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LOINOI DAU

Gidi tich s& dang phdt trién munh, ddc biét 1a mé phong 56, phuong
phdp song song, xp xi bdng spline va séng nhd (wavelet) dang phdt trién
rdt manh cang véi si phat trién cyc ki nhanh cia tin hoc, mdy vi tinh.

Trudc ddy khéng lau, d6i véi mt s& nganh i thuyét nhu dai 56 triu
tugng, hinh hoc vi phan, hinh hoc dai s6 v.v... tudng ching nhu khong thé
¢é thudt todn, chuong trinh dé dua vao mdy tinh, nhung bdy gio cdc nganh
dy dd c6 thudt todn, chuong trinh tinh todn trén mdy vi tinh réi
(xem [81, 120, 88}). Pdy la mét trong cdc xu thé'Ion cua todn hoc hién dai.

Nha bdc hoc néi tiéng S.L. Sobolev méi 30 tudi da ¢ vién st Vién han
Idm khoa hoc Lién X6 (cit), dd xdy dung dugc mot khéng gian phiém ham
tritu tuong mang tén éng. Khong gian nay cuc ki quan trong vd cdn thiét
cho gdn hét cdc nganh khoa hoc va céng nghé, da, dang va sé dugc phdt
trién khong ngimg. Ong d@ danh nia d&i ngudi cho todn hoc tinh todn.
Nhiéu nha todn hoc ¢6 tén tudli, trong dé ¢é cd vién si, cd nhiing nha bédc
hoc da duoc gidi thudng Fields, Nobel, ciing dd viét nhiéu cong trinh véi
nhan dé tudng chimg khong thude nganh gidi tich s&, nhung rdt gdn véi
nganh nay, nhu O.V. Besov, G.H. Hardy véi cdc khéng gian phiém ham
mang tén minh, H. Brezis(*), L. Nirenberg voi bai bdp “Ly thuyét bdc va
dao déng trung binh bi chdn”, B.P. Maslov véi sdch “Cdc phuong phdp-
tiém cdn cho phuong trinh gié vi phdan”, P.J.Lious(**) vdi sdch “Nghiém
suy réng ctia phuong trinh Hamilton - Jacohi”, L.V.

Kantorovich (va G.P. Akilov) v&i sdch “Gidi tich ham” (1984) v.v...
Nhiéu nha todn hoc khdc da quan tdm dén rdt nhiéu linh vue ciing dd

(*) dang 12 Gidm d6c Phdng Giai tich s&, DPHTH Marie Curie, Paris

{**) Giai thwdmg Fields dang clng v6i b8, Vien s1 1.1 Lions, trong Ban bién tap
tap chi “M0 phéng todn hoc vi giai tich s6”, 1 trong 4 tap chi 19n nhét vé gidi tich
30 trén the gidi.



dong gop nhiéu bai bao vé cdc phuong phdp tinh todn nhu P.Lax véi ugce
dd mang tén 6ng, O.A. Ladyzheskaia [11], O.A. Oleinik {22, 102}, §$.5male
{111],... Duong nhién con rdt nhiéu nha todn hoc da danh cd d&i chi cho
gidi tich 56 ma chiing 16i khing thé liét ké ¢ déy. Chiing t6i chi xin luu y
rdng ngay trong Iinh viec thi truong chitng khodn dang dién bién gay git
trong nén kinh 1€ thi trudmg, ciing phdi nghién cim nhiéu phitong trinh vi
tich phdn ngdu nhién, trong dé cé phieong trinh Black-Scholes, véi cdc bai
todn bién phi tuyén ma khong sit dung gidi tich sé va mdy vi tinh thi khéng
the gidi dioc.

Nhir vy gidi tich s6'la cuc ki quan trong va cdn thiét cho khoa hoc va cong
nghé. Do dé di trong mee dd c6 nhiéu sdch viér bing tiéng Viét, ching 15i
ciing ditgc Nha xudt bdn Gido duc cd vil, héi thiic viét quyén sdch néay.

Quyén sdch gm hai phdn.

Phdn Mot gém sdu chuwong gici thiéu cdc kién thitc co bdn vé gidi tich
56 cho sinh vién cdc truong Dai hoc trong nhitng nam ddu ciing nhi &
nhitng ndm cuéi. Cdc kién thitc trong phdn nay cita quyén sdch dwoc chon
loc d€ thich hop véi tdt cd cdc d6i niong dy.

Chitng 16 ¢ gdng viét dé déc gid tiép cdn digc véi gidi tich s& hién dai.
Bén canh cdc biéu bdng, hwge d6, chiing 16i ciing da sit dung chwong trinh
MAPLEV 6 mot s6 ché. Cudi méi chicong ciia phdn ndy déu cé bai tdp.

Phdn Hai gém ndm chuong. Phdn niy nhém da doc gid dén mér s6 hidng
hién dai trong gidi tich 56, ddc biét dé dic gid lam quen voi mot s& ké qud
nghién citu gdn ddy ciia cdc tdc gid va cde ddng nghiép. Phdn nay cung voi mét
56 1ai liéu dhegc liét ké trong muc 1ai liéu tham khdo 6 cuci sdch o6 thé gitip cho
sinh vién chudn bi Iudn van thac T, luén én tién st va xa hon.

Tiép theo Chuong XI la phdn ddp s& va hiwong ddn gidi cdec bai tgp.
Nhu ta da@ thdy gidi tich s&' la mot nganh rdt réng, nén chiing 16i chi dé
cdp mét s6 vdn dé nhu trén. Ngay cd d6i voi cde vin dé dugc dé cdp, voi
khuon khé quyén sdch, chiing t5i ciing khong thé di sau va réng han. Song
dé khdc phuc han ché dy, ching 16i co gdng dua vao nhitng tai tiéu gdn
ddy vé gidi tich s6 trong muc tai ligu tham khdo, dat réng nhitng tai liéu
ndy con xa méi ddy di.

Chiing t0i tran trong cdm on Nha xudt bdn Gido duc dd ¢ vii va 1go
diéu kién dé quyén sdch diege ra doi phyc vi sém, ddc biét 16 T.S Nguyén
Huy Doan dd giiip cdc tdc gid rdt nhiéu trong qud trink lam séch.

Ha Ngi, Xuan 2000
CAC TAC GIA



FOREWORDS

Numerical analysis is intensively developing, especiually, numerical
modelling, paraliel methods, spline and waveled approximaution are very
rapidly growing dalong with the extremely rapid development of
informatics, microcompiters.

Few years ago it seemed that there were some theoretical areas such
us ubstract algebra, differential geometry, algebraic geometry etc., which
may have nothing to do with algorithms, programs for computers, but
nowadays for such areas appear already the ahove mentioned materials,
toa (see {81, 88, 120]. It is one of great trends of modern mathematics.

The well known savant S.L.Sobolev at the thirty years old was already
a member of the USSR (old). Academy of sciences with an abstract
functional  space bearing his name. This space is extremely important
which has heen developing endlessly in almost all branches of sciences,
technology. S.L.Sobolev devoted o hualf of his life to computational
mathematics. There are several well known mathematicians, among them
members of Academies of sciences, winners of Fields, Nobel prizes, who
have written several works with titles seemed not be long to numerical
analysis, but essentially related to it, for instance, OV Besov, G.H. Hardy
with the functional spuces bearing their numes, H. Brezis and L.
Nirenherg with the paper “Degree theory and BMO”, B.P. Maslov with
the hook “Asymptotical methods for pseudo-differential equations”, P.J.
Lions with the book “Generalized solutions of Hamilten - Jacobi
equations”, LV_ Kantorovich fand G.P. Akilov) with the book “Functional
analysis” (Nauka, Moskva, 1984) and so on. Many other mathematicians,
who ure interested in many fields, have contributed also muny papers on
computational methods, such as P Lax with his famous difference scheme,
O.A. Lagyjenskaia [11], O.A Qleinik [22.102] 8 Smale {111].. There are,
of course, a lot of other mathematicians whe have devoted all their life to
numerical methods that we cannot list all of them here. We would like to
notice that even in the stock market which is a heart of the modern
economy requires a study of several random integral differential



equations, among them, the Black-Scholes equation, with nonlinear
boundary value problems that cannot be solved up to day without
numerical analysis and computers.

So numerical analysis is extremely important and necessary io
sciences and technology. By this reason even though in Vietnam there
have been many books on this field we are encouraged and pushed by the
Education Publishing House to write this book.

The book consists of two parts. Part one with six chapters contain the
basic of an undergraduate and graduate course on numerical analysis.
We arrange the materials so that this part of the book is appropriate to
students of colleges and Universities.

We try to write so that readers can approach to modern numerical
analysis. Besides tables, schemes, we use the MAPLE V in some places. At
the end of each chapter of this part there are exercices and problems.

Part two consists of five chapiers aimed to lead readers to some trends
of modern computational methods, especially, to be familiar with the
recent results of the authors and his associates. This part together with
works cited in the bibliography at the end of the book could help students
to prepare a Master, Ph. D. Thesis or further study.

After the chaper XI, answers and hints to the exercices are given.

As already known that numerical analysis is a very large area, so we
can cover only some problems as above. Even for the discussed problems,
by the frame of the book, we cannot go deeper and wider. To over come,
however, this limitation, we try to introduce a list of recent references, on
numerical analysis even though, there is still not a complete one.

We are grateful to the Education Publishing House which encourages
us and makes it possible for the book to see the light in a short period of

time, especially. Dr.Nguyen Huy Doan for great help in preparing for the
publishing.
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Phian mot
CO SO CUA GIAITICHSO

Chuong I
MOT SO KHAI NIEM MG BAU

§1. KHONG GIAN METRIC

1. Mét vai dinh nghia

Ta ki hieu R 12 tap cic s6 thuc, Q 12 tap céc s6 hiu i, Z la tap
cic s6 nguyén, N 1a tap cac s6 ty nhién.

Dinh nghia 1.1.1. Xét mot tap hop X cing véi 4nh xa

d : X x X > R thoa man cic diéu kién :

a)dx,y)20,vVx,ye X

bydx,y) =0 x=y

c)dx, y)=d(y,x), VX, ye X

d) d(x, y) <d(x,z) +d(z, y), VX, y, z € X.

" Khi 46 tap hop X ciing vé6i d 12 mot khong gian metric va dnh xa
d dugc goi 14 ham khodng cdch.

_ Xét tap con M cla X, khi d6 M cling v6i d han ch€ tréen M 1a
khéng gian metric con cia khéng gian metric X.

Pink nghia 1.1.2. Cho diy cdc phin tlr x, € X, Vn € N va
phin tir x~ € X. Khi 46 x_ dugc goi 12 gidi han ciia ddy {xpleN

n€u lim d(x,,x )=0 va ki hieu lim xp =x.
n—3w n—»w



Tap hop B(a, r) = {x € X 1 d(x, a) < r} (r > 0) duge goi 13 khinh
cdu md tdm a, ban kinh 1 trong khong gian metric X. Tuong tu, tap

hop B(a, 1) = {x € X | d(x, ) < r} dvoc goi I hink cdu déng tdm a,
ban kinh r trong khong gian metric X. M&i hinh c4u mé& B(a, r) duoc
goi 12 mét ldn cdn cia phan tir a trong X.

Cho mét tap hop con M ciia X, diém a € X duogce goi la diém gidi
han cia M néu t6n tai mot day {x,}, v6i x, € M, x, # 2, Vn € N,
sao cho lim x, =a.

n-—»wo

Dé thiy ring x Ia diém gi6i han cha ddy {x_}, khi va chi khi véi

mdi lan cén B(x*, r), tén tai mot s6 N, sao cho x;, € B(x*, r, Yn2N,.

Véi méi tap hop M < X, xét mot tap hop méi bao gém M va tat

ch céc diém gidi han clha M. Tap hgp méi d6 duge goi 12 bao déng
ctta M va ki higu 1a M.
C6 thé th4y ring phép 14y bao d6ng cé mot vai tinh chét sau :
a) MuUN=MuUN

byMc M
) D=0

Tap hop M c6 tinh chdt M = M dugc goi la mét tdp hop déng.
Tap hgp M cé tinh chat M = X thi duge goi 1a trit mdr khdp noi
trong X. Mot tap hop con M ctia X duge goi 12 md néu véi mébi
a € M ludn t6én tai mot hinh cdu mo S(a,r) c M.

Day {x,} < X dugc goi 1a ddy Cauchy néu Ve > 0, 3N, sao cho
vn, m 2 N, thi d(x,, x,,,) < €.

Dinh nghia 1.1.3. Khong gian metric X théa min didu kién méi

diy Cauchy déu cé mot diém giéi han a € X dugc goi 12 khéng gian
metric du.
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Gia sit X, Y 12 hai khong gian metric vda M 1a mét khéong gian
con chia X, mot 4nh xa f : M — Y duge goi 1 lién tuc tai x, € M
néu nhr Ve > 0, 38 > 0 sao cho ¥Yx € M théa mian d(x, x,) < 5 thi

d(f(x), f(x,)) < &. Nhu vay néu : lim X, =X, va f(x) 12 4nh xa lién
N~y .

tuc thi : lim f(x,)="f(x,)-
n—»a

Xét day hinh cdu {S(a,, r )}, trong khong gian metric X, khi

d6, n€u nha S_,((ay,1> Tne1) € Syl@p, Iy) Vn, thi ta nédi day

hinh cdu dé I6ng nhau ; ngoai ra, n€u lim r, =0 thi ta n6i day
' n—a

hinh céu d6 1a that.

2. Mot vai dinh li va vidu :

Pinh I 1.1.1. (Nguyén li anh xa co). Gia sitr X 12 khéng
gian metric di va 4nh xa T : X — X thoa man di€u kién :

d(Tx, Ty) S ad(x,y) (1)
v6i hiing 86 o < 1 va ¥x, y € X. Khi d6 t6n tai duy nhat phin ti x*_e X
sao cho X = Tx , hon nifa véi X, € X thi ddy {x,},eN X4c dinh bai
Xy.1 =T Vk € N, 12 hoi tu dén x, déng thdi ta c6 uéc luong :
n

o
-

d(x,, x ) < e d(xg, o) Q)
Chitng minh. D& thay

C A0 1 %) = A(Txy, Thy—p) < 0 diXg, Xop) € oo € @ d(x, X,),
'Yk e N.Terdé Vn e N, YVpe Ntacé:

d(Xpep X} S d(Xpips Xpap-1) + - + d(Xpy 15 Xp)

<@™P s L+ a™ dixg, %)
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a- a)d(x;, xo). 3)

do dé : d(xn+p, X,) <

Udc lugng (3) chitng 10 diy {Xx,}hen 12 ddy Cauchy, nén tén tai

duy nhit X" € X saocho lim Xq = X"
n—re

Cho p — o trong bt dang thic (3), ta thu duge uée lugng (2)

* *
cin ching minh. Vi x| = Tx, nénchon — o, tacé x =Tx , vy

* * *
x ladiémmaTx =x .

Gia sir ngoai ra con cé X ciing c6 tinh chit Tx = x, khi d6 ta
c6: d(x", x) = d(Tx", Tx) < ad(x", x), v6i o < 1. Tir d6 suy ra x =
X, viy x 12 duy nhét. O

Chu y. a) Phén tit x, n6i trén 12 tuy .

" b) Anh xa T thda mian diéu kién (1) dugc goi la dnh xa co.

Trong nhiéu trudmg hop, dinh 1i sau day dwoc 4p dung :

Dinh Ii 1.1.2 : Gid sit S = {x 1 d(a, x) < r} 12 mot hinh cdu déng
trong khong gian metric X va T 12 mot dnh xa xdc dinh trén §, lay
gi4 tri trong X théa min cic diéu kién sau :

a) d(Tx, Ty) € ad(x, ¥), Vx, y € Sva a < 1 12 hiing s6

b} d(Ta,a) < (1 - a)r.

Khi dé tén tai phin tir x € S sao cho Tx = x*, hon nita

x* = lim x,,, v6i diy {x,} dugc xay dung bdi x, .1 = Tx, Vk € N
n—ro0

va X, 12 mot phin tir bt ki trong S.
Chitng minh. That vay :
d(Tx, a) < d(Tx, Ta) + d(_Ta, a) € ad(x, a) + (1 - a)r.

10



v
g

Tir 46 nit ra rdng ¥x € S thi d(Tx,a) <r, nén Tx € S. Ap c_h_mg
dinh 1i 1.1.1 ta ¢6 diéu phdi ching minh. O

Vi du I. Xét X = R vdi khoang cich thong thudng d(x, y) =

_Ix—yl. Khi dé X la khong gian metric, hon nifa né con 1a khéng gian
metric da.

 Vidu 2. Xét X = 12 tap hop s6 hitu ti véi khodng cach
d(x, y) = Ix — yl, khi d6 X 1a khéng gian metric.
Vidu 3. Xét X =N =10, 1, 2, ...} la tap hop s6 tu nhién véi

khodng cach d(x, y) = Ix — yl. Khi d6 cé thé thfy X 1 khong gian
metric da.

Vi du 4. Xét X = C [0, 1] gdm cédc ham lién tuc trén [0, 1] véi
khodng cich d(x, y) = Orggllx(t) - y(t)l. C6 thé chitng minh dugc
rdng X 12 khong gian metric. That vay : |

ayd(x,y)=0

b)ydix,y)=0ox=y

¢} d(x, y) = d(y, x)

d) Vt € [0, 1] : [x(t) — y(O] = [x(t) — (D)} + [z(t} — y(1}], do d6
Ix(t) — y(t)| < Ix(t) — z(t)l + z(t) - y(t)I.

Vay : max Ix(t) — y(t)! < max |x(t) — z(t)| + max lz(t) - y(t)!,
0<ex1 0=l : 1E4E4]

tac la : d(x, y) s d(x,z) + d(z, y), VX, y,z € X.

Khéng gian metric C [0, 1] véi khoang cich d vira xét duge goi
la khong gian cdc ham lién tuc trén [0, 1] v6i khodng cich
Chebyshev. C6 thé ching minh C [0 ; 1] 1a khong gian metric di.

Bay gid ta xét ddy ham {x (t)}. lim x,(t) = x(t) c6 nghiala :
n-—»x

lim [ max|x,(t) - x(t)[}=0.
n=2 <11

11



Vay tacé : Ve > 0, 3n(e) sao cho 0max X, () - x(1)| <€, ¥n >
<t<l

n,(g). Diéu d6 chimg tb day {x,(t)} hoi tu déu vé x(t). D& thiy diéu
ngugc lai cling ding. Vay ta ¢6 két luan : sy hoi tu trong C[0, 1] 1A
sy hoi tu déu trén doan [0, 1).

Vidu 5. Xét X 1a tap hop t4t ca cic ham s6 bi chin trén doan
[0, 1]. Vi x(1), y(1) € X, dat

d(x, y) = sup Ix(t) — y(1)l.
0<t<1

Cé thé thdy ring X cung ham khoang cich d 13 mot khong gian
metric, ki hi¢u 12 M{0, 1]. Su hoi ty trong MIO, 1] chinh 13 sy hoi tu
déu chia cdc ham trén doan [0, 1]. Tacé : C[0, 1] = MI[O, 11.

Vidu 6. (Khéng gian I, p 2 1). Gia sir X 1a tap hop cic day s6

* [+4]
X=(X],Xp, .., X)) Vdi X; € R, Vie N va: ‘lexi P <+, p21.
I=

Ta dinh nghia mgt ham khoang cich nhu sau : gia sirx = x; )ieN' ,

y=(y )ieN' Ia hai phdn tir trong X thi :

] © 1p
d(x, y)=[_ZIIxi -y; IPJ )
i=

Nhan xét: d(x, y) > 0; d(x, y) =0 & x =y ; d(x, y) = d(y, x),
Vx,y € X. Bay gio v6i z=(2;)jen € X thi bt ding thic

d(x, y) < d(x, z) + d(z, y) tuong duong vdi :
(Z!xi—yilp] s[}llxi—zilp] +[Elzi—yilpJ (4)
i=1 i=1 i=1

12
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Ap dung bat ding thic Minkovski dang téng :

- e 7y Up 74 1/p
Lla; +B P <l Ziag P +| ZIp P ()
i=1 i=t i=1

vai oy = (g —z) va B, =(z; - y;), Vi € N*, thi c6 ngay (4). Vay :
d(x, ¥y) < d(x,z) +d(z, ), VX, y.z2 € X. Ti d6 d 12 ham khoang
cdch va X cing véi ham khoang cdch ndy 1A mot khong gian metric.
Ngudi ta ki hiéu khong gian ny la Iy

Vi dy 7. (Khong gian Lp [0, 1], p 2 1). Gid sir X 1a tap hogp
cdc ham s6 x(t) xdc dinh trén doan [0, 1] sao cho tén tai tich

1

phan le(t)l"dt <+ Hai phén tir x(t), y(t) € X dvoc coi la
b .

trang nhau n€u ching chi khic nhau trén mét tap hop cé do do 0.

| | 1/p
Véi x, y € X, dat : d(x, y) = {le(t) — y(t)IP dl] . Khi d6 ta thdy
0
ring d(x, y) 2 0; d(x, y) =0 < x =y ; d(x, y) = d(y, x). Déng thi,
Vi x, y, z € X thi bat ding thic :
d(x, y) < d(x, z) + d(z, y)
tuong duong véi

1 1/p 1 1/p
[II x(0) - y(e) P dt] £ II x(t) - z()P dt] +
0 \ 0

£1 t/p
+ jl Z()— y(t) Ipdt] (6
\0 '

(*) Chinh xdc va diy ¢l hon, xem §3 chuong VII, hoic [9], |55].

13



Ap dung bét ding thic Minkovski dang tfch phan :

. TP 1p ¢y 1/p
[ jl f(1) + g(t) Ipdt] < { j'lf(t) P dtJ + { Jll g(t)IP dtJ N
0 0 D

Va1 (1) = (x(t) — z(t)), g(t) = (z(t) ~ y(1)) thi cé ngay (6). Vay :
d(x,y) <d(x, z) + d(z, ), Vx, y € X. Tt d6 d 12 ham khoang cich
va X cing vdi ham khoang cdch nay 12 mot khong gian metric.

Ngudi ta ki hi¢u khong gian ndy 12 Lp [0, 1].

§2. KHONG GIAN BANACH

1. Khéng gian tuyén tinh

Dinh nghia 1.2.1. Cho tap hop X = O ciing v§i mot phép toin
hai ngdi vi€t theo 16i cong (+) v2 mot dnh xa ¢ : R x X — X. Véi
mdi k € R va mdi x e X thi phén tir ¢(k, x) dugc goi 12 tich ngoai
cua s8 k vdi phdn tir X va duge ki hiéu 1a kx. Gia si ring c4c diéu
kién sau duge thdoa man :

1) (X, +} 12 mét nhém Abel véi phédn tir trung hda 0, nghia la :

a)x+(y+2z2)={x+y)+z VX yv,zeX
byx+y=y+x, ¥x.ye X
c) Trong X t6n tai phdn tr @ saochox +0=0+x=x,Vx e X
d) Vi mbi phdn tir x € X, t6n tai phén tir d6i (- x) sao cho
X+(—-x)=86.
2) Tich ngoai ¢é tinh ch4t :
Aylx=x,v¥xe X
b) k{ix) =(k.Dx,Vk,l e R,¥x e X.

¢) Giita tich ngoai va phép todn hai ngdi vi€t theo 16i cong cé
luat phan phéi :

14
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DE+Dx =kx+ X, VkleR, VxeX
(Dkx+y)=kx+ky,Vke R, ¥Vx,ye X.

Khi d6 ngudi ta néi ring X 12 mot khong gian tuyén tinh trén R
va mdi phin t&r x € X dugc goi 1a mot vecto ; con céc didu kién trén
dugc goi 1a céc tien dé vé khong gian wyé&n tinh. Ngudi ta ¢iling néi
X la khong gian tuyén tinh thuc. Bing cdch tuong tu, ta c6 dinh
nghia khéng gian tuy€n tinh phitc. Trong nhiéu trudng hop ngudi ta

cling né1 "khéng gian vecto trén R thay cho thuat ngit "khong gian
tuy€n tinh trén R".

Chit v - R ciing 12 mot khong gian tuyén tinh trén chinh né6.

Dé thdy ring v&i mot khong gian tuyén tinh X thi cdc khing dinh
sau 12 ding :

a) Phan tir trung hoa 0 1a duy nhat.

b) Phan tir d6i (— x) cGa phédn tir x € X 12 duy nhét.

c)Vxe XthiOox=0

d)vVxe Xthi(-)x=-x

e) Vke Rthik.0 =0

fyNéukx=0thi hodick=0hoacx=0.

Binh nghia 1.2.2. Cho hé n vecto Xy, ..., X, trong khong gian
tuyén tinh X. Xét ding thite vecto :

U X| + 0pXg + ...+ X, =0

Néu ding thic trén chi xdy ra vi o = oy = ... = o, = 0 thi ta néi
hé n vecto d6 doc ldp tuyén tinh. Né&u tn tai mot bo s6 a, ..., o, Vi
é] af > 0 sao cho ddng thitc trén duge thda mdn thi ta néi ring he
n vecto trén 14 phu thudc tuyén tinh.
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BDinh nghia 1.2.3, Gia st X la moét khong gian tuyén tinh trén R.
Xét x4, kz la hai phén tir thuéc X, khi d6 tap hop céc phin t& trong
X cédang : ¥y = (1 — )% + tX,, Vt € [0, 1] dugc goi 1a dogn thdng
néi hai diém x; va x,.

Tap hop K trong X 1a I6i néu ¥x;, X, € K thi doan thing A ndi
X{. X, ndm tron trong K.

" Dinh nghia 1.2.4. Gia st X 1a mét khOng-gian tuyén tinh trén R.
Tap con X; cia X dugc goi 1a mot khdng gian tuyén tinh con cla

khong gian X n€u X, ciing hai phép todn cim sinh cha X trén X,
tao thanh mét khong gian tuyén tinh.

Pinh nghia 1.2.5. Gia si X va Y 1a hai khong gian tuyén tinh
trén R. Khi d6 4nh xa T : X — Y dugc goi Ia tuyén tinh néu :

a) T(xy + x5) = T(x)) 4+ T(x5), VX, %Xy € X.
b) T(kx) = kT(x), Vk € R, Vx € X.

Chii y. Ngudi ta 6 thé diing thuat ngit : drh xa tuyén tinh hoac
todn 1 tuyén tinh,

Dinh nghia 1.2.6. Gia sit X 12 mot khong gian tuyén tinh trén R.
Mot 4nh xa T : X — R thda min diéu kién :

a) T(x] + XZ) = T(Xl) + T(XZ), Vxl, X7 € X.

b) T(kx) = kT(x), Vk c R, ¥x € X.

g0oi 1a mét phiém ham tuyén tinh.

2. Khing gian Banach

BDinh nghia 1.2.7. Gia sit X 12 mot khong gian tuyén tinh trén R.
Anh xa !l . 1l : X - R xdc dinh trén X, ldy gia tri trén tap s6 thuc :
Ixll € R, ¥x € X, théa man cic diéu kién :

a)lixll 20, vx e X

16
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byilxll=0<=x=0

)y llx + yll <ixlb+ llyll, ¥x, ¥y € X

d) HAaxli = IALix], VA e R, VX e X
dugc goi 1a mét chudn trén X.

Khéng gian tuyén tinh X cling vdi chudn LIt duge goi 12 mot
khong gian tuyén tinh dinh chudn.

Trong khéng gian tuyén tinh dinh chudn X ta c6 thé dinh nghia
ham khoang cich d nhu sau :

d(x, y)=llx -yl

Khi dé dé thdy X 12 mot khong gian metric véi khodng céch d
néu trén.

Néu v6i metric 46, X 1a khong gian du thi X dwge goi 1a khéng
gian Banach.
Dinh nghia 1.2.8. Gia st X 1a mét khong gian tuyén tinh trén R

va ILily, ILIl; 12 hai chudn cing xdc dinh trén X. Khi d6 hai chudn
nay dugc goi 13 rwong duong n€u nhu tén tai hai s6 m, M > 0 sao

cho : mlixli; <lixil, < Mlixll;, Vx € X.

Pinh nghia 1.2.9. Gia sir X, Y 12 hai khong gian tuyé€n tinh dinh
chudn va T : X — Y 12 mot todn tir tuy&n tinh. Néu t6n tai gid tri
hitu han :

T = sup ""ﬂ4+00
O=xeX xH
thi todn tir X dugce goi 12 bi chdn (hay gidi néi) va s6 IITI duge goi
12 chudn cla todn tir T.
3. M6t s6 dinh i va vi du

Dinrk Ii 1.2.1. N€u X 12 mot khong gian tuy€n tinh hitu han chiéu
thi moi chudn trén X 1a trong duong.
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L
_nﬁ?x\fv

Chirng minh. That vay, gia sit trén X c6 llell; va Hell, 1a hai
chudn cho trude. Goi S = {x € X | ixll; = 1}. Vi 8§ d6ng va X ¢6 56

chiéu hitu han nén [lelly dat max va min trén S ki hiéu 1A M va m
tuong ing. Xét x = 0 12 phdn tir bat ki trong X, khi d6 :

Ity =fiixty =] =Hxlh.

X
"] Il x "] 2

Vi rang <M, do dé .

] 1 nénm =<

X
Ix "1 ||x||1 7

mllxil, < IIxll, < MHxIl;, vay hai chufin 1A twong duong. O
Ta c6 thé thdy rang cdc khang dinh sau 1a ding :

Binh If 1.2.2 : Toén ti tuyén tinh T : X — Y la giGi n6i khi va
chi khi T 1a todn tir lién tuc.

Pinh 1 1.2.3 : 1T = sup H Txil = sup I'Txl
lIxlt=<1 lIxil=1

Vi du 1. Xét C[0, 1] cdc ham s6 lién tuc trén doan [0, 1]. Véi
x(1), y(t) € C[0, 1], k € R, ta dinh nghia :
(x +y)(t) = x(t) + y(1), Vt € [0, 1]
(kx)(t) = k.x(1), ¥t € [0, 1]

Nhu viy C[0, 1] cing v&i hai phép todn trén 14 mot khOng gian
tuyén tinh trén R.

Vai x € C[0, 1], dat Ixll= max 1x(t)] thi cé thé thay Hell 1a m6t
te[0,1)

chudn trén C[0, 1] va C[0, 1] chng vé4i chudn néu trén 13 mét khoéng
gian Banach.

o
Vidy 2. V6is6p2 1, xét khong gian /= {x [ X = (x); : Elllxi IP<+c0}.

Véix=(x) e lp viy=(y) e IP, vk € R, ta dinh nghia :
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(x + y)l = (Xi + yi), YieN
(kx); = k.x;, Vie N

Khi d6, I, 1a m6t khong gian tuyén tinh trén R.

t/p
ag
Véi x € I, ta dat : lixil = [‘E Ix; lp] , ¢6 thé thay llell 1a mot

chufin trén I, va l, cung véi chudn néu trén 12 moét khong gian
Banach.

Vidu 3 Véis6pz= 1, xét LP[O, 11. Véi x = x(t) € LP[O, 1] va
y=y(t) e LP[O‘ 1], ¥k € R, ta dinh nghia :
(x + Y)(®) = x(t) + y(1), Vt € [0, 1]
(kx)(t) = k.x(v), vVt € {0, 1]

Khéng gian L,[0, 1] v6i hai phép todn trén 12 mét khong gian
tuyén tinh trén R.

l/p
Véai x e Lp[O, 1], xét : !lel:[Elx(t)lp dtj . Khi dé il 1a

mot chudn trén L,[0, 11 va L0, 1] cing véi chudn néu trén 1 mot
khong gian Banach.

Vidu4. XétR" = {x = (xy, ..., X,), X; € R}. Vi x = (x;),
¥ =(¥;). k € R, ta dinh nghia :
xX+y),=(x+y). ¥Yi=1,..,n
(kx); =kx;, Vi=1,..,n

Khi d6 R" véi hai phép todn néu trén 12 moét khong gian tuyén
tinh trén R.

Véi x € R”, dat lixll, = (x2)/? thi ta c6 llefl, 1a mo6t chudn trén

R" va R" ciing v6i chudn néu trén 13 mot khong gian Banach.
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C6 thé dat Ixll,, = max Ix; ] thi I.ll, 12 mot chudn nita trén R"
I1<i<n

-vaR" cing chudn Il. i, 12 mot khong gian Banach.
. n
Ciing ¢6 the 14y lixlly = X Ix; 1 thi lleli| cling 1a mot chuén trén
i=1

R" va R" cing chufn lleli; 12 mot khong gian Banach. Chi ¥ ring
néu {x{k)} la ddy trong R, x{k) - x* thi x(k) f ,Yi=1, ..., n,

ngoai ra st hdi tu theo chudn nay s& kéo theo sy héi tu theo
chudn khéc.

RG rang ba chufn vira xét tren R" 12 tiong duong.

Vidu§ Xét X=Y=R"va o =(a;:). lé mé6t ma trin vuon
ii%ij=1n 4

cip n.
Xét todn tir tuy€n tinh o : X > Y cho bdi oA(x) = AX trong d6 vE
phéii o#x dutge hiéu 12 phép nhan ma tran of v6i ma tran cot x :

4 412 e A1n X

az] 2y ... a X
o=l 821 B2 my x= | *2

Apl Apz . adnn Xn

Hay tinh céc chudn : lc#lly,, logll], lAll,.

1) Tacod: NloAxll, —max Ealkxk

<max E Ialkilxkl <
=1

n n
£ max E la ag I-maxlxk |<max Z Iaik |.||X||m
i k=1 k i k=i
Néu chon lIxll, = 1 thi tir dé ta c6 :

letll,, < max kz lay ! (8)
i I

20
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n
Gia sir max I lay | dat duoe tai i = i, Khi d6 chon :
k=1

1 néua;, =0

Tacé: Ixl, =1va

i}
X ap X2
=1 1k‘k1

n .
Tirdéritra: NeAlly, 2 max T lag |

Vay Il o#x l, = max
1

n - n
Toa X = =l L &)
k=1 ik Ak K21 ik

i k=l
n
Tu () va (I tacd: lleotlly, = maxkE lag |
i k=l
2) Bay gio xét :
n n
Hetxll = 2| T ay xy
i=1{ k=1

Khi déta co :

n n n n
Hexlli £« T T la LIz 1< £ | max 2 ba |[.0Ix |
P20y R T K iSOk k

Viy:
n n
leotx iy < [ml?xizllaik I].kéll Xg |
n
Né&u chonilxll; = 1 thitaco: Al < mgx-izllaik | (10)
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thuc va khéng Am. Giast A 2 A, 2. 24 2

cla Aed, cOn X

Bay gid gia sir max E !alk | dat duge tai k = k,, khi d6 ta chon :

St
X =(xy) v6i Ry 2{
R4 rang llxll =1

n
Do dé |l rﬁfx “l = E

Tir (10) va (11) cé: el = ml?x Ellalk l.
1=

0 néu k 2k,
1 néu k=K,

an

3) Du6i day ta s& ching minh lle#ll; = Jﬁ, véi A la gid trj

riéng 16n nhit cla ma trin of'c#, trong d6 of' 12 ma tran chuyén vi
cua of. That vy, vi of o 12 d6i xitng, nén céc gi4 tri rieng déu 12 s&

(l)

ixll, = 1, vi= In.

22

Gid strx € X, lixll, = 1, khai trién X theo céc x(l), ta co :

n .
x=ZcexW, Tcf=1

i=1 i=1

Khi d6 : Il x5 = (X, oAX) = (x, ot 'ofx) =
M

=X+ b ex™, Ao x4

= ?L,clz + 7\.2c% +o lncﬁ <A
Vay : letlly, < JAy

Mat khic, xét x = x'V, ta ¢6 ;

S

(n})

0 12 céc gid tri riéng

vevs x(n) la cic vecto riéng tuong idng, vdi



fox® =y, tir d6 etlly = A,

Két ludn : ol = &y

§3. KHONG GIAN HILBERT

1. M¢ dan

Pinh nghia 1.3.1. Cho X 1a mot khong gian tuyén tinh. Anh xa
y : X x X — R thoa min cdc diéu kién :

aAyyx, x)=20,vxe X
by wx,x) =0=>x=0
yx,y)=yw(y, x),vVx,ye X

d) yw(ax; + Bx,, ¥) = ay(x|, ¥) + By(X;, ¥), VX, X3, ¥y € X
viva,BeR

dugc goi 1a mot tich vé hwdng trén X, con w(x, y) duge goi la tich
vé hudng cua hai phidn tir x, y va thuong duge ki hiéu l1a (x, y).

Nhdn xér. NEu X 12 mot khong gian tuyén tinh trén d6 cd xic
dinh mot tich vo hudng (.), khi d6 dnh xa I! .Ii : X — R xdc dinh bai
Xl = J(x.x) 12 mot chudn trén X va X ciing véi chun d6 13 mot
khong gian tuyén tinh dinh chusn.

Chudn xic dinh nhu trén duge goi 1a chuin cim sinh bdi tich
vd huéng.

Tir d6 c6 4nh xa d : X x X = R xé4c dinh bdi :

dix,y)=lx -yl = J(x-y.x—¥)

14 m6t ham khodng cdch trén X va (X, d) 1a mot khong gian metric.
Khoang cich d vira xdc dinh duge goi 12 khoang cdch cam sinh bdi
tich vo hudng,.
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Binh nghia 1.3.2. Cho khoéng gian tuyén tinh X cling véi tich vo
huéng (.). Néu ciing véi khodng cdch d cam sinh béi tich vé hudng
ma (X, d) trd thanh mot khoéng gian metric du thi ldc dé X ciing vai
tich vé huéng (.) duge goi 12 mot khdng gian Hilberr.

Binh nghia 1.3.3. Hé vo han cic phin tr {x;};c; thudc khéng
gian tuyén tinh X dugc goi 1a dbc Idp tuyén tinh néu nhu moi hé con
hitu han céc phdn 1 cda n6 1 doc 14p tuyén tinh,

Dinh nghia 1.3.4. Cho X 12 mot khong gian Hilbert. Heé cic phén
tir {e;lier cha X dugce goi 12 truc chudn néu -

l néui=j
@) =8 =
(€ir €)= 3 {Oné’ui;tj

Dinh li 1.3.1. Gia sit {Xilier 12 mot he doc 1ap tuyén tinh trong

khéng gian Hilbert X. Khi d6 cé thé xay dyng duge mot he {e;}
truc chudn.

i€l

X N
That vy : Dit e = ~—l—,y2 = X3 —(X3,e1)e; v ey = Y2
: Ux, 0 Iy, Il

- k-1 :
Gia sir d3 cé €1, € ..., €r—1- Ta dat Yo =X - {Z(xk, Ei)] €;
' i=1
Yo
TR

vi e = Khi dé hé {e;};.; 12 hoan toan xdc dinh (vi néu tén tai

mot chi s6 k sao cho llyl = 0 <> y, = B thi diin dén he (X1, Xp, - Xy g }
1a phu thuéc tuyén tinh, trdi véi gia thiét). Dé th4y : (e;.e)=1.

. 1
Xét (e), e)) =[ Y2 61J=ﬁ72—|-|(¥2,91)=

ly, I’
=—1-—(x-(x e;) e, e) = ! [(x3. 1) - (x5, ;)]
lyp o 2 R R E A S e o) = (el
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Viy c6 (ep, €;) =0, d thiy (e, , ep) = 1.
Bing quy nap todn hoc ta thdy véi k> h :

Yk !
€, €.) = ,eh | =
(€0 n) [Ilyk I *’) T

R
Hy, U

(¥x» €n)

k-1
(xx - Z(Xk, €;) e, e)
i=1

= I l i [(xk’ eh) ——(Xk, € )], tir 86 (ek, eh) =0, véi k > h, ngOfii
Yk

ra (e, e;) = 1 12 r6 rang. Nhu vay hé {e;};c; 12 hé truc chudn.

Qud trinh x4y dung hé {e;}i tir hé¢ {x;};) d6c lap tuyén tinh
nhu trén duge goi 12 gud trinh truc chudn héa Hilbert — Schmidt.

Vidul :Xét X =R", v6i x=(xq, -, x) € R, ¥y = (y1, o0, V1)

n
e R, dat (X, y) = )_x;y;. C6 thé thiy R" ciing véi tich v6 hudng
i=l1
duoc xic dinh nhu trén 14 moét khong gian Hilbert.
Vidu 2 : Xét X = L, [a, b] 12 khong gian cdc ham binh phuong

kha tich trén doan [a, b] bao gbm cic ham thuc x(t) xdc dinh, binh
phuong kha tich trén [a, b] sao cho :

b
Ip(t)xz(t)dt < 400

a

trong d6 p(t) 12 ham trong (p(t) thudng duge chon théa min cic diéu
kién : xdc dinh va kha tich trén [a, b], p(t) 2 0 trén [a, b] va p(t) = 0

chi trén mot tap ¢6 d6 do 0). Ta trang bi trén L, {a, b] mét tich v6
huéng bang cach dat : vai x(t), y(t) € Lo [a, bl thi:
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(x,y)= fp(t)xu)y(t)dt

(c6 thé thay tich phan nay tén tai hiru han Vx(t), y(t) € L,[a, b] do
bat déing thiic Bunhiacopski dang tich phan).

Khong gian Ly[a, b} véi tich v6 huéng vira xdc dinh 13 mdt
khéng gian Hilbert.

Vi du 3. Xét trudng hgp cu thé cia L,[a, b] & trén véi a = ~1,
k-1

’

b =1, p(t) = 1, va xét hé da thic xi =1, %0 =t, .., x ()=t

k 2 2. Hay truc giao héa hé {x,(t)} néi trén twong tu qué trinh truc
chudn héa Hilbert — Schmidt (chinh xdc d&n mot hing s6 nhan).

Nhan thdy : lIx,il =2, ¢; = ——-i thay s6 tacé ¢ = -é Dé thay
X1 .

(xpe)= [tdt=0Oneny,=x;=t,Vte[-1,1].
-1

12 1/2
1 ,
Vay lly,ll = [_E t.tdt) =(1 t3| ] -w ey = 22,
! 30 1o 3 Iy, I

thay s6 ¢cé e; = g.t, vt e [-1,1].

|
Tacé : (Xq,el)“f Jdt = 13| =E

(x1'°2)"£ J—tdt ( ft dt =0

¥3 = X3 — [(x3, €]) e} + (X3, ¢y) e,], thay s6 duoc :
2 1/2
2 _ 1 g [ t2 1) dt
=t" - — = = R \
Y3 3 Y3 I 3
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' 2 ,2 3 |5(2 1
it G llysll= =. f=, trdé e, = —. = [ t* —=|. v.v...
rit gon c6 lly; 3 \s e 3°\3 [ 3]

Qué trinh cif ti€p tuc nhy vay, ta s& dugc mot hé truc chudn {e;}.
Tuy nhién do ta chi quan tam dén tinh truc giao clia he nén ¢6 thé
nhan mdi e; v6i mot hing s6 thich hop dé duge mot vecto méi, vén

ki hi¢u la e; nhung v6i dang don gian hon, nhu sau :
et = L eV =t ex) = 262 - )

513 — 3t 35¢% — 30t% + 3
, e5(t) = g

64([) =

elt) = %(63t5 - 706 +150) v.v...

H¢ da thic {e; (t)}iEN. truc giao thu duge nhu trén goi la heé da
thitc tryc giao Legendre.

2. Mot s6 két qua co ban
' Pinh nghia 1.3.5 : Gia sit X 1a khong gian Hilbert, con {e;}j~; 12

1]

hé truc chudn trong X. V6i mdi x € X, ta xét §, = Zci ¢, v6i
' i=1

¢; = (x, ¢;), thi §; duoc goi la téng Fourier cha x va cdc c; lacic h¢

s6 Fourier ctta x d6i v6i he {e;}i2;.

Néu lim IS, — x Il =0 thi ngudi ta néi tdng Fourier S, héi tu

n—wo

oo
dénx va vi€t: x = Z(x, €;)e;.

i=1
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Dinh If 1.3.2 : Cho khong gian Hilbert X va {e;}2, 12 mot he
truc chudn clia né. Khi d6 cdc phét biéu sau twong duong

o
1)vVx e X, X= Z(x, e;)e;.

- i=l

2 vx e X, IxlF = 3 (x, ¢)?

i=1
3} Néu z 1a mot phén tir trong X sao cho (z,¢) =0, Vi € Nthiz=6.

4) Bao déng clia khéng gian con sinh bdi {e;}i2; tring véi X.

§4. PHUONG TRINH VI PHAN

1. Phuong trinh vi phén cip 1
Dinh nghia 1.4.1 : Phuong trinh vi phén cdp 1 giai ra dugc dsi
v@i dao ham la phuong trinh dang :
y=1xy) - (12)
Ta goi ¢(x, y) = 0 (c6 thé 1a ¢(x, y, ¢} = 0) 12 nghiém ciia phuong
trinh (12) néu tir d6 ta tinh duge dao ham y' va khi thay y' vao (12)
thi (12) tré thanh déng nhdt thitc. Ta goi nghiém dang ¢(x, y, ¢} =0
c6 chita mot hing s6 ¢ tly ¥ 12 nghiém téng quét cia (12).

Dinh nghia 1.4.2 : Bai todn tim nghié¢m cda phuong trinh (12)

théa min diéu kién ban ddu : khi x = x, thi y = y, duoc goi 13 bai
todn Cauchy.

Ta c6ng nhan dinh Ii sau :
' y' =1(x,y) ~ (13a)

Dinh If 1.4.1 : Xét bai todn Cauchy {
¥(Xo} = ¥o (13b)

-
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Né&u f(x, y) lién tyc trong mot lan can cia diém (x,. y,) thi tén
tai mot nghiém y = y(x) cta (13a) théa man diéu kién ban ddu
(13b). Hon nifa, néu fy (x, y) ciing lién tuc trong lan can dé thi

nghiém 4y 1a duy nhit.
Dinh nghia 1.4.3 : Nghiém riéng cha phuong trinh (12) 1a

nghi¢ém coa bai todn Cauchy (13a) —~ (13b), tdc 12 nghiém duy nhat
cta (13a) théa mian (13b).

Nghiém ki di cha phuong trinh (12) 1a nghiém ma tai méi diém
clia dudng cong nghiém, tinh duy nhat bi phd va.

Vidul :a)y=x;b)y=xy;c)y =y:d)y =0I1anhing
phuong trinh vi phan cép 1.

Vi dy 2 : Tim nghiém riéng cha phuong trinh y' = cosx véi diéu
kién y| _, = 10.

Nhan thay :_y = cos X, vay dy = cosx dx, ldy tich phan hai v€¢6:
X

y = Iéosxdx + C < y = sinx + C. Thay diéu kién ban ddu ¢6 :
10 = sin0 + C, vay C = 10. Tir 46 nghiém phai tim 1a : y = sinx + 10.

Vidu 3 : Xét phuong trinh v1-x2 dy — dx + 0.

Xét trong mién G = {(x, y)| Ixl < 1, Iyt < +eo} thi nghiém t6ng
quat 1a y = arcsinx + C. Dudng thing x = 1 va dudng thing x = 1
la hai nghiém ki dj ctta phuong trinh da cho.

: y'=2x
Vidu 4 : Tim nghiém ctia bai todn :
ylx=l=1
Vidy=2xdxneny=x2+C
Thayx:l.y:lvao,cé:1=12+C:>C=0

Vay nghiém ciia bai todn 12 y = x°.
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Vidy 5 : Tim nghiém t6ng quét ciia phuong trinh : y' = | + y2

i¥_y +'y* nen dy2 = dx, tir d6 arcigy = x + C
dx L+y

Vidy 6 : Tim nghiém cita phuong trinh vi phan : xdx + (y + Ddy =0
v6i diéu kién y(0) = 0.
Tacé: (y+ 1)dy =—xdx nén:

2 2
y x
—+y[=-——+C
Day 1a nghiém téng quit ctia phuong trinh d3 cho.
Thay di€u kién x = 0, y = 0 vao ta c6 C = 0, vay nghiém cia baj

2 2

todnla: L +y+ X -0
2 2

Chii y I : a) Moi phuong trinh dang y' = f(x) déu ¢6 thé giai
trong ty nhi vi du 4.

b) Moi phuong trinh dang y' = f(y) c6 thé gidi tuong tu nhu vi
du 5. . |

¢) Téng quit, moi phuong trinh dang y' = f(x) — g(y) déu c6 thé
giai quyét tuong tu nhu vi du 6. '

Vi du 7 : Tim nghiém téng quit cha phuong trinh :
Xydy — (x2 - yz) dx =0

Ta dat u=2L thiy=ux,vay =u+xu.
X

2y
Viét lai phuong trinh d cho &dang : y' =
Xy
_ 2,4 2 2
Thay u = Y viotacé:u+xu' =2 (-u )=l - ., Vay:
X le.l u
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du 1-—u? 1-2u®

— = —u= , trdotacé:
dx u u
udu2 = El}- L&y tich phan hai v& ¢6 :
1-2u X

2
j’ “d“2=1n|x|+1nC=>—-1-j-d“—'21—) = Inx| + InC
1-2u 47 1 - 2y?

Vay : —%lnll—ZuzlzlnlelnC =

1/4
0=inClx|.J1-2"", wds tacs:

5 /4
C|x|.[1—2%} 1.
X

Chu y 2 : Phuong-trinh dang M(x, y)dx + N(x, y)dy = 0 duge goi

13 phuong trinh vi phan dang cdp n&u M(X, y) va N(x, y) 12 hai ham

ding cdp ciing bac. Céc phuong trinh dang nay duoc gidi theo
y

phuong phap dat u = < nhu & vi du tren.
X

2. Phuong trinh vi phan cip 2

Dinh nghia 1.4.4 : Phuong trink vi phdn cdp 2 giai ra duge d6i
voi dao ham cdp 2 1a phuong trinh c6 dang y" = f(x, v, ) (14}

Nghiém cua phuong trinh (14) 13 ham s6 y = ¢(x) (hoac
¢(x, C) = y hoic ¢(x, Cy, C; ) = y) sao cho khi thay vao (14) thi (14)
trg thanh déng nhat thic v6i moi x. Nghiém dang y = o(x, C. Cy)
12 nghi¢m tong qudr cha (14). Nghiém riéng 1a nghiém nhan tir
nghiém t6ng quat khi cho hing s& C;, C, nhimg gi4 tri cu thé.

Dinh nghia 1.4.5 : Bii todn tim nghiém cta phuong trinh (14)
thoéa man di€u kién ban ddu : khi x = x, thiy = Yo VA Y (Xy) = ¥,
dugc goi 1a bai 10dn Cauchy.
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Ta cong nhan khéng ching minh dinh i sau :
y"=1f(x,y,y") (14.a)

Dinh li 1.4.2 : Xét bai todan Cauchy {y(x,) = ¥, {14.b)
Y(Xo) =y's (140

" Néu ham f(x, y, ¥') lién tuc trong mot 1an cdn U cha (Xg, Yo, ¥'o)
thi t6n tai mot nghiém cla bai todn. Hon nira, néu f'y vé 'y cling
lién tuc trong U thi nghiém &y 1a duy nhAt.

Dinh nghia 1.4.6 ;: Bai toin tim nghiém cha phuong trinh (14)
théa min diéu kién y(x,) = y, va y(x|) = y| duoc goi la bai todn
bién hai diém (y, < y). Nhu vay, bai todn bién hai diém 12 bai todn:

y = f(x,y,¥"), X5 € x £ x4
¥(Xo) = Yo
y(x) =y
Chu y : Bing cach tuong ty, ta ¢6 thé dinh nghia phwong trinh vi

phan c4p cao hon va ¢6 thé phat biéu, ching minh dinh If vé sy tén
tai va duy nhdt nghiém.

§5. SO GAN DUNG VA SAI SO

1. S6 gan ding : Ta néi rang a la s6 gdn ding cia s6 a néu nhu
a khong sai khic a nhidu, hieu s6 A = (2~ — a) 12 sai 56 thuc su
clia a, n€u A > O thi a 14 gid tri gdn diing thiéu, cdn n€u A < 0 thi a
1a gid tri gan diing thita cla a.

Vi ring a n6i chung khong biét nen ciing khong biét A, tuy
nhién cé thé thdy, tén tai A, 2 0 théa man diéu kién :

la’ ~al <A, (15)
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S8 A, thoéa min diéu kién (15) duge goi 12 sai s6 tuyét déi cua a,

-~ A S . - o b = - - hd
con &, = —2 14 sai 4 twong d6i cha a. RO rang A, 8, cang nhod

lal
cang tét.
Chii ¥ : Néu xét doan thing AB c6 s6 do a = 100mét va doan CD
c6 56 do b = 10mét, véi Aa = Ab = 0,01mét. Khi dé ¢6 3, = %
0,01 s o . . P
b= BT vay &, = 108, va phép do doan thiang AB chinh xdc hon

_ phép do doan thing CD. Tir d6 ta thdy d6 chinh xdc clia mo6t phép

do thudng duge phan dnh qua sai s& tuong déi.

2. Lam tron sé va sai so cua phép 1am tron sé
Xét mot s6 thap phan dang t8ng quait :
a= (0. 10°+ ..+ 010 + o+ oy 10P75) (16)
trong 46 o € N, ¥j, 0Ly, * 0,0< a;< Q.

Néu (p—s) 20 thialasdnguyén; Néu(p—-s)=-k(k>0) thia
c6 phdn 1é gém k chil s6, Néu (p-s) - —oo thi a la s6 thap phan
vo han.

Lam tron s6 a 13 bd di mot s8 cac chit s6 bén phéi cla s6 a dé
duoc s6 a gon hon va gin ding vdi s6 a.

Quy tic lam tron : Xét s6 a & dang (16) va ta s€ giit lai dén bac
thit i, phdn bo di 1a p thi :

a = £(0p.10P + .ty 10 + @i . 100)
trong dé :
o nfud <p< ~1—.10i hodc p = l.lOi ma «; laséchin
. l2 1 2
(o + 1)né’up>§.10' ho:ficuza.l[}' maq; las61é
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Ta ki hiéu sai s6 ciia phép 1am tron 13 T',, nhu vay fa -3 (= r,,

orang I', < %.lOi.

Vila —atgla* —al+la-al< A, +T,, do dé khi 1am troq
thi sai s& tuyét d6i ting them I",.
Vidu : a=1,183thi a=118=12=1]
b=-0,183thi b= -0,18 = 0,2 = 0
c=3748 thi c = 3,75 =38 = 4,

3. Chit s6 ¢6 nghia, chir s6 chic

Xét s6 a & dang (16) nghia Ia dugc vi€t duéi dang thap phan, khi
d6, chit 56 ¢6 nghia la moi chit s6 khdc 0 va nhimg chir 36 0 bi kep
gilta hai chir s6 khdc 0 hodc né 1a nhitng chit s& 0 & hang duoc
giit lai.

Xét s6 a & dang (16) :
A=t (a,l0P+ o104 . 4 tp-s. 10P75),
Chit 56 @; & (16) chia 56 a 12 chir 56 chdc néy -
Aa < m.le. ® la tham s6 cho trudc.

Tham s6 o s& duge chon dé sao cho mot chit $6 vOn 12 chic thi
sau khi 1am tron van I3 chit s6 chéc, 5 rang a; 1a chir s6 chic thi
;4 ¢iing 1a chif 56 chic,

Vidul :a=0,01700030

Ta thdy hai chir s6 O ddu tien 1a khong c6 nghia, 14t ca cdc chit 56
con lai ké tir chif s6 1 sang phai déu cé nghia.

Vidu2:a=170134, Aa = 0,001,
Khid6:2a=110°+7107" +0.102 41102 + 3,104 + 41077
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Chon ® = 1 thi a ¢6 4 chit s§ ddu la chic gém 1, 7, 0, 1, con hai
chit s khong chic 1a 3, 4, con néu chon @ = % thiacd 3 chirsé 1,
7, 0 1a chic, ba chif s& con lai 1, 3, 4 13 khong chic.

Bay gi¢s ta s& ban dén van dé chon w.

Gia sif s6 a vi&t & dang (16) va o 1& chic, vay a;,, von 1a chic.

Ta chon @ d€ sao cho khi 1am tron dén diing bac (i + 1) thi ¢6 oy,
vin 13 chic, mu6n vay ta phai c6 :
Aa+T, <010 & 010 + %.10“‘ <o.10™

tr d6 cé6 o = E Tuy nhién trong thuc t€ dé cho tién, ngudi ta

R =]

thudng chon @ = % hosc ® = 1, néu ® = 1 thi ngudi ta néi chirsé 1a

chic theo nghila rong, cdn néu © = % thi ngudi ta néi chit s6 12 chic
theo nghia hep.

Trong cuén sich nay, ké tir nay vé sau, néu khong chi thich gl
thém, ta chi xét chir s& chic theo nghia rong, dong thii ta cling quy
udc ring, khi viét chit s¢ gin ding thi hodc 12 moi chif s6 déu 12
chéc, hodc 1a chi rd sai so.

4, Sai sd tinh toan
Gia st phai tim dai lugng y theo cong thic :
y = (X}, X9, -.s Xg)
- * * * * * * [y - = - [
Goi x = (X),X2,-uXp)h ¥ = f(x ) la gid tri ding con
% = (X[ s Xg). ¥ = f(X) 12 gid tri gdn ddng chiay , Ax; = Ix{ - x; |.

Gia sir f(x1, ..., X,) }a ham s& kha vi lién tuc thi :
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n —
Ay=ly -y 1= 1§(X).enky) = £(x], ox) 1 = D[ P
i=1

véi f', 1a dao ham theo x; tinh tai diém trung gian.

Vi f1a kha vi lién tyc, Ax; khd bé nén :

n -
Ay = Z|f',Li (X1, .. Xg )| Ax a7
i=] '
Vay :
Ay & @8
8y = — =Y |-— Inf| Ax; 18
Y =iy Eaxi nf| Ax; (18)

a. Sai 56 ciia phép todn cong, triy :
) ;
Néu y = ZXi thi y'xl, =1, vivaytacé:

i=1

n
Chi ¥ ring néu t6ng dai s§ y = in bé v& gid tri tuy&t d6i thi
i={
‘é!—' 16n, phép tinh s& kém chinh xdc. Ta khic phuc bing cdch trinh
y f

céng thitc dua dén hiéu cia hai s6 gan nhau.

Vidu3:y=4201 -.2.00

Tacé: y =- 0,01 0,01

= = 0,0035.
V2,01 + 2,00~ 1,42 + 1,41
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b. Sai 36 cua phép todn nhdn, chia
e . L] q-p
Gidsuy = i1'Il X/ 'Hl Xp4i
= 1=

Ap dung (17), (18) s ¢ :

By =8y, + ...+ qu

Ay =Iyl. 3,

C. Sai 56 cua phép tinh liy thia

Xét y = x% (o € R, x > 0), khi d6 8, =lai . ,.

Nhu v4y n€u ¢ > 1 thi d¢ chinh xdc 1a giam di, néu a < 1 thi 4o
chinh x4c ting lén. Néu a = -1 (phép nghich dao) thi d¢ chinh xac
12 khong déi, néu o = %, ke N (phép khai cin) thi d6 chinh xdc
tang lén.

d. Sai 56 ciia phép tinh logarit : y = Inx.

Xét y = Inx, ta cé Ay = 0,.

Vi du 4 : Biét dién tich hinh vuong § = 12,34 va AS = 0,01. Hay
tinh canh cta hinh vuong.

Goi x 1a canh hinh wvudng, thi x = /S =3513 Xé
3g = éSE = 0,008, vy Ax = 1,4.10_3,. tlr 46 thdy ring x ¢6 3 chit s6
chic (trir chif s6 3 cuéi ciing).

5. Bai toan nguoc clia sai so :

Gia sir dai lugng y duge tinh theo cong thitc @ y = f(Xy, ..., X)),

Yéu cdu dit ra 12 cdn tinh Ax; nhu thé nao dé Ay< g, véi ¢ la
cho trude.

Theo biéu thidc tdng quit ciia sai s& tinh todn, ta phai ¢6 :
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Ay = Z 5;(? Axi <&
i=l
Bét dang thic trén s& thda man néu Ax; < I :-:. -
n.if'y

Két Iugn : Néu céc bign X; €0 vai trd "déu nhau” thi ta c6 thé 14y

AX; £ —-E———,khi dé Ay <e.
n.tfy, i _
Vi du 5 : Mot hinh tru c6 chiéu cao h = 3m, bin kinh diy
R =2m. Tim Ah, AR, s6 7 d& thé tich V dugce tinh chinh x4c dén

3 2 . ov 2, OV
0,Im”. Ta €6 : V = gR°h, nén €0 @ -— =R, — =2aRh,
" on 2R

av 9 0,1 0,1
-—=R.VaA=—-—-<0,003;AR= < 0,001 ;
oh " VAT = T3 3672
Ah = 0.1 < (0,003,
And
BAI TAP

1. Xét X = C[a, b) 1a 14p hop cdc ham s¢ thue lién tyc trén doan
[a, b}. V&i moi x, y € X, xét [x + y](t) = x(1) + y(1), ¥Vt € {a, b]. Vi
s6k € R, véi x € X, xét : kx]J(t) =k.x (1), Vt e [a, b].

a) Ching minh ring X 12 khong gian vecto trén R.

b) Goi X 1a t4p hop cdc ham s6 x(t) € X sao cho tén tai dao
ham x'(t) lién tue trén doan [a, b]. Ching minh ring X, 1a khéng
" gian vecto con cta X, ta ki higu X, = C! {a, b].

¢) Xét dnh xa f: X, = C' [a, b] - X xdc dinh bdi f(x) = x'(0)
Ching minh ring f 12 mét anh X3 tuyén tinh.
d) Xétdnh xa g : X = C[a, bl — R x4c dinh bd;i :

g(x) = fx(t) dt.
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Hay ching minh ring g 12 mot phi€m ham tuyén tinh.

2. Xét X 1a tap hop cic ma tran vudng clp n véi phép cong hai
ma tran v phép nhan moét s6 k € R v6i m6t ma tran theo nghia
thong thudng. Ching minh ring X 12 mot khong gian tuyén tinh
trén R.

3. Xét X = Cfa, b} véi phép todn & bai tap 1, sau dé trang bi cho
né mot chudn sau day : Vx € C[a, b, tacé:

Ixll = max Ix(t)].
ast=b

a) Hay chitng minh ring C{a, b] 12 khéng gian Banach.
b) Xét todn tir of : C[a, b) vao Cla, b] xdc dinh bdi :

(c;!x) (t) = _Lbk(t,s) . X(s) ds,

trong dé k(t, s) 12 ham lién tuc theo hat bién t, s trong hinh vuéng
I={(,s)la<gt s<b}.
Hay chitng minh ring 4 12 mot todn tir tuyén tinh.
Hay tinh chudn cia of trong trudng ho’p a=0,b=1.
4.Cho a=10, Aa=0,05.
b =0,135, Ab=0,0001
¢ = 53,74, Ac = 0,004.
Tinh sai s8 tuyét d6i clia :

P=a+b-c
Q=a+10b-6¢
R=c2

s=%a

K =Ina

5. Xét 4nh xa f : R — R thoa man diéu kién sau day :
a) Tén tai dao ham f'(x), vxe R va f'(x) lién tuc trén R

b IFx)<qg<l,VxeR.
Chiing minh ring dnh xa f 12 4nh xa co trén R.
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6. Xétdoan [a,b]c R (-0 <a<b< +0) va dnh xa
f:[a, b] > [a, b] thoa min diéu kién :

a) If(x) < 1, Vx € [a, b].

Chitng minh ring f 14 4nh xa co trén [a, b].

7. Hay chi ra mot 4nh xa khong phai la co.

8. Gi sir H 12 mot khong gian Hilbert.

Ta goi H la khong gian tich duoc néu trong H t6n tai mét 1ap
con dém dugec M sao cho bao déng claMla M=H. Hiy chimg
minh rang : a) L, [0, 1] 12 tdch duge.

b) I, 1a tach dugc.

9. Gia st H 12 mot khong gian Hilbert va he {e;}.; 1a n vecto
trong H, xét dinh thic Gramm :

G =G(ej, ey, ..., e,) = det(< €. €; >Rj=l)-

Hiy chimg minh ring he {ei};;l Ia doc 1ap tuyén tinh khi va chi
khi dinh thi#tc Gramm G la khdc 0.

Chuong I
GIAI TICH S6 TRONG GIAI TICH

I —LY THUYET NOI SUY

Trong thuc t€ tinh toén, ta thudng phai tinh gid tri cha ham s6
y = f(x) v6i x bat ki trén doan [a, b], trong khi chi biét céc gi trj
yi =f(x;), x;€la,bl,i=0,1, ...n O mot s trudng hgp khac,
biéu thic giai tich cBa f(x) 1a da bi€t, nhung qui phitc tap. Vi nhimg
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truong hop nhy vy, ngudi ta thudng xay dung mot ham s6 P(x) don
gian va théa man diéu kién P(x;) = f(x;), Vi=0,1,.,nva x; 2
Xj» Vi#j, Xx; € [a, b] Vi; ngodira tai x € [a, b], x X; thi P(x)
xap xi y = f(x) theo mot d6 chinh xdc nao d6. Ham s6 P(x) nhu vay
duoc goi 14 ham noéi suy cla f(x), con cic x;i 1=0,1, .., n)goi 1a
cdc méc ngi suy. Bai todn xay dung ham s& P(x)nhw vay dugc goi la
bai todn néi suy.

Trong qué trinh xay dung ham P(x), I& tr nhién 1a ta x4y dung
P(x) ¢6 dic tinh twong wr v&i ham s6 y = f(x), ching han néu f(x)
tudn hoan véi chu ki T thi P(x) cling vay v.v...

Dung ham n6i suy P(x), ta ¢6 thé d& dang tinh dugc céc gid tri
f(x) tai x bt ki thuéc |a, b] tuong déi chinh xdc. Tir 46 cé thé tinh
gin ding dao ham, hoic tich phan ciia f(x) trén doan [a, b]. Vi cic
da thifc dai s6 1a don gian nén trudc tién ta nghi dén viéc xdy dung
P(x) & dang da thic dai s6.

§1. DA THUC NOI SUY LAGRANGE

1. Da thic néi suy Lagrange v6i moc bdt ki
Bai todn : Cho x; € [a, b),i=0, 1, ... n, X * X5, Yizj, va

yi =f(x;), i =0, 1, ..., n. Hiy xay dung da thic néi suy L, (x)
théa man deg L (x) < n, Lao(xp)=y,,vi=0,1,..,n
n n
Trudc tién ta xét : (I)j(x) =Hx-x)/1 (xj — % ).
i=0 =0
i=] 1#]
RS rang deg CD}-(x) =n,Vj=0,1,....,nva:
Onéui=)

(DJ (Xi)z{

In€ui=j
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Dit L,(x) = D y; ©;(x) tacé deg Ly(x)sn va L, (x;) = y;,
j=0

vi=0,1,..,n Vay L, (x) théa min moi yéu cdu cua bai todn dit
ra v L,(x) x&y dung nhuv vay dugc goi 1a da thic ndi suy
Lagrange.

n
bat o, X)= H(x -Xj),tacd:
i=0

L ®, 4 (X) .
L (x) n+l . 1)
JZO D= 50 (%) (

Gid slf ngoai ra cdn c6 da thitc L,(x) théa mén céc diu kien
trén khi d6 goi ¢(x) =L, (x) — L, (x)] thi deg ¢(X) < n vi nhan it
nhdt 12 (n + 1) nghiem xg, x{,.... Xy, do d6 @{x) = 0, do vay
Lax)=L,(x). '

Nhu vay t6n tai duy nhdt mét da thitc v6i cdc diéu kién ké trén.

2. Pa thitc néi suy Lagrange voi méc cich déu

Giaso x;,) —%x;=h, vVi=0,1,...,(n-1), x, =a, x, =b. Khi
d6 dung phép déi bién x =X, + th, X; =X, + jh V6 j=0,1,.., 0~ 1

v thay vao biéu thitc cia @;(x) ta dugc :

Wt—1)...(t—n) (-1)°7

@.(x)= .
WS T
Tir d6 ta thu dugce :
Ly(x)= Ly(xg +thy = G —8) Z( l)n " HJ) (2)
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Chi § ring, trong cong thitc (2) thi cdc he s6 (—1)" I Cl Ia
khong phu thuéc vao ham s6 f(x), méc noi suy, budc h nén cé thé
tinh sn va lap bang dé st dung trong qua trink tinh toan.

Nhdn xét - 1) Da théc n6i suy Lagrange c6 wu diém la don giin,
dé tinh va nhuge diém 1a néu thém méc néi suy thi phai tinh lai
tir ddu. :

2) Néu f(x) 12 da thic, deg f(x) < n thi Lo(x) = f(x).
Vidy I : Tinh da thifc n6i suy Lagrange vdi ham s6 y = sinnx véi

x0-=0=a, K1=—é", x2:%=b; trén [0, é_] Ta ¢6 : yOZO,

¥1 =—;—, yy =1, tit dé c6 :

: 1 1

X(x - 2) "["_‘—)

_ 2”1 6
Lz(x)_0+1(l_lJ .2+1(1_lJ .1

6\6 2 202 6

it gon ¢6 L,y(x) = —3x2 + g-x.

Vidu 2 : Cho ham s6 y = f(x) béi bang sau :

x o1 ] 274
y | 1[0 |2

Hiy tinh da thitc n6i suy Lagrange L3(x) cita né trén doan {0, 4}
va tinh gdn ding f(3) bing cich dat : f(3) = L3(3)

Tacé : Li(x) = (x-Dx-2)(x~ 4).1 L X0y (x - 2)(x - 4
O-DO-2)0-4" " (1-0)(-2)1-4)

. (x - 0)(x -~ )(x - 4) 24 x-0(x - 1)(x ~2)
2-02-D2-49 @G-0)d-1E-2)
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rit goncé: Ly(x)= %(-7:;3 +39x% - 44x + 12)

£(3) = Ly(3) = %.

3. Sai s6. Khi thay f(x) bai L (x) thi yéu cdu ddnh giad

21
e
oot

IL,(x) — f(x)I ]a cén thiét tdt y&u (v&i nhimg x # x;,1=0,1, ..., n).
Gia str rang f(x) c¢6 dac ham lién tuc dén cap (n + 1) trén doan (a, b].

Xét F(x) = f(x) — L,(x) - Cwy,y(x), trong d6 C 12 hing s6, dugc
chon tir diéu kién F(X) = 0, véi X 12 diém cdn ddnh gi4 sai 56, tir

) - Ly ®)
1 (X)

do: C

Dé thdy F(x) c6 it nhdt (n + 2) nghiém x,, X},..., X, va X & trén
doan [a, b], theo dinh 1i Rolle thi F'(x) cé it nhdt (n + 1) nghiém
phdn biét trén (a, b), v.v... va F{“H)(x) ¢6 it nhat 1 nghiém

x" e(a,b), nghiala:

My 100 Gy~ Cca+ =0

n+l o *
Vay : = w Tir d6 ta thu duge :
(n+1)!
_ o fODG _
f(X) - Ly(X) =Ti)') w4 1(X).

Goi M= max 1£f0*D(x)| khi d6 c6 uéc lugng :
xela;b] :

M
R, (x) =L, (x) - f(x) < m;mw ()
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He thic (3) cho uéc lugng sai s6 cia ham s& y = f(x) cho truée
va da thitc noi suy Lagrange clia né tai méi diém.

Vidu 3 : Gia sir tinh gin ding sin % bang céch dat sin —:— me

L, [é} vOi Ly(x) 14 da thic & vi du 1. Hiy ude luqi‘ng sai 6.

Ap dung (3) thi : R, [%) <M

o34

3t
Vi f(x) = sinmx nén f(x) = — 7> cosrx nén M = s
3
Vay sat s§ Rz(l < ! ~—,khi d6 sin Ez—zi.
8 6 g3 8 64
- 4. Mée noi suy
_— - ) M
Khi udc lugng sai s6 ta c6 L, (x) - f(x)l < pYY Ty, (x)1.

Trong muc ndy ching ta s& chon cic méc ndi suy X;j €fa;b] dé

max log,;(x)| 12 nhd nhdt. Nhan xét ring véi phép ddi bién
x€[a,b]

t = [2x - (a + b)] thi doan [a, b] chuyén thanh {1 ; 1], do

1
(b-a)
do luén 6 thé xét ba1 todn néi suy trén [—1; 1] véi cdc méc noi suy
thuéc doan [-1 ;

a. Da thiec Chehyshev
Xét ham s6 T,(x) = cos (n.arccosx) véi ixl < I,neN".
D¢ thay : Ty(x)=x

T(x) = 2%2 -

Tr(x) = 4x3 - 3Ix
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To(x) =8x* —8xZ + 1, vv..
Ding céng thifc cong géc ta dé dang chitng minh :
Tot1 (X) = 2x T (x) = Ty (x) (4)
Viy, T,(x) 12 da thic dai s6, deg T, (x) = n va h¢ s cao nhat la
2"l
Pa thirc T, (x) d6 dugc goi 12 da thifc Chebyshev.
Nhan xét rang : '
1) T,(x) c6 ding n nghiém la:

X =cco${21 * l]f:, i=0,1,...,(n-1)
2n

vi nhu vay moi nghiém ctia T,(x) déu thudc (-1 ; 1].
Z)nyﬁul'l‘n(x)lzl khi x = x; =ccas.i?fr vaii=0,1, ... ,n
Hon nifa, T,(x;) =1 v6i i chin vd T,(x;)=-1 vdiile.
b) Chon ﬁéi' néi suy .
Ki hiéu E 14 tap hgp t4t ca cdc da thitc hé s6 thuc bic n (n 2 1)
v6i hé s6 cao nhit 12 1 trén [—1 ; 1]. Xét phi€ém ham ¢ :E >R’
xdc dinh béi : (P)= max [P(x)| véi moi P(x) € E.

xel-1;1]
Pinh i 2.1.1 : Da thiic Tl]- T,(x) 1am cyc tiéu phiém ham ¢.
-

Chitng minh
1

21'!-1

That vay, rd rang @[——l— T, (x)J =
21'["‘

Gia sfr ¢é da thitc P(x) € E sao cho : ¢p(P(x)) < L

2ﬂ—l

46



Khi d6 xét Q(x) = [Ean. Ty(x) - P(0) thi Q(x) 1a da thic ¢

deg Q(x) £ (» - 1), mat khdc vdi X; =cosZ, i=0,1,.., nthi:
n

COSiT

Qxi) = l: o
nhdt n nghi¢m, vo 1i. Dinh 1i dugc ching minh.[]

Tir dinh I trén ta riit ra ring : n&u chon cic méc ndi suy chinh la
cdc nghiém ciia da thic Chebyshev thi ham s6 :

- P(x, )J ¢6 dau duong am luén phién, vay Q(x) cé it

1
Wy 41 (X) = '2'n_Tn+] (x)
lam cuc tiéu phi€ém ham ¢ vi udc lugng t6t nhdt cha phép noi
suy la :

M_ 1
(n+1) o0’

Ry(x) =1L (x)-f(x)| <

§2. DA THUC NOI SUY NEWTON

1. Khdi ni¢m vé ty sai phan va mat vai tinh chit

Gia s ham s6 thyc y = f(x) xdc dinh trén [a, b} va Xj € [a, bl,

(Vier = ¥i)
Vi=0,1, .. 0; x; #xj, Vi=j. Khi d6 tj s6 — I 40 goi
o (Xi41 —%;)

1a ty sai phan cdp 1 clia ham s6 y = f(x) tai x;, X (i=0,1,..,n-1)
va duge ki hién 12 f(x; ; x;,)

Ty $6 [f(Xj41 5 Xi42) — £(X; : Xj,1)V/[Xi42 - X;] duge goi 1a ty sai
phan cap 2 cia ham s6 y = f(x) tai X; va dugc ky hiéu la
f(x; 5 Xjey 5 Xi42). '
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[f(xiH ey xi+k) it f(xi;...; xi+k—2)]

Téng quit, ty s6 : _
Kivkc — %))

dugc goi la ty sai phan cdp k cia ham s6 y = f(x) tai .x; va né duogc
k}'l h1éu 1a f(Xi N ST . ;xi+k)'
) K f(x;)
Tinh chdt 2.2.1. f(Xy ;.. X )= Y ———
: i=0 D+ (X0) _

Tinh chadt 2.2.2. Ty sai phan 12 ham d6i xdng déi vai cic x;.

Tinh chdt 2.2.3. Ty sai phin cdp (m + 1) clia da thic bic m 1a
ddéng nhat 0.

Hai tinh chdt ddu coi nhu la bai tap, & day ta chitng minh tinh
chat 3.

That vay, gid sir P(x) 14 da thic bic m, ta phai chimg minh
P(X; X3 Xj 5 i Xm) =0, Vx € [a, b] va (m + 2} 50 X, Xq, ..., Xpp 12

d6i mot khdc nhau. Ta c6 : P(x ; xg) = 20— P&i) 13 ga thie bac
X - Xq
(m - 1), tr d6 ¢6 P(x; xg 3 %) = Lok "?) - P(’)‘O *X1) 12 da thic bac
X—-X

{m — 2). Bang phuong phédp quy nap todn hoc ta chimg minh dugc :
P(X ;X5 s Xy 53 x;)lﬁ da thitc ¢6 bac [m — (k + 1)} ;
Vay P(x Xy 5...5Xp 1) 12 da thite bac 0, tir d6 =

P(X:Xp o3 Xmo1 X)) =0.0]

2. Pa thifc noi suy Newton v6i mdc bat ki

Gia sit ham s8 thuc y = f(x) xdc dinh trén doan [a, b] va
x;€la,b),i=0,1,....,nva x =X, Vi # j. Goi L,(x) la da thic

ndi suy Lagrange cha ham s6 y = f(x), ki hieu L (x:;x,},
Lo(x;Xg:%(), v.v... 12 cdc ty sai phan cla L (x) tai x.
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Khi dé ta c6 : Lo(x ;%) =

La(x) =Lp(Xo) + La(x5Xg).(X = Xg)

Lax:%g) - Ly (Xg ;5 Xy)
X—-Xy

laicéd: Ly(x;x,:%))= ,trdé ritra -

Laxix)=La(Xg s X))+ La(x 5 x5 i X0 (x — X))
Tuong tirta ¢é :
Lo(x:xg: X ) =LyKg s s X ) + Lp{X 5 Ky 5o X)) (X~ X))
T dériatra:
La(x) = Lp(xg) + Ly(Xo s X )X — X ) + Ly (Xg 5 X1 5 Xp M(X — X)X — Xy)
+ o+ Loxg 1% 50 X )X = X Mx = X)) . (X =Xy _¢)

Péy L (x)=y; =f(x;) vd L (Xg5 X5 3 X ) = (X3 Xq 5o s Xg)
Yk=1,...,ntacod:

Lo(x) =flxg) + f(Xg s X1)(Xx = X5) + f(Xg 1 Xy 1 Ko MX = X XX = %x1) | (5)
FooF fg Xy X HE = X)X = X)) o (X — X))

Pa thitc L,(x) cho bdi céng thitc (5) duge goi 1a da thic nbi suy
Newton v3i mdc bat ki, * _

Chit y : 1) N€u theém moét vai mé&c nodi suy thi d€ tinh da thitc néi
suy Newton, ta chi tinh thém mot vai s6 hang mdi, khong phai tinh
tir ddu. Day chinh 12 wu diém cin bin cha da thitc nodi suy Newton
s0 v&i da thiic ndi suy Lagrange.

2) DPa thic ndi suy Newton ciing chinh 13 da thic ndi suy
Lagrange O dang khéc.

Vidu 4 : Xét ham s6 y = f(x) cho bdi bang :

x loj112]4
y | o[ 1] 8164
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Hay tfnh da thitc ndi suy Newton clia né
Bang t¥ sai phan :

X 1Y |TSPcédp1 TSP cédp 2 TSP c4p 3
0 0
1
1 1 3
7 1
2 8 7
: 28
4 64

Ap dung céng thiic (5) ¢6 L3(x) = 0 + 1(x = 0) + 3(x - O)(x ~ 1)
+ 1(X = 0}(x — 1)(x — 2), riit gon c¢6 L3(x) = x3.

3. Khai niém vé sai phan va mét vai tinh chét

Gia sir y = f(x) 12 bam s6 thyc, lién tuc trén doan [a, b],
h = const = (.

Khi d6 higu 56 : Af(x) = f(x + h) — f(x) 12 sai phan c4p 1 cia ham
s6 y = f(x) tai x. Mot cdch 16ng quét 6 :

A°f(x) = f(x)
Alf(x) = Af(x)
AME)=AA"1(x),ne N,n2 1.

14n lugt 12 sai phdn c8p 0, cdp 1, ..., cdp n cha ham s6 y = f(x) tai x.

Tinh chdt 3.2.4. A la todn tif tuyén tinh xdc dinh trén khéng gian
vectd X cdc ham s6 thuc xdc dinh trén doan (a, b]. Nghia la,
Va,BeR, Vi, ge X, taco:

Alaf + Bg) = aAf + BAg
A(c) =0 véi ¢ = const

Tinh chdt 3.2.5. A"(x") = n!n"
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A"™M =0, Ym>n.

That vay, AxMy=(x+h)" —x" = nhx" 2 &+
A2(x™) = A(hx™ 1) + ...
=nhAG" D+ ..
= n(n - l)h2 x"2 4
Tir d6 - A"(X"™)=n(n —1)... Lh® = n ! k"

Dé ching minh ding thic A™(x")=0 ¥m > n, ta nhé ring
¢ =const thi Ac =0 '

Ngoai hai tinh chit néu trén, ta cé thé thdy sai phan con cé mot
6 tinh chit nita, ching han :

Tinh chdt 3.2.6 :

a) f(x + nh) = > C}L A f(x).
i=0

b) A" f(x) =D (-I'CLf(x +(n - i)h).
i=0

c) N€u f € C"[a, b], h-d4 nhd thi :

f(l'l)(x) - é.r_]_fr_f}_)_

4. Pa thiic néi suy v6i méc ciach déu
a. Da thitc ngi suy o ddu bdng : Gid st X, <X) <..<X, Vi
Xip1 —X{=h,¥i=0,1, .., (n— 1). Ta tim da thic n¢i suy L;(x)

O dang : LX) = a,+a(x—x,)+ay(x —x)x — %)+ ...+

ap(X = Xg) ... (X — X,_1). Néu thay thé x lan luot 13 x,, x{,..., X, va
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chi ¥ rang La(x;) = f(x;) = yi» Vi=0, 1, ..., n thi ta sé ihu duoc :

A A
ao=yo’a]=%,-n,ai:—'—'ﬁ_1‘fl 5 chH

A Azy
L (x)=y, + Tyl‘]’(x —Xo) + 2!h; (x —Xo)(x — x;) + -t

Ao oy xmx )

n‘h"

Néu ta déi bi€n x = x+ th, X=X, +jh,j=0,1, ..., (n— 1) thi ta cé:

L (xo +th)=y, + Aly" +A2y°t(t D+. +A y“ t(t -D..(t-n+1) (6)

Cong thic (6) cho ta da thic n6i suy Newton & ddu bang
b..Da thitc ngi suy J cudi bdng : Gia sif ring x, < Xy < ... < Xp,

Xis1 ~Xj=hv6imoii=0,1, .., (n - 1). Ta tim da thic néi suy
Lagrange & dang :

La(x) =ag +a)(x - x) + ap(x ~ x )X = x,~ (} + ...
+ag(x — xp)(X ~ x5 ) oo (X~ Xg). '

Néu thay the x 14n luot 12 x, x; _ |, ... , X, va chd ¥ ring L, (x;)

= f(x) = y, Vi = 0, 1, , n thi ta s& thu dwoge

1'h

AYn-i S N
A5=Y¥n. a1 = : ,---,.an = h:" T dotacs:
Ay - A%y, o
L,(x)=y, + (x—-x5)+ S1h2 (X —xp)(x —Xpu_g) + .

Aﬂ
+ '::(x—xn)...(x—xl)
n!
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Néu ddi bién x = x, +th, X, =x, —(n—jh, j=0, ..., n,tasé c6 :

Aya1 . Ayas
Lp(x, +th) =y, +. T t+ 2 Wt +1)+... (7)

+é—-¥;9_l(t+l) (t+m=1)
n!

Cong thic (7) cho ta ‘da thic ndi suy Newton & cudi bang.
c¢. Da thic ngi suy Newton & giiia bdng

Nhan xét rang da thirc n6i suy Newton & ddu bang hay cuéi bang
mang dic trung 12 mot phia. Trong nhiéu trudmg hop, viéc 4p dung
cong thitc ndi suy chita nhitng gia tri trudc va sau gid tri ban ddu sé
¢6 lgi, trong nhiing cong thic ndi suy nhu vay ngudi ta thudmg ding
cong thife sai phan trung 1am. Trong muc nay s€ trinh by mot cong
thic dang "mot ti€n, mét 1ui”.

Gid strx; = x, +ih (i =0, + 1, ..., + n). Ta s& tim da thiic n6i suy
adang :

Lop+1 (X} =25+ a)(x — x5) +ay(Xx — x) }{x - X} +
+a3(X - X X —x)E-x)+ ..
tag | X-X -1y - (K= X DX =K HX = X)) . (X=X ) +
+ 2y, (X — X)) o (X — X ME = X)X = Xp) . (X=X - )
Néuthay x ln lugt bdi x; (i=0,+ 1, +2, ., +n), chiing ta s& c6 :

3
_ Ay Ay, Ay,
Yo M T T e Y e

A_Zi_l}’-i APy

Ay - | = ————————, ay; = ———.
U @it P iy p?

53



Tir d6 ta nit ra :
2

Ay_ A%y
Lons1(X) =y, + l!h‘(x—xo)+ 2 (X = X_ X ~ Xg)
3
A'y_
+ y32(X-X_l)(x—xo)(x—xl)+...+
3'h

2n-1
A" Y_n_

+
@n-D!h2l

X=X (n-py)e (X X UK~ X HX = X X=Xy 1)

' 2
+ Ay 4

2 K27 (X = X_p )X = X HX = X XX~ X))o (X = X )
n)!

N&u diing phép déi bién x = x_ + th, thi ta rit ra :

AZy_ Ady_
Lont1(Xo +th) =y, + Ay_lt+ Y lt(t+1)+ Y2 ot + It — 1)
11 21 31
A2n—l
-n
tot SRS D DU - D -0+ D)
2n
S Y inyttn-D). DD (t-n+1)  (8)
(2n)!

Da thic dang (8) duge goi 14 da thifc noi suy Newton dang "mot
ti€n, mot Li".

Nhdn xét : 1) Da thitc noi suy Newton dang nay hay dang khic
van chi 1a cdch vi€t khdc nhau clia da thitc néi suy Lagrange.

2) Néu cdn tinh gi4 tri f(x) tai x gén x, thi nén dung da thitc noi
suy Newton & ddu bang, ¥ nghia tuong ty cho nhing da thic n6i suy
Newton & cudi bang va giita bing.

5. Mot 56 vi du va img dung

Vidu5:tinhS,=1+4%+7%+ .. + 3o+ 1)2
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Ta cé : AS, = (3n +4)°, A%S_ = (18n + 33), A’S, = 18, vay ta

cé bang :

no s, | as, | A% ?

n A SI’I

o |[1]
117

2 |66 | 31
100
3 1166

49 18]

Tt dé rat ra :

Snh =l+16n+-:;—:i:n(n—1)+%n(n—l)(n-2).

Ritgonco: §, = 3n° +En2 +Hn+1.
n
Vidu 6 :Tinh S, = k—"'l
k=1 Ko
k! k! (k-1 (k - 1!
n
VaySn=ZA[ 1 )= Pl L
7 k-Dtj  n! o0 n!

Nhan xét : Phuong phdp & vi du 6 vira xét it ¢6 hiéu luc trong

n—1
nhiéu bii todn dang tinh téng : Z fy =8,
k=1
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Dé tinh t8ng nay ta khai trién :
fe=Aug=u, | -

Twrdéritra S, =u, —

- H]
Vidy7:Tinhténg S, = Y sinkx  (sin %;e 0)
k=1

Tacé: Acos(k — —;—)x =cos(k + %)x —cos(k — %)x =

= —Zsin(kx)sin (%x).
. . 1 i
Tt d6 : sinkx = — Acos(k — —)x
. X 2
2sin—~ -
2
< 1 & 1
V i = —_—— =
iy Zsmkx — Z Acos(k 2)x
k=1 251,115 k=1

=~ I " [cos(n + —l-)x - cosij.
ZSinE 2 2

. n+l n
sm~—xsm5x
Rit gones: §, =

X
51—

§3. DA THUC NOI SUY HERMITTE

a. Bdi todn : Hay tim da thitc noi suy Hy, , { (x) théa min cédc

diéu kién : a)deg Hy, , | (x) < 2n+ |
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b) Hy, . 1 (xp) = f(x)), Vi=0,1,...,n
) Hop 4 1 (X =f(x;), Vi=0, 1, ..., n

trong d6 x; € [a, b], x; # X; Vizj,conf (x;) va Hy, , ¢ (x;) tuong

ing 13 dao ham cilia ham s6 f(x) va Hyp | (X) tai x;

b. Su tén tai. Cé6 thé ching minh ring da thic H,, , 1-(x) dudi
day théa man cac yéu cdu trén va nguoi ta goi nd 1a da thic ndi suy
Hermitte.

n (0;.1 (Xi) .
Hypy (X) = z f(x) 1~ +1 (x — x;) +
i=0 @ 41 (X
+ £1(x )% - x7) } “nr1 ) )]
(x = %)@y 41 (X1)

c. Nhdn xét : Da thitc n6i suy Hermitte ¢é dac di€m rieng khéc
véi da thic ndi suy Lagrange va da thic ngi suy Newton 13 ngoai
cic yéu cu vé sy tring nhau gia da thitc n¢i suy va ham s6 di cho
tai cdc mdc ndi. suy thi con ¢6 yéu ciu vé su trung nhau cila cdc gid
tri dao ham cua ching.

Vidy I : Hay tinh da thic néi suy Hermitte cla ham s6 y = f(x)
trén doan [0, 2] dugce cho boi bang :

X 0 1
y 0 l
y 0 2

Tacd:x,=0,%x; =1, % =2 f(x) =0, f(x7) =1, f{xy) = 2,
F(xx) =0, f(x) =2, (X)) =0, 03(x) = x(x — 1 }{x - 2).
Ap dung cong thirc (9) v6in = 2, ta cé :
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Hy(x)=1 f(xo)[1 - ©3%o)) Cxg)+Fxg)x —xg )b | @ty
@(Xo) (X = %)% (Xo)

o 2
+ f(xl}ll—wg(x’)l(x—x1}+f'(x:}(x—x1) o)
@3(xy) (x ~ %)@y (X))

2
+ Tl - 2302) I(x = x3) + (X2 0(x - x3) — o)
@3(X7) (x - xp}wy(x,)

Thay s6 ¢6 : Hs(x) = %(x5 sxt a3 - xz).

§4. SPLINE DA THUC

Céc da thitc dd xét c6 mot han ché€ can ban 1a néu ting s6 mdéc
ndi suy Ién thi bic cia da thitc ndi suy ciing ting lén, diéu nay rat
khong thuén tién trong viéc tinh todn. Nhdm khic phuc han ch€ dé,
ngudi ta di dé xudt nhiing giai phdp khdc nhau, ma mot trong nhiing
gidi phap la noi suy ham s6 v = f(x) biing cac Spline da thic.

Trong muc bay, chiing ta trinh bay mdt vai khdi niém ban ddu vé
nodi suy ham s6 y = f(x) nho spline da thiic bac 3 ndi suy.

Xét phén hoach a = x, < x| < ... < X, - 1 < X, = b. M6t spline
da thie bac 3 trén doan [a, b] véi phan hoach (r) 43 cho 14 ham
s y = S(x) théa mdn hai diéu kién sau day :

1) $(x) € C[a, b]

2) Han ché ciia S(x) trén mdi A; = [x; ; x; ; ;] 12 mot da thirc dai
s6 (S(x)1a;) v6i deg (S(x)lp;) <3, Vi=0,1, .., n.

Gia str rang y; = f(x;) vA y', = f(x;} 12 cdc gid tri cha him s6 va
dao ham cia y = f(x) tai cdc x; (1 = 0, 1, ..., n) 12 da cho. Bai todn

dat ra 1a tim spline da thic biac 3 néi suy théa mén :
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S(Ki) =¥ > S‘(xi) = y‘i N Yi= 0, l, .
Dé gidi quyét bai todn nay, taki higu hy; = (x; .| -~ x,),i=0, 1,
=1 vam;=58"(x)),i=0,1, ... n

Vi 8"(x) Ia da thitc bac < 1 trén A; nén c6 thé viét
S(0ka; = ai(xy 4 1 — %) + B(x ~ x))

Thay x = x; thi ¢6 m; = a;h, , do vay aiz%.
1

Thay x = x; , | thi cé = Bihy; = it
yX=x;,ythicobm; | =Bh;nén B = .

t
Vay S(x)la; c6 thé viét dudi dang :
m; 3 M 3
S(x)a; = —(Xj41 —X)” + 2 (x - X)) + E(xi3 — X) +7(x ~ X;
( )A} 61’1]( i+ ) 6]'li ( 1) §( i+1 X) 7?( 1)

Tuong tu nhur trén, thay x = x; va X = x; , { ta thu dvgc :

5 _ _)l _ m'ihi va 7= ¥Yi+l _ mj hi )
h, 6 h, 6

1

Thay tré lai biéu thitc S(x)la; thi 6 :

S(X) lAl = _ﬁT’i(xH’l - X) + T‘tl(x - x; )3 +
Yi _ mih; Yier My hy
b Al AR . X -x, 10
(hi 6 J( l+l. ) [ hi 6 ( ;) (10}
L4y dao ham ta cé :
' m; 2 Migg o)
S(X)’ﬁi :_-ZTI-(XH’I -X) +7;-;i—(x -xi)

t

(v _mihy | [ Yier miahy
h 6 h; 6

Chi ¥ dén diéu kién S(x) € C” [a ; b], nén tai cde x; (i = 1, 2, ..
(n — 1)) thi dao ham hai phia 12 bing nhau, tir d6 thu dugc mot hé
gém (n — 1) phuong trinh véi (n + 1) 4n 12 m; duéi day :
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o _Yiar T Y Y-t
6 3 6 ' h; hi

Néw data = — M va b= [Yiﬂ_)"i Yi“Yi—l}

hi_t + b "hip + by h; b1

thi he tren dugc viét dudi dang -
{(1 - ai)mi_l + 2mi +a;m = bi

1<i€n-1

Chii ¥ dén hai diéu kién S'(xy) = y;, va S'(x;) = y,, ta thu dugc
hai phuong trinh :

6 -
2m, + my =H_{‘YIT¥'9’"YGJ=IJ0
o o

6 ¥n ~ ¥n-1
m, 1+2m,=—-iy, ——————1i=b
n-1 n by (}'n by ) n

Ghép hai phuong trinh nay vao hé trén ta duoc hé :
2mo + my = b(.‘l
(1-2a)mg + 2m; +aym; = by

(1—a)ym; +2my +m =b
1 2 3 2 an

(0-aym,_ 5 +2m,_| +a,_ym, =b,_,4

my,_y +2my =b,

Nhan thdy hé (11) gém (n + 1) phuong trinh, (n + 1) 4n, déng
thoi ma tran hé s6 c6é dang dudng chéo troi, vay hé cé duy nhat
nghiém la m = (m, ; my . ... ; m,). Thay th€ cidc m; vira tim dugc vio
S(x} thi ta c6 da thirc Spline S(x) théa min diéu kién bai todn dit ra.
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II - XAP XI PEU

VA PHUONG PHAP BINH PHUONG TOI THIEU

Bai todn tim da thifc ndi suy Lagrange ciia ham s& y = f(x) xét &
trén ¢6 thé nhin nhan lai nhir sau : Xét X 1a tap hop cic ham s6 xic

dinh trén doan [a ; b] va X; 12 tap hop con clia X gém cdc ham s6 13
da thifc trén [a ; b]. Véi mbi y = f(x) € X thi v&n dé tim da thic noi
suy Lagrange cila né duoc hi€u 1a tim phén tir L (x) € X, sao cho
La(x) 1a xdp xi ciia f(x) theo mét nghia nio dé.

V@i cach nhin nhu viy ta c6 thé dit bai todn tdng quét sau day :
X¢t X la khong gian Banach va X; 12 mét khong gian con déng coa
né. Vi méi phin tiry € X cho truée hiy tim ¢, € X, sao cho :

llg, —yll = inf Il —yll=d(y,X,)
peX,

Khi d6 vai m6i khong gian X véi chudn L./l twong tng thi ta duge
mot bai todn xdp xi cy thé. Dudi day ta xét vai trudmg hop thudng
g3p quan trong nhat.

§5. XAP Xi bEU

L. Xdp xi tt nhit trong khéng gian Banach

Bai todn : Cho X 13 khong gian Banach va X la khéng gian con
hiru han chiéu cia né. Vé6i mdi y € X cho trude, hay tim ¢, € X
sao cho ;

E(y) = llpo - ¥l = &(X;. ¥) = inf flp — I (12)
peX;

Néu phén tir @, 12 tén tai thi né dugc goi 1a x4p xi 6t nhat clia y
trong X,. Chi ¥ ring néu y € X thi bai todn 12 t4m thudng vi cé
thé thdy ¢, =y, do vay ta chi xét y ¢ X,. Goi r = Ilyll v xét hinh
cdudéng : S={p e X,, lipll < 2r} X,
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Néu ¢ € (X ~ S) thi Hig —~ yil = lol-llyli > r = Hy — Oll, véi 6 1a
phén tir don vi trong X, vay ¢ khong phai 1a xdp xi t6t nhat. Tu d6
rit ra rdng chi cdn tim ¢ € S la da.

Vi S déng, gi6i noi trong X nén S compact. Xét phi€ém ham :
$ : S - R xdc dinh bdi $(p) = g — yli thi

(0} — (@) =1 o ~ yll - o' — yil | < llg — @', Vo, ¢ € S, vi
vy ¢ 1a lién tuc trén S compact, do d6 ¢ dat cuc tiéu, tic Ja tén tai
@, sao cho llg, ~ yll = inf lip — yli.

oS

Viy t6n tai phdn tir x4p xi tot nhat @o- Nhur vy tacé :

Pinh Ii 2.5.1 : Néu X, la khéng gian con himu han chiéu cia
khong gian Banach X thi méi phdn tir y & X déu c6 phén tir x4p xi
t6t nhit trong X,

N6i chung thi phin tir x4p xi t6t ohdt 1a khéng duy nhat, tuy
nhién cé khang dinh sau :

Pinh Ii 2.5.2 : N&éu X 12 khéng gian Banach 16i chit (nghia 1a V1,

g = 0, trong bit ding thic [If + gil < lIfll + ligll thi d&u =" xdy ra khi
va chi khi f = ag, o > 0) thi phan tir x4p xi t6t nhét 13 duy nhét.
Chitng minh

That vay, gia sit ¢ vd @, 12 hai x4p xi t6t nhat cia y, nghia 1a :
llg, ~ yl =g, ~ yli = d > 0. Khi d6 ta 6 :

dsuy-ipl”Tq’&ug%(uy—cp, i+ Hy~ gy i) =d

1 1 1 |
Vay ll—(y — iy =) ll=l—(y — @) + 1 =(y — o)l
ay 2(y <P|)+2(y Py) 2(y o+ 2(y ©y)

Theo gia thi€t X 1a 16i chat nén

] 1
—(y — =u—{y - via>0
2(y ;) 2(y ©y)
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kéo theo y ~ @ = & (¥ — ¢,). L4y chudn hai v€1a c6 d = ad, suy ra
Dinh If duge chétng minh. O

2. X4p xi déu t6t nhat
Trong muc nay ta xét X = C [a ; b] 12 khong gian cdc ham thuc
lién tuc trén doan [a ; b] véi chuin cho bdi :

lloll = max lp(t)l
- tela;b]

va X, la khong gian con cia X sinh bai {1, x ..., xn}. Khi dé, theo
nhimg khao sdt & myc trudc thi véi mdi y € X, t6n tai mot x4p xi 16t
nhit QJ(x) c6 dang :

4]
Qh(x) =Y ax!
j=0

Ngudi ta goi né 1a da thitc x4p xi déu 16t nhét clia vy,

Dudi day ta s€ tim diéu kién c4dn va di d€ mot da thic

Qu(x) € X la xdp xi déu t6t nhat mot ham s6 lién tuc y € X.

Dinh Ii 2.5.3 (Vallee ~ Poussin) : Choy e C[a; b} = X va
Qu(x) € X;. Gidasttdntai (n+2) diéma < x, <X <...<X,,; <b
sao cho : sign [(~1)i (y(x)) - Qu(x;))=const (i=0, 1, ...,n + ).

Khi d6 | E(y) = Pin)f( lly -PCll2m = min 1y(x;} — Q.(x;)I| (13}
€X, i

Chitmg minh.

Néu m = 0 thi hién nhién dinh If ding.

Xét m > 0. Néu trdi lai, ¢6 da thic x4p xi déu 16t nhat Q7 (x)
ma 11Qp(x) — yll = E(y) < m. Khi d6 ta c6 sign (Q,(x) — Q% (x))
= sign [(Qy(x) ~ Y(x)) = (QY(x) — y (x))]. Tai x; thi :
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1Q,(x;) — yOx;b = !Qg(xi) ~ y(xj)| nén
sign (Qp(x;) — QR{x;)) = sign (Qu(x;) — y(x;)).
Tir gia thiét sign (—1)' (y(x;) — Q,(x;)] = const (Vi =0, [, ..., 0 + 1),
ta suy ra ring khi chuyén tlr x; sang x; , | thi dai lugng [f(x) — Q. (x)]
ddi d4u.
Vi vay, [Q,(x) - QQ(x)] déi dau tai (n + 2) diém ; chi ¥ rang
deg [Q,(x) — Qa(x)] < n, nén d6 12 diéu vo Ii.
Dinh 1i dugc ching minh. O

Pinh li 2.5.4 (Chebyshev) : D€ da thitc Q. (x) 1a da thic xdp xi
déu tot nhdt mot ham s6 lién tuc y(x), cdn va di 12 ton tai trén
{a ; b] it nhét (n + 2) diém x,, X}, .., X, 4 | a0 cho:

y(xp) — Quxp) = a(~1)" lly — Qyl (14)
Yi=0,1,...,(n+1}; a=1(hoac -1).

Cic diém x,, X1,
Chebyshev.

e Xy 4 1 Qugc goi 1a cdc di€ém luan phién

Ching minh.

Diéu kién dit : Ki hieu L = lly ~ Q_ll thi L = m < E(y). Mat khc,
E(y) < ly — Q Il = L. Vay L = E(y) va da thic Q(x) la da thic xép
xi déu 6t nhdt. Diéu Kién cdn ta cong nhan, khong chimg minh.

Nhin xét ring C [a ; b] khong phai [a khong gian 16i chat (xét f = I,
g = x trén doan [0 ; 1] thi Il = 1, Iif + glt = 2. Vay Ifll + gl =1If + gil ;

tuy nhién f va g 12 doc 1ap tuyén tinh) Vi vay ta khong sit dung dinh
li duy nh4t ctia phin tir x4p xi déu t6t nhét dugc. Tuy nhién ta ¢d :

Pinh I 2.5.5 : V6imbi y € C[a; b], phin tir xdp xi déu t6t nhét
ciia né trong khéng gian X, = {1, x, x2, ..., x"} 12 duy nhat.
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Ching minh.
Gia sir tn tai hai da thitc bac khong qud n x4p xi déu t6t nhit
cua ytrén {a; b) 1a Qh(x) va Qﬁ (%) sao cho:

lly — Qhil=1ly — Q2
Khi dé -;-(Q}1l +Qﬁ) ciing 12 da thiic xdp xi déu t6t nhdt.
That vay :

i 1
ly -2 (Qu + Qi< =(ly - QI+ ly ~Q} ) = Eq (y).
Xét Xy, X| » .oy X 4 ¢ 12 (n + 2) di€m luan phién Chebyshev ciia

-;—(Q,l1 + Qﬁ), Iic 4y ta ¢o :

=E (¥), Vi=0,1,...,n+ L.

l%(QL (xi) + QE(x) - y(x;)
Tir 46 riit ra :

QL ex) - yixi ) + @) - yx; )] = 2Ea(®) (15)
Viy :

2E, (9) =@k x;) - yx ) + (Q2(x;) - yix))|
<lQb o) - yexo |+ [Q2x) - yex)|
<1Ql -y +1Q2 —yl=2E (y).

Tirdétacé: |Q£.(Xi) - y(x; )I =|Q%(xi) — y(x; )| =E,(y), Vi=0,
l,...,n+1

QLX) — ¥ = X (Q2(x;) — y(x;)), voi A; = % L.
Thay vao (15) ta cé :
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1+ 2012 - yoxp)l| = 2EG).
Tir d6 2 (1 + A |Q2(x;) - yxp)] = 2EM) = (1 + 4)E(y) = 2E(y)

nén A; = I va QL(x)=Qi(x{).Vi=0l...,(n+1). T d6 c6 :
Q! (x) = Q2(x), vy da thic x&p xi déu t6t nh4t 13 duy nhat. O

Pinh nghia 2.5.1 : Gid st @u(x), ..., ¢(x) € C[a; b], khi dé
biéu th!.’r(; D(x) = ajp,(x) + ... + a,0,(x) v6i a; € R, Vi= 0,n duge
goi 1a mot da thiic suy rong theo he {0;(x))1'- o. He ham {q;(0}1,
duge goi la hé Chebyshev néu nhu méi da thic suy rong thuc sy

o .
P(x) [Z ai2 >0] c6 khong quéd n nghiém trén doan [a , b].
1=0

Pinh Iy 2.5.6. (Dinh 1i Haar) : Gia su

X; la khong gian con clia C [a,b] sinh bdi hé {(pi (x)}?zo. Diéu
kién cdn va di d€ tén tai duy nh4t phin t x4p xi déu t6t nhat coa y
€ Cla; b] otrong X, la hé ham {g;(x) _¢ 12 hé Chebyshev.

3. Mot s6 vi du

Vidu 8. :XétX=C[0; 1] thihe {1, x, xz} 12 hé Chebyshev, con
hé {0y, ¢}, @, = X, @ = x* khong phai I2 he Chebyshev.

Vi du 9 : Cho ham s6 y = y(x) lién tuc trén doan [a ; b]. Hiy xdp
x1 t6t nhét né bang mot da thirc bac 0.

GoiM= max y(x)=y(x;) ,m= min y(x)=y(x;)

xela;b] xela;b]

m+ M

Khi d6, né€u dat Q,(x) = thi :

M-m M-m

y(xy) — Qplxy) = » ¥{(Xg) = Qp(xg) = - 5
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vi lly — QI = 3“-;——

Chebyshev. Nhu vay Q,(x) la da thic x4p xi déu t6t nhét bac 0 cua
y(x}) trén {a; b].

Vi du 10 : Cho ham s6 y(x) 16i trén doan {a ; b]. hay tim da thic
bac nhat xdp xi déu t6t nhét cia né.

Néu y(x) 12 ham bac nhét thi da thic xfp xi déu t6t nhét la
Q;(x) = y(x).

"Néu y(x) 43 cho khong phai 1a ham s6 bac nhit, khi 4y goi

Q(x) = a, + ayx la da thic cdn tim, thi hiéu s6 y(x) - Q(x) = y(x) -

, €dn X; , X5 Ia hai diém luan phién

(8, + a;x) la mét ham s& 16i. Vay c6 1 diém cuc tri 12 diém trong,
goi diém 4y 1a c. Theo dinh 1i 2.5.4 t6n tai 3 diém luan phién

Chebyshev, tai dé

by(x) — Q(x) dat cuc ‘
dai, tit d6é suy ra hai
diém a, b 12 hai diém
luan phién Chebyshev
cung vdi c. Vay :
y(a) - Q(a)=a L
ye) - Qe)=-a L
Y(b) -Q(b)y=al 0
viiL=Ily-Qll,cona=1
hoac -1 Hinh 2.1

Tir cdc hé thirc trén rit ra ring :

_ ¥(b) - y(a)
! b-a

a

Lag- % {y(a) s y(ey - @O - y(a))}

b—a

Chi y : Néu y(x) kha vi thi a; = y'(c) va ¥ nghia hinh hoc cla vi
du nay nhu sau : D6 thi cita y(x) 12 mét cung 16i AB, vdi A(a, y(a)),
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B (b, y(b)). Lay A adiong y
thang AB vi A, la dudng
thing ti€p tuyén song
song vdi AB, khi do
Q(x) c6 do thi chinh la
dudng A song song va
cichdéu A, , Ay (h.2.1)

Vidu 1l : Cho y(x) =l
trén doan {2 ; 4]. Hinh 2.2

Hay tim da thirc x4p x{ déu t6t nhat bac nhit clia né.

Ta goi Q(x) = a, + a;x 1 da thitc phai tim.
Khi d6 :
4-2 1 4

1 4 .
= =—, c=0,a,=— Vay: X)= —x + —. D6 thi cla
4-(C2) 3 c ° =3 ay @ Qq(x) 3 3 1

4

Q,(x) 12 dudng thing A trong hinh 2.2

§6. PHUONG PHAP BINH PHUONG TO! THIEU

1. Mé dan. V6i mot ham s6 y(x) di cho trén doan [a ; b], & trong
c4c phdn trén ching ta d3 nghién citu hai phuong phép x4p xi né la
phuong phip néi suy va phuong phédp x4p xi déu.

Méi phuong phip nay déu ¢6 nhiing han ché nhdt dinh,
chéng han :

a. Véi phuong phap néi suy, cong thic céng kénh, s6 bac da thiic
ndi suy ndéi chung 13 ting theo s mé¢ nodi suy. Do vy, khéi lugng
tinh toan rdt 16n. Mat khéc, cdc gid tri {y;} thuéng nhan dugc bang
thyc nghiém, do d6 chi 12 nhitng s6 gin ding, vi vy yéu cdu
P(x;) = y; chua thét hop li.
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b. V&i phuong phap x&p xi déu tht igp ham C [a ; b| khong do
rong, thiue tién tinh todn thudng cin dén 16p ham thudc vio mot
khéng gian Hilbert H nio dé.

D€ nham khéac phuc cdc han ché néi trén, déng thai ciing 13 dua
ra mot cach nhin méi vé van dé xap xi mot ham y(x), trong muc ndy
chiing ta s& nghién cttu van dé x4p xi y(x) € H bdi mot phin ti

h* € H;, trong d6 H; Ia khong gian con déng nio dé cuna khong
gian Hilbert H.

2. XAap xi1 tot nhat trong khong gian Hilbert

Cho H la mot khong gian Hilbert va Hy 1a khéng gian con cha H.

*
Xéty € H, bai toindatralatimh e H saocho:

By ~hll= inf Iy —hl (16)
hEH!

Phén tir h” d6 duge goi la x4p xi tot nhit céa y trong H,.
Ménh dé 2.6.1. Gia su h* € H| thoa min (16), khi dé :
3
(y-h)1H,

Chung minh.

Thét vy, gid sir nguge lai, ton tai hy € H; sao cho (y - h*, hy)=a=0.
Khéng giam tinh tong quat, gia st rang ilhyll = I, khi &y ta xét h, =
h'+ ah;.

. 2 * *
Taco:lly —hyll"=(y-hy,y~hy))=(y=h —ch;, ,y-h —ah))=
=(y-h ,y-h)-2ath, ,y-h)+o’h h)=
=ly-b ¥ -20+a’=1lly -h'I¥ - o’

Viy lly - hyil < Hly - h'll . mau thudn.
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Tu dé ta ¢é diéu phai ching minh. O
Ménh dé 2.6.2. Gid siic6 b~ e H; sao cho(y - h") L H,. Khi d6

ly—h'll= inf fly - hll.
heH,

Chung minh.

That viy, xéty « H, thitaco:

ly - Bl =1ty —h") + (b = 0% = lly - k12 + 1" = pit?

2lly - h II”, ddu "=" chi xéy ravéi h=h"

Viy ta cé diéu phai chitng minh. O

Dinh lf 2.6.1 : Gid st dim H| = m < «. Khi d6 véi y b4t ki trong
H, x4p xi t6t nhat h™ 12 tén tai va duy nhat.

Chitng minh.

Ta c6 thé thdy moi khong gian Hilbert 1a 16i chat. Vi vay ép
dung Ii thuyét chung vé phin tir x4p xi t6t nhit trong khéng gian
Banach, ta rit ra ton tai duy nhit cia phén tir xap xi tot nhat. Tuy
nhién, du6i day s& cho mot chitng minh mang tinh chét kién thiét.

That vay, gid sit Hy = {h;;..shy}, khi d6, su tdn tai duy nhat cia

m .
h = Za’ihi ta tuong duong véi sy tén tai duy nhét clla bo s6
i=1

(a5 500 Vi (y=h  h)=0,Vi=1, .., m, néntacé heé :

(hf R h] )orl + (hz, hl ){1’2 +...+ (hm , hl)am = (y, hi)

(hl » hz)(Z] + (hz . hz)az + ...+ (hm N hz)am = (y, hz) {]8)

(hi,hpay + (hy hyay + .0+ (hy ey, =(y, h,)

Ki hi¢u dinh thiic cua ma tran hé s6 ctia hé (18) Ia G(h, , ..., h.).
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Theo gid thi€t hé {h, , ..., h,} 12 doc 1ap tuyén tinh nén
G(hy, ... ; h) # 0, vi vay hé trén c6 nghiém duy nhit }a b6 m s6

m
(6{ + wvos Oy, tir 06 tOn tai duy nhdt h* = Y aih; . Dinh 1i duge
i=]

chitng minh. O
Bay gid ta u6c lugng sai s6 lly — h 1l = 3.
Tacé: 8 =ly-hP=(y-h", y—h)=Gg-h".y)—(y—h",h")
=(y-h 9=, N-t.y
Twdécé: 8" =(y,y)— 2.a;h;,y) (19)
) i=1

Bay gitr ghép phuong trinh (19) vao hé (18) thi ta ¢6 hé mdi :

[(hy . hp)ey + (hy, byday + .o + (i, byag, ~ (3, hy) =0

(hl R hm)al + (]'lz, hm)a:2 + ...+ (l‘lm , hm)am - (y, hm) =0

(b, ) +(hy, yz)as + .+ (hy, . Ya, — [y, ) - 5%]=0

Bay gid xét hé phuwong trinh tuyén tinh thudn nhit dang At = 0,
vGi ma trin A cé dang :

(hj,hy) (hy,hy) ... (hp hy) (¥, hy)
R

(h;,hy) (ho,hy) .. (hy . hy) (¥, hy)

(y,yy (¥ hy.y) [y.y) -8l

Vﬂtz(tl R tm+[).
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He thire (20) ching ¢4 ring hé At = 0 ¢6 mét nghiém khéng tim

thudng (ot; , ¢t , ..., Oy , —1), do d6 det A = 0.

Gthy, ..., hy . )

Khai trién ra s& ¢6 : 62 = .
G(hy, ... hpy)

3. Xap xi tét nhat trong L, [a ; b] bang cac da thitc dai so

Xét lai khong gian Hilbert 1y[a ; b] (vi du 2, §3 chuong I), st hoi
tu trong Lj[a ; b] dugc goi la su héi tu trung binh vdi trong p(x).
Xét Hy 1a khéng gian con cia L, [a ; b] sinh bdi {1, x, ..., x"} thi
dim H; < 4. Ap dung cic két quid & muc trudc thi véi mdi
y € L, [a ; b, t6n tai duy nhit da thic P (x) = a, + ajx + ... +a“xrl
la x&p xi t6t nhét phin t& y, nghia 1a :
8% =y -P,(x)IP = Ep(x)[y(x) ~P,(x)Pdx = inflly - P, (x)
QeH,
Céc heé s6 {a;}{.¢ cla da thic x&p xi t6t nhét P (x) duge tim tir
hé phuong trinh :
Colg +Cj81 +.. +Cpa, =Dby
Clag +Cray +..+cCp.qa, =by

Chdg T Chyg) + .. ¥ Copa,, = bn
Véic; = j;bp(x)xi dx ; b; = fp(x) y(x)xi dx
va phuong sai 8 tinh theo cong thic :

b -1
C O - Cp 9 C <] .. C

€ €2 . Cpyp by  © Cn+l

o
ta
1f
X

€h Cp4l - C2n by

o B - by v.y) ®n Ca+l - C2p
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Nhén xét : He {1, x, ..., x"} la doc lap tuyén tinh, tuy nhién

khéng 13 truc giao trong L4 [a ; b} nén trong thuc hanh tinh todn
thuéng phiic tap. '

4. Xap xi tot nhit trong L, [ a ; b} bang hé da thic truc giao
B¢ don gidn, ta xét L, [—=1; 1] v&i p{x) = 1, khi d6 xé1 hé¢ da thiic
trizc giao Legendre (vi du 3, §3, chuwong 1) :
Lty =1

..o
Lsity = —(31° -1
(1) 2( )

Ly(t) = %(58 ~3t)
L4(t) = %(35(‘ -30t% +3)
Ly(1) = %(63? —70¢ +150) , vov...

VGl ||Lk(t)li2 = -2-;2—“1- Bay gi¢ v6i mot y(t) & Ly la; b], khi d6 da
+

- n
thic xdp xi 15t nhdt cha né ¢ dang Py(t) = > ayLy(t), véi
: k=0
2k +1 ¢ .
ay = 5 'Lly(t)Lk(l)dl, vk = 0, ..., n. Ngodi ra phuong sai

52 = L[y(t) “p P .

Chii y : 1) V& hé da thite tryce giao thi cdc tinh todn trung gian
sé& thuan loi don gidn.

2) Ngoai hé da thitc Legendre, con cé nhiéu hé da thirc truc giao
khic nira, chang han hé ligng gidc, hé da thitc Chebyshev v.v...



3) V6i trudng hap L, [a ; b] téng quit, néu cdn .ta diing phép bién
d6i, s& dua dugc doan (a ; b] vé doan [-1 ; 1].

5. Xdp xi ham cho bing bang

Gia slt ham s6 y = f(x) 12 xdc dinh trén doan [a ; b] va ta di bié&t
vi=1(x), véix; e [a;b),Vi=0,1, .. n, déng thoi x; » X . Vi]j.
Kihigu X = [x,, b ST o

Khi d6 ta goi L(X) = {f: X - R} Ia tap hop tit ci céc 4nh xa di
tir X vio R. Nhu vay, f, g € L(X) 1a dong nhit néu f(x,) = g(x,),

Vi =0, .., n. Trong L(X), goi 0 12 phin tir thoa min 6(x;) = 0,
Vi=0,1,..,n.

Ta dua vao L(X) hai phép todn sau :
(f + g) (xp) = f(x;) + g(xp), Vi=0, 1, ..., nva ¥f, g € L(X),
AMD) (xp =2 . f(xp), Vi=0, 1, ...,nva Vf € L(X), VA € R.

Dé thdy khi d6 L(X) 1a mot khong gian tuyén tinh.
Bay giv ta dua mdt tich v6 huéng vio L(X) bing cich dat :

n .
f, g) = Zf(xi)g(xi), khi d6 c6 thé thdy ring L(X) 12 mot khong
i=0
gian Hilbert va lIfll = (£, f).
V6i méi ham 6 y = ¢(x) trén doan {a ; b] thi han ché& cda né trén

X = {Xg, Xy 5 -s Xp} R0l € L(X), tuy nhién dé don gidn ta vin ki
hi¢u 13 o.

Xét he ham Chebyshev {p;(x)}{L9 véi m < n, khi d6 da thic suy

rong nhén gié tri cho trudc tai cdc x; (i=0, ..., n) 1a duy nhit. That
vay, n€u c6 hai da thitc suy rong nhr vay 1a @, va O, thi hiéu cla
ching (@, - @,) ciing 12 mot da thic suy rong nhan cic x; (i = 0,
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.. N) 12 nghiém. Vay chiing ¢é t&di (n + 1) nghiém phln bidt
nén @, = o,.

Bay gid ta xét hé ham {p,(x)}29 v6i m < n gém (m + 1) ham s8
cho trén doan {a ; b] sao cho hé nay 1a he Chebyshev, dong th&i han
ch€ cia chiing trén X ta c6 (m + 1) phdn tr @, , ¢; , ..., 9, € L(X).

Xét L 1a khong gian con ctia L(X) sinh bdi ¢, . ¢ , ... ¢ . VEI
y € L(X) bat ki, bai todn dat ra latim P, € L, saocho:

ly =P, H= inf lly — &Il
y - P Jf y-¢
m

Tir 1i luan da trinh bay & trén ta rit ra rang P (x) = Zai ¢; (x)

i=0

vdi o; 12 nghiém cha hé phuong trinh :

m
jgo((Pis(Pj)=(Yn(Pi) @n
i=01...m

va binh phuong sai s& cho bdi cong thic

1;
8 =lly =PpI? =(y,y) - D & (¥, ).
=0
Chii $ : 1) C6 nhiéu céch chon hé ¢;(x), ching han @;(x) = x'

(i=0, ..., m), hoic t6t hon 1 chon @,{x) = L;(x), v6i {L;(x)} 1a he
da thic truc giao nao dé.

2) N€u m = n thi da thic noi suy v da thitc xip xi P,(x) cia
ham s6 y = y(x) 12 tring nhau,

That vay, gia sir P(x) 1a da thdc ndi suy, con P (x) 1a da thirc xdp
xi néu trén thi ta c6 :
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2 2_ 3 2
0 <IPR(x) - ylI" <P} — ylII° = = (y; —y;)° =0
=0

Vay P (x;) = y;, Vi, vay it ra P(x) = P (x).

3) Phuong phdp x4y dung da thitc P_(x) néi trén goi 1a phuong
phdp binh phuong 167 thiéu.

4) Néu m < n thi da thic P (x) duoc goi 12 da thic x4p xi ¢
phuong sai nhé nhat ciia ham s6 y = y(x) (hoac 12 da thic x4p xi cha
¥ = y(x) dugc xay dung theo phuong phép binh phurong 16i thiéu).

Vidu12.Choa=0=x,<Xx=1<x,=2<x3=3=b
Xét ham s8 y = y(x) cho b&i bang sau day :

x | oj1]2]3
y |1 ]2]1]o

Hay tim cdc da thitc x4p xi P (x) clia y = y(x) theo phuong phdp
binh phuong 16i thiéu Ung véi cc trudng hop sau :

a) Véim = 1, hé¢ ham gém ¢, = 1, ¢, = x.

b) Véi m = 2, he ham gém o, = 1, ¢, = x, @, = x°.
¢) Voim = 3, he ham gém 9, =1, 9; =x, ¢y = xz. (3 = .
Ta c6 bang gid tri clia ¢; (i = 0, 1, 2, 3) trong L(X) :

X Po=1 P =x @25'-‘2 ¢'3EK3
0 1 0 0 0

1 1 1 1

2 1 2 4 8

3 1 3 9 27

Vay (95, 95) = 4, (91, @) = 6, (91, ®)) = 14, (@4, 9,) = 14,
((Pz, (Pl) = 36, ((Pz, (Pz) =098 v.v...
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a) Néu m = 1, he him gém ¢, = 1. ¢, = x thi L, 12 khong gian
con sinh bdi ¢, ;. Xap xi P,(X) = 0@ o + @@ trong d6 g, ary 12
nghiém cna he :

{(‘Pm P )0g + (90, P = (Y, Op)
(@1, 9o )ag + (@1, O1)ay = (¥, 9y)

. [4o, +60; =4 % =3
Thay 58 : ' . vay
6at, + 4o, =4 2
_ Sl =73
Vay Py(x) = - -i-x + %
b) Néu m = 2 thi tuong ty, o, oy, ¢y 12 nghiém cira hé :
11
Oy -‘:16'
4o, + 60y + 140y =4 )
6o, + 140y + 360y =4, vay1a1=:—0
140.0 + 360‘.[ + 98(12 =6 1
5] =‘“E
1, 11 11
\% = - X2+ —x +—.
ay P>(x) 2x +10x+10
¢) Néu m = 3, khi d6 quy vé tim da thic noi suy bac 3. Dé thdy
X3 2 8
Pa(x) = T—Zx +§x+ 1.

III — VI PHAN VA TICH PHAN SO

Trong qud trinh tinh todn trong to4n hoc ciing nhu trong khoa
hoc Ki thuat ta thudng gap bai todn thyc t€, phai tinh dac ham ciing
nhu tich phan cila mot ham s6 cho dudi dang bang, hoic 1a ham s6
dugc cho bdi mot bjéu thic gii tich nhung khd phiic tap, néu tinh
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tryc ti€p dao ham va tich phan sé gip khé khan, tir d6 nay sinh ra
nhu cdu tinh gén diing dao ham va tich phan s6.

§7. TINH GAN DPUNG DAO HAM

Nguyén tac chung dé tinh gdn ding dao him ciia mot ham s6&
y = y(x) 1a ngudi ta thay né bdi ham néi suy (thudng 12 ham da thic

L,(x)) sau d6 14y f'(x) mL'n(x), f''"(x) = LI;,(x), v.v... & trén doan
fa, b] dang xét, tOng quit 1a fm(x) ~ L(,f)(x). ke N
Néu R(x) = £(x) - L_(x) thi phdn du s& 12 -
R¥x) = %) - 10

Th&y ngay ring viéc tinh gdn ding dao ham nhu vy (nhdt 1a cdp
cac) kém chinh xdc.

1. Tinh gan ding dao ham nhd sy dp dung da thitc noi suy
vai méc bat ki
Xét da thic ndi suy Newton ¢

Pu(x) = L(x) = f(x,) + (x - X)f(Xg 5 X) + (X — X Hx — X H(Xg s Xy 5 Xp)

oA XXX X)) L (x - An-)(Xg 1 X) 5 o3 Xy)
{n+1)
vdi sai s6 R, (x) = -f—-—(gl(on,,l(x)

(n+1)
Néu coi rang f'(x) ~ LI', (x) thitaritra:

f(x) = f(x, ;‘xl) + (ot (X 5 X5 Xp) + (@0 + 0 0+ 0 (X, 5 o X3}
+o (oo un“2'+ e F OOy Lo (X X Xy)

trong d6 o; = (x — x;), v§i sai s6 :

codegg 0 f70E) ALY,
Ra(x)=—¢ et TN
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Ly e Ty
R
M=y

Cg

N&u coi rdng f''(x) = L;(x) thi rit ra ring .
F(x) = 2[f(xq 3 X1 3 X9) + (cg + a1 + a)f(Xy 5 X ;.xz s X3) + ...
+ (00 oL Oy OG0 e O g0 F o+ OO L. O
f(xg 5.5 x0)]
vGi phian du la :
Poy ) £0E) ) dog ) (D)

Rl =— 0 @+ & @+
f(n+3}(é3)
+ 20)n+](X) W

Bang cich tuong ty cho cdc dao ham cap cao.

2. Tinh gan ding dao ham nho sy ap dung da thirc noi suy
vai méc ciach déu

N6i chung 12 ta ¢6 thé dp dung céc cong thifc noi suy véi moc
cach déu dé tinh gin ding dao him. Duéi diy ta néu mot trudmg
hop dién hinh tinh f'(x), f'(x), vdi x = x, nh& céng thic noi suy
Newton & ddu bang.

Ta ¢6 : f(x) = f(x, + th) = P(x, + th)

AYo
1!

Azy
trong d6 : P(x, + th) = y, + t+ 2—'°t(l ~D+...+

n

+§—>"‘l:((—1)...(t~n+1)
n.

2
« 4z pr 1 2t -1 3t -61+2
T dé f'(x) =~ E[Ayo + T Azyo + 3 A3y0 + ]

Tuong tu,

— 2—.
6t3'6 s, , (122-361+22) A4y0+._}

weore L | A2
f (x)-«h—z[A Yot Ay, a

(chil ¥ ring ta luén sit dung y, = f(x,) v6i x = X, + th, h 13 budc).
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3. Tinh gan ding dao ham nh¥ sit dung ham noi suy spline
bac ba
Véi y = f(x), ta x4p xi né nhd mot da thiic spline bac ba S(x), lic
dé ta dat : :
£ (x) = §'(x) va £ (x) = §"(x)

Vidy 13. Cho f(x) = sinx trén [0, n]. Hay tinh gin ding dao ham

f(%] f(%} nhé spline bac 3 vdi phan hoach = = {0 ,% , n}.

Tacé:x0=o,x,=-’zi,x2=n,f(xo)=o,f(xl)=1,f(x2)=0,f'(xo)=1.
£'(x)) =0, f'(x5) = -1. Tir d6 ta ¢6 hé phuong trinh sau (xem §4):
{
2m, + m, :%{%— ]
m, +2my + =m )
2 Q ] 2_ uz
m; + 2m2 —E[E‘—IJ
L mln
_ _[24 8
m, =mp “—2 ;
Gidi hé ta cé :
m o =|2_2%
1= % 2

Tir d6 1a c6 duge da thite spline S(x) trén timg doan nho, ching

han vét x € I:O , -g—] thicd:

3
S(x) = i[i - 1}[1‘- - x] s —-i-—[l _ E):ﬁ +
3 \7n 2 M2\ W

SE NN
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NP . _3_1 o
Tirds S (4J— = 7" 0,7049304, S {4] -1, chid ¥ d&n gid tri
ding f[g] =%=0 7071068 va f‘[‘J:—g‘ thi ta thiy cdc

gid tri gin ding nay khong t6t, n€u giam h thi c6 duge f'(x), £'(x)
chinh xic hon.

§8. TINH GAN PUNG TICH PHAN, PHUONG PHAP
MONTE - CARLO

b
Thue t€ tinh todn trong nhiéu trudng hop phai tinh I = J’ £(x)dx
. a

v6t f(x) 12 ham s6 khong bi€t nguyén ham cta né hoidc 1a y = f(x)
chi duge cho bing bing. Vi vay vén dé tinh gin diing T duge dat ra
la tw nhién.

1. Cong thitcc Newton — Cotes
Né&u thay f(x) boi da thic ndi suy Lagrange vdi mdc ciach déu
b
Ly(x) = Ly(xo + th) va dat [~ ["Ly(x)dx thi ta s& c6 cong thic
a

Newton — Cotes :

. t(t-1..(t-n) B n—j C
Vi L h =—____ T (1 Cn

1 Ly(xy +th) o J_( )} T (x)
nentacé: I~z ["H=D. (t-n) c}

I ( 1y~ th(x)dt

j=070 n! -
NN G A Y (S0 P (e VO
Newda: A, =t f o=
n
thi: I= .EOAif(Xi ). Bay giorta dit H; = thi rit ra :
= -
b n
L fx)dx = (b ~2) T Hif(x;) (22)
1=
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Cong thite (22) dugc goi 12 ¢dnyg thitc cdu phirong Newton —
Cotes, cdc hé s6 H; 1a cdc hé s6 Cotes. Néu dung céng thic
Newton ~ Cotes thi sai s6 méc phai 12 :

R,= f[f(x) - L,(x))dx.

Néu dit N 1a boi chung nhé nhit ciia cic mv s6 cia H; (0 < i < n)

ey

thi léc 4y H; = % va ta ¢6 (22) tr& thanh :

b-a i ~
f(x)dx » ——— T Hjy;
[rooax =222 1 Ry @3)

Ngudi ta ciing ndi coéng thiee (23) 1a cong thic cdu phuong
Newton — Cotes va cic hé s6 ﬁj 12 h¢ s6 Cotes. Nhan xét ring cédc
hé s& Cotes khong phu thuéc vao ham s6 y = f(x) hoac d6 dai bude
h, vi viy thuong duoc tinh sin. Dudi day 13 bang hé s6 Cotes, iing
vdin=1,2,3,4,5,6.

o~ -~ -~ —~ o~ —

n { Ho | Hi | Ho | H3 | H4 | Hs | He | N
1 1 2
2 I 4 1 6
3 1 3 3 1 8
4 7 32 12 32 7 90
5 19 75 50 50 75 19 288
6 41 216 | 27 272 27 216 41 840

2
Vi du : Tinh gin ding tich phan [ = L dx

theo céng thiic
1+ x

Newton — Cotes vdin = 4.

Cac tinh todn cho & bang dudi day :
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(EH

i X ¥i Hi ¥i Hy
0 0 1 7 7,00
1 0,5 0,042 32 30,144
2 1| 0500 12 6,000
3 1.5 0,165 32 5,280
4 2 0,059 7 0.413

T = 48,837

Ap dung cong thiic (2) thi ¢6 I~ -92—0.48,837 «1,085.

Dudi day 1a mot vai trudng hop déc biél clia cong thic cdu
phuong Newton — Cotes.

a) Cong thitc hinh thang va cong thitc hinh thang suy rong

Néu n = 1, X, = a, X; = b, con da thifc noi suy la L(x) ¢é
b

degLy(x) < 1, khido : [ f0xdx ~ — (@) + 1) (24)

Cong thitc (24) duge goi la cong thitc hinh thang. Nhan xét rang
b-a
2
thang c6 hai ddy la f(a), f(b) va chiéu cao la (b ~ a). Bay gi¥ chia
doan [a, b] thanh n phdn bing nhau c6 d6 dai h boi cac diém chia
X; = Xo + ih (i =0, ..., n) va trén mbi doan [x;, X;4] ta thay f(x) béi

da thitc noi suy bac nhét, khi dy s& cé :

b

néu f(x) = 0 trén doan [a, b] thi

{f(a) +f(b)] 1 dién tich hinh

Ibf()d—v
)

_ n-1

na [f(@)+2 Z 1(x;) + £(b)] (25)
1=

Cong thiic (25) duge goi 1a cong thac hinh thang suy rong.

Tir uGc lugng sai s6 clia da thirc ndi suy Ly(x) va ham y = f(x)
ctia né ta suy ra rang sai s6 & truong hgp nay (hinh thang suy
rong) 1a :
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r=——"h
12
b) Cong thite parabol va céng thitc parabol suy réng
b .
f-;—, X2 = b, con da thic noi suy la

Ly(x), degL,(x) < 2, thi ta thu dugc :
b = al:f(a) + 4f[b

Vi ta thay ham s6 y = f(x) bdi L,(x) c6 dé thi néi chung ia mot
parabol nén h¢ thirc (26) dugc goi 13 cong thite cdu phuong parabol.
Néu by gid ta chia doan [a, b] thanh 2n doan bang nhau béi céc
diém chia x; = x, + ih (i = 0, .., 2n). Sau d6 trén médi doan
(X2, X2i42] Dgudi ta thay ham s6 y = f(x) bdi da thic ndi suy

Né’un=2,x0=a,x]=

+ a

f’f(x)dx N ) 4 f(b)] 26

Lagrange L,(x) (thuc t€ 14 coi mdi doan [x,;, X2i42] 12 doan [a, b]
mdi), thi ta thu duogc : ' '
n-1 n-1

b- a[f(a) +4 T f(xg;,1)+2 % f(xy;) + f(b)J (27)
6n i=0 i=1 _

ff(x)dx Y

Cong thite (27) dugc goi 12 céng thite cdu phitong parabol suy
rong. Tu hé thic ude luong sai s6 cha da thitc noi suy L, (x) va ham
s6 y = f(x), ta ¢6 thé thdy sai s6 & trudng hop ndy (véi cong thitc

(b-a)
<

. 4
parabol suy réng) la: r < ™ Mh™.

Chit y : Ngudi ta thudng goi cong thic parabol va céng thic
parabol suy réng 1a phuong phép c4u phuong Simipson.

1
Vi du : Tinh gdn diing I=jl~di theo cOng thitc parabol suy réng
ol+x
vain = 5.

Tacé:a=0,b=1,fa)= 1, f(b) = %
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4ff(x ) + fix3) + f(x5) + f(x4) + f(xy)] = 4.5,460
2[f(xy) + fixyg) + f(xg) + f(xg)] = 2.2,728

Vay: I~ -61—5{1 +4.3.460+2.2,728 + %} ~0,693.
2. Cong thiac Gauss : Trong muc nay ching ta sé tim n s6
X1s . Xy € [-1; 1] vinss Ay, ..., A, dé sao cho
n
Lf(x)dx = ¥ A;f(x;) (28)
i=1

la cong thite diing véi moi da thitc P(x) ma degP(x) < 2n — 1.
Dé thiy (28) 1a cong thic dung vdi moi da thitc P(x), degP(x) <
< 2n — 1 khi va chi khi né ding véi moi don thitc 1, x, x°, ..., x>" .
By gid ta thay f(x;) trong (28) boi x{ (=0, .. 2n — 1) thi rit ra
hé phuoag trinh :
n . _nit!
| £ a0 @9
lj =0, 1L..,2n -1
Day la he phuong trinh phi tuyé’ﬁ 2n phu011g trinh va 2n 4n 1a x;
vi A, (i=1,2, ..., n).
Xét n da thifc dang :
f(x) = xk.Ln(x), k=01,...n-1
trong dé L (x) la da thiic Legendre.

Vi bic cla cdc da thic trén khéng vuot qud (2n — 1), nén ta cd
1 ] n
Lf(x)dx = kaLn(x)dx = T AN Lo(x;)
i=1

vk=0,1,..,(n-1).



Theo tinh chét cha da thite Legendre, ta ¢6

_Elkan(x)dx =0 khi k < n, tir d6 rit ra ring :

4]
T AXL(x)=0,Vk=0,1, ... (n-1) (30)
i=]

Néu chon x; (i = 1, ..., n) 1 cdc nghiém ciia da thitc Legendre
Ln(x) thi (3) luén ding. Theo tinh chdt ciia hé da thic Legendre,
cdc nghiém cia né 1a thuc, phan biét va thude vao khoang (-1, 1).

Khi da ¢6 x; (i = 1, 2, ..., n) thi ta ¢6 thé tinh dugc A, (i= 1, ..., n)
tir n phuong trinh ddu tién cia hé phuong trinh (29) 1a
L oS )i

Axl=2_Y 7
I A T T 31)

i=01 ..., (n~1

Dinh thic ciia hé ndy 12 Vandermond :

D= _l'IA(x-l - Xj) #0
i»j

Vay cic A, duge xédc dinh duy nh4t.

Tém lai cong thic (28) véi cic x; 1a nghiém cla da thic
Legendre L (x) va cdc A; dugc tinh tir he (31) dugc goi 1a cong thiic
cdu phuwong Gauss.

Duéi day 1a bang cdc y&u t6 cia cong thiic cdu phuong Gauss véi
n=1,2,3, 4.

n X Ay X5 A, X3 A Xq | Ay
1 0 2
2 {-0577 1 0,577 1

3 [-0,775]0.556 0 0,889 | 0,775 | 0,556
4 |-0,861]0,348 | — 0,340 0,652 1 0,340 [ 0,652 | 0,861 [0,348

Vidy : Tinh gin ding tich phan sau nh& cong thitc Gauss véin=4 :

86

Bl
HE
B

2!
r\'.% w2,



PP T
40
c"‘&. .osaé

Izt lzdx

I+ x
Ta 14p bang sau day (coi rang f(x) = L )
1+x
i Xi f(xi) Ai Alf()m

—

-0,861 | 0,574 0,348 | 0,200

5 | —0340 | 0,896 | 0,652 | 0,584
3 0340 | 0,896 | 0,652 | 0,584
4 0861 | 0.574 | 0,348 | 0,200
S = 1,568
Vay I = 1,568

3. Cong thitc cdu phuong Chebyshev

Trong muc nly, ta s& tim hing s6 Bvan s6 X, X3, - X € [-131]
n
sao cho céng thic ilf(x)dx = T Bf(x;) la ding khi f(x) = P (x)
i=1 .

véi P,(x) 12 da thitc ma deg(P (x)) < n. Khi 46 céng thic trén goi la
cong thitc cdu phuong Chebyshev.

 DE thdy cong thic dy ding véi moi P(x), degP(x) < n khi va chi
* khi cong thirc 4y diing véi moi da thie 1, x, X

Thay f(x) boi 1 thitacd: 2= nB, tir d6 c6 B =% . Vay cong
thitc cdu phuong Chebysev c6 dang :

2 n
f fx)dx = = % f(x;) 32)
1 ni=1

Bay gits ldn lugt thay f(x) bi x, X, .., x" thi ta ¢6.h¢ phuong
trinh phi tuyén :
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&k _nd = =0
i=1 2(k + 1)
k=12, '
Giai hé nay (néu ¢é nghlém) thi thay cic nghiém dé vao (32) ta
S€ ¢6 cong thiic cdu phuong Chebyshev.
Ngudi ta ching minh duge, n =8 va n 2 10 thi hé khéng c6 nghiém thye.
Duét day 1a bang céc hoanh d6 Chebyshev véi mot vai gid tri clia n.

(33)

n X4 Xy X3 X5 X5

1 0

2 - 0,577 0,577

3 - 0,707 .0 0,707 :

4 - 0,795 - 0,188 0,188 0,795

5 - 0,832 - 0,374 0 0,374 0,832
Vi du : Tinh gin ding tich phan I = E L theo phwong phip

Chebyshev véin =

Taco I = L J:‘ -l~(f(x1)+ +f(X5))
1+x% 5
trong do f(x) = . Ta ¢6 bang sau :
I +x
i X o 1+ x? f(x;) .
1 -0,532 0,692 1,692 0,591
2 - 0,374 0,140 1,140 0,577
3 0 0 1,000 1,000
4 0,374 0,140 1,140 0,877
5 0,532 0,692 1,692 0,591
2.=3,963
Vay I ~ 0,787
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4. Tinh gén ding tich phan béi. Phuong phip Monte-Carlo

Gia sir Q Ia mot mién gi6i noi trong R” va f(x) la mot ham s&
xdc dinh va kha tich trén Q. Bai todn dit ra la tmh gdn ddng tich
phan boi sau day :

1= [f(x)dx
Q .

Khi d6 c6 thé coi ring day 1a n tich phan mot 16p va & méi mot
16p c6 thé ap dung mot trong nhitng cong thiic tinh géin ding tich
phén da x€t & myc trén. Van dé€ c6 vé don gian, tuy nhién khi xét ki
s& thdy ring cdch d6 chi thuan lgi khi mién 14y tich phan 13 hinh
hop trong R" va n khong 16n. Trudng hap n kh4 16n va nhat 13 mién
2 phtc tap, ngudi ta thudng ding phuong phip Monte — Carlo.
Du6i day ta irinh bay dang don gian nh4t ciia phuong phép nay.

| Gidst 1= [f00dx, x = (xy, ..., Xp)
Q
va Q xdc dinh bdi cic b4t ding thirc
O0<xy<lvavgi2<i<nthi:

0< o (Xps oo Xjm) X S Yi(Xp e X ) € 1
ngoai ra ham s6 f(x) = f(x, ..., x,) thda man hé thiec :
0 < (X, ... X3) < 1.

Bay gio xét M diém P, I, . x) k=1,2, ... M, cac toa
do cla chiing 1a nhitng dai luong ngiu nhién, doc 1ap, phan phéi déu
trén doan [0 ; 1]. (Pai lugng ngéu nhién t 13 phan ph&i déu trén
doan [0 ; 1], n€u né nhin gid trj trong khodng (¢, t;,,) < [0 ; 1] véi
xdc suat la ¢, - t;).

Néu P, € € thi ta tinh gi4 tri f(Py), con néu nhu P, ¢ Q thita
dit f(Py) = 0, sau d6 dat :

1 M
I =— E f(Pk)
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Vi M dl 1on va vdi xdce sudt 16n, ta ¢6 Iy ~ 1. Cu thé viie >0
va 0 <o < 1, thi véi xdc suft o, ta cd ;

2
T~ Tyl <& khi M2 2 [if(x) - IPd
£
trong dé t, théa min :
1 _x
Ot ) = —— [;e 2 dx (xem bang gid trj ciia ham phan phéi
o Jﬁ g

chudn ®(t) trong mdt cudn gido trinh bét ki vé xac sust vi thong ke).

Nhgn xét : Phuong phip Monte — Carlo ¢6 vu diém 1a khéng phu
thudc vao s6 16p 14y tich phan va tinh phitc tap cia mién 14y tich
‘'phan nén ¢6 nhiéu 4p dung rong rii, tuy nhién tinh chinh xic
khong cao.

1V - VAI Vi DU TINH TOAN TREN MAPLE V

D6i v6i nhiéu bai todn cu thé, viéc sir dung may tinh dic biét hiru
ich, nhanh gon va chinh xdc. Dudi day 13 mot vai vi du tinh todn
trén chuong trinh MAPLE V véi mdy c¢6 b nhé 8MB.

o
Vi du I. Hiy tinh ding 1T {1 -

l }vé tinh gin ding tich dé
k=1 2

4k
vdi 15 chit s6.
Vao lénh :

[> product (1 — 1/(4*kA2), n = 1, .., infinity).

Miy cho két qua %

o0
o [1 _LJJ
k=1 4k n

Sau d6 ta vao 1énh :
[> evalf (", 15);

Két qua : 636619772367582

VE
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Vi du 2. Tinh s6 e v6i 20 chir s6 thap phan.
Vio 1énh : [> evalf (exp (1.0}, 20) ;

Két qua : 2.7182818284590452354

Vi du 3. Tinh gid tri cia ham Gamma tai 2.5.
Vio lénh : [> evalf(GAMMA (2.5)) ;

Két qua : 1.329340388

* Vi du 4. Tinh s8 1 v61 30 chit s6 sau dau chdm thép phan.

Vao lénh : [> evalf (Pi, 30) ;
K&t qua : 3.141592653589793238462643383279

2
Vi du 5. Tinh diing tich phan - T = ﬂ" !
et +5

dx

va tinh gin diing tich phan trén véi 8 chir s¢ sau du chim thap phan.

Vao lénh :
[>int (1 /(exp (1) *x+5),x=0..1In(2)) ;
Kétqui: I= —éln('?) + %ln(2) + %ln(B)
Sau d6 vao 1énh : [> evalf (", 8) ;
Két qua : .10779931

: 3
sin(x”) g

2
Vi du 6. Tinh gin diing tich phan I = L
X

Vao 1énh :

[>int (sin(x"3) /x*A2, x=1..2);
2 cinfx
s€ ¢6 - I sin(x )dx
x2
Sau 46 ta vao lénh :

[> evalf (", 10} ;
Két qua: .1971010454

Vi du 7. Tinh gn ding tich phan I = f-s—lgidx
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Ta vao 1énh :

[> evalf (int{sin(x) /x, x =1 ... Pi) ;
Ké&t qua : .9058539816.

Nhan xét ring tich phan E%Edt khong biéu dién qua cic ham
so cdp duge va ta ki hiéu la Six.

Vidy & Tinh tich phan I = E—-L—-dx

\}1 + x4 )
Vaolénh : {>evalf (int (1 /sqrt (1 + x-*4),x=0..1));
Két qua : .92703373391

Vi du 9. Khai trién ham sin(4x)cosx thanh chudi tai x = 0 va vé
hai 48 thi dé so sdnh do chinh x4c. : _
V6i do chinh xdc dén O(x®) thi ta c6 da thic x4p xi bac 5 cia
ham s6 di cho la :
Po(x) = 4x — 2043 . $2L.s
3 30
Trén hinh 2.3 1a d6 thi cha y = Ps(x) vd y = sin(4x) cosx.

2_}‘

~ ., , X
1 0.5 0 0.5 >\1

y= sin{4x)cosx

y= Py(x}

Hink 2.3

92



Véi db chinh xdc d&n O(x'?) thi ta ¢6 da thitc x4p xi bac 11 cia

ham s6.d3 cho 1a ;

35 3

Pjy(x) =4x — —x
13(x) = 4x 3

30

421 s 10039 ; 246601 o 6215659 1
+ —x7 - x' + X7 - X

260
Trén hinh 2.4 12 6 thi clla y = P (x) v2 y = sin{4x)cosx

90720 9979200

5 4 y
1-
. . x
-0,5 0,5 \
y=P(x)
y= sin{dx)cosx 11
4 -2
Hinh 2 4
BAI TAP

1. Xét ham s6 y = f(x) x4c dinh trén [0, 5] va cho bdi bang

X

0

1

3

5

y=f(x)

1

2

1

4

Hay xdy dung da thitc ndi suy Li(x) va tinh gin ding gi4 tri f(2)'
bing céch 14y f(2) =~ L4(2).
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2. Tinh :
k=1

:‘, trong d6 x; 1a s6 hang thit k cia ddy sé :
Xy = 5 Xpa] = x% + x,, va[-] 12 ham phin nguyén.

n
3.Tinhtdng: S= D k™ (m=1,2,3,4,5)
k=1
bang phuong phap sai phan.
4.Tinhténg: S=1>+4° + 7° + ..+ (3n+1)’.
5. Tinh téng : S= 12~ 2% +3%— 4+ @n+ )%
6. Cho ham s6 y = sinl0Ox trén doan [0, n]. Hiy tim da thic x4p
xi déu 16t nhit cha né vdi bac 7.
7. Tim a, b sao cho :

max | x% +ax + bl 1a nhé phét.
<l

8. Tim 2, b, ¢ sao cho :

max | x> + ax? +bx + blia nhé nhat.
xl€1

9, Tim a, b saoc cho max | x* +ax? + bl 12 nho nhét.

Ixiz1
10. Tim a vab dé : max |~/x —(ax + b)| 12 nhé nhat.
0<xx<l
11. Tim a sao cho :
max | —2x2 +x + al 12 nhd nhit.

—-1<x<2

12. Tima, bdé: max lax?+bx + 11 }a nhd nhét.

-1=xx1

13. Tima, bdé: max lax’+x + bl 12 nhd nhat.
—-1<x=1

14, Hiy giai cdc bai tap 7-13 bing kién thitc so cip.

15. Tinh cdc da thic truc giao Legendre Ly (1), k=0, 1, ..., 20.
16. Tim a, b, ¢ sao cho :
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E(axz +bx +¢ - cosx)zdx la nho nhit,
17. Tima, b, ¢ sao cho :
E(axz + bx + ¢ — sin x)2 dx 4 nhd nhit.
18. Gia sir haim s68 y = f(x) cho béi bang sau déy :
x |0 1 2 3 4 5 6 7
y |14 13 14 L1 13 18 16 23
Hiy tim da thitc c6 phuong sai nhé nhit bac 1 va bac 2 cho ham

s6 y = f(x).
19. Gia sir ham s6 y = f(x) cho bdi béng :
x |o 1 3 5 6 7 10
fx) |1 1,5 27 1.8 3 3,1 2,2

Hay tim da thic c6 phuong sai nh nht bac 1, bac 2, bac 3, bac
4 caa ham s6 y = f(x).

20. Tinh gin didng tich phan : I= E X 53 nhd phuong phép
l1+x
Newton-Cotes véi n = 6.
21. Tinh gén ding tich phan sau theo phuong phdp Gauss véin =4 :

1+x4

I= dx.

1+ x
22. Tinh gén diing tich phan I sau theo phuong phip Gauss véin=5:

I=Ecos 2x2 dx
I +x

23. Tinh gdn ding tich phin sau theo phuong phdp Chebyshev

viin=2>5.
5 o
1=[:”r M ax.
1+x

24, Xét hé ham {1, cosx, sinx, cos2x, sin2x, ..., coskx, sinkx}.
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a) Chung minh' ring hé cic ham nay 12 doc lap tuyén tinh trong
L,(0, w], hon nifa, ching minh ring hé ham nay 1a truc giao vdi
nhau ng véi tich v hudng :

2
Vf, g € L, {0, 7] : (f, g) = L“f.gdx

b) Tinh chudn lsin mxil va licos mxll vé6t m = 1, ..., k (v&i tich vo
huéng néu trén).
2

24. Choham s6y =f(x) = 1 — x> +x°

Hiy khai trién y = f(x) thanh chudi lugng gidc & dang

y =a, +a;sinx + bycosx + assin2x + bycos2x + a3sin3x + bycos3x.
25. Hay tinh gdn dding'tich phan :

I- If(x2+y2)dxdy, G={(x,y) Ix2 + yz <1,x20,y z0}
G }

bing phuong phip Monte - Carlo.
26. Hily tinh gin ding tich phan sau bang phuong phap Monte-Carlo:

IJ'SIn(XY) dxdy, G = {(x,y)

(3 +b4f <)

Chuong 111
GlAI TICH 8O TRONG DAl 86

I - GIAI TICH SO TRONG PAI SO TUYEN TINH

§1. MO DAU

Nhiéu véin dé cia khoa hoc ki thuit, kinh t&, moi truomg v.v...
quy vé viéc gidi hé phuong trinh tuyén tinh :

36
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ayiXy + apXg + ... + a;pXg = by

ax Xy + agpXy + . F Ay Xy = b2 (1)

ag X + apaXy + ...+apgn Xq = by

Dat o = (2;); ;_,; lamatrda hé s, b € R” 1a vecto hé s6 tu do

cho trude, x € R™ 12 vecto cot phai tim, thi hé (1) viét dugc & dang :
Ax=b (2)

Vé phuong dién 1f thuyét, hé (2) ¢6 thé gidi duge tron ven nho li
thuyét ma tran va dinh thic. Tuy nhién trong truong hop ma tran of
khong suy bién, néu gidi hé trén bing phuong phip Cramer thi s6
phép tinh 12 r4t 16n. Nham khic phuc han ché dé, trong chuong nay
chiing ta xét mot s6 phuong phap thuc t€ gidi hé phuong trinh (2)
véi dac diém chung 12 khéi luong tinh todn duge gidm nhe.

Trong s6 cdc phuong phdp d6 c6 thé chia ra lam 2 nhém 16n la
nhém phuong phép truc tiép va nhém phuong phép gidn tiép.

Pic diém chung clia nhém phuong phép tryc ti€p 1a sau mot s@
hitu han phép tinh s& c6 két qua, vi vy nhém phuong phdp nay
thudmg duge 4p dung v6i 16p cc bai todn c6 kich thude nho, va cic
s6 liéu ban ddu la ding. Tuy nhién, do phai thuc hién mot s6 phép
tinh twong d6i 16n nén cé nguy co tich liy sai s6, nhdt la d6i véi
trudng hop céc s6 liéu ban ddu khong that chinh xac. Con véi nhém
cdc phuong phép gidn ti€p (phuong phép lap) thuomg duge dp dung
cho 16p cdc bai toan véi kich thude 16n, s6 liéu ban ddu 1a c6 sai s6.

§2. PHUONG PHAP GAUSS

Tu tudng chia phuong phap Gauss 13 dua hé phuong trinh :
AX=b
vé dang tam gidc trén, lic d6 nghiém tim dugc nhd qud trinh thé
nguge, Quéi trinh dua hé phuong trinh (2) vé mot hé tuong duong
dang tam gidc trén duge goi l1a qua trinh khir duge thuc hién bdi
luge 36 sau day :
Ta chia phuong trinh thit nhat cho a;; (néu a); = 0 thi ta ¢4 thé

d6i ché cdc phuong trinh trong hé dé sao cho a;; # 0). Sau d6 lin
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luot nhan phuong trinh d6 véi —ay, —a3;, ..., —a_; va theo thif ty,
cong vao phuong trinh thit hai, ba,..., thit n. Bing céch d6 ta da khir
dugc x, ra khéi cdc phuong trinh cha hé ké tir phuong trinh thit hai
tro di. Budc ti€p theo 12 khir x, ra khéi céc phuong trinh tir phuong

trinh thit ba tré di v.v... Sau (n - 1) burdc, ta dua duge he (2) vé dang
tam gidc sau day :

Cl1X) + €Ky + ... + Cpp Xy = dy
C2X3 + ... +CypX, = dy
_ CanXp = dy
Khi d6 x = (x|, ..., x,) € R" tim dugc nhd phép the ngugc.
Vidu I :Giai h¢ phuong trinh :
8x) ~ 3x5 + 2x3 =20
4x) +11xy — x3 =33
6x] + 3x5 + 12x3 =36
Xét ma tran hé¢ s & c4c budc :

s \
8 -3 2 20) 8;3220
411—13340—5—223
6 3 12 36
o 2 2L,
o4 2|7)
3\
5 3 212
S0 S|
2
o o 367|367
50 [ 50/

Nhu vay h¢ trén twong duong véi hé phirong trinh :
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8)(1 - 3XZ + 2}(3 =20
25
3 — %9 — 2Xq7 =23
2 2 3

567 567
_x3 [
| 50 50

Vay he c6 nghiem x = (3, 2, 1).

Nhan xét : Uu di€m cin ban cia phuong phép nay 1a don gian,
dé lap trinh trén mdy tinh va kh6i lugng tinh todn it (c& n° phép tinh

nhan chia so véi n ! n° phép tinh nhan chia cia phuong phip
Cramer). Tuy nhién néu phin ta ag’f{_l) & bude thy (k-1) xdp xi 0 thi
két qua thi€u chinh xéc.

§3. PHUONG PHAP PHAN RA

1. N$i dung pheong phiap

Xét lai he¢ phuong trinh : AX = b _ 2y -
Gia sit ma tran o c6 thé biéu dién duge & dang :
[ 4
A=B.€ 3
by O .. O
b b . 0
trong d6 : B = L

by bp2 . by

13 ma trin tam giic dudi, con € 1a ma tran tam gidc trén :

i1 ©¢2 - Cmn

0 ¢ - ez

€= 0 0 C3n
0 0 Can
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Khidé ¢6: b = AX = BEX = By v&i y = €x
Viy hé (2) duge phan ra thanh 2 hé dang tam gidc sau day :

By=Db
ex=y

Van dé giai hé trén rdt don gian, ddu tién 1a gidi he :

By=Dhb
va sau dé véi y vira tim dugc, ta gidi hé :
ex=y
C6 thé thdy rang, néu nhu ta cé :
a1 A e Ay
ay a ay ay .. a
a;; %0, 11 12 £0, ... 21 22 2n £0
as; an e .
anl A2 . Apy

thi ma tran £ [uén c6 thé biéu dién duge & dang (3).
That vay, xét hé phuong trinh :
min(i, j}
D bye=ay (j=1,..,0) (4)
k=1
Trong (4) n€ui=j=1thicéby;.cqy=ay
Néu nhu da biét ¢y thi sé c6 by, tir diéu kién a;; # 0 ta ¢6
by 20
Bay gioxéti=2,j=1vai=1,j=2thicé:
{b2l - €1 = 4gg
bii ¢z =app
Viby; # 0, va¢q; # 0 nén xdc dinh dugc byi. eq2
Bay gig xéti=j=2thicd:
by1-c12 + bypcyp = 2y
Néu biét ¢y thi tir dé ¢6 by, :
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Kiém tra tryc ti€p thdy ring :

a;y ap|
2 €y DayCon # 0 = bysoCany 2 O
1% 1Y22%22 2222

a1 ax

Qua trinh 14p luan 1i&p tyc s& xdc dinh duge tat cd cdc 4n con lai
trong hé (4).

2. Truéng hop riéng : Trong muc nay ta xét riéng trudng hop o
la ma tran déi xéng (nghia 13 of = #'), khi dé ta c6 : o = B.B' v6i
® 132 ma tran tam gidc dudi, &' 12 ma trdn chuyén vi ctia &, con hé
(2) duge phan ra thanh hé dang :

By =b
B'X=y
Thue hién phép nhin B.8' va dong nhat cic phin tIr tuong tmg
trong dang thiic :

A =BH
2 2 2
thi ta ¢6 : bli + bzi + ...+ b“ = a5 o
bliblj + b?,inj + ...+ biibij = aij (l<.])
Giii he¢ phuong trinh trén ta ¢é

by = ay;

by = . (> 1)
4 by

i-1
by = #a“ -3 b (I<i<n)
k=1

i}

aj; - Zbkibkj
b = k=1
1] b
bij =0khii1>)

(i<))

ii

Chu ¥ ring ta 1y :
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by 0 .. 0 by bz .. by,

b b - 0 0 b .. b
g< |12 b2 = 22 2n

b by . by 0 0 .. by

Sau d6 véi tinh chét dic thiy ctia hé tam gidc trén va hé tam gidc
dudi, diing phép thé nguge ta sé cé duge nghiém cia hé¢ phuong
trinh phai tim, cu thé 1a :

by 1 ‘i
YI==" ¥i=—|bi = ) by [(i>1)
big” T by | ket

I > :
X = [Yi - Z bik ka (i <mn), Xn=blg-
ii k=i+1 nn
Chit y : Khéi lugng tinh todn cha phuong phip nay c& o’ phép
tinh nhéan chia.
Hé phuong trinh o«#x = b v6i of 1a dsi xUng thudmg gip trong
nthimg bai todn xir 1y s6 lieu bing phuong phap binh phuong t&i thifu.
Vi du : Gidi he phwong trinh «#x = b nhd phuong phép phan r3
trong dé

22

by = ‘/;‘('3123 +b53) =1

nén hé trén dua vé hai hé sau :
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by, =1 y1 =1
2y, +l.y; =1 vdinghiém (y; = -1
11-)’1 +(-Dyz +1y; =1 y3 =1
(1x) +2.%9 + 1.x3 =1 [xy =6
va hé l.xy — I.x3 =—1 vGi nghiém {xz =-2
1 1.xg3 =-1 X3 =-1

§4. PHUONG PHAP TRUC GIAO

Xét lai hé phuong trinh : AX =b
véi ma trin he s6 o khong suy bién.
Vi€t lai phuong trinh (2) & dang :

n
2.2 ~bi =0
i=1
i=1n
Ki hiéun a; = (a;1, 2,3, > 2jp - Dy)s 1= i:-ﬁ ta ¢6 hé n vecto

{ai}?zl. Néu thém vécto a;,; = (0, ..., 0, 1) thi c6 hé (n+1) vecto

{ai}?:ll trong doé 4 € Rn+], Vi=1, n+1

Xét qué trinh tryc giao héa Hilbert - Schmidt cho hé {ai}?:l] , ta

thu duoc :
U =a;, v = o
Huyg ll
k-1 u (6}
u, =ay — Z(ak, Vv, V= T k=2,..(n+1)
i=1

Bay gid xét u | = (1], ty, ..., tyy). Gid sty = 0, theo tinh

chét day {ui}?_*'ll rit ra u,,q tryc giao véi moi vecto a;, i = Ln
vaytacd:
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Mat khic, theo gia thi€t ¢ Ia ma trén khéng suy bién nén tir N
ritraty =ty =..=t,=0,vdy céu,,, = (0,0, ..., 0), vo Iy, nghia la
the) = 0.

ViU, tree giao véi moi a (i= l,_n), nén cé :

n+l- 8j) =0
e

1=1n
L4
a;itj ~ bty =0
hay khai trién ra ta cé : E oo
(5 li=1Ln
o [
. . s :E:aq =
Chi y rang t,,; #0,nén : {15~ {tasy (8)
i=1n
T 2 n X t_] . P
Heé thitc (8) chimng té Tdng X = (xj)j__-l vl X = , 1= Ln,la

! The
nghiém ciia hé phuong trinh (1). _

Nhdn xét : Phuong phép truc giao héa twong déi don gian, dé lap
trinh trén mdy tinh, khdi Iwong tinh todn it (c n° phép tinh). Tuy
nhién phuong phdp nay han ché & ché cic cong thic tinh theo (5)
khéng én dinh, kém chinh xic so véi phuong phép Gauss.

§5. PHAN TICH SAI $&

1. S6 diéu Kién cia ma tran .4

Xétot = (ay); ; _ i va Il 13 mot chusn nao d6 trong R™, ki hiéu
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N etx i .o leaxil
M = sup — , m= inf — .
20 HxI x=0 xIl

Dé thdy lic#ll = M va néu m > 0 thi ma trin o# cé ma tran nghich
S 1y
daoet  vam=lictg H .

Dinh nghia 3.5.1 : Dai luong M =hetll. et I duge goi la sg
m

diéu kién cha ma trin of vi dai lugng d6 duoc ki hiéu 13 cond(.4).
Ma trin £ dugc goi la diéu kién x4u néu cond (o) 1& kha 16n
(cond (A)>>1).
Dé thdy : a) cond() > 1
b) Néu o# 1a ma tran tryc giao thi cond{c#) = 1
c) Yc 2 0 : cond(ced) = cond(c#).
Nhan xét ring cdc khing dinh a) v c) 1a hién nhién, véi khang
dinh b), ta thay : oA = oA, nén ch :
oA = (AX)' . oAX = X'ct'ofX = x'x = IxII>, i d6 c6 M = m = |
va cond(c£) = 1.
2. Phin tich sai so
Gid sir x 1a nghiém cuia phuong trinh X = b, X' = x + AX
la nghiém ciha phuong trinh AX' = b’ vA b' = b + Ab. Khi ay
tAxll = i.mIleIl < —l—lld(Ax)II, tir d6 c6 :
m

m
IAXI < -l AbY
m
Mt khdc : lIxll = 4 Milx i > dxd _IBH 046
M M M
lAxi MUabl_ o lAbl ©)
Ixil  mibl T

Udc lugng (9) ching té rang sai s6 trong déi clia nghiém c6 thé
bang tich ciia cond(«#) vdi sai s6 & vé& phai. Tir dé suy ra ring vdi
ma trin 4 diéu kién x&u thi nghiém ctia né thay déi nhiéu so véi
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nhimg thay déi nhd & hé s6 va cdc sé6 hang tir do. Nhu vay, vén dé

giai hé phuong trinh dai s6 tuyé&n tinh bang s6 v&i ma tran diéu kién

x8u va v€ phai cho gin ding, 12 mot bai toin khé cia todn hoc

tinh toén.

10x) + 7xy + 8%y +7x4 =32

Txy + 5%, +6x5 +5x4 =23

Vidul :Xéthe { ! 27 4
8x; +6xy +10x3 +9x,4 =33
Tx; + 3x9 +9x3  + 10x4 = 31

- Ta ¢6 thé thdy ring cond(ct) = 2984. Néu xét x; = 6, x5 = -7.2,
X3 =129, x4 =-0,1 thi ta cé b = 32,1, by = 22,9, b3 =329, by =
31,4, ta dé tudng ring da gdn nghiém.

Bay git lai xét : x = 1,50, x5 = 0,18, x3 = 1,19, x4 = 0,89 thi thu
dugc : by = 32,01, by = 22,99, by = 32,99 ; b, = 31,01 ; thi lai cang
dé 14m ring (1,50 ; 0,18 ; 1,19 ; 0,89) twong d6i st vdi nghiém. Tuy
nhién, h¢ chi c6 mot nghiém duy nhft x; =1, x,=1,x3=1,x4 = L.
So sdnh thi rd rang hai truéng hop di xét & trén con quéd xa nghiém.

0,1x; =0,1

Vidu?2 : Xéthe: 0’1x2,_ =0t

0, 1X20 = 0,1

Pay 1a hé phuong trinh tuyé€n tinh cip 20 x 20, ¢é dinh thic cla
ma tran hé s& la (0,1)20 ~ 0, viy néu xét theo quan diém cia phwong
phdap Cramer thi ma trn hé s& of coi nhu suy bién. Tuy nhién, rd
rang cond{c#) = 1, va thdy ngay x| = x5 = ... = X3¢ = | 12 nghiém
duy nhit ciia hé. :

Nhgn xét : 1. Tir hai vi du trén, ta c6 thé thdy ring ding khai
+ niém cond(cf) dé kiém tra dé suy hién clia ma trin of t6t hon hin
ding khii niém dinh thic cua ma trin o2

2. Hé phuong trinh dai s6 tuy€n tinh (1) s& "dé gidi” néu cond(#)
gdn vdi 1 va khé giii néu cond (A) I6n (Cond(cA) > 1).
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§6. PHUONG PHAP LAP BON

1. Phuong phép : Trong R", ngudi ta thudng xét ba chudn quen
thudc sau :

Ixll, = max |1x;
lsign

n
Ixily =D 1x; |
i=1
172

n
hx Ity = [Zx%
i=1

Khi d6 v6i ma tran of = (3;);; = Ln € R™" s& c6 céc chusn
tuong dng :

n
A1, = max a1
© 151511;: Y

0
lotll = max ) lay!

lSani=l

ot il =\/7k—1 (A la gid tri riéng 16n nhdt cia ma trin ot . of).

Dé€ giai he phuong trinh of x = b (2) nhd phuong phép lip don,
ngudi ta bi€n déi (2) vé dang :

X=BXx+g (10)
o (0 _ pn . S (s NG .
Sau d6 voix 7 e R, ta thiét lap day {x'"'}, bang cdch dit :

{x(kn) - ax® 4 g

(11)
k=20

V6i mot sé diéu kién v& ma tran B, day {x(k)}k hoi tu dén
nghi¢m x* cba he (2). Phuong phép lap xdc dinh theo hé thic (11)
d€ gidi he phuong irinh (2) duge goi 1a phuong phép lap don.
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2. Cac dinh li co ban :

Pink Ii 3.6.1. Néu |l Bil < 1 thi véi moi x' e R", day {x¥},

xdc dinh bdi (11) hoi tu d€n nghiém duy nhat X cha hé phuong
trinh (2}, hon nita ta ¢é ;

k
i x g MBI 0 oy
-l @

Chitng minh . Xéttodn td T: R " —> R" duoc x4c dinh bdi Tx =

BX + g. Khi dy ITx - Tx'll <l &l .iIx - x'il, ¥x', x € R", diéu nay
chirng 6 ring T 1a todn tir co, 4p dung nguyén Ii 4nh xa co ta cé
diéu phai chimg minh.0

Chii y : 1. Trong khong gian R" thi moi chudn la trong duong
cho nén né€u phép 1ap (11) héi ty véi moét chudn nao dé thi né ciing
hoi tu véi cdc chudn khic.

2. Védn dé dua hé phuong trinh (2) vé dang (10) véi ma trin B
théa min diéu kién 1Bl < 1 12 khong t4m thudémg. Néi chung, véi
mdi ma trin £ cy thé phai ¢6 mot ki thudt twong dng kém theo.
Pinh li dudi diy cho ta mét vai trudng hop dién hinh.

Pinh li 3.6.2 ; Giad st ma trin A& = (a;) thoa min mot

ij=Ln

trong hai diéu kién sau :

n
a) Y layl <y, Vi= Ln
i#j=1
n —
B) D layt<lay, Vi= Ln
J=i=1

Khi d6 luén c6 thé dua duge hé phuong trinh (2) vé dang (10) v6i
diéu kién Bl < 1,

Chitny minh : a. Gia sitr diéu kién a) duge thoa man, khi dé ta
viét lai hé (2) & dang :
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@
n
ajxj + z a;;X; = b
i#j=1
Li = i’_ ’
X; =-— z - Kj + L
Tu déco: < iz jet \ i aji
i=1Ln
Vay 1a da dua h¢ (2) vé he phuong trinh tuong duong vdi né, 6 dé ;
(0 _m2 a3 _ay L
ay a1 apy a1
A1 g _3m Ay b
B = azy ap ap |- 8=|ap
R R R by
ann ann a‘l’]l’l ann
Tir di€u kién a) rit ra ring :
n alj
1Bl = max Z -H | <l
1£j<n iziz] a;ji
b} Gia sir diéu kién (b) duge thda min ta viét lai he phuong trinh
(2) 0 dang :

n
Ja“xif Z ajiXj = by
i#j=1

Dat Z; =aX%; th

—
[#]

On

- =
e
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Vay ta c6 heé phuong trinh : z=BZ + b
g dé:
o - a2 413 A
a2 a33 8nn
_#1 g 323 %
B=1 Ay a33 ann
_3m 842 %3 g

a;; axp an
Tix didu kién ta cd :

aij

ajj

n
Vsl = max{ >

15jEnl jei=1

]41

2@
o

‘0.\\,\\1'

u

(12)

Tém lai, ta c6 hé phuong trinh : z=®z + b va1 I3, < 10

Chid ¥ rang néu 7 = (z‘{,...,z;) 12 nghiém coa hg (12) thi

* * *
< =|Z %2 %n ) 1anghiém ciia he phuong trinh (2).
ajy an

aﬂl‘l

Vi du : Gidi hé phuong trinh sau diy bang phuong phdp lip don :

10x; + 2x3 + x3 = 10
X; + 10xy + 2x3 =12
X + X 4+ 10X3 =8

Dé thay hé phuong trinh oay thdéa min diéu kién a) & trong dinh

1i 3.6.2. Ta dua hé vé dang :

Xy = ~0,2x9 -0,Ix3 +1
Xz =-0,1x; -0,2x3 + 1,2
X3 = —O,IX] —0,1)(2 + 0,8

Véi x4p i ban ddu x'¥ = (0; 0 ; 0), ta thu duge két qui thé hién

qua bang sau day :
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k Xy X2 X3

I 1 1,2 0,8

2 0,68 0,94 0,58
3 0,754 1,016 0,638
4 0,733 0,997 0,623
5 0,7383 1,0021 0,6270
6 0,73688 | 1,00077 | 0,62596
7 10737250 | 1,00112 | 0,626235

Cé6 thé thdy nghiem ding cha hé nay Ia :
& _(707 956 598
955 " 955’ 955

J vax 1a twong d6i chinh xac.

§7. PHUONG PHAP SEIDEL
Trong muc nay ta ti€p tuc nghién citu vén dé gidi hé phuong
trinh ofx = b (2).
Gia sir heé (2) dugce dua vé dang :x=2x+g 13

-1
. X(k

Gia sit rang da c6 cic x4p xi x(o), xM  thi ldc d6

x® = {0, x$ .. x() duee xdc dinh bi -

n
k k-1
= Sty w0
=1

P

$ i1 n i
(k) _ (k) (k=)
X = Z]:bij x4 Zbij i+, (14)
= =1

i=2n
1

Day {x™} xay ding theo he thic (14) dé giai he phuong trinh
(2) dugc goi 1a day x4p xi xay dung theo thuat todn Seidel hoic theo
phuong phip Seidel.
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Pinh 1i 3.7.1 : Néu I # ll, = max LZwUl <1 th day {x®
l<1<n
xiy dung boi hé thirc (14) hoi tu dén nghiém duy nhét cha hé

phuong trinh (2).
Ching minh : Theo dinh 1i 3.6.1 thi h¢ phuong trinh (2) c6

nghiém duy nhit x*, nghia la :

n
* *
i ; ij i (15)
i=Ln
Ldy (14) trie di (15) tu‘ng phuong trinh ta thu dugc :
x(kD o zbu (x(k+l) X; Y+ Zbu( <) _ i])
J=1 : =i

Tixdétacd:

i=1 n
k+1 * k+1 * k *
16D - =Y by 1 DG Dby Y —xG 1 (16)

=1 j=i
i—1 n
Ta dat : D.lbyl=PB;, P lbjl=y, chi y dén
IFx ll,, = max |x; I, tacé:

1£1<n
D B D T oy k™ - X7, )
Goi iy la chi 36 ma :

XD b = max (D = xR0 Xl
lo o 1<i<n ! ©

Tu (6) ta thu dugc :

WD g < B 1k - oy 1x - X

‘Y.
x®HD — px® .

Viy: x i, <
® -Bi.)
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biat : v:max[ Ti, Jth‘lsécé: .
io
D i, <vix® - X (18)

Mat khic dé thiy : (B; + ;) - (1](—15) >0, tir dé c6 :
N o1

I # W, = max (B; + ¥;) 2 v, nén v < 1, do dé h¢ thic (7) dén
i

dén lim x®) = x*, nghia la diy {x(k)} xay dung theo phueng phéap .
k—w
Seidel héi tu dén nghiém duy nhit x.0
Nhdn xét : 1) T6c 46 hoi tu clia phuong phap 1ap don d6i véi he
phuong trinh (2) 1a :
x®* D - x"i <t x® - x
Mat khdc, tdc 4o hoi tu chia phuong phdp Seidel 1a :
(k+1) * (k) * .
llx -xHvix —x lvéiv<liall

2) Néu viét lai hé (2) & dang :
X=(B|+B;)X+¢g, trong d6 :

by bz ... by U 0
b b .. b b 0 0
R = 21 22 2n , By = 21
bnl an bnn bnl bn2 0
by bia ... by
0 b ... b
#, = 2 2n

0 0 .. by
thi c6 thé viét (14) dusi dang san day :
XD E-s e xPeE-8) g
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Nhu vay phuong phép Seidel cling 1a phuong phép lap don duge &5
dung cho hé phuong trinh khac.

Vi dy : Giat hé phuong trinh san bang phuong phdp Seidel :
8xy — 3xp +2x3 =20
4x; +11xg ~ x5 =33
6x( +3xy + 12x3 =36

véi x4p xi ban ddu 0= (0;0;0).
Cic tinh todn cho béi bang sau :

k x%k) xgk) xgk)

0 0 0 0

1 2,5 2,1 1,2

2 2,988 2,023 1,000

3 3,0086 1,9969 0,9965
4 2,99971 1,9979 1,00020
5 2,999871 2,00065 1,000048

Chii ¥ ring nghiém diing ciia hé Ia x = (3, 2, 1), tir d6 ta thiy
trong truomg hgp nay, phuong phap Seidel hoéi ty tuong déi nhanh.

§8. VAN DE TIM MA TRAN NGHICH PAO

1. Bai toan : _

Gia st o = (aij)i.j=l_,; la mét ma trin khong suy bién, E 12 ma
tran don vi cip n, bai todn dit ra 1a tim ma trin B =(Xjj)nxn 520 cho
AB=BA=E.

Néu dit X 1a ¢t thi i ca ma trdn B, E; 12 ¢4t thd i cha ma tran
E thi hé thic «#8 = E tvong duong véi n hé phuong trinh :
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eg.;

dXE = Ei
i=1n

Vi o 1a khéng suy bi€n nén mbi hé déu ¢6 nghiem duy nhét. Tuy
nhién, ta thdy ngay khéi lugng tinh todn 12 rdt 16n. Duéi day ta khio

sdt 2 phuong phdp tuong d6i don gidn tim ma tran nghich dao véi

déc trung 1a khéi lugng tinh todn duge giam nhe.
2. Phuong phip Jordan

Ta viét lién nhau hai ma trin of va E, ma tran of & bén trdi va E & bén
phi. Budc mot, ta ti€n hanh dua cot thi nhat cia ma tron of vé cot thy
nhat clia ma tran don vj E bing phép bién d6i so cap thuc hién trén cic
dong. Budc hai, ta ti€n hanh dia cot thit hai clia ma tran of v& cot thi hai
clia ma tran E bang phép bién déi so c4p thuc hién trén cdc dong. Sau n

budc ta thu duge E & bén trdi va B = of ' & bén phii. Ban cht vén dé
chinh 12 ta 44 nhan ma trin of ' vio of vi E.

Tinh todn cy thé theo quy tic sau day : Néu goi a'ﬁ’k 1a phin 1 &

dong j cot k ¢6 duge sau budc khir thit p thi cong thic tinh aﬁ’k la:

ap;' —_—
a? = B vsi k=1n
pk p-1
pp
J (19)
i ab! .ap;|
KT %k P! P
PP
Vidu:Haytim et " véi:
(50 107 36
A=[25 54 20
31 66 21

Khi d6 qud trinh tinh ¢~ duoc thé hien trén so d6 sau :
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(50 107 36! I

00 1 12,04 0,72 00210 0
25 54 2010 1 0 - 03050 2 —050i1 0
131 66 2110 0O 1 0 =034 -1,32 -0,6210 I
1 0:i-7,84 2,16 —4,28 0
S0 14 1 2 L 0
0 01004 -096 068! I
1 0 01-18 129 1961
1 i
-0 1 095 —66 -100]
00 1{-24 17 25|
~186 129 196
Viy:ot T=| 95 66 -100
-24. 17 25

Nhdn xét ; Uu diém clia phuong phip niy 13 trong mdi birde chi luu
trit n” phén tir trong khung, tiét kiém bo nhé.

3. Phuong phip liap
Xét ma tran <# khéng suy bién, ta s& tim ma tran o# B bing phuong

phdp lap nhu sau : V4&i ma tran X, bat ki (cling c8p), xét diy ma tran
{X,,}, xay dung bdi :

Xi+1= X (2E — X ), Vk 20 (20)
Neéu ta ki hiéu Y, = (E - o X)), Yk 20, thi :
Yk+l =E—c)ka+] =E—dxk(2E‘-0ka)
=(E-ot X)) = Y.
k
Doviy: Yy = YE‘] = Yé_z =..= Yg_ .
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A aé‘g

LN

Miit khidc, xét: A — Xy =ct | E-cAX)=cA Yy = A Y,
vay et =X <l WY, 12

Tir cc rée luong & trén ta rit ra ring : Néu ma tran X, duge chon di
" 16t (thoa mﬁn diéu kién IE — o X 1 < 1) thi ddy ma trén { X}, x4y dung
nhur trén hoi tu dén ma tran oA T ase d6 hoi tu la rit nhanh.

o1
Vidu : Cho ma trdn dz[l ZJ

Hay tim ma tran nghich ddo ciia o# nhé phurong phép xap xi (2), vé6i
ma trin X, dugc chon bai :
X, =( 1,9 4),9}
-0,9 09
Gidi. Tinh todn theo (20) ¢6 :
(199 09 _{ 1,9999  —0,9999
b [—0,99 0,99 ] :- (-0,9999 0,9999]

A - PANES
So sdnh ta thay X, rit gin v&i 4 ! =[ : I]

§9. BAI TOAN GIA TRI RIENG

Bai todn tinh todn gid tri riéng va vecto riéng cha mot ma tran £ cho
truée 1 mot bai todn quan trong cha todn hoc ndi chung, né ¢b rit nhiéu
ing dung thuc tién, trong vat li, co hoc v.v... V& phuong dién 1f thuyét,
bai todn nay quy vé bai todn giat phuong trinh dai s6 det (£ ~ AE) = 0.
Tuy viy, tinh todn thuc € thdy ring khéi lugng phép tinh rdt 16n. VE dai
thé ¢6 hai bai todn co ban 6im gid tr riéng 14 bai todn tim tt ca cic gid
tri riéng va bai todn tim gid tri riéng ¢6 modun 16n nhat. Dé giai bai todn
gid tri rieng, ngudi ta dua ra hai hudng khéc nhav : Hudng thir nhét _
(thudmg duoc goi 1a huéng truc ti€p) 13 néu ra thuat toan don gian dé tinh
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cdc hé s6 ciia da thic dac trung mot cdch nhanh chéng. Khi ¢6 da thac
dac trung réi thi tién hanh giai phuong trinh dic tnmg dé 6 cic gid tri
riéng, hoac udc lugng gid tri riéng c6 modun Ién nhat (b€ nhit) toy yéu
cdu cu thé timg bai todn ; Hudng thit hai (thuomg duoc goi 12 huéng gidn
ti€p) 1a ding phuong phap lip dé tim gid tri riéng va vecto riéng. Dudi
day ta trinh bay mét vai phuong phdp tim c4c gid tri riéng va vecto riéng
cho trude. :

1. Phuong phap Krylov -

Dau tién ta tién hanh xé4c dinh cic gid tri riéng cla ma trin €. V&
moi ma trin of = (@jj)nxn cho truéc, xét E 12 ma tran don vi cdp n. Khi
d6 ngudi ta goi phuong trinh 4n A sau day 1a phuong trinh dic trung ctia
ma trin of :

' det (ot — AE) = 0

Néu khai trién det (c# — AE) theo liiy thira ciia A thi ta c6 det(c£ — AE)
12 mét da thitc béc n clia A, ki hiéu 13 D)) va goi 1a da thirc dac tmg
cita ma trdn o ; DA = (- 1)" A" ~p A" 2= _—p A _p1.

Név () =a,ct"+a,ct™ ' + .. +2,E=0 thita ndi ring da thic
®(A) = 22" +a;A" ' + . + a; nhan ma trdn o# 1Am nghiém. Theo dinh I
Caley — Hamilton thi da thiic dic tnmg D(X) ciia ma trin o4 nhan o# 1am
nghiém, déng thai n6 con nhan o ' ciing 13 nghiém, nghiala:

-1
D(ct) = (-1)" {et" —pyeA™ .. —p,_ ot~ pE] =0
v a1 '

DicA ) =(-1)" [ —py ™' — ..~ po_jt” —p,E] =0

Trong tap hop cdc da thifc nhan of 1am nghiém sé& ton tai duy nhit da
thic (R} c6 hé s6 cao nhét bing 1 v ¢6 bac nhd nhit, ta s goi da thi
nay 1 da thtc t6i thi€u cia ma trin 4. :

Véi vects : ¢V = (cgo),cg)}, ey CE,O)) bat ki, xét hé cic vecto
() xdc dinh bdi ¢ = 07
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Tir dinh 1i Caley — Hamilton, ta ¢ : D(c#)c” ' = 0, nghia la :

PLRON Py 2! (OJ-pzd“"zc(o)—...—pn_ldc{m—pnc(o)=0-
Chuyréngot() - O ,V6ii=1,n,tacé:
pre™ PV pc™ P4 apgcV+ p e =™ @n

Heé phuong trinh (21) (2 hé phuong trinh tuyén tinh khéng thusn nhét,
fnTapy. ... by

@, ™ D12 dac tap tuyén tinh thi tir (21) s& c6 duy

(0) (} N

Néu hé vecto ¢

nhit nghiém pq, Py, ..., Pp- NEU hE € , i phu thudc tuyén

tinh va 6 ¢, ..., ¢™ (m < n-1) 12 he con doc lap tuyén tinh cuc dai

clia hé nay, khi d6 ta khong xdc dinh duge cdc hé s6 cua da thirc D(A)
ma chi xdc dinh cdc heé s6 clia da thic t6i thifu cia ma trin £ Ia

y(A) = y N oy A A A — &y A — Gy
Tir d6 c6 : ot e -y Aa™ P Oyt of - anE=0
Vay a;c{ -1 o+ am_lc{l) + amc(m =™,

Day chinh 12 hé phuong trinh dai s& tuyén tinh khong thuéin nhét, 4n
13 ay, ..., @, dinh thic cia ma tran hé¢ s6 khic 0, viy c6 nghiém duy
nhdt 12 cac hé s6 cla da thite w(A). Cic nghiém cla da thic ndy chinh la
cdc gid tri riéng cha of ; tuy nhién, trudmg hop ndy, ta khong xde dinh
dugc tdt ca cdc gid tri riéng cua of.

Bay gid, ta ti€n hanh tim cdc vecto riéng clia ma trin 4.

Gia str C(U). c(l). "V hé vecto doc 1ap tuyén tinh (trong trudmg

(t

hop nguge lat, ching ta 1y, ¢, ... ™ {(véi m < n—1) la he vecto doc
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1ap tuyén tinh t6i dai ciia hé vecto trén). Khi d6 vecto riéng X; ¢cha ma
tran o2 Ung vdi gid tri riéng A; s tim duge & dang sau day :

(n—

xi=dic" Vadye® P h L 4d c©

-1y . T

Chﬁyrﬁngdxizlix,-,c(i)zdc 1=1n, trdé nitra:

die" +dpd™ Vs L4d e P=a (4™ 4+ dpe®)
Mat khic :

D) ¥ =05 (-1 (¢ - pye™ V- _p P p (P
Két hgp hai hé thic trén, ta ¢6 :

d o™ D+ pc" P pg e 4 p P+

4™Vt eV = [ 4™V b+ d ()
T dé ¢ :
{n-1) (n-2)
(dip; —Ady +dp) €+ (dipy ~ Ada +dgde T+ +
1 )
+(dipy.g — Aidy.g + e+ (dyp, - Aidy) ¢ =0,

vic?, D hé déc 1ap tuyén tinh nén c6 :
(dIPI - lidl + d2 =0
dlp2 - kidZ + d3 =0

Ldlpn ~Aidy, =0
Chon d; bat ki khéc 0, he nay cho d;, Vi = Ln va tir 46 ¢6 x;.

Vi du : Hiy xdc dinh cdc gid tri riéng clia ma tran of va sau dé hay
tim vecto riéng ing v&i gid tri riéng 16n nhdt theo phuong phép
Krylov, vai
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310
A=|1 2 1
01 3

Gidgi - Lay ¥ =(1,0,0); ¢ —oec _(3 1,0y,
B ;fcm—(IO 5.1y; ¢ =t = (35,21, 8).
_ P =8
Vay : p]c(z) + pzc(3).+ p3c(0) =V p2 =19
p3 =12

Tir d6 c6 da thic dic trung cba o :
A2 _8nl+ 19A - 12=0.
Vay o# c6 cc gid tri rieng : A = 4, Ay=3,A3=1
Dé x4c dinh vecto riéng tng voi gid tri rieng A, = 4, ta giai hé :
4.8 + (-4)) +dy =0
dy.(-19) — 4dy +d3 =0
d.12 — 4dy =0
Chod;=1s&c6:dy=-4,d3=3.
Vay vectd riéng X, ¢6 dang :
X = l;c{z) + (—4).c(l) + 3-cl0). Tinh toan s& thu dwoc :

o= (1 1, 1),
2. Phuong phép Leverie
Gid sit @ (A) = A" + A" 2 + ... + Py €6 cic nghiem Ay, Ay, .. Ay (k8

¢4 boi). Néu ki hiéu §, = Zlk thi tir dinh 1i V:etc va nhi théc Newton,
i=l

tachd:
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P =-95

I
P2 = —— (S2 + pSY
4 ) 2

(22)

1
Pn =~ (Sp + P1Sp—t + -+ + Pp_1SD)

Ngoai ra néu nhur @(R) 12 da thic dic tnmg clia ma tran <4 thi Sk
chinh 12 vét Tr(ct ") cita ma tran o,
Nhu vay, phuong phép Leverie néi gon lai 13 nhu sau : Tinh 4 k

111
(k = 1,n), sau d6 tinh vét ciia ma tran utk 1a S = Tr(c k) = Za}‘i .
i=1

k
A = (agjk))nxn-

Tir d6 6 thé tinh duge cdc p; theo hé thic (22), va ta ¢6 da thic
dic trung cla of. :

Vi dy : Hay tim da thiic dic trung ctia ma tran «# nhd phuong
phap Leverie, véi :

1 2 1
A=0 1 -l
10 2
2 4 1 3 8 0
Tacé: #2={-1 1 -3, A =4 -1 -8
3 2 5 8 8 11

Vay: §, =4, 5 =8, S;=13

p;=—4  py=4, p3=1,
vi do dé da thic dic trung clia of 12 ; _
Oy =2 + 427 —4h— 1.
Nhdin xét - Pauong phap Leverie rdt don gian vé ¥ tudng va c6 thé 4p
dung cho moi trudng hop, tuy nhién, khéi lugng tinh todn 1 16n.
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3. Phuong phip lay thira

Phuong phdp nay thudng duge ap dung dé tim gid tri riéng cé
modul 16n nhét clla mot ma trdn 4 = (ajj)5yq cho trude.
a) Gia sif ma trin 4 ¢4 n gid tri riéng théa man ;
Al >l 2 o2 A,

con X, ..., X, 1i céc vecto riéng tuong (ng. Van dé dat ra 12 tim A;.

1]
Xét yp la mot vecto bat ki, khi d6 y, = Zaixi. Bay giv thiét lap
i={
mét day {yyly theo hé thife sau : yy . = of yy. Vix; la vecto riéng
ing vai gid tririéng A; nén tacé :
ofX; = kixi n .
{ ¢ T VAyY;=of SYO = Zail?xi

i=1

8
Vaii= 1 thi [%J — 0 khi s — o, nghia latacé:
1

5 s+1
Ys > MO Xp, Yoo = A 0y Xy,

tir d6 : lim [”S—“] = Ay

s—ool  ¥g

Tdc do hoi tu phy thuge vao ti s6 [%2—] néu ti s§ niy cang gin
¢
1 thi t6c do héi tu cang chgm.
b} Gia st ma trin of c6 n gid tri riéng A, ..., A, thdamin A = -2y la
s6 thue va [L 1 = 1,1 > Al = .. 2 1A ). Khi d6 v6i cdce ki hiéu nhu
trén, ta c_é :
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- AY A Y
Yo = A oy [———J X) + oy [m X + ...
s ll ’ 7\.1 .

. A )
Vay : y, = A) foyxy + (=1) (027 +0~1[13J X3 + .
I

Bay gids ta goi y. Ia thanh phén thit i cia y, thi c6 :
. Y
yho= A5 oyx) + (-1)° apx} + a;{;J X3 + ... {, v6i ki hiéu
. 1
xj 1 thanh phdn thit i cha vecto x, .
Vay yz“ —ll [a1x1+( 1% ax +..]
y25+1 =11 [alxl + (—_1)28+1 0‘.2xi2 + ].

i i 1
tirdé cé ¢ lim [”Z?HJ =[°‘"‘? azX;J Ay Va2

= ys apx{ + 09X}

i
. - xi o+
lim | Y25 L 0.2!(2 A
S | Y-l Xy ~ OgX)
i
. Ys42 2 2
lim ["—:J =A =M
a0 ys .
tir dé c6 A va A, cdn tim.
¢) Gia su ma trin of cé n gié tri riéng théa min A, = Al va
IA 41 > 1A50 = 1A |. Véi lap ludn twong ty, ta cé v6i s db 16n thi
: -5 =
Yo = A] X| + AL X1
1 —
Yorz = M7 % + AT xi

. 542
Yer2 = 7‘?+ X+ Ax
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Tir 46 ¢6 duge cdc hing s6 b, ¢ sao cho :
Y42 + by +cy, =0
thi A% + b + ¢ = 0 v2 A, A, chinh 3 nghiém ciia phong trinh nay.
d) Chit y : D€ cdc thanh phﬁn. cha y, khong qud 16n, ta ding so
d6 lap sau day : vdi y, ta lap hai vecto yy g va Z, ¢
{zkﬂ = M , VOI oy, = maxh(zg, ) !
Y+l = Zka1 / Ok i

Vecto y,, thudng duge chon 1a vecto ¢6 céc thanh phén bing 1.

Vi du : Tim gid tri riéng ¢6 modul Iém nhat va vecto riéng tuong
tng clia ma trin f dudi day bing phuong phdp liiy thira :

1 -3 2
g = 4 4 —l
6 3 5 . -

Chony,=(1,1,1)thiy =c#y,=(0,7,14);
Yy =cfy; = (7, 14, 105) 533 = (175, 21, 609), y, = (1456, 7, 4032);

¥5 = (9499, 1820, 28917) ; y4 = (61873, 16359, 207039) ;
¥ = (426874, 105889, 1455510) ; v.v...

i y?. y3

Ta c6 the thiy v6is 2 9 thi 3tl & Jstl o sel o 7,
¥y ¥s ¥s

Vay rit ra cdc gid tri riéng clia ma trén & trudng hop 1A 1>A8 R4l
'va c6 Ay = 7, tit d6 néu l&y A, = 7 thi vecto riéng tuong ung la
x = (9, 2, 30).

Vi du : Tim gi4 tri riéng c6 modul 16n nhét cha ma tran -4 dudi
day va vecto riéng tuong ing :

8 -1 -5
A=|-4 4 2
18 -5 -7
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‘Chon :y, =(1;0,8;1). Xét phép lap AY, =¥, thicé
¥1=(2,2;-28:7);
Y2 = (=146 1 -34;4.,6) ;
¥3=(-1058; —86,_8 ; —=125,0),
Ta nhén thdy ma tran of ¢6 gid tri riéng tr6i 13 phirc. Ta tinh b, ¢
theo heé thifc : y .5 + by, +cy,=0véis=1cé6ba-421;
¢ = 20,14, tir d6 c6 dugc phu‘o’ﬁg trinh tim A, A, 1a: |
7\.2—42171.+20 14=0va X ~2,10+3,96i; A ~2,10 - 3,96i.
Tir d6 ¢6 hai vecto riéng tuong ing :

x; ~ (0,48 + 0,501 ; 1,0; -0,03 + 0,991) ;
X3 = (0,48 - 0,50i ; 1,0 ; —0,03 — 0,99i).

§10. VAI VI DU TINH TOAN PAI $6
TUYEN TINH TREN MAPLE V

Véi bo chuong trinh MAPLE V va mdy tinh thong thudmg, ta c6 thé
¢4 dugc céc ket qua (6t trong cdc bai todn tim dinh thite, ma trin nguoc
cha mot ma tran cho trude, fim vecto riéng va gi4 tri riéng cia moét ma
trdn cho truée. Sau day 13 mot vi vi du.

Vidu I. Tim vecto riéng ciia ma tréan :

1 -3 3
A=13 -5 3
6 -6 4

Ta khai bao ma trén A bang lénh :

[>A:= matrix (3, 3,[1,-3,3,3,-5,3,6,-6,4)) ;
Sau dé xdc dinh vecto riéng bang lénh :
[>eigenvects (A) ; .
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Khi dé thu duge két qua :

[4, 17 { ]9 ]7 2}]’ [-_2’ 29 l{_lsoy 1]0 [l! lv 0]}]

K&t qua duge hiéu nhu san : trong méc vuodng thit nhit s6 4 1a gid
tri riéng, s6 1 la boi cla gia tri riéng 4, cdn vecto riéng tuong ing la
(1, 1, 2). Trong méc vudng thi hai, s6 (-2) 14 gid tri riéng, s6 2 la
béi ciia gid tri riéng (-2), con 2 vecto riéng twong dng 1a (-1, 0, 1)
va(l, 1,0).

Vidu 2. Cho ma tran :

21 0 0

0 2 0 0
A=

00 1 1

00 =2 4

Hay tinh da thic dic trung va da thiic t6i thiu ciia A.

Ta tinh da thic dic trung béng lénh :

[>charpoly (A, x) ;

Két qua : x* —9x> + 30x% — 4dx + 24

Ta tinh da thiic t6i thiéu bing lénh -

[>minpoly (A, x) ;

Két qua : x® ~ Tx% + 16x — 12.

Vi du 3. Hay tinh dinh thic vd ma trdn nguoc cia ma trin

dudi day :
{1
r_1r,
2 3
A=|-5 14 9
3
0 11 -~5~
\ 6
Khi dé ta ti€n hanh khai bdo ma trin A nhd lénh :
A= matrix(3,3,[-1-,—1.2,—5,-13,9,0‘11,—21);
2 3 3 6
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sau dé tinh dinh thitc cia A béng lénh :
[>det(A) ;
- Két qua : _2§§_1_
18

P& tinh ma tran A", ta thyc hién lénh :
[>inverse (A) ;

K&t qua :
' 1852 391 222 )
2881 2881 2881
A5 315 1 261

2881 2881 2 2881
990 99 12

2881 2881 2881
Vi du 4. Giai hé phuong trinh dai s6 tuyén tinh :

3 -2 5 1 3

2 -3 1 5 -3
Ax =b, trong dé: A = , b= .

1 2 0 -4 -3

1 1 4 9 28

Ta ti€n hanh khai bdo ma tran A nhd 1énh :
{ >A:=matrix (4, 4,[3,-2,-5,1,2,-3,1,5,1,2,0,-4,1, 1, 49 ;
Sau do, khai bido ti€p vecto b nhe lénh :
[=b:=vector ([3, -3, -3, 28]).
Pé giai phuong trinh Ax = b, ta dua lénh :
[>linsoive (A, b) ;
Két qua: [-1, 3, -2, 2].

I — GIAI GAN PUNG PHUONG TRINH PHI TUYEN

§11. MG DAU

Trong muc nay, ta nghién ciu nhitng phuong phdp giai mot s6
phuong trinh dang : f(x) =0 - (23)
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trong d6 f(x) 12 mot ham sd phi tuyén.

Phuong trinh trén, trir mét vai trudng hop dic biét, c6 cong thic
giai ding, con néi chung 13 khong c6 cdch giii ding. O khia canh
khéc, cdc hé s6 cha f(x) trong nhiéu trudng hgp ciing chi 14 cic 58
gin diing, cho nén van dé giai ding phuong trinh (23) ciing khong
that cin thiét. .

Dé giai gdn ding phuong trinh (23), ta ti€n hanh céc budc sau :

Thit nh4t 13 tich nghiém, nghia 13 tim mot khoang [a ; b] di nho
sao cho phuong trinh (23) cé nghiém duy nhat X € [a ; b]. Tiép
theo 12 kién toin nghiém (nghia la chinh xic héa nghi¢m dén 46
chinh xdc cin thiét).

Co s& dé tich nghiém 1A nhitng khing dinh sau, khd quen thudc
trong giai tich ma phép ching minh 14 don gian.

Pinh li 3.11.1. a) Gia st f(x) lién tuc trén [a ; b] va f(a).f(b) < 0.
Khi d6 t6n tai it ohat 1 nghiém x* € [a ; b] cla phuong trinh (23).

b) Néu f(x) lién tuc trén doan [a ; b] va f(a).f(b) < O, hon nifa,
ham s6 f(x) ¢6 dao ham £(x) lién tuc trén doan [a ; b] va f'(x) khong
d8i d4u trén [a ; b] thi nghiém X' n6i trén 12 duy nhat.

Budc tich nghiém thﬁfmg dugce ti€n hanh nhd phuong phdp chia
do6i hodc phuong phip dé thi.

Nguyén tic thuc hién phuong phip chia d6i nhu sau :

Xac dinh d4u f(a).f(b) < 0, sau dé chia d6i doan [a ; b} va goi
[a; ; by] 12 mot trong hai nira & trén sao cho f(ay) . f(by) < 0. Lai
chia d6i doan {a; ; b;] va goi [a; ; b;] Ia mét trong hai doan con ma
f(ay) . f(by) < 0 ; qua trinh ci thé€ ti€p tuc. (néu tai a; ma f(a;)) = 0
hodc b; ma f(b,) = 0 thi ta ¢6 dugc gid tri d6 14 nghiém ding cia
phurong trinh (23)).

Trudng hop f(x) 1a da thic dai s6, deg f(x) = n, thi phuong trinh

(23) c6 khong qué n nghiém. Vi viy néu c6 (n+1) diém ddi d4u thi
khau tich nghiém la xong.
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Nguyén tic clia phuong phdp dé thi nhu sau : Nghiém cia

phuong trinh (23) la hoinh do giao diém cba d6 thi y = f(x) v truc -

hoanh ; hoac la tuong dvong, néu ta bién ddi (23) vé dang :

O(x) = y(x) (24)
thi nghiém cia (24) va do d6 nghiém cia (23) 13 hoanh do6 giao
diém ciia hai d6 thj y = p(x) va y = y(x).

“Sau khi di tich dugc nghiém, thi céng viée tiép theo 13 kién toan
nghiém. D€ thyc hién buéce nay, chiing ta c6 thé ding mot trong céc
phwong phip duge mo ta & cdc myc sau.

§12. PHUONG PHAP LAP BDON

1. Phrong phap va dinh li héi tu

Xét lai phuong trinh : f(x) =0 23)
Ta bién déi phuong trinh nay vé dang tuong duong :

X = o(x) (25)

Véi xidp xi ban du x, di cho, ta xdy dung ddy {x,}, nh¥ he

thite : x; . = o(x,),n 20 _ (26)

Dinh i 3.12.1 : Gia sit ham s8 y = ¢(x) thda min céc diéu kién :
L lp(x) — (x") < LIx* - X', ¥x, x' € [a-1 ; o+r] va v6i hing s6 L < 1.
2. p(o) —al < (1 — L)r.

Khi d6, véi méi x, € [a-r, a+r] day {x,}, x4y dung bdi hé thic
(26) hdi tu dén nghiém x cia phuong trinh (23) va ta cé
udc leong :

* n *
Xy —x <L Ix, - x | 27)
n
(I1-L)

Chitng minh, Theo gia thi€t Ix, ~ al < r. Gia sif ta cé

X, —x | < I %o — % | (28)

X -7 —ad <r, khi dé
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Ix, — al = lp(x,— )~ al < o (Xp—1) — ¢ ()] + tola) - al <
€Ly -al+(l-Lyr<Lr+(i-Lyrsr
Vay:Ix,—al<r,Vne N.
Ta c6 : X,y — Xl =l (x) — @(x;— N <L Ix; = x4
tirdé it ra : Ix; —xl < L' Ixy = %o}, Vi e N.

Ap dung két Quz’i ndy, vdim,n € N, ta c6 :

X em — Xnl € Xasm = Xnam-1} + -+ Xpa1 — Xp!
SEM T gy - x4+ LIk - Xt =
-1 L"a-L™
=L AL DXy xS —— X — X, !
) 1 o (-L) q 0
vi viy ma :
P _ [m
!Xn+m—xn|3-—l~‘LL—*|X1—K0| (29)

ViL < 1 nén {x,} la diy co ban, chuyén qua giéi han trong (26} ta
c6 day {x,} hdi tu dén nghiém x cla phuong trinh (23). Dé thdy
nghiém X nay 1a duy nhét. Trong (29) cho m —» oo thi ¢6 uéc lugng :

I, — x| < = 1x1 = xo |, vay he thitc (28) duge chiing minh.

Cu6i cung, dé thiy Ix, — x 1< Lix,- - x 1, cho nén c6 :
Ix, —x 1< L"x, — x 1, vy he thic (27) d& duge chiing minh. 5

Nhdn xét : Phuong phap 1ap don (26) c6 tinh chit ty diéu chinh,
nghia 13 néu tai mot vai budc tinh todn trung gian ta mic phai sai s6
thi diy {x,} vin hoi tu dén x , tit nhién chi 1a mot vai budc va sai
s6 mic phai sao cho x,, khéng vuot ra ngoai [a — 1, a+r].
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Vidu : Tim nghiém duong 16n nh4t cia phuong trinh :
x> +x - 1000 = 0 (30)
Dat f(x) = x* +x - 1000 thi ta thdy f(9) . f(10) < 0, vay phirong

trinh (32) ¢4 nghiém x € (9, 10). C6 3 céch dwra (30) vé dang x = ¢(x) ‘

nhir sau : .
a) x = 1000 — x°, vay @,(x) = 1000 — x>

1000 —x 1000 - x
b) x = 5> VAY @o(x) = 5
X

X
c) x = Y1000 —x, vay g3(x) = 31000 _x .
RG rang, trudng hop thi 3, @3(x) = Y1000 - x s& c6 lo"3(x)I rat
1
ho trén [9, 10], @2 (x) < — = L.
nho trén [ I, 9'3(x) 300
Chon x, = 10, X3  9,9667 véi 6 chinh xdc 10™% ta ¢6 thé coi

*
X = X3,

2. Phuong phap lap don bac cao.

Trong muc nay ta vin xét phuong phip lip don (3) dé gidi
phurong trinh x = ¢(x) 25

Gia sit X 1a nghi¢m cia phuong trinh (25), khi d6 ta néi ring
phép lap don (26) : x, = 0(Xy—1), 02 112 ¢6 bac m néu ;

(m n

0'(x) = 0"(x") =. (x")=0va ™ "y 20,

Néu trong mét 1an can cia X' , ham s6 @(x) cé dac ham lién tuc
d€n béc m, thi theo cong thitc Taylor, ta c6 -

* * * —x"? *
Px) - x =(xX-x)Q'(x )+ Ex—z—’:—l—qa"(x Y+ o+
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(x — x )™ (m-1) ,_* C(x - XM {m}
(m - 1)! M (x)+ m! L

Trong trudng hgp phép lap 14 co bac m thicé :

Q(x) ~ x* = (x_—":(_'l__ (p(m) &)

*.m
o1 — X
Xn — X* =%‘P{m) €)
m!

Dat M = max I{p(m) {x) 1, trong d6 U 12 lan c4n dang xét ciia x*,
xelU

tacod:
* M * m
Xy —X IS—'Ixn_l -x |
m!

NP M 2 o-
Tlf do . Ixn _ x* l < [_ +m+m©+...+m

x-x"
m! %o

M
. - »
néu |x° —X |{1 va E Ixo _.x*

= <1 tht:

m" -1

*
Ix, —x I<a m-1

Tém lat, trorig trudmg hop nay, diy {x,| héi tu dén x_ rit nhanh.

§13. PHUONG PHAP DAY CUNG

Trong muc nay, ta xét lai phuong trinh : f(x) = 0 (23)
Gia sir rang ham s8 y = f(x) lién tuc trén doan [a, b] va f(a) . f(b) < 0.
Gia stt f(x) €6 dao ham dén cdp 2 lién tuc va f'(x) > O trén [a, b]

(néu f'(x) < O thi ta chuyén (23) vé dang : —f(x) = 0, hic d6 —f"(x) > 0
trén doan [a, b]).
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Khi d6 d6 thi y = f(x) nim phia du6i day cung AB vdi A(a, f(a)),
B = (b, f(b)).

Truong hop 1 : Néu f(a) > 0, ta xay dung day {x, }, theo hé thic :

X, =b

SN (L7 R
e T Ry — ey Y Gb
neN

Khi d6ta s€ cé diy {x,) don diéu gidm, bi chan va :
a<x <.. <Xpp] <Xy <. <X, = b,

Truomg hop 2 : Néu f(a) < 0, ta xay dyng day {x,} theo
cong thire :

Xo =2

cx - tGa) g
Xn+t = Xp F(b) — £(x,) (b-x,) (32)
neN

Khi d6 ddy {x,} don dién ting, bi chan va :

*
LA XX <X KX <. <X <h.
A

f{a)

 Hinh 3.1
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Y nghia
hinh hoc cua
hai day {x,}
dugc x4y dung
bdi (31) va
(32) néu & trén
s& dugc mo ta
tuong dng trén
cdc hinh 3.1 va
hinh 3.2 va A~
chinh didu &6 - _ o
gidi thich cho Hinh 3.2
tén goi cha
phuong phap.

+H
I
3
_?C

" f(a)

Gi4 sir ham s6 y = f(x) lién tyc trén doan [a ; b, ddy {x,} cla;b],
£(x) gift nguyén mot du va ngoai ra cé:
0< meif(xI <M < +o0.
Khi d5, c6 thé ching minh duge udc lugng sai s8 sau :

—1m

I "1 I |
Xp —X 1= Xp — Xp-1

Vi du : Tim nghiém duong ctia phuong trinh sau day nh& phuong
phap day cung véi 46 chinh xdc dén g = 0,002 :
f(x)=x° - 02x* —02x — 1,2=0
Gidi. Tacé (1) = -0,6 < 0, f(1,5) = 1,425 > 0, do d6
x* e (1; 1,5), mat khdc f'(x) > 0 trén (1 ; 1,5) va f'(x) > 0,
¥x e(1;1,5)
Véi x, = 1, dp dung (32), tacé :
x; = 1,15, x5 = 1,190, x3 = 1,198, v.v...
Dé § ring nghiém diing ciia phuong trinh trén la x = 1, 2, vy X3
la nehiém gin ding chdp nhan dugc.
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§14. PHUONG PHAP NEWTON
Trong muc nay, ta xét lai phuong trinh : f(x) = 0 (23)
Gia slf rang ta 43 tich duogc mét nghiém x e [a; b], déng thai
f(x), £'(x) lién tue, khong d8i dau tren doan [a ; b]. Khi dé6, v&i X,
1a xdp xi ban ddu dvge chon, ta xdy dung ddy {x,} theo cong thirc :

{xm =Xy = [ (x0T £0x,)
nz0
Ta c6 thé ching minh duoc, véi mét s6 diéu kién thich hgp
phvong phdp Newton (33) hi tu, ching han nhu diéu kién sau.
Dinh li 3.14.1 : N&u f(a).f(b) < 0, f\(x) va f'(x) khic khéng va
khong déi ddu trén (a, b), véi Xg € [a, b} sac cho f(x,) ~ f'(x,) > 0,

(33)

khi d6 day (x,) xay dung bdi (33) hoi tu dén nghiem x" ciia phuong
. trinh (23)

Vi du - Xét phuong trinh :

x* = 3x% 4+ 75x — 10,000 = 0

Hay tinh nghiém am cia phuong trinh di cho véi d6 chinh xéc 107

Nhan xét : f(0) = -10.000, f(-10) = —1050, f(~11) = 3453 (vai
f(x) 12 biéu thic v& trdi coa phvong trinh di cho).

Tacé: fi(x) =4x” - 6x + 75 <0 va f"(x) = 12x%~ 6 0

Vx € (-11,-10) ; ldy x, =~11 thita cé :

n Xq f(x) | F(x) —F(xg) (x)
0 ~11 3453 -5183 0,7

1 -10,3 ‘134,3 -4234 0,03

2 -10,27 37.8 -4196 0,009

3 ~10,261 0,2
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Nhan thdy f(-10, 261) > 0 va f(~10, 260) < 0, cho nén
x* € (~10, 261 ; ~10,260) chinh xic dén 10 -.

Nhdn xét : N€u nhu viéc tinh todn f(x) tai mbi x 1a phitc tap va
ngoai ra c6 th€ thiy f'(x) khong thay déi 16n thi ngudi ta thay day
xdp xi (33) & trén nhu ddy duéi day, thuong duoc goi Ia phuong
phdp Newton cai tién :

{xm = X0~ £ £(x,)

nz0

(34)

Uu diém ndi bat cia phuong phip Newton ci ti€n 1a chi phai
tinh [f(x,)] ' thay cho [f(x,)] " tai mi buéc. -

§15. HE PHI TUYEN
Trong muc nay ta xét hé dang :

Xi = @ (X5, ....Xp)
— . 35
{i =1,n 33)

Néu ki hiéu x = (x, ..., x,) € R",
P(x) = (9 (X), -, P, (X)) € R"
thi hé (35) dugc dwa vé dang :
X=0¢(x) (36)
1. Phuong phip lap don.

Gia st xdp xi ban ddu x” ¢z chon trude, ta x4y dung diy {x(k)}k

theo hé thic :
{xtku} = p(x¥)

(37)
k=20 :
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Ki hiéu S = S(«a, r) ={X € R" /Ix — alt <1} la hinh cdu déng
tdm a, ban kinh r trong R"

Pinh Iy 3.15.1 : Gia sir ham 56 y = g(x) thda mén cac diéu kién :

Dip @) -op(yIl<Lilx-¥yll, ¥x,yec$S

2)L<1valip(a) -alt<(1-L)r

Khi d6 diy {x'}, xay dung bdi (37) hoi tu d&n nghiém duy
nhdt X ciia hé (36), t6c do hoi tu duge cho bdi :

a) ™ - xw <X i@ "

m
b) Ix® - "1l < ZL_ mx® —xWp.

2. Phuong phap Seidel | _

DéE gidi hé (36), ta x4y dung-ddy x4p xi nhu sau ; gia st rang x4p
xi ban ddu ¥ = (y{*, .., y{?) di cho, khi 46 day {y™®} dugc xay
dung bing quy nap .
(k+l) = o,(y! (k},... (k})

y(2k+i) - (pl(y(k“), ygk) . y(l':))
4 y(31(+I) =, (y(kH), y{2k+l)‘ ng}’ " y(k)) (38)

Elk-t-l) _(P (y(k+l) (k+1} (k+1) (k))

y S T SR

Dinh If 3.15.2, Gia s h¢ (36) cé nghiém xa= = (x:t - x:;) va cédc

@; (x) théa mén diéu kién:

h
1) [ (XpaesXn) = 05 (910 ¥ )l £ D Lgfx; —
=
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2)L= max(ZLlj) <1

1<1%n

X = (xl, ey

xn), ¥y=(¥gs -

lx? -yl=r,

Khi d6 diy xdp xi xay dung bdi (38) véi y(o) b4t ki sao cho
1y{® —x{ I < r hoi tu dén nghiém ciia he (36). T6c d6 hoi tu duge
cho béi céc cong thic :

y™ —x i< PNy - x

n
25

&d6 : LT = max
I€ign

i-1

ZLu

!

. ¥y,) thoa min:

|x:—xi15r,Vi=T,_ﬁ.

3. Phuong phap Newton.
Xy) =0

(X1, s

i=Ln

Xét he {

Hé nay duge viét & dang f(x) =
f(x) = (f(x), ..., £,(x)). Gid s& (40) c¢6 nghiem x* = (x], ...

¥
il

0, néu coi X = (Xq, ...

(39)

40

Xy) va

*
Xg)

trong mién G, G 1 16i trong R". Gia st f,(x) ¢6 cdc dao ham riéng
lién tuc va hon nita néu

fx (X} =

il

6x2
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Ia lién tuc vd ma trdn nay tai );* khéng suy bi€n va vi vay, tn tai
f71(x) trong mét 1an c4n ndo dé ciia x*, khi d6 hé (40) c6 thé dua
vé dang sau:

X=9(X) =X~ fy (x).£(x) (41)

R3 rang ta ¢é X ciing 12 nghiém ciia hé (41). D€ gidi hé (41), ta
x4y dung phép lip sau:

mz20
vi x° = ( x|+ --» Xq) 12 xdp xi ban ddu.

Khi d6, v6i mot s6 gia thiét thich hop, ddy x4p xi xay dung béai
(42) hoi tu d&€n nghiém cia (41) va do d6 téi nghiém ciha hé (40)
dang xét. '

§16. PHUONG TRINH DAI SO BAC CAO

Phuong trinh dai s6 bic cao ciing 1a mot phuong trinh phi tuyén,
tuy nhién vi né la da thiic (bdc n) nén cdé nhitng dac trung riéng.
Trong muc nay ta xét mot s6 vin dé vé viéc giai phuong trinh dai s6
béc cao.

Xét phuong trinh:

P(x) = aox“ +a+ alxn_] +...+a,=0 43)
véia, e R, a,20.

1. Mot s6 két qua mo dan

boi vdi phuong trinh (1) ta ¢6 mét vai két qua quen thudc
sau day:

a) Phuong trinh dai s8 bic n ¢6 ding n nghiém (k€ ca béi) thuc
hoidc phitc (dinh 1i co ban cla dai s6)

b} Gid st P(x) cé nghigém thuc, a, > 0 va a; (k = ) 1a hé s6 am
ddu tién. Goi B 1a gid tri 16n nhdt cua cdc gia tri tuyét d&i cia cdc hé
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s& am. Khi d6 moi nghiém duong nhd hon hay bing R = 1 + &k ~
0

(dinh 1i Lagrange).

c) Néu xét khoang (a; b) ndo d6, ma P(a).P(b) < 0 thi phuong
trinh (43) c6 mét s& 1é nghiém trong (a ; b)

Néu P(a).P(b) > 0 thi phuong trinh (43) hoac 1a ¢é moét s6 chin
nghiém hoac vé nghiém trong (a, b).

d) He thong Sturm: Cho mét diy s6 thuc khic 0 13
Cpy ey € (l'l = 2) (4'4)

Ta néi ¢y, ¢y d6i ddu néu ¢y .y, < 0), nguoc lai 13 khéng déi
dfu. Tdng s& 14n d6i ddu cia cdc cip ¢y, ¢y, goi 12 s6 dbi ddu cia
hé théng.

Xét da thiac : P(x) = aox“ + alxn_I +..+a
ta thiét 14p hé théng da thiic:

P(x), Py(x), Py(x), ..., Pp(x) (45)
theo nguyén tac: Pi(x) = P’(x) ; goi s6 du trong phép chia P(x) cho
Pi(x) 1a ri(x), khi d6 Py(x) = —r{(x); s6 du trong phép chia P;(x)
cho Py(x) 1a ry(x) va P3(x) = —rp(x), v.v... Qud trinh ti€p tuc dén
P(x) 1a mdt s6 thyc khic 0. Néu P(x) chi cé cic nghiém don thi
qud trinh nay luén thuc hién duoc.

He théng (45) dwoc goi 1a hé théng Sturm cia da thic P(x). Goi
N(c) 12 56 14n d8i du cba hé théng (45) tai diém ¢ (néu c6 phin tir

nao bing O thi ta bd). Khi d6 ta ¢6:

Dinh li 3.16.2 (Sturm): Néu phuong trinh (43) khong cé nghiém
boi va P(a) = 0, P(b) # 0 thi s& nghiém thuc N(a, b) cha (43) trong
khoang (a, b) 1a :

_ N(a, b) = N(a) — N(b)
2. Phuong phap Lobashevxki

Phuong phip nay dua trén y tudng 12 khuéch dai su khéc biét vé
modun méi nghié¢m va c6 thé dp dung cho phuong trinh dai s& trong
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~ moi trudng hop (nghiém thuc, phitc, boi v.v...) D€ don gidn, trong
muc nay ta chi nghién ciru trudmg hop don gian nhét: phuong trinh
(43) chi ¢6 n nghiém thuc phén biét .
a) Gia sif cdc nghiém cia (43) 1a xy, ..., x,, vdi
Xy >> Xy >> ... >> Ix (46)
nghla 12 cdc nghiém khdc nhau xa vé gia tn tuyét déi, khi do:

it = EiX5 vi= |, (n 1,

trong d6 lgjl < €, € > 0 du nho.
Dinh 1y Viete cho ta hé thirc:

&
X]+X2+...+Xn = - —
3y
a2
XXz + XoX3 + .. + XXy = —
g
a
XoXq - Xg =(-D"+H
l 2

( a
x](l+E1)=—;l~

0

a3
X1X9 (1 + Eq) = —=
Viytacod: 4 172 2 a,
a'l'l
aO

X1X2 .. Xp = (—l)n.

trong d6 Ey, ..., E,_y 12 nho vé gié tri tuyét d6i, do d6 c6 thé coi

a1
Xp=——
dg

a
4 aCl
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Tir dé cé
a
Xy = - a
RS
a
Xy = — =2
9 a
a
X, = - —2
A5

b) Bay gi& ta gidi han (43) ¢6 n nghiém thyuc, phan biét, gia tri
tuyét d6i c6 thé sai khdc nhau khong nhiéu. Ta s& dura (43) dén mot
phuong trinh dang:

agy" +a;.y" 4+, +a, =0 . 47
&d6 (47) c6 nghiemy,, ..y, may, = xP k= Ln,me N".
Dui dy ta s& xust phéit tir (43) c6 n nghiém xq. ... x,, phan biét. Khi 6
P(x) = ag(x — x) .. (x — xy)
= P(-x) = (-1)" (X +X7) .. (X + Xp)
Vay:  P().P(—x) = (-1)"a2(x® =x}) ... x? - x2)
it y=-—x"thicé: Qy)=al(y+ x2)..(y + x2)
Vly QW =Ay +Apy" 4+ +A,=0
€6 cic nghiém yq, .., ¥, ¥y = —x% k= fr;) , thuc hién phép nhan
P(x).P(—x), ta ¢6:
’Ao = ag

A= a% —2a,a,

X k .
A =ag + 3 (-Dag_jag,;

A, =a§
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Qua trinh cif ti€p tuc, sau p budc thi dé€n phuong trinh:
bz +bZ 4. +b,=0 (48)
v&i nghiém: z; = ~ x%p (k = G)
& d6 diéu kién (46) thdéa man, vay ta c6 dugc:

b
X =t Nz =22 bkkl

Viéc x4c dinh ddu clia x, cé thé thirc hi¢n nho thir tryc ti€p hodc
xem xét quan hé& gilta cic hé s cla phuong trinh.

Nhdn xét: Qua trinh cé thé dimg lai & budce thir p khi cde hé s&
cha phuong trinh & buéc sau xdp xi véi binh phuong hé s6 twong
ing & budic trudc.

Vi du: Gidi gin ding phuong trinh sau nhd phwong phdp
Lobashevski:
x3 -3x+1=0

Sau sau budc, ta dén dén phuong trinh:

v = 3,445.10'7y% + 2.486.10%y - 1=0

Tir d6: x; = £%43,445.10"7 = £ 1,879

2,486
3,445

1 -29
1 64 =+0,3
X3 = ,f2486 10 47.

‘So sdnh: ding cong thic Cardano, ta cd:
Xy = 2c0s160° = — 1,87938
X5 = 1,53208 (=2c0s40")

Xy =% 10"% = £1,532

x3 = 2cos80° = 0,34730
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3. Phuong phap Newton — Horner.
Xét phuong trinh f(x)=0 (51)
vh phuong phip Newton: |
Xne1 = Xp — (O] (Xp)
D6i véi truong hop f(x) 1a da thdc P(x) thi viéc tinh toén £'(x,)
va f(x,) rat thuan lgi tho thuat toin Horner:

a) Tinh P (&) :
Ta viét P(a) = {{(ajo + aj)a + agJa + ... + 2, la +a,
dat: b, =a,
by = by + a4

b2=b1a+32

b, = by_j& + a, = P(a)

Ta tinh theo bang sau day:

a, a, 4y | e e, a,
* | ab, | ab ab,—, | oby
b, b, by bo—t | Pal®)

Vi du: Cho P(x) = 3x° + 2x* — x® - 5x% + x — 1. Hiy tinh P(2).
Lap bang cé:

3 2 -1 -5 1 -1
+ 23 | 28 | 215 | 225 | 251
3 -8 15 25 51 J01
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Viay Pg(2) = 101.
b) Thuc hién phép chia da thitc P_(x) cho don thitc (x — o), ta ¢6 :
Pp(x) = (x — a)Q,-;(x) + P(a)
= (X = )(bX" '+ ... + by_y) + P, (@)

= Py® =bx"+(b, —abgx™ " + ..+ (b, ~ 0by o)X + By(o) — b
Tit d6 rit ra :
a, = b,
a; =b) —ab,

a, =P, (a)-ab,_,
vado dé:
b, =a,

by =a; + ab,

byt =g +aby
Bay gid dit : P (o) = R, 14 s6 du trong phép chia P,(c) cho
{x~a), lap lai phép chia nay nhiéu 14n, ta dugc :
Pp-1(x) = (x — 0)Qp—1(x) + R,
Q1) = (x — )Qy—2(X) + Ry

Qi(x) = (x - a)Q,(x) + R,
Qu(x) =R, =12,
Tirdé : Py(x) =Ry(x - 0)" +Ry(x — )" '+ .. + Ry (x — &) + R,
n k)
Dé thdy : Py(x) = ;;Z-:o f(“—kf-“—) (x - @)
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Vay: P () = kIR oy, -
Tir d6 ta thdy viéc tinh dao ham tai « 12 rit thudn lgi.
BAI TAP

1. Gii hé phuong trinh sau day nhd phuong phéap Gauss:
a) (2,0x; +1,0x, — 0,1x4 + 1,0xy =27

0.4x, +0,5%7 + 4,0x3-8,5x4=219

) 0,3x; — 1,0x, + 1,0x3+5,2x4=-39

L1.0x; +0.2xy + 2,5x3-1.0x4=99

( = -5

X1
1 10

+ 3%y + 8x3 + 25x4 = 65

2. Gidi c4c hé phuong trinh dang ofx = b duéi day nho phuon
phép phan ra: :
(

b) + 5){24‘ 4)(3 + 3X4

2Xy + Txy+ 6x5 + 10x4
3X1

lel + X - 2}(3 + 27}{4 = 20

3 1 -1 2% 6
-5 1 3 -4 -12
a)od = ,b=
2 0 1 -1 1
L 1-5 3 -3 3
(1,00 0,42 0,54 0,66 0,3
0,42 1,00 0,32 0,44 0,5
b) ot = ,b=
0,54 0,32 1,00 022 0,7
0,66 0,44 0,22 1,00 0,9
(2 3 2 0 2 0,5
3 4 -5 1 -3 5.4
AeA=|-2 -5 3 2 2[,b=]|50
0 1 -2 5 3 7.5
L—z 3 2 3 5 3,3
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3. Cho ma tran:

05 1 1 1 . i
1 25 3 3 . 3
A= 1 3 45 5 .. 5
4k -3
1 3 5 7 )

Ching minh ring A xdc dinh dwong.
4. Cho ma tran:

by ¢ 0 O

a3 by ¢ O

oA=0 a3 by c3

oo o
o o o

0000 ... a; b,
vdia, b, c;e Rvaa;#0,b;20,¢, %20, Vi;a;,. ¢; >0, Vi. Hiy
chiing minh cic gid trj riéng cia of 1a thuc.

5. Giai h¢ phuong trinh of x = b sau bing phuong phap 1ap don:

109 1,2 21 09 ~7,0
|12 112 15 25 | 53
“lar 15 98 13| [103

09 25 1,3 211 24,3

v6i 46 chinh xdc g = 107>,

6. Giai hé phuong trinh o x = b duéi day nh& phuong phdp lap don:

209 L2 21 09 21,70

L2 2L2 L5 25 27,40
of = . b=

21 L5 198 13 28,76

0% 25 1,3 321 49,72
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7. Gidi hé phuong trinh of x = b & bai 6 nhd phuong phép Seidel
8. Giai hé phuong trinh of X = b dudi diy nh& phwong phap

Seidel: :
6 -1 -1 11,33
A=-1 6 -1|,b=] 32
-1 -1 6 412
9. Tim da thitc dic trung cfia ma trin sau:
1 2 3 4
oA = 212 3
3.2 1 24
4 3 2 1

10. Gidi he phuong trinh of x = b dudi day bing phuong phép
truc giao hoda:
1 2 05 1
12 5 0 -2 _
o5 0 225 1.5
1 -2 75 27
11. Hiy tim cdc he s§ cha da thic dac trung cta maltran ot theo
phuong phip Leverier:

—

1 -1 0
A=-2-7 3.
3 9 1

12. Cho 9N 1a t4p hop cic ma tran vuéng cdp n x n. Xét phiém
ham &7: N — R xdc dinh béi :
Z(cA) = max (lal)
1<i, j<n
Hoéi phi€m ham niy c6 phai 1a mét chuin khong?
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13. Tim nghiém duong nho nhét cia phuong trinh;
3x-e"=0v6ig=10",

14. Tim nghiém duong 16n nh4t cia phuong trinh:
2x - lgx =7 v6ie =10

15. Hay tich nghiém cdc phuong trinh sau:

3 1
— X - — =
a) x X > C

b)x+lgx=2
) x° - 2gx = 9.

16. Dung phuong phép 1ap don gidn cic phuong trinh sau:
ayx=Ihx+3

b) xs -x-10=0
) x*-e*+10=0
17. Dung phwong phdp Newton gidi cdc phuong trink sau:
X
ayx.e =3
b) x — 2sinx =0
c) 3x2 =2e" +2.
18. Dung phuong phip Newton gidi cdc phuong trinh sau:

a) cosx =X ~ 4

=0

ST

b) x — 2 sinx ~
c) x2 =e* +1
19. Xét P(x) = x° + 12x° — 17x + 41

Tinh gid tri: P'(x,), P'(xo), P'""(x,), PW(x,), PFx,), véi :
a)x,=1;b)x,=-3.

20. Cho P(x) = 2x* — 2x> + 16x -7
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Tinh P(xg), P'(xg), P (Xe), P (ko). B (xo) v6i x4 = 10.
21. Giai he phuong trinh sau bing phuong phdp lap don:

{xz +2y% =1
a)

Sy2 + xy =4

b) sinx —y=1
x —cosy = 0,82

Chuong IV
GIAl GAN BUNG CAC PHUONG TRINH Vi PHAN THUONG

Trong khoa hoc, k¥ thuat ching ta thuong gap rdt nhiéu bai toin
lien quan t6i phuong trinh vi phan thudng. C6 nhiéu trwong hop
nghiém ding ciia céc phuong trinh vi phin khong thé tim duge.

B&i vay dé tim nghiém cia chiag phai 4p dung cdc phuong phép
gin ding khéc nhau. '

Cic phirong phép niy chia thanh hai nhém. Nhém thit nhdt goi la
cdc phuong phép gidi tich. Nhém thit hai goi 12 céc phuong phép s6.

Cic phuong phap gidi tich cho phép tim nghiém gin ding duéi
dang biéu thic giai tich.

Céc phuong phép s6 cho phép tim nghiém duéi dang bang.

Duéi day, ching toi chi gidi thitu mot phuong phap gidi tich
thudng ding 1a phuong phép lap don, va mot s6 phuong phip s6.
Ngodi ra, ching ta gid thi€t tit ci cdc bai todn xé1 dén déu
gidi dugc.
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§1. PHUONG PHAP LAP PON

Xét bai todn gié tri ban ddu sau day -

y= oty (1)
dx
Y’ (Xo) =¥, (2)

Gid sir f(x, y) 1a ham lien tuc trén R =[x, — a, x, + a] x [y, — b, ¥, +bl.
Khi dé bai todn (1), (2) tuong dwong véi phrong trinh tich phan

¥ =yo+ [fls, ykis 3

X,

Nghiém cua phuong trinh (3) duge xdc dinh bing day

X
Ya() =Yo + [fls, yay(llds, n=1,2,3,..

; )
Yo (X) = Yo.

Tt cac ki€n thic co ban vé phucmg trinh vi phin ta c¢6 dinh
1¢ sau,

Dink lf 4.1.1. Gia slt ham f(x, y) lién tuc trong R va trén d6 thoa
mén diéu kién Lipschitz theo bién thit hai

H(x, y) - f(x, y)I <Lly - yl,

ngoai ra, gia sit M = max If(x, y)i, h = min (a, %) i
R : !

Khi dé ddy cic xdp xi (4) s& hoi tu tSi nghiém duy nhat cia
phuong trinh (3) trén [x, ~ h, x, + h].
T6c do hoi tu dwge x4c dinh bdi cong thitc

Iy(x) — ya(x) < L" M: n= 0;1,2, (5
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o

"o

£
g,

Véi y(x) 1a nghiém ding ciia (3); y,, (x) duge tinh theo (4).
Chitng minh:

Dé ching minh t6c 46 hoi tu ching ta trir cic v& cha phuong
trinh (3) cho(4) tacé :

YO0 - yp() = [If6s, y(5) ~ (s, ypy(&))ds.

Q

Do dé:

. X
En(X) = ly(x) - y(x)| < flf(s, Yn_1(s)) — f(s, y(s))1ds,

X

gia sir X 2 x,, (v6i x < x, ciing hoan toan tuong ty).
Vi f(x, y) théa mén diéu kién Lipschitz theo y nén

x _ X
£,(x) < _[Lty(s) —yoq(s)lds =L j €q_1(5)ds.
xD xO
Vain=0tacd
E(x) = Iy(X) — yol = Ix ~ x My (E), xo S E < x, + h,

= Ix ~ x| If(E, y (&) '

< M(x - x,).
Nhu vay (5) ding véin = 0.
Gia sir (5) ding véi k, xét

x LkM(s _ xo)k+l

Ee1(0) =L [e(9)ds < L T

. xI) xﬂ
_ MLK
Tk+ DIk +2)
1 k+2
_ ML - K
(k +2)! ’

tir dé rit ra diéo phai ching minh. O

: k+2 |57
(s —xp)

8=X,
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" Vi du 1. Giai bai todn sau bing phuong phép 1ap don

J=xtay?

véai y(0) = 0.

Gidi.

Ham f(x, y) = x2 + y2 lién tuc trén toan mit phing nén a, b cé
thé chon ty ¥.

Chon y, = 0 thi x4p xi d4u tién duge xic dinh

X X3
yl(X) = Iszds = T'.
0
Twong tu
X
y00 = {67 + y(s)ds
0
X x
T3 637
x X 6 10 14
_ 2 9 2, 5. 2s s
y3(x) = 6[(5 +y2)ds—6[(s + 5 +——189 +—3969)ds

2 x7 X

15

=3 7& 2079 T 59539
Chiing ta udc lrgng sai s6 cha y;(x) bing cong thic (5).
Chona=1,b=0,5 thitacé:

M = max fx, )l = max 1x2 + y2I = 1,25,

L = max If’y(x, y)l = max 2yl =1,
G G

) b . 0,5
= — | = T :0’4'
h mm(a, M} mm[l, 1,25]

Do viy trén doan {0 ; 0,4] ta cé
4
3X' 5 4
1y(X) - y3(X)| = 1,25.1 -Zi- = %X N
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“<eq.

5.0,4°

96
Chit y. Cong thirc (5) thudmg diing d€ udc lugng sai s6.
Ta xét mét vi du fninh hoa.

tr dé maxly(x) — y3(x)l <

= 0.00133.

Vi dy 2. Xét phuong trinh y* = x + 0,ly2 vl v(0) = 1, xdc dinh
nghiém x&p xi trong {0 ; 0, 2] chinh xdc t6i 107> Chon x4p xi ban
ddu y (x) :

YO, , ¥ 2

YolX) = Yo + 5, 20
Tit phuong trinh vi phan di cho, véi diéu kién ban d4u ta ¢é :
Yo=1

y(©0) =0,y =0,1,
Y'(0)=1+02y,y, =102
Tir d6 y (x) = 1 +0,1x + 0,51x.
Chiing ta xéc dinh
f(x, yo) = X + 0,1 y2 = 0,1 + 1,02x + 0,103x” + 0,0102x° + 0,0260x* ;
Xdp xi thit nhit

o
yi(x)=1+ j(s +0,1y2(s)) ds
0

=1 +0,Ix + 0,51x> + 0,034x" + 0,0025x* + 0,0052x°.
Xét higu y(x) — yo(x) = 0,034x" + 0,0025x* + 0,0052x°,
. -5
Khi d6 max ly,(x) - xM=0,00028 > 10 .
e ¥1(x) — yo(x)

Do vy y,(x) chua théa min diéu kién bai ra. Ché y trong khai trién
y1(x) téag ciia hai s6 hang cudi khong vuot qua 10 >, vi thé ta diit
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yy (%) =1+0,1x + 0,51x> + 0,034x°;
Tacé :

f(x, y1(x)) = x + 0,1y} (x)
= 0,1 + 1,02x + 0,103x> + 0.0170x" + 0,0267x* + 0,0017x° + 0,0001x° :

X
vi oy =1+ I(s +0,1y3(s))ds

0
=1+0,1x+0,51x* + 0,034x° + 0,0042x* + 0,0053x°.

ly,(x) — y;(x)! = 0,0042x* + 0,0053x° < 0,000008 < 10
¥x e[0;0,2].
Vay y(x) & 1 + 0,1x + 0,51x% + 0,034x” + 0,0042x* + 0,0053x°.

§2. PHUONG PHAP EULER VA EULER CAI TIEN

1. Phuong phip Eufer

Gia sir ham f(x, y) ¢6 cdc dao ham riéng bac m lién tuc trén
R=[xp Xo+ X]x[r—y,r+y,,me N, r, X>0.

L4y dao ham (1) theo x ta ¢6
y'(x) = fy(x, y) + f,(x, y)y',
Y (%) = £5(x, ¥) + 2y (%, Y)Y’ + £y (x, Y)Y + (. y)y",

thay x = X, v y = y,, ta nhan dvgc day

Y (Xo)s ¥'(X6)s ¥ (Xg)sen
v6i x di gin x, ching ta cé thé tinh duge gid tri gin ding cla
nghiém cua bai todn (1), (2) theo cong thic :
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A

m () .
o & 3 Fred (x, ).
F ]

Trong truong hop x & xa x,, ching ta chia doan [x;—, x;],

i = L,n; khi d6 gia sir tinh duge y(x)) ~ y;, ta dat y = yP(x;, y,).
Stt dung c6ng thitc
' m () )
y(x) = Zi(x) = _Zy_]!—!(x XY (6)
Fa
X € [Xj, Xjyy], thi yi g s& duge tinh béi v, | = z;(x;,)-
Chonm = 1 thi (6) s& 1

Yis1 =¥ + hi(x;, y))
h=xj,-x

(N

P iZO,...,n‘-l-

Phuong phdp s6 tinh nghiém gin ding cida (1), (2) theo cong
thie (7) goi 1a phuong phdp Euler.

Bay gi& xét sai s6 ciia phuong phip Euler.
h

Tacs y(x+h)=y(x)+ [y'(x+s)ds. (8)
0
h
Néu thay Iy'(x +s)ds = hy'(x) + O(hz) thi
0

y(x + h) = y(x) + hf(x, y(x)) + O(h?).
Pat x=x;, x +h=x;, thi
lyie1 - yil = O(h%).
Vi du. /\pl dung phuong phdp Euler tim nghiém gin diing céa
phuong trinh y'=y ~ 2—;— , voiy(@) =1, x € [0,1] chon h = 0,2,
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Gieti.

Ap dung cong thic (7) ta duge bang

(x5 ¥p

Ay; Nghiém ding
LR i —2;"— yi- —2;5 Cnfegyp | YT VR
0 0 1,0000 0 1,0000 0,2000 1.0000
! 02 1,2000 | 03333 0,8667 01733 1,1832.
2 0.4 1,3733 0.5928 0,7805 0,1561 13416
3 0.6 1,5294 0,7846 0,745% 0,1492 1,4832
4 0.8 1,6786 | 0.,9532 0,7254 0,1451 1,6124
5 1,0 1,8237 1,7320

2. Phuong phéip Euler cai tién

Dé ¢6 duge phuong phdp s& gidi (1), (2) v6i d6 chinh xic cao
hon phuong phip Euler, chiing ta cin x4p xI tich phan & v€ phai cla
(8) t6t hon. Tir (8) sit dung cong thiic hinh thang

y(x + h) = y(x) + %[y' (x) + y'(x + )] + O(h%)

(9)

_ h
y(x +h) = y00 + 2 [fx, y0O) + f(x + b, y(x + )] + o(h™).

Thay x =x;, x +h=x;, tacé

h
Yisl =Y + EIf(xi, ¥ + fXiaps Yie D))

D¢ tinh duge y;,; ching ta thay y(x + h) trong v&€ phéi clia (9)

bing dai lugng
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L]
‘g,

‘@ by

khi do6 ta cé

y(x + h) = y(x) + %[f(x, y(x)) + f(x + h, y )] + O(h>).

Do dé
Yiel = ¥i + hf(x;, i),
h *
Yiel =¥+ “i[f(xi’ ¥i) + f(X410, ¥inr)] (10)
i=0,.., n-1.

Phuong phip tim nghiém gin ding ciéa (1), (2) theo cong thic
(10) goi 12 phuong phdp Euler cai ti€n (hay Euler — Cauchy).

Vi dy 1. St dung phwong phip Euler cai ti€n tim nghiém gén
ding cla
y =y- 2

y 7

vy =1,x € [0, 1] chon h=0,2.

Sit dung cong thife (10) két qua tinh todn dugc thé hién trong

bang sau
Ay =
. h LY Yi Nghiem
X ¥i 54 Xi+1 i+! 5 i+l h . diin
. 2 2 = i+ 8
0 0 1 0,1 0,2 1,2 | 0,0867 0,1867 1,0000

1 0,2 |1,1867 | 00850 | 04 1,3566 | 0,0767 0,1617 1,1832
0,4 [1,3484 | 00755 | 06 1,4993 [ 0,0699 0,1454 1,3416
0,6 | 1,4938 | 00690 08 1,6180 | 0,0651 0,134 1,4832
0,8 11,6272 | 0,0645 1,0 1,7569 | 0.0618 0,1263 1,6125

o R W

1,0 |1,7542 1,7325

Chiing ta ¢ thé lam tang d6 chinh x4c cho phuong phép Fuler cii
ti€n bang cich dp dung phuong phdp 1ap don cho tinh cic gid triy;
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L
o

¥
L

)’Ei{ =y; + hf(x;, ¥;)

YEH =Yi _[f(xv ¥i) + f(X4, Y:+: l))]

Yisl ® Y(H.l

Vi du 2. Hay tim gid tri y(0, 1) v&i d6 chinh xdc 10“4 biét
y' =x+y
{}’(0) =1
Chon h = 0,05 ta cé

¥ =y + hi(xy, yo) = 1 +0,05.1 = 1,05,

=14+ 005 (1+1,10)=1 0525

2 -1, 0,
2

y (1 + 1,0525) = 1,05256,

chon y; =1,0526,

v =y, +hf(x;, y;) = 1,0526 + 0,05.1,1026 = 1,1077.

y$

y$P = 1,0526 + 0,025(1,1026 + 1,2104) = 1,11042.
T d6 y, = 1,1104.
Nghiém ding cia phmmg trinh trén y =2¢" —x ~ 1,

y(Ol)-Ze 1,1 = 1,1103.

1,0526 + 0,025(1,1026 + 1,2077) = 1,11036,

§3. PHUONG PHAP RUNGE-KUTTA

Dé gidi bai todn (1), (2), xust phat tir gi4 tri ban ddu y, tim dugc
gi4 tri gdn ding y tai X, + h = x| theo cong thic

y(xg +h) = y; =y, + Ay,
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v

=¥, + [pn K (h) + proKo(h) + .. + P K (B)],
trong dé :

ii =X, + U'.ih, N = ¥o + ﬁllKl(h) + ...+ Bii_lKi_l(h)‘ oy, Bl_] 1a
céc hiang s ; a = 0; Kj(h) = hf(&;, n;).
Céc a;, Byj, Py duoc chon sao cho v6i ! di 16n, ham

‘Pr(h) = )’(xo +h) - Yo — [prlKl(h) + prZKZ(h) +...+ prr'Kr(h)] .

thdéa méin

9,0y = 9, (0) = ... = ¢"(0) = 0, o{*V(©) = 0.
Nhir vay sai s6 mic phai trong mbi bude 12
(+
_0r €) m
R,(h) = 25 b 0<g<h.

T q}f.h)({)) =0,5s=0,1, .., {tanitra:

{ygf) = paKP O + K 0) + ..+ p K () (11

s=12,...1L
Bay gid chiing ta xét mot vai trudng hop riéng thudmg ding.
I . Truéng hopr=1
Tir (11) ta cé
@1(h) = y(x, + h) — y(xo) — p11hf,,
@i(h) = y'(xo+h) ~ piify
010) = ¥, — Prifor _
Muén ¢1(0) = 0 véi moi f(x, y) phai chon p;; = 0; mit khdc'vi
9,(0) = y:, néi chung 1a khic 0. Do vay
y(Xo + h} =y, + hf(x,, yo)-
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Sai 6 mic phai la
h2
Ri(h) = 5 y'(E) xo <& < x,+h.
Vay ching ta thdy lai céng thitc Euler va sai s6 clia né.

2.Truéng hopr=2
P2(h) = y(xo + h) ~ y, = [p21 K (h) + pyaKs(h)],

02(0) = y, — [pp1K(0) + 22K (®)]
=1, —(puifo + p22fo)-

Mu6n cho ¢5(0) = 0 véi moi f(x, y) ta phai chon

P21 + P2y = 1.

D, 9200) =¥ ~ [p21K1(0) + porK5(0)] = 0, nén

{21’220‘2 =1
2pyofoy =1
Vay chiing ta ¢6 h¢ phuong trinh
| P21 + P22 =1,
Pt = %
PxBy =1

Hé phuong trinh nay gidi dwoc, tuy nhién nghiém khéng duy nhat.

Chon o = B3y = 1; thi py; = pyy = 5
ta c6 cong thifc '
1
YI=Yot ) (K; +K3),

1
= Eh[f(x()’ yo) + f(xo +'_h! Yo + K])] M
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Day chinh 12 cong thic Euler cai ti€n véi sai 58
3
R,(h) = Oh™).
3. Trudng hopr=3
Trong trudng hop nay chiing ta ¢6 thé xay dung dugc mét trong
cédc cong thic thong dung sau
y(Xo+h)y =y, = (Kl + 4K, + K3),

v6i K| = hf(x,, ¥o), K = hf(x, + % Yo+ 5b,
K3 = hf()lo + h, Yo~ Kl + 2K2)
.Sai s6 duge xdc dinh bdi cong thirc

o4) (&) nt
24

Ry(h) =

4. Truong hopr =4
Mot trong cidc cong thitc thong dung nh4t dng véi trudmg hop nay

}'(X +h)~yl (Kl +2K2+2K1+K4)

h K
K, = hf(x,, ¥o), Ky = hf(x, + 5 Yo+ =Ly,

h
K3 = hf(x0+ 5 » Yo 1 %), K4 = hf(KO'F h, Yot Kq),

nhu vay
Sai s6 duge xac dinh boi
0 ® |5
Rah) = —55

Sa dé tinh cho phuong phdp Runge ~ Kutta
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i x ¥ K=hf(x, y) Ay
] X4 Yo Kiu] K{O}
h K{D) 3
Xo + 2 Yo t ; K(Zo 2 K(Zm
h K§? (©) (0
Xo > ¥, + ; K5 2KY
X, +h Yo Kg") Kf,f") Kff]
1
A)‘o = gz
| Xy Y1

Vi du. S dung phucng phdp Runge — Kutta tim nghiém cia

phuong trinh y' = 0,25y +x2 vé y(0) = -1, x € [0; 0,3], chonh=0,1.

Gidi,
Két qua tinh duge trinh bay trong bing san
i x y 0,25y K = hf(x, y) Ay
0 -1 -0,25 0,025 0,025
0 0,05 { —098750 | -0,24688 0,024629 0,049258
0,05 | —098769 | -0,24692 0,024633 0,049276
0,1 -0,97536 -0,24384 0,024783 0,024783
0,02472
0.1 -0,97528 -0,24382 0,024779 0,024779
| 0,15 | -0,96289 | -0,24072 0,025429 0,050858
0,15 | —0,96257 | —0,24064 0,025413 0,050826
0,2 —0,94987 -0,23747 0,026557 0,026557
0,02550
0.2 -0,94978 -0,23745 0,026553 0,026553
5 025 | -093650 | -0,23413 0,028176 0,056352
0,25 | —0,93569 | -0,23392 0,028138 0,056276
0,3 -0,92164 -0,23041 0,030236 0.030236
002824
3 0,3 -0,92154
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§4. PHUONG PHAP ADAMS
Gia sit bing mot céch nao d6 ching ta tim duoe cic gid tri
nghiém gan ding cta y(x) (y(x) Ia nghiém cia bai todn (1), (2)) tai
clc di€m Xy, Xy [sees X tUOBE @G 1A Y Vi1, s Yook (Koo
= X, — 1h).
Ki hiéu f; = f(x;,y,), i=m-k, ..., m.
Goi Py, (x) 1a da thitc noi suy nhan gia tri tai cdc diém x_,

Xm=1]» ---s X~k vOi gid tri tuong ing

f‘rn' f‘m“I! e fm*—k'
k
Tac6 Py (x) = D fry (P(x),
=0

trong dé Pi(x) khong phu thude vio f;. Di bién 56 x — x,, = th thi
P;(x) tré thanh Q,(t) khong phu thudc vio h va m.
Tur cOng thire

Am+l

Yma1) = Y0te) + [ flx, y0oldx,

chiing ta ¢é thé tinh y, |
fmayl

Yrt1 =Ym+ | P (00X (12)

Am

k

1=0

1
véi 3, = IQi(l)dt.
0

165



(12) goi 1a cong thic ngoai suy.
Khi xay dung da thitc ndi suy ching ta cé thé si dung ca gia tri
chua biét f . ;. Cong thitc nhan dugce

k
Ym+1 =Ym+h z'ﬁfm—i' (13)

i=-1
(13) goi 1a céng thitc ndi suy.
Néu trong cong thiic (12) ta chon Py, | (x) 14 da thirc ndi suy
Newton lui

' t tWt+1) 9 tt+1)..(t+k~1)
Pm, k(x) = fm + _ﬁ Afmu—l + —-—2—'-— Afm-z +...+ Kl Afm—k
thi ta ¢6

Xm+l

Ym+t =¥m+ _[ P, x (x)dx

Xm

1
=Y+ h [P i (xy +th)dt

0
1 W(t+1)
=Y+ h [l +1Af + ; A o+t
]
be+1) . (t—k+1) &
+ ! Afm-k]dt’

m—k

2
Ymil = Ym + hlfy + 8] Afp—q + A o+ +ay AI; 1,

trong do

' i
al= Itdt=5,
O
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It(t+l) 5
0
Clanes2y 3
0
Do vay
5 .2 3.3
Ymel = ¥m + Mfm + = 2 Af 1+ 12Af -z + 8Af 3 +..]. (14)

Cong thitc (14) goi 14 cong thirc ngoai suy Adams.
Biéu dién f; qua y; (y; =f;) tacé

+ h 1 L] 1
Ym+l =Y¥m +BYm + E(Ym Ymi) + h (Ym 21t ¥m2) t

3 » 1 r r
+ §h (Ym =3¥mog = ¥mo2 " Yms) +

Bay gid néu chon Py, (x) 1a da thitc ndi suy lii nhung diém ban
d4u khong phai 12 x,, nita ma 12 x,; thi
MEHD 2 HEEDrk-D)

_Pm,k (x) = fm+l +~1—'!*Afm + 21 £, k‘ rm-kﬂ
do do |

: Xm+l

Ym+l = ¥m + Py (X)dx =
xl‘l‘l
0

_ t(t+1) .2 o te+D){t+k-1)
=Ym+h I[me +tAf, + 2 Afm-a o+ o Afm—kﬂ dt

-1

Vsl = Yin +hifmat +by Afy +by A% 1+ + b A 1],
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vdi

4]

b, = I_Idtzl,
0

by = [ dt=—>
Ot(t+1) 1

b2 ‘In 2 — 4= 12°
0

by = ,[ t(t + 1)(t+2)d[ - _.L’
-1 6 24

Vay chiing ta nhan duge

1
ym+1—ym+h[fm+l—5cxf ~§A2fm - (15)

Cong thite (15) goi l1a céng thiic n6i suy Adams.

§5. GIAI HE PHUONG TRINH VI PHAN

Trong muc nay chiéng ta s& giai xdp xi hé phuong trinh vi phan
bing cdc phuong phdp trén cho hé hai phuong trinh (dé don gian
trong viéc trinh béy)

- Xét bai todn Cauchy voi hé hai phuong trinh vi phan

d
—y = f(stsz)v y(xo) = yo’
dx

dz -
= =g(x,y.2), Z(X,) =2z,

- 1. Phuong phép Runge-Kutta -
Ki hiew Ky(h) = he(E;, m;, G)
L (h) = hg(§|’ .rll’ C_.l
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&g,

vai 5 = X + ah, a, =0

E =%, +aih, & =0

ni = Yo + Bin Ky + BiaKop + .- + Byt Kimpo

N = Yo+ By Ki +Bia Ko+ o+ By Kicys

Gi=zo+va i +Yizla -+ Vi1 B
Ei =2z, + ?il L+ ;iz hH+ ---"';ii—l Ly
Cic hing s6 o, Byj. ¥ij» ai, E’ij’ §ij » Pri» 4si dugc chon sao cho khi
phén tich cdc ham sau
@, (h) = y(Xo + h) ~ y(xo) — [Py Ky (1) + pry Ko(h) + ... + pry K ()]
weh) = z(xg + h) — 2(xg) — [gy1 11 (B) + Gz (M) + . + Qg [y ()]
theo cdc liiy thira cda h thi duge céc da thifc bac cang cao cang tét.
Vi du dé nhan duge cong thirc Runge — Kutta ¢6 sai s6 méi budc
bic h°> thi céc ham
94(h) = y(Xo + h) ~ y(xg) = [pa1 Ky (W) + . + pag Ky (W),
\p; (h) = 2{x, + h) — 2(xg) — [qqy /; (W) + ... + qag I4 ()]
¢6 tinh chat :
{¢(0)=cp'(0) = 0"(0) =" = ¢ =0,
WO = y'©0) =y O =y O =P = 0.

Hé phuong trinh trén giai duge, tuy nhién nghiém khong duy
nhét nhu trudng hgp mot phuong trinh.

L4y mot trong nhiing nghiém cia hé phuong trinh d6 ta c6 :

y(x, +h)=y(x0)+%(K1 +2K, +2K5 +Ky),
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(X, + h)=z(x0)+%(a'| +2b +25 +1y),

trong dé ;

Kl = th = hf(xo. yO)' !l - hgo = hg(xoy yo)v

h Kl h
Ky =hf | x, + —, . + .
2 ( ) 3 Yo t ) Z, 2)

L =h (x +-ll +E-— +11]
2 8 | Xo % Yo 2.2.0 2

h K, ;'2)
K = hf —, — + =,
ki [XO + 2 Yo + 2 s Zy >

h K i
h=hg!x, +—, —~2. 7, +2
3 g(o 2 Yo t 2 2]
K4=hf(x°+h,yo+K3'zo+[3)'

’ l4=hg(x0+h,yD+K3,zo+l3).

Ta nhén thdy trong trudng hop nay céc dac ham y(k), PAR nhéin
dugc tuong tu nhv 14y dao ham ciia hé phuong trinh ban diu

"*—d-f(x z)*§+ﬁ '+Ez‘
R IRy e
w_ d og Bg
2= &%, y,2) = o ay 612.
2 2 2 2 2
o985 0% g+ 28, 8gy.+6g(y.)z+
ox?  oxdy Oxdz Byox dy?
2 2 2 2
+____6 £ z'y'+$y“+ oe z'+ Oe y'z'+ 0 g(z')2 +$z“,
Oyoz ay 0z0x ozdy oz? oz
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Vi du : Gidi hé phuong trinh :

d_x = — 2% + 5z,
ot

dy _ —(l-sint)x ~y + 3z,
dt

P— N

E=—x+2z
| dt

v&i diéu kién ddu x(0) =2, y(0)=1,z(0) = 1,chon h=0,1 ;
t e [0;0,2].

Gidi
Dit f = -2x + 5z, g= —(l—sint)x -y + 3z, u=-x+2z
DV6ii=0,t=0thix,=2,y,=1,2,=1.
2) Tinh £(ty, Ko Yor Zo} = -4 + 5 = 1,
gty Xgr Yor Zg) = -2 - 1 +3 =0,
Uty Xg» Yor Zo) = -2+ 2=0.
K{ =hf, = 0,1.1=0.1,

£°) = hg, =0,1.0=0,

m{® =hu, =0,1.0=0,
3) Véi t = 0,05 ta tinh duroc :

(0) (o)

K u
Xp t+ 1 =2!053y0+£]2?—=1;2'0+ !

=1.

4) Tinhf, g, uvGicac gid trichat, x,y, zthi:
K =0,09 ; £ =0,00525, my = -0,005.
5) t = 0,05 tinh gi4 tri sau :

© (o) ©)

Xo +—2= 2,045, yo + Lo = 100262, 2, + m; = 0,99750.

Khi do :
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K{ =0,08975, £ =0,00471, m{® =—0,00500.

Tinh twong tu ta duce Kf;’), If;’), mf{’).

Khi d6 Ax, = % (K + 2K§” + 2K + K$] = 0,08984,

Ay, = é- (12 + 26 + 2 4+ 9] = 0,00497, -
Az, = -é— [m{®) + 2m{) + 2mg°)' + m{T= -0,00500.
Vay

X) =X, + Ax, = 2,08984,
Y| = Yo+ Ay, = 1,{_)049?,
z) =2, + Az, = 0,99500.
Két qua tinh duoc thé hién trong bang sau :

B
h&':,_g ¢

1 x ¥ z k=hf I=hg m=hu Ax Ay Az
o 2 1 1 0,1 0 0 0.08984 | 0,00497 | —0,005
0,05 205 H i 0,08 |0,00525| -0,005
0,05 2,045. 1,00262 (0,99750 | 0,08975 (0,00471 | -0,005
0.1 [2,08975 | 1,00497 |0,99500 | 0,07953 | 0,00988 |0 00998
0,1 |2.08984 £.00497 10,99500 1 0,07953 | 0,00988 |-0,00998| 0.06896 | 0.01456 ~-0,01494
0.15 12,12960 | 1,00991 |0,99001 | 0,06908 | 0,01480 Lo 01496
0:15 2,12438 | 1,01237 |0,98752 | 0,06888 {0,01433 L.0.01493
0.2 | 2,15872 | 1,10930 |0,98007 { 0,05829 | 0,01911 -0,01986,
0.2 ) 2,15872 1 1,10930 (0,98007 | 0,05827 |0,00907 |-9,01987| 0.04739 0,02313 } —0,02473

0.2512,18794 | 1,02907 10,97012 0,04747 | 0,02346 |-0,02477].

0,25]2,18254 | 1.03126 [0.96758 | 0,04733 | 0,02292 ~03,02472

0.3

2,20613 | 1,04245 |0,95534 | 0,03644 | 0,02694 | 0,02954

172



& o,

2. Phuong phap Adams

Gia sir chiing ta da tim dwge gid tri gdn ding cia y(x) va z(x) tai
c4c di€m X, Xpy_1, ooy Xy tUONE dng 12 B _poen s oy VA g
Bm-1- -+ Bm—k-

Xay dyng cdc da thitc ndi suy tuong ting :

k
Pmtk(x) = me—l Pi()(), T
i=0

_ k _
Pmk(X) = )" gm-; Pi(x),
i=0

trong dé P,(x) khong phy thudc f; va 1_’i(x) khéng phu thudc g;.
Dit : x — x, = th, khi d6 P;(x), Pi(x) la céc da thic bic k tuong
ing 1a : Qy(t) va Q;(1). Ta c6 thé tinh gdn ding :

k
Ym+1 = ¥m t+ ! Pm,k(x)dx =¥m t+ h ZBI fm—i'
i=0

m

k
(= -
Zmel =Zm + | Pmk()dx =z, +h zBl Bm-i»
m i=0

véi B; = EQi(t)dt, B = L‘Q (t)dt.
1
Cac cong thitc nay goi 1a cong thic ngoai suy Adams d6i véi hé
phwong trinh vi phan.
Vi du. Gidi hé phuong trinh sau day bing phuong phép Adams
y' =cos(y + L1z) + |,

1
z =—--—2—+x+l
X+ 21y
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v6i didu kién ddu y(0) = n, 2(0) = 0, x € [0 ; 0,6], chon h = 0.1
ngoai ra cho :

y(0,1) =3,14184 ; y(0, 2) = 3,14364 ; y(0,3) = 3,14903
z(0,1) = 0,10981 ; z(0,2) = 0,22960 ; z(0,3) = 0,35934.
Gidi

Qud trinh tinh toan duge thé hién trong bang

2 3
k Xy ¥k Ayk hf hAf hA f hAa F
0 0 3,14159 0 73 176 53
1| ot 3,14184 0,00073 249 229 63
2| 02 | 314364 0,00322 478 2972 66
3 | 03 | 3,14903 | 001154 | 0,00800 770 358
4! 04 | 316057 {0,02101 | 001570 1128
s | 05 | 3,08158 | 003446 | 002708
6 | 06 | 321604

K A h 2 3
Zy Zy g hAg hA"g hA'g

0 0 0,10482 998 1 0

1 | o,10981 0.11480 997 1 0

2 | 022960 0,12477 996 -1 2

3 | 035934 | 013971 | 013473 995 1

2 | 049905 | 0,14965 | 0,14468 | - 992 -3

5 | 0,64870 | 0,15955 | 0.15460

6 | 080825
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§6. PHUONG PHAP SAI PHAN GIAI {E’.AI TOAN BIEN

Xét bai toan

{L[y] = y' - q(x)y =f(x),

(16)
y(@) = y,, y(b) = yy.

Gid sir c¢6 du diéu kién dé bai todn (16) tén tai vi duy nhét
nghiém. '

1. Phuong phip sai phan

Gia st g(x) = 0 va f(x) lién tuc trén [a, b]. Chia [a, b] thanh
n phin bang nhau bdi cic diém chia

x;=a +ih, i=0,1,2,...,n; h=22
n
Ta co
" Xi+1) — 2¥(x;) + y(x;_
néu y(4)(x) tén tai va lién tuc trén [a, b] thi
2
h"M (4) |
Il<r= ——, M = max x)|.
' 12 sty )
Khi d6 bai todn (16) tuong duong véi
Xiel) — 2¥(x;) + y(x;_
Y1) );(:‘) ) 4 ¢ g yexo) = fxo)
1=12, .,n~1 (17

Y(xo):)'as ¥(Xqp) = ¥y

Trong hé (17) ching ta bé r; thi nhan dugc luge d6 sai phan
hitu han
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A

[ Yial =2t Yie
Lh)’i _ Yixl 5;1 Yi-1
h

< i=1 2,....n-1 (18)
Yo = VYa Yo = Yb-

~q(x;)y; = f(x))

Giai hé phuong trinh tuyén tinh (18) ta duge cdc y; dé la gid tri
gin ding cla nghiém cla bai todn (16) tai cdc diém X, X|, ..., X,
Sai s8 nhin duoc s la ; ' _
2
Max |y(x;) - yi| < w,;a)_ h*.
2. Phuong phap dudi
Tir hé phuong trinh (18) chiing ta nhin thiy hé nay c6 dang
{Ai Yi-1 =¥ + Biyia =-EK. i=12,..n-1

(19}
Yo = Ya:-¥n = ¥b-
trong d6 A;, B;, C;, F;. i = 1, ..., n—1 1a cdc hing s&, ngoai ra A; = 0,
B,#0,i=1,...,n-1
Hé (19) viét dudi dang ma trdn
oAy = f, Yo = Yar ¥n=¥m

e T T
VOLY = (You ¥1s > ¥n) » £= (Yoo —Fyy ooty =Fp1 ¥p)

1 0 0 ..0 0 0 .. O 0 0
A, €, B . 0 0 0 .. O 0 0
0 Ay C; .. 0 0 0 .. O 0 0
0 0 0 ..A —C B .. 0 0 0
0 0 0 .. 0 0 0 ..Ayy -Cyy Bay
0 0 0 .. 0 0 0 0 0 1
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Ma tran «# vudng v6i ba dudng chéo (cp n+1).

Dé giai hé phuong trinh (19) ching ta c6 thé dung cdc phuong
phdp da trinh bay. Tuy nhién do dang dic biét cua hé phuong trinh
¢6 thé sir dung phuong phip sau goi 12 phuong phip dubi.

Gia slrcé
¥i = Qist Yisl + Bisr (20
Chiing ta s& xédc dinh cic hé s6 a;,(, B, thay y; vao hé (19)
ta cé
(Aja; — G yi + Byyj =~ + AB). 21)
Tir (20) va (21) rit ra
41 =—-—~B-i-—-—, 1= 1,2, pany n—l,
Ci - OﬁiAi
B = Pith o2 et
Ci - G.iAi
Viay chiing ta ¢6 céng thic dudi sau :
G =—D i=12,..0-1 o5 =0
Ci - Ai“-i )
AiB +f -
g = ——1, i=12,..,n-1, =¥, 22
1Bt C, — A B =va (22)
¥i = %iyg Vil + Biers i=0-11n-2,.,10,
[¥n = ¥b-

Nhgn xét. NEu IC,l 2 1Al + 1Bj}, i=1,2, .., n-1 thi ching ta ¢
thé 4p dung céng thirc dudi (22).

Chitng minh. Véii =1 theo gia thi€t cé A, By #0vavia; <]
nén Cy — Ajoy # 0. Gia sir C; — A, # 0, a; < 1 ta phai chiing minh
Ciyp — ®ipp Ajpy #0va oy < 1.

Ta co

ICi - Ai“il - IBll = lCI.I - IAII I(Iil - IBII
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> 1Al (1 — loyl) 2 0.
Vay ICI - Aiail 2 |B|| >0 va
IB; |
—_——x].
ICi - AiO‘.i !
D6 1a diéu phai ching minh.

Pojyy 1=

§7. PHUGNG PHAP GALERKIN

Xét phuong trinh vi phan
YT+ p(x) ¥+ g(x)y = f(x), (23)
v6i cic diéu kién bién
{ua y@) + By y'@) = v,
ap ¥(b) + By, y'(b) = 1,
troeng do6 p(x), q(x), {(x) € Cla, b, a, o, B,. B Ya» Yp 12 cdc hing
$6 dd cho, lo,| + 18,1 = 0, lay| + 1Byl = 0.

(24)

Ki hieu L]y] = y" + p(x)y’ + q(x)y,
B,[y] = o, y(a) + B, ¥'(a),
Byply] = ap, y(b) + By, ¥'(b).
Gid sir ¢; € C7 [a, b, {$;]-0 12 céc ham doc 1ap tuyén tinh trén
[a, b], thoa man
B.(¢o) = 7, By, (d0) = 1.

Ba(¢) =Byp(9) =0, i=1,..,n
Chiing ta tim nghiém cita (23), (24) du6i dang

n
Ya(x) = 3 C; ¢ (x) + 6, (%),
i=l

cdc hang s6 C; duge x4c dinh tir diéu kién sau ;

(Ly)-1 8) = ["1Lbo00) + 3 Cilli () - F00] 45000 e = 0
i=l

i=1,2,..,n
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Tir 46 ta ¢6 mot hé phuong trinh

2.C L1601 6500 ax = [0 - Liy, ¢ oax
i=1
i=1...n

Vi du. St dung phuong phdp Galerkin x4p xi nghiém cilia
phuong trinh

y" — y'cosx + ysinX = sinx,
vGi y(—m} = y(n) = 2.
Giai
Chon ¢y(x) = 2, $; (x) = sinx, §(X) =cosx + 1,
$3(x) = sin2x,  ¢4(x) = cos2x - 1.
H¢ ham nay doc lap tuyén tinh trén [-x, =], ¢,(x) thda min

Po(-M) = (M) =2:¢; (M =(n) =0, i=1,..,4.
Chiing ta tim nghiém duéi dang

4
Ya(X) = ¢o(x) + Zci¢i (x).

i=1

Tacd: L[,] = 2sinx,
L [$)] = —sinx — cos2x,

L [$,] = sinx —~ cosx + sin2x,

Ld)= ~-% cosX — 4sin2x — -g-cosiix.

L[¢41= —% sinX — dcos2x + %cos?;x,
f(x) - L [$,] = —sinx.

Dat ay = [* o) L010%, by = [ a0 ~ Lidglax,
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thi b, =—f sin?xdx = —m, by=by=by; =0.
n

bl
ay =— Isinzxdx=—n; a10=7m, a;3=40, a]4=—E,
2
-n

=0, = de =1, =—E, =0,.

1 422 _[;005 X 23 2 24
T

a3 =0, dqg = Isinz 2xdx =T, di3 =—41'[, 34 =0
-

- f 2 - = - -
a4 =-| cos 2xdx = -m, agn =0, ay3=0, ay=—dn.
Do d6 ta ¢6 hé phuong trinh :

CI—C2 +0,5C4 =]
C, +0,5C, =0,
Cy —4C, =0,

Cl + 4C4 = 0,

Gidihé naytacé: C; = %, C;=C3=0,Cy= _%_

Viyy(x) = y4(x) = 2 + %sinx + % _sinzx.

§8. PHUONG PHAP COLLOCATION

Gia sit X 12 khong gian con tuyén tinh cia C[a, b)
L: XX
fio>LfeX,

1 todn tir tuy€n tinh, {¢;}; 12 mot he doc 14p tuyén tinh chia X.

Ditlt Xn = {f(l) = E:C, ¢pi(t)ICi c R}

i=1
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Gia sit cho phuong trinh tuyén tinh

‘ Lx=y, (25)
y Ia ham da cho cia X. X4p xi nghiém x(t) cha (25) bing phlr(mg
phép collocation 1a xac dinh mot ham x (1) € X,,,

Xa(t) = ) C; (1) sao cho
1=1

Lxo(t) = Y Cids (1) = y(t;)
=
i=1..n,

(26)

trong d6 t, t,, ..., t,, 12 cdc diém phan biét cha [a, b].
Hé phuong trinh (26) 13 hé phuong trinh tuyén tinh n 4n. Gia sir

*

n
C1ssCq 12 nghiem cila n6. Khi d6 ham s6 x,(t) = Y ¢ ¢(0) Ia
2 i=l

nghiém xdp xi cia (25).
Vi du. Tim nghiém x4p xi cua phuong trinh
x"(t) -x(t) =1,

v6i x(0) = x(1) = 0

Gidi :

Pit £ x(t) = X"(t) - x(1), chon ;(t) = t(t — 1), $,(t) = >(t-1).
Tacéd:

$1(0) = ¢1(1) = $(0) = ¢, (1) = 0,
Lop)y=2-t(t-1) |
L£do(t) = 6t -2 — t51 - 1),

£ 4100y =2, £ 9y(0) = -2,
Lo(1)=2,Lox()=4
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Chon t| =0 vat; = . Nghiém xdp xi collocation :

XZ(I) = Cl.¢l(t) + C2¢2(t)
He (26) viét dudi dang ma trén :

23 (Z‘Jl‘[i}

s B = -

Gidirataduge ¢ = 3

|-

Vay nghiém x&p xi collocation x,(t) = %t(t -+ %tz t-n,

nghiém chinh xdc 12 x(t) = q-l-—l(e‘ +el™H 1.
e +

Sai s8 e(t) = Ix(t) — x,(t)l cho & bang dudi day

t x(1) X,(1) e(t)

0 0 0 0
0,1 -0,04128461 -0,01800000 0,02328461
0,2 -0,07297407 -0,03733333 0,03564073
0.3 -0,09538554 —0,05600060 0,03938554
0,4 -0,10874333 ~0,07200000 0,05674333
0.5 ~0,11318112 -0,08333333 0,02084778
0,6 ~0,10874333 -0,08800000 0,02074333
0,7 -0,08400000 ~0,08400000 0,01138554
0.8 -0,7297407 ~0,06933333 0,00354073
0,9 —0,04128461 -0,04200000 0,00071539
1,0 0,00000000 0,00000000 - 0,00000000
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§9. GIAl PHUGNG TRINH VI PHAN THUONG
BANG CHUONG TRINH MAPLE V
Sir dung Maple V chiing ta ¢6 thé tim nghiém chinh x4c ciia nhiéu
phuong trinh vi phan thudng, phuong trinh vi phin vdi diéu kién ban
diu. Hon nita Maple cho phép tim nghiém gin ding cha cdc phuong
trinh vi phan va v& dugc d6 thi clia nghiém gin ding d6.
Mu6n gidi phuong trinh vi phan thuong ta khdi déng chuong
trinh Maple V va nap géi cong cu cho phép giii bang céc l¢énh sau
[> restart ;
[> with (DEtools) ;

1. Giai phuong trinh va hé phuong trinh
St dung 1&nh
[> dsolve (deq, x(t;) = x,, {x(D}});
trong d6 deq 12 phuong trinh vi phén, x(t) 12 nghiém, x(t,) = x, 1a
diéu kién ban ddu. Néu tim nghiém téng quat thi bd diéu kién ban
ddu x(ty) = x,.
Vi du 1. Gidi phuong trinh bién s6 phan Iy
dx 2
dat 2 _4
[> dsolve (D (x) (t) = 2/(t’2-4), {x()}) ;

x(t) = % In(t-2) - % In (t +2) + C,.

Vi du 2 : Giai phuong trinh vi phéan

(x> - 1)

(t? - x

{> dsolve (D(x) (1) = —((t* (x*3-1)/(t"2-1)*x)), {x(O}):

%ln (x(t}y - 1) - %ln(xz(t) +x(t)+ 1+ ?arctan [%(Zx(t) + 1} '\/3]4‘

x'(t) =

1 1
+— Int—D+—=In(t+1)=C,.
) ( ) > ( ) 1
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Vidu 3. Giai phuong trinh vi phan thuén nhat
dx 4tx

dt t2 _ X2

[>dsolve (D(x) (t) = (4*r*x)/(172 ~ xA2), {x()]) ;
22

Jx()

Vi dy 4. Gidi phuong trinh Bernoulli sau

dx
t— —4x = tzx.

dt
[>dsolve (t*D(x)(t) 4*x = 1h2%x, [x()]) ;

2
-3 6w =y

. 2
x{(1) = C /27
Vidu 5. Giai phuong trinh Riceati sau
d_x___xz + X + ¢, véi ¢ 1a hdng s6.
dt
[>dsolve (D(x) (t) = xA2 + x +c, {(x(DH;
2x(t) + 1
de -1 +t = C].
Jde — 1

Vi du 6. Giai phuong trinh Clero

arctan
-2

dx 1., .2

X=—_t-—[x'(t

I 4[ (O]

[>dsolve (x = D(x) (1) *t — 1/4 * (D(x) ()2, {x(t)}) ;
x(t) = —iC]2 + Gyt 5 x(t) = t2.

Vidu 7. Giai phuong trinh vi phan tuyén tinh cap hai
y' -3y +2y=0
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véi diéu kién ban diu y(0) =0, y'(0) = 1.
Trudc tién ta gan tén cho phuong trinh cén giai :
[> diff _eq: = D(D{y)(x) — 3 * D{y}x)} + 2*¥y(x) =0 "
Sau khi thuc hién 1énh trén man hinh xuét hién :
diff - eq := (DP)¥)(X) - 3D(y)(x) + 2y(x) = 0;
e Nhap diéu kién ban diu bing lénh
[> initcon :=y(0) =0, D(y) (0} =1 ;
* Giai phuong trinh bang lénh
[>dsolve ({diff.eq, init_con}, {y(x)}) ;
y(x) = -t + ezx.

Vi du 8. Giai hé phuong trinh sau

ﬂ — z(x) = cosx
dx

E+ =1
ax T

¢ Gin tén sys cho hé _

[> sys ;.= {diff (y(x), x) — z(x) = cos(x), diff (z(x), X} + y(x)= 1} ;
. één téﬁ cho nghiém

[> fens 1 = {y(x), z(x)} ;

¢ Giai hé phuong trinh

[>dsolve (sys, fcns) ;
. 1 1 .
y(X)} =cjcosx + ¢y sinx + Excosx + 5 sinx + 1,
. |
Z(X) = ~c[SinX + €3 COSX — 3 X sin Xx.

Vidu 9. Giadi hé phuong trinh
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d
~Z—z:ccusx
dx

dz+ =1
dx y '

v6i diéu kién ban ddu y(0) = 0, 2(0) = I;
[>sys : = {diff (y(x), X) — z(x) = cos(x), diff (z(x), x) +
+ty(x)=1,y(0)=0,20)=1} ;
[>ngh : = {y(x), 2(x)} ;
[> dsolve (sys, ngh) ;

3. 1
y{x) = -2- SiHX + 2 Xcosx —cosXx + 1,

Z(X) = cosx — —;- (sinx)x + sinx.

2. Vé d6 thi nghiém cia phuong trinh vi phan
~ Dé v d6 thi nghi¢m cia phuong trinh vi phan, ching ta nhap
dong 1énh sau
[>with (DEtools) ;
Vi du 1. V& d6 thi nghiém cia phuong trinh vi phan

3
cOS X d—y—'nd—y:y+ X,
dx3 dx
v&i diéu kién ban ddu y(0) = 1, y'(0) = 2, y"(O) = 1, x € [-2, 4],

y € [~1, 3], chon buée 1a 0,05.

>with (DEtools) ;
{DEnormal, DEplot, DEplot3d, Dchangevar, PDEchangecoords,

PDEplot, autonomous, convertAly, convertsys, indicialeq, phaseportrait,
reduceQOrder, regularsp, translate, untranslate, varparamj
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[ >DEplot({cos(x)*diff (y(x), x$3) — Pi*diff(y(x), x) = y(x) + x},
{y()l x = -2..4, {[y(0)=1, D(y) (0) = 2, (D@@2) (y) (0) = 1}].
y = —1..3, :tepsize =.03); '

—

 Hink 4.1

Vidy 2. VE 86 thi nghiém cla phuong trinh vi phan y' = 2y + xz,
bién doc 14p x thay d6i trong doan [1, 3]. Piéu kién ban ddun y(0)=0
hodc y(0) = 1 hodc y(0) = —1, chen budce 12 0,05 ; Tiéu dé "nghiém
tiém can".

[ >with (DEtools) ;

[DEnc‘»rmal, Deplot, DEplot3d, Dchangevar, PDEchangecoords,
PDEplot, autonomous, converAlg, converisys, dfieldplot,
indicialeq, phaseportrait, reduceOrder, regularsp, translate,
L untranslate, varparam]

[ >DEplot ({D(y) (x) =

2%(x) + x2}, {y(x)}, x = L3, [[y(©® = 0], [y©) = 1],
[y(0)=-11]], stepsize =.05, title=Asymptotic solution);
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Asymptotic solution
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BAI TAp
1. X4c dinh nghiém gin ding thit ba cla bai toin sau bing
phuong phép lap don

a)y' = x% - yz véi y(0) =0.

b)y' =2x — 1 +y° véi y(0) = 1.

2. Tim nghiém gidn ding véi do chinh xdc téi 107 tren [0, 1] cha
phuong trinh

a) y' = 2x - 0,01y véi y(0) = 1,

b)y = x+y\/; vaiy(0) =0

3. Ap dung phuong phdp Euler tim nghiém cia phuong trinh

y =2*Y 50 =1,busch=0,1,x € [0, 1].

4. Giai gdn ding bai toan Cauchy
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,_ 1
y = Ex}’
y® =1,
bang phuong phdp Euler véi bude h = 0,1 trén doan [0,1].

5. Biing phwong phap Euler giai bai toan Cauchy

y=Y __y2
Xx+1
y(0) =1

trén [0, 1] v&i buée h = 0,1.

6. Bang phuong phdp Euler cii ti€n tim nghiém gin ding y(0, 3)
cua phuong trinh
y' =X +y> véi y(0) = 0, h = 0,03.
7. Xéc dinh nghiém gin ding y(1,6) clia phwong trinh
y' = xlny - ylnx,
véi y(I)=1,chonh=0,1.
8. Tim nghiém gén ding ciia phuong trinh sau bing phuong phép
Runge—Kutta
y =y —xv6i y(0) = 1,5 trén [0,1], h=0,2.
9. Ap dung phuong phip Runge — Kutta xic dinh nghiém cia
bai todn
, COSX 2
X

+ X-,
at+t |

x(0)=0, te[0;0,3); h=0,1
a=10+0,4k, k=01,..,5

10. Tim nghiém gin ding trong doan [0, 1] cda phuong trinh sau
bang phuong phip Adams

Y=x-yvdiy)=1,
chon h=0,1.
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11. Bing phuong phip Adams tim nghiém véi do chinh xdc 10~
trén [0, 1] cna phuong trinh

y =Xy —yvéiy(0)=1;
Céc gid tri ddu tién duge tim bé’m_g phuong phiap Runge—Kutta.
12. Giai hé phuong trinh sau day bang phuong phap Adams

X =cos(x +2y) +2

y'= 5 +t+1
t+2x
. x(0) =1
véi
y(0) = 0,05,

chon h = 0,1. Céc gid tri ddu tién duge tim bing phuong phip
Runge—Kutta.
13. Ap dung phuong phédp Galerkin x4p xi nghiém cia bai toin
" gié tri bién sau :
y" — y'cosx + ysinx = sinx,
y(-m) = y(n) = 2.
14. Bing phuong phdp Galerkin giai phuong trinh
y" - 2xy' + 2y =x,
vai y{=0vay(l)=1.
15. Giai x4dp xi phuong trinh sau bing phuong phdp collocation

y'+ xzy' “xy=¢,

véi y(0) = y(1) = 0.
16. Tim nghiém g4n ding cla phuong trinh
oY _ 2 3 1
+y -L=x"-x+-,
yory X 4 8

véi y(0) =0, y'(1) = I,

bang phuong phép collocation.
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Chuong V
GIAI GAN PUNG CAC PHUONG TRINH PAO HAM RIENG

Van dé tim nghiém ding cia cdc phuong trinh dao ham riéng
ciing nhu cdc phuong trinh vi phan thudng khong thé va ciing khong
cin thue hién trong moi trudmg hgp,

B&i vay d€ tim nghiém cba cdc phuong trinh dao ham riéng

'ngudi ta phai sit dung cic phuong phap gin diing.

Trong chuong nay ching ta s€ nghién citu mét s& phuong phap
thong dung giai gin diing cic 16p phuong trinh dzo ham riéng.

§1. PHUONG PHAP LUGI

Phuong phép lugi 14 mét trong cde phuong phip s& thong dung
dé giai bai todn bién d6i vdi céc phuong trinh vi phan dao him
riéng. '

Y tudng cia phuong phdp lw6i duge thé hién nhu sau : trong
mién bi€n thién clia cic bién doéc lap ching ta tao ra moét luéi nho
cdc dudng thing song song véi hai truc toa d6. Diém giao nhau cia
<cdc dudmg thang d6 goi 1a cic nit ludi (diém luéi). Tai cac diém
ludi thay dao ham trong phuong trinh ké ca diéu kién bién bing céc
biéu thic sai phan ;

Nghiém cta h¢ phuong trinh nay chinh 1a céc gid tri gé‘n diing
ciia nghiém bai todn ban diu tai cic di€m luéi.

Nghién citu phuong phdp Iudi lién quan t6i viéc gidi cic bai
todn sau :

1. Lap ludn kha nang gidi dugc clia hé phuong trinh nhén duge va
xdc dinh nghiém diing hoic gdn ding cta né bing mét phrong phap
gin ding nao dé.

2. Dinh gid sai 58 clia phuong phdp ma sai s6 duge tich liy dédn
tr wdc luong sai s& xap xi cla phuong trinh vi phan véi cic didu
kién bién.
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Trong muc nay ching ta s& xét cdc bai todn bién d6i v6i phuong
trinh dang elliptic, hyperbolic va parabolic.
1. Phuong trinh elliptic
Xét phuong trinh elliptic sau
2 2
Luzaa—;+bg—g-+c-qu—+d@+gu=f (1)
ox dy ox oy
Véi a, b, ¢, d, g, f 1a cdc ham cia hai bi€n déc 13p x vi y ; Ching
xéc dinh trong mién hiru han G vd&i bién T. '

Giésﬁa,b,c,d,g,fliéntl_lctrongGu'l"vﬁa>0,b>0,g<0
Y, y)e GuT.

Chiing ta di tim nghiém u ciia (1), u € C(G) va u|r = ¢, ¢ lien
tuc trén I - {(2)
Xét hai ho dudmg thing song song vdi céc truc toa do

X=Xg+ ik, i=0,%1, %2,

v A //—"--\ Y=Y, +jf,j=0,il,12,...

giao nhau cha cic dudng thing ndy

7 .\) trong d6 A > 0,1 > 0 14 cdc s§ di
/

P goi 12 diém ludi (hay di€m nat).

,_.._
T T

A Ching ta chi xét nhitng diém luéi

thuoc G w I'. Néu hai diém lusi
cich xa nhau theo truc Ox hoic
Oy moét khoiang budc cua luéi thi
Hinh 5.1 ta néi d6 1a cdc di€ém ké.

"y

O h
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Nhitng diém luéi (cia G U T') ma bon diém ké cung thudc tap
céc diém ludi ciia G U T goi 1a cdc diém luéi trong. Tap hop t4t ca

céc diém ludi trong ki hieu 1a G

Nhimg diém luéi dit chi ¢6 mot diém ludi k& khong thudc tap cic
diém luéi cita G U I goi 1A didm 1usi bién. Tap hop cic diém luéi
bién goi 12 bién ciia mién 1u6i va ki hieu 1a T .

Bay gid chiing ta s& xdp xi phuong trinh (1) .

Véi mdi di€m luéi trong (i, j) ta 1ap biéu thiic sai phan thay thé
céc dao ham tai cic di€m (x, + ik, y, + ji), tacod:

& N u(x; +h,y;)) —ulx; -k, y;)
ox |(xi'Yj) 2h
du u(xi,yj + D -uxi,yj -0
_| ~ ,
dy |y} 21
_62_u o I.I(Xi +h ,yj)—2u (xi,yj)+u(xi *—h,y_')
ox2 |(xi’Yj) X ’
Qz_u N u(x; , yj + 0 — 2u (x;, yj) + u(x;, yj ~ D
aYZ |(Xi.Yj) 2
Do vay ching ta nhia duge :

Wi — 205 + Wy Ui, — 205 + Wy

ﬂuij = a; i+1,j 21] i+l,j. + bij ij+1 21_] ij-1
h !
Uisl,j — Yi-1,j Ui j+1 — Ujj-1 _
+ Cij h + dlj 2 + gij uij = fij (3)

trong dé ay, by, ¢j, dyj, g;;. fiy 12 gid trl cdc he s6 cha (1) tai cic
diém luéi (i, j). Phuong trinh (3) chi cé thé viét tai cic diém ludi
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trong. Né€u (i, j} 12 diém lusi bién thi uy; tai didm 1uéi nay 1a gid tri
clia @ tai dlém cua I' gdn nhét v6i diém luéi d6.

Kollats dua ra mét phuong phap x4p xi cde diéu kién bién twong
d6i thuin 1gi nhy sau

Tir hinh 5.2 15 rang véi diém luéi A ta cé phuong trinh

daue + hug

uy =2Ale YAUB s _BA, & =AC.
AT oA th A =B
r Phwong trinh
y 4 ) Kollats c6 nghia 12
gid tri vy nhan duge
bing ndi suy tuyén
B/ |A K ' tinh céc gid tri v, va
Vi
/ LBA- (PB.
/ Sai s6 nhin duge
A c6 bac h?
/
h Vay dé xéc dinh

Hinh 5.2 Uy ta c6 hé phuong
trinh tuy&n tinh (3).
56 4n cia n6 bing s6 phuong trinh. :

Nghiém cua hé nay 12 gid tri gdn diing cha nghiém cbha bai todn
(1), () tai (x, ¥,

u(x;, ¥j) = ujj.

By gi& chiing ta chitng minh hé (3) cé nghiém duy nhat va sir
dung phwong phip l3p don ta sé tim duge nghiém ciia né.

Bién d6i (3) thanh dang sau

QI.‘.I = A u1+lj + B u; i-1j + C ul_]+l+ Dl_]ulj 1 - Eij“u fl.l'
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C; Cj Y o
YOI Alj = 2j J ij él _lj’
h 2h’ k- 2h
Yo o2
E: = 2au _%B‘l - B
LY IR AL

. Tir cdc diéu kién véi cdc he s6 cha (1) ta thdy khi A, [ dd nhd, cic

hé s6 Aj;, By, Cjj, Dyj, Ey; € duong tai thit ca céc diém luéi cha mién

ll.!'él, va Aij + BU + Cl_} + Dij - Eij = gij'

B6 dé5.1.1
Gid sir ddy {vjj}, vjj # const x4c dinh trén G’ théa min didu kién
by 20 VG, j)e G
hoic

;<0 V(i je G .

Khi d6 vy khong dat max duong (hoZc min 4m) trong G .

Chimg minh. Gia st ﬂv 20 vda M =max vj; > 0.
G

Lic dé tim duge (iy; J,) € G sao cho v ;s =M va cé it ra

iolo
mot diém ké (i ; j) sao cho vij <M.
Tacé:
Wigie = Aiggy Vig1io * Bigiy Vig=tip * Cigig Vigio+1 *

+Diajov

i(:n.io_l - MEiojo '



Wij, < (Ayj, +Bij, +Cij, + Dy

olo ~ Eigjo )M =

= giojoM<0’

ﬂviojo < 0.

Diéu nay mau thuln véi gid thiét. Do 46 diéu gia sk cha ching ta
khong diing. Phin khing dinh thit nhdt dugc chimg minh. Phén thit
hai chimg minh tuong tw. [J

Ap dung bé dé nay dé dang chiing minh dugc hé (3) cé nghiém

duy nhat. Dé c6 diéu d6 ta chi cdn chéng minh hé phuong trinh
thudn nhit twong ing chi ¢6 nghiém tdm thudmg.

That vay, néu hé phuong trinh thuin nhdt ¢6 nghiém khic O thi
né c6 gia tri dwong 1én nhét hoac gid tri 4m nhé nh4t trén r'.péla
diéu mau thuln, vi trén ' tacé uj; = 0.

Gia sir g < 0, & di nhé sao cho Aij’ Bij’ Cij’

8p < hva Ay +Bjj + C;; + Dy < Ej;, nén rit ra chuéin clia ma trén

Dl_]'Elj dlIUﬂg Vi

cua hé phuong trinh

u “Aiju +Biju +Ciju +Diju G
§ o Bl ot oo gy T Uy Gy -
up = 84 uc + hop
h+ EA

bi chin trén bai 58

q = max SA Aij+Bij+Cij+Dij <
Sp +h E

ij

Khi d6 phuong phip 13p don va Seidel hoi tu téi nghiém ciia he (4).
Bay gi¢r chiing ta ddnh gia sai s& cia phuong phdp ludi.

Gia str nghiém cia (1), (2) ¢6 dao ham lién tuc bac 4.
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Ta cé

u(xi+h,yj)— U(Xl—thJ) _ ?_U__(x ) +£Qi“_(i )
2h ox YT 3 eIk
u(x, ¥y +D—-ux;,,y: -  5u N o
u(x; +hyj) = 2u(x;, yj) + u(x; —hyy)
. h2
azu 2 641! .
= ?a;g(xs,yj'”'l"z"“gxz("i')’j)’
ulxi, yj + ) - 2u(x;, yp) +ulx, y;-0)
12
62u 12 6411 z
= g(xi,yj-)i'ﬁg(xisyj)s
véi  Xj~h S X <x+h yi—isyjsy;+1
X —h <X < x5 +h, Yj‘35§j53’j+!'

QU" - a_,ﬁ+b.,a:a_u+c,,§l_l+d..@+ .11 +
ij ij 6x2 ij 3y2 i 5 ij By gij o
¥

2
h 6411 H 64 =
+ E {aij g (Xi, y_]) + b"] 0(.2 ‘é‘y“}(’(i, yj) +

3 3
Fu d -
+ 2Cu —3 (xi’)’j) + Zdu (12 —t; (Xi, y_])}
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= LW 5 + Ry,

2 4 4
. N h 6 n =z a u =
Vél(I:”h va R’] = E{aij —4(Xi,y'j)+bij(12 ———E-(x,,yj) +

6311 - .6311 _
+ 2Cl] E(xig YJ) + Zdijaz E;j_(xi,yi) .

4
Pbit M3 = max ﬁ'af*u » Mg = max 64u‘6u .
Khi d6 ta cé
2

' h
IRl < T a1+ a?lby DMy + 2(1 ;| + a®1d;; YM3}.

Vay ﬂ“ij - (L) =Rj = O(h?) (5)

Nhdn xét _

Nhu & trén di trinh bdy néu cic
diéu kién bién xdp xi theo Kollats |
thi sai s8 la bac h* . Néu chc gid tri \
cia nghiém c4n tim tai cic diém \| 8 | s

I 5 e NERIEAUTEY,
ludi bién cho bang cic gid tri cla @ N5,
tai cdc diém cia I' gin nhdt véi B
didm 1uéi ndy thi bac x4p xi 1a O(3)
(6 = max (h, D).

Chitng minh. Gia st (i, j,) 1a
diém luéi bién, B e T, B gin (i,.j,) nh4t (h.5.3).

Hinh 5.3

o
Tacd: .uiojo —UB=583+552,
vay lu; ;, —@®B)l < 28M,
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LA

S =max (h, )

M, = max {‘95
ox

du
B
B6 dé 5.1.2. Gia sir c6 hai diy vij» Vjj xdc dinh trén G ngoai ra co
|ﬂvij| < - ﬂVi- , \fé‘i moi diém ludi trong,
|vis| < Vi, v6i moi diém Iu6i bien.
Khi d6 |vy| < V4,V G, j) € G'.
Chitng minh. Tir diéu kién clia b3 dé ta c6
dv;; - vi) <0
bov; + v <0

J
v6i moi diém luéi trong (i, j),

Vi —vi; 20
Va 1 1
vij + Vij 20,
véi moi diém ludi bien.
Theo b8 d& 5.1.1 thi Vj; —vj; vd Vj; + v;; tai céc diém lu6i trong
khéng thé ¢6 cuc tiu am. '
' Vi —v; 20
Do dé vou
Vij + Vij =20
v6i moi diém ludi trong (i, j).
Vay |vij| < Vij'
Bay gid ching ta ddnh gid sai s6 ciia phuong phéip.
Gia sit nghiém u ctia bai todn (1), (2) théa mén u € C4[G vl

vi i+L —E —@>0, p, q 12 bén truc cha ellip md céc truc
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cia ellip song song véi cic tryc toa d6, tdm cda né la diém
(X, ¥0)€G.

Dat g = u(x;, yj) — uj;- Theo nhén xét & trén ta ¢6

le < 2M;8, véi moi diém lusi bien,

| : &*ul | 8%u| 16?
hoic |3ij‘ < 3M2},2 véi M, = mgx Hﬁxg%, Iax;)’Hay;i}’

(néu sir dung phuong trinh Kollats véi diém ludi bién).
Tit (5) ta cé '
Qaij = R;j(u) v6i moi diém ludi trong.
Tim nghiém ctia hé phuong trinh nay dudi dang
&;j = &ij + Mij»

In;; =0, LDeG
vé&i i ' : .

5 = €45 (,pel’

be; =R (), G)eG

&; =0, G,jerl".

Xét ham
N 2 _ 2
m=l[1—(x ;‘0) b ;’0) ] A>0

P q

vi Ry(w) = 0, nén tir (5) ta nhan duge

booi; = (L) j) + Rij (@) = (Lo j) -
Do vay

ﬂ(ﬂij =

]
|
]
ho
|
+
K
L=
+
_>¢
|
]
[
o
+
=
e
©
[
|

-7
s



o F Ay
800
g

J _
q p? q°
N L L
P oq° P 9
bat
7..:1‘ maxIRij(u)I
2 inl2 . b _tel di
G {pP ¢ P 4
b, el Hdl
ritra - [Ry(w| <22 —5+_%_¢_ il
P q P q

Khi d6 [f;] = R ()| < -l

Vi &; =0 véi (i, j) € T" va oy >0, sir dung b8 dé 5.1.2, ta c6
|§ij| < .

vay fegf < + ey <

2 max {(a+u2b)M4 + 2(I-::l+c.'.2 tdIM3)|

. <. 2MB+—-8
A e, b del 1dl
G lp° ¢ P 4
| Gimxe) 057y ¥
p’ q°
2 maxl(a+(12b)M4 + 2(Icl+d2IdI)M3|
52M16+——
24

(a5 _tel_1al
G p2 q?‘ P q
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- max 1|20 | 0| [2%]
o< i
Néu cic diéu kién bién duge xdp xi theo phuong phap Kollats thi
s6 hang thit nhdt 2M 8 dugc thay bing 34°M, .

2. Phuong trinh hyperbolic

Xét phuong trinh hyperbolic

2 2
Luza—q—y-—bg+ciuh+d@+gu=f
x* oy ok Oy

&day a, b, ¢, d, g, f 12 ham cla cic bi€n d6c 14p x, y xéc dinh trong
mién G = {—-w < x < w0, y = 0}. Gia thiét chiing lién tuc va bi chan,
avib>0.

Tim nghiém cia (6) trong mién G, théa man di€u kién ddu :
du
v (x, 0) = o(x), g(x,ﬂ) = y(x), -0 < X < o, (7)

véi @, v la cdc ham da cho.
Gia sir cho hai ho dudng thing song song
x=ik,  1=0,%1,%2,..
y=jl, i=0,1,2, ..

Diém giao nhau ciia cic dudmg thing nay goi 12 diém luéi. Cic
diém lu6i ndm trén dudng thing y = 0 mang cdc gi4 tri 43 cho ban
ddu goi la cic diém luéi bién.

Pé&i vdi mbi di€m ludi trong (i, J) ta [4p phuong trinh sai phan
x4p xi phuwong trinh vi phan (6)

i T e VO T 2155 + uj_

l]‘“ij = a4 W2 ij 2
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%%,

Uit1j = Yi-1j Ujj+1 ~ Yij-1
+ ¢ JT"'dij —J—"zt—J + gy = £,
hay la

ﬂllij = Aij “ij+l + Bij uij—l + CIJ ui.+1j + Dij ui_lj + E IJ fl.l R

b.: d. b d: "
véi Aj=--dyd g U S e M5
] 2ooa’ Y 2 Y 2 o
2k 2 h2

Chiing ta gia sit v6i lu6i dii nhd tai tht ca céc diém luéi Ay <0.
Khi d6 né€u biét gi4 tri nghiém tai cac diém lu6i thir j - 1 va thit j &
cdc ddy ngang thi ¢ thé tim dwgc nghiém tai tdt cd céc diém ludi
thi j + 1 cha diy ngang. Céc gi4 tri nghiém S hai ddy ddu j=0,j=1
c6 thé tim duge tir cic diéu kién ban d4u bing mot trong hai
phuong phiép.

thmg phap I. Tix diéu kién (7) ta cé

du u(x;./) - U(X,,O)
2 ( x;,0) = ]

. . un .
Khidé ujg = 9(ih) = ¢;, -2 =y(ik) = ;,

hay 1a Wig =0, Ui = @; +hy;.
Phuong phdp 2. Dao ham duge thay bing biéu thic sai phan
iu_ ~ u(x;,) — U(Xi,*f)

Oy |y=0 21
Khi d6 ta nhin dugc
u. —] * utl = w
i0 = Qi 21 i
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Sir dung phuong trinh sai phan véi cdc diém ludi (i, 0) ta dugc
Ajouyt +Bipu;—; + Cio U410 + Dioti—1,o + Eiguio = fig
twong duong vdi
(Ajo + Big)ujs +Ciguiy10 + Diguj—10 + Ejoujo = fio + 2/Bjo v,
do vy |
(Ajp + Bipluy =fip + 2/Big w; — Cio9iv1 — Dio9i-1 — Ejo ;-

Riit ra
1
uig = ¢, W = —— [fio +2/Bjpw; —~Cio®is1 ~Dioiz1 — Ejo @il
Ajo +Bijp
Ciing nhu trong muc truée ching. ta chimg minh dugc néu
nghiém ciia (6), (7) ¢6 dao ham lién tuc bi chin bic 4 thi

Bucx;,yj) = (Lu)xi,y)) + Ryj (),

2
véi IRij < ’;—2 {(Iaij f+ 0‘.2|bij |)M4 + 2(Icij 1+ C!.zldij |)M3

o

ayk

Bay gio chiing ta ddnh gid sai s6 cha diéu kién ban dav.

k
a:i, M, = max Ca)
h G ||axK

},k=1,2,3,4.

Véi phuong phdp 1 tacéd

! &%
+ = — (x;,M;)
(xi’yo)

u(x;,f) - u(x;,0) _
! dy

2“
=y + - — Epnd =i+,
2 3y?
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Qc‘

u(xi,¥o) = @i, wx. D) =¢; +I{y; +1),
trong dé
2
L = LA (x,,'r]l !rilsgﬁMz.
2 6y 12
Vi phuong phap 2 x&p xi céc diéu kién ban ddu ta dugc
u(x;, 1) - u(xi,~) _ u 2 2%
p = +—— =¥+,
2 Fiiye & O

6dfly V== |T|i1_6M3.

© Mat khdc lu(x;,y,) = fig + Rjp, khir u(x;,~ ) ta duoc
w(X;,¥o) = 0,

1 ' *
ulx;,f)y = ————— [fi+2Bio ¥ ~Cig ®i+1 ~Dio @i-1 ~Eio @i 147
io + Bio

. * 1
véi g 2—(R10+2!B107|1) = _E_'_[J Rio —#(2bjg + Idijg)m; 1.

Ajo +Byp big
viy ta duge :
' 1 | #i*a?
i< { (a0 1+ IbOIM4+2(Ic0I+a ldio M3 | +
2Ubg! | 12

2h3
_6— (2”)10 1+cth IdtO ')M3

Chiing ta ddnh gid sai s6 cia phuong phdp chi d6i véi trudmg hop
riéng cla bai todn (6), (7). Cu thé xét
u 8%
S T3 - f(x,y)
oy (8)

ML®=mn,9%§9=wn.

v ludi 14 hinh vudng ! = A.
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Gia slr bai todn (8) ¢é nghiém v6i dao ham bi chiin va lién tuc t4i
bic 4. .

Phuong trinh sai phan trong truong hop nay cé dang
2
Uija1 + 05— ~ e 1j U515 = — A0y,
ujp = @;, Uy = @; + AF;,

hay la
2
Ujj < Uiy j-1 = Wi-1j-1 ~ Wij-2 ~ G- A%,
Uig = @;» Uy = @; + hy;.
Tir dé ta cé

; = 2 =
Wi = Uje1jo1 = Ui_pjop —Wy-2 — A7 f g = .

-2
2 t

= Bi_jy] ~Ui—je20 —h fi—v.j-v-1
v={)

j~3
_ 2
Wiggj-1= %is2,j-2 = Ui—j+3,1 ~ Yi_j+40 — t fi—vi1,j-v-2
v=0

- 12
Uigj-2,2 ~ Wiaje1l = Wiej-32 ~Yi+j-2,0 ~ A Fyj0)-
Cong céc ding thic trén ching ta nhan dirge

i a_
! 2 ,i2 2
uj; = Uit2v41,1 Uipavs2,0 — A
-3 _ 3 a=0 v=0
YST2 V=72
fi viaj-a-v-1 =8 -5 -5;, 9
i i
| véi 8§ = Uiy 2vell s S; = t Yii2v-2,0>
2 2
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]
"oy

A
-
L 4

-2 j-2-
= zz :v+a,;uv1

Ta c6

2
LA h
ﬂu(xi’}'i) zfij + Rij (u), vai IRij I< ?M4.

. 1 *
va o u(x;,0) = ¢;, u(x;,l) = 5[—"2 fio +2hy; + @1 +0 1 1+ 5

trong d6 Ir Iéh—M4 +—6—M3

bat g = u(x;, y;) - u; ,ta nhan duge

ﬂEij = "Rij
3
€0=0, g =-5.

Sir dung cong thic (9) sau khi bién ddi ta nhan duge

K K K
’EulS][}ZM,‘ +—M3}+~EM4(J -j)-

. Néu diém luéi (i ; j) c6 toa d6 (x43y,) thi jA =y, vadodé:

h2 2
lej1 525 (Mgh + 2My)y, + = ——y2My.
3. Phuong trinh parabolic
Xét phuong trinh parabolic
Ln»-qum—aé—b@—cu f, ' (10)
& ax2 o
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trong 46 a, b, ¢, f 1a cdc ham hai bién déc 14p x, t, xdc dinh trén
mién G= [~ <x <+0,t20},2>0.

Chiing ta phai tim nghiém ciia phuong trinh (10) trong mién G
thdéa man diéu kién ban ddu

u(x, 0) = p(x), —00 < x < o, (11}
¢(x) Ia ham di cho.

Dé tim nghiém gin diing cila bai todn bing phuong phép ludi,
chiing ta xét ludi chi nhat duge tao bdi cdc giao di€ém clia hai ho
dudng thing song song

x=ih, i=0,+1,+2,..
t = jl, i=0,1,2, ...

D6i véi mbi diém ludi (i, j), j = | ta viét phuong trinh sai phan
x4p xi phuong trinh (10) véi 36 chinh x4c nao dé.

Tai diém ludi (x;,y;) céc dao ham dugc thay tuong ing bang cdc
biéu thifc sai phan
U(Xi+1,lj) - (xi_l,tj) U(Xi+1,tj) —2u(xi,tj) + u(xi_l,tj)

“Thay % (x;,tj) biing mot trong ba biéu thic

u(xj,tje) = w(xg.t)  u(xity) - ulxg,tyeg)  ulxgtieg) — X tiog)

] ’ ! ’ 21 '

Sir dung céc cong thic ndy ta c¢6 ba dang xdp xi sai phén cia
phuong trinh vi phan (10)

Dy, o il T, Vel - 20 + U4
=

B Uisly ~ Y-
1] ! Yy h2

S Y

= ciju = £,
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Iy, o BT My 2 Py Vit~ Y
i] =

! . hz 1 2
. ij Wy = fije
1Oy, o Vi1 7 Vi1 Uiy — 2055 + Uy
ujj = 9 - ai.i hZ B TR
Wy, g — th_ - :
X i+1j 1—1j i = f (12)

2h
Phuong trinh sai phan thit nhét cha (12) chifa cdc gid tri nghiém
tai bon diém ludi va x4p xi (10) v6i do chinh xdc O( + h?).
Phuong trinh sai phan thi hai coa (12) chita cdc gid tri nghiém
tai 4 diém lugi va x8p xi phuang trinh (10) v&i d6 chinh x4c
ou + 1),

Phucmg trinh sai phan thi ba ctia (12) chda cic gié tri nghiém tai
5 diém lu6i va xdp xi phuong trinh (10) véi do chinh xic

o + 1%).
V§ij =0, tir diéu kién (11} ta cé _
Ui = @(ik) = @;, i=0,+1,+2, ..
Vi du. Xét bai toian
du %w _
dt 3x? (13)
u(x, 0) = ¢(x).

Ki hiéu o =L2 thi cdc so 46 sai phan (lugc d6 sai phan) trong
h

(12) ¢6 dang |
' l.lij.,,l = (1 - 20‘.)Uij + “(ui+1j + lli_lj),
ulj—l =(l+2(1)U"—{I(Ui+1j+ui_]j), (14)

Uijep = 200005415 — 2055 + 051 ) + 055
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1 . S
Chon a = 3 thi cdc phuong trinh sai phén nay ¢6 dang
Wiy T Bi-1j
Ujje1 = _T

Uip1j + 4-1j
2
Wipp | = Ujyqj — 2U5 + W51

4 uij_l = 2“ij — (15)

L
Chiing ta c6 thé ching minh dugc diy {ug‘)} vé héi tu dén cédc

gid tri nghiém cha bai todn (13) tai cdc diém ludi khi & — 0.

§2. SUON DINH CUA LUGC PO SAI PHAN

Trong muyc trude ching ta di trinh bdy phuong phép ludi giai
mot s6 bii todn va chitng minh su hdi tu cia cic phuong phap nay
biing cdc cich khac nhau.

Muc nay ching ta dua ra cdc phuong phdp khdc chitng minh su
hoéi tu cha cdc luge 46 sai phan.

Gid sit G 12 mét mién trong khong gian n chiéu vdi bién I tao
thanh tir mot s6 doan Ty, i = 1, ..., m cé thé cé phin chung hoic
trung nhau.

Ki hieu £(u) va {, (u), i =1, .., m 1a cdc todn tir vi phan tuyén tinh.

Chiing ta tim nghiém cta bai todn

{,C(u) =f

bwy=¢, i=1l..,m

trong mién G, & day f 12 ham da cho trong G, ¢; la cdc ham da cho
trén I';.
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Trong mién déng G \w I v6i mbi h, 0-< h < h,, xdc dinh tap hop
céc diém G, ma ching ta goi 1a luéi.

Todn tir vi i)hﬁn;C duge dit twong dng vdi todn tir sai phan 4(;, :
Trong d6 ., bi€n haim u, xac dinh trén G;, thanh ham { (u;)

xac dinh trén mét tap hgp ((Z)‘m cGy.

Gid sit ring méi diém P cia mién G trong lan (;an cua né vdi h
dua nho ta im duge cdc di€m thudc G, va ((Z)}h.

Toén tir vi phan ﬂ, duge thay thé bﬁn_g todn t sai phin Qi;, ; Qi;,

xac dinh trén I'y; < G, dua hdm u, (x4c dinh trén T, ) thanh ham

Q
(., (uy) xdc dinh trén Ty, < Ty,

Bai todn (16) dugce thay bing luge d6 sai phan

{Ll: (up) =1y,

. (17
Qih (=9, 1=1..m,

0 0
trong d6 f, xic dinh trén G, va tai cdc diém cba G, thi f, =f,
0 .
iy X4c dinh trén Iy, tuwong ing voi ¢; (cdch tuong img nay phuy

thuoc vao cich chuyén cdc diéu kién bién tir [ vao I'y,).
Gia st {p;;,} théa man diéw kién : v&i mdi ¢, ton tai u, sao cho
ﬁih(uh) = Qip > i= 1, weny M

Kihiéu U va F 14 16p cdc ham xdc dinh trén G, ¢;,i=1,...,mla
l6p cdc ham xdc dinh trén I'; sao cho v&i u € U xdc dinh duge

L) va buy. Khid6.L(u) e T, L(w)ed;. Gidsirren U, F, ¢, ta
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xic dinh duge céc. chudn va ki higu fu] ;. {f].. Hq’h. . Thém vao d6

. [} o
mdi ham u,, f, va ¢y xdc dinh tuong Ung trén G, G,. T, déu

xédc dinh duge cdc chuédn Huh“l.l,, , "f"Fr. , ||(Pih||¢.h-
GiastVue U,fe Ftacéd

tim oy, = Joly+ B [l =1l

o, =l =12

Dinh nghia 5.2.1. Lugc 46 sai phan (17) goi 12 x4p xi bai todn
(16) trén U néu v6i mbi u € U ta cH

}}im I'u - ,(:;,(u)"]:Jal =0

-0
Jim [t b, =0

Véi [ﬂi (u)], 13 todn tir chuyén diéu kién bién tir I sang T,.

Dinh nghia 5.2.2. Ta u6i x4p xi sai phan cé bac k néu v6i mébi
ueUtacd

1€ - L) <ot
I o - ﬂi,,(u)||¢ <k i=1,2,...m
ik

& day cdc hang s6 ¢, ¢;, 1 =1, ..., m khong phy thuoc k, 0 < i < h,.

Dinh nghia 5.2.3. Ta ndi luge dS sai phan (17) 12 ding din néu
vGi h dl nho (0 < /i < k) hai diéu kién sau day duge thdoa man :

a) Lugc do sai phan (17) giai duge duy nhét v6i moi f, va o,
i=1,2,...,m
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b) Nghiém u, cia luge d6 sai phan (17) phu thudc lién tuc vao
), va @ tiic la

m
lluhllu,, < N|f, "F:. + 2 N; o ||¢u' » Y i
i=t

trong dé N, N; la céc hing s6 duong khong phu thuoc A, f,,, @y, .
Khi d6 ta ciing néi (17) 1a 6n dinh. _

Binh I 5.2.1. Gia s bai todn (16) cé nghiém thudc U ngoai ra
luge d6 sai phan (17) xdp xi (16) ding d4n. Khi d6 ta c6 :

i}i—n:() "u - uh”Uk =0.

Néu bac x4p xi 12 k thi

m
"ll - Uy, "U;, < hk [CN + Z NiCi],

i=l1

m
va <N Hell + 2loil, -
i=1

Chitng minh. Gia situ € U 12 nghiém ciia bai todn (16)
Ki hieu f = .G (u), §y, =, ().
Tit diéu kién x&p xi, véi A dh nhd ta cé

||f - f"F <d , "(Pih - (bih",#m <§.

S& dung diéu kién duge diing din cia luge d6 sai phan, véi 8 di
nho cé

s - u"Uh <g,
hay 1a

li —uf|=0.

tien o ]
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Bay gid chiing ta dénh gid t6c do hoi tu.

Ta cé
| L)y =f = Lu,

bnCup) = @3 = [ T = [Ny,
Ki hiéu g, =u;, —u thi

L) - Ly = Lyug) - Li(w)
| = L&),
[Qi(u)]ih - ﬂi},(u) = ﬂih(llh) - Qi;,(u)

= Qi;,(ah) .
Vi x4p xi sai phan ¢6 bac k nén

||4G| (Eq )HF;, = Chk . ”llh (ep )Héih < Cihk .

Do hrge d6 sai phan ding dén, rit ra :
o, <NUG ol + 2Nl
"=l h

Néu dit uy, =€, va st dung ddnh gid d6i voi ¢, ta ¢6 duge ddnh
gia vé t6c do hoi tu.

§3. PHUONG PHAP DUONG THANG

Phuong phép dudng thing giai cdc phuong trinh vi phan dao ham
riéng ciing nhu phuong phéap ludi ; nghia 12 thay cdc dao him trong
phuong trinh tai cdc di€m luéi bing biéu thitc sai phan. Nhung &
phuong phdp dudng thing ta khéng thay tit ci cic dao ham ma chi
thay dao ham theo mét bién doc lap.
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Tir két qua thay thé nay hé phuong trinh nhan dugc khong phai la
hé phuong trinh dai s& nhir & phuong phép ludi ma 1a h¢ cdc phuong
trinh vi phan thudng (trong trudmg hop hai bién doc 1ap). Nghiem
cia hé nay duoc coi 12 nghiém gin ding cla bai todn ban diu trén
cic dudng thing song song.

1. Phuong trinh Poisson

Gia s chiing ta cdn giai phuong trinh

2u 8%
— +—=f(x;y), xiyeG (18)
o™ Oy
vai
{u(x, Vo) = Po(X)y U(XYo+Y)=@(X), XoSKSX,+X (19
U(Xe, ¥) = Woly), ulxo+X,¥) =W1(y), YoSYy<yo+Y,
G(x,¥}IX, €x$X, + X, Yo SYSY, + Y,
@;(x), ;i (), i = 0,1 la cdc ham di cho.
Trén doan [y,,y, + Y} ldy cic diém
Yi = Yo +jh.,j=_0, IL...,n;
Y Y
n+l Yo +Y
Ké cic duong
thing y = y;.
Gid si bai todn
(18), (19) ¢6 nghiém
du tron. 5
1}
Trong phuong trinh X
(18ythay y = y;.j=1, O X XgtX
2,...0va Hinh 5.4
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1 .
% = 71900 Yo = 2k, ¥)) ¢ ux,yjo)) + OGF),

Y=Y
ta cé
. 1
U;(x) + ;{[UJ‘H(X) = 2U;(x) + Uj_1(x)] = fi(x),
Up () =90 (x), Uy (x) = gy (x), (20}
Uj(%o) = Wo(yj), Ujxo +X) = yy(y;).
Bai todn (20) x4p xi bai todn (18) bac O(42).
Xét bai todn thudn nhdt tvong ing
" 1 .
U_} (X) + h_Z[UJ+I(x) - ZUJ(X) - Uj—l(x)] = 0, J= 1, 2, ey TN

Uyx) = U, (x) = 0.

Nghi¢m cia bai todn nay tim dwoc duéi dang
Uj(x) = (i) v(x).
Khi d6 ta ¢6 :

1 N :
YOV(X) + ?v(x)[w(jﬂ) ~ZY() +¥(j-DI=0, j=1,2,..,n
YO =y(n+1)=0,

Tt ra . 4 _
Vi) _yG+D -2y + G- D =% —const, j=1,2,..n.
v(x) -h%y(j)
Nhu vay Vi(x) - 5v(x) =0, Q21

{Y(jﬂ)—(2—h252)7(j)+7(j—1)=0 o)

YO =y(n+1)=0
Nghiém clia cdc phuong trinh (22) tim dudi dang

YO = epA] + ek,
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VSl Aq, Ay 1a nghiém cia phuong trinh
A2 —@-RE e 1=0,
Tir phuong trinh thit hai coa (22) ta c6
Cy +Cz :0, 02 Z—CI,

Al 4 eaft = APt - Al =0,

n+l 2mk
[.}..l-.} =1'-;:—1:n+\I/I=en+l,i=\/—_l, k=0,1,...,ﬂ-

Ay 2
Vi Aphy =1 nén
112 :en+l i 1‘1 =%=en+l_
2
xik _ mik
Doviy 2-h%%=r +hy=e"lhe ™1 = 2c0s LS
o+l
Tir d6
8% =isin2 mk =isin2M,k=0, |
. 2n+1) 42 2Y
nikj  mikj
Pvininic 4 ki nk PR
Tk(P) =cy|entl —e o4l | ?k(D=csin—(—¥-}?i) , k=12, ., n.

Nghiém (21} c6 dang
vi(x) = Akea"x + Bke"a“x .

Nhu th€ ching ta di tim duge n nghiém déc lap tuyén tinh cla
bai todn thudn nh4t.

k(v —
Uj‘k(x) = (Akeskx + Bke_skx) sinM, k=1,2,..n

Nghiém téng quit clia bai todn thudn nhat :

. |
. nk -
Uiy =Y. sin— (Y5~ Yo (Are™ ™ + Bye o),
k=1
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Ay, By 12 nhitng hang s tuy y.

‘Sir dung phuong phap bi€n thién céc hing s6 ta c6 thé xdc dinh
duge nghiém clia bai todn khong thudn nhat.

2. Phuong trinh dao déng con lic

Tim nghiém clia phuong trinh dao déng con lic

2 2
- =, 23)
trong mién G = {(x, 1), 0 < x £ X, 0 < t}, thda man céc diéu kién :
du(x,0) _

u(x,0) = ¢;(x), re P(x), 0<x<X,

(0,t) =y (1), u(X,t) =yy(t), 120
trong d6 ;(x),0<x<X,1=1,2, y;(),t20,i=1, 212 cdc ham
di cho. .
Chon hé duémg the’mg song song X =X, =kh,k=0,1,..,n+ 1,
X

h=——.
n+l

(24)

St dung céng thic
az_u N u(xy 1. t) — 2u(xg, ) + u(xy g, )
2 2 ’
x|, _ h

X

Dé gidi gdn ding (23), (24) bang phuong phdp dudng thing ta
gidi bai todn sau

. 1
Uy (t) - h—z[Ukn(t) =2U () + U (O] =i (1),
JU() =y (t), Ug g (1) = ya(t)

U 0) = o1 (xg) = 015 U (0) = 93(x1) = 93y,
k=12,.,n

Bai todn nay x4p xi bai todn (23), (24) bac X
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Xét hé thudn nhat tuong ing
. i
Uk(t) - ;—Z*[Uk_'_l([) — 2Uk(t) + Uk+]([)] =0

Uy(t) =0, U, , () =0.

Nghiém riéng cia hé phuong trinh nay tim dudi dang
Ui (1) = y(k) v(v).

Khi dé
v'(t) (k) - 1:—;3[7(1( + D=2y + ¥k =] =0, k=12,.n
Y0)=y(n+1)=0,
hay 1a

v'(t) _ Yk +1) - 2y(k) + y(k + 1) = —52 = const .
v(t) 12 y(k)

DE tim y(k) ta gidi hé phuong trinh
{y(k D) -2 - K8 ¥(k) + y(k - ) =0,
1O =y(n+1)=0.
Phuong trinh nay tring véi (22). Khi d6 ¢6 nghiém

v (k) = Csinm%, s=1,2,...n,

va 8 =8 =2 sin? “x.s=1,2, .n. .
B 2X
D€ xdc dinh v, ta giai phuong trinh
V() + 82 v(t) =0,
rit ra vs(t) = A cosdgt + Bgsindyt .
TSK
X
Nghiém téng quét chia bii todn thuin nhat x4c dinh bdi :

Vay U, (t) =sin (A cosdt + By sind,t) .
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g

TSXy
X

n
Uty = Z sin (Agcosdt + Bysind,t),
s=1
A, B 1a cic hang s6 tiy ¥.

Bing phuong phép bién thién hing s6 cé thé xdc dinh nghiém
tong quét cua bai todn khéng thudn nhit,

3. Phuong trinh truyén nhiét
Tim nghiém cla phuong trinh truyén nhiét
@—a—zng(x, t) (25)
o %2
trong mién G = {(x, 1) |0 £ x <X, t > 0}, thda min
u(x,0) = @(x),0<x <X
{u(O, t) = w1, u(X, t) =y, (1), t 20,
trong d6 ¢(x), 0 < x < X5 wyi(t),i=1, 2, t 2 01a cdc ham d3 cho.
Chiing ta dua vao hg céc dudng thang song song

(26)

x=x,=kh,k=0,1,..,0+1, h= xl'
n+
Sir dung :
& N U(Xk_,,_l,l) —QU(Xk, £y + U(Xk_l,t)
2 = 2
ax. X =K h

Khi dé bai todn (25), (26) dugc x4p xi béi :
[ 1
U (1) - h—lekH([) =2U () + Uy ()] = fi (1)

U@ =0olx ) =0, k=12,..,n
U = wi(1), Uy, () = wa(0).

Bai todn nay x4dp xi bac h? véi bai todn di cho.
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Nghiém cila hé phuong trinh ndy tim duéi dang |
U (®) = y(R)V(t) -
Dé€ xdc dinh y(1) ta ciing phai gidi phuong trinh sai phan (20) ;

1 ,2
Tit f_(ﬂ = —52 , Ta cod ve(t) = qu—b l
v(t) ‘

Nghiém téng quit cha hé thudn nhét

1t
. WXy 54t :
U, ()= 2 Csin—e s k=1,2,...,n,
k() = s X

2 X

4sin

v 83 = . s=1,2,..,n

h2

Tir d6 chiing ta c¢6 thé tim dugc nghiém cia hé phuong trinh
khong thuin nhit.

4. Uéc luong sai so

Chuing ta s& udc lugng sai s& cia phuong phip dudng thing dsi
vGi phuong trinh truyén nhiét. Tuong ty ¢6 thé wéc tugng sai s6 d6i
v cdc bai todn khic da xét trong muc nay.

Gia sit ring bai todn (25), (26) c6 nghiém va nghiém nay c¢é dao
ham lién tuc bic 4 theo x.

Ta co w'(t, xg) - ~12—[u(t, Xg+1) — 2udt, Xg )+ ult, xi )1
h

= £ (1) + Ry (1),
u0,xg)=0y,k=1,2,....n,
ult, Xo) = (1), ut, x4 5) = ya(t),
Véi R, (1) = O(h%).
Ki hiéu e () = u(t, xi } — Up (D),
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ta co
I
£ty ——[& t)—- 2g, (1) + g, ()} =Ry (¢
K % k+1(t) k(). k-1() =Ry (1) @

g 0)=0, k=12,..,n; g,(t)=¢g,,1(1)=0.

Sir dung cong thic
n-i n-1
Zﬁk Ady =~ Zﬁknﬂﬁk » A€y =€y — By
k=1 k=0

Vi g, =€p41 =0 nén
n-] n—1
D ekl = - ) By ihgy.
k=1 k=t

Dt 8y = Agg_1,tacéd
n-1 5 n-1 )
D edleiy = ) (Agy) . (28)
k=1 k=1

Nhan hé (27) v6i g (t)

2
Aeei® ¢ o= Ry(e0,

i
5[8% o1 -

riit ra

n-1 ‘ n-1| n-1
1 )
%[Zs%(t)] — 5 2 5 (DA%g_ (1) = D R (Uegc(1).
k=1 A" = s

Theo (27) ta ¢6 :

n-1 i n-1 | n-1
1 Zaﬁ(t) + %Z[AER P = ZRk(l)sk(t).
21 h = k=1
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Khi dé
n-1 ' n-1 n-1 5 n-1 N .
et | <2 Rt (1) < D REM+ D (),
k=1 k=1 k=1 k=1
EO cEm+R, E(0) = 0,

n-1 n-1
E(t)= D &5(t), R =max > RE(t).
k=1 b k=t

1

—t
Suy ra [E - E)e"t <Re™, de EM] <Re™
dt dt

e 'E(t) <R(1 —e!), E(t) < R ~ ).

n-1 n-1
Vay  Yefm<te' -1 maxRi() < Ce' DA,
k=1 k=1 !
vdi C = const.
Sau diy ching ta 14y mot vai vi du sit dung chuong trinh
Maple V gidi cdc phuong trinh dao ham riéng.

Dé gidi phuong trinh dao ham riéng, ching ta vio chic nang
Insert/Excutionf/After Cursor dé c¢é6 cum xit 1y véi dfu nhic
“[>", vio lénh restart, nap "géi cbng cu" d€ giii bang lénh
with(DE toals).

Vi du 1. Giai phuong trinh dao ham riéng

@ + E ={
ox Oy
¢ Gdn tén pde cho phuong trinh c4n giai
[> pde := D[1]1 (z) (x,y) + DI2] (2) (x,y) =03
¢ Gidi hé¢ phuong trinh bing lénh

[> pdesolve (pde, z(x.y)):
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z{x,y) = K(y - x}

(trong d6 F 1a mét ham bat ky).

Vi du 2. Giai phuong trinh

2*u  %u _

[> pde := D[1,1] () (x,y) - D{2,2] (u) (x.y) =x;
[> pdesolve (pde, u(x,y)) ;

u(x, y) = éx3+F1(y+ x)JFFz(y - x},

Véi F, F, 1a cdc ham bit ki ;
Vi du 3. Giai phuong trinh
0z

—+@=sin(x+ )
& Oy Y

[> pde := D[1] (z) (x,y) + D[2] (z) (x,y) = sin(x + ¥) ;
[>> pdesolve (pde, z(x.y)) ;

z(X, y) = sin(y) sin{x) + F (y—x).

BAI TAP

Sai phan héa cdc bai todn bién sau day ddng thdi uée lugng cdp

x&p xi clia phuong trinh sai phan (theo cic luge d8 cho bén canh).
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1. 6_;1 + 6—; = f(x,t) = tx
& ox

G={x,010<x<1,0<t<1)}

u(x, t) |1— =2t + X, ludi vuong h = /.
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2*u 8%
+

o

=0,

G={(x, 00l X2 +2 <1}
@ =0, ludi vudng h = 1.
X

3. Si dung phuong phuong phdp ludi, giai phuong trinh Pois: on
Au = ~1, (x, y) € Q (€ 1a hinh vudng canh 1),
viin=0,(x,y) el (F_bién cia Q),

1 17,980 38.25§

chon budc A =7 0 1 50.00

4. Ap dung phuong 0 3010
phdp luGi xdc dinh $ r
nghiém cta phuong trinh
Laplace tai diém p, q. r, s 0 P 4 12.38
cta hinh vudng vdi diéu
kién bieén dugc chi ra wrén 1
hinh 5.5, chon o = 09, ot om "
8 =1,01+00ln,

n=0,1,2,3,4. Hinlt 5.5

8. Nghién cdu su hoi tu cda nghiém cla luge d6 sai phan

u ~u U -2u +u
m,n+1 m,n =(1-8) m-Ln+1 m,n+1 m+in+l +

! 2

Umg = V(X)) Yoy =0, upy =0,

m=1,.,M-1,0=0,1,...N-1,Mh=1,NI=T, t6i nghiém clia
bai todn
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u_ %
a2
u(x, 0) = ¥(x), u(0,1)=0, w(l,)=0

0<x<gl, 0st<T,

véi  xp=mh, t, =nl, 0<Bx<1.

6. 1ighién ciu sy hoi ty cta nghiém ciia luge d6 sai phan

Yyn —Ymn-1 :A“m+]n ~Un_in + QX L)
I 2h men

Unp = WXy ) m=0, ], +2, ...

n=1,..,.N; Ni=T,
t3i nghiém cua bai todn
@=A@+(p(x,t), —w<Xx<+e0, 01T,
ot ox
u(x,0) = ¥(x), —® <K<+,

7. Tim nghi¢m cha phuong trinh

2
% 0<x<1, 0<t<0,08,
a axl

théa man didu kién u(0, ) =t,  u(l,t) =05 +t, 0<tx0,08,

u(x, 0) = -xzi, O0<x<1,taicacdiémx=0,2m,m=0,1,...,5,t=0,08 :
a) Theo lugc d6 sai phan hién, 18y h=0,2;1=0,02 :
b) Theo lugc d6 sai phan 4n, 14y k= 0,2 ; 1 = 0,08.
8. Tim nghi¢m gdn ding cla phuong trinh
n_
a a2’
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théa min diéu kién
u(x, 0) =f(x), w0, 1)=0(), u(l, t) = (1),

vdi 0 <t < T, theo d6i s& x, chon budc h = 0,1, trong dé sir dung
cong thic ddu tién clia (15)

u. I.+u._l.
ey =%_
Cic diéu kién cu thé
f(x) = (ax? + b)sinmx, @) = () =0, T=0,02, a=1,1;b=1,1.
9. Tim nghiém cia bai todn '

du(x,t)  d%u(x,1) L 4x  dux
a x> x2+2t+41 X
0<x<1,t>0,

1

= ,1>0
2t +1)

1

u(0,t) = ——, u(it

©n 2t+1 (o

u(x, 0) =2;, 0=x<1,

X2+0,1
tai diém (X, T). X, = 0,lm (m =0, 1, ..., 10, T = 0,1) véi do
chinh xdc € = 1.10_2.
. 2
10. Sir dung phuong phédp luéi, tim nghiém u(x, {) cha bai toin
2
_ gﬂza—u+(—a2t+l)e'“", 0<x<1, 0<1<0,01;
& ax2

w0, 0=t u(l,)=te™, 0<t<0,01, ux,00=0, 0=<x<l,
o=05k,k=1,..,6,véit=0,01 vdi d chinh xdc 0,001, né€u biét
2
6[2

< O;OZ;
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Tim nghiém cia cdc bai todn sau trén luéi (x
=0,ln;m,n=0,1,..,10:

.

yigh VO X =0,1m,

2 2 2
11.6“(""):3“(’;“)+ 2o 1)3,05xs-1,05t31.
at? ax (x+at+1)
u{0, t)——-—l-— u(l, )— 1 ,O0<t<1,
at+ 2’
u(x.0)=—l~—, @(X,O)“—*— ,0<x g1,
1+x 6t d+x)
a=0,5+0,1k, 0,1, ..,10.
2 2
12. 7ufx, 1) = 0 "(x"), O0<sx<1l, O=<t<l,
o’ ox?
1 1
u(0,t) = P u(l,t) = . 0<1 <1
t+a t+o+l
wx0) = — A0 _ 1 . 0<x<1
X+a (x+a)
a=0,5+0.lk. k=12, ..,10.
13, 62u(x t) azu(xt) 4
az _ axz l
0<x<l1, 0<t<1

u0,=0,u(l,t)=0, 0<t<],

' u(x, 0) = 0, M
at

O<x=<l},

14. Hay dung luge d6 sai
phan xap xi bai todn
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2 , & v . _
;,(; y) + g}; y) =(P(X,IY) (_X,_Y) € G, | ulr =0,

G va I' 1a mién va bién cia né biu dién bing mién gach soc &
hinh 5.6

Tim nghiém ctia cdc bai todn bién sau day trén ludi (x,,, y,)s
Xm =0.2m, y, =0,2n:

2
15, Puny) | 2%u(x,y)
ax? &y

=4,0<x<08,0<y<08,

u(x, 0) = x2, u(x, 0,8) = x2 + 0,64, 0<x<08,

w0, y)=y*, u08,y)= y> +0,64, 0<y<08.

2 2 '

16. 0 u();.y) N 2 u(:;.y)
ox dy

=2(1 + a),

u(x, M) = xz, w0, y) = ayz, O<x,y<1, u|1— = (1—(::))(2 + o,
[ 1a phdn cia hinh tron x% +y2 = 1
k=1,2,..10.

17. Héiy tim nghiém cla cdc bai todn Dirichlet tai c4c diém
02m;02n) e G

7 2
a) 2 u(,;'y) + 9 U(Z’Y) =0, x> +y? <1, u(M)
x oy

véi x20, y20; a=03k,

Mer =2(x% = 1);

Pux.y)  2fuxy) , 2. 2 _
b)_ " + ayz =4, x* +y° €], U(M)|Mel'_2y’

2 2 .
C) 5 U();,Y) + a u(’;!Y) - 4, x2 + y2 < 1’ U{M)|Mer =2xy :
ox oyt '
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Chuong VI
GIAl GAN BUNG PHUONG TRINH TiCH PHAN

§1. PHUONG PHAP LAP DON

Xér phuong trinh tich phan phi tuyén

b
y(2) = & [KIx,s : y(s)] + f(x). (1)
‘a
Céc nghiém gdn diing cha phuong trinh (1) duge x4y dung nhu sau:
b
Ya(x) =& [KIX.5 5 yo_y (Dds + £(X) (n = 1,2, ..) 2)

a
trong d6 y,(x) 1a ham s6 lién tuc tiy §. Ta cé dinh 1¥ sau :
Dinh 1y 6.1.1. Gia sir ham lién tuc K(x, s ; yJ(a<x,s<b,
—© <y < +) théa man di€u kién Lipschitz theo y
IK(xs:9) -Kxs; 9 I<LIy-yl,(a<x,s<b, —m<y,y<oo)
Ngodi ra f(x) lién tuc trén [a, b] va

1

A< )
I.(b—a)

Khi d6 phuong trinh (1) ¢6 nghi¢m duy nht y*(x) xdc dinh trén
[a, b] va nghi¢m nay 1a gi6i han cua cdc x4p xi (2). T6¢ d6 hoi tu
duge xdc dinh bdi bat dang thitc

|ya(®) =y () 1< q" max |y, -y @)1, 3)
asx<b .
trong d6 q = JAl(b - a)L..
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Ching minh. Dai

b
X = Capp T =4 _[K[x,s : y(s)Mds + f(x).
Ta cé

b
| T® - T} 1 =1 A Y] fKIxs s §5)] - KIx.s s y)]1ds| <

b
1Al IlK[x,s . 7(s)} — Kix,s; y(5)ids <
b
LIl _[I?(s)—y(s)ldss]_.lM(b—a)ll?— vyl

a

T -Tyl<qlly—-yll. O

A

1A

Ap dung dinh 1i 1.1 ta c6 d.p.c.m.

Pinh Ui 6.1.2. Gia sit ham lién tuc K(x, s ; y) (@ =%, 55 b,
ly —y, | < 1) thdoa man diéu kié¢n Lipschitz theo y

P K(x,8;7) - K(x,s; ) | <LI¥-yl{agx,s<b ly-y,l<r)

Ngodi ra f(x) lién tuc trén [a, b], lyo(X)—yo I 1 V2

1Al

JIAl(b—-aM+ max 1f(x)~y) i<t
(b-a) agxsh

Khi d6 phuong trinh (1) c6 nghiem duy .ohdt y'(x)

( y*(x') -y, 1<r1) xdc dinh trén {a, bj va nghiém néy 1a gidi han
clia cdc xdp xi (2). T6c d6 hoi tu duge xdc dinh boi bat ding
thitc (3). '

Chitng minh. Dit

X =Clapp S={y(®) € Cia,b] 31y — Yo <1}
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b
T(y) = A [KIx.s; y()Ms + £(x).
i
Ta chitng minh réng todn tir T tdc dong trong S. Gia sir y(x) € S.
Khi d6
b
I T = o <1 A 1 [RIxs 5 y(9))]ds + 1£(x) - yoi <

a
S1Alb-aM+if-y, Il
trong d6 M = max |K(x,;s; \2%
a<x,55b
ly-yolsr
Tir diéu kién cia dinh 1y ta c6
IT(y) —yo M<r,
Ap dung dinh 1 1.2 ta ¢6 d.p.c.m O
Bay git ta xét phuong trinh phi tuyén Volterra :

X
y(x) = A IK[x,s ; y(s)Ids + £(x) (4)
a

Dinh Ii 6.1.3. Gid st ham lién tuc K(x, s ; y)(asx,s<b,

—% <y < )} théa min diéu kién Lipschitz theo y :

TKOGs 3 9) - K(x,s39) ISLIF-yl(asx,s<b,—w0<y,y <o)

Khi dé phuong trinh (4) c6 nghiém duy nhat y*(x) xdc dinh trén
[a,b}va vy (x) Ia gi()i.han ciia day y,(x) :

X .
Ya() =2 [KIxs ¥, &Ms + fx), (n=1.2, ...

a
trong d6 y,(x) 1a ham lién tyc tay ¢ trén doan [a, b].

T6c 46 hoi tu duge xdc dinh béi bat déng thic
a0 -y 00 12q™F max [y, -y 0,
: asx<h
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trong d6 q " <1 v6i k di 16n.

Chiing rﬁinh.
Ta dat

X
X = Clabp AY) = 4 j'l(_[;,s ; Y()Mds + £(x)
] |

Ta chiing minh ring

[ A I L(b—a)¥ .
k!

il ARy - Akl < -yl

Tacod

X
| A ~ AW IS IA RIS ;5] - Kixs; y)) 1 ds <

a

slx|LJ’:y(s)-y(s)ldsslleny—yn(x—a),

a

x .
1 A2@) - A% 1 < IAIL [ AF(s) - Aly(s)] | ds <
a

’ ' 2
Al L)2(—x—2—?~)-ll -yl
Ti€p tyc qud trinh ndy ta duoc
k

hA¥@) - Ak Il < Q—'—E(kb'—al <l.

Ap dung dinh 1y 1.1.1 cho dnh xa co AK, suy ra tén tai duy nhat
y* sao cho Aky* = y*. Ta lai ¢6 AK (A(y* N = A(Ak (y* = Ay*.
Suy ra Ay = y'. Phén ddnh gid t6c do hoi tu danh cho doc gid.Ol
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§2. PHUONG PHAP NEWTON — KANTOROVICH

Xét phuong trinh tich phan
b
¥ = [Kix,s  y(s)ds (5)
a

trong do K(x,s;y)(a<x,5<b, ly -y, | € ) lién tuc theo ba bién
va ¢6 dao ham bac hai theo y lién tuc. Ta 4p dung phuong phip
Newton — Kantorovich d€ giai phuong trinh trén.

Dat

b
P(y) = y(0) ~ JKIx,s 3 y(s)ds.

Dé dang kiém tra dugc ring

b
'Ly’ (0ly0 = y00 = [K'yl[x.s5 5 6)ly(s)ds,

b
Ply" (0ly()z() = - [K" (x5 @ly)(s)ds,

Pé tim I,z = P'(y,(x))] 'z ta phai giai phuong trinh tich phéan
tuyén tinh Fredholm loai 11

b
¥ = [Ky[x.5 5 yo(&)y(s)ds +2(x)

a
Gia s\ hach
K%, 8) = Ky [x53 5,()]
¢ giai thitc 1a R(x, s) va
b
J] R(x.s) lds <R, (6)

a
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Khi dé

: b
y(x) = [oz(x) =2(x) + I R(x,s)z(s)ds
a
N, <1 +R,
Ta c6 dinh Ii sau day :

Pinh 1 6.2.1. Gid st ham K(x, s ; y) (2 < x,5 < b, [ y—y, I < 1)

lién tuc theo ba bién s6 va c6 dao ham bac hai theo y lién tuc, ngoal
ra, cic di€u kién sau day dugc thda min

1) Hach K(x, 5) = K'y[X,5; y,(5)]
¢6 giai thirc R(x, s) théa min didu kién(6)

2) h=(1+Ry)*(b-a)KK, s%

1-

Layiz2h “hZh(l +R K, <,

‘trong dé

K, = [K[x 3 Yo ($)ds - Yo (X)

an
b
K, = max jl K"yz (x,s;y)lds.

agxshly-y, <R .

Khi d6 ton tai nghiém y cda phuong trinh (5), day y,(x) dugc
xay dymg theo phuong phip Newton - Kantorovich hodc day z,(x)

dugc xay dung theo phuong phap Newton - Kantorovich cai bién hoi
tu 1di nghi¢m dé.

Trong d6

b b
Yar1(0) = £ + [KIxs; y(6)Ms ~ [Ro(x.8)y,(5)ds +

a a
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b b b
+ [Ryx.9f(s)ds + J'R,,(x,s)[ IK[s,t,yn(t)]dtst
a ' a : a
b b
Zy01(x) = f(x) + J'K{x,s s 2, (s)Mds — IR(x,s)zn(s)ds +

IR(x 5)f(s)ds + J’R(x 5) [ JKG., zn(t)dtJ

T6c do hoi ty du‘oc xédc dinh tuo‘ng iing bdi cic cong thic
1 ya(x) -y () 1<~ ny?" 0,
Ya(X)~y (x) = (2h) h

I zo(x) -y (x) 1l sf‘h-(x - J1-2n)"*! (h < %J
trong 46
n=(0+Ry)K,, h=(1+Rg)%b-2)KK,.
& day R,(x,s) 1a ki hiéu gidi thic cha hach Ky [x5;y,(s)). Dé

chimg minh dinh 1¥ trén ta chi cdn kiém tra cic diéu kién néu trong
phuong phdp Newton - Kantorovich (xem [13]).

§3. PHUONG PHAP HACH SUY BIEN
Xét phuong trinh tich phan tuyén tinh Fredholm loai II.
b

y(x) =2 jx(x,s) y(s)ds + f(x) (7)

Ta xét trufmg hop kh: K(x s) la hach suy bién va trudmng hop khi
hach K(x, s) ¢6 thé x&p xi bdi mot hach suy bién.

Dinh nghia 6.3.1. Néu hach cia phuong trinh tich phan dugc
biéu dién dudi dang

K(x, s) = K, (x, s)_ZA(x)B(s) (a<x,5<h)
1]
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thi ta n6i hach K (x,s) 12 hach suy bi&n. G day {A(x)}.{B;(x)}
(i=1n) dugc gid thiét la cdc hé doc 1ap tuyén tinh trong khong
gian C[a, b).
1. Phuong trinh tich phn tuyén tinh véi hach suy bién.
Xét phuong trinh tich phan
b
¥n ) = A K, (,8) yo(9)ds + f(x) (8)

a

n
trong d6 K, (x,s) 12 mot hach suy bin ; K,(x.5)= 3 A{(x)Bi(s).
_ i

Thay hach K, (x,s) c6 biéu dién trén vio (8) ta ¢é

i=l a

n{b
Yn() = 7«2( jBi(s)yn(sMs]Ai(x) + () ©
Ta tim nghiém ciba phuong trinh (8) duéi dang san day

Ya(¥) =Y CiAi(x) + f(x) (10)

=1
trong d6 C; (i = 1,_n) 12 cdc hing s6 cin phai xdc dinh.
Thay (10} vao (9) ta cé

' R n b n
lZCiAi(x) +f(x) =13 A;(x)|B; (s)|:7u > CjA;(s)+ f(s)]ds +f(x)

i=1 i=1 a i<l

D CiA(x) =

i=1

b b
liAi ®) fB; (s)[zn: CiA, (S)st + iAi ) [Bi)f(s)ds,
a J=1 a

i=1 i=1

237



,‘.
o
o]

iCiAi(x) =

i=1

1] n b n b
kZAi(X)ZCj[IBi(s)Aj(s)ds] + ZAi(x){ IBi(s)f(s)ds},
a i=1 a C

i=1 j=1

‘Tir tinh chdt doc 1ap tuyén tinh ciia he {A;(x)} (i =1,n), ta c6

C; ~A) Ci =B G=1n) - (1)
j=1
b b ,
trong d6 o = IBi(s)Aj(s)ds, Bi = [B®f5)ds

Gia sit dinh thiic cia hé (11)
1- la“ - 7\.0'.12 . — k(lln
- A‘QZI 1- lazz = m2n

D) =

—Aoy  ~Aapy . 1—Aog,

khac khong. Khi d6 hé (11) ¢6 nghiém duy nhét. Ta ki hiéu nghiém
ctia hé nay 1a CJ, ..., C, thi

f
Ya(x) =LY CiA;(x) + f(x)
i=1
la nghié¢m cla phuong trinh (8).
Ta lai cé

*

D, ..
Ci="p G=Lm
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trong d6 D; cé dang sau
L=hoyy —hoyz - —Aoging By Al - — Mg
—Aogy |- Rhogy .. —Aagiy By —Aagiyg.. —Rog,

D, =
—han —Any o ~RAping By Ay e —Aog,

Ki hi¢u D;; 1a phdn bi dai s6 ciia phdn tir (ij) trong dinh thic D; .

Khi d6

D;= > D;fj (i=1,2,..n)

i=]

_ n D
Do dé6 C} =Z—D’J—|3j (i=1,2,.)

i=1

= ).ZA (x) Z D 1B, + f(x).

1=l j=1

Z A, (x) IB (s)f(s)ds + £(x)
= ][ Dy A;(x)B: (s)]f(s)ds + f(x)
ij= l

yn(x) = A IRH (x,s,A)f(s)ds + f(x) (12)

~trong doé

R, (x,8,A) = % Z D;; A;(x)B;(s)
i.j=1

1a giai thic clia hach K (x,s).
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2. Phuong trinh tich phan véi hach khong suy bién

Xét phurong trinh tich phan tuyén tinh Fredholm loai 11

b
y(x) = A _[K(x,s)y(s)ds + (%) D
Gia str : .
K(x, 5) = K (X,5) + 0,(x,s) 13

lim max 13,(x,8)1=0
n—aweasxssh

Khi d6 phuong trinh (7) ¢6 dang
b b

y(0) =2 [Ko(x,9)y(s)ds + A [8,(x,:9)y(s)ds + f(x) (14)

a a .
Vi 8,(x,s) nhd tiy ¢ khi n dit 16m, nén ta coi nghiém y,(x) cia
phirong trinh tich phan tuyén tinh véi hach suy bién K (x,s)
b
Ya(X) =24 IKn(x,s)yn(s)ds + f(x) (15)

a
12 nghiém gﬁn ding cia phuong trinh tich phan tuyén tinh(7).
Bay gidr ta ddnh gid sai s6 chia phuong phép hach khéng suy bién.
Ki hiéu '
€ (X) = ¥(X) - Yo (X)
Tir (14) va (15) ta c6

b b
£a(0) = & [Ko(x.9)84 ()5 + A [8,(x,9)y(s)ds.
a a
D4y 1a phuong trinh tich phan tuyén tinh véi hach suy bi€n. Do
d6 dua vao cong thitic (12) nghiém ciia phrong trinh nay dwogc xdc
dinh bdi cong thic
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. b b b
£,(X) = A jan (x,5)y(s)ds + A2 jRn (x,s,l)( Iﬁn(s,t)y(t)dt]ds

Do d6
Te (x) 1 <1 A 18, Ny (b -a) + AR}, 8,N, (b — a)?
le (x) | <IAI(b —a)NS,[1+1 A | Rp(b - a)] (15%)

trong 46

&, = max 8,(x,5), Ny = max |y(x)I
asx,ssb a<x<b

*
R, = max IR (x,5)l
a<x,55b

Bay gid ta ddnh gid N,. Tacé

b b
y(x) = A IKn(x,s)y(s)ds +f(x) —A I[Kn(x,s) - K(x,9)]y(s)ds

a a

b
y(x) =2 _[ K, (x,s)y(s)ds + F(x)

a

b
F(x) = f(x) - & Ky (x.5) — K(x.9)ly(s)ds.
Dua vao céng thiic (12) ta cd

b
y(x) = F(x) + A IR,,(x,s) F(s)ds.
a
Mait khic ta lai cé
IF(x) <P, +1218, (b-a)N,, P, = max 1fx) 1.

azxsh

Do dé
by(x) < P, +1 A 18, (b—a)N, + | & IR}, (b-a){B, +| A 15, (b—a)N,]

Ng < Py[1+1 A IR (b - a)] + I A 13,(b —a)[1 +1A IR (b - a)]N,
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Gia sir
| A 18,(b-a)l +IA IR, (b~a)] <1
Khi d6
P[1+1A IR, (b-a)]
1- 1A 18,(b —a)[l + | A IR}, (b - a))]
thay N, vao (15%) ta duge

N, <

{1+ & IR: (b—a)]2 5
1-1 &1 8,(b—a){1+] A IR} (b~a)]
(16)

Ly(x) —y, () 11X (b - a)P,

Nhur vay ta ¢ dinh i sau

Dinh li 6.3.1. Gia slr diéu kién (13) ciquc thoa man, D(A) = 0 va
A 18, (b~a)l+1A IR (b—a)]<]1.
Khi dé day cac ham s6 y, (x) dugc xédc dinh theo cong thite (12)

hoi tu t6i nghi¢m cla phuong trinh (7) va t6¢ d6 hoi tu duge ddnh
gid theo cong thic (16).

§4. PHUONG PHAP MOMEN VA PHUONG PHAP
BINH PHUONG TOI THIEU.

Gid sir @1(x), 92(X),....p,(x) 12 hé cdc ham déc 1ap tuyén tinh
xédc dinh trén [a, b]. Ta tim nghi¢m gin diing cha phuong trinh tich
phan tuyén tinh Fredholm loai IT

b
y(x) = & [K(x,5)y(s)ds + £(x) (17
a

dudi dang

Yn(x) = Zci¢i(x) + f(x).

i=1
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Dé xdc dinh cdc hé s6 C;(i = 1,2, ... n) ta tinh d6 chénh léch giita
v€ phai va v& trdi caa (17) tai gid tri y(x)=y,(x).

b
Dat Ly(x) = y(x) - & [Kx,5)y(s)ds— f(x).
Khi dé
. . b
Ly, () = yp(0) 2 IK(x,s)yn(s)ds —f(x) =

a

M:s

Cip;(x) ~ A IK(x s)ZC,q)l(x) - A IK(x s)f(s)ds =

i=1 a i=l a

M:

{(p,(x) A IK(x $)o; (s)ds} Y IK(x s)f(s)ds =

1 a

= F(x,Cy, Cy, ..., Cp)
Ly, (x) = F(x,Cy,Cy, ..., Cp ).

T

a

1. Phuong phap mémen

Gia sit {@;(x), ¢3(x), ...} 14 hé truc giao ddy du trong khéng gian
ma ta dang xét phrong trinh (17). Tir gido trinh gidi tich ham ta biét
ring néu

' b
ILy(x)(pi(x)dx =0(=1,2..,n,..)

Ly(x)=0
Vi vay néu céc hing s6 C;, C,, ... C,, dugc xac dinh tir diéu kién

b
[Lyaeide =0 (=1,2,...n) (18)

a
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véi n di 16n thi cé thé coi
Ly, (x)=0
Do d6 c6 thé coi y,(x) 12 nghiém gin diing cha phuong trinh (17).

Phuong phidp nay duge goi 14 phuong phdp mémen hay phuong
phdp Galerkin dé giai phuong trinh tich phan.

bé xdc dinh Cy, Cy, ..., C,, tir diéu kién (18) ta c6

0 b b
3¢ I{q}j(x) —2 IK(x,s)wj(s)ds} o; (x)dx =
=l a a
bb
A [ [Kex,9) ()05 (x)dsdx

n

Zaucj = XBI i = l, 2, LEES ] n (19)
j=1

trong 46

b b
aj; = I{¢j(x) —A IK(x,S)(Pj(S)dS}qu(x)dx,

a a

bb
B = ”K(x,s)f(s)cpi(x)dsdx.
ai

Giai hé phuong trinh (19) ta xdc dinh duge C;,C,,...,C,. Do dé
xdc dinh duge nghiém gén ding y,(x) cia phuong trinh (17).

Ta nhan thdy ring phuong phip m6émen tuong duong véi phuong
phip thay hach khéng suy bién K(x, s) bdi hach suy bién K (x,s)
theo céch sau day. Ta phin tich hach K(x, s} nhu ham theo bién x
thanh chudi Fourier theo hé truc chufn {@;(x)} (i =1, 2, ..) va
K, (x,s) 13 téng riéng thit n cha chudi nay '
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n
Kn(%.8) = Y 0i(x)¥i(s)
=}
trong dé
b .
i) = [Keus)pxdx.
. a
Néu bay gid ta 4p dung phuong phdp mémen vio phuong trinh
tich phan vdi hach suy bién

b
yo(X)=2A IKn(x,s)yn(s)ds + f(x)

a
thi nghiém thu duge tring véi nghiém gin ding cta phuong trinh
(17) dwoc xay dung theo phuong phdp mémen. Diéu nay ching t&
ring phuong phip moémen tuong dwong véi phuong phip thay hach
d3 cho béi hach suy bién bing phuong phap dac biét. Do d6 dé dénh
gi4 sai s clia phuong phip momen ta c6 thé ép dung phuong phdp
danh gid cha phuong phép hach suy bién.

2. Phuong phédp binh phuong téi thiéu
Xét tich phan

b
¥ = [F?(x,€1, Gy, Cdx
a
Ta xéc dinh Cy, Cs, ..., C, tir diéu kién cuc ti€u cha tich phan J,
nghia 1a tir diéu kién

A o oG=1,2m)
aC;
Ta co
b
| oF
[P, €1 Co, o C) oo k=0

a 3
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b b
JFix. €1, €y, Coli(s) - A [K(x.5)¢; (s)ds]dx = 0

a

n b b b
pef ]{cpj(x) -2 IK(x,s)(pj(s)ds} {(pi (x) - A IK(x,s)tpi (s)dsj!dx -
i=1 a

& a

b| b
=2 J{ frex, s)f(s)dsJ [cp1 (x) - A J'K(x 8)o; (s)ds}

ala

Zau i=B; (i=1,2,..,n) (20)

j=1
trong dé
b

b b
o = ][Qi (x) ~ A IK(x,s)tpj(s)dsJ[(pj(x) -2 J'K(x,s)q:j (s)dstx

a

b
B; = { jK(x s)f(s)ds“tpl(x) A IK(x s)(pl(s)dsJ

ai a

Giai hé phuong trinh dai s6 tuyén tinh (20) ta xdc dinh dugce
C1,Cy,-.,C,  va do dé xéc dinh duge nghiém gdn diing cia
phuong trinh (17).

§5. PHUONG TRINH TICH PHAN TUYEN TINH
VOLTERRA - FREDHOLM

Xét phuong trinh tich phan tuyén tink Volterra — Fredholm :

X b
y(x) = f(x) + IK(x,s)y(s)ds + _[Ko(x,s)y(s)ds (21)

a
Gia st K(x, s), K,(x,8) (a<x,s< b) lién tuc, f(x) (a<x < b)
lién tuc. Gid sir K, (x, s} 12 hach suy bién
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m .
Ko(x,8) = 2 a;(0)b;(s).
. i=1
Céc nghiém gin ding cha phuong trinh (21) duge xay dyng nhy sau

Yo(x) = f(x)

X bl m :
Yn(0) = £ + [KO,8)Yn1(s)ds + J{Zai(x)bi(s)]yn(s)ds
a ari=1

n=1,2,..)
Ta ki hiéu

fu1 (0 = ) + [KOx8)yp-1()ds.

Khi 46

b[ n
Yo () = fu_ (0 + I[Zai(x)bi(S)}yn(S)ds.
a i=1

Day 1a phuong trinh tich phan tuyén tinh Fredholm loai II véi
hach suy bi€n nghiém cla né duge x4c dinh bdi cong thifc

b
Ya(®) = fo1 GO + IR(x,s)fn_l (s)ds

a

(22)

Yo (x) = f(x)
trong dé

1 m
R(x,s) = B%Dﬁ a; (X)b;(s),

1+ aiy s AT Uim

®p; 1+ag ... Oom

®mi Am2 - 1"'(’"mm
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b
a;j = - [bi(s)aj()ds,

D;; 1a phadn bu dai s6 clia phén tir (i, j) cda dinh thac D.
Nhu vay tacé

X
Yn(0) =00 + [K(x,8)y,_y(s)ds +
b b
+ IR(X,S) f(s) + IK(S,I)yn_l(T)dT:lds +

bs
+ .”R(x’s)K(S’T)Yn_l(t)dtds

aa

Yo(x) = f(x)

Nh& cong thic nay ta xic dinh dvge t4t ca cic phin tir cia
day y,(x). Bay giv ta ddnh gi4 t6¢ d6 hoi tu ciia phuong phap nay.

Ki hieu |

En(X) = ¥, (x) ~ y*(x),

trong dé y* (x) 1a nghi¢m cha phuong trinh (21).

Ta co

X b
y (%) = f(x) + _[K(x,s)y*(s)ds + J'Ko(x,s)y"(s)ds

a

X b
Yn(x) = £(x) + [K(x,8)yp_y(s)ds + IKO(x,s)yn(s)ds

a

Do 46

X b
g,(x}= IK(x.s)en_l(s)ds + IKO(x,s)an(s)ds

d
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Ki hi¢u R(x, s) 1a gidi thic cua hach K,(x,s), khi d6 ap dung
cOng thic (12) ta co

b
e, (X)=F,;(x)+ IR(x,s)Fn_l(s)ds,

trong dé

E_y(x)= IK(x,s)en_](s)ds

hay l1a

X b :
£n(x) = [K(x,8)g,_(s)ds + IR(x,s)[? K(s,t)e,_ (T)d’t]ds

X bs
£, (X) = [ K(x,8)e,_1(s)ds + | [R(x,5)K(x,T)€,_1 (t)drds.

a ) aa
Ki hiéu
M= max |K(x,s)l, R= max |R(x,s)l

a<x,s5<b agx,s55b

TacHd .

b 4 bs
lenG) 1<M [lg,_1(8)1ds+ MR [[ie01(0) 1dT ds <
a

aa

1A

MT[I €n-1(8) 1ds + MR]]-’]I g, 1{t)dtds =

a aa

M)]I En_1(s) ids + MR(’]] Ep-1(T)! d‘r)l]ds =

da a d

X X
= M flg,_((s) ids + MR(b — ) fi €q_1(1) ld.

& a
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X . X

le,(x)1sM II £q_1(s) 1 ds + M, Ii €,-1(s) Ids,- M; = MR(b — a).
a . a .

T do6 ta co

Mb-a)* [M(b — a)]™

e, (x) 1< g, — +r§0Cn_m“1T, (23)
trong d6
€, = max gy (x)1,
asx<hb
c =£ . [M(b~a)]k+l +k—lc . [M(b—a)]iﬂ
KoM (k+ 1) e Y

Nhu vay ta dd ching minh dwugc dinh 1i sau day

Dinh If 6.5.1. Gia st K, (x,s), K(x, s) (a € x, s <£b) va f(x)
(a < x < b) 12 cdc ham s8¢ lién tuc. Gia sir K, (x,s) 12 hach suy bién.
Giast D= 0.

Khi dé nghiém cia phuong trinh (21) 1a gidi han cia diy ham
¥n(x) va t6c d6 hdi tu duge x4c dinh bdi bat ding thic (23).

BAI TAP
1. Giai gin ding cdc phuong trinh sau day bing phuong phip
lap don
1
L 2
1}y y(x)=1+ E Ixs y(s)ds, y(x)e [0, 1]
0

{
2) y(x) = sinx + % I(x +5)y(s)ds
0
{ 1
3y yx)= x% + 5 x y(s)ds

0
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Giai gin ding phuong trinh Volterra

4) yx) = [y(s)ds 0sxs1.
0 .

X
S)y(x)=x+ Iex_sy(s)ds, 0<x<1,
t]
3. Giai gin ding phuong trinh tich phan véi hach suy bi€n

1
1 1
6) y09) = [+ 2xs)y(s)ds — x-2

0
l

1
2.2 1
$ ds — —x -
Yy(s) TREET:

T y(x) = J.(l +Xxs+x
0 .
4. Giai phuong trinh sau bing phuong phdp Newton - Kantorovic

1
8) y(x) = _J.xsy2 (s)ds — -§~x +1
12
0
5. Giai phuong trinh sau bing phuong phép hach khéng suy bién

1
9) y(x) = e* - x - _[x(e“ ~ )y(s)ds
0
1
10) y(x) = x2 — j'sin(xs)y(s)ds.
0
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Phan hai
MOT SO VAN DE HIEN DAL

Chuong VII
MOT SO KHAI NIEM M3 AU
(ti€p theo)

Trong chuong nay ching t6i gidi thiéu thém mot sé khdi niém va
su kién vé khong gian métric, khong gian Banach, khong gian vecto
topo, khong gian Sobolev va mot it v& gidi tich Fourier, cén thiét
cho su trinh bay trong cdc chuong & phin hai va cho viéc nghién
ctru xa hon. Chiing t6i coi nhu doc gid di quen véi khéng gian topo,
tich phan Lebesgue, it ra 12 v4i mot s§ khdi ni¢ém va sy kién ban ddu
co ban ciia céc 1§ thuy&t nay (néu chua biét cé thé xem ching han tai
lieu [9] di dich ra ti€ng Viet). Doc gid ndo mubn bi€t nhidu hon
nhitng diéu 43 dua vao chuong nay, nhit la cdc chitng minh chi tiét,
c6 thé xem (3,9, 5, 12, 20, 53, 30, 55, 75, 123].

§1. KHONG GIAN TOPO LOI BIA PHUONG

Pinh nghia 7.1.1. Mot tap ¥ =3 v6i quan hé > trén £ ducﬁ: néi la
dinh hitong néu quan heé > 1a i) phan xa, tic la ¢ > o, véi mdi o € X} ii)
truyén itng (béc clu), tc 1a véi cdc phadn tlrtdy y o, B,y € Z, tra >
Bvaf>ysuyraca=y; vanéu iii) ct hai phdn tir cha I ¢é mot
phén tif lam tréi chiing, uic 1 v6i hai phén tir thy y o, B € Z tdn tai
ye Zsaochoyza,y=B. '
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Ludi (ddy suy rdng) 1a ham duoc xic dinh trén mot tap dinh
huéng T céc chi s6 va ldy gia tri trén mot tip A. Néu £ = N, N 1a
tap cdc s6 ty nhién véi su sip thi tu thong thudng thi ludi {x;} l1a
day théng thudng.

Ludi {y,} (A € A) duge goi 1a ludi con cha ludi {x;} (o € T)

néu d6i v6i o tiy ¥ thude ¥ tén tai chi s68 A(o) € A sao cho véi chi
sO tiy ¥ 2 € A théa min X' = A(o), tim duge ¢’ € £, ¢’ = o thda
min X5 =y .

Véi khdi niém lugi va lusi con, ta c6 thé mé td td6pd cha moi
khong gian topo trong khi d6 khdi niém day va diy con theo nghia
thong thudng chi mo ta dvoc nhitng tinh chit cta khéng gian tops
vGi tién d€ dém dugce thit nhat.

Dinh nghia 7.1.2. Luéi {x,,® € Q} nim trong mét khong gian
t6pd X duge néi 1a Agi tu trong topo T dén diém x va x duge goi la
gidi han cua luoi {xy} (va viét : limx, =x hay x, - x) néu d&i
v6i moi 14n can U € 1 tén tai chi s6 o, = mo(.U) sac cho hé thic
® 2 o, kéo theo x, € U.

Ménh dé 7.1.1. Trong khong gian tich (separated) khong cé mot

lugi nao c6 2 giéi han khic nhau va moi ludi con clia mét ludi hoi
tu s& hoi tu dén cling mot gidi han.

Dinh nghia 7.1.3. Gid si trén tap X d6i véi tat ca cic chi s§
@ € €} cha mot tip Q duge dinh hudng bdi quan hé 2 ta ¢6 cic 4nh
xa Ug(x) sao cho 1) véi mbi chi s6 ® € (O voi phdn tr tly ¥ x € X
tacédx € Uy(x)c X ;2) Véicéc chit s6 ty ¥y @, £EcQ, o = &, véi
moi x € X thi U,(x)c Ug(x); 3)vdimoi o € Q, I& € Q, sao cho
tir x € Ug(y) kéo theo yeU,(x) ; 4) Véi o tily ¥ thude Q, 3EeQ
sao chotiry € Ue(x), vaz € Ue(y) suy raz € Ugy(x). Khi dé ta
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goi topdé déu trong X 1a to6pd ma tai mbi diém x € X luéi cic tap
{U,(x), o € €3} 1a co s& ciia hé céc lan cln clia x. Khdng gian véi tOpd
déu duge néi 1a déu va cdc ldn cdn U,(x) cla x duge néi 1a déu.

D6i véi moi tap con M ciia mot khong gian déu X ta dinh nghia
mot cdch ty nhién hé cdc lan can déu theo quy téc

U, (M) = U ;
m( ) x(LEJM m(X)

Nhitng lan can déu cla mot compac tao thanh mot co s& hé cic
ldn cén.

Ménh dé 7.1.2. Néu compac M va tip con déng N cia khéng
gian ddu X khong cé diém chung thi tn tai chi s6 o € Q sao cho
U,(M)AN=0.

Chi y. Néu X 1a khong gian métric thi t6pd métric 1a tach, déu
va théa man tién dé d€m dugce thit nhat.

-Dinh nghia 7.1.4. Gia sit X la mo6t khéng gian tuyén tinh.

Tap E ¢ X duge goi la cdn ddi néu d6i véi phdn tirtdy ¥y x € E
via b € Rsaochol|Al < 1tacd Ax € E.

Tap E dugce goi 12 hdp rhu néu d6i v6i phin tit tiy ¥ x € X t6n tai
86 A > 0 sao cho x € pE d6i véi tat ca p, iul = A.

Tap E < X duge goi 1a 16 ruyét doi néu d8i véi cap tiy §
x,ye Evadéi véicicsOtayy A, p € R sao cho Al + Ip+ < 1 ta cé
AX + uy € E.

Chi y.

1. Bing hinh hgc, tinh chit hdp thu cha E c¢6 nghia la trén mét tia

tuy y phat xust tir 0 c6 mot khoang véi miit tai O duge chita hoan
toan trong E.

2. Tap E 16i tuyét d6i khi va chi khi E dong thai 1 18i va can d6i.
3. Néu E;,E, lacdc tapcon1di cia X, A € Rthitap Ey + E; va
AE 1a 16i. Diéu nay ciing ding d6i vdi cic tap 16i tuyét déi.
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4. Neu E la tap 16i tuyét d6i thi 0 € E, va néu Al < Ipd thi AE < uE.

Dinh nghia 7.1.5. Gia st X 12 mot khong gian tuyén tinh trén R.
Mot ham thye (hitu han) khong am p duge goi 12 mot so chudn néu
p théa man cdc diéu kién ;

1) p(x)20;

2) p (Ax) = 1Alp (x) :

3) p(x+y)sp_(x)+p(y)d6iv6itﬁ'tcéx,y e X,vitdtcal e R,

Chi y. Do 2) p (0) = 0 nhung ¢6 thé xdy ra p (x) = 0 véi x = 0.

So chudn p ma p (x) = 0 kéo theo x = 0 1& chudn. Do Gpx)<p(y)
TPE-YhpSPpX)+p(y-x)nénip(x)—p (Yi<p(x -y

Ménh dé 7.1.3. Topo cia khong gian 16p6 tuyé€n tinh 14 déu. Moi
khong gian top6 tuyén tinh c6é mot hé co ban cic 14n can déng hdp

thu, D€ khéng gian W0pd tuyén tinh X 1a Hausdorff, it ¢6 va di 13

mB V =1{0}, trong d6 B la cd s& cdc lan cén cia O trong X.
Ve

Dinh nghia 7.1.6. Gia x{r X la mot khong gian top6 tuyén tinh
tich (Hausdorff). N&u trong X t6n tai mot co s& ciia hé cdc 1an can
cua 0 gébm cdc tap 18i thy X duge goi 1a 16/ dia phuong.

Binh ngfu"a 7.1.7. Khong gian tuyén tinh X~ 1t ca cac phi€m
ham tuy€n tinh iién tuc trén khong gian 16i dia phuong X dugc goi
1a lién hop (16pd) cha X.

Binh nghia 7.1.8. Trong moi khong gian 16i dja phirong X cé thé
chi ra mot topo 16i dia phuong khac 801 12 16pé yéu va duge cho béi
mot ¢0 sd hé cdc lan c4n cha O {x e X : ix*(x) l<g, x € K*} vai
cde t4p hiru han K~ ¢6 thé c6 nim trong X" va véi cdc s6 ty § € > 0.
Topo 16i dia phuong xuit phét cia khong gian X dugc goi 1a topo
manbh, troi hon topd yéu. Su héi tu yéu cia luci {Xo} = X dén phin
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‘tir x & X khong c6 gi khac hon 1a s hoi tu chia ludi x (xg) = X (X)

d6i véi moi phi€ém ham x* e X*. Su hoi tu manh clia ludi kéo theo
s hoi tu yéu clia ludi 4y dé€n cing mot gigi han cla luéi kéo theo sy
héi tu y&u cha lusi &y dén cling mot gidi han nhung nguoe lai khéng
ding. Trén cdc khong gian hiru han chi€u tépé manh va yéu
trung nhau.

Pinh nghia 7.1.9. Xhong gian Fréchet (F — khéng gian) la
khéng gian topd tuyén tinh X v6i métric d, diy da va métric bat
bién d6i vaéi phép truot, titc 1a d(x, y) = d(x - y, 0) véi x, y thy
thude X.

Bay gi¢r gia sir X 12 mot khong gian top6. Ta ki higu S(X) la tap
141 ¢ c4c tip con khdc rong cia X, con C(X) va C‘(X) tuong ing 1a.
tap céc tdp con compac va compac tuong d6i cia X. RG rang C(X)
C(X) c SX). :

Dinh nghia 7.1.10. Ta goi B—tépé trong khong gian S(X) la to6pd
véi co s& mé dudi dang ho tat ca céc tap ¢6 dang {M € S(X) : M c U},
trong d6 U chay t4t ¢ céc tap m& trong X. Ho cdc tap ¢6 dang (M
€ S(X): M N Uz @} véi cic tap U md c6 thé ¢é trong X sinh ra
mot I” — t6pé trong khéng gian S(X). Hop cdc B- va ['-topo dugce
goi la A—tdpé.

Pinh nghia 7.1.11. Néu X 132 mot khong gian déu dugc sinh ra
b&i mét hé déu cédc 1an can (U ,(x)}, @ € Q,'x e X (xem dinh nghia
7.1.3) thi ta goi B-tdpo trong khong gian S(X) 1a potd véi co s¢
dusi dang ho cédc tap c6 dang {M € $(X) : M < U (N})} d6i véi tat
cda Nc X va o € Q xdc dinh mdt y— t6pé. Hop cic 16pod nay duge
goi 12 a—tépd trong khong gian cac tap con §(X).

Su hoi tu cdc tAp trong mot trong cic tépd néu trén © = A, B, T,

a, B, ¥ sé dugc ki hien 5
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Ménh dé 7.1.4. NEu d6i v&i lu6i cic t4p{My,6€ ) ta cé
M, —X 5> M trong ba_'t ki t6p6 ndo trong cic t6pd T thi d6i véi mot

luéi con ty ¥ {M,,, 9 € ¢} cia ludi dy ta ciing 6 M, — M.

Ménh dé 7.15. Néu d6i véi Wéi (MglcX 6 B — hoi tu
My, —2>Mc X.cdn mg C M, d6ivéitatcio € SvaiMc Nc X,

thi 1u6i {mg,} cang B-hoi tu dén tap con N, titc 1a mg, —— N.
Diéu nay ciing ding d4i v&i B—hoi tu luéi céc tap. D&i v6i [- va y-
h¢i tu ludi cdc tip ciing cé sy kién tuong tu, song phai thay <
béng o.

Chii y. Su B — héi tu cic tip M, dén tap M ching to 46i v6i moi
lan c4n U > M tdt ca céc tap cia Mg véi cdc chi sé du xa duge
chita trong 1an cén di chon U. Su A- héi tu cdc tdp M, dén tip M
chiing td, ngoai diéu da néi, con ¢6 thém sy x&p xi mbi phdn tit clia
M bing cédc phén tlr chia céc tap M Su hoi tu cée tap trong B va o
cling c6 ciing y nghia, nhung vdi lan can déu U va su x4p xi déu cac
diém cla tap gidi han. :

Ménh dé 7.1.6. Ta ki hiéu {x,}'12 tap tdt ca céc diém gi6i han
cia ludi {x,}. Gia sit lu6i cic tap {Mg,c € Z} trong mot khéng
gian tich X ¢6 mot trong cdc tinh chit sau ddy : véi moi su lva chon
cic phin tir x; € Mg va d6i v6i moi ludi con {xpt cba ludi xudt
phdt {xg} ¢ cdc quan hé i) {xo}' "M # @ hayii), @ # {x,}' < M,
trong dé M 1a mét tdp con cia X. Khi dé ta ¢6 su B — héi tu
M, —BiMwn trong khong gian déu su B-hoi tu Mg NN M.
Nguge lai néu tdp M compact tuong d6i va ludi M,, o< Z} B - hoi
tu (hay P-héi tu) dén M thi céc tinh chit i) i) cé d6i véi
compact M.
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ij_inh nghia 7.1.12. Mét cdi loc F trong mot khong gian 16i dja
phuong X duge goi 1a loc Cauchy néu d6i véi mot 1an can U F chira
mot tdp A sao cho x — y € U d6i v6i tht ca x, y € A. Néu méi loc
Cauchy trong X ma héi tu thi X duge goi 1a ddy du.

Binh Ii 7.1.1. M6t khong gian 18i dia phuong X = (X, py) trong
d6 {py}: ¥ € T 1a ho cic so chudn xde dinh top6 ciia X, c6 cdc
tinh chat :

L. X ding cfu véi mot khéng gian con cia tich Il Xy, trong dé
vyel

méi X, 1a mot khéng gian dinh chuin duge xdc dinh b&i
X, = X/p;'(0);

2. Ding c4u dugc xic dinh bdi 4nh xa V(x) ={V,(x)},x e X,
trong d6 V, la dnh xa chinh tac ti X len X, ;

3. pry V=Vy d6i véi tit cd yeT, trong d6 pry 1a phép chiéu chinh
tic tr II X, lén X, .
el A Y

Pinh If 7.1.2. Khong gian thuong % la tidch khi va chi khi E 1a
mot khong gian con déng trong X.
Bink i 7.1.3. Tich cdc t6pd y&€u la mét topb yéu,

Dinh i 7.1.4. Gia su X la tich cdc khong gian 16i dia phuong
X, . Khi d6 X fa ddy di né€u va chi néu mdi X, la diy du.

§2. KHONG GIAN METRIC. KHONG GIAN BANACH.

Trong muc nay chiing t6i dua thém mot s6 khdi niém va su kién
cing thudong duge sir dung & mét trinh d6 cao hon trong phin I (mot
s6 trudng hop ¢ thé coi 1a vi du clia §1 phdn II, song € gitp céc
doc gia chua doc muc dy ¢6 thé doc dugec mot s6 phan tiép theo,
chung toi ciing Xin néu ¢ day).

Gia sir X va Y la cic khong gian métric ddy du.
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Dinh If 7.2.1. Gia st M C X.

1. M la déng khi va chi khi M déng day.

2. M la compac tuong d6i khi va chi khi M compac tuong
doi diy

3. M 1a compac khi va chi khi M compac day

4, Todn tit T : X = Y lién tuc tai diém x khi va chi khi T lién tuc
diy tai x. '

Dinh nghia 7.2.1. Hai khong gian Banach X va Y duge néi 13
ddng cdu chudn khi va chi khi ¢6 mot toan dnh h : X — Y sao cho

Ihxli = BxIl v&i tat cd x € X. Hai B — khéng gian ding cau chuin
duge coi dong nhét véi nhau.

Dinh nghia 7.2.2. Gia sir X 1a mot khong gian Banach. Ta cho twong tng
v6i mbi x € X mot phiém ham tuyén tinh lign tuc x* trén X nhés he thic
(x",f>;= {£.x), vie X*. Oday 1x™ 0=lxl. Dath) = x™*.
Néu h: X > X 1a toan 4nh thi X duge néi 1a phin xa. D6i véi
khong gian phin xa X, h 12 mét déng cfiu chudn. Ta ¢6 thé déng
nhat X véi X theo nghia d6, va ta viét ngin gon X =X va ciing
c6 th€ ddng nhét x véi x". Do d6 néu X la mot khéng gian Banach
phan xa thi <x, f> = <f, x>, véi thtcax e X va fe X".

Vi du : Khong gian Lo[0.1] trong vi du 7 §1 chuong 1 Ia

B - khéng gian phdn xa, con C[0, {] & vi du 5 1a khong phan xa.
Moi B - khong gian hitu han chiéu déu phan xa.

Trong cic khong gian Banach X va X" d6i véi cic diay {x,}c X

va {f,} = X", ta ki hiéu — 14 hoi tu manh, — 14 hoi tu y&u, — 1a
hoi tu y€u * theo cic nghia sau day.
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Dinhnghia7.23. x, 5> xoilx, -xl1-0;
fho>folf,-fI1->0;

Xp mXx <f,x, > > <f, x> Vfe X*;
fn—*\f<:><fn,x>~><f,x > V¥YxeX:
fop ~fe> <Ef, >><Ff> vFe X
Ménh dé 7.2.1. Vi cdc ki hiéu nhu trén ta ¢6 :
f, =f = f£.A¢,

Xp = X & suplix, T<o v <f,x; > > <f, x> VlieM,
n

M tru mat trongX* :
fn—*xf < supllfy <o, va <f,x>><f,x> VxeQ,

n

Q trd mit trong X ;
fo>fvax, —x= <fx,>o<f,x>:

fn—*\f VA Xp > X2 <f, X, > <f,x>.
Khi X Japhinxa,tacé: f, ~fe>f, 2f,
| Xp —Xx&>diy {< f, x; >}hoi tu trong R, ¥f e X'

Khi X 12 kha ly, mei diy ify} < X" véi sup I f, ll <o chita mot
n

day con {f,} sao cho f, f.

Khi X Ia mot B-khong gian, M 1a mét 1ap 16i déng trong X,
{Xp} © M, néu x, - xthix € M.

Dinh I{ 7.2.2. Né€u X 1a mot khong gian Banach thi 5 didy khing
dinh sau day twong duong

1. X 12 phan xa.
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2. Moi diy bi chan {x,} < X c6 day con-hoi tu yéu.

3. Hinh c4u don vi déng trong X 14 compac y€u.

4. Mbi tap bi chin déng yé€u trong X 12 compac yéu.

5. Mbi tap 161 déng bi chin trong X 12 compac yé&u.

Sau day 13 4 dinh li co ban trong giai tich ham.

Binh li (Han—-Banach). Moi phi€ém ham tuyé&n tinh lién tuc
f:LcX—->R

trén mot khong gian con tuyén tinh L cia mét khong gian Banach X
trén R c6 mét 4nh xa thic trién tuyén tinh lién tuc

_ f_:X—)R
v N EH =NfIl

Dinh li (Banach — Steinhaus). Gid st X va Y 1a cic khong gian
Banach trén R. Gia sit A, : X — Y la tuyén tinh va lién tuc véi tét

cd n € N. Khi d6 hai diéu khéng dinh sau day tuong duong
1. C6 mét dnh xa tuyén tinh A : X — Y sao cho
Ax = lim A x véimoix € X

n—o
2. Gi6i han lim A x ton tai vdi tdt ca x trong mét tdp con tril
n—»a0
matcia X va supll A Il < oo,
n
Pinh li (Banach v€ 4nh xa md). Gid sir X va Y 12 cdc khong gian
Banach trén R. Néu A : X - Y la tuyén tinh, lién tuc va toan
dnh thi
1. A dnh xa tap md 1én tAp m&
2. Néu todn tir nguge A7V Y 5 X tén tai thi A7l lien tuc.

Pinh Ii (Ascoli — Arzela). Gid sir X 1a mot khéng gian metric
compac va C(X) 1a B — khong gian cdc phi€m ham lién tuc f(x) voi
chudn IIfil = sup | f(x)|. Khi dé ddy f,(x)}c C(X) la compac

xeX
tuong d6i trong C(X) néu hai diéu kién sau day duge théa min :
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L f,(x) Ia ding bi chan (equibounded) (theo n) ufc IA
supsup | f,(x) | <o
nzlxeX
2. f,(x) ding lién tuc (equicontinuous) (theo n) tire 13
lim sup I, (x) - f,(xM) 1=0.
320 nz1dix,x")<8
Dinh nghia 7.2.4. Khong gian chudn X duge goi 13 16i chdr néu
mdt cdu don vi cha X 12 S = $(X) = {x € X : lxll = 1} 16 chdr, tirc
latrx,y € Skéotheo llx + yll < 2.

Do d6 moi mit cdu khdc cling 161 chat. Khong gian chufn X
duoc goi 1a 16i déu, n€u ham (modul 16i)

. _ X+y
y(s}—mf{l N 5

duong ngdt véi € > 0. Trong dinh nghia modul 18i c6 thé 14y (ixll,
Hyll < 1 va thay lIx ~ yll = & bang lIx — yll > . Vi di€m x c& dinh
thudc S ham d6 duge goi 12 modul 16i dia phuong va duge ki higu 1a
Y(g, x). Néu d8i v6i moi di€m x e S modul 18i dia phuong duong
ngét véi £ > 0 thi khong gian dvoc goi 12 16i déu dia phyong.

Chit . 1. Khong gian 16i déu thi 16i déu dia phuong, ma 16i déu
dia phuong thi 16i chat. Khong gian 16i déu thi phin xa va do d6 ddy
du. Mei khéng gian Banach déu 18i dia phuong.

:x,yeS,IIx—yN:S}

2. Trong méi khong gian Banach kha ly va trong méi khong gian
Banach phin xa tn tai mot chudn twong duong ma d6i véi chudn
nay khéng gian trd thanh 16i déu dia phuong.

Vi du. Khéng gian Hilbert 12 16i déu véi modul 16i

ye)y=1- \/1 —g? /4. Khong gian L,(a,b), 1 <p <o 16i chit.

Dinh nghia 7.2.5. Khong gian Banach X dugc goi 13 khong gian
Ephimov — Stechkin néu X phdn xa va c6 tinh chét : trong X su hoi
tu y€u cdc phdn tir (x; — x) va su hoi tu chudn (Il x, Il > li x )
tudn kéo theo sy hodi tu manh (Il x; ~ x Il - 0).
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Vi du : Moi khong gian 161 déu dia phuong c6 tinh chat vira néu.

§3. KHONG GIAN SOBOLEV

Gia sir Q 12 mot mién trong R™ v p 1a mot s& thuc, p = 1. Ta ki
hieu L () 12 tap céc ham do dugc f x4c dinh trén Q sao cho '

JitcolP ax < o (1)
Q

‘Trong L,(Q) ta d6ng nhat cic ham bing nhau hdu khip (h.k.)
trén Q. Nhu vay cdc phén tir cla Lp(€), thyc ra la cic 16p tuong

duong cdc ham do duge théa man (1) va hai ham twong duong néu
chiing bing nhau h.k. trén Q. Song dé€ tién lgi ta s& khong quan tam
dén sy khic biet d6, va s€ vi€t f e L,(Q) néu f thoéa min (1)-va

f =0 trong LlJ (€)) néu f(x) = 0 h.k. trén Q.
Véi chudn da dua vao L,(Q) nhu trong §1. Chuong 1,

L, 1a mot khong gian Banach, va ta ¢6 céc bat ding thic Holder

va Minkovski véi 1 < p < o,

Dinh nghia 7.3.1. Ta ki hieu L, (Q) 1 khong gian vecto (tuyén
tinh) gém cic ham u chil y&€u bj chin trén Q, tic 13 cdc ham do dugc
trén Q va H(x)l < K h.k. trén Q (c4c ham chil y&€u bj chan cling dugc
d6ng nh4t n€u ching bing nhau h.k. trén Q). Can dudi 16n nhit cac
hing s6 K duoc goi 12 essential supremum cia Ifl trén © va duge
vi€t esssup | f(x) |. Ta xdc dinh chudn trong L, (Q) nhu sau

' xe€)

I fli, =esssup ! f(x)1.
xell
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Chit y. Bat ding thitc Holder cling diing voi p=1, p' = o va
p = «, trong d6 p' 1a s6 mi lién hgp d6i véi p, tite 1a 1 + i =1.
P P
Dinh nghia 7.3.2. Mot tap E < Q duoc goi a trong nghiém ngdt
d61 v6i Q2 va duge viet E cc Q, néu E (bao déng cua E) c Q. -
Ham f duge xdc dinh h.k. trén Q duge goi 12 kha tich dia phuong
trén Q@ néu f € L;(A) véi moi tap do dugc A cc Q va ta ki hiéu

fe Lyl

Hé qud 7.3.1. L(Q)  Ljo(€) véi 1 < p < o0 va vdi mién Q
bat ki.

Dinh li 7.3.1. L,(€2), 1 < p < o, 12 mot khong gian Banach.

Hé qud 7.3.2. N€u 1 < p < o thi mét diy Cauchy trong L,(Q)
bao gi¥ ciing ¢é mot diy con hoi tu timg diém h k. trén Q. -

Dinh nghia 7.3.3. Ta. goi gid ciia ham f x4c dinh trén Q va ki
hiéu sappf 12

suppf = {xeQ: f(x) = 0}.

Khi suppf < Q va suppf 1a compac thi ta néi f ¢6 gid compac
trén Q. ' ’

Dinh i 7.3.2, Khong gian C, () cdc ham lién tuc c6 gid
compac trén 2 tri mat trong Lo(§),v6i 1 <p<co.
Dinh l{7.3.3. N€u 1 < p < oo tht L(€) kha ly.

M@t 16p ham déng vai trd rét quan trong trong 1§ thuyét x4p xi,
lam tron, dic biét d6i véi phuong phédp trung binh héa 1a 16p cic
ham sau day.

Gia sir @(x) 1a mot ham khd vi v6 han trong R", khéng am,
bing 0 véi Ixl = 1 v sao cho

j o(x)dx = j o(x)dx =1 2)
R". Ixl=1
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trong d6 § x 1= (x? + . + x2)!/2. Chéng han ta cé thé 4y
ot
w(x) ={Ce ¥ 0 <ixl<
0. x =1
trong d6 C > 0 12 hiing s6 duge chon sao cho (2) duoc thuc hién.
Dinh nghia 7.3.4. Gia sit h 12 mot s§ duong tiy ¥. Him
| X
0 (X) = —owl — 3
n(x) o (h} | 3)
duge goi la nkan trung binh héa (c6 ban kinh h).
Nhan trung binh héa c6 cdc tinh chdt
1. o, (x) € C*(R"), mh(x). >0 trong R" ;
2.op(x)=0véilkxlzh;
3, Imh(x)dx =1
Rl'l
4. Véiatayy,lalz0, vavdititcax e R"
Cﬂ

hn+|a|

|n“ o (1% |)| < 4)

Il

' n
trong dé a = (a, &y, ..., ®,), &; = 0 12 cdc s6 nguyén, lal = Zai,
1=1

D* = D:ll Di‘; D", Dj= i19/x;,i=+-1, con Cy 1a mot
hang s6 duong khong phu thuéc h.
Binh nghia 7.3.5. Gia st h > 0. Him

f(x) = [E(y) oy (x-y iy, x € R", (5)
Q

duge goi 1a ham trung binh (hay ham trung binh héa, hay ham diéu
chinh) d6i véi ham f(x) :
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Pinh 1i 7.3.4. V6i h > 0, f € C(Q) thi fy(x) € C®(R™.
Ngoai ra f;,(x) = 0 bén ngoai Qb= U {I x - x° 1< h}. Hon
x"ed

nita, néu f e Ck (ﬁ) (ham kha vi lién tuc k 14n) thi véi Q' cc Q
ta cO

ifn ~ flox g — 0 khih >0, (6)

- 44
trong doé "f”Ck(ﬁ)z z maé |D f(x)‘
ltl <K *€
Bay gid ta chuyén sang néi d&€n khong gian Sobolev. Khong gian
ndy ciing nhu L, v6i p 2 1, ludn 13 mot cong cu rdt ¢6 hiéu luc dé
nghién cifu gidi tich s8 phuc vu khoa hoc, cong nghé (xem [30, 55]).
Ddu tién ta m& rong khai niém dao ham cho céc 16p ham khéng
khd vi. Ta biét ring n€u f(x) 12 hdm lign tuc trén Q va c¢6 dao ham
lién tuc trong mién Ay thi véi g(x) e cz,(ﬁ) (kha vi lién tuc 1 l4n va
¢ gid compac trong Q) ta cé
Jtoo 9B - [aco A ax
a & o &
Ciing r8 rang la ddi v6i ham lién tuc f(x) trén Q néu tén tai mét
ham lién tuc h,(x)} sao cho v&i ham thy y g(x) € Cll) (6) ta cod

[0 28 ax = - [h 000 ox &
K
L9 Q

thi ham f(x) ¢é trén  dao ham o va déi véi tdt cd x € Q,
i

Ay
axi

Nhu vay d6i véi dong nhét thic (7) ta 6 thé cho mét dinh nghia
* khdc twong dwong (trong 16p ham lién tuc) v6i dinh nghia théng
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thuong clia dao ham cia f(x). Néu trong (7) f(x) vi hi(x) khong co
tinh lién tyc ma chi ¢6 tinh kha tich (Lebesque) hoic binh phuong
kha tich va tich phén trong (7) duge hiéu theo nghia Lebesgue thi

nhd (7) ta ¢ thé néi dén dao ham theo x; cta ham f(x) nhung 1a dao
ham theo mét nghia da md rong nio d6. Mot cich tdng quat khii
niém dao ham suy rong duge hi€u nhu sau :

Dinh nghia 7.3.6. Ham f%(x) € L, 1,.(Q) dwoc goi 1 dao ham

suy réng (dhsr) cdp « trong mién Q ciia ham f(x) e Ly 1oc (€2), néu
d&i véi ham tay ¥ g(x) € C*(Q) ta ¢6 ding thic

[ D00 dx = (-0 [F*(x)gx)dx (8)
Q Q ’

Chit §.

1. Ham f(x) chi c6 mot dhsr.

2. Néu ham f(x) e C'* (Q) thi f(x) c6 dhsr £%(x) = Df(x).

3. Dhsr khéng phu thudce vao thif ty 18y vi phan

4. Néu cac ham f; (x), 1= 1,2 c6 dhsr Df; thi ¢;f; + c,f,
véi ¢; 12 cdc hiing s6, ciing c6 dhsr va

D¢ (lel + szz) = C]Daﬂ + CzDafz.

5. N&u D% 1a dhsr cia f trén Q thi D*f ciing 1 dhsr cha f trén

mo6t mién con thy ¥ o’ = Q.

6. Khéc véi dao ham c¢d dién, dhsr D*f duoce xic dinh ngay d6i
véi cap lal khong cdn gid thiét cdc dao ham cép thap hon tuong dng
ton tai. Cde dao ham cdp thdp c6 thé khong tén tai.

C6 thé xem nhiéu vi du vé phén ndy trong [90] (trang 55 — 57).
Dinh nghia 7.3.7. Khong gian Sobolev H'(Q) gém nhiing ham
€ Ly() sao cho D%f e L,(£2) vdi lal < s, v6i chuin
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IH‘(m =[ Z I|D“f|2 dx] = ©)

lelziy

trong d6 s 12 mét s6 nguyén khong am.
Néu thay L,(€2) bing L; |,.(€) thi ta ¢6 khong gian Hj,.(Q).
R& rang HO(Q) = L,(Q), Hf,.() = L2 1oc (€2).
Mot sé tinh chit ban diu

1. H'(Q) 1a khong gian Hilbert v6i tich v huéng

' _ g
.8y = 2, [D*Dgdx (10)
el £s0
2.Neu Q' c Qvafe H(Q)thif e H(Q).
3. Néu f e H¥(Q), a(x) € C(Q) thi af € HY(Q).

4. Néu f € H(Q), fy(x) 12 ham trung binh déi véi f, thi ddi véi
mién con tiy y @, @' cc @, Jf- —f] . 0 khih > 0.

H(Q)

5. Gia sir phép bién d6i y = y(x) (y; = ¥; (X1, s X)yi=1, ..., 1)
dnh xa 1-1 mién Q lén mién G va gid sit x = x(y) (x; = X; ¥y - ¥n),
i =1, .., n)la phép bién dbi nguoc tuong tng. V&i s > 1 ta gia
thi€t yi(x) € CH(Q), x,(y) € C*(G). Diéu kién 4t c6 va dir dé ham
F(x) = f(y(x)), trong dé f(y) 1a ham cho trong G, thuéc H*(Q) 12

f(y) e HY(G). Ngoai ra 3C;, C, phu thudéc vao cdc him yi(x),
i=1,..,n, saocho

i) |F|
i) [f

HY(Q) <G llf"Hs(G)
<G |F

|H“(G) IH‘(Q)
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By gid ta xét them vai van dé thudmg gap d6i véi HY(Q).

Gia sir ham f(x) dugc cho trong mién Q va mién Q' chita Q. Ham
F(x) cho trong €)' va triing véi f(x) trong Q dugc goi 1a thdc trién
cua ham f(x) vio Q'. R& rang d6i vi ham thy ¥ f(x) bao gio ciing
t6n tai thic trién. Ching han ham thic trién F(x) ¢6 thé dat bang 0

trong Q'\ Q d6i vé6i f € H(Q). N€u hiéu bién 3Q clia mién Q thudc
16p C°, d€ don gian vi¢c trinh bay, 1a trong mot lan cdn cia méi
diém ciia 8Q), phuong trinh cha 8Q duge bidu dién bing cdc ham

thudc 1ép c (xem chi tiét trong [59, 90]), thi ta ¢é dinh li thc trién
sau day :

Binh Ii 7.3.5. Gia sit Q, Q' 1 cdc mién bi chan, Q cc Q' va
80 e C°. Gia st f(x) € HY(Q). Khi d6 t8n tai thic trién tieu han (tic
1a bang O bén ngoai mot tap compact) F(x) € HY(Q') vao Q', vitacd

"F"H’(Q') s C"f"[-[‘(g) >
trong d6 C la hing s6 duong khong phu thuée Q, Q.
Ta cling ¢é

Dinh Ii 7.3.6. Gid sit 8Q e C°. Khi 46 C*(Q) trd mat trong

HY(Q).

Tir trudc dén day, khi néi d&€n khong gian Sobolev HYQ) ta da

han ch€ s 12 s6 nguyen khong am. Néu ta sir dung phép bien déi
Fourier thi s& khic phuc dugc han ché nay.

Ta ky higu S(R") (khong gian Schwariz) 12 khong gian cdc ham
fe C°(R") sao cho sup [x® . DBf(x)I <+ d6i vdi cic da chi s6

xeR"
thy ¥ o, B. Vidy C¥(R") c F(R").
Chiy: e ¢ FR" nhung e & C (RY).
Dinh nghia 7.3.8. Gid st f € F(R"). Phép bién déi Fourier cia
f dugc xdc dinh bdi céng thitc :
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Ff = f(&) = J'e‘“"'ﬁ’f(x)dx
RI'I

trong d6 (x, £) = x1&1 + ... + X8, Pé tién in &n, doi khi s& khéng
viét r& can ldy tich phan, néu khong cé gi nhdm l4n. Phép bién déi
Fourier nguge duge cho béi cong thiic

_ ix.5) 4
f(x) = 2m) ™" je f(£) de
Rn
Dinh I 7.3.7. Todn ti Fourier F : FRY - FR" 12 mot ding
cfu tdpo va ta b cdc cong thic sau day :

F’gdx = If édx

_[%gdg = (2m)" _[fgdx (ding thitc Parceval)

-

(g =1g
(fg)=2ny"f.g
trong do f*g la tich chap cdc ham f va g, tirc 1a
(8 () = [fx - gy dy = [y gx-y)dy.

Véi phép bi€n d6i Fourier ta c6 thé dinh nghia khéng gian
Sobolev H*(R™) véi s6 thuc tiy ¥ s.

Dinh nghia 7.3.9. Gid sit s € R. Khong gian H'(R") = H’ gém

) sf2
céc ham f € .Z(R") sao cho (l + Iélz) f(E_,) € Lz(Rn) va chuidn

2 _ n 2
I = @my™ fa+1g Py |f(§)| dE (11)
Mot dinh nghia twong duong :
H*(R") 12 khong gian lam ddy cha Cy (R™) theo chudn (11).
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Chii y. RS rang vdi s nguyén > 0, do ding thitc Parseval, chudn
(11) tuong duong véi chudn (9).

Dinh Ii 7.3.8. Khong gian H’ d6i ngiu va khong gian H * d6i véi
tich v6 huéng cia H® = L, ¢6 nghiala, n€ug e H ° thi
(D= ge=0n " [fEe@d
la phiém ham tuyén tinh bi chin trong H® vi chudn clia phi€ém ham
I(f) bang ligll_g, titc 12 ta ¢ heé thite

,g)o
It £ i

Tgll_ = sup

Nguoc lai mbi phi€m ham tuyén tinh bj chan trén H® c6 thé bidu

dién dudi dang (f, g), trong d6 g € H * duge xdc dinh don tri va
chudn ctia phi€m ham bing ligll_,.

Tren day 1a mot s6 vin dé thudng gap clia khong gian Sobolev H'

ngay trong Giai tich s6 hién dai. Thuc ra ban than Sobolev S.L. di

dua vao khong gian WP = H*P gém t4t ca cdc ham f e L(€2) sao

cho D%*f e L,(Q), 0 < lad < 3, v6i chudn

l/p
fll_ = “Dafr , 1<p<om.
| IL'p [U<a|s IL (Q)J

Véi p = 2, ta c6 khong gian HY(Q) da xét.

D6 voi khong gian WWP(Q), trong dé 2 1a mot mién b chin véi
bién tron timg m4u ta c6 céc dinh 1¥ nhiing quan trong sau day :
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Dinh Iy 7.3.9. Gia st C}; (Q2) 1a khong gian cdc ham lién tuc f co

" céc dao ham D*f bi chin véi 0 <lal <k, k € Z,. Néus > = + k
P

thi ta c6 phép nhiing compac W"P(Q) c CK ().

Néus—rzn [i —i], s — r 2 0 thi ta ¢c6 phép nhing lién tuc
P 9

WoP(Q) cW Q).

Néu ps < n va thay ddu > bing dfu > thi phép nhiing sau tr&
thanh compac.

_ Chuong VIII
PHUONG TRINH VOLTERRA — FREDHOLM

§1. MOT SO KHAI NIEM

Gia st X 12 mot khong gian Banach. Gid sir x(t) 1a ham triru
tugng xac dinh trén doan [0, T] va nhan gid tri trong X, nghia la véi
mdi t e [0, T], x(t) 14 mo6t phén tir trong X.

Ham tritu tugng x(t) duge goi 12 lién tuc tai diém t, € [0, T} néu

lim Fx(t) — x(t )y =0

t—1,

K{ hiéu Xy 12 khong gian cdc ham triru tugng lién tuc trén doan
[0, T] véi chuin

Ixlx, = sup Il x¢e) N
0<t<sT
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Dinh nghia 8.1.1. Toéan tit F tdc dong tir khong gian Xt vio X
duge goi 1a toan tir kiéu Fredholm.

Dinh nghia 8.1.2. Todn tlt V, tic dong tir khong gian X, 0<t<T)
vao khong gian Xy duoc goi 12 todn tir ki€u Volterra.

Trong chuong nay ta xét phuong trinh Volterra — Fredholm dang
sau day :

x(t) = h + Fx(t) + V(x;) (h € Xy) (n

trong 46 h 13 phdn ti¥ cho trude thudc Xy, F 1a todn tir kidu
Fredholm, V 1a todn tir kiéu Volterra. Ta s& 4p dung phuong phép
lap t6ng qudt vi phuong phip x4p xi hai phia d€ giai phuong
trinh (1).

§2. PHUONG PHAP LAP TONG QUAT

Phuong phép lap téng quat hay con duge goi la phuong phip
Mamedov (xem [15]) dugce 4p dung dé gidi phuong trinh Volterra —
Fredholm. |

Pinh 1i 8.2.1. Gia sit cic diéu kién sau day drgc théa mian
1) F 14 todn tir tuyén tinh kiéu Fredholm,

2) V&i médi f € Xy phuong trinh x(t) — Fx(t) = f(t) cé nghiém
duy nhét

3) Toén tir (I - F)"! bj chan
4) Todn tir V(x,) thda man diéu kién Lipschitz.
I V(x,) - V(y,)lly <L Lu x(s) - y6) Iy ds, ¥t & [0, T].

Khi dé phirong trinh (1) ¢6 nghiém duy nhat.
Chitng minh.
bat x(t) — Fx(t) = y(t)
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Theo diéu kién 3) clia dinh 1y, t6n tai todn tir tuyén tinh bi chan

C = (1-F) . Vi vly ta c6 x(t) = Cy(t). Thay biéu thite d6 vao (1)
ta dugc

y{t) = V(Cy,) + h(t) (2)

Gia sir y(U)(t) 1a phén tu tiy ¥ trong Xp. Ta x4y dung diy y(n)(t)
nhu sav : '

y(“)(t) - ( y(n ”)+h(t), n=1,2,.. (3)
Tir diéu kién 4) ta cé
1y20 -y Pon= V() - v(cs)

1
<LIlCH J'u y sy — yOrsytl ds <

a]
<ly® - y@uy_m,
trong d6 M = LIICII.

1y 0 -5 = V(o) - v(e)]

.
<LICIl j‘u vy ~ yDis) i ds <

o

1
| Ms _ (MD? g
Mily® — Oy -[_17 5 Iy ® — y @y
0

Tuong tu ta ching minh duge ring

y**Dgy - y® V(Cy(“)) v(cym )“

ol =

t
<M J'II y™es) — v syl ds < .. (Ml) iy - y(& .
n!
0
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Khi d6 d8i v6i moi s6 ty nhién p ta cé
Ny ™ gty - ™ i1
<y @ Py — y P D i 4 11y Dy -y Dy g

+y® Dy -y <

n+p-1I n+p-2 n
< [(M‘) JMY T, MY }I yO - yOuy

(n+p-!' (m+p-2)! n!
o (My)”
M3t khdc chudi >~ hoi ty déu trén doan [0, T) cho nén
=0 It!
n+p-1 n
lim My + .+ (Mt) =0 déu trén [0, T]. Tix dé suy
n—ow | (n+p-1)! n!

ra lim 1y™P© - yD(©)=0 déu tren (0, T]. Do d6 day

n—»u
{y(n)(t)l la ddy co ban trong khong gian Banach Xp. Cho nén
(™)} hoi 1.

Dat y(t) = lim y™(t).

n—w@

Dua vao tinh lién tuc ciia todn tir V(x,) va C, chuyén qua gidi han
trong cong thic (3) ta duge
y(1) = V(Cy,) + h(v).

Dé dang chitng minh dugc ring phuong trinh (2) ¢é nghiém duy
nhét. Thét vay néu z(t) cling a nghiém ctia (2) thi

y(t) - z(t) = V(Cy,) - V(Cz,).

]
Tacé Ny@) -zl <M j'n y() —zt) N dy <..<
0]
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Lt lk—l _
= Mk I ‘[ H Y(tk) - Z([k) ] dIk dIZ dt| <
o\o 0
M* -
< P !Iy—zIIxT.
MT)¥

Véi k du 16n ta ¢6 Tch.l.

Tir c4c bat déng thirc trén ta dugce

Iy —zlx, <qlly- zily_ .
Do d6 y(1) = z(1).
Giai phuong trinh

x(t) - Fx(1) = y(1).

ta dugc nghiém ciia phuong trinh (1), O

Bay gid ta xay dung cdc nghiém gin diing ciia phuong trinh (1)
nhu say ;

2@ = o) + BXV) + Vel (n=1,2, .y (4)

trong d6 x'®(1) € Xy 12 ham tdy v,

Gia sir cdc didu kién cia dinh 1f 8.1.1 duge thuc hién. Nghia 13
phuong trinh tuyén tinh

y(O) = f(t) + Fy(t)  (f(1) € Xp) (5)
¢6 nghiém duy nhat,
Pat
R=FI-F)'

Khi d6 tir (5) ta cé
y(t) = (1) + RE(1).
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Do dé tit (4) ta cé

x() = h(t) + Rh() + V™) + RV D), (n=1,2, ) (6

Ta chitng minh ring day x(n)(t) dugce x4y dung theo cong thire (6)
hoi tu t&i nghiém cira (1),

x(9) = h(t) + Rh() + V(x,) + RV(x,).

Tacé ’

x™(t) — x(ll <

t
< L fix® ) - x) Hds + IR N V(x) - Va0 <

0
t T
<L _[II x D) — x(s)llds + LURN J'u x5y — x(s)lids.
0 0
| Tir 36 ta cd
Nx™ey - xy < £, G

trong dé

t T
M) =L j's‘“‘”(s)ds +LIRI _[s(““”(s)ds, (n=1,2,..)
0 0

£ =P =1xO ) -xtylix,

T
o™V = LURN [£"Dds,  n=1,2,.. (®)
0
Khi d6

( l) + n—l([J)n—]—i a[U

(n)(t)
n-1-i

9
i
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Tir (8) va (9) ta cod

(]'_"T)I+l 8(0) . - (LT)I-_J a[_l}
G+ 1) o -

o' =R (10)

T nhitng két qua trén ta ¢6 dinh ly sau day :

Dinh If 8.2.2. Gia sit todn tl tuyén tinh bi chan F tdc dong trong
X, toan tit R = F(I ~ F) ' tén tai vA bi chan. Gia sit todn tir
Volterra V(x,) tdc dong tir X, vio X va thda min didu kién

Lipschitz. Khi d6 day ham trinu tugng x™(t) dugc xay dung theo
cong thitc (6) hoi tu téi nghiém cia phuong trinh (1). T8¢ d6 hoi tu
duge dinh gia theo cong thirc

le(“)(t) - x(Oll < a(n)(T)

trong dé
n—1 (i)
e™(T) = (LT) X —xiy s @ty
SO (n-i)!
il 0
o® =R LD O —xly + DY 2
(i+1) 20 (LTYG - !

U'rng dung.

Sau diy ta xét mot phuong trinh Volterra - Fredholm phi tuyén,
trong 46 todn tir Fredholm tuyé&n tinh ¢6 dang suy bi€n.

Xét phuong trinh
T
x(1) = h(t) + Za (t) b; (s)] x(s)ds + IK[t s; x(s)]ds.
olLi=l
Gid sir cdc ham s6 h(t), a;(t), b;(t) (0 < t < T) lién tuc. Ngoai ra
gia thiét ring cdc hé {a; (0}, {b®)} (i = Lm) la céc he doc lap
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tuyén tinh trong khong gian Cjp 1;. Ngodi ra gia si ring ham
KIT, s ; x] théa mian diéu kién Lipschitz theo bi€n x :
IK(t,s; x}) -K({t,s; y)I<Llx~yl, L=const,x, yeR,
(0<t,s<T).
DEtX=R1 XT=C[0 T]

T
Fx(t) = J{Za (t) b, (s)j|x(s) ds, V(x,) = IK[I s 5 x(s)] ds.
oLi=t
Dé dang ching minh dugc ring cdc todn tit nay thda min diéu
kién cia dinh 1i 8.1.2. Con hach R = R(t, s) dugc xdc dinh nhu trong
§3. Chuong VI.

§3. PHUONG PHAP XAP Xi HAI PHIA
Gid sir Xt 12 khong gian Banach nira sép thif ty nhd hinh nén Ky.

, s s - 0 \ ) . -
Gii sir cdc x&p Xi ddu tién trén ;( )(t) va xdp xi déu tién dudi

;5(0)(0 théa min cic diéu kién sau day :

x@) < hee) + Fx@) + V[Iﬁ”’)

20 200 + FOw + v(;_;{‘”) , (11)

Ou<x®n o<t

Céc xdp xi ti€p theo dugc xay dung nhu sau :
() < h(t) + FxV() + V( " ')]
V2 ho) + Fx V@) + v( x" ) (12)

n=1,2,..
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Dinh li 8.3.1. Gia sit cdc diéu kién sau day duge thda man
1) Hinh nén Ky 12 hinh nén diing (xem [56] tr.32).
2) T6n tai toén tit (1 - F) ' hon nifa todn tir 46 bi chan va duong.
3) Todn tir phi tuy&n V(x,) théa min diéu kién
L (X —yd SVx) -V <0 x®2y®), (0<t<T)

trén mién x4c dinh

(_3_‘0) <x@® <x

—(0 : ()
. gw) = min x(o)(t), x( ) = max ;( }(l)]
0<t=T O<t=<T

cia todn ti d6.

O day £x, 1 toan tir tuyén tinh duong Volterra.

4) lim 8™ (1)=0,

T—ar

trong d6.
(13)
30 W=1-p Lx? - )

Khi d6 ciac xdp xi hai phia dugc x4y dung theo cong thitc (12)
hoi tu t6i nghiém duy nhdt clia phuong trinh (1). Hon nita day

x™() khong giam, day (1) khéng ting. T6c do hoi tu duge x4c
dinh tir cdc bét ding thitc sau

Wo-xmsPw,n=1,2,.) (14)
trong d6 5™(t) dugc xdc dinh tir (13).
Chiitng minh.

5™ (0)=(1-F) L&Dy (n= 1.2,...)}

Trude tién tir (12) ta cé
M 0)=h(t) + - By Vo)
M) =ht)+ 1-F v )
h(t)=(L-F)"'h(r)
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Ta chitng minh ring day 5(")(0 khong giam, day ™M1 khong

tang. Ty (1) va (1) véin =l tacd

_(n+1)

P (0 =h)+1-F V) =2x O,

xV (0 =h+1-B " vx{®) <x@q).
0 <xP v, ¥ 2 V.
Gia sit riing

x (n—1) (n}

M <x @, 2P > xXP.

Khi d6 do tinh chét khéng tang ciia todn tir V(x,) ta cé
nl+1)(t) R(t)+(1-F)lvx™) > h(t)+ (1 - F) " v Dy=x™(¢)
= B0+ -5 V(™)< B+ 1B V=%

x Dy s « ‘“’(t), ™Dy < 7MWy

Do dé6 day x ™) khong giam, day V(1) khong tang.
Bay gid ta chitng minh ring
PO 0 >xPm=1,2.)

Theo gia thiét ta c6
tPwc O@<x® ¥ 2xPy2x?.
Gia sir rang
P00 <30, W2 xPn2x?.
Khi dé

x ™Dy = ko +I-F'va™) <
< h()+A-F ' vix{?) < O ty<x(@,
XD (=h(y+(1-F'va®) 2

> ht)+(I-F) 'V ) = x Py = x .
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Dodévéimoin=0,12,...tacéd
x M) < 79, 302 x O |
Theo gid thi€t Ky 1a hinh nén ding do d6 cdc diy x (1) va
V(1) 12 céc day hoi tu.
Gia su

lim X ©)=x(t), lim x™®)=x(t).
N—a0 N—a0

Chuyén qua gidi han trong (12) ta dwoc X(t) va x (t) B nghiém
clia phuong trinh (1).

Bay gi¥ ta chimg minh b&t dang thitc (14).

Dva vao di€u kién cia dinh Iy ta cé

V- xMO=(1-F ' V(x{" ") - vy =
= ~A-B7VE") - V") < 4-B T LEY -x)
Xy ~xMm<1-FT LR - X"
Véin=1tacéd

O -xPos-pLE? -x) < (-BLE? -x?) <

<50, -
P -xPm <5,
Gia sir

M -xP < 8.
Khi d6

XM-x"P0 < (-HTLEY - ") <

< (I-F) ' £EMy=50 Dy, O
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Chuong IX
PHUONG PHAP SA! PHAN BOI VO PHUONG TRINH VI
PHAN THUOC LOAI ELLIPTIC

1. SO PO SAI PHAN DOI VOI
PHUONG TRINH VI PHAN THUOC LOAI ELLIPTIC

TRONG KHONG GIAN H*™ VA C.

§1. SUXAP Xi VA SUHOI TU

1. Xdp xi sa phén dia phuong cia nhiing toan tir vi phan don
gian nhat.

Gia sir.{ 1a mot todn tit vi phan. Ta thay Lv, trong d6 v 1a ham
tron, bing biéu thic sai phan phu thuéce h, tai diém x :

L= D AxE) v (E),
EeS(x)

trong d6 (x, &) > A(x, £) 12 he tir, & 1> v(&) 12 ham ludi, S(x) 1a mot

tap hop nao d6 cita mot 58 diém niit & ma ta goi 12 khudn tai diém x,
v&i budc h > 0. .

Vi du

1) .CV=—31. Ta 14y trén truc s@, lusi déu véi bude h > 0. Tai
X .

diém x ta chon hai khuon 2 diém : (x, x + h) va (x — h, x). Khi d6 :
v(x +h}- v(x)
h

Lpv(x) =

tai x.

v, dugce goi la dao ham sai phdn phdi
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v(x)~-v(x —h)
h

= vy, duoc goi la dgo ham sai phdn trdi tai x.

Lv(x)=

+ vy . . . . N .
v(x)= Ve 7YX =vpdiree goi 12 duo ham sai phdn trung tam tai x.
5 9 g 4

2 4
d—; , 9—:. Tai diém nit x cla lu6i trén ta chon khuén 3
_ dx® dx
diém va khuoén 5 diém :
(x—'h,x,x+h)vh(x—-2h x—h,x,x+h,x+2h).

2y Lv=

2 4
Ta dlmc cdc dao ham sai phan tai diém x d6i véi d—; vl —— dv :
o dx dx4
—h)-2(x) + h R
Lyvixy=2ED) :20 D v v
2h)-4 h)+6v 4 h)+ +2h
Lvi0)= v(x=2h)—4v(x-h)+ h(4:() vix +h)+v(x )Ev_h'
v v
3N Lv= St o= Av, A 1a toédn tir Laplace.
&3 6x2

Ta Iy trén mit phing (x|, x5} hai ho dudng thing song song véi
céc truc toa do duoc xdc dinh bdi cac phuong trinh :
X1 =i1hl, Xq = 12h2 (h >0, 11,i2=0,:|: ],i2,...).
Dai voi khuon "chir thap” gém 5 dié€m :
(x1 — k4 Xp), (xg + hy, X5}, (x], x9), (X, X2 — hg), (X{, X7 + hy)

ta dugc bi€u thite sai phan déi véi Av tai diém x :
1
L, v(x) =h—2[v(x] —hp,X9) = 2v(X), X ) + v(x{ + hy,x4)]+
1
1
h—z[V(K],Xz — hz)— 2v(x|.x2)+ V(X],xz + hz)]
2

= vy

0
Xt VEx, = Av.
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Binh nghia 9.1.1. Ta goi ham ludi x — W(x)} = Lv(x) - Lv(x} la
sai s6 xdp xi sai phan ctia Lv tai diém x.

Dinh nghia 9.1.2. Ta néi ring todn tir sai phin L, xdp x7 todn tr
vi phdn £ tai diém x dén bdc m > 0, n€u va chi néu véi h > 0 kha bé
(h<hy):

W(x) = Lpv(x) —Lv(x) = O (h™).
Vi du
Gia thit ham s& x > v(x) 12 kh4 tron, sit dung cong thic khai

tri€n Taylor tai x ta dugc :

V= V(X) + O(h), vx =vi(x)+O(h), vo =V'(x) +0(h?).

Nhu vay v, va v¢ x4p xi v' dén bac nhat, con v, xdp xi v' dén
X
bac 2. ]
Bing phuong phap tuong tir ta duge :

2
Vix —V"=O(112) hoac vg, ~v"= 11~~vw + O(h4),

2
Vaix ~ V1Y = O(h?) hodic vgyes —v'Y = Eﬁ-v‘” +0(h*),

4] 4]
Av—Av=O(Ih12) hoac Av—-Av= -
12 ébti1 12 axf,

+O(h ™M,

2. Xdp xi sai phan trén ludi.

Gid sir ®p, 1a mot ludi ndo d6 phu thudc tham s6 h cia mién G
hitu han ctia khéng gian Euclide R”, Hy, 12 khong gian tuyén tinh

cac him ludi Vi xdc dinh trén luéi oy, H, 12 khong gian cic ham
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tron xdc dinh trén mién G, ILH, va Nil; 12 chudn n3o d6 cla cic
"khéng gian Hy, va H,.
Ta gia thi€t ring :
1. Tén tai todn tir tuy&n tinh #, sao cho #u = u,, VYu € H,,.
2. Hai chudn LIl va ILIl, thda min diéu kién tuong thich :
lim I Zuil=lull,,

Iht—0

trong d6 Ihf 12 chudn cia vecta h.

Bay gid ta khdo sdl todn tir vi phan.C trong khong gian H, va
todn tir sai phan £y, trong khong gian Hy,

Ly Hy, - Hy,
v > Lpvy

Dinh nghia 9.1.3. Ta goi hiéu s8 : ¥} = Lyvy, — (LV)y,, trong d6
Vi = AV, (LV)y = A LV), 1a sai 56 xdp xi cha todn tir £ bdi toan
.0y

1) Né&u [1¥plly, — O khi lhl — 0 thi ta n6i.{}, xdp xi £ trong khong
gian Hy,.

2) Néu (¥ ll, = OC¢hI™) hoac W, li, < M(h)™, trong dé M 1la
hang s6 dudng khong phu thuoe Ihl, thi ta n6i.L), xdp xi £ dén bdc
m > 0 trong khéng gian H;,. |

3. Su héi tu va sy chinh xac

Gia st G 1a mién hitu han v6i mat bién I' cha khong gian Euclide
R". Hay tim nghiém x  u(x) cia phuong trinh vi phan :

Lu=f,x=(x),...x)eG; fu=g x=(x[,...x) e, (1)
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trong d6.C va £ 1a nhitng todn tit vi phdn tuyén tinh di cho, con f va
g la nhitng ham s6 dé cho trong G va tren I'.

Sau nay ta s& luén ludn gid thiét ring : Nghiém cla bai todn vi
phan (1) ton tai va duy nhdt thudc vao khong gian Banach H, ndo d6.

Bai todn sai phdan (hodc so dé sai phdn) tuong éng vdi bai todn
vi phan (1) 13 ;

'Ch}'h =0 X € Oy, fhyh =%n- X € Ypo - (2)

trong dé £, va fh ta nhilng rodn ti sai phdn tuyén tinh tong ing
v6iL va £, y, 1a ham lu6i chua biét, oy = #f va x, = #,g 1a nhitmg

ham luéi di biét, o, vayy 12 1ap hop nhing diém niit trong va nit
bién ciia mién G=GuT .

Viéc ting dung phuong phip sai phan dé giai bai todn vi phan nay
sinh van dé co ban sau :

Hay tim nghiém cha bai todn vi phan vdi do chinh x4c £ > 0 cho
trude bing mov sé hitu han phép tinh sd hoc.

Nhu vay 1a cdn dinh gid sy chénh léch giita nghiém cua bai todn
vi phin v§i nghiém tuong ng cia bii todn sai phén trong khong
gian Hy.

Gid sir u € H, la nghi¢m chinh x4c cia bai toén (1), u, € Hy 1a
ham Iudi ma tai méi diém nit cha oy, c6 gid tri bing gid tri cdia v tai
diém nit 4y. Ta goi hitu s6

Zy = ¥h — Uy
12 sai 36 cda so dé (2) :
Thay y, vao phuong trinh (2), ta duoc ;

Loty =P, x € oy byzy = vy x € 7, (3)

trong d6 ¥y = @y — Lpuy va vy =y — fpuy.
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Ta goi ham ludi ¥y, (vy,) 12 sai s8 xdp xi cia bai todn (1) boi bai
todn {2) trén nghiém u cua hdi todn (1).

Ta s& dua vao khéng gian Hy, ba chudn thich hop :
. Heg, 5o Bz, 3» 1 s, y - dutge goi chung 1a nhiing chuin ludi dung dé
dénh gid Zy, ¥y, vA vy,

Dinh nghia 9.1.4. Ta néi rang :

1) Nghiém clia bii todn sai phan (2) k¢i tu v& nghiém cia bai
todn vi phan (1) néu va chi néu :

il Zy ”{[h)zllyh — Uy "(lh)—)o khi [hl —» 0.

2) Sa 48 (2) hoi tu dén bdc m > 0 (hay véi t6c d6 O(IhI™), hay

v do chinh xic O(lhI™), néu va chi néu véi Thl kha bé (lhi < h)
ta co:

Ilzy "“h)zll ¥ — Uy "“h) <M1hI™,
trong dé M 12 hing s& duong khong phu thudc thl.

3} So d6 (2) ¢6 xdp xi bdc m > 0 d6i véi bai todn (1) néu va
chi néw :

W g,y =OC0h ™), lvy Ty, =O0RI™).

4) S d6 (2) 1a 6n dinh néu va chi néu : Yoy, Yy, ton tai nghiém
cua bai todn (2) va

Il ¥n “(lh) <Ml Ph "(Zh) +il Xh “(}h)) ’
trong dé M la hiang s6 duong khong phu thudc |hl, @y, va 3.
Chii ¥
Ky hiéu f, va (Lu)y, 12 nhitng gia tri coa f va Lu ldy trén luéi o),
va lvu y ring (f - Lu), = 0, lic ndy tacé :
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Wh= (9 — i) + ((Cu)y, - Lyup)-
N6i khdc di, sai s& x4p xi cha phuong trinh vi phin bing téng
cla sai s6 x8p xi v€ phai va cla todn tit vi phan.

4, M6t vai cong thirc sai phan thudng ding

1} Pao ham sai phan cia tich hai ham luéi :

GDy =y gD

(uv), =y v+u x + uv,,

= Dy =yavD
(uv)i—uiv+u( )vi—uiv +uv.,

trong d6 u(ﬂ)zu(xih) , S uy =E(L11~ﬂ-, ux =T
2) Tich phan tirng phin cic ham luéi :
(uvy)=unvN —ugv) —(ug,v],
(U, vx ) =UNVYN_] — UV, —[uy, V),

. N-1 N N-1
trong 46 (u, v) = Z yvih, (u,v)= Zuivih v fu,v)= z u;v;h,
i=0

i=l1 i=1

13 nhitng céng thitc tvong ty sai phin cong thic tich phan ting phén
trong giai tich ¢6 dién :

1 1 l
Iuv'dx=uv’ - Iu‘vdx,
0
0 0
bang cdch chia doan [0, 1] ra lam N doan bing nhau véi buéc h > 0.
3) Cong thitc Green phin d6i xdng :
a) (z{yx)x )=~ (Zz, ¥z 1+ 2¥3 IN ~Zo¥x0-

Néu z, = zy = 0, thi
o]
(z,Ay) = (2%, %]
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Néuz =y, thi
o .
(y.Ay) =—(yz. yx .

trong do Ry=y;x.
b) (z.(yx)x) =— [2x. ¥ )+ 2¥5 IN ~Zo¥x0-
Néu z, =2y = 0, thi
(2 (yx)x)=[2.y).
4) Cong thic Green d6i xing : _
@Yz )~ (¥:22x)=(2yx = 2xYIN — (¥xZ = 24Y)s -

Néu y, = yy = z,=2zN =0, thi

u} Q :
(Ay,z)=(y, Az).

§2. HAM RIENG VA 'GIA TRI RIENG
F] - - - 0
CUA TOAN TUSAI PHAN LAPLACE A.

1. Ham riéng va tri riéng.
Gia sit G 12 hinh hop = R" v6i mat bien T :
G=GUTI'={x = (X{,... X, }10€x, <l ; a=1,n}.
Ta dua vio mién G luéi sai phan :
o= O VY = X=X, .., Xp) € -(ilxoL =ighg;
ig =0,1,..,Ng;Ngh, =1, ;0 =1,n}.

Ta goi wy, 12 tap hop nhitmg diém nit trong, vy, 1a tap hgp nhing

diém nit bién. Ta khdo st todn tir sai phan tuyén tinh Rduc}c xdc

dinh béi -
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Av=v

X, +...+ Vinxn ,

trong doé

]
VX xg = 1’1—2[\«()(1,...,;(0l ~hgn X)) = 2V(X e X g X )
o :

+V(X{, e Xg +hges X1,

0
A duge goi 12 todn tit sai phdn Laplace.

Trudc tién ta s& gidi bai todn vé tri rieng d6i vdi todn tir sai phan
Laplace mét chiéu :

Tim ham riéng v # 0 va tri riéng A sao cho thda mén :
vix tAv=0; vo=v(0)= vy =¥({)=0.

Chuyén bii toin sang bai toén duéi dan g chi s6 twong duong véi né:
2
vi+l-'2(l—%]vi+vi_l 1’0, i= 1,2,...,N— l.
Ta s€ tim nghiém duéi dang v(x) = sinax, trong dé o s& x4c dinh sau.
Bay gitrta cé ;
Vist * Vi—) = sina(x + h} + sina(x — h) = 2sinaxcosch.
Thay biéu thitc nay vao phuong trinh trén, ta dugc :

2
2sinax coscth = 2{] - %] SINGLX .

Vi ta tim nghiém khong tdm thudng v(x) = sinax # 0, nén tir
- ding thifc trén suy ra :
h%A
1 - — = cosax,
2
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hoic A= % (1—cosah) = iz sin® C—IE.'
h h 2

Tham 88 o duge chon sao cho v(x) = sinox thoa min cic dién
kién bién :
Vo=V{0)=vy=v()=0
Ta tim duge :

sinax=0<:>0t=ak=an, k=12,.., N-1,

Vay ta duge cac ham riéng va cdc tri riegng d6i véi todn tir sai
phan Laplace mot chiéu 13 :

v("‘)(x)zsinkﬁ)i ; A = i r|2m ., k=12,.,N~-1.
! h2 21
MOT SO TINH CHAT :
8 4  oh
1) —<h) =—sSin"— <dy <. .<Ay_y =
) Mg <M N-1
hZ 21 h2 22
2) Cic ham riéng tuong ng véi cdc tri riéng khic nhau thi truc

-N-1
giao véi nhau theo nghia tich vé hudng : Z u;vih={u,v).
i=1
That vay, theo cong thiic Green d6i xing :
0= (v v ™) v V) = gy - MR V),

suy ra v&i A, # Ay thi (v(k), v(m)) =0

3) Chuén ciia cic ham rieng v 12 ; V&l = \g
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- That vay,tacd :

N-1 N-1
R DN GRCH L EDY hsinzf’l;‘-i =

s=I1 s=1
N-
= Z-l-]— l—cc:szkm{s .
2 i
s=}

Ta dat qq = exp[i@] ,vay @ q; =exp[i#x5), qE =1.
Ta duge :
N-1 N-1 N _ _
Z hcos-z-lfzxsch Z hay = Re h3k “9k _ Re.h-l—qk- =~h.
s=1 ! s=1 ' qx —1 i -1

Thay bi€u thitc nay vio biéu thic Iv¥1%, ta dugc :

w2 o MDD b BN _ ¢
2 2 2

Vay hé théng cdc ham riéng {J%v(k)(x)} z{\/%sin%}

(k=1,2, ..., N~ 1) 1am thanh mét hé théng truc chudn theo nghia
N-1
tich vé hudng (u, v) = z u;v;h.
i=1
Bay gi¢f ta phdt biéu bii todn vé tri rieng d6i v&i todn tir sai phan
Laplace nchiéu:
Tim cdc ham riéng v # 0 théa mén :

h
+ — =
2

Kv+7w=0, Xew,; v=0, X € Yp-
Ta s& tim cdc ham riéng v du6i dang tich cdc ham luéi X :
V(Xqor %) = X V(x)) . X(x)),
trong dé 1a gia thiét XY chi phu thudc xq.
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Bang phuong phap tich bién quen thugc va sir dung ké’t-quﬁ clia
bai todn vé tri riéng d6i véi todn 1 sai phan Laplace mot chiéu, ta
duge cdc ham riéng va cic trj riéng ddi véi todn tir sai phan Laplace

D
nchifu A 1a:
21];2

sin kinx _ kpmx,
VEVE k= oL sip—n=20
Jhody b I

hl 2Jll hz

n

b, 4(Luiu

trong d6 kg = 1,2,..., Ng—1 ; Xg = ighg ; ig = 1,2,..., Ng=1 ; a=1.n.

R& rang néu céc canh Iy (o =1,n) clia hinh hép G la hitu ty véi
nhau thi ta s& nhan duge cling mot tri riéng A véi nhiing s& tu nhién

K¢ khdc nhau va nhu thé s& duge céc ham riéng khic nhau.

2. Mot s tinh chit quan trong cita cdc ham riéng va tri riéng
0
cua todn tor A.

1) DGi véi céc tri riéng ta ¢6 cdc danh gid :

1 1
8o =3[ +.. +—2] SALL S SAN LN, S
il In

1 1
<4 —+..+ =A,.
[hz hﬁ] i
2) S6 lugng cic ham rieng 1a N = (N; - 1) .. (N, - 1) va ching
l1am thanh mét hé théng truc chudn theo nghia tich v hudng .

(v, W) = Z i Vig.ig Wipi by s Iljfll2 =(v, V)

=l =l
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3) Néu f 12 mot ham luéi xdc dinh trén oy, va triét ti€u trén vy,
thi bay gi¥s tén tai duy nh&t khai trién theo hé théng cic ham rieng

{Vk,..k, I
5538 L.
k=l k=
trong d6 ¢,y =(fvg i ). '
Ngodi ra t6n tai ddng thitc Parseval :
N1_1 N, -1
12 = 2 c
kl 1

§3. TUONG TU SAI PHAN DINH LY NHUNG SOBOLEV.

Trong hinh hop n chiéu ciia R"
G=GUT = (X =(Xy,... xg)I0<Xq <l ; & =10},
- v luéi
®h =0y, WYy, = X =(x1,...,xn)eal Xg =ighg:
ig =0,1,..,Ng ; Nghg =4y a,=1,_n}, ta goi H;, 12 khong gian tuyén
tinh cdc ham luéi v xdc dinh trén o), v triét tiéu trén bién y, vdi

tich v6 huéng va chufn :
Ny-1 NI

(v, w)= Z 2 Wi, .., hy..hy, livit? = (v, v).

il=] ln"]
Dinh I 9.3.1 (nhiing khong gian H>™(G) vao khong gian C(G) :
H>™(G) < C(G)).

Vv € Hp, néu n < 4m (m € N*, n 12 s6 chiéu R") thi t6n taj
tuong ty sai phan dinh 1y nhing Sobolev :
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Hviic <MILA™ v, 4)
0o o o '
trong dé Ivlle = max!v(x)l, A=A, Av=V;]x1+...+Vinxn,
XEWy,
Om a o
A=A A,

m
M la hing s6 duong khong phu thudc v :
2 [ 1 S
2m n ’
2m— Zn)°" 2%{(dm-—n)
2 4.0 V

trong dé {, = max{l;, ...}, §; =

M=

&)

2 n/2

0

Sir dung cdc tinh chat cia ham rieng va trj riéng ciia toan tir sai

la dién tich mat cdu don vj

n chiéu.
Chitng minh :

0 .
phan Laplace A ¢ §2, ta khai trién ham Iu6i v theo hé théng cic
ham riéng tryc chudn {vj_y }, ta duge cdc ding thic va bat ding

thitc sau ;

Ni-1 N,-1
Vo= z z Ckl---_kn vkl---kn »
kl:l kn=]

[+
Av= > Cr iy Mk g Vi ok o
Kk,

Rmv= Z C

m.
k,.”knlkl..‘kn Vi .kp?
k- Ky
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[4]
m 2_ 2m
NA™ vI= Z Ckl KMk

M< ()1, I)kmali( vk, b
K., 1-%n

m . —m
hay Ivl £ mkz I(Ck| knlkl Kp )lkl..,kn !
1

Sir dung bat ding thitc C.Schwarz, ta duge

nf/2 o
IVllc = max| v(x)| € ~——=Il A" v Z i I ()
XEWy, Alldy
Ta c4n dénh gid téng :
2 =2 L
- -2m  _,=2m ~ m
T= 3} Ak, T Z A,
Ky Kq k=1 kg=l
kp+.. +kn>n

Str dung tinh chét cia tri riéng A,..k, - 1a duge céc ddnh gid sau :

{1 1)_ 8n am
k],..l 280 —-8([—2+ IZJZF l 1.1
1

. 2 . 2
7\, = ﬁ Sl_qu]_ + +ﬁﬁ. % >
ek T e ) T2 U )
. N

I4m

(Sn)?.m :
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trong d6 ¢, :“TThi(azl,n), I, = max{l, ... I;} (vi E?z%
L
i
trong {0, —]).
g 2])
Viy ta duge :
<
k k 4 2 2.2m ~
kl—l K=l 2 R s B ¢SRS o
Ki+.+k;>n '
By s
s = < »

l'l
trong d6 r2 =k% +...+k%.

Nhu ta di biét, tich phan suy réng n 16p sé héi tu nén n < 4m,
nhung di€u kién nay dugc théa mén do gid thiét cha dinh ly.

Chuyén viéc tinh tich phan suy réng n 16p sang toa d6 cuc, ta duoc :
dr=r""ldrds,

. _
I i; = Ir4rr?:l—n\jds=4r:1..n ’
1 1 (S))

trong d6 (S;) 12 mit cdu don vi cia R", S, (la dién tich mat cdu don

znm‘Z
vi) = .
()
2
Viy :
N;-1  N,-l
i A-2m [am S
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va T< " l_ . S )
240 | )™ 2"(4m —n)

thay T vao (6), dinh 1y dugc chiing minh hoan toan. [J
Hé qud 9.3.1

Tix dinh 1f tdng quét trén, trong mot s6 trudng hop dic bist, suy
ra mot s6 b4t dang thic dvoc (ng dung trong thyc hanh & cdc cong
trinh [2], (18], [24], [29] :

I.Néun=1vaim=1,thi

2 o

IIVIICSI—3-IIAVII. ' (7
2.Néun=2vam=1,thi
Zg' 0
vl < HAVH. (8)
24}
3. Néun=3vam=1,thi
lFvil ig‘ IIR [ 9)
v CS vil. ’ (
_ 2Jhbh
4. Néun=2vam=2, thi
07
Ivic< A" vil. (10
_ hh
5.Néun=3vam=2,thi
2 Fi %
Mviles —. o A" vil. (11)
3 2yhbk

0
Chiy - A% 12 todn tir sai phan cla todn tit song diéu hoa A%
ot &' A

2
Au= + +
4 22 Y
Ox]  Oxiox3 x3
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2 .
A'v = V5 x,%x, +2v + VExa%ox, -

i.xlizxz
Pinh If 9.3.2. (nhing khong gian : H*™G) ¢ H2™D@G) va
HX(G) c Lo(G)).

Vv € H,, Yim, n & N", tén tai tuong tu sai phan dinh Ii nhing
Sobolev : .

0m—] 1 0m
A vils— 1A v,
o

l o
' IIVIISB—IIA\HI, (12)

Q

1 | o N ..
trong dé &, = 8{-5-+...+-?] ; A 12 todn tir sai phan dd xdc dinh &
4 L
dinh 11 9.3.1

Q
A°=E todn t don vi.
Pink 1{9.3.3

Vv eH,, tén tai cdc bét ding thitc sau :

1

5m-2

4] 0 Q
IA™ ! vi? <A™ v,v) < TA™ ' vIZ néum <2

AM-2

0 o M
BA™ ! vi? < (A™ v,v) < .E;'.m.l.__i,.llAm"l viZ néum 2 3 (13)
o

1 1 1 1 *
trong 46 6,=8| — +..+ = |, A,=4|—+.+— [, me N.
e 250 \n? h2

Am-2

Chitng minh 2 dinh 1f 9.3.2. va 9.3.3 danh cho dé¢c gia.
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Hé qud 9.3.2 (xem [24]).
1. Néum=1, thi

4]
8o IviZ<(Av,v) < A, llvIE . (14)

4]
Bat déng thic ben trdi ching t A 1a todn t& x4c dinh duong.

2.Né’um=lv€ln=l,th‘1_ _
BviZ <iiy- 2 < 2w, (15)
Vi * h? :
hoac
' 2

2
—livoll

2 12 2
slivilc g —lEv=H°,
8 X

N
trong d6 lhvy 1P =(v;, v;] 1 (v, v1= 3 vPh.
i=t

3, Néum =2, thi

o o] 0
NAVIZ < (A2v,v) <llAVIZ,
hodc

02 o] 4] 1]
(A"v,v)=(Av,Av),ditw= Av, 1ta duge :

Q 0

(Aw, v} =(w, Av). ) (16)

0
Bing thirc (16) ching to A 12 todn ti ty lién hop.

Bay gi ta s&€ ching minh mot dinh } ¢6 tdm quan trong trong
viéc iing dung né ciing v4i dinh li nhing 9.3.1, chiing minh su hoi
tu déu cla cdc so d6 sai phan c6 bac chinh xdc cao.

Gia sit A 12 todn tir sai phan tuy&n tinh ty lien hop sao cho
D(A)=Hy, R (A)cH,.
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binh li9.3.4
Néu A 13 todn tir sai phén tuyén tinh tu lién hgp va giao hodn véi
qa Q o ¢
todn tir A (tdc 1a AA = AA, Ala todn 1 sai phan tuyé&n tinh ty lién

hop dd xic dinh trén), ngoai ra ¥v € Hy, bt ding thic sau duge
thoa man : .

G (R v, V) S{Av,v) < CZ(R v, V), (17

trong d6 0<C;<C, 1a hai hang s6 duong nio d4, thé thi tén tai bat
dang thirc sau :

O 0
CIHAVILSIAVISCy LAV (18)
Chitng minh.

a [+] 0
Do gia thiét AA=AA, suy ra hai todn tir tu lién hgp A va A ¢é
chung hé théng cic ham riéng vi nd chinh 12 hé théng cic ham

. fy] .
riéng tryc chudn [vi ] chatodntl A da bigt.
Vv & Hy théa min (17), vay néu v 13 moét ham riéng bit ky

O
chung clia A va A, tas€céd:

4] : 4]
CirlAvi, k,» Vi, k) S AV K Vik, ) S CalAvg k,» Vk,.k, )

hoic
Cirk,.x, < ik,,..kn <Gk ky,

o _
trong dé kkl"-kr'n 1a tri riéng da bi€t cia A, Ak, .k, la tri riéng chua

biét cha A. Tir diy dé dang ching minh duge (18). Dé dang chimg
minh dinh 1y sau : ' '
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Pinh 15 9.3.5
Véi nhiing gia thiét clia dinh 1y 9.3.4, néu

Q 8]
CH{A" v, V) <(Av, V) C(A™ v, v),

o ' o
thi C ||Am v" <lavl<c, ”A“’ v"
Nhdn xét chung

Cdc dinh 1y da ching minh trén vin con c6 hiéu luc d6i v6i mién
_hinh bac thang, duge tao thanh bdi mot s& hitu han cic hinh hop n
- chiéu cd cdc canh song song véi céc truc toa dé cita khéng gian

Euclide R".

That vay, ta gid thi€t ring cdc canh ciia nhitng hinh hép n chiéu
tao thanh mién G 1a hitu ty d6i véi nhau.

Nhu vay ta c6 thé x4y dung dugc Wwéi @y, véi bude hy (a=1n),
sao cho bién gidi clia luéi tring véi bién gidi clia mién G (h.9.1).

Ta b3 sung mién G thanh hinh hop n chiéu, ky hidu G, va luéi
oy, thanh ludi o trong ing.

Gia sir v 1a ham luéi xdc dinh trén luéi ©}, va triét tiu trén

Ta dinh nghia ham luéi v xéc dinh trén uéi o nhu sau :

~ v(x), néuxewmy,
v{x)= - .
0 N néu x S0 \ LG

R& rang cic biéu thic khai trién ciia 2 ham 1uéi v va v theo hé
théng cic ham riéng truc chudn {vk,.x,} !a nhu nhau. Do d6
ta duge : '
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";"C :Hv"c, ......... E. .........
Uyl =1vl, o
Q - [+
HAT vl =HAT VI,
0 h o
) Hinh 9.1
§4. UNG DUNG ' '

Ta s& chitng minh su’-}noi tu clia mot 8 so d6 sai phan d6i vai bai
toin bién thudc loai phuong trinh elliptic trong cdc chudn ludi
W, 1l va i lic.

1. Bai toan sai phan Dirichlet trong mién hinh chi¥ nhat
Trong mién hinh chit nhét
G=GUT = {x=(x, X1 0 xu Ll s ¢ = 1,2},
ta khao sit bai todn Dirichlet d8i véi phutong trinh Poisson :

2 2
Auaig- + 6_121 =-f(x),xeG;u=gx),xe. (19
oy 0x3

Ta dwa vio mién G 1u6i sai phan : _

on =0, UTp ={X=(X,X2)eG Ixg =ighy ;
iy =0,1..Ny; Nghg=ly: a=12}.
trong d6 @y, 13 tap hop cdc diém nit trong, v}, 12 tap hop cdc diém
niit bién.
Néu ta gid thiét bai toin (19) c6 nghiem u € C¥(G), thi ta
co ngay :

4]
e _ " 2
Au=ux1x] +u’(‘2’Lz =An+F(x)hI5,
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trong d6 1k* =h? +h3, y(x) 1a ham bi chan trén G, tifc 1

1% ()l h1? < MIbiZ = O(lRN2.

Bay gids ta khao sdt tuong tng v6i bai todn vi phan (19), bai todn
sai phan (hodc so d6 sai phan) :

O
Ay=-f(x),xeo, :y=g(x),x e Yh- (20)

D61 vai sai s6 z = y — u cila so d8 (20), ta duge bai todn sai
phan mai :
0 —
Az=-¥ . xew,:z2=0,x ey,

— O 0
trong d6 W=Au+f=Au-Au=Y(x)(hP.
o]

Bai todn sai phan mdéi nay dugc viét duéi dang cia todn tir A
nhu sau :

[+ ]
Az=Y¥, xew,; z=0, X € Yy (1)

o o _ 5
trong d6 A=—A, W=¥(x)Ihi*.

Sir dung tuong ty sai phan dinh If nhing Sobolev (b4t ding thic
(8), trudng hgp n = 2, m = 1), ta dugc ngay két qua :

I 5_ua I A (K7
zls <—0 Azl = Pl =
lC 2 [112 2-\”'1!2
2
- b IF(x) 1R %l = O h 12). (22)

2Jhiy

Vay:
Dinh 1 9.4.1
Ne&u nghi¢m cla bai todn Dirichlet d6i v6i phuong trinh Poisson
(19) u € C¥(G), thi so 46 sai phan (20) s& hoi tu déu v6i 6¢ do
O e 1a :
lizltc = lly — ullc = O(Iht%).

20-GTS a 305



Nhan day ta tim hiéu thém vé ma trgn hé s6 cia heé affine (20).
Gia sit ludi oy, gbm 9 diém trong, duge dénh s& thi tu tir 1 dén 9.

(h.9.2).

So @6 (20) twrong tng véi hé affine c¢é v€ phai 1a cdc tri da biét
chafvagmatakyhiéulaa,b,... i,k 1, m.

Hinh 9.2
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A[h% h%} hf h3
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Dé giai hé (23) ¢é nhiéu thuat todn hiru higu, song ta khong dé
cdp & day, ma ta chi ¥ d€n mot tinh chét 1y thié cla ma tran hé s

cua hé (23), ké ca trong trudng hgp khéng gian n chidu R" va s6
diém trong ciia luéi @y, 1a khd 16n. D6 12 ma tran cfp n cla todn tif

4]
tuyén tinh xdc dinh duong A (do b4t ding thic (14)), nén né ludn
luén ¢6 ma trén nghich dao, titc hé (23) cé nghiém duy nhat.

Da6i v6i hé (23), gid sit by = hy = h, ta chuyén h sang v€ phii, ta
dugc ma tran hé s8 ciza hé (23) méi ¢6 dang 3 dudng chéo chinh va
2 duong chéo phu.

(4 1
1

/

Tay theo su dénh s6
thit tu cha cdc diém

nit trong clia ®, ma
ma trin cia todn tu
tuyén tinh xdc dinh

Q
duong A s& c6
nhiéu dang khic
nhau. Sy tén tai ma
trin nghich ddo cha
nhiing ma tran ¢é

- o O O - o o O

co o oo~ L —~o

0 0
0 1

1 0
4 1
1 -4
0 1
0 0
0 1

1 0

D_L_OCOQO
— Lo —~ocooo

&

o0 o~ oo
cC o 0o~ = [
oo~ L —~0o0co~

\

dang nhy thé&, khong phai 1a mét bai todn dé, néu ta khéng bi€l né 1a
ma tran cia mot todn tir tuyén tinh x4c dinh dwong !

2. So do sai phan c6 bac chinh xdc cao déi v6i phuong trinh
loai elliptic ¢6 dao ham hén hop.

Ngudi ta goi nhitng so d6 sai phan cé t6c doé hoi tu Ién hon 2 1a
nhifng so d6 sai phan ¢6 béc chinh xic cao.

Trong mién hinh chir nhat
G=Gul={x=(x;,xp)l,  0<xysl,;a=12},

ta khao sit bai todn vi phan
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2 2 2
Lu= a“2+2312 % --Q-‘—'i-z—f, x & G,
ox; Ox10%y  ox5
u=g.xe . (24)

Ta gid thi€t a;, 12 hing s6 va laj,l < 1 dé diéu kién elliptic cha
todn tir £ dugc thda man : EF +2ap,8E, +E3 2C, (52 +£3), trong 46
C0= I — |3]2‘>0.

Ta gia thi&t trong mién hinh chit nhat G c6 thé dua vao ludi sai
phan hinh vuong :

©h =@ WYy ={X=(X; ,xz)ea Ixq =ighi1, =01, N, ;Nyh=, ;a=12}.

Phan trinh bay ti€p theo ta sé s dung vi du cha A.A Xamarski
[24) trang 264 — 267, song ta s& chitng minh so d6 hoi tu véi t6c do
O (h*) trong céc chudn Iusi L, H' va C.

Ta dua vao cdc todn tlr sai phan tuyén tinh duge xdc dinh nhu sau:

Aa“‘“iuxa’ a=12; A]2u=0.5(ug}x2 +ux];2) ;
+ -
A]2u=0.5(ux]’Lz T x, )
Véi gia thiétu cNG), dé dang chimg minh cic cong thic sau :

h2 5 h? 4
Afzuzﬁlzu—TL12u+—6-L]2(L] +£Q)U+O(h ),

2 2
Afzu = leu + %—L%zu + %LIZ(LI + LQ_)U +O(h4).

h2 ¢ (25)
Aau=Luu+E£t21u+O(h4).

2 .
U‘:U(X] ,Xz), Luuizx—;, lel.l

i

_ &%u
8x|6x2 )
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Ta khao sdt todn tir sai phan tuyén tinh A duoe xéc dinh nhu sau:
Ay = (A +2a2A12 + Ay)y, (26)
trong d6 Aj; = A3, néu aj2 <0,
A= Afz, né’l_a ajp >0,

Ta s& tim sai s6 x4p xi clia todn tir £ bdi todn tir A trén nghiém u
ctia phuong trinh (24). Sir dung céc cong thic (25), ta duoc :
'Au=Lu+%[£$ + LG +8ay, Lo (L + L) +61ap, | L5 ju+ O™ .27)

Tir phwong trinh vi phén (24), ta duoc :

Liju=—f-5u-2a;, L,
Ly=-f-Lu-2ap, L5,
Liu+ Lou=—f-2a;, Lou.
Tabi€n ddi biéu thic trong ddu ngoic vuoéng cia (27), ta dugc :
(L3 +£%)u+4a12£|2(.£| + Lyyu+6lap, | Lo =
= L6~ L8~ 2L, Lyu+ 221, Lp5( Ly + Lyu+6ia, 1 L
== £ -2(1+2a%, - 3125 HLiLou.
Do d6, tix (27), suy ra so d6 sqi phan :

Ny=-0,xe oy ;y=gxe y, (28)

2
trong d6 A’ = A+%AIA2, b=l+23122 -3lajp !, A duge xéc dinh

5 :
béi (26), (p=f+%Af, c6é xdp xi bac 4 trén nghiém v clia bai todn

vi phan (24). D6i v6i sai s6 z= y - u, ta duge bai toan sai phan méi:
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Az=—-y,xew,;2=0,z€ v, (29)
trong d6 y = A'u + ¢ = O(h%).
Dé dang chimg minh cdc cong thitc va cdc ddnh gid sau :

(Apz2)==(2 .7 ) (N2, 2)=—-( 20 ),
l(Apz2)l<iiz; Wiz Hg_{("Z; 2 iz 1) <1 Rem.
1 2 2 l ) 2 _
I(Afz,2)I<hz IMz; s Lz @ vitze 1) < LAz,
i 2 20K X, | 2

4]

trong dé Az = (A; + Ay)z= z;lxl + z;ﬁz'

Ta dua vao cac todn 1l sai phan :

¢ ] o)

A'=‘—A., A=-— A, A=—A,A1 =*—A1,A2=—'A2,A12= Alz

va ta s& chitng minh, t6n tai cy > 0 thda min :
[M] 0 : . ’
Ci(Az,2)<(A'2,2)< Cy(Az2), (30
trong -dé Cl =1—|312 |-l—§|>0, C2 =l+|a12 |+—I-l-;-l>0 .
b=1+2al, ~3laj, .
That vay, do cdc dénh gi4 d6i véi (Adz, z), ta duge -

(Az, z) = (Rz,z)—Za,z(Alzz, z2)z(1-1a;, l)(;\z,z)

. Q
v {(Az, 2} < (1+Ia12 N{Az, Z)

Hon nira ta ¢6 danh gid :

0
(AjAqz,2) < hiz(Az, z), 3N
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5y

Wt
‘&

dugce suy ra tir hé thuc :
N; N,-1 ,
(z;nr.l;zxz z Z h (lex l]h,lzh)) <

. ll—l 12—0

2 2 h2 z- (ihh, 12h) f Ni h? (2;2 (ilh.izh))2
ip=1 iy=l =1 iz=1
Do (31), ta duoc :

2

[v]
(A'z,2) = (AzwhglaAlAzz,z) p-. (Az.z)—l—gl(Az,z) =

(1— tajs I)—M)(Rz,z),
\ 3

, ibl © ibl_°© o
(A'z,2) = (Az.z)-i»—é—(Az,z)s (1+1ayy |++~3—)(Az,z)= Cy(Az z).

tbi
Ta con phai ching minh : C; =1- |a121 -— >0

That vay, néu la|5l <0,5 thi b= +23,22 -3laj; 120, do d6

l+2312 3|a12|
3
Né&u la;p1>0,5 thib <0, do dé

C] =1—|3121~—

(l 312)>0

1+2312 3]&12[
3
Vay bit ding thic (30) di du’qc chitmg minh hoan toan:

Cl=l—|312|

(2+312 3|312|)>0 va312 1.

By gid ta s& ching minh so dé (28) hoi tu véi t6c d6 O(h™
trong cac chudn ludi H'“Lz’ II.IIHI va Ll

a) Trong chudn ludi ILIt (EII.!IL,__. EII.IIHQ 3

3il



Tir (29) ta viét lai bai todn sai phan d6i vdisais6z=y - u:
Az=y,xeoy;z=0xev, (32)

4 h%b
trong dé Y= O(h LA =A ——6-A1A2, A= A 2&12A,2

Tir v€& tréi clia bat dang thic (30), thay A’z bdi ¥, ta duoc :

L]
Ci(Azz)<(A'z,2) =(¥,z).
St dung v€ trdi cita bét ding thic (14), thay v bdi z, ta dugce :
2 _ 9 1 1
S lizl* <(Azz), trong d6 &, =8 St5 b
i h
K&t hop hai két qua vira nhdn dugce, suyra :
C 8, Nzli® < (y, 2) < Mgl iz,

Ilzils“‘F
Cl [v]

, trong 46 C; =1-llay, I _Lg—'w, y=0(h").

Vay lizll = lly — ull = O(h%).

b) Ta biét chudn cita ham 6 u trong khéng gian H' (G) 1a :

2 2

1

+

2

dXIdX2.

bt ={]|ru+
- HY{G)
G
D6i v6i ham 1udi z € H, c6 chudn twong thich v6i chudn trén 13 :

Ni—=1 Njp—|
Nzl . = i i h%z2 (i;h, lzh)+z i h? Z—-—(llh irh) +

l|_1 12-1 1]—[ 12—]

N;-1 Ny
DIN Z—(llh iph) = iz I +(Az 2).

l]“'] 1221
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Tir cac bat dang thic nhan duge & a), suy ra
,/1 +8,
I ‘P .

lIzliH.
l i

Vay bzl < Ily—uliH1=O(h)4
c) Dé d.’mg nhén ra ngay toan tir A’ 12 t lién hop (vi A" 12 16 hop
4]

tuyén tinh cidc todn tu ty lién hgp) va giao hoan véi todn tir A

O
Hai todn tir A' va A 13 giao hodn va diéu kién (30), nén 4p dung

duge dinh 1y 9.3.4, ta duge
O
CihAzl<lAzI=IFI.

Ap dung ti€p dinh 1¥ nhiing 9.3.1 (b4t dang thic (8), trudng hop

n=2 m'= 1), ta dwge :
4]
il

b
izl Azl < —2—
¢ 2\,‘11 CI"

Vay Wzl =lly—ulic =O(h?).

Dinh Iy 9.4.2

D6i v6i bai todn vi phan (24), néu nghiem ueC®(G) va ham
f e C™(G) thi so déb sai phan (28) s& hai tu vdi t6c 46 O(h*) trong
—ul. = 0*).

cac chudn 1uéi Ly, H' va C, tic la
ly - u] =0m*), y - v = ot
I1. SO PO SAI PHAN POI VOI

PHUONG TRINH VI PHAN THUQOC LOAI ELLIPTIC
TRONG KHONG GIAN H>™P VA C.

Phan I con bi han ché béi ta chi khdo st cic so d6 sai phan déi
véi phuong trinh vi phén loai elliptic trong khéng gian H™™ v C,

bay gid ta s€ ma rdng viéc nghién citu cic so do6 sai phan d6i véi
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phuong trinh vi phan loai elliptic trong khong gian HY™P 3 C. Tuy

nhién sy mé& rong ndy khong duoc twong dng mot — mét nhu &
phin I, vi ta phai dwa vio nhitng dinh nghia méi vé khéng gian va

chudn, ma trong trudng hop p = 2 thi ta duoc lai cic két qua cua
phan I [2], [24].

§5. KHONG GIAN Ly(wy) VA H®P(e,) [115, 116, 117]

Trong mién hinh hop G R", (_}zGul"z{x =(X{,...,Xy) VOi ludi

®h =@ WU Ty =
={x=(xl,...,xn)ealxtjl =ighg, g = 0,1, Ny ; Nghg =lg ;a=ﬁ};

Goi Hy, 1a khong gian tuy&n tuyén tinh céc ham luGi xac dinh

trén @y, va triét tiéu trén bién y;, vdi tich v6 hudng va chudn :
Nl'hI n 2
(v,w) = Z Z Vipig Wip..ig Dt -hp s BvIF=(v,v).

=l =l
Trong phén I ta 44 khéo sit bai todn vé tri rieng d6i véi todn tir

0
sai phén Laplace A :
Av+iv=0, Xxeo,; v=0,xey,,

trong dé Av Z

u_.

Ta da duge h¢ théng cdc ham riéng truc chuln {Vk,.k, } ¢

XQ_X

n/2 n k
.k mx
f1 sin 2%

v={vg,. .k, }===
! Iliﬂ =] icg

va cdc trt riéng :

< k nh
A={Ayg x I= z in? ~e-2e.

0_:
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trong dé kg = 1,.... No ~ 1 5 X = ighg ; ig = 1...., Ng—1 azl,—n.

Khi d6, ¥v € Hy, ta ¢6 khai trién :

Ny-! N,-1
=2 - Z Cr.k, Vi ey (33)
k=l ko=l

trong d6 Cy ¢ =(v, Vk,. k)

va ding thic Parseval :

Vi = = _IC
pI Z
k=l k,=1

Bay gid, néu ta xem mdi ham ludi v € Hy, 13 vecto cha khong
gian tuyén tinh (N, - 1) ... (N, -1 chiéu, thi he thong {Cy i }
chinh 1a cic toa do cua v.

Dinh nghia 9.5.1 (vé khoéng gian mdi -I:.p (o).

Né&u p € R théa mdn 1 € p < +oo thi tap hgp nhitng ham lusi

v € Hy v&i chudn duge x4dc dinh bdi :

N1 -1 Ny-1 _
vl = 2 1Cx,.x, Pl . (34)
k]—l ko=l

dugc goi 1a khong gian Lp(wy), trong d6 Cy , duge xdc dinh

bdi (33).
Chit ¥

L. N&éu p = 2 thi Lp(op) = Ly(ey) = H(ey) tic 1 :

2
2 2
v, = Y 1 i P =1 3 1 5 Phyhy

kp-k, iy
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2. Néup=2thill V“Ep #Ilvtle , trong d6 chudn clia ham ludi v <
H,, trong khéng gian Lp(mh) duge xac dinh boi :

p
- PR
{ vIle(mh]— _ E Ivi, i, 1 ey

l]‘..in
Hon nifa, ta lai ¢6 (tir phan I) véim e N'vavve H; :

o Nj-1 N,-1
m
A v= t 2 Ckl---knlgll.‘.knvkl'“kn' (35)
k]=l k]=]

Pinh nghia 9.5.2. (vé khong gian méi H>"P(wy)).

Néu p € R théa min 1 < p < +oo thi tap hop nhitng ham ludi

v € Hy véi chudn duge xac dinh boi -

0 Ni-l Nyl
IV leomp =l AT Vil = Z"-Z'Cka---knlkl___k"' , (36)

K=l k=l
duoc goi Ia khong gian Ezm'p(wh) trong d6 Cy, g Ao, duge xdc
dinh boi (35), m € N".

Chii 5. Néu p =2 thi By )=H (), tifc Ia :

0[‘[1 Om
Iivil-’__lzm,ZEIIA \flli2 =A™ v

Deé dang ching minh ring cic chudn méi (34) va (36) théa man
cdc tién dé va chudn cia khong gian tuyén tinh dinh chufn hiru han

. N H2mp . L .
chiéu va cdc khéng gian Ly vd H e dang cdu vdi khéng gian fém
(N=(N; - 1) (N, - D)
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Pinh Iy 9.5.1 (so sanh chuin)
¥ v.e Hy, néu p| < p, thi

o] o]
- < o m m
llvliLpz _Iivlin1 ;LA \#IIEP2 <A VIP[:?}. (37
Ching minh danh cho doc gia.
—2m, T
Dinh 1y 9.5.2. (nhing khong gian H ™ vao khong gian C).

VveH . nful<pg (meN*.peR,nlaerchiéuct‘Ja

n-2m
R"), thi ton tai bat ding thic sau -

o
hvilc <MEAT VI

hoac Bvillc<Mllv Ii.ﬁzn,_p . (38)
0 o n 0 0
trong dé uvuc=max|v(x)z,A=— : Av=z\r L AT =ALA,
= - =l
M 13 hing s& duong khéng phu thuode v :
Voip>1:
p-l
p
!2m
M= b ‘ 3 . (39)
2m-2 2 o[ 2mp _
2 hody | (2n)F! p—1i
{2m
Véip=1:M= 0 :
n
3ra—
nm2 1 fn

211,11!2

it

trong do !, = max {/, ..., I}, §;= la dién tich mit cdu don vi

r S

n chiéu.
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Viéc ching minh dinh 1y 9.5.2 dugce tién hanh tuong ty nhu khi
ching minh dinh 1y 9.3.1, chi ¢4n luu y, dé dugc bét ding thirc (6)
trong dinh 1y 9.3.1 ta di ding b4t ding thitc Cauchy — Schwarz thi
bay gid ta phai ding bét ding thitc Holder.

Chi y. Dinh 1y 9.5.2 Ia t8ng qudt héa dinh 1y 9.3.1 khi p = 2 thi
dinh 1y 9.5.2 tré thanh dinh 1y 9.3.1. Song viéc ing dung dinh ly
9.5.2 chua phai dé dang khi p # 2, vi ta chua bi€t m6i lién hé nhu
thé€ nao gitta chudn Ep cua khong gian mdi v&i cdc chudn quen
thudc clia khéng gian Sobolev.

Dé dang 16ng quat héa cdc dinh 1y 9.3.2, 9.3.4, 9.3.5 trong phén
1, ma & day ta chi phat biéu, khéng c4dn ching minh.

Dinhly9.5.3. VV e H,,Vm,n e N*, t6n tai cdc bat ding thie

o
HA™" viip < < 1yam vip
3o
1. ©
va ||vi|ips§;umuip, (40)

trong dé 5, =8 —+ +12 ,p21.
Il [

Binh Iy 9.5.4. N€u A la todn tir sai phan tuyén tinh tu lién hop va

’ g 0 4]
giao hodn véi todn tt A(AA=AA), ngodira, Vv e H,, bt dang
thitc sau duge théa mén :

0 )
Ci{AV, V) £ (Av, v) S Cy(Av, v), 41)

trong 86 ¢ < C; < G, 13 hai hang s6 duong nao dé, thi tén tai b4t
ding thifc sau :

o o
¢, HAVIIEp <l Av "Ep <Gy “AV"EP‘ (42)
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.,“
o
6‘3_

trong dé p = |.
Dinh Iy 9.5.5 Vi nhiing gia thiét cha dinh ly 9.5.4, néu

G (A" v, v) < (Av, v) < cz(f\“‘ v, V), (43)

. %m O
thi CilIA v "Ep <l Av "-I:p_ <sCIlA v "Ep’ (44)

trong dé p = 1.

§6. LIEN HE GIUA KHONG GIAN Ly(G)
VA KHONG GIAN Lp(ay).

Gidst G =GuUT = (x= (X}, XN 0 < xg € lg; =1, )

va L(G) 1a tap hop cdc ham thuc u kha tich Lebesgue bac p véi

Ilulp dx<+oo (1 < p < +ow).
G

Trong mién G ta dua vao luéi quen thudc :
oh = Oh Yy =
={%X=(X]y0r Xy )EGI Xy =ighy 5 i = 0.1, N Nehg = Iy @=1,n J
Trén ludi oy, ta dua vio cic 6 soclp:
Aj iy =l)f=()’1v---,)'n)|[iu “;*]hu <Yo <[ia "'%]ha v = 1,
Ng-1; o =Ln}.

B3 dé9.6.1 Giasitu ¢ L,vau=0, x €G.Ta x4y dung ham ludi
V théa mén cac diéu kién sau :
v{x) = A;:..in I u(y)dy, x € wy, ; vix)=0,x ey,

A g
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2
“':"r( ‘.\e 4

trong dé A;}f"in =(mesA; ;)7 =(hyhy)

Xudt phdt tir ham luéi v.di xay dung, ta xay dung ti€p ham hing
ting khilc ¥ dugc xac dinh trén méi 6 so c4p Aj,.i nhusau :

: v(x), y€ Ay .. (4. 12 6 socdp chita diémxewy,)
viy)= _ !
0, Ye Ail iy,
The€ thi biy gidtacé:
n
19(x)~u()ll,_ —0 khilhi>0, (h=3 h2).

a=]
Chitng minh. That vay, ta cé

I ¥(x) — u(x) ”E,, =

¥ J' st u(y)y—u()| dx + | 1uPax

G\Gﬁ,l_dil"'in "in i) g Gh_u'
' 2
trong dé Gﬂg_ la dai bién ctia mién G (tic 12 t4p hop nhiing diém
5 .

cila mién G cdch bién gisi I khong qué4 9-21 tuong Ung véi truc toa
do x, ).
Hon nita, sir dung bat déng thic Holder ta duoc :
N¥(x)—u(x) IIE <
P

< 2 a8 [ m-ueoPdyaxs e ox.
G\Gy, f-ia

i1 **ip Ai! “ig Glg_
2

2
<27 max  flux+®-uf dx+ [ 1ol dx.
Eﬂ.li_.zg Rn Gh

a=ln 2
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Viu eL,(R"), nén theo dinh 1y vé lien tuc tuyét ddi va lien tc
trung binh ciia tich phin Lebesgue, v€ phai ca b4t ding thifc trén
ti€n téi khong khi lhl - 0. B6 dé duge ching minh. ()

Chit y : Qua b6 d€ 9.6.1. ta biét cich x4y dyng ham uéi v € Hy,
d6i vai ham ueLp(G)(p2 1} va ta s& noi néu ueLp(G) thi

ve L, (o).

Dinh 1y 9.6.1. (Lién hé giira hai khong gian fp(mh) va Lp((oy))

1. Né€u v eL,(G), thivdi p>2tacé:

v "ip <My, (p =22). (45)

n

2. Néuu e L((G), va dao ham suy réng aa-;x— €L(G), thi véi

10X
p>ltacéd: v I!Eps M,, (p>1. (46)
. . . d"u N
3.Néuu e L,(G),va dao ham suy rong ————— €L,(G), thi véi
OX{...0Xp
pzltace:livig <Mz, (p=z1). 47
T

O day v 1a ham lu6i twong ing véi u, con  M;.M,.M; 1a céc
hang s6 duong khéng phu thudc vao |hl khi lhi — 0.

Chit y : N&u ham s6 x — y(x) théa man cic diéu kién cha dinh
ly 9.6.1. thi ta dat :

||W(X)ﬂ[p = |]S1TP ”"”tp :

R& rang, ta cé :
Iivlltp <fweol . <M, M=maxiM; My , M3},
P

Con néu ¥ ¢6 dang w(x)1h!*, thi

|lw(x)[h|k”E <M, k >0).
p
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Dé ching minh dinh 1y 9.6.1 ta phai dua trén b8 dé 9.6.1. va hai
bé dé ti€p theo.

n

Bo dé 962. Néu u e L(G) va dao ham suy rong ax—a—l-;-;- eLi(3),

10Xy
thi véi p > 1, chudi s&

o

o
> |ak [P ®>, (48)
k1=1 kn=1 L..Kn
trong dé
on/2  n K. X
Chyaky = [U(X) [ Tsin—%"2a dx, (49)
o Vhehogn
hdi tu.
Chitng minh

Goi Gy la dai bién cia mién G c6 chiéu rong h, >0, 15 rang

mes Gh0 — O khi h —» 0, ta 1ap ham phu duge xdc dinh bdi :

_ u(x), xe G\ Gy
u(x) = °
0. xeGy,

Ro rang ;ELI(G). Ta lap ham trung binh u; cia u véi bin -

kinh trung binh h (h < h,). R3 rang uy, 12 ham tiéu han trong G (tiic
12 kha vi v6 han 14n trong G va triét tiéu trén dai bien Gy _\p)-
Ta khao sit tich phan :

= nf2 n
Cry.kp = fuh(x) 2,— [1 sin Ka™q gy (50)
G ) Ii...!n a=] L

Tich phan titng phdn n l4n, ta dugc :

- 2
= I "y, o0/ fh..1 ]E[cos %> & dx.
&% nkiky a=l la

(51}
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ki

St dung céc tinh chét ciia him trung binh, ta di dén dinh gi4 sau:
My

a ko | € , 52
I T Rk, G2
n/2 6“11
trong 46 My=—ro ..oy |———— 12 hdng s xdc dinh.
T axl--'axn L, (G)
Tu cée cong thite (49) va (50), ta lap hiéu :
— = nfz n k., mx
C kpky™ Cyy = JCu0 —up Gp[ T sin == x4
_ holy g =1 I
nf2 n
+ [ ae[ J sin 5™ gy
ll"'lﬂ Gho C\'.:l Ia
Ta duge danh gia :
— E 211.!2 _
Ckika= Ci, | < ﬁ[”“_(x)_-uh(x)"hm Hueol, (Ghaj}-

Do Hlu(x) - vy (x)l;Gy—> O khi h—0 va Nu(x)l (G, ) O Khi
L]

mesGh0—>0.suyrav6i g€ >0tuy y, hvd h,khd bé (h <h, <38),

ta dugc :
= = € £
Cky...ky — Cky.. k,, <S+5=8 kg eN".
Tir day riit ra : '

|Ek| kg 12 |Ek],,.kn l+¢, ¥k, e N . (53)
Do bat dang thite (52), ta duge

— M
Ck kﬂ 4 + €, VkaEN*.
Ka T kg

M,

Vi e> 0ty y, Ekl...k va khéng phu thude €, nén

! 1---Bn

suyra:
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T, 1<-Ma (54)
i n k]"_kn

Ta bi&t chudi s& Z L hoi tu v&i p > 1, suy ra chudi s6
k=1 kP _

o o

5.3

k=1 k,=1kf. kb
(48) hoi tu véi p >1. B6 d€ 9.6.2. di duge chitng minh. O
B&dé9.6.3. Néuu e L,(G) va dao ham suy rong

héi tu. Do bét ding thic (54), suy ra chudi s&

n
0w € L,(G) thi chudi (48) trong b dé 9.6.2 hoi tu véi p= 1.
O0%(...0%
Chitng minh. Ta dat
5" i 2m‘2 n k
bg,.k, = I aPa g
] \l' n a= I

Nh& bit déng thic Besssel va tinh chat ham trung binh ta duge
chudi s6 :

a™u
OX(...0X

oo a0 5
Dby s
n= Loy
hoi tu. Ding thie (51) duge viét lai dudi dang
C Chedy brgx,
ik =7
n" Kk

Tir day ta dwoc

suy ra chudi sg
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) 2
@ 2y
&g z

-

i i
héitu (vi —_= )
k1k? 6

®© KO =
2 Gk,

K=l k=l

Viu €Ly(G)c L((G), nén ta cé thé sit dung bat ding thitc (53),
a0 @®Q
suy ra chudi s6 . ... > ICk,. x, | hoi tu. Bé dé 9.6.3 da duge
k=l k=
chitng minh. O
Nh& 3 bd dé, ta di c6 thé dé& dang ching minh dinh 1y 9.6.1.

Chéng han dé chiing minh b4t ding thitc (45) céa dinh ly 9.6.1,
sit dung dinh If 9.5.1. va b6 d& 9.6.1, ta dugc diy bat ding thic :

N-1 N, -1 )
il <liviig, =livil= i w 20V i Phyhy, | =

i|=1 i, =

2
~ 2
< | Jveo-ueof ax | +| flucodx | s e+M < M.
G G
GdayM, I hang s& duong khong phu thudc Ihl khi thl — 0.
Con chitng minh 2 bt ding thitc (46) va (47) danh cho doc gia.

Chu y . Cic dinh ly & phin II ndy vin con hiéu luc d6i v6i mién
hinh bac thang nhu ta d3 ¢6 ohan xét chung & phén L.
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§7. UNG DUNG : SO PO SAI PHAN CHINH XAC BAC BON
pOI VOl PHUONG TRINH POISSON

Pia ¢6 nhiéu tic gia nghién cttu so dé sai phan cé bac chinh xdc
cao doi véi phuong trinh Poisson ([2], [24], [29], [115], [116], [117]).

Trong [2, 24, 29] da nghién citu cidc so d6 ¢6 x4p xi bac 4 déi véi
phuong trinh Poisson trong hinh hop 2, 3, 4 chiéu (n = 2,3,4) va da
chiing minh cdc so dé nay hoi tu trung binh va hoi tu déu véi t6c do
O (Ihl*).

Bang cic phuong phdp ¢d dién (nguyén 1y cuc dai, phuong phap
ham Green, cic bat ding thiic nang lugng) ho da gap phai bé tic khi
md& rong bai todn ra s6 chiéu ciia khéng gian : n > 4).

O day ta s& khong han ch& vé s chiéu cha khéng gian, bing
phuong phép sir dung tuong tu sai phan dinh 1y nhiing Sobolev, ta sé
xay dung nhitng so dé sai phan cé xép xi O(1h*),(O(h®)) dsi véi
bai todn Dirichlet ctia phuong trinh Poisson va chitng minh cdc so
do nay hoi t véi t6c dO wong vng trong cdc chudn luéi
L, H vacC.

Bai todn vi phdn : Trong hinh hop n chiéu Gc R™ véi mat bién
T, ta khao sat bai todn Dirichlet d6i véi phwong trinh Poisson

Lusi Lyju=—f(x), xeG; u=g(x), x €T, (55)

o=l
. S hat baet AR o*u
trong d6 f, g 12 hai hant d4 cho, Lyu =—
2

Ta s& gia thi€t nghiém u va ham f cha bai todn (55) 1a kha tron ([21]).
Ta dua vao hinh hop G=GUT ludi sai phan quen thute :

Op =0 VY=

% = (X)X ) € GlXg = ighy ; ig =0,1,..,.Ny; Nghy = I, a=Ln).
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Sk ey
Oirg)
#.2

[}
&.5»9

Dé dang nhan duge :

0 n .2
Au-Lu=) hg LZu+00h1*) néu D%ue M(G), (56)
a=1 12
PR 5 | 2 &2
trong dé Au:ZAuu, Ay =05 x, ,L?Iu" Jhl Zha,
a=1 axa =

M(G) la tap hop cdc ham s6 thuc bi chén trén G.
Tir phueong trinh vi phan (55), dé dang suy ra :
o hZ+hj

Au Lu—z £uf Z > 3

a=1 f=a+]

L, Lgu+ bty (57)

Do AgAgu=L, Lgu+O(lh )2, suy ra so dé sai phan :

A'y=-¢, xeop; y=g(x), Xeyy, 58
n-1 n +h
trong 46 A'= A+ Z Z BA a\p -
a=1 f=c+1

n 2

Z _Ot
cé6 xdp xi bac 4 trén nghiém u cha bai todn vi phan (55) néu
D%ueM(G) va D* e M(G).

Chiiy :Neu Due L (G)vaD*e L (G)(p=21) thi lic ndy
so d6 sai phan (58) ciing c¢6 x4p xi bac 4 trén nghiém u cla bii todn
(55) trong chufn luéi Lo ().

Dai v6i sai 56 z =y - u, ta duge bai todn sai phan méi tir (58) :
AZ=V¥,xewp;Z=0,x€v,, (59)
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o n-l h2+h2
trong 46 A' = A- Z Z b

a=1 B=u+l

EA(IAB ,

a]

[4] _ .
A'=—A", A = —A, A =-A,, y=A'u+o=0(0hN)?
BG dé9.7.1. VveHy, tén tai cdc bat ding thic sau :

0< (AaABV,v) < iz(ABv,v), (60)
hg

4-n o . o

—-3—(AV,V)S(A v,v)<(Av,v). (61)

Ching minh (60) nho khai trién ham Iu6i v € H;, theo hé théng

L+
cdc ham riéng truc chufn cﬁa todn tir A . Con ching minh (61), chu

¥ dén déng thic todnti : Z Z (Ag +Ap) = (n—l)ZA

o=l f=0+l

o -

Nhu di biét, todn tf A 1a xdc dinh dwong (bat dang thic (14)
phén I). Do b4t ding thic (61) cia b8 dé, A’ chi xdc dinh duong néu
n<3.

Trong trudng hgp n >4, thi todn tir A’ khong con xdc dinh duong
nifa, do d6 ta s& thay todn tir A’ bdi todn tit A" duge xac dinh bdi

2

n n
Ar= Y H(E——AB)AQ, (62)

a=1 pB=l

- Pra
twong tng véi todn tir A"—Z H(E+~—AB)Aa, (63)

a=1 [=1
B=a

R4 rang ta cé A"y=A'y+O(lh1*. (64)
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. X
wd 8Ly
(5 R

el
Pag

"”"?E,g

Dé dang chitng minh bé dé sau
Bd dé 9.7.2. YveH,, t6n tai cdc bit ding thiic sau
, (65)

. 2
—(A,v,V}<((E —I—SAB)AQ\',V){(A v,v),
(66)

(=) ‘(Rv VIS (A", V) <(AV,V)

2 n-
3 1
Cu6i cung ta duge bai todn sai phan tuong dng vdi bai toan vi
(67)

phan (55) : .
Hiy tim ham ludi y thda man cic diéu kién sau

A'y=0, Xeo,; y=g(x), X=1y.
2

1 1]
trong dé A= z H(E__AB)A&'

a=l a=l

'DQ

i i

o =f-) —2Af.

a=1 12

b6i voi sai s6 z = y — u ciia so d6 (67), ta duge bii todn sai phan
(68)

A"z='q-;, xeoy, z=0, xev,,
trong d6 = w(x)Ih 1, ye M(G) néu D°ue M(G) va D* eM(G)
> (69)

hodc ¥ =L,(G) néu DueL,(G) va D*feL,(G)(p=1)

Dinh ly 9.7.1. DGi v6i nghiém z cla bai todn (68), t6n t2i cac
\/1 +93,
3 lyll  (70)

bat dﬁéng thirc sau
fly wll 2l < [_]
o) =2 5
329
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trong dé
8 =8[-2—l—],llzll oL =zl Az, Ll (= .l
i+ _”2 H {wy,} 210
Chitng minh : Nhan v6 hudng hai v€ cia (68) cho z, sir dung bat

dang thic (66) va bt ding thic (14) phén I, ta s& nhén duogc cic
b4t dang thitc (70).01

Dink 1y 9.7.2 Néu D°ucL,(G) va D* eLy(G) thi so dé sai
phan (67) s& hoi tu v6i t6c d6 O(hI*) trong cdc chuin ludi
Ly va H e 1a :

by -ully, =O(bi*y; Hy-ull, =O(h*) (71)

Ngoai ra néu n <3 thi so d6 (67) hodc so dé (58) s& hoi te déu
véi t6c 46 O(hI*), i 1a -

' | lly-ullc= O@hi*). (72)

Chitng mink : Vi DPuel,(G) D* <L,(G) nén tir (69)
w=y(x)1h*, yeLly(G), thay y vao (70) ta dugc ngay (71).

Dé chimg minh (72), ta sé viét lai (68) dudi dang :

A"Z= yx)Ih*, xewy; =0, xeyy, (73)
trong d6 y e Ly(G), (n<3) va :

h
A" Z H(E——~AB)A

a=l «=1
Bro
Vi A, (a =1,n, 12 nhiing todn tir lien hop, timg cip giao hodn, do dé:
AA"=A"A,

n
trong dé A= Z
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Trén co s& bat dang thiic (66) clia bd dé 9.7.2, ta c6 thé fing dung
dinh 1y 9.3.4, ta dugc :

2 n-1 4 . o
(5] NAzll < A zll < lAzIl.

-l o .
Nhu thé [%] Il Azl <W¥wy(x)IhI*l. Theo dinh 1y nhing 9.3.1

(bdt ding thitc (4), trudng hopm =1, n<3,p=2), tén tai :
. n-1 n‘_l o
@] izl < [%) MUl Azl < MIly(x) 1B,

n-l1
hodc Nzlle < [%J Mllyx)Ihi*fl =ognty. O

Pinh Iy 9.7.3. Khi n=4 néu DSy el (G), D €L (G) va céc
dao ham suy r@n.g D(6+“)ueLl(G), p+ng €L,(G) thi so d6 sai
phén (67) s& héi tu déu vai téc d6 O(h*), nic 1a :

ly—ullc=0(h%). (74)

Chimg minh. -Theo gia thiét, ta c6 thé viét lai so dé (73) dudi dang :

A"Z = q,r(x)lhl4, xewy, z=0xeyy, {75)
trong d6 ye L{(G) va dao ham suy réng D"y €L ((G).

Ching minh dinh 1y 9.7.3 trén nhitng nét co ban tring vdi chiing
minh sy hoi ty déu clia dinh 1y 9.7.2. Thay viéc dng dung dinh 1y
9.3.4 va dinh 1y nhiing 9.3.1, ta tmg dung dinh 1y 9.5.4 va dinh ly

n

nhing 9.5.2 ciing vé&i dinh 1y 9.6.1 trudéng hop 1 < p< 5"
n_
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Chit y - 1) Ta biét trong khong gian Sobolev, diéu kién dé
khong gian H2™P ghing vao khong gian cdc ham lién tuc C 13
n < 2mp, thi & day qua dinh 1y 9.7.3 diéu kién dé dugc thda man
vi:n <{6+n).1 = 6+n, mét su tring hop 1y tha !

2) Néu cdc canh cia hinh hép n—chiéu GcR" 1a hitu ty véi
nhau, thi lic nay ta c6 thé dua vio mién G ludi déu véi bude
h, =h{ae=1Ln).

Ta ¢6 thé ching minh ring so d6 sai phan

A*y=—¢* xewp; y=g(x), xeyy,

trong dé
n n 2 h n-2 n-1 n
A*=> T] E+—AB)A + — Z Y. AaApAs,
a=1 a=l 80 o=l [=c+l 8=+
P#a
h2 h4 n-1
o*=f+—Lf+—(L2f + 2> z Lo L),
12 360 a1 Poos]

c6 xdp xi bdc 6 trén nghiém u cha bai todn vi phan (55) trong cic
chudn luéi C va L, va hoi tu vai téc do 0(h6) trong céc chudn lugi

L, H va C.
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Chuong X
XAP XI BANG SPLINE VA SONG NHO

Trong nhitng ndm gin day phuong trinh vi phan, vi tich phan,
phuong trinh dao ham riéng ciing nhu phuong trinh gi vi phan duge
nghién cifu ngay cang nhiéu bang cic phuong phép x4p xi spline va
séng nho. Ly thuyét cdc ham spline, cdc ham séng nhd ¢ nhidu
m&i lién quan chat ché véi 1y thuyét cdc ham suy réng va gidi tich
Fourier. Cic ham B - spline co ban 14 nhitng haim don gidn nhét c6
gid bé. Cho nén viéc sit dung cdc ham spline vi him séng nhéd dé
nghién cifu cdc loai phuong trinh trén ¢é nhiéu thuan lgi va hiéu
qua. Chinh vi vay cic phuong phdp giai tich iing dung him spline va
"gidi tich s6ng nhd" dang dugc phét trién réit manh. Trong chuong
nay ching t0i s& gi6i thidu mot sd két qua mdi nhit trong viéc
nghién ciru xdp xi mét s¢ 16p phuong trinh vi tich phan, dao ham
riéng, phuong trinh gia vi phan bing phuong phédp x4p xi spline va
séng nho,

I. XAP XI BANG SPLINE

§1 PHUONG PHAP SPLINE COLLOCATION DOI VGI
PHUONG TRINH VI PHAN, PHUSNG TRINH VI TICH PHAN

1. Xét phuong trinh vi phan

Lx() =x" () —o(Ox(®) =f),a< 1<b (1)
véi diéu kién x(a) = x(b) = 0, : (2)
gdayo(t)>0véit e {a, b], o(t) € C[a, b]

Chiing ta s& giai phuong trinh (1) v&i diéu kién (2) bing phuong
phép spline collocation.
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Gi sir {t; Iy 14 cdc diém trong moét phan hoach déu ciia [a, b] (1,) :

1
M, a=t, <l <..<ty=b, Tt —-t=h=—
n

Trén [a, b] xay dung cdc ham B - spline cd ban nhu sau :

(t— ti.2 )3 néu te [[i_z,ti_l 1

h3 +3h2(t—t;,_)+ 3h(t—;_)% -3t —t,_;)°, néute [ti_1.¢;]
1

B, (t)=§ﬁ b3+ 302 (8, — 0+ 3h(t; 4 —1)% =3t — 1), néute [t;,t4]

(tiy2 — 1), néu t e [t,, 42l

|0 néu t Khong thude cac trudmg hop bén trén
Khi ta b6 sung thém bén diém ludi cach déu khiac :

tg<t_y<tygvat, 5>t >t, thicé h¢

{B; (t)}?:_ll gém n + 3 ham B-spline doc l4p tuyén tinh trén [a, b].
Xéc dinh he {Bi(t)}lLy bang cach

Bi(t)=By(1), 2<i<n—2, B,(t)=B,(t)—4B_; (1),
Bi(t)= Bo(t)~4By(1), Ba-t) =B, ()-4B, ;)  (3)
Bn(t) =B, (t) - 4Bp (t).

Khi d6 Bi(a)=Bi(b)=0, i=0,... n.
Tim nghi¢m x,(t) xdp xi cho bai todn (1), (2) dusi dang

n+l
Xa (=D ;B (1), x,(t) théa min céc diéu kién :
i=—1
{an(ti) =f(t;),i=0, .., n
xp(a)=x,(b)=0.

334



o
o,
.

Hé phuong trinh trén tuong duong véi
'a_l +4a0 +a :0, .
(h?c, —6)a_; +(dh%c, +12)a, +(h%c, —6)a; =h%f(1,),

1(h%6; —6)a;_, +(4h%0; +12)a, + (hZ0; —6)ay,; =h%f(t;), (4)
i=1...n

| 8p- +4a; +3, =0,
v6i o; =o(t;),i =0, ..., n. T hai phuong trinh ddu tién va hai phuong
trinh cudi cling ciia (4) ta duge
36a, = h%f(t,),  36a, = h2f(t,).
Ciing tir (4) rit ra ;
Ay=b, (5)
trong d6 y = (ag, 8y, .. ag) ", b=(h2f(ty), h2E(t)), ..., h2£(t,))T

36..._ 0. 0 0
b0, -6 :l'i1201+]'_2 .hzcl—ﬁ_‘
A| P P T 1T
0 b6 4h’oi12 hloi-6-.: 0
e T h’sp 16
0 0 o " 36 |

v@i o(t) > O thi A 12 ma tran ¢é dudng chéo troi.

Viy hé phuong.trinh (5) c6 nghiém duy nhat, do d6 hé (4) cé
nghiém duy nhét. St dung tinh chdtclia h¢ (B }i“:_ll_ va cdc phuong
trinh cua (5) ta chitng minh duge :

néu f e C2[a,b] thi x-x, Il < Mh?,
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v6i h dit nho, M a4 hang s6 duong khéng phu thuoc h, H.It 13 chudn
treng Cl[a, b]. V4y ta ¢6 dinh ly sau

BDinh Iy 10.1.1. Nghiém spline trong khong gian cdc ham spline

1ap phuong (sinh bdi hé co s& (B;(0) )™ ) x4p xi bai todn (1), (2) 1

duy nhit, Néuf Cz[a,b] thi véi h dit nhé ta ¢6 udce lugng :

x-x, l< Mh2.

2. Xét phuong trinh

m-1 i b
Lxty = X0+ Y ag ;x4 A [Kq(t,9)x(s)ds +
j=0 a

t
+ [Ka(ts)x(s)ds = f(o), (6)

a

thoéa min m diéu kién bién doc 14p
m-1 y m—1 K
2 aax@+ ¥ Bux®®)=y;, i=1,..m Q)
k=0 k={} .
trong dé ay(t) € Cla,b], o, B, A€ R, k=0,...,m~1,
i=1,..,m, a<t,s<b, K;(t,s) e C(€)), Q={a,b]x[a,b], j=1,2.

Khong tam mat tinh téng quit ching ta c6 thé gia sir v, =0,

i=1,., m Do viy ching ta s& giai phuong trinh (6) v6i m diéu
kién bién déc lap.

m-1 K m-1 K
3 o x®@+ Y px®by=0, i=L,...m. (8)
k=0 k=0
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Gia st 7y ra=ty <ty<..<t; =b 12 mot phan hoach cita [a, b].

bat h; =t;,; ~t;,i=0,..,n—1, h, = max ‘h; chiing ta luén gia thiét
I<i<n

lim h, =0.

N-—rc0

Ki hieu S, ={ & e[a,b], i=1..N,} 13 tap hop cic diém
collocation trén {a, b].

Sp(my,p,q) ={v(t) e C%a,b] Iv(1) l“i'[i+|] €Qp.i=0,..n—1}, véi p,
¢ la céc 8 tu nhién théa man 0<q<p-1, P21, Q, latap hop cdc
da thie bac nhé hon hoiic bing p.

Sp(m, p.) = [¥(t) € Sp(o,p, )| v(1) théa mian (8) J;

Chiing ta biét ring néu bai to4n
rx(m)(t)zl)

9

< m-1 m-1
> apx®@+ Y Bx®(b)y=0, i=l,...m
Lk=0 k=0

chi ¢6 nghiém tdm thudng va G(t,s) 1a ham Grin ciia né thi bai todn

(™ (1) =v(t)

ol m-1
Z 0‘ik"(k)(a)"' Z Bikx{k)(b)zl}, i=1...m

k=0 k=(}
¢6 mét nghiém duy nhat
b
x(t) = jG(t,s)v(s)ds. (10)

a
bat U : C[a, b] - Cla, b]
b
v b Uv= J’G(t,s)v(s)ds.

a

Tinh x*)(1) tir phwong trinh (10) réi thay vio (6) sau khi bign ddi
ta duge :
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(I+Tv=f, ' - (11}
g day T: Cl[a, b] - C[a, b]

vieTy .

bl m-t
Ty = [[Z (1) & (;ft S, kIK,(t EYG(E,s)dE +

al j=0

b
+ [Ky(tEGE )k | vis)ds,

I 12 todn tir déng nhét trén Cla,b]. Chiing ta s& xdp xi nghiém cua
phuong trinh (11) bang mot phén tir v, € S,(ny,,p.q) sao cho

(I+T) vp(&) =1 &€ S

B4 dé 10.1.1. Gid sit a;(t)e Cla,b], j=0,..,m-L,
K;(t,s)eC(),i=12va P, :Cla,b] > Sp(ﬂn.p,q) 12 phép chiéu
tuyén tinh lién tuc thoéa mén :
Pof(€) = (&), VieS,
NP, f-fll <Maw(fh,), ¥fe Clab],

trong dé M 12 hing s6 duong doc 1ap vé6i n, w(f,h,) 1a modun lién

tuc cha f dmg v6i h,, Nfll=max If(t)I.
a<t<b

Khi dé ta cé

i) Day P, hoi tu t6i todn tir ddng nhét I cta Cla, b].

ii) Day P, T hoi tu t6i toan tit T trong khong gian & (X.X),
X = Cla, b} .
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Dinh Iy 10.1.2. Gia skt chiing ta c6 cac gia thi€t néi trong b6 dé
10.1.1. Ngoai ra ta c6 phuong trinh (11) tén tai todn tir nghich dao
bi chan (1+T)™" va (9) chi ¢6 nghiém tim thudng. Khi dé

1) V6i n dd l6n tén tai nghiem collocation duy' nhat
X, € Sg(nn,m+p,q+m) cho bai todn (6), (8).

i) T8¢ do hoi tu clia nghiém x4p xi t&i nghiém ding cho bdi
Ix—xq Il € Po(x{™ h,),
v6i B 1a hing s& duong khong phu thuden.
Ching minh b6 dé 10.1.1, dinh 1y 10.1.2 ciing nhu 4p dung dinh

ly 10.1.2. vao cdc khong gian Sp°(mn,m + p,q + m) cé thé xem
trong [64].

§2. PHUONG PHAP SPLINE COLLOCATION BOI VOI
HE PHUONG TRINH TiCH PHAN PHI TUYEN
FREDHOLM-VOLTERRA

Xét hé phuong trinh dang

by b2y
x()= | K(ts.x(s))ds + { Kirs,x(s)ds +£(1),

a

(12)

a

Voi a<t, s b, X(D) = (X () £ = (O (1)),
(), fi(t) e Cla,b],i=1, .., m, '

() () ()
K(t,5,x(s)) = (K (t,5,%(5)) 5., K (1,5,%(5))), j=1,2.
bat C=C[a, b] x.... x Cla, b], (m 1dn), chudn trong C duoc xdc dinh

Ixlle= max maxix(t)i.
1<i£m a<t=<h

339



Xay dngtointt T : C— C véi

b (1) t(2)
X o Tx = j K(t.s,x(s))ds + j K(1,5,%(s))ds + (1),

a i |
khi d6 hé (12) cé thé viét duoc dudi dang
Tx=x,x € C. (13)

Gia st m,:a =1, <t} <..<t, =bla mdt phan hoach clia [a, b] .
Pat h; =t —t;, 1=0,.,n-1,

h, = max h;.
0 <i<n-1

Ching ta luén gid sit rdng ddy phan hoach trén c6 tinh chét
lim h, =0.

n—o
Kihi¢n S, =1{;1&; e[a,b]l, i=1...N,,N,e N},
Xp = Sp(mg,pq)=iv(t) € Clablivih ;. 1 €Qpl,
Qp 1a tap hop cdc da thic bac nhé hon hoic bing p.
Gia st : X = X;x..xXy(mldn) va
P:C»XcC (14)

X = (X{(1)en Xy (Y > Pox = (v (1),....,v, (1)) € X, 13 modt phép
chi€u tuyén tinh lién tuc tir C vao X, hoi ty diém i6i todn tir d6ng
nhit P trong C, ngodi ra P x(§;) = x(§;), Vx e C, V(§;) €8§,,.

Chiing ta s& xap xi nghiém ciia (13) bing v € X sao cho
vigi) = Tv(E;), Véj«eSn - (13)
Tu(13) ¢ :
P, Tv=Pv,veX,
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vi P, la phép chiéu tir C vao X nén
Pv=v, Vvex,'
khi d6 n€u tim duoc v € X sao cho
v = B Tv, (16)
thi v s& thoa man (15), do d6 v 12 nghiém cén tim.
BDinh Iy 10.2.1. Gia sit P, 1a cidc phép chi€u duge xdc dinh trong
(14) va (13) ¢6 mot nghiem x© (1) = (x{® (1),....x{ (1)),

(x{”(tye Cli[a,b], 0<f <p,(p 12 hing s6 duong, /;, € N),

. (i
(0
i=1,..., m, K(t,5,x), w , J = 1,2 lién tuc trong mién

a<t, s<b, Ix—x e <oy, (17)

o) 14 hang s6 duong. Ngoai ra chiing ta gia sit phuong trinh

b a(ll() (o) t 6(12() {0}
u) - [T Dugas - fEROSCED 45 2

chi ¢ nghiém tdm thudng, véi
u(t) = (ul(t)v---'um(t))’ui{t) = C[a,b],

) ) )
OK(ts.x) )= i IK1(t,sx V) i IKm(t.sx V)
ox ox, v ox ‘

1 i=1 1

i=t

Khi d6 chiing ta cé cdc két luidn sau
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i) Tén tai mot hing s6 1> 0 sao cho x® ]a nghiem duy nhat cia
phuong trinh (13) trong hinh cdu

Ix—x lleg . _

il) V6i n dio 16n phuong trinh (16) c¢6 mot nghiém duy nhat
Va (1) =(vy 1 (0, s (Vi (), (Vi (D€ X, 1 = 1, ..., m) trong hinh
cau trén.

iii) Day {v,(t)} hoi tu 16i nghiem x| t6c d6 hoi tu duge wdc
lugng bing : '

v, - x@lle <ME® (x{*),
Eo(x(o)) = max Ei(xgo)),

1£€i<n

. ) (5)
Ei(x”) = inf 1x{® -zl =O[(hf; o (" ,hn)J

ZiExn
Gii ) . » . 5 .
m(x(o) hp) 1a mo dun lién tyuc cua dao ham bic [, clia ham

x}") , tuong ing véi h,; M 12 mo6t hing s6 dwong doc lap véin.

Chitng minh dinh 1y 10.2.2 va dp dung né vao cdc khong gian
X, cuthé c6 thé xem trong [63].

§3. CAC THUAT TOAN GIAI PHUGNG TRINH
SPLINE COLLOCATION. THUAT TOAN SONG SONG

Trong muc nay chiing ta sit dung phuong phap spline collocation
dé xay dl_Ing-C.':'lC thudt todn giai cdc hé phwong trinh tuyén tinh. Cic
h¢ phuong trinh nay xuft hién khi st dung phuwong phdp spline
collocation d€ tim nghiém x4p xi clia phuong trinh elliptic trong
~ khong gian hai chiéu.

Céc thuat todn nay sir dung duge phép tinh song song,.dem lai
hiéu qua cao cho qud trinh tinh todn.
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1.Bai toan gia tri riéng spline collcation truc giao
Gia sit {xy Jk-¢ 12 mot phan hoach déu cida [a, b],

b-a

xy =a+kh, k=0,.N, h=

Ki hiéu Sp(3,1) 1a khong gian c4dc ham lap phvong titng doan trén
[a, b],

_ 1 - _
Sp(3,1)= {veC'[a,b]\ v\[xk‘xm] €Q3,k=0,...N-1},
Q3 latap cdc da thifc bac nhd hon hogic bang 3 ;
Sp(3.1) = {ve SpG, D\ v'(@)=v'(b) =0}

Khi dé S% (3.1) 1a khong gian con 2N chiéu cha khong gian tuyén
tinh thuc Sp(3,1).

2N-1

Trong Sp(3,1) chon he co s& {@, (O}

v3i cdc tinh chét sau

@, (X ) =8> Dplx)=0, 1nk=0..N

r 1 .
D nx)=0, q’mN(xk):‘h‘ Sk, k=0, N (18)
(S 1a delta Kronecker).
Ki hiéu {E_,m };211111 12 tap hop céic diém Gauss cia [a , b] x4c dinh

1 {
(k+-) h (k+-) h

P L TSI A L T
Eak+1 5 k42 5

1

(k+>-)

véi x 2 :i‘_k—i'ix_lsi, k=0,..N-1.

Xét bai todn gid tri riéng sau :
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Tim U e Sp(3,1) sao cho

{-U’"(gm): AUGER), m=1,..2N,

(20)
U'a) = U'(b) =0.

Dinh Iy 10.3.1. Bai todn gid tri riéng (20) c6 2N gid tri riéng
khong am phan biét cho béi

8+T]'i;.1j i T | K
ljd:=12{_—f;_]Tj-{|h J=h o N- LA, =0,Ay=%h %,

o m f
véin; = cos!ﬁ » Kj = (/43 +40m; —211j2 i X € [Xg, Xyl k=0, .., N-1,
cdc ham riéng tuong dng duoc cho bai

UF 0 = CF {[=0+ 9= F 20+ 6(1 - )2+ 1; F oy (x) +
+ 36(1 ~n§)r>12<(x)+8(l —M;)4+5n;+ uj)pi(x)]cos-li]—n+
+ H[19—ﬂj +2p5+6(2+n; + Nj)Pk(X.)—
~36(1-M;)pj (x) + 8(4 + 5n; = uj)pi(xnsink—gl’i}

Ug(x} =G, Upn(x) = (—l)kCNpk(x) [4p% (x) 3], (21

1
(k+5)
Cos Cf, Cn 1 cdc hing s6 thy ¥ khdc 0, py(x) = x_xh_v
H¢ qud 10.3.1. Gid sit UT(x), j = 1, ..., N = 1, U,(x), Up(x) 12

cdc ham riéng cia bai todn gi4 tri rieng (20) dugc cho bdi (21).
Néu chon

i 1 1
33 P [ L P 3 3 }2}
Vo222 -ay| ! 2(b — a) 4| 2(b —a)
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v6i B7 = [27(1+ )8 + M F ) + (L -1+ Tn; 7 4p)’ T2
thi he¢ M = (UF(x), j=1.., N-1LU,(x), Ux(x)} 1 he tryc chudn

2N
vdi tich trong <u, v>=h Z u(E o IVEL) -

m=1

Chitng minh dinh 1§ 10.3.1 va m = 1 hé qua 10.3.1 c6 thé xem
trong [114].

Bay gi¥s chiing ta gia &t {@,}2N57 12 co sd cita Sp(3, 1) va
2N-1
Ux) = D Zy®p(x)
n=0

thi bai toan gid tri riéng (20) tré thanh bai todn gid tri rieng

A3 = ABg, (22)

Vi Z = (2gs - Zonot) "2 A = (@pn)ovins (23)

2N,2N-1 "
B = (byy )m=l,n=0 v 8mn = ~Pa€n)y by = ©pEm) -

Pinh 1§ 10.3.2. Gid sit A, j=1, .., N = 1, Ay, Ay 12 céc gid tri

riéng clia (20) cho boi he qua 10.3.1. Gid sit UF(x), U,(x), Un(x)

12 céc ham riéng truc chufn twong dng cho boi hé qua 10.3.1.

N 2N-1 2ZN-1
UT(x) = ) 70 i@n(x), Ugx) = Y 20 @, (%),
n=4 n=0
2N-1

UnNG) = Y 2y gPp(X).
=0
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Pat

A = diag(Ay o AN Ags AT s s AR 1) AN
N=1s g+ M N-1: N 24)

Z =027, Nt 2o 2t s 2R ZN)
o S =
voi  Zj = (Zﬁj, - leLN-l,j), Zo = (zy0, - ZzN,L{J)T,

— T .
ZN = (ZO,N’ . ZZN—I,N) , thi

AZ = BZA, Z"B"BZ =1, (I 12 ma tran don vi c&p 2N)..

Chitng minh xem [114). _
Bay gid ching ta di tinh mé6t ma tran Z cu thé 1am co s& cho
thuat todn s& x4y dung.

Chon h¢ co s& (18) cha Sp(3,1). Khi d6 gia sir ta c6

N N-1
U_]:'t (x) = Z 2'-:,jcbn (x) + Z z§+N,j¢N+n (x).

n=0 : n=1
St dung tinh chat cia @ (x) ta tim dugc

1
= Fa- +
2| CA; | CA} | (25)

6 e r——

faf ]
NJ | sag|o/sajlo

v6i 0 12 véc to cot 0, N —~ 1 chiéu

_ - - 1 i
Ay = diag(a], ..., an_1) AL =dia (: —,a], e AN - = |,
™ 1 N-1 o B 6\/5 1 N-1 3

. ki !
Ag = diag(B%, ..., BE_1). S= (sin —]
k.j=1
+ZN,N-1 - \N
C= [cosm] C= [cosm)
- k=0,=t N /o0
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2. Mét thuat toan song song giai hé phuong trinh tuyén tinh
spline collocation trurc giao

Xét bai todn

—AU+CU——‘f(X1,X2), (X],Xz)E QE(al,bl)X(az,bz)

; 26
qu:O, ) (X1, Xp) € 0Q, 20

Véi ¢, aj, by, i =1, 2 12 cdc hang s6, % 13 dao ham theo phap
tuyén ngoai, A 12 todn tir Laplat, f lién tuc trén Q ;
bi —a;

of(i)

N ,
Gia sit {xi(} 1a w6t déu ciia [a;, b;], h;= . Sp

G la
= i

khong gian cha cdc ham spline lap phuong timg doan trén [a;, b;}
thdéa min v'(a;) = vi(b) = 0, i = 1,2, xdc dinh nhu trong Sg (3,1). Gia

{d)(l) }2N 1 1a mdt co sd cia S?J(l) (3.1) x4c dinh nhu trong (18).

Véi x, h, N thay thé twong ing bing x{”, h;, N;.

Khi d6 nghiém x4p xi spline collocation trt_Ic giao tim dudi dang

2N;-1 2N,-1 | )
Uk, x)= D, D uy n2¢)( (x)®8 )(xz) @n
m=0 n,=0

D& xdp xi cho bai todn (26) chiing ta giai h¢ phuong trinh
_ D 2 M @Dy = e (D
MUED, ED)+cUED. &2y = 1D, E2) 28)
vai m; = 1,..., 2N;, {QE:‘) ]12“1\_15_1 1a tap cdc diém Gauss trén [a;, b;] cho
1 i—

b&i (19) v6i xy.. h, N dugc thay the tuong dng bang x{”, by, N;.
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bat U=(U0,00- U0 2Ny~ 12+ U2N =0+ U2N, -1 2N, ~1)

?:(“{,i'---'ul,ZNZ----su2N1,]'---vu2N|l.2N1)T? fon,.m, =f(§g)l,§(r§;)-
Heé phuong trinh (28) duge viét dudi dang
(A ®B, + B; ® A;) + ¢cB, ® B i-f, (29)
V&i Ay, By, i = 1,2 duge xéc dinh nhu trong (23) trong d6 @,,, £,
N duoc thay thé trong itng bang @, , gini, N;.
Theo dinh 1y 10.3.2 ta ¢6
zIBIAZ = A; , ZIBIB,Z, =1,,i=12, (30)
trong d6 I; 1a ma tran don vi cdp 2N;.
Do vay phuong trinh (29) tuong duong vdi
(AL ® L+ ® Ay (Z7'® Z3hi = (Z78] ® zIBH 31
AL =A; +Cl,.
Sir dung (31) chiing ta ¢4 thuat toan sau dé gidi (29)
Thudt todn song song
1) Tinh g = z/B] ® zIB)f.
2) Giai hé phuong trinh
(M®L+1 ®Ay) V=g
3) Tinh i=(Z, ®Zy)".

S6 cdc phép todn cén thiét trong thuat todn 12 O(N|N, logN,N,).
Cac bude cia thuat todn rdt thich hop véi phép tinh song song. Do
vy thuét todn ¢6 hiéu qua cao trong tinh todn.

Mot s6 bai todn khai quit hon bai todn (26) ¢6 thé bing céc thuat
todn tuong ty xem [114].
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. §4. HAM SPLINE VGI PHUONG TRINH GIA VI PHAN

Gia st f 1a mot ham tudn hoan trong R”, tiic 12

fi(x+k)=f(x), VxeR", keZ
R& rang ching ta c6 thé déng nhdt cdc ham tuln hoin véi cic
ham x4c dinh trén mot ¢4i xuyén T =R"/ 2".

MObi ham suy rong u kha tich dia phuong c6 khai trién Fourier

u(x) = Z ﬁ(g)e2ni<§,x>
EcZ"”

trong d6 hé s Fourier {i(g) duge xidc dinh

ﬂ(é) = I e_znka’pu(x)dx,
[o17

0 :

voi <&, x> = Zéixi- Ki hieu H'(T"), s € R 12 khong gian Sobolev
i=1

26m cic ham suy rong u véi chudn

oll, = (u(O) -+ 3 185MuE) 22
0ECZ®

Ching ta ki hiéu todn tir sai phan truée rieng phan A,

A(_I)f (E_'],..., éj,..., &l‘l) =f (&,4[9‘--, E_,j"”lgn., gl"l) -~ f (E_p]‘---. aj,..., é]‘l)‘

é € Zn, va Aa = A{l)al A(n)an, o= ((Il., veey G.n).
Gia st m € R. Ta ki hieu S™ (T") 12 tap hop t4t ca cdc ham
ceC (T" x Z" ) thda min
185 ARa(x,8)1 < Cog(l+12 D™,

vx e T, teZ”.
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Ham o € " (T") dirge goi 1a mot biu trung toan cuc cdp m trén T
~ Chiing ta xét mot todn tif gia vi phan trén T" ¢6 dang
A=o(x,D)+K, (32)

trong dé o(x, D) goi la todn tir gid vi phan toin cec cip m trén T"
duoc xic dinh béi

o(x, D)u(x) = Y e o(x LucE),
A
véi bidu trung 6 = 6, + 6, € S" (T, o) € s™ (T™), m" < m con
bi€u trung chinh o, dwgc gii thiét 13 thuin nhst duong bac p,
Rep = m, theo bign & (tic 13 o (x, t&) = t"6, (x, £), t > 0, £ = 0) vi
théa min 6,(x, 0) = 1, x € T". To4n tir K 12 mét toin tir tich phan

v6i hach 13 mot ham thuge C
Trén T ching ta dua vao mot ludi chi nhat

oM = {xk =K k= k™), 0<Ki<N, Istn}.
n

Gid sit x; — ¢'(1)‘0(xj)l:‘a ham dac tinh cha khodng (—%%J

Chiing ta xdc dinh céc B — spline biing mot tich chap & 14n :

0% (xj) = 952(xI)y % x50 (xd)
' 1d Dol
va tich tensor ¢5°(x) = IT ¢g° (x),
j=1

trong dé d = (dl, ey d™). Gid sl g4 (DN) la khong gian duge sinh

béi cdc ham tudn hoan ¢1-(x) = o5 (Nx - k).
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Gidstre=(e',..e", véi0<e <1, 1<j<m

Chiing ta chi sir dung phuong phap € - collocation dugc x4c dinh
bdi cic phuong trinh

> : > N
Auyl| xp +— | =f| xp, +— |, x. € O, 33
”[ “ N] [ « N] : 4
. . . .. Nd N, . . o
dé xéc dinh nghiém xdp xi uy € $ (O) cha phuong trinh gid vi
phan sau :

Au=f en T, (34)

vél A duge xé4c dinh nhu trong (32).

Khi mot co s& cho S (O") da duge chon thi dé dang din (33)
vé mot N x N hé tuyén tinh d6i v6i cdc hé s6 chua biét clia uy.

Chiing ta c6 dinh 1y sau v&i cdc ludi chit nhat.

Dink Iy 10.4.1. Gid sim <d = min {d: 1 <j <n} néu cic diém

collocation x +E khong ndm trong gid ky di cha tdt ca cdc uy va

m <g+-§- néu khéng phai nhu vay. Gia thi€tm <s <d + -% Néu
todn tir gia vi phan

A : HY(T") > H* ™(T") 1a kha déo thi phuong phép collocation
(33) 6n dinh khi va chi khi biéu tring s6 a° duoc xdc dinh boi

P @+l
i :
af(x n):ez’ti“Es"I)' z a(x §+mc2ni<a,§> . 191 (—1)a Slnm]J
EeZ" =t oam)+Eh
14 elliptic, tic 12 bat ding thic
laC(x, Ml = elnl™, (35)
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ding v6i tdt cax e T, *%qu <%,j =1l,..,n,1m=0 clami
hing s6 duong. .

(Gid ki dj cta v, duge ki hiéu singsuppv 1 phdn bii cda tap md
trén dé v trom).

St dung dinh 1y nay cling vé&i cac tinh chat ngugc cua SN‘d, (EIN)
va céc k¥ thuat tinh todn théng dung ta duge :

Dinh Iy 10.4.2. Gia sir cdc gid thiét trong dinh 1y 10.4.1 va diéu
kién (35) dwgc théa man. Khi d6 tdn tai N, > 0 sao cho véi N 2 N
va v6i ham f lién tuc cdc phuong trinh collocation (33) sé giai
dugc duy nhét véi uy € SN‘d(DN). Ngoai ra néu s, t € R thoéa mian

m<s<t<d+1l,s<d+ % m+%<t, va nghiém v cia (34) thuoc
H' (T") thi ching ta cé udc lugng sai s6 t6i uu sav

=1
lly — uptly < N ltull,.

§5. XAP XI KHONG GIAN SOBOLEV BANG £~ SPLINE

Gia sir A 1a mot phan hoach ciia [a, b] v8i cdc diém ludi X;
Acta=x,<x <..<xy=b.

Chiing ta ki hiéu .ﬂ‘(é, b) la tap hop tat ca cdc phan hoach ciia [a, b].

Dit m= max 1(xm —X) Va U= min (X, —X;),

O<i<N- O=i=N—|

#ola,b) = {A € Aa, b) lE <0,0 21 chotrugc}.
T

Bay gi0 gid sir ta ¢6 todn tir vi phan tuy€n tinh £ bac m

m . , j
L ux) = j=Z:OCJ-(:()DJU()(), m=1, D E[:%r] ,
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véicje Cla, bl 0<j<m, ¢ y(X) 28>0, Vx € [a, b]. Gid skt z 13

s6 tr nhien 1 < z < m. Khi d6 khong gian . -spline 12 tap hop céc
ham gia trj thuc @ xdc dinh trén [a, b] sao cho

L L ox)=0,vxe @b - (x5
DE(x;-) = DXox(x;+) v6i0<k<2m —1~2z, 0<i<N,
trong d6.L " 1a todn tir lien hep v6i L ¢6 nghia
™ m P
L v=Y (-1YDi{c;(x)v(x)).
j=0
Sau day chiing ta trinh bay mot s6 két qua vé ndi suy.L — spline.
Néug e Cm_l[a. b} st dung phuong phap phén tir hitu han ta c6
thé ching minh duge tdn tai duy nhat S e Spl, A, z) (khong gian
cic ham .{ - spline) ndi suy g theo nghia
D(g-$)x)=0, 0<j<z—1, 0<i<N,
D'g - S)a) =Dlg - 9)(>)=0, 0<jsm-1  (36)
Dink Iy 10.5.1. Gia st g € W#™[a, b] va A € Fy(a, b),

Ses, ¢, A, ) 12 ham .( - spline duy nhdt noi suy g theo nghia
(36). Khidé véi 2 < g < oo ta ¢6

. 2m—j—%+-l-
- g < _
DI g~y rypy<kn Igl 2y 0Si<2m=—z  (37)
Dé6i véi spline da thitc thi trong (37) ta ¢6 thé thay ||g"W22m bing

"Dzmgﬂ]_z {a,b]"

{a,b]
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Pink Iy 10.5.2. Gid sit g € C¥[a, b] v6i 0 < k < 2m, A € #5(a, b)
¢6 s6 diém ludi it nhat 13 2m. Ngoai ra gia sit S € Sp ({, A, 2) 1a
phén tr ndi suy day nhét cho g theo nghia

DS - #y 1 @)(x) =0, 0<j<z-1, 0<i<N

DS - - 1,08)@) = DS = #pp @) = 0,0 < j<m — 1,
trong d6 %5, ;8 1a da thic ndi suy Lagrange clla g tai 2m diém
Xjr Xjrloo Xjr2m—1 % €[%5, Xj42m-1]-

Khidédvéi2<q<wtacd

k_j_l.'.l

2 q k 2m-k
kn [o(Dg, ) +7 “g”w‘z‘[a,m} z

1D (g = S)lh 5,51 € O j<min(k,2m —2),
.

I Disqu'a,bI néu min(k,2m —z)<j<2m—z,

véi wff, h) 1a modun lién tuc cha f véi h.

Sir dung cdc két qud trén ta s€ trinh bay ndi syy cdc khong gian
Sobolev biang L—spline. _

Gia si X, va X, 1a hai khong gian Banach véi chudn illi,, ILII;,
X,, X; 2,2 1a khong gian tuyén tinh Hausdorfs sao cho cdc 4nh
xa déng nhat ciia X, vao #'1a lién tuc, 1= 0, 1.

Kihieu X, + X;={fe2lf=f,+f,f € X,i=0,1}1th
X, N X va X, + X, 1 cdc khoéng gian Banach véi chudn

' iy ~x, —max{Ifll,, £},

NEll o x, =inf {1Fllp, 16 1 F=f,+ 6, G X5, i=0,1}
T dé ritra |
XonXjcX, cX,+X, ¢ 4,1=01;

Trong muc nay chiing ta hiéu cdc bao ham thitc theo nghia céc
dnh xa déng nhét lién tuc. '
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MJi khong gian Banach X < #'goi 12 khéng gian trung gian clia
cdc khong gian X, va X; néu thoa man

XoNnXjcXcX,+X, & (38) |
Bay gid ching ta x4y dung cdc khong gian trung gian cta X, va X, ;
Vi >0, Vi e (X, + X) ta dinh nghia
K(t, f) = inf {lIf ll, + tIf 0, f=f,+f,f eX,i=0,1}.

Cho 0 <8< 1,1x<q=<w,gid sit (X, Xy),q 12 t4p con cha tap
cdc ham f e (X, + X;) v&i chudn

,

I—

“ qa di |4
I[I_QK(l,f)] —r 1<q <o,
“fll(x(l*xl)ﬂ.q < 0 [
sup l_9 Ki(t,f), q=
1>0

14 hitu han. Khi dé ta cé

Dinh 1§ 10.5.3. V6i0<0< 1,1 <q<wthi (Xor X1)o g 12 khong
gian Banach trung gian cia X, X; va thoa min (38). Trudng hop
rieng (X, X)g o = X (X 1a khéng gian Banach).

Gia sir Y, va Y, 12 hai khong gian Banach chifa trong. khong gian
tuyén tinh Hausdorff Y. T 12 bi&n d8i tuyén tinh

T: (X, +X) = (Y, +Y))

théa min HTIL < M; If)l, Ve X;,i=0, 1. (39
Khi d6 ching ta c6 cic két qua 1y thi sau (xem [119])
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Dinh Iy 10.5.4. Gii st T 1a m6t bién d6i tuyén tinh tir (X, + X))
vao (Y, + Y ) théa min (39), thivéimbdi 0< B < 1,1 < gz, Tla
bi€n d6i tuyén tinh bi chin tit khéng gian (X, + Xpgq vio

(Yo Yido,p P2tM=  sup  [Tfly, y,,, . thi M<M5oMp,
‘ il X o

Dinh nghia 10.5.1. Khong gian Besov By[a,b] duge xdc dinh
. 8, N
(Lpla, b, Wela,blgq=B."4[a, b], v6i 0< 8 < 1,1<p,q < .

Pinh Iy 10.5.5.
1) Néu 1 < p < 0 v m 1a s6 nguyén duong thi

B}*'[a,b] c Wy"[a,b] = B"[a,b].
2YNéul<q;<qy<o, 1 <p<ow,o>0thi

By ¥ [a,b) = Bp¥2[a,b).
3)NéuO<oy<o,1<q),qp<oval <p<wthi

B;"¥[a,b] = Bp?%2{a,b).

4) Néug, 20|, 0<B<l, 1<q, q;< ®©val<pgw, vii
c¢ac chudn tuong duong thi

(Bg"'q" {a,bl, Bg"q' {a,bDg =Bp[a,b], (40)
6 =00 + (1 - 8)o,, va vdi gid tri nguyén clla 6; mot trong céc
khéng gian Bgi “difa,b] trong (40) c6 thé thay bing ng [a,b].
Trudng hop riéng

(Wi'[a,b], W2™[a,b])g, = BSY, o = (1 + O)m.
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11, XAP XI BANG SONG NHO

§6. SONG NHO

Su phét trién chi dé vé& séng nhd twong ty v&i su phat trién vé
ham suy rong. Ca hai déu bat ddu trong khi tim gidi nhitng bai toin
nay sinh trong cong nght bing nhitng k¥ thuit méi. Ham suy réng
bit ddu v6i cdc phép tinh ham Heaviside 8(x) (titc 12 ham bing 1
néu x > 0, bing 0 néu x < 0) va sit dung hinh thiic ham Dirac trong
vét 1y, k¥ thuat. Con séng nhd bat ddu khi di tim mot k¥ thuat phan
tich dia ch4n t4t hon. _

Pén nay séng nhé dang duge sir dung rit rong rii trong khoa hoc
(tr nhién, x& héi) va cong nghé.

P61 v6i séng nhd ching toi chll yéu han ch€ trong trudng hop

- mét chiéu. Chiing t6i s& chuyén sang nhiéu chiéu trong vai vin dé
vé sau. .
Pa4u tién chiing toi gidi thieu mot it vé giai tich Fourier.

Gia sir Ly(0, 2xn) 12 khong gian cdc ham f(x) binh phuong kha
tich c6 chu ky 2n, tic 1a f(x) = f(x — 2m) va
2n
jif(x)  dx <o
]

V6i f e L%, 27) ta c6 thé biéu dién £ thanh chudi Fourier

400 . _
f(x)= Y Cpe™, (41)
n=-om
trong d6 cédc hing s6 C, duge goi 1A cdc hé s6 Fourier ciia f, va duoc
X4c dinh
I 2n )
_ —inx
Cn =5~ {! f(x)e ™ dx (42)
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Su hoi tu cua chudi (41) trong L4(0, 2n), tic 1a

2n 2

N
li f(x) - C ™
M,fllriwé[ ( ) Z n®

n=—M

dx =0

Chi ¥

1) Cdcham g (x) =, n=..,-1,0,1, ..

12 mot co s& truc giao cha Lo(0, 2w). Néu ky hiéu

2n
1 S
(8m»8n) = EE ng (g, (x)dx

(E» 8q) =0, vGitatcd m # n

2) Co sd trye giao { g, } duge sinh ra boi phép gian ham

g(x) := cix

B3
R

(43)

(44)

(45)

(46)

tifc 12 g, (x) = g(nx), véi tat ci cdc s6 nguyeén n. Phép gidn ndy duge

goi 13 phép gian tich phan.

Nhu vay moi ham f € L,(0, 27x) duoc sinh hdi phép chong

(superposition) cdc phép gidn tich phdan ham co sd e

V6i f € Ly(0, 2m), ta ciing c6 ding thic Parseval

n=—ax

121'[ o0
2 _ 2
onlf(x)l dx= D 1C,!

[+ 3]
Nhic lai, ta néi {C,} € 1 néu va chi néu z iC, <o

n=—a
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Nho ding thic Parseval ta c¢é thé khéng dinh khong gian
L,(0, 2n) va khong gian day 1? ding cu véi nhau.

Nhé (41) ta ¢6 thé néi moi ham f € L,(0, 27) 12 mot t6 hop

2 tuyén tinh cic phép gian ctia ham co sd e

!

Cht ¥ ring ham f(x) = e’ = cosx + isinx 12 "séng sin” sinh ra tat
ca céc ham € L,(0, 27). Vdi Inl 16n thi g,(x) = g(nx) c6 tan s6 cao,
con véi Inl bé thi g, ¢6 tin s6 thip. Do d6 moi ham thudc L,(0, 2n)
dugc phan thanh nhiing séng c6 cic tdn s6 khdc nhau. Ngoai ra
L,(0, 27t) va L(R) 14 hoan todn khdc nhau. Vi moi ham trong L, (R)
phai gidm dén O tai + o nén ham séng sin f;, (x) = f(nx) e I5(R). Ta
cdn tim nhitng "séng” sinh Ly(R), nhiing séng nay nén giam dén 0
tai + co, va thuc t€ ddi hoi, sy gidm rt nhanh. C6 nghia la ta cin tim
nhimg séng nhé sinh L,(R). Nhung lam sao séng nhd w giam rédt
nhanh c6 thé phil toan dudng thing ? RS rang phai dich chuyén y
doc theo R. Taky hiéu Z = {..., -1, 0, 1, ...}. Cich don gidn nhét dé
yw pht R 12 phai dich chuyén tich phdn (integral shift) y, tic 1a phai
xét cdc ham w(x — k), k € Z. Ciing nhu séng sin, ta ciing phai xét
céc séng c6 tan sO khac nhau. D€ viéc tinh todn c6 nang suit ta sé
sir dung cdc mii tich phan (integral power) ciia 2 trong vi¢c chia tan

s8. C6 nghia 12 ta s& xét cic séng nho w(2x — k). j, k€ Z. Chi ¥
ring y(2’x — k) cé duge tir ham séng nhéd w(x) do phép gidn nd nhi
nguyén (nhan véi 2j) va phép dich chuyén dyadic (clia 2%).

Ta k¥ hi¢u

<fg>:= [f0gedx, Hl)y = <f, 172 - (48)

—0

voif, g € Ly(R). V6ij, ke Z,1aco
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- 1/2
W2 - k) ||2={ [1E@ix-1 P dx}

-0

Do d6 néu y € Ly(R) c6 do dai don vi thi tit cd cdc ham wj K
duge xdc dinh béi

i) = 2Pyx -k, jkeZ (49)
ciing c6 do dai don vi
gl =tyll =1, jkeZ (50)
Nhic lat ky hi¢u Kronecker
lvéi j=k
Bk =9, ..~
' Ovéi j=k

Dinh nghia 10.6.1. Mot ham y € L,(R) dugc goi 1a mot séng
nho truc giao (snig), néu ho { Y;x} duge xde dinh bai (49) 12 moét co
s§ tryc giao cia L,(R), tic 12

Wik Vm>=818%m B klmelZ (51)

vamoi f € Ly(R) viét duge

f= Y Cpvix®. (52)

jok=—o0
trong d6 su hoi tu cia chudi trong (52) 12 trong L,(R), tiic 12
 lim f~2§ ZCka =0
M].Nl,Mz,Nz -0 J=_'M2 k'__M] J b

Vi du don gian nhdt vé séng tryc giao 12 ham Haar yy duge xéc
dinh bdi
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{ —_—
1 v610_x<2,
W) ={-1 Vi 2 <x<1; (53)
0 néu khic trén,

" Bi€u dién chudi ciia £ trong (52) duge goi 1a chudi séng nho.

Tuong ty v6i khdi niém he s6 Fourier trong [5] hé 56 séng nhd Cix
duge cho bdi

Cj,k = <f, wj,k>' (54)

Nhu vay néu ta xdc dinh mgt phép bign déi tich phan Wy, trén

"L(R) bdi

(Wyf)a, b)=lal E If(x)\p( b]dx feLy(R), (55)

thi hé s6 s6ng nhd trong (52) va (54) trd thanh

=(W f)[—. —‘—J. (56)
1 2

Phép bién ddi tuyén tinh Wy, duge goi 14 phép bien ddi séng nhé
tich phdn d6i v6i séng nhd co sd .

Mot chi ¥ 1y thii 1a trong gidi tich Fourier, phép bién d8i Fourier
va chudi Fourier khong cé méi lién quan co ban, con trong gidi tich
séng nhod phép bi€n déi séng nhd tich phan (55) va chudi séng nhod
(52), 6 mot hé thitc co ban 1a (56).

Trong [55] va tai ligu trich din & d6 di néi 1y thuyét cic todn tir
gid vi phan (mot cch téng qudt 12 todn tir tich phan Fourier) 14 mot
coéng cu todn hoc cyc k¥ manh. Ma céc todn tir gid vi phan duoc
biéu dién bing cdc phép bi&n d6i Fourier (ngugc). O day ta lai thdy
phép bién déi Fourier c6 rit nhidu ¥ nghia vat 1y trong tng dung.

361



Ching han, néu f € Ly(R) dugc xem nhur mét tin hiéu twong tir vGi
ndng luong hitu han dugce xédc dinh bdi chudn Ill, thi phép bién déi
Fourier '

f(@) = (Fi(o) = _[e*"‘“fu)dt

~—G0

cta f biéu thi phd cha tin hiéu £y. Trong phan tich tin hiéu, nhiing

tin hiév twong tu dugc xic dinh irong mién thdi gian va thong tin
phé cla cdc tin hiéu dy duge cho trong mién tdn s6. D€ tién trinh
bay ta thira nhdn cdc tdn s6 &m. Nhu vay cé hai, mién thoi gian va
mién tdn s6 1a ca dudng thang thuc R.

Bjﬁh nghia 10.6.2. M6t ham khéng tdm thudng w € Lo(R) duge

goi 12 mét ham cira s6 néu xw(x) € L,(R). Tam t* va bdn kinh A,
clia ham ctta sé w duge xdc dinh tuong ng nhu sau :

[+.4]

* 1

= x | w(x)1? dx (57)

o0

flw g
® 1/2

va A I(x-t*F w2 dx b . (58)

w =
w13

D¢ rong ciia ham cita sé w duge x4c dinh Ia 2A,,.

Chi ¥ ring beén trén ta da dung tr "séng co s&" nhung chua cé
dinh nghia. Tam coi moét séng nhé truc giao bat ky 1a mét séng co
s&. Trong moi trudmg hop bdt cf mét ham cira s6 séng co s& déu
phai théa min '

ol

j w(x)dx =0 (59)

—ad
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. g"ﬂ,”rl
o,

b

Jgw
g,z

Gia st y 13 mot séng co s& bat ky sao cho ca y 14n phép bién déi

Fourier cha né 13 y déu Ia ham clra s6 v6i cdc thm va ban kinh tuong

inglat, o, Ay, A - Khi d6 phép bién déi séng nh tich phan

(W, F)(b, a)=1al"/2 If(t)\p( b)dt (60)

cha tin hiéu tuong tu f dia phuong héa tin hiéu véi mot "clra s6 thoi
gian"

* ™
[b+at —aA,,,b+at +ad,],

o 5 . * . -
trong d6 tAm cua cira sO nam tai b + at  v&i d6 rong 1a 2alAy,.

Diéu nay duge néi 1a “"dia phvong héa thoi gian” trong phin tich
tin hiéu. M6t phia khic néu dat

N(®) = Yo+ o) ©1)
thi 1 cling 12 mot ham cira s6 v6i tam tai O va bén kinh 12 As vado

dang thifc Parseval phép bi€n déi tich phan séng nhé (60) tré& thanh :

l *
(W, f)(b, a)_a'a j’f(co)e""“ { [m——]]dm (62)

Nhu vay néu bé di phép nhéin vai alal 1% va moét phép gian pha
tuyén tinh cia eibm, dai lugng (W, f)(b, a) ciing cho ta mdt théng tin
dia phuong héa cta phd f(w) cha tin hiéu f(t) v6i "clra s8 tin s8"

* *
a a lIJ a a w
cd dm tai ® /2 véi dé rong ZA{I} /a. Diéu ndy duge goi la "dia

phuong héa tin s6". Tir (60), (62) ta ¢é “cira s6 tdn s6 — thoi gian
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* *
1 o 1
b+at” —aA,, b+at® S LY 63
{b+a ll,b+a +alAl|,]><{a aAW a+aw (63)
cho phan tich tdn s6 thdi gian trong tinh hudng trén.
Bay gi® ta chuyén sang céc cong thitc nguoc.

Mot cong thike bi€u dién moi f € Ly(R) qua (W f)(b, a) duoce goi
12 cong thitc nguge va him (hach) y duge ding trong cong thic &y

dugc goi 13 "déi ngdu” cla séng co s& y. Vi vay trong thuc t€ y c6
thé duge sit dung nhu mét séng co s chi khi cong thitc ngugc
ton tai. : '

Ta s& tim f v6i mét finh huéng ciia W,f nhu sau.
Timfor (Wyfith,a),a,b e R
Gia str

- u@P
Cq,.=J‘ Lol do < (64)

—0

Tinh hitu han cdia Cy han ch€ 16p ham y € L,(R) dugc coi 13

séng co s0. Dic biét néu y ciing phdi 1a mét ham cira s thi y cdn

ofy
thudée L,(R), tic 1a jllp(x)ldx < ® sao cho lTJ la ham lién tuc

-0

trong R, do 46 phai c6 ¥ (0) = 0, ¢6 nghia la
[+ )
Jyeax=0 (65)
-

Vé&i Cy nhu trén, ta cé
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f(x):CL H{(Wwf)(b, a)) {lalr”2 w[X_—tg]}%!g, feLy(R), (66)
Vet a a .

2

Chi ¢ ring v6i cing hach lal™1/2 ["T"b] khéng ké luong lién

hop phic, duge st dung dé xdc dinh ca phép bién ddi séng nhd tich
phan (55) 1&n cong thifc nguge (66), cho nén a cé thé duge goi 1a

"d6i nglu" clia séng co s& y. Di nhién d6i ngdu nay khong phai 12
~ duy nhat.

§7. PHEP BIEN POI SONG NHO TICH PHAN

Trong §6 chiing t6i da gisi thi¢u so lugc vai khéi niém ban d4u
vé séng nhd. Tir day vé sau ta s& chuyén sang vai vén dé dugc
nghién cru gin day. Ddu tién ta nghién ciu phép bign ddi séng nhd
tich phéan trong Lp(Rn), 1 < p < co. Trong [107] da nghién citu phép
bi€n d8i nay trong khéng gian Sobolev H°, tic 12 trong L,. Trong

Lp, khong c6 tich v6 hudng, khéng cé ding thitc Parseval, dé 1a
nhitng khé khin co ban. D€ khic phuc diéu dé ching t6i da sir dung
cdc ham nguyén loai mi, dinh 1y nhing Sobolev, va mét s§ su kién
trong [94]. -

L4

Trude tién ching t6i nhic lai mot s8 didu trong [30, 9, 20, 53,
55, 107] dé tién cho déc gia.
Mot ham w(x) € Ly(R") 12 mot séng nhd gidi tich (analyzing

wavelet) néu phép bién déi Fourier w(&) (xem §3 chuong VI) gidm
dén 0 sao cho

ly(3) 2

n

Ciy) = _‘
R

dE <w. (67)
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Né&u Iltp(x)lz (1+1x )" %dx <o véi mot & dwong ndo dé thi
Rl'l
n
¥ € Li(R™.
Néu mot séng nhé gidi tich y = 0 kha tich thi y dugc goi 1a mot
séng co sd.

Neéu y 12 mot séng co s thi ta ¢6 thé x4dc dinh

' 1
L f(b, dt, 68
yl(b,a)=— TS \/Ial { }‘(l) (68)

trong d6 f e Ly(R"), 1 <p <=, (b, 2) € R" x R°, R® = R\{0}.
va

- 2

Iy(z)!

Ct)=ry [ g (69)

Rrh 1€

R& rang v6i mbi a & R, Lyf(, a) € L(R").

Gidslro € Ll(Rn) sao cho I{p(x)d){ =A . Vdi g > 0 ta xdc dinh
RI'I

¢ nhu sau :
(ps(x)=a'n(p{§] , xeR"

C6 thé khing dinh v6i f € L(R"), 1<p<w,tacé
f* ¢, — Af trong L(R"), (70)
Khi £ = 0, trong d6 ky hiéu * chi tich chip (xem §3 chwong VI).
B4 dé 10.7.1. [20). Gid st f € L(R"), 1 < p <, va phép bién
déi Fourier f ¢6 gid duge chia trong hinh cdu 1E < d. Khi d6 f kha
vi vo han va v&i moi k € N" ta ¢6 ude hrong
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& B

no*fu, <d®neng,
trong dé o :6t:...a§:.lkl=k, +..+Kkq va ILI, 12 chudn trong
L(R™).
Nhur trong [20] ta dua vao cdc ky hiéu sau day :
Giasit p={(u;, -, 1y, U220, i=1,2,..,n
Ham g(z) = gu(z)} = gy, (Z10r Zy), VOi Z € C" (khong gian

phitc n chidu : C" = Cx..xC), dugc goi 1a ham nguyén loai mi,
. lan
b1

né€u g théa man :

i) g 12 ham nguyén theo t4t ca cic bién, titc 12 g khai trién dugc
thianh chuéi liy thira

- k _ ky Lk
g2)= Y azt= Y ag k2 2y
k120 k; 20,i=l,...n

trong d6 a; 12 cic hing s, va chudi liiy thita hoi tu tuyét d6i véi tat
caze C.
il) Ve > 0, A, > 0 sao cho
n
lg(z) < Agexpz(p.j +e)lz;ly, vz e C".
j=1
Ta ky hiéu "((u.p(R")’ 1 < p < o0 14 tép tat ca cac haim nguyén loai
mii |t md véi tr cach 12 ham bién x € R” thi n6 bi chin trong R" va
thuéc Lp(Rn). Trong [20] da chiing minh ring néu f ¢ "’ﬁ;,p(Rn )
1 < p < oo thifcd gid trong A, trong d6

Ap={E & 1< Tpu={(pp., uy)}.
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2
Ry

-b
Ayf(b, )= (y, *Fb)=— | w[‘—)f(t)dt ,
n a
S A g
trong dé

1 t
wa(t)zgn—\p(gj, a=z0.

Ménh dé 10.7.1. Néu f e .4, (R"), l<p<w,
y € Li(R") n Ly(R"), trong d6 q la s§ mii lién hop cita p, va
o y e LiR") AL (R"), thi
FTAYEC)= Ay (@ Na) =a (A, f).2)

‘Chitng minh. Vif e .l(p‘p(Rn), 1< p‘s w, ta cﬁ suppfc:Au. Do
d6 tir B6dé I suyraf e C° va 3*f e L,(R"). Do oy e Ly(R") va
nho bit ding thic Holder dé dang thdy 8%y, *f) tén tai vé6i moi
x e R"va .

A (wy ¥ = (g ¥O0)() = A, (B*F)(..a)

vi '

3 (v *NO =@y, *H=aM(A 4 D). O

Bay gid ta xét vai tinh chat cia phép bién déi séng nhéd trong
Ly(R".

B6 dé sau day 1a m& rong cia BS dé 3.3 trong L.

BG dé 10.7.2. Néu y, ¢ 12 céc séng cosd, f, g e Lp(Rn), l £p<go,
thi ta cé
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] wa(.,a)—Lq,g(.,a)llp <

slaﬁ[nfnpu v @ ”+i|1ug||p 4

Wy T, 00) ”] 2YCa () JI
Chitng minh cta bd dé nay ciing nhu cha He qua ti€p theo khong
c6 gi kho khin, danh cho déc gia.

H¢é qud 10.7.1. N&u y 13 mot song co s, f e Lp(Rn), 1 £p<ow,thi
ILyfll=0 a2y,
Binh Iy 10.7.1. Néu ham v thda min

j(1+ Ix ™2 hy(x) 2 dx < 0, va Itp!(x)dx =0
R" R"

thi v&i méi f W;(R"), trong d6 sp > n > (s — I)p, ta ¢6 ube lugng
243
Iwa(b,a)l£C|a|2 ,
Vi A = s—% v Ly (b, a) duge xdc dinh bdi (68).

Chiing minh. R6 rang y 12 mot séng co s& va ta c6 thé dung todn
tir L,f.
Chii y ring [ (1+1x ) ™22 < oo
RI'I
VIO <A=5- = <1 do bt ding thic Schwartz va nhd gi4 thiét d6i
p

v6i y ta ¢6 ngay _
I(l+|xl))‘ Iy(x)ldx <o .
R" '
Do gia thi€t d6i véi s, p, A ta dugc phép nhing Sobolev
WaR™) <, COMR™),
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oY o

trong dé C'o’JL 13 khong gian Hélder cdc ham .bi chin véi s6 mil A. Vi
vay ta cb
If(x) — f(y)l < Calx — yI™.

Nho gia thiét thiy 2 d6i v6i v suy ra duge

1 1 —ft=b
L, f(b,a)i= \p[ ]f(t)dt
Y 2dcz(ll»') \/IaI" R‘[ a

! : W[t;bjlm)-f(b)lm <

2YCoy) Vial go
Iﬁ(‘;qu lt—bl* dt

< 1 1 I
2Co () flalm RO

LY —
€3 a2t Jrw@iut du. 0

24Cy(w) RO

- Bay gid ta ching minh thém mot s6 sy kién quan trong.

Pinh nghia 10.7.1. [94, tr. 21]. Mot phéan tich da phan giai
(analyse mulrésolution) trong LZ(R“) la mot day ting V;, ) € Z, cic

khéng gian vecto con déng cua Lz(Rn) c6 cdc tinh chét
o X0
n (Vi =0}, | JV; trd mat trong L,(R™
-0 -

2) VfeL,(R"), YjeZ:
fix) e V_] < f(2x) € Vj+1

3) Tén tai ham g(x) € V,, sao cho day g(x — k), k € Z" 12 mot
co s& Riesz clia khong gian V.
Ciing theo [94, tr. 27] tir g ta luén c6 thé tim mét ham ¢ sao cho

day d(x - ), 1 € Z", 1a mot ¢o s& tryc giao cha V,
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ltq‘% ’

BG dé 10.7.3. Néup 0, p « HU(R™, B > 1, thi #*p théa min
cac tinh chat

0= 0% e LyR").

k 2
i Iia ()]

do<owo vai 1l <lkl<p
RP e ”

Chitng minh. RS rang chi ¢6 0 1a ham hing trong H'(R™), s € R.
Cho nén 8%p # 0, 1 < Ikl < B. Ngodi ra vi B — Ikl > O nén
3 p e L, (R"). Cusi cing vi

%) =™ ¥ p()
taco

Ko\ 2 3
Imdm < Jlmlzu‘"“l p() I dw <

oo lo ™ e
_[(1+ lo PYK-/2) 5060y 2 do
o
j’(1+|m|2)ﬁ Ip(@) do =lplf <. O
ar

Binh Iy 10.7.2. Gia st f € . #, p(R Lhlsp<o,vaiyeH (R )
N LyR™ A~ LR, B 2 I, ta cdc ham thie va Ilp(t)dt =1. Ngoai
. Rn
ra &y eLi(R") AL (R") it ra 1a d6i véi mot Ikl {1, 2, ... [B]},
trong dé {PB] 12 phdn nguyén cha B. Khi dé
L5, fC |

ey =0,
a|k|+g~ 2dC2 ( 6kw)

lim
a—0+
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trong d6 k = (ky, ... k). [kl =k + ... + k.

Chitng mink. Theo Bé dé 10.7.3, 3%y la mét séng co sd. Véi
a>0tacd

aan

20Cy(w)

Néuf e . #, (R"), | <p<oviye L,(R™), thi 3 rang

L, f(.-a)= Af(.a).

Ayf(a) =, * D)4 p(RT).
Vi vay tir B8 dé 10.7.1 va Ménh dé 10.7.1. suy ra
H.Laklvf(-’_a) ~ 1
lkl+n/2
SRR SRE

ot =

= LN fCa) - EO N, <

e,y )

G IAC@ TN, (1 Ayf(,a)~FOe My ,R™)

o

trong 46 C la mot hing s6 s6 hang cuéi ciing ddn dén 0 do (70). O

B6 dé sau day s& cdn cho vé sau.
B4 dé 10.7.4. Gia st y 13 mot ham sao cho {§(x - ), 1 € ZH)} 1a
mét co sd tryc giao cla V,. Ngoii ra ¢ thoéa min diéu kién
()l < €A+ Ixhy™
vGi mot s6 nao dé e > 0.

Khi d6 tén tai hai hing s§ C; > C; > 0 sao cho vé6i p € [1, +]
va véi mbi téng hitu han
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fx)= > alDdtx -1
leZ”

ta co
I/p
C il <] D la®P | <C, I,
teZ”

Chitng minh. Ddu tién ta chiing td6 C(¢) := supZIq)(x -Ni<w.
1

That vay
Iq:(x—l)ls—-—c——_
(1+1x ] +E
<C 1 1 1

— . -
A+1xy = YYD (141, g, plHl/n A+(xq =l )

trong dé x = (xy, ..., x ) € R", {=(,....1)e Z".
1 n 1 n

Do d6 chi cdn chiing minh trudmg hop n = 1, nhung trudng hop
nay da dugc ching minh chi tiét trong [73, tr. 310]. Cuéi cing vi
C(¢) < o nén tuong ty nhu & Bé dé 8 trong [94], ta cé thé hoan
thanh chiing minh Bé dé 10.7.4.

Ngoai ra dé chimg minh hai dinh 1y ti€p theo ta sé sir dung cic
Vj(p),j € Z, duge xic dinh trong {115, tr. 31]. Néu ¢ théa min diéu
kién ctia B6 dé 8.7.4 thi ta cé thé coi Vi(p), j € Z nhu 12 mét phan
tich da phan gidi cia L(R"), 1 < p < « theo nghia Ia : néu E; la
phép chiéu tryc giao ciia Ly(R") Ién V; thi v6i moi ham f e L,(R"),

l<p<ow, E;(f) héi tu dén f ca trong Lp(Rn) theo chudn, 1&n hiu
khip noi.

Nha B dé 10.7.4 tuong tv nhr & B dé 8 trong [94, tr. 30] ta s&
chitng minh dugc
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Dinh 1y 10.7.3. Gia skt V;, j € Z la phan tich da phan giai cha
L,(R™. Gia sit ¢ 12 mot ham sao cho {¢p(x — 1), I € Z"} 13 mot co s&
trire giao cua V,, thdéa man

18%9(x) | € Ck)(1+1x 0 (71)

véimoi k € N" sao cho lkl <1 e N vi véi ¢ (k) > 0 nao dé. Khi dé
ton tai hing s6 Csaocho véi l <p<,je Z, f e Vi(pyvalkl <1,
ta duoc

g e, <c2*Vuen, .

Pinh Iy 10.7.4. Gia sl ham thue y € HPR™ A L(R") n LR,
BeR.,pBz1,saocho
Jwodi=t va *yeL, R AL, ®RY)
Rn .
it ra véi mot [kl € {1, 2, ..., [B]}.
Gia st V;, j € Z 1a mot phan tich da gidi thic cia LZ(R“) va

: Yj(p), 1 < p < =, 12 phan tich da gidi thirc cua Lp(Rn), trong dé ham
g tsong Dinh nghia 10.7.1 théa man cidc diéu kién trong Dinh 1y
10.7.3. Khi d6 ta ¢6

Lakwf(-,a) ~ 1
k4n/2

trong L,(R™), 1 < p < =, v6i tit ca céc ham thuc f € Vi(p),j € Z.

Br() (72)

Him
a—0*

Chiing minh. V6i Dinh 1j 10.7.3 15 rang 8f € L,(R"), 1 <p <,

véi tit ca cic f € Vj(p). Do d6 nhu trong ching minh Ménh dé
10.7.1 ta duge

ON[A L E )l = @y, *£) = (y, *35E)) .
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lkl4+-L
a 2 K
L f(.2) =—=—===0"(A,f)..2)
oY 2, @)
nén
L. f(,
L WL L

Sit dung (71) ta s&€ ¢6 (72). O

§8. XAP xi SONG NHO BOI V61 PHUGNG TRINH
GIA VI PHAN

Trong muc nay ching t6i gidi thiéu mét phuong phap xdp xi
séng nhd d6i v6i phuong trinh gia vi phén.
Dinh nghia 10.8.1. Gii sit ¢ € Ly(R"). Him ¢ duge goi 1a ham

loc dugce (refinable) néu né thdéa man phuong trinh loc sau day

e(x)= D apx—k),x € R, (73)
keZ"

trong d6 cdi mang (mask) a = {ay} 1a moét diy cd dinh trong

keZ"
1 (Z™).

Pé nhdn manh su phu thudc viio a clia hAm ¢ d6i kht ta ciing néi
¢ la a - lpc duge. Gia thiét ¢ ¢d gia compac.

Dinh nghia 10.8.2. Mot phép dich chuyén nguyén ham ¢ dugc
goi 14 déc ldp tuyén tinh dai s néu 4nh xa

Ao D Mol -k)
keZ"

la don dnh trong khong gian cdc day phic tri A xdc dinh trén z"
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Chéng han tich tenxo cdc B-spline co ban hay, téng qudt hon,
cdc spline 1ap phuong c6 tinh chit vira néu.

Cé thé chiing minh rang tink déc ldp tuyén tinh dai s& gdy nén
tinh &n dinh theo nghia sau day

i )~ i ZAg @~ )l

L(Z" L,(R")’

trong d6 A ~ B ¢6 nghia 12 tén tai hai hing s6 duong C;, C, sao cho
cdc bat déng thic C;/A < B < C,A thue hién déu twong tng véi tat ca

céc tham bi€n ma A va B phu thuoc, con 1A% =X14, 2.
B{Z")

Bén canh LZ(R") ta dua vao khong gian
&= feLyR): ) If(.—k)leLy(o, 1))
keZ"
RS rang bt ¢t ¢ € Ly(R") c6 gid compact, hay j’ o)1 dx
' kHO1P
gim mil khi Iki — o, ciing thuéc %5 .
Hon nita %5 < Li(R"), nén ¢ lién tuc va tir (108) ta thdy :

-~ ! . s
o) =([ [2 a2 yne2"y), VieN, (74)
j=1

trong dé

a(y) = Z ape 14FK)
keZ"

Do do (T) va tir d6 @ déng nh4t bing 0 néu a(0) < 2" va khi

=a0)= ) a (75)
keZ"
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!
HT" a(27'y) hoéi tu déu trén cdc tap compac trong K, Vi viy
i=1
bit cif nghiém khong tdm thudng nio cta (73) ciing phai théa mian
¢(0)=0. Cho nén, khong mit tinh tdng quit ta cé thé gia thiét
p0) =1 (76)
va ta Iudn ¢6 (75).
Ménh d¢€ sau day d3 duge chitng minh.

Ménh dé 10.8.1. Gia thiét ¢ 12 a ~ loc dugc khi c6 (75), (76).
Khi dé

i) Néu ¢ € Cd(R") va x o(x)e Lj(R") véi v € NI, vl < d, thi
¢ thoa man cdc diéu kién Fix — Strang cédp d, tirc 12
@*)K)=0, lai<d, keZ"\[0} an

iil) Néu g € Cd(Rn) cé pid compact thi tén tai moét s6 thuc duong
p = pla) < 1 va mot hing s6 C chi phu thuéc mang a sao cho
10%p(x) - 8%y <Clx -y P x, y e R", lal = g, (78)
iii) Néu ¢ € Cd(R") vad c6 gid compact thi véi moi P € I'Id(Rn)
(khéng gian cic da thitc c6 cdp cao 1dm 1a d trén R"), tén tai mot da
thic duy nhit Q ¢ Hd(Rn) sac cho

P()= D, Qk)e(x-k), x € R, 79
keZ" '

P-Q eI, ((R").

Nhe& phép bi€n déi Fourier ¢6 thé chitng minh tinh én dinh clia ¢
twong duong véi

(ool = 3 [o@+K)| >0 véi it ci we[o,1P",
keZ" '

377



trong dé doi véi
(f,g):= I f(x)g(x)dx
Rn
ta dinh nghia :
[fel@)= Y f(o+kgo+k)=
keZ"

D, (.~ ke (80)
_ keZ"
Chi 5. 1) Khif, g € %4 thi chudi luong gisc & v€ phai cia (80)
hoéi tu tuyét d6i. _
2) Trong cidc muc tiép thco thuong ta sé gia thiét o 1a loc dwoc,

cé gid compact va thude c? (R"), ngoai ra, phép dich chuyén nguyén
clia ¢ doc 1ap tuyén tinh daj s6.

Ndi tit 12 ¢ théa man Co .

3) C6 thé chiing minh ring tinh doc 14p tuyén tinh clia phép dich
chuyén nguyén ciia mét ham c6 gia compact kéo theo su tén tai mot
phi€m ham F trong mét mién bi chin A sao cho

F(o(. k) = 8oy, k € Z7, (31)

1F(g)] < _[l g(x) Fdx)2 geL,RY,  (82)
A
trong d6 héng s6 ¢ doc 1ap véi g.
Bay gid ta chuyén sang 16p cdc ham tudn hoan, tic 13 ham f thoa
man f(x + k) = f(x), vdi tdt cd k € Z". Ta s& déng nhat ham nay véi
ham trén mot xuyén n — chidu F" = R"/Z". Toén tir tudn hoan héa

[l = Y f(x+k), (83)
keZ®

anh xa %5 vao Ly(F"). Ta s& déng nhét 16p [x] : x + Z" x € R"
véi dai dién clia né 1a x € [0, 1]°. Vi bit cir e .,9? ta xdc dinh
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R
“rg,;

oh=27 0@ k) ke 27, (84)

Véi bt cir him loc duge ¢ € .,%f ta xdc dinh cdc khéng gian
hitu han chiéu

V) := spanfgl :k e ZM}, ‘ (85)
trong dé
™ = 7R,
Do (73) va (84)

. n .
oL =22 Y ale@@™.~2k -1

leZ"
=22 Z ST
meZ"
ta két luan
Vevic.aeVievit c e Ly (86)

Tuong tu véi trudng hop khéng tudn hoan ta c6 thé khing dinh
rang véi cdc gia thiét nhr trén

U vi=LyF™. @87
jeN,

Ta s& ndi day {Vj}jez 1a phdn tich da gidi thirc(multiresolution
analysis) rudn hodan dugc sinh hdi ¢.
Gia sit véi bt cit hai ham tudn hoan u, v
(u, v), = I u(x)m)dx
(017

Chd § riing véi bt cti g € %, u e Ly(F")
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(lgl, w)e = (g, W (88)
saochovai bitcir f, g e _(/2

(If]. [gD), = (f, [g]) = (If], g). (89)
Ménh dé 10.8.2. Gia sirf, g € % théa man

(f.g(.-8) =8¢, EeZ
Khi d6 '

(), 8o =8¢ k 1€ 2™, jeN,.
Téng quat hon, n€u 1 12 mot phiém ham c6 gis compac théa mén

e+ &) =8z, &elZ

MM=2 202+ k), - 0)
thoa man
nkgh=8, kleZ™, jeN
Tur (81), (82) va Ménh dé 10.8.2 ta c6

o

BJ dé 10.8.1. Néu ¢ € C¢ thi véi Fl(v) =2 7 F(v(z‘l( +K))),
trong do F thoa mén (81), (82) ta ¢é

F(o)=6,,, k. TeZ™, (91)
va
1/2
1B (W)l <o j‘ )R dx | (92)
273k +A)

trong d6 ¢ doe 1ap véi j, k va we Vi,
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Bay git ta chuyén sang xét mot l6p phwong trinh gia vi phén
tudn hoan.

Phép bién déi Fourier trén F" thudng duge néi 12 phép bign ddi

Fourier r&i rac ciia mét ham f € Ly (F™), duge xdc dinh bdi
- ~2mi(x,0) .
Q) =Frf@= [e MO ek, € e 2N, (93)

}_-I'I

va nguac lai, do cong thirc phép bign d6i ngugc, f, véi cac gia thiét
vé d6 tron thich hop, 6 thé tim dvoc bing chudi Fourier

f= Y fEe™&Y xer, (94)
EcZ"

Gid sir ¢! = (8;)f chi vecto toa d0 thit j va xéc dink
A=(yy—~-L... 1,— l)T
trong do6
() =f(x +el) .
Dé chi A% tdc dong len bi€n & ta ky higu Af).
Gidstire R, va S'(F") latap tdt cad cic ham o € C*(F" x.Zn)
théa mén -
188A% ), 0(x, DI <Cup(trIEN™, ¥x e F", £ 2", (99)
Ham ¢ € S'(F") duge goi la symbol toan cuc clprtrén F.

V6i e ST (F") cho trude ta xdc dinh todn tir gid vi phan toan

cuc o(x, D) nhu sau :

o(x, Diu(x)= ». "EXo(x, E)u(E), ue C*(F™, (96)
EcZ”
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Symbol clha mét todn tir gid vi phan toin cuc trén "F" dugc
xdc dinh moét cdch duy nhdt bdi mot ham tron thuoc

ST(F™ =[] S(F"). Ta ky hieu ='(F"), p e C, Rep = 1,
reR

la16p cic symbols ¢ e S'(F") ¢6 thé phan tich 6 = o, + o,

trongdé o, €S"(F") v6i moét r; nio dé bé hon r, va

Gy € CP(F" xR"\{0}}. Ta gié thi€t o,(x,0)=1 v o, thuin nh4t
drong bic p, tic 12

O, AL =APo,(x, ), V6i A > 0,E =0,  (97)

ViRep =1, 6, € S(£"). Con 16p céc todn tir gia vi phan c6

dang A = o(x, D) + K, trong d6 o ST(F )EH(F™)), va K duge

cho bai Ku(x) = I k(x, yyu(y)y, véi k € CT(F” xF") (12 todn tir
Fn

1am tron), duge ky higu 13 y (FM ) (F)).

Binh nghia 10.8.3. V6i 6 S (F") toén tir gia vi phin o(x, D)
dugc néi la elliptic n€u 3C, R > 0 sao cho
lo(X,E)I=CIEF , v6i lEI >R, x e F", (98)
Mot vi du don gian va b6 ich clia mét todn tir elliptic Ié‘u todn tir
duge cam sinh béi ham & v <&, &>, £ Z", trong d6, <&, £> = Il
néu § # 0. Ta dat <&> = 1 néu & = 0. Ta ¢ thé dinh nghia cic khong
gian Sobolev H*(F™) vdi s € R nhu sau.
Dinh nghia 10.8.4.

HY(F")={ue? (F"):<D>" ue L2(FY)), (99)
v6i chudn '
1/2
ullg=| Y <&>1u@i?| (100)
EeZ®
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va tich vo hudng
(v = ¥ <E>7 uEvE) (101)
A
Chd y ring H*(F") c6 thé déng nhdt v4i khong gian d6i ngiu
coa H® { F") d6i véi dang nira song tuyén tinh (sesquilinea;) (f, u),-
Pinh If 10.8.1. Gia sit todn tir gia vi phan A € y' (F"). Khi d6
A:H (F") 5> H ' (F")seR, (102)
mot cdch bi chan. - '
Ta s€ giai xdp xi phuong trinh gia vi phén
Au=f _ (103)
tren F* ,véiue B (F"),trongd6 A € y* (F"),Rep=r,fe H (F").

Gia sit cic khong gian V! duoc xdc dinh bdi (85) tuong ing véi
mo6t ham loc duge 6 dinh ¢ nao d6. Ta s& nghién ctu mdt 16p kha
tdng quat cdc luge db s6 hoe d€ gidi (103) dua trén mot ham suy
rong c6 dinh ¢6 gia compac

neH " @), (104)
trong d6 s’ 2 0 thda mén AV ¢ HS‘(}"" ), con I < R" 12 mot mién
¢6 dinh nao d6, nhu khéi 1ap phuong. Nhur vay véi g € H' (R" ta
xéac dinh

_n

(@ =2 2n(gsTc+0), (105)

Khi d6 khong gian

X3 = span {n{( ke z“»i}, (106)
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dugc chifa trong (AVj)', d6i ngiu cla AV Luge d6 Galerkin -
Petrov biy gi&r duge cho béi

nl (Aud) =i, k e Z™ (107)
Néu chon 1 = &(.- w,), tirc 14
nig) : = g(w,), _ (108)

thi ta dugc luge d6 collocation da duge nghién ciu.

Dudi day ta s€ xét tinh 6n dinh cha luge d6 (107) d6i véi todn tix
hé s& hing -

Xét phuong trinh

o(Dju=f (109)
trong d6 6 € C™ (R"\ {0}), 5(0) = 1, Ia thuén nh4t duong bac 1t € C,
Rep =, tic 1a of,n € Z (F") . Ta s& st dung mot ham Ioc duwoc
¢8 dinh va 6n dinh trong H® (R") ¢6 thém mét s6 tinh chat sé néu
khi cin thiét. Ta ky hiéu

ul :=(uf; ke ZM), pl#° (pj z ui(p{ e V.

keZ™

(109) cho ta mét hé tuyén tinh tao nén moét ma trédn ludn hoan

I .= (n) C—(ad _
A= (ak,m )k,me yAN (al'k-mi)k,mezn" (110)
trong dé
al =i (U(D)cpg;),kez” (111)
va [k] := (k-m) mod?). Ta biét rang ma tran don vj
F - (2“‘_]1'],"‘2 e—2ni2hj<k,m>] (1 12)
k.meZ™

chéo héa A, tie 12
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FPAIF = (o Sk.m )i e 20 (113)

trong dé

i T
oy = z ai]'ne' 2mi2 ek, m> (114)
meZ™

Ta s& ky hi¢éu m 12 phép bién d6i Fourier ciia 1 theo nghia ham
suy rong, titc 13 n(9) = n(9), Vo e &
Dink Ii 10.8.2. Gia thiét chudi

() = [c({;ﬁ](m) = Y c(o+m)ee+m)n@+m) (115)

meZ"

hoi tu tuyét d6i véi o e (F". Khi d6 céc gid tri riéng o (114) cé
duge tir luge dé Galerkin Petrov (107) duge cho bai

de=Log=2"a27k), ke 2™ je N, (116)
Chitng minh. Do (84), (88) ta c6
oh(8) =272 g7, £ e 2", (117)

sao cho, do (96)

(Ap)) ) =272 3 a@)p g (118
EcZ"

Nha (111), (90) va (118) ta duge
al = 272 nael @7 + )

— 2—nj Z O_(é){b(z—j é)62ni2_*¢k.§} n (CZﬂi2_1<..E_,>)
EeZ”

27 Y oo inne iyt ke (119
Ee2"
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Sir dung tinh thudn nhat cia o € £ (F"), (119) va (114)

—nj ~ T i i
oy =2 nj Z z S(E)p(2 jé)n(z Ja)CZmZ <m,&> eZmZ <m,k>
meZ™\ EcZ”
Nho gia thiét ta ¢6 thé hodn vi phép cong trong tdng kép bén trén
sao cho hé thic tryc giao

z 22 em kB> 2% n&u & =k + 2E véi £ € Z°
0 néu khic

meZ"™

chota

a =2% Y o+ 27keE+27 mE + 27Kk). O
EeZ" _

Ham o duge xdc dinh bdi (115) dugc ndi 1a symbol 56 cia
phuong phdp xdp xi (107)

Bay gid ta dua vio khong gian Sobolev rdi rac va chudn Sobolev
o rac. '

Gia st 6(w) 12 symbol cla todn 1l sai phan phia trudc A, titc la
thanh phén thit ! clia 8(w) duoc cho bdi

0, (@) = 2™ 1 O (120)
Ta xdc dinh
. 1 néuw=0
Aiw) = 5 (121)
18(m) ¥ néu @ e F" \ {0}
Dt AN = F (diag (29 AS(2TIV))F, (122)
titc 12

(As‘j)k,m = 2—nj Z zjs A’ (2—j V)GZni2_j<k—m,v>

veZ™
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Ta xdc dinh chuén

“uj ~ |Asi o iec?” (123)

S j VAN

Dinh nghia 10.8.5. Khong gian C? dugc trang bi chudn ILll,,
duge ki hieu 1a h° (Z™). Khong gian h* (Z™) duoc néi la khong

gian Sobolev réi rac va “‘“s,j dugc néi 1a chudn Sobolev roi rac.
Ta lai ding ki hiéu v'(g) := Inf (&)} . 7o.

Chii § ring 17 (A (& *°¢%)) = Alw). Ta ¢6 thé dinh nghia tinh én
dinh ciia hnge dé (107) nhu sau

Dinh nghia 10.8.6. Lugc do (107) duge néi 1a (s, r) — én dinh,
néu tén tai mot hing s6 duong ¢ sao cho ta cé

nal vl j=c ||uJ|| : (124)

véi tdt ca o' e h® (Z™), déu theo | € No.

D€ thuan tién trong viéc thiét 1ap tinh (s, —r) — 8n dinh d6i véi
luge d6 (107) ta dua thém dinh nghia.

BPinh nghia 10.8.7. Bo ba (o, ¢, n) dugc ndi 1A thiu nhdn
duge, néu

i) chudi (115) hoi tu tuyét déi va
11) né€u
C10E+ @ NE+ @) =000l ), ®— 0 (125)
déu theo & € Z'\{0}, trong d6 r 1a bac cia .
Chit y. Néu n*p e c? (RY ciing loc dwge va | x @ M*e}x) e LI(Rn)
thi do Ménh dé 10.8.1 3*¢ thoa min cic diéu kién Fix—Strang cip
d'. Do d6 ¢6 (125) véi r < d'. Ngoai ra néu ¢ thoa man didu kien €
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sao cho @ € HY(R"™) vdi s < d + p(a) thi tir (77) va do (’f) nguyén, ta
c6 thé khing dinh b6 ba (<.>2, ¢, ¢) 14 thira nhan dvoc.

Ménh dé sau day cho ta quan hé gita khong gian Sobolev réi rac,
lién tuc va (124).

Ménh dé 10.8.3. Gia thiét véi o € H'(R™, b6 ba (<E>>°, 0, @)
thira nhan dvgce va ¢ 6n dinh. Khi 46

40 @it ~ Il o e €2 (126)

5)
déu theo j € N,,.
Thém mot dinh nghia cin thiét.

Dinh nghia 10.8.8. Symbol s6 o clla mQt todn tlr gia vi phin
thudn nhat cidp r duge néi ia elliptic n€u tén tai mot hing s6 ¢ > 0
sao cho '

o)l S

inf Zc. (127)
o e F N0 0@ If '

Bay gid ta 6 thé chitng minh dinh 1§ quan trong sau day.

Dinh Ii 10.8.3. Néu ¢ € H' (#") va (o, ¢, 1) 12 thira nhan dvoc
thi lvoc d6 Galerkin - Petrov tuong iing 12 (s, r) - 6n dinh néu v
chi néu symbol s& twong dng 14 eliptic.

-

Ching minh. Do (123)

NATw i =N AS T AT AT W

S—l',j !Z{Z"'j) 1
trortg do vl = A% ul. Cha y ring gi tri riéng clla ma trin
(A-“*ij Aj A'-“‘j) * (A-‘;“f»j Aj A—S»i)

dirge cho boi B, = 1 va
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‘eg,

. . . ) .2 .
By = ‘2”(1 QAT QT2 ke 20 (128)

R& rang cdc gid tri riéng (128) bi chan duéi déu bdi mot hing s
duong néu va chi néu symbol s6 a(w) la elliptic. Do dé
(129)

> C v

LZ™y

ASTTAI AT

n@E™)’
ching 6 tinh elliptic cla symbol s& kéo theo tinh (s, r) - én dinh.

Nguge lai, gia thi o khong elliptic. Khi d6 t6n tai mét diy
{kj}jeNﬂv k; e Z™ sao cho )

- : =T
2@ RIK[ 0w (130)
Chi § ring
2mi<k;, 2 0k>
]

J._o-in/2 _
v .—2 ( )kEZn"I‘

12 vecto riéng chudn héa \mg véi gid tri riéng By; duge cho boi
(128), (130).
Dt
w = AR,
ta s€ thu dugc
BTN TR TN _
L=l =0Vl g,
=i Al ATSIVI L e
<cllA Al Ay "IZ(Z“'J) =c Bkj (131)
Do (130) ta thiy Bkj—’ 0,j > oo, trai v&i (131). G
Dsi véi trudng hop tdng quét khi symbol bién thién vaéi nguyén

1y c& dinh hé s6 thong thudng c6 thé thu duge mot dinh Iy trong tu
dinh 1y 10.8.3.
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Chuong XI
GIAI XAP XI PHUONG TRINH TOAN TUCf

Trong chuong nay ta s& st dung phuong phédp lip 4n, phuong
phép diéu chinh Tikhonov, phuong phip khong khép d€ giai gin
ding mot s& 16p phuong trinh todn tlr, mot s6 16p bat ding thic bién
phan. Cic toan tir duge nghién citu ¢é thé 1a tuyén tinh, phi tuyén,
compact, khong compact, don tri, da tri. Cic khong gian dugc sir
dung c6 thé 1a khong gian Banach, khéng gian metric, khong gian
vecto t6p6 161 dia phuong. Day 13 cdc két qua nghién citu di duge
_ cobng bd trong [42, 43, 58, 86, 97, 87].

§1. PHEP LAP AN. TOAN TUr CO PAC (condensing)

Trong muc nay ta s& nghién cfu 16p phuong trinh
X = T(x, x}, (1)
va cich giai xap xi bang mot phuong phép lap 4n. _

R& rang phuong trinh nay chita phuong trinh x = T(x) 12 mot
trudng hop dic biét. Nhu trén da thdy d6i véi phuong trinh to4n ti,
d€ nghién ciru x4p xi, phép lap hién Picard thudng duoc sit dung. O
day mot phép lip 4n

Xy = T(xg, Xg_1) (2)
s& dugc ding d€ giai x4p xi phwong trinh (1). Chi § ridng phép lap
4n nay da phdt trién phép lap clia Sokolov trong [112]. Phép lap 4n
nhiéu khi ¢6 hiéu lyc hon phép lap hién. Chiing t6i s& néu vi du
ching 16 c6 trudng hop phép lap hien khong hoi tu nhung phép lap
in hoi tu.

Chiing t6i s& chiing minh mot dinh 1y mé rong dinh 1y Edelstein
vé diém bt dong d6i véi todn th khong gidn, vi s&é chimg minh dinh
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Iy vé& su hoi tu cia phép lap 4n déi v6i mot 16p todn tir ¢6 dic
(condensing) rong va ly thi hon nhiéu. Day 1a nhing két qua da
cong bé trong [42, 43). :

1. Pinh 1y diém bat dong Edelstein m& rong

Dinh li 11.1.1. Gia sit D 13 mot tap con déng, bi chan cla khong
gian chudn X, T 1 todn tir lién tyc tir D x D vao D, thoa man diéu
kién khéng gidn sau :

<maxf{llx—zlllly—til,néu(x,y)=(zt)
1 T(x,y) — T(z,0) 1l vix#yhayz#t (3)
<lilx —zll=ly—tlhhnfux=yvaz=t

d&i véi tdt ca x, y, z, t € D. Hon nita ta gia thiét rang hodc D la
compact hoic T 4nh xa D x D vao t4p con compact cia D.

Khi dé phuong trinh (1) c6 nghiém trén D.’Ngoai ra moi phuong
trinh X, = T(x,,, X,—1) c6 nghiém X, duy nhit, n = 1, va ddy {x,} dugec
x4c dinh nhu vy hoi tu dén nghiém cta (1) d6i v6i moi x, € D.

Chiing minh. DGi véi v € D c6 dinh bt ky, gid sit T,(x) = T(X, v).

Tir (3) ta ¢6 thé thiy ring todn tt T, : D — D 1a khéng gidn ngét,
nghia 12

NTAx) - T <lix —yll, Vx,y e D, x #y. 4)

Ngoai ra, T (D) Ia tdp compact trong trudng hop T(D, D) la
compact. Do d6 theo dinh 1y Edelstein [77] chi t6n tai mot diém bt

dong x cia T, vdi x = T,(x) = T(x, v). Nhu vay x, = T(x,, Xp-1)
c6 nghiém x,, duy nhat d6i v6i x, € Dc8dinh tuy y,n 2= 1.
Diat a, = |[Xp41 — Xq|. Néu d6i v6i mét s6 m ndo d6, Xp41 = Xp,

thi x, 12 nghiém ciia (1). Gia sif X, # X, Ym. Khi d6
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ap = IT(Xpeqs X5) = T(xp, Xl
<max {[xp41 = Xg . [%n — Xai} = max{a,, a,_;},

do d6 a, < an_l,' vl vay a; — a, 2 0. Tir tinh compact cha D (hay
T(D, D)) ton tai cdc diy con cita {x,} hoitu:

Xni — U, xl'l,"!‘l - u;, Xni_] —> U_j.

Neu 2, > 0 thi a, = lima,, = lim]jx
1 ]

ot = Xn,| = Juy -],
mat khac :

fos = ] = [T, w T, w_pf <o o -, Ju - ]
do dé

for = o <fo - u_y] = tim
’ 1

Xp = Kp, | " = lima,, = a,,
1

di¢u nay méu thudn. Vay a, = 0 va u; = u_; = u la nghiém cua
x = T(x, x).

Bay gid lai tir diéu kien (3) 15 rang ring
Hxy = ull < llx—y — ull,

suy ra ring lim ||xIl - u" t6n tai. Via, = 0, ta c¢6 lim
n 1

Xn, — u|| =0
lim|x, - u|| = 0.
n

Chi 3 1. Khong khé khan gi thdy ring néu véi cdc gia thi€t ciia
dinh 1y 11.1.1 ta ding phép lap Picard d6i v6i T (x) = T(x,x) (di
duge M. Edelstein [77], L. P. Belluce va W.A. Kirk [90], F.E.
Browder [50], W.V. Petryshyn va T. E. Williamson [105] nghién ciru)
thi ta khong thé khing dinh sy t6n tai nghiém ciia phuong trinh (1)
hodc nghiém x4p xi cla ching.
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Tuong tw nhu dinh 1i 11.1.1 ta cé

Binh Ii 11.1.2. Gia sir D 14 tap con déng, bt chan cua khéng gian
metric (X, d), g(., .) 12 mét ham tir D x D vao (0, =) cé cic
tinh chat : :

1) g(x,y) =0 n€uvachinfux=y,Vx,y € D,
2} g 1a ham lién tuc theo cdp (x, y),
3) Néu g(x, y) > 0 thid(x, y) = 0.
Gid st T la todn tir tir D x D vao D théa min diéu kién
khong gian :
< max {g(x,2), g(y.0)}, néu (x, y) # (z, t)

g(T(x,y), T(z, 1)) vax #yhayz # t (5)
<gx,z)=gy,t)h,nux=yvaz=t

d6i véi tht ca x, y, z, t € D. Hon nifa ta gia thiét ring hoac D la
compact hodc T 4nh xa D x D vao tap con compact ciia D.

Khi d6 két luén cia dinh 1y 11.1.1 vin con diing.

Cha y 2. Ham g khéng cdn 12 mét metric. That vay, g c6 thé
khong théa man bat ding thitc tam gidc, hay tham chi khéng thoa
min dong nhat thic g(x, y) = g(y, x).

., 2 :

Vidu :g(x,y)=(x-y) hay g(x,y) = lexp(x —y) - 1], -

D=[0,1] cR.

Hé qud 11.1.1. Gid sit T = U + S, trong d6 U va S 1a céc toan tir
tir D vao D, D 12 mét tap con cha khong gian metric tuyén tinh X,
sao cho T(x, y) = U(x) + S(y) thoéa mén diéu kién (5) véi g(.,.) ciia

dinh 1i 11.1.2. Gia thiét thém ring hoac D 13 compact hoac D la
doéng, bi chin va U, S la compact.
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Khi dé T cé diém bit déng trén D. Ngoai ra, cic di€ém bdt déng
cta T dugc x4p xi bdi phuong phap chiéu lap.

2. Toan tir ¢6 dac (condensing)

Trong muc ndy ta sé xét nhirng trudng hop téng quat hon, khi T
12 todn ti khong gidn va c6 dic. B. N. Sadovsky [109] ddu tién di
dua vao khdi niém todn ti¥ c¢6 dic vdi do do cdu khong compact
() cia mot tap Q (x (Q) = 0 khi va chi khi Q la compact) va sau
dé M.Furi va A.Vignoli [79] v6i do do tip khong compact y(£2)
{(dinh nghia, su khdc nhau va cdc tinh chit chung giita hai d¢ do 4y
c6 thé tim trong [109], [104]).

Véi nhiing lap ludn sau niy cla chiing toi d6i vdi todn tr ¢6 dac,
mot trong hai d6 do néi trén déu sir dung duge. Vi vy chiing toi chi
su dung d¢ do y. W.V. Petryshyn trong [104] da chimg minh sy héi
tu ciia mo6t xdp xi lién ti€p dén diém bét dong ciia mot dnh xa khong
gidn ngit (hoic khéng gidn, néu X 12 16i ngit) va y — co dic. O day
ta s€ xét todn to T : D x D — D va s& khéng diing phép lip don ma
ding phép lap 4n.

Pinh I 11.1.3, Gia st D 132 mét tap con 16i, déng, bi chin cia
khéng gian Banach X. Gia thiét réing todn t&f T : D x D — D thoa
min diéu kién khong gifin (3) va cdc diéu kién c6 dac (condensing)

y(T(U, U)) < y(U), d6i v4i mbi U clia D ma y(U) > 0, (6)
Y(T(U, x)) < ¥(U), M
461 v&i mbi U cia D ma y(U) > 0 vi méi diém x trén D.
Khi d6 moi phwong trinh x, = T(x,, X,~1) ¢6 nghiém x, duy
nhét, n > 1, va day {x;} duoc xdc dinh nhu vay hoi tu dén nghiém
cua (1) 461 véi x, € D bat ky.
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Chitng minh. D61 véi v € D c6 dinh bat ky, do (3) va (4) ta thdy
rang todn tr T, : D — D, trong dé T,(x) = T(x, v), 12 khéng gian
ngidt vad y-condensing. Do d6 nghiém duy nhét cia phuong trinh
X = T, (;) suy tr [109].

Dé kiém tra sy hoi ty ctia day {x,} dén nghiém cba (1) chi c4n
chi ra tinh compact cba né6 rdi dp dung dinh 1i 11.1.1 vao phén cuéi

cla ching minh. Gia sir y ({xn}:) >0 vadat C= {xn' }cl‘0 T (6) va

(7) va tir cdce tinh chét ciia dodoytacd:
({xa) = 7© = v{{T0x0 %000} )
<7y (T({xn};o . {xn_]}T)) :y(T(C..C) U T(C,x,))
= max {y(T(C,0)}, ¥(T (C, x,))} < ¥(C),

diéu ndy mau thuéin, vay v [{x V=0 nite {x,} 12 tdp compact. [
nfy n P

Bay gid ta xét todn tir c6 dac khong gidn trong khéng gian
Banach 16i déu, trong dé diéu kién ddi véi T trong dinh 1y 11.1.3 ¢6
thé gidm nhe.

Dinh li 11.1.4, Gia st D la mét tap con 16i, déng, bi chan cia
khéng gian Banach 16i déu X, T 1a toin tir lién tuc tit D x D vao D
thda min cac diéu kién : :

max {fx - |, |

L S I

) )
Slx -2 =y -1

|Tx, y) — T(z, 0)| {

déivéitdtcax,y,z,t € D.

Y(T(U, V)) <max {y(U), y(V)} (9)
d6i véi cdc tap con U, V clia D sao cho y(LAV) > 0.
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Khi dé ton tai cic s6 A, 0<a<i,<b<1,n2 1, trongdéa,b

Ia cdc hing s6, sao cho day {x,} duge xdc dinh bdi

Xy = Ag Xy + (1= Ag) Xn, (10)
trong d6 Xp = T(;n. Xg—1), hoi tu d&n nghiém ciha (1) do6i véi
Xo€ D bat ky.

Chitng minh. V6i v € D 1a diém bat ky, todn t& T, : D » D 1a
khong gidn ngat suy tir (8) va chd ¥ tir (9) suy ra (7), do d6 T, la
y— condensing, xn duoc xdc dinh duy nhit béi Xp-1-

Bay gid ta s& chi ra s8 A, ton tai sao cho Xn # X V0, m. DGi
v6in 2 1 bit ky ta c6 thé chon 56 A, € (a, b) sao cho A, < A, vd
X, # ;m, Ym=1,2,...n-1 ticla ;n # X, Vm > n. Nhu trong
chitng minh cta dinh 1y 11.1.1 ta ¢6 thé gia s ring ;n * Xp—|»
V¥n 2 1. Sir dung tinh 16i déu caa X va dinh 1y F. Browder [50] din

dén T ¢6 cdc nghiém trén D. Gia sir p 12 mot trong nhitng nghiém
d6. Tir (6) va tir tinh 16i ngat clia X d6i vdin = 1 bat ky 1a c6

Xy = pll = IT(X 5, Xg1) = T(p, PHI < X,y — pll (11)

Hx, — pll = 1A (X, —P) + (1 = A ) ;n - pll <lix,—; —~ pll.

Dodélix, —pll<lix,—; —pll<lix, —pl,m=0,1,..,n-2,

suy ra
;n #Xpmm=0,1,..,n- 1L

Ngoaira ;n # X, ta cé ;n # X VI, m.

By gio ta ching td cdc tap | ;n} va {x,} 1a cdc tap compact.
Trude tién chi ¢ ring day {4} hoi tu d&€n & € [a, b] ndo dé vi
Ag € Ay—1- Do dé '
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YU AXn—1 D) <y Ry = Mxp— D + v Ax oy b

=v({Ax, 1) = Ay({x, D).
Tuong ty ta cé;

YU =A%, D<= Ay x 1)
Do dé

Y0 13) = V(X0 I) = V(T hgpey + (1 = A K0}
YU Agxp D) + YU = A x )
<M x, 45 + (1 = My(xa ).

Nhu vay Y({x, D) < 7({ x, ).

Mot mat khic néu Ign} khéng phai 1a tdp compact, tidc la
¥(I x 1) > 0, khi d6 theo (9)

Y X0 1) = YU T(X py xp- DD < VT X b (201D
<max {y({ x, 1), ¥({x, D} < v X, )),
diéu nay mau thudn. Do d6 y({ x,}) = 0 va do d6 y({x,}) = 0.
Nhur vay ca {;n} va {x,} 1a compact.
Dé dang thiy ring ton tai mot diy con chi s6 n; sao cho

Xn, =W Xp._j => Uy, Xn, > u, Ay = Akhii— .

Tu(10)tacé  u=Au_;+(I—A)uva u="T(u,u,).
Ta sé chiing td ring u = u_; = u.

Gia st nguoe lai u = u_y, khi d6 tir (11) ta 6
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Hu - ptl < llu_; - pll = lim 1 xp, = pll =lim llx, ~p1
= liimllxnl, —-pll=ku-pl
Do tinh 18i chat
Il — pil = IA(u_; — p}+ (1 - x)(E - p) i< llu_y — pll = llu — pll,

diéu nay mau thuin, vay U= u_; = u la nghiém cia (1).

Cuéi ciing thay vi p ta 1dy u ta thu duge

lirl]'nll)(n —ull=limllx, —ult=0.
L

3. Vi du

Vidu |. Gidsirtaxéttap D = [0, 1] va
+y \
2
khong khé khan gl chi ra todn tir T thdéa man (4t ca cac diéu kién
cia dinh 1y 11.1.1. Chd ¢ T khong 12 todn tir co.

T(x, y) = sin X

. - T Ty
2' G D a f \ = —
Vidu2 GidstD=Ip. 1 <p<o. T(x.y) = e —

trong d6 x = (X, X3, ...) = 1x = (0, Xy, X5, ...), X € Ip. Khong ¢6
gi kho khan ta thdy ring v6i phdn ti thy ¥ X, = (X1, Xg2» ), Xop # 0,
day dugc xac dinh bdi

Xn = T(Xp, Xp—y)
héi tu dé€n O khi n — <o, nhung ddy duge xay dung boi

X = T(Xp-ps Xp-1)
thi khéng hoi tu.

398



o
]
&

>es

(-4
"‘6‘

§2. PHUGNG PHAP DIEU CHINH.
BAI TOAN BIEN PHAN DA TRI PHI TUYEN
Bén canh phuong phdp khong khdp, phuong phip diéu chinh
ciing 12 mot phuong phap rdt ¢6 hieu luc dé giai xap xi cdc phuong
trinh todn tir, cdc bat ding thitc bién phan, ta bién phén, dic biét la

phuong phép diéu chinh Tikhonov [28]. Phuong phédp nay dang dugce
hoan thién trong cic cong trinh méi day {12].

Du6i day 12 noi dung trong cong trinh [58], [97).

1. Bai toan

Gia slr X 1a khong gian Banach thuc, phan xa, X" 1a khong gian
lien hop cha X, A 1a mét todn tir phi tuyén don digu hemi lién tuc
tdc dung tir X vao X*, f 1a mot ham s8 nira lién tuc dudi tir X vio
(=, + 0], f # +oo va D la mot tap con 18i déng cila mién xdc dinh
D(A) cia A, y, 12 mot phdn tlr cho truée trong X"

Ta xét bai todn sau day :

Tim x, € D sao cho

(AXy — Vo X — Xp) 2 f(x) — f(x), ¥x € D, (12)

trong dé (x*, x) 1a gid tri cla X tai di€ém x e X. Ta ky hiéu tap céc
nghi¢m x, cha bai todn nay l1a U,. Lép cdc bit ding thitc vira néu
thudng duge goi 1a bdt ding thiic bién phan phi tuyén chia cic
phuong trinh todn tir don diéu, cdc bai todn bién phan trén céc tap

16i, cdc bdt déng thirc todn tir don diéu trén cic tap 16i, v.v... lam
trudng hop dac biét.

Gia thi€t d6i v6i todn tir chinh xac A va phdn tlr cho trude y, tap
U, cdc nghiém cta (12) la khdc réng. Ta s€ tim nghiém xdp xi clia
nghiém x, € U, khi dugc cho x4dp xi yg € X va Ay : D(A) - x"

vii cdc diéu kién :
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llys — y !l < 8, va lIApx — Axll < hg (IxI), Vx € D{A),  (13)

trong do g(1) la ham cho trudc thuc, lién tuc, khéng 4m va tang
khong nhanh hon mét ham tuyén tinh ¢d dinh, téc 13 tén tai cic s6
M, N > 0 sao cho

0<g(t)<Mt+N,vt=>0.

Ta ciing sé nghién ciu tink 6n dinh ciia (12) khi ¢ nhiéu (13)
bang phuong phap diéu chinh Tikhonov.

Céc nha todn hoc Liskovetz [13]. Nguyén Van Kinh, va tic gia
thit nhit quyén sdch nay [58] v.v... ciing dd nghién cifu bai todn (12)
khi f = 0. Bai todn (12) cing dugc gido su ndi tiéng F. E. Browderr
nghién ciu ngay tir gitta thap ky bay muai trong [45] nhung véi
nhitng phuong phap va k&t qua khidc v&i cdc tic gid néu trén. Nhitng
két qua dua vao dudi diy la nhitng két qua dd cong bd trong
[58] [97].

2. Bai toan diéu chinh vdi tham bién bé. Truong hop g(t) = 1

O day gia thiét X 1a khéng gian Banach thuce, phan xa c6 cdc tinh
chit sau day:

Tén tai mot dnh xa don diéu hemi lién tuc U tir X vio X" 4nh Xa
cic tap gidi noi trong X thanh cac tap gidi ndi trong X" va sao cho:
(Ux, x —x{)

T — + o khi x|l = +oo;
x

1) véi mbi x| € X,
2) néu {x,} la ddy bi chan trong X, x € X vit néu
{(Ux, — Ux, x, — x) —» 0 thi {x,} héi tu manh dén x trong X.

Chi ¥ ring n€u X I khong gian 16i déu, X' 16i ngat thi 4nh xa
dGi nglu tir X vao X" ¢6 céc tinh chét vira néu 171.
Diéu kién (13) bay gig 1

Hlys — yoll S 0 va llApx — Axll £ h, ¥x € D(A), (14)
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va bai todn diéu chinh véi tham bién bé doi véi (12) la
X €D
(Apx, + aUx, - Yoo X — Xo) 2 f(Xe ) —f(x) — ellx—x, Il, ¥xeD, (i5)
ga>0

Ta ky hiéu tap tdt ca cic nghiém x,, cita (15) 12 U3, A= (g, h, 8).

Hai b6 dé sau day s& cdn d€ chitng minh c4c dinh 1y ti€p sau.

B& dé 11.2.1. [45] Gia sit A 12 mét todn tir hemi lién tuc tir mot
mién 16i D(A) trong X vao X vafla mot ham s6 16i tr X vao
(-0, ] v6i f # + co. Diéu kién da dé phén tir x, € D(A) 12 nghiém
ciia hé bat dang thirc

(Ax, — 0, x — Xg) 2 f(x,) — f(x), ¥x € D(A)
la phdn tir x,, 12 nghiém cia he cdc bat dang thiic
(Ax - o, x = x) = f(x,) - f(x), Vx € D(A})

Néu T con 13 don diéu thi hai hé cic bit ding thic néi trén
wrong duong.

Bé dé 11.2.2. [13] Gia sit g(t) 12 mot ham s6 thire lién tuc, A la
m@t toan tir tir mot tap con 18i D(A) trong X vao X" hemi lign tuc tai
Xq € D(A) va € 1a moét s6 thuc cd dinh.

Néu (Ax — o, x — x,) 2 gg(lixNx — x I, ¥x € D{A)
thi (Axg — ©, x — x5} > eg(llxiDlix — xll, ¥x € D(A).

Dinh 1y sau day khing dinh su tén tai nghiém ciia (15).

Dinh Iy 11.2.1. Véi cic gia thiét dd néu. Néu ¢ > h thi U% #¢.

Chitng minh. Ta s& chiing minh bAt dang thitc bi€n phan sau day

(Ax, + alUx, — y5. X — X,) 2 f(xy) — f(x), VX € D(A) (16)
¢6 nghiém.
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Vif # +oo v U, # ¢ nén tén tai phén tir x; € D sao cho f(x) < + .
Do tinh chét 1) ciia 4nh xa U néu trong phdn ddu, nén t6n tai mot
ham s6 thuc khéng 4m y(t) ma y(t) - +w khi t > + sao cho

(Ux, x = x;) 2 y(IIxt) fIxll, ¥x € X a7

Vi ham s6 f nira lién tuc dudi va 16i nén t6n tai mot s6 thuec cd
dinh k > 0 sao cho

f(x) 2 — klIxll + £(0), ¥'x € X sy
S dung tinh don diéu cha A
(AX, X = x1) = (AX — Axq, X =~ x1) + (Axy, x — x;) 2 HlAxllix - (19
Do (16), (17), (18)

(AX + allx, x - x;) + f(x) = [y(Ixl) — DAx, I — k]ix|l - HAx ltx 3 + £(0),
kéo theo

(Ax+alUx, x—x1)+f(x)
Hx
Trong trudong hop D khong bi chin, do (9) va do tinh don digu
cia dnh xa A + aU, sir dung [52], ta thdy (5) c6 nghiém.

— 4o khi lIxll &> +o (20)

Trong trudng hop D bi chan (5) ¢6 nghiém 1a do [96]
Nhu vay (16) ¢6 nghié¢m thudc D.

Béay gid ta s€ chimg t6 méi nghiém x, cla (16) 12 mdt nghiém
caa (15). ,

That vay, rd rang ta
(ApXy + aUxg — ¥5, X = x3) = (ApX, — AX,, X — Xg) + (Ax, +
alxy —y5, X —Xxy) 2
>~ HApx, — Axglitx — x Il + f(x.) — f(x) 2

2 —ellx = xll + f(x,) —If(x). Vx e D.
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Nhu vay x, 12 mot nghiém cla (4) tite 13 U§ # &, &
Khi D khong bi chan, dinh 1y sau déiy sé cho ta tinh bi chin déu

ciia ho céc tap US .

Dinh Iy 11.2.2. V6i cic gia thiét cua dinh 1y 11.2.1. néu

E+D 48 _ K (hing s6) thi ho cic tap US bi chan déu.

Chitng minh. Vi € > h nén U% # ¢ véi tdt cd A, a (dinh ly

10.8.1). V6i méi A, a, gia st x§ 12 mot phdn tir thy ¥ trong U%. RS
ring la

(A X3 +aUxi —ys, x ~ x3) 2 f(x3)-f(x)-ellx-xZ I, Vx e D
dods
hitx — x3 1+ 8llx — x§ 1+ (AxE -y x— x3)+a(Ux3,x - x3)2
2 f(x3)— f(x) —¢llx — x5, vx € D @D
Néu x € U thi
(AxE -y, x - x%) < f(x%) - f(x).
Trong b4t dang thiic (10) thay x bing x; € U, s& ¢6

£+h+
grh+d lx; — x3 112 (Ux%, x§ —x), Vx3 e Uy,

do dd
Kilxzy — xll 2 (Ux}, x3 —x1), ¥xa € Ugz.

Vi K khong phu thudc vao €, h, 8, o nén véi tinh chat 1) cha dnh
xa U néu trong phin ddu muc (2, §2) ta khang dinh dugc cic tap

U% bi chan déu.
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Hai dinh 1y ti€p theo cho ta tinh én dinh cia bat dang thifc bién
phén (12) véi nhiéu (14).

Dinh Iy 11.2.3. Vé1i cic gia thiét cua dinh 1y 11.2.2. day cdc tap
{UR 1 B - hoi tu y&u dén U, khi a0 — 0.

Ching minh. Trong méi U} gia st x5 12 mot phan tir tiy y. Nha-

dinh 1y 11.2.2 diy (x$ } bi chan déu. Do d6 t6n tai mot day con
{x8 } cha day [ x% } hoi t yéu dén x, € D (D 12 mot tap 16i déng
v xj € D). Ta s& chimg td x, € U,

Trong bt dang thiic (21) thay x% bing XDA va sit dung tinh don
diéu cia todn tir A va clia 4nh xa U ta thu duge

(€ +h+8)Ix— xh I+ (Ax —yo, x - x8 ) 2 0x8 )~ 1x) + B(UK, 18 - x),
vx € D (22)

e e el .. . E+h+8
Vi f nira lién tuc dudi va

< K (hing s6) néncho § - 0

trong (21) ta c6

- (AX = ¥4, X — Xg) 2 f(x,) - f(x), Vx € D.
Do b6 dé 11.2.1

(Axg = Yo X — Xp) 2 f(x,) — f(x), ¥x € D.
Nhu vay x, € U, va { U} } B-hoi tu y&u dén U, khi o — 0.0
Bay git ta dua thém ky hiéu

U; = x5 € Uy 1 (Uxg, x — xo.) 20,Vx, e Uyl

Do tinh coerciv clia 4nh xa U trén tap 16i dng U, nén tap U; = O,
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£+h+8

Dinh Iy 11.2.4. Néu € > h. — 0, o — 0 thi day { U% )

B-hdi ty manh dén U; .

e+h+8 €+h+d

Chitng minh. Vi ~> 0 nén

c6 thé dh nho vi ta

da thdy cdc tap U} bi chan déu (dinh 1y 11.2.2). V6i mbi U% 14y
mot phén tir tty ¥ x3 . Vi X la khong gian phan xa nén t6n tai diy
con { xﬁ } cia day { x3 } hoi tu y&u dén x; € Dkhi 8 — 0. Ngoai ra
x; € U,. Do (21) nén '

8+E+8 x— xR0 > U, <8 —x)2Ux, <8 - x), vx e U, 23)

E+h+d

Trong (23) cho B - 0, — 0 ta duge

(Ux, x; - x)20,Vx e U,
(Ux;,x,-x)<0,¥x e U,
Nhur vay x,; € UE.
Sir dung tinh don diéu cta 4nh xa U, thay x bing X| trong (23)

S€ cO ;
+h+d
& B IIx; - xg I+ (Ux;.x, - XBA) > (ng Hle,xg -x)20 (24)
E+h+36 .
Trong (24) cho B - 0, —-B— — 0, ta di dén

(ng - Ux,, xg -X1)—0.

Do tinh chdt 2) clia 4nh xa U nén trong phin diu muc (2, §2),
suy ra diy |{ xg } hoi tu manh dén x,. Tir d6 { US } B-hdi tu manh
dén U, khi
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o — 0, 0.3

Hé qud 12.2.1. Vi céc gia thiét cia dinh 1y 11.2.4, day { U% }
B-hgi tu manh dén U, khi

g+h+6
44

a—0, - 0,

3. Bai toan diéu chinh tham bién bé véi nhiéu
Trong muc ndy X duge gia thiét la mot khéng gian Banach thuc
phdn xa cdon khong gian lién hgp X" cia X thi 161 ngat. Khi d6 dnh

xa d6i ngiu U tir X vao X 1a mot dnh xa don tri, don diéu, hemi
lién tuc,

( day bai todn bat déng thic bién phan duge xét 1a nhu sau :

Tim x, € D sao cho
(Apx + aUx — ys, X — X)) 2 f(X,) — f(x) — eg(lixiDlx — x,ll, Vx € D,
g,a>0 (25

trong d6 U 1a 4nh xa d6i nglu tir X vao X', Ay, ¥5 thoa min diéu
kien (13).

Ta ky hiéu tap t4t ca cic nghiém x, € D clia (25) 1a V3.
Pinh 1y sau day khdng dinh sy t6n tai nghiém cia (25).
Dinh Iy 11.2.5. Vi cdc gia thiét nhu da néu, nfue > hthi V§ #¢.

Chitng minh. Tir ching minh dinh 1y 11.2.1 1 ring b4t dang thirc
bién phan

(Ax, + aUx, — ys, X — Xo) 2 f(x,) - f(x), VX € D (26)
¢6 nghiém.

Do tinh don digéu cia 4nh xa A + al, tir (26) suy ra
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(AX +a Ux —y5, x — %) 2 f(x,) —f(x), ¥x e D 7
Co6 nghia 1a (27) c6 nghiém.

Bay gid ta chiing t6 ring mdi nghiém x, cia (27) la mot nghiém
ctia (25). That vay, ta cé

(Ah+aUx—y5,x—x0)=(Ahx—Ax,x—x0)+(Ax+aU15—y5,x—xo)a
2~ hg(ixIhlix — ){OII +-f(x0) -f(x) =
2 f(x,) — f(x) — eg(lxIlix - x I, Vx € D.
Nhu vay x, € Vi . O

Khi D khéng bi chan, dinh 1y sau day cho ta tinh bj chin déu cia
ho tap V§ .

Binh Iy 11.2.6. V6i cdc gia thi€t nhu d néu, ndu e 2 h,
M(e+h N
—%i-)- <K; «1, g < K, (K, K; 12 2 hidng s6) thi céc tap V3
bi chan déu.
| Trong mbi V§ 14y mét phén tir tay ¥ x§ . Ta ¢6
(Apx + aUx —y5, x ~ x3) 2 f(x%) — eg(lIxIDix — xgll, ¥x € D,
Tir 46
[z +hyg (xM) + 8JiIx — xF N+ (A, — yo x — x3) +(Ux, x — x3 )2
2 f( xg y—f(x), ¥x € D. 28)
St dung cac b6 dé 11.2.1, 11.2.2 tir (28) ta duge

[(e + g)g(ixlly + 8]lx — xg I+ (Axg — Yo X— xg J+aflJ xg LK xg )2

> f(x%) - f(x), ¥x e D. (29)
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Do tinh don diéu clia Todn tir A tir (29) suy ra
[(z + h)g(Ixll) + 810x — x& 1+ (AR ~y, x— x3)+a(Ux%,x- x3)>
> f(x%) - f(x), Vx € D. (30)
Do (30)

[? g(1x% 0y +§:|le —x% 2 (Ux%,x% -x), ¥x € U,,. (31)

Nhu vay
[M(”h)_l]u x% |12 +[—-——8+h(N+ MIIxII)+§+IIxII}” X3+
a o a
+ [N(E”‘) . E}IIXIIZO, vx e U, (32)
o a

M(e+h)

Véi gia thiét <Kj<1lva g < K, tir (21) suy ra céc tap
V4 bi chin déu. [J

Dinh 1y ti€p theo s& cho ta tinh én dinh clia bai todn (12) véi
nhiéu (13) nghién cifu bdng phuong phap diéu chinh Tikhonov. -

Dinh Iy 11.2.7. V6i cdc gia thiét coa dinh 1y 11.2.6, day céc tap
{ VX } B-hoi tu y&u dén U, khi o« - 0.

" Chitng minh. Trong méi U$ 18y mot phin tr tay y x5 . Ddy
{ x5 } bt chan (dinh 1y 11.2.6). Ma X 14 khong gian phin xa nén 16n
tai day con { XBA } hoi ty yéu dén x, € D.

Mot mit khdc trong bit ding thic (28) thay x% bing XBA va o
bang P ta s€ thdy khi B — 0.

(AX =¥, X — X)) 2 f(x,) — (%), Vx € D.
Do bd dé 11.2.1. ta cé
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(AXy — Yo X — X} = f(X¢) — f(x), ¥x € D.
Nhu vay x, € U, va day { V{ } B-hoi tn y€u dén U, khi o — 0.0
Bay git ta dva thém ky hiéu

U, =Argmin Uy : = {x+ € U, : lIx.fl = min lIxIl}.
xel,

Do tap U, 1a 18i va déng trong khéng gian Banach phan xa X nén
U:o # .

Pinh If 11.2.8. Néu ¢ » h, P9

— 0, a > 0 thi day { V} |
B-hoi tu y&u dén U .

Hon nita néu x3 la mot phén ti tiy ¥ trong méi V§ thi day
{IX% 11} hoi tu dén lxall, x« € Ul

Chitng minh. Nhu khi ching minh dinh 1y 11.2.7 ta thdy tén tai

ddy con {Kg} cha ddy {x}} hoi tu y€u dé€n x4 € D khi @ — 0. Ta s&

) T *
chimg to x« € U,

That vay, do U don diéu, tir (31) suy ra

[e -I; hg(ll XBA II)+%:|IIx—xBA I+ (Ux, x - xg) 20, Vxe U, (33)

Vi {x} } bi chin con ham s6 g(t) thi lién tuc nen {g(Ix} 1)} bi

chan. Nhu vy trong bAt ding thitc (33) cho E—%E -0,p->0

ta thu duge (Ux, x —x,) 20, ¥x € U,.
Do d6 [x«[ <[x||. ¥x € U,.

Tir dé suy ra x4 € U;.
Mot mat khac
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("x* H—“XBAH)Z < (Uxx —UxBA, X —x%): (Ux,Xs — xBA)+

+(ng, xg — X2} < {(Uxs, X« — xBA) + {E—ﬂ]g("xgu) +%nx% — Xx

(34)
B

Cho B0, e+h+o

—>0 tacé "x%“—)“x*ﬂ.

R® rang day {nxg”} c6 mo6t diém gidi han duy nh4t ||x*“ nén dinh
1f 11.2.8 dugc chitng minh. 1
Hé qud 11.2.2, D day {Vg} B-hai tu y€u d&én mot tip con bi

€+h+9d

o
déng thic bié€n phan (1) cé nghiém.

chin trong X khi o — 0, —> 0 diéu kién 4t c6 va du la bat

Chit y. Véi truong hgp f = 0 céc két qua néu trén di thu duge
trong [58]. Véi f = 0, D = X, g(t) = 1 cdn céc todn tit Ay 12 hemi
lién tuc thi cac két qua 33 néu duge chitng minh trong [13].

Bay gi® ta xét bai todn bt ding thitc bi€n phan sau day :

Tim x, € D saocho
(ApX, + aUX, — Y5, X —Xg) 2f(x0) —f(0) —eg(fx, )[x ~ %, . ¥x € D

g, >0, (35)
trong dé céc gia thiét d&i véi Ay, f, g vin gilt nhu trong phin diu
cua muc nay.

( day ta ki hiéu tap tat ca céc nghiém cia bai todn (35) 1a W§'.
Str dung cdc chitng minh tuong tu nhu phin trén (v6i nhitng bién ddi
khong cé gi phic tap) ta cling s& thu duge cdc dinh li nhu vy d6i
véi Wy .
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4. Vi du

Gia sir K(s, t) 1a mot ham thirc lién tuc khong 4m trén hinh vudng
0 <s,t =<1 vap(s, t) ]a mét ham thyc duge xdc dinh v8i0 <s <1 va

vél t thy y. Ngoai ra p(s, t) lién tuc theo s, t khﬁng ting theo t va
thoéa man diéu kién :

lots, O < ats) + b|le].
trong d6 a(s) € L, [0, 1] va b 12 mot s6 duong.

Ta xét todn t sau diy

1
= [K(s.0p(s.x(s))ds , x € L, [0, 1] (36)
; ) _

RG rang
A:L,[0,1] - L,[0,1]
va A 13 lién tuc. Hon nita ¢6 thé viét
A =BH
trong d6 B : L,[0, 1] - L,[0, 1],

va B 14 todn tir tich phan tuyén tinh véi nhan K(s, t) vd H 13 todn tir
Nemitski

Hx = p(s, x(s))
H: 1,{0, 11— Ly[0, 1].

Tuong ty trong [3] sir dung dinh 1i 15.1 v chid ¥ 15.2 (xem {3]
trang 353 - 355) ta c6 thé chiing minh A 1a toan tir don diéu.

Bay gio gia sit Ky (s, t) vA p,(s, t) 12 cdc ham thirc do duoc,

duge xdc dinh trong ciing mién véi K va p va théa mén cédc
diéu kién -

[Kn(s)-Ks.tff<h, 0<t,s <1,
Wpp(s,t)—p(s,t) Il <h[C(s)+d It l], 0<s<L, V.
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trong dé C(s) € L,[0, 1] va d 1a mot 56 duong.
O day xét toan tit A, nhu sau

1
Apx = IKh(s,t)ph(s,x(s))ds ,x() € Ly[0, 11,
0

R& rang Ay Ly[0, 11 > L,[0,.1]
va A; khong nhat thiét don diéu.
Ta thu duge uéc lugng
|lApx - Ax| < hi(b+hd+ K d)Ix1+A, +(h+Ky)C,]
trong d6 Il.Il 1a L,—chudn.
Ay =llall, C,=lICK, K, = max K(s, t).

0<1<i
Vdih<1taco
|ALx - ALll< b[(b+d+ K d)Ixll+A, +(1+K,)C, ]
Dt g)=(b+d+dK,)t+ A, +(1+ K;)C,,
ta thu duge |ARx —Ayli<hgix ).

Nhu viy céc di€u kién d0 trong 11.2.1 duoc théa man va ta cé
thé sit dung phuong phip di duge nghién citu trong d6 dé€ nghién
citu xap xi phuong trinh (36).

Bai todn (12) - (13) trong treong hop A 1a mé6t anh xa da tri ciing
¢6 thé gidi quyét bing phuong phdp diéu chinh Tikhonov nhu san

Duéi day l1a cdc ké€t qua di cong b6 trong [97]. Gia st X 13
khong gian Banach phdn xa thuc, X* la khong gian lién hop
16i chat, A : X > 2%" 12 4nh xa da tri J - don diéu, tic 13 (Tx - Ty,
Jx - y) 20, ¥x,y € X, T ntta lién tuc trén X* (vGi t6 pd yéu),
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(Xem (47, 48]). y, € X*, T anh xa mét tdp bi chin thanh tap bi
chan, J : X — X 14 ton tir tuyén tinh lién tyc. Ta lai stt dung todn tir
d8i ngdu U : X — X* va ham lién tuc g(t), 0 < g(t) < Mt + N, M, N
> 0, ¥Vt > 0 nhu khi giai quy&t baj todn ¢12) - {13).

Bay git ta xét bat ding thirc bién phan

XX
' (37
{(Wo —Yo, Ix—x N2 F(x,) —f(x), ¥x e X

trong d6 W, € Tx,, .
‘Taki hiéw U, 1a tap cdc nghiem cla (37). Gia thi&t Uz
Bai todn bi€n phan (116) duge nghién citu x4p xi bang bai todn
X, € X .
(wh + aUIx —y5, J(x - x,)) > f(x,)—f(x) (38)
—eg(l Ix {T(x - x,)f,

trong d6 h, €, @ > 0, W;, e Tyx, T, khong nht thigt don diéu hay
lién tuc, f: X > (~w, +w0), f(x) *+oo0, f(®) = 0, f 12 moét ham 164,
nira  lién tuc dudi, 6 minimum tai 0, ||y5 —yc,”sS,
dy (T, x, Tx) < hg(lt Jx 11y, dy (A, B) 12 khoang cich Hausdorf gitta hai
tip A, B.

Ta ki hiéu UZ, A = (¢, h, 8) 12 t4p céc nghiém ciia (38).

Vi nhitng 1ap luan twong tu d6i véi bai todn (12) - (13), ta ciing
s& thu dugc nhitng k&t qua nhur trén. Ching han ta ciing ching minh

dugc rang Uy # . Mot cach chinh xéc ta thu duge :

Dinh If 11.2.9. V6i cac gia thiét nhur vira néu bén trén. Ngoai ra,
gia thiét rang 3R > 0 sao cho d6i v6i tat ca x € X, Il x I| > R vi d6i
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véi tit ca w & Tx, (J (T + aU)x, f(x)} + (w — I ys, x) 2 0. Khi d6
véiczh, tap U «D.

§3. PHUONG PHAP KHONG KHGP TRONG KHONG GIAN
TO PO LOI DIA PHUONG

" 1. Giai xép xi bing phuong phap khong khép

Ta xét phyong trinh todn tir loai mot sau day :

AX=Y,, ¥, e RA)CY.x e X, (39)
trong d6 X, Y 1a cdc khong gian vecto t6 p6 16i dia phuong, Y ¢6
tinh Hausdorff, A : X — Y 12 mot todn tir tuyén tinh lién tuc y€u va
sao cho todn tir nguge A7l xdc dinh trén mién gid trj R(A) cha A.
Gia sir ta duge cho mot ¢d 56 loc cla y, gém cdc tap con 18i déng
{Vs}. Ta cén tim nghiém x&p xi clha phuong trinh (39) sao cho
X, = Xg, trong d6 X, 13 mot nghi¢m chinh xdc cia (39).

Pinh nghia 11.3.1. Véicic X, Y, A, y, cho trude ta gin mot co
5& loc {Vs} vdéi diay nghiém xdp xi {xg} va ki hi¢u bai todn vira néi
2 o [X, Y, A, X, {V5(¥o)}]. N€u ta dung duge cdc nghiém xdp xi
x bing phuong phdp khong khép va x5 — X, thi ta néi phuong
phép khong Khép ndy on dinh bai todn.

Gid st {py}, v € I' ]2 ho cdc so chuén xic dinh t6 po cia X.
Gia sit V(x) = (V,(x)), trong d6 V, 1a dnh xa chinh tic tir X Ién

.= X/p7'0).
D;nh nghia 11.3.2. Ta n6i khong gian 16i dia phwong X=(X, py),ye I’

thda man diéu kién (Q) néu

1) Anh xa V 12 mot ding cdu tir X len 11 X‘r :
yvel
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2) X la ddy du yéu,
3) V6i mbi u6i {x,} v8i x,— x vi Py(Xp) > py(x), Yy € T,

taco x4, > x.

4) Néu Py(x) +X3) = PY(KI)"’PY(X?)' v6i ¥ € T, thi tén tai mét s8
Ay saocho p,(x;~A,Xx3)=0.

Chi y ,

1) Néu X = II X, trong d6 mbi Xy 12 mét khong gian Hil-bert

yel©
thi khéng gian X thoéa min diéu kién (Q).

2) Khong gian thda min diéu kién (Q) thi téch.

3) Néu X 1a mét khong gian 16i dia phuong thda man diéu kién
(Q) thi méi X, =X/p,"(0) 1a mot ES - khéng gian.

Trong {47] d4 dua ra diéu kién (A) gén nhu tuong tu didu kién
(Q vaxét A: X > Y, véi Y 12 mot khong gian 18i dia phuong
métric héa duge, A 1a todn tir tuyén tinh lién tuc, va di nghién citu
duge tinh 6n dinh cla phuong phip khong khép d6i v6i bai todn
a[X, Y, A, x4, {V5(ys)} ]

bé gidi quyét dwoc van dé nay khi A lién tuc yéu, dinh nghia sau
day 12 cin thiét.

Binh nghia 11.3.3. Gid st Qc IT Xy, trong d6 mbi X, 1a mot
~yel

khong gian dinh chudn. Ta néi ring phdn tir x thuc hién mot cuc
 tiéu clia Q néu x théa man diéu kién :

“prT(x)” = 5frelslfznpr,r(y)” véititcaye I
Vi bai ton a[X, Y, A, x.{Vs(y,)] ], dat

Qf = Vy[A7(Vg)] va Qg = YIETFQg.



Nghiém xdp xi ctia phuong trinh (39), phu thuéc Vg duwgc diung
hdng phuwong phap khong khép la phdn tir x5 sao cho Xy = V_](ya)

trong dé yg thuc hién mdt cuc tiéu cia Qg. Néu xg = x, ta ndi
phutong phdp khong khép on dinh bai todn.

Bay gid ta xét sy 6n tai nghiém xdp xi clia phwong trinh (39)
bing phuong phdp khéng khdp.

Pinh Ii 11.3.1. Néu X 1a mot khéng gian 16i dia phuong
thdba man didu kién (Q) thi tén tai mét nghiém xdp xi duy
nh4t cia phuong trinh (39) vdi mbi Vg tuong fing v6i bai todn
afX, Y, A, xg (V3(y 1]

Chitng minh. V6i mdiy € T, dat p¥ = inf Hpry(y)".
yeQs
Khi d6 tén tai mot day {y, } < Qg sao cho
Iy2}- ' khi k - o, (40)
trong dé y{ =pr,(yk)-
Vi X, 12 mot ES - khong gian, do (40) ta c6 thé gia thiét
yiaygexr 4n

Ta xét phén ti yg =(y}). Ta s& ching minh ygz thuc hién mot
cuc ti€u cha Q. That vay, néu yg e Qg, thi tén tai v, €I’ sao cho

yie e Qy | (42)
Vidnh xa V, =pr, V la mot anh xa tuyén tinh lién tuc mo tir X

-

len X, nén tap Qo =V, [A7(V5)] c6 it ahdt 12 mot diém trong,
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titc 14 int(Qf*)» . Do dinh 1i Hahn-Banach tén tai mot phigm ham

tuyén tinh lién tuc f e X;o_ sao cho

f(y3") > L vaf(y"®) < 1 d6i véi tat ca y" e Qo (43)
Piéu nay trdi véi (41). Nhu vay
Y8 € (44)
Tir (44) suy ra
p'< uyg” voitdtcay e I : (45)

Tir (41) do dinh 1i Banach-Steinhaus ta ¢é

Iv3 < tim [y] = @)
k—o0
Do (45) va (46)
”}%" = véitdtcaye I (47)

Tir (44) va (47) suy ra yg 12 mot cyc ti€u cia Q. Tinh duy nhit
cia cyc ti€u cia (5 ¢6 duge 13 do Q5 16i trong I X, va méi X,
yel©
12 mét ES - Khéng gian.
Nhu vay nghiém xdp xi x5 cla phuong trinh (39) t6n tai va duy

nhat va duoc xéc dinh bdi x5 =V \(ys). O

Binh nghia 11.3.4. Ta ndi toan tr tuyén tinh lién tuc yéu A : X = Y

c6 A7 thuoc tap a[X, Y] n€u va chi néu phuong phdp khong khdp
6n dinh moi bai todn a[X, Y, A,x,{Vs (yo)ll-

Ta s& tim diéu kién dé A € a[X, Y].
Ta xét bai todn alX, Y, A, X, {Va(y,)}]. Dat
Us ={xeX: Ax e Vz(y,)-Ax

ol
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Do [108] t6n tai mot té po (T) trong X sao cho X cing véi (T) 1a
mot khéong gian 161 dia phuong. Ngoai ra ho {Ug} tré thanh mét co
sd loc cha cdc 1an cin cua géc trong X. Ta ki hiéu X1y 1a khong
gian c6 duoc.

Dink li 11.3.2. Khong gian thuong X(T}/p;]([)) 1a téch khi va
chi khi moi tap A(p;l({))) 14 déng yéu trong R(A).

Chitng minh. Diéu kién cdn : Gid st Xr)/py'(0) 12 tich. Do
dinh 1{ 7.1.2 p.;l(O) 12 mét tap con déng trong X1y - Mot mit khic
p;l(O) 1a 16i trong X(1y. Do d6 p;l(()) la tip con déng yéu trong
Xr)- RS rang todn tir A™! : R(A) — X1, 12 lién tuc nén né lién
tuc yéu. Vi vay A(p;,]((])) déng yéu trong R(A).

Diéu kién dii. Vi todn tit 1a 1-1 nén

A =[Ap} O)=p;'0). (48)

R& rang A lién tuc trong to p6 (T). Do dé A lién tuc y€u. Nho
(10) va nh& A lién tuc yéu nén p;](O) 12 déng yé€u trong Xt). Vay
n6 dong trong X(1y. Ping Dinh 1{ 6.1.2 ta khing dinh X(T)/p;l(O)
la tich. U

2. Tinh 6n dinh ctia phuong phap khong khép

Trude khi di dén mot dinh 1i quan trong vé tinh én dinh cla
phuong phdp khéng khép chiing toi s& dua thém hai bé dé sau day
cdn trong qué trinh chitng minh dinh 1i dy.

Bod dé 11.3.1. [108] Gia st X 1a khéng gian compact va {Es} la
mot cdi loc trong X(hay mot co s& loc). Néu {Ez} c6 diém gidi han
duy nhit x thi (Eg) hoi tu dén x.
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BG dé 11.3.2. Gia sir dnh xa A : X - Y ¢6 dé thi déng va véi
mot diém ¢6 dinh y, € Y tén tai mot phan tir duy nhédt x, € X sao
cho Ax, =y, , trong dé6 X 12 mot khoéng gian compact va Y 132 mot
khong gian t6 p6. Néu {Vg} 12 mot cdi loc cdc lan cén cha y,, thi
{Es} 1a mot co s& loc hoi tu clia x,, trong d6 Eg =A™ (V).

Ching minh. R6 rang {Eg) 12 mot co 50 loc trong X. Vi X 13 mot
khong gian compact, {Eg} cé di€m giéi han X [72]. Ta sé ching b
X trung véi x, va Eg — x,. That vay, do dinh nghia, ta thdy t6n tai
~cdi loc {Q,) trong X sao cho né 1am woi {Es} va hoi tu dén X.
Nh vay {A(Q,)} 1am tréi {Vy}. Tir d6 suy ra {A(Qy)} ciing hoi tu
dén y,. Vata thu duge

Qy =X va A(Qy) >y, - (49)

Vi d6 thi cla A déng, nhd¥ (49) AX=y,. Do d6 x,=%X va
Eg —>x,.0

Binh Ii 11.3.3. Gid sit A : X > Y 13 mot todn tir tuyén tinh lién
tuc yéu tir mot khong gian 161 dia phuong X = (X, py), ¥y € T, vio
mot khong gian 16i dia phuong tich Y va c6 todn tir nguge A~
thudc o[X, Y] khi va chi khi méi A(p;](O)) 12 déng y€u trong R(A). _

Ching minh. Diéu kién can. Gia st A 12 todn tlr tuyén tinh lién
tuc y€u tir X vio Y. Gia thiét A7l tén tai vi A € a[X, Y]. Ta sé
ching t& A (p;'(0)) déng yéu trong R(A). That vay, néu khong the,
thi ton tai y, € I sao cho A(p;i(O)) khong déng yéu trong R(A).

Ta cn dung bai todn X, Y, A,x,.{V5(y,)}}] sao cho phuong phép
khong khép khéng én dinh bai toan ndy.
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Gia s {V5(0)} 1a mot co s0 loc cdc 1an can coa g&c¢ trong Y sao
cho méi {V5(0)} 12 16i, déng trong Y. Vi Y tich X1y ciing tich. Do
A-(p;](O)) khong déng yéu trong R(A), nhes dinh 17 11.3.2, ta khang

dinh X;ry/p7!(0) khong tach. Nhu vay
| NV, Us)#(0), (50)

trong dé U = A_I(VS(O)) va V(x) = (V,(x)) 1a dang cfu trong dinh
1i7.1.1.
Mot mat khéc ta c6 V, =pr, V. Nhu vay tén tai phan tu

ylo 20, y'e € X, saocho y'e e(lpr,_ V(Us).
1] 8 [v]
"Ta chon phin tir y¥.e I X, sao cho
yel'
pry [(y)]=y". (5D
Gid sir xg = V™((y7)). Ta xét bai todn ofX, Y, A,xg.{Vs(0) + A(x,)}].

Vi A e a[X, Y] phuong phdp khong khép &n dinh bai todn. Do
dé diy cdc nghiém x&p xi x5 clia (39) dugec dyng bing phuong phép
khang khép héi tu dén x,. '

X5 > Xq (52)

Hon nira ta ¢é

“pryov(xa)" = inf < “yYo — yYo

Xyo €Vy, (Us }-yTe

Xy, §0 (53)

[pr, Vexo)] =y

Do (15) va (16) x5 —> X, . trai véi (14).

>0 (34)

Nhu vay A(p;](O)) déng yéu trong R(A).
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‘Diéu kién du

Gia thi€t A : X — Y la todn tlr tuyé€n tinh lién tuc yé€u sao cho
A™! tén tai va moi A(p;'(0)) déng yéu trong R(A). Ta s& ching td
A € a[X, Y]. Ta gia thit A ¢ «[X, Y]. Khi d6 t6n tai mot bai todn
alX, Y, A,xq.{V5(yo) ! sao cho né khong 6n dinh theo phuong phéap
khong khdp. Vi X 13 mot khong gian théa man diéu kién (Q) nén ta
cé v, e’ va mot diy con {"En} cua day {x5} dugc d.l_mg bing mot

~ phuong phép khéng khép sao cho

[pry, Vixs, )~ pry, Vxo)| 28>0 (55)

trong d6 € 14 moét s thuc ¢ dinh.
Ta xét mot todn ti M, :X; —Y dugc xdc dinh béi
M, =AV_‘jYo , trong d6 Jy,  1a phép nhing chinh tac Xt vao

l'II_X? va V la ding cdu trong dinh 1{ 7.1.1.
TE

Ro rang MYo 12 todn tir tuyén tinh lién tuc y&u va 1-1 tir XY0 vao
Y. Trong R( M,(O) ta xét he céc tap con Fg: =MY0VYo (Usn), trong
46 Us ={xeX:AxeVs -Ax,}.

Do [51] t6n tai mot t& po (Ty,) trong R(M, ) sao cho R(MYO)
cling vdi (TTo) trd thanh moét khéng gian'16i dia phuong va {Fg:}
trd thanh mét co s& loc cdc lan can clia géc trong R (M, ). Ta ki
hiéu khéng gian nay la R(M, XT, ).

Néu coi M, 12 mot dnh xa tr X, léen R(M, )T, ) thi M, Ia
tuyén tinh lién tuc. Do d6 né lién tuc yé&u.

Pat h, =M, V, (x5) va Fg:(ho) =h, + Fg; .
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RG rang h, e R(M, XT, ). Cing khong cé gi khé khan trong
viéc chiing minh {Fg"(ho)} Ia mot co sd loc cdc lan cin cua h,

. trong khong gian R(MT; )(TYO) . Vi viy n6 cling 12 co s& loc cac lan

can yéu clia h, trong R(M.ro )(TYO) )

Ta xét hinh cdu B'*(x,) trong Xy, dugc xdc dinh boi -

BYo(xo) = {x e Xy, : Ixll<||Vy_(xo)f}-

Vi X, phan xa nén BY°(x,) compact y&u trong Xy, - bit
Eg: = BYo (xo)ﬂM;:[Fg:(ho)]. R& rang Vyo(xo)eEgz .

Vi M, 1a lién tuc yéu va {Fg" {(hy)} 12 mot co s& loc céc 1an cédn
yé'u cia h,, nén {Eg: } 12 mét co s& loc hoi ty yéu cua Vy, (Xo) -

Cing dé dang ching to Qg: (BY Eg: , trong dé
ng = VYO [A_I (Vsn )] .

Vi pr, V(x5 )e Qg: ﬂBY“(xO) ,nén pry V(xz )€ Eg: )

Do dinh 1i Steinhaus-Banach

o, Vo] <=, Vess,, ) 0
Mot phia khic
“erDV(xank )”g"pryﬂ V(xo)" d6i véi tdt ca céc k.
Vi the
@upﬁfo Vixs, )H < “erDV(xO)” . (57
Tir (56) va (57) suy ra
| lil'r:n”erOV(xsnk )u = ”eroV(xo )“ .
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Vi Xy, la mét ES-khong gian nén

i, -0
Di€u nay trdi véi (55). Vivly x5 9> x,. 0
Sau day néu mot vi du vé su tdn tai toan tir A € o[X, Y).
Vidy. Gid st X =Y la tich cdc khong gian Hilbert X,, v e T va

Ay : Xy = X, 1a cdc todn tlr tuyén tinh, 1-1, lién tuc yéu.

Todn tr A : X — X duge x4c dinh bdi

A[(xy)] = (A'y(x‘y)) P (xy) eIl X'y -

yel'

Ré rang A € alX, Y].
3. Tinh B-6n dinh

Bay gi® ta chuyén sang xét tinh B-8n dinh cha phuong phép
khong khép d6i véi phuong trinh todn tir.
Ta xét phuong trinh todn tir loai mot sau day
Ax =y, X € X, yeyY (58)
trong 46 X 1a mét khéng gian 18i dia phwong tich, Y 12 khong gian
16i dia phuong meétric héa dugc twong img métric p b4t bién déi véi

_ phép dich chuyén va théa man

p(Ay, 0) < gM)p(y, 0), VA € [0, 1], Vy e Y,,
trong d6 g 12 mot ham thyc ¢d dinh tang trén [0, 1] sao cho g(0) =0,
gy=1vag)+g(l-A) <1, Vi el 1]

Todn tit A duge gia thiét 1a lién tuc yéu.

Gia sit tdp X, cdc nghiém cla phuong trinh (57) idng véi
(Ags ¥o) 12 khdc rdng. Gia st (A,,y,) khéng xdc dinh duge chinh
xdc ma chi xdc dinh duge x8p xi bdi (A}.ys), trong d6 todn tir A},
tac dung tir X vao Y, duge xdc dinh trén Y va lién tuc y&u, con yge Y.
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Ngoai ra (Ay,ys) thda min céc diéu kién
: dM(Ah,AO)‘Sh, p(ys,yo)sﬁ, Yh,620;
T*h+8<¢z(h.8), pz(h,5)—>0 khih, § - 0,

trong dé € ¢6 dinh va T > inf Q(x) @z (h,d) 12 mot ham
xeXyMdomi

thuc khong 4m céc bi€n h, 3 con dyy 12 tua métric cdc todn 1l dugc
xdc dinh nhir sau

P(ARX, A X)
O(x)
va 2 12 mot phi€m ham dn dinh, tidc 12 phi€ém ham xic dinh trén
domQ théa mén cac diéu kién _
Q(x) > 0, VX € dom{Q) 59
X, ndomQ = & (60)

dp(Ap.Ay) =sup >0, McX

2 ={xedom:Q(x)<c} 1a tap compact trong X, Vc >0 (61)
Ta ciing st dung cédc ki hiéu sau day
Mq,.r(h,ﬁ) ={x e X:p(ApX,¥5) €0, (h,3),
Dy (h,8) =My, (h,8) ndomQ,

Xoe(1,8)= Arg min  Xx),
o gxeDT(h,S) (

trong d6 Argminf ={x eM:f(x) =rninf} )
M M

Cic b8 dé sau day s& cdn cho vé sau.

Bé dé 11.3.3. [12]. Phi€m ham 6én dinh Q(x).nira lien tuc dudi,
tic 1a n€u mbi diy {x,} < domQ sao cho

lim x, =x va lim inff Q(x;)=b<w
n—e0 0—0
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thi x € dom€} va Q(x) £ b.
B6 dé 11.3.4. Hinh cdu déng B(y,,r) véitam y,, bin kinh r > 0

trong khéng gian 16i dia phuong métric héa duge (Y, p) xdc dinh-
nhu trong (58) 1a mot tap 16i déng trong Y.

Chitng minh. Diu tién ta ching t& B(y,,r) 1a 16i. Vi métric p bat

bi€n d6i v&i phép dich chuyén, nén ta chi cdn chitng minh ring hinh
cdu déng B(0, r) 1a tap 16i dong.

- Gia sl y), y5 12 hai phin tir thy ¥ thude B(O,r), khi d6
p(y1,0)<r, p(y2.0)<r va
P(Ayy +(1-1)y2,0) < p(Ay; +(1=A)y2.(1-R)yz) +p((1-A)y,.0)
<p(ry1,0)+p{(1-1)y2.0) <g(Mp(y1,0)+g(1-Ap(y2.0)
<rigM+g(l-AN<r
do d6 Ay, +(1 —A)y; € B(0,r) . Nhu vay hinh cég B(O, r) 1éi.
Con hinh ciu nay déng la ro rang. O
B6 dé 11.3.5. Néu Ay ,h>0, lién tuc y€u thi tp
Xor(h,8) =<
Chitng minh. Do(22)va T > inf  Qx),

xeX,NdomQ
t6n tai phén ti x; € X, ndom$) saocho €Xx,)<C,
Ta co
P(AnXo-Y5) SP(AnXe,AgXo) +P(AgXe,Y5) <
< (x, )b +8<Th+8 <@ (h,9).
Vi the x, € M (h,8). Ma x, e domQ) nén x, € Dy, (h,3).

Ngoai ra phi€m ham Q(x) bi chan dudi nén tdn tai

mys = Inf  Qx). Puong nhién my; < Q(x,)-
h& D () ( g hd o
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Néu mps =Qx,) thi X, € Xy (h,8).
Néu myg < (x,) thi t6n tai ddy {x,} Dy (h,8) sao cho
Q(x,) <Ax,), Vn, va Q(x;) > mp; khin —» o (62)
T (62) suy ra x, €Q., Vo, c=Q(x,). Ma tap Q, compac nén
t8n tai diy con cilia {xn} héi tu dén x € Q,, va khong mdt tinh tdng
qudt, ta c6 thé coi ddy {x,} hoi tu dén x.

Do B8 dé 11.3.4 hinh cdu B(yg,q.(h,8)) 16i déng trong Y, nén
né déng yéu {108].
Ta c6

Ap' [B(ys 0 (1,8)] = M (h,3)
Vi Ay, v6i h 20, lién tuc yéu nén tap Mg (h,8) déng yéu trong X.
Mot mat khic x,e Dm(h,ﬁ)s Mq,T(h,S) V2 X, —>X nén
X € Mg (h,8).
Do (62) va B6 dé 11.3.3, x € dom Q. Vi vy
x €Dy, (h,8), (63)
Lai do (62)
mys = lim inf Q(x,) = lim Q(x,) 2 Q(x) (64)
n—a0 [1—»00
Tit (63), (64) suy ra Q(X)=my5. Do dé x e Xz (h,d).
Nhu vay Xm(h,ﬁ) =@ .0
Bay gi¢r ta chuyén sang thiét 14p dinh 1y vé tinh B-6n dinh.
Dinh Iy 11.3.4. VGi cic gia thiét cua B6 dé | 1.3.3, diy Xe.(h,8)
B-hoi tu dén X, Ndom<) khih, d —» 0.
Chitng mink. Do Bé d& 11.3.3, Xy (h,8)#&. Chon tay ¥
Xgr € Xgr(h,8) va dung ludi {xm,h,ﬁ - 0} .
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Tuong ty khi ching minh B& dé 11.3.3 ta thdy tén tai
X, € X, Ndom§) sao cho Xo € Dye(h,8), V8, h, do d6 xq, €,

c=€x,). vi Q. compac, nén tén tai mét ludi con cha ludi
{an,h,ﬁ—>0} sao cho ludi con nay hoi tu téi Xe Q. Khong gidm
tinh téng quét, ta c6 thé coi chinh ludi {an,h,ﬁ —>0} hoi tu d&n X.
Ta s& chiing t6 X € X, (1domQ2 . Ta cé
P(AoXp1:Yo) S P(AgXgr: AnXgr) + P(AnXerYs) + P(¥s.Ye) <
LO(xg)h+9,(h,8)+d< r%h + @ (h,8) + 8 < 2¢,(h,3) . (65)
V& phai cha (65) héi tu t6i 0 khi h, 8 — 0, do d6 AXy > Yo
khih, 8 » 0, vi vay A Xy — ¥, Ta thu duge
Xgr = X+ AgXgr — Yo- (66)
Ma X 1a khéng gian 18i dia phuong tich nén giéi han y&€u phai

duy nhét, Tir (66) ta c6 AX=Y,. Nhr vly XeX,, mad Xedoml
nén x € X, (1domQ) .

Do Meénh dé 7.16, lu6i {Xor(h,8)h,8->0} B-hoi tu dén
XoMNdomQ khih, 3 —» 6.0

4. Su twong duong cia hai bai toan bién phan,

Trong muc nay ta sé nghién clu su tudng duong cta hai bai todn
bi€n phan dugc goi 14 bai todn bién phan 1 va bai todn bién phan 2.

Bii todn bién phan 1 :
C= min{Q(x) p(ARX,¥5) < T h+ 5}
Bai todn bié€n phan 2 :

min {Q(x) P(ALX,Y5) S QS (x)h + 8}
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Dinh nghia 11.3.3. Bai toan bi€n phan 1 (hay 2) duge goi la gidi
drec néu tp nghiém cia chiing khic réng, tire 13

th =arg{1: = min{Q(x) plARxys) < T°h+ 6}} £ . Vh, 820,
(hay X;5 =argmin {Q(x) TP(ALX,¥5) < Q°(x)h + p} 2&)

Hai bai toin bién phan 1 va 2 duoc goi 1a twong duong néu
ching giai dugc va hai tap X}5,Xp5 12 déng nhét, vh, 5 > 0.
B& dé sau day 12 r3 ring

B6 dé 11.3.6. N&u O<ry <1, Vn, t,>1 khi n - o vi

B, ={ye Y:p(y,¥o) <1} (12 mét hinh ciu c6 bin kinh r, va tam
¥o trong Y), thi B, 5B, ;, Vnva

a0
nan = B(}'o,f) -

=

B6 dé 11.3.7. Néu y, B, vaday {y,} hoitu yéu dény e Y thi
yeB,, Vn.

Chitng minh. Gia sir nguge lai, c6 nghia 1a tén tai n, sao cho
yeB, thiygB,.Vn2n,.

bit B, =B, -y, . Tacé B ={ve Y:p(v,O)Srn}.

Tap B', 18i déng trong Y (B& dé 11.3.4), va can d6i, vi néu
veB, thi veB', va AB', €B,, ,0<A < 1.

Tap B', nhu vy la dong, 16i tuyét d6i va y -y, €B';, Yn 2 n,.

Do d6 v4i dinh 1y Hahn - Banach ta thdy tén tai mét phi€m ham
lién tuc tuy€én tinh xdc dinh trén X sao cho f(y ~y,)>1 va

||f(\f)|| <1,¥ve B .Vivay

f(y—yo)>1 2f(y, —¥o), Vn2 ng, fly) > 1+ f(y,) 2f(y,),. Vo2 n,.
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Nhu vay y, vy, trdi véi gia thi€t. Dodé yeB,, ¥n. O

Sau day Ia dinh ly khang dinh tinh gidi dugc cha bai todn bi&n
phén 2.

Dinh 1y 11.3.5. Néu phi€m ham Q théa min diéu kién : mébi diy
{Xn} cdomQ, x, >x, lim infQ(x,)=b<wo kéo theo Cx(b) = b,

N-—=»x
thi bai toan bi€n phan 2 giai dugc.
Chitng minh,
Dat Mys = {x € X:p(Apx,¥5) SQ*(X)h +5} v2 Dyg =M, 5 Ndome2.
Néu x, € X, (NdomQ thi

P(ARXo,Y5) < P(ApXo. AgXe )+ P(AgRg,¥5) < QS(Xo)h +3.
Nhu vdy x, € Mz, hon nita x, € Dy 3. Tacé :

mps = inf (x).
xEDha

Véi x, bén trén thuéc Dyg ta cé myz < Q(x,).
Néu mys =Q(x,) thi x, X5 2O

Néu myg <Q(x,) thitdn tai ddy {x,} < Dy sao cho

0<OQxX, 1) Qx,) S QUX,), VI (67)
lim Q(x,) =my; (68)

n—30

Tir (67) tac x, €, Vn, = Qx,).

Vi Q. compac nén tén tai mot ddy con cia day {x,} mitaco
thé coi chinh la day {xn} héi tu dén x € Q.. Nhu vay né hoi tu yéu
dén x khi n - oo. |

Vi A, lién tuc yé€unén y, =A x, > Ax.

Mot mat khdce ta cé

¥n €B, ={yEY:p(y,y5)srn,rn=Q“(xn)h+8} (69)
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Do (67), (69) va B6 dé 11.3.7 va su duy nhdt cha gidi han yéu ta
thdy xeM;s. Nhu viy xeMpz{1ldomQ=Dys, va vi thé
xeXyy#0.0

Chii y. Tap X ciing dugc goi 12 tap cdc nghiém xdp xi cua
phuong trinh (58).

Dugi day ta sé ching minh tinh B-hoi tu cla luéi {X;s5} va
chitng minh sir tuong duong cia hai bai todn 1, 2.

Pinh Iy 11.3.6. V6i cic gia thiét cia dinh ly 11.3.5, ludi
{X}s5.h,8 > 0} B-hoi tu dén X, NdomQ khih, 3 — 0.

Chitng minh . Do dinh 1y 11.3.5, X;53 #0, Vh, 8 20.

Gid st xp5€Xps. Ta dung Iudi {Xps,h.8 >0}. RS rang
Xo € Xo NdomQ), kéo theo x, € Dy, Vh, 8 = 0. Nhu viy xp5 €€,
c=0Q0x,). '

Vi . compac nén tén tai Iudi con cia ludi {xhs, h,6—>0} ma

ta c6 thé coi chinh 1u6i {xy5,h,86 -0} hoi tu dén X khi h,3 > 0;

xy5 — X khi h, 8 — 0. : (70)
Ta s& chiing minh ring X X, (dom$2 . '
Do Q(xps) < QUxg)
lim inf Q(x}5) < Q(x,)- 71
ham, (Xhs) o 7

Do (70}, {71) va do tinh ntra lién tuc dudi cia phi€ém ham Q ta
thdy X € domQ).

Ngodi ra
P(AgX15.Yo) £ P(AXKs-AnXns) + P(ARXps.Ys) + P(¥Ys.Ye)
< O (xpg)h + Q2 (xpg)h +8

<2[@on+6]<2[ @ (xh+5] : (72)

430



o g
® o
':‘5'5

V& phai ctia (72) hoi tu dén 0 khi h, § - 0. Do dé
AgXps > Yo khih, 8 >0 (73)

St dung (70), (73) va tinh lién tuc yéu cia todn tir A, ta dugc
AX=y,, vi th€ XeX,NdomQ. S dung Ménh dé 6.1.10 ta thay
lu6i {X}5,h,8 — 0} B-hoi tu dén X, NdomO khih, 8 —» 0.0

Dinh ly 11.3.7. Véi céc gia thiét cia Dinh 1y 11.3.5. hai bai todn
bi€n phan 1, 2 twong duwong.

Chitng minh. Do dinh 1§ 11.3.5 bai todn bién phén 2 giai duoc va
do dinh 1y 11.3.6 1u6i {Xy5.h,5 >0} B-hoi tu dén X, N dom(2. Bay
gidy sir dung Ménh dé 7.1.5 ta thdy lusi 4y hoi tu dén X, . Vi vay ta
chi cdn chiing minh

)_(hﬁ =Xh5 . Vh, 8
V&i méi cap (h, 8) ta dat
Ths = UXpg) » Xps € Xpg (chii § Xpg # D).
Xét sy bi€n thién cla 1 twong tng trong bai todn bi&n phan

1) Néu 0< 1< 1hg thi tép
Arg{t = min {Q(x) :p(Apx,¥5) < °h + 6} }

1a réng. That vay néu khong, c6 nghia 12 tén tai phin t&r x5 thudc
tap nay. Khi dé ta ¢é

P(ApxEs,ys) < Th+ 8 <O (xf5 Jh+5 (74)
Tir dé Xﬁa € Dhﬁ .
Mot mit khac thi
1=0(xfs ) <19 = inf {Qx) : p(ARX,y5) < Q (O + 8}
= inf QXx),
XEDhﬁ

di€u nay 1 khong thé duge. Nhu vay tap néi trén 12 réng.
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2) Néu 1> ‘C([.)la thi tap
Arg{‘c = min{Q(x) :p(ApX,y5) < Th+ 8}}
ciing réng. That vay, gid sir nguge lai ¢é mot phin tir xf5 thude tap
ay. Khi dé ta ciing s& c¢6 mot hé thire tuong ty (36). Ma
0 .S
{x :P(ApX.y5) < Q° (xﬁs )h + 5} Dix:p(ApX,ys) S (Tha) h+&f (75)
R3 rang gid tri cuc tiéu cha Q(x) trén tdp duge xdc dinh boi vé
tréi ciia (75) 1a Q@(x{5) con tap duoc xde dinh bdi v€ phai clia (75)
chita phén tr xp5 € Xp5. Nhu vy t= Q(xﬁa) 5 125. Diéu nay khong
ding. Vay tap néi bén trén ding la réng.
3) Néu 1 = 105, ta ldy mot phin t& thy ¥ xp5 € Xp5. RO rang
rang phin tlr xy5 nhu vy thudc tip sau day
Xis = Arg{t=min{Q(x): p(Ayx,y5) < Th+5}} (76)

Nguoc lai, ta chon ty ¥ phdn t¥ x{5 thudc tip (76) ta duge
0 N
fxfs) =hs va

' 5
p(AxEs.ya) <(1) h+8 (77)

Do (77) va 15 = min (x) ta thiy
XEDha

xf5 € Xpg - Nhw vay Xis = X5
Cing v6i hai truong hgp di xét ta ¢6 thé khz’mg dinh
Ris = Xus, Vh, 8.
Nhu vy hai bii todn bi€n phan 1, 2 tuong duong, vi Iuéi
{Xps,h,8->0} ciing B-hoi ty dén X, Ndome2. (]

Chii y. Néu X 1a ES-khong gian, Y 1a khéng gian Banach va A
lién tyc thi hai bai todn bi€n phan 1, 2 tuong duong.
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PAP SO VA HUGNG DAN GIAI CAC BAI TAP

CHUONG |

3

4) Ban doc ty chiing minh.
b) Ban doc ty chifng minh A 14 todn tI tuyén tinh. Duéi day ta tinh chuén cla
A,vbia=0,b=1,nghiala A: C[0, 1] > C[0, 1], xdc dinh bai

|
Ax= IK{t,s)x(s)ds .
e

DE thay FAx]l= max
t

1
_[K(:,s)x(s)ds
0

I
< max ﬂl{(t,s}]ds. lxcl
t
0
1
tir 46 c6 JAx] < max J]K(l.s){ds.
Ost<1 2

1
Vi J’K(l.s)[ds 12 ham lién tyc nén né dat cyc dai tai 1, €[0,1], ta ki hieu x,(s)
1]

= sign K{1,, s). Goi x,(s) 12 ham s6 lién fgc sao cho Ix (s}!1<], va

Xo(s)=x,(s),¥s €[0,1]\ E, vGidé do cla E, Sﬁ. M = max IK(1, s)I.
n

1 1 1
Ta xét IK(l,s)xo(s}d.\i—- _[K(t,s)xn(s)ds < ﬂK([,s)l.lxn(s)—xo(sts
4] 0 1]

;
< ﬂK(t.s)|.|xn(s)- xo(s)|ds < -]— .
n
0
Nhir vy Vit e [0, 1], ta c6 :
1 1
I
IK(t,s)xD(s)ds < I]((l,s)xn(s)ds+l <AL, |+ -
; o n n
Trong bét ding thic nay tacho t =1, thi s& thu duge

1
Jrcolos shab |+
4] n

Vi ”xn“ <1, nén cho qua gigi han ta thu dugc
| C I
Jk.9)lds <IAl. Vay c6 két luan [Al= max _ﬂl((:,s)[ds
5 osist J
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4. AP=0,0541. .
AQ = 0,075
AR = 0,42992.
Ta c6 as=-;».% . tir 46 68=%?—3%/f6
AK = 0,005.

5.Déthdy f: R R, ddng thoi ¥x,y € Rihi
[f0- Tty <gfx-y| voiq< 1.
(Hiy nhé lai dinh 1y Lagrange). Tix dé c6 f 14 4nh xa co.

6.Ta o6 [a, b] 1a t2p compact trong R v& F(x) lien tyc wén d6, nén 3 = max ]lf'{x)| =£'(x,)
: xela,

véi x, €(a,b] ma lf'(x) <1, Vx e fa,b]lnénq < t.

Tir 46 riit ra If(x) - f{y)l £qlx - yl, ¥x, ¥ € [a, b].
Vay ¢d f(x) 14 dnh xa co trén [a, b]. ’

7. Xét X =R, f, : X > X xdcdinh bdi f(x)=x".
Xét fy ¢ X — X xdc dinh béi f,{x)=2x+3.
Xét fy: X — X xdc dinh bdi f5(0)=x>.
C4a ba anh xa niy déu khang phai 12 4nh xa co.
9. Gia sir ring he {e;}., 12 phy thugc tuyén tinh, khi d6 tén tai cac a; (i =1,m
. n n
sao cho Zuf >0 va Zuiei =8 . L4n lugt nhan v6 huéng ding thitc nay vai

i=1 i=]

ej {j =l,_n) ta thu duge :

iui(eifcj) =0
i=l

li=1n

Diéu nay ching t& hé phuong trinh thuin nhat 4n (t; )?=|

) ‘Zti{ei,ej). =0

ix]

j=1n

434



“® 106
899

¢6 nghiem khong tim thitmg for, )" vay dinh thitc Gle;.....e, ) =det{(ei.e)7 1) #0.

n
t(e;.e)=0
Ngugc jai, gid sit G(e;,....e, } =0 thi hé¢ phuong trinh E i(61-65)

j=Ln

n
¢6 nghiém khong tAm thudng (q; ), . Khi dé dat e= Y o;e; -

i=i
Xét (e,ej) = Zai (ei,ej)= 0, do dé el = (e,e) = [c,iajej]z Zuj(e,ej) =0
i=1 =t =

Vay tacé e =6, vay cé he {e;} 1 phu thudc tuyén tinh. Tir 46 c6 diéu phai
chiing minh.

CHUONG ¢,
1 1 1

2. Tacd: ! = =—

n+l n
1991 1991
1 Iy 11
Vay == A(—)=—-—
;Kk‘*l é X/ X X992
1591 1 1
dodé Y =2-
k=1 xk+1 X992
Mat khic dé thdy {x,} 12 diy don diu ting nen 6 0< <1, tir d6
X992
e
k=1 xk+l
N 2 2 12 1,2 1
3, a.Xé1 §; =) k.Tacé A’ =(k+1)’ -k* =2k +1 = k=Zak? -2
: k=1 .
va ik_li“z_z":l ~manto1]-2 » 5 220D
o k=1 2kxs:l k-12 2 2 ! 2 ’

N 5[k (n+1) 2
h. S,=Y k¥= A[—(2k2—3k+l)] = 8§, = 2n+ )2 =3+ 1)+1
) ; ; : | 2= ]
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n{n+1¥2n + 1}
6

n n 2 2
kik—-1) {n+1)n
¢ S;=YK’= z{ } =[ ] ‘

n 2
_ 4 _nin+D2n+1).3n" +3n-1)
S 20 6.5 '

N, s _[nm+D) [2n2+2n—1J
e. Ss=) k [ } . .

7. Néu coi réing fi(x) = x2 va P, 12 t3p hop cdc da thife sinh bdi hai phin tr (1, x}.
Ta phdi tim da thifc bjc nhdt Qx = - ax - b sa0 cho
max|f(x) (-ax-b)| = max}f{x) Q(x)} dat mm Nhu vay bai toén trd thanh

ixlst

Szz

tim Q(x) 12 x4p xi déu t&t nhd1 cha f(x) trén [- 1. 1], Virdng f(x) =x? 12 haim
chin nén Q(x) 12 hiim c¢hdn = a = 0. Dit m = minf(x)=0, M =maxf(x}=1.
Ixig1 Ixl<1

Vay f(x) = x% c6 da thic x4p xi déu td1 nhit bic khong wén (- 1, 1] |2

M+m 1 1 1
=—.Vay -b=— = b=——,

2 2 77T 2

Viyc6a=0, b=—l.

8. N&u coi ring f(x)= o Pz—{l XX ]

Q(x)=~ax —bx—c thi bdi todn da cho tr& thanh bai todn tim Q(x) € P
sao cho :
max|f(x) Q)| dat mm

Nhu vay bii todn duge hidu 13 tim xﬂp xi déu 18t nhit Q{x) € Pa cla ham 54

fx)=x*. Vi ring x> 12 ham s6 12, nén Q(x) ta 1¢, viva=c=0.
3
Ta ¢6 Q(x) = f(x) - Ts(x}.z—j, trong 46 T,(x)=1, T,(x}=x, To(x)=2x%-1,

T3(x)—4x =3x, do vay Q(x) = T vay b=
3

Nhu vy, nitraa=¢c =0, b=——z‘

9.a==-1{,h=
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L]
£y,

i

10. a =1, b=l‘
8

12.a=-2+2,b=0(Us A< 1) 1& cée cap a, b phai tim.
14. D4 lim dai dién, ta gidi bai todn 8 bing phuong phdp 50 cdp : Tim a, b, ¢ dé

maxlx3 +ax? +'bx+cl dat min.
ixk<i

Ki higu f(x) =x® +ax? + bx +¢ , M = max | (x)| thi
Ixiz|

fil)=11+a+b+cl
f(-)=l-1+a-b+cl=(1l~a+b-¢c]|

r(l)= 1 a b
2

=+ —+ -+
f(-l):‘l_i.pg_c

8 4 2

2/ 18 4 2

Vay f(1) + f(-1) 212 + 2b |, dqu "=" xdy ra khi va chi khi cé
(l+a+b+cXl-a+b-¢c)20.

Tuong tv f(—l-) + f(—l) 2
2 2

(-l—+la+-l-b+c)(-1-—la+~l-b—c]2(}
8 4 2 8 4 2

1 t 3
T d6 (1) + f(—1) + 2[f(5)+f[—5]]25

1 1 3
-1 fl - |+f] = ||z=.
Tacéd 6M = (1) + f(-1) + 2[ (2)+ ( 2)] 5

» diu "=" xdy ra khi va chi khi cé

l+IJ
4

vay M 2%, xét ddu = xdy ra khi v chi khi c6 he
[(1+a+b+e)l-a+b-c)20
(é+%+b+c][%—%a+g-c)20
*(2+2b}(—%-2bjao

1 1 1
“"‘“*”‘f(a)'f[‘a)-” =3

3
Tidéa=c=0, b= -=,
4
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e
M o?&&

CHUONG 1l
1. a. Ding phuong phip Gauss, ta dira hé phuong trinh dd cho dén hé
X +0,5%,  —0,05x; +0,5%, = 1,35
Xy +13,40x; ~29,00xy 71,20
x5 —1,72298x, = 472298
1,11998x, =-1,11998

Ik

Tir dé nghiém la x = {1,00000 ; 2,00000 ; 3,00000 ; —1,00000),
*
X ={l:-1;2; 3)

a
b. ¥ =(-1,25778 ; 0,04348 ; 1,03917 ; 1,4823%).
c. Dua hé di che vé dang :

2.

1
W= ——(21,70—-1,2%, - 2,1%5 -0,9x
1530 9( 2 3 4)

il

1
Xy = ——(27,40 - 1,2%, = 1,5%5 = 2,5x
2 212{ ! 3 4)

i
% = —(28,76 -2,1x; ~1,5x5 - 1,3x
3 193( 1 2 4)

'

l .
g = ——(49,72-0,9x; - 2,5%4 — 1,3x
4 32‘1( 1 2 3)

\
Thir thdy ring he nay théa man céc diéu kign dé &p dung phuong phép 1ap don.
voi x@ = (1,04 1,30 1,45 1.,55)

Thay vao tinh todn co :

x{? =L (21,70 - 1,560 - 3,045 - 1,395) = 0,75
20,9

P = ﬁ (27.46 - 1,248 - 2,175 — 3,875) = 0,95

*

x§) = ﬁ{zaﬂs - 2,184 - 1,950 - 2,015) = 1,14

L]

xP = %(49,72 - 0,936 — 3,250 — 1,885) = 1,36.

Véik=2thicé:
x{? = 0.8106

x$ = 1,018

X =1.2117

@
Xy

1,4097.
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Vdik =3 thi cé
xt =0,7978
x§ =0,9977
xP =1,1975
x{? =1,3983.
Vdik =4 cé :
) = (0,8004 ; 1,0005 ; 1,2005 ; 1,4003).
x* = (0,7999 : 0,9999 ; 1,1999 ; 1,3999).

véi x* thi cé do chinh xdc dén 1073,
D¢ ¢ ring nghitm ddng cha he (0,8 ; 1,0; 1,2 ; 1,4).

8, Néu chon x4p xi ban diu x0 = (4,67 ;7,62 ;9,05
thi tinh todn theo thuit todn Seidel ta rist ra ring
xV = (4,66667 ; 7,61941 ; 9,04768).
x) = (4,6619 ; 7,61897 ; 9,04752).

C6 thé thdy x chinh xdc dén 5.107%,
12. Phigm him dé khéng phai 14 mot chudn.

11 22
That vay, xét A= thi A=
; 11 2 2

T d6 £(A) = 1, £ A =2, diéu ndy tréi v8i bt ding thic :
fa?l=1a.al < lAlifAl,
véi | | 12 mét chudn bat ky.

CHUONG Iv.

1. 2) —£—£+ 2x" + L
Y T e T 189 1563

11
b) y, clextalo e L Ble Ao L, b o X
3 3 5 45 63 20 135 275

2.a)y=1-000x+ 19999 x> - 0,0067 x> - 0,0020 x>.

2
1 I 2
b) y=1-+—x”2+—x5+——-x'3"2.

27 35 455
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4. y; =1, y; = 1.005000 , y3 = 1,010025 . y, = 1,025175,
ys = 1,045679 , y, = 1,07821 , y; = 1,103976 ,
yg =1,142615, yo = 1188320, y,q = 1,241794.
5.y, =1, y, =099091, y; =097530, y, =0,95520,
ys =0,93219, yo =0,90754 , y, = 0,88188,

vg = 0,85598, yy = 0,83026 , y,q = 0,80502.
6. 0,0451.

7. 0,8032.

8. y(1) = 3,36.

9.

1,0 14 1.8 22 2,6 3,0

0.1 0,09548 | 0,06910 | 0.05414 | 0,04450 | 0,03773 | 0,03282
0,2 0,18364 | 0,13437 | 0,10593 | 0,08742 | 0,07441 | 006473
0,3 0,26679 | 0,19694 | 0,15604 | 0,12919 | 0,11022 | 0,09640

11.
x |03 0,5 0.8 1,0
y | 07645 0,6511 05146 0,4388
12, '
t X y
0.4 1,60942 0,75058
0,5 2,71222 092917

13. y =2 + ¢y sinx + cy{cosx + 1} + ¢ysin2x + ¢4 (cos2x - 1)
152 1 2 38

R =— = : =

;€ P Ey=——  gg=——.
63 12 9T Tyt T
4. y=x+ c|(x2—2x)+c2{x3—3x)

5 119

C] =——, c2_._

2 52
15,y = cx(x — I3+ cox 2 (x = 1)
e =0,195, ¢; =0,364.
16. y=x+c|{x2—2x)+c2(x3—3x)+c3(x4~4x)

C| - 0,088 N Cz = - 0,]?0 W By = 0,090
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CHUCNG v

_ A 5
L. un;m*—l + Um+l.m _4u||,m + Un_1m + Unm-1 =M nh

Upo =nh, v, =2+ph,n=0,..,N;Nh=1

Upo =2mh, Uy, =1+2mh, m=0,1,2,.M; Mh=1.

(%, =nh, 1,, =mh).

Cép xap xi cha phuong trinh sai phan la O{hz) .

(1.3}

{(2:3)

(3:3)

(1;2)

(2:2)

{3:2)

(LD

(2;1)

(3:1)

Hinh 5.7

3. Do tinh d6i xitng hoan toan cha céic
gid tri cia ham cdn tim nén chi cin
thiét 14p phuong trinh sai phan tai cic
diém ludi (L, 1), (2, 1), (1, 2), (2, 2).

Tacé:

Uyy +uyg —4uy =-0,0625

Uy, +2u - 4u; =-0,0625

21| + Ugy — duy; = -0,0625

2uy3 + 2uy; —dugy = -0,0625
V1 uj3 =uy; nén thay vie hé phuong
trinh trén, gidi ra ta dwge o) = 0,0429,
U = Uy, =0,0547 | uy, =0,0703,

4. Gid tri nghiém tai p, g, r, s dwrge cho trong bing

B 1,01 1,02 1,03 1,04 1,05

p 15,20 15,25 15,30 15,35 15,40
q 20,53 20,69 20,84 2099 | 21,14
T 25,09 2524 25,39 25,53 25,68
s 14,12 14,17 14,22 14,27 14,32

5. Néu 0<40 S% so d8 sai phan hoi tu véi moi / va h.

Néu % <8 <1 sodb sai phan hoi tu khi

6. Hoi tu vdi moi /, h.

{

_

h™ 40-2"

7. a) Luge 46 sai phan hién

29-GTS A
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_ . + Yetl,n

m,n+l

2

Uygp =1y » Usp=05+1,,

m.a

K&t qua tinh cho trong bang

X2
=-2£,m=1,...,5,n=0. 1,2, 3.

n Ugy Uip Uzg Usg Ugn sy
0 0,00 0,02 0,08 0,18 0,32 0,50
1 0,02 0,04 0,10 0,20 0,34 0,52
2 0,04 0,06 0,12 0,22 0,36 0,54
3 0,06 0,08 0,14 0,24 0,38 0,56
4 0,08 0,10 0,16 0,26 0,40 0,58
b} Lugc dé sai phan 4n
20 g — Uy g + 204 =—Uyp
o2
Uy = 0,08, s = 0,58, umo ="§n’ N
m=1,2 3, 4.
Giai he phuong trinh nay ta 1im duoe
u0| =0,08; u“ =0,10, l.t2| =0,16,
U3l = 0,26 N U4] = 0,40 , u5] - 0,58
8. K&t qua 1im duge the hién trong bang saw :

! Hj 2 V3 Y4 Us; U6 H7j Ugj Ugj
0,020 0,31065 | 0,60232 | 0,85466 | 1,04521 [ 1,14988 | 1,14460 | 1,01787 _0,?6358 0,41201
0,015 [0,31969 | 0,62120 |0, 88494 | 1,8803 |1,20549[1,21172 | 1,08370|0,82401 [0.44346
0,010 |0,32821 | 0,63939 {091437 | [,13049|1,26168 | 1,28049 | 1,16177 | 0,88692 |0,48625
0,005 ;10,33607 | 0,65641 (0,94271 | 1,17234 | 1.31826|1.35103 | 1,242720,97251 {0,53111
Q000 | 0,34315 [ 0,67211 | 0,96967 { 1,21330| 1.37500 | 1,42322|1,32705] 1,06222 10,61797
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Sy
c‘e.s

o

9.uix, )= /(xZ+2+1)
10. u(x, t) = g™

11, u(x,.ty = 1/(x + at + 1).
12, ufx, ) = 1f{x +t + )
13. uix, 1) = sin®x sinnt.
15, u(x, 1) = %%,

16. ulx, 1) = x2 +0'.y2
17.a)ulx, y) = x2 —y2 -1

b) u(x, y) = 2 +y2 +2y—1
c) u(x, y} = 2xy.

CHUONG VI

1. D& dang ching minh duge ring, todn tir
!

Aly)y = %stzy{s)ds +1

0
1a todn (I co trong khong gian Cgy.
Liy y, (x)=1
.
Yna (0= [xsPy,(sxds + 1
25

2. Chitng minh trong ty nhu bai 1.
3. Chitng minh twrong ty nhu bai 1.

4. Truge tién nhén thiy ring y(x) = 0 la nghiém clia phuong trinh da cho,
Liy y, =1

x
Yo (0= fyats)ds
a
Ta ching minh dwgc y,(x) hoi ty déu dén 0. Hon nita y(x) = 0 | nghiem
duy nhit.
5. Dé giai phuong trinh

. .
y= IK(x, $)y(s)ds + f(x) x € |a, bl
a
Ta dya vao biéu dién
x
y(x) = f(x) + _[R(x, Sf(s)ds.
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i

Co K(x, 5) = Kytx,s)=¢""*
r
Ka(x,8)= (" e *dz=¢""" J-dz =e* S (x-5)

5

k.

-

Ry
Ki(x,8)= J.e"_‘ez"[z ~s)ydz=e*"8 -8y

5
Tuong o

T
Koalx, s}=e"“g. n=01,2,..
n!

- s (x—s)" s x_s -
R(x, 5) = D Kyy(x,8)=¢* ’ZL}—I—Lﬂ‘ S Xt =Y
n=0 n=0 :
Khi d6
X
y(x) = x + J-ez“‘"’sds )
0 .
Ly tich phan ta dugc nghi¢m chinh xdc clia phuong trinh.
6. Ta tim y dudi dang

' 11
y(X) = C] +2XC2 —EX—E .
I H :
trong dé C; = Iy(s}ds, Cy= Isy{s)d-;.
0 0

Dé xic dinh C;, C, talap hé phuong trinh

1
c = j(c, +2C, —lx--l-}dx
2752

0
: i1
C2= jx[cl+2XC|—gx—E}X
a
. 7
Gidiratadwge C; =1, C2=T-2—.

Tuddtaco y(x)=x + %

7. Gitai tyong ur nhur bai 6.

9. X4p xi hach —x(e™ —1) bdi hach suy bién dua vio viéc phéan tich haim e** -1
thanh chudi Taylo. Ta han ché & 4 s6 hang ddu tién.
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Vet A,
85'9'.

- Tacéd:
Ry
e™ -1 =xs+—— (xs) (xb) @y (x, 8)
3
xs LOMMCON
Kix,s}= x(e™ -D=x] xs +—— > 3 +wy(x,5)
2 3 2 x4 3

=X s+l X5 e XS

2 3 4%, 5)

32 43

bal K;(x,s)=x s+5—2§—+%— 84()& 5) = —xa{X, §).

Pé giai phuong trinh tich phan véi hach suy bign
y3(0)=— IK1(X S)y(s)ds + & —x.

Ta tim ya(x) dudi dang
y3(0 =-Cpx? —Cyx® - Cx* +e* —x

L4y e = 2,72. Gidi phuong trinh uch phén vdi hach suy bién theo phwong phdp
chung ta dugc

C, 20,5, C =017, C;=0,06.
Do 46 nghi¢m gén ding cda phuong trinh di cho I3
ya(x)=e* -x -0,5x% -0,17x3 -0,06x*.
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/" TIMPOC SACH CDSP BO MON TOAN
CUA NHA XUAT BAN GIAO DUC

m CONG TY CO PHAN SACH DAl HOC - DAY NGHE

Dai so6 dai cuong (GTCDSP) Hoang Xuan Sinh
2. Xac suatthong ké (GTCDSP) Pham Van Kiéu
: Lé Thién Huong
Quy hoach tuyén tinh (GTCDSP) Phi Manh Ban

Phuong phap day hoc mén Toan —  Pham Gia Duc
Tap 1, 2 (GTCDSP)

5. Thuc hanh giai toan (GTCDSP) VG Duong Thuy
6. Bai tap dai so dai cuong . Bui Duy Hién
7. Baitap dai s6 tuyén tinh Hoang Xuan Sinh
Tran Phuong Dung
8. Baitap sd hoc Nguyén Tién Quang
Q Bai tap giai tich —tap 1, 2 Nguyén Thuy Thary

Ban doc ¢6 thé mua tai cdac Cong ti Sach - Thiét bi triuong hoc o cdc
dia phitong hodc cdac Cita hang ctia Nha xuat ban Gido duc :

Tai Ha N&i : 25 Han Thuyén: 187B Giang V&: 232 Tay Son: 23 Trang Tién.

Tai D2 Nang : S6 15 Nguyén Chi Thanh: S6 62 Nguyén Chi Thanh.

Tai Thanh phg H8 Chi Minh : 104 Mai Thi Luu. Quéan 1: Cira hang 451B
- 453, Hai Ba Trung. Quan 3: 240 Tran Binh Trong -~ Quan 5.

Tai Thanh ph8 Can Tho : S6 5/5. duong 30/4.

Website : www.nxbgd.com.vn
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