hai s& tu nhién lién tiép nén tich cha hai 50 @6
& phai 12 s6 chin hay 3(k+1)(k+2)+6. Vay (4) dung hay khing dinh
dvng véi n = k + 1. Diéu d6 két thic viée ching minh.

Qua cac thi du trén thiy ring bing phudng phap chiing minh quy
nap toan hoc ta c6 thé chitng minh mét s& ménh dé c6 lién quan dén day
6 ti nhién néu du doan duge quy luat cua né phu thude vao cac 36 cu
th& nhu thé nao. Tuy nhién trong mot s6 bai toan ta khong bi€t dude
didu cAn chimmg minh 12 gi. Vi du, hiy tinh téng ciia n s8 ty nhién 1é dau
tién. R6 rang 12 d6i véi mét s6 bai toan khéng khé 1dm trong viéc tim ra
quy luat, ching han nhu bai toan vita phat bifu & trén ta van cé thé ing
dung dude phuong phap chimg minh quy nap toan hoc. Tat nhién la
trudc h&t bing su quan sat ¢6 tinh thong ké ta ¢6 thé dy doan dugde quy
luat cho bai toan, sau d6 hiy dung phudng phap ching minh quy nap
toan hoc. Ching ta hiy xét mét so vi du:

Vi du 5: Hay tinh tdng ctia n 6 tu nhién 18 dau tién

T=1+3+5+. +(2n-1).

Nhin thdy ring:

Khin=1T=1

Khin=2 T=1+3=4=2%
Khin=3T=1+3+5=3"
Khin=4,T=1+3+5+7=4"

Quan sat sy thong ké d6 ta c6 thé du doan rang vdi n 1a mdt s6 ty
nhién bat ky thi :

T=142+3+ ... +(2n-1)=n" (1)

Tiép theo bing chimg minh quy nap ta cé thé dé dang chimg minh
(1) 1a dung d4n.
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1 1
Vidu6: Haytinh tdng T= —+—+......+ L
12 23 n( +1)
1 1
Khin=1T=—=—
12 2
1 1
Khin=2,T=—+ *——3
12 23 3

Vay liéu ching téng T s& thod man ding thic
| 1 | n
e = )
12 23 nn+1) n+l

Bang phuong phap quy nap toan hoc ta thay rang ding thiic trén
Ia ding din. Tuy nhién phusng phap quy nap toan hoc khéng phai la
phuong phap duy nhét dé gidi quyst nhimg bai toan nhu thé. Ching
han 4é tinh tdng

1 1 1
=+ —+.....

+ .
12 23 n(n+1)

Ngoai phudng phap dd néu trén ta c6 thé tinh T bing phan tich
nhu sau:

Nhan thay rdng véi moi s6 ty nhién k > 1 ta ¢é ’
1 1 1

k(k+1) k k+l

1 1 1
dovdi k=1, —=———
Do db vdi 51 2
1 1 1
k=2, —=—-=
23 2 3
1 I 1
k=n, — =

n(n+I)_n n+l

1 i n
~ | t" ""t 2 a T:__...__=_
Céng f;heo u:n‘g vé ta c6 ngay U ol 1
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~ §3. PHUONG PHAP BE QUY

Dé quy 14 mdt khai niém tén tai trong cugc sdng, trong toan hoc,
trong lap trinh. D& quy cho ta mdt phudng phap ngin gon va sang sia
d€ mé t4 cac d&i tugng cting nhu mot s6 qua trinh. Nhu vay dé quy 1a
mét phudng phap xac dinh tip hgp cac d6i tudng thod min mét yéu ciu
nao d6. N6 bao gém cac quy tdc, trong d6 mét s§ quy tdc ding dé xac
dinh cac d6i tugng ban dau, cdn quy tic khac ding dé xac dinh cac d6i
tugng ti€p theo nhd cac déi tugng ban dau di duge xac dinh.

Vi du 1: Mét diy s8 a,, a;, ag, ..., &y, ... c6 tinh chit sau a5 = 0,
an = 22,143 vdi moi n > 1. Khi @6 ta ¢6 thé xac dinh dude s8 hang a,
tong quat clia diy s6 trén nhu sau:
Trude hét hay chon cac s§ oy, o, sao cho
(an' 0-1) = 0'.2(8.“_1-(11) (1)
T (1) suy ra a, = aga,  -o,.00+0y

R& rang cac sd a;,0t; phai thod man hé phuong trinh
0'.2:2
o -0y, 0g=3
Tit hé trén ta ¢6 ngay o,=-3, ay=2. D4t q,=a,-a,,véin = 1. Suy ra

Qo= 02.Qpy VoI 1 > 1 va q,=6, tit d6 ta cb q, = ql.or.zn'_l.Vay a,-a,=q.0""
suy ra a, = a;+gon" ' = 6.2%" - 3.

M6t chuong trinh con dé quy dé tinh s& hang tdng quat a, c6 thé
dudc viét nhu sau:

Function fn{n:integer):integer;
Var

a.i,x:integer,
BEGIN

if n=0 then n=0

else fn=2*n(n-1)+3;
END;
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Vi du 2: Mot day , 41, Ay, ..., Ay, ... ¢6 tinh chit sau: ag =0, a,=1.
as=1, apy = apata, véi moi nz2 du'qc goi la day Fibonacci thit n. Nhu
vay day Fibonacci 14 day: 0, 1, 1, 2, 3, 5, 8, 13, 21, ..vavéin=>2taco

thé tim duge 58 Fibonacci thd n néu biét s6 Flbonacc1 thit n-1 va thua
n-2. Bing quy nap toan hoc ta dé dang chithg minh dudc ring véi n> 0

1+ J_ 1-v5
= ECE O ESy
Tuy nhién céng thitc trén c6 thé tinh tryc ti€p nhu sau;
Trudc hét ta hay tim mét cip s6 «, o, sao cho:
Ap-04851 = 0p(An.1-08p9).
suy ra a, = (qtoga, -ooma,

R4 rang cac cdp s§ a;, a; thod man hé phuong trinh
a tog=1
o= -1

Khi d6 «,, a; sé 1a nghiém cia phuong trink x*-x-1 = 0 do d6 ta c6

1+45 1- 5

thé Ch(_)n a = 7 o= 2

. Diat q,= ap-oua,,.

Khi 46 q,= ayq,; véin22vaq;= 1. Tacé g,=al .

R -1 _ n-1
Vay a,-aua,. :(1’2' suy ra a, = oga, toty .

as= aia;+og (1)
ag= a1a2+0t% (2)
a4— (11324'“.% (3)

n-2)

(n-1)
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Khi nhan hai v& ciia ddng thitc (n-2) véi o, ding thie m-3) véi
a’... ddng thic (1) véi a{"z va cong lai theo timg vé ta cé:

0 e _ o ~ay
ap= alla el Zapt .. +ab el = P——
1 1++5 1 1-45., . .
Vi a,= B —(——)* véin 22, tuy nhién céng
ay JE( 5 ) Jg( 5

thitc nay cling ddng véin = 0.

Chudng trinh con dé tinh s6 hang téng quat a, c6 thé dugc viét
nhu sau:

Function fn{n:integer):integer;
Var
a.i,xinteger,;
BEGIN

if n<=1 then fr:=n

else f{n):=f(n-1)+f{n-2);
END; '

Vi du 3: C6 m phin thudng dugc chia cho n hoc sinh giéi duge xép
hang tif 1,.... n. Héi riing ¢6 bao nhiédu cich chia phan thudng trén sao
cho cac diéu kién sau duge thod man :

1. N&u hoc sinh A gidi hon hoc sinh B thi s6 phan thudng cia A sé
16n hon hoic bang s6 phan thudng ciia hoc sinh B.

2. T4t cad m vit d€ thudng déu phai dua hét cho hoc sinh.
Gia st ring véi i<j va 1 <1, j € n thi hoc sinh thit i giéi hon hoc
sinh th( j. Ky hiéu s§ phan thudng ma hoc sinh thit i nhan duge 1a T;.

Tit gia thift clia bai toan ta suy ra cac diéu kién sau cin duge thoa
man;

Ti+Te+ .. +T, 20
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Tl +T2+ +Tn: m
Ty 2Ty2.. 2T,

Ky hiéu CHIA(m,n) 14 s8 cach chia m phan thudng cho n hoc sinh
theo yéu cau & trén. Nhan xét ring:

Khi m = 0, titc 1a khéng c6 phan thudng nao thi khi dé rd rang chi
¢6 duy nhat mdt cach chia: Méi hoc sinh dlIQC 0 phan thudng. Vay
CHIA(O n) = 1 dai véi moi n.

Khi c6 m phan thudng va khéng cé hoc sinh gidi, duong nhién sé
khéng ¢é cach chia ndo. Vay: CHIA(m,0) = 0 46 vdi moi m = 0.

Khi ¢6 m phan thudng va n hoc sinh gidi va m < n, khi dé n-m hoc
sinh phia cudi s& khéng nhén duge phan thudng nao, do d6

CHIA(m,n) = CHIAGn,m) khi m <n.

Khi ¢4 m phan thudng va n hoc sinh giéi vA m>n khi d6 ta xét hai
truong hdp sau day:

a) Khi hoc sinh cudi cing khéng nhan duge phan thmmg nao, khi
d6 s8 cach chia sé 14 CHIA(m,n-1)

b) Khi hoc sinh cudi cing nhan duge 1 phan thudng, khi 46 tat ca
cac hoc sinh gidi sé nhan duge it nhat 1 phan thudng, do dé s8 cach chia
trong trucng hgp nay sé la CHIA(m-n,n).

Tém lai khi ¢6 m vat thudng va n hoc sinh gidi thi s§ cach chia s&
1a CHIA(m.,n-1) + CHIA(m-n.n). e '

Trén cb s8 d6 ta c6 thé vist mot chuong trinh con dé quy thé hién
thuit toan trén:

Function CHIA{m,n:integer):integer;

BEGIN . }
if m=0 then CHIA=1
else if n=0 then CHIA:=0
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else if m<n then CHIA:=CHIA{m,m)
else CHIA:=CHIA{m,n-1)+CHIA{m-n,n)
END;

1. Thuit toan quay lui
Bai tedn:

Hay xay dung cac bd gia tri gdm cé n thanh phan (x;.x.....X,) tit
mét tap hitu han cho trudc sao cho cac bd d6 thod man mét yéu cau B
cho trudc nao dé .

Phuong phap:
Ta x4y dyng cac phan tit x,xz.....x, theo cich sau déy:

Gia st 43 xac dinh dude k-1 phan t dau tién cta diy 46 la
X1, Xz, ... » Xia . Can xac dinh ti€p phan ti thit x,. Phan ti nay duge xac
dinh theo cach sau:

Gia sit T, 13 tap tat ca cac gia tri ma phan tit x; c6 thé nhan dugc.
Vi tap Ty 1a hitu han nén ta c6 thé dat n, 1a s8 phan ti cia tap T,. Khi
d6 ta c6 thé 1iét ké cac phin tit cia Ty theo mét thit tu nio ¢6. Tiac 1a b
thé thanh lap mdt anh xa 1-1 ti tap Ty 1én tap {1, 2, .... n.

Xétj e 1, 2. ..., ny. N6i ring™§ chip nhan dugc” néu ta c6 thé bd
sung phan ti thyt j trong T\ véi tu cach 13 phan tit x, vao day x;. Xu. ...,
X1 dé duge day x). Xz, ...s Xpops Xk

Néu k = n khi dd bé (X,. x5, ... Xj.;, Xy) c6 ¢ n thanh phan va thoa
man yéu cau dit ra, do d6 bo nay dude dua vao quan hé két qua.
Néu k < n ta can phai thyc hién tiép qua trinh trén. téc 13 phai bé

xung tiép phan tlt xy,, vao diy x;. Xy, ... X,

Nhu vay nét dic trung phuong phap quay lui 1a & chd cé duge 1oi
giai ta phai di timg budc bing phép thit. Khi mdt budc lua chon chap
nhan can ghi nhé théng tin can thist va tién hanh budc tiép theo. Ngugc
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lai khi khéng c6 mét Iuta chon nio duge chip nhan thi cin phaii thuc
hién lai bude trude, xoa bét ghi nhé va thi lai véi nhitng

Iua chon con
lai. -

a) Thii tuc dé quy che thudt todn quay lui.

Procedure thu(k:integer);
Var jiinteger;
BEGIN
for j:=1to n, do
if <} 1& chdp nhéan duoc > then
Begin
<xac dinh x, theo j >
if k=n then <ghi nh&n bd gia tri mdi>
else thulk+1);
Endg;
END:;{thu}

Diéu dang quan tam & day la:

1. Lam thé nao dé xac dinh duge tap Ty, tic 1 tap ¥t ci cac kha
néng mé phan ti thit k cita day x,. ;. ..., X, ¢6 thé nhan dugc.

2. Khi da c6 tap Ty d€ xac dinh x, thiy ring x, phu thudc vao chi
6 j n6 con phu thudc vio cac xy. Xy ... Xk, Vi VAY can jifiz'ii ghi nhé
trang thai ciia qua trinh xiac dinh diy bing mét bién nhé nao 6 sau khi
xac dinh duge x; theo j va dong thdi cAn phai tra lai trang thai cii sau 13
gol Thuk+1).

Ngoai thi tuc Thu(k) nén ¢6 mét thi tuc goi 1a khdi tao nhim tao
ra mét sG gia trj ciing nhu nhimg trang thai can thiét ban dau.

b. Cac thi du minh hoa cho thudt todin quay lui:

Trong cac vi du dudi ddy bé gia tri (x,. xy, ..., X,) sé& duge luu trit
dudi dang mang mét chiéu 1a x[1]. x[2]. ..., x[k].
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1) Hay liét ké tdt od cde hodn vi ciia n 36 tit nhién ddu tién.

Diat N ={1, 2, ..., n}. Khi 46 mét hoan vi clia n 56 tu nhién dau tién
& 1a mét bé x[1], x[2], ..., x[n]. Trong d6 x[il = x[j] véii#) va x[i] e N[l
Nhan thay rdng T,=N . Gia sit 43 xac dinh x[1], x[2), ..., x{k-1], khi
dé:
Te= N - x[1], x[2), ..., x[k-11}.

D& ghi nhé tap T;, i= 1, ... n, ta can sit dung mdt mang b[1..n] la
cac gia tri boolean sao cho bli] = true khi va chikhieTy.

Sau day la chudng trinh liét ké t&t ca cac hoan vi ciia n s6 ty nhién
dau tién.

Progrdam hoanvi;

uses ci;

type mang = amray[1..20] of integer;

Var xmang,
b: array[1..20] of boolean;
nd.integer;

(*orrrrre———%

Procedure khoi tao;

Var i:integer;

BEGIN
inc(d);
write(*so phan tu=");readIn(n);
for i:=1 to n do bii]:=true;
d:—;O;

END;

(*——ee——)

Procedure inkg,

Var icinteger;
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BEGIN
inc(d);
write(‘Hoan vi thu’,d:3,");
for =1to ndo write(x[i):4);
writein;

END;

(" ")

Procedure thu(k:integer);

Var jinteger;

BEGIN
for j:=1 to n do

Begin
x[k]:=j;
blj]:=false;{chuyen ve trang thai moi}
if k=n then inkq
else thu(k+1);
b[j]:=true; {tro ve trang thai cu}
End;
END;
(- %)
BEGIN {Main}
clrser;

khoi tao;

Thu(1});

readin;
END. {Hoan vi}

2) Liét ké tdt cd cdc chudi nhi phén cé dé dai n.

Nhén th4y ring mét chudi nhi phan d¢ dai n 6 dang x[11, x[2], ...
x[n] véi x[i] € N. D4t B = {0,1). Nhan thay ring T, = B.
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Gia sit da xac dinh duge x[1], x{2], ..., x[k-1]. Thay rang Ty = B do
d6 s& phan ti cia tap Ty=2. Vi viy chudng trinh liét ké tat ca cac chudi
nhi phan c6 do dai n dugc thé hién nhu saw:

Program chuoi_nhi_phan;
uses crt;
type mang=array[1..20] of 0..1;
Var x:mang,

n,d:integer,
{ ")

Procedure khoi_tao,

Var i:integer,
BEGIN
write(‘do dai cua chuoiz’);readin(n};
d:=0;
END;
{r )

Procedure inkg;

Var iinteger;
BEGIN
inc(d);
write(‘Chuoi thu',d:3"7);
for i:=1 to n do write{x[i]:4).
writeln;
END;,
(* ")
Procedure thuik.integer);
Var jlinteger;
BEGIN
for j;=1 010 1do
Begin
x{K]:=i;




CU 30 TOAN TRONG LAP TRINH 35

if k=n then inkq
else thu(k+1);
End;
END;
(“ ")
BEGIN
cirscr;
khoi_tao:
thu{1):
writeln;

write(‘'Tong so ¢o’,d:4,'chuoi nhi phan’);
readin; ‘
END.

3) Bai todn ddt cdc con hdu

Phdt biéu bai todn :

Cho ban ¢g hinh vudng cd n*n. Hay lidt ké tit ca cac cach xép n
con hau trén ban co sao cho chiing khéng &n duge nhau. Tic 1a khdng cé

2 con hju nao cing dong, cimg cdt, cing dudng chéo niao dé cung
phuong véi dudng chéo chinh hodc duong chéo phy.

Giai thudt:
Xét mot ban cd gém n hing, n ct duge danh s6 1, ..., n. Ching ta

sé sd dung chi s6 k d€ chi hang va chi 86 j d€ chi cbt.Vay 1<k, i< n. Quy
uéc néu x[k} = j thi c6 nghia con hau 4 hang thit k duge dit & oot j.

Nhan thay ring T;=N={1.2, .., n}

Gid sit 43 xac dinh duge x[1], x{2], ..., x(k-1], caAn xdy dyng ti€p
x{k] d€ thod man ydu ciu cfia bai toan. Trude hét ta c6 mét vai khai
niém.
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Xem ring ban ¢d c6 hai dudng chéo. Dudng chéo chinh 1a doan AC
va dudng chéo phu la doan BD. Khi 46 ¢6 2n dudng chéo cing chiéu véi
dudng chéo chinh. Nhan thay ring véi 2 6 bat ky trén cing mdt dudng
chéo thi tng cac chi s& hang va chi sb cft chia cac 6 d6 1a nhu nhauy,
ching han cing bing mjt s& i nao do. Khi @6 i 12 chi s8 cia duong chéo
d6. Rorang2<2nvai=k+j néu dudng chéo 46 di qua 6 cb toa do 1a
(k.)).

Trén co sd dbé ta cb thé chon mdt mang ¢[2..9n] cac gia tri Boolean
dé ghi nhin xem duong chéo db cb thé con dat con hau vao do dudge
khéng, tic 1 ¢lil = True khi va chi khi trén dudng chéo d6 chua cb con
hau nao.

Tudng tu thiy ring cing cé 2n duong chéo cung chidu véi duong
chéo phu BD. Nhén thiy ring véi 2 6 bt ky trén cing mét dudng chéo
thi hiéu ciia chi s6 hang va chi s8 cdt clia cac 6 d6 12 nhu nhau, ching
han clng bing mdt s§ m nao d6. Khi dd ta goi m 1a chi s8 cha dudng
chéodé. Rorang 1 -n<m<n-1vam=Kk-) néu dudng chéo d6 di qua
& c6 toa d6 13 (k.j). Ching ta cling chon mét mang pl[2..2n] 1a cac gia tri
Boolean d€ ghi nhan xem dudng chéo do c6 thé con @it con hiu vao do
duge khéng tic 12 plm] = True khi va chi khi trén dudng chéo 46 chua c6

con hau nao. Khi dé tap T, tic 1a tap cé thé clia cac chi s& cac cot ma
" con hau trén hang thit k c6 thé dat vao. Nhat vay tap tat cd cac ga tri
ma x[k] ¢6 thé nhan 12 tap T, dude xac dinh béi biéu thic sau:

To= §15eN, j #xfh] véi be{l.2,..., k-1}, clk+] = True, plk-j1 = True}
Chuong trinh d8 giai bai toan .
Rrogram Tam_hau;

uses crt;
type mang=array[1..20] of integer,
var x.mang,
a:array[1..20] of boolean;
c:array[2..40] of boolean;
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p:array([-19..19] of boolean:
n.d:integer;

e —

Procedure Khoi_tao;

var ij,m:integer;

BEGIN
write(‘kich co ban co.):readin(n);
forj==1te ndo alj]:=true;
for i:=2 to 2*ndo cli]:=true;
for m:=1-nto n-1 do pjm]:=trye;
d:=@;

END:

R —¥

Procedure inkq;

Var i:iﬁteger;

BEGIN
inc{d);
write(‘Phuong an ©.d:3,™");
for i:=1to ndo write(x[i):4);
if i mod 10 = O then readin;
writeln;

END;

{- "}

Procedure thu(k:integer);

Var j.integer;
BEGIN
for j:=1to ndo
Begin
x{kl:=f
alj]:=false;
cli+k]:=false;



Chung 1. KiAI IEM THUAT TOAN - PHUGNG PHAP QUY NAP ...

pik-il. ~false,
if k=n then inkq eise thu(k+1);
afij:=true,
cik+il:=true;
pikH}.=true;
End;
END;
* *}
BEGIN
. arscr
khoi_tao;
thu(1);
write(‘tong so co’,d:3,'phuong an ),
roadin;
END.




CHUONG 2
QUAN hE

§1. QUAN HE VA BIEU DIEN QUAN HE

1. Quan hé va vi du vé quan hé

Cho hai tap A, B khac réng. Mét t&p con R cia tich D€ cac A x B
duge goi 1a mét quan hé R tit tap A vao tap B. Nhu vay cho quan hé R
tur Avao B, tiiclacho R c A x B.

Gid sit (a.b) € Ax B, véia € A, b € B. Khi d6 néu (a, b) € R thi ta
viét aRb va doc 13 a o6 quan kg R v6i b. Con néu (a, b) ¢ R thi ta néi
ring a khéng c6 quan hé R véi b va ki hiéu 1a aKb.

Vidul:ChoA={a,b,c, d}, B={n, m}.

Khi d6 tap R = {(a.n), (b,n), (c,m)} c A'x B la mét quan hé ti A vao
Bva aRn, bRn, cRm, cén (aftm).

Vidu2:ChoA={1,2, 3, 4, 5, B={4,5 86, 7.
Gid sit R = {(1.4), (2,5), (3.6), (4,7)}. Khi d6 R 13 mét quan hé tir A

vao B.

Vidu 3: Cho A= {1,2,3,4,5}. Véi mol a, b € A ta dinh nghia aRb
khi va chi khi a + b 1a mét s8 1é.

Khi 46 R 12 mét quan hé ttAvaiocAhayRc A x A,

R ={1.2). @1, 149, @1, 23). 3.2), 3.9, 4.3), 2.8), (6.2),
(4,5), (5,4)}.
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2. Phuong phap biéu dién quan hé

Cac phuong phap bidu difn quan hé théng thuong la: Phudng
phap dinh nghia, phudng phap ma tran va phuong phap &6 thi.

a. Phuong phap dinh nghia: Phuong ‘phap nay duge minh hoa
théng qua cac vi du 1, 2, 3 & trén. Hay phuong phap dinh nghia la
phuong phap cho R mét cach tryc ti&p hodc gian tiép dua vao tinh chat cac
phan titcua R.

b. Phuong phdp ma tran: Cho hai tap hiu han A = {a;,az, ..., n}
va B = {by. by, ..., by} Gia st R la mdt quan hé tit A vao B, hay
R c A x B. Khi d6 ma tran cua quan hé R 13 mét ma tran cAp n x m, titc

12 gdm n hang va m ct ma phan tit 35 ¢ hang i cbt ) cia ma tran dé
dude xac dinh nhu sau :

l, I].é‘u aini

0, néu khong cé a;Rb;

Ma tran trén duge ky hiéu la MRH *™ Do cac phén tit cia ma tran
nay 14 O ho#éic 1 nén ma tran Mg " con dude goi 1a ma trdn logic. R&
rang 13 khi biét quan h¢ R, ta tim dudc ma tran logic biéu difn né va

nguge lai khi biét ma tran logic thi ta xac dinh duge quan hé R ing vdi
ma tran logic d6.

Vidud:ChoA=1{a b c de,B={xyz2 t}. Gia st R 14 mét

guan hé tx A vao B: R = {(a, x), (a, 2), (@ t), b, ¥, b, ), (¢ x), (& %)

.y t), (@ x),dy d 2, ey (e, t)}. Khi d¢é ma trdn biéu dién
guan hé R s& 1&:

1
1
|

y

RS rang tif ma tran trén ta dé dang xac dinh duge quan hé R.

M =11

e’

=T - =
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c. Phuong phép dé thj: Cho tap hitu han khac trong:
A={ay, ay, ..., a,}. .

Khi 46 mét quan hé¢ Rc A x A c6 thé dugc bidu dién bing mét dé
thi ¢é hudng nhu sau: Méi mét a€A dugc xem 13 mdt dinh cia d3 thi,
do d6 s8 dinh cua d4 thi bing s§ phan tit cia tap A. Véi (a,b) € R thicé
mét cung di tit dinh a t4i dinh b. Nhu vay néua, b « A mi (a,b)eR
hay aRb thi tit a dén b c6 médt cung

O ——

Néu (a, a) € R thi ta ¢6 mdt khuyén tai dinh a. Néu {a, b) ¢ R thi
khéng c6 mét cung nio di tit a téi b.

Cting nhu d6i véi cach bidu difn quan hé bdng ma tran, véi méi
mét quan hé R ¢ A x A ta c6 thé biéu didn quan hé bing d8 thj c6 hudng
va ngude lai, Ung véi méi mét d6 thi c6 hudng ma cac dinh thude tap A
c6 thé xac dinh dugc mét quan hé R trén A, sac cho né nhan 48 thj d6 1a
dang biéu didn ciia né. ' _ .

Vidu5:ChoA={1,2,3,4vaquanhd RcAxA vdi R= {(, 1),
(1, 3), (3. 9. (4, 1)}. Khi d6 db thj biéu difn quan hé R s 1a:

Ngudc lai cling tir 6 thi d6 ta hoan toan c¢6 thé xac dinh lai quan
hé R da cho.

Vidu6:Cho A=1{1,2,3, 4,5 6} viquan hé R c A x A duge xac
dinh nhu sau: V4i moi a, b € A, aRb khi va chi khi hiéu a - b 1a mét s&
chén. Khi d6 ta c6 thé biéu difn quan hé theo ci 3 phudng phap nhu
sau;

a. Biéu dién quan hé R theo dinh nghia, quan hé R chinh 13 tap

(LD, 2.2), 3,3). (4.4), (6.5), 6,6), (1,3), B.1). (1,5), (5.1), (2.4), (4.2),
(2.6). (6,2), (3,5), (5,3), (4,6), (6,4)}
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b. Bidu dién quan hé R theo ma trén

Foo ] 0 1 0
0 1 0 1 o 1

MES _ 1 ¢ 1 0 1 O
R 0 1 0 1 0 1

1 0o 1 0 1 0

0 1 0 1 0 1

c. Biéu dién quan hé R theo dé thi

3. Tinh chét ctia quan hé

Cho A 12 mét tap hitu han, khac réng. Sau diy ta xét mot s6 tinh
chit chlaquan he Rc A x A

a. Tinh phan xa: Quan hé R c6 tinh phan xa néu Va ¢ A ta
luén cé aRa, hay (a, a) € R. '

b. Tinh déi xitng: Quan hé R ¢6 tinh d6i xiing néu Va, b € A ma
aRb thi bRa, hay néu (a, b) € R thi (b, a) € R.

¢. Tinh phdn déi xitng: Quan hé R ¢6 tinh phan 461 ximg néu
Va, be A ma aRb va bRa thi a = b, tiic néu (&, b) € R va (b, a) € R thi
a=bh.

d. Tinh bde cdu: Quan hé R ¢6 tinh bic cAu néu va, b, c € A
ma aRb va bRc thicé aRe, titc lanéu (a, b), (b.c) € R thi(a, ¢) € R.

Nhén xét: Bing phuong phap bidu didn quan hé theo ma tran va
theo d6 thi ta d& dang nhan biét dudc mét s6 tinh chat cia quan hé.
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Vidu .

- M6t quan hé c6 tinh phén xa khi va chi khi ma tran biéu dién né
cb t&t ca céc phan tit trén dudng chéo chinh déu bang 1.

- Mot quan hé cé tinh phan xa khi va chi khi dé thi biéu dién né
tai m3i dinh déu cé khuyén.

- Mgt quan h¢ c6 tinh d6i ximg khi va chi khi ma tran bidu didn né
la mot ma tran d6i xing qua dudng chéo chinh.

- Mét quan hé ¢6 tinh d6i xing khi va chi khi ¢4 th; bleu difn né
¢6 tinh chit : véi a, b 12 hai dinh bat ki va néu o6 mot cung di tit dinh a
dén dinh b thi cling cé6 mét cung di tit dinh b d8n dinh a.

Sau day ta xét mot s8 vi du.

Vidu7.ChoA=1{1,23,4.Tap RcAxA duge dinh nghia nhu
sau: Va, b € A thi aRb khi va chi khi tdng a +b 1a mét 85 18.

1. Biéu dién R bing 3 phueng phap da néu.
2. R c6 nhitng tinh chat gi ?
3. Coénhan xét givé ma tran va dd thicha R ?
- Dang dinh nghia cia R 12 _
R={1.2).(1.4.2, 3.3, 9,2 1,4 1), 8,2, 3)

- Dang ma tran cua R 1a

[a—

=]

— =
———
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Ta cé nhdn xét vé mdt sé'tinh chdt cua quan hé R nhu sau:

- Quan hé R c6 tinh ch4t 48i xing, vi a + b =b + a hay néu
(a,b) e Rthi (b,a)e R

- R khéng phan xa, vivdi (1, 1) ¢ R.
- R khéng phan d8i xing, vi (1,2) ¢ R.(2,1) € Rnhung 2# 1.
- R khéng béccau, vi (1.2) e R, (2, 3) e Rnhung (1, 3) ¢ R.

Nhan xét tinh chdt cia R tit ma trén cia quan hé R: Trong ma
tran trén phan ti trén dudng chéo chinh bing 0, nén R 14 khéng phan
xa. Do cac phin ti 61 xing qua dudng chéo chinh déu bing nhau nén R
c6 tinh d6i xting.

Nhdn xét tinh chdt cia R tic d6 thi cia quan hé R: Vi trong d6 thi
tén tai dinh khéng ¢6 khuyén nén quan hé R 1 khong phan xa. Tt d6
thi ta thiy ring néu ¢6 mét cung di tit dinh i sang dinh j thi cing c6
cung ngude lai di tit dinh j sang dinh i . do d6 R ¢6 tinh chét ddi xing.
Tén tai mét cip cung c6 hudng 1a (1, 2) va (2, 3) trong dd thi, nhung

cung (1, 3) lai khéng thudc d6 thi, do d6 quan hé R khéng ¢6 tinh bic
cfiu.

Vi du 8: Cho A= {1, 2, 3, 4}. Quan hé R ¢ A x A dudc dinh nghia
nhu sauw: Va, b € A thi: aRb < a + b = 2k (k 14 nguyén). Ching ta sé
chi ra quan hé R thod mén 3 tinh ch4t: Phan xa, déi xiing va bic cu.

That vay:

- R ¢6 tinh chit phan xa, vi Ya e Atacé a+a=2a 1a mjt s6
chin, do d6 (a, a) € R.

-R c¢é tinh chat d6i xing, vi Va,be A ma a+ b= 2k thi
b+a=2k,.dodénéua b)e Rthi, a) e R.

-R ¢6 tinh chit bic cAu,vi Va.b,ce A néu a+b=2k,
b+c¢=2k thi a+c=(2k-b)+ @2k’ -b)=2(k +k’) - 2b = 2k” vii k. k'
k” 1i cac s6 nguyén nao d6. Diéu d6 ¢6 nghia l& néu (a, b) € Rva
b, a)eR t]:_ﬁ (a,c)e R
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Nhén xét v€ d6 thi va ma tran cta R:

Ma tran cia quan hé R ;

| R | 01
0 1 ¢ 1
M4X4 —
B 11 o 1 ol
0 1] 0 1
Dang d6 thicda R :

R

Nh@n xét: - Trong ma tran clta quan hé R, cac phan tit t.ren dudng
chéo chinh ddu bing 1. do d6 quan hé R ¢6 tinh phan xa. Vi cac phan ti

dé1 xtiing qua dudng chée chinh déu bing nhau suy ra R c6 tinh d4i
Xiing.

- Ti d4 thi ciia R, méi dinh déu c6 khuyén, do d6 quan hé R c6 tinh
phan xa. Tit dinh i dén dinh j c6 mét cung thi cing ¢6 cung ngude lai tit
dén i nén R c6 tinh d6i Xding.

§2. CUNG VA DUONG TRONG PO THI CUA QUAN HE

1. Dinh nghia 1: |
Giast Rc Ax A Néua, b e Ama(ab) € R hay aRb thi tit a dén

b ¢6 mdt cung hudng di tit a dén b:

Néu giita dinh a va dinh b c6 ton tai mét day cac dinh a = ay, a,,
as, ..., @p.1, 8y = b saocho a;Ra;; (1=0, 1, 2, ..., n-1) thi ta néi tit a dén
b ¢6 mdt dudng di trong 46 thi cha quan hé R.
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- =@

D& dai clia dudng di 14 s8 cac cung c6 mit trong dudng dé. Trong
‘dudng trén o6 46 dai n. N&u dudng di ¢6 d¢ dai bing 1 thi dudng di d6 la
mot cung, hay cung c6 thé xem 14 dudng di c6 d6 dai bing 1.

2. Tinh chét

Pink Iy 1: Cho quan hé Rc A x A va R ¢ tinh chét bic cau. Khi
d6 néu trong d8 thi cia R ¢6 mdt dudng di 4 dain (n = 1) tir dinh a dén
dinh b thi cling c6 mét cung tir a d&n b.

Chitng minh: (Quy nap theon = 1).

- Trudng hgp n = 1. Cung va dudng tring nhau nén dinh If }a ding.

- Gia sit dinh 1§ ddng cho n, tic 1A tit a dén b c6é mot du0ng di ¢6 do
dai n thi cling ¢é mdt cung tit a sang b.

- Xét duong di bét ki tir a dén b c6 ¢9 dai n+1 trong d6 thicua R:
()

3 day aRa,, a;Ra,, ..., a,1Ra,, a,Rb. Dudng di tix a dén a, c6 46 dai n
nén theo gia thiét quy nap thi tit a dén a, cé6 mét eung, tic 14 aRa,. Do
R cé tinh bic ciu nén tit aRa, va a,Rb ta ¢6 aRb, hay trong -dudng d6
dai n+1 tit a d€n b c6 mdt cung di tit a d&€n b. Dinh 1§ duge ching minh.

§3. QUAN HE NGUGC VA QUAN HE HOP THANH

1. Quan hé ngudc

Pinh nghia 2: Gid st R 13 m6t quan hé ti tp A vio tip B. Quan
hé ngude ciia quan hé R duge ki hidu 1a R™. D6 13 mdt quan hé tit tap B
vao tap A va duge dinh nghia nhu sau: R = {(b, a))a € A, b € B va
aRb}.
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Ma tran quan hé ngudc:
Gid st A = {ay, ay, ..,a,), B = {b,, ba, ....bn}. Ma tran quan hé

ngude la ma tran légic ¢dp m x n, tic 1 ma tran g6m m hang, n o6t ma
phan it hang j cot i 14 o dude xac dinh nhu sau;
1, néu bjR-lai
a'ji = 4. ’ ’
0, trong trudng hop nguge lai

{ 1, néu a;Rb;

0, trong trudng hgp nguge lai
= §j, lz‘aphﬁntﬁ&héngio@tjtrongmatrancﬁaquanhéR

Nhu vay, néu quan hé R ¢6 ma trgn la Mp" *™ = 65, G =1, ..., n,
=1, ..., m) thi ma tran cia quan hé ngugc R'c B x A ma ta k¥ hiédu 1a
Mgt = {aji] G=1, ..., m,i= 1,..., n) 88 nhan dude tit Mz" *™ bing cach
d6i hang thanh cft, cét thanh hang.

Vidu9:ChoA={1,23,4.B=1{5, 6, 7}, R 1a quan hé tir A vao
B dugc cho boi tap R = {(1,5), (1,7), (2,6). (3,6), (3,5)). Tim quan hé ngugc
R va ma tran cha né. '

Theo dinh nghia ta ¢6 R™ = {(5,1), (7,1). (6.2). (6.3), (5,3)}

f1 o 1 Lo
1 0
M4x3 - ]0 l 0 M3x4 = 0 1- 1 0
R l1 1 o R
LO 0 oJ 1 0 0 0

R& rang ma tran cha quan hé R nhan duge t ma tran cia quan
hé R bing cach d6i hang thanh cft, cot thanh hang,

2. Quan hé hgp thanh

Binh nghia 3: Gia sit R 1a quan hé tit tap A vao tap B, S la quan
hé tir tap B vao tap C. Khi d6 mét quan hé Q tit A vao C duge dinh
nghia sau day goi 14 quan hé hgp thanh giita hai quan heRvasS:

Q={a,c)aec A, ceC, 3beB saochoaRb-va bSc}
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Ta ki hiéu quan hé hgp thanh gita Rva Squa Q = R.S.

Ma irdn clia quan hé hgp thanh: Gia sit Q 1a quan hé hop thanh
ctia hai quan hé R va S, Q@ = R.S. Khi d6 ma tran cua quan hé hgp
thanh Q duge xac dinh nhu saw

Gid st c6 A= {a. ag .. agh, B={by, by, ... b} v C={cy, ca. -icrl
Ma tran cia quan hé Rc A x Bla ME™ gém m hang, n cft va phian
tit hang i, cot j1a:
5 - { 1, néu a;Rbj
! 0, trong truong hgp nguge lai
Ma tran cia quan hé Sc B x Cla Mi™ gom m hang, r cdt va phan
tit Bk 6 hang j cbt k duge xac dinh bai
_ | 1, nfu bjScy
Bi =
0, trong trudng hgp ngude lai
Goi %, 12 phin tit 3 hang i cdt k clia ma tran quan hé hgp thanh
Q= R.S, ki hidula M3”
_ | 1, néu aiQey
Yik = R
0, trong truong hgp ngude lai
Theo dinh nghia clia quan hé hgp thanh thi:
{ 1, néu 3b; € B sao cho a;Rb; va b;Sc,
Yik =
0, trong trudng hgp ngude lai
Tir d6 ta thay %, = 1 khi va chi khi & = Sk = 1, hay ma tran cia

quan hé hgp thanh bing ma tran cia guan hé R uhan véi ma tran cla

n.m m.r

quan hé S: MQ"'r =Mr . Mg
Vidu 10: Cho A=11,2,3,4.5}, B={6.7.8,9;va C={a, b}.
R c A x B dudc cho bdi:
R = {(1,6), (1.8). (2.7}, (2.9), (3.9). (4.6), (4.8). (6,7}
S c B x C duge cho bdi: S = {(6.a). (7.a), (8,a)}
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Xac dinh quan hé hop thanh Q = R.S va chi ra ring
M(s;z _ Mf;"" _ngz

That viay xét quan hé Q= A x C va dua vao R, S ta cé:
Q =R.5={(1.a), (1,b), (2,a), 4.2), (4,b), (5,a)}

1 0 i 0 1 1
(1 0
| 0 1 0 1 o 1 o
M¥=lo o o 1l M _| o b M=o ol;
1 0 1 0 ' i 1
LJ ¢
0 1 0 o 1 0

RO rang ta cé: Mo =Mr .Mg

§4. QUAN HE TUONG PUCONG

1. Dinh nghia quan hé tuong duong

Gia sit R 1a mét quan hé tir tap A vao tap A. Quan hé R dudc goi 1a
quan hé tudng dudng trén A n€u R thod man 3 tinh chit sau day:

- Tinh phan xa : Va € A ta c¢6 aRa.

- Tinh d61 xiémg : ¥Ya, b € A néu aRb thi bRa.,

- Tinh bic ciu : Va, b, ¢ € A néu aRb va bRc thi aRe.

Vidul11: A=(1,23,4,5,6,7,8, 9). Trén A ta dinh nghia quan
hé R nhu sauw: Va, b € Athi aRb < a + b = 2k vdi k 1a mét s8 nguyén
dueng nio dé. )

Ta s& chi ra R 12 quan hé tuong dudng. Tic 1 cin chi ra R thoa
mén cac tinh chat phan xa, d6i xting, bic ciu.

- Phanxa: Vae Atacé a+a=2a nénaRa.

- D&i xing: Gia st a,be A va aRb khidé a+b =2k, do d6

b +a =2k nén bRa.

-Biccidu: Gidslt a,b,ce A va aRb, bRe, titc 1a a + b= 2k, va .

b+e= 2k2
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Xét: a + ¢ = (2k- b) + (2ka- b) = 2(k;+ ko) - 2b = 2(k,+ ko- b)

Tit d6 suy ra a + ¢ = 2k, v6i ks 14 mét s6 nguyén duong nao dé, nén
aRe. Vay R 1 quan hé tuong duong.

2. Phan hoach tuong duong trén tap hop
Cho tap A = D va hUu han phan ti. Ta chia tap A thanh n tap

con A;, Ay, ..., A saochoA U A,vaAANA =2 véiiz) Khidd ta
k=1

néi cac tap A,, As, ..., A, 12 mét phan hoach tudng duong trén tap A.
Ngugc lai, tng v4i méi phan hoach tudng duong A, A, ..., A, trén tép A,
ta x4c dinh quan hé tuong duong R trén A sinh ra phan hoach dé nhu
sauw: Va, b € A, aRb < 3A;saochoa,be A; (e{l,2 .. n}). Taséchi
ra ring quan hé R dinh nghia nhu trén 14 quan hé tuosng duong trén A
va R sinh ra phan hoach di cho. That vay ta sé ching t6 R thoa man 3
tinh chat:

- Phén xa: Vi mbi a € A ¢6 duy nhat A; dé a € A hay aRa.

- D6i x(tng: Néu a. b €A ma aRb, suy ra cé it nhat A; sac tho
a,beAGe{l,2, .., 0N tddé b, ac A vatacdbRa.

- Béc cdu: Gid st a, b, ¢c € A va aRb, bRc ta chi ra aRc. That vay,
tit aRb suy ra tdn tai tap A; @6 a, b € A; va tit bRc suy ra tén tai tap A
a8 b,ce Aj. Do tinh chdt A;n Aj= @ véii+jnénsuyra A; = Aj(vi
chiing cting chita b). Diéu 46 chiing té a, ¢ € A, hay aRe.

Vi du 12: Cho A= {2, 3, 4, 5, 6} vd phan boach cia Ala A, = {2,3},
Az = {4}, As = {5, 6}. Quan hé tudng ducng R sinh ra phin heach trén la
R = {2, 2), 3. 3), 2. 3), (3. 2), 4, 4), (5, 5), (6, 6), (5, 6), (6, 5)}. Dé dang
chi ra R 1& quan hé tuong duong trén A. D€ chira R sinh ra A, Ay, Ay &
trén, ta lap ma trin:

0)

[on- T R e

SxS
My

—
o

o o o - -
== T e R =
o o - o O

—
—
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Hang thit nhét va hang thif hai ctia ma tran sinh ra A, = {2, 3}.
Hang thit ba cua ma tran sinh ra A, = {4}
. Hang thi tu, thd nim ctia ma tran sinh ra tip As= {5, 6}.

Cén luu ¥ rang: Véi mdi quan hé tuong duong R trén tip A thiné
sé sinh ra m§t phan hoach tuong duong trén tap A va ngudge lai véi phan
hoach tudng duong trén A sé sinh ra mét quan hé tuong duong trén A.

Vidu13:ChoA=1{1,2 3,4,5,6, 7. Trén A ta dinh nghia quan
hé R nhu sau: Va, b € A: aRb < a - b = 3k (véi k 12 mét s§ nguyén).
Hay chi ra quan hé R trén 14 quan hé tuong duong va tim phan hoach
tudng dudng trén A do R sinh ra.

T dinh nghia ta cé: R = {(1, 1), (2, 2), (3. 8), (4, 4), (5, 5), (6, 6),
(1.7, 1,4,4D,10,7, 7, 1), 2 5). 56.2), 3, 6), 6, 3), 4,7, (7, 4}

Trude hét chira R thod man 3 tinh chat;

-Phanxa: VdiVae Ardrang a-a=0=3.0 nén aRa.

- Déi xing: Gid st a,be AvaaRb. Tacé a-b=3k.
Dinhién b - a = 3(-k) do 46 bRa.

- Bic caw: Gid sit a, b, ¢ € A, aRb va bRc theo dinh nghia ta cé
a-b=3k, b-c=3ky. Xéta-c=@k+b)-® -3ky) = 3&+ ky = 3k,
Vay aRc.

D& tim phéan hoach tuong duong trén A do R sinh ra ta lap ma
trancuna R :

—y

i 0 0 1 0 o0 1
o 1 0 0 1 0 0

0o 0 1 0 0 1t 0

M =1 0 o 1 o0 o0 1
o 1 0 0 t 0 0

o 0 1 0o o 1 o0

dl 0 0 1 0 0 1

Caching 1,4va 7sinhratap A, =1{1,4, 7.
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Cac hang 2 va b sinh ra tap A, = {2, 5}.
Cac hang 3 va 6 sinh ra tip A; = {4, 6}.-

Khi 46 cac tap A,, Aj, As 8€ tao thinh mdt phin hoach tudng
duong trén A.

85. BAO DONG BAC CAU CUA QUAN HE

1. Bao déng bac cdu cta quan hé

Gia st R c A x A. Bao d6éng bic ciu clia quan hé R duge ki hiéu
bdi [R} 12 quan hé bic ciu nhd nhit chita R, hay R < [R]. Néi cach khac,
néu R 1a mét quan hé trén A, thi [R] 12 mét quan hé nhé nhit chia A
sao cho néu véimoicéip (a,b) e R va (b,c) e R thi (a, ¢) € [R].

Vi du 14: Cho A= {a, b, ¢ va R = {(a, b), (b, ¢)} 12 moét quan hé
trén A. Khi d6 dé dang thiy rdng quan hé [R] = {(a b), M, o, (a,0)} la
bao déng bic cdu nhd nhit chita R.

DPinh ly 2: Gid sit S 12 quan hé bic cdu trén Ava R la quan hé
trén A thoa mén Rc S. Khi dé [R] ¢ S.

Chitng minh: Ta chi ra rAng néu (a, ¢) € [R] thi (a, ¢) € S. That
vay: Néu (a, ¢) € R thitacéngay (a, o) e S.

Né&u (a, ¢) ¢ R, diéu d6 cé nghiala phai 3@, b)e R va (b,¢) e R
48 ti d6 c6 (a, ¢) € [R]. Theo gid thidt R S nén ta ciing ¢6 (a, b) € S va
(b, ¢) € S. Do S 1a quan hé béc cdu, suy ra (a, ¢) € 8.

Dinh I¥ 43 duge chitng minh.
2.X4c dinh bao déng béac ciu cua quan hé
Truée hét ta ki hidu:
R'={(a, b)/a, b € A, aRb}: dudng 46 dai 1 tir a dén b.

RZ= {(a, b}/a,b € A, 3¢; € A sao cho aRc, va ¢,Rb}:
dutng 30 daa 2 ditira dén b,
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R*= {ta,b)/a, b e A 3¢, c; € A sao cho aRcy. ¢;Rey, csRb):
dudng d6 dai 3 di tir a dén b.

R*={(a,b)/a,b € A, 3¢y, ¢, ..., ¢,y € A 530 cho aRey, ¢;Re,,
.» Co1Rb}: duong d6 dain di tita ¢&n b.

Dat R* = Lnj R".

n=|

Tu ky hiéu trén ta ¢6;: (a, b) € R® néu tén tai s& nguyén duang k
sao cho (a, b) € R®, Didu dé cling tuong dudng véi viée ton tai ¢y, cy, ...,

k-1 820 cho aRc;, ¢jRep, ¢Res ..., csReyp, cx-1Rb, néi cach khac
(a, b) € R™ néu ton tai mét dudng di 46 daik ti a dén b.

BDinhly 3 GilasiRcAxA KhidsR*= [R].

Diéu d6 c6 nghia la R” 1a bao déng bic cAu nhd nhit chia R,

Ching minh: a. Truée hét chimg minh ring R” ) bac déng béc
cau:

That vay, gia st (a. b) € R® va (b, ¢) € R® ta sé chi ra ring
(a, ¢) € R". Do (a, b) € R® suy ra tén tai s6 nguyén dudng k sao cho
(a2, b) € R*. Tuong tedo (b, ¢) € R® ta c6 s6 nguyén dudng h sao cho
(b, ¢) € R®. Khi d6 tén tai c;. ¢y, ... Ck.1 € A sao cho:

aRc;, C1R02, CzRC;}. cees Ck_gRCk-l, Ck_le (1)
Mit khac cling ton tai sy, Ss, ..., sp.; € A sao cho:
bRSl, SlRSQ. SgRSg. vees Sh_zRSh_l. Sh_lRC (2)

Néi dudng (1) va (2) tai dinh chung b ta c6 dudng & dai k+h di tit
a dén ¢, do d6 (a, ¢) € R**" hay (a. ¢) € R”.

b. Tiép theo sé ching minh ring vdi bt ky quan hé bic ciu S
chita R thi déucé R*c S.

That vay, gid sit ¢6 (a, b) € R”. Khi d6 tén tai ¢, ca, ..., ¢x; € A
sao cho: aRe|, ¢jRey, ¢3Res, ..., ey Rey 1, ¢ Rb, titc 13 tit a d8n b ¢6 mot
duong d¢ daik. Vi R < S nén tit aRey, ¢;Rey, csRes, ... o oRey 1, e Rb
ta cé: ascy, ¢15¢y, ¢5¢;, ..., ceSey., ¢x.1Sb
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Do S 14 quan hé bic ciu nén theo dinh 1 1 suy ra tit a dén b ¢6
mét cung, titc 1a (a, b) € S. Diéu 46 chimg t6 R° < S, hay R” =[R] 1a
bao déng bic cdu nhé nhét chita R.

Thuat toan tim bao déng bic cAu nhd nhdt cia quan hé R theo
dinh 1y 3 rat khé thuc hién, vi vay ta can dua ra mét thuat toan don
gian hon sau day:

Dinh 1y 4: Gid sl tap A c6 n phan tit va R 12 mft quan hé tor A
vio A Khidé R*=RuUR’UR’u..UR™
Chatng minh: a. Bao ham thic RUR*UR* U . UR*cR” Ia
hién nhién.
b. Ta chitng minh bao ham thic ngude lai.
R°cRUR*UR*u .. UR"

Gia st (a, b) € R™. Khi d6 ton tai mét s6 nguyén duong k sao cho
(a, b) € R*. Diéu dé c6 nghia 1a tén tai ¢}, cs, ...,0x.1 € A sao cho: aRey,
c1Reg, coRcs, ...; CoRexq, o1 Rb. Nhut vay o6 mdt duong tr a dén b 46 dai k. Cé
b 1Y Khi k<n.

Trong frudng hgp nay R" 14 mét trong cac tap R' (=1,...,n) do d6
(a.byeR' U RPUR*u ... uR™

b.2) Khi k> n.

Vi tir a dén b c6 dudng véi d6 dai k, ¢6 nghia 14 t6n tai ¢, ¢y...,
ce; € A saocho:  aRe, ¢)Rey, cRey, ..., croReg., 1 Rb

Trong dudng d6 c6 k+1 dinh ma k > n nén phai ton tai it nhat
mét cip dinh ¢, ¢i saocho ¢;=¢ va i<j. Khidé duong i 46 dai k tux
a d&n b c6 dang:

(&) =@ ~w®
CENG

d day aRc,, ¢;Req, coReg, ..., ¢i.1Ra;, ..., ¢i-iRa, ..., ¢ 1Rb



€O SO TOAN TRONG LAP TRINH 55

Trong dudng trén ta bd di chu trinh vong, titc 12 bé d&i cac dinh
Cis1, +.v Ci-1, € VA 10Bi ¢; V6i ci+1 béi mét cung ta dugc duong di tit a dén b
dé daik’ < k.

(D= - ADE) = -

3 déy aRey, ..., ¢Rej+1, ..., ¢ 1Rb. :

Néu Kk > n thi trong dudng nay van t3n tai cac cip dinh bing
nhau, tifc 14 dudng di tit a dén b vin con chu trinh, Ta 13p lai qua trinh
trén dé loai bd chu trinh véng cho tdi khi nio trong dudng di tit a dén b
gdm céc dinh a, b va cac dinh trung gian khac nhau ting cip. Dudng
nhu théséc6d6 dai <nvadods (ab)e RRURPUR L. L R". Dinh ly
da duoc chitng minh,

§6. THUAT TOAN XAC DINH BAO BONG BAC cAu
CUA QUAN HE

Theo dinh 1j 4 thi R = RUR' U .. U R* 14 bao déng bic cdu nhé
nhéit ciia quan hé R trén tap A gdm n phan tit.

Ta goi Mg, 14 ma tran clia quan hé R.

N - . A a2
Mg2 14 ma tran ctia quan hé R%

Mgn 13 ma tran clia quan hé R®, |
Con Mg~ 12 ma tran bao déng béc cdu nhd nhit chita quan hé
duge xac dinh trong dinh 1y 4. :
Khi d6 ta c6 Mge = Mg v Mg2v ... v Mya = My,
1 0 1
Vidu:Mg={0 1 of
| 1 1 0
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1o 1) (1 o 1) {1 1 1
Khi @6 Mgz=0 1 - oJ. 0 0 {o I 0
11 0 Ll 10 U 1 1J

1 1 1)1 o 1) (1 1 1

va Mg3= Mgz. Mg = to 1 0 .10 1 o{=l0 1 0

11l Ll 1 oJ R

Vay Mm) =Mg v Mg2v Mg3

( o 1) ft v 1) (1 v 1} {11 1

= 1 Oiv |0 1 OJ v i 1 OJ = LO 1 0.
Ll 1 (J I 1 | Ll 1 1 1 1 1

Dinh 1y 4 diung d€ 1am co s& cho thuat toan tinh ma tran quan hé

cua bao déng béc cau nho nhit chita R trén tap A gém n phan ti.

Thuét to4n tinh bao déng bic cAu nhé nhit chita quan hé R trén
tap A gdém n phan tit: :

[T

Procedure bao_dong_bac_cau(Mz: ma trén cdp n.n ctia R)
A= Mg
B:= A,
forii=2tondo
Begin
A=Mg.A;
B:=B v A,
End; (Blamatrancta [R]=R'UR w . UR)
Chié # 1: Do phitc tap ciia thuat toén trén 1a O@®).

Chii ¥ 2: Ngoai thuit toan trén, ngudi ta cb thé dung thuat toan
Warshall d8 tinh Mir) v6i d6 phiic tap thip hon la O(ns) (xem [13]).



CHUONG 8
B0 THI HOU HAN

§1. 9O TH] HIU HAN

1. M6t s khai niém
Dinh nghia 1:

Gia st X 13 tap hitu han, khéng réng cac phin tit ndo dé va U c XxX.
B§ G = <X, U> dugce goi 1a 45 thi hitu han. M3i phin tit x € X goi la
mét dinh va méi phan tt u = (x, y) e U goi 13 mét canh ctia d8 thi
G = <X, Y>. Vi th& X con duge goi la tap cac dinh va U Ia tap cic canh
cia d6 thi G. Néu u = (x, x) € U thi dinh x goi 1a mét khuyén trong G.
Néu véi moi canh u = (x, y) € U ta khéng phén biét thit tu cla cac dinh
X va y, tlic 1a tif x dén y khong ké huéng thi ta néi ring 46 thi G = <X, U>
12 d6 thi hitu han v6 huéng hoic goi tit 1a dé thi vé6 hudng. Trong trusng
hgp nguge lai, néu mdicanh u=(x,y) e U 1a mét cdp dinh c6 thit tu
hay c6 hudng di ti x d&n y thi ta néi ring 46 thi G = <X, U> 1a dé thi
hau hgn c6 hudng, hay goi t4t 1a d6 thi c6 hudng. Mbi canh cta d3 thj cé
hudng con duge goi 13 mot cung. Khi (x, y) € U thi ta néi ring x, y la
hai dinh ké nhau.

Ta c6 thé mé ta mét canh (x, y) trong 46 thi vé6 huéng nhu sau:

Tudng ty ta ciing c6 thé mé ta mét cung (X, y) trong 4§ thj cé

huéng nhu sau:
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Cho 44 thi G = <X, U>, (c6 huéng hodc khéng c6 hudng) va
u={x,y) € U la mét canh ndi dinh x v dinh y. Khi d6 ta néi ula canh
chita cac dinh x, y hodc x, y 13 hai dinh thuéc canh u. Khi dé x, y dudc
goi 12 hai dinh ké nhau. Hai canh dudc goi 1a k& rhau néu giita ching ¢6
dinh chung. Viduvéi u=(x,y) va v=(y,2) thi ching 12 hai canh ké
nhau. ' ‘ -

Dinh nghia 2: D8 thi G = <X, U> dudc goi Ja dd thi don néu
giita hai dinh bét ki duge néi véi nhau bdi khong qua mét canh (mét
cung). : _ :

Pinh nghia 8: D6 thi G = <X, U> dude goi la da 46 thi néu noé cé
it nhit mot cip dinh duge ndi véi nhau béi hai canh (hai cung) trd 1én.

Dinh nghia 4: D8 thi G = <X, U> dugc goi 13 dd thi phing néu
né c6 dang bidu dién hinh hoc trén mit phdng ma céc canh chi cit nhau
& dinh. Trong trudng hdp nguge lai d3 thila khong phéng.

Chéng han:
| £)
S T
dd thj phing d8 thi khong phing

) D.in!z nghia 5: a) D3 thi vo huéng G = <X, U> dudgc goi la d6 thi
diy du néu mdi cip dinh d8u cé canh ndi giita ching.

b) D3 thi c6 huéng G = <X, U> dugc goi 1a 44 thi diy di néu méi
cip dinh ddu c6 cung néi giita ching (chifu cia cung c6 thé tuy ).
Chéng han :

%3 (X3

1a 6 thi day du.
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Dinh nghia 6: a) Cho d6 thi vé huéng G = <X, U>. Vi x < X, ta
k¥ hiéu m(x) 13 s¢ cac canh thuée dinh x va m(x) goi 1a béc ctia dinh x.
N&u dinh x c6 khuyén thi ddt m(x) = 2. Néu m(x) = 0 thi X dude goi la
dinh ¢6 1ap va néu mx) = 1 thj m(x) duge goi 13 dinh treo. Béc clia dé
thi v6 huéng G = <X, U> dude ky hisu la m@G) = 3 m().

xeX

b) Cho d6 thj cé huéng G = <X, U> néu x € X 1a mét dinh ctia d3
thi, ta ki hiéu m*(x) 14 s& cac cung vao cua dinh x, cén m(x) 1a s§ cac
cung ra khéi x. Khi d6 ta goi m*(x) la béc vao clia dinh x con m ) Ia
bac ra cua dinh x. Bac cha 48 thi c6 huéng G = (X, U) duge ki hiéu 1a
mG) = 2, m'@+ 2 mX). Véi xeX ma m'@ + mx) = 0 thita

xeX xeX

néi rang x 1 dinh cb lap, con ndu o6 m'®x) =0, m(x) = 1 hoic m'E =1,
m (x) = 0 thi x dugc goi 1a dinh treo. :

Vi dy I: Cho 46 thi G = <X, U> nhu hinh v& dugi day va theo
dinh nghia ta cé: m(x;) = 4, m(x;) = 3, m(xs) = 2, m(x,) = 1, m{xs) = Q.
Khi d6 x4 14 dinh treo, X5 }a dinh ¢b lap va m(G) = 10.

(&—®
& & ®

Vi du 2: Xét 46 thi ¢6 hudng ; G, = <X, U> (hinh v&) ta cling c6;
m'(x) = 0, m'(x;) = 2, m'axp) = 1, mxy) = 2, m'(x3) = 2, m(xy) = 2,
m'x) = 3, mxg) = 1, m'xs) = 1, m(xs) = O, m'(xg) = m(xg) = 0,
m'(xs) = 1, m(xs) = 0. Khi d6 x; la dinh treo, ¢ 1a dinh ¢6 lap va bac
cua d6 thi G; bing m(G)) = 14. :
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- 2. Biéu dién d6 thi
Cé6 hai phudng phap biéu dién do thi.
e Biéu dién hinh hoc:

Cho 48 thi G = <X, U>, khi d6 ta c6 thé bidu didn G bang phuong
phap hinh hoc nhu ching ta da dé cap & mot s6 phan trudc. 0O day xin
nhic lai va cu thé hon nhu sau; M8i x € X ta dit tuong dng vél mot
diém trong mit phing, diém d6 goi 13 dinh cta d6 thi. Do tap X la hitu
han nén né tudng ting vdi tap hitu han cac dinh trén mat phing.

a. Truong hop G = <X, U> la dé thi vé hudng. Trong trudng hop
nay néu u=(x,y) € U thi trong mit phing, cac dinh x va dinh y duge
néi vé1 nhau bdi mét canh khéng c¢6 hudng. Néu (x, x) € U thi tai dinh
x 58 c6 mét khuyén.

b. Truomg hap G = <X, U> la d6 thi c6 huong. Néu u=(x,y) € U
thi trong mit phing s& ¢6 mot cung c6 huéng di tit dinh x dén dinh y.
Trudng hgp x =y thitai dinh x 6 mdt khuyén cé hudng vao chinh né.

e Biéu dién bdng ma trdn ké

a. Gid sz G = <X, U> la dé thi vé huong véi X = {x;, xg, ...,%n}- D6
thi G c6 thé biéu dién bing ma trin ké vudng ¢ip n, ma phan ti §; 8
hang i c6t j dude xac dinh nhu sau: 85 = d, néu cép dinb x;, xj c6 d canh
n6i véi nhau. Khi cip dinh x;. x5 khéng cé canh nao néi vdi nhau thi
8;=0, i,j=1,2, ..., n. Bing cach d6 ta s& nhan dugc ma tran biéu dién
d4 thi da cho.

Ma tran ctia dé thi vé6 hudng 12 ma tran déi xtng, tic 1 cac phan
tit d6i xdng qua dudng chéo chinh sé& tuong ting bing nhau.

b. Trutong hop G = <X, U> la do thi c6 hudng véi X = (x;, xg, -.., x,} thi
44 thi G c6 thé biéu didn bing ma tran ké vuéng cip n ma phan ti hang
i, ¢t j cha 06 1a 8y duge xac dinh nhu sau: d6i véi mdi cip dinh (%, x;)
tit x; dén x5 néu ¢é d cung thi §;j = d. Trong truéng hop nguge lai thi
8, = 0. N6i chung ma tran biéu dién dé thi c6 hudng la ma tran khéng
déi xiing.

Vi du 3: Cho d6 thi vé huéng G, = <X;, U;> nhu hinh vé dudi
day :
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) (%)

Z

) (%5

Ta ¢6 thé bidu dién G, duéi dang ma tran d6i xing nhu sau:

p 1 1 0
4x4=|l 0 2 2
N N N

0 2 o0 0

Vi du 4: Cho d6 thi ¢6 huéng G, = <X,, U;> nhu hinh vé :

Ma tran ké coa né :

@ 1 q
Mgzv 1 w
] 1 0

Chii y: Néu ma tran ké cua dé thi G = <X, U> ma moi phian ti
ca né la 0 hodic 1 thi ma tran ké 46 goi 13 ma tran logic. Moi dé thi don
déu ¢6 ma tran ké 1a ma tran logic. Ma tran k& khéng phai 1a ma tran
logic thi ma tran 46 la ma tran cia da 48 thi

Péi v8i ma tran ké caa d6 thi ta cé:

Dinh Iy 1: Néu G = <X, U> la da 46 thi v6i Mg = (ay) la ma tran
ké, thi s§ cac dudng khac nhau di tit dinh x; dén dinh x; ¢6 d6 dai { bing
phén tit P;j cha ma tran tich M. Mg...Mg = Mg = (P)

——

IQE
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C'ha’mg minh: Quy nap theo I > 1 va dua vao dinh nghia phép
nhin ma trin. .

Vi du 5: Cho 46 thi G=<X, U> dugc thé hién & hinh v& duéi day:

@ @ 0110

va ma tran ké cua G 102 2

i
@ 0 2 0

Tim tat ci cac duong dd dai I = 2 di tit x; d€n x,, tit X3 dén x, va
it x5 vao X,. Trude hét tinh ma tran tich

fo 1 1 0) (0 1 1 0)
) ¥ 0 2 2|| i1 0 2 2{__
Mg=MaMa=, 4 o1 2 o ol
W 2 0o ol 2 o o
(2 2 2 23
_'2 9 1 0||
“l2 1 s a4l
2 0 4 4J

Tit ma tran nay ta thiy s6 duong 46 dai 2 tit x, d&n x, 14 2, d6 la
cac dudng: X,aXspX, VA X1aX2qXq.

86 cac duong d6 dai 2 tu x3 dén x, 1a 4, d6 14 cac dudng: x;cxzpxy,
X3CX2qXy, XadXopXy, X3dXpqxy. '

86 cac dudng d6 dai 2 ti X, vao Xs 14 9, d6 12 cac duong: xpx4px.,
X2QX4GXz, XgPX4QX2, X20X4DXz, XoCX3CX, XodXadXs, XacXadXp, Xadxsexs va
XoaX,aXo.

Tu Dinh 1y 1 ta c6 hé qua saw
Hé qua:
Trong dd thi G = <X, U> ta luén cé:
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a) G chita duong dé dai | tit dinh x; sang dinh x; khi va chi khi MY, = 0,
b) G khéng ¢6 chu trinh khi va chi khi tén tai s6 nguyén dudng k

sao cho tif d6 tré di ta c6 Ma" = 0, d day 012 ma tran 0, tic 13 moi phén
tit clla ma tran déu bing 0.

Vidu 6: Xét G = <X; U> nhu hinh dudi

) &3

*

0 1 o0 (0 o0 1)
matranké Mg=|0 0 1|vA ma tran tich M} = LO 0 OJ 0.
LO 0 OJ 0 0 0
Trong 46 thi c6 chita dudng di d6 dai 2 tir x; dén x;.
0 0 0
M3 =Mg MgMg= {0 0 0)nén d? thj khong c6 chu trinh.
0 O 0

3. Dudng va chu trinh trong d4 thi

Dinh nghia 7: Gia sit G = <X, U> 1a d thi vé hudng (ho¥c ¢6
hudng). Mot dudng di trong 46 thi 1a mét day xw XUy ... xjug ...
XixWkXik+1, trong dé cac x;j la cac dinh con cée u;; }a cac canh sao cho véi
Vie{l, 2,.., k} thidinh x; va dinh xj+114 hai dinh ké nhau. Dudng di
d6 xuat phat tit dinh x;, va két thic tai dinh x;,,, (hosc di tit dinh x;,
dén dinh x;41). D§ dai clia dudng bing s6 cac canh (hodc cung) trong
duong dé.

Chutﬁxﬂltrongdathilém@tdubn.gdicédinhxuﬁtphétvék&thﬁc

tring nhau.
' Dinh nghia 8: Dudng (chu trinh) trong &3 thi G = <X, U> duge
goi la don néu né di qua méi canh khéng qua mét 14n.
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Dudng (chu trinh) dudc goi 14 30 cdp néu né-di qua cac dinh, mdi
dinh ding mét lan.
4. D4 thi con, a6 thi bd phan va db thilién thong

DPinh nghia 9: Cho dothi G=<X, U>

a) Néu trong dé thi d6 ta bd di mot s8 dinh nao dé va cac canh
xuét phat tit cac dinh d6 thi phin con lai cia dd thi dugc goi 1a 46 thi
con caa d6 thi G d4 cho. ' .

b) Néu trong db thi G ta bd di mét 83 canh, giit nguyén cac dinh thi
phin con lai cfia 46 thi dugc goi 1a d6 thi bd phan cia d6 thi G.

Vi du 7: Cho dé thi G = <X, U> nhu hinh v& duéi déy

2

s (%3

Trong G bé i x5 va cac canh ké dinh x, (hinh v& dudi) ta dude 45
thi G’ = <X, U'> 1a dé thi con ciia d3 thi G.

&

&

2

Trong vi du trén, néu ta gift lai cAc dinh, bd hai canh ké dinh x; ta
dugec @6 thi " =<X, U> la dd thi bo phan cia d6 thi G ban dau.

Q) (%3

& ®
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Dinh nghia 10: Cho d6 thi G = <X, U>. Hai dinh phén biét xy € X
duge goi 12 lién théng néu ton tai mot duong di néi cac dinh x, y véi nhau.
D4 thi G duge goi 1a lién théng néu véi hai dinh phén biét bit ki trong 48 thi
déu 14 lién théng.

Vi du 8: Cac d6 thi G, =<X,, U> va dé thi G, = <X,, Uy> la cac
dd thi lién théng.

%3

< %2

Dink nghia 11: Gia sit G, = <X, U> va G; = <X;, Up Ia hai
d6 thi lién théng véi gid thi€t 13 X, ~ X, = @ va véi hai dinh bat ky
X, ¥ (x € X, y € Xp), khéng c6 dudng hoic canh nio néi hai dinh dé véi
nhau. Khidétanéi dd thi G=<X, Y> véi X=X, uX,, U=U, v U, ¢b
hai thanh phan lién théng G, v G,. Cac db thi G,. G ciing duge goi I3
cac thanh phan lién théng ctia d4 thi G.

Luu y: Khai niém thanh phan lién théng c6 thé md réng cho mét
s6 thanh phan 12 mét s6 nguyén dudng k tuy ¥.

5. Mot s tinh chét ban dau cua d6 thj

Sau day 13 khing dinh vé bac ctia dé thi.

Dinh Iy 2: Gia st G = <X, U> 14 46 thi hitu han. Khi d6 bac ca
dé thi G bing 2 14n s6 canh ciia 46 thi, tic 1a m(G) = 2| U/,

Chitng minh: Gid st x, ye X va (x, y) e U.

Nhén xét: a) Gia sit x # y. Khi 46 néu xéa canh (x, y) thi bac cia
dé thi s& gidm &i 2. Néu ta xoa tit ci cac canh c6 dang nhu trén thi 48
thi con lai chi gdm cac dinh c6 lap hoic cac dinh c¢6 khuyén.

b) Tai méi dinh x cé khuyén, néu ta xoa khuyén thi bac cha dd thi
cling sé giam di 2.

c¢) Nhu vay sau khi x6a mét canh hodic mét khuyén thi bac cia dé
thi gidm di 2 va sau khi xoa tit ca cdc canh va cac khuyén clia &8 thi thi
bac cila d6 thi con lai 14 bang 0.
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Tt nhan xét trén, hién nhién ta ¢6 ding thitc m(G) = 2{Ul.

D6 13 difu cin phai chimg minh.

-Pinh Iy 3: Gid sit G =<X, U> 1a mt d6 thicé X = {xi, Xz, .... Xa}-
Khi d6 s8 cac dinh bac 1é clia d6 thi trén 12 mét s chin. '

Chitng minh: Gia sit trong n dinh c6 k dinh bac 18 & x. x, ..., Xx.
Cac dinh con lai ¢6 bac chin 1a cac dinh X, Xkiz -oor X 3 day
mx)=2m;+1 vdi i=1,...k vd mx)=2m véi j = k+1, ..., n; m, m;
14 8 nguyén dudng. Theo dinh 17 2 thi:

k n
m(G) = Zm(xi)+ Zm(xj) = U]

1= i=k+1
k k ‘ k
Do Zm(xi)=2(2mi+l)=22mi +k
i=t i=1 i=1
n 0
va Z m(x;)=2 ij
j=k+1 i=k+1
: k n
Suyra m(G) = Zm(xi)+ Zm(xj)
i=l =kl
k n
- 2zm1 +k+2 Zml
i=1 k+l
k n \
= Zmi ‘+‘_ szJ'l'k ZZ‘UI .
i=1 Fk+1

Tit d6 suy ra k 12 mét s6 chin, titc 14 s cac dinh bac 1é trong 46 thi
phai 13 mét s chan.

Trong trudng hop G = <X, U> 1a d thi c6 huéng diéu khdng dinh
ciing 12 ding d4n va su chitng minh la tudng tu.

Dinh l¥ dugc chimg minh.

Sau diy ta xét mét khdng dinh lién quan dén chu trinh cliia 45
thi.
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Dinh Iy 4: Gid st G =<X, U> 1a d thj v6 hudng. Néu trong db thi
ma moi dinh x € X déu cé bac .m(x) 2 2 thi dé thj c6 chu trinh so cip.

Chitng minh: Xét tat ca cac duodng so cap c6 thé ¢6 trong d4 thi. Ro
rang s8 cac dudng nay 1a hitu han. Vi thé trong s8 cac dudng so cip do
s& ton tai mét dudng cé 46 dai 16n nhat. Gia su d6 1a dudng o :

XWXl ... XWX+ 1

Hay dudi dang hinh hec thi dudng w la:

UGGy @D

Theo gia thi€t m(x;;) 2 2 nén tin tai ft nhit mét dinh x, va mét
canh néi cac dinh x;; va x;0. Dinh x;p phai trang véi mét dinh, ching han
la dinh x;j trong dudng . vi néu khéng thi dudng » khéng phai Ia dudng
dai nhat, trai véi gia thiét ban diu o 13 dudng cé d6 dai l6n nhat. Didu
d6 chitng td phai tdn tai mot chu trinh trong dé thi dang xét. Day la chu
trinh sd cip, vi cac dudng ta xét déu 1a duang so cap.

Dinh 1y dudc chiing minh.

Dinh 1y 5: D6 thi G = <X, U> 1i lién thong khi va chi khi né ¢6
mét thanh phan lién théng. :

Chitng minh: Diéu khing dinh duge tryc ti€p suy tit dinh nghia.

§2. SO ON D|NH TRONG, SO ON DINH NGOAI
VA NHAN CUA PO THI

1. S6 on dinh trong

Dinh nghia 12: Cho dé thi vé hudng G = <X, U> va A c X la tip cac
.dinh cua do thi.
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a) Tap A goi 1a tdp én dink trong cha @6 thi néu hai dinh bat ky x.
y trong A 1a khong ké nhau,. tic 13 khong ¢6 mét canh nio cua 46 thi
chita hai dinh x va y.

b) Tap A la tdp 6n dinh trong cuc dai néu né thod man 2 diéu kién:
1. Ala tap 6n dinh trong.

2. Néu thém vao A mét dinh tuy ¥ khéng nim trong A thi A
38 khong con 1a tap 6n dinh trong.

¢) Goi L 14 ho tat ca cac tap on dinh trong cia dé thi G = <X, U>.
Khi d6 k¥ hidu «(G) = max {|Al: A e L} vd «fG) duge goi 14 s6'6n dink
trong clia d6 thi G.

Nhén xét I Mgt tap én dinh trong thi moi tap con cla né ciing la
tap n dinh trong ciia dd thi. Véi cac tap én dinh trong ta chi quan tam
dén tap cé s& phan tlt 16n nhat, vi luc lugng cta tap dé chinh 13 s6 8n
dinh trong cua 46 thi.
2. S8 8n dinh ngoai

Dinh nghia 13: Cho d6 thi vé huéng G = <X, U> va Bc X 1a tap
cac dinh ctia d6 thi.

a) Tap B dude goi 14 tdp én dinh ngodi cia @6 thi néu véi mdi phan
ti y € X-B déu ton tai x € B sao cho c6 canh néi gidta x va y. Déi khi
ngudi ta goi B 14 tdp théng tri clia dd thi.

b) Tap B dugc goi Ia tdp én dinh ngodi ciée tidu néu né thoad man 2
diéu kién sau: 1. Tap B la tap én dinh ngoai.

2. Néu bé di mot phan tit bat ki ctia B thi B khéng con
la tap dn dinh ngoai.

Gol M 12 ho tat ca cac tap én dinh ngoai cna dé thi G = <X, U>,
Khi dé ky hiéu B(G) = min{| Bl/ B € M} va B(G) dugc goi 1a 6 6n dink
ngodai cia dé thi G.

Nhdn xét 2: Véi cac tap én dinh ngoat, ta thuong quan tim dén tap
én dinh ngoai cé s& phan i it nhat vi hye lugng cua nd lién quan téi s&
én dinh ngoai ctia dé thi.
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3. Nhan cua dé thi

Binh nghia 14: Cho d6 thi vé huéng G = <X, U>. Néu tap A ¢ X
vita 1a tap 6n dinh trong lai vita 1a tap on dinh ngoai clia 46 thi G thi A
dugce goi 14 nhan cia d6 thi.

Nhdn xét 3: D61 véi nhan clia 46 thi, ta quan tam téi nhan c6 6
phan tit it nhat.

o ddthi G= <X, dudi dang @
<
®

Cac tap én dinh trong ctia d6 thi la:

Ay = {X), X5, X7} Ag = {Xa. Xg. X7}
Ay = {X1. Xg, X3} Ag = {X4, X5, X7}
A = {xy, X5, X2} Ag = {x4, Xg, X7}
Ay = {Xa. X6 X7} Ay = {Xy, X4, X5, X7}
As = {Xy, X5, X7} Ao = {Xa. X4, Xg, X7}

Trong d6 chi ¢6 2 tap on dinh trong la c¢6 4 phan ti. Cac tap én
dinh trong con lai cé6 khéng qua 3 phan tit. Tap Ag va A,y 12 cac tap 6n
dinh trong cuc dai vi néu thém mdt dinh mdi vao cac tap 46 thi ching
khéng con 14 tap én dinh trong uita. S8 én dinh trong ciia dd thi trén la
a(G)y = 4.

D&i véi dé thi trén ta c6 cic tap 6n dinh ngoai cuc tidu 1a B, = A,,
B;g = Az. B:; - A:}. B4 = A4 Vi ban thin B, (l = 114) la cac tﬁp 61'1 dmh
ngodi va néu bét di mét trong cic phan tit cia ching thi tap con lai
khang con la tap én dinh ngoai nita. S6 8n dinh ngoai ciia d6 thi trén 1a
B(G) = 3. Nhan clia @6 thi trén 13 B, B,. B;. B, va B; (i= 1.4) 1a cac
tap 6n dinh trong va ddng thdi ciing 1a cac tap én dinh ngoai. S4 cac
nhén cua do thi trén 1a 4.
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4. Thuat toan tim s 6n dinh ngoai

Bai todn: Cho 6 thi G = <X, U>, X = {xy, Xz, ..., X5}. Hay tim sb
én dinh ngoai cha db thi G, tdc tim B(G). Bai toan nay con dude goi la
bai toan dit vong gac.

Thudt toan:

+ Bude 1: Xay dyng anh xa A: X — 2* theo cach thitc sau: Véi mdi
x; € X thicdé Ax) ¢ X va dude xac dinh: y € Alxy) néu y = x; hoéc cd
mét canh ndi x; va y vdi nhau.

e Budc 2: Gia sit buée 1 xac dinh dude cac tap A(xy), A(Xa), ..., AXy)

Can xac dinh mét tap B < X ¢6 s6 phan tit it nhat sao cho
AB)=X. Khi d6 B 1a tap én dinh ngoai cuc tiéu cha do thiva B(G) = | BI.

Vi du 9: Cho 46 thi G = <X, U>, vdi X = {X1, Xz, X3, X4, X5, X6, X7}
duéi day:

g

Hay tim s6 6n dinh ngoai p(G).

Gidi:

e Budc 1: Xac dinh anh xa A: X —» 2%
A(xy) = (X1, Xz, X3, Xa}
Alxy) = {1, Xu, X4}
Axa) = {Xy. X2, Xa. Xaf
A(Xq) = {X1, X4y X3}
A(xs) = {X5. Xo}
A(Xs) = {Xs, X}

AX7) = x4}
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o Budc 2: Dhia viao budce 1 ta c6;
A(xy) w A(Xs) w A(xg) = X
A1) v Alxg) W Alxy) = X
A(x3) w Alxs) w AR = X
A(x3) v Alxg) U Ax7) = X

Mol trudng hgp khac déu khéng thod man bai toan.

Vay ta ¢d 4 tap:
B; = {xy. Xs. x7} B; = {x3, X5, X7}
Bs = {x). X5, X7} By = {Xa. Xq. X7}

1a cac tap 6n dinh ngoai cé sé phin ti ft nhat (bing 3) va thod man
AB) =X, vdi i= 14
Taco BB) = Bl = 3.
Vi du 10: Cho d6 thi vé hudng G = <X, U>, véi:

X = {Xy. Xg, X3, X4, X5, Xg, X7} dudi day:

Hiy tim s8 n dinh ngoai B(G).

Gidi:

e Budc 1: Xac dinh anh xa A: X - 2%
A(xy) = {X), X2, X3. Xq)
AlXz) = {X1. X2, X3}
A(X3) = {X, X2, X3, X4}

Alxy) = {X). X3, X4, X7}



72 Chuong 3. DO THI HBU HAN

A(X5) = {X5. Xgl
A(Xg) = X5, Xg}
A(xq) = { X4, X7}
e Budc 2
Al w AR W AX) = X
Alxg) W Alxg) W Alxe) = X ...
Mbt trong cac tap én dinh ngoai 6 s§ phan ti it nhat la:

B = {x;. x4. X5}. Vay P(G) = 3.

§3. SAC SO CUA DO THI

Dinh nghia 15: Sic s6 cia d6 thi G 1a 56 mau t61 thiéu can dung
dé 16 mau cac dinh ctia dé thi sao cho hai dinh ké nhau phai ¢6 mau
khac nhau.

Ta ky hiéu séc s6 ciia 46 thi G 1a M(G). D&i véi 16p d6 thi day da ta
¢ két qua sau:

Pinh Iy 5: Cho dthi G = <X, U>. Néu 46 thila day du thi sic s§
ciia n6 bing s dinh cia 48 thi. tic 1a: MG) = [XI.

Chitng minh: St dung phép qui nap theo s dinh | X| clia d4 thi.

Néu | X! = 1, tic 14 d8 thi c6 mot dinh. Khi d6 can té mdt mau ia
du. Gia st dinh 1y 43 ding cho mei d6 thi day du ¢6 sd dinh khéng vuot
qua k, tic 13 vdi 46 thi day di G = <X U> cé IXl =k véi n<kthico
AMG) = n. Xét mot dé thi day da bat ky gom k + 1 dinh G = <U’, X> véi
X =4ix,. X, ... Xp g}

Dat X = {x;,. xy. .... x,} khi d6 ta cé:
X=Xu {Xkll} - {Xh Xy, oo Xk xktl}

Néu trong d6 thi G’ bé di dinh X,,, va cac canh néi né véi cac dinh
khac thi ta nhan duge d3 thi ddy dd G=<X. U> ¢ [X] = k. ViGcé k
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dinh nén theo gia thiét qui nap cin ¢6 k miu khac nhau d€ t5 cac dinh
trong G. Vi x4 12 cac dinh ké vdi cac dinh x,, x,, ..., x, nén dé t6 dinh
Xi+1 €an phai diing mau khac véi cac mau da t6 & cac dinh x,, X3, s X DO
d MGHY=k+1.

Dinh 1y duge chiing minh.

Dinh ly 6: Gia st G = <X, U> [a @6 thy vé hudéng. A(G) = 2 khi va
chi khi trong G khong cé chu trinh d6 dai 18.

Chiing mink: Trudc hét ta c6 thé gia thiét G 1a d thi lisn thong.
Vi néu khéng ta sé chitng minh d3 thj trén cac thanh phan lién thong
cua (3.

Diéu kién di: Gid sit G khéng ¢6 chu trinh d6 dai 18. Ta chi ra
A(G) = 2. That vay. ta t6 mau cic dinh clia G theo nguyén tic sau: néu
x € X duge t6 mau xanh thi cic dinh ké cia x la y, z, ... lai t& mau do.
Tiép theo cac dinh ké cia y, z, ... lai t6 mau xanh. Ci nhu vay, do s6
dinh hitu han va G lién théng nén t4t ca cic dinh trong X sé duge to
hodc xanh hogc do va khdng ¢6 mét dinh nao duge t6 cd hai mau xanh,
d6 dong thi, vi néu cé diéu dé xay ra thi s& ¢6 mét chu trinh d¢ dai 1é di
qua X (trai véi gia thiét). Hay AM(G) = 2.

Biéu kién can: Gia sit MG) = 2. D& thiy ring néu chi dung 2 mau
dé t6 cac dinh clia G thi trong G phai khéng c6 chu trinh 45 dai 18, vi
néu cé chu trinh d¢ dai 1¢ thi t6 mau cac dinh theo quy tic trén s& c6 it
nhit 1 dinh dugc to dong thai ca 2 mau. :

Dinh 1y duge ching minh.

Vi du 11: Cho G, = <X,, U;> khoéng cé chu trinh 4¢ dai 1é, con
G, = <X,. Uy> ¢b6 chu trinh 46 dai ié ¢hinh v&).

() (%,
CEO I ORI

X &) g X g,
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Trong G, néu ta té x; béi mau xanh, thi x; v x; t6 mau dé. Vix,
mau 46 nén x,, x5 0 mau xanh, hay A(G,) = 2, ¢ ddy G, khong c6 chu
trinh d6 dai 18, Xét G, ¢6 chu trinh d¢ dai 18 nén khong thé t6 bing 2
mau, ma phai ding 3 mau: xanh, d6 va vang. :

V& quan hé giita sdc s6 va s én dinh trong ctia 46 thi ta ¢6 dinh 1y
sau:

Dinh Iy 7: Gia st G = <X, U> 1a d thi v6 hudng véi | X[ = n. Khi
d6 s6 én dinh trong a(G) va sic s6 A(G) cha G thoi min bat ddng thitc:
al@ . MG =2n
.Chr’tng minh: Dt MQ) = s. theo dinh nghia cia séc s¢ thi ding s

mau dé t6 cac dinh trong X theo nguyén téc hai dinh ké phai té bing 2
mau khac nhau.

Cach t6 mau nhu trén lap nén mgt phin hoach tudng dudng trén
taip X XiuXu..uX=X.XnX =0 (=#). 6day néuta dinhsd
cacmiu tit 1,2, ....s thi X; gom cac dinh cling duge t6 mau i (i=1, ...,s).
Mit khac theo dinh nghia s§ 6n dinh trong «(G) thi X! £ a(G)
1=1,....s). T d6 ta c6 danh gia:

Xl =n= X +IX] +.. + X+ + X £ s.alG)
Hay A(G). o(G) = n. Dmh 1§ duge ching minh.

§4. THUAT TOAN TIM CHU TRINH EULER
VA BUONG EULER

1. Chu trinh Euler

Dinh nghia 16: Gia sit G = <X, U> 1a d6 thi vé huong. Mt chu
trinh @ trong d6 thi G dude goi 1a chu trinh Euler néu né di qua tit ca
cac canh clla G va méi canh di qua ding mét lan.
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Vi du 12: Cho do thi G = <X, U>

Chu trinh Euler trong d6 thi trén la:
Z = X101 X3Ug XglgXptly XaUaXaUy X5UsX7Ug X4U7X;

Dinh 1y 8: D6 thivé huéng G = <X. U> c6 chu trinh Euler khi va
chi khi G 1a lién théng va bac ctia tat ca cac dinh trong 46 thi G 13 s6
chin.

Chitng minh:

Pidu kién cdn: Gid stt d6 thi G = <X, U> c¢6 chu trinh Euler. Ta
can chimg minh G 1a d4 thij lién théng va véi mdi x € X 6 m(x) = 2k
véi k 13 mot s6 nguyén dusng nao dé.

That vy, gid st G = <X, U> khong lién théng hay G c6 {t nhat
hai thanh phan lién théng G, = <X, Up> va G, = <X,, Uy>. Trong &6
XyvwX, =X, Uy v U; =1, giita cac dinh trong X; va trong X; khéng cé
canh hodc dudng néi véi nhau. Gia st @ la chu trinh Euler trong G.
Theo dinh nghia cia chu trinh Euler thi w13 chu trinh di qua tat ca
cac canh trong G, mdi canh ding mét 1an. Néu @ ¢6 dinh chung véi
G, = <X,, U;> thi @ la chu trinh ndm tron trong d6 thi G,. Diéu nay
mAu thuan véi dinh nghia ciia @. Chiing t6 46 thi G = <X, U> 14 lién
théng.

Bay gid ta chitng minh méi dinh x € X trong G déu 6 bac chin,
tic 12 cAn chira m®) = 2k, véi k e {1, 2, ...}. Trude hét thiy ring k=0
bdi vinéu k=0 thi x 1 diém cb lap trong G, tic 13 G khéng lién théng,
trai voi didu da chi ra. Gia st ngude lai ton tai mét dinh x; € X ma
m(x;)) 12 mét s& 18, chdng han m(x;)) = 3. D51 véi x; ¢ 3 canh di vio né,
gia st d6 14 cac canh (x;, xy). (xi, X)) va (x;, X;) € U . Chu trinh Euler @ sé
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di qua 3 canh d6. Khi d6 mét trong 3 canh trén c6 it nhat mjt canh ma
chu trinh Buler @ di qua 2 1an. Diéu dé mau thuin véi dinh nghia cia
chu trinh @. Viy m(x) 1a mot s8 chdn véi vx e X.

Dibu kitn di: Gid st G = <X, U> 1a d6 thi lién théng va méi dinh
x € X déu c6 bac chln: m(x) = 2k, k € {1, 2, ...}. Ta ching minh trong
dd thi G ¢6 ton tai mot chu trinh Euler.

Véi gia thi€t trén, trude hét ta chimg minh ring tai moi dinh cua
G c6 tén tai chu trinh ddn (titc 1a chu trinh di qua cac canh, méi canh
ding mot lan). D& chimg minh diéu d6, ta lwu § ring khong thé c6 mét
dinh x ma m(x) = 2. Didu d6 1a diing bdi vi khi d6 tai dinh x ¢6 khuyén
va do d6 x cling 12 mét dinh ¢b lap, trai véi gid thiét 46 thi G la lién
thong. _

Gia st x € X 14 mét dinh nao d6. Ta chi ra ¢6 chu trinh don P qua
x. Do m(x) > 2 suy ra ton tai cac dinh x; sao cho x, # x va x k€ vdi x,.
Do m(x;) > 2 suy ra tdn tai cic dinh x; sao cho x; # X; VA X, k& véi x,.
Do m(x;;) > 2 suy ra tdn tai cac dinh x; sao cho x; # %, va x; ké véi x; ;.
Khi téi buédc thi i thi ta d3 c¢6 mét dudng di ti x dén x;, qua cac canh,
mdi canh ddng mét 14n. Qué trinh trén khéng thé kéo dai v6 han do
tinh hitu han ctia d8 thj G. Gia sl s6 budc hitu han d6 13 i. Difu nay
chitng t3 x va x; 1 hai dinh ké nhau, tdc 14 ¢6 canh néi x va x;. Diéu d6
13 diing vi budc i 13 budc cudi cing. Nhu vay tai dinh x c6 chu trinh don
P di qua.

Bay gis ta ching minh ring trong d¢é thi G = <X, U> ¢6 chu trinh
Euler. Theo chitng minh trén véi dinh x € X ¢6 chu trinh don di qua la
P, va P, la chu trinh trong d6 thi G. Hay danh ddu xoa cac canh trong
P,. Néu sau khi “danh d&u x0a” cac canh trén dudng P; tao ra mdt s8
dinh ¢6 lap mdi thi hiy “danh d&u loai bd” cac dinh cd lap mdi d6. K&t
qua thu duge 85 12 mdt 44 thi méi G, = <X,, U;> 1a d5 thi con cua d6 thi
G = <X, U> &3 cho. Ta chi ra 46 thi G; thoa m&n mdt sd tinh chat sau:

- Chu trinh P, trong d4 thi G va G; cé dinh chung, bdi vi G 14 @6
thi lién thong.

- D4 thi G, gém cac dinh x € X; ¢6 bac chin.
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That vay, néu x € X; ma x khéng thuéc cac dinh trong P, thi
m(x,) hién nhién 13 mét s& chin. '

Con néu x, € X; ma x; la dinh thudc P, thi sau khi “danh dau bs”
hai canh cua P; chita dinh d6 thi bac ctia dinh x; & gidm di 2 don vi, do
d6 m(x;) cing la chin.

Tom lai v6i vx € X; thi m(x) 1a mét s8 chin.

Ta ¢6 thé minh hoa d8 thi G véi chu trinh ddn P, va d6 thi con G,
nhu hinh vé dudi day:

x; 1 dinh chung giita P; va G,. D8i véi G; = <X;, U;> tai dinh
x; € X, ¢6é tén tai chu trinh don P, ma cach xay dung P, cfing nhu d8i
véi P.

Trong P; bod tit ca cac canh, gilt lai cic dinh ¢é canh hodic dudng
néi véi cac dinh khac trong G, ta duge @6 thicon G, = <X,, Uy> ctia G,.
D6 thi cling cé tinh chat nhu Gy, 14 lién théng, ¥x € X, d8u cb6 bac chin
va Gy va Py ¢6 diém chung ching han tai x.:

P1 _ Pg X; Gg = <X1, U1>

Do tinh hitu han clia d6'thi G = <X, U> , qua trinh xiy dung cac
chu trinh don sé dimg lai ¢ budc thi k nio d6. Nhu vay, trudc khi
sang budc thit k ta @5 ¢c6 k - 1 chu trinh don Py, Py, ..., Py va @6 thi
Gk—l = <Xk_1,Uk-1> la 46 thl con cua do6 thl G]‘_g = <X],;_2, Uk-2>‘. DS thl Gk-l
14 lién théng va moi dinh x € Xj_, c¢6 bac chin, déng thai Gy va Py cb
diém chung 12 x,. Vi qua trinh trén diing lai sau k buéc nén 4 thi Gy,
14 mot chu trinh don qua x, va bao gém hét cac canh trong 46 thi Gy,
Vi néu khéng sé dan téi mau thuan do k 14 budce cudi cung.
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Ghép cac chu trinh don Py, P, ...,Py tai cac dinh chung ta duge tap cac
chu trinh Euler trong d6 thi G = <X, U> . Dinh I¥ dude chitng minh.

Vi du minh hoa cho diéu kién dui ctia dinh 1¥. Xét dé thi nhu hinh
dudi day:

Day la d8 thi lién théng va ¢6 cac dinh déu bac chén.
Xuit phat tit dinh x, ta ¢6 chu trinh don Py

vaGila (%, % %
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e A E@—®
| e

2. Thuéat toan tim chu trinh Euler

Bai todn: Cho @6 thi G = <X, U> . Hay tim chu trinh Euler ctia
a6 thi G néu c6.

Thudt todn:

» Budc 1: Ki€m tra xem G c6 1a d thj lién théng hay khong. Néu G
1a lién théng thi chuyén sang buéc 2. Nguge lai thi thuat toan dimg va
két luan ring 46 thi khéng c6 chu trinh Euler.

» Budc 2: Kiém tra xem tit ¢ cac dinh trong G d8u cé bac chin
hay khong. Néu t4t ca cac dinh déu c6 béc 1a chin thi chuyén sang budc

ti€p theo. N&u khéng, hiy dimg lai va k&t luin ring d8 thj 43 cho khéng
¢ chu trinh Euler.

¢ Budc 3: Xay dung cac chu trinh don trong G sac cho tit ca cac
canh ctia d6 thi déu cé céc chu trinh don di qua va mdi canh chi di qua
mét 1an. Ghép cac chu trinh don nhu trén tai cic dinh chung nhau ta
dudc tap cac chu trinh Euler can tim.

- Procedure Euler{ G: d thi lién thong véi tit ca cac dinh béc chin)

Chu trinh:= chu trinh trong G b3t dau tai mét dinh duge chon tuy ¥ va co
canh dugc thém vao dé xay dung dudng di qua cac dinh va cudi
cling quay lai dinh dugc chon ban dau;

g:= G véi cac canh ctia G sau khi bd di chu trinh;
While g cdn canh
Begin

chu trinh con:= chu trinh trong g bat dau tai dinh trong g ciing 1a dinh ddu
mit cla mft canh thudc chu trinh;
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g:= g vi cac canh clia chu trinh con va tat ¢a cac dinh cd
lap bi loai bo; -

chu trinh:= chu trinh v&i chu trinh con dudc chén vao tai
mét dinh thich hop;

End; {chu tfinh la chu trinh Euler}

3. DPudng Euler

Pinh nghia 17: Dudng Euler trong 43 thi G = <X, U> la dudng
di qua t&t ca cac canh clia db thi, méi canh di qua ding mdt lan.

Nhan thiy ring mbi chu trinh Euler 12 dudng Euler déng.

Pinh 1y 9: Cho G = <X, U> 1a @b thi v hudng lién théng. Diéu
kién cdn va da dé d8 thi c6 dudng Euler la s8 dinh bac 16 trong do thi la
0 hodc 2.

Chaitng minh: Truong hop s6 dinh bac 16 bang O thi G 1a do thi lién thong
va moi dinh déu o6 bac chin, Theo dinh Iy 8 thi trong G cd chu trinh Euler, titc
14 duong Euler .

Néu s6 dinh bac 16 bing 2, chdng han dé 1a cac dinh x; va x,
Hiy thém vao mot dinh méi x va hai canh (x, x;) va (X, X2) vao do thi
G=<X, U> Tacé dbthimdi G=<X,U> sday X = X v {x} .
U = U u i x,), (x, X5)}. R6 rang G’ 12 lién thoéng va moi dinh déu cé bac

chan. Theo dinh 1§ 8 thi trong G’ ¢6 ton tai chu trinh Euler. ciling la
dudng Euler.

Vi du 13: Cho G = <X, U> lién théng va ¢6 hai dinh bac 18 14 x,
VA Xz
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B6 sung thém dinh méi x va 2 canh u = (x. X)) . v = (%, x5) vao @b
thi G ta thu duge G’ = <X, U>. D6 thi G’ Ia lién théng va 6 moi dinh
déu bac chin. do d6 theo dinh 1y 8 tén tai chu trinh Euler:

xux exsdx,cx;bx, kx,fx,ax,vx
Hay b6 dinh x va 2 canh u, v ta duge dudng Euler trong G la:
X exsdx exsbxykx,fx,ax,
4. Thuat toan tim dudng Euler |
Bai todn: Cho d6 thi G = <X, U>. Hay tim duong Euler trong G.
Thudt todn: |
» Budc 1: Kiémn tra xem &b th] G c6 lién théng hay khéng. Néu cé

thi chuyén sang budc 2. Nguge lai, thi dimg thuat toan va khing dinh
rang khéng c6 dusng Euler.

e Budc 2: Ki€m tra xem moi dinh trong G déu c6 bac chan hay
khéng. Néu ¢6 chuyén sang buée 3. N&u khéng chuyén sang budc 4.

» Bude 3: Xay ding dudng Euler trong G.

¢ Bude 4: Kiém tra xem s8 dinh bac 1& ¢6 bing 2 hay khéng. Néu ¢6
chuyén sang budc 3. Néu khong thi diing lai va k&t luan khéng c6 dudng
Euler.

Vi du 14: D6 thi sau day 1a lién théng. nhung s dinh bac 18 1a 4
do dé theo dinh Iy 9 thi né khéng ¢6 duong Euler.
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§5. CHU TRINH HAMINTON VA BUONG HAMINTON

1. Chu trinh Haminton

Dinh nghia 18: Gid sit G=<X. U> la ¢6 thi vo6 hudng. Chu trinh
Haminton 1a chu trinh di qua tit ca cac dinh cta d6 thi. moi dinh ding
mét 1an.

P&i véi chu trinh Haminton ta cé dinh 1y sau day:

Pinh Iy 10: Néu don db thi lién théng G = <X, U> c6 bac J mdi
dinh khéng nhé hon nita s§ dinh ciia 66 thi, titcla véi vx € X ta ludn c6

m(x) > |x[/2 thi trong d6 thi ¢6 ton tai chu trinh Haminton, 4 day gia
thiét x| > 3.

Chizng minh: Theo gia thidt ¢6 m(x) = Ix|/2 v4i vx € X. Dung
phuong phap phan chitmg. Gia sit trong G = <X, U> khéng tén tai chu
trinh Haminton. B8 sung thém cac dinh méi vao dé thi G va tit cac dinh
méi déu ¢6 canh ndi téi tat ca cac dinh x € X trong d6 thi G cho t6i khi
nao dé thi méi G’ = <U’, X> ¢6 chu trinh Haminton thi théi.

Gia sit tdi thidu cac dinh méi cin bd sung vao 46 thi G = <X, U>
48 dugc 46 thi G, = <X,. U;> c6 chu trinh Haminton la p dinh. Khi dé
|X,l = IX{ +p.

a) Dinh méi phai ding xen ké hai dinh c@i trong chu trinh
Haminton

That vay, néu hai dinh méi y,. y; 1a k& nhau trong chu trinh
Haminton

vol x. x5 X con y.ya € X - X
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Do y,, y2 d8u c6é canh ndi véi dinh cil nén ta ¢6 thé bd di mét trong
2 dinh y;, y» ta van dudc chu trinh Haminton. Diéu nay trai véi gia
thiét ring s& dinh b8 sung thém 14 t5i thiéu. Vay dinh mdi dimg xen ké
hai dinh cfi. '

b) Tt khéng dinh a) ta thay chu trinh Haminton c¢é dang

vil X, Xie X ¢on ye X;-X.

Trong trudng hop nay ta can chi ra: 86 cac dinh ké ctia dinh x; s&
nho hon hoic bing s8 cac dinh khéng ké ctia dinh x;.

That vay, gia sit x; 13 dinh ké cia x; va x, 1a dinh ké cta x;. Néu x,
1a dinh k& cila dinh x; thi chu trinh Haminton c6 dang

Trong trudng hop nay ta c6 thé bd dinh y va thay x; ¥ xi bdi x; X, X,
x;. Didu d6 trai vdi gia thiét ring s6 dinh bd sung 13 t&i thidu. Vay x,
khong ké véi x;. Nhu vay ta da chi ra: Véi dinh x, ké ctia x; thi tudng img
véi dinh x, khong k& véi x;. Khdng dinh b) duge chimg minh.
Dua vao khing dinh b) ta ¢6 cac bat déng thirc sau:
X, = 1X] +p=2sg 28,
trong 46 s, 12 tdng s6 dinh k& cha x; va s8 dinh khong ké cia xj, con s; 1a
téng s§ dinh k& clia xj va 6 dinh ké cla x; (1). Ta ¢ s6 dinh ké ciia dinh
x = m(x) 2 X172 +p va s§ dinh ké cha dinh x; = m(x) 2 |X[/2+p ).
T (1) va (2) ta c6 bat ddng thitc saw
1X,| = [XI +p 2 (XI2+p)+(X|/2+p)

Tit d6 suy ra p = 0. Didu d6 chitng té khong can bd sung dinh méi
nio, d6 thi G = <X, U> van c6 chu trinh Haminton. Dinh Iy duge chimg
minh.
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2. Puong Haminton

Dudng Haminton trong &6 thi G = <X, U> 1a dudng di qua tat ca
cac dinh, méi dinh ding mét 1an.

Pinh ly 11: Giasit G=<X,U> la @8 thi c6 hudéng va day da. Khi
do6 trong dé thi luén ludn tén tai dudng Haminton.

Chitng minh: Gia st @ = Xj; Xiz2 ... Xik Xiks1 - Xim-1 Xim 12 mt duong
sd cAp bat ky trong d6 thi. Dé don gian. ta chi viét cac dinh ma khong c6
cac canh xen ké nhu dinh nghia.

Né&u trong dudng sd caip @ ma tit ¢ cac dinh trong X déu cé6 mit
thi chinh w 13 dudng Haminton. Néu con ¢6 nhitng dinh trong X nhung
chita c6 mit trong @ thi ta ¢6 thé bd sung hét nhitng dinh dé vae dusng
@ s0 cAp dé né trd thanh dudng Haminton theo nguyén tic sau day:

Gid st x € X ma x khéng niim trén dudng so cip . Cac trudng
hop sau diy xay ra do tinh day du ctia d6 thi G:

1. N&u x ¢6 cung téi x;, thi bé sung x vio diu o va n6 c6 dang:
X X1 Xiz oo Xik Xike1 oo Xim-1 X

2. Néu tit x; ¢6 cung tdl x va tit X ¢d cung t61 x;y,, thi ta b8 sung x
vao giita hai dinh x;; va xj1. Khi d6 & ¢é dang: XXz .- XiuXXiki (- Xim-)
Xim.

3. Néu ti x;) va X;i1 6 cung di t61 x va tit x lai ¢6 cung di téi X,
thi ta bd sung x vao gida hai dinh X1 vd X2 ta dugde o cé dang:
X Xit Xz oo Xk Xiket X Xz - Xj-1 Xim

4. Néu vdi vk e [1. m-11 ma tit x;;, va x;,.,; €6 cung sang x thi ta
bé sung x vio cudl. Khi d6 né cé dang: Xi Xiz ... Xik Xike 1XXikez ... Xim-1 Xim X

Bing cach d6 ta c6 thé b8 sung vao @ cic dinh trong dé thi ma
chua ¢6 mat trong o dé no trd thanh dusng Haminton.

Dinh 1y dude chitng minh.

Nhén xét: Trong do thi c6 hudng day du, néu ta thay cung bdi canh
thi ta duge d6 thi day di vd hudng.
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H¢ quad: Gia sit G = <X, U> 1a dé thi ddy da véi |X| > 3. Khj d6
trong d6 thi G luén luén tén tai chu trinh Haminton. Didy ngudc lai néi
chung khéng ding.

Vi du 15: D6 thi sau d4y c6 chu trinh Haminton nhung né khéng
phai 1a dé thi day du.

D4 thi duéi day khéng cé dusng Haminton.

%)

§6. PUONG DI NGAN NHAT TRONG DO THI

1. DPudng di ngidn nhit trong dé thi khong trong sé

Dinh nghia 19: D6 thi khéng cé trong s6 12 d8 thi hitu han trén
cac canh khéng cé trong sé.

Bai toén: Cho d6 thj khong trong s6 G = <X, U> va hai dinh a,
b € X. Tim dudng di ngén nhat ti dinh a dén dinh b, tic 1a dudng ti a
dén b ¢6 s8 cac cung 1a it nhat.

Thudt toan:
» Budc 1: Tai dinh a ta ghi s6 0.
Cac dinh ¢6 cung (canh) di tit dinh a dén ta ghi s6 1.
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Gid st ta d& ghi tdi i, tdc 1a ta ¢4 danh 86 duge cac tap dinh la
A(0) = {a}, A(D), A(®), A@), ..., A(l) trong d6 AQ) la tap tat cé cac dinh
dudc ghi bdi s§ i. Ta xac dinh tap dinh duge danh s bdi s6 i + 1 1a
A@ +1) nhu sau: AG +1) = x:xeX, xe Ak) véi k=0,..1 vd Jy e
A() sao cho tit y c6 canh hojc cung tdi x}. Do tinh hitu han cia db thi,
sau mbt s6 hitu han budc, thuat toan dimg lai va cho két qua 1a tap cac
dinh ¢6 chia b duge danh s6 boi m 1a A{m). '

e Budc 2: Do bude 1 thi dinh b duge danh s§ bdi m, diéu nay chitng
td dudng di tit a d8n b c6 m cung va li dudng ngén nhit di tit a dén b.
D& tim tat ci cac dudng c6 d6 dai m ngin nhat di tit a dén b, ta xuit
phat tit b di ngudc vé a theo ding nguyén tic sau day:

- Tim tét ca cac dinh ¢é cung tdi b duge ghi 6 m - 1. Gia st dé 14
Xik (k =1, 2, )

- Tim t4at ca cac dinh ¢6 cung t6i x; (k =1, 2, ...) dude ghi s6 m- 2.

Bang cach lui dén trd lai, dén mét hic nio d6 gip dinh ghi s6 0, 46
chinh 13 dinh a. T4t ca cac dudng xac dinh theo cac buéc trén la dudng
di tit a @6n b ¢6 6 dai ngén nhat 1a m can tim.

Vi du 16: Cho @6 thi c6 huéng nhu hinh dudi day:

1) Tim duong di ngdn nhat tia dénb.

e Budc 1; Dinh a dude danh s6 0 va cé A(0) = {a}
A = {xy, Xq, X7}
A@) = {xo. X5, Xg)
A(3) = {x3, b, x¢j
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* Budc 2: Tit buéc 1 ta cé b € A(3) nén tit a dén b 1a dudng di
ngan nhit cé6 3 cung. Tiép theo ta xdc dinh tit ¢ cac dung di ngdn nhat o6
a6 dai 3:

Dinh c6 cung vé b dugc danh sé 2 1a x5
Dinh c6 cung tdi x5 duge danh s5 1 1a x.:
Dinh ¢6 cung vé x4 dude danh s6 0 1a a
Dudng can tim 1a a x¢ x, Is
2) Tim duong di ngin nhat di tit xg dén x,0
* Bude 1. Danh s6 cac dinh
A(0) = {8}
A(1) = {xs. Xo}
A(2) = {xa. b. x;0}
* Budc 2: Tit bude 1 ta c6 xi9 € A(2). chitng t6 dudng di tir dinh x,
dén dinh %, c6 d6 dai bing 2 13 dudng di ngdn nhat. Ta xac dinh dudng dé:
Dinh ¢6 cung téi x,0 duge danh s6 1 1a x,
DPinh ¢6 cung tdi xg duge danh s4 0 1a x4

Vay dudng can tim 13 xgxg X;¢.

2. Dudng di ngan nhé't trong d8 thi c6 trong s6

Cho d6 thi hitu han G = <X, U>. Véi mbi canh u e U ta dit tuong
ing véi s8 duong I(w) va got 1 trong s6 cia u.

D6 thi véi cac canh ¢6 trong s8 nhu trén goi 1a @8 thi c6 trong sé.

Ta ky hiédu D(a,b) : = t4p tat ca cac dudng néi dinh a véi dinh b
trong 46 thi G = <X, U>. goi o 1a mét dudng nao a6 trong G va gia

st a = XWX 0 X WX X € XujeUG=12, .. n) Khidéta
F z n- b- n

n—1
ky hidu I(@) = D, 1(uij) va goi la trong s6 ciia dudng o.
i=1
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Bai todn: Cho db thi don lién théng c6 trong s6 G =<X. U>vaa. b ¢
X 1a hai dinh trong d6 thi. Tim cic dusng o tit dinh a dén dinh b trong dé
thi G = <X, U> c6 trong s6 bé nhit. tic o thoa man l{e) = min{l{B)ypeDia.b)}

Thudt todn:

¢ Budc 1: Danh trong s6 cac dinh.

Trong sé clia dinh xuat phat a la o(a) = 0

Cac dinh con lai ta ghi tal mdi dinh mét trong s6 dudng o di lén
sao cho 16 16n hon trong s6 clia cac dinh tit a téi.

s Budc 2: Thyc hién viéc giam trong s8 cac dinh.

Gia sit tai dinh x duge ghi trong s§ o(x). Néu tén tai dinh y cé
trong s a(y) tit y sang x ma o(x) > o(y) + 1(v.x) thi ta thay trong sé cia
o(x) bdi trong sd o’(x) = oly) + l{y.x). Truong hgp o(x) < o(y) + ly.x).
trong s6 cua x gilt nguyén la o(x). Qua trinh thuc hién cho td1 khi trong
sé cha tat ca cac dinh trong G = <X, U> dat cue tiéu. tic la V x € X
khéng tén tai y € X ké véi x md a(v) + ly.x) < o(x).

e Budc 3: Xac dinh dudng tit a dén b ¢6 trong s6 bé nhat.

Tt bude 3 ta xac dinh dude trong sé cua dinh b. Xuat phat it b di
v& dinh ké véi b. chang han d6 1a dinh X cd tmh chat o(b) = o( x; ) t

1x; . b). N&u khéng ¢6 dinh ké X; nhu vay thi ta di vé dinh ké véi b co
trong 36 canh {cung) tit dinh dé vé b 1a bé nhat.

T dinh X ta di nguge vé dinh X , 6 tinh chat o(x, ) = o(x )+
l(x-."_l. X ). néu khong di vé dinh ké véi Xi, ma trong s6 canh (cung) gitia
ching la bé nhat.

Bing cach d6 ta sé &i vé dinh X, ma dinh ké la a sao cho
o(x; ) = oa) + la. x ) = l(a. x; ). véiola) =

Duong o = ax; Xi, ... xi..-xx‘.}b 12 dudng di tit a dén b cé trong s6 bé
nhat trong so tat ca cac dudng tir a dén b,

That vay () = l(a. X )+ I(IX'.]- X)) ..t 1(Xi“'|~ X )+ 1(Xi"- b

= lo(x;) - sl@)] +[olx ) - o(x )] + ...
+lo®; ) - o(x; ) +lob) - o(x; )I= o(b) (1

Gia sit B € D(a. b} la mét duang bat ky tir a dén b va ¢ dang: p -
axj Xi, ... X Xi, b. Theo bude 2 ta ¢6 bat ddng thiic sau:



€O SO TOAN TRONG LAP TRiNH a9

la, xj) 20(x ) - o(a) = of Xi,)
Ixi). xi,) 2 0(x;)) - 6( % )
I, . %) 2 o(%i) - o(xi )
I(xj,. b) 2 5(b) - (%))
Céng hai vé ta cé:
I = Ua. %) +106. %) + . +106, %)+ 1xi, . b) 26)  (2)
So sanh (1) va (2) ta cé:
1(a) = min{l{B) / B € D(a.b)}
Thuat toan Dijkstra: Tim dudng di ngén nhat
ley=min{l(B)/ BeD(a.b)}

Procedure Dijkstra (G: dé thi lién thdng cd trong s6 dugng)
{G co cac dinh a= v,, v, ..., v, = b va trong s6 {v, v)=wx néu {v,vieU cla G}

fori=1tondo

a(v).= x;
a{a):=0;
S=0;

{ban dau cac nhan dugc khdi tao sao cho nhan cia a béing 0, cén cac dinh khac
béng oo, tap S 14 réng)

Whieb ¢ S
Begin
u:= dinh khdng thuéc S cb nhan a(u) nhé nhat:
5=Su{u)
for tat ca cac dinh v khong thude S do
if {u) + {u,v) < o(v) then a(v):= o(u)+Ku,v)
{thém vao S dinh c6 nhan nhé nhat va sifa ddi nhan ca cac dinh khéng thudc S}
End:{i(o) = I{(a,b) = 3% dai duting di ngn nhat tir a dén b},
Chi y: Ngudi ta da chi ra d6 phic tap ciia thuat toan Dijkstra la
0(?), titc 1a phai dung O@®) phép toan cong va so sanh dé tim dé dai
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dusng di ngin nhat gitta 2 dinh trong d6 thi don vé hudng lién thong cd
trong s0.

Vi du: Dung thuat toan Dijkstra tim dudng di do dai ngin nhat tt
dinh x dén dinh y cia db thi ¢é trong sé cho dudi dang:

10

6
Gidi: Cac bude ding thuat toan Dijkstra tim dé dai duong di ngin
nhit gitta dinh x va dinh y duge biéu dién bdi cac hinh duéi day:

Tai mbi bude lip ctia thuat toan, cac dinh cua S duge khoanh
thanh hinh vuéng. Dudng di ngin nhat chi chita cac dinh di thuge vao
tap Sy tit x dén dinh duge in ra cho moi bude lap. Thuat toan két thuc
khi y duge khoanh thanh hinh vuéng. Ta nhan duge duong di ngin nhat
tit x dén y la: xcbdey. vdi dé dai 1a 13.



CHUONG 4

CAY

§1. CAY.LA MOT DO THI LIEN THONG
KHONG CO CHU TRINH

1. Cac tinh chat twong duong

Dinh ly I: Gia st G = <X, U> 12 mdt cay, tite G 1a dé thi lién
thong va khéng ¢é chu trinh, 6 ddy |x| = n >1. Khi d6 sau tinh chat sau
diy la tueng duong:

1) G la dd thi lién théng va khong cé chu trinh.
2} G khoéng ¢6 chu trinh va ¢é n-1 canh.
3) G lién théng va ¢é n-1 canh.

4) G khong cé chu trinh va néu thém vao mét canh néi hai dinh
khéng ké nhau thi G xuat hién duy nhit mét chu trinh.

5) G lién théng va néu bo di mét canh tuy ¥ thi ¢ thi nhan dudc s&
khong lién théng.

6) Moi cap dinh trong G duge ndi véi nhau bing mét dusng duy
nhat.

Chitng mink: Ta chimg minh theo trinh tu sau:

)= 2)=>3 =4 = 5 = 6) = 1). Ta st dung ding thitc
V(G) = m-n+p 1a s chu trinh déc lap cua d6 thi G = <X, U>, & day
IXI1 =n. U} =m, pla s6 thanh phan lién théng cha G.
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1) => 2): Vi G khéng c6 chu trinh nén V({(G) = O haym-n+p = 0,
Do G lién théng nén P = 1. Vay m- n+1 = 0 hay m = n-1. Chimg t6 G
khéng c6 chu trinh va 86 canh m = n-1.

2) = 3) Gia sit G khéng cé chu trinh va ¢é6 ding n-1 canh. Ta
chitng minh G lién théng va ¢6 n-1 canh.

That vay gia st nguge lai G khéng lién théng. Khi d6 p = 2.
V(G)=m -n+p = 0 (do G khdng ¢6 chu trinh). Thay m = n-1 vao dang
thitc trén ta c6 p - 1 = 0. hay p = 1. trai véi p 2 2. Vay G lién théng va sd
caccanhlan - 1.

3) = 4) : Gia sit G 13 lién thong ¢6 n - 1 canh. ta chi ra G khéng ¢6

chu trinh va néu thém vao G mét canh néi hai dinh khéng ké nhau bat
ky thi G xuat hién chu trinh.

That vay vi G lién théng nén p = 1. mat khic m = n - 1 nén ta ¢
VG)=m-n+1 =0 (1). Hay G khéng cé chu trinh.

Néu thém vao G mét canh thi ta duge 46 thi G’ véi s6 canh 1a n,
hay ViGY=n-n+1=1 (2).

Chiimg té néu thém vao mét canh thi trong G’ xuat hién 1 chu
trinh. T (1) va (2) ta cd 4).

4) = 5) : Gia s11 G khong c6 chu trinh va néu thém vio mét canh
né1 hai dinh khéng k& nhau bat ky thi G xuat hién 1 chu trinh. Ta chi
ra G lién thong va néu bd di 1 canh tuy ¥ thi d6 thi nhan duge sé khéng
lién théng.

Gia sit nguge lai & khéng lién théng. tic 12 3 cip dinh x, y trong G
ma khéng cé dudng no noéi x véi y. Khi 46 néi x va y bdi mét canh, dd
thi nhan dugde vin khiéng c¢é6 chu trinh. Didu nay mau thuan véi 4). Hay
G la lién théng.

Néu bé ¢i 1 canh trong G inad d8 thi van lién théng thi néu khai
phuc lai canh nay d6 thi s& ¢6 ~hu trinh. Diéu nay mau thuan véi 4).
Tém lai ta cé 5).

5) = 6) : Gia st nguge lai. uéu trong G ¢é ton tai cip dinh x. y
khéng néi véi nhau bang dudng nao ca. Ching té6 G khéng lién
théng. Mau thuan véi #. 13 G lién théng. hay méi cip dinh déu cé
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mot duong néi vdi nhau. Pudng d6 1a duy nhat vi néu c6 2 dudng nai
cip dinh x, y thi sau khi bo di 1 duong d6 thi van lién théng. trai véi 5)
1a néu bé di 1 canh thi dé thi sé khong lién théng.

6) = 1) : V8i méi ciip dinh néi véi nhau bai mét duong thi theo
dinh nghia G 1a lién théng.

Gia su G c6 chu trinh. Xét cip dinh x. y trén chu trinh dé. Khi dé
X. y ¢6 2 cap dudng nél véi nhau. mau thuin véi 6).

Dinh Iy dude chimg minh.

Dinh ly 2: Trong mét cay s8 cac dinh cheo 2 2.

Ching minh: Phin chitng: Gid sit trong ciy G = <X, U> & diuh
cheo < 2. Cé 2 trudng hgp x4y ra:

a) 86 dinh cheo = 0

b} 86 dinh cheo = 1.

Ta chning minh ca 2 trudng hop trén déu khéng xay ra:

a) Néu s6 dinh cheo = 0, titc 1a khéng cé dinh cheo. hay méi dinh
trong G déu c6 it nhat 2 canh lidn quan téi dinh dé hay béac ctia né > 2.
Xud't phat tit mdi dinh vao 1 canh réi di ra 1 canh khac (khéng lip lai).
Qua trinh nay la v6 han. vi néu hitu han thi s& xuit hién dinh cheo.
Tinh v6 han nay mau thuan véi tinh hitu han evia cac canh caa dé thi.

b) Gia sit ¢6 1 dinh cheo. Ta xuit phat tit dinh nay di nguge lai
nht qua trinh trén thi cling dan d&n sy mau thuin véi tinh hitu han cia
d4 thi. Tém lai trong mét cay bit ky sd dinh cheo khéng bé hon 2.

2. Cay bao chum
Dinh nghia: Cho d6 thi G = <X. U> véi {X| > 1.

Gia sit G’ 1a d6 thi bo phan ciia G (G’ nhan dude tit G bing cich b
di mot 55 canh nhung van gitt lai nguyén dinh). Néu G’ = <X, U> 13 mét
cly thi G’ goi la cAy bao chum ctia G = <X, U>,

Vidu: Cho G=<X.U> 1A
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13 44 thi lién théng, nhung khong phai 1a 1 ciy (vi né ¢6 1 chu trinh).
Né&u bd canh néi giita x4 va X3 thi ta duge d6 thi b§ phan G’ = <X, U> la:

G” = <X, U”>

G’ 1a mot cay vi G’ lién théng va khdéng cé chu trinh. Theo dinh
nghia G’ 1a ciy bao chim clia G. Mét d6 thi c6 thé cé nhiéu cdy bao
chiim. Vi du G” ciing 12 ciy bac chum cua G.

Pinh Iy 3 : Do thi G = <X, U> ¢6 ciy bao chum khi va chi khi G la
d6 thi lién théng.

Chitng minh:

Cén: Gia sit G ¢6 cay bao chum la G'. Ta chi ra G 12 lién théng.
That vay néu G khéng lién théng thi tén tai cip dinh x, y ma gida

ching khong duge ndl béi dudng nae, ma x, y ciing 1a cac dinh cia G'.
Chitng t6 G’ khéng lién thong trai véi gia thiét G’ 14 mot cay.
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Pii: Gid sit G 1a lién théng.
Chi ¥. Qua trinh trén bao gid ciing thuc hién duge vi:

a) Néu trong G khéng c6 chu trinh thi theo dinh nghia G I3 1 cay,
d6 1a cAy bao chum G’ = G.

b) Néu trong G ¢é chu trinh thi bo di 1 canh trong chu trinh d6 ta
dudc G’ 14 lién théng va khéng con chu trinh.

3. Cay bao chum bé nhat va thuét toan tim ciAy bao chiim

bé nhat

Trong thuc t&€ ¢6 nhiéu bai toan phai tim ciy bao chium bé nhit d8
giam chi phi, xAy dyng, van chuyén (déi véi bai toan giao théng), giam
chi phi xdy dyng va thiét k& dién ning (d6i vdi ndi cip dién va noi tidu
thu dién). '

Vi du: Cé mc}t'nguﬁn dién phai cung cip cho n ngudi tiéu thu. Hay
tim cach mic dién d€ cho téng dé dai day din 13 bé nhat ?

Gidi bai toan nay thyc chit 13 tim ciy bao chium bé nhat gita noi
cdp dién va noi tiéu thu.

Bai toan vé cay bao chum bé nhit.

Cho d6 thi G = <X, U>, |X| =n> 1. M&i canh v € U ta gan cho né

trong 86 la l(w). Gia sit G"= <X, U> 1a cay bao chum ctia G. K¥ hiéu

G) = Z I(u) goi 1a trong s8 cua G'.
uel"

g_ Ky hiéu la tap cac ciy bao chiim cta G.

Khi d6 néu ciy bao chim g € g ctia G thoa mén l{g) = min{l(@)/g’ < @}
thi ta néi g la ciy bao chim bé nhit trong G. :

'Hay tim cAy bao chiim bé nhat trong G.
Thuét toan tim ciy bao chium bé nhat.

Gid st G = <X, U> véi |X] =n > 114 48 thi ma mdi canh u € U
d8u cé trong s& 1(u) va khac nhau titng cip.
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e Budc 1: Xac dinh canh cé trong sé bé nhat trong tat ca cac canh
trong U. Gia s{ d6 1a canh u,.

e Budc 2: Gia s uy 1a canh c6 trong s6 bé nhit trong cac canh
UNu, ).

e Budc 3: Gia sl uz 12 canh c6 trong s6 bé nhit trong cac canh
UN\{u;, uy}, 8 day {u;, us. uz} 1a khéng cé chu trinh.

Gia st budce k ta da xac dinh dude {u;. ug, us. ..., Wt cd trong s6 bé
nhat va khéng ¢6 chu trinh.

e Budc k+1: Xac dinh chdng han uy., 12 canh cé trong s8 bé nhat
trong cac canh U \ {u,, us, ua, ..., w} va {uy, ug, ug, ..., Uy Uiy} khong co
chu trinh.

Thue hién tdi budc n-1 thi dimg lai. Khi d6 ta c6 {u;, uy, ... u,;}
khong ¢6 chu trinh. D4t U, = {u,, u,. ..., uy,} ¢ U. Khi dé ciy bao chum
G’ = <X, U, > 14 cAy bao chum bé nhit ciia G can tim.

Dé chira G’ 1a ciy bao chum bé nhat cua G ta can chimg minh:

Binh ly 4: G’ = <X, U, > xay dung trong thuit toan trén la ciy
bao chium bé nhit trong G = <X, U>, |X| =n> 1.

Chitng minh: Trudc hét tit cach xay dung trén ta c6 G’ = <X, U, >
14 ¢y bao chum cua G (do tinh chat 2 trong dinh 1y 1). Ta chira G’ la
ciy bao chum bé nhat. That vay, gia stt G” = <X, V> 1a ciy bao chiim bé
nhit tac ld 1(G”) = minfl(g) / g € G}, ¢ 12 tap cac cay bao chum cua G.
Ta s& dan dén mau thuan 1a tén tai cAy bao chum G"<X, W> bé nhat
# ”. That vay vi G” = <X, V> 1 cdy bao chum bé nhit nén V = U,
trong G”. Gia stt uy € U,.,; ma u, ¢ V. Khi d6 trong d6 thj <X, V < {u >
sé xuat hién chu trinh duy nhat (theo tinh chat 4 trong Pinh Iy 1). Gia
st © 1& chu trinh dé trong <X, V o {w}>. Vi trong G’= <X, U, > khéng
¢6 chu trinh ma u, € U, , nén 3 canh u, ¢ U, (u, }a canh trong o). Xét
do thi G= <X. W> 6 ddy W=V L {fu} \ {up}. R rang G khéng c6 chu
trinh (vi o la chu trinh duy nhit trong <X, Vu {u}»). Do G" = <X, V> 1a
cdy bao chum nén |V| = n-1 (do tinh chét 2 trong Dinh 1y 1). Vay
IW]| =n-1. Tu d6 ta ¢6 G 14 cdy bao chum trong G. Mit khac v, ¢ U,
nén l(ug) > l{uy). u, € U,.,.
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Tacs:  UGM= X MW= D I+ luy)-luy)

neW neV

< X (w= G,

ueV

<{}

Trai véi gid thist G 12 ciy bao chum bé nhat, chimg to
G’ = <X, U,_> 1a cay bao chium bé nhit.
Thuat toan PRIM tim ciy bao chuim bé nhit.
Procedure PRIM (G: D4 thi fién théng cé n dinh)
u:= canh cé trong 56 be nhat;
for i:=1 to n-2 do

Begin

v:=canh ¢b trong s& bé nhat ké vai mét dinh trong u va khdng tao ra
chu trinh trong u néu ghép nd vao u;

u:=u véi v dugc ghép vao:;
End; {u la ciy bao trim bé nhat}
Vi dy 1: Cho d6 thi G = <X.U>. X = {x,. Xy, X3, X4. X5}, U = f,, Uy,
U3, Ug, Ug, Ug, Uz, Ug, Ug, Wjof VOi trong sé cac canh nhu sau: l(u;) = I(x,, x,)
=12, Kuy) = Uxa2.x3) = 10, 10uy) = 1(x3. x4) = 8. l{uy) = Ux,. x5) = 14, Wus) =

1x1. x4) = 22, Wug) = 1(xz. X0} = 7, lug) = I(x,, x5) = 13, Kug) = Ux,, x5) = 9.
I(ug) = l(x3. X5) = 16 va l(uy) = 1(7(]. X3) = 20 nhu hinh dudi

'l(llg) =10

ug) =20

l(us) =
l{ug) = 22 I(ug)=1p

@ 1w, =14

l{u;) =13 Iug) =7
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Ap dung thuat toan-ta chon ug véi l(ug) = 7. Ti€p theo chon uj véi
1(us)= 8. Ti€p theo chon u; vdi l(u;) = 12. Cudbi cling chon ug véi l(ug) =9

RG rang XzuaXsUgXsU; X ugXs 1a ciy ‘bao chum c¢é trong s 1(ug) + 1(ug)
+lu) +lugy) =8+7+12+9= 36 bé nhat ( trong 46 thi 1a dudng in
dam).

Vi du 2: Cho 46 thi G = <X;U>véi X ={a, b, ¢, d. e. f, g, h, i, k, L,
con céc canh ¢6 trong 6 nhu hinh dudi '

=221

o1 2 )
3 3
4
DS
4 2] 4 3

Diing thuét toan PRIM tim cdy bao chium bé nhét nhu sau:

Chon carh (b.f) 06 trong s8 1. Tiép theo chon canh (a,b) cb trong s6 2.
Chon canh (f) o6 trong 86 2. Tiép theo chon canh (a.e) ¢6 trong s6 3.
Chon canh (1,j) ¢6 trong s8 3. Tiép theo chon canh (f,g) o6 trong 86 3.
.Chc)n canh (g,¢) ¢6 trong s6 2. Tigp theo chon canh (c,d) 6 trong s6 1.

Chon canh (g,h) c6 trong s6 3. Tiép theo chon canh (h.1) ¢ trong 50
3 vA cuéi ciing chon canh (k1) ¢6 trong s§ 1. Ta dude cay bao chum c6
trong s6 bé nhat 13 24. D6 12 cAy gdm cic canh in dam trong db thi trén.

Vi du 3: Cho 3 thi c6 trong 5 G = <X, U> (1X} = 5, U = 5) 1a

d6 thi lién thong, cac canh c6 cac trong $8 13 céc s8 tif nhién ghi trén
canh
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Theo dinh 1y 3 thi G c6 cac cay bao chiim cu thé la:

Trong s6 cua cac ciy bao chum la

I(G,) = 14.
1(Gg) = 18
1(G;y) =16
Gy =15

Vay G, la ciy bao chiim bé nhit trong G.
4. Thuéat toan tim hé chu trinh ddc lap

Giast G=<X U> vdi X|=n, |U|=mva G cé p thanh phan lién
théng. Khi dé chu sé cia dé thi ta ky hidéu qua ¢(G) va dinh nghia 1a
¢(G) = m - n + p. Ngudi ta di chitng minh dudc : chu s6 cia dé thi G
bang sd chu trinh déc lap cia G. Hay c(G) = v(G). Tit d6 suy ra : 48 thi G
khéng c¢6 chu trinh khi va chi khi ¢(G) = 0 va c6 mét chu trinh duy nhat
khi va chi khi ¢(G) = 1.

Bai toan:

Cho d6 thi G = <X, U>, |X] = n>1, |U|l = mva G ¢6 P thanh
phan lién théng. Tim hé chu trinh déc lap cha G, ta k¥ hidu 1a v(G).
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Thudt todn:

e Budc 1: Tim cay bao chum ctia G. Gia sit 46 la G'= <X, U™>, cay
nay ¢6 n-1 canh va khong ¢6 chu trinh. Tir cach xay dung G’ = <X. U>
ta suy ra c¢é m-n+l canh bi loai. Gia sit cac canh bi loai 1A u;, vy ...
Win-n+1-

 Buéc 2: Trong G’ néu ta khéi phuc lai canh u, thi xuat hién duy
nhat mét chu trinh d6¢ 1ap ma ta ky hidu 13 ¢, (do tinh chat 4 caa Dinh 1§ 1).

« Buée 3: D& khoi phuc lai canh u,, ta xoa canh u, va khéi phuc lai
Uy thi trong G’ xuit hién duy nhit 1 chu trinh ma ta ky hiéu la c;.

e (Gia sit ta d3 thuc hién dugc bude thit m - n, tic 1a ta di xoa canh
W,.y.1 va khéi phue lai canh ug,.,. Vi ta ¢6 duy nhit chu trinh ma ta ky
hiéu 1a ¢,y

e Budc thit m-n+1: Xoa u,,., va khéi phuc lai canh bi loai cuél ctng 1a
Uy, _us1. Khi d6 theo tinh chdt 4 trong dinh 1y 1 ta ¢é6 duy nhat 1 chu
trinh ma ta ky hiéu 1a c,,_ys1.

Cls Cay -.-s Cryopeq 12 cac chu trinh doc lap trong G = <X. U>. Ré rang
V(G) = m-n+1 chu trinh doc lap.

Vi dy: Cho G = <X, U>, 1X| =6, |U| = 8. p=1L

. X1 X
X5 Xy i
Tim s6 chu trinh ddc lap trong 46 thi trén. V(G) =8 -6+ 1= 3.
. Budic 1: Tim cdy bao chum G’ = <X. U> Ia

nhan duge tit G bang cach bo di cac canh (X1. X5}, (X5, X4) va (X4, Xz).
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Budc 2: Khdi phuc lai canh (x;, X5) ta dude

X2

@‘ D
© €

xuit hién duy nhit chu trinh ¢;= x,x5X¢x,.

Budc 3: Xoa canh (x;, x5) va khdi phuc lai canh (x5, x4) ta duge chu
trinh Cy = X1 XoX3X4XrXpX,.

Budc 4: Xoa canh (x;, X5) va (x;. .x4), khdi phuc canh (x4, x5) ta duge
chu trinh ¢3 = X9X3X4Xo.

Tém lai chu trinh déc lap trong G la
€1 = X X5X6X].
Ca = X1XoXaXsXsXeX.
C3 = XoX3X,Xg.
Hay 6 chu trinh déc lap cla 43 thi trén 1a V(G) = 3.
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§2. CAY PHAN CAP

1. Binh nghia cay
Cay la mét tap hitu han cac dinh, trong dé cé mdt dinh dic biét goi
Ia gdc. Gida cac dinh c6 moi phan cap “cha con”.

S6 cac con cia mét dinh goi 12 béc cha dinh d6. Bac ciia dinh bing
0 thi dinh d6 duge goi 1a 14. Théng thudng dinh khéng phai la 14 goi la
dinh trong va 14 goi 12 dinh ngoai. Bac ctia cAy 14 bac cao nhit cia cac
dinh trong cdy. Nhu vay mét dinh 12 gdc cia cAy néu né khéng 1a con
cua bat ctt dinh naoe trong cay.

Mitc cua ciy duge dinh nghia nhu sau:

Goc cua ciy c6 mic 1a: 0.

Né&u miic cia cha 13 i thi muc ctia con 1a: i+1.

Mt cao nhit cua nit trong cay la chiéu cao clia cay.

Puong di tit A ¢€n dinh B trong mét cay la diy cac dinh: Ay = A,
Ay, A;, A, ..., A= B, trong dé A; 12 bd caa Ay, (1=0, 1, ..., n-1) giita A; va
Ajy1 duge néi véi nhau bdi mot canh.

B6 dai duong di 1a s6 cac canh trong dudng di d6.

Goi h 14 chiéu cao ciia cidy T. Khi d6 ta c6 thé dinh nghia chifu cao
h la dé dai cia dudng &i 16n nhat cua cay T.

Hai cach dinh nghia chiéu cao cia ciy d cap & trén 13 tuong
duong nhau.
2. Cay phan cdp nhi phan

a. Dinh nghia cdy nhi phén

Cay phén cdp duge goi 1a cAy phén cip nhi phan (dé don gidn ta
goi la cAy nhj phin) néu bac & tit ca cac dinh déu khong 16n hon 2, hay
méi dinh chi cé t6i da hai con.

Déi véi cay con ctia mét dinh ngudi ta phéan biét cAy con trai va cay
con phai, vily do &6 ciy nhj phan ciing goi 14 ciy cé thit tu.
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Vi dl.l.' C]].O cAc cz'iy Dhl phﬁn Tl, Tz, T3, T4, T5 .

Trong 46 nguoi ta goi T, 13 ciy nhj phan day dq,
T, la cdy nhi phan léch phai
T3 1a cdy nhi phan léch trai
T, . Ts goi 12 ciy nhj dich dic



104 Chuong 4. CAY

b. Pinh nghia cay nhi phan déay du

Cay nhi phan dugc goi 12 ddy &l néu t4t ca cac dinh trong déu c6
bac bing 2 va tat ca cac dinh ngoai déu thudc mitc 16n nhit cia ciy T.

8. Mot s8 tinh chit clia ciy nhi phan ddy da

Bé dé 1: S5 lugng céac dinh 8 mic i cia cly nhi phin day du
la 2' véi =0, 1, ..).

Chitng minh: Quy nap theo i ta cé:

Véi i = 0. Dinh thuéc mic 0 la g&c. M3i ciy chi c6 mdt goc nén bd
dé ding véii= 0.
Gia sit b8 dé ding vdi i, titc 13 s5 dinh § mitci1a 2', xét mic i+1 va

ar . N n oitl
chi ra s& dinh clia mitc nay 13 2.

That vay: M&i dinh 8 mic i ¢c6 ding hai con nén 2' dinh c6
2 * 2'= 2! con bay 58 dinh & muc i+l 1a gl

Bé& dé 2: S8 lugng ctia cac dinh trong va dinh ngoai clia ciy nhi
phan diy & cé 6 cao h1a (2" - 1).

Chitng minh: Suy ra tit bé dé 1: S6 cac dinb trong va dinh ngoai
ctia cdy nhi phan diy da bing: s8 cac dinh 8 mic O + s§ cac dinh &
mitic 1 + 86 cac dinh & mic 2 + ... + 58 cac dinh & mic h = 2° + 2" + 27
v+ 2h — 2h+1_1 '

B6 dé 3: Cho cAy nhi phan day & vdi L = 88 cac dinh ngoai. Khi
dé s6 cac dinh trong cla ciy 1a L-1.

Chitng minh: Goi chifu cao cta cay 13 h. Theo B3 d& 1 thi s cac
dinh ngoai L = 2" Con s8 cac dinh trong va dinh ngoai cia cAy nhi
phan ddy du theo B4 d8 2 1a (2™'-1). N&u dit K = s§ dinh trong thi
K+L=@""-1.

Vay K= (2*2"-1)-2"=2L - 1-L=L-1.

Dinh ly 5: Ndu ciy nhi phan ddy du c6 n dinh va chiu cao 1a h thi
ta c6 h = logs(n+1) - 1. '
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Chitng minh: Theo b§ 48 2 thi n = 211 e» n+1 = 941
Loga co 56 2 ding thic trén ta cb:
logz(n+1) = h+1 hay h = logy(n+1)-1.
4. Biéu dién cay nhi phéin
a. Luu trit k€ tiép
Cay nhi phin day du c6 thé danh s8 cac dinh theo thit tu tir miic

thip nhat (mic 0) d€n mic cao nhat v trén mdi mitc thi danh s§ theo
thit tu tit trai sang phai.

Vi du:

Véi cach danh s8 nhu trén ta cé thé luu trit cdy T vao mét vécto V
theo nguyén téc:

Dinh tht i duge luu trit trong thanh phén thit i cia V: Cach htu:
trit trén goi la cach luu trit ké ti€p d6i vdi cay nhj phan. Véi cach luu trit
nay, néu biét dja chi clia cha s& tinh duge dia chi chia con va nguge lai.

Vi du: Dia chi cua cha 13 i thi dia chi cia con bén tral Ia 2.1, dia

chi ciy con bén phai 12 2.i+ 1 (va ngugc lai). Véi vi du trong cay trén thi
hinh anh luu trit cha né 1a;

V = (v, Vg, Va, V4, Vs, Vg, V7) -

AlB [c [p |E B |1

Vi V2 Vi Vg4 V3 Vg V7
D61 vdi cay nhj phan khéng ddy &G thi cach Iuu trit nay khéng
thich hgp, n6 gay lang phi bd nhé vi ¢6 nhidu thanh phan trong vécts by
b trong.
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Vi du cho cay

D& Iuu trit k& tiép cdy T cAn dua T vé& cdy nhj phan diy da sau, réi
danh thit tu cac dinh theo nguyén téc da bidt ta dugc:

D& luu trit né cin véc to 15 thanh phdn mic di chi ¢6 4 thanh
phén dugc Iuu trid, 11 thanh phan con lai trong vécts b trong.

AlBl|lolclotolelp|aleialelalol o

Vi Vg V3 Vg V5 Vg Vg Vg Vg Vig Vij Viz Via Viqu Vis

P& khic phyc duge nhuge diém trén ma lai phan anh ding dang tu
nhién ciia ciy ta ding cach luu trit méc ndi sau diy:

b. Luu trit méc néi
Trong cach luvu trit nay, mdi dinh ing véi ba 6 lién nhau:
' L I | R

6 diy, I ing véi tap tin (dit liéu) cia dinh trong ciy, 6 L va R 14 con tro
trai va phai ctia 1.
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Cach luu trit méc ndi trén cha cay c6 dang:

107

Vi du:

xlle_ [/|C
[=Ip[x]

Cach Iuu trit méc néi cho phép tir cha ¢6 thé truy nhap vio con,
nhung ngude lai khéng duge.

§3. THUAT TOAN TiM CAY NH} NGUYEN TOI UU
VOl CAC THONG TIN CHUA & CAC LA

1. Pinh nghia cdy nhi nguyén

Trong muc nay ching ta xét ciy nhj nguyén ma ’méi dinh trong
ctia n6é duge mi bang cac s8 tu nhién (goi 1a cac khoa), cdn cac dinh
ngoai (tic la 1a) chita cac théng tin ndo &6. Hay néi cach khac ciy nhi
nguyén ta nghién ciu & day 1a d6 thi lién théng khéng chita chu trinh va
bac & tat ca cac dinh bing 0 hoic bing 2 ma ching ta di nghién citu
trong phin 1y thuy6t dé thi. Trén 16p cac ciy nhi nguyén nay (chinh xac
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sé dinh nghia sau) ching ta dua ra thuat toan phan loai, tim kiém
théng tin va xAy dung bang ma che cic thong tin 43 duge phén loai
Duéi day chiing ta dé cap tdi: thuat toan vé sy tuong duong gitta cac cAy
nhi nguyén va thuit toan xiy dung ciy téi vu theo ciu tric ciing nhu
theo thdi gian cta ciy nhi nguyén. Ta k§ hidu N = {0, 1, ...} 12 tap céc s8
tu nhién, I la tap cac 481 tugng hay ¢dn goi 1a cac théng tin nao d6

Gidsttcacky hibu < , > ¢ ITUN, ke K.

. Ciy nhi nguyén dugc dinh nghia nhu sau:

Dinh nghia 1:

a) M&i phan titi e I goi 1a mét cay.

b) Néu Ty, Tz 12 2 cay cdn k € N, thi diay k¥ hiéu k<T,,Ts> goi 14
mit ciy.

Tap tdt cd cac cdy dinh nghia nhu trén ky hiéu qua TREE va goi
14 tap cac cAy nhi nguyén védi cac théng tin chita & cac la, hay dé cho gon
ta goi 1a cdy nhi nguyén.

Biy gic ta dinh nghia anh xa £ TREE x N - I va goi f 1a ham lam
viéc, hay ham két qua clia cay nhi nguyén.

Dinh nghia 2:

a) Néu cay nhi nguyén c¢6 dang 13 phan titi € I thi f@,I) = i vdi moi
leN. '

b) N&u ciy nhi nguyén trong TREE c6 dang k<T,, T,> thi:
f<T, Ty J) = { f(T.) néu 1 <k.
f(Ts.h néul>k.
Duéi day ta dung k¥ higu “=” (“£) &€ chi ra sy déng nhat (khong
déng nhit) bing nhau cia cay.
Dinh nghia 8: Cho hai cdy T}, T; € TREE ta néi T, tudng dudng
voi T, khi va chi khi £T,) = £(T,,)) véi moil € N. Ta kg hiéu T, = T;.
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Do méi ciy nhj nguyén chi c6.hitu han céc dinh, tuy nhién N Ia tap
vd han cac s6 ty nhién nén thuat todn duyét trén toan b§ s& rat khé
khiin d€ k&t luan hai cy T; va T, c6 tudng duong véi nhau hay khéng,
vivay ta phai tim thuat toan hitu higu hon dé sau mét s8 budc lam viéc
ta biét dugc hai ciy c6 tuong dudng véi nhau hay khéng. Dé la phuong
phap tién 46 hoa ma ching ta sé d& cap ti trong chuong Logic toan.

2. Hé tién dé va quy tdc dén xuit cha TREE.

Dinh nghia 4: Ta xem "1 mét ky hiéu méi khéng cé trong tap
Nuloui{<> vagidsitT, Ty € TREE khi d6 ddy T; = T, duge goi 1a
phuong trinh cay.

Ta k¥ hiéu phuong trinh ciy trén TREE la EQU va djnh nghia:

EQU: {T]Z Tg)‘Tl, T2 € TREE}
Gia st X 14 tap con clia EQU X c EQU)va T =T, ¢ TREE.

Dinh nghia 5: Phuong trinh cay T, = T, din duge tit tap X (ky
hiéu X |- T, = T,) khi va chikhi T; =Ty € X hosic T; =T, suy ra tit cac
phan ti cia X bing cach 4p dung mét s6 hitu han lan cic quy tic din
Xuit sau

Quy tic 1R;: N&uT e TREE thiX(-T = T.

(Phan xa) .

Quy téc 2(R2) Né’u X | - T]_ = T2 thi Xl - T2 = T].

( Déi xing)

Quy tic 3Rs): N&uX|-T,=T,va X|-T;=Tsthi X|-T,=T,

Béc cau)

Quy tic 4Ry): NéuX|-T,= Ty thi X| k<), Ty> =k< Ty, T, >.
(Ghép trai)

Quy téc 5R5): Néu X|-Ty= Ty thi X| -k<T,, Ty>=k<T}, T, >.
(Ghép phai)

Hé tién 4é cua TREE
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Hé cac tién dé cia TREE ta chon 1a cac phuong trinh cy sau day:
Tién dé ax;:

phudng trinh ciy. /\ Ala titn &6 néu k' > k
/\ ;

Tién dé axy:

phudng trinhcdy k = kK’ 1a tién dé néu k’ <k

ANV AN

K T, T

N /\
T, Ty
Tién dé axs: ,
phuong trinh ciy k = k latiéndéndukzk
/N N
T, K T Ts
N
Tién dé axy ,
. phudng trinh ciy k = k' latién dd nfuk <k’

T, K I/\Tz
T, T,
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Tién dé ax;:

phuong trinh cdy k = T

T T
Dat AX = {axi} w {axo} v {axy} w {axy} U {axs} = {ax;, ax,, axs, ax,,
axp, aXg va gol AX 1a hé tién dé cia TREE.
3. Dang léch phai cia cAy nhi nguyén

Dinh nghia 6 : Mot cdy L € TREE duge goi 1a cAy nhi nguyén
léch phai néu:

a.L=ivéimoii €I hoiic

b. Né‘u L % ithiL= k1< il; k2< iz, ieiy kg< ia; i-:;+1> - g hoéc

k;
o k
19 k3
i Loty
O day iy, ..., das € Ivasi2zaG=1, 2, .., 8); ki,ka,....k, € N va

ka-k>03G=1,2, .., s-1).
Dinh ly 6 (Tinh duy nhat cta dang léch phai).
Gia sit L, Ly 12 hai ciy léch phai. L, ~ Ly khi va chi khi L; = L.
Chitng minh: Diéu kién d1 12 hién nhién. Ta ching minh diéu kién
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Gia sit Ly ~ Ly, ta chira L, = Ly. Xét 4 kha niing sau day:

a) Ly =1, Ly =j (i,j € I). Trudng hdp nay 13 hién nhién.

b)L; =1, Ly = k,

is L

O day iy, e Ivaii#im G=1, 2, ..., 8); kykp,...k, € N va

ki+1 - ki >0 (i: 1,2, .., g-1).
Truong hop nay do L; # Ly nén L, £ L,.

ol = L . Lo =i
/\
b L,
/\
J2 I
N
.__lh
N
Ju Jh+1

Cddyiy, o elvaji=jn =1 2 .

Ly -L>0G=1,2, .., h-1).

Shy 1, 1, e Nva

Truong hop nay tudng tu nhu trudng hop b)
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d. Ly = 1 L; = Kk
I I, Iy ks
)2 1; iy ky
Ja I3
L ' k,
/\ /\

b Jus1 i igey

O day ji, .or Joers it s derr € IVAJi # iy G= 1, 2, ..., h), iy # ipyq
m=1..8: hbh.. h. k. .keNval,-L>06G=1, 2, ..., h-1),
kui -k > 0 (0= 1, 2, ..., 5-1). Néu L; = L, thi ta chiing minh L, = L, tic
lataching minhh=sval =k, ly= ks, ..., Iy =k, jy= 1y, ..., jn = I

Phan chimg, gia sit 1; # k;. Xét trudng hop |; < k;(trudng hop  1,>
k; tuong tu). LAy m € N, vdi m =1;. Khi d6 ta cé:

f(Ly,m) = j, va fLem) = i;,. ViL; = Lynén j, =1, 1)

Lay m = |;+1. Khi d6 f(I;, m) = j; va f(Lo,m) = i;.(vil, < m<1; va
I, <m < k). Do L; = Ly nén j; = i; (2). Tit (1) va (2) ta ¢6 j; = jo trai
véi dinh nghia cua ciy léch phai hay 1, = k. Hoan toan tudng tu ta cé
L=kslz=Ka,.,lp=kpv@jo =15 J3=13 .... )y = in. Ta chira h = s. Gid
st h <s (h> s chiing minh tudng tu) (xem hinh trang sau).

Chuy: 1, = ky <kye <... <k,

Chon m € N v61 m = kyy; thi f(Li;,m) = ju4q va fLe.m) = 14y, chon‘p
€ Nvéip=ky +1thitacodp >l va Ky € p € kiso. Vay fL5LD) = Jhsts
f(Lig,p) = dn1. ViLy = L nén iy 41 = Juer (BIVA lpes = Jur (4) T (3) va (4) ta
€0 Ins; = lpyg. Tral véi dinh nghia cia cAy léch phai. Hay h = s va
Ju+1 = dg41. Vay Ly = Ly. Dinh 1y duge chitng minh.
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Dinh ly 7:V6imei T € TREE tdn tai duy nhat cay léch phai L sao

cho: a.T=L
b. AX|-T=L

Chitng minh: Tinh duy nhh_fit suy ra tit dinh Iy 6. Cau a) suy dudc
tit b) vi mi tién dé ax; (G = 15) 12 mét phuong trinh ciy gom 2 cay
tuong duong nhau (kiém tra lai theo dinh nghia ham lam viéc) va ta lai
bit cac quy tic dan xuat thi bdo tén tinh tudng duong. Vay chi cin
chitng minh cdu b).

Ta chitng minh theo dinh nghia cay T.

1) N6u T =1, i € [ thi ta chon ngay L = i rd rang theo quy tic 1 ta
cé ngay AX|-T=L.

2) Gia stt T = k<Ty, To>. 3 day T; 44 ton tai cAy léch phai duy nhét
L; sao cho: AX |- T; = L; G = 1, 2). Ta chitng minh ton tai cAy 1éch phai L

ctia cay T = k<T,, Ty> sao ¢ho AX|- T = L, § day theo gia thiét quy nap
thi. T =k<T,, Ts> c6 dang

(k)

o day
L; = k L; = 1,
N NG
i ks h 1
RN PN
i 12 ks i 1
k,

I 14 It Jia
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0 dﬁy jl’ raey jt+1u ilv tivy is'i'l,e I va ji * ji+] (i = 1, 2, rany t), 'i-!l * i.n+1
m=1,..,8;, ., L.k, .. ke Nva in-L>03G=1, 2, .., t-1),
kpnn -k >0 (=1, 2, ..., s-1). Xét cac trudng hgp sau day:;

 Néu k < k; thi ap dung ax, ta ¢
T = k

~ k, (1)
) l/\Lz , N
' /12\
o
I loa1
N&u k > k; thi ap dung ax; ta cé:
T = k (2)
L, L,

~ Kk,
AN
/kz\ p
" /k\

k,

N

| | FY ]

Xét (1). Néu trong (1) ma k <1, va i; # j, thi ta chon dang léch phai
cia T la
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L=k
3} 1
h ' 2
)z
1,
X Jee1

va r6 rang AX|-T = L.
Né&u k <1, nhung i, = j; thi ta chon L = Ly(do ap dung tién d¢ ax,)
Néu k = 1, thi trong (1) ta 4p dung tién d€ ax; ta cé:

L=k 3)

| /\1
L 2
/\
J2 13
AN
13
I,
SN
X Jis1

Trong (3) néu i; # j; thi ta chon L la ciy vé& phai cia (3), con néu
1; = j; thi ap dung tién d¢€ ax,.
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Ja 1,
34
1
N
h 1

Trong (1) néu k > 1, thi ta ap dung tién &8 axs Tém lai ap dung
mét s§ hitu han lan cac tién d€ trong AX ta s& tim dudc cay léch phai
cia T ]a L sao cho AX|-T =L.

4. Diéu kién cdn va db cha cdy twong duong va thudt
toan tim sy tudng duong cua cdy nhi nguyén véi cac
théng tin chiia & cac la

a. Dinh Iy 8: Gia st T;,, T, € TREE. T; » T, khi va chi khi
AX }‘ Tl = T2.

Chitng minh:

Diéu kién can: Gia st T; = T, ta chitng minh AX} T, = Ts. Theo dinh
1§ 7 thi v6i moi T; tén tai dang léch phai L; i= 1, 2) sao cho T, = L; (1),

Tg Ry Lg (2). AX}-T; = L1 {3) va A.Xl— T2: L2 (4) Vi Tl & Tz nén L1 £ L2 (5)
T (5) ap dung Dinh 1y 6 ta ¢é L, = Ly (6). Tit (3) (4) (6) ta ¢6 AX|T,=T,.

Diéu kién dd: suy ra tit djnh ly 7.
b. Thudt todan tuong duong:

Cho 2 ciy T,, T» € TREE muén biét T, = T, hay khéng ta thuc hién
cac budce sau;
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e Budc 1: Tim dang l¢ch phai cia T, 1a L, va dang 1éch phai cua T,
1a L.

¢ Budc 2: So sanh L va Ls.
NéuL,=LythiT,=T,.
Néu L;k Ly thi T,k T,.
Dé xiy dyng thuat toan tim cdy nhi nguyén day qu t6i uu trude
hét ta dua vao cac khai nidm sau.
5. Cay nhi nguyén ddy da hoan chinh

Pinh nghia 7: Cay nhi nguyén R € TREE dudc goi 1a ciy nhi
nguyén day du hoan chinh néu hojcR=ivéiiel

hoac R =k

AN

R, = k, Ry = ko

Ry) R A A

Véi k; < k< K, Riy 2 Ryz, Ry # Rae va 173y - vGw)| €1 (n # m)
. trong d6 i,, 1, 12 cac théng tin d dinh ngoai cia R.

O day y@):= S8 cac cung trong dudng di tit géc dén dinh ngoai chita
théng tin 1.
Véi | y(ip)- v(im) | € 1 c6 hai kha ning:

a. Néu | v(iy)- v(w) | = 0 véi moi cip i, # i thi ta goi cdy R 14 ciy
day dn hoan chinh loai 1. Trudng hop nay xay ra khi dang 1éch phai ctia
R c6 dding 2' dinh.

b. Néu | y(ip) - Y(im}! = 1 d6i véi cip i, # i, ndo 46 thi R goi 1a ciy
day da hoan chinh loai 2. Trudng hop nay x3y ra khi ciy léch phii R ¢é

cac dinh ngoai # 2"
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Vi du:
R=

.i] ig i3 i.{ i5 is i';-' 13
(in# iny1. 0=1, 2, ..., 7) ]2 cly nhij nguyén ddy dit hodn chinh loai 1 vi:
| v(iw) - Y(w) | = O vdi moi iy i,

Con cay

il i2 i:‘i 14
(n _# in) 12 cdy nhj nguyén ddy 44 hoan chinh loai 2. vi
l¥s) - ¥() ) =1

Di nhién edy léch phai ¢ia R 13:

Cé s6 dinh ngoai 1a 8 = 2°,
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Con cay léch phai cha R’ la:

Cé s6 dinh ngoai 1a 6 # s& ldy thita cia 2.

Dinh 1y 9: Véi moi T € TREE tdn tai eAy nhi nguyén day dd hoan
chinh R sao cho: '

1. T=R.

2. AX}T=R.

Chitng minh: Ta chimg minh phan 2), con phan 1) suy ra tit phan 2).

Theo Dinh 1y 7 thi véi T ton tai ciy 1éch phai L sao cho T = L (1)
va AX} T=L (2). Tt L 4p dung mét s hitu he 1 1an tié. dé ax, ta duge
cay nhi nguyén day da hoan chinh loai 1 R né. 3§ ¢ .mh ngoai cua L
12 2, va dude cAy nhi nguyén ddy dt hoar chir loai 2 R’ néu s8
cac dinh ngoai cua L khac 9 DinhiéntacéT - F & . ""T=R((T =R
vd AX} T = R). Dinh 1§ dude chitng minh.

6. Mot s6 tinh chat cha cay lécl., i va cAy day di he..-
chinh
Ky hiéu B(T):= S5 cac dinh (ké ca dinh ngoai, ~da T.
Dinh ly 10: Gia sit L. ¢ TREE la cdy léch phai. Khi d6
BQL) = Min{p(T)/ T ¢ TREEva T = L}.

Chitng minh: Gia sit T € TREE va T = L diéu d6 c6 nghia Ia
tén tai day cac cay T =Ty, Ty, T3, ..., Tp = L sao cho AX} T, = Ty, hay
T; ~ Tiyy (vi mbi 1an ap dung cac tién dé trong AX thi s6 dinh giam di néu
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ap dung cac tién 48 trong AX\{ax,} va s§ dinh giit nguyén néu ta ap
dung ax,). Néi cach khac ta c6 B(T) = (T > B(Ty) = ... 2 B(Ty) = pL) ).
Chitng t6 tat ca cac cay {Ty, Ty, ..., To} tuong dudng véi cay L va B(T) = )
=1, ... n).

Gia st T'e TREE va Te {T,, Ty, ..., Tu} nhung T" = L(*). Ta chi ra
B(T") > B(L). Gia sit ngugce lai B(T") < B(L) (2). Theo Dinh 1y 7 d6i véi cay
T’ c6 tén tai dang léch phai L’ sao cho T'= L’ va AX} T= L. Cing nhu
véi T ton tai cac cay trung gian: T = T, T, T, ..., T'w = L’ sao cho
T=T1» Ty~ » Ty =L(*). Va BTy > pADG=1, 2, ..., m) (3).

Tt (2) va (3) ta c6 B(L) > L) (4). T Mva**Htaco Ll

Theo Dinh 1y 6 thiR = L, (4) va (5) 12 mau thudn nhau. Tém lai ta
luén ¢6 B(L) = Min{B(T)/ T € TREE va T »~ L}.

Dinh nghia 8:

a) Mot théng tin i trong cdy T € TREE dudc goi 1a ¢6t yéu néu cé
ton tai mdt s6 tu nhién k € N sao cho f(T,k) = i, hay théng tin 1 duge goi
1a ¢t y&u néu c6 mot dudng di tix géc dén la chita théng tin i trong cay T
Ung véi s6 ty nhién k.

b) M6t théng tin j trong cy T 1a khdng ¢8t yéu néu khéng tdn tai
mdt s6 k € N sao cho f(T.k) = j. Néi cach khac néu khéng c6 mét k € N
dé tao ra mot dudng di ti géc dén 1a chita thong tin j trong cay T.

¢) Tap M c N duge goi 1a tdp mi ciia cac théng tin c6t y&u trong
cdy T néu véi méi m ¢ M déu tén tai mt thong tin cbt yéu i trong T sao
cho £(T,m) =i, va ngudc lai véi mdi théng tin c6t y&u trong T déu c6 mot
phan tit m € M sao cho f(T,m) = i. '

Dinh ly 11: Gia sit Le TREE 1a cay léch phai vad Re TREE la ICﬁy'
nhi nguyén day du hoan chinh. Khi d6 nfu R ~ L, thi BR) = B(L).

Chitng minh: Cay nhi nguyén day di hoan chinh R nhan duge ti
cay léch phai L bing cach ap dung duy nhit tién dé ax, mét s8 hitu han
lan. That vay, theo Dinh 1y 7 d6i véi R ¢6 tdn tai cay léch phai L’ sao cho
R~ 17 (1). Theo gia thiét R = L (2). T (1) va (2) theo tinh chat béc ciu
ta co L ~ L. Theo Dinh Iy 6 thi L' = L. ma R nhén duge tix L’ tic la tu L
qua viéc ap dung tién dé ax, thi s& dinh khéng d6i nén pR) = B(L).

Dinh 1y duge chitng minh.
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Vi du: Cho cay léch phai

1 Ip 3 14

'La ciy nhi nguyén diy dd hoan chinh leai 1va R~ L.
Rd rang R) = 7= B@M)-

Nhu ta da bi&t &€ chi ra hai cay T, T2 tuong duang ta phai ching
‘minh: f (T, ) = £(Ts, I) vdi moil € N la tap céc s6 ty nhién. Viée kiém tra
lai ding thifc trén d6i vai méi 88 ty nhién 1 € N sé rat phiic tap, d6i khi
khéng thé thuc hién dugc. D& khic phuc nhuge diém d6 ta & chi ra ¢
" tdn tai tap hiu han cac s6 tu nhlen M < N d€ xét sy tuong dudng cia T,

va T, trén tap N ta chi cin chi ra T;, T tudng duong trén tap con M 1a

du. Néu £(T,,)) = £(Ty,]) vdi moil € M thi ta viet Ty ~To.
M

Bfnh Iy 12 : Gid s T, T, € TREE néu T, ~T, tite 1a £(T,,)=fT,, )
véi moi 1 e N thi tdn tai tap hitu han khac rbng cac 8 tu nhién Mc N
c6 tinh chat:
1. leTgkhiVé Chikth] = Tg.
M
2. I Mi=min{|l Hl /HcNvaT;» T3
\ H

3. Tap M 1a tap ma clia cac théng tin c6t y&u trong cay Ty va Ts.
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Chitng minh: V6i T; c6 tén tai duy nhit ciy léch phai L; sao cho
T~ L; (1) (i=1, 2) do dinh 1y 7. Vi Ty = Ty nén tit (1) ta ¢6 Ly~ Lg. Theo
dinh ly 6 thi L,; = L, = L. Biy gi¢ ta chimg minh 1) theo dinh nghia cla
cay léch phai L. '

. Xét trudng hgp L =1, 1 € L. Trong trudng hop nay tap M gdm mét
s6 tu nhién bat ky nao 4é. Chéng han M={k} Khidédo L= T;=T; nén
f(T,.1) =f(T,,]) =1 véi moi ]l € N. Di nhién f(T,k) = f(T;,k) =i hay T;=Ts.

Xét truong hgp con lai 1a L #1 véi moi i € I trong truong hdp nay ta cb:

i (ky)

Ip

A

A
k1< k2< < k13 va ini in+l (n:]., 2, ..., S)

Chon M = {ky, ks, ..., k. ko + 1} gom s+1 phan ti. Ta ching minh
~ Ty khi va ch1 khi Tl ~ Ts. NEuT > Ty th1 T1 ~ Ty 13 hién nhién theo

M
dinh nghia. Gia st T, ~ Tz tachiraT,~T;
M

Thét Vé:ly: Véi mol 1< k] ta 6 f(Tl,l) = f(rl‘z,l) = i].
Vi m01 I: k] <]« kg ta €6 f(r1,l) = f(Tg,l) = iz.
Véimoil: kp<1<k;tacé f(T,) = f(Ts,]) = ia.
Véi moil: ke <1<k, tacd f(T.]) = f(Ty]) = 1,
Véimoik 1>k, tacé f(Th.1) = f(T2,D) = ie.

Tém l‘gil néh T1 z Tg thi T1 B Tg.
M
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Ching minh 2. \

IM| = s+1 titc M ¢6 s+1 phan tit {k;, ko, ..., ke, ko + 1} cic phin ti
k; (i=1,s) khéong thé bé di khéi tap M vi néu b di phéan tit k; thi L khéng
¢dn 13 ciy léch phai cia T, va T, nita va do dé tinh tucng duong giita L
va T; bi pha v3. Con phan ti thit s+1 1a k,+1 khéng thé bd di khéi tap M,
né c6 thé thay bdi 58 n nao d6 n&u n > k,. Trudng hep nay |IM| = s+1. Di
nhién v6i moi H < N ma M c H thita luén ¢6 T, ~ Ts khi va chi khi

H
Ti~ To.ohay | M| =min{|H| / HcNva T, ~ Ta.
M H
Chitmg minh 3): suy tit dinh nghia.
7. Thudt toén tim cay nhi nguyén t3i uu v&i cac thong tin
chita § cacla
Vian @€ cay t6i uu trong phin niy ta xét theo hai nghia:
a. Tél uu theo cau tric (hay theo dinh).
b. T&1 uu theo thdi gian lam viéc (tim kiém).
7.1. T6i wu theo cu trac

Dinh nghia 9: Gia sit Ty € TREE. Ty goi 13 cay téi vu theo ciu
triic néu Ty thda man cac diéu kién saw:

1. Ty 1a cay nhi nguyén day 44 hoan chinh.
2. P(To) = min {P(T) / T € TREE va T = T}.
3. h(Tp)= min{h(T}/ T € TREE va T = T,}.

4. Trong cdy T, mi cia dinh cha 16n hon ma cia dinh con bén trai
va nhé hon ma cua dinh con bén phai.

Thudt todn tim céy téi wu theo cdu tric:

Cho cdy T € TREE. Ta c6 thé tim cay t5i wu theo ciu trisc Ty ma T
~ Ty theo cac bude sau day:

e Budc 1: Tim dang léch phai L ctia T (Theo dinh 1y 7).

e Budc 2: Tim cdy nhi nguyén ddy di hoan chinh R tit L bing cach
ap dung tién d€ ax, mét s5 hitu han lan. R chinh 14 cay t6i uu theo ciu
tric can tim (theo Dinh Iy 10 va 11).
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7.2. T6i vu theo thdi gian

D& dinh nghia khai niém t8i wu theo thai gian, ta can nhé lai khi
cho phéan 111 € N vao ciy T € TREE thi hdm anh xa f(T,]) xac dinh duy
nhit mdt dudng di tit dinh cdy T dén mét 14 nio 6. Dudng di d6 ta ky
higu 14 o).

Dat W(T) = {o()/ 1 € N} vdi cdy Te TREE. Goi F 1a Anh xa don tri
tit tap W(T) vao tap R céc s6 thie dudng. Khi d6 ta goi F(eQ)) la thai
gian xac dinh théng tin ma dudng f(T.}) dan tdi trong cay T g véi khéa
la 1. Tiép theo ta dit A(T,F.P) = Z PQ) F(o()) va dugc goi 13 thoi gian

leM
trung binh (ing véi F, P) d€ xac dinh cac théng tin chita trong ciy T tng
vdi tap cac ciu hdi M < N. O d4y P la phan b8 xac suat rdi rac trén M,
con M 14 tap xac dinh trong Dinh 1y 12.

Dinh nghia 10: Gia sit T, € TREE, T, dugc goi i ciy tdi uu theo
thdi gian néu T, théa mén cac difu kién saw:

1. T, 12 cay nhi nguyén day di hoan chinh.

2. AT, F, P)=min{A(T, F,P)/T e TREEva T ~ T,}.

M

3. Trong ciy T, ma clia dinh cha lén hon ma cia dinh con bén trai
va nhé hon ma cia dinh con bén phai.

Thudt todn tim cay t6i uu theo thoi gian:

Véi mdi T € TREE ta xiy dung duge ciy 161 uu theo thdx gian T
ma T, = Ty theo cac budc saw:

_ « Buéc 1: Tim cay léch phaiciaa T 1a L.

e Budc 2: Tu L tim ciy nhi nguyén day da hoan chinh R va R
chinh la cay to] tu theo thai gian.

Vi du:

Cho L =
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Véiip#ipn 0= 1, 2, ..., 15)

Buédc 1: Tim dang léch phai cha. T 1a

1g his

Budc 2: Tt L tim ciy nhi nguyén day du la

Lig

ddayT ~ L~ R.M={2,4,5, 6}.
M M

F: W(T) - R’ ta dinh nghia nhu sau; F(@(Q)):= S6 céc cung cua
dudng o(l), ] € M. Phén b8 xac sudt P trén M ta 13y 12 phan b8 xac xuit
déu tic 1a P() = 1/4 véi moi 1 € M hay P(2) = P4) = P(5) = P(®) = 1/4.

Va1 T ta tinh dudc :
F(a(2)= Flo4) = Flo@)= F®) = 4.

Vay A(T, F, P)= Y POF@O)=1/4= Y F@)=1/4(4+4+4+4)= 4,
- leM leM

Déi véi cay 1éch phai L ta cé:
Flo(2)) =1, Fe4)= 2, Flo(B))= F®©)=3.
AL F.P=141+2+ 3+ 3)=9/4.
D61 véi R ta cé: F(®(2)) = Flo4))= Fo®)) = Fe(6)) = 2.
AR, F,.P) =142 +2+2+ 2= 2.
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Cé thé chi ra véi moi ciy T'e TREE ma T’ R.
. M
Tz {T, L, R} ta cé:

AT, F,P)= D, POF Q@) > 9/4.

leM

Hay AR, ¥, P) = min{A(T, F, P)/T ¢ TREE vi T = R} theo dinh
nghia R 14 ciy t81 uwu theo thai gian.

Qua vi du trén ta thiy ciy nhj nguyén diy du hoan chinh 13 81 vu
theo cdu tric va ciing tai uu theo thai gian.
Cdc gidi thudt téi wu hoa céy nhi nguyén mét chiéu véi cée
théng tin chiéa d cdc la
e Giat thuat duyét theo thit tu tang:
size:= kich thudc that cha mang ding dé€ luu giit cay.
Gia st T[i] 1a mét nut cha cy ta xay dung giai thuat duyét theo
thit ty tang. Gidi thuat nay duyét qua tit ca cac nit con ciia T[i}, mi
nit thim ding mét 14n, ké c& nit Til.
for z=hito hdo
Begin
k = 2z-hi:
for t1=0tok-1do
if (k*i + t1 <= size ) and (TK"i + t1] <> 0) then
Xirty nat T[k" + t1]
End;

¢ Gidi thuat xit Iy tién dé ax;.
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{Trong d6 Tfil = k , T[2*]] = k}
Gidi thudtcho Tijtrodén k
Procedure Up( j: integer);
{T[i] luu gia tri nut goc cta cay Ti,}
{Sau khi goi thl tuc nay thi k' s& bi x6a va nut géc cia Ti, la Tl
for % = hjto h do
Begin
k= 2",
for t1=0tol-1do
if (j*1+t1 <=size ) then
begin
Ky =%+ t1;
TI( k1 -t1) div 2 +t1] := T[k1]};
Tk1] = 0;
eﬁti; '
End;
Tinh lai gia tri cla size;
Return;
Gidi thudt xi ly tién dé ax; tai nit T(i]
Procedure ax1(i: integer);
if Key(i) and Key(2") then
-{ Kiém tra T[i] va nat con trai 1a khoa hay khéng }
if Tlj< T[2%] then
Begin
j = 2%i+1; {T[i} 14 nit con phai caa T}
. (25 + 1 <= size) then Xoa cay con Ti,
if (2% <= size) then Up(2%): {Cho Ti, trd dén k}
End;

Return;



€O SO TOAN TRONG LAP TRINH 129

» Giai thuat xi 1y tidn d8 ax,

k = K
Kk Tia Ty, k
Ti, Ti, Ti, Ti,

Gidi thugt day Tfil; xuéng
Procedure Down(int j);
{TI] ¥& nat géc clia Tiy)
for k = h Downto hi do
Begin
I:= 2k,
for t1:=0 tol-1do
if ( j*I + t1 <= size) then

begin
k1 =jri+t1;
T[2*k1 + I- t1} := T[k1] ;
Tk1]:=0;

end,

End;
Dt size = 2"
Tinh lai gia tri cua size;
Return;
Gidi thudt cho cdy con Tiy tré dén niit géc cia Ti,
Luic dau nit gdc clia Ti; 1a T[4*i+1], sau khi xit 1§ nit géc caa Tiy
1a T{4*i+2) |

Procedure Up2(j: integer};
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{TTj] chirta gia tri k'}

f1:= 2% + 1;
for k= hj1 to hdo
Begin

e ok~ R
=287

for t1 := I-1 Downto O do
if (i1 + t1 <= size) then

begin

T+ t1 + 1) 2= T+ 1),

TH1H +t1] = 0,
aend,;
End;
Tinh lai gia tri cla size;

Return;

~ Gidi thudt xiz ly tién dé ax, tai nit Tf]

Procedure ax2(i :integer);
if Key(i} and Key(2") then
if T[] > T{2"] then
Begin
j=2"+ 1,
Down(j};
T[2™ + 4] = TIi];
Tli] = T{2");
Up2(2*i);
Up(2%);
End;
Tinh lai gia tri cla size;

Return;

{P&y cay con phai cla Ti; xuéng}
{Gan nut con phai clia T[i] bang k}
{Gan TI[i] bang k}

{Cho cay con Ti, tro dén gdc ctia Tis}
{Cho Ti, trd d&n K}
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» Giai thuat xit Iy tién 48 ax,

Gidi thudt cho ey Tiztré dénk

/k\ = k néuk>k
Ti, K T{\Tia
Tiy Tis

Procedure Up3(int j);
{T[i} 1a nut géc cua cay Tis}

{Ldc dau nut gdc clia Tiy 13 T[4i+3], sau khi goi thil tuc nay nit g&c cla
Ti, la T[2i+1]}

fork=hj to hdo
Begin
| = 28 ™
for t1=0tol-1do
if (j*l + t1 <= size) then

begin
ki:=i"l + t1;
TI(k1 <1 +t1) div 2] := T[k1); -
Tlk1] := O;

end;

End;
Tinh lai gia tri cha size;

Return;

Giai thudt xu Iy tién dé axs tai nut T/i]
Procedure ax3(int i);
if Key(i) and Key{2"i+1) then

if T[i] >= T[2*i+1] then
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Begin
j=2ri+ 1
if (2%} <= size) then Xoda cay con Ti;
if (2% +1 <= size) then Up3(2*+1);
{Xba k' va cho Tistro dé&n k}
End;
Tinh lai gia tri cha size;

Return;

» Giai thuat xtt 1y tién dé ax,

T, = Kk = K Néuk >k

/N

Ti, K Ty, Ti,
Ty, Tiy
Procedure ax4 {int i);
if Key(i) and (Key{2*i+1)} then
if (T[2*]=T[4*i+3]) then

Begin
T[2™] = 0; {Xoalai}

TTi] = T[2*i+1];
T[25i] = T[4"i+2];
Up2(4*i+3};
{Cho Ti, tré d&n k', khi nay nut géc cha Ti, la T[2%i+1]}
End;
Tinh lai gia tri cOa size;

Returm;
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o Giai thuat xii 1y tién 48 ax,
TH =k =T

N

T T
Procedure ax5
if T[size] = T[size -1] then
Begin
T[size div 2] = T|size];
Tisize] = 0; T[size -1] = O;
size = size div 2,
End;
Return;
» Giai thuat xay dung cay léch phai.
for i = 1 to size do ax1(i);
for i = 1 to size do ax2(i);
for i = 1 to size do ax3(i);
for i = 1 to size do ax4(i);
for i = 1 to size do ax5(i);
K&t qua cho cay léch phai L tuong dudng véi cay T.
* Giai thuat chuyén ciy léch phai L vé cay t5i uu.
Gia sit cdy léch phai cla T la L = ki<i;, ko<iy, ..., K<y, 1g01>...>,

trong dé k, <k, < ... < ks va ij= §1( = 1, ..., s). Khi d6 ta luu gia tri cac
mit va gia tri cac la cua L vio mang trung gian Temp nhu sau:

Templ2™i] = k {i=1, 2, ..., n)

Temp[2T - 1] =i{j=1, 2, ..., n+1)

Ta sé xiy dung thi tuc chuyén mang Temp vé cAy nhi nguyén
hoan chinh day du loai 1 néu 2n+1 13 liy thita ctia 2, ngude lai ta ¢6 ciy
nhi nguyén hoan chinh day du loai 2.
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Téng ¢8 nit ciia ciy t581 vu 1a 2n+1 (bing téng s6 mit cha cay léch
phai), nén chidu cao ciia ciy t6i vu phéi 1a [log,(2n+2)1 ( ky hiu [x]1a
phin nguyén < x).

~ Xay dung Ham Split.
Ham Split (int a,b);
Tm:= b- a+1;
h= trunc(iogx(Tm+1))+1;
if Tm>2""+2"2 then Tm=2""
else Tm:= 2%
Return a+ Tm-1;

Giai thuat chuyén Temp v8 ciy nhi phin tim kiém diy da
hoan chinh.

Procedure Optimization(T: T1;size: integer);
{ két qua iuu vao mang T,}
1. Tm= Split(1,2" n+1);
Nut goc cila T1 1a T1{1] = Temp[Tm];
Temp[Tm] = 0;
Trong tha tuc nay ta ding mang Templ luu cic gia tri trung gian.
Temp1[1] = O
Temp1{2] = Tm;
Temp1(3] = 2*n+1;
2. Khi dé ta c6:
T1(2] = Temp[Split{Temp1{1]+1. Tempi[2])]; -
T1[3) = Temp{Split(Temp1[2]+1, Temp1[3}}};

Tiép tuc bé xung cac gia tri cho mang trung gian Templ:
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Temp1[4] = Split(Temp1[1]+1, Temp1[2])
Temp1[5] = Spiit(Temp1[2j+1, Temp1{3))

Sip x&p Templ theo thit tu ting dan ta dudc diay 5 phan t
Templ[1], Temp1[2], ..., Templ[5].

Tuong ty bude 2 ta duge T1[4], T1(5], T1[6], T1[7};
Thyc hién tuong tut cac budce trén ta duge T1 i cdy tam phan
tim ki€m t6i .
e Giai thuat xay dung ham Resuit va khao sat sy tuang duong
cua hai cay T1 va T2
Xay dung ham Result.
Ham Result(TREE T; int key)
i=1;
while (key(i)) do
it (Key > T[i}) then i=2% +1
else |i=2%i;
Return TIi];
e  Gidi thuat khéo sat tinh tuong dudng caa hai ;:;ﬁy TivaT2
Chuyén T1 v& cay léch phai ki< iy, ko< ip, ..., Ko< iy iges> ..>
Chuyén T2 vé cay léch phai K< i), Ko< g, oo, K< Ty Tsr> ...>
Chon tap M ={ ki, k. . ., ko, Kot 1} U {K' K3, .. K, Kot}

Néu tén tai k € M ma Result(T;.k) # Result(T,,k) thi hai cay T1
va T2 khéng tudng dudng .

Nguac lai néu véi moi ke M ma Result(T,.k) = Result(’I‘z,k) thi
T1 =~ T2.
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§4. THUAT TOAN TiM CAY NHI NGUYEN TOI UU V&I
CAC THONG TIN CHUA & CAC DiNH TRONG

1. Dinh nghia

Gid st I 1a tap cac d6i tugng hay con goi la cac thong tin nao dé. N
1a tap cac s6 tu nhién.

Cacky hisu</>/, /M/}vate NuL D4t I'=Tu {z}.

Dinh nghia 11:

1. 14 mét cay

2. N&u T,, T; 12 2 cay con k € N, thi day ky hiéu [k,i]<T;, Tx>
hay [kl goi 1a mét ciy.

N

Dinh trong ciia ciy duge dinh nghia & trén gém hai thanh phan:
thanh phan thi nhit 1a s8 ty nhién k € N cdn goi 1a khoa cia dinh,
thanh phén thi haii € I" goi 12 théng tin tai dinh c6 khoa la k.

Tap tit ca cac ciy dinh nghia nhu trén ky hiéu qua FRee va goi la
tap cac cAy nhi nguyén véi cac théng tin chita  cac dinh trong.

Bay gio ta dinh nghia anh xa f: TREE x K — 1" va goi f1a ham
lam viéc, hay ham két qua cia cdy nhi nguyén.

Dinh nghia 12:
1. f(x.)) =1
f(Ty,) néul <k.
2. f([k,il<T, . Ts> D) = { inful=k
f(T5.)) néul> k.
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2. Hé tién dé cta TREE
He¢ cac tién dé ctia TREE ta chon la cac phuong trinh ciy sau day:
Tién dé ax;

Phuong trinh cdy [k, kil  latién dé néuk 2k

,/\ AN

. K T, Ty
Tién dé axy:

phuong trinh cay (k,i] = [K)] latién dénéu kK <k

A NVAN

kil Ts T Ck,i]

/T\ N

T,

Tién dé axs:

phuong trinh cdy  [k,i] = kil latiendé néuk >k
Ty K - T, Ts
T, Ty

Dat AX = ax, U ax, v ax3 va goi AX 1a hé tién ¢é cia TREE.
3. Dang léch phai cua TREE

Dinh nghia 13: Mgt cay L € TREE dugc goi 13 cay léch phai néu:
al=r

b. Néu L #1 thi L =[k,.i,)< =, [kp,igl< 1, ..., [kudnl< 1, ©> ...> hoiic
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[k].!j-i]
T [kg.10]
T [k3,i3]
[kn‘in]
T T

O day kKo, Ko € Nva ki, - k> 03=1, 2, ..., n-1).

Pinh ly 14 : Gia st L, L, « TREE 12 hai cay léch phai. L; = Ly kht
va Chi khi L1 = Lg.

Chitng minh: Tuong t nhu Dinh 1y 6.

Pinh Iy 15 : Véi moi T € TREE tén tai duy nhat cay léch phai L
sao cho: :

a. T=L.
b. AX|-T=L.
Chitng minh: Tuong tif nhu dinh 1y 7.

4. Thuét toan tuong dwong trén TREE

D;ﬂh Ij’ 16 ; Glé’l Sif Tq‘, Tg S TREE T] = T2 khlV(:l Chi khi
AX‘-leTg.

Chitng minh: tuong tg nhu dinh 1y 8.
Thudt todn tuong duong:

Cho 2 cay T, T, € TREE muén biét T, = T; hay khéng ta thyc hién
cac budc sau:

s Budc 1: Tim daﬁg léch phai ciia T; 13 L, va dang léch phai cua T,
12 Lo.
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* Bude 2: So sanh L, va L.
Néh L] F L2 thi T1 I" Tz.
Néu L1 = L2 thi T1 = T2.

5. CAy nhi nguyén day 44 'trén TREE

Dinh nghia 14: Cay nhi nguyén R € TREE dudc goi 14 cAy nhj
nguyén day di hoan chinh néu hodicR=1

hoic R = I[k.i}

R_]_ R2

vl R, = [k;,1,) Ry = [ka,ig]

Vi k, < k< Ky va [y(t) -yl £1 (%)) trong d6 7; 1a ky hidu t &
la thit i, 1; 14 ky hidu t & 14 thit j trong cac ciy Rqy, Ris, Rap, Ros.

O day y(v):= S8 cac cung trong dudng di tit gée dén 14 thit i trong R.
Véi | y(1)- v(ti){ £ 1 ¢6 hai kha ning:

a. Néu |y(t)- y(z)}] = 0 véi moi cip i# j thi ta goi ciy R 12 cay day
da hoan chinh loai 1. Trudng hop nay xay ra khi dang léch phdi cia R
c6 diing 2' dinh ngoai chita . |

b. Néu cé ton tai mét cap la thi i va la thi j khac nhau sao cho
ly(t)- ¥(u)| = 1 thi R goi 14 cdy day 4t hoan chinh loai 2. Trusng hgp
ndy xay ra khi cay léch phai R c6 cac dinh ngoai = 2.

Pinh Iy 17 : V6i moi T e TREE, tdn tai cy nhi nguyén diy da
hoan chinh R € TREE sao cho:

a. T~R.
b. AX|-T =R.
Chimg minh tuong tit nhu dinh Iy 8.
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6. M@t sd tinh ch&t cda cay léch phai va ciy hoan chinh
diy du trén TREE

Dink Iy 18 : Gid st L € TREE la cay léch phai Khi dé
BL) = Min{p(Ty T €« TREE va T = L}

Chitng minh: tudng ty nhu dinh 1y 10.

Dinh Iy 19: Gia sit L. €« TREE 14 cay léch phai va R € TREE la ciy
nhi nguyén diy du hoan chinh. Khi d¢6 néu R ~ L thi B(R) = B(L).

Chatng minh: Tuong tu nhu dinh 1§ 11.

Dinh ly20: Gid siT,, Tye TREE néu T, = T, tic 12 £(T, )=£(T>,1)
v6i moi 1 € N thi tén tai tap hitu han khac réng cac 58 tt nhién M < N
c6 tinh chit:

1. Tl & Tg khi va chi khi T] = Tz.
M

2. M I=min{] H| /HcNvaT; ~ Ty
H

3. Tap M la tap ma ctia cac thong tin c6t yéu trong cay T, va Ts.
Ching minh: tuong tu nhuvdinh Iy 12.

Luu ¥: Tap M 1a tip cac ma cua cac thﬁng tin ¢6t yéu trong T, va
T, duge xac dinh nhu sau: '

NéuL=t,thiM={kl.keN.

Néu L = [k.ij)< 1, Tkodg] < 1, ..., [Kpigl€e 1, ™ ..> thi
M = {ky, k3, ..., k).
7. Thudt todn tim cay t8i uu trén TREE

7.1. Téi vu theo ciu truc

Badi todn: Cho cay T € TREE. Tim ciy t61 vu theo cau tric caa T.

Thugt todn: |

Budc 1: Tim dang léch phai L cia T.

Budc 2: Tim dang nhi nguyén hoan chinh diy d¢i R cia T bing
cach tit L ap dung tién dé ax.,.
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R chinh la cay t0i uu theo ciu tric cin tim trén TREE theo dinh
nghia 9 trong §3. .

7.2. T8i vu theo thoi gian

Cay t6i uu theo thdi gian cling chinh 13 cay t8i wu theo ciu tric ma
ta tim duge & thuat toan trén. '

Duéi day ta dua ra cac ham xit 1y tién dé ax,, ax,, ax;.

Ta dung cau triic sau day dé luu trit cay.

typedef struct tree
{ int key:
char info[10.];
struct tree *left;
struct tree *right;
} TREE;
{{Duyet tien de ax1
int ax1{TREE *)
{
int i;
TREE *tp[50];
int bottom;
tp(1] = t;
{{duyet tpitop]
do{
if(("tp{1]).left!=NULL}
{tp[++bottom] = {*tp[1]).left;
#(("tp[1]).key <= (“*tp[bottom]).key)
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(*tp{1]).left=("tp[bottom]) Jef);

return 1;

}
_(("tp[1]).right!=NULL)
) tp[++bottom] = (*tp[1]).right;
for(i=1;i<bottom;i++)
tpli=tpli+ 11
"bottom-=1;
} while{bottom > 0);
return. ;
}
{/Duyet tien de ax2
int ax2(TREE *t)
{ .
int i
TREE *tp[100], *p1;
int key;
char info{50];
int bottom;
tp{1] = t;
{fduyet tp[1]
do{
 H(("tp[1]) Jleft=NULL)
{tp[++bottom] = ("tp[1]).left).
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if(*tp{1]).key > ("tp{bottom]) key)

{

}

key=("tp[1]).key;

(tp[1]) key =(tpibottom}) key;

(“tp[bottom}) key = key;
strepy (info,("tp[1]).info);

strepy((*tp[1]).info, (*tpjbottomy]).info);

strepy((*tplbottom]).info, info);
(“tp[1]).left=("tp[bottom}) lef:
p1=(*tp[1]).right;
(*tp{1]).right=tp[bottom];
("tp[bottom]} .left={*tp[bottom]).right;
(*tp[bottom]}.right=p1;

return 1;

if{{*tp[1]).right!=NULL)

tp{++bottom] = (*tp[1]).right;

for{i=1;i<bottom;i++) tp[i]=tpli+1];
bottom-=1;

} while{bottom > 0);

return O;

}
}/Duyet tien de ax3

int ax3(TREE ™)
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int i;
TREE *tp[50];
int bottorn,
tp(1] =t;
{Iduyet tp[top]
do{ .
#((*tp[1]).left1=NULL)
tp[++bottom] = (*tp{1]}.left;
if((*tp[1]).nght!=NULL)
{
tp{++bottom]=(*tp{1]).right; |
if((*tp[1]).key >=("tp[bottom]).key
{(*tp(1]).right=("tp[bottom]).right;
return 1;
}
} .
for(i=1;i<bottom;i++)
tp[ij=tp[i+1};
bottom-=1;
" } while(bottom > 0);

return Q;



CHUONG 5
NHAP MON VE VAN PHAM VA NGON NG HINH THUC

§1. KHAI NEM CHUNG VE NGON NGU

Ngén ngit 13 phuong tién giao ti€p. Su giao ti€p & day c6 thé 1a sy
giao ti€p gilta ngudi véi nhau hoic gitta ngudi va may, hodc gita may va
may. Ngon ngit d€ con ngudi ¢ thé giao tiép véi nhau duge goi 13 ngdn
ngit ty nhién, chdng han nhu tiéng Anh, tiéng Nga, tiéng Viét 13 cac
ngén ngit ty nhién. Nhu ching ta thiy cac quy tc ci phap ctia ngén
nglt ty nhién rit phong phi, da dang, phitc tap. Tuy nhién nhitng yéu
cau nghiém ngit vé ngit nghia trong cic ngdn ngit tu nhién chua cao,
chidng han nhu cing mét tir hodic cing mdt ciu ta cé6 thé hidu ching
theo nhimg nghia khac nhau tiy theo nhitng ngit canh cu thé. D& cé su
giao tifp gifia ngudi va may, hodic giita may vA may can phai c6 mot
ngdn ngit ma cac quy tic cd phap chit ché hon, néi cach khac 1 véi mét
it ho#ic mét cau thi nghia cia ching phai 1a duy nhat. Nhitng ngén ngit
nhu thé& dudc goi 13 ngén ngit hinh thirc.

Dé xay dung mdt ngén ngit hinh thic cin cé6 moét tap hgp hitu han
khac trong cac ky hiéu nao dé goi la bdng chi cdi. Diy hitu han cac
phan tit cua bang chit cai duge goi 14 mot tir hay xdu trén bang chit cai
Mét tap hop cac ti trén bang chil cai duge goi 13 ngdn ngit.

Trong chudng nay ta dé cap dén mot s6 khai niém va két qua co
ban lién quan dén ngén ngit hinh thiic,
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1. Bang chit cai

Cho Z 14 mét tap h¢p hitu han khac tréng cac phan ti nao d6 ma
ta goi la mdt bang chit cai. Méi phan tit trong £ duge goi 13 mét ky ty.

Vi du: - B chil cai cia ngén ngit tiéng Viét 1a 29 ky tu, cu thé la:

Z={a,b, .. y.

- D& ¢6 cac x4u nhij phan ta thudng ding bang chit cai gm hai ky
hiéu 0, 1 tic 14  ={0,1}.
2. Xau ky tu

Néi dén mjt xau k¥ ty hay mét tir trén bang chit cai T 12 néi dén
moét diy hitu han cac k¥ tyf trén bang £ ma ching dude viét lién nhau.

Vi du: Beautiful la mét xau trén bang chit cai £ ={a. b. c. ..., z.

D dai cuia xdu 14 568 cac ky tu ¢6 trong xau dé.

010110 14 mét xau trén bang chit cai T = {0, 1} c6 d6 dai la 6. Véi o
12 mét xau thi ta k¢ hiéu {e| (hoiic l(w)) 1a 46 dai ciia xau d6. Ngusi ta
quy udc xau réng 1a xau c6 d6 dai bing 0. X4u réng dudc ky hisu bai A
3. Ng6én ngit

Méi tap cac tit trén cac bang chu, cai duge goi la ngdén ngit trén
bang chit cai d6. Cho bang chit cai I. khl d6 tat ca cac tit trén bang chit
X ké ca cac xau réng duge ky hidu béi T Tap tal ca cac tit trén bang chi
cal £ ma m01 tir trong né déu c6 dd dai khac 0 duge ky hidu bdi £°. Tir d6
tacé T' =% \ {M. Cac tap ¢ va tap {*} duge xem 13 cac ngdn ngit trén
bang chit cai bat ky.

D61 véi mét ngdn ngit L < T, ngudi ta thudng quan tim dén mot
s6 van dé sau:

- Vdi mét xdu o bit ky cho trude. Mot vin dé dat ra 1 xidu o cé
thudc ngdn ngit L cho trude hay khéng.

- Vdi xau bit ky o trong L. 1am thé nio d€ sinh ra .

D6 1a nhitng van dé lién quan dén bleu dién ngén ngit. Ngusi ta

thudng biéu dién ngén ngit nho cac van pham hodc cac may hinh
thie.
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g2. VAN PHAM VA NGON NGU SINH B3I VAN PHAM

1. Dinh nghia vian pham

Ta c6 thé hinh dung mét vin pham nhu mét “thigt bi ty dong” ma
né ¢6 kha ning sinh ra mét tap hop cac tit trén mot bang chit cai cho
truéde. Méi tit dude sinh ra sau mét s& hitu han bude thuc hién cac quy
tic ciia vin pham. ' '

Viée xac dinh mét ngdn ngit trén bing chit cai cho trudc c6 thé
dugc thuc hién bing mot trong cac cach thiic sau;

Cach 1: D61 véi mdi xau thugc ngdn ngit d4 cho ta c6 thé chon mét
quy cach hoat déng ctia “thist bi ty déng” d€ sau mot s§ hitu han bude
1am viéc né dimg lai va sinh ra chinh xdu d6.

Cach 2 : “Thiét bi ti @6ng” c6 kha ning 1an lugt sinh ra t&t ca cac
xXdu trong ngdn ngit da cho. ' :

Céch 3: Véi mét xu o cho trude, “¢hiét bj tu dong” c6 thé cho biét
xau d6 c6 thudc ngdén ngit da cho hay khéng.

Trong 1y thuyét vin pham ngudi ta d3 ching minh dude ring ba
cach thitc trén la tuong duong nhau, hay vin pham lam vigc theo céc
cach trén 1a tuong duong nhau. ‘

Vi véy, & day ta quan tdm dén cach thit nhat, tic 1a ta xét vin
~ pham nhu 14 mét thiét bi tu dong sinh ra cac tit. Vi I& d6 ma ngudi ta
con goi cac “thiét bi ty dong” d6 14 vin pham sinh.

Viéc sinh ra céac tit c6 th duge thuc hién bing nhiéu cach khac
nhau. Céc tit ¢6 thé dude sinh ra bdi cac vin pham, bdi cac 6t6 mat, béi
" chc may hinh thdc nhu cac may Turing v.v... O day ta dé cap dén cach
cua CHOMSKY dua ra vao nhilng ndm 1856 - 1957. I

Dinh nghia 1: Van pham G 1a mét bo sdp thit te gém 4 thanh
phin <Z, A, I, R>, trong d6:
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a) I, A 1a cac tap hitu ban, khic réng, khéng giao nhau. Tap I
Mgmhtudlénwban,mcnphantucuanoduachIIakyhleucoban .
hay k§ hiéu két thic (terminal). Tap A dude goi 13 tir dién bd trg cac
phan t& cia wé dudc goi 12 cac k§ hiéu hd trg hay con goi la k¢ hidu
khéng kit thie (monterminal). D3t V= 2 U A, V dude goi 12 tir dién diy

b) Kf bigu I € A duge gei 14 k¥ hiéu ban dau.

© R & tap cic quy tic ma mdi phin tit cita né ¢6 dang a — B, & day
o, placactistrénttdidn diyda V=ZuA kyhitu > e V.

Dink nghia 2: Cho vin pham G = <Z, A, I, B> va mét quy tic
r=a—>peR Kfhibu* ¢ V=3 A Mot xiu eb dang &, '« E, duge goi 13 mit
vi trf cim & trong xdu o = £0f, O diy 0 I3 mét xiu trén t¥ didn day da
V=X u A Khi @6 ta néi xdu n=£,p%; 12 nhan duge tif o = £,a&, nho viée
ap dung quy tic r = a — f vio vj tri & o &, cita « trong xdu o = £,0f,,
Xau n goi Ih xéu ddm dude truc tiép tit xiu o trong vin pham G vi dugc
k¥ hi¢w 13 o bgn hay don gian hon ld o} ».

Binh nghia 3: Day cac xdu D = (0, 0y, ..., o) duge goi 1a mét dan
xuéit cia x&u @y ti¥ 0y trong vin pham G = <X, A, I, R>, Néu o b o;, vdi
iz 1,2, .., k 86k dugc goi 1a 46 dai clia din xuat D.

Dén xuit ciia oy ti @y trong vin pham D duge k§ hidu 13 og o,
hay don gian hon 13 0o hoy. Néu o; nhan dude tit oy, bing cich ap dung
quy tdc r = a — B thi ta néi quy tic r dugc ap dung 3 bude thi i.

2. Ngbén ngit cia van pham:

Dinh nghia 4: Cho vin pham G = <T.AL, B> va D = (wo.0y, ..., o)
1a mqt dan xut clla xau oy tit o, trong vin pham G. Néu a = I va
@€ I (tap tat cd cac xdu trén ) thi oy duge goi 1a mét xdu (tw) smh bdi
vin pham G va khi d6 ddn xudt D=, 09, 0y, ... = P) véi P € T duge
goi Ia din xuit diy dv trong G.

Ngén ngit sinh ra bdi vin pham G duge k§ hiéu qua L(G) va dudc
dmh nghia la:

L{G) = {o | ec ¥ va I }ow}.
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Vi du: Cho G = <Z, A, I, R> véi £ ={a, b}, A ={I}, R={I— alb, [-»ab}.
Khi ¢6 thay ring: LG) = {a®b* { ne N,n21}.
That vay din xuat day di cha a®b” la:

D={I, alb, a’Ib% ..., a®'Ib", a”b"}. Hay I} a"b™.

Dinh nghia 5: Hai vin pham G va G’ dudc goi la tuong dudng nhau
néu L(G) = L(G").

Vi du: Cho van pham G =<Z, A L B> véi £ ={a, b},
A={I}, R={ - alb, I > 4},
G=<Z,AI,R>v8i ¥ ={a, b},
A ={}, R={ —» alb, I —» ab}.

D& thiy ring L(G) = {a"b" in = 1}, do 46 G va G’ 13 hai van pham
tuong duong véi nhau, sai khac tu #.

§3. PHAN LOAI VAN PHAM CUA CHOMSKY

CHOMSKY phén logi vin pham thanh bén nhém trén cd 86 dinh
nghia vin pham néi chung:

Nhém 0; Vian pham ngit cau,
Nhém 1: Vin pham cam ngit canh,
Nhém 2: Van pham phi ngit canh,
Nhém 3: Van pham chinh quy.
Dusi day ta dinh nghia vin pham t¥ nhém 0 dén nhém 3 nhu saw:

Pinh nghia 6: Vin pham G = <Z, A, I, R> dugc goi 12 van pham
ngit cdu (VPNC) néu moi quy ticr € R déu cé dang r = a — B, trong dé
a e V', B e V. Quy téc cha VPNC goi 12 quy téc ngit cdu. Ngon ngit do
van pham ngit ciu sinh ra duge goi 14 ngdn ngit ngit cdu (NNNC).
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Dinh nghia 7: Vin pham G=<Z, AT -R> dudc goi 1a van pham
cdm ngit canh (VPCNC) néu véi moi quy tdc r € R déu c6 dang r = a—p,
dddyac V', pe V va ol < |BI.

Vi du: Cho van pham G = <3, A, I, R> véi: £ ={a, b}, A ={I},
R={ > alb,I 5> bla,I 11,1 - ab}
12 mét véin pham cam ngil canh.

Méi quy tdc ctia vin pham cidm ngit cinh goi 1a quy tic cAm ngit
canh. Ngén ngit do van pham cam ngit canh sinh ra goi 12 ngém ngit cAm
ngit canh (NNCNQ).

Vi du: Cho van pham G=<Z, A, I, R>, 2={a,b, ¢}, A={I, A, B}. 1 ¢ A

va R:{[—>abc,I—>aAbc,A_b~)bA,_Ac~>Bbc,bB—>Bb,aB—>aaA,aB—>aa}.
Khi d6 G 13 vin pham cdm ngit ¢canh.

Dinh nghia 8: Van pham G = <Z, A, I, R> dudc goi 1a van pham

phi ngit canh néu moi quy tic r € R déu ¢ dangr = A — 9, § day ky
hisBuAecAvabe V=(ZUA),

Méi quy tdc ciia vin pham phi ngit cinh goi 1a quy t&c phi ngit
canh. Ngbn ngit do v&n pham phi ngit canh sinh ra goi 12 ngén ngit phi
ngit canh (NNPNC).

Cho x3u © = a; a, a3 ... a,. Khi ¢6 anh guong cua né la xiu
®= =2, Ap. ... 2z &). Anh gudng cfia ngén ngit L s& 14 tap {(D lo e L}.

Anh guong cta ky tita la a =a cén anh gudng ciia tit réng " 1A chinh né.
Xét van pham G =<2, A I, R>vdi Z={a,b}, A= {I},
R={>"1-»ala, I blb}.

G la vin pham phi ngit cdnh va né sinh ra ngén ngit phi ngit canh
LG ={e® o e V).

Chéng han véi xdu © = abab, khi d6 ta ¢6 @ = baba va xau o=
ababbaba 14 D = (I, ala, ablba, abalaba, ababbaba = o ®)

Dinh nghig 9: Vian pham G =< I, A, I, R> goi 1a vin pham chinh
quy néu tap R gém cic quy tic c6 dang A ->-aB, A - a hojc A — Ba,
A—>a ddiy AABeA ae?l.
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Quy tic cia vin pham chinh quy goi 1a quy tAc chinh quy. Ngén ngit
do van pham chinh quy sinh ra duge goi 1a ngdn ngit chinh quy (NNCQ).
Vidu:Giasdt G=<ZI, AL R> véi ¥= fa,b,c, A={)},
R={->al,l ->blLI>cl,Isa l-bI — c}.
Khi d6 G 12 mét van pham chinh quy. D& thay ring xaun
a”b"" e L(G) vi dan xufit ddy di ciia @ = a™"*1a D = (I, al, aZl, ...
a™, a"bl, a"™b’L, ..., a™b"[, a™b%l, a"b%I, ..., a™b"c* ', a™b ck = o).
Nhdn xét: Tl dinh nghia ta thdy khai niém vin pham ngit ciu la
khai niém téng quat nh&t, nghia la 1dp cac vin pham 0 1i 16p réng nhat
né chita dung vin pham ¢adm ngit cinh, 16p vin pham cim ngii canh
chita 16p cac van pham_ phi ngit canh. Lép cac vin pham phi ngit canh

chita 16p van pham chinh quy. Vi vay d6i véi 16p cac ngdn ngit do ching
sinh ra thoa man bao ham thiic:

NNCQ ¢ NNPNC ¢ NNCNC c NNNC
Ta cling thiy v& mit cau tric ngit phap thi cac quy tic sinh ctia
cac van pham phi ngit canh va ciia vin pham chinh quy la don gian hon
ca va ching ¢6 nhiéu tng dung trong viéc thidt k& cac ngén ngit lap
trinh va trong nghién citu vé chuong trinh dich, v.v... Vi vay trong phan
ti€p theo ching ta danh thém sy quan tam téi hai 16p van pham 46
nhung trudc hét hay xét mét s§ vi du v& vin pham.

§4. MOT SO Vi DU VE VAN PHAM

Vi du 1: Cho vin pham G = <3, A, I, R>, trong 46 ¥ = {a,, a,, .., a,}
la bang ky hiéu co ban, A ={, A, A,, ..., A,} 12 bing ky hiéu hé tro.
I € Ala ky hiéu ban dau. Tap quy tic

R={l - a;1A;, A; 5 a3Ap, Ay > a3Ay, ..., Ans > 2,140, Any — a,)
n2=2).

Theo dinh nghia diy 14 vin pham chinh quy. Van pham nay sinh
ra ngdn ngit chinh quy L(G) = {w = a,a,...a,}. :

That vay véi tif @ ta c6 dan xuat ddy ¢ trong G 1a :

D= (I. alAl, ala?,Ag,...alaz...an_lAn_l,alaZ...an}. ’
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Vi du 2: Cho van pham G =<3, A I, R>, trong d6 T = {X;.Xz..... Xn},
A={I}, R={1 »al, I > al a & T}. Day ciing 12 van pham chinh quy va
né sinh ra ngdn ngi chinh quy sau day:

L) ={oloeX} ticlalL@® ="

Ching han vdi © = X;; Xiz ... Xik € ¥, Ta thiy @ do G sinh ra viné
¢6 dan xuét day da sau day:

D=, xil, XizL X1 X2 ... xik-lL XXz - Xik)
Vi du 8: Ngon ngil ¢ sinh ra béi van pham chinh quy sau day:
G=<>, ALR> trongdé T=f{a}, A={}, R={I > al}.

That vay G lam viéc khéng bao gid ding, tic la khéng cé xau
= " vi o # » ma G sinh ra. Hay G sinh ra ngén ngt ¢.

Vi du 4: Vin pham G = <X, A L, R>, véi ¥ = {a, b}, A={l, B}
R={1 »al,I > aB, B bB, B > b} cling la vin pham chinh quy va
14G) = {a"b™ / n, m 2 1} 12 ngdn ngit chinh quy do G sinh ra.

That vay vdi o = a”b™ ta c6 din xudt day & trong G 14
D= (., al, a%l,..., 2", a"B, a"bB, ..., a"™"'B, a"b™).

Vi du 5: Ngén ngit {a"b" |n = 1} sinh ra bdi vin pham phi ngil
ngitcanh G=<T, A ILR> Z={a. b}, A= {1}, R={I » alb, I - ab}.

That vay tit a”” véin 2 1 c6 dan xuét day da trong G 1a
D = (I alb. a®Ib%...., 2*'Ib™", a"b").
Vi du 6: Cho ngén ngit {a"b"a" In, m = 1) Ta xét vin pham
G = <3, A, I, R> 1a phi ngit cdnh vdi £ = {a, b}, A={I, A}
R={I »la, A aAb, A »ab,1 - Aa}

Khi d6 ta thdy xdu a”b"a™ (n, m = 1) s& c6 dan xuat diy du trong
G la

D=, Ia, Ia%..., [a™", Aa™, aAba™, aZAbZa™, ..., a"'Ab™!a™, a"b"a™)
Nhén xét: N&u trong pham vi G ta thay tap quy thc R bdi
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R"=§ﬂal,Aﬂh&a,A—aba,I—»aA}thﬂﬁndtmﬁnmmG:Q
AL R>1a phi ngit cnh sinh ra ngéo ngir {a™b"a” | nm > 1),

Khing dinh 13 ding vi
D=4, al, a], ..., a™ I, a™A, a"BAag, ey ATB AR g™hBaR)
la mit din xudt ddy da cia a™b"a" trong G
Vi dis 7: Ngon ngit L trén it didn {a, b} gbm tt c& cic tir khac A

v mbi t& trong L chita 53 iy tw a bing 58 ky tu b. Kk d6 L | mét ngén
ngi phi ngit canh. That viy, xét vin pham

G=<Z ALR»trongd6T=1{a b, 5=
R={->IL]—>alb, I +>bla, I >ab I >ba} -
R6 rimg vin pham G ks phi ngi cind va 06 sink ra ngde ngd L.
Ch%nghanvéit&ambmtacéﬁnxﬁtﬁyd&m:
D=, alb, a’Ib?, ..., a™ ™7, a"b")
Hodc véi tit o = ababaabb o6 din xust &y &6 B
D =(, 11, aIbl, ababl, ababsalk, ababaabh).

Vi du 8: Cho o = a;a;...3;, khi d6 ta k§ hidu ®= k... Hjodyy
1a anh guong cia t¥ o. Khi d6 ta c6 thé kiém tra dugc ngén ngit
L=fto® | we ¥"} duge sinh ra bdi van pham phi ngit cinh:

G=<Z, A LR> v6i Z={ay, ag,., a3 }, A= {B
R={I—->aIa,I—>aa-},an.

Vidu$: Cho tap 2= {a, as,...., &y, b} ]

Khi dé ngon ngit L = fobolo € X} duge sinh ra bdi vin pham
G=<Z A LR>» vii Znhutrén, A={, Ay, A, ..., A}, _ -

R={l > IAa; I >b, a;Ai > Aja;, bA; > ab},i,j=1.. k.

D€ minh hoa ta xét trudng hop don gidn khik = 2. Ta c6

Z = {ay, ag, b},

A={I, Ay, A}, R= I >[A;a,, 1> TAsap, [ >b, a1, —> A}.a'-l,.
alAg - Agal, agAl —> Alag, 32A3 —> Agag, bAl - alb, bAz - agb}.
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Gia sit véi o=a,a, v P=obun, khi d6 ta ¢6 din xuat diy da trong G
D =(, TAsa;, [AsasAqa;, bAZazAlah agbasAjay, agbA;a0a;, aza basa;= wba}.

Vi du 10: Cho vin pham G = <%, A, I, R>, & day £ = {a, b},
A={, A, B, C, D} R={I - ABC, AB -iADi, Dij - jDi, DiC — BiC, iB -
Bi, AB— A, C—A}véii.j e {a, b}. Ta s& chira ring L(G)=fow /0 € ).

That vay A = A e L(Q), vi M d4a ¢6 dan xudt day du la
‘D= {d, ABC, AC, 2. Vay oo € L(G) véio =
Trudng hgp khi @ = a, Ta chi ra ae = aa € L(G).

That vay, D = (I, ABC, aADaC, aABaC, a*aC, a*a” = aa = o) 13
din xuit day du cia e = aa trong G.

Trudng hdp @ = b, khi 46 0o = bb cé din xuit day du trong G la:
/
= (§, ABC, bADbC, b_ABbc, bAbC, bAb” = bb).

M#t cach tdng quat nfucé © € T thi s& c6 mot dAn xuit diy da
cho ow 13

D =, ABC, ..., 2ABeC, m"‘mC oo’ = on).

Vi du 11: Xayd@gmtvanphmnmnhratapcacsochmhphmﬂg
£ n=1,2.)

Vi n= | nén vin pham G = <X, A, I, R>, sinh ra tap m?ln=1,2.}) _
duge cho duédi dang sauw: . I
z=¢{}.A=@,A.B.C,D,E F},

R={I- ABBDF ¥
BD — DCB @
BC -»CB @
AD —» AAE @
EC - AE &)
EB -> BE ®)
EF > BBDF ™

DF - | @®) -
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B | ‘ @
Ao | (10)
1o (11)
'

TachiraL(®) =40’ n=12.3 Khin=1:12=1. o =|.
Dan xuét day dicha o a D=, ).
véin=2:2%=4. 0= |
Dan xuit diy di clia o 1a ;
D = (1, ABBDF, ABBI{, AB{ |, Al|]. |||
viin=3:3%=9. 6= fg
Dan xudt day dii ciia 0 1a ;
D = (I, ABBDF, ABDCBF. ADCBCBF. AAECBCBF, AAECCBEF,
AAECBBF. AAAAEBBF. A'BEBF. A‘BBEF. A'BBBBDF.,
aB a1 = 1,
M6t cach téng quat véi o = ‘ - ‘ = l n?
S
n? ln
Ta cé dan xudt diy da cho o Ia:
I (n~1)2 | 2(n-1

D= (1. ABBDF. A®" B**DF. e ST Y

2
| n-1) t2{n-1)+1

| I12

).

§5. MOT SO TiINH CHAT CUA VAN PHAM

Dinh nghia 10: Dang luc ciia dan xuit)

Cho véin pham G = < Z A, I, R> va hai ddy dan xuit D = (@, 0. ..., @)
va D' = (09, o), ..., 0, trong véin pham G. Hai dan xuit trén dugc goi 13
dong lyc néu wq = 0, va 0y = @y,
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Pink nghia 11: (Dan xuit khéng 1ip)

Cho van pham G = <X, A, I, R> va dan xuat D = (uw,, o, ..., 0y).
Dén xuit D dude goi 13 dan xuat khdng lap néu khéng ton tai cip o;, o
G =3 ma o; - o )

Dinh Iy 1: D61 véi mét dan xudt bit ky trong vdn pham tuy 7, ton
tai mot dan xuit khéng lap déng luc véi né.

Chitng minh: Gia st D = (0, ©1, ..., ®5_1, @, Ojs1, ..., ®). RO rang
day 13 mo6t dan xuit ddng luc véi chinh né. Xét cac trudng hgp sau:

a) Trong D khéng c6 cip o;, wj vl 1 # ) ma o; = 0j. Khi d6 D chinh
12 dan xuit khéng lap déng hic véi né.

b) Trong D ¢6 mét cip ©; = ©j va i # j. Khi 46 ta xét dan xuit :

D= (g @1, ..., 0,1, ©}, 051, ..., ). R6 rang diy la mét dan xuat
d6ng Iue véi D vi D' nhan dugde tir D bang cach bd d&i w;, 041, ..., 0i-1 con
g, ® VAN gill nguyén. '

Né&u trong I vin cén cip o, = op (b # p) thi lai l4p lai qua trinh
trén cho t6i khi trong D’ gom cac xau khac nhau timg d6i mot Laic d6 ta
dudc mét dan xuat khong lap véi dan xuat D.

Dinh Iy 2: D61 véi vin pham G bét ky bao gid cling xay dung duge
mot vin pham G’ tudng dudng véi G, tic la L(G) = L(GB").

Chitng minh: Gia sit G = <2, A, I, R> 12 m6t van pham nao dé.
Véi méi a € Y ta lap k¢ hidu mdi aeXUA
Dat =, :{5 |a e tva Ry :{5 >ala e Y}

Con R, 1a tap cac quy tie nhan duge ti R bang cach thay thé cac
k¥ hiéu co ban a cé trong quy téc ctia R bdi cac k¥ hiéu méi tuong img
aerUA

Khi dé ta xay dung vin pham G’ = <3’ A, I'. R™> nhu sau:
Y= A=%UAI'=], R =R, v R, Khidé ta ¢ L(G) = L(G).
That vay. trudc hét chiing minh bao ham thitc L(G) < L(Q).



€U S3 TOAN TRONG.LAP TRiNH 157

Xét bat ky P e L(G). Khi d6 tén tai din xust day
D=0, 0,0..,0,=P) trong G.

Néu trong D ta thay ddi méi quy tdc thugéc R ma né dudc ap dung
bdi quy tic tuong dng trong R, thi ta duge D'= (I, 0y, 0y, ..., oy’ = P) 1a
mét dan xuit trong G Ti€p tuc ta ap dung cac quy tdc trong R, ctia G’
déi véi P’ ta c6 duge dan xuit D= (I, o1, 07, .., 0 = P, .., 040’ = P). Nhéin
thdy D” 12 mét dan xuat ddy dd trong G, do d6 P « I(G). ViPla tuy ¥
trong';L(G) suy ra L{G) c L(G").

Ta can chitng minh bao ham thitc nguge lai L(G) < 1(G). Gia sit
P € L(G). Khi d6 ton tai trong G’ mét din xuit day du

D=(, o/, 03, .., 0 =P), dday P e 5",

Trong D' ta thay mei k¥ hidu @ € 3, bdi a € . Khi d6 sé nhan
duge D = (1, @, @, ..., ©, = P) 1a din xuit cha P trong G, ticla P € L(G).
Tt &6 suy ra L(G) L(G’_). Vay ta di chitng minh duge L(G) = L(G), c6
nghia 13 G tuong dudng véi G

Gia s T 14 bang chit cai nao d6. Nhu 43 dinh nghia, mét ngén ngit
trén bang chit cai ¥ 13 mét tap nao dé cac xau trén 2, titc 1a mét tap con
batky cia 3 1a moét ngdn ngit trén ¥,

Trén 18p cac ngdn ngit ta c6 thé dinh nghia phép hgp cac ngén ngit
va phép giao'cic ngdn ngit tudng ty nhu trong 1y thuyét tap hop. Nghia
1a néu L), Ly 13 cac ngdn ngit trén 3 thi phép hop cia ching duge ky
hidu 1a L; U Ly va dude xac dinh béi :

Livi,={olo € Ly hodic o € Ly}
va giao clia ching duge ky hiéu 1a L; ~ L, va dude xac dinh bdi :
Llﬁng{m]m € lyvaw e Ly}

Bay gid ta dinh nghia phép nhan ngdn ngit L; vdi ngén ngit L, 1a
ngdn nglt, duge ky hiéu béi L,.L; va duge dinh nghia nhu sau:

LyLy = {aBla € L, va B € Ly } trong d6 o 1a két qua néi ghép cla
hai x4u « vap. '
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Chi ¥: N6i chung Li.Ly # L L;, hay phép nhén khéng c6 tinh giao
hoan nhung nd ¢6 tinh két hgp, tdc 1a L;.(Ly.Ls) = (L.Lg).Lz va ¢6 tinh
phéan bé vdi phép hgp va phép giao hay

L. (Lgw Ly = Ly.Low Ly L

(L; v Lg).Ly=Liliaw La Ls

Li.(Liz n Ly) = Ly L) » (1. La)

(Ly m L)L = (Ly.Lig) » (Lia. Lig)-
Dinh nghia 12. (Tinh déng déi véi phép v, N, ).

Gia sit L;, Li; 12 hai ngén ngit bat ki duge sinh bai vin pham va 8
1a mdt phép tinh nao dé trén 1dp cac ngdn ngit. Néu thuc hién cac phép
tinh O d6i véi hai ngén ngit L), Ly ta thu duge mdt ngén ngit mdi, ky
hiéu 1a L, © L, ma ngén nglt méi ndy ciing dude sinh ra bdi vin pham
nio dé thi ta néi phép tinh 0 14 déng d6i1 véi 16p ngdn ngi do van pham
sinh ra. :

Dinh Iy 3: Ldp ngdn ngit sinh ra bdi van pham la déng d8i véi cac
phép hop, phép giao va phép nhan ngbn ngtt.

Chitng minh: Gia sit ring L;., Ly Ia cac ngén ngit dude sinh ra bai
van pham G, Gy, hay L, = L(G}) va L, = L(Gy). Ta can chi ra 14 cé cac
van pham Gs, Gy, Gs sao cho:

L(G3) = Ly w Ly, L{Gy) = Ly n Ly, L(Gs) = L,.Ly
Gid sit Gy = < 51, Ay I, Rp> v Gp = < Tp, A I, Ry>
a) Ta xdy dung vin pham Gj sinh ra ngén ngit L; w Ly nhu sau:
G; =<Z,A LR,
g day PIEDFEODY
A=A v s wdl}
R=R,vR,wi{l > I, I>1,}.
. Ta ching minh L(G3) =L, v Ls.

That vay, trudc hét ching minh bao ham thic L(Gj) ¢ L; v L.
Gid st P e L{Gy). Khi d6 tén tai din xuit day d D = (g, 01, 0g,... 0,
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ddayog=L oy=Pe X = u I Tu cach xay dyng vin pham G, ta
suy ra o, = I; hodc o, = I,.

Gia s @, = I;. Khi d6 din xuat @), @,..., @y = P) c6 dang
(1, @3 ©3.. ox = P) 12 din xuft didy da cha P trong vin pham

Gy = <2 ALy, R>, hay P e L = L(Gy). Vay P e L; U Ly, tic 1a
L(G3) ¢ L; U L.

Truong hgp khi o, = 12 thiPel,vadods P e Ly u Ly, ta cling cé
L(Ga) - L]_ W Lg

Bay gid¢ ta ching minh bao ham thiic ngude lai, Ly v Ly < L(G3).
Thét vay gid st P e Ly U Ly, Khid6 P € L, hoic P € L.

Ching han P € L, = L{G). Theo dinh nghia ta c¢6 dan xuat ddy da
D= 0, 03.0,=P)véiPe 5, KhldodanxuatD @I, ... mk—P)
12 dan xuét day dd trong vén pham G3viP > thiPe Ciu . Vay
L; v L; ¢ L(G3) hay L(G3) = L; u L, titc 12 16p ngdn ngi sinh ra bdi vian
pham 14 déng d6i véi phép .

b) Tt cac van pham G;, G, ta xay dung vin pham Gjg sinh ra ldp
ngdén ngit L;. Ly nhusau: Gs=< 3, A, I, R>,

é day L= A= AU A LT
R=RivRyu{I->L1, )

Ta sé& chitng minh L(G;) = L,.Ls.

Trude hét ta chi ra bao ham thic L(Gg) Ly Ls.

That vay, xét bt ky P € L(Gs). Khi d6 trong G tén tai din xuit
dﬁy duD= a, Il. 12, (0112, U.)zlz, (!J3I2,...P112, Plﬁl_l'. Plﬂ)g,, . P1P2 = P)

O day, doan tit I dén P,I, chi 4p dung cac quy tdc trong R, nén
Py € L(G)) = L,. Con doan ti P,e, d&n P,P, = P c6 dudc 13 do ap dung
cac quy téc trong R, nén P, € L(Gy) = L. Vay P=P,P; € L,;.L,.

Vay bao ham thite L(Gs) < Li.Lp da duge chitmg minh.
Tiép theo ta chftag minh bao ham thitc ngugce lai L,. L, c L(G5).

Gia st P € L.L;, do d6 tén tai P; € Ly, P, € L, sao cho
P=P.Pyx Vi P, € L, = L(Gy nén ton tai dan xuat day d4ua
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D, = {y, @, ®g, ..., oy = Py) trong Gy, & day P, € T, . Do Py € Ly = L(Gy)
nén ciing tn tai dan xuét day i Dy = Iy, 01, ..., 9= P) Vi Py € X5 .

Lap dan xuit D = (, Ly, o1y, 0, ... Pz, Py, Py, .., PyP2 = P).
Day la dan xust day du trong vin pham Gs va P = P\P; € ST =, v
T, hay P e L(Gs). Tém lai ta c6 Ly.Ly < L(Gs). K&t hgp vdi khing
dinh da c6 & trén ta c6 L;.Ly = L(G)). L(G2) = L(Gs).

Vay 16p ngén ngit do vin pham sinh ra déng d6i véi phép toan
nhan ().

¢ Ti cac van pham G;, G, ta xay dyng vin pham G, sao cho
L(Gy) =Ly~ Ionhusau: Ta xdy dung G4 =<Z. A L R>vél Z =2 N 2y,

A=A uvhuliulyulill

R=R,UR,u->LI3 UR UR",
véi Ti={alaeTyvaT,={blbe Iy

I ATy = @

R”, 1 tap cac quy tde nhan dude tit tap quy tdc R, bing cach thay
cac k¥ hiéu cd b3h trong ¥, ma ching ¢6 mat trong quy tic cia R, bdi
k¥ hidu mdi ddi ngau véi né.

R”; 12 tap cac quy tic nhan dugde tit tap quy tic R, bang cach thay
cic k¥ hiéu cd ban trong 5, mi chiing c6 mat trong quy téc cia R, bdi
k¥ hiéu méi d6i nghu véi né. Con cac tap quy tic R'), R’; duge xac dinh
nhu sau ;

R"l:{;b - balaEZthZz}
R’z:{E_la —)ala €« ZlﬁZZ}

Kiém tra lai ta thy: L(Gy) = L(Gy) n L(Gg) = L, » Ls.

Pinh 1y dudc chitng minh.

Ta minh hoa dinh 1j trén bing vi du sau day:

Vi du : Cho vin pham G, = <X, A;. I, R>

véi 21 = {a bl Ay = {1,
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Ri = Ty > alib, I; - ab} va Gy = <X, Ay, I, Ry> véi 5, = fob,
Az ={lah Ry ={I;, > cly, I, —> c}
Xay dung vén pham G3 = <Y, A, I, R> sao cho
L{Gs) = L(G1) w L(Gy) va L(Gy) = L(Gy) . L(Gy).
Ta 4 bi6t L(G))= {a"b*|a"b" € £,", n> 1
LGy={" | ey, m21}
a) L(Gy) = L(Gy) v L(Gy) = { 2" ™| n, m > 1
Ta xay dung vin pham Gy nhusau: =3, U Z;={a., b, c};
A=A A il T @ AU Ay duge goi 12 ky hiéu ban d4u cta G,
R=RiuRu{l-»1, [ 5=
={l; =»alib, I, > ab,1; 5 cl,, I, ¢, I ->I; I 51}
Ta chitng minh L(Gs) = L(Gy) U L(Gy) = {a"", ¢™ |0, m > 1}

Xét bao ham thitc L(G3) ¢ L(Gy) u L(Gy), gid stt P € L(G,), titc tén
tai dan xuit day ¢ D = (I, 0y, @y, ..., 0, = P) § ddy o, = I, ho#ic &, = [, va
PeZ. Gidsito =1I,khidéD=( I, a; = alyb, 0, =aZ,b° ...
0, = a"'[}b™, 0y = a"° = P) 12 din day ¢ cia P = a™" trong G,
nén P e L(Gy) hay P e L(G;) u L(Gy. Trudng hdp o, = I, ta ¢6
D = (@, I, 03 = cly, 0577y, ..., 0= €™ Iy, Opyyy = €™ = P) 1 diin xust day dit
cta P trong Gy hay P e L(Gy titc 1A P e L(G) v L(Gy).

Vay L(Ga) < L(G)) v L(Gy) ().

Xét bac ham thic nguge lai: L(G,) v L(Gy) < L(Gs). Gia su
P € L(G;) v L(Gy). Khéng giam tinh tdng quat, gia st P € 1(G,). Khi
d6 dan xuit ddy da cia P trong G, ¢6 dang

D' = (;, o= al;b, 0, =a’[,b?, ..., wvp=ab" =P)
va P e Z* Tit I ta ¢6 dah xuat day di ciia P 1a D trong G;
D =(, I, o= al;b, 03 =a’L,b?, ..., @, = a®" = P).
Vay P € G;. Truéng hap P € G, chimg minh tuong ty.

Tém lai ta cé L(G)) v L(Gy) ¢ L(G3)(2). Tu (1) va (2) ta cb
L(G3) = L(Gy) v L(Gy).
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b) Ta xiy dung G5 <Z, A, I, R> sao cho
L(Gs) = LG LG = {a"*c™ | mn > 1},
Ta xay dung Gs nhu saw:
T=Xul=da, b.och A=A U AU
IeAvALR=R URyw{l o1 I

Ta chitng minh bao ham thic L(Gs) < L(G1).L(Gy). Gia su
P e L(Gs). Khi d6 tén tai dan xuit day du D cia P trong Gs 1a

D = (. LI, al;bl,, a’I;b7l;, ..., 2" = Pl Picly, Pic’l. ... P<" = PPy
dday P, = a"h" e L{Gy), P;= ¢ € L{Gy) hay P = P1P; € L{G,).L(Gy).

Vay bao ham thitc L(Gs) < L{(G,).L(G») dudc chitng minh.

Ta chiing minh bao ham thite nguge lai: L(Gy).L(G2) < L(Gs).

~ That vay gia st P € L(G)).L{(Gyp hay P = P,P» 4 day P,e L(Gy).
P, € L(Gy). Vi P;e L(G,) nén tén tai dan xuat day du

D, ={,, o= al;b. @o= 2’I,b% ..., ©, = a"b" = P}) trong G,

5 day P, € I, ¢dn P; € L(Gy) nén ciing ton tai din xudt diy du
Dy = (5, cla, Iy, ... ¢™ = Py) trong G, & ddy P; € T, . Lap dan xuit
D = {0, I,Ls, al,bly, a?[;b™,,.... a®b"l, = PI,, Picly Picly, ..., Pic™ = P\Py)
& day P; = a™" € L(Gy) , P; = ¢™ € L(Gy) hay P = P,P; € L(G)).L(Gz).
Vay bao ham thic L(G().1(Gy) < L(Gs;) 43 dugc chimg minh hay
L(Gs) = L(G1).L{(G>). '

Chii ¥: Vi3, » I, = O nén & day ta khong xét vin pham G, trong
dinh Iy 3.



CHUONG 6§
O0T0 MAT HOU HAN BOAN NHAN N&ON NGU CHINN QuY

§1. OTO MAT HUJU HAN (FINITE AUTOMATA - FA)

Ot5 mat hitu han cé thé xem nhu ‘méy triru tugng”dé doan nhan
rgon ngit. Chiing ta s& thiy ring 16p ngén ngit duge doan nhan bdi 6td
mat hitu han la kha don gidn, d6 chinh 1a 16p ngdn ngii chinh quy do cac
van pham chinh quy sinh ra.

1. Dinh nghia 6td mat hitu han

BDinh nghia 1:

Oté mat hitu han 13 bd M = <X, Q. 8, qo, F>, trong dé:
Z- la tap hop hitu han khac réng céc ky hisu vao,
Q- 1a tap hop hitu han khac rdng céc trang thai,
Trang thai qo € Q dude goi 13 trang thai ban diu,
Tap F ¢ Q duge goi 1a tap cac trang thai két thiie,
8- duge goi 1a ham chuyén c6 dang:
1. Néu ham chuyén I3 4anh xa: 5: @ x £ — Q, khi 46 M dugc

goi la 6t6 mdt don dinh (Deterministic Finite Automata.
viét tit DFA).

2. Néu ham chuyén 1a anh xa: 8: Q x £ — 2% khi d6 M duge
gol la é6té6 mdt khéng don dinh (Nondeterministic Finite
Automata, viét tit NDFA).
Ta ¢6 thé mé td cac budc lam vide cia 6t6 mat hitu han
M=<Z, Q, 8, q¢ F> khi cho xadu vao o = X;X2X3... X, € L nhu sau:
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Xauvao o X; Xy .. Xpq Xy

t

Qo = circririrririias

Khi bit ddu lam vidc may & trang thai dau qo va dau doc dang
nhin vao 6 ¢6 k¥ hiu x;. Tiép theo dé6 may chuyén tir trang thai qo dudi
tac dong chia k¢ hidu vao x, vé trang thai méi 3(qo,x)) = q; € Q va dau
doc chuyén sang phai 1 6, titc nhin vio & c6 k¥ hidu x,. Sau dé 6t6 mat
M lai ti€p tuc chuyén tit trang thai q; nhd ham chuyén 8 vé trang thai
méi qz= 8(qy, %2) = 8(5(qo, X1). X2) € Q.

Qua trinh d6 sé& tiép tuc cho tdi khi dau doc nhin vao ky hiéu x, véi
trang thai cia may 1a qu.; = 8(qq, X1X2 ... Xp1)

Ham chuyén lai dua may tit trang thai qn., dudi tac déng cha x, vé
trang thai g, = 8(qu.1. Xo) = 5(Qo, X1X3z ... X») € Q. Khi d6 616 mat dimg lai.
Néu q, € F thi ta néi ring 6t6 mat 43 doan nhan xéu o. Trong trudng
hop ngude lai thi néi ring 6t6 mat khéng doan nhéan x4u .

Tap LOM) ={o/ ® € £ ma 8(qq, ») € F} dude goi 14 ngén ngiz dugc
dodn nhén bdi 6t6 mdt M. Tap trang thai Q trong gu.a trinh tinh toan
duge coi nhu 13 b nhé cia mot 6t6 mat. Vi @ 14 hitu ian nén M duge goi
1a 6t6 mat hiu han.

2. Phuong phap biéu dién 6t6 mat hitu han

Cho 6t mat thyc chit 13 cho ham chuyén clia né. Ham chuyén cé
thé cho duéi dang bang chuyén. hoic cho dudi dang dd thi.

a. Phuong phap cho bang chuyén:

Trang Ky hiéu vao
thai Xy - S UUPOUUN Xn
qi 5((.11, X‘|) 6((11, x;;) ...................... S(q;, xn)
qz 3(qe, X1)  8(Q2, X3) i, 8(qz. Xy)
Qs 8((}3. Xl) S(Q3, X2 i 5({]3, Xn)

dk 6(qk, X1) S(Qk, X2} e 5(qk, Xo)
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Néu M = <%, Q, 8, qp, F> 12 6t6 mat don dinh thi 5(q, x,) 1a mét
trang thai trong Q, con n&u né 1a 516 mat khéng don dinh thi 5(q;, x) 1a
mbt tap cac trang thai trong Q.

Vi du 1: Cho 6t6 mat don dinh M = <3, Q, 5, qp, F> véi T =0, 1},

Q={q0, q1. 92, a3}, F' = {qo}, trang thai ban d4u 1 q,, con ham chuyén cho
duéi dang bang: -

Trang Ky hiéu vio
thai 0 1
Qo Qs i
4@ d3 do
q2 ' Yo ds3
d3  q 9z

Cho x4u vao o= 110101.

Qua trinh hoat déng cua 6t6 mat M dién ra theo qua trinh sau:
8an D=q1. 8@an1=gs 5o 0)= g |
8(qa, 1) = g, 5(qs, 0) = q,. 6(q1. 1)=qpe F.

Diéu d6 chitng t6 4t6 mat M doan nhéan x4u @ = 110101. Day trang
thai ciia M khi cho xdu vio o = 110101 dugc biéu dién nhu sau:

=1 1 0 1 0 1
Tt

Qo—> 01> Qo >4q2 43 > qQ; > qg
Hay qua trinh trén tuong dudng véi dién dat sau:
8(go. 110101) = 5(8(qq. 1), 10101) = 8(qy, 10101) =

3(8(q1. 1), 0101) = 3(qe, 0101) = 3(8{(qo. 0),101) = 8(q2.101) =
3(5(qz, 1), 01) = 8(gs, 01) = 8(3(gs3, 0), 1) = 8(qs. 1) =qo € F.
Vi du 2: Cho 6t6 mat don dinh M = <X, Q, 8, qo, F> véi T = {0.1},
Q = {q0. qi. 92, 43} Qo 12 trang thaii ban dau, con F = {q3} 14 tip trang
thai k&t thiic. Ham chuyén trang thai dude cho bdi bang sau:
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Trang thai . Ky hiéu vao
0 1
qo . IO 9z
Qs ds Jo
dz2 90 d3
a3 qs3 da

Gia stt xét cac xau w; = 10110, @y = 110, @3 = 10011. Hai rang otd
~méat M ¢é doan nhan cac xdu dé hay khéng ?
a. Ddy trang thai cia 616 mat M khi cho o, vao la:
o;=1 0 1 1 0
OB R S S
Q> @z Qo >3 > a3 > qs € F.
Do 6 6t6 mat M doan nhan xau o, = 10110,

b. Véi xéu vao @y = 110, khi d6 diy trang thai M déi véi xdu vao
oy 86 JA:

w=1 ‘1 0

I )

Q2> q > > eF
_vA 5 tb mat ciing doan nhan x4u @, = 110.

¢. Véi xdu vao 3= 10011. Ta lap day i;rang thai ctia 6t6 mat M 461
vl @3 nhu sau;

w; = 1 0 0 1 1
2 A R N
Qo—> Q2 >qo > 1 >qo > 2 F

nén may M khéng doan nhan xiu vao o3~ 10011,
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T cac vi du trén ta thiy qua trinh doan nhan mét xdu nao 46 &6
v6i 6t6 mat M don dinh 14 qua trinh bign d3i trang thai cudi cing cha
6t6 mat c6 phai la trang thai két thic hay khéng.

Ta c6 thé mé td qua trinh doan nhin xau vio ciia 6t6 mat don
dinh M nhu sau:

Thuat toan mé phdng 6 t6 mat hitu han doan nhéin xiu vao:
Dauvao: - Mét xdu o, k&t thic béi k¢ hiéu hét File 14 eof

- Mt 5t6 mat hitu han M véi trang thai ban diu q vi
tap trang thai két thiic 1a F.

Daura: “Ding” néu M doAn nhan x3u o.
“Sai” néu M khéng doan nhan xiu .
Thuéat toan: |
Begin
S:=qq
C:=ky tu true tip;
While C <> eof do
begin
- 8= 3(8, C),
C:= ky ty truc tiép;
end;
if S in F return (True)
else return (Faise);
End.

Vi du 3: Cho 6t6 mat khéng don dinh M = <3, Q, 5, qo, F> véi
% ={0,1}, Q={ds. q1. 92 a3}, Go 12 trang thai ban diu, F = {q,, q,} Ia tap
hgp trang thai két thic.

Ham chuyén & : Q x £ — 2% duge cho & bAng sau:
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Trang thai Ky hiéu vao
0 1
Qo [ {0 Qa} {g0. Q1}
0 D Q2
Q2 q2 92
aa ds D
4 d4 £}

Sau diy la qua trinh doan nhan mdtxau vao cha may M.

Vi d5i véi 6t6 mat khéng don dinh thi ham chuyén 5 khi may &
trang thai q va tin hiéu a 13 8(q.a) € Q nén s& xudt hién tinh trang ré
nhanh. D& cho tién ta c6 thé lap day trang thai cia may ng véi xau vao
dudi dang cdy ma géc cia nb 14 trang thai ban dau qe. Trong cidy nay
néu c6 mot dudng di tit géc qo dén mot 14 chita trang thai két thic thi ta
néi ring may M doan nhin xiu vao dang xét. Ngudc lai, néu khong cé
mét 14 nio trong ciy chia trang thai két thic thi ta néi M khéng doén
nhan xdu vao d6. :

Ching han khi cho x4u vio o, = 01001 d6i véi may M thi ta ¢6 ciy
doan nhan xiu @, nhu sau:




CO SO TOAN TRONG LAP TRINH 169

Trong cly trén c6 mgt dudng di tit g, d&n q, « F nén xau ©,=01001
la xdu doan nhan dugec bdi may M.

b. Phuong phdp cho 6 t6 madt bang dé thi chuyén

Cho 6t6 mat hitu han M = <Z, Q, 3, qo, F>. Ham chuyén 5 c6 thé
cho bang d6 thi chuyén ¢6 huéng theo nguyén tic sau: Mai trang thai
q € Q@ 13 mét dinh ctia d6 thi. N&u a € £ va tit trang thai q; chuyén sang
trang thai q; do ding thit 5(g;.a) = q; (d6i véi DFA) thi s& ¢6 mét cung cb
huéng tit dinh q; sang dinh qj va trén cung dé duge gan nhan a.

Néu 38(q;,a) = {4j,. -, qi} dB1 v6i 6t6 mat khéng don dinh thi tit
q; sang @, 4i,, -.., g, ¢6 k cung gan cting mét nhan a.

Dinh vao cia d6 thj chuyén 1a dinh tig véi trang thai ban diu q,.
Cac dinh c6 cac trang thai két thic duge khoanh véng tron hai 1an. Cac
dinh cdn lai khoanh bdi mét vong tron.

Vi du 4: Cho 6t6 mat don dinh M = <%, Q, 8, qo, F>, = = {01},

Q = {90, @1, Q2. q3}. F = {qo}, ham chuyén 8: Q x T — Q dugce cho dudi
dang d6 thi chuyén nhu sau:

Vi du 5: Cho 6t6 mat khéng don dinh M = <Z, Q, §, q,, F>,

Z={0,1}. Q = {go- Q1. G2 3} F ={qz. a4} con ham chuyén 8: @ x & — 2°
cho duéi dang 45 thi )
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d ’1
«fiy —@——()
1

(@

1 .

.
O

01

D& voi 6t6 mat M ta dua vio khai niém “chuyén dich "“duge dinh
nghia nhu sau;

Ham " - Closure(T) cho tap trang thai dat dugdc tit cac trang thai
s € T qua phép chuyén dich " duy nhat. Tap T c6 thé chi gdm mét phan
tit. N6 duge tinh nhu saw:

P4y tat ca trang thai trong T vao Stack,
Pt -Closure(T) aT
While stack khong réng do
begin
14y t 1a phén tf trén cung cia stack ra;
for m&i trang thai ma cé duting di tirt dén u co nhan " do
if u khdng thudc * -Closure(T) do
begin
Thém u vao " -Closure(T);
P&t u vao Stack;
end,

end;
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Thuat toan mé phéng 6t6 mat khéng don dinh doan nhén xau vio:

Dau vao: Mot xau vio o, két thiic béi ky hiéu file eof. Mat 5 t6 mat
khéng don dinh N véi trang thai ban diu q, va tap trang
thai két thlic FcqQ.

Dau ra: Tra 18i “True” néu N doan nhan xau o, False” trong
trudng hgp ngugc 1ai:

Thuat toan :
Begin
8:=" -Closure{qy);
C:=ky tu tiép;
While C <> eof do
begin
8:=" - Closure{Move(S,C));
C:=ky tu tiép; |
end;
if S ~ F = @ then return True else return False
End;
Chu ¥ rdng ham Move(T,a) la tap trang thai ma N ¢6 thé dat duge

khi thyc hién dich chuyén véi k¥ hiéu vao a tit mét trang thai thuée T.

3. Sy tuong dudng gilta 6t6 mat ddn dmh va khong don
dinh _ .

Theo dinh nghia cia 6t6 mat don dinh M va 6t86 mat khdng dan
dinh N thi M cfing 13 N nén 16p cic ngdén ngit doan nhan duge béi M
ciing la 16p ngdn ngti doan nhan bdi N. Ky hiéu cac ldp ngén ngit duge
doan nhan bdéi M va N tudng vmg 13 LOV) va L(N).
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Pinh ly 1: Ldp ngén ngit doan nhén duge bdi 6t6 mat don dinh
tring véi lép ngdn ngit doan nhan duge bdi 6t6 mat khéng don dinh.

Chitng minh:

Theo dinh nghia 6t6 mat don dinh va 6t mat khéng don dinh thi
16p ngén ngit doan nhan dude bdi 6t mat don dinh ndm trong 16p ngdn
ngit doan nhan duge béi 6t6 mat khéng don dinh.

Ta ching minh bao ham thic ngugc lai: Lop ngén ngit doan nhan
duge bdi 6td mat khong don dinh nim trong ldp ngdn ngit do 616 mat
don dinh doan nhan. That vay, gid sit p € £ doan nhan duge bdi 6t6
mat khong don dinh N = <X, Q, 8, qo. F> hay p € L(N),

Ta xiy dung 6t6 mat don dinh M = <¥', Q, &, sy. ’> doan nhan p
nhusaw: 2= Z;, Q = 2% s0=lqo: PHUC QU F2 B} cond: Qx> Q
dude xac dinh nhu sau:

VUe@. VxeZthi®Ux= ] 8@x
qeU
Véi M dinh nghia nhu trén thita cé: p € L(M) hay LON) ¢ L(M).
Vi du 6: Cho 6t6 mat khéng don dinh N = <Z, Q, 8, q. F> vai

T={a,b}, Q={so. s;}. F={s;}. cdn ham chuyén &: @ x £ > 2% duge cho bing
bang chuyén sau:

Trang thai Ky hiéu vao
a b
Sy {s0. 51} 84
8 @ {3{],8]}

Khi d6 6t6 mat don dinh tudgng ing véi 6t6 mat khéng don dinh N
dudc xdy dung nhu sau:

M = <z’_ Q', 8‘., 2, Fb Val E’ = E = {agb}9 Q,: {qh g2, 93. q4}
d diy q;= &, Q2= {so}. 43 = {81}, Q4= {s0. 51} con F’ = {qa, q4}.

Ham chuyén & cho dudi dang bang chuyén nhu sau;
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Trang thai _ Ky hiéu vao |
a b
ai & &
q2 Q4 ' ds
d3 Z 4
i Qe d4

Ta e¢6 L(N) = (M) hay N tudng tng véi M.

Vi du 7: Cho 6t6 mat khéng don dinh N = <%, Q, 8, qo, F> véi
Z ={a,b}, Q = {g¢, 41, ---» 910 }, F" = {qu0}.

Trong dé thi chuyén trén thi A 13 xau réng. Ta xdy dung 6t4 mat
don dinh M nhu sau:

M=<Z, Q, 8, go, F>, 6 day
Z = {a,b} 12 bang k¥ hiéu vao,
Q =1{A, B, C, D, E} la tap cac trang thai,

A 13 trang thai ban dau,

F = {E} tap trang thai két thic, & day.

A ={qo, 91, Q2. 94, g7} {chita trang thai ban dau gy caa N) -
B = {a1. 42, 93, Q4. 9. g6, 97, s} '
C={a1, q2. 94, 45, g6, q7}
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D = {q]s qz, 94, 45, 96> 97, qg}

E = {q1, @ Qs O Qs T, e} (06 chita trang thai k&t thiic gy clia N)
vt ham chuyén cho duéi dang bang :

Trang thai Ky hiéu vao
a

= O o w >
(5B v v I v < B v s B o v
O =3 O O QloT

hay 6t6 mat dudc biéu dién dudi dang d thj chuyén nhu sau:

Ta chira ring LQN) = LQM) ={(a/b)" abb}.
That vay, gia sit xét xdu vio la @ = ababb

Ta chi ra ring hai 6t6 mat N va M cung doan nhan xau
o = ababb.

That vay, d6i véi 6t6 mat M ta xiy dung chudi trang thai tng véi
Xau vao o la:

@= a b a b b
DN ST N N
A->->B->D->»> BoD-o>EeF
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Vay M doAn nhan xiu o.

D61 vé6i N ta xdy dung cAy doan nhan xdu o = ababb nhu sau:

qio € F, nén N doan nhan @ = ababb.
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2. NGON NGU CHINH QUY VA BIEU THUG CHINH QUY

1. Ngén ngi¥ chinh quy

Gia sit £ 1a bang chit hitu han khéng réng. T 1a tap tit ca cac xau
(k€ c& xiu réng) duge xdy dung trén I.

Nhu da dinh nghia truéc day thi =" = £ \{A}.

Tap con E c = dude goi 12 mét ngén ngit trén bang .

Trén tap tit ci cic ngdn ngit ta c6 thé dinh nghia cac phép toan
hdp, giao, phan bu, nhin va ldp cac ngdn ngil.

Trong cac phép toan trén, ta dic biét chi ¥ ba phép foan sau day:
~a) Phép hap: Cho hai ngén ngit E,, E, trén tap Z, ta dinh nghia

phéphop E; U Es={o | © € E, hosico e Ey.

b) Phép nhén: Cho hai ngéon ngit E;, E; trén Z. Phép nhén E, vdi
E; 13 E.E; = faplo € E;, B e Ey}.

¢} Phép ldp: Véi ngdén ngit E trén I ta dinh nghia phép lip cua E 13

E'= EUE?UE’U.. = | JE®, 3 day E" = EE...E (n l4n).
n=1

Gia sl I = {ay,ay, ..., a5}. Ngon ngit & va ngén ngit {a;} ( = 1,2,....n)
ta goi 1a ngdn ngil 80 cap trén I.

Dinh nghia 2 :

a) Cac ngbn ngit s¢ cdp trén I duge goi 1a ngdn ngii chinh quy
trén Z.

b) Néu E va F 14 hai ngdén ngit chinh quy trén £ thi E o F, EF va
E’ ciing 14 ngén ngit chinh quy trén .

¢) Khéng ¢6 ngon ngi chinh quy nao khac trén % ngoai cac ngén
ngit chinh quy dude dinh nghia trong cac budc a) va b)  trén.
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Théng thuang dé dién dat cac ngon ngi chinh quy ngusi ta dua
vao biéu thic chinh quy.

2. Biéu thitc chinh quy

Trén bang I ta dinh nghia biéu thitc chinh quy theo cac budc da
quy sau day:

a. @ 12 biéu thic chinh quy, né bidu dién ngén ngi rong.
b. Néu a € I thia Ia biéu thii chinh quy, n6 biéu difn ngén ngit {a).

c. N&u r, s 1a hai biéu thitc chinh quy trén = biéu didn hai ngdn
ngit R va S tuong tng. Khi dé:

(¥) v (s) 12 bifu thitc chinh quy biéu di&n ngon ngit R u 8.
(r) . (s} 1a biéu thitc chinh quy biéu dién ngén ngi R . S.
(r)’ 1a biéu thiic chinh quy biéu dién ngsén ngit R*.

T dinh nghla v& ngdn ngit chinh quy va bifu thic chinh quy trén
3 ta ¢6:

Dinh ly 2: Moi ngén ngtt chinh quy trén bang T déu nhan duge tiy
cac ngén ngit hitu han bang cach ap dung mdt s6 hitu han 14n cac phép
toan hgp, phép nhin, phép 1ip.

Dinh Iy 3 : Mot ngdn ngit trén ¥ 13 chinh quy khi va chi khi né
biéu dién dude bdi mét bibu thitc chinh quy.

Chi ¥: a) Mét ngén ngit chinh quy 14 vé6 han khi va chi khi biédu
thitc chinh quy biéu dién né c6 d&u + (phép lap).

b) Ldp tit ca cA ngdén ngit chinh quy trén T 1a 1dp bé nhit chita cac
tap hitu han va déng 461 véi cac phép toan hdp, nhan va lip.

3. Thuat toan Thompson

Bai toan: Cho mét biéu thitc chinh quy. Hay xav dung 6t m
khéng don dinh N dodn nhin ngdén ngit chinh quy ti bidu thice - .
quy di cho.
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Thudt todn:
Vao: Mét biéu thic chinh quy r trén bé Z.
Ra: Mét 6t6 mat N doan nhin ngdn ngit L(r).
Sau day la mé ta thuat toan cia Thompson :

Trudc hét tach bidu thitc chinh quy r thanh cac biéu thic chinh
quy thanh pban ry, ra, ..., 1. Sau d6 ap dung luz’;t' 1, luat 2 dé xay dung
cac 6t6 mat khéng don dinh N,, Ny, ..., Ni tudng itng doan nhan cac
‘ngdn ngit L), L@y, ..., L{ry. Cudi cing dung luit 3 d8 xay dung
616 mat khéng don dinh N doan nhan ngén ngit L(r).

Luat 1: Déi vé1 ky hiéu ", xdy dung 6td0 mat khéng don dinh N
doan nhan ngén ngit {*} nhu sau;

Start A
O——0@

vdi i 1a trang thai ban dau con f1a trang thai két thic.

Luat 2: V6l a € Z, xay dung 6t6 mat khong don dinh doan nhan {a}
nhu sau: -
Start a

00

véiila trang thai ban diu, f1a trang thai két thiic.

Luat 3: Gia sit N(s), N(r) 1a cac 6t6 mat thanh phan tng vdi céc
biéu thitc chinh quy s va r.

a) D3i véi biéu thic chinh quy (s) w () ta xdy dung 616 mat khéng
don dinh N doan nhén ngdn ngit S U R nhu sau:
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g ddy i 1A trang thai ban dau fla trang thai két thic cia N va N nhan

duge bang cach 18 hagp hai 6t8 mat thanh phan N(s) va N(r) theo sd @6
bang chuyén trén.

b) Dé&i véi biéu thitc chinh quy (s).(r) thi 6t6 mat khéng don dinh N
doan nhén ngdn ngit chinh quy S.R dude cho dusi dang bang chuyén sau
day:

[
() 8o O v

Start

voiila trang thai ban dau, f1a trang thai két thic, N nhan duge tit N(s)
vi 1Q(r) bing cach 14y trang thai ban diu cia N(s) lam trang thai ban
#au ciia N, trang thai két thic cla N() la trang thai két thic cia N va
dong nhét trang thai két thiic ciia N(s) v6i trang thai ban dau ctia N ).

¢) D& véi biéu thitc chinh quy (r)* bidu didn nton ngit chinh quy
R+ ta xay dyng 6t6 mat khong don dinh N doan nhan R’ theo bang
chuyén dudi day:

Pl

—

Start - _.é N() O—A‘©

s

4 day 114 trang thai ban dau, f1a trang thai két thic caa N.

4. Tinh ch&t ctia ngén ngit chinh quy
Dinh ly 4 : Ldp t4t cd céc ngdn ngil chinh quy trén I 1a déng 46i
vdi cac phép toan: hgp, nhén, hiéu, 14y phan bu, nhan ghép va lip.

- Chitng minh: Tinh déng ddi véi cac phép toan hgp, nhin ghép va
l4p chiing minh theo dinh nghia biéu thitc chinh quy.
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Ta chimg minh tinh déng 461 vdi cac phép toan con lai sau day:

a) Phép hiéu giita R, va R,1a 2 ngdén ngit chinh quy trén I. Gia si
R = R)\R; & day R, = LMy, Ry = L(M;) va M; 14 6t6 mat doan nhan R;
(1 :1. 2), V6l Ml_ = <2; Qly 61, di. Fl>9 M2 = <E9 Q29 62‘ ds, F2>'

Ta xay dung 6t5 mét M doan nhin R nhu sau:

M=<Z@Q,5,q. F>viiQ=Q: X Qs g0 = (@1,02€ Q. F=F, X (Qz\Fz)
con 8: Q x £ — Q dude xac dinh nhu sau:

8((2,3),X) = <8y(@,), 52(q'X)> véi q € Q), @' € Qy, X € E. Kibm tra
lai L(M) = R, hay R la ngén ngit chinh quy trén Z.

_ b) Phép 14y phan bu: Néu R 1a ngdn ngit chinh quy trén Z thi ta c6
R cling ngén ngit chinh quy trén .

That vay, gid sit M = <Z, Q, 3, qo, F> 12 6t6 mat doan nhan R. Khi
d6 6t8 mat M' = <Z, Q, §, qo, F*> véi F' = Q \ F la 6t6 mat doan nhén
ngén ngit R, hay R 14 ngén ngit chinh quy trén Z.

¢} Phép toan giao gitta hai ngdn ngit chinh quy R, va R,.

ViR, ~Ry;= R, v R, nén tinh déng d5i véi phép giao dugc suy
ra tit tinh déng 481 véi phép toan hgp va phép l1dy phan bu.

Dinh 1¥ duge ching minh.

5. Quan hé giita 6t6 mat hitu han va ngoén ngi chinh quy

BPinh nghia 3: Van pham G = <Z, A, I, R> dude goi 1a van pham
chinh quy suy réng néu moi quy tic trong R déu c6 dang A > aB, A > a
ho#c A » », 3day A, B e A, a e ¥, A 14 ky hidu xdu réng.

RE rang nhan thay ring:

Binh Iy 5 : D61 vdi van pham chinh quy suy réng G bao gid ciing
xdy dung duge van pham chinh quy G’ sao choLL{(G') = L(G) \ {#}.

BDinh nghia 4: Vin pham chinh'quy suy rong la van pham chinh
quy miu néu né khéng cé quy tic A - a.

Dinh Iy 6 : D61 véi vin pham chinh quy suy réng c6 thé xay dung
dugc van pham chinh quy méiu tuong duong véi nd.
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Chitng minh: Gia st G = <Z, A, I, R> la vin pham chinh quy suy
rong. Thém ky hidu K vao A va ddtA' = A U{K).

D6 véi mdi quy tde A > a e R thay béi cidp quy tdc A - aK,
K = » ta duge R'. Ré rang van pham G' = <Z, A", I, R> la vin pham-
chinh quy mau va L(G) = L(G").

Dinh nghie 5: Cho vin pham chinh quy mau G = <Z, A, [, R>.
Khi d6 G ¢6 thé bidu dién qua ¢ hinh duge dinh nghia nhu sau;

Cac dinh ctia d8 hinh 13 cac k¥ hidu hd trg trong A. D6i véi cip
dinh A.B (¢ A) s6 cung di tit A sang B sé bing s6 quy tic c6 dang
A - aB cila G. M3i mét cung duge danh diu bdi kg hidu co bédn a e T
trong quy tic tuong tng. Dinh ing véi ky hiéu ban dau 1 ggi 13 dinh ban
dau, con dinh A ting véi quy tde A — » goi 13 dinh két thic.

Da @b thi vita duge dinh nghia nhu trén goi la dé hinh cha van
pham.

Vi du: Cho vin pham chinh quy mau:
G=<,ALR>véiZ={a becdeff, A={,A B C D}

R={I—>aA, ]l >bA A->dA A->bC,C—>cB,B->bA C—-eD,
Co>M Bosel,l >A B>AD A}

D6 hinh ctia G ¢é dang nhut hinh dudi:

Pinh diu 1a 1, cac dinh két thic 1a I, B, D. Néu A, A, ... Ay 1A
dudng trong da d6 thi cha vin pham chinh quy méau d§ cho sao cho'véi
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-

mdii= 1,2, ..., ncocung di tit A;; sang A, duge danh dau bdi ky hiéu a,

thi ching ta néi rang dudng da cho sinh ra xau aa,...a, .

Dudng bt ky c¢6 d6 dai O theo dinh nghia né sinh ra xau ». Ro
‘rdng x4u x sinh ra bdi mét dudng bit diu tit dinh A va két thiic & dinh
B khi va chi khi A = xB (ky hidu |= nghia 14 hodc dan dudc ti A hodc
trung voi A).

Chiing ta goi dudng Ay, A, .... A, la chu trinh néu A, = A, va 1
dudng day da néu A; = [ con An la dinh két thic (tic A,, — » 14 mét quy
téc trong R cia G).

Tt cac khai niém trén ta suy ra: tap dan xuit day 40 trong van
pham G va tap cac dudng day da trong da d6 thi cua G cé tuong ting 1-
1. déng thdi xdu x € L(G) khi va chi khi x dudc sinh ra bdi dudng day du
trong da d6 thi cia G. '

Chiz y: D61 vdi van pham chinh quy suy rong khong phai 13 mau
thi ciing Iy luan nhu trén ta xiy dung duge 46 hinh cia né.

Vi du: Cho G = <Z, A, . R> 14 van pham chinh quy suy réng vdi
R={l 5> al,I - aB, B - bB. B - b}. Do hinh cia G dugc xay dung nhu
sau: Dua G vé vian pham mau G' bang cach thay quy tic B — b béi 2
quy tdc B > bK va K > A D$ hinh cila van pham miu G' cling 13 46
hinh cua G c6 dang dudi day:

a b
(3 .
B0

g day I 13 dinh ban dau, K 14 dinh két thic.

Dinh nghia 6: Tuong tu nhu 46 hinh cia vian pham chinh quy
suy réng, ta cé thé dinh nghia d8 hinh ctia 6t6 mat hitu han theo nguyén
tac sau day:

Cac dinh cia d6 hinh 14 cac trang thai cua 6t6 mat.

Néu trong 6td mat M = <%, Q, 8, qo, F> ma 8(q.a) = q', v6i q € Q.
a € T thi trong dd hinh tit dinh q dén dinh q' c6 mét cung va trén cung
d6 dude gan ma a.
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Qo 1a dinh ban dau.

Dinh q cling duge goi 13 dinh ban diu néu ing véi né ta co
, 6(q0, #) = q. Cac dinh danh diu bang cac trang thai két thic goi la cac
dinh k&t thiic # 1a k¥ hiéu bién bén trai).

Khai niém mét xiu sinh ra bdi mét duong, khai niém chu trinh,
khai niém duong day du v.v.. ciing dugc dinh nghia nhu trong d4 thi ctia
van pham 6t6 mat suy réng.

Chi ¥: Tit dinh nghia 44 hinh cia 6t6 mat hitu han ta suy ra: mét
xau sinh ra bdi dudng ddy &l trong 48 hinh ciia 6t6 mat khi va chi khi
x8u d6 duge doan nhan béi 6t6 mat d6. Ngoai ra 616 mat doan nhin xau

réng khi va chi khi giao gitta tap cac dinh ban d4u va tap cac dinh két
thiic trong d6 hinh la khac réng.

T khai niém d6 hinh ciia van pham va d6 hinh ctia 6t6 mat hitu
han ta suy ra dinh Iy sau day:
Dinh 1y 7:

a) D&i véi van pham chinh quy suy réng bat ky c6 thé xay dung
dugc 6t6 mat hitu han tuong duong véi né.

b) D8] véi 6t6 mat hitu han bat ky ¢6 thé xay dung dugc vin pham
chinh quy suy rfng tuong duong vdi né.

T cac k&t qua trén ta cé dinh 1y quan trong sau day:
Dinh 158

a) Ldp cac ngdén ngit chinh quy tring véi 18p ngdén ngit do vin
pham chinh quy sinh ra.

b} Ngén ngit trén bang X 14 doan nhén dude bdi 6t6 mat hitu han
khi va chi khi ngén ngit d6 12 ngén ngit chinh quy.



CHUONG 7

MAY PUSHDOWN BOAN NHAN NGON NG
PHI NGU CANH

D31 véi cac 1dp vin pham duge phan loai theo CHOMSKY 16p vin
pham phi ngit canh (VPPNC) ¢6 vai tro quan trong nhit trong viéc ing
dung dé x4y dung cac ngdn ngit 1ap trinh va chuadng trinh dich.

Trong qua trinh dich tit chuong trinh nguén ra chudng trinh dich,
ngudi ta sit dung ciu tric i phap clia vin pham phi ngit canh d€ phan
tich cac cdu vao. Cdu tric ci phap clia mét cAu vao duge xac dinh tu
chudi cac san xuit suy tit cdu dé. Dua vao chudi cac san xuit dé, bd
phén tich cd phap cua chuong trinh dich s& cho biét cadu vao dang xét do
¢6 thuge vao cau do vin pham phi ngit canh sinh ra hay khéng. Néi cach
khéac 12 v8i x4u vao o v mét VPPNCG. Héi rang v € L(G) hay khoéng?
Né&u ¢6 thi hdy tim cach biéu difn o bing vin pham, tic 12 tim cac quy
tic sinh ciia VPPNC d4 sinh ra xiu o.

§1. VAN PHAM PHI NGU CANH VA
CAY DAN XUAT CUA NO

. Pinh nghia VPPNC va quy udc vé ky hiéu

Bo G = <X, A, I, R> dugc goi 14 van pham phi ngit canh néw
Z 14 tap cac ky hiéu cd ban, hay tap cac k¥ hiéu chinh,

Ala tap cac k¥ higu ho tr¢ hay tap cac k¥ hiéu phu,

“I € Ala ky hiéu vhu va dude goi 13 ky hidu ban dau,
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R 14 tap cac quy tic sinh ( goi tht 1a quy téc) c6 dang:
R={A>0/AcABcEuUA |

D& dé& dang cho su didn dat cac phan ti€p theo ta dua vio mét s6
quy udc sau:

- Mbi ky hiéu phu trong bang tin hiéu h3 tr¢ A 1a mét chit cai in
hoa nao d6 va c6 thé c6 ca chi s& nita. Vi dunhu A, B, C, A, A,, , ...; B,,
Bg, iy C]_, Cg,...

- Mbi ky higu chinh trong bing k¥ higu chinh % ciia G 12 mét, chit thuing
a, b, ¢, d6i khi ca chi s6 nita nht a,, ay, ...

- Cac chit in hoa X, Y. Z, ¢6 thé ca chi s& nita d€ chi cac ky hidu
thuée béng ddy dd V= £ U A. Nhu vay X, Y, Z ¢6 thé 1a ky hidu chinh
ho#c ciing ¢6 thé 1a ky hiéu phu. _ '

- Cac chit thuong o, u, v, w, x,y’zdﬁngdé'kj'hiéucécxéutmngf.

- Cac chit o, B 12 cac xau trong bang day ¢ V= £ U A, tlc 1i cic
xau cé thé chita ca cac k¥ hiéu chinh va cac k¥ hiéu phu.

2. Cay suy ddn day du trong vin pham phi ngit cAnh

a. Dinh nghia cay suy dén ddy di

Cho vdn pham phi ngit canh G = <X, A, I, R>..

Cay suy dan day du trong vin pham phi ngit canh la mét ciy dugc
thanh lap tit mét dén xuat ddy dii nao dé trong G. M&i xdu x € % ma
I} cx s& tuong dng v6i mdt cay suy din ddy di nao dé. Xau x duge goi 1a
két qua cia ciy suy dén ddy dv, ta ¢6 thé dinh nghia ciy suy dan day
da nhu sau: '

Cay suy dan day du trong vin pham phi ngit canh G = <Z, A, [, R>
la mét cdy thoa man bén yéu ciu sau:

1. O méi dinh dugc gan mét nhan. Nhan gan § dinh 1a cc k¥ hiéu
trong tap £ U A U {"}. Gic clia ciy dude gan nhin 1a 1.

2. Méi dinh trong duge gan nhén 1a mét ky hidu nao d6 trong A

3. M&i dinh ngoai (14 ctia ciy) duge gan nhén 13 mét k§ hidu trong
tapZ o {7}
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4. Né&u dinh m duge gan nhin 13 A € A, cdn céc dinh ny, ny, ..., 0y 12
cic con cua dinh m theo thi ty ti trai sang phai va duge gan nhin X,
Xs, ..., Xy tuong tmg thi A - X;, X, ..., Xi 12 mdt quy tic trong R cha
vin pham G. -

Néu doc tat cd nhin 3 cac 1a (1a duge gan nhén trong tap Z w {'})
theo thit ty tit trai qua phai ta s& nhén duge mét xdu nio 6. Xdu 46 1a
mét phdn tit trong L(G) va duge goi 12 két qui suy din diy du
cua G.

Vi dyu 1: Cho vian pham phi ngit canh G = <Z, A, I, R>, Z={a, b},
A={I, A} vaR={I—>1a,] > Aa,1 - aAb,] — ab}.

Cay suy dén ddy di cia xdu a"b"a™ 12 cAy duéi diy:

-

m

a
a b

n lan
b

a

L
N

a
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Vi du 2: Cho vin pham phi ngit
cinh G = <3, A I, R>,

2={a,y, ag, ..., 2y},
A={I} va R={I—> ala, I - aa},
aex,

Cho © = aja, ... a,, ta ky hi¢u

0 = aya. ... Q24

Ehi 46 xau

&)CB = ajas... Ay.1d, Ap&p-)...8981 € L(G)
va ciy suy dan day di ctia né c6 dang
(hinh bén).

Vi dy 3: Cho vin pham phi ngit
canh G = <X, A, I, R>, trong dé

X ={ay, ag, ..., ay},
A={l, A}, Ay, ..., A} va

R:{ I-» a,Al, A] — agAg ) raes An-l b 4 anAn . An - A}, L(G) = {a;ag an}.

Cay dan xuidt ctia © = a,a, ... a, 1a:
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8. Su nhép nhing trong ngdn ngi phi ngit canh

Cho viin pham phi ngit canh G = <Z, A, [, R>, ta néi vin pham G
14 nhdp nhdng néu tén tai mdt xau o 12 két qua cia hai ciy suy dan diy
du khac nhau trong G. 2

Ngén ngit do vin pham G sinh ra 13 ngén ngit nhdp nhdng néu G
14 vin pham nhip nhing.

Vi dus 4: Cho viin pham phi ngit ¢dnh G =<Z, A, [, R>,
T=+,a, L A={{}, RA{I> I+, I > I*] ,I > a},
¢ day k¥ hiéu + i phép cing, * 14 phép nhén.
Xau a + a * a 1a két qua cia cay suy dan day da (thuc hié‘n phép *

trudc).

Xiu a + a * a cling 12 k&t qua ciia cAy suy din diy db (thyuc hién
phép + trudc).
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RG rang xdu a + a * a 14 két qua cia hai cdy suy din khac nhau
trong cung mét VPPNC. Néu o e L(G) 12 két qua ciia nhifu ciy suy din
day di, thi xAu © 6 nhiéu cach phén tich cd phap khac nhau, M3i mjt
cdy 12 mét cach phan tich cd phap. Van pham trong vi du nay la vin
pham phi ngit cdnh nhip nhing.

§2 . GIAN LUGC CAC VAN PHAM PHI NGU CANH

Trong mét vén pham thi ngit cdnh cé thé ¢6 nhiéu yéu t& thita, vi
du cé nhiing ky hi¢u khong hé tham gia vao qua trinh sinh cac ngén
ngit, hodc c6 nhitng quy tic dang A — B chi lam m4at thdi gian trong qua
trinh hinh thanh cac xau clia ngén ngit. Vi1é &6 cin loai bé nhitng y&u
t6 du thita khéng c6 ich trong viée sinh ngdn ngi, sao cho viée loai bo dé
khong lam anh hudng tdi qua trinh sinh ngon ngit. Diéu d6 ¢6 nghia la
chi ¢an giit lai cac ky hiéu va cac quy téc c6 ich trong vin pham G ma
chiing thite sy 1a can thiét trong qua trinh sinh ngdn ngit ma théi.

1. Ky hiéu ¢6 ich va ky hiéu thiuta
Cho vin pham phi ngit canh G = <%, A, 1, R>. X dudgc goi 14 k¥ hiéu

¢6 ich néu tén tai suy ddn 1 | aXp | w, d ddya, B € (S U AY*, XeZUA va
wel. ' L

Néu ky hiéu X khéng théa man didu kién trén thi X duge goi 13 ky
hiéu thita. Nhu vay X 1a ky hiéu thita néu tit X khéng thé din ra mét
xu w € £. Ky hidu X ¢ tinh cht nhu thé con duge goi 13 ky Aidu vé
sinh. Néu tit ky hiéu ban dau [ khong dan dugc mét x4u nao c6 chia ky
hiéu X thi ta néi ky hiéu X 1a ky hiéu khéng dén dige. Nhu vay mot ky
hiéu la thita néu né 1a ky hiéu vé sinh hoic 1a khéng dén duge.

Bé dé 1.(loai ky hidu vo sinh)
Cho van pham phi ngit canh G = <ZT, A, I, R> véi 1(G) #&. Ta ¢

thé xay dung dudc van pham phi ngit cainh G’ tuong duong véi G, & day
G=<Z A ILLR>saochomdiAecANcomitxduwe X dé A |gw.
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Chitng minh: Tit tap quy téc R cia G ta xay dung A’ nhu saw:

- Né&u trong R ¢6 quy tic dang A > w véi A e A, w e £ thi két nap
Avio A

- N&u A - X;X; ... X, 1a quy tic trong R ma X; € T hodc X; 1a bién
da duge két nap vao A’ thi dua A vao A"

Cit tiép tuc xét cac quy tic trong R ta sé xay dung cac ky hiéu cho
tap A. ViR l1a hitu han nén qua trinh s& dugc dimg lai sau mét s8 hitu
han bude. Khi d6 ta xy dung duge tap A

Bay gid ta xay dung tiép tap quy tic R’ gom cac quy tic trong R
ma cac k¥ hidu c6 mit trong d6 déu thude tap T w A" Rd rang L(G) va &
chi chita cac k¥ hidu AsaochoIw € £ dé A | w, hay A* gdm cac k¥ hiéu
¢6 ich (hitu sinh). '

B& dé 2:(loai k§ hiéu khong dén dudc)

Cho vin pham phi ngit cdnh G = <I, A, I, R>, ta c6 thé xay
dung dugc van pham phi ngit cAnh G tudng duong véi G, & day
G=<Z.ANIR>saochovéimbiXe ¥ A déutdntaia, Be (T UAi)
dé choI} a X B.

Chitng minh: a. Xay dyng tap ¥’ va Anhu saw

Dua ky hidu I vao A. Néu mét bién A di dude k&t nap vao A’ va
A > o, d dAy o € (T U A) thi ta két nap cac k¥ hiéu bién trong a vao A',
con cac ki hidu két thic trong o thi két nap vao T,

Tha tuc k&t nap trén s& ngimg khi khéng con bé sung thém dugc
bit ky k¥ hiéu nao nita vao cac tap T va A\

b. Tap quy téc R’ duge xay dung nhu sau:

R’ bao gém moi quy tic trong R ma cac k¥ hiéu thudc tap T u A’
Véi cach xay dung d6 ta cé L(G) = L(G), trong 46 G’ gom cac ky hiéu dén
dugc. Tir hai bd dé trén ta cé:

Dinh Iy 1: Moi ngén ngit phi ngit cAnh khéng réng déu c6 thé dudc
sinh ra tit mét vin pham phi ngit eanh khéng ¢é k¥ hidu thira.

Vi du 5: Cho van pham phi ngit canh G = <E, A, [, R>, & day Z={a},

A={,AB,L,R={I>AB, I 5 a, A a}vin pham sinh ra ngén ngit
L{(G) ={a} (tap gbm mot xiu a).
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Van pham phi ngit cdnh G’ nhan dugc tit G bing cach ap dung cac
két qua trén 1a vin pham phi ngit cAnh khéng 6 k¥ hiéu thita c6 dang
nhu sau:

G=<Z A LR>véiZ={a}. ’={I},R={I > a}vard rang

L(G) = {a} = L(G).

2. Cac ™~ quy tac (" chi x&u réng)

Cho van pham phi ngit canh G = <Z, A, I, R>. Néu trong R ¢6 quy
tic A —> A, A € A thi ta néi trong G ¢6 "~ quy tic.

Bay gio ta tim cach loai cac * - quy tic khéi tip quy tdc R ciia vin
pham G.

Néu L(G) khéng chita tit " thi ¢ thé loai hét "- quy tic trong R ta
duge R’ va G’ = <Z, A, 1. R™>, van tudng dudng véi G = <Z. A, I, R>. Néu
A € L(G) thi ta khéng thé loai hét toan bj cic "- quy tic.

Dinh Iy 2: Gia sit G = <%, A, 1, R> 1a van pham phi ngit cidnh va
L = L(G) 14 ngdn ngit cua vin pham G. Khi d6 L \ {*} dudc sinh ra bdi
van pham phi ngit canh G’ = <¥', A", I, R™> khéng chita cic ky hiéu thita
va khéng chtta cac - quy tic.

Chiung minh: Tl tap A ta xay dung A’ nhu saw

Ky hiéu A € A dugc goi la ky hiéu triét tiéu néu tén tai dan xuat
A} A Ta cé the xac dinh cic ky hiéu triét tiéu bing phudng phap sau:

a. Néu A > ~ 12 mét quy tic trong R thi A 1 ki hiéu triét tidu.

b. Néu B — o 1a mdt quy tic trong R ma « gém céc ky hiéu tridt
tiéu thi B cling 12 k¥ hiéu triét tiéu. Lap lai qua trinh trén cho téi khi
trong A khong con tim duge cac ky hiéu triét tisu méi. Bing cach loai tat
ca cic ky hidu triét tiéu tim duge trong A ta sé nhan duge mét tap A’ ma
trong né khong con ky hiéu triét tidu.

Tap R’ duge xac dinh nhu sau:

Néu A > X;X; ... X, 1a mét quy téc trong R thi ta dua vao R’ quy
tic dang A > a5 ... a,, trong dé:

Néu X; 1a ky hiéu khéng triét tiéu thi dit o; = X,.

Néu X; 1a k¥ hiéu triét tidu thi dat o; = A.
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Néu moi X; 1a k¥ hidu triét tiéu thi thaya; = Amoi i=1, ... n.

Khi dé6 L(G") = L(G) - {A].

Vi du 6: Cho vian pham phi ngit canh G = <X, A, I, R> . trong d6
Z={ab}, A={[,AB.R={I>AB. A—>aA A—
B—-bB B}

Hay loai bé - quy tic ra khdi van pham phi ng@ canh trén.

Ré rang " e L{G).

Theo dinh 1§ trén thi cac quy tic A >~ va B > * ¢6 thé dudge loai
trudc tién. Sau détht 1 > ABmaB >"vaA > "néntacél 5> A 15 B
CingtdtA>aA, BobB,vaA>".Bo ", Tacécacquy tic A »>a va
B —b. Tém lai:

R={I>AB, I Al B, A—>aA A—>a, B—->bB, B-b}

RS rang vin pham G = <Z, A, I, R> khéng ¢6 "- quy téc va
L(G)= L(G) - {"}. Muén G = G’, do A € L(G) nén can bd sung thém quy
tdcI > Avao R

3. Cac quy tac don

Cho van pham phi npit ¢inh G = <Z, A, I, R>, Néu quy téc trong R
c6 dang A — B, d ddy A. B € A thi ta néi A - B 1a quy tdc don. Quy tic
don c6 tac dung lam kéo dai qua trinh sinh ra ngén ngit, vi vay ta sé tim
cach loai quy tic don ma khéng lam anh hudng tdi qua trinh sinh ra
ngén ngit cua van pham di cho.

Chii : Quy tic A 5> a véi A € A va a € A khéng phai 1a quy tic
don. -

Dinh ly 3 : Mol ngén ngit phi ngit cdnh khéng chita xdu ~ déu co
thé sinh ra tit mét van pham phi ngit cAnh khéng c¢6 ky hiéu thira,
khéng cé cac “ - quy tiec va quy tic don.

Chitng minh: Gia st cho vin pham G = <Z, A, I, R> 12 van pham
phi ngit cdnh va L = L(G) 12 ngén ngit phi ngit canh do G sinh ra. Ta xay
dyng van pham phi ngit ¢dnh G' = <%, A", I, R™> sinh ra ngén ngi
L\ {4 = L(G") trong &6 G khéng c6 ky hiéu thita, khéng c6 “- quy tic va
quy téc don.
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Theo dinh Iy 2, tir vin pham G ta xiy dung dude vin pham
G’ = <¥, A, I, R> la van pham phi ngit canh sao cho I(G) = L \ £,
trong dé A khéng cb ky hléu thita, con R’ khéng c6 * quy tfc. Dat

= A". Xay dung quy tic R" nhu sau:

Dua t&t ca cac quy tic khoéng don ctia R’ vao R,

Néu trong R’ c6 A —> B v6i A, B € A, khi d6 55 tdn tai din xust
[} aAB | oBp | awp, ddaya BeTud) ,welX doa gém cic k¥ hiéu
khéng thita.

Vay thay cho A —» B ta dua vao R quy téc I —> AP vi A > w déu
1a cac quy tdc khong don nhung chic ning sinh ngén ngit tudng dudng
vii quy tic A > B.

R6 rang LGH = LGY=L-{}.

Vidy 7: Cho VPPNC G = <E, A, I, R>, I=fa}, A={l, A, B},

R={I>I+AI>A A>ABA->B B>a)

Hay loai cac quy tdc don trong van pham trén. Ta xiy dung

G =<, ALR>vi R ={I>I+A A>AB B-a, 13AB A a3,
I a}

Khéng con quy tic don va G = G,

§3. DANG CHUAN CUA CHOMSKY

Dinh nghia 1: Vin pham phi ngit cdnh G = <Z, A, I, R> duge goi
1a vdn pham chudn cia Chomsky néu mei quy téc trong tap R déu 6
dangA—)BChoécA—)a.ddayA B,.CeAack.

Dinh Iy 4 : D&i vdi van pham phi ngif cdnh G = <%, A, I, R>
bao gi¢ cing tém tai mdét vin pham phi ngit canh dang chué.n
G, = <Z, A, I, Ry> tuong dudng véi né, titc }a L(G) = L(G,)

Chizng minh: Gia si G = <Z, A, I, R> 12 vin pham phi ngit canh
nao d6. Theo dinh 1y 3 thi c6 thé gid thiét trong R khéng chita cac
" -quytdcvaquyticdon A->Bvsi A, Be A
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Ta c6 thé gia thiét trong R chi gbm cac quy tic ¢6 dang A — a,
hodc A + BB, ... By(ddivaeX con A, By, By, ..., By € A).

Néu G khéng théa min cac didu kién trén thi trong G con quy tic
dang A - X véi X 1a mot xau gdém ca cac k¥ hidu chinh va cac k§ higu hd
trg. Trong truong hdp nay, ta xdy dung G’ theo G sao cho L(G) = L(G)
va G’ théa man difukién R'= {A > a, A » BB, ... B,} nhu sau:

1. Véi mbi a € I ta @4t tuong duong véi k¥ hidu méi a. Sau do dat
A=Au {a laeX

2. Trong tét ca cac quy tic cia R ma trong d6 v& phai clia quy téc o6 chita
k¥ hiéu chinh a e T thi trong quy téc d6 ta thay a bdi a ta duge R.

DétR’ZﬁU{E—)a!an}.

Khi d6 ta nhan duge vin pham G’ = <¥’, A, [, R™> tuong duong véi
G nhung R chlgomquytécdangAaa AeXN aeZ A->BB;.. B,
ABeAi=1

Vay ta o6 thé gid thiét vin pham G = <, A, I, R> chi chita cac quy tic
dang A »ahodcA—>BB,..B, Trongdéac £, A BB, ...B, e A

Cé 2 trudng hop sau xay ra d6i véi G

Trwdng hop 1. Ndu tap R g6m cac quy tic dang:
A—>a A->BC acoomA, B CeA

Khi d6 dinh 1y dudc ching minh.

- Trudng hop 2. Néu tap R gém cac quy tic A—a hoic A»B,B,... B,
véin > 2 thi A - B,B, ... B, c6 thé thay bdi cac guy tic A » B,K,,
K; = B:Ky, K; - B;3K, .. Kn3"')Bn2Kn2sKn2_)Bnan 3 day K, K.

. Ky 2 12 k§ hidu phy méi.

Dat A] =Auv { Kl» Kz, vees Kn_2 }, R1= {A—) a, Ao BIKI,

Ki = B:Ky, Ky - BsKa, ..., Kps o BoaKoe, Koy — Bu.By}

Khi d6 G; = <Z, A, [, Ri> » G = <Z, A, I, R> thdoa man didu kién
dinh 1§. Dinh 1y d5 dugc chitng minh.
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Vi du 8: Cho v&n pham G = <Z, A, [, R>, Z={a, b}, A={I, A},
R={I>aAl,I>a, A—>5IbA A>II, A - ba}.

Ta x4y dung vin pham G, = <E, A,, I, R;> tudng duong véi vin
pham G sao cho G; 1a dang chufin CHOMSK_Y. Trudc hét ta xdy dung
vin pham G=<Z, A LR>VviAN={, A, a, b},

={f->aI>aAl;A>IbA A>IA> ba,a >a b —b),
trong d6 R’ gém cac quy ticc6 dang A »ava A > BB, .. B, véia e T
con A, B], Bz, caay Bn e AN,

Tiép theo ta xdy dung vin pham chuin Chomsky G, = <Z.A, I, R,>
cd L ={a, b}, Rl—{I—+a I- aB, B, —» Al, A—)IBz B; - bA AL

A->ba,a—a, b—)b}

R& rang L(G) = L(Gy). Vi L(G") = L(G), suy ra L(G) = L(G,) véi G,
1a vin pham & dang chuin CHOMSKY.

Vi du 9: Cho viin pham phi ngii canh G = <Z, A, I, R> nhu sau:
Z={a, b}, A={[, A B},

R = {I-> bA, I> aB, A—)bAA,A—baI A—>3a,B—>aBB,B->bl,B-b}
Tim dang chuin.

Xay dyng van pham G’ = <Z, A, 1, R> véi
I={a,b}, A= Au{a, b}={I,A B, a, b},

:{I—>EALI—> 5B,A—>§AA,A—>§I,A—)a,
B aBB,B5 bl,Bob,a—>a b b}

R6 rang L(G") = L(Q).
T}?r G’ ta xiy dung dang chuin Chomsky G, = <Z, A,, I, R;> nhu

sau:
Z={a,b}, A = {IABa bFle}

{I—)bA I» aB, A > aFl.Fl—)AA Ao al, A > a,
B«» aFa.Fa—)BB B->bl,B—b, a-—a b -» b}.

.. R8 rang l(@") = L(G,) hay L{(G) =L(Gy).
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g4. OTO MAT DAY XUONG

(Pushdown Automata)

Nhu ta 43 biét, 16p cac ngdn ngit chinh quy do vin pham chinh
quy sinh ra ciing tring véi 16p cic ngdn ngit duge doan nhan bdi 6t6 mat
hitu han (don dinh ho#c khéng don dinh).

Tuong tig ching ta s& thiy trong chudng nay 1a 16p ngdn ngit phi
ngit canh do cic van pham phi ng® canh sinh ra s& triung vdi ldp cac
ngdn ngit duge doan nhan bdi 6t6 mat ddy xudng khéng don dinh.

Dang htu 7 1a chi ¢6 16p 6t6 mat ddy xubng khéng don dinh mdéi ¢
thé doan nhan hét 16p ngdn ngit phi ngit cinh. Con 6t6 mat diy xudng
don dinh chi cé6 khad ning doan nhan duge 18p con thuc st cda lép ngén
ngit phi ngit canh ma théi. Tuy vay 16p ngén ngit duge doan nhéan béi lép
cac 6t6 mat day xudéng don dinh la kha réng, né bao gdm phan 1én cac
ngén ngit lap trinh hién nay. & day chiing ta chi dé cap t6i 6t6 mat diy
xuéng khéng don dinh, goi tit la NDPA hay gon hon 1a PA.

1. Ot6 mat ddy xuéng

PA bao gom mt bing vao, mét ngin x€p va mét b diéu khién
nh hinh duéi déy:

X Xa Xno1 Xq biang vao
B$ didu khién’ Ngin
x8p

Ot6 mat ddy xudng ciing nhu 6t6 mat hitu han c6é bé didu khidn 1a
tap hitu han cac trang thai. Dau doc clia 6t6 mat cho phép doc Ian luot
cac k¥ hiéu trén bang vic tit trai sang nhai. Ngoai ra PA con c6 thém
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bang lam viéc (ngan xép ) hay Stack. nhd ¢é né ma b6 nhd cua PA du’dc
tang 1&n so véi kha ning nhé cla 6t6 mat hitu han. Ngin xep dudgc td
chiic theo nguyén téc ky hiéu vao sau thi ra trugc, giéng nhu 6 nap dan.
Khi dua k¥ hiéu vao ngin xép thi ky hidu d6 dugce trd thanh k¥ higu ddu
cta ngin xép. Khi ngén xép doc thi ky hiéu dé 1a k¥ hiéu trén cung va
khi ky hiéu dé dugc doc xong thi né sé bi loai khéi ngin x8p. Mét ngin
xEp nhu vay com dude goi 13 mot danh sach day xudng.

Mét bude chuyén ciia PA

Cén clt vao trang thai hién tai ciia bs diéu khién, k¥ hidu vio ma
didu doc dang quan sat va k¥ hidu diu cia ngin xé&p, 6t6 mat diy xudng
sé chuyén sang mét trang thai méi ndo d6 va dong thoi ddu doc c6 thé
dudc chuyén sang 6 bén phai. Néu dau doc chupén sang 6 bén phai thi
ta go1 qua trinh trén 14 mét budc chuyén. Ngugc lai, néu ky hiéu vao
khéng 4nh hudng tdi budc chuyén thi ta goi d6 1a budc chuyén “nhém
mat” va trong bude chuyén d6 ¢au doc van dimg yén tai ch8. Thuc chit
ctia bude chuyén “nhim mit® 1a sy tam ngimg quan sat bing vao dé
chan chinh lai ngan x&p. C6 2 cach doan nhan xau vao clia PA:

Cdch 1: Xau vao dugde doc xong va PA chuyén duge vé mét trang
thai két thic nao d6.
| Cdch 2: Xau vao duge doc xong va ngin x&p trd thanh réng. Sau
nay ta s& chi ra hai cach thita nhéan trén la tuong duong.
Vi dy 10: Cho vin pham phi ngit cdnh G = <S.A, T, R>,
vél  2={0.1,c}, .
={I}, R={I->010,1 - 111, - c}.

Dé nhan thy ring cac xau c6 dang w ¢ w(véi w e {0, 1}, w 1A
x4u viét cac ky hiéu clia xdu w theo mdt thit tu ngude lai) dugde sinh
ra bdi vin pham G. Ching han d3i véi xau w = 010011 thi xdu
wew = 010011¢110010 & ¢6 din xust day du sau day:

D =, 0f0, 01110, 0101010, 010010010, 01001110010,
0100111110010, 010011c110010) hay wcw e L(G).

Mit khac xdu wew c6 thé duge doan nhan bdi PA ahu sau:
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Trudc hét d3t xau X = wew 1én béng vao. Dau doc dich chuyén tit
trai sang phai. Ban dau ngin x&p réng. PA ¢6 hai trang thai p, q trong
d6 p la trang thai ban ¢dau. Khi & trang thai ban dau p, ddu doc doc ky
hiéu trén bing vao la 0 hodc 1 va né dua k¥ hiéu d6 vao ngin xép.
Trang thai cia PA c d6 van 14 p. Pau doc dich chuyén sang bén phai 1
6 va doc ky higu trén 6 méi nay. Néu k¥ hiéu nay 14 0 hosic 1 thi PA dua
k¥ hiéu d6 vao ngin xép, trang thai clia 6 t6 mat van 1a p va dau doc lai
dugc chuyén sang phia phai 1 6.

Qua trinh d6 van ti€p tuc cho t6i khi dau doc gap ky hiéu c. Khi d6
6t6 mat sé chuyén trang thai p sang trang thai q va dau doc chuyén
sang phai mét 6. Tai thoi diém nay ngin xép xuit hién xau w. Ky hidu
bén phai nhit cia w nim trén cing clia ngin xép, con trang thai cla
0td mat 12 q. Dau doc dang chi 6 bén phai k¢ hiéu c. N&u ky hiéu cia 6
nay la ky hidu 3 8 trén cung clia ngian x&p thi PA loai ky hiéu trén cung
ra khéi ngan x€p, ky hiéu dudi né lai 1én vi tri ddu clia ngin xép, PA
chuyén dau doc sang phai 1 8, con trang thai vin 13 q. Qua trinh d6 cit
tiép tuc va ¢6 hai kha ning xay ra : ‘

1) PA doc hét xdu x va ngin x&p trd thanh rdng thi PA ditmg lai va -
doan nhin dudec xdu x = wew.

2) Cac ky hiéu & ngin x&p chua bj loai hét thi dau doc gap ky hiéu
trén xau vao khac ky hiéu trén cing cua ngin x&p. Trong trudng hop
nay PA khéng doan nhan xau x.

Tém lai ta di x4y dung dugc 6t6 mat diy xudng doan nhan
NNPNC gém va chi gbm cic xau ¢6 dang wew .

Nhdn xét: Nhd ¢6 ngin x€p ma PA ¢6 kha ning nhd duge nita ddu
clla Xdu x = wew véi w c6 dd dai tuy ¢ va sau d6 né so sanh dan véi nita

cudi w clia x. Otd6 mat hitu han khéng c6 kha nang nay.

Bay gio ta dinh nghia mét cach hinh thitc 6t6 mat ¢4y xuéng nhu
sau;

Dinh nghia 2: M6t 6t mat diy xudng PA 13 mét b sdp thi tu
M=<Z,Q, T8, qo Zo, F>, 6 day:

Z - 1a tap hitu han, khac réng cac k¥ hiéu vao;
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Q - tap hitu han, khac réng cac trang thaisaoccho £~ Q = &

[' - tap hitu han, khac réng cac ky hiéu ma ta goi 1 cac ky hiéu
cla ngin xép;

Zy € I' 1a ky hiéu dic biét, goi 1a ky hiéu day clia ngén x&p (con goi
la ky hiéu dau cta danh sach diy xudng);

qo € Q - goi 1 trang thai ban dau:
F < Q - tap trang thai két thic:

§:Zu{txQxI™ - 29 13 ham chuyén ciia M.
Budc chuyén ciia PA

a. Mgt ding thic dang: 8(a. q. Z=((@). 1), Q2 V2 . (e Tuhe
trongdéZeTl.acX qeQ v,¢ ,i=1..m duge goi Ia mét budc
chuyén ctia PA. N6 dang & trang thai q. doc k¥ hiéu a & bang vao va 7 la
k¥ hiéu 6 dinh ngan xép. Khi 6 né chuyén sang trang thai q;, thay ky
higéu Z & dinh ngin xép bing xau . i=1...m, dong thai chuyen dau doc
sang bén phai mét 6. Quy udc ring khi dua Yi vao ngin xép, ky hiéu bén

trai nhit clia v; s& nim & phan duéi, con ky hiéu bén phai nhit ctia y; 58
nim 6 & dAu ngin X&p.

b- MOt déng thﬁc Cé dang. S(A q. Z) = {(ql YI) (st Yz) (R (Qms Ym)}

Dién td mdt bude chuyén “nhim mit” cia PA: Ot mat & trang
thai q, ky hiéu Z 4 dinh ngan xep Khi d6 PA chuyén trang thai q vé g,
va thay Z € " & dinh ngin x€p béi xau % (1 <1< m). con dau doc thi
khéng dich chuyén.

2. Ngén ngit doan nhén caa PA

O mét thi didm, tinh hudng titc thdi ciia PA xéc dinh béi 3 y&u t8:

~Xauael trong ngin x€p (vdi quy udc 11 ky hiéu bén trai nhit
(bén phai nhat) cua o ndm & day (@ dinh) ngin x&p).

- Trang thaiq € Q.

- Phan x4au vio x € £ chua duge doc dén trén bing vao (véi quy

udc: k¥ higu bén trai nhat cia x 1 ky hidu sé duge doc ti€p). Hinh trang
hién thdi clia PA c6 thé mé ta nhu & hinh duéi day:
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Hinh trang tic thai cua PA ta k¥ hiéu 1a KthiK = (%, q, o). Qua
trinh doAn nhén xdu vao v € ¥" clia PA 13 qua trinh bién ¢6i hinh trang
b4t dau tir hinh trang ban dau (o, qo, Zo) théng qua cac suy dan truc tiép
|— va suy dan gian tiép | duge dinh nghia nhu saw:

Dinh nghia §: Gid s ¢6 hai hinh trang K = (®, q, v) va
K=, q.Vv).

1. Ta néi hinh trang K suy dan tryc tiép tu hinh trang K (ky hidu
K b K), néu c6 @ = X 0, v = Vok, V' = vom thoa man:

x € T U Al = oy ddng thdi (q', m) € 3(x, q. K).

2. Ta néi hinh trang K’ suy dan gian tiép tit hinh trang K (ky hiéu
K } K), néu c6 mét day cac suy dan truc tiép K = Ko, Ky, .., Ky, g day
K'l |- KiH (1 =0, 1. t—l)

Sy doan nhan ngdén nga ctia PA c6 thé thue hién duge theo hai
cach. Gia sit M 1a mét PA. Ky hiéu T(M) 1a tap cac ngdn ngit doan nhén
duge bdi M theo tap trang thai két thac. Null(M) 1a cac ngdn ngit doan
nhan dudc bdi M theo kifu ngin x8p (Stack) réng. Ta cb thd dinh nghia
TM) va Null(M) nhu sau:

TM=lo/ve ¥ sa0 cho (@, qo, Zo) F(A gV viiqe F.ve F*}.
NullM)={o /o e X, (@ qZo) | (r aN)véige @

htu § ring néu doan nhén ngén ngit theo ngan xép rong thi trong
M=<3,Q,T,8, qq Zo> cho FF = &
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Bay gid ta phat biéu va ching minh dinh 1y trong tim sau:

Pinh Iy 5 : D51 véi moi ngdn ngit phi ngit canh L ¢6 tén tai mét 6td
mat diy xudéng khéng don dinh M doan nhan L.

Chitng minh : Gid sit G = <3, A, I, R> 1a mét van pham phi ngit
canh sinh ra ngdn ngit phi ngit canh L hay L(G) = L.

Ta x4y dung 6t6 mat diy xuéng khéng don dinh
M=<Z, Q. T, 8, qo Zy, F> doan nhan L véi:

T 1a bang cac k¥ hidu vao( chinh 1a £ cua G),

Q = {do. q;. g2} 12 tap cac trang thai,

=X w Au{%;) 1A tap cac ky hiéu ngin xép,

Zo = I1a k¥ hiéu dau clia ngan xép,

Qo € Q la trang thai ban dau,

F = {q,} la tap trang thai két thic,

Ham chuyén &: 2 U {A} x Q x I > 2% dinh nghia qua cac biéu
thiic sau:

Lo @) ={q. w)/E>weR EcA we Y w laky hiéu
xdu duge thanh lap tit xadu w véi tha ty nguge lai).

2. 8(a. q1. a) = {(q;, A)} dél v8imoi a € Z.

3. 8(~, qi. %) = {(qa, %)}

4. 8(n, qo, 1) = {(q,, %D).

Ky hidu % 13 ky hidu day ngin xép diic biét khong thudc tap T U A.

Gia st w ¢ L = L(G). Khi &6 vdi w c6 tén tai din xuat day di trong
GlaD= (I, u1§|v1, U}UgggVQ. IR ¥ § I un_l’c'_,n_lvn_l. Uy, Wy, ..., Uy = w), i} dﬁy
EeAycvieZuA(l=igsn-)vau, €.

Duta vao cac quy téc cua G sit dung trong dan xuit day da D cha
XAU W = U Uy...u,, 0td mat ddy xudng M doan nhan w theo nguyén téc
sau:

Trén bang vao cua M ta dit xdu w = wyuy...u,.
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Dya trén M ap dung ham chuyén trong cac biu thite 4, 1, 2 ta cb
(W, do. Zo) = (W, qo, D) | (w, A1, %) = (Wug...uy, qu, %D) B uug...u,, qy,
%v g,u ) ¥ (ugus...uy, qu, A:.v £, chd ¥ u, , v, la xdu thanh lap ti xdu
u;, v; theo thit ty ngude lai.

Gia sit cac quy téc tiép theo (sau quy tdc I — u,&,v;) trong D 1a
& > Zie RA=1,2 .,n2) véi § € A Z, € £ u A sao cho
Ziv; = uin&is1Vie. Khi d6 M sau thdi diém thuc hién quy tic I - u,8,v, né
¢6 hinh trang (uus...u, q;, %;,_E,l). Hinh trang ctia M khi ap dung quy
tic & - Z; (i =1, 2, ..., n-2) bign ddi nhu sau:

(U.2113...un, dQi. %Egl ) F‘ (u3-"ul:l- q1. %v_] Z_l) =
=(ugus... Uy, q1, %Z‘ézg) |'2- (ua..uy, qi, %;;gz) ]'1
i': ('l.ln, di, %Vn——l gn-l) (*)

Trong D ta sit dung quy tdc &, > Z,; € R véi Z, vy, = u, ta ¢
hinh trang cia M la: (u,, q;, %V, | &) }-: (uy, a1, %vy g Zyq) =
(un- q1. %- un ) i-z (A'! qls %) P (A! qz. %) (**)-

Tit (*) va (**) ta c6 suy dan gian tiép cha w trong M la (w, qo, Zo) |
(A 2. %) ma g, € F nén doan nhén duge xau w. Dinh 1y 43 duge chiing
minh.

Bay gid ta chi ra sy doan nhéan cua 6t6 mat ddy xuéng M theo tap
trang thai k&t thic va theo ngan x8p rdng 13 tudng dudng nhau.

Binh ly 6 : DO1 v4i méi 6t6 mat day xudng M; déu tén tai mét 66
mat diy xudng M; sao cho Null(M,) = T(M,).

Chiing minh : Gia sit My = <Z3,Qi, I, 8, q'o. Z', F> 12 6t6 mét ddy
xudng nao dé6.

Ta xﬁy dlmg 6td mat dé’y xuﬁ’ng Mg = <22, Qz. Fz. 52, qzn, Zzg. F2>
sao cho Null(M,) = T(M,).

Muén vay ta dua thém vao k¢ hiéu trang thai méi q'1, q's ¢ Q, va
ky hiéu ngin kéo méi % ¢ I'; va dat
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ZZZEI& ]
Q:=Qwiq'y,qsl
Fa =T v {%},

2 _

Jo—-91.

Z2u:%.

F2=®

5, T AN xQyx[, — 292 dude dinh nghia nhit sau:
8>( A 4'1, %) = (e, %. Z'o)},
92X, q, ) = 1(x.qa)véix e ), qe Q a eI.

X, q,00) néuqe @\F,,ael,.
da( A q, ) = .
5(/\,(];00\-’{(‘12»/\)} néu q € Fy, ael.

8o~ 0.%) = {(g's. V) véi q € F,
S2( A q'z @) = (@' AN} VB @ € U {%:}).
Bay gio ta chi ra NullM,) = T{M)).

Gia sit w € Null(M;) khi d6 theo cach lam viée ctia M, thi ta c6 mét
day cac hinh trang sau: ‘

; M M, ..
w, 0. Z%0)= (w. q'1, %) E?K, P{IQ K, M2 FPK = (A, q, A) v6i
t22, Ki=(Wi,q.v). w; €2, . g€ Qo vie y(i=1, 2, ..., t).
Theo cach xdy dung cia M, thi

Ki(w, @'o. %Z'5), K. = (~, q's A) va w € NullM,). Tir d6 3 i < t sao
cho:

Ki=(n a %) FP® g5 %Vi), 8day g e Fi v, vis e T, va
K = (wi, q;, %v5) Me(win, g, % Vi), ddaywie I, , gj € Q,,
. Vi€ rl'(lsjsl).
Citing nhu Kj = (A, qlg, % Vi), dday v e 1"1' (1<j<t).
Tur d6 (w, q‘o. Z') F(A, q;, %v) vaidog; € Fisuyraw e TM,) .
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Tém lai ta ¢6 bao ham thitc Null(M) c T(M)).

" Bao ham thitc nguge lai TM)) < NullM,) dugc suy truc tiép tir
cach xay dung M, ti M,.

D& k&t thic phin nay ta chitng minh dinh 1y sau day:
Dinh 1y 7 : D5} véi mdi 86 mat ddy xudng M bao gi cfing x4y
dyng dugc mét vin pham phi ngit canh G sao cho Null(M) = L(G).

Chitng mink : Gia sit M = <Z, Q, T, 8, qo, Zo, F> 13 mdt 6t5 mat
ddy xuéng. Theo dinh lf 6 ta cin chi ra cé6 vin pham phi ngit canh
G = <3, A, 1, R> sao cho NullM) = L(G). Khéng gidm tinh tong quat gid
st " ¢ NullM). Ta xay dung véin pham G & trén nhu sau:

ZlaZcaa M,

A={vi{lq, o qd /g€ Q aecTUE,
I 14 k¥ hiéu hd trg ban diu caa G.
R=R, uR; R, & déy:
Ri={I-lqna4al/qeQacl}

R2 = {[t1$a,t2] 4 x[t'3s Oy, qn-l][qn-lyo‘n-l! qn-2] [Q2, g, QI][Qh a,, t?.] ‘(
viine{l,2, .},q€6Ql<i<n), t;, ts, t3e Q. xeZu{} va
(ts, 103 ... ay) € B8(x, t;, a)}.

~ Ra={lt,o.ta]l > x‘! (o) edx ) viiae Dttt e Q,xe T U}

Ngudi ta d3 chi ra duge v6i G dinh nghia nhu trén 1a vin pham
phi ngit canh ma L{G) = Null(M), tic 1a 16p ngbn ngit do G sinh ra doan
nhan bdi 5t6 mat ddy xudng M.

g5. PHUONG PHAP PHAN TICH TAT BINH TREN L&P
NGON NGU PHI NGU CANH

Trong ¥ thuyét ngén ngi, mét trong nhimg vin dé ngudi ta quan
tdm 1a: Cho L 1 mét ngdn ngit, ® 13 mét xau ndo 46 trén bang ky tu I.
Lam th€ nao 4€ biét duge © € L hay khéng? Dudi day ta xem xét bai
toan trén trong khuén khd vin pham phi ngit cdnh va nguoi ta da dung
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cac phuong phap phan tich 'I‘op Down, Bottom-Up va phuong phap
phan tich tat dmh

Phén tich Top-Down va Bottom-Up cé nhuge diém la khi dua xau
vao d6 dai n thi s6 budc ma thuat toan cAn phdi phan tich 1a C"
{ C - hang s6 nao d6).

Néi cach khac, khi chi€u dai cha xau vao ting thi thdi gian phin
tich-cuia thuat toan ting rit nhanh. Vi vay, trong phan nay chiing ta dé
cap t6i b phan tich 1am viéc hiéu qua hon, cu thé thdi gian phan tich
t6i da 134 C.n (n - d6 dai x4u vdo, C - hing s8). Nhung cach phin tich
nay chi lam viéc duge véi mét 18p con cac van pham phi ngit cAnh (tuy
nhién 16p con VPPNC d6 cling chita kha nhiéu ngén ngit lap trinh). Ldp
ngdn ngit ¢6 thé dung phan tich tat dinh 1a 16p cac vin pham phi ngit
canh khéng nhap nhing va khéng ¢6 quy tic lap trai.

1. Phén tich tit dinh

Co sd cia phuong phap nay Ia phén tich Top-Down va Ots mat ddy
xudng.

Mé hinh cua phén tich tat dinh bao gom:

M6t bang vao. chifa xau cin phan tich véi k¥ hidu két thie ciia xau 1a $.

Mot Stack (hay mét danh sach ddy xudng), chita cac k¥ hiéu cia
van pham va day dugc danh dau bai §.

M6t bo phan diéu khién chia chudng trinh phén tich va bang
phan tich M, 8 day M la mang hai chidu M[A,a] véi A - k¥ hiéu khéng
két thiic, a k¥ hiéu két thiie.

Mot dau ra Xem hinh dudi day).
Xau vao

wi

¢ Chuong trinh
phdn tich tat
dinh

——+ Ra
e Bang phin tich
M




206 ' Churong 7. MAY PUSHDOWN DOAN NHAN NGON NGUf PHI NG CANH

Hogt déng cua bd phén tich tat dinhH

Hoat dfng clia bé phan tich t4t dinh H dugc xac dinh tit k¥ hiéu X
trén dinh Stack va k¥ hiéu vio a clia x4u vao. Cac kha ning sau c6 thé
XAy ra:

Néu X 1a ky hiéu két thic:
1. X=a=§, bg phén tich ding, tuyén bd phan tich thanh céng.

2. X =a# §, bd phan tich 14y X ra khdi Stack va dich con trd xau
vao sang phai 1 6.

Néu X 14 ky hidu khéng két thic: bo diéu khién sé xét vi tri MIX, a]
cia bang phan tich M. Vi trf nay c6 thé 1a

~+ Mot quy téc dang: M[X,a] = X - uvw. Trong trudng hop nay lay
X ra khéi Stack, va thay vio dé 1a wvu (u ndm trén cing cda Stack), bs
phén tich thyc hién chitc ning md rong cay va in ra quy tdc vita duge st
dung 14 X - uvw.

+Néu MIX.a] = error (vj trf 18i), bg phén tich s& goi ham khéi phuc
15i.

Ta c6 thé mé ta thuat toan tit dinh nhu sau:
“Thugt todn:
Vao: Xau vao w va bang phan tich M cita van pham G.
Ra: Néu w e L(G) thi dua ra suy dan trai nhit ctia w, néu khéng
$& thong bao 16i.

J trang thai g4u, Stack dutge dat ky hidu IS con xau vao 3 ws.
Repea} |

dat X 12 ky higu clia dinh Stack va a 1 ky hidu ti&p theo;

if X = § then X 1a ky hiéu k&t thiic

if X = athen

18y X tir dinh Stack va loai a ra khdi w
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else error{).
else {X khong phai |2 ky hidu két thic)
if M[X.a] = X > Y,Y, ... Y, then
Begin
18y X tit Stack;
dua Y, Y, ... Yq vao Stack{Y, & dinh}
End
else error();

Untit X = $; {Stack réng}

Ta xét vi du minh hoa sau déay:
Vi du: Cho VPPNC G = <X, A, I, R>,
T=i{xy 2z, A={ A, R={->xA A-z|yAl

G ¢6 doan nhan xidu vio xyyz € L(G)?

Stack '~ input output

$1 Xyyz$

$AXx xyyz$ I >xA
$A yyz$

$Ay yyz$ A->yA
$A yzd

$Ay yz$ A->yA
A -z
$z z$ Aoz

$ $
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Viy xyyz € L(G) va cidy phéan tich trai (Top-Down) c6 dang

AN
7

Xiu xyyz € L{G) doan nhan dugdc bdi phucng phap phan tich tat
dinh.
2. Cac ham FIRST, FOLLOW

Phén tich Top-Down ddi hoi vin pham khéng ¢6 dé quy trai (vi
néu cb thi ta c6 thé ding thuit toan d€ xéa dé quy trai, tic la thay quy
téc dé quy trai bing quy téc khéng dé quy trai, nhung vin pham vén
tudng duong). '

D5i véi phan tich tit dinh ngusi ta chi sit dung van pham khéng
dé quy trdi va khéng nhdp nhédng. ThE ndo 1A vin pham khéng nhap
nhing.

Ta xét vi du v8 vin pham sau diy:

Vidu:Cho G=<Z, A I R>,
I={xyz,A={ AB}
R={I->A|B, A->xAly, B—>xB|z}

Doan nhan xiu vao xxxz € L(G)?
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Stack input output
$1 xxxz$
$A xxxz$ I>A
$AX xxxz$ A xA
3A . xxz$

$Ax xxz$ A xA
$A xz$

$Ax xz$ A->xA
$A z$

A
SN
A\

Khéng phai 1a ciy phin tich Top-Down (vi 14 cé chita A € A) ciia

XAu Xxxz.

Vi khéng c¢6 quy tic A — z, nén vidc doan nhan bj tic va thuat
toan dung lai khéng cho két qua.

Tuy nhién néu ta doan nhan theo trinh tyt sau day thi lai dugc:

Stack input output
31 xxxz$
$B xxxz$ I1->B
$Bx xxxz$ B - xB
$B xxz$

$Bx xxz$ B->xB
$B xz$

$Bx xz$ B - xB
$B z$§
$z z$ Bz
$ 3

14 cdy phan tich Top-Down ciia xiu xxxz.

I

|

B
N
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Hién tugng trén ggi- 14 hién tugng quay lui (Back-tracking). Vin
pham c6 hién tugng quay lui khi ap dung phudng phap Top-Down ciing
gol 1a vin pham nhip nh%ng. _

~ Lam th€ no &2 bist duqc m§t VPPNC 12 khéng nhap nhing.
Mudn giai quyét diéu d6,’ ta can dua vao khai. niém ham FIRST va

FOLLOW. |
Dinh nghia ham FIRST va FOLLOW .
Dinh nghia ham FIRST:

Gia sl trong vin pham cé quy tic daﬁg A& |E]... 1. Khidéta
dinh nghia:
First(A) = tap cac ky hi¢u ket thiic & vj tri ddu tién cia xdu c6 thé
suy din duge tit & (i = 1, k). NSu A — A thi A e First(A).
' Céch tinh ham First:
1. Néu aelX, Lj e Zwuw AY thi First(at) = {a}.

2. N&u A - ;] &, ... | £, thi First(a) = U First(g).
i=1

3. Gia sﬁA—)allazl...luk,Ae A,

: k
Khi d6 First(An) = |} First(o)
- =l

Dinh nghia ham Follow:

Follow(A) = tap cac ky hiéu két thic a ma ching ¢6 thé xuat hién
ngay bén phai A & trong médt s§ dang ciu, tic 14 tap cac ky hidu két thiic
a sao cho tai suy dan dang I »>*aAap d8i véi a, B 1a cac xdu bit ky. Néu
A 13 bén phdi nhat trong dang ciu thi thém $ (k¥ hiéu két thic) vao
Follow(A).

Cach tinh ham Follow:
'N&u cac quy tdc clia van pham ¢6 dang X; »EAn; G = 1, k) thi

k .
Follow(A) = |} First(ny.
i=1.
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3. Diéu kién 48 VPPNC khong nhap nhing va khong 3
quy trai '

Gia sit vin pham G = <Z, A, I, R> ¢6 cac quy tic A > o|B. Vin
pham G la khéng nhép nhing va khéng da quy trai néu né thda man
hai di€u kién sau day:

a) First(a) ~ First(B) = &
a) First(A) ~ Follow(A) = @
Xét mét sé vi du sau’”
Vidy I: Cho G =<5, A I, R>,
2={%y.2, A={, A}, R={I> xA, A > z|yA).
Trong vin pham nay ¢6 quy téc dang: A > z'I YA.

Ta cb: First(A) = First(z) u First(yA)= {2} w iy} = {z,y}, & day
First(z) ~ First(yA) = {2} ~ {y} = @ thoi man didu kién a).

Ta lai 6 First(A) = {y,z} va Follow(A) = {*. _
Vay First(A) n Follow(A) = {y,2} » {*} = & thod man didu kién b).

Vén pham trén 1 vin pham khéng nhap nhing va khéng dé quy
trai. Do d6 c6 thé doan nhan duge xdu xyyz e L(G) bdi phén tich t4t
dinh (xem bang phan tich & vi du trén).

Vidu2:Cho G=<Z A1 R>,

Z={xy.2, A={[, A B, R={I>AIB,A—>xAly. B > xB|z}

Trong R ¢6 chita quy tic I —» A|B. '

Ta tinh First(I) = First(A) U First(B)
= {First(xA) u First(y)} U {FirstxB) u First(z)}
=oullvixuizg =&y, 2.

Tuy nhién First(A) = {x.y}, First(B) = {x, z}

First(A) nFirstB) = {x, y} n {x, 2} = ix} 2 @ (vi pham diéu kién a)

Ta tinh Follow() = {A}. Vay First(I; ~ Follow() = & (thod man
diéu kién b).
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Vin pham trén 1a nhap nhing. Sy nhap nhing & diy 1a do suy dan
tit] - A hay I - B1a khéng r6 rang.

Ta c6 thé xdy dung mét van pham G’ = G nhung G’ khéng nhép
nhing trong vi du sau:

Vidu 3: Cho G = <E, A I, R>
nhu trong vi du 6 muc 2. Hay xay
duing G ~ G ma G Khéng nhap
nhang.

G=< A LR>Z={&Ky12 =2,

B
x/\B
A={,C}, R={-C |, C>ylz { ,
Ta chitng minh G’ ~ G. '
©

That vay ta da biét trong vi du
trude day la xdu xxxz € L(G) vdi cay
phén tich trai (Top-Down) (hinh bén). z

Ta chi ra xxxz € L(G").

Stack Input output

31 xxxz$ I

$Ix xxxz§ I »>xl /\

$I xxz$ X

$Ix xxz$ I->xl /\

$1 xz$ X /\‘

$Ix xz$ I —>xl X

$1 z$ |
C

$C z$ I1-C ‘

$z z$ Coz z

b $
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Chimg t6 xxxz € L(G). RE rang chi ra diéu ngugc lai.

Ta chithg minh G’ 1A vin pham khéng nhap nhing. Trong G cb
cac nhém lénh:

I->C|xl: { First{I) ~ Follow(I) = & -
First(C) m First(x]) =

{ First(y) m First(z) = &

Coylz

First(C) » Follow(C) = @

First(I) = First(C) u First(x]) = {y,z} v &} = {x, ¥, Z}.
First(C) ~ First(xD) = {y,z} ~ {x} = & (thod mén diéu kién a).

Follow() = {A}. Vay First(d) ~ Follow(l) ={x,y,2} n {*} = @ (thoa
min diéu kién b).

Ta lai ¢é: First(y) = {y}, First(z) = {z}.

Vay First(y) ~ First(z) = & (thod man a).

Firat(C) = {y,z}

Fdllow(C) = {#}. Vay First(C) n Follow(C) = & {thoa mén b).

Suy ra G’ 1a khéng nhap nhing. D8 phan tich ct phap trong vin
pham ta nén va chi nén sit dung G'.



CHUONG 8

MAY TURING KHONG BON DINH DAN HOI
BOAN NHAN NGON NGU VAN PHAM

~ §1 . DINH NGHIA MAY TURING KHONG DON DINH
DAN HOI |

1. Mb6 ta sy hoat ddéng cua may Turing don dinh khéng
dan hdi
May Turing don dinh 12 may ma trong cac 1énh ctia né khéng ch[}’Ia
dang: .
a—->p

} B=v

o>y

May Turing don dinh ding dé bidu didn thuit toan va su 1am viée
cia thuat todn 1A qua trinh tién dinh, titc 13 bude sau cia né duge xac
dinh hoan toan nhé vao budc trude, dic biét két qua ciia toan bé thuat
toan duge xac dinh dua vao diu kién ban dau.

Trong muc nay ta xdy dung may Turing khéng don dinh véi bang
1am viéc dan héi ma may Turing don dinh chi 13 trudng hop riéng cua
na.

Sy khac nhau giita may Turing don dinh vd may Turing khéng
don dinh véi bing lam viéc dan hdi (goi tit 14 may Turing khéng don
dinh dan héi) thé hién qua cac diém sau day:
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. 1) Trong may Turing don dinh khéng chtta cac lénh o - B, a — ¥
V01 B # v, con trong may Turing khéng don dinh thi c6 thé chita cac lénh
dang trén. Di nhién tai mét thdi diém né chi duge phép chon mjt trong
cac lénh d& lam viéc.

2) May. Turing don dinh chi ¢6 mét bang vao, cén may Turing
khéng don dinh lai lam viée trén hai béng: mét bing goi 1a bang vao,
con mét bing goi la bang lam viéce. ‘

Trén bang vao ghi tit xuit phat ma frong qua trinh lam viéc né
khéng thay déi, hon nita mdt k¥ hiéu chi doc mét 1an. Toan b cdng viéce
con lai may 1am viéc trén bang thit hai.

3) Tinh dan héi cha bang lam viéc (bang thit 2)

a) “Tinh co lai ca bang lam viéc™:

Trong khi x6a ky hiu & 6 lam viéc, may huy bd luén chinh 8 nay,
sao cho hai & canh né lai trd thanh hai 6 ké nhau.

b) “Tinh dan ra cta bang lam viéc™: Giita haj 6 b4t ky thuéc bing
1am viéc, may c6 thé lap thém 6 méi va c6 thé ghi ngay trén & nay ky
hiéu can dung.

Ich lgi ctia “tinh dan héi® 1a & chd né cho phép trong khi mé hinh
hoa cac van pham bing may cé thé thyc hién vdng quanh ma khéng can
chuyén dich toan bd néi dung clia bing.

D& hiéu xau sic hon 1y thuyst vin pham ngudi ta phai théng qua
1y thuy&t may Turing, ddng thdi khi nghién cttu vin pham thi may
Turing la phuong tién k¥ thuat rat tién lgi.

Vily do d6 ta can xay dung may Turing khéng don dinh véi bang
lam viéc dan héi.

Dinh nghia 1 : May Turing khéng don dinh vdi bing lam viéc
dan héi gdm cé:

a. Hai bang hitu han duge chia thanh timg 6. Mgt bing goi 13
“bang vao” va mét bing goi 1a “bang lam viéc”.

b. Hai bang chit cai V, W va dugc goi tuong tng 13 bang chit vio va

bang chit 1am viéc. Cac phén tit cha chiing ciing dudc goi moét cach tuong
tng 1a cac ky hiéu vao va cac ky hidu lam viéc. '
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c. Cac k¥ hidu #, # ¢ V.u W, # goi 1a ky hiéu bién trai, con # goi la
k¥ hidu bién phai.

DatV=Vufif, #vaW=Wu {#.

d. Dau doc vao va diu doc lam vide duge chuyén dich trén bang

vio va bang ]Jam viéc tudng Ung.

e. Tap hitu han cac trang thai trong Q = {a1, ... Qu}, trong d6 lay ra
phan tit q; - goi 13 trang thai ban ddu, va tap Qo c Q - goi 1a tap trang
thai két thic.

f Chudng trinh lam viéc cia may gdm cac lénh 14 cac tit trong
bang VU W u Q u {T, P. 5}. Cu thé gdm nim 1énh dang sau day:

(i) o2 — qp; (i) AQe — 95 ;

(iii) gu —> Agp; (iv) 9o — qpT; -

V) qu—qpP, ddiyaecV, AecW q.vage Q.

Gidi thich néi dung ndm lénh trén :

M&5i 1énh thuc hién mét s6 hoat déng va né phu thudc vao cac yéu
td sau day:

1. Trang thai clia may khi bt dau thyc hién lénh;

2. Caic ky hiéu dude doc bdi dau doc;

3.'Vi tri clia dau doc 1am viéc.

Cu thé néu v& trai ciia lénh cé ky hiéu q., v€ phai cé k¥ hiéu qp thi

chuyén ti trang thai q. sang trang thai g, déng thei véi sy lam viéc &
mot trong cac truéng hgp sau day: ’

Trudng hop 1énh dang (i): g.a > qs

Néu a khéng phai 1a # thi chuyén dau doc sang phai mét 8, néu
nhu 6 dang doc c6 ghi k¥ hiéu la a.

Né&u a 1a # thi dau doc vao va dau doc 1am viéc gilt nguyén tai chd.
Trong trudng hgp (i): Aq. = qp '

Néu trén 6 lam viéc dang doc ¢6 ghi k¥ hidu A thi hiiy bé 6 nay va
chuyén didu doc sang 8 ndm sat bén trai é vita bi huy béd (tinh co lai caa
bang lam viéc).
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Trong trudng hop (iii): qs —> Agp

Lap thém & méi § sat ngay bén phai 8 1am viéc dang dugc doc va
ghi trén 6 nay ky hiéu A, dau doc chuyén dén 6 nay (tinh din ra cla
bang lam viée).

Trudng hgp (v): Qe — qpT

- Chuyén d4u doc 1am viéc v& phia trai mét &, néu né khong & bién
trai #. :

Trusng hdp (v): qu —> qpP
_ Chuyén d4u doc 1am viéc v8 phia phéi mét 6, néu né khéng & bién
phai =. ) :

Ching ta goi tip hgp cac hoat déng duge chi ra § trén 1a mdt bude
‘lam viée cia may.

Do tinh khéng don dinh ma tai mét théi diém nio d6 may cé thé
duge img dung nhifu 1énh khac nhau, nhimg né chi duge thuc hidn mét
1énh, do d6 né phai chen trong 86 cac 1énh, 18y mdt 1énh dé€ lam viéc.

Dinh nghia 2 (Trang thai todn phin)

Trang thai toan phin cia may Turing khéng tién dinh véi bing
1am viéc dan hdi 12 bs sdp thit ty (g, ¥, X, X, X?), 6 44y q. € Q,
e (VM),x e M, X e@),X e (W), xx” 1a mét tit trén bing vao
véi x’ 12 phan ndm bén trai didu doc vao va x” ndm bén phai ddu doc vio.
XX’ 14 tit viét trén bang lam viée, X' 12 phan ndm bén trai ddu doc lam
viée, con X’ ndm bén phai diu doc lam viéc.

Pinh nghia 8 (Trang thai toin phan ban dau va két thiic)

Trang thai toan phin cé dang (q,, A, #x= A, #) véix € V dugde goi
1a trang thai toan phéan ban d4u, § day q, la ky hiéu trang thai ban dau
cia may (goi tit 12 x-trang thai toan phan ban dau).

Trang thai toin phén c6 dang (qs, #x, #, #, A) vdi gr € Qo, x € V goi
la trang thai toan phan két thiic (x-trang thai toan phan k&t thic).

Dinh nghia 4: Néu trang thai toan phin § nhan dugc ti trang
thai toan phan S bdng cach ap dung mét 1énh nio d6 ctia may thi ta néi -
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ring S dat dude truc tiép ti S trong may M (k§ hiéu Srul? S, hay gon hon
13 SES). -

Dinh nghia 5:

1) Day cac trang thai toan phan C = (Sy, 81 ..., S (n = 1) dudge goi
13 mét tinh toan ciia may M néu véi méii (i= 1,n) ta c6 Si, F S;. S6 n goi
1a d6 dai cua tinh toan C.

2) Trong tinh toan C thi trang thai toan phan S, dat duge tU trang
thai toan phan S; nén ta viét So} S,.

Néi cach khac néu trong tinh toan C = (Sy, Sy, ... Sy ma S F S;
Vi=1, 2, ..., n thi ta néi So |} S,.

3) Néu mét tinh toan bit diu bdi x- trang thai toan phan ban dau
thi ta néi tinh toan 46 14 x - tinh toan.

4) N&u mét tinh toan bit dau béi x- trang thai toan phan ban diu

va két thiic bang x- trang thai toan phan két thic thi tinh tean d6 goi la
x- tinh toan day da.

5) [x,y]- tinh toan 13 mét tinh toan bit diu bing x-trang thai toan
phan ban dau va két thiic bdi trang thai toan phan c6 dang (q.#x,2.A.).

Chi y: Tit cach dinh nghia trén ta cé x- tinh toan day du chinh la
[x, Al- tinh toan.

Dinh nghia 6: N&u ton tai x- tinh toan diy & cha may M thi ta
néi rang may M doan nhén tu x.

Tap cac 1 ma may M doan nhan duge goi 1a ngdn ngit cnia may M
va k¥ hiéu la L(M).

Chi y: a) Trong qua trinh x- tinh toan cic bién dudc ghi bén trai
cia & 1am viée khéng bao gic bj triét tidu va né ciing khéng xuit hién d 6
lam viéc nao khic.

Vi 1y do d6, khi néi “trén bing lam viéc ghi k¥ hidu A” va “bang
lam viéc triét tiéu” cé nghia la trén bing lam viéc ghi tir #A va trén
bang 1am viée t4t ca cac & d8u bi triét tidu, trit 6 ¢é ghi k¥ hidu #.
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b) Mot tinh toan day di bdt ddu va két thic khéng ¢6 bing 1am
viéc thi toan b ti vao phai duge doc cho t6i tan cing clia tinh toan diy
.

Dinh nghia 7: (Ma cua tinh toan)

Néu mét lénh cha may dan héi M duge dit tuong ung 1-1 véi k¥
higu C; ndo d6. Lap tit Cin ... Gz ... Cin, 6 ddy Cs (i = 1 n) la ky hiéu
duge didt tudng vdng véi 1énh thyc hién & bude thit i cha tinh toan
C = (S0.51.....8y). Khi d6 tt Cj1 ... Ciz....Cin duge goi 1a ma ciia tinh toan C.

Chii y: Mbi tinh toan C c6 diing duy nha't mét ma va C khéi phuc
lai dude nhd vao ma clia né va trang thai ban dau cia C.

2. M6 hinh may mét bang

Dinh nghia 8: (M6 hinh may mét bing)

Gia sit M la may Turing khéng don dinh dan héi vdi bang vao V,
bang lam viéc W, _

Ta s& goi may Turing dan héi M véi bang 1am viée W o VUWU{d}
(d ¢ VU W) la mé hinh mét bang tryc ti€p cia M néu [x,y]- tinh toan

ctia may M ton tai khi va chi khi trang thai toan phén (qq, A, # =, #x, dy)
Va1 a5 € Qo dat dugc tir trang thai toan phan (q;, A, ##, A, #xd) trong M.

Dinh ly 1 : D& véi bat ky may Turmg khéng don dinh dan héi bao
gio cling xdy dung duge md hinh mét bing trye tiép ctia n6.

Ching minh: Ta mb ta cach lam viéc cia mé hinh mét bing truc
tiép M ctia M nhu sau: Trong “khu vao” (bén trai d) va “khu lam viée”
(bén phai d) clia bing 1am viéc, may M lam viéc hoan toan nhu may M
trong bang ]am viéc. Nhung mdi 1an khi M chuyén tit “buéc viao” sang
“bude lam viée” hodic ngude lai thi ddu doc cia M sé& chuyén tit khu nay
sang khu khac, d6ng thoi né danh diu 6 vita duge doc d8 c6 thé tim duge
6 nay khi quay trd lai. V4i cach lam viéc cia M nhu trén ta thiy ngay
[x,y]- tinh toan cita M suy ra (qu, A, ##, A, #xd) F (ar, A, #2, #x, dy) trong
M va ngudge lai.

Vi du: Néu [x,yl- tinh toan cia M ¢6 dang:
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C = (S 81, .... Su). trong d6 Sy = (qp, ~, #x=, AL #)

S, = (qg, #xX, xX"#, A, #Y), ..., Sy = (an #X, #, A, 2Y)
véi x = xx”. Ung véi S, ctia M ta c6 Sgcia M 1a:

So = (au, A, #, A, #ixd).

Theo cach 1am viéc cia M thi S, k'S, ta cé trong M 1a Sg F S, vdi

S| = (@2, A, ##, #x', x"dy). N&u trong M ¢6 S, | S, thi trong Mch

Sl k Sz trong dé Sy = (qa #X'%,”, X7"% A, VY vl X'x,"%x;” = x. Khi dé
Sy = (a3, A 2 #HXX7. X7dY'Y). .

Cuéi ciing néu trong M ¢6 S, F S, ma S, = (qr, #x, = A, #y) thi
trong M ta cling c6 S._1 F Sn véi S = (qg A, #2, #x, dy).

Tém lai M 13 mé hinh mét bing tryc tiép cia M.

$2. SU TUONG PUONG GIUA MAY TURING KHONG
DON BINH DAN HOI VA VAN PHAM CHOMSKY

Binh nghia 9: Ta néi may Turing khéng don dinh dan héi M va
van pham G 13 tudng dudng nhau ndu L(M) = L(G).

Dinhly 2 :

a) D61 véi may Turing khéng don dinh dan héi c6 thé xay dung
dugc van pham tuong duong véi nd.

b) D8i véi vin pham bit ky ¢6 thé xdy dung duge may Turing
khéng don dinh dan héi tuong duong vdi né.

Chitng minh: a) Gia sit M 12 may khong don dinh dan hai véi bang
vao V va M, 12 mé hinh mét bang truc ti€p cia M. Ta xay dung M, ¢
hai trang thai q’, q” sao cho véi moi tit x € V' thi trang thai toan phan
(q”, A, ##, A, #) dat duge tit trang thai toan phan (¢, A, #2, A, #x), tic 12
(@, A, ##, A #5) F (@, A #2, A, #) khi va chikhi x € L(M).
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Xay dung vin pham G = <V, W, [, R>, § day V = V- bang vao cla
M-W=MW-V)uQu{l}, véi W, Q tudng tng 1a bang lam viée, tap
trang thai trong cia Myconl ¢ VU W L Q. ‘

R gom cac quy tdc I - #q, #q' > A va céc quy téc duge xac dinh
ing véi cac lénh cha may M,, cu thé néu M, cé Iénh dang 8q. — qp (i)
thi cho tuong Vg véi quy tic Qp — 9o5, 1énh qo = 8qp (ili) cho {ng véi
quy tic 8q > qu, 1énh g4 - qpT (iv) cho fing véi quy tic qpy & Yqe, y € W
con lénh q, — qP cho vng véi quy tic Ydp = 4. Y € W. Nhu vay R caa
G gdm cac 1énh ctia M, nhung & dang ngugc lai.

RG rang v6i x € V¥ va D = (I, oy, 0y, ..., 0,.,%) 12 din xudt diy
dit cia x trong G khi va chi khi trong M, tif trang thai toan phéin
(d@, A #, A #x) dat duge tit trang thai toan phén (g%, A, #2, A, #) (38 di
nht vay vi cac quy tée cla G la cac 1énh nguge trong M,, do dé n&u

trong G ma x din duge tit [ thi trong M, x sé laj tridt tiéu trong qua
trinh lam viéc trén).

Nhung trong M; thi (q', A, #=2, A, #x) k(@ A, #2, A, # khi va chi
khi x € L{M). Vay L(M) = L(G).

b. Gid sit G = <V, W, I, R> 1a mét van pham tuy ¥ nao d6. Ta xay
dung may Turing M nhu sau:

Bang vio ctia M 13 V clia G.
Bang 1am viéc cha M1a Vu W.

M lam vigc nhu sau: N6 ghi 18n bang lam viée ti vio, sau &6 trén
bing lam viéc né thyc hién dan xuit tuy ¥ clia van pham G véi thi tu
nguge lai. Néu két qua dan xuit nguge lai d6 ditng lai & ky hiéu cudi
cing 12T thi may M ty tiéu diét bang 1am viée va chuyén vio trang thai
két thiic. Trudng hgp ngude lai cho may M khéng bao gid gap trang thai
két thiic. Tit qua trinh lam viéc trén ta suy ra L(M) = L(G). Dinh Iy duge
chimg minh.

Cha y: T dinh ly trén ta thay 1dp cac ngén ngit do may Turmg
khéng don dinh dan héi sinh ra tring véi 16p ngén ngit do van pham
sinh ra.



CHUONG 9
HAM BE QUY

§1. HAM DE QUY NGUYEN THUY

Trong phin nay ching ta chi xét ham, ma mién xac dinh ciing
nhu mién gia tri cia né chi nhan gia tri trén tap hop s6 tu nhién
N={0,12 ..}

1. PINH NGHIA HAM P QUY NGUYEN THUY

1. Phép thé cac ham
Gia sit ta ¢6 ham k d6i 86 f(x1. Xy, .... X, ta k¥ hiéu ham k d8i s6

13 %

Cho cac ham tudng fng sau day : £, £, £,2, ..., £,*. Khi 6 ta
néi ring ham g?(x,, Xg, .., %) = (62, £7, ., £.7) 12 k8t qua cda phép
thé cac ham £, ... £.% vao ham f™. Ky hiu két qua dé la:

g = 8¢™. £, 67, . £,
Chii ¥: d&u “=" hiu theo nghia mét ham xac dinh thi ham kia
ciing xAc dinh v gia tri cia hai ham la bing nhau.
2. Phép dé quy nguyén thuy

Gi sif cho hai ham f,™(x;, Xz, ..., Xp) va £, %X5."..., X,,¥,2). Ta
thanh 1ap ham h®*V(x,, x,. ..., X,,y) bing lude 46 sau day:

@ {h(xl,xz,...,xn,ﬁ) =f,(x;,%X45,....X,)

h(x,.x,,...x,,y+1) = fz('xl,x2 ..... X, ¥ hi(x,X,,..%,,¥)
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Phép toan cho ham h tit cac ham f,, f, nhu trén goi 13 phép dé quy
nguyén thiy. Ta k¥ hidu phép dé quy nguyén thuyla: h =R, ) (D

goi 12 luge &8 dé quy nguyén thity va £, £, goi 12 cac ham ban dau.
3. Cac ham cd sd

Trong & cac ham don gian, ta chon ba ham don gian nhat 1am cac
ham co 56 :

- Ham don gidn thit nhat 1a ham: 0® = 0 (him O d5i s8 luén nhan
gia tri 0). |

- Ham don gian thit hai 13 ham: A(x) = x+1, tic 12 hAm mdt bién x
ma gia trl cua nd 1a x+1.

- Ham don gian thi ba1a ham: [,®(x,, X, ..., x,) = %, (1 < k < n),
132 ham chon d6i s thit k trong n déi sé.

4. Ham dé& quy nguyén thay

Bay gio ta thiét lap ham mdi tif cic ham co 88, cdc phép thé va
phép dé quy nguyén thuy. _

Dinh nghia 1: Ham f goi 1a ham dé quy nguyén thiy néu né cb
thé nhan dudc tit cac ham e s8 0°, Ax), I,™ ¥ing cach ap dung mdt s8
hitu han 14n cac phép thé va phép dé quy nguyén thuy.

Néi cdch khdc: f goi 13 dé quy nguyén thizy, néu tén tai mdt day cac
ham £, f5, ..., f;,, = fsao cho cac ham f; i = 1, ..., m) hoic 14 cac ham co s,
hodic nhan dude tit cac ham dimg truéc né bing cach ap dung mét s§
hitu han lan cac phép thé va phép d& quy nguyén thuy. K¢ higu 1p cac
ham d& quy nguyén thiy 13 n. Ldp cac ham dé quy nguyén thuy rat
réng, rat nhifu ham théng thuéng thudc 1dp ndy ma sau nay ta sé dua
ra mdt s vi du v& him dé quy nguyén thiy dé€ minh hoa cho dinh nghia
vé ham d& quy nguyén thuy.

5. Cac vi du vé ham dé quy nguyén thuy

Truéc tién ta chimg minh ham C*® = C 12 ham dé quy nguyén
thuy.
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That vay ta c6: C° = S(\®), (C-1)™)
Xuit phat tit ebng thic nay ta cé:
Véi € =1 thi 1 = S(u(x), 0°) e =.
Véi C =2 thi 2% = S(ux), 1% e n.
Hay C(")__e T,
Ta chilng m‘{nh Cm(x.) E T,

ViCcP(x) 3 C= MA..(MO™)..) e m.
C lin

Bay gid ta chitng minh C* = C cfing 1a ham @8 quy nguyén thiy.
C¥=5C® ,%, mac® [ ®exnenC®en

Vi du 1: X6t ham A,® X1, Xg, ..., Xo) = Xy +1

Vi ™ = x1= S((x), ;™) ma Ax). 1,* 12 ham cd sd nén 1,* e 7.

Vi du 2: Ta k¥ hiéu “+” 14 phép cong théng thudng cac s ty nhién.
Khi @6 ta c6 ham x + y 13 dé quy nguyén thiy. '

That vay: x+0= LY = f1(x)
X+ +D =& +y) +H1=hxyn=z+1=M:"xy.2).
Vay ham x + y thod mén luge d6 dé quy nguyén thiy.

V6i cac ham ban dau fi(x) = I,' ), f(x,y,2) = AMI:;"(x,y,2)) 13 dé quy
nguyén thuy. Vay haimx+y e n '

Vi du 3: Chimg minh ham xy € =.
Ta cb: x.0=0
x(y+1) = xy +x.

ham x.y thod man luge dé d& quy nguyén thiy, véi cac ham ban diu
cling 14 ham dé quy nguyén thay sau day:

fix)=0= 0
f(x,y.2) =xy+x=x+z e n (vidu 2).
Vayxyen
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Vi du 4: Vi ta chi xét nhitng him ma mién xac dinh va mién gia
tri chi nhan cac 88 ty nhién 0, 1; 2, ... nén ta cin dinh nghia phép tri
nhu sau;

x-1, ndux 2 1
xX>1=9". )
0, néfux «< 1

Ta ching minh ham x * 113 d& quy nguyén thuy.
That vay: 0 * 1=0
x+1) * 1=x=1,%x)
Vay ham x * 1 thoa man luge 4 dé quy nguyén thiy véi cac ham

ban dau f;= 0, f, = I;Y(x) ciing 12 ham dé quy nguyén thiy nén x * 113
ham @& quy nguyén thuy.

Ta ching minh x * y € =, véi dinh nghia:
jx—y..né'u X 2 ¥

x*y= .
LO, néu x < y

X 0=x

x*Hh=x*y*1

Vay ham x * y thod man luge 46 d& quy nguyén thiy véi cac ham
ban dau f(x) = x = Ilﬁ)(x), foxyz)=2z = 1.
Vix*lennénx*yen
Vidu 5: ¥ (véichd yx"= 1)
Citng 13 ham d8 quy nguyén thuy. That vay:
=1

XMl=yx



226 : Chuong 9. HAM BE QUY

12 luge dé d¢ quy nguyén thiy cha ham x’ véi hai ham ban diu dé quy
nguyén thuy: Hx)=1= ).(0(")). fhixyz) =x'x=zx

Vayx e n.
Vidu6:Viix-y|=x* yrHy* ¥ néntheovidu2 4suyra |x-y| e .
Vidu 7: Ham x! € =.
Vi Ol=1=a0%)=f
x + 1! = xI(x+1) = y(x+1) = fr(x,y).

Vay ham x! thoa man luge 46 dé quy nguyén thiy véi cac ham ban
dau 1a ham dé quy nguyén thay.

fi e nlardrang, confy € nvix+l € %, nén y.(x+1) € .

Vi du 8: Ta dinh nghia min(x,y) = y * (y = x). Do céc vi du trén ta
c¢b6 min(x,y) € .

Vidu 9 : Ta dinh nghia max(x,y) = x+y * min(x.y) va vi viy max(x.y)e .

Lx>0

Vi du 10: Sgx = :
’ £x {O,x=0

Ta c6 Sg0 = 0= A0 * 1e .
Sgx+D) = 1'=20" e n._

— 0,x>0
Suy ra Sgx e n. Tuong tu ta cé: Sgx = | cling € =.

6. Tap dé quy nguyén thay
GiasiN={0,1,2,..} Ta k¥ hiéu
Nz NxN...xN= {(x1, X9, ..., X))/ X, X, ..., X, € N}
k lin

Tadst N°= |J N vaN'=o.
keN
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Dinh nghia 2: Tap M c N]_‘ goi la tap dé quy nguyén thiay néu
ham déc trung cia né la dé quy nguyén thiy, § day ham dic trung cua

' 1, nffux e M
tap M ta k¥ hiéu Hu(x) = 1° )
0, nfux ¢ M

Ky hiéu 16p cac tap d& quy nguyén thuy 1a I1.

IL. MOT SO TINH CHAT VE HAM DE QUY NGUYEN THUY

Dinh nghia 3: Gia st f(x;, x5, ..., X,) 13 mét ham s bién. Ta dinh
nghia d6 thi cia ham trén 1a tap sau day:

Gf: {(xlt xz’ coy Xg, f(xl! X2 .0 xs)) /f(XI, x29 ey Xs) Xﬁc dinh}.

Pinh Iy 1 : Néu {¥ 1a ham dé quy nguyén thay thi dé thi ciia né sé
la tap d& quy nguyén thuy.

Chitng minh: Gid st f € n. Ta chimng minh ring: o

Gr = {(x1, «.ov X, £(X,"..., X)) / £ x4cC dinh trén (x,, ..., X))} 12 tap 48
quy nguyén thuy hay XGr e n. Trudc hét ta cé: (x, X, ..., X,, ¥) € Gy khi
va chi khiy = f(x,, ..., X,). Theo dinh nghia thi

1, néu (xq, X2, -.., X, ¥) € Gy
Ao (X1, X3, ..., X, ¥) = o
Cf( i % ) { 0, néu Xy, X3, ..., Xe, ¥) € Gy

_ 1, néu yv=f (X1, Xg, o0 Xg) - S_g ly > f]
0, néu y = (X, X3, ..., X,)

Vily*flen, S_gennénl’gfe n, hay G e I.

Dinh nghia 4: Tap 9 cac ham dé quy nguyén thuy dude goi la
tdp dé quy nguyén thiy déng néu né chita cac ham co 86 09, A(x), I, va
9n déng d6i véi phép thé va phép dé quy nguyén thiy.

Dinh 1y 2: Gid sit cac ham £,°, 6,9, ... £,¥ € ar1a 16p ham d& quy
nguyén thiy déng. Cac tap M;, My, ..., M, lam thanh mét phan hoach
d6i véi khong gian N,
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Khi ¢6 ham f xac dinh nhu sau:

fl(xb b5 PPN x-s)s néu (xl- sy xs) = Ml
] (X1, Xg oo X), DEU (Xy, ., X)) € My
fi(x;, X3, ..., Xg) =

f.(X1, Xs, ..., Xg), DEU (X1, ..., X} € M,

cling € 2 16p ham dé quy nguyén thiy déng.
Ching mink: Ta ky hiéu % 12 hdm dic trungcaa M; G =1, .., n),
tic 1a X(xq, ..., Xo) = {(1] ﬁg‘; g: :; Z ﬁi , vi M; thudc 16p ham dé
quy nguyén thiy déng ;% nén X, e Mi=1, 2, ..., n).
Ta thaph lap ham f xac dinh khip noi trén khéng gian N® va

tring véi f; trén tap M; (i = 1, ..., n). Néu ddi véi mbi i ta xdy dung duge
£’ nhu trén thi ta co:

i
1, %z, 0 %) = D By, e XKL e X 1

i=1
That vay vi M; (i=1, ..., n) 12 mét phin hoach ciia N®, tic l1a

n
U Mi=N'vaM ~Mj=@1i(G#j)nén bd (x4, ..., X)) chi thudc vio mdt

i=1

tip M; ndo 46 ma théi. Gia sit (xy, ..., X;) € Min khi d6 A’io(xl, o X = 1.
Con X(xy, ..., Xs) = 0 (V j # i), khi dé tir (1) ta cé:

f(x;, X3, ..., Xg) = f’io(xl,xg, s Xg) = fin_(xl, veer Xg) MA fioe g nénfe

Vay Dmh 1y s& duge ching minh néu ta c]}i ra cach xay dyng £’
thoa man cac di€u kién & trén. Xay dung £ nhu sau:

a) Trudng hop £;® xac dinh tai it nhat mét diém, chdng han tai
dlém (3.1, Az, .ovy Q). i ’ il
ay, néu (X1, ..., x) ¢ M,

bat s Xgp veey = &
a (pk(xl X2 xs) {xk' néu (x,, ..., X,) € Mi
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Khi dé ta cé @u(x,, x3, ..., X,) = akg_g XXy Xe) + X, 8¢ X (x4,....%) (2)
(1< k 3. '

Tu (2) ta ¢6 @ € 9 Trong trusng hgp nay ham § dude xdy dung

nhu saw: f; = S(f, ¢1, ¢y, ..., ¢,) va d& dang kiém tra f’ thoi min cac diéu
kién dit ra.

That vay, xét (xi, X, ..., X,) ¢ M, Khi d6 (X1, Xp, .. Xg) = 8
(1= k < 8). Vay £'(xy, Xy, ... X)) = fi(ay. ay, ..., a,) Xac dinh khip noi trén
tap N® \ M,.

Xét (X1, X, ... X) € M khi dé gy = x, (1< k < 5) va £ (x1, X3, ..., X)) =
fi(xy, X2, ..., Xo), hay £ tring véi £ trén tap M.,

b) Trudng hop £,* khéng xac dinh khip noi.

Ta thanh lellP haﬂl n(s b klhong xac dinh tai moi di€m nhu sau:
+ ] 8+ B B+
(“ = S(f.( }. Il( , ( ), . ( )) Tié€p theo xay dung ham glXy, ..., Xg)

co tinh chat sau:
(s-1)
gi(X1, Xp, <oy X, } =0 .

gi(X1, Xg, ..., X 1, ¥yH1)= Xy, X2, ..oy Xoo, Y. gi(X), X3, ..., Xg.1, Y)) (3)

No6i1 cach khac ham g; = R(O(s b (a+1)) Vio®? e g va 'r|, . cling
€ 9% nén g;i(xXy, Xz, ..., X,) € M Lap ham f; = S(g;, X4, Y. ..., ) (4). Ta chira
f thod man diéu kién dit ra. Xét (x;, X5, ..., X} ¢ Mi. Khi d6 X, =0 (i=1.n)
va (X, Xa, ..., X} = 8(g1,0, 0, ..., 0) = (0, 0, ..., 0) = 0, titc 14 f; xac dinh
vl moi (X1, Xy, ..., Xo) € M, tite 12 £ xac dinh khip noi trén N° \ M,.

Xét (Xl, Xo, ..oy Xs) .E Mi, khi &6 /Ti(xl, Xa, ves Xs)zl (1:-1]) va
f7(x1, X2, .., ) = S(g, 1, 1, .., 1) = gi(1, 1, ..., 1) khéng xac dinh trén tap
M; va do gia thiét f; cling khéng xac dinh trén M; nén ta khéng ddi hdi

n
trung véi f; trén M;. Mt khac theo () thif;e  nénf= D X c =
i=l .
Dinh 1y duge ching minh.
Dinh nghia 5: Gia st f(x, ..., X,) 12 mét ham n bién tuy ¥. Ta dua

vao ky hiéu ﬁ nhu sau:

1_
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if(x,,xz,...,xn_l.i)z.
i=x .

0, néux>y.
= f(xl» ey xn—l,x) + f(xls veer Xpoly X+1) + f(xl, ..... Xpn-1s y) néil x< Y.

f(xl, cany Xn_l,X). né'u X=vy.

Néu ta xem x, y 12 bién phu thi ham

F(Xl, ooy Xp14 X, Y) = i f(xl-’.'"v Xn-t+ i) (1)

i=x

la ham n+1 bién.

Dinh Iy 3 : Néu f(x;, ... x,) 48 quy nguyén thdy thi ham
F(x, ..., X4, X, y) cling dé quy nguyén thiy.

Chitng minh: Tit dinh nghia cia k¥ hidu ﬁ ta tryc tiép suy ra

rang:
¥ . Y X
> & s X )= D Xy s Xy, D S D 1 e Xy, 1)
1=x 1=0 =0
G e X, %), Sg (X 2 y) 2)

y
1ap ham phy (X1, Xz, oo, X1, ) = D (X1, ooy Xgoy, 1). Khi d6 tit (2) ta cé:
i=0

hd
Z f(X‘l, vios Xpo1s 1) = (p(xl' X3, ...y Xpopy Y) = (P(xlr X2 ..os Xpo1 X)
1=X

+ (X1, Xa, ..o Xpp, X). SEEX L y) (3}

¥y
Tit (3) d€ ching minh F@&xy, ... Xor X ) = 3. 6Ky, ..oy Koy, ©) d6
i=x

quy nguyén thiy ta can chitng minh ring:
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Ham phu ¢ 132 dé quy nguyén thiy. That vay ¢ thod man ludc dd
dé quy nguyén thuay sau;

‘-P(Xl, ooy Xp-1, 0) = f(X1. cvr Xpop, 0)
DXL, oy o1, YYD = @lxy, ., Xy, ¥) + Xy, o Xp1,¥+1)

= h(xl’ aany xn-ls ys Z) =z+ f(xh -y Xn-l’ y+]-)
v6i cac ham ban diu f, h 4 quy nguyén thiy.

Vay ham Fxy. ..., X0, X, 9) = 90Xy, ... Ko, ¥) 2 0K, X, ... Xg-1, X)
+1(x), X2, ..., X1, X). Q (x * y) dé quy nguyén thuy.
Vi du ap dung Dinh 1y 3:

Vi dy 1: Xét ham [x ], trong d6 [a] = 86 tu nhién 16n nhit khong
vugt qua a hay [a] dude goi 12 phan nguyén cua a.

Nhu vay ding thitc n = [+/x ] tudng duong véi hé thic
n < +x <n+! hay binh phudng ta duge: n®<x < (n+1)? 3]
Tu (1) ta suy ra 58 56 0 trong day:

Prx2fry 2ty o x2%x ding bing n.
Vaytacothé viet: [vx]= Z Sgli®* x)

Vi ham SgG” * x) & quy nguyén thity theo dinh Iy 3 thi [vx ] d&
quy nguyén thiy.

Vi du 2: Cho ham x * [x]°. Ham nay bang khodng cach tir x
dén 83 chinh phudng gin nhit bén trai cha x. Dat H®) = x * [vx ]2 Ta
chi ra ham H) e =.

- - “ 2 n 2
Thatvayvix* yenm xx=x"en, Jxcnnénx * [Jx Pen.
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Vi du 3: Néu x, v 13 cac s6 tu nhién, y # O thi ta ky hidu {=] 1a
y

X
thuong khdng ding ctia phép chia x cho y. Con biéu thitc x = y[—]1 ky
Y
hidu phan du cha phép chia x cho y.

. < . X e ,r - -
P& ham xic dinh khip ndi ta dat [6] = x d& véi moi x. Ta dat

Rest(x.y) =x = y[i] va chitng minh ham Rest(x,y) € n.
Y

That vay datn = [E] tacd n < X <n+l hay yn <x < y(n+l) (1)
Y y

viiy = 0.
T (1) ta suy ra sé sd 0 trong day:
1yt x 2y x .0y~ x @ty x...; x.y = x ding bang n.
T 46 ta cé: [£]=z S_g(iyix) ' (2)
Y i=1
Véiy = 0 thi ding thitc nay cling diing. Cu thé hai v& ciing bing x.
rom ; bd - - rd A x -
Vi Sg(iy & x) dé quy nguyén thuy nén theo Dinh'ly 3 cé [—1 cling
' Y
14 dé quy nguyén thuy.
Tit 46 ta suy ra ham Rest(x,y) ciing dé quy nguyén thuy.
Dinh nghia 6 : Gia st f(x;, ..., Xo) 1a hAm n bién. Ta dinh nghia
k¥ hiéu nhin ﬁ nhu saw:

1=X

( 0, néux>y .

f(x;, ..., Xg,X), DEUX = ¥
ﬁ f(x;. . Xu-l,i) =
iox fix1, ... Xp 1. X).0(Xq, ...\ Xy xH1) L

Sy, oo Xpop,¥), DEUX < Y.
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Ciing chig minh tusng ty nhu Dinh Iy 3, ta ¢6 dinh 1§ sau:
Dinh ly 4 : Néu f(x,, ..., x,) 13 ham 48 quy nguyén thiy, thi ham
m+1) bién T, ..., X1, X, ¥) = IL[ f(x), ..., Xp.1,1) cling 14 ham dé quy

nguyén thuy.

III. TUONG UNG GITUA KHONG GIAN N VA N°

Dinh nghia 7 Gia sit c6 mdt tuong img K giita N va N°, tuang

ing d6 ky hiéu la K , nghia 1a (x;,%,, ....X,) © t, § ddy (X,.%,, ..., x,) € N,
t € N va tudng ting trén la 1 1.

Ung véi tuang ing K gxﬂa N va N* tao nén (s+1) ham K[ 0 K L

K“"'z, o KT 8 day K0, o %0 = £ 5 KB () = xy: K250 = x5 ..
K: I «(t) T]x" Ta noi cac ham nay thyc hién tudng ting K[ . Néu cac ham
Ko K1, K 2, vers s 12 d& quy nguyén thiy thi tuong tng K" goi la

tudng ing dé quy nguyén thuy giita khong gian N va N,

Dinh Iy 5 : V6i mbi s > 0, bao gw ciing t6n tai tudng tng K" dé
quy nguyén thay. :

Chitng minh: Véi s = 1 Ta 18y tuong img K" chinh 12 tudng tmg
déng nhat giita lN vao N. Cu thé l]la K" o =t xe N' = N, t € N,
K" Kity=xW¥vi K[ ]u. K 1 € T nén K dé quy nguyén thuy.
Gia stt dinh I da didng cho s > 1. Nghia 13 K 1a tudng ing dé quy
nguyén thuy.

Ta dua vao khai niém ham exp;(t) va duge dinh nghia nhu sau:

Trong 1y thuyét 8 ngudi ta di ching minh: bat ki s6 tu nhién nao
ciing phén tich duge dudi dang tich cac lu¥ thita cvia cic s6 nguyén t6
lién ti€p nhau va dang phan tich d6 13 duy nhit t = Py P,*1P,*2 . P %
trong d6 P = 2. P, = 3, P; = 5 ,.... ¢on P, 14 s6 nguyén t§ thit n+1 trong
diy cac s§ nguyén t6 lién tiép 16n dan. Khi d6 ta dinh nghia exp;(t) =
i=0,1, 2, ..). Sau nay ta s& ching minh ham exp;(t) 1A ham dé quy
nguyén thuy.

Ta da biét him

. . X,
' phan nguyén cua — néuy#0
(1= { y

y X, nfuy=0
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x &
va [—] 12 ham d& quy nguyén thuay.
y

X '
Dua vao hai ham exp;(t) va [—] ta xdy dung tuong ling Km gilta N
y

va N? nhu sau:
Vait € N ta dat tuong dng véi (X;,Xg) € N? theo céng thic
t= 292, + 1) > 1 oy
Day 13 tuong fing 1-1. Vi véi mbi t cho ta cip (x).X;) thod mén (1)
va nguge lai.
Chéng han t=0tacb x; = x2 =0, cap (0,0
t=1tacéx;=1,x:=0, cdp (1,0)
t=2tacéx; =0,x;=1,cdp(0,1)

Bz;nly giEj2 ]ta cg}‘mg minh K2 13 d& quy nguyén thay, hay chi ra cac
ham K' 0r K 1, K5 14 cac ham dé& quy nguyén thuy.
That vay K oGx)=t= 29@x+1D—1 e =

K[zll(t) =x;=exp(ttl) e n

WHH 11|
2 |

L 2
Vay K1 tuong tng dé quy nguyén thuy. Gia su K 1a tuong ng

dé quy nguyén thiy gitta N va N°. Ta chi ra 6 ton tai K*'a tudng {ing
d8 quy nguyén thily giita khéng gian N va N*"! nhu sau:

sz(t) =Xp =

€

2
T K‘ ] ta cé tuong Ung (X, X)) <t (2). Tit tudng dng dé quy
nguyén thily K ta c6 (x;, ..., %o, 1) >t (3). T (2) va (3) ta lap tudng

img K" nhu sau: (x1, ..., Xe1. %o X)) €t (4). RS rang (4) 12 tuong

tng 1-1 vi K K% 13 tuong tng 1-1.
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Ta chi ra tudng g (4) hay tuong ng K Lc:t tugng ing dé quy
nguyén thuy. '

That vay ta cé: -

K[s+1]0(XI. oo Xa1s Koy Xpip) =t = K[s'o(xl, s Xg.1, ) (do 3)

= K00 oo X K2o(exen)) € 7. (do 2)
1ty =x,= [Bll(t) =z
oty = x5= [812(1;) € T.

[ai]]

[s 1T

[a+1] [E} h
K i) =x,4=K , ) e

Kt = x, = K l(t) e
K*"i® = xo0r= K20) € 2.

Hay K" ¢é quy nguyén thiy. Dinh Iy dudc chitg minh.

§2. HAM BE QUY TUNG PHAN

1. PINH NGHIA HAM DE QUY TUNG PHAN

. Ky hiduham g*'V&x,, x5, ..., %, ¥) = g1 %0, o, %, ) 13 ham (s+1)
bién. Khi d¢6 ham .

f(Xl,_---s Xe) = (mY)[gx1, Xy, ..., X, ¥) = 0] (1)
Véi ham f(x, ..., x,} xac dinh nhu sau: :
Néu g(x;, x5 ..., x, 0) khéng xac dinh, thi ham f(x,, ..., Xg)

cling khéng xac dinh, con néu g(x,, X2, ... , Xg, 0) xac dinh va = 0 thi

f(xi, ..., x) = 0, nhung néu g(x,, x,, ..., x,, 0) xac dinh va = 0 thi xét tidp
g(xy, ..., x,, 1).

Néu gx,, xs, ..., X, 1) khdng xac dinh thi f(x,, ..., x,) ciing khéng
xac dinh, con néu gx,, x,. ..., X,, 1) xc dinh va = 0 thi f(x,, ..., x,) = 1,
nhung néu gx,, x,, ..., x,, 1) xéc dinh va # O thi xét ti€p g(x,, ..., x., 2).
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Nhu vay f(x;, ..., X, x4c dinh va bing y khi va chi khi cac ham
g(Xi, Xz, .. X 0), 2003, X5, -, ) Xa 1), ..:g(xl, X3, ..., Xep ¥ - 1) Xac dinh = 0.
Con g(xl, Xp, ..., Xg, ¥) Xac dinh va = 0. Nhu vay gia trj cia ham
f(x,, ..., X,) chinh 1a gia tri nho nhét y thoa man (1).

Vil& d6 ta goi u 12 phép toan tit cyc tiéu, con ham g(xXy, ..., X, ¥) £0i
12 ham géc cua phép toan tit cuc tidu .

Dinh nghia 8: Ham f(x;; X,, . - X.) goi la ham d& quy tithg phan
.néu né nhan dudc tit cac ham cd sd 0 . AMx), Ik " bing cach ap dung mét

s& hitu han 1an cac phép thé, phép dé quy nguyén thiy va phép toan tu
cye tidu .

Néi cach khac ham f goi 1a ham dé quy timg phan néu tén tai day
cac ham £y, f, ..., fa = f, trong d6 £ = 1,n) hodc 12 cac ham co s6, hodc
suy tit cac ham ditng trude né bng cach 4p dung hitu han 1an phép thé,
phép dé quy nguyén thiy va phép toan cuyc tidu.

T dinh nghia ta suy ra céc két qua sau diy:
a) Cac ham dé quy nguyen thay déu 1 cac ham dé quy tung phén.

Diéu ngudc lai néi chung khéng ding, vi moi ham dé quy nguyen
thuy déu xac dinh khép noi, con cic ham dé quy ting phan khong nhat
thist xac dinh khap ndi.

Vidu ham f(xy, ..., X = (;Ly)[l(;,, ey Xg ¥) = 01, theo dinh nghia la
ham d& quy timg phén, nhung khong phai 1a ham dé quy nguyén thiy,
vi ham nay khéng xac dinh khip noi.

b) Tit ham d& quy timg phan néu ap dung phép thé, phép dé quy
nguyén thuy va phép toan tit cuc tiu, thi ham nhan dugc ciing la dé
quy timg phan. '

¢) Cac ham d& quy timg phan déu la ham tinh dude. Dé chitng to
didu nay, ta chi ra ring trong trudng hop ham géc duge xac dinh khip
noi ma tinh duge thi him nhan dugc qua ham géc béi phép toan tit cye
tidu ciing tinh duge. Gia sit f(x;, ..., X9) = Yy, .., X,¥) = 0], va-ham
g(Xy, ..., Xo, ¥) xac dinh khip ndi la tinh dugc, ta hay chimng t6 f cling la
ham tinh dude.
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Théat vay vi g tinh dude nén tén tal thuat toan lan lugt cho cac két
qué sau day:

b{] - g(xlv meay xs!.o)
by = glxy, ..., X, 1)
bm = g(X1, veen Xgy m)

Sau d6 cho thuét toan so sanh cac két qua nhan dude bg, by, ... véi
0. Thuat toan sé dimg lai néu b; = 0, va cho két qua i chinh 13 gia tr1 cua
ham f( xy, ..., %), cdn néu b; # 0 thi thuat toan chuyén sang tinh gia tri
b, va lap lai nht trén. Chitg t6 f( x,, ..., x,) 13 ham tinh duge.

Van dé ngugce lai: néu f( x, ..., x.) 1a ham tinh duge thi nguoi ta da
chira f cting 12 ham dé quy timg phan khéng.

Dinh ly 6: Gia sit g(x;, xa, ..., X, ¥) VA a(X,, ..., X,) 12 ham dé quy
nguyén thuy sao cho phudng trinh g(xy, ..., Xp, ¥) = 0 (1) ¢6 it nhit mét
‘nghiém y d6i v6i m8i b (x;,...,Xa) va )l g&y.....xg, ) = 0] < a(xy, ..., Xp).

Khi 46 ham f( x,, ..., X)) = (uy)gRy, ... X, ¥) = 0] cling la ham dé quy
nguyén thuy.

Chitng minh: C8 dinh bé (x,, ..., x,) va d4t ham
f(x1, ... Xp)= (WY g(x4, --., Xu ) = 0)=y.
Xét day tich vdi sd cac nhén tif ting dan sau day:
g{Xy, X3, ..., X, O,
gy, ..., Xy, 0). g(xy, ..., X5 1),
g(Xq, ey Xp, O). g, ..oy Xn, 1). g(Xy, .., Xa, 2),
g(X1, ..., X 0) . g(x1, e Xny .. g( X1,y vos X, 1) (2)
(i=0,1,...)
Theo gid thiét thi do y 12 nghiém nhd nhét cia phuong trinh (1),

nén y thanh phin dau tién trong day (2) khac 0, con cac thanh phan con
lai thi bang 0. Vi vay ta c6 thé viét:
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v= Y SgEXi s Xn O) . EGn, oy Xy 1) o 8Es, s K D) B)
i=0

trong d6 o = a(xy, ..., Xp) 2 ¥.

Ta dua vao ham phu:
Z

@y, ..., Xp, Z) = n g(Xy, oy X, 1) 4)

i=0
. Theo dinh 1y 4 thi ¢(x;. ..., Xy, 2) |12 hdm d& quy nguyén thuy.
Tit (4) ta c6 thé viét lai (3) nhu saw:
y= 2, Sga(X1. ..or Xn D).
i=0
Vi ¢( Xy, ..., Xp, ¥) 48 quy nguyén thiy nén Sge dé quy nguyén

thay, tic 1a ham y 32 Sgp(xy, ..., X5, 1) d& quy nguyén thuy, 'hay
i=0
£(xy, ... Xa) = (pY)gXy, -..p Xg, ¥) = 0] 4& quy nguyén thiy. Dinh 1y dugc
ching minh.
Nhdn xét: Ta biét ring moi ham dé quy nguyén thay la dé quy
timg phan. Diéu nguge lai néi chung khéng ding. Tuy nhién dinh 1y 6
cho ta didu kién dé mét ham dé quy timg phan la 48 quy nguyén thuy.

11. CAC HAM CO LIEN QUAN T3I CAC SO NGUYEN TO

1. Ta k¥ hiéu ham dac trung cia quan hé x/y bdi div (x, y) xac
dinh nhu sau:
1, néu Rest(x,y) = 0
div (x, v) = ‘e
0, néu Rest(x,y) # 0.
Khi d6 ta cé hé thic sau day:
divix,y) = SgRest(x.y))

Vay ham div(x,y) 12 ham dé quy nguyén thuy.
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2. Bay gid ta ky hiéu t(x) 12 cac udc khac nhau clia s& ty nhién x.
Vi s8 udc cla x khong thé 16n hon x nén ta cé hé thie sau:

X
wx)= D, divix,i)
i=0
Vi ham div(x,i) 1a ham dé quy nguyén thiy, va do dinh 1y 3 ta suy
ra ham 1(x) 1a d& quy nguyén thuy.
3. Theo dinh nghia théng thudng thi mét s5 tu nhién dude goi 1a
nguyén td néu né cé ding hai uéc khac nhau la 1 v chinh né.

Gia sif ta ¢6 didy cac s8 nguyén t5'1a 2, 8, 5, 7, 11, ... ta k¥ hisu lin
lugt cac s6 nguyén t& trong diy Po, P,, Py, ..., néi cach khac Py = 2,
Pl = 3, P2: 5,
Nhu vay P, chinh la s§ nguyén t§ th¥ n+1 trong diy s6 nguyén t&
theo thit tu tang dan.
Goi P(x) Ia ham d3c trung cho 8 nguyén t8 x dinh nghia nhu sau:
1, néu x 13 s8 nguyén t6
P (x) :{ " syen e ,
0, néu x khong phai 14 s& nguyén to
Va chi c6 s6 nguyén t6 méi c6 dving hai udc khac nhau nén ta cb hé
thic sau: P(x) = Sg |t(x} -2}
Vi cdc ham ?g X, 7(x) 12 dé quy nguyén thiy nén ham P(x) ciing 1a
ham dé quy nguyén thuy.
4. Mot trong nhitng ham ndi ti€ng nhit cia 1y thuyét s& dé 1a ham:

50 cac s6 nguyén t& khéng vugt qua x ma ta ky hisu 1a n(x).

R rang ta c6 hé thic n(x) = ), P()
i=0

Trong d6 P(x) 14 ham déc trung cho tinh nguyén t& cia x, va nhu

trong 3 thi P(x) dé quy nguyén thiy, vay =n(x) ciing 12 ham dé quy
nguyén thay.
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Tit dinh nghia ta suy ra rang n(P,) = n +1 va n(x) < n +1 néu
x < P,. Diéu nay c6 nghia 14 x = P, la nghiém cuc tiéu cic phttong trinh
n(x) - m+1) = 0 hay P, = (ux)[(=(x} - n -1) = Ol. Ta chltng minh P, € =.

Vi ham géc (r(x) - n -1) dé quy nguyén thiy nén theo dinh 1y 6 @8
chitng minh ham P, d8 quy nguyén thiy ta cdn chi ra ham a(n) dé quy
nguyén thay sao cho P, < afn) véi moin 2 0.

Ta ldy ngay ham a(m)= 2° r6 rang day 12 ham dé quy nguyén
thiy. Ta chitng minh bing quy nap bit déng thic P, < 2* theon > 0.

1]
Véin= 0tacé Pp=2 <2 =2 ding véi n=0.

Gia sit cong thic-da ding cho moi n, téc 1a P, < 2°. Ta chiing

n+l
minh né ciing d&ing cho n +1, hay chitng minh Py, < 22

0 1
Theo gia thiét quy nap ta 6 1+ PP, ... P, < 1 +2% 22 | 2°

+1 1 n+l n+l

. 2 n n
hay 1+ PoP;.. P,< 1422+ %2 = 94 92 “=1+522

Dat N= 1+ PoP; ... P, do N > 1 nén N phai ¢6 it nhit mdt udc
nguyén t8 P, nao d6. Udc P, nay khéng thé 13 Py, Py, ..., P,, vi néu diéu
d6 xay ra thi N vira chia hét cho P, (vi P; 14 udc cua N) lai vita khong
chia cho P, nén P, > P,, hay P, 2 Po«;. Do N> P, nén N > P, n

Mt khac ta ¢ N < 22" (2)

n+l

Tt (1) va (2) suy ra Poyy < 2%, hay bat ddng thitc dung véi n+1.
Tém lai ta c6: P, < 2% ¥n 2 0. Theo dinh 1§ 6b thi

P, = (ux)[{n(x) - n -1] = 0112 ham dé quy nguyén thuy.

5. Chﬂng minh ham exp;(t) 12 d& quy nguyén thuy

D& ham exp;(t) xac dinh khip nai ta dit thém diéu kién exp;(0) = 0
véi t=0. Theo dinh nghia thi ham exp;(t) 12 gia tri 16n nhat cia 6 o &é P,°
12 wéc ctia t. Bdi vay ta ciing c6 thé néi exp;(t) 1a gia tri bé nhat cla s6
dé cho t khéng chia hét cho P, Vivay ta cé expi(t)=(po)[div(P,**" t)=01.
Vi div(Pi“*_l,t) dé quy nguyén thiy nén theo dinh 1y 6 dé chiing minh
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ham exp;(t) dé quy nguyén thly ta chi ra ham B(n) dé quy nguyén thay
sao cho expi(t) < B(n). Ta dit Bm) = Po™ P;*2 ... P,"»*1 | RS rang (@) la

ham d& quy nguyén thiy va ham expi(t) < B(n). Vay expi(t) 12 ham dé
quy nguyén thuy.

III. TINH CHAT CUA HAM BE QUY TUNG PHAN VA TAP DR
QUY KE PUGC

Dinh nghia 9: Tap M < N’ goi 12 tap dé quy k& dude ndu né hodc
12 réng, hodc 1a ton tai cac ham dé quy nguyén thiy f;(), ..., £,(t) sao cho
M= {{fi(t), ... f®) /t e N}.

Dinh Iy 7: Gia sit kK 1a mt tuong ing d& quy nguyén thiy giiia N
vaN.

1. Néu L - N 1a tép dé quy k& duge thi anh cfia né .qua phép tuong
ting K™ ciing 1a tap dé quy k& dugc.

2. N€u M c N* ia tap dé quy ké duge thi 4nh ctia né qua phép
tudng dng K'® ciing 12 tap dé quy ké dugec.

Chfmg minh:

1) Theo gia thiét L < N 1a tap dé quy k€ dugc, nén theo djnh nghia
thi ton tai hAm dé quy nguyén thiy f(t) sao cho L = { f(t) / t € N}. Xét
anh cia tap L qua K

KPL) = (K, "), K@), ... Ky /x e L.
Nhung x € L khi va chi khi 3t d& f(t) = x. Nén ta c6 thé viét:
K®(L) = {(K,®l((), K()), ... KAE@®)) 7t € N},

Dat K *(f(t) = £(t), khi d6 vi K, f(t) dé quy nguyén thiy nén £(t)
1a 48 quy nguyén thiy. Vay K¥(@L) = (@), ). ... L) / t € N} 1a tap
dé quy ké duge.

2). ViM c N° 1a tap dé quy k& dudc, nén theo dinh nghia ta ¢6 tén
“tai cdc ham dé quy nguyén thuy f,(t), f(t), ..., £.t) véi t € N, va
M ={(f,(t), f,(t), ..., f(t)) / t € N}. Anh ciia M qua K® 1a .
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KM =K ™ x,, Xg. ..., X}/ (X1, X, ..., X}€ M}

Nhung (X;, X, ..., X;} € M khi va chi khi tdn tai cac ham fi(t). f(t).
s £5(t) V6i t € N sao cho fit) = x; (i = ] 3) nén ta c6 thé viét lai:

KM ={K,"® (1, (1), f(0), ..., f.()) / t € N},

£) = K (£,(t), £(), ..., £.(t)) 12 ham d& quy nguyén thiy. Vi K",
f(t) dé quy nguyén thuy nén tap K'“](M) 14 tap dé quy ké ducc.

Dinh Iy 8 : Hinh chiéu cha tap dé quy ké duge 13 mét tap dé quy
ké duge. '

Chitng minh: Gia stt M < N°1a mot tap dé quy k& dudc.

Nghia 13 tén tai cac ham dé quy nguyén thiy f,(t).f().....L(1), teN
sao cho M = {(f, (), f,(t), ..., £,({t))/ te N}.

Ta goi hinh chiéu ctia tap M 14 tap ma ta k¥ hiéu 1a;

hcll,‘ " ,ikM =L= {(f{l(t). ﬂz(t), fik(t')) /te N}. Trong d6 f5¢t) € i), ..., L&)}
suy ra L 13 dé quy ké dugc.

Dinh Iy 9 : M&i tap dé quy nguyén thiy déu 13 tap dé quy ké dugc.

Chitng minh: Gia st M 1a tap dé quy nguyén thuy nio d46. Ta
chitng minh M ciing 14 tap d& quy ké duge.

Né&u M = & thi theo dinh nghia M 1a d& quy ké duge.

Néu M # &, nghia la ¢6 it nhit 14 mét phan ti ching han dé la
phan tit ac M. Goi Jyy(x) 13 ham dac trung cia M, nghia 1a

A :{ 1, néu xe.M
0, néuxe M
Gol f(x) = x. Ju(x) + aS_gXM(x) va diy 12 ham dé quy nguyén thuy.
Ta chira M = {f(x) / x € N}. That vay néu x € M thi ta c6
fx)=xeM.

Néu x ¢ M thi f(x) = a € M. Theo dinh nghia tap M la tap dé quy
ké duge. '
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Dinh nghia 10: Tap M c N dugc goi la tap d& quy, néu ham dic
truiag ca né 13 ham dé quy timg phan.

Tt dinh nghia trén ta c6 mjt s6 két qua sau diy:

a) Moi tap dé quy nguyén thiy déu 1a tap d8 quy.

Vimoi ham dé quy nguyén thily déu 12 ham dé quy timg phén.

b) Tap réng va tap N cac s& ty nhién 13 tap dé .

Vicac ham déc trimg tuong (g cla tap réng va tap cac s tut nhién 1a 0

c) Tap hitu han cac 86 tg nhién M = {a,, a,,.., a,} 12 tap dé quy.
That viy, ham dic trung cia M 13
Au(x) = Sglx-a;| + Sglx-az| +..+ Sglx-a,|
dé quy nguyén thiy nén ciing 12 hAm dé quy titng phan.

d) Tap cac s6 ty nhién chin, tap cac 88 nguyén t& va tap cac s§
chinh phuong déu 1a cac tap dé quy nguyén thity va do @6 déu 1a cac tap
dé quy.

That vay, dat M; = {cac s6 chin}, M, = {cac s§ nguyén 5},
Mj; = {céc s6 chinh phuong}, ta c6:
1, néu x - chdn -
XM 1(1'0 =

0, néu x - 1é

suy ra /“(M](x) = Sg(div(x, 2))

/Tuz(x) - { 1, néu x - nguyén td
0, néu x - khéng nguyén t&
suy ra XMZ(x) = gé (t(x) -2).

XMS(X) _ { 1, néu x - chinh phudng
0, néu x - khéng chinh phudng
Suy ra Xy 3(Jic) = §§ x* [VxP? ) déu d& quy nguyén thiy.
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Chi y: Moi tap 4é quy nguyén thuy déu la tap dé& quy nhung ngugc
lai khéng ding, ngudi ta d& chi ra phén vi du trong 1§ thuyét ham toan
ning.

Sau nay ta sé ching minh dinh 1y sau day:
Dinh Iy 10: Moi tip dé quy déu 13 tap dé quy ké dugc.

Pinh Iy 11: Ldp cac tap dé quy déng ddi véi phép hdp(L), giao(n),
phu dinh (—).

Chitng minh: Gid sit M, My, M, 12 céc tap dé quy. K¢ hiéu cac ham
dic trung tuong ing la Xy, A’Ml, A’Mz.
Khi d6 ham d%c trung cta cac tap M, M; U My, M; ~ M, tuong
ing la: '
IM®) = Sgiy(x)
= +
’TMI\.J M, Sg(XMI X_Mz)
A ~m, = A - A,
Vi cac ham Ay, }{’Ml, A’Mz dé quy timg phan, nén theo dinh nghia ta
cfing suy ra cac ham XM, XMIU M, XMI ~wm, 48 quy timg phan. Hay cac
tap M, M,u M, M, ("\-M-g la cac tap dé quy. Dinh 1§ dugc chitng minh.

Pinh Iy 12 : Tap L « N’ 1a tap & quy k& duge khi va chi khi véi
. - . . + A - ~ -
moi 86 tu nhién m > O t6n tai tap M N*""™1a tap dé quy nguyén thuy,
dong thdi L = he; M.

Chitng minh:

Diéu kién dii: Gia sit Vm > 0, tdn tai tap M < N* " 1a tap dé quy
nguyén thiy véi L = he; M. Ta chitng minh L 14 tap d& quy ké dugc.
That vay tit két qui a) ta ¢6 M la tip 48 quy. Theo dinh Iy 10 thi M la
tap dé quy ké duge. Theo Dinh 1y 8 thi L = he, M 14 tap d8 quy k& dudc.

Pidu kién cédn: Gia sit L < N° 1a tap dé quy k& duge. Theo

dinh nghia thi ton tai cic him dé quy nguyén thuy fi(t), ..., £,(t) sao cho
L={(fi®t), ..., £,(1)) / t € N}.
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Véimoi m > 0 &t M = {( (1), ..., L), 0,.. 0.0k teN.
' m lm
Khidétac6 Mc N " vaL=he, M.

Dé két thic chiing minh ta cin chi ra rdng tap M 13 dé quy
nguyén thuy.

That vay (xi, ..., X, 21, ..., z,) € M khi va chi khi fit) = x;, ...,
fot) = Xo, 210 = 23= ... 2, = 0. Vi vay néu goi Nu(x,, ..., X,, Zy1, ..., Zy) 14 Bam
dédc trung cia M thi ta cé:

s m
A1y o Xy T, Zm) = SEID | €= | + Z z)
i=1 i=1

14 d¢ quy nguyén thay. Hay M la tap dé quy nguyén thiy.

Dinhly13: TapL c N 1a dé quy ké duge khi va chi khi véi moi
m > 0, ton tai ham d8 quy nguyén thiy F*™ sao cho:

L={G, ., X) /3y, o Y A FE™ (¢, Xer Yir ooy Y = O}
Chitng minh.:

Diéu kién cdn: Gia st L N 1a tap dé quy ké duge. Theo Dinh ly

12 thi vm > 0, 3 tap M < N dé quy nguyén thuy, dbng thei
'L = he, M. Goi fiy 12 ham dic trung cia M.

Dat ham F®'™ (x,, ..., X, 91, s Vi) = SEX KL, s Xov V1o oros Vi)

R6 rang F*™ nhu trén 13 ham can tim. That vay F*™ 1a ham dé
quy nguyén thuy (s+m) bién, do Xy v ham Sg 1a dé quy nguyén thiy.

Theo dinh nghia hinh chi€u ta cé (x;, ..., x) € L khi va chi khi
3G, .., ¥m) sa0 cho (x4, ..., X ¥1, ..., Ym) € M.

Nhung (x4, ..., X, ¥1, ..., ¥o) € M khi va chi khi

XM(X]. rery Xﬁ»yl----s Ym) = 1 hay §-g_A/M_(xlv ey xs» y19 nay Ym) = 0

Néi cach khac (x1, ..., X0 ¥1. ..., Ym) € M khi va chi khi
F&i, o Xa¥100es ¥m) = 0. Hay L = {(xy, ..., x)} / 3 (¥4, ... ¥ou) 820 cho
: F(X], ey X0 ¥, 00 ym) = 0}
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Diéu kién di: Gid sit m > 0, ta c6 ham dé quy nguyén thay F&™
saocho L ={(xy, .... %) /I Y1 o0y Y 48 F&™ (x,, ... Xeo Y1, -y ¥a) = O

Ta chimg minh L theo d& quy ké duge.

Xét tﬁ.'p M = {(xl’ weny Xgy ¥ wens ym) ! F(xlv coer Xay ¥15 -ees Ym) = 0} Véi
ham dic trung cta né 1a Yy, Khi 46 ta cé:

XM(XI! coes Xgy ¥y oeny Ym) = %F(XI, vees Xgy ¥y ooy Ym) la dé quy nguyén
thliy. Suy ra M la dé quy nguyén thily. Hay M 13 tap dé quy (do a). Theo
Dinh Iy 10 thi M 1 tap dé quy ké duge. Ta lai ¢6 L = hey. M vi M 1a tap
dé quy ké duge nén theo dinh 1y 8, L 14 tip dé& quy k& dugc. Pinh 1y duge
chimg minh. _

Pinh Iy 14 : Néu M;, M, 13 hai tap dé quy k€ dugc trong N, thi
M,u M,, M; n M, ciing 13 hai tap dé quy k& duge.

Chitng minh: Theo gid thiét M; ( = 1, 2) dé quy k€ dudc nén theo
Dinh 1y 13 tdn tai cac ham dé& quy nguyén thuy F,*(x,, ..., x,, v)) sao .
cho M = {(xy, ..., x) / 3y B F*V (xy, ..., X, y) = 0} (i =1, 2).

a) Trudc hét ta chitmg minh tap M; u M, 14 d&'quy ké dugc.

~Xét ham sau: _

F(sz)(xl? vy .xs, Yl,Y2) = F1(8+1)(x1v ey Kgo YI) Fz(slhl)(xl! ey Xg, Y2) rﬁ
rang ham nay dé quy nguyén thuy.

Mat khac F**?(x,, ... x,, y1.y2) = O khi va chi khi it nhat hoac
F,®" = 0 hoge Fo**V = 0.

Xét (x;, ..., Xs) € M; v M; khi va chi khi hodc (x,, ..., X)) € My hoiic
(X1, ..., Xa) € M, khi va chi khi 3y, d& F,**V (x,, ..., x.. 1) = O hoic Jy, d€
Fz(m) (X1,-.-sXg, ¥2) = O khi va chi khi 3y,,y, dé Féed (X1, ..., X Y1.¥2) = O.
Tém lai (x4, ..., X)) € M; w M, khi va chi khi 3y, v, d€ ham dé quy
nguyén thay F®*? (x,, ..., x,, Y1.¥2) = 0.

Hay M; u M; = {(x), ..., X} / 3 y1. y2 4 F®*? (x,, ..., X,, 71, ¥2) = O}.
Theo Dinh Iy 13 ta cé tap M; U M, 1a dé quy k€ duge.

b) Ta ching minh tip M; ~ My 1a dé quy ké duge. Xét ham

F(s+2) (xh ey xsa YIvy2) = FI(B+1) (Xh wray xﬁ! YI) + F2(8+1) (xls ey xsi Y2) Vfi
la dé quy nguyén thuy.
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F** 2y, ..., Ko, 71,¥2) = 0 hi va chd khi khi
F* &, o % 30 = F "y, o X, y2) = 0

Xét (x5, ... X)) € M » M; khi va chi khi (x;, ..., Xx.) € M; va
xi, ..., X») € M, khi va chi k};u o tai y, &8 F,*' V&, .., x,, 1) = O v idm
tai y, 48 Fo*""x;, ..., x,, 2 = O khi va chi khi t4n tai y, , vy, &€
F?Px,, ..., X, ¥1, y2) = 0. -

Vﬁy Ml m M2 = {(x'l‘ rars xs) ! EYI + ¥o ﬁ;’ F(B"-z’ (xl, ey Xoo Y1 yz) :':0}.

Theo Dinh 1y 13 thi M, ~ M; 1a tap 88 quy ké duge.

Dinh 1y 15 : Ham £* 13 d8 quy titmg phin khi va chi khi d3 thi Gy
clia né la tap dé quy ké duge.

Chitng minh: |

Piéu kitn di: Gia sit Gela tap 88 quy ké duwgc. Ta chitng minh ring
f1a ham d& quy timg phan.

Theo gid thiét do G; 48 quy k€ dugc nén tdn tai cac ham 48 quy
nguyén thay £,°, £,°, ..., £, £,.,* sao cho

Ge= {69 6% L0 £/t e Nva £ =16, . £9 @

i=!

Ta chitng minh f(x;, ..., x,) = Ll M -x 1 =01 @)

Néu chitng minh dugc (2) thi f(x,, ..., x,) 4 ham dé quy timg phan
(vi chinh ham goc z | fi(t) - xi| 14 48 quy nguyén thuy). Trudc tién ta

i=1
nhin thiy néu f(x,, ..., x,) khéng xac dinh thi v& phai ciing khéng xic
dinh. That vay néu f(x,, ..., x,) khéng xic dinh thi khong thé tén tai t 48
£(t) = xi. Vi néu ton tai t 48 fi(t) = x; thi khi 46 b (xy, ..., Xe, fei®) € Gy
Vi vay f,.(t) xac dinh trém bs (i), ..., i), hay L., Q). ... L)) xac
dinh.

Theo (1) ¢6 £(xy, ..., X,) Xac djnh. Trai vdi gia thiét ix,, ..., x,) khéng
xac dinh.
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Nhu vay néu f(x,, ..., X;) khong xac dinh thi khéng thé tén tai t dé
£ = x. Vi vay @ 'l £1) - x; | = 0) khéng xac dinh hay ham

i=1

5
fonlut)(Y |£t) - x;| = 0)] ciing khéng xéc dinh.

i=1
Béy gid ta chitng minh néu mét trong hai vé& trong (2) xac dinh thi
vé kia cling xac dinh va cho két qua nhu nhau;

* Gia sit f(xy, ..., X¢) Xac dinh va bing y ta chitng minh v& phai trong
(2) cting xac dinh va bng y. Vif(x, ..., X)) = y nén (xy, ..., X,.v) € Gy, titc
1a ton tai t sao cho fi(t) = x; G =1, ..., 8) B)vA y = £, (,(t), ..., £,(1)). Theo
(1) ta cé thé viét '
y = fn(Ei@), ..., £(0) = £, (D) (4)
- Xét v& phai trong (2) ta cé:

S .
falt)(Y 160 - x| = 0] = £, (5)

i=1

T (4), (B) ta cé vé& phai ciing xac dinh va:

s .
fxy, oo %) = Hun Y 160 - x|l =01 =y.
i=1

Vay diéu kién di duge chitng minh.

" Truéc khi chitng minh d&iéu kién cin ta chitng minh ba b§ @8 sau
day: .

BG dé 1: Gid st f(xy, ..., X, y) nhan dugc tit cac ham g®, h®*? bsi
phép dé quy nguyén thuy. Khi d6 ham f ciing nhan duge tit cac ham
g™, h®*? va cac ham dé quy nguyén thiy khac bing phép th& va phép
dé quy nguyén thay dang dic biét:

| | { ¢(x.0) = x
p(x.y+1) = O(px,y))

Chiing minh: Theo gid thi&t vi f nhan dude tit g™, h™? bdi phép dé

quy nguyén thiy nén ta c6 luge dé dé quy nguyén thiy sau day:
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{ f(xl’ x29 ey Xn, 0) = g(x], rany x.]_)
f(x1, X2, ..., Xg, y+1) = h(x1, X, ..., Xq, ¥, fx1, Xo, ..., Xy, 7))
Gia st K™ va K™ 13 nhiing tudng Ung d& quy nguyén thuy giita
N va N° N va N™** tuong ing. Nhu vay tuong tng K™ duge biu didn
bdi t © (xy, ..., x,). Hay K™ dudgc thue hién béi cac ham :
Ko™ (1, o %) = 85
K™ =x,;

K (1) = x,, .

Dt ham yit.y) = K™ 7&K, "),... K. @)y, 1&, M@, ..., K@), y)
hay d€ cho gon ta viét lai ham w(t,y) nhu sau:
wt.y) = K™ (X y, (X y)) @ day %= K, "™®), .. K"®) Q)
EKhi d6 ta cé;

w(t.0) = Ko™ (X ,0,£(% ,0)) = K™%(%,0,¢(%)) =: Gt 2

wity+) = KW E y+ 16X v+ D) = K™% y+Lh(X v.8X.9)) @
Dyt fu) = K™, ™), ..., K™ (w), K,.,™?wr+1, hK, " (w),

K™ ), Koo ™), Ko™ (u)) @

Tit (1) ta nhan thay f(X,y) 1a thanh phan thit n+2 cta b \y(t y)
cho nén ta cé:

Ko™ (w(t.y)) = KX ) ®)
Ciing tit (1) ta thiy w(t,y) 1A ham d8 quy nguyén thiy nhan dudc
tit ham f, ma f nhan duge tix g™, h®*? bai phép dé quy nguyén thiy nén
w(t.y) cling nhén duge tir g®, h®? bdi phép the va phép dé quy nguyén
thily. Mat khac tit (5) ta th&y f lai nhan duge tit wit,y) va Ka.o™? bai
phép th&. Néi cach khac f nhan duge tt g™, h®*? va cac ham dé quy
nguyén thiy y(t,y), Ku™? bdi phép thé. Bay gid ta chi ra f cling nhan

dugc tit cac hAm d& quy nguyén thuy trén qua phép de quy dang dic
biét.

That vay, xét mél quan hé gilta y va ®, mudn vay ta viét lai cac
déng thitc (2), (3) nhu sau:
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" ﬁ(w) = G(t) @)
ty+D) = KX y+1Lh(X .y, f(Xy) @)

Ta chétng minh ring-y(t,y+1) = O(w(t.y)).

That vay trong (4) ta thay u bdi b w(t.y) khi dé6 trong (4) ta ¢
KPP wey), ... K"t y) = X, con Ko ™ P (y(ty)) +1 = y+1 va
Ko™ 2 y(t.y) = f(X y) (5). Hay ta c6

O(y(t.y) = K"K, y+1, h(X y.8(X.y) = wit.y+1).
Dén day ta viét lai (*) nhu sau:
*,){ w(t.0) = G(®)
w(t.y+1) = D(y(t,y)

Nhung day chua phai 14 phép dé quy nguyén thuy dang dic biét
nhu trong bf; d& nén ta tiép tuc bién ddi bing cach dit:

(%) { ¢(x.0) = x
o(x,y+1)= D(p(x,y)
~ Khi 6 trong (***) theo dinh nghia ¢ nhan duge tit phép dé quy
nguyén thuy dang dic biét. Bdi vay b dé s& dude chiing minh néu ta chi
ra dfng thitc sau: .
yt.y) = @(G(t).y) (©6)
Ta chitmg minh (6) bing quy nap theo y.

Véiy =.0 thi vé trai cia (6) 12 y(t,0) = G(t) (do 2) con v& phai cla
(6) 1a p(G(1),0) = G(t) (do ***) vay v&i y = 0 thi (6) ding:
v(t,0) = ¢(G(t),0).
Gia st (6) diing véi y, ta chitng minh (6) ciing ding véi y+1, tic 1a
ta chimg minh rdng: y(t,y+1) = e(G(t).y+1).

Ta c6 e(G(t),y+1) = Be(G(t).y)) (do ***). Nhung theo gia thist quy
nap thi &p(G(t),y) = O(y(t,y)). Vay ¢(G(t)’y+1) = Oy t.y) = y(ty+l)
(do **). Vay b3 & dugc chlmg mmh
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B6 dé 2: Néu ham f(x,, .... X)) = (uy){g,, ..., X,.y) = O] thi f cfing
nhan duge tt ham g va cac ham dé quy nguyén thily bing phép thé va
phép toan ti cyc tiéu dang dic biét: F) = (uy)(Gx,y) = 0).

Chimg minh: Gia sit K 1a tuong ving dé quy nguyén thiy giita N
va N°. x € N (X, ... X) € N° thyc hién duge bédi cac ham dé quy
nguyén thiy K,"\(x) = x;, K;*'(x) = xs. ... K. x)=x, va KB, ... %) = x.

Dit Gx.y) = g(K," %), K"®), ..., Kx).y) )
va  F@) = (ep)IGx.y) = 0] @
B6 dé 2 duge chitng minh néu ta chi ra duge ring:
FK"(xy, .... x) = F@ = FE(x,. ... ) =
= WIGKe™(xy. ... x.), y) = 0}
= (uy)lgxy, ... X..¥) = 01 = f(x;, ..., X,).

Vi f nhan dudc tit F ma F lai nhan duge tit phép toan ti dang dic
biét nén bé dé duge chitng minh.

Bé' dé 3: Tén tai ham dé quy nguyén thiy I'(x,y) ¢6 tinh chit sau;
vdi moi n, va véi moi b ¢ac s§ tu nhién bt ky (ay. ay, ..., a,) bao gis
¢fling ton tai s6 x sao cho:

I'(x,0) gag
'(x,1) =a; @

l"(x,p) Za,
Chizng minh: Ta liy ngay ham

['(x,y) = Rest(K,7(x), 1+ ¢+ DK,P(x))

trong d6 K¥' @ =1, 2) 12 tudng iing d& quy nguyén. thily ndo do giita N
va N% Cén ham Rest(x.y) 13 s§ du ctia phép chia x cho y ta da chimg
minh ham nay la dé quy nguyén thay. Vi vay ham I'(x,y) 12 ham dé quy
nguyén thuy.

Ta can chi ra d&i vdi bd (ag, ay, ..., a,) c6 tdn tai s6 x 48 ham I'(x,y)
thoa man (1).
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Ta 15y ngay x = Ko%(u,b) khi 46 u = K;*(x), b = K;2x). Nhu vay
ta cdn chon céc 88 u, b sao cho né thoa min
Rest(u, 1+(y+1)b) = ay (0 <y < n) (@
Theo dinh nghia efia ham Rest thi (2) c6 thé viét lai

1+F+1)b > ay
{ .
‘ u-ay: 1+@F+1b
D& cho gon ta dit 1+(y+1)b = my khi d6 hé (3) tudng dudng véi
e
u-ay:my

(4)

) Nhu vay bai toan quy vé chon hai 88 u, b sao cho thodn méan hé
(4). Déivéibchonngayb={1+n+ag+a; +..+ay!

R& rang vdi b chon nhu vay ta cé ngay my > ay.

Trudc khi chon u thoda man u - ay : my, ta hay chimg minh vdi cach

chon b nhu vay thi mg, my, ..., my, ..., m, 12 nguyén t8 timg cip, nghia la
gitta chiing khéng c¢6 udc chung nguyén t4 # 1 nao. :

That vay, gia sd ngude lai ring: my, my, ..., oy, ..., m, la khong
nguyén t& timg cip, tdc 13 gitta m;, mj (gid thiét i < j) c6 moét ude sd
chung nguyén t6 P = 1. &

Xét my - m; = [1+G+1)b] - [1+G{+1)b]) = G - i)b nén 88 (-)b chia hét
cho P. Mat khéc ta nhan thiy P phai chia hét cho G -1), i0<G-1) <n
<1+n+ag+a; +..+a,nén (j-1) phai la mét thita s6 nao d6 trong (1 +
n+ag+a; +..+ay)! =b, hayb phai chia hét cho j-i.

Vi (j-1)b chia hét cho P nén c6 hai kha ning sau:
.ho#c j - i chia hét cho P.
hoic b chia hét cho P.

Vi nhu nhin xét trén, b chia hét cho (i - 1) nén trong truong hgp
thit nhat ta suy ra b chia hét cho P.

Vay trong ca hai trudng hgp déu cé b chia hét cho P.
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Nhung vi1+ (i+1)b = m; ma P 1a ude cia m; va cling 13 udc ctia b.
Chimg t6 P la udc ctia 1. Didud6 v Iy vi P = 1.

Méu thuan dé chiing t6 my, my, ..., my. ..., m, la nguyén t§ timg
cdp. Ta dat M, = Mo.My...My 1. Mipy...My (5) (0 <i < n). Khi d6 M; va m;
ciing 13 nguyén t8 timg cfip. Bdi vi néu khéng thi giia M;, m; ¢6 udc
chung nguyén t6 P # 1 ndo 4. Khi dé trong (5) phai cé mj véi j # i chia
hét cho P. Tit 1§ luan trén ta din dén truong hgp gita mj va m; c6 ude
nguyén t6 chung P 1a diéu khéng thé c6. Hay M; va m,; 12 nguyén t5 timg
cip.

Trong 1y thuyét s8 ngudi ta da chimg minh duge ring néu M; va m,
13 nguyén t6 timg cip thi ¢6 3 cac s8 z; va w; sao cho: Miz; ~ myw; = 1 (6)

T (6) suy ra M;z; chia hét cho m; con du 1. Didu nay cho phép suy
ra a;M;z; chia hét cho m; con dv a; (0 <i <n).

Dén day ta chon u = agMyzo + ... + apM,z,.

Ta ching minh d6i véi u nhu vay thiu - ay : my. That vay tit (5) ta
suy ra rang: a;Mz; | my, V y#1 (7), riéng ayMyzy chia cho my con du ay
- (8).T (7), (8) va cach chon u ta suy ra u-ay : my. Vay b8 dé& dudc ching
minh.

Bay gid ta trd lai chitng minh difu kién can ciia Dinh ¥ 15.

Diéu kién cdn: Gia sit f 1a ham d& quy timg phin. Pa chimg minh
tap Grla dé quy ké dugc.

Theo b6 d€ 1 va 2 thi mbi ham dé quy timg phan nhan dugce ti cic
ham dé quy nguyén thiy bsi phép thé, phép dé quy nguyén thuy dang
ddc bigt va phép cyc tiéu dang dic bidt. Mat khac nhu ta bidt dé thi ciia
ham d¢ quy nguyén thiy la tap dé quy nguyén thuy, do dé ciing la tap
dé quy ké dugc. :

V1 vay 46 chitng minh didu kién can ta cAn chimg minh qua phép
thé va qua phép dé& quy nguyén thiiy cling nhu phép toan tit cuc tiéu
dang dic biét, tinh dé quy ké duge clia d6 thi ciia ham vin bio tén. Cu
thé 1a: ' '

1y Déi v6i phép thé :

Gia s f(x1, -0 %) = g1 (x1, oy X, o En(Xe, o X)) 1)



254 Chirong 9. HAM DE QY

Vil gin thaidt Gy, 'G;i 1a tap dé quy ké duge. Ta phai chimg minh
rime G cling 1 tap 4@ quy ké duge. That vay do Ge dé quy ké duge nén
ton tad cac bam &8 quy nguyén thuy a,(t), axt), ..., an(t), at) sao cho:

Ge = Heult), as(t), ... oam(t), alt)} 2
3 day oit) = glerdt), wot), ..., om(t). Do G¢ d& quy ké duge nén tén tai cac
ham 48 guy ngayén thiy §,'1). B2'1), ... B,/ ®), B'®) sao cho:

Ge. = (@D, B2 ®), .. B'O. PN (=1 om) @)

trong @ B't) = £B.'@), ... B.O).

Xét (X, Xo, ..., Xo, ¥) € G¢ khi va chi khi f(x;, ..., x) =y = g{fy, ..., {m)
(do 1) Kchi va chi khi 3 yy, ..., Ym sa0 cho fi(X;, ... X) = y; = 1, ..., m) ma
y = g(¥1, .... Ym) Kkhi va chikhi 3 ¢,, ..., ty,, t a0 cho % = B, vi = B'(ty)
(=1, ..m).vd ) =y y=a®). Odayl1<j<s, 1<k<m

Do yx va y; nhu nhau nén ta ddng nhit ching véi nhaw
aift) = Bitt)
Tém lai ta ¢ viet (xy, ..., X., ¥) € Gy khi va chikhi 3 t, ..., tn, t 520

cho FxX, . Xa Vo brs s b ) = 2 lou®) - Bt + 2 | %5- Bi®)I
. i=l 15ism
1€35a

+ly-at)| =0.

Do ham F(xy, .... Xa, ¥, t1, .oy tm t) 12 ham d€ quy nguyén thiy nén
theo Dinh 1§ 13 ta c6 tap Gy la tap dé quy ké dude.

2) Déi véi phép dé quy nguyén thuy dang dic biét.
Gia st f(x,y) nhan dugc tit phép dé quy nguyén thuy dang dic bigt:
{f(x.O) =x

L
f(x,y+1) = h{f(x.y))

Véi gia thigt thém Gy 12 tap dé quy ké duge. Ta chémyg minh Gy la
tap 4é quy ké dugc.

Do Gy, 1a tap d& quy ké dugc nén tdn tai cac ham dé quy nguyén
thuy a(t), p(t) sao cho
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Gy = {(alt), PP} vdi B(t) = hiat)) 2
Theo dinh nghia thi G¢ = {(x, y, 2) / z = f(x,y)}.
Chia Gy thanh hai tap G, va G, sao cho:
Ge= Gy U.Gz vaG,"Gy= &
Cuthé G,={x v 2 cGs/y=0}
Cén G2= G\ G ={(x,y,2) € Gt/ y>0)

Theo Dinh 1§ 14 dé ching minh G;1a tap dé quy ké dugce ta chi can
chitng minh G, va G; 14 hai tap dé quy ké duge.

a) Gy 1a tap dé quy ké duge :

Ta c6 (x,y,z) € G, khi va chi khi y = 0, f(x,0) = x = z. Vi vay
A’Gl(x,y,z) =S5g.y. Sgl x - z| dé quy nguyén thuy hay G, 1a tap dé quy
nguyén thuy.

b) G, 1a tap &é quy ké dudgc :

T (1) c6 (x,y,2) € G, khi va chi khi 3ag, ay, ..., ay-1, ay sao cho
ag = X, a; = h(ag), az = h(a)), ..., ay = h(ay-1) = z. Nhung h(ay) = a;,, tuohg
duong vdi 3ty sa0 cho a; = altie); 254 = Pltier) (do 2). Choi=0,1,....y-1
thi ta c6 thé viét nhu sau: (x,y,2) € G, khi va chi khi 3t,, tg, ..., ty sao cho
at)) = x, Pty = alty), Bt = altsy), ..., Ply-1) = alty), B(ty) = z, hay
(x,y.2) € Go khi va chi khi

¥
Fy,z.be, - ty) = L alt) - x§ + 2, 1B@) - aittien) | + | Bty -z1 =0 3)
3=
Theo bg d€ 3 ta da xdy dung dugc ham dé quy nguyén thity T(u,x)
sao cho dé1 véi méi b ty, t, ..., ty hé phuong trinh T(u,) = t, (= 1, ..., y)
c6 nghiém u. Trong (3) ta thay t; bdi [(u,i) = t; G = 1, ..., y) ta nhan duge
ham: '
yo1

Fx,y,z,u)=1al'(u,1)) - XI+.Z b (u,i+1)-BI (w,i)) | + BT (w.y) - z| =0

i=1
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Chitg t& F(x,y,z,u) 1a d& quy nguyén thuy.

Ta viét lai (x,y,i) € Gg khi va chi khi 3u sao‘cho F(x,y,z,u) = 0.
Theo Dinh 1y 13 thi G; 1a &8 quy ké dugc hay G; = G, U G, 14 dé quy ké
duge.

3) D481 véi phép cyc tiéu dang dic biét.

Gia sit f(x) = (uy)gx.y) = 0] (1) v G¢ 1a tip d& quy ké duge. Ta
chimg minh Gy cting 13 tap dé quy ké duge. Vi G dé quy ké dude nén tén
tai cac ham dé quy nguyén thuy oft), B(t), y(t) sao cho

Ge = {(a(t), BB, v(t)} & day y(t) = gla(t), B(t).

Ta e¢6 G = {xy) / ¥y = fX)}. Vi vay (x,y) € G; khi va chi khi
- Jag, aj, ..., ay-1, ay sao cho: g(x,i) =a;# 0, véii=0,1,2, ...y * 1 va
gxy)=ay=0 (2)
Mit khac (x,y,2) € Gg khi va chi khi z = g(x.y).

Tt (2) ta viét (x,y) € Gy khi va chi khi 3a,, ..., ay sao cho (x.1,3) €Ge
(0 <1 <y) va ay = 0 khi va chi kli 3ty, ..., ty sac cho a(t) = x, B(t) = i,
) #0vdii=0,1,2, ...,y =1 con y(ty) = 0.

Néi tém lai (x.¥) € Gy khi va chikhi 3 t, ..., ty sao cho

¥
Fx, ¥, to, tr, o t) =2, (lat) - x1 + 1BE) - i)
i=0 .
¥21
+y(tyy+ Sg 11 ¥&) =0 3
1:

Theo bd dé 3-thi tacé thé thay to, ty, ..., ty bdi gia tri u sao cho
I'(u) = 4= 0, ..., y). Vay trong (8) ta thay t; bdi ['(u,i) ta cé:
o .
Fyw= 2, (I a@C@i)-x | + | prawi) -i 1) + yTC@w.y))
i=0
¥y

+ S_g]_g ¥(C(u,i)) =0

1=
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Do d6 ham F(x,y,u) 1a dé quy nguyén thuy.

Ta viét lai (x,y) € Gy khi v chi khi 3u sao cho F(x,y,u) = 0. Theo
Dinh 1y 13 ¢6 G¢1a dé quy ké duge. Dinh 1y hoan toan dugc ching minh.

Hé quad 1: Mién xac dinh ctia hAm d8 quy timg phan 12 tap dé quy
ké dugc.

Chitng minh: Goi f(xy, ..., X,) 13 ham d& quy timg phan. Khi dé theo
Dinh Iy 15 thi Gy= {(x;, ..., X} ¥ = (x4, ..., x,)} 14 d& quy k& duge.

Got Dy 12 mién xac dinh ctia ham f. Theo dinh nghia hinh chiéu ta
¢6 D¢ = he,_(Gr. Theo Dinh, 1y 8 thi D, 1a tap dé quy k€ dugc.

Hé quad 2: Mién gia tri cia ham dé quy timg phén la tap dé quy
ké dugec.

- Chitng minh: Goi f(x), ..., X)) 12 ham dé quy timg phdn va S la
mién gia tri cua f khi'dé thi S¢ = hey,1Gy. Theo dinh 1§ 8 G; 14 tap dé quy
ké dugc nén S la tap dé quy ké duge.

Hé gud 3: Tap M < N 1a tap dé quy ké duge khi va chi khi tén tai
ham dé quy titag phan f(x) sao cho M = {f(x)/ x € N}.

Chitng minh: .

Cén: Gia sit tap M 12 d& quy k€ dudc. Theo dinh nghia tén tai ham
dé quy nguyén thay f(x) sao cho M = {f(x) / x ¢ N}. Vifla ham dé quy
nguyén thiy nén né ciing 13 ham dé& quy timg phan.

Di: Gia st c6 ham 48 quy timg phan f sac cho tap M={f(x)/ x € N}.

Theo hé qua 2 thi M la tap dé quy ké dude.

H¢ qud 4: Néu f(x,, ..., X} 1a d& quy timg phan thi véi K bat ky,
tap M= { (x5, ..., X)) / x1, ..., x) = K} 12 tap d& quy ké duge (ngusi ta goi
tap M 1a tap Mitc cia £ tmg véi gia tri K).

Chitng minh: Do ¥ d¢ quy timg phin nén theo Dinh 1y 15 thi 43
thi Gy = {(x1, ..., X,, ¥) / ¥ = f(xy, ..., X¢)} ctia né 12 48 quy ké dude.

Ta c6 M = Gy~ (" x K). Theo dinh Iy 14 d& chitng minh M 1a tap

dé quy ké dude, ta chi can chi ra Grva N° x K 1a dé quy ké duce. That
vay G¢la dé quy ké dude (do Dinh 1y 15).
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P& chiing minh N° x K 14 tip dé quy k& dude ta xét ham dic trung -

Ao, 1. o %, ) = 8¢l y - K| 12 ham dé quy nguyén thiy. Tit d6

N«
N°® x K 1a tap dé quy nguyén thiy hay né ciing 1 tap dé quy ké dugc.

Hé qud 5: Tap M c N° 1a tap dé quy k€ duge khi va chi khi véi moi
m > 0 tén tai ham dé quy timg phan F®™ sao cho

M = {(xls LRET xs) / H(YI: sasy ym) va F(Xl» N SN 4 TR Ym) = 0}

Cédn: Gia st M < N° 14 tap dé quy k& dudc. Theo dinh 1y 13 tdn tai
ham dé quy nguyén thiy F*™ sao cho M = {(x,. ..., X)) / ¥y, ..., Vi) VA
F*™ (X1, oo, X T1o oos Yar) = OF. Vi ham d& quy nguyén thiy cling 1a ham
dé quy timg phan nén didu kién cin duge chitng minh.

Pi: Gia st 3 m > 0, tdn tai ham dé quy ting phdn F®™ ma
M = {(x), ... X)/ G100 ooos Vi) V2 FE™ 0 X, V1o oo, Yao) = O Ta chitng
minh tap M 1a tap dé quy ké duge. .«

Goi L = {(X1, ..., Xe, Y1, oos Ym) / F&™(xy, ..., Xe, ¥1v oes Ym) = OF. Theo
hé qua 4 thi L 1 tap dé quy ké duge.

Miét khac M = he; ;L nén theo Dinh 1y 8 tap M ciing 14 dé quy ké
dudgc.

Hé qud 6: Gia st £,9, ..., £,* 1a cac ham d& quy titng phs’in‘ va cac
tap My, ..., M, 12 cac tap dé quy ké dugc, trong d6 timg cip mét khéng cé
phén tit chung. Khi d6 ham {* xac dinh nhu sau:

rfl(xh s Xa), D8U (X1, ... X} € M.

f2(x1, ..., X5), néu (x4, ..., X,) € M.

fOG, o X T ) e

fo(x1, ..., X5, néu (x,, ..., x,) € M,.

Khéng xac dinh trong trudng hop con lai.

12 ham d& quy ting phan.

Chitng minh: Theo dinh Iy 15 cdn chitng minh Gy 13 tap dé quy ké
duge.

Ta c6 G;:Gflr‘\(Ml.x N)u...uG;nr\(Man) (1)
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That vay. (xy, ..., X, ¥) € Gy khi va chikhi y = f(x,, ..., x;) xac dinh.’
Khi d6 (x4, ..., %) € M; ndo d6 va f(x,, ..., x,) = fix;, ..., x) = y. Vay
(X1, ..., X, ¥} € Gfi ddng thdi (xy, ..., X,, ¥) € M; x N. :

Hay (xh erey Kgy Y) € Gfi ™ (N[i . V x N)

n
Do d6 ta c6 G;c Grin (M; x N), hay Gy c U [Gfif'\ M xN)1 @

i=1

Ta ching minh bac ham thitc nguge lai

U Gr™ xN1cG @)
i=]

. n
Gid s (Xq, ..., X, ¥) € U [Gfi ~ (M x NI, tide 1a
i=1

(xls rery xsy Y) € Gfi m (Ml x N) né.o dé.

Vay (%1, o X0, P € G vA Xy, o X, ) e M x N véi y = filxy, ... X,)
xac dinh nén (x, ..., X)) € M;, ¢on y € N. Do X1, ..., X)) € M, nén

fi(x]_s . xs) = f(xlr [EEN xg) =y tﬂc lé. f Xéc dinh tai (xb veey xﬁ) hay
(X1, ..y X5, ¥) € Gp.

Tém lai bao ham thtte thit | J [G, ~ Mi x N)] ¢ Gy duge chimg
i=1
minh.

Tit (2), (8) c6 (1). Mat khac cac tap G, Mi x N la tap dé quy ké

duge nén: Gfiﬁ(Mi x N) 1a tap d& quy ké dugc. Vi vay U [G‘fi ~{M; x N)
i=1

1a tap dé quy k8 duge, nén G; la tap d& quy k& duge. Hay f(z,, ..., xo) 12

ham d& quy timg phan do Dinh 1y 15.

Hé quad 7: Moi tap d& quy déu la dé quy k€ duge.

) Chitng minh: Gid sit tap M < N° 1a dé quy, nghia lé.'}l’M 14 d& quy
timg phan ta lai c6 M = {(x1, ..., X)) / DXy, ...\ Xg) = 1}, nén theo Hé qua 4
thi M 1a tap dé quy ké duge.



CHUONG 10

QUAN HE GIUA MAY TURING BON DINH - HAM BE QUY
TUNG PHAN VA THUAT TOAN CHINH QUY

§1. DINH NGHIA MAY TURING DON DINH

Dinh nghia 1: May Turing don dinh la mét bé gom cac thanh
phan <X, A, ®, ag, F>, trong d6:
X - bang chit cai hitu han (goi 13 bang tin hidu vao)
A - bang chi cai hitu han (goi 13 bang trang thai)
®-himanhxatitapAxXvaotap Ax X x{0, 1, 2}
ap - trang thai ban dau, ag € A.
F - tap cac trang thai két thicva F c A,
Mé td cdch lam viéc cua mdy:

Gia sl ¢ mét biang dai vdé han, duge chia ra timg 6 va ¢6 mét bd
phan goi 13 dau doc-ghi (hinh vé)

T

Trén mdi 6 c6 thé viét mdt tin hiéu hodc khong viét tin hiéu nao.

. Thuéng nhitmg & khéng viét tfn hidu nao, dé tién 1di ta viét tin hidu

X € X nao d&y. Mac dit bing dai v6 han, nhung tai méi thoi diém 8 tin
hiéu trén biang 14 hiru han.
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Déu doc c6 kha ning doc tin higu trén 6 dsi dién vdi né hojc xéa
tin hiGu trén 6 d6 va viét vao 6 6 tin hidu méi. Dau doc con c6 kha ning
chuyén dich tly § sang 6 bén phai hodc 6 bén trai né, hosc khéng
chuyén dich.

Dinh nghia 2: Trang thai toan phén cia may Turing 13 mét ti,
ta ky higula K= RaocS, trongd6 R, Se X, a e A o e X,

Biéu dién trang thdi trén being:

©

R | |8

May Turing lam viéc theo titmg budc, sau day 1a mét budc lam viée
cua né: ®(a,o) = (a",0’,«) c6 nghia 1a: -
1) X6a o 4 & 461 dién va viét o’ vao 6 dé.
2) May " uring chuyén tit trang thai a sang trang thai trong a’.
Néu a’ e F thi may dimg lai, con nu a’¢ F thi may chuyén sang budc
sau.
3) Tay theo gia trj a ma :
Néu a = 0, thi ddu doc-ghi chuyén sang trai mét 6,
Néu a = 1, thi ddu doc-ghi ding yén.
Néu a = 2, thi d4u doc-ghi chuyén sang phai mét 5.
Sau mdt bude ta duge trang thai toan phan méi K KkK -

Dinh nghia 3: Trang thai toan phan K duge goi 14 ¢6 dang chuin
nfuK=aR,ReX,acA

Minh hou trang thdi toan phdn dgng chudn trén bing:
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Duéi day d& cho gon ta néi may Turing thay cho may Turing don
dinh. '

Dinh nghia 4: Gid st M 12 mft may Turing, P, Q 13 nhing
tite X (P e X.Q € X), néu diiy M(aoP) hitu han (titc 14 may gip trang
thai k&t thiic) va phin tif cudi ciing ciia diy nay c6 dang aQ thi ta néi
may Turing M bién tit P thanh Q va k¥ hidu la: M(P)=Q

SO

P Q

Cho may Turing, titc 13 cho ham ®: AxX - Ax X x {0, 1, 2}.
Cé hai cdch cho mdy Tﬁring:
1) Cho dudi dang bang:

Tin hiéu vao X

Trang thai

a d)ta,x)

2) Cho dudi dang lénh: ax — a'x'a

M3i mét dong nhu trén dugc goi la mét 1énh cia may.

§2. LIEN HE GIUA HAM BE QUY TUNG PHAN VA
MAY TURING

Pinh nghia 1: Gia st M = <X, A, @, a,, F> 1a mét may Turing,
f(xy, ..., Xo) 12 m6t ham s bién nao dé.
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Ta néi rdng ham f(xy, ..., x,) 12 tinh dugc trén may Turing khi va
chi khi: )

1) Néu f(x,, ..., x,) khong xic dinh thi didy M(ke) v6 han (may
khéng gip trang thai két thic) véi

............ I 0 l I 0..0 | ' - a{)lxlﬂo O‘xsﬂ
—_— —_—

X+l X+l - x+1
2) Néu f(x,, ..., X} xac dinh thi M(k,) diy hitu han, titc may gip
trang thai két thuic va

........... | =a;] ™" a4 eF

1+(x,, ..., x) 1dn
Trong trudng hgp ndy may gip trang thai két thic.

Dinh nghia 2: Ham 1 tinh dugc trén may Turing néu c6 tén tai
mot may Turing tinh né.

Dinh ly 1 : Mgt ham la tinh duge trén may Turing khi va chi khi
né 14 ham d& quy timg phan.

Chiing minh: Trude khi chitng minh dinh Iy ta can dua vio mét s
khai niém va céac két qua saw:

Gia st M = < X, A, @, a,, F> 1a mot may Turing tinh ham {®. Ta
thuc hién viéc danh s céc tin hiéu trong bdng X va A nhu sau
(X, A - hitu han):

D4i véi X ta danh =6 cac phan tif ctia né bdi cac s6 ty nhién 0, 1, 2,
... theo cach sau: tin hidu x, (ing véi 6 réng) mang s6 hiéu 0, ¢on cac tin
hiu x; € X mang s§ hidu i (i =1, 2, ...) . Tudng tu ta ciing danh s& céc
phan tit trong A bdi 0, 1. 2, ... nhu sau: trang thai ban ddu aq, mang sd
hiéu 0, con a; mang s hiduj G =1, 2, ...).

Ta ky hiéu Py, Py, Py, ... 14 day lién ti€p céc s8 nguyén t& 16n dan,
tiic la P{): 2, Pl: 3, Pg =5, ...

Trude day ta da chitng minh dude ring ham P, chon 6 nguyén t&
thit n+1 trong day s6 nguyén t§ 12 ham dé quy nguyén thiy. Gid st K la

trang thai toan phén cta mayva K = X5 Kig oo Xjy 20 X Xj e X
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Véi mdi K ta gan cho né mét s6 tut nhién ma ta ky hiéu la p(K) xac
dinh nhu sau; p(K) = Py P, P1.Pd2 ... Pootn, trong d6 P, Py, Py, ..., Py
12 dy céc s nguyén 5 tit 2, 3, 5, ... tuong tng. Con i, K, jy, ..., ja 12 cac
s6 hiéu tuong ing trong K. Nhu viy cho K thi ta ¢6 s6 tu nhién p).
Ngude lai tng véi mbi s6 ty nhién r bao gid ciing xac dinh duge trang
thai toan phéin K sao cho r = w(K) nhu sau: gia sit

r = P P PJ1L.Pd2 ... Puitn

(Trong 1y thuyét 8, méi s6 ty nhién baoc gid ciing ¢6 dang khai trién trén
va duy nhat). Tit d6 ta thanh lap trang thai toan phan K nhu sau:

K= le. ij... X; .

AL X L X L Xy
k-1 X kel T

Tém lai ta o6 tuong Gng 1-1 giila trang thai toan phan K vdi tap
céc 88 hitu han tg nhién ndo dé.

w(K) - goi 1a s& hidu cia trang thai todn phin K.

D€ ching minh dinh 1y nay ta can ching minh 4 b8 &6 sau day:

-B6 d€ 1: Moi ham g® dé tjuy nguyén thuy xac dinh trén tap hitu
han M bao gid ciing c6 th€ thac trién thanh ham dé quy nguyén thay
G* sao cho

GI®) gD, VR e M.

Chitng minh: Gid st M = {& 1, &2 - Gm)» trong d6 &; gém cb s
thanh phéin. '

Ta thanh lap bam G®(%) nhu sau:
(£%&,). nduX =g,

g, nfuX-=ga,

GYX) = } ....................
g(a)(~ m)’ né'u 5‘{ = am
L0, néu Xe N°\' M
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Vi cac ham g®(g) G =1, ..., m) 1a d& quy nguyén thiy, con O cling
13 ham dé quy nguyén thiy nén ham G¥( %) dé quy nguyén thiy va
GX)=gX)VXeM

B6dé2: GiAsiM=<X A @, 2, F> 12 mét may Turing va K} K
13 m§t bude lam vige ctia may. Khi d6 tdn tai ham dé quy nguyén thuy f
sao cho f(W(K)) = WX,

Chitng minh: Do M 12 may Turing nén ta cé

O(a;,x;) = (ay, X5, @) (1)
T (1) c6 nghia 1a 1, §', o 1 nhimg ham xac dinh trén tap hitu han

(i, ). Theo bé dé 1 tén tai cic ham dé quy nguyén thay f), f,, f sac cho -
fl(iw J) = i’. fZ(i!_ ]) = j’v f3(i' J) =,

Nhu ta da biét ham mii exp,(y) 1 s mi ciia 58 nguyén t5 P, trong
khai trién clia y 1a ham dé quy nguyén thiy. Gia sit K} K, titc may M
chuyén tit trang thai toan phan K sang K. Bi&t K ta biét duge WKy, ta
chitng minh tén tai ham d¢ quy nguyén thuy f sao cho f(K)) = WK).

Do biét K nén biét dudc m = p(K) = Py'.P,"Py1... P,.Jo. T khai
trién nay ta ¢é i = expg(m), k = exp;{m) la cac ham dé quy nguyén thuy,

trong d6 11a chi s5 trang thai, k 1a vi tri ddu doc lbc bay gid, hay k 1a vi
tri tin hiéu trén bang ma dau doc 88 doc.

Ta tinh chiséj, k=1, 2, ..., n) nhu sau:
Jk = expy+1(m) cling 13 ham dé quy nguyén thuy.
Gia st wWK) = pgi'.Plk’.pgj.l v Duel Y. D& xac dinh p(K) ta cén

xac dinh 1, K, j', ..., 5. Nhu trén ta di biét i = £ . 7 = LG, 3
(k = 1, 2, ..., n), nhung i = expo(m), jx = expy,,(n) dé quy nguyén thiy
ciia m nén cac ham 1, j, ciing la cac ham & quy nguyén thuy cua m,
hay ta viét: i’ = Fy(m), j’x = le‘(m) la cac ham @@ quy nguyén thay. Néi
cach khac déi véi 1', 'y ¢6 tdn tai cic ham dé quy nguyén thiy dé tinh né,
Bay gid ta xac dinh k’ trong p(K), ¢6 ba trudng hgp xiy ra:

K=k nfua=1 - (d4u doc dimg yén)
K'=k+l ndua=2 (ddu doc chuyén sang & bén phai)
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RIS b U’Ii néﬁ’ o 20 {#au doc c‘huyé?n ‘sang 6 bén traiy véi k> 1
o vy o

FRES IR (dau doc chuyen sang & bén tral) vii k = - 1.

3 -ham cia k va o, hay kj hjéu k' = k'(k, o). Theo Bé dé 1
thl}i:nam k’ xac dmh tren tap hitu han (k, @) nén ¢6 the thac trién thanh
b dreLj(iluy nguyen thuy F5(m) sao cho Fa(m) = K trén (k a) (sd di viét
Fy(m) 12 vi ham K’ xac dinh trén tap (k, «) ma nhu trén k, @ 1a cac ham

dé& quy nguyén thiy cta m).: _

1 Tém lai ta c6: p(K) = Po'y ™ PP, 2 Gy PR’y p L P20 R
(kAhg: Fﬁ rFs. ng(l,]k)‘ dé quy.nguyén. thuy nén p(K) 14 dé quy nguyén
thuys: : : :

Dit f(m) = wK) suy ra fim) la ham d& quy nguyén thuy va
f(u(K)) u(K’) la dxéu can ching. mmh

Bo de 3 Ton tqu ham de quy nguyen thuy @ sao cho néu trang
thal toan phan K‘ du00 chuyen tu trang thai toan phan K qua i budc thi

B o p ()il = pK) (1)
Qh:{ng mmh. Ky hiéu m = u(k) va gia su f(m) 13 ham duge xac dinh
n;ong B de 2 tite 13 f(u() = p(k).

Ta xay dyng ham T® nhusau: = '
(m, 0) =
{ #(m, 1) = fed)
Vi f(m) de quy’ nguyen thity. m 1a de quy nguyén thiy ma ham <

nhan duge tit hai ham 48 quy nguyén thuy m, f(m) qua phép dé quy

figuyén thuy nén &é quy nguyen t}huy 1:( ' xay dung nhu trén la théa
man (1) s i

) . Bo dé 4 le mo1 may Turlng M bao gid cling ton tai ham n dé quy
tu:ng phin sao cho "

- sb hi¢u trang thai toan phan cudl cling cua
n(u(l_c)) = M), néu day M(k) hitu han.
- khong Xac dinh néu day M(k) vd han.
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Chitng minh: Gia sit L 14 tap tat ca cac chi s6 cla cac trang thai

két thic cia may Turing M =< X, A, @, ag, F>. Khidé L Ia tap dé quy
nguyén thuy (ViL la hitu han, gid sit L={i,, i, ..., i)}, Ax) = Sg Iy x|

dé quy nguyén thuy).
Ta xac dinh ham o(m) nht sau;

0, chi 56 clia trang thai 12 chi s&

o(m) = { 0. néu expo(m) € L. _ cua trang thai két thiic

1. néu exp,(m) ¢ L 1, néu exp,(m) ¢ L

Ham o(m) 14 ham dé& quy nguyén thuy.

D61 véi M, ta xay dung ham n nhu sau:
n(m) = t(m, (w)lo(t(m, ij))= 0 (1)
1 x4y dyng nhu trong Bé dé 3.

Ré ramg thay n(m) la d& quy titng phan.

Ta chimg minh ham n(m) xéc dinh nhu trén I3 ham cin tim.

1) Néu M(k) hitu han, ta ky hiéu s6 cac budc hitu han dé la y.
nghia 14 may sé dimg lai sau y budc. Trang thai cui cung sau y budc sé
14 trang thai két thic, hay expy(s(m, y)) € L. Khi d6 theo dinh nghia cta
ham o(m) thi o(t(m, y))= 0. Tit d6 suy ra n(m) = n(u®)) = (m, y) la s§
hiéu toan phan cudi cling.

2) Gia si day M(k) v han, nghia 1a may khong bao gid dimg,
tic 14 may khéng bao gio gip trang thai két thic, cling c6 nghia
1a expo(r(m, y)) ¢ L Vy. Viy theo dinh nghia ctia ham o(m) thi
o(t(m, y)) = 1 Vy. Diéu nay c6 nghii la toan cuc tiéu p trong (1) la
khéng xac dinh, hay n(m) khéng x4ac dinh. Vay b§ dé dudc chiing minh.

Bay gid ta chitng minh dinh 1y 1.

Diéu kién can: Gid st f(x;, ... x,) 13 ham tinh duge qua may
Turing. Ta ching minh f(x;, ..., x) 14 him d& quy ting phan. Do

f(xy, ..., xo) tinh duge qua may Turing nén tén tai may Turing M tinh f,
voi M =<X A, ©, 25, F>, X={0,1.Mahoa 00, 1 <> |. Ta lap ham 7
nhu trong Bé d€ 4, tic 1a néu p(K) 1a s8 hidu cia trang thai toan phan K
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" thi n(wK)) 12 8 hidu trang thai toan phan két thic cua day pEK) néu
u(K) 12 day hitu han va khéong xae dinh néu diy p(K) vé han.

Gia sit tang thai toan phin ban diu cia Kq 12
K-D— ag Ix1+10 lx +1 0 le;l (1)

a) N&u f(x;, ..., X,) khong xac dinh. Khi d6 theo dinh nghia cua ham
tinh duge trén may ta ¢ diy M(Ko) 14 vo han, theo B& dé 4 thi n(u(K.))

khéng xac dinh, 8 ddy my = p(K,) 12 s8 hiéu cia trang thai toan phan
ban dau K,. .

b) Néu f(x,, ..., %) xac dinh thi M(Ky) 14 day hitu han va gia su
trang thai toan phfin cué'i citng trong day trén la

=a] f(x xs)ﬂ‘ aje F.

Theo b6 dé 4 thi n(me)= w(®) = PoPy'Py’ . P, xym1
E 1 8
Dyt ham g(mg) = 3.  exp,(n(mo) va glm,) 13 ham d& quy
, 2Zy<n(mg) .
nguyén thuy.
Mit khac ta ¢ g(m,) = f(xl,..., xs)+1 hay f(x.....%s) = glig) = 114
ham dé quy timg phan.

Diéu kign dii: Gia s f(x,, ..., X, 12 ham dé quy timg phan. ta chira
¢6 mdt may Turing tinh né. Ta chitng minh sy ton tai may Turing theo
quy nap cia djnh nghia vé ham d¢ quy timg phan.

1.a) Ham co s3 0: may c6 1énh ago — a,00, trang thai ban dau la
a,, con a; 13 trang thai két thic.

b) Ham co 89 Ax) = x+1, ta xiy dyng may Turing bién tut [
pran
thanh tu | N gom ) lenh saw:

?L(x)+l
ag | - a | 1
a | - 31‘1 2
a0 - a2|0
a2 | - as iO

a0 - 3301

ao- trang thai ban dau, F = {as}, A = {a,, a1, 2, a3}
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¢) Ham co 28 L™(x,, ..., x,) = x, (1 <k <n)
Ta xdy dung may Turing bién tit dang
[0l %" 0. oi%" 0 of%"

thanh tit c6 dang |*"". Tic 13 mdy x6a di cac thanh phan ditng trude v
ditng sau |"x"' va chi dit lai {*«" ma théi. May Turing thyc hién didu
trén c6 dang sau:
a t — a,ll l
. . x +1
all - 3102 Xoa nhém | 1
8,0 = a,02
a,| —>a,02 x
L } Xoa nhém |2
8,0 - a,02
a3 —»a,02

} Xoa nhém |
;0 -» a,02

ak_ll >, 02 . . X +1
! Xoa nhém |«

a,,0 ->a, 02

a |—>a I2 . . +1
k k Giit nhém |«
ak0—>ak+102 .

a I —a 02 . X+
k+l ke Xoa nhém | Mk
a0 > ay,,02

a,|l—»a 02 x +1

} Xoa nhém |
a,0—»a,,, 02

Dé dua trang thai toan phan vé dang chugn téc tic 13 c6 dang

()
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Ta dua vao cac 1énh phu sau day:
| apn0 — an+26 0
An+y | = Aps2 |0
8n1a 0 = api301
ag-trang thai ban d3u, cdn a,.3 ]2 trang thai két thic.

9) Déi véi phép thé: Gid sit h(¥) = fg:1(X), -, gn(X)) trong d6 cac
ham £, g, (=1,2,..., mJ tinh dugc trén may Turing M, Mi G = 1.2,.... m)
tudng Ung.

Ta xay dung may Turing M véi bing nhiéu tang (cu thé 1a may
Turing véi bing m ting) theo nguyén tic: Tai mdi 6 6 mot thai diém
nhét dinh thi, may chi dugc viét mdt tin hidu ma thdi. Vi du lugng thong
tin cAn nhé trong mét 6 1a Cy, Cy, ..., Cy thi tai thei didm &6 né ing véi
mdt 88 ¢ = (Cy, Cy, .., C) trong bing m tang.

c
G
C.

Cu .

D351 véi cac ham gy, ..., gn thi mdi tang phy trach mét ham g;.

g1

B2

Em

M, tinh g; trén tang thit nhat cho k&t qua 1a g;(X). Trong khi M,
1Am viéc trén tdng]l thi chi cé tin hiéu trén tang 1 1A thay &6, con tat ca
cac tin hiéu & cac ting khac giit nguyén. Sau khi M; tinh g1(X), thi M,
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bit dau lam viée trén tdng thit 2 va cho két qué 1a g(X). Ciing nhu d6i
v6i M,, khi M; 1am vige thi chi ¢6 tin hiu trén ting 2 thay d8i, cac tin
hiéu trén cac tang con lai giit nguyén. Sau khi M, lam viéc thi dén M,
lam viéc. Qua trinh d6 thyc hién cho dén M,,.

Sau khi My, cho k&t qué g,(¥) thi tai 1 6 ciia bing m tang cac gia
tri £:(X), g2(X), ..., gm(X) d4 duige xac dinh, va may M bit ddu 1am viée
d@é tinh ham f(X) trén 6 c6 ky hiéu g = &(X), ... gn(X)). 06 cho ta gia

3) Déi véi phép dé quy nguyén thuj’r.

Giast  h(X,0) =£,()

h(is y+1) = fﬁ(i! ¥ h(i! Y))

Ta chitng minh néu f,, f, tinh dugc trén may Turing thi h(x,y) ciing
‘tinh duge trén may Turing. D tinh h(¥.y) ta lan lugt tinh h(X.0),
h(X,1), .., h(X. y = 1) va h(X. ¥). Do cach tinh him h(¥X.y) nén bang

cha may Turing M tinh h(¥,y) chia 13m 4 tang.

Tang 1 ghi ky hiéu x, ting 2 ghi gia tri cia y gidm dén ti y xuéng
0, tang 3 ghi gia tri cla y ting tit O dén v, tang 4 ghi két quid may
M;, M; tinh cac ham f, f,, d6 13 gia trj cia ham h¢%.0), h(%,1), ...,
h(X .,y £ 1) va h(¥,y) nhu hinh duéi. L

X X X X

y y-1 y-2 0

0 1 2 y
h(X.00 | hE.D | X2 h(X.y)

Cu th€ méay Turing tinh ham h(¥X.y) hoat déng nhu sau: Gia sit M,
tinh f;, M, tinh f, vd M tinh h(%.y).

May M, lam viéc trén bd (X.0) tinh £,(X) = h(%,0) trén ting 4 cia
biéng va két qua 1a h(X,0). D& tinh h(%,1) thi trén tidng 2, y bét di 1 don
vi, con trén tang 3 thay 0 bdi 1. May M; 1am viéc trén b (%, 0, h(¥.0))
va cho két qua trén tang 4 12 £,(¥, 0, h(¥,0)) day chinh 13 gia tri h(%,1).
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- Tigp theo 48 tinh h(X,2) thi trén tang 2 giam y-1 xudng 1 don vi,
trén ting 3 thay 1 bdi 2. May M; lai lam viéc trén b (X, 1, h(X.1)) cho
gia trj ctia ham £5(%. 1, h(X,1)) chinh 1 gi tri cia ham h(¥,2) ghi trén
tang 4 cua bang.

Qua trinh nay s& tiép tuc cho t6i khi nao trén tang 2 ghi gia tri 0,
khi d6 may két thic va trén bing cé dang (X, y, h(X.y)) va cho gia tri
cha ham h(X.y + 1) = fX. v, h(X.y).

Tiép theo may xoa cac tin hiu trén tang 1, 2, 3 giit lai tin hidu
h(X,y) ¢ ting 4. Tém lai ta c6 may Turing M tinh ham h(X.y).

4) D61 véi toan tit cuc tidu.

Gia sit (%) = @Y)EX. y) = 0] va M; 1a may Turing tinh ham
f(%,y). Ta xiy dung may Turing M tinh ham h(X) theo nguyén tic sau:

Chia bang ctia M, 1am 3 ting, tang 1 ghi ¥, tang 2 ghi cac gia tri
ctia y ting dan tit 0, 1, 2, ... con ting 3 tinh gia tri cda ham £(X, y).

X X X
it 1 t
£§%.00 | f(X.1) f(X.1)

Téng 2 cho y = 0, trén bd (¥. 0) may M; tinh va cho két qua f(X, 0)
ghi trén tang 3. Néu £(X,0) = 0 thi may dimg lai cho h(¥)=0, néu ¥, 0)= 0
thi may xoa gia tri ¥, 0) trén ting 3, tAng 2 thay O bdi 1. May M cho gia
tri £, 1). Néu £(X,1) # 0 thi may xoa gia tri f(¥.1) trén tang 3, tang 2 thay
1 béi 2. Néu £(38,1) = 0 thi may dimg lai cho két qua h(¥) =1, .v.v..

Mot cach tdng quat: khi nao y trén ting 2 ma f(X,y) = O thi may
ditng lai, cho k&t qua h(¥) = y. vd may xoa cac tin hiéu trén tang 1.
tang 3, gitt lai tin hidu ting 2 la y 46 chinh 14 gia tri cia

h(X) =y = ()l F(X. ) = 01. Dinh 1y dugc ching minh.
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§3. LIEN HE GIUA MAY TURING VA THUAT TOAN
CHINH QuYy

1. Thuét toan chinh quy

Dinh nghia: Thuat toan 12 bé (X,P), X 12 bing chit cai # & va hitu
han, P ={a; - By, a2 5 By ..., oy o Bl 12 tap cac quy tic. Méi phan tit
cua P goi 1A mét quy tic san smh P, < P goi la tap cac quy tic két thic.
Méi phén tit cia P, ¢6 dang o —e 3,

O mbi bude ctia thuat toan, né ap dung mét trong cac quy tic
trong P. Thuat toan dimg lai néu quy tdc ap dung 14 quy tic k&t, tic la

quy tic ¢cé dang o —e B  P;, hodc khéng con quy tdc nao trong P cé thé
ap dung dugc nita thi thuat toan dimg lai.

Ta ching minh dinh 1y sau day.

Dinh Iy 2 : D8i véi may turing M = <X, A, @, a,, F>, tén tai thuat
toan chinh quy & sao cho véi moi tt P e X ta ¢6 M(P) = &(P).

Chitng minh: Gia st M= <X, A, &, a,, F>, trong dé:
X - bang chit cai hitu han (bang vao).
A - bang chit cai hitu han (bang trang thai)
P: AxX-5>AxXx{0.1.2}
ag € A - trang théi ban dau.
F < A- tap trang thai két thic.

Gia sit & ¢ X. Trudc hét ta xdy dung thuat toan @; ma cac bude 1am
viéc clia né bt trude 1am viée clia may Turing M sao cho M(a,P) = K thi
@ (a,P) = eKe. Tiép theo xiy dung thuit toan @, xod moi k¥ hiéu £ va cac
trang thaia € F. tiic 1a Gy(zaRe) = R ¢ X', P € X, a,-trang thai ban diu
cia may M. Cudi cing xiy dung thuét toin Gy sac cho Gy(P) = a P véi
P e X. ap 1a trang thai ban diu cia may M. Thuat toan can tim trong
dinh 1y nay la thuat toan & duge xiy dung nhu saw
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A= &0 (G4 0 W)
That vay gia sit P € X' va M(a,P) = K ta cé:
aP) = @0 (@ 0 G(P)) = G2 0(G 0(a,P)) = ExeKe) = K= M(K).
Béng cach md ti nhu dinh 1y 2 ta cé:
Dinh Iy 3 : Gi sit ¢ 1 thuit toan chinh quy trén bang X, khi d6
tén tai may Turing M (véi bang tin hiéu trong chita X) sao cho
aP)=M®). VP X.

g4. LIEN HE GIUA HAM BE QUY TUNG PHAN VA
THUAT TOAN CHINH QUY

Pinhly 4:

a) D& véi mdi ham dé& quy timg phéan f(x) déu ton tai médt thuat
toan chinh quy @ trén bang X = {0. 1} sao cho @(x) = f(x), VX € X.

b) Véi mdi thuat toan chinh quy @ déu ton tai mét ham dé quy
timg phan f(x) sao cho a(x) = f(x), Vx € X

Chitng minh:

a) Suy ra tit cac dinh 1y trén.

b) Trong 1§ thuyét thuat toan chinh quy ta c6 két qia sau day:

N&u @13 thuat toan chinh quy trén bang X = {0,1} thi ton tai thuat
" toan chinh quy @ trén bang {0, 1, o B} = X U {a, B} sao cho @~ % trén
X u {o, B}. Ngoai ra ngudi ta cling da ching minh: Néu ¢ 13 mét thuat
toan trén bang X thi tén tai thuat toan U trén bang X w {*, v, €} sao cho
a(K,5 @ *P) = aP) (1), 8 diy K,5a 13 tit ma hoa cha thuat toan ¢ va
K5 @ e {y,g}. Nhu viay mbi thuat toan @ trén X tudng Ung véi mét ma
K,5@ dudi dang 1 tit trong bang {y.¢}. Di nhién khéng phat tit nao trong
{y.€} ciling 1a 1 ma nao dé cua thuat toan &

Ta tién hanh xay dung tuong fng 1 - 1 gifta tap cac thuat toan «
trén X vdi cac s ty nhién trong N. Ta phai xay dung tuong ng trén sao
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cho méi thuit toan tng véi mét s& tu nhién n nao dé va tit n phal khéi
phuc lai toan bd hoat déng ctia thuat toan .

Dé danh s6 ma @ béi mot s6 tu nhién nao d6 theo nguyén tic sau:
Vi K8 @1a mét tit trong {y,e} nén'ta dity o 0, s o 1.

Vanéuo;=0thi o; = 1 ﬁin-.né'u-q;f-i 1thi o;=¢.

Ky hiéu cach danh s& nay béi ¢ thi p(Q) = mét s& tu nhién nao dé véi
Q {y.e. Con néun € N thi ham M) la ma K@ cta thuat toan @ nao ds.

Bay gi6 ta lap thuat toan ‘B bang cach d@t
S(a) = { ¢(n), néu cp(n) la ma Kba.
nE neu P@). khpng phal lama K8 a..
d day &.la thuat toan bat ky nao do tren'X
Tlep.theo ta 1ap cac'thuét toan pha 5 v i s s wroq’
31(RoP) =R
R s e
%RoP) = P, (R Pe X). .
" Luu'y: n viét duéi dang |*"
K vt dudi dang [**

e O pd M
8 das

va (n,x) viét dlfdi._dgng- E s isd vAv fv daid? 56
Hop hai thuat toan: Go$(P) = G(@(P)). -~ 11 velis tse siod guih
N6t hai thuat toan: @ EB(P) ' @(P). J!(P) H ' |
Bay gld ta xay dl.IIlg thuat toan L Glio(EBo ‘%1) EBz 583)) Ro rang ta
co:

208 f

L(n, %) = Uo(Boh, @, X)). %00, X). 85, X)) =
[x+1 | n+l | x+1

= Uo(BoB; ( | nuO | XH) Ba( f e )533( D o
-%(@(I“*I HE %@(n»*l
= aupm) + )= uEs s ) w(Koaaw fi‘(x)(dolk

- Tém lai ta c¢6 L(n,x) = a(x) = f(x) 14 ham' dé quy tﬁng phﬁn Binh ly
dugc chitng minh.



CHUONG 11
LOgiC TOAN

I. DAL SO MENH PE

§1. CAC PHEP TOAN VA CONG THUC

Trong chudng nay ching ta chi d€ cap t6i cac ménh dé hoic
ding ho#c sai.

Vi du: “Hém nay trdi mua”, “Ngay mai tréi sé ning” 12
nhitng ménh dé hoic diing hodc sai. Chung ta khéng nghién citu
ménh & “Téi néi d6i”, “Dé nghi cac em trat ty” 12 nhitng ménh dé
khéng ddy dd nghia & khidng dinh ménh dé d6 12 dung hay sai.

Ching ta chi quan tdm t6i ménh dé hosc ding (T) hodc sai
(F) ma khéng quan tdm t4i ndi dung cling nhu cdu tric cia ménh
dé. Chinh vi vay hai ménh dé 14 tuong duong nhau néu né hoic
dung hoic sai nhy nhau.

Vi du: “Béac HS sinh ndm 1890” va “Bac H6 mat nim 1969,
lic Ngudi 79 tudi” 12 hai ménh d& tuong duong nhau.

Hai ménh d& “3 13 8 nguyén 8 ” va “chu vi duong tron tadm
132 gdc toa dd c¢6 ban kinh 1 1a s8 hitu ty” 14 khéng tudng duong
nhau.

Vi cdc ménh d& ching ta nghién citu trong phan nay chi
nhan mdt trong hai gia trj ding (T) hodc sai (F) nén ta co thé
dinh nghia cac phép toan Tuyén (v), Héi (»), Kéo theo (=), Phi
dink (—) trén tap cac ménh d€ hodc ding hodc sai. Sy nghién clu
cac ménh d& goi 1a dai s6 ménh dé.
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Duéi ddy dé chi ménh dé A nhan gia tri ding tuong ing véi
ky hid¢u T, cén nhan gia tri sai tuong dng véi ky hiéu F.

1. Dinh nghia cic phép toan trong dai s6 ménh dé
Ky hiéu X, Y, Z (d6i khi ¢3 chi s§ nita) 1a cac ménh dé (sau
nay con goi 1a ménh &€ sa cap ).

a. Phép tuyén:

Ménh dé X tuyén véi ménh 8 Y (ky hidu X v V) 1a mét ménh
dé dugc djnh nghia nhu sau: X v Y nhan gia tri T khi va chi khi it
nhat mét trong hai ménh 46 X, Y nhéan gia tri T. Ménh d8 X v Y
nhén gia tri F khi va chi khica X, Y déu nhén gia tri F.

b. Phép héi: _

Ménh dé X hoi ménh 48 Y (ky hi¢u X A Y) 12 mét ménh 48 ma
né nhan gia tri T khi va chi khi c2 hai ménh d€ nhan gia tri T va
nhén gia tri F khi va chi khi it nhat mét ménh d€ nhan gia tri F.

c. Phép pha dinh:

Phit dinh clia ménh d¢ X (k¢ hidu X) nhén gis trj F khi va chi khi
ménhd@thé_‘mgiétriT. X nhéngiétriTkhivéchikhanhangiéter.

d. Phép kéo theo:

Ménh ¢€ X suy ra ménh dé Y (ky hiéu X — Y) nhéan gia tri T
khi va chi khi X nhan gia tri F hodc X, Y cang nhin gia tri T.
Mi_énh dé X - Y nhén gia tri F khi va chi khi X nhan gia tri T va
'Y nhan gia tri F.

- Céac phép toan (v, A, —, —) ¢6 thé dinh nghia théong qua bang
dudi day:

o 3 3 b
o om e
Mo e3. 3
o 3
9 a3 om m | g
S 03w oAl
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2. Pinh nghia cong thite trong dai s8 ménh dé

Pinh nghia 1:

a. M8t ménh dé so cip ma ta k¥ higu la X, Y, Z (ddi khi ca s8
nita) 1a mét cong thic.

b. _I\_Téu A, B 12 hai céng thic thi day cac ky hiéu (AvB),
(AAB), (A), (A-B) ciing 12 nhilng cdng thie.

Luwu ¥ : M3i cong thitc chi chita cac ky hidu X, Y, Z, cac phép
toan v , A, —, — va cac k¥ hiéu md ngodc “(’, déng ngodc “y*. Ban
than A v B. A A B, A, A - B khéng phai 13 nhiing cong thic theo
dinh nghia, nhung 461 khi dé cho gon ta viét A v B thay cho (A v
B) v.v...

3. Cong thitc ddng nhat bing nhau va céng thitc dong nhat

dang

Dinh nghia 2:Hai céng thic A va B dugc goi 12 déng nhét
bing nhau (k§ hiéu A = B) khi va chi khi ching cing nhén gia tri
ddng, sai nhu nhau d5i v4i moi ménh d8 so cdp ¢ trong nd.

Sau day 1a cac cong thitc déng nhat bing nhau thudng gip:

1) i =A -

(2) AvB=BvA

3 AvBv(O=(AvB)vC

4 A~rB=BnrA

B AABACO=(A~ABAC

8 AABvVvCO=AABV(AAQD

(M AvBAC=AvBIAAV(

(8) AvB=AAB

9 AAB=AVB

(10) AvA=A

(11) ArnA=A

(12) A>B=AVvB
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Lutu ¥ : Ding cac céng thite tit (1) d&€n (12) ¢6 thé bisn ddi tir
mot cong thitc phitc tap vé€ mdt cong thitc don gian hon déng nhat
‘bang néb.

Vi du: ((AvA) A B)V(AAB) = (AAB) v (A A Bv(A A B) = A A B,

Dinh nghia 3:Cong thic A duge goi 1a dong nhdt ding (k¥
hiéu FA) khi va chi khi A luén nhéan gia trj ddng véi moi gia tri cé
thé clia cic ménh dé sg cdp trong A .

Sau ddy 14 mét s6 cong thic déng nhit ding thudng gip:
(1) kA (B HA) '

(2) FA->B->0C) > (A->B)> A-> Q)
By FEAAB ->A

4 FAAB-B

(5) }-(A—)B)—+((A—+C)—->(A—+(BAC)))
6) FA->(AvB)

(N EB>(AvB) - _

(8) F(A—> C->({B->C)>((AvB) S CY
(9 F(A->B)—(B > A)

(10) FA>A

(11) FA>A

4. Luét ddi ngéu

Gi4 sit A 12 mdt cdng thitc chi chila céc phép todn v, A, — ma khéng
chita phép toan —. Trong A d8i ché vai trd hai phép toan A va v cho nhau ta
dugc cong thic A*, ta goi A* 1a cdng thitc d6i nghu cta odng thiic A.

Vi du: D8I ngau cia cong thitc A= (X v Y) A Z 13 cong thic:

A% = (X AN Y) 4 i

Dinh Iy 1: Gia sit AKX, Xy, ..., X, ) 1A mdt cong thic, trong
d6 X; (i = 1,..., n) 1a cAc ménh 48 sd cdp trong A. Khi d6 ta luén cé:

A* = K(il, iz, - Xn)-
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Chitng minh: Dya vao dinh nghia d& quy cua cong thic A .
D& cho gon ta viét K(i)lthay cho A(X,, X, ... Xo).
a. Néu A = X, § day X 13 ménh 4 s6 cdp thi hién nhién
e AX) =X = X hay A* = A(X), |
b Gié‘ si cdng Ht;hftc da dliq_E ching minh cho cac cong thic A
va B titc 1a A* = A(X) vi B* = B(X). Ta chﬂ_t_l_g minh dinh 1y cling
diing cho cac céng thic (A A B), (A v B) 'vé (ﬁk).
Xét cong thic (A A B):
(AAB*=A*vB*= AX) v B(X) = (AAB)(X)
Xét cong thite (AvB):
(AVB)* = A*A B* =A(X) A B(X) =(A v B)(X).
Xét cong thite (K):
" (A)* = A* = A(X). Dinh Iy dugc ching minh.
+ Vidu:ChoA=X v A Z.
Ta c6 A* theo dinh nghia la A*= (X A V) v Z.
Cén theo dinh Iy thi

AX) =sXvDAZ = EvIVZ = BAY) v Z = A*.
Cén chi y ring: Néu A = B thi'A* = B*.
5. Luat thay thé&

Né&u A la mét cong thic chita ménh dé so cidp X thi khi thay
X béi mét cong thic E nao d6 ta duge cbng thitc méi ky hidu la B.
Véi cac k¥ hiéu &6 ta céd

Dinh 1y 2: Néu A thi | B.

Ching minh suy ra t dinh nghia cdng thic dong nhat dung
6. Luat k&t ludn

Dinh Iy 3: Néu F Ava F A>Bthi ¢ B.
Chitng minh b3ng phudng phap phan ching.
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§2. PIEU KIEN PONG NHAT DUNG

Pinh nghia 4: Cong thitc A duge goi 1a déng nhit sai néu A
luén luén nhan gia tri sai véi moi bd gia tri cla céc ménh 48 36
cidp c¢6 trong A. DI nhién phll dinh ctia cong thitc déng nhat ding
14 cong thic ddng nhat sai va nguge lai .

Bai todn: Cho céng thiic A bat ky. Cé hay khong mot thuat
toan ma sau hitu han cac budc-lam viéc ta cd thé b_ié'_t cahg thitc A
¢6 phai la céng.thic dong nhat ding hay khéng. - ‘

D51 v8i bai toan trén ludn ¢6 mét thuat toan d€ bist cong
‘thitc A c¢6 phai la céng thic dong nhit dung hay khong D6 la
thuat toan lap bang :

.49 RN Xa | AGKs oo, ) &)
2°hang {FF .ol T ?
L TT oo, T o

Phuong phap lap bang s& gap khé khan khi s6 cac bién trong
A qua 16n. D& khic phuc nhuge diém trén ta can xay dung thuat
toan khac t5t hon, dé la thuit toan tim dang chuin tic tuyen vi
dang chuin tic hdi cha céng thitc A. :

Trudc hét ta dua vao cac khal niém sau:

Dinh nghm 5: a. Tuyén cac ménh &€ so cdp va phu (hnh cua
né goi 12 tuyén sd cép (TSC).

b. Héi cia cac ménh dé so cap va phu dinh cua né g01 12 h01
sg cap (HSC). r
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Dinh ly 4 :

1. Di€u kién cin va dd'dé mét tuyén sd cidp ddng nhat ding
la trong tuyén dé c6 chia mdt ménh d& sg cap dong thoi véi phu
dinh cia né.

2. Diéu kién cdn va did d€ mot hoi so cdp déng nhit sai la
trong h¢i d6 cé chita mét ménh 4€ so cadp ddng thoi véi phi dinh
cua né.

Chitng minh: 1)

Diéu kién cdn: Gia su TSC la ddng nhit ddng. Ta chi ra
trong TSC ¢6 chita mjt ménh d& ddng theéi véi phu dinh cha né.
Gia sit ngugce lai: trong TSC khéng chita mét ménh d& sd cdp nao
dong thdi véi phi djnh clia n6. Trong TSC thay ménh dé s¢ cip
khéng c6 ddu phu dinh bing gia tri F, con ménh 44 8¢ cip c¢6 diu
phu dinh thi thay bing T thi TSC nhén gia tri F. Diéu nay mau
thuin véi gid thiét. Ching té TSC phii chita ménh 48 so cip cung
vdi phtt dinh cla né.

Diéu kién di: Gia s trong TSC cé chita mét ménh d8 s cip
- ddng thdi vdi phi dinh cha né, chdng han TSC = XvXvY v .... v Z.

Vi XvXla ¢dng thic ddng nhat ding nén TSC phal 1a cong thic
dong nhat ding.

2) Phudng phap chitng minh cfing nhu 46i véi 1). Dinh 1y
dugc chimg minh. '

Dinh nghia 6:

a. Gid sit A 13 mt cong thite. Ndu A’ = A ma A’ 12 tuydn ciia
cac hji sd cdp, tic A= (HSC), v (HSC), v ... v (HSC), thi A’ dugc
g9i 13 dang chuin tdc tuyé’n (DCTT) cha A.

b. Néu A” = A ma A” 12 hdi ciia cac tuyén sd cdp, tic la:

A” = (TSC); A (TSC); A ... A (TBC), ta néi A” la dang chudn
tédc héi (DCTH) cia A.

Vidu:  A=sX A X-Y).
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§2. DIEVU KIEN DPONG NHAT BUNG.

Dinh nghia 4: Cong thitc A dudc goi 1a ddng nhat sai néu A
luén ludn nhan gia tri sai véi moi bd gia tri ciia cic ménh 48 so
cap c6 trong A. D1 nhién phu dinh ctia céng thic déng nhat dding
la cong thic dong nhit sai va ngudc lai .

Bai todn: Cho céng thite A bt ky. Cé hay khong mét-thuat
toan ma sau hitu han cac budc lam viée ta ¢6 thé biét céng thic A
c6 phai la cdng.thitc dong nhét dung hay khéng. o

D61 v6i bal toan trén ludn c6 médt thuat toan dé biét céng
thitc A ¢6 phai la cong thic dong nhat dung hay khong bs 1a
thuat toan lap bang '

X1 Xy croereeennn Xy | AKX e X,)
2"hang |FF .coovroncnnns T | ?
L TT oo T R

Phudng phap lap bang sé gip khé khan khi s8 cac bién trong
A qua 16n. D& khic phuc nhugc diém trén ta can xay dung thuat
toan khac t6t hon, d6 1a thuat toan tim dang chuén tic tuyen va
dang chuin téc héi cta céng thic A

Trudc hét ta dua vao cac Kkhai niém sau:

Dinh nghia 5: a. Tuyén cic ménh dé€ s cdp va pha dinh cia
né goi 12 tuyén so cip (TSC).

b. Héi cna cac ménh dé so cdp va phu dinh ctia né g01 1a h01
sd cap (HSC). a
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A’ =X A (XvY) 1a DCTH

A=XA X)vXAY) 12 DCTT cia A,
Dinhién A=A” = A’.

Dinh 1y 5: Moi cong thitc trong dai s ménh dé déu ¢6 dang
chufin tic tuyén va dang chudn t4c héi.

Chitng minh: Gia sit A 12 mét cdéng thic bat ky trong dai sé
ménh dé. Néu trong A c6 chita phép toan - thi ¢cé6 thd khid phép —
bing cach ap dung cdng thitc déng nhat bing nhau X —» Y =XVY.
Vi vay ta c6 thé gid thi€t A chi chita phép toan v, A va —. Néu
phép phia dinh chua truc ti€p d6i véi cac ménh dé sd cdp trong A
thi ta st dyung cac céng thic ddng nh&t bing nhau XvY=X A Y
hay XAY =X v Y. Ti€p theo nhd cac céng thitc ddng nhit bing
nhau:

Xv(YAZDy=EvYI)AX v
XAa(YvD)=XaAY)vXEAD

@€ dua A vé dang chudn tic héi va chudn tic tuyén. Dinh ly duge
ching minh.

Vi du: Cho A =X - (Y -» X), tim dang chudn tic héi va
chufn tic tuyén cia A.

TacéAEXj(Y__—)X)ziv‘_IvXEAlédangchuéntz‘ic

héi véi cac TSC =X v Y v X va ciing la dang chuén tic tuyén véi
cac HSC la X, Y va X.

Bay gio ta ching minh dinh 1§ chi yéu sau day:
Dinh ly 6:
1. Diéu kién cén va du dé céng thic A déng nhit ding la

trong dang chudn tic hdi cia A. mdi tuyén so cdp chita mét ménh
dé sd cap dong thoi vdi pha dinh cua né.

2. Didu kién cin va du d€ cong thic A déng nhat sai 1a trong
dang chudn tic tuyén ctia A, mbi héi so c&Ap chita mét ménh dé sd
cip dong thoi véi phu djnh ciaa né.
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Ching minh:Ching minh 1)

Diédu kién cdn: Gia sit A 13 céng thiic ddng nhit ding.

Theo dinh 1§ 5 thi véi A cé tén tai dang chuan tic hai:
A = (TSCH A(TSC); A ... A(TSC),=A

Vi A ddng nhat dung nén (TSC) 1 =1, ..., n) la d6ng nhit
ddng. Theo dinh 1 4 thi trong méi tuyén sd cap (TSC) G =1,....n)
¢6 chita mét ménh dé so cap dong thoi véi phi dinh ctia né .

Diéu kién di: Gid st A= (TSC)H A (TSC)y. A ... A (TSC), 13
dang chuan tdc héi cua A, trong dé mdi (TSC); I=1. ..., n) cé chita
mét ménh dé€ so cip ddng thoi véi pha dink cia né. Theo dinh 1y 4
thi méi (TSC); (I=1. ..., n) 13 déng nhit ding va do d6 A la coéng
thitc déng nhat ding. |

Ching minh 2): Chiing minh tudng tu 1.

Thugt toin nhdn biét sy dong nhdt dung hay déng
nhdt sai déi vdi cong thite A dude xédy dung nhu sau:

e Buéc 1: Tim dang chuin tic héi va dang chuin tdc tuyén
cia A.

e Budc 2: Néu trong dang chudn tic héi ma mbi tuyén so cip
c6 chita mét ménh dé s cip ciing véi pht dinh cta né thi két luan
A la ddng nhit ding. '

e Budc 3: Néu trong dang chuan tdc tuyén ma mdi héi so cdp
c6 chita mét ménh dé so cdp cang véi phit dinh cia né thi k&t fuan
A 13 ddng nhat sai.

» Budc 4: N&u trong dang chuin tdc héi (dang chuidn téc
tuyén) cé tén tai moét TSC (HSC) ma trong né khéng c6 ménh dé
s0 cAp nao déng thoi véi phu dinh cta né thi A khéng phai la déng
nhit ding va déng nhat sai. Trong trudng hep nay A 1a céng thiic
thuc hién duge tic 1a cé ton tai mot bé gia tri ddng, sai cia céac -
ménh d€ s6 cdp trong A ma A nhan dudge gia tri ddng.
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II. HE TOAN MENH DE

Trong phan dai s6' ménh dé ta da nghién cttu céc ménh dé
hose dang hodc sai ma khdng xét dén néi dung cling nhu ciu tric
cua ménh d€. Trong thyc t&€ cé nhidu tap hop, chdng han tip cac
ham dai s lbgic, tap t&t ca cac tap vdi phép toan dudc dinh nghia
nhu trong dai s6 ménh dé cling c6 nhitng tinh chit nhu trong dai
s6 ménh d€. Vi vay ta nghién clu ménh dé mét cach tdng quat
hon. Mét trong cac phudng phap d6 1a phuong phap tién dé héa.

Ching ta s& thiy phudng phap tién dé héa con duge sit dung
- trong nhi€u linh vyc khac, dic biét ngudi ta sit dung phuong phap
tién dé héa dé€ phan loai, tim ki€m théng tin va lap bang mi cho
cac thong tin dd duge phén loai dudi dang cdy nhi nguyén.

Bat ky mét mén 1y thuyt nao ciing dugc nghién cttu va xay
dung theo trinh ty sau diy:

1. Dua ra cac dd1 tugng nghién citu.

2. Xady dung hé tién dé.

3. Xay dung cac dinh l¥.

Vi dy: Mon hinh hoc Oclit : |

1. D481 tugng nghién ciu 13 di€m, dudng thdng, mat phidng,...
2. Xay dyng cac tién dé& Oclit.

3. Cac két qua ctia mdén hinh hoc Oclit.

Cé nhiéu cach xay dung hé hinh thic, tiy theo cach chon cac
d3i tugng nghién citu. Nhung hé hinh thic chi ¢é6 nghia khi né phu
hop véi thye t&€ Muén vay hé hinh thitc phdi théa mén 3 diéu kién
sau: '

1. Hé hinh thiic 12 phi mau thufn.
2. Hé hinh thfl'c_ 1a day du.
3. Hé hinh thic 14 déc lap.
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Khai niém v& phi méu thuan, day dn, doc lap sé duge dinh
nghia chinh xac sau.

Hé hinh thic ma ta nghién cliu duéi day la hé toan ménh dé.
Mé td hé todn ménh dé

1) Chon ra mét tap hgp d€m dugc cac ky hidu ma ta sé& goi la
cic k¥ hiéu ctia hé toan. Day hitu han cac ky hiéu d6 goi 13 ménh
dé .

2) Chon ra tap hdp con cac ménh dé ma ta goi la cong thic
cua hé toan. '

3) Trong cac coéng thic cia hé todn ta chon ra mgt tap hgp
con cac céng thic va goi 1a cac tién d€ ciua hé toan .

4) Xay dung quy tdc dan xuit.

Viéc x4y dung hé toan ménh d& duge thuc hién theo 4 budc
trén.

§1. HE TOAN MENH DE

A.XAY DUNG HE TOAN MENH DE
Ta xay dung hé toan ménh dé theo trinh ty mé ta d trén.
1. Cac ky hiéu dung trong hé toan ménh dé :

a) Cac chit X, Y, Z  (d6i khi ca s6 nita) dung chi cac ménh
dé so cip.

b) Cac ky hiéu v, A, — ,— dung chi cac phép toan tuyén, hai,
phi dinh, kéo theo tuong ing.

¢) K¥ hiéu (, ) goi 12 ddu md ngoic va ddu déng ngodc.

d) Cac chit A, B, C. D, K... (d6i khi c2 chi sé nita) ding dé chi
cac cdng thic cia hé toan. '
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Hé toan ménh 4 chi gém nhitng ky hidu trén, khéng con
nhitng k¥ hiéu nao khac.

2. Pinh nghia cong thitc cda hé toan
Coéng thic trong hé toan duge &inh nghia dé quy nhu sau:
a) Mbi ménh &€ sd cdp 14 mét edng thie.

b) Néu A, B 12 hai céng thitc thi diy cac k¥ hidu (AAB),

(AvB), (A), (A - B) ciing 1a cac cong thite. D& cho gon d5i khi ta
viét A v B thay cho (A v B).

3. Céc tién dé ctua hé toAn ménh 4é

Ta chon nhém cac céng thite sau 1am tién 4& cia hé toan:
ol »E-> e A))
b) ((A - (BoC)) » (A B)> (A > C)))

a) (A A B) 5 A)
DA->B)>{(A-2C)>A->BACY)

a)(A—->(AvB)

3 I B->AvE)

(A ->C) > ({(B->C)>({AvB)-»O)
a) ((A— B) > (B = A))

@) (P A4
o) (A - A)

D& cho gon ta k§ hiéu i(x) la tién dé x trong nhém i
(i=1,2,3,4),x€e{a,b,c}

4. Quy tac dan xuit
Néu A va A —» B thi B.
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B. CAC PINH NGHIA TRONG HE TOAN MENH DE

1. Pinh nghia dinh 1y
a) Mé&i tién dé 13 mét dinh ly. |
b) Néu A va A — B 1a cac dinh 1y thi B ciing 14 mét dinh 1y.
‘Ta ky higu A la mét dinh 1y qua .|- A.

2. Pinh nghia dén xuét

Mét dan xudt trong hé toan ménh dé la diy cac cong thic
Ay, A, .., A, trong 46 A; (i = Ln) holic 14 tién dé, hodc truc $iép
suy ra tl cac c¢dng thic ding trudc né theo quy tdc din xuat.

T dinh nghia din xudt dsi khi ta con djnh nghia dinh ly
nhu sau:.

. Cong thic A trong hé toadn ménh dé dugc goi 12 mét dinh 1y,
néu tén tai mét din xudt trong hé todn ménh dé ma céng thic
cudi cung trong din xuat d6 1a A. Néi cach khac néu A 14 mét dinh
ly thi ton tai diy cac céng thic A, A, ..., A, = A, trong dé A,
(i = Ln) ho#c 12 tién d& hojc suy ra tit céng thitc ditng trudc né

theo quy tdc din xuit. Ngudi ta thudng goi day A,, A, ..., A, 12
mét chitng minh ciaa A.

3. Pinh nghia dan duge

Cong thitc A goi 12 dan dugc tit cac cong thic A,, A, ..., A,

(k¢ hidu Ay, A;, ..., Ay | A) néu tén tai diy cac céng thic B,, B,,

o+ Bw=A, trongd6 B, i=1, 2, ..., m) hodc Aj G = 1, ..., n) hoic
suy ti céng thic ding trudc né theo quy tdc din xuat.

Day By, Bs, ..., B, dudc goi 1a mdt din xudt clia A.

Chiu y: Tit cac dinh nghia trén ta suy ra:

a) Méi tién dé 1a mét dinh 1y.

b) Néu A, B la cac cong thitc ma B ¢ A thi B} C khi va chi khi A} C.
¢) Ban thén A dan dugc tit chinh né hay A} A.
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C.MOT SO Vi DU VE PINH LY

Vi du 1: Ching minh ¢déng thic (A > B) -» (A 5 A) 1a mét

dinh 17, hay HA - B) -» (A-A).

la:

That vay: Theo 1(b) ta cé:
FHA > (B - A)) - ((A - B) 5> (Ao A) (1)
Theo 1(a)tacé: - A > (B> A) ' (2)

T (1), (2) theo quy tdc din xuit ta cé difu cAn ching minh

HA — B)— - (A A).
Vi du 2: Ching minh HA A B) = (B A A).
That vay theo 2(c) ta ¢o:
F(AAB) > B) > (AAB) > A) > ((AAB) > B A AN
Theo 2(b) ta co: } (A A B) - B (2). Tit (1) va (2)
Theo quy tic din xudt thi

F((AAB) > A) > ((AAB)> (BaA)) - (3)
Tit 2(a) ta cd:  F (A A B) > A )
Tit (3) va (4) theo quy tic din xuét ta co:

L(AAB) > (BArA).
Vi du 3: Chitng minh ﬁ - A.
That vay: HA > A) > (A > A) (1) do 4(a)

HA > A) 2) do 4(b)

T (1). (2) theo quy tdc dAn xudt ta cé |-i - A.
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§2. CAC TiNH CHAT CUA HE TOAN MENH DE

Dinhly 1 :

Né’u Al’ Ag, vary Am " B] : (1)
Ay, A, ..., Ay } B, (2)
Ay, As, ..., Ay F B (p)

vi By, By .., By FAthiA, Ay, .., A, FA.
Chétng minh: Theo dinh nghia din duge thi tit (1),(2), ..., (p)
cé ton tai cac diy cdng thitc: _
le. C(l)z,..., C(”n1E B,.

2 2 2
c®,, ¢c@,. .. ¢ }“25 B,.

C(le, C{p)z,.... C(p)an Bo.

Trong d6 C™i hodc 12 tién dé, hodc 14 Aj (G=1, 2, ..., m), hoic
suy tit cac cdng thic ding trudc né theo quy tic din xuat. Mat
khac theo gia thiét By, B,, ..., By, } A nén tdn tai diy cac cong thic
CoD,, P, L, C®* Vapii= A, trong d6 C®'Y; hodc 1A tidn dé hodc
1a Bj (=1, 2, ..., p), hodc suy tit céng thic ding trude né theo quy
tdc dan xuat. '

Ghép p+1 cac didy trén ta duge day:

c®, cY,, €, =By, €?,,c?,, . C?, = By, ... €7, C®y,
CPup = By, C®*V, C®*D,  c®*V.y) = A 13 mét din xudt can A

tdt Ay, Ay, ..., Ay hay AL Ay, ..., A, F A Dinh 1§ duge chitng minh.
Dinh 1y 2 :
Néu A, A, ..., A, 1 F A, Bthi A, A, .., A, 1. AL R B
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Ching minh: TU giad thi€t ta ¢ tén tai cac céng thite B, B,.
-» Bm = Ay— B, trong 46 B; (=1, 2, ..., m) hodc 1a tién dé, hodc la

A; (i=1, 2, ..., n-1) hodc suy tir cac cong thite ditng truéc né theo
quy tac dan xuit.
Xét day B, B,, ..., B, A,, B (1)

Ta chi ra (1) 12 mét din xusdt ¢ia B tit Ay, Ay, ..., A,. That
vay, By, By, ..., Bm, A, hofic 12 tién dé, hoic la A, (=1, 2, ...y D)
hodc suy tif cac cong thitc ditng trudc né theo quy tic din xuit.

¥

Vay chi can xét thém B: Ta c6
By, An} By
B, Ast Ay
(do chd ¥ trong muc 3 cia B).

ViB, =A, » BnéntacoB,, A} A, > B va B., ALk AL Tu
dé theo quy tdc din xuét ta c6 B,, A} B hay B suy ra tu cong
thitc ding trudc né theo quy tic dn xu&t. Tém lai day (1) chinh
12 mét dan xudt cia B tit A, A,, ..., A, hay A}, A,, ... A, | B

Dinh ly duge chitng minh.
Binh Iy 3: Néu |D thi FA > D, & ddy A 1a céng thic bat ky.
Ching minh: Sit dung cac tién dé 1(a), quy tic din xuit va gia thist.

Dinh Iy 4 : Néu A 12 mét céng thic bt ky thi ta ludn cé
FA - A, '

Chitng minh: Ta lan lugt cé:
HA 5>((A>A) 5A)) 5((A>(A>A)) >(AA) (1) {(do 1(b))

FA S ((A—>A) 5A) (2) (do 1(a)).
T (1), (2) theo quy tdc din xuat ta cé:
HA -(A—>A)) > (A>A) (3

Mat khac theo 1(a) thi:
HA 5(A-A)) - 4)



292 Chuong 11. LOGIC TOAN

Tit (3), (4) theo quy tic din xuét ta c6 céng thie can ching
minh 12 FA - A. Dinh 1§ dudc chitng minh.

Pinh ly 5: (Dinh 1y suy dién)
Néu Ay, Ay, ... A, FBthia) Ay . A FA— Bz 1)

Chitng minh: Quy nap theo dinh nghia dan duge cua b tu A,
Az. - AI"

a) N&u B 1a mot tién dé thi | B (chd y a trong muc 3 cua B).
Theo Dinh 1y 3 thi | A,— B. Theo Dinh 1y 2 va 3 ta c6 ngay
-Al, Ag, cees Au 1 t‘ An—) B.

b) Néu B la mét trong cac cong thite A; (i=1, 2, ..., n-1) thi ta
cng ¢o :

Ay, As .. A, 1L B (1)
(chi ¥ trong 3 cha B).
Theo 1(a) thi |B—>{ A,— B) hay
A1 Ay .. Ay 1} B 5 (A0 B) (2)
T (1), (2) va quy tic dAn xuat ta c¢é: ALAg, ..., Ay FA— B

Trudng hop B = A, thi do Dinh 1y 4 ta ¢6: | A,— B vi vay ta
cling cé A;, Ay, ... Ay 1 F A~ B.

¢) Gia st B’ va B'> B c6 tinh chdt saw:

A As, . AL FA B (3)

vd Ay Ap .. An b Ay (BoB) (4)

Ta ching minh: A,. Ay, ..., Ay 1 }F Ay— B
That vay theo 1(b) ta co:
A Ag L Ay F (A (B5B)) (AL —» B) - (A,> B) (8)
T (4), (5) theo quy tdc dan xuat thi:

AL A . A LA B)Y > (A B) ®)

Tix (3), (8) theo quy tic din xudt thi A, Ay, ..., Ay 1} Ao B
Dinh 1y duge ching minh.



€O SO TOAN TRONG LAP TRINH

293

Hé qud: Néu A,, Az ..., A, } B thi

FAI—> (A2 > ... (A~ B)...).
Ap dung Dinh ly suy dién n lan.
Dinh ly 6: (quy tdc bic cau)

Néu } A > Bva } B - C thi FA - C.
Chitng minh: Tit } A — B theo Dinh 1y 2 ta c6 A} B.

Tuong ty tit | B — C ta cling c6 BIC.

Theo Dinh 1y 1 thi ta ¢6 A} C va ap dung Dinh Iy suy dién ta

co: FA - C

Pinh 15 7: | Ava } B khiva chikhi } A A B.

Chitng minh:

Diéu kién cdn: Gid'sit | A va }B. Liy céng thic D sao cho

} D. Theo 2{c) thi
l—(D—)A)—)((D—)B)—»(D—)(AAB)))
nhung do [A nén theo Dinh 1y 3 thi | D — A
Tt (1), (2) theo quy tdc dan xuit ta co:
F (D > B) >(D > (A A B))

Vi | Bnén | D - B (do Dinh Iy 3)
Tiu (3) va (4) ta lai cé:

FD — (A AB)

Mét khac | D(6). Tt (5) va (6) ta c6: F A A B.

Diéu kién di: Gid sit | A A B. Theo 2(a) thi
L(AAB) > A
va theo 2(b)tacé F(AAB>SB

LY

(2)

(3)
(4)

(5)

(7
(8)

T gia thi€t va (7), (8) ta ¢6 } A va } B. Dinh 1y dugc chimng

minh.
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Dinh Iy 8 : (Hoan vi gia thiét)
N&u FA— (B - C) thi B > (A - C).

Chitng minh: T FA— (B — C) theo Pinh 1§ 2 thi A} B > C
hay A, B} C. Ta cting cé thé viét B, A]— C. Ap dung Dinh 1§ suy
dién 2 l&n ta cé:

IB - (A > C).
Dinh nghta 1:
K 12 céng thic sai trong Hé toan ménh dé néu }-K
D goi 1 cong thic ding trong Hé toan ménh dé néu }D.

Pinh 15 9 : Néu K 13 cong thic sai va A 12 céng thitc bat ky
thi | K-> A.

Ching minh: Theo 42 thi  } A—>K) > (K> 4) (@

Vi }K nén ap dung Dinh 1§ 3 ta cé: FA> K (2)
Tit (1), (2) theo quy tdc din xuft thi K- A 3)
Theo 4(b) thi K > K 4@
Tit (8), (4) theo quy tic béc ciu ta cé: }K—)i (5)
Theo 4(c) thi LA A : (6)

T (5), (6) ta ¢6 | K- A. Dinh 1§ duge ching minh.
Pinh 1y 10: (Quy tdc ghép gia thiét)
Néu fA-> (B> C)thi F(AAB)>C.

Chitng minh: Theo 2(a) ta ¢6: | (A A B) - A Ap dung Dinh
Iy 2 ta lai ¢6:

AAB}LA (D
Theo 2(b) ta ¢6: | (A A B) - B. Ap dung Dinh 1y 2 ta cé:

AAB}B. (2)
T gia thiét | A> (B - C). Ap dung Dinh Iy 2 ta c6:
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A Bl C 3)

Tw (1), (2), (3) do Dinh 1§ 1 ta cé: A A B} C, hay HAAB) » C
suy tit Dinh 1¥ suy dién.

Pinh Iy 11 : (Quy tdc tach gid thiét)
Néu | (A A By > Cthi FA> (B 5 C).

Chitng minh: Vi | A> (B - (A A~ B)) nén ap dung hai lan
Dinh 1y 2 ta cé:

A,BFAAB (1)
Ap dung Dinh 1y 2 cho gi3 thiét ta c6: AAB}C (2)

Tu (1), (2) theo Dinh 1y 1 ta ¢6: A, B } C hay } Ao (B > C)
do Dinh 1y suy dién.

Dinh 1y 12 : Véi moi céng thic A va B ta ludn cé
F(AAr Ay B.

Chitng minh: Suy tit Dinh Iy 9, vi A A A 13 mdt cong thic
sai.

Dinh Iy 13 : Néu A, A, 12 hai cong thitc sao cho }A, > A,
thi ta cé cac truong hgp sau:

a) F(Alf\_A)—)(AzAA)
by F{AAA)>(AAAY
¢} F(A, v A) > (A, v A)
d) FAAvVA) > (AvAy
e) F(Ay - A) > (A o A)
D FA > A) (Ao Ay

Chitng minh: Trudc hét ta chitng minh hai bé dé phu sau
day:

B6dé1: |A—> BAC) khivachikhi FA>Bva A C.
Chitng minh: |
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Diéu kiéncdn: Giast FA->BAC 1
Theo 2(a) thi FBAC) B @)
Tit (1), (2) ap dung quy tdc bic ciu ta cé: } A - B.

Theo 2(b) thi FBAC)>C (3)
T (1), (3) theo quy tic bdccautacéd: FA > C 4)
Didu kién di: Giasit FA>B@)va A C (5)

Theo 2(c)thi F(A->B) > ((A>C) > (A->BAC) (6)
Tt (4), (5) va (6) theo quy tic dAn xuit ta ¢ F A - B A C). B3 dé

" dude chitng minh.

theo

B6dé2: F (AvB)-> Ckhivachikhi fFA>Cva B> C
Chitng minh:

Diéu kién cdn: Gia st FAvVvB)>C : 1)
Theo 3(a) thi FA->(AvEB) (2)
Theo 3(b) cling cé FB>(AvB) (3)

T (1), (3) theo quy téc bic cau ta cé6 |} B » C. T (1) va (2)

quy tic biccautacé A — C.
Diéu kién di: Gia SfI_ FA->C (4)
vda FBoC )

Theo 3(c) thi F(A->C) > (B>C) > ((AvB)->0C) (6)
Tit (4), (5) va (6) theo quy tdc din xuit ta cé: } (Av By » C.
B3 d& 2 dugc chitng minh. |

Bay gi6 ta ching minh Dinh 1¥.

a) Chitng minh: | (A; A A) - (Az A A).

- D& chiing minh a) theo BS d& 1 can chitng minh:

FAr A A) o> Ay (1)
F(A A A > A - 2



€U 53 TOAN TRONG LAP TRINH 297

3 day (2) 1a didu hién nhién theo 2(b). Ta chi can chitng
minh (1).

Theo 2(3.) thi ’ }' (A] AN A) - Al (3)
va theo gia thiét tacé: | A, > A, ' (4)

T (3), (4) theo quy tac bac cau thi | (A, A A) - A, 12 céng
thitc (1) cdn ching minh. T (1), 2) ap dung Bd dé 1 ta cé:

(AL A A) - (A, A A).
b) Ciing theo B5 dé 1 dé ching minh b) ta cin chitng minh:

F(AAA) > A ()

FAAAAD) 5> A, (6)
O day (5) 12 hién nhién theo 2(a). Ta chi cAn chi ra (6).
Theo 2(b) thi F(A A A) - A, (7)
va theo gia thidt  } A, > A, (8)

Ta c6: | (A A Ap) > A, RS rang tit (5), (6) theo B8 dé 1 thi:
FAAA) > (AAAY

¢} Ching minh: F (A v A) > (A, v A)

Theo B8 d& 2 thi d€ chitng minh ¢) ta cin chiing minh:
FAL - (Ay v A)
FAS (A v A)

Nhung | A - (A, v A) suy tir 3(b).

Ta ching minh }A, 5 (A, v A) nhu sau:

Theo 3(a) thi | A, — (A, v A) va theo gia thiét thi} A, — A,.
T d6 ta cé ngay | A, > (A, v A) theo quy téc bic ciu.

d) Chitng minh: }F (A v A)) > (A v Ay)

Theo B§ dé 2 dé chidhg minh d) can ching minh hai bidu
thitc sau:

FA - (Av Ay
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FA > (A v Ay
Bidu thitc } A - (A v A;) hién nhién do 3(a).
Ta chitng minh | A; — (A v A).

Theo 3(b) thi } A; = (A v A,) va theo gia thiét + A; — A, ta
c6: FA >(AvAyla biéu thitc can chimg minh.

&) F(Az A > (A > A
Theo cau b) thi HA A Ay - (ArAy).
Thay A bdi A;— A ta cé:
F(Az> A A A > (A A) A Ay (7}
Theo Dinh 1y 4 ta cé:
F (Ag—> A) = (A,—> A) va dung quy tic ghép gia thiét ta lai
duge:
F(Ax—> Ay A A A (8)
T (7). (8) theo quy tic bdc ciu thi | (A;—> A) A A= A,
Lai tach gia thiét ta c6: HA;> A) > (A~ A) 13 diéu can
ching minh.
£ FA->A) > A A
Theo Dinh 1y 4 thi } (A—> A)) > (A—> A)). Ghép gia thiét dugc
(A Ay A A A, (9)
Theo giad thi€t thi } A; — A, va két hop véi (9) ta co:
F (A= A A A A,
Téach gia thiét ta duge cong thic can ching minh la:
FA— A) > (A Ay

Tém lai Dinh 1y dugc chitng minh.
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§3. DINH LY TUONG DUONG

Ta ky hiéu A ~ B qua (A~ B) A (B> A)

Theo Dinh 1y 7 thi | (A> B) A (B->A)< A5 Bva [ B> A.
Do d6 ta c6 dinh nghia sau day: '
Dinh nghia 2 : (Dinh nghia tuong duong)

Néu } (A~ B) A (B - A) thi ta néi A v B 1 tuong dusng
nhau (ky hiéu A ~ B).

Ciing nhu vy : né€u | A-> Bva } B> A thi ta néi A va B la
tuong dudng nhau.

Chi y: Dinh nghia tudng duong trén théa man 3 tinh chat:
1. Phén xa: V&i moi céng thitc A ta luén c6 A ~ A,
2. D&i xiing: NSu A~BthiB -~ A.
3. Bic cAu: NSuA~BvaB~CthiA~C.

Gia st A 12 mét cdng thitc bat ky,.X 12 mdt ménh dé so cap.
Thay X béi B trong A, két qua la mét cdng thic ma ta ky hidu 12

? A va dugc dinh nghia nhu sau:
X

Dinh nghia 3: (Dinh nghia ky hitu ? A)
X

Quy nap theo dinh nghia cia céng thitc A.
1. Néu A 12 mét ménh dé sd ¢ip thi cé6 hai kha ning sau day:

a) A = X. Trong truong hdp nay ta dinh nghia T A=B.
X
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B
b) Néu A # X. Trudng hop nay ta dat | A=A,

X
2. Gia sit d6i véi hai cong thic A,, A, dd duge dinh nghia
B B |
phép thé I A, va I A, tudng ing. Ta dinh nghia phép thé cho
X X : '

cac cong thite: (A; A A, (A1 v Ag). (A; > Ay va (A).nhu sau:

B B
(A] I Az) = I Al ~ I Ay,

X X

B B
Avad= | av | A

X X

. ' B B
G AY= [ Ao | A
X X

M X M teml X D

—— T
A = [A
X

Pinh ly 14 : (Dinh ly vé tinh tuong dudng)

Néu X 12 mét ménh 48 so cap, A, By, By 13 cac ¢dng thic bat

B, B,
ky thi F(B,~By > ([A ~ [A)
X X

Chitng minh: Quy nap theo dinh nghia céng thic A.
1. Né'u_ A 132 ménh d€ sd cap. thi c¢é hai kha nang sau day:
o B! BZ
a)A=X Khidé [A =B va j_A = B,
X X

Theo Dinh ly 4 thi ta cé:
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B, B,
F(B1~B;) > (B~ By hay | (B, ~ By > ( A ~ [A).
X X
B, B,
b)A#X. Khids [A=Ava[A=a
X X
B, B,
Theo Dinh 1y 4 thi | A - A hay | ( [A ~ fA) 4p dung Dinh
X X
B, B, ’
Iy 3 ta duge | (B, ~ By - ( [A ~ [ 4.
X X

2. Gia s1 ta ching minh duge cho hai cong thitc A; va A, tie
la ta da chitng minh dugc:

B, B
B~ By - (fA) ~ [Ap.
X X
B, B
F(By~ By > ([A; ~ [Ay).
X X
Ta cln chitng minh cac trudng hgp saw:
B, B,
Q) F®Bi~B) ([ Was)~ [ AnAy).
X X
B, B,
b) F®Bi~B) o ([ (AivA)~ | AvaAy.
X X
Bi B'l
O FGi~B) (] AioA)~ | (Ao Ay
X X
B B

4 }B:~By > ([A~ [A).
X X
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Chitng minh a) D& ching minh a) ta can stt dung Bé dé 1:
tA>BAC < FA>B, | B A,
B, B,
Theo quy nap | (B, ~ By - ( [Aj ~ [A)).
X X
Ap dung B8 d8 1 ta cé:
BI B'Z
HB. ~ By >([A] > [A)).
X X
Ap dung Dinh 1y 2 ta cé:
B, B,
Bi~B, | [A » [A (1)
X X
B, B,
Theo 2(a) thi | I (A~ Ay = I Ay hay
X X
BI BI
Bi~B:t | (Ainan | 4 )
X X

Tt (1), (2) va quy tdc bic cAu ta cé:

B, B,
Bi~Bo} | (Arnhn - (A 3)
X X
B, B,
Theo 2(b) ta cé: | [ (A A Ag) - [ Az hay
X X
BI Bl
Bi~Batb | (ArnAa [ A @)
X X

Theo gia thiét quy nap thi
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BI B2
l‘ (B, ~ Ba)—+( I Ay ~ I Aj).
X X

B, B.
Do B3 dé 1thi | (B, ~By > (| Ay~ [ Ay.
X X
Theo Dinh 1y 2 ta cé:
B, B,
Bl“'B2}‘I Az-’JlAz &)
X X

T (4), (5) va quy téc bic ciu ta cob:

B, B,
B, ~B; } I (A1 A Ag) > I A, (6)
X X
Tix (3), (6) theo B8 d& 1 ta cé:
B, B,
Bi~Bek | (Arndgd) > | (A nAy *)
X X
Hoan toan tuong tu d6i vai tro gita B, va B, ta cé:
BZ Bl .
Bi~Bo b [ (Ainad > [ (A nAy **)
X X
Theo dinh 1y 7 tit (*) va (**) ta c6:
Bl . B? BI B]
Bi~BeH | (AnAdo | Aindo) A ([ Ainag— | @A~ Ay)
X X X X
' B, B,
hay By ~B; | | (A1 A A) ~ | (Ai A Ap). Dén day ap dung Dinh
X X

17 suy dién ta cé didu cAn chitng minh la:
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Bl BI
@B~ B > ([ AiaA)~ [ A A,
X X
Ching minh b)
B, B,
F@Bi~B > (| AivAd~ [ (AvA.
X X
Trong phan a) ta da chi ra céng thic:
B, B,
B ~B: }[A] » [A (1)
X X
B2 B2
Theo 3(2) thi (B, ~ B} [ A1 [ (Aiv Ay @)
X X
T (1), (2) va quy tic bic cdu ta cé:
B, B,
Bi~Bab | A | AivAy ™
X X
Ching minh tudng tu¢ nhu (*) ta duge:
B, B,
Bi~Bak | Az [ (Arv Ay (**)
X X )
T (*) va (**) theo B8 dé 2 ta cé:
Bl Bz
Bi~Baot [ (AvvAn > [ (AvAy @)
X X
Déi vai tro gita B, va B, ta cé:
B2 B'l.
Bi~B:k [ (AivA) [ Aavay @

X X
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T (3) va (4) theo Dinh 1y 7 ta c6:
B B,
Bi~Bob [ (AivAy ~[ Avay,
X X

hay ap dung Dinh Iy suy dién ta dugc cng thic cAn phai chéing minh
la:

B,

B2
FB:~Ba > (] aivay-~ [ @vay.
X

X

B, B,
Chimg minh ¢) | (B ~Bp > (| (&> Ay~ | @ai>an.

X X .

B, B,
[ a~ | a»

X - X

Theo gia thiét quy nap ta cé: | (B, ~ By) — (

B, Bz. B, B,
hay F B, ~B) > ([ A [ Apn(| A Ay
X

o))
X X X

B, ‘B,
Theo B3 dé 1 tir (1) tacé: (B ~By > ([ Al A). Ap dung

X X
B B

2 ]
Bi~Bo [ Ak A)
X X
B, B,
Mt khac theo dinh Iy 4taco | | (A1 > A > | (A, > Ay hay
X

2 14n dinh 1§ 2 ta duge: (2)

X
B, B, B, B,
(| Ao A A | A,
X X X X
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Hoan vi gia thiét ta cé:

B] Bl l Bl
FH{ A ([ 1A [ A, hay ta c6 thé viét
X X X
Bﬁ Bl Bl BI
Bi~By. | At] Ao(] Aios> [ A0 ©
X X X X

Tit (2), (3) theo quy tic din xuit ta cé:
B, B, B,
Bi~Bx, | Ak | oA | A
: X X X
Lai theo dinh 1§ 2 ta ¢6:
' B B B

Bi~B | A | GioAdb | A @
X X X

Theo gia thiét quy nap véi A, thi:

Bl Bl
I'(Bl"'Bz)—)(I Az*_[ Ag)
X X
Bl B2
TuB3dé 1tach: | Bi~B) > ([ A [ Ay,

X X
Ap dung 2 lan d&inh 1y 2 ta thu dugc:
B, B,
Bi~Bs | Ask [ A ®)
X X
Theo chi ¥ trong phan 3 cia B ta cé:
B B

: 2 ]
Bi~Bx | An [ (A >A)}B~B, - ®
X X
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T (4), (6) va (6) theo dinh Iy 1 ta cé:

B, B, B,
Bi~Bo | ALf Ai-mt| A
X X X
BI B2 Bl
hay Bi~Bs [ (i>A) [ AF[ Ay
X X X
Dén day ap dung dinh Iy suy dién ta duge:
B, B,
Bi~Bo k| Aioa) > A4 0
X X
Hoan toan tudng ty déi vai tré giita B, va B, ta cé:
B, B,
Bi~B b [ Ai>a)->] -4y (®
X X

T (7) va (8) theo Dinh 1y 7 ta thu dugc:

BI B2
Bi~Ba b | (Ai>Ad~[ (A5 Ay.
X X

Ap dung Dinh Iy suy dién ta c6 céng thic cn chitng minh la:

Bl BI
FBi~By > (] (oA~ | (@& -am.
X X
Chitng minh d}
B, B,
F @B, ~ By = ( IAI ~ IAI)
X X

Theo gia thiét quy nap d6i véi A, ta cé:
| B, B, :
FBi~Ba > ([ A~ A) M
X X
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B B

1 2
Theo BS @6 1, tt W tacé: B ~By > (| Aas [ A0 @
X X
B, - B, Bz_ BI____
Theo 4(a) : Hf s | A Ja> fap @)
X X X X
Tit (), (3) va quy tic béc cdu ta cé:
Bz_-_ B1_
F By~ B > ( [A1 > [A]) *)
X X -
Hoan toan tudng tag ta ¢6 cong thic:
B, B,
B ~By > ([A;> [AD **)
X X

Tt (*), (**) va B8 d8 1 ta ¢ cong thitc cAn ching minh la:
Bl_ Bz_
B ~B) - (JA] ~ [AD.
X X

Dinh 1§ dudc ching minh.

Duéi ddy ta luén ky hiéu cong thitc déng nhét ding 13 D, cong
thitc @dng nhat sai 1a K, tic 1 ta luén ¢6 |D va K.

Pinhly15: HA~D)~A

Chitng minh: Theo Dinh 1§ 7 dé€ chimg minh Dinh 1y 15 ta cén
chitng minh hai céng thic sau:

a) HA ~ D) > A.
b) FA - (D ~ A).

Chizng minh a) Tdc l1a chitng minh HA - D) A (D - A) —» A,
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Theo 2(b) ta c6: HA ~ D) - D - A) &)
Vi |D nén theo Dinh 1y 3 ta ¢6

}-(D—«)A)——)DhayD——)AFD )
Miit khac theo Dinh 1f 4 ta c6: HD — A) — (D — A) @)
Td@)tacé D-—>AFD A (4)

T (2), (4) va quy tic din xuidt ta cé: D - A} A.

Ap dung Dinh 1§ suy din ta dudge: (D> A) > A ®)
Ti (1), (5) theo quy tdc bic ciu ta duge: HA ~ D) > A

Chitng minh b) Do |D nén theo Dinh 1§ 3 ta co : tA-D (1)
Ap dung Dinh 1§y 3cho () tacé: FA- A D) 2)
Theo 1(a) : LA D> A) 3
Tu(2), Q) vaBs§dé 1tacé FA > D ~ A). Dinh 1y duge chimg

Pinhly16: }[A~K- A,

Chitng minh: Theo Dinh Iy 7 thi cAn chitng minh hai céng thitc sau:

a) FA~K)—> A.

b) F A > A~K).
Chitng mink @) Theo 2(a) thi | (A ~ K) - (A —» K) )
Theo 4(a) : AR > (K > A) @

Tt (1), (2) theo quy ticbdccAutacs: FA~K) > (K > A) (3)
Hoan vi gia thiét trong (3)ta ¢6: } K> (A~K) - A) @)
Vi }K (5) nén tit (4) va (5) theo quy tic din xuit ta cé:

FA~K) - A.
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Chiing minh b) Theo Dinh 1y 12tacé FAA A > K.
Tach gia thiét ta dugc I A-> (A - K.
Hoan vi gia thiét ta c6: FASASK *)

Theo Dinh 1 9 ta c6: | K— A. Ap dung Dinh Iy 3 ta nhan duge

L A A~K.
Dinh 1§ duge chimg minh.
Dinh 1y 17 :
D K.
K An | &> (@& ~D)> A A (&~ K > A,
X X
Chitng minh:

B B

. 1 2
Theo Dinh If tuong duong ta ¢é: | (B, ~Bp - ([ A~ | A)

X X

Trong cong thitec nay ta thay B, bdi X va B, bdi B ta dugc

X B
FX~B) ([ A~ [ &)

X X
B X
Theo BS dé 1 thi tix céng thitc tréntaco } X~B) > ([ A— [ A)
X X
B
hay |—(X-B)—>(I A A).
X
Hoan vi gia thiét ta cé:
B
H A (&-B) >4 &

X
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Trong cong thitc (1) thay B bdi D va K ta duoc:
D
H A->@&-~D)»a)
X

K
H A @ ~B > 4)
X .

D K D
Mt khéc do 2a) thi ([ An | N[ A
X X X

Tt (2) va (4) theo quy tic bic cAu ta nhan duge

D K
H A [ > &-D)>a)
X X
"D K . K
Tuong tu tX 2®) tacs: L (| An | A A
X X X
D K
Cong thic | (| Ar] A @E~R -4
X X :

@

3

4)

®)

(6)

(7)

nhan dude tit (3), (6) va quy tic bic cdu. Tt (5) va (7) ap dung B 48 1 ta

¢6 cong thitc can chitng minh ;
K

D o
Kf AA [ &> (&X~D)> &) A E~K) > A)).
X X -

Dinh 1y 18 :

X ~D) = A) A (X ~K) > A) > (X~ D) > A) v (X ~ K) - A)).

Chitng minh: Theo 3(c) ta cé:
HA-C) > (B> C) - ((Av B) -0,
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Ghép gia thiét trong cong thiic nay ta duge:
FA->OAB->C)—>(AVvB) - C). (1)

Trong (1) thay A bdi X ~ D, thay B bai X ~K con C thay béi Ata
dudc cong thie can ching minh.

Dinh Iy 19 : Véi moi cong thitc Ataludncé FAv A

Chitng minh: Theo 3(@)tac: FA—>(Av A) (1)
Theo 4(a) ta c6: | (A — (Av A)) > (AVA > A). @)
Tt (1), (2) theo quy tic din xuét ta co FAQK > AL 3
Theo 3(b) : FA > (Av A) | (4)
va theo 4(a) tacé F (A = (Av A) > (AVA — A). (5)

Tit (4) va (5) theo quy tic din xuat ta cé: | A__VK - i). (6)

Theo 4(c) thi  }A - A. - ™
T 6). (Dtacé: FAVA - A. (8)
T (3), (8) theo B§ @& 1 thitacé: HAVA >AA A. )
Theo Dinh Iy 12thi  F(Ax A) > K : (10)
T (9), (10) theo quy téc bic cAu ta cé: HAVA —K - (1)
Theo4(a)thi F(AVA 5K > (K>AVA) (12)

Tit (11), (12) theo quy tic din xust ta duge: K-> AvA  (13)

Theo 4(c) tacs: F AvA —> (AvA) (14)
Tt (13), (14) theo quy tic bic ciu ta ¢6 FK—>(AvA) (15)
Theo dinh nghia céng thitc sai thi + K (16)

Tit (15), (16) ding quy tdc din xuét ta cé: } Av A. Dinh 1y duge
chitng minh. ‘



€O 3G TOAN TRONG LAP TRiNH 313

Dinh 1y20: X ~D)v X ~K).

Chitng minh: Theo Dinh 1¥ 15 thi HX~D)~X 1)
Theo Dinh 1y 16 thi X ~K) ~ X @)
T (1) theo Dinh 1y 7 ta c6: X > (X ~ D) (3)
Mit khac theo 3(a) thi
FX~D) > (X ~D)yvE~K) (4)
Tit (3), (4) theo quy tic bic cau thi: X > (X~D)vX~K) (5)
Tit (2) theo Dinh 1y 7 thi ta cé: FX 5> X~K) (6)
Theo 3(b) ta cé: -
FEX~RK) > (X-~-D)vE~K)y (N
Tt (6) va (7) theo quy t4c bic cAu ta cé:
F X - (X~D)vX~K) ®)
Tt (5). (8) theo BS dé 2 ta duge:
FX v X) > (X ~D)v X ~K) ©
Theo Pinh Iy 19thi Xv X (10)
Tir (9), (10) theo quy tic din xuit ta cé:
HX~D)v X ~K).
D K
Pinhly21: K[ An| B -aA
X X
Chiing minh: Theo Dinh Iy 15 ta cé:
D K
K[ Ar[ A (E~D)>MHA@E~K-4) D
X X

Theo Dinh 1¥ 18 ta c6: \
HE~D) > AAX~K 2> A) > (X~D)vE~K)—>4) @)
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Tt (1), (2) theo quy tic bic ciu ta cé:
K

D
K[ An | &> (@~DvE~KN>8 @
X X '

Hoan vi gia thiét trong (3) ta duge:

D K
HE~D)vE~KN >« an [ A4 @
X X
Theo Pinh 1y 20 thi: X ~D)v X~K) (5)
Tit (4) va (§) theo quy tic ddn xuit ta cé:
D K
[ &~ | & - A Dinhly duge chiing minh.
X X .
Dinh nghia 4: Gia st A 14 mét cbng thic bat ky, X, X,, ..., X, 1a
cac ménh dé so cap. Ta dinh nghia bdng quy nap k¥ hiéu H A nhu

X1X5.Xp
sau;

D K
a)n=1.Tadinhnghia [[ A=| An | A
' . 3 X, X,

b) Gia sui ta da dinh nghia cho n, tic 13 ta dinh nghia H A,
X4X5.Xp
bay gi6 ta dinh nghia cho n+1 nhu sau:

D K
IT = [ [1 oA IT &
XX X, XX, X, X-X,

Ta chitng minh dinh 1y sau diy.

Pinhiy22: +(]] oA
X,..X,

Chitng minh: Quy nap theon > 1.
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Dn= 1.Tac§nchﬁngminh I-(H'A)—)A

Xl
D K

hay K| An [ A)5A
X, X

1
Cong thitc nay 1a ding do Dinh ly 21.
2) Gia sit Dinh 1y 44 diing cho n, tiic 12 di cé:

FCIT a-aA 1)
X,.X,

Tachingminh F( [] A -aA
Xl---Xml

D K
Thatvaytacs: [] A= [ (] &AC[ ([T &.
' X, . X, X,., X.X X X,.X

} n+l

Theo Dinh 1y 21 thi:

D K
I CcTT oacf ([T a->T1a o
X, X.X, X X.X X,..X

n+l A+l

Tt (1), (2) theo quy tic bic cdu ta co:

D K '
FfCTT aC] (] d>Aa@nay ¢ [ oA
X XI-"xn X Xl“'xn Xl'“xnﬂ

n+1 n+l

Dinh Iy dugc chimg minh. |
Binh Iy 23 : Néu A 12 mt dinh 1y trong Hé toan ménh dé thi A 1a
cdng thic ddng nhat ding trong Dai s8 ménh dé.

Chitng minh : Gia sit A la dinh 1y trong Hé toan ménh dé, hay |A.
Ta ching minh A la cdng thitlc ddng nhat ding trong Pai s6 ménh dé
hay, FA.

Ta chitng minh kA theo dinh nghia, dinh 1.
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1) A 13 mot tién dé.

Trudng hop nay 1a hién nhién vi mdi tién dé 12 mét cong thic dong
nhit ding.

2) N&u FA va FA > Bthi |B.

B4y gio ta chi ra néu A va A — thi [B. Gia si ngude lai B
khéng 13 céng thitc déng nhit ding, tic 13 c6 ton tai b gia tri ding, sai
sao cho véi bb gia tri 46 thi B nhan gia tri sai. Vi A 12 dong nhit ding
nén véi bé gia tri 46 A nhan gia tri ding. Difu nay chimg 16 A - B
nhan gia tri sai trén bé gia tri ding, sai d6. Diéu nay méu thuén véi gia
thiét A — B 14 cong thitc d6ng nhat ding. Pinh 1§ duge ching minh.

§4. QUAN HE GIUA BA1 SO MENH DE VA
HE TOAN MENH BE

Gi3 sit A 12 mbt céng thic trong Hé toan ménh dé. A c6 thé 13 mét
cong thitc trong Dai s6 ménh dé néu ta xem cac bién sd cap trong Hé
toan ménh &8 13 céc bién so cap trong Dai s& ménh dé, nghia la ching
nhén gia tri hodc ding hofc sai. Ngoai ra cac phép toan A, v, —, - cling
dinh nghia nhu trong Dai s& ménh d8. Khi dé mdi cong thitc trong Hé
toan ménh dé s& nhan gia trj ding hodc gia tri sai theo cach tinh caa
Pai s6 ménh dé.

Bay gid trong cong thitc A cia Hé toan ménh d€ ta tién hanh phép
thé€ (ta sé dinh nghia sau) mdi bién ménh € bdi céng thite D va K. Ta
‘xem A nhu 12 cong thitc cita Dai s6 ménh dé va thé cac bién ménh dé bai
gia tri ding hodc sai tuy thuéc vao bién ménh 46 d6 trong Hé toan
ménh dé nhan céng thic D hay céng thitc K. Néi cach khac néu bién
ménh &8 trong A nhan céng thitc D thi trong Dai s6 ménh 4¢€ ta thay
bi€n d6 bdi gia tri ding, con néu bién ménh d€ nhin céng thic K thi
trong Dai sd ménh dé bién d6 dugce thay gia tri sai. Khi d6 cong thitc A
trong Dai s6 ménh dé nhan mét trong hai gia tri ddng hodc sai.
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B
Ta da dinh nghia ky hiéu j A (thay X béi B trong A)
| :

Gr.fip
Bay gid ta dinh nghia k¥ hiéu md réng sau: _Ip A nhu sau:
X1.Xp,

Dinh nghia 5: Gia sit A la mét céng thirc, X;, X, ..., X, 14 cac
ménh dé so cdp, By, B,, ..., B, 14 cac cong thite ndo dé.

Lay cac cong thic Y, Y, ..., Y, sac cho cac cong thic nay khéng
ndm trong cc céng thic By, B, ..., B,.

Ta dinh nghia k¥ hiéu md réng trén nhu sau:
Y,.Y, Y, Y,, Y,
[ a= | | C..(fA).)
X,..X X, X,, X
Tiép theo ta dinh nghia:

B,..B, B, B,
_[ A= j( j (.
Y,.Y Y, Y,

B

I]A)...)
Y,

Cuéi cing ta dinh nghia :

Ta c6 dinh ly sau vé quan hé giita Hé toan ménh 48 va Dai s6
ménh da.

~ Dinhly24: Gié_sEA 12 mét cong thitc, 8y, 8, ..., 5, 12 bd gia tri T,
F. & ddy §; e {T, F} (i=1,n). L4y cac cbng thiic G,, Gy, ..., G, sao cho

{D néud =T

Gi=1g néus, = F

Gia sit X;, X, ..., X; 12 cAc ménh 8 s¢ c&p trong A. Cho cic ménh
d€ s0 cip nay nhan b$ 5, s, ..., 5, tucng img.
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Khi d¢6 néu A (trong Dai 36 ménh dé) nhan gia tri T thi trong Hé

.G, -
toan ménh détacs: K [ A)~D.
X,.X,
Cén néu A (trong Pai s§ ménh dé) nhéan gia tri F thi trong Hé toan
G,.G, -
ménh dé ta cé: H I A)Y~K
X, X,

Chitng minh: Quy nap theo dinh nghia cong thiic
o G,.G,
1) Ala cong thitc sd ciip. Khi d6 A=X; G=Ln) tact: } | A=Gi
X,.X

G,..G,
Khi thay X, b&i 5 ma 5, =T thiG;=Dhay } [ A=D.
X,..X

G,.G,
VitD~Dnén K | A)~D.cénnéud=FthiG =K
X X,
G,.G,
Vi FK~Knén K I A) ~ K Vay truong hgp 1 1a ding.
X,..X,

2) Gia st dinh 1y d3 ding véi cac cong thic A,, As. Ta chitng minh
né ciing diing véi cac cdng thitc (A1), (Arv Ag), (A1 Ag), (A Ag).

_ D& cho gon ta k¥ hiéu X thay cho (X;, X, ..., Xp) cdn G thay cho
(G4, Gy, ..., Gy).

a) X6t (A).

Ta chitng minh khi X; nhan gia tri & va néu A; nhan gia tzj T thi:
G L G

| [A} ~D. Connéu A, nhin gia tri F thi | [A] ~K.

X X
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Xét cac truong hgp sau :

Trudng hop 1: Khi :a\_l nhan gia tri T thi A, nhan gid trj F.

G
Theo gia thi€t quy nap véi A, thi |-I A ~K @8]
X
G
Theo Dinh Iy 7 thitit (D tacs: || A, »K @)
X
G G
Theo 4(a) thi K] A > K — (K-> [A]) 3)
X X
— G_.._.
Tu (2). (3) theo quy tdc dan xuit ta cé |K —)IAI (4)
X
' G
Mit khac tit (1) theo Dinhly 7thi [ K[ A, (5)
X

G G
Lai theo tién dé 4@ tacs K ~>[ A) > ([A]-K) @)

X X
G—.—. -_—
Tt (5), (6) theo quy tic dan xuat ta cé: I-IA 1=K (7)
G_ -—
Tit(4). (D vaDinhly Ttace: | [A[~K (8)
X
VifDva}Knén XK ~D : ©)

G
Tt (8), (9) ta co: ]-IAI ~ D (do quan hé bAc ciu).
X
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Trudng hop 2: Khi A; nhan gi4 tri F thi A, nhan gia tri T.

G
Theo gia thiét quy nap thi: | A ~D (10)
X
G
Tw (10) theo Dinh Iy Ttac | [ A1 >D (D va
_ X
G
D[ A 12)
X
G G
Theo 4(a) thi: K[ A-»D)» D > [AD (13)
X X
G G _
va o[ Ay (A ->D) (14)
X X
| 6
Tit (11), (13) theo quy tée din xust tacs: | D> [ Ag (15)
X
G_ —
Tit (12) va (14) theo quy tic din xugt ta cé: | [A;—> D (16)
X
G..._,._ —
Theo Dinh Iy 7 thi ti (15), (16) ta cé: tfA,~D  an
X
—— G-—-——
Mit khac F D ~ K (18), nén ti (17), (18) ta suy ra: |-IA1 ~K
: X

b) Xét A; v A,

Trudng hop 1: Gid sit A, v A;nhén gia tri T. It nh&t mét trong hai
cdng thic nhan gia tri T. Gia su d6 14 A, nhan gia tri T.
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G
Theo gid thiét quy nap thi [ A, ~D (1)
' X
G
Ta can chira |-I (A v Ay ~D.
X
G
Tit (1) theo Dinh Iy Ttaco 1D | A, @)
X
G G
Theo 3@ thi | A [ (A vA) 3)
X X
G
Tt (2), (3) theo quy tic bic ciu ta cé: +D —>I (A v Ay (4)
X
G
Vi }D nén theo Dinh I 3 ta cé; H (AivA) D )
X
G
Tt (4), (5) theo Dinh Iy 7 ta cé: || (A, v Ay ~D.
X

Trudng hop 2: Gia sit A, v A; nhan gia tri F. Diéu nay ching t ca
Ay va A, d8u nhan gia tri F.

Theo gia thiét quy nap thi

—_

...,_
e YA R A T e 1
o
[+
?
=

A ~K 6)
va

(M

Tt (8), (7) theo Dinh I¥ 7 ta ¢6

-_

Ay—>K (8)
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G
va ] Aok ©)
| 2
G
TU (8), 9) theo B d8 2 thi || (A, vA» K (10)
X
. G
Vi }K nén theo Dinhly 9tace: +K-[ (Av Ay 1)
X

Tu (10) va (11) ap dung Dinh 1 7 ta ¢6 cong thitc ciAn ching minh
la:

G
H (avad~K
X

c) Xét A; A Ag.

Trudng hdp 1: Gia sit A; A A;nhan gia trj T. Khi 46 A, va A, ciing
nhén gia tri T. Theo gia thiét quy nap thi:

G
Hf A-D &
X
G
va +f 4-~D @)
X
G
Tit (1), 2) theo Dinh Iy Ttaco: 1D — [ A, 3)
' X
G
va D A, @
X
: G
T (3). W theo BSdE 1taco: D [ (A1nAy ®)

X
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. G ) :
Vi |D nén theo Dinh Iy 3tacs: || (AjnA) D (6)
) X :

G
TU (5). (6) theo Dinh Iy Ttace  +f (A AA)~D.
_ X
Trudng hdp 2: Gia sit A; A A; nhan gia tri F. Khi d6 it nhat mdt
trong hai cdng thitc nhan gia tri F. Chéng han Ajnhanga tri F.

G
Thec gia thiét quy nap thi |-I A~K (7
X
G
Tt (7) ta cé: | A»K (8 (doDinhly 7).
X
G G
Theo 2(a) thi o anay > | a @)
X X
.
T (8), (9) theo quy the bicchu taco: | [ (A nA) >K  (10)
%
_ G
Do |K nén theo Dinh 1§ 9 ta cé: f—K'—)I (A1 A4y (1D
X
G
Tit (10), (11) ta nhan'duoe + [ (A, A A9) ~K (do Dinh Iy 7).
X

d) X&t A, - A,
Trudng hop 1: A; > Ay nhan gia tri T. C6 hai kha nang x3y ra:

G
Truong hgp nay theo gia thiét quy nap ta cé: |-I _Al ~D (1)
X
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G
va |+ A~D ©)
X
G
Tit (1), (2) theo Dinh Iy Ttacé: || Ay > D (3
X
G
va tD-f A, (@)
X
G G
Tt (3), (4) theo quy téc bic ciu ta cé: |-I Ay —)I A,
X X
G
hay [ (A —A» | ®)
X
| G
Vi } D nén theo Dinhly 3taco || (Aj>Ap>D 6)
X
G
Tif (5) theo Dinh 1y 3thi  }D > | (A > Ay N
X
: G
Tt (6) va (7) theo Dinh 1y Tta 6 | | (A, > Ay ~D.
X
d2) Ay nhéngia tri F.
G
Theo gia thiét quy nap thi || A,~K 8)
X
G
Ti (8) theo Dinh Iy 7thi  }| A»K 9
X

Vi }K va do Dinh l§ 9 ta c6:



CO SO TOAN TRONG LAP TRiNH

325
o
H K"J' Ay (10)
X
Tit (9), (10) theo quy téc bic ciu ta cé:
G G G
H A | Avbay H Ao Ay 1y
X X X
G
Theo Dinh Iy 3 tit (1) tac6: }D-> [ (A Ay 12)
X
G
Talaics || (A1~ A9 > D (do } D). 13)

X
G

Tit (12) va (13) ap duing Dinh 1y 7 ta thu duge: || (A;— A ~D.

X

Trudng hop 2: A; — A, nhan gia tri F. Khi d6 ta c6 A, nhén gia tri

(15)

(16)

(17)

(18}

G
T coén A; nhén gia tri F. Theo gia thiét quy nap ta cé: |r-‘|- A ~D (14)
' X
G
va H A~k
X
- G
Theo Dinh Iy 7thi: | D | A,
X
G
va I-I Ag—) K
X
G G
Ap dung Dinhly 4tacé || (Ar>A) > [ (A1 AY
X X
G G G G
hay F A a5 ([ Ao [ a»
X X X X
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Hoan vi gia thiét trong (18) ta cé:

G- G G G
H A A | a-] A (19)
X X X X
' G
Tit(16)do FDnéntacs: || A (20)
X
Tz (19), (20) ap dung quy tic dan xuét ta co:
G G G G G
b A | a9 o[ abay ] Ao Ay > A @D
X X p.4 X X
Tat (17) va (21) ap dung quy tic bic ciu ta cé:
G
H @A) ->K @2)
X
G
Matkhacdo K vaDinh159: FK—[ (A A (23)
. X
' G
Tir (22) v (23) 4p dung Dinh Iy Ttacé: || (A1 A~ K.
X

Pinh 1¥ duge ching minh.

§5. TINH PHI MAU THUAN, TINH DAY BU,
TiNH POC LAP CUA HE TOAN MENH BE

1. Tinh phi mau thuén

Dinh nghia 6: Hé toan ménh ¢€ 13 phi miu thuin néu khéng ton
tai mét cong thiic A nao dé sac cho fAva }A.

Dinh Iy 25. Hé toan ménh ¢& 12 phi mau thuan.
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Chitng minh: Gia sit nguge lai, Hé toan ménh dé 1a mau thuln tic
la ¢6 ton tai cong thitc A ma }A va FA. Theo Dinh 1y 23 thi tit }A va
FA suyra A va FA . Diéu nay khéng thé c6 trong Dai 6 ménh dé.

2. Tinh day du cta Hé todn ménh dé

Binh nghia 7: H¢ toan ménh d€ 13 diy 40, nfu moi cong thitc
dong nhit ding trong Pai s6 ménh 48 1a Dinh Iy trong Hé toan ménh
deé.

Dinh Iy 26 : Hé toan ménh d& 1a day du.
Chitng minh: Ta can chiing minh: néu pA thi |A.

Gia sit A va A chita cdc ménh 8 s6 cdp X;, X, .... X, Ta ldy D va
K 1a cac cdng thic ding va sai sao cho D, K khéng chita cac X;.X,...., X,.

Theo Dinh nghia ky hiéu l—[ A ta c6 thé viét

X, .. X,
G,.G,
[I A=~ [ A trongds G hoic1a D hoicla K G=Ln).
X,.X, X,.X,
G,.G,
X6t j A v6i b (51, 8y, ..., 5) 844y & = T, néu G dugc thay bai
X,.X,

D, cén néu §; = F thi G; dugc thay bdi K.
Gia sut X, Xy, .... X, nhan bé gia tri (8, 8y, ..., 3,) tuong img. Vi kA
nén ddi véi bd gia tri 6 thi A nhan gia tri T. Theo Dinh 1§ 24 thi ta cé:

G,.G,
I | A-D (1)
X,..X, :
G,.G,
Tu (1) theo Dinh Iy 7tacs: | D> | A 2)
X,. X,
G,.G,
VitDnéntt@tacs: | [ A @3)
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G,.G,
Tit (3) ap dung Dinhly Ttalaico: bA [ A
X,.. X,
hay | l—[A 4
X,. X,
Mat khac theo Dinh 1y 22thi | [JA - A (5)
X,.X

Tit (4) va (3) theo quy tic dan xuit ta c¢6: FA. Dinh Iy duge chiing
minh.
3. Tinh ddc 1ap cua hé toAn ménh dé
Dinh nghia 8: Ta k¥ hiéu cac tién dé ciia Hé toan ménh dé qua
AX={1(a). 1(b), 2(a), 2(b), 2(c), 3(a), 3(b). 3(c). 4(a), 4(b). 4(c)}

Tién dé ax € AX dudc goi 1a doc lap véi céc tién d€ con lai
AX \ {ax} néu nhu ax khong dan duge ti cac tién dé AX \ {ax} theo cac
quy tic dan xuat.

Hé toan ménh dé& goi 1a doc lap néu moi tién dé clia AX 1a dgc lap
véi cac tién d& con lai.

Dinh Iy 27 : Hé toan ménh dé 1a doc lap.

Chitng minh: Theo dinh nghia trén dé ching minh Dinh 1y 27 ta
can tim mét tinh chit ¢ nao diy thoa man diéu kién sau day:

- @\ A cé tinh chit 4.

- Néu cong thic B dan dudc tit cac tién d€ @& \ A thi B ¢6 tinh
chit g.

- Tién dé A khéng cé tinh chat 4.

Néu chitng minh dugc nhu vay thi theo dinh nghia ta c6 A 13 tién
dé ddc lap voi cac tién dé con lal. Néu ¢ gom cac tién dé doc lap thi hé
tién dé ¢ 1a ddc lap.

D€ chitng minh Dinh 1§ trén ta chimg minh moi tién dé ciia hé
toan ménh dé 12 déc 1ap véi cic tién d€ con lai. Cu thé hé tién dé cua ta



CO SG TOAN TRONG LAP TRiNH 328

gébm 4 nhém: 1, 2, 3 v 4. Trudc tién ta chitng minh tinh ddc lap cho
nhém 2, 3, va 4 trudc.

Lay cac ky hiéu a, B, v, ... xem ching 13 nhing gia tri ma cong
thitc c6 thé nhan dugc, khi d6 ta s& dinh nghia cac phép toan A, v, —», —
trén cac ky hién dé.

Tinh chét & ta chon la: “Céng thitc A udn luén nhan gia tri o”.

Viéc dinh nghia cac phép toan trén cac k¥ hiéu a, B, v, ... trén la
tiy ¥ sao cho tinh chit g thoad man cac tién d8 @ \ {A} tri tién dé A.

Thuc ra dé chiing minh tinh ddc lap ciia cac nhém tién 46 2, 3, 4 ta
chi cAn hai ky hidu «, B, ddta=T,p=F.

a. Chitng minh tinh déc lap cia tién dé nhém 2 :

Chi y rdng tién d€ trong nhém 2 chi chita cac phép toan A, — con
cac tién dé trong nhém 1, 3, 4 chita cac phép toan v, — va — . Vi vay ta
dinh nghia cac phép toan v, -, — nhu trong dai s ménh a&, con tinh
chit g ta chon nhu sau: ‘Cong thitc A luén luén nhén gia tri o, tic 1a A
luén ludn nhén gia tri dving”.

Véi tinh chit ¢ nhu trén va vdi cach dinh nghia cac phép toan
v, =, — nhu trong dai s6 ménh dé, rd rang cac tién dé trong cic nhém
1, 3, 4 d€u c6 tinh chét g béi vi chiing ¢éu 1a nhitng céng thitc ddng nhat
dung. Bay gid ta chi can xét nhém tién dé 2.

Tinh déc 14p cua tién d€ 2(a) :

Dai véi 2(a) ta dinh nghia phép toan A nhu sau: A A B= B.

Véi cach dinh nghia trén tién d& 2(a) khéng cé tinh chat g, bdi vi
AAB - A=B - A=+ anéutachon B diing, A sai. Con moi tién dé khac
déu cé tinh chit g.

That vay cac tién dé trong nhém 1, 3 va 4 cé tinh chat g 13 hién
nhién. Xét tién dé 2(b): AAB 5 B=B — B = a (¢6 tinh chit ).

Xéttien dé 2(c): A +>B) > (A5 C) > (A > BAQY))
=(A-B)->(A-0->A->C)=(A>B)Da=a.
Viy 2(c) c6 tinh chat g.
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D& két thic chitg minh tinh déc 1ap cla tién dé 2(a), ta can chiing
minh thém ring: néu A cé tinh chat g, A —» B ¢6 tinh chit g thi B c6
tinh chit .

Vi A, A > Bcétinh chdt g, nghialaA=T, A—> B=T. Khidé
B =T, bdi vi néu khong thi s& tén tai mét kha ning ndo 46 &€ B = F, véi
kha ning d6 A ding ma — dinh nghia nhu trong dai s ménh dé nén
A — B sai v4i kha nédng trén. Difunay vély béiviA > B=a.

Tém lai ta da ching minh dudc:

- Cac tién d8 2(b), 2(c) va cic tién dé trong cac nhém 3, 4, 1 déu ¢o
tinh chat g.

- Néu B dan dudgc tit cac tidn dé con lai thi B ¢6 tinh chit 4.
- Tién dé 2(a) khéng c6 tinh chit 4. _

Vay 2(a) 1a tién 48 d6c lap vdi cac tién dé con lai.

Chitng minh tinh déc 1ap ctia 2(b) :

D&i vdi 2(b) ta dinh nghia phép toan A nhu sau: A A B= A,

Véi cach dinh nghia d6 ta thiy moi tién dé khéng thudc nhém 2
du c6 tinh chit 4, boi vi cac tién dé nay chi chita cac phép todn v, -, —
ma ta dinh nghia nhu trong dai s6 ménh d€, nén ching déu 14 cac céng
thic déng nhat ding.

Xét tien d8 2(a); AAB 5> A=A - A = « hay tién dé 2(a) cé tinh
chit g. _

Xéttitnde 2 A->B > (A0 ->@A@A->BAQC)
=(A->B >({(A->C)>A->B)=a
Vay 2(c) ciing ¢ tinh chat g.

Tém lai moi tién dé trong hé toan ménh & (trit tién dé 2(b)) déu c6
tinh chat 4.

Tién dé 2(b) khéng cé tinh chat g.
Thatvay: AAB>B=A->B=BnfutachonA=a, B=0.
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Moi cong thitc dan duge tit cac tien dé (trix tién dé 2(b)) déu cé tinh
chit g. Chitng minh tuong tu nhy &6i véi tién dé 2(a). Vay tién dé 2(b)
1 dgc lap déi véi cac tién 6 con lai.

Chimg minh tinh déc lap cha tién dé 2(c) -

Déi véi 2(c) ta dinh nghia phép A nhu sau: A A B = B.

Véi cach dinh nghia trén ta thiy moi tién d& khong thudc nhém 2
déu c6 tinh chit g.

Xéttien d6 2(a: AABoA=B3A=a Vay 2(a) ¢6 tinh chit g.
Xét tien € 2(b: ANB5B=p5>B=q. Vay 2(b) cé tinh chit g.

Néi tém lai moi tién d€ trong hé toin ménh dé (trit tién dé 2(b))
déu c6 tinh chit g.

Tién @€ 2(c) khéng c6 tinh chit g.

Thatvay: A->B) 5> (A->C) 5> A BA 1))}
=A-S>B->(A->0>A->B)=p

néutachonA=a, B=qa,C=a.

Moi cong thitc din duge tit cac tién dé (trit tisn dé 2(c)) déu ¢b tinh
chit g (chitng minh nhu cic phédn trén). Vay tién dé 2(c) doc lap d6i véi
cac tién dé con lai.

b. Chitng minh tinh déc Idp cta cde tién dé nhém 3 -

Dé1 véi nhém 3, ta dinh nghia cic phép toan A, —, — nhu trong
dai s6 ménh dé.

Chitg minh tinh déc 14p clia tién d& 3(a) :
Ta dinh nghia phép toan v nhu sau; Av B=B.

Véi cach dinh nghia trén, moi tién d& (trir tién 48 3(a)) ddu cé tinh
chit g. That vay cac tién d€ khéng thudc nhém 3 cé tinh chit g 13 18
rang.; :

Xét tién dé 3(b): B > (A v B) =B - B = a. Vay 3(b) ¢6 tinh chat g.
Xét titn dé 3 A-> O > ({(B->C > (AvBy > Q)
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=(A>0>(@B->0->B->0C)
= (A - C) > a=«a, hay 3(c) ¢6 tinh chat 4.
Tién dé 3(a) khéng cé tinh chit g.

Xét tien 46 3(a): A > (Av B)=A > B=fnéutachon A=a, B=p.
Moi cong thitc din dugc tit cac tién dé (tri tién 48 3(a)) déu cé tinh chat
4. Vay tién d8 3(a) 1a doc lap d6i vdi cac tién dé con lai.

Tinh déc lap ciia tién dé 3(b) :

Ta dinh nghia phép toan v nhu sau: Av B = A
Khi d6 moi tién d8 (trit tién dé 3(b)) déu ¢6 tinh chit g.

That vay cac tién d€ khong thugc nhém 3 déu c¢b tinh chat g la rd
rang.

X4t tién dé 3(a): A — (A v B) = A - A = a. Vay 3(a) ¢6 tinh chat g.
Xét tien dé 3¢ A> CO) > (B> C) > ((AvB) > C)
Ao >({B->C)>A->0)=0
hay 3(c) ¢6 tinh chat &.
Tién dé 3(b) khéng cé tinh chit 4.
Xét tién 46 3(b): B> (AvB) =B s A= P néu ta chon B=a, A= B.
Moi tién d6 din duge tit cc tién dé (iril tién 48 3(b) déu c6 tinh
chat g. Tém lai tién d8 3(b) 12 doc 1ap ddi véi cac tién & con lai.
Tinh doc lap cha tién dé 3(c) :
Ta dinh nghia phép t_oén vnhusaw: AvB=ca.
Khi d6 moi tién dé (trit tién dé 3(c)) déu co tinh chit g.

That vay moi tién dé khéng thudc nhém 3 déu c6 tinh chit g 1a rd
rang.

Xéttien @@ 3@y A>(AvBy=Ava

a. Vay 3(a) c6 tinh chat ¢.
Xét tién d6 3(): B > (Av B)= B v a =a. Vay 3(b) c6 tinh chat g.
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Tién @& 3(c) khéng c6 tinh chat g.
That vay: A->C)>((B—->C) - (AvB)-»C)
=A>0->(B>0—>@>C)=8

néu ta chon C= B, A = B = B. Vay moi cong thic din dugc tit cac tién dé
(trit tién d€ 3(c)) déu c6 tinh chit g. Tém lai tidn dé 3(c) 1a déc lap déi
vdi cac tién dé con lai.

c. Chitng minh tinh déc ldp ciia cde tién dé nhém 4

Cac tién dé trong nhém 4 chi chita cac phép toan —, — , riéng
phép toan — thi céc tién dé khac khéng chita.

Vay ta dinh nghia cac phép toan A, —», — nhu trong dai s& ménh
dé.

Tinh déc lap ciia tién dé 4(a) :

D61 vdi tién 48 4(a) ta dinh nghia phép toAn — nhusau: A = A,

Véi dinh nghia trén thi moi tién d8 (tri tién dé 4(a)) déu c6 tinls
chit g.

Xét titn dé 4(b: A > A = A > A = A A = a.Vay 4(b) 6 tinh
chait g. '
X6t tin 8 40 A > A=A >A=As Aco Vay 4(c) cb tinh
chit g.

Tién dé 4(a) khéng c6 tinh chit g.

That vay, (A > B) > (B — A)=(A>B) > (B> A) =B néu ta
chon A=, B=a.

Moi céng thitc dan dugc ti cac tidn 48 (trix tién dé 4(a)) d8u o6 tinh
chat g. Vay tién dé 4(a) la doc lap d6i véi cac tidn d8 con lai.

Tinh déc lap cua tién 48 4(b) ;

Trudc tién d6i véi tién d& nay ta dinh nghia phép toin — nhu sau:
A =B.

R3 rang moi tién d€ khéng thudc nhém 4 déu cé tinh chit .
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Xét tién dé 4(a): (A > B) > (B » A)=(A->B) > B > f)
— (A>B) - a = o. Vay tién dé 4(a) c6 tinh chit g.
Tién d6 4(): A — A =P — A = 0. Viy 4(c) c6 tinh chat 4.
Riéng tién dé 4(b) khdng c6 tinh chat g.
That vay: A — A =A—>p=Pnéutachon A=

Moi cong thite dan duge tit cac tidn dé (trir tién dé 4(b)) d8u c6 tinh
chit g. Vay tién d8 4(b) 1a doc 1ap ddi véi cac tién dé con lai.

Tinh d6c lap clia tién &8 4(c) :

Ta dinh nghia phép toAn — nhu sau: A =a.
Khi d6 moi tién d€ tri tién dé 4(c) d8u c6 tinh chit 4.

That vay, cac tién dé khéng thudc nhiom 4 déu cé tinh chat g la rd
rang.

 Xéttién d8 4y A>B) > (B 5> A)=(A>B) > @ > o
=A->Boa=ua

Xét tién dé 4(b): A > A=Aoa=a

Vay hai tién d8 4(a) va 4(b) ciing c6 tinh chat g. Riéng 4(c) khong
c6 tinh chat 4.

" Thatvay: A — A =a - A =phéu ta chon A = B. Vay tién dé 4(c)
doc 1ap vdi cac tién dé con lai.

d. Chitng minh tinhk déc lap cua cde tién dé trong nhém 1 :

Vi ring phép toan — trong nhém 1 c6 mit & cac nhém khac nén dé
chitng minh tinh déc lap cha cac tién dé trong nhém 1 ta can dinh nghia
céac phép toan théa min cac diéu kién sau day:

AAB=BArA Ara=A AAB=B AAA=A 1)
AvB=BvA Avas=A Avp=AAvA=A (2)
A} ArA=a, Ada-a,pPo>A=-a,a—>P=p } @

| a:B,E:a (4)

va o — B # a néu B nhan gia triz «
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Ré rang thiy réng cach dinh nghia nhu trén 13 hgp 1y béi vi ta
xem a-dung, pB-sai.

Véi nhém (a) nhut trén ta c6 thé chimg minh ring néu A ¢ tinh
chit g, A - B ¢6 tinh chat g, thi B ciing c6 tinh chit @. Néi cach khac
tit (a) ta chimg minh rding nfuA=a, A—>B=athiB=a.

Thét vay, néu B # o véi bs gia tri ¢6 thé nao d6, thi véi bé dé A=a,

nhu vay vdi b6 A—B = a (do a) mau thuin véi il thiét 12 A — B ¢6 tinh
chit g.

Tinh déc 1ap clia tién &€ 1(b) :
DGi véi tién d€ nay ta 14y bo gia tri «, B, y va dinh nghia b8 sung
va0 nhém (a) cac phép toan sau day va goi 1a nhém (b):
A>Y=7,Yy>3B=ry=7y.

Véi cich dinh nghia trén mei tién ¢8 (tri tién d& 1(b)) déu c6 tinh
chat g.

Chiing ta sé khéng thit lai d6i véi moi tién d& ma chi thit lai cho
tién dé 2(a) : AAB-S A

Néu A = ¢, theo tinh giao hoén ctia (1) trong (a) ta cé:

AABo>A=BAA>A=Bra—osa= B—)a. nhung theo (3) cia
(@) thiB > o =a. NéuA-= B.

Khid6AAB—>A=BAA>A= BAB—)B poPB=a NeuA=y
thi AA B —» A Cin ¢ vao (a) thi A A B hoiic 14 p hojic 13 y, ma khéng
thé 13 « do dé ta cé:

AABoA=Bo>yhoicAAB>A=yy |
ca hai trudng hop ta déu cé A A B —» A = o (xem nhém 8) clia (a).
Vay 2(a) cé tinh chat g.
Riéng 1(b) khéng c¢6 tinh chit 4.

That vay, (A > (B> C)) > (A - B) » (A - C)) # a néu ta chon
A=B=y,C=B.Rérang G->G->P) > (>N >G->PB)

“=f-oN->@oN=a>y=y.
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Tinh déc lap cuia tién d€ 1(a) ;-

Ta ding 4 ky hiéu: o, B, v. 5.
Ta dinh nghia thém vao (a), (b} va goi lé_nhém (c) sau day:
a—>B =_B (trong 36 B=1y, &, B)
© a>p=By>0=B8>p=po>y=0
yAB=8,yvB=y, y=8 8=v
Véi dinh nghia trén moi tién 8 (trit tién 48 1(a)) ddu c6 tinh chat

g. O day ta chi chitng minh cho tién 48 2(a), con cac tién dé khac cé thé
chimg minh tuong tu.

AAB 5 A Néu A, Bcing nhan gia trifthi AAB=p, dodd
A~AB > A=p > p=a Néu A nhan gia tri « thi

ArBoOA=BAA93A=Bra—-sa=B-oa=a
NéuBnhan gia tria thiAna >A=A>A=a |
NéeuA=BthiaArBosA=qa.

Né&u A # B va nhan cac gia tri 8, y do tinh giao hoan chi can xét hai
trudng hgp Yy A8 —>yva y A 8 —> 8 viy A 6 = 8 (xem phdn bé sung) nén
trudng hop thit nhat viét nhu sauw: y A8 5 y=38 > y = a (do nhém (¢))
truong hgp tht haiy A 8 > 8 =8 — § = a(do nhém (c)). Tém lai tién dé
2(a) ¢6 tinh chit g.

Riéng tién d& 1(a) khong c6 tinh chit g.

That vay, A = (B = A) chon A =8, B=a khi dé:

8> (@ —>8=58->p=p (donhém (c))

Vay tién dé€ 1(a) doc 1ap véi cac tién &€ con lai. Dinh 1y dugdc chiing
minh.
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IIL. LOGIiC VI TU
§1. DINH NGHIA v| TU

Gia sit.# 12 mét tap hop gdm cac phan tit nao day. .« thudng goi 1a
trudng, cac phan tif ciia 4 thudng ky hiéu 14 cac chita, b, c, ...

Trén trudng # ta thinh lap cac ménh 48, ménh d€ gébm mét phan
tit 5& néi lén tinh chat cta phén tit, ménh dé gom hai phin ti tham gia
€ ndi 1én quan hé gilta cac phan tit.

Vi du: Lay truong 4 = {1, 2, 3. ..}, trén trudng nay ta thanh lap
cic ménh 48 sau ddy: “3 1a s& nguyén t§” , “1 > 27 e

Ménh dé thit nhat diing, néi 1én tinh chat ctia 86 3.

Ménh d€ thit 2 sai, n6i 18n quan hé giita hai s6 1 va 2,

Tém lai d6i véi cac phan tit ciia trudng # ta o6 thé thiét Hp duge
cac ménh dé.

Cac ménh dé néi & day chi quan tam t3i sy ding sai ma khéng
quan tam t3i ndi dung cia ménh dé, hay né thda man luat bai chung,

titc 1a hogc diing ho4c sai, cfing nhu trong dai s& ménh d€ ta khéng xét
ménh dé khéng ding ma ciing khéng sai.

Dinh nghia I: Biéu thic P(x) gol Ja vi tit xac dinh trén truong a
néu khi thay x bdi phin tit bat ky cia truong 4 thi P(x) s& trd thanh
ménh d€ x4c dinh trén trudng a.

Vidusa=(1,2, .}

Khi @6 bi€u thitc % 1a s& nguyén t6”1a mét vi tit xdc dinh trén
trudng A, bdi vi khi thay x béi 3 ta duge ménh a8 13 “3 12 6 nguyén t§”.

Nhu vay P(x) c¢6 thé xem nhu mét anh xa (hay mdt ham) xac dinh
trén trudng 4 va nhan gia trj trong tap hep {d, s}, loai vj tit néi trén goi
1a vi tit mét ngdi. Vi tit mét ngdi P(x) chi néi 1én tinh chit cta mét phan
t thude .
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DE néi lén quan hé giita cac phin ti clia trucng 4, ngudi ta can
dua vao vi tit nhidu ngdi.

Dinh nghia 2: Biéu thitc P(x,, Xs, ..., X) g0i 12 vi tit xac dinh trén
tap A" = M x My % ... x My , néu ta thay x; G = 1, ..., n) bdi phan ti bat ky

cha trudng #; (i = 1, ..., n) thi ta dugc cac ménh dé xac dinh trén
A= M X My % ... x My P(Xy, Xo, ..., Xy) g0l 12 vi tU n ngdi.

A= My x Mo % ... x My 13 tap tich Décac, con xi, Xy, ..., X, trong vi tit
n ngéi ta goi 1A cic bién tit. Cac bidn ti X;, X, ..., X, 58 nhan cac phan tu
a, b, c, ... € Ata goila cac hdng tit.

Cac vi tit thuong k¢ hiéu 13 cac chit P, F, G, ... (d3i khi ca chi s&
nita) va ta cling goi chiing 13 cac bién vj tix.

Ta k§ hiéu cac chit X, Y, Z, ... 1 cic ménh d€ va goi 1a cac bién
ménh dé.

Nhu vay trong logic vi tit c6 téi 3 bién (trong dai s6 ménh dé chi c6
moét bién) tuong ing véi né ta cé ba loai bién hang:

- Ung véi bién tit ta c6 cac bién hing

- Ung véi cac bién Vi:l.tl\I ta ¢6 cac vi tit cy thé

- Ung véi bién ménh dé ta c6 cac ménh d€ cu thé

Ta goi cac bién vi tit va cac bién ménh d€ 13 cic cong thic s cip.
Pinh nghia 3 (Dinh nghia céng thic) -

1. M3i mét bién ménh d& hodc bién vi tif goi 14 mdt cong thitc.

2. N&u A, B 12 cac cong thitc thi (A A B), (A v B), (A > B), (A)
ciing 14 nhing cong thic.

3. Né&u A 12 céng thic thi biéu thitc: (v x) A hodc (3x) A ciing 1a
cong thic.

Tit dinh nghia céng thitc ta thay 16gic vi tit gom cac phép toan sau:
A (hdi), v (tuyén), — (kéo theo), — (phi dinh), k¥ hidu v (véi moi) va 3
(tén tai). Cac phép toan A, v, >, — dinh nghia nhu trong dai 86 ménh
dé. Hai k¢ hidu V, 3 goi 13 cac hugng tit dinh nghia nhu sau:
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Gia sit A 13 mdt cong théc xic dinh trén trudng &. Khi d6 bidu
thite (v x) A 14 mét ménh d&: ménh dé nay ding khi A dding v6i moi
phin tit cia trudng # va sai trong trudng hgp nguge lai. '

Ménh d€ nay khéng phu thudc vio x va ta didn dat bing 16i nhu
sau: “dé1 vdi moi x, A ding”. Ky hiéu Vv goi 1a lugng tix tban- thé.

Tuong tif ta dinh nghia ky hiéu 3 nhu sau:

(3x) A 12 mét ménh dé: ding néu c6 mét phin ti cia trudng 4 ma
A ding va sai trong trudng hgp nguge lai. Hay bidu dién bing 18i; 45n
tai x, A diing’, lugng ti trén phu thuéc vao x. K¥ higu 3 goi 12 lugng ti
ton tai.

Chi ¥ 1: Trong cac cong thitc (V x) A va (3x) A thi cong thic A goi
132 mién tac dung clia cac lugng tir (v x) va (@x).

Chu ¥ 2: Néu trong cic céng thitc A cia cong thitc (vx) A hoic
(3x) A chita cac bién x va c6 thé thém médt s5 bidn khac khéng ndm dusi
d&u ¥, 3 thi bién x goi la bién rang bugc, cac bién khac goi 14 cac bisk ty
do. o

Vi du: (vx) Ax) > F(x) 1a mét cong thic, ddy 13 mét vi tit ma
mién tic dung clia Iugng tit 1a toan thé A, x ¢6 mit trong A goi la bién
rang bubc. Con x trong F goi 13 bién déc lap (vi khéng bj rang bude
béi V). '

Vi du: 3x) A(x) v F(x) 1a mdt cong thic, A(x) 13 mién tac dung clia
(3, bién x trong A goi la bién rang buéc, con bign x trong F goi 1a bién
ddc lap. ,

Vi du: A(xiixg) - (VX)) B(xy) 13 mét céng thitc mién tae dung 13
B(xy), x; trong B 14 bin ring bugc, x; trong A 13 biédn tu do, X3 trong A
cling 14 bién tu do. ' ' :

Nhu vay, qua 3 vi du trén ta nhan thfy mét bién trong cing mot
cong thite 16gic vi tir ¢6 the vira 1a tut do vira 14 rang budc.
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§2. KHAI NIEM CONG THUC BONG NHAT BANG NHAU
VA DONG NHAT DUNG

Dinh nghia 4: Hail cong thitc A va B duge goi 13 ddng nhat bing
nhau trén truong # (k¥ hitu A=DB néu chang nhan gia tri ding sal
- phu nhau khi cac bién vi ti du(jc thay bdi cic ménh 48 cu thé trén
trudng A va cac bién tit duge thay bdi cac hing ti1 (hay cac phan t) cu
thé clia trudng A.

Pinh nghia 5: Hai cong thic A va B dudc goi 1a dong nhét bing
nhau n&u né déng nhit bing nhau trén moi trudng.

Dinh nghia 6: Cong thitc A goi la ddng nhat ding trén truong A
néu noé luén luén nhan gia tri ddng khi thay cac bién ti bing cac hing

tt cu thé trén trudng A, cac bién ménh dé béng cac ménh dé cu thé trén
trudng A va cac bién vj tir bang cac vi tit cu thé trén trudng 4.

Dinh nghia 7: Cong thitc A goi 13 dong nhdt ding néu né ding
vé1l moi trudng.

Chii ¥ 4: Tt cac dinh nghia trong §1, §2 ta thay réng 16p cac logic
vi tit rong hon 16p cac dai s§ ménh d€. Do 46 n&u A la cong thic dong
nhit diing trong dai 8 ménh 48 ciing 1a céng thitc 46ng nhat ding trong
1ogfc vi tit. Moi ddng nh&t thic trong dai s5 ménh dé ciing 1a dong nhat
thitc trong légic vi tu.

Chiéng han trong dai s ménh dé ta c6 ddng nhét thiic
A->B=AvB (1
thi trong 16gic vi tit véi A, B 14 céng thuc ta ciing co ding thic trén.

Chinh vi vay trong légic v} tit ta dang dding thitc trén d€ khit phép
- va dua mét cong thitc phiic tap v& ¢ong thic don gian hon chi chia
phép toan A, v, — Tiép tuc dung cac cdng thic trong dai s6 ménh dé
d6ng thai cing ding trong lgic vi ti:

AAB=AvB (2)
| AvB=AAB 3)
dé€ dua ddu — chi lién quan tdi cic cong thite s cip.
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Ngoai ra trong légic vi i ta cdn c6 déng nhat thic sau:
(VX)A =(3x) A @
(A =(vn) A | ®)

Nhu vay véi mdi cong thic ta dua vé cdng thitc méi dong nhat
bang né ma chi chita cac phép toan A, v, — (do 1) lai 4p dung (2) dén 5)
ta dua dd'u — chi lién quan t6i cac cong thitc s cap.

Vi du 4: xét cong thite

GxNAX) > (YY)B(Y) = (xNAX) v (Vy)B(Y))

= (Vx)(A(X) v (Vy)B(y)) = (VXA &) A @y)B ()
= (YR/A®) A Gy)B ()
cbng thifc cudi ciing chita dau — chi lin quan téi B(y).

Dinh nghia 8: Mot cong thitc ma trong dé chi chita cac phép toan
" A, v, —, ddu — chi lién quan tdi cac céng thic so cap duge goi la cong
thitc rit gon,

Vay tir 1y luan trén ta thay trong légic vi tir mol cbng thite déu cé
. cdng thitc rit gon déng nhat bing né. Ching han cong thitc

(vx) [A®) A Gy) B (3)]
13 céng thic rit gon ciia cong thitc sau; (Ix)A(X)—> (Vy)B(y)).

§3. Y NGHIA CAC V| TU THEO LY THUYET TAP HOP

1. Vi tit mét ngbi

- Gia st # @ 13 mét trudng nao ddy, P(x) 1a vi t¥ xac dinh trén
trudng . Ta k¥ hiéu Er = {x € & /P(x) ding} nhu vay dng vdi lugng tit
P(x) xac dinh trén trudng A c6 mét tap Er c .

Diéu nguge lai ciing ding, tic 13 ing véi mét tap hgp con E ¢ 4 sé
ton tai mét vi tit P(x) xac dinh trén 4 sao cho E = Ep. That vay véi
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E C .4, ta xay damag vi tit P®) 13 vi tit ‘% thudc E” Khi d6 ta thay vi tir
P(x) ddng khi x € E v sai khi x¢ B, o rang Er= E.

Nht vay giia cac 13p hop con ctia trudng A véi cac vi tit mot bién
xac dinh trén 4 6 tudeg ing nao d6.
Gik 81 Pi(x), PoAx) 13 hai vi tit xac dinh trén trudng A va gia st
EPl =xecuN P(x) diing}, EP2 ={xen IPa(x) ding}
a. Xét vi tit P(x) = Py(x) v Pa(x) va goi Ep = {x € #/P() ding}.
Ta ching minh ring Ep = Ep, v Ep,.
" Gia st x € Ep. khi d6 P(x) duing hay véi x 6 thi hoiic Py(x) dtng

hodic Py(x) ding hoic cd hai Py(x), Px(x) déu ding. Trong ca ba trudng
boptadéucox € Ep, hoicx ¢ Ep vax e Epz, trong moi trudng hop ta

déuocox € Ep w Ep,. Vay ta c6 bao ham thic Ep ¢ Ep  Ee,
Bao ham thitc ngugc lai Ep  Ep, ¢ Ep la hién nhién.
T4 hai bao ham thic trén ta ¢6 Ep = Ep1 W Epz.
b. Xét vi tit P(x) = P1(x) A Pa(x).
Ta ching minh Ep = Ep1 I Epz. Gia s x € Ep, khi d6 P(x)

ding, Py(x) v Py(x) cling ding. T d6 x € Epl vi X € Ep2 nén ta co
X € Epl O Epz. Vay Ep Ep1 M Epz.

Gid sit x € Ep » Ep,, khidéx e Ep vax e Ep,. Vay Pi(x), Py(x)
ding tic 1a P(x) ding va x € Ep. Vay Ep = Epl ™ Epz.

¢ X6t vi tit P ().

Gia st Ep = {x € 4 /P(x) ding}. Khi d6 ET’(") =m\ Ep.

Thatvayx € Ej & P (%) diing < P(x) sai <> x € & \ Ep.
2. M& réng cho vi tif n ngdi

Gia st P(x;, Xz, ... Xu), X; € % 12 vi tif n ngdi xic dinh trén trudng
A= My X My X X My '
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Ta dinh nghia Ep = {(x}, X3, .... X,) € #"/ P(x,, Xy, ..., X,) diing}, &
day ta chi xét vi tif hai ngéi P(xy) trén trudng 4, x A, la.tap hop cac
diém trén mit phing ma hoanh 46 x A, tung d§ y € My. A, M, chinh
la truc hoanh va truc tung tuong ing.

Gia st S c .M x M, ta k¥ hidu hinh chiéu cta S trén truc hoanh 1a
he,S = {x e 4/ Iy &€ xy) € S}, tudgng tif he,S = {y € 4/ 3 x dé
(x.y) € 8} 1 hinh chiéu ctia S trén truc tung.

d. Xét lugng tt (Ix) P(x,y) =: P,(y)

Theo dinh nghia hinh chiéu trén thi: Ep1 = he;Ep trong d6
Ep, = {y € 4,/ P\(y) diing} va Ep = {(x.y) € 4%/ P(x,y) dting} .

That vay y € Ep < Pi(y) ding < 3 x dé P(xy) ding < 3 x
dé (x,y) € Ep <> y € he,Ep, hay Epl= hc,Ep.

e. Xét lugng t11 (vx) P(x,y) =: Py(y)

Dé c6 Epz(y) ta bién d6i nhu sau:

P:) = (IOP(x,y) dit @x) P (x.y) = Q)
Khi d6 Pov) = Q(y), vi E; =4\ Eqnén Ep ¢, = 4%\ Eq

Nhung Eqq, = hez E; = hey(W*\Ep) nén Ep,q) =\ hoy(a® \ Ep).

§4. DANG CHUAN CUA CONG THUC

Nhu ching ta d3 biét mdt céng thic trong 16gic vi tit déu c6 dang
céng thite mit gon déng nhat bing né. Néi cach khac nfu A 1a mét céng
thitc thi bao gid cling ton tai céng thitc B chi chita cac phép toan A, v, —,
trong d6 — chi lién quan t6i céng thitc so cAp trong Bma A =B.

Dinh nghia 9. Bay gid trong céng thitc B néu moi ky hidu Vv, 3
déu ditng trudc cac phép toan 16gic khac thi B duge goi 1a cong thitc
chuan tic. N&u B li céng thitc chuin tic ma A = B thi ta néi B 1a dang
chudn cia A.
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Vi du 5: (VX)) (VXg) ... (¥%) ... (Vxp) A(x;, X9, ..., Xp), trong dé
A(Xy, Xy, ..., Xu) khéng chita kg hiéu —, V, 3, con ky hiéu — chi lién quan
t6i cong thitc s c&p thi cong thitc trén goi la cong thic chudn tic.

Pinh Iy 1 : Trong légic vi tit, mei cong thic déu o6 dang chudn téc.

Chitng minh: Trudc tién ta chimg minh bén déng nhat thic sau
day, trong d6 A(x) 1a céng thite, H1a ménh dé:

1) (VX)AX) v H= (vx) (A(x) v H)
2) (VAX) ~ H= (vx) (A(x) A H)
3) GAX) v H= @x) (A®) v H)
4) GxARX) A H= 3% (Ax) A H)

That vay ta ¢6: (VX)ARx) v H ding < Vx A(X) ding hodc H ding
< (vx) (A(x) v H) ding.

Vay ddng nhat thic 1) 1a ding hay (v)AR) v H= (vx) (A v H)

2) (VX)AX) A H ding & (YX)ARX) ding va H ding © A®X) diing
vx va H ding < A(X) A H ding Vx © (Vx) (A) » H) ding.

Vay (vXAE) A H= (vx) (A(x) A H).

)] (Elx)A(x) v H dtng & (3x) A®x) ding hoic H ding < (Ex) dé A®x)
ding hoéc H ding < (3x) (A(x) v H) dvng.

Vay (IxARX) v H= (@x) (AX) v H).

4) @x)A®E) A H ding < (3x) Ax) ding va H ding < Gx) 48 ARX)
ding va H ding < (3x) (AX)AH) ding. Vay Gx)AX)A H = @Ex)(Ax)~H).

Di nhién bén déng nhat thic trén ciing ding khi cac lugng i dung
trudc H va cach chiing minh ciing tuong tu.

Bay gi¢ ta chitng minh Pinh 1y trén bdng qui nap theo dinh nghia
cong thite, Gia sit A 1a cong thic trong ldgic vi tir.

1) N&u A 13 cdng thiic s cdp, tic A 13 bién ménh d& hay bién vj tir
thi trudng hgp nay Dinh 1§ ddng, bédi vi chinh cac bién vi tit hodc cic
bién ménh dé 14 céc cdng thiic chudn tic.
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2) Gia sit A, A; c6 dang chuin téc tuong tng la:
AL = (VK1) .. (V%) GKina) ... (o) Ak, ... x) = A,
Ar = (yD) ... (V) ... (V) A" ... 1) = Ay,

Ta chitng minh A, v A; ciing c6 dang chuin téc. Ap dung 1va 3 ta
cH:
AV Ag = (VX)) . (VX)) GXiyt) ... 3x) A'xy, ... Xo) v 3y1) ... (Vy) ... (Vv
A'G, - ) = (VX)) . (VX)) @Xiyy) . G Alxy, .. Xp) vV (3yD) ... (Vv ...
VYm) A"Gr, o Vo) = (YY) . (VXD Gxiy) . %) Gy ... (VYA ...
Xn) V A’(1, .. ¥u)). RS rang (vx) ... (Ixy) @yy) ... (vy,) (A’ v A”) 1a cong

thitc chudn tic, hay A; v A; ¢6 dang chuén tic. Ap dung 2, 4 ta tim duge
* dang chufn tic ctia A, A A,

Gia sit A, ¢6 dang chuén tic A; nhu trén, ta chi ra A_lcﬁng cb
dang chudn tic.

Thitvay, A, = A, = = (V%)) (9%, X3K,y ). (Ox, A (%, %, )

= @) ... AXIVXi1)... (VXD A (X, ..., %)

néu A’ chua phai 1a céng thitc so cap thi ti€p tuc dua dau — chi lién
quan téi céng theéc sd cip. Gia su A’ (X1, -.h Xg) = B'(xy, ..., x9), trong d6
B chita A, v, —, v4i — chi lién quan tdi cong thic sd cap. Khi dé
Gx1) .. AX)(VX541)...(YX)B(xy, ..., Xp) chinh 12 cdng thitc chudn téc va 1
dang chuin tic ciia A

VijA, - A2 = A v A; nén ti trén ta thay A; — Ay'eiing ¢6 dang
chuén tiec.
3) Gid st A ¢6 dang chudn ticla A"

Khi d6 (Vx)A va (30)A cling c6 dang chudn tdc, cu thé la (Vx)A".
(Yx)A” 12 dang chuin tic cia (Vx)A va (3x)A tuong ting.

Tém lai dinh 1y dugc ching minh.
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§5. VAN BE VE TINH GIAI BUGC

Trong dai s6 ménh d& thi bai toan vé tinh gidi duge hodn toan duge
gidi quyét. Nghia 12 néu A la cong thitc trong dai s ménh dé thi ta ¢6
mdt phuong phap d& bi&t A c6 phai la dong nhit ding hay khong.

Ta hay dit bai toan nay d6i véi 1égic vi ti, trong d6 ta chi gidi han
cac cdng thitc khdng chita cac phén tit va cac vi til cy thé.

Ciing nhu trong dai s ménh dé ta dua vao dinh nghia:

Dinh nghia 10: Cong thitc A trong légic vi tit goi 13 thuc hién
dugc trén trudng A néu né ding véi nhiing vi tit nao dé trén truong 4.

" Dinh nghia 11: Céng thic A goi 1a dong nhat ding (goi tat 1a
dving) néu né ding véi moi trudng va déi véi moi vi tir.

Pinh nghia 12: Cong thitc A goi 1a sai hay goi 1a khéng thyc hién
duge néu né khong ding d6i véi moi trudng va ddi vdi moi phép thé cua
cac vi tu.

T# dinh nghia ta suy ra rang: Néu A 13 dong nhét ding thi Ala
sal va ngude lai.

- Bai toan gidi dudc dat ra cho 1ogic vi tit nhu sau: Hay tim mét
phudng phap d€ biét mdt cong thic A 12 dong nhat ding hay khong?

Né&u c6 mdt phuong phap nao dé &8 bist duge céng thitc A dong
nhit ding, va do d6 cling bi€t dudec A ¢ 1a sai hay khéng.

Gia st A sai khi d6 A 13 déng nh&t ding, vay A thyc hién duge,
com A 13 khoéng thuc hién duge.

Néu A la khéng ddng nhit ding thi A khéng sai, vy A thuc hién
duge.

Ngudi ta da chimg minh dugc ring bii toan vé tinh gidi duge déi
véi 1ogic vi tit 1a khong gidi quyst duge. Nghia 12 d6i véi cong thitc A bat
ky trong 16gic vi tit khong cé6 mét thuat todn nao dé bist A c6 la dong
nhat ding hay khéng.
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Tuy nhién néu ta xét mét tap hgp con cac cong thic cia logic vi ti
thi bal toan trén dugc g1a1 quyét,-chdng han tap hgp cac céng thitc trong

dai s6 ménh &6 13 tap hgp con cac coéng thic cha ldgic vi tir thi bai toan
vé tinh gidi duge lai duge g1a1 quyét.

Ngoai ra néu xét vi tit mét bisn thi van dé cdng thitc d6ng nhit
ding lai dugce gidi quyét.

Dinh nghia 13: Coéng thitc A trong logic vi tix goi 13 théa man
trén trudng 4 néu A diing véi nhitng vi tit cu thé nao d6 trén .

Dinh Iy 2: Néu cong thic A (trong 16gic vi tiY) chita n vi tir 1 bidn
théa man trén trudéng # thi né ciing s& thda man trén moi trudng cb sd
phan tit < 9",

Chitng minh: Gia sit cong thitc A théa man trén trusng A, va n la
s0 vi tit 1 bién ¢6 trong A. Theo Dinh If trén ta cé thé gia thiét A la céng
thic chuin tic. Trong A khéng ¢6 bién tit tu do (vi néu A c6 mét bién ti
ty do x 'ndo day thi viée xét tinh théa mén cila vi ti A(x) tuong dudng
v4i viéc x€t tinh théa man cua vi tir (vx) A(x) ma trong (Vx) Ax) khéng
con bién t ty do). Véi cac gia thiét dé ta sé gia s cac vi tu trong A la

Ay (A = 1,n) 14 vi tit mét bién, lic 46 cong thitc A viet du‘cll dang:
A« (crxl) (oXxs)... (oxp)B(A,, ..., An. Xy, ..., Xp), trong d6 ox; hoic la lutgng tit
(vx) hoiic 1a (3x), B la céng thitc khang chita lugng tit (do A chuén tic),
X3, ..., Xp 12 cac bién rang budc. Thuc ra c6 thé vist:

B(A1(x;))) .-, B(An(x; ), trong d6 Xij € {x,, ..., X,
Theo gia thiét cia dinh 1y, A thda man trén trudng # do dé ¢é cac
vi tit cu thé nao ddy ma ta ky hidu 13 A ... A,’ trén 4 sao cho

AL, .. Ano)' ding trén . Ta sé chitng minh AA,”, ..., A% cling sé
diing trén moi trudng 4 ma lﬂ’lé 2",

Muon vay ta chia .« thanh cac 16p sau day:

Ky hidgu (o, .., oy) 1A mét b6 ma o € {0 1} va k¥ h1eu

M"l ={x e n/ A (x) = a3, ¥i = 1, ..., n} nhu vay {tng vdi mbi b

(e, ..., a.n) khac nhau ta ¢6 nhitng 1dp khac nhau.
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"Tinh chét: Véi (v, ..., op) = (o, ..., o’y) thi Mu.l ..... o« PMy o« =

n ) n
that vay gia st ngugc lai ching cé phan tit chung 1a x € A sao cho:
A’ (x)= oy va A’(X) = o, ma o; # o trai véi tinh don tri cha vi tit Aiﬂ.

Di nhién mdi phan ti € & thi thudc vio mdt 18p ndo d6. Vdi cach
chia trén ta dugc mét phan hoach ddi véi A. S8 cac ldp cia phan hoach
nay khéng thé vugt qua s8 bd (o, ..., a,) khac nhau nghia la s6 16p cua
phan hoach nay < 2°. Ta goi 88 16p clia phan hoach la q (< 2%), méi l6p
14y ra mét phén tit ky hidu lan lugt 14 a,, ay, ..., aq. Ta k¥ hiéu tap hop
cac phan ti nay la Ao ca).

Ta chitng minh A théa mén trén trudng .

Cu thé ta chitng minh cdng thitc A4’ ... Ay) diing trén 4.
That vay véi mdi phin tit x € &, k¥ hidu o(x) 12 phén tit trong A, tic 1a
@(x) = o; ndo &6 € A sao cho x, o thude cing mét 16p cia phéan hoach.
Theo dinh nghia didu nay c6 nghia la: A (@) = A’x) G = 1, ..., n), tic
14 ndu trong céng thic A ta thay x = ¢(x) thi ta dugc cong thic dong
nhdt véi A .

Gia thiét ring R(x, y, ...u) la vi tit bit ky xac dinh trén 4. Ky hiéu

CENRGLY . ..., u) 1 vi tit chi phu thuc vio y, ..., u va nhén gia trj ding
khi va chi khi R(x.y, ..., u) ding véi moi x e &, (x 12 a; nao day).

P
Hoian toan tuong tu ta dinh nghia vi tt @E)R(x.y,...,u) ddng <
tn tai x € & dE R (x.y, ..., p ding. Céc ky bieu VG, B goi 1a cée
lugng tir han ché. Bay gid ta chitng minh cong thitc:

(VCORE, ¥, ...,w) = (VX)) R(@(x),y....0).
Ta chi cAn chimg minh v& phai ding khi v& trai dung va ngugc lai.

Gia st v& trai dung tic 1a Rx,y,...,u) diing véi moi x € A, Xét V(x)
R(p(x).¥.....,u) diing (uu ¥ véi moi x € A thi ¢(x) € &) ma Rixy,....w)
ding vdi moi x € A thi R(e&x).y....u) ding v6i moi x hay (V(x))
R{e(x),y....,u) dving.

Gia sit v€ phai ddng tic 1a (VX)) R(ex).y....,u) ding vdi moi x € &
theo dinh nghia thi (v&)R(x, v, ...,u) ding.
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Hoan toan tuong tu ta chimg minh duge céng thic:
BERE. y, ... w) = Q) R(@E),y,....u)

.....

dya vao 2 cdng thitc trén x&t cong thic:

A= (ox)) (0xy)... (cxp)BA,", ... Anﬂ. X1, ..., Xp) ta chiing minh A ding
trén

Xét BA,, ..., Ay Xy, ..., 9} = BAS ., AL oxy), ..., @(xp)) (do
nhén xét & trén) tir 6 ta co:

©x0BA. .. Ay X1, s x8) = OXDBAL, .., AL 0D, ... 9(x))
=ToxDBAL, ... A LoD, ... Pxe)

tudng tu¢ nhu vay dé1 véi ox, .... 6Xp-1ta ¢é ;
(©x)) (0%2)... (Ox0)B@A,’, ..., A", Xy, ..., Xp)
NG TN
= (UX]) (O'Xp) B(Aloy. ceey AnOJP(Kl).. ooy (p(Xp))

Céng thitc v& phai ciing 1 céng thitc v& trai nhung xét trén trudng
A. Tém lai néu A ddng trén . thi né cling ding trén truong A Vol
| 4| < 2" Dinh 1y dudc ching minh.

H¢ quad 1: Néu cbng thic A chi chita cac vi ti mét bién va luén
luén déng véi moi trudng c6 khéng qua 2° phan tit (n 12 s8 vj tit mét
bién ¢6 mit trong A) thi A 12 ¢éng thic dong nhét dtng, nghia 1a A diing
v8i moi trudng bat ky.

Chitng minh: Gia sit nguge lai A khang déng nhét déng, nghia 1
¢6 mot truong 4 nao dé sao cho A théa min trén A, theo dinh nghia
trén thi tén tai trudng A véi | A'| < 2" sao cho A thda man trén .
Ching to A khéng phai 1a dong nha't ding trén # trai véi gid thist. Vay A
diing trén moi trudng c6 sd phan tir < 2°,

Hé quad 2: Véi moi cong thiic A chi ¢hda vi tit mét bién deu ¢
thuat toan dé gidi quyét van de Ala déng nhat ding hay khéng.

Chitng minh: Latu ¥ rfing theo dinh nghia thi viéc déng nhit ding
hay khong trén trudng # chi phu thuéc vio lyc lugng cha 4. Néi cach
khac néu & v & c6 Iyc lugng nhu nhau thi A ddng trén 4 khi va chi
khi A ding trén .
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That vay dé chitmg minh diu d6 ta chi cAn chitng minh ring: Néu
| 4} = | 4| thi A sai trén trudng 4 véi vi tit cu thé nao ddy khi va chi
khi A sai trén truong 4 véi vi tit cu thé ching han 13 {4},

Vi|a| =14 nén lap duge tuong tng 1 - 1 gilta cac phan ti
cua chiing. - _

Vi vay d6i vai A'(x) trén 4 ta c6 thé lap duge vi tit B (x) trén
trudng "# bing cach tudng ing B.’(x') = A°(x) khi va chi khi x & x. Ti
d6 suy ra néu A sai trén # iing véi A;°(x) khi va chi khi A sai trén 4 {ing
véi B ().

Tém lai tinh déng nhit diing cia céng thic chi phu thudc vao lyc
lugng cha trudng ma khéng phu thudc vao cac phin tit cu thé cia
truong. '

Thudt toan

Gid sit A 12 cong thic chi chita vi tit mét bién.

o Budc 1: Thit A véi tat ci che trudng cé hre lugng < 2° (n 13 s6 vi ti
mdt bién cé6 mit trong A).

« Buée 2: Néu né déng nhat ding véi moi truong ¢6 Iye higng < 2"
thi A 13 déng nha't ding. N&u khong thi A khéng dong nhét ding.
" Thuat toan ndy qua mdt s hitu han buéc 88 diug lai vi s§ cic
trusng c6 Iuc lugng < 2" khac nhau 13 hitu han, cén nhitng truong cé luc
lugng gidng nhau thi khéng can xét dén.
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